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In heart failure (HF) trials efficacy is usually assessed by a composite end-
point including cardiovascular death (CVD) and heart failure hospitalizations
(HFHs), which has traditionally been evaluated with a time-to-first-event anal-
ysis based on a Cox model. As a considerable fraction of events is ignored that
way, methods for recurrent events were suggested, among others the semipara-
metric proportional rates models by Lin, Wei, Yang, and Ying (LWYY model)
and Mao and Lin (Mao-Lin model). In our work we apply least false parameter
theory to explain the behavior of the composite treatment effect estimates result-
ing from the Cox model, the LWYY model, and the Mao-Lin model in clinically
relevant scenarios parameterized through joint frailty models. These account
for both different treatment effects on the two outcomes (CVD, HFHs) and the
positive correlation between their risk rates. For the important setting of bene-
ficial outcome-specific treatment effects we show that the correlation results in
composite treatment effect estimates, which are decreasing with trial duration.
The estimate from the Cox model is affected more by the attenuation than the
estimates from the recurrent event models, which both demonstrate very simi-
lar behavior. Since the Mao-Lin model turns out to be less sensitive to harmful
effects on mortality, we conclude that, among the three investigated approaches,
the LWYY model is the most appropriate one for the composite endpoint in
HF trials. Our investigations are motivated and compared with empirical results
from the PARADIGM-HF trial (ClinicalTrials.gov identifier: NCT01035255), a
large multicenter trial including 8399 chronic HF patients.
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1 INTRODUCTION

Clinical trials in chronic diseases have to deal with multiple types of disease-related events that can be divided into fatal
and nonfatal ones. Nonfatal events can occur repeatedly and serve as a surrogate for the patients’ morbidity.1,2 Through-
out this article we will focus on heart failure (HF) trials. In patients suffering from HF disease-related mortality strongly
decreased under standard-of-care treatment over the past decades, calling for even larger required sample sizes if efficacy
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was purely assessed in terms of mortality.3 It is for that reason, among others, that nowadays the primary analysis is based
on a composite endpoint including both heart failure hospitalizations (HFHs) and cardiovascular death (CVD). Compos-
ite endpoints in general have advantages and disadvantages, but in HF trials they are widely accepted by regulators and
scientists as long as a time-to-first-event analysis based on a Cox model is used to assess efficacy.4,5 As the name suggests,
here only each patient’s first event (be it death or hospitalization) is incorporated in the effect measure. This approach
raised criticism, since approximately 40% to 50% of the observed HFHs and CVDs in major HF trials are ignored in the
primary analysis.6,7 One example that we will later on use as a case study is the PARADIGM-HF trial,8 a large multicenter
trial including a total of 8399 patients suffering from chronic HF with reduced ejection fraction. In the PARADIGM-HF
trial, 2031 of 3181 events (63.8%) were first events and as such included in the primary analysis.8,9 In contrast to the tra-
ditional time-to-first-event approach, models for recurrent events can incorporate all events and are therefore discussed
in the scientific community.7,10,11

Recurrent event approaches are more complex and might make the interpretation of estimates more difficult, espe-
cially in the presence of potential model violations. Further methodological difficulties arise if patients die while being
hospitalized for HF, that is, if CVD and HFH event times coincide. In addition, skeptics worry that the estimate for
the composite might be dominated by the HFH component and be driven by a small proportion of patients with a dis-
proportionately large number of HFH events. Such clustering pattern is provoked by unexplained heterogeneity in the
patient-specific risk rates and has been empirically identified as an important issue in HF trials.10,12 However, it is pre-
cisely the between-patient heterogeneity which might favor the use of recurrent event methods over the time-to-first-event
approach: It is well known that the estimate of the Cox model is biased toward the null hypothesis in the presence of unex-
plained heterogeneity.13,14 Such selection bias is less of an issue for recurrent event analysis, because here patients are not
removed from the risk set after their first hospitalization. This is empirically supported by the fact that in some reanal-
yses of major HF trials recurrent event methods were shown to yield stronger effect estimates than a time-to-first-event
analysis.9-11,15 Hence proponents justifiably argue that recurrent event models yield estimates that are more accurate and,
as all events are considered in the effect measure, are better capturing the effect on the disease burden. Moreover, recur-
rent event approaches have been proven to be more powerful than a time-to-first-event analysis in most, albeit not all,
scenarios investigated so far.10

Originally recurrent event methodology only covered settings, where the observation of repeat events like HFHs
within a subject could exclusively be stopped by censoring. Censoring does per definition only prevent the observation
but not the occurrence of further recurrent events, implying that these models consider the recurrent event process to
continue after the end of the observation time.16 A prominent example is the semiparametric proportional rates model by
Lin, Wei, Yang, and Ying17 that we will refer to as LWYY model in the following. Although actually not being designed
for that purpose, the LWYY model is considered as an alternative to the time-to-first-event analysis for the composite
endpoint in HF trials.18 By handling CVD technically both as last recurrent event and as censoring event, the LWYY
estimate targets the effect on the composite event rate conditional on being alive.11 In the past two decades numerous
recurrent event models arose that specifically acknowledge the existence of a terminal event like CVD (eg, joint frailty
models,19 marginal models20). In contrast to censoring, the terminal event does not only prevent the observation but
also the occurrence of further recurrent events. Different rate or mean functions can be modeled in this framework.21,22

Recently a semiparametric proportional rates model for the composite endpoint was suggested by Mao and Lin23 that we
will refer to as Mao-Lin model in the following. To our knowledge this model is the only recurrent event approach that was
specifically designed for the composite of recurrent and terminal events. It targets the effect on the composite event rate
without conditioning on being alive and is in that sense marginal.11 Let us illustrate the conceptual differences between
the LWYY and the Mao-Lin approach for the composite with a simplified example: A patient is hospitalized 1 year after
study inclusion and dies 2 years after study inclusion. Initially a follow-up of 3 years was scheduled. Here the LWYY rate
yields (2 events)/(2 years), whereas the Mao-Lin rate is given by (2 events)/(3 years). While both approaches coincide in
the number of counted events (nominator of the rate), they differ with respect to the “at-risk” time (denominator of the
rate). In contrast, the rate targeted by the time-to-first-event analysis is given by (1 event)/(1 year), thus differing from the
recurrent event approaches both in terms of counted events and “at-risk” time.

The recent qualification opinion of the European Medicines Agency (EMA) on recurrent event endpoints24 has
shown that regulators and researchers seem to be open-minded to new approaches. However, a better understanding
of differences between estimates obtained from time-to-first-event analyses and recurrent event methods is still needed
to establish recurrent event methodology in future HF trials. Whereas potential explanations for differences between
time-to-first-event and single recurrent event methods have already been discussed,10,25 explanations on differences
among recurrent event methods are missing up to now in the context of HF trials. In particular, the Mao-Lin model has
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not been considered so far—probably because the model is quite new and its computation is not straightforward in com-
mon statistical software. Moreover, consequences of a correlation between the composite’s components (HFHs, CVD), as
observed in HF trials,12 have not yet been investigated in the context of composite treatment effect estimates. These issues
are addressed in this article, which has two main objectives: First, we aim to develop the methodological foundations that
explain the behavior of the LWYY, the Mao-Lin and the traditional Cox model estimates in clinically relevant scenarios.
Second, we intend to identify strengths and weaknesses of each approach in order to recommend the most appropriate
one for HF trials.

To explain differences between the composite treatment effect estimates, first a realistic parameterization of the
data-generating process is needed. In particular, different component-specific effects on the two outcomes (HFHs, CVD)
and a positive correlation between the component-specific risk rates need to be considered. A joint frailty model19

accounts for these issues and was therefore considered as a suitable model for the data-generating process in the context
of HF trials.12 Here the correlation between the two outcomes is modeled by a shared frailty term, representing unknown
risk factors (ie, unexplained heterogeneity) that are acting both on the HFH and the CVD rate. A joint frailty model is
very useful to estimate the component-specific treatment effects and would thus be suited for the primary analysis, if the
treatment effects on HFHs and CVD were specified as co-primary endpoints or as part of a hierarchical testing procedure.
However, a joint frailty model cannot provide an estimate of the composite treatment effect, which generally defines the
primary endpoint in HF trials. For the latter purpose, approaches like the Cox model, the LWYY model or the Mao-Lin
model are thus of larger interest.

In our investigations we characterize the composite treatment effect estimates of these three analysis models in
joint frailty scenarios that are motivated by the PARADIGM-HF trial. Therefore we apply both simulations and least
false parameter theory. The term “least false parameter” refers to the estimate that is asymptotically obtained by some
time-to-event estimator under a particular data distribution that violates the estimator’s modeling assumptions (eg,
nonproportionality of rates). This limit value is minimizing a certain distance measure between the true probability dis-
tribution of the data and the probability distributions underlying the analysis model. Given a particular estimator and the
parameterization of the true data-generating process, the least false parameter can be derived numerically, that is, with-
out simulation. First analytical results in that field go back to Struthers and Kalbfleisch26 and Hjort,27 who investigated
the consequences of misspecifications in univariate survival models. Lin et al17 later on contributed findings for misspec-
ified recurrent event approaches, albeit the authors did not explicitly use the notion “least false parameter”. These results
have recently been used to investigate the consequences of model misspecifications (eg, through missing covariates or
informative drop-outs) for a recurrent event endpoint,28-30 but have not yet been applied to the composite endpoint of
recurrent and terminal events.

The article is organized as follows: First we will give a brief outline of the PARADIGM-HF trial in Section 2. Then we
will introduce models and notations (Section 3) and show how least false parameter theory enables to analytically derive
composite treatment effect estimates relying on the different analysis models (Cox, LWYY, Mao-Lin) in data-generating
processes that are parameterized through joint frailty models (Section 4). After that we present results obtained for the
PARADIGM-HF data (Section 5) and use them to identify clinically relevant joint frailty scenarios, for which the three
analysis models will be characterized in terms of estimates, standard errors and rejection probabilities (Section 6). Finally,
in Section 7 we conclude with a discussion of our new results.

2 CLINICAL EXAMPLE PART I: THE PARADIGM-HF TRIAL

The PARADIGM-HF trial (ClinicalTrials.gov Identifier: NCT01035255) was a multicenter, randomized, double-blind, par-
allel group, active-controlled study that evaluated the efficacy and safety of sacubitril/valsartan compared with enalapril
on morbidity and mortality in patients with chronic heart failure and reduced ejection fraction.8 8399 patients were ran-
domized and followed for a median of 27 months. The primary endpoint was the time to the first occurrence of the
composite endpoint of CVD or HFH. In total, 3181 events (1251 CVDs, 1930 HFHs) were observed during the trial. Thereof
2031 events (836 CVDs, 1195 HFHs) were first events and as such considered in the primary analysis. Table 1 gives a
detailed overview on the patient and event numbers for the two treatments. The trial was stopped early due to the clear
efficacy of sacubitril/valsartan. The estimated time-to-first-event rate ratio (Cox model) comparing sacubitril/valsartan
with enalapril as reference was 0.798 with a 95%-confidence interval of [0.731, 0.871].8

While the primary endpoint did not include nonfirst events, there has been interest in comparing the effect of sacu-
bitril/valsartan compared with enalapril with methods for recurrent events. Mogensen et al9 published post hoc analyses



TOENGES et al. 5705

T A B L E 1 Patient and event numbers for the two treatment regimens sacubitril/valsartan and enalapril in the
PARADIGM-HF trial (inspired by Mogensen et al9)

HFHs Composite (HFHs + CVD)

Sacubitril/valsartan Enalapril Sacubitril/valsartan Enalapril

Patients, n 4187 (100%) 4212 (100%) 4187 (100%) 4212 (100%)

Events per patient

0 3650 (87.2%) 3554 (84.4%) 3273 (78.2%) 3095 (73.5%)

1 367 (8.8%) 418 (9.9%) 629 (15.0%) 751 (17.8%)

2 110 (2.6%) 143 (3.4%) 186 (4.4%) 204 (4.8%)

3 33 (0.8%) 53 (1.3%) 59 (1.4%) 96 (2.3%)

4 9 (0.2%) 22 (0.5%) 17 (0.4%) 34 (0.8%)

5 5 (0.1%) 16 (0.4%) 7 (0.2%) 17 (0.4%)

6 3 (0.1%) 2 (0.0%) 5 (0.1%) 11 (0.3%)

7 6 (0.1%) 1 (0.0%) 4 (0.1%) 1 (0.0%)

8 1 (0.0%) 0 (0.0%) 4 (0.1%) 0 (0.0%)

9 2 (0.0%) 2 (0.0%) 0 (0.0%) 0 (0.0%)

10 0 (0.0%) 0 (0.0%) 2 (0.0%) 2 (0.0%)

11 0 (0.0%) 1 (0.0%) 0 (0.0%) 1 (0.0%)

18 1 (0.0%) 0 (0.0%) 1 (0.0%) 0 (0.0%)

At least one event 537 (12.8%) 658 (15.6%) 914 (21.8%) 1117 (26.5%)

At least two events 170 (4.1%) 240 (5.7%) 285 (6.8%) 366 (8.7%)

Total events 851 1079 1409 1772

Total follow-up years 9308 9235 9308 9235

Total CVDs 558 (13.3%) 693 (16.5%)

Total all-cause deaths 711 (17.0%) 835 (19.8%)

on the composite of CVD and recurrent HFHs with common recurrent event models such as the LWYY model. Essen-
tially they showed that the treatment effect estimates and confidence intervals from these models are very close to those
obtained from the Cox model for the time-to-first-event outcome. In particular, these results do not indicate a gain of sta-
tistical efficiency, as generally presumed for recurrent event methods. This may partially be explained by the large drug
discontinuation rate (> 40%) after first HFH in the trial.10 It is worth to note that the Mao-Lin model was not represented
in the recurrent event methods considered by Mogensen et al.9

3 MODELS AND NOTATIONS

In this section first general notations will be introduced. Based on this, differences between the targeted rate functions
and estimators of the Cox model, the LWYY model and the Mao-Lin model for the composite endpoint will be elaborated.

3.1 General setting

First we introduce Di as the terminal event (death) time, Mi as the number of recurrent events (hospitalizations) in the
time interval [0,Di] and 0 < Ti1 < Ti2 < · · · < TiMi ≤ Ti0 = ∞ as the corresponding recurrent event times for patient i.
In case of Mi = 0, we additionally define Ti1 = ∞. A sample of n patients with independent and identically distributed
between-patient data is assumed. The event times of the ith patient can be represented by a bivariate counting process
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with components

Ni1(t) =
Mi∑

k=0
I(Tik ≤ t) and Ni2(t) = I(Di ≤ t) (1)

that are counting the events of the respective outcome (recurrent events or terminal event) over time. Here I(⋅) denotes
the indicator function. The composite counting process is given by Ni(t) = Ni1(t) + Ni2(t).

With t− being an infinitesimally smaller time than t and dt → 0 being a time increment that approaches zero it fol-
lows that dN(t) = (N((t + dt)−) − N(t−)) is the number of events occurring in the time interval [t, t + dt) for a univariate
counting process N(t) of interest. Let further Xi = (Xi1, … ,Xip)′ be a p-dimensional vector of external, time-independent
covariates and Hi(t) = {Ni1(s),Ni2(s), 0 ≤ s < t} the event history of both counting processes for the single outcomes up
to time t. In addition we denote Ci as a right-censoring time that prevents the observation but not the occurrence of fur-
ther events, implying that patients are only followed up to time Vi = Di ∧ Ci. Here “∧” denotes the minimum operator. It
is important to notice that technically the censoring time can be larger than the death time.

3.2 Semiparametric models for the composite endpoint

In order to estimate an overall treatment effect for the composite, often a time-to-first-event analysis based on a Cox
model31 is carried out. Beyond that, semiparametric recurrent event methods - incorporating all events - may be applied.
As representatives for the latter, we will focus on the LWYY model17 (in its repurposed form for the composite of recur-
rent and terminal events) and the Mao-Lin model.23 All the aforementioned models assume the censoring time Ci to be
noninformative and impose a proportionality assumption of the form ri(t|Xi) = r0(t) exp(𝛽′Xi) on certain model-specific
composite event rates that are given by

rCox
i (t|Xi) dt = E [dNi(t)|Xi,Di ≥ t,Ti1 ≥ t],

rLWYY
i (t|Xi) dt = E [dNi(t)|Xi,Di ≥ t],

rMao−Lin
i (t|Xi) dt = E [dNi(t)|Xi]. (2)

Here 𝛽 = (𝛽1, … , 𝛽p)′ denotes the parameter vector for the p covariates contained in the vector Xi and r0(t) is an
unspecified baseline rate function. We have two remarks regarding the models: First, our model formulations only include
external, time-independent covariates. This is sufficient for our purpose, as we will later focus on a randomized clini-
cal trial setting with the treatment indicator being the only covariate. However, it should be mentioned that all these
models could also accommodate time-dependent covariates. Second, Mao and Lin actually present inference for a more
general endpoint that is defined as a weighted composite process Ni(t) = a1Ni1(t) + a2Ni2(t) with arbitrary weights a1
and a2 reflecting the severity of the respective outcome. As already introduced before, in our article we will focus on the
composite counting process Ni(t) = Ni1(t) + Ni2(t), that is, an equal weighting with a1 = a2 = 1.

The composite event rate considered in the LWYY model differs from that of the Mao-Lin model in being defined
conditional on being alive. For that reason the respective rates are often denoted as conditional (LWYY) and marginal
(Mao-Lin). However, in the presence of a frailty variable (as will be the case later on) these terms may cause confusion,
as none of the rates is defined conditional on a frailty term meaning that each rate is marginal with respect to the frailty.
Therefore we will avoid that linguistic distinction between conditional and marginal rates and refer to the respective rates
as the Cox, the LWYY and the Mao-Lin rate subsequently.

Since all models considered here are semiparametric, parameter estimates are obtained by solving the equation
U(𝛽) = 0 with

U(𝛽) =
n∑

i=1
∫

∞

0
Yi(t)

[
Xi −

∑n
j=1Yj(t)Xj exp(𝛽′Xj)∑n

j=1Yj(t) exp(𝛽′Xj)

]
dNi(t) (3)

being the model-specific estimating function. Here Yi(t) denotes an appropriate at-risk indicator. The latter is given as
Yi(t) = I(Di ≥ t,Ti1 ≥ t,Ci ≥ t) in the Cox model and as Yi(t) = I(Di ≥ t,Ci ≥ t) in the LWYY model. The resulting esti-
mators will be denoted as 𝛽Cox and 𝛽LWYY . Following the same logic as for the Cox model and for the LWYY model, the
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at-risk indicator in the Mao-Lin model ought to be Yi(t) = I(Ci ≥ t). This would of course result in an unbiased estimator
under the modeling assumptions of Mao and Lin. However, such estimator is in general not applicable in practice: Since
nonadministrative censoring has to be anticipated, the censoring status of patients dropping out due to death is gener-
ally unknown afterward. For that reason Mao and Lin make use of the inverse probability of censoring weighting (IPCW)
technique and replace the at-risk indicator in the estimating function (3) by the estimate ŵi(t) of an appropriate weighting
function wi(t), which is given by

wi(t) =
I(Ci ≥ Di ∧ t)SCi(t|Xi)

SCi (Di ∧ Ci ∧ t|Xi)
=

⎧⎪⎪⎨⎪⎪⎩
1 if t ≤ Di ≤ Ci or t ≤ Ci ≤ Di
SCi (t|Xi)

SCi(Di|Xi)
if Di < t ≤ Ci or Di ≤ Ci < t

0 if Ci < t ≤ Di or Ci < Di ≤ t.

(4)

Here SCi (t|Xi) denotes the survival function of the censoring distribution conditional on covariates. Replacing SCi(t|Xi)
by an appropriate estimate ŜCi(t|Xi), which may be either be the Kaplan-Meier estimator (in case of Xi discrete) or the
Breslow estimator (relying on a Cox model), results in the practically applicable weighting function estimate ŵi(t). The
estimator defined by solving U(𝛽) = 0 with the estimating function given as

U(𝛽) =
n∑

i=1
∫

∞

0
ŵi(t)

[
Xi −

∑n
j=1ŵj(t)Xj exp(𝛽′Xj)∑n

j=1ŵj(t) exp(𝛽′Xj)

]
dNi(t) (5)

will be referred to as the Mao-Lin estimator 𝛽Mao−Lin and was shown to be consistent for the unknown parameters in the
respective model.23

The Mao-Lin approach differs from that of LWYY with respect to the risk sets that are defined as

Mao−Lin(t) =
n∑

i=1
ŵi(t) and LWYY (t) =

n∑
i=1

I(Di ≥ t,Ci ≥ t) (6)

at time point t, respectively. In the Mao-Lin estimator a patient is fully counted to the risk set (weight ŵi(t) = 1) up to
the end of his follow-up at time Vi = Di ∧ Ci. If the follow-up is terminated due to censoring, a patient is not considered
(weight ŵi(t) = 0) in the risk set for later timepoints. These properties comply with the LWYY estimator. But in opposite
to the latter, patients dropping out due to death afterward still partially contribute to the risk set of later timepoints in the
Mao-Lin estimator. The “after-death weight” at time point t is given by the estimated conditional probability not yet to be
censored at time t given the known fact that censoring did not occur up to death, that is, ŵi(t) = P̂(Ci > t|Xi,Ci > Di) =
ŜCi(t|Xi)∕ŜCi(Di|Xi). Hence the risk sets of the Mao-Lin and the LWYY approach will be very similar for early timepoints
and increasingly deviate from each other with time due to mortality, with Mao-Lin risk sets being generally larger than
those of LWYY.

In the approaches of LWYY and Mao-Lin, estimates of the respective cumulative rate functions

RLWYY
i (t|Xi) = ∫

t

0
rLWYY

i (s|Xi) ds

RMao−Lin
i (t|Xi) = ∫

t

0
rMao−Lin

i (s|Xi) ds (7)

may serve as a graphical illustration of the data. Thereby RLWYY
i (t|Xi) ≥ RMao−Lin

i (t|Xi) holds for all t. The cumulative
Mao-Lin rate is the mean composite event number conditional on covariates, that is, RMao−Lin

i (t|Xi) = E [Ni(t)|Xi], and
thus has a clear clinical interpretation. In addition, in the Mao-Lin model proportionality of covariate effects on the rate
level directly translates to the level of the mean function. For that reason it is also referred to as proportional means
model. In contrast, the cumulative LWYY rate does in general not coincide with the mean recurrent event number of sur-
vivors conditional on covariates, that is, with E [Ni(t)|Xi,Di ≥ t]. Hence RLWYY

i (t|Xi) lacks interpretability. Nonparametric
and semiparametric estimates for the cumulative LWYY rate are derived by the Nelson-Aalen and the Breslow methods,
respectively.17,32 The corresponding estimates for the cumulative Mao-Lin rate are given in analogous manner, just with
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a different definition of the risk sets (as already discussed), and we refer to Mao and Lin23 as well as Ghosh and Lin33 for
details.

4 DERIVATION OF ESTIMATES FOR THE COMPOSITE ENDPOINT
WITH CORRELATED COMPONENTS

In this section we introduce the methodological foundations that will later on be used to explain the behavior of estimates
for the composite endpoint in the presence of a correlation between its components induced by common unobserved risk
factors. A positive correlation between the outcomes HFH and CVD is very plausible from the clinical perspective and has
already been verified in major HF trials.12 In that context the term “correlation” means, broadly speaking, that patients
with a high (low) HFH rate also have a high (low) CVD rate. Consequently patients with a dense sequence of HFHs dur-
ing their follow-up tend to drop out earlier (due to CVD) than patients with fewer HFHs. To investigate the consequences
of such correlation for the composite endpoint estimates obtained from an analysis with the Cox model, the LWYY model
and the Mao-Lin model, we adopt the joint frailty model19 as the data-generating process and derive the asymptotic esti-
mates, called least false parameters, in that setting. The joint frailty model accounts for both the correlation between the
HFH and CVD components and for separate, component-specific treatment effects. It has already been applied in some
post-hoc analyses of HF trials.9,12,15 Following we will first introduce the joint frailty model and show thereafter, how least
false parameter theory allows to derive asymptotic composite treatment effect estimates resulting from an analysis with
the Cox model, the LWYY model and the Mao-Lin model in data-generating scenarios that are parameterized through
the joint frailty model.

4.1 Joint frailty model

Conditional on being alive, the patient-specific rates for recurrent and terminal events might not only depend on the
observed covariates, but also on unknown risk factors affecting both outcomes. Such unexplained heterogeneity can be
modeled by a positive valued random variable Zi (called frailty) acting multiplicatively on the outcome-specific event
rates. Within the joint frailty model,19 these rates are defined and modeled as

𝜆i1(t|Hi(t),Xi,Zi) dt = E [dNi1(t)|Hi(t),Xi,Zi,Di ≥ t] = Zi𝜆10(t) exp(𝛽′1Xi) dt,
𝜆i2(t|Hi(t),Xi,Zi) dt = E [dNi2(t)|Hi(t),Xi,Zi,Di ≥ t] = Z𝛾

i 𝜆20(t) exp(𝛽′2Xi) dt. (8)

Here 𝛽1 = (𝛽11, … , 𝛽1p)′ and 𝛽2 = (𝛽21, … , 𝛽2p)′ are the parameter vectors of the p covariates contained in Xi. Hence-
forth we will denote the target rates of the joint frailty model as (outcome-specific) “conditional rates”, as they are—in
contrast to the composite event rates previously presented in Section 3—defined conditional on a frailty variable. For the
frailty Zi, commonly a gamma or a lognormal distribution with variance Var[Zi] = 𝜃 and, in order to avoid identifiability
problems, with a fixed mean E [Zi] = 1 is adopted. Furthermore, the frailty is modeled as being independent of covari-
ates Xi and of the censoring time Ci. Censoring is additionally assumed to be noninformative. The association parameter
𝛾 ∈ R is relaxing the assumption of a common shared frailty for recurrent and terminal events. Depending on the speci-
fication of the conditional baseline rates 𝜆10(t) and 𝜆20(t), semiparametric,19 quasi-semiparametric,34 and parametric35,36

techniques were suggested for parameter estimation.

4.2 Estimates for the composite endpoint in joint frailty scenarios

Henceforth we will assume the joint frailty model to be the data-generating process. Later on it will be shown that this
generally implies a violation of the proportional-rates assumption within all the aforementioned semiparametric analysis
models for the composite endpoint. Therefore covariate effects will in general be time-dependent on the level of the
respective composite event rates. This is raising the question, how the parameters in the joint frailty model translate
into the composite effect estimated by the Cox model, the LWYY model and the Mao-Lin model. Thorough asymptotic
theory for estimation in misspecified Cox models has been derived by Struthers and Kalbfleisch26 and Hjort.27 Lin et al17

generalized these results by showing that each estimator being defined through an estimating function in the form of
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Formula (3) will converge to a certain least false parameter (vector), which can be identified as the solution of g(𝛽) = 0
with

g(𝛽) = ∫
∞

0
E
[

Yi(t)
{

Xi −
E [Yi(t)Xi exp(𝛽′Xi)]
E [Yi(t) exp(𝛽′Xi)]

}
dNi(t)

]
. (9)

Here E [⋅] denotes an expectation taken with respect to the at-risk process Yi(t), the covariates Xi and the count-
ing process Ni(t). Importantly, this result applies to arbitrary dependence structures between Yi(t), Xi and Ni(t). It
can thus be used to study the behavior of any estimator relying on an estimating function of type (3) under arbi-
trary misspecifications—misspecifications related to joint frailty scenarios are only one specific application. For a
single binary covariate Xi ∼ Bin(1, p), we can show that Formula (9) can be written as the least false parameter
function

g(𝛽) = ∫
∞

0

y(0)i (t)y(1)i (t)

y(0)i (t) + y(1)i (t) exp(𝛽)

[
E [dNi(t)|Xi = 1,Yi(t) = 1] − E [dNi(t)|Xi = 0,Yi(t) = 1] exp(𝛽)

]
. (10)

Here y(k)i (t) = P(Xi = k,Yi(t) = 1) denotes the probability that a patient belongs to treatment group k ∈ {0, 1} and is
still at risk at time t. A derivation of that finding is given in Appendix A. We will use this finding to derive the least false
parameters (ie, the asymptotic composite treatment effect estimates) resulting from an analysis with the Cox model, the
LWYY model and the Mao-Lin model in joint frailty scenarios with a single binary covariate, reflecting the situation of a
two-armed randomized controlled trial. These least false parameters are defined as the asymptotic limit of the respective
estimators, that is,

𝛽Cox n→∞
−−−−−→ 𝛽

Cox
,

𝛽LWYY n→∞
−−−−−→ 𝛽

LWYY
,

𝛽Mao−Lin n→∞
−−−−−→ 𝛽

Mao−Lin
. (11)

First the appropriate, model-specific at-risk indicators have to be plugged in Formula (10). This is straightforward
for the Cox model and the LWYY model, but needs some explanation in case of the Mao-Lin model: Even though the
estimating function of the Mao-Lin model is defined with a weighting function estimate ŵi(t) instead of an at-risk indicator
Yi(t), the corresponding least false parameter can be identified by choosing Yi(t) = I(Ci ≥ t) in Formula (10). This is due
to the fact that

E [ŵi(t)|Xi] = E [wi(t)|Xi] = E [I(Ci ≥ t)|Xi] = SCi (t|Xi) (12)

(see Mao and Lin23). As a consequence, the (nonapplicable) estimator defined through the at-risk indicator Yi(t) = I(Ci ≥
t) and the (applicable) estimator of Mao and Lin defined by means of the weighting function estimate ŵi(t) converge
toward the same limit.

Due to independent censoring, the rate E [dNi(t)|Xi,Yi(t) = 1] appearing in the least false parameter function (10)
actually coincides with the respective model-specific rate defined in (2):

E [dNi(t)|Xi,Yi(t) = 1] =
⎧⎪⎨⎪⎩

E [dNi(t)|Xi,Di ≥ t,Ti1 ≥ t] = rCox
i (t|Xi) dt, if Yi(t) = I(Di ≥ t,Ti1 ≥ t,Ci ≥ t)

E [dNi(t)|Xi,Di ≥ t] = rLWYY
i (t|Xi) dt, if Yi(t) = I(Di ≥ t,Ci ≥ t)

E [dNi(t)|Xi] = rMao−Lin
i (t|Xi) dt, if Yi(t) = I(Ci ≥ t)

. (13)

Next we calculate the components of Formula (10) for each composite treatment effect estimator in the joint frailty
setting. Table 2 gives an overview on the results. Detailed derivations, including explicit formulas for survival functions
and conditional expectations appearing in Table 2, are outsourced to Appendix B. Essentially all these formulas show
that the target rates of the three analysis models for the composite endpoint are in general nonproportional in joint frailty
scenarios.
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T A B L E 2 Components to be specified within the function g(𝛽), given in Formula (10),
in order to derive least false parameters of the Cox, LWYY, and Mao-Lin estimator for the
composite endpoint in joint frailty scenarios

Model y(k)
i (t) E [dNi(t)|Xi = k,Yi(t) = 1] ∕dt

Cox SDi∧Ti1
(t|Xi = k)

× SCi
(t|Xi = k)

E
[
Zi|Xi = k,Di ≥ t,Ti1 ≥ t

]
𝜆10(t) exp(𝛽1k)

+ E
[
Z𝛾

i |Xi = k,Di ≥ t,Ti1 ≥ t
]
𝜆20(t) exp(𝛽2k)

LWYY SDi
(t|Xi = k)

× SCi
(t|Xi = k)

E
[
Zi|Xi = k,Di ≥ t

]
𝜆10(t) exp(𝛽1k)

+ E
[
Z𝛾

i |Xi = k,Di ≥ t
]
𝜆20(t) exp(𝛽2k)

Mao-Lin SCi
(t|Xi = k) SDi

(t|Xi = k)E
[
Zi|Xi = k,Di ≥ t

]
𝜆10(t) exp(𝛽1k)

+ SDi
(t|Xi = k)E

[
Z𝛾

i |Xi = k,Di ≥ t
]
𝜆20(t) exp(𝛽2k)

T A B L E 3 Fit of the Cox model, the LWYY model and the Mao-Lin model for the composite endpoint
(HFHs + CVD) and fit of a parametric joint gamma frailty model with constant conditional baseline rates
(annual time scale) for the component-specific outcomes in the PARADIGM-HF trial

Model Endpoint Parameter Estimate (95% CI)

Cox Composite (time to first HFH/CVD) exp (𝛽) 0.798 [0.731, 0.871]

LWYY Composite (recurrent HFHs + CVD) exp (𝛽) 0.789 [0.711, 0.876]

Mao-Lin Composite (recurrent HFHs + CVD) exp (𝛽) 0.805 [0.729, 0.889]

Joint frailty Recurrent HFHs exp (𝛽1) 0.755 [0.657, 0.868]

CVD exp (𝛽2) 0.791 [0.693, 0.902]

— 𝛾 0.632 [0.556, 0.707]

— 𝜃 5.200 [4.748, 5.652]

— 𝜆10(t) 0.158 [0.143, 0.173]

— 𝜆20(t) 0.136 [0.123, 0.150]

5 CLINICAL EXAMPLE PART II: THE PARADIGM-HF TRIAL

In this section, we compare the composite endpoint estimates from the Cox model, the LWYY model and the Mao-Lin
model obtained for the PARADIGM-HF data. In addition, we present the estimates of a parametric joint gamma frailty
model with constant conditional baseline rates. For the sake of simplicity, we did not adjust for covariates or region, in
contrast to the analyses published by Mogensen et al.9 Results of the respective model fits are summarized in Table 3.

All methods for the composite endpoint yield very similar estimates for the treatment effect, close to a rate ratio of 0.8.
The largest effect size results from the LWYY model, the smallest one from the Mao-Lin model—however, the differences
are minimal. Moreover, all approaches nearly coincide in the length of the confidence interval. The joint frailty model
yields a conditional rate ratio estimate of 0.791 for CVD and of 0.755 for recurrent HFHs. Due to the larger number
of composite events, each of the outcome-specific treatment effects estimated by the joint frailty model has a greater
uncertainty than the treatment effects estimated by the three semiparametric models for the composite endpoint. The
relatively large frailty variance estimate indicates the correlation between HFHs and CVD in the trial. In addition, the
estimate of the association parameter shows that unexplained heterogeneity is larger with respect to recurrent HFHs than
to CVD. This is in line with other HF trials where the joint frailty model has been applied.12

Figure 1 shows semiparametric estimates of the cumulative LWYY and Mao-Lin rates for the PARADIGM-HF data. We
clearly see that both models demonstrate the superiority of sacubitril/valsartan, but target different rates, as introduced
in Section 3. In particular, the cumulative rate in the Mao-Lin model can be interpreted as an estimate for the expected
number of composite events up to a certain time point, while the cumulative rate in the LWYY model is in general not
interpretable unless HFHs and CVD are uncorrelated (see Cook and Lawless16). In contrast to the LWYY model, in the
Mao-Lin model an observed CVD does not lead to a patient’s exclusion from the risk set. Hence the cumulative Mao-Lin
rate is smaller than the cumulative LWYY rate. However, relative treatment effects resulting from the LWYY model and
the Mao-Lin model are quite similar, as seen in Table 3.
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F I G U R E 1 Semiparametric estimates of the cumulative LWYY and Mao-Lin rates in the PARADIGM-HF trial, both for the treatment
(sacubitril/valsartan) and the control (enalapril) group [Colour figure can be viewed at wileyonlinelibrary.com]

6 ANALYSIS OF ESTIMATES FOR THE COMPOSITE ENDPOINT
WITH CORRELATED COMPONENTS

In the following we will investigate the behavior of the Cox, the LWYY and the Mao-Lin estimator for a binary, one-to-one
randomized covariate Xi ∼ Bin(1, 0.5) in different joint frailty scenarios with a gamma-distributed frailty term. Asymptotic
results are derived numerically by using the formulas presented in Section 4 and finite sample properties are studied
with Monte Carlo simulations. In the description of our findings we throughout avoid the term “bias”, since that would
require to identify a single “true” effect on the composite, which is not defined in the joint frailty scenarios. All analyses
in this section are performed in R software37 (version 3.6.1). The code can be obtained from the corresponding author
upon request.

6.1 Numerical results (Figures 2 and 3)

Given a certain parameterization of a joint gamma frailty model, Table 2 allows to derive the time course of the composite
rate ratios targeted by the Cox, the LWYY, and the Mao-Lin model. For a certain censoring scheme the asymptotic rate
ratio estimates can then be derived by solving the least false parameter equation g(𝛽) = 0 (see Formula (10)). In this
subsection we present analytical findings for selected joint frailty parameterizations and censoring schemes.

6.1.1 Consequences of varying the correlation and the trial duration (Figure 2)

Objectives:
We aim to evaluate how the time course of the composite rate ratios targeted by the three considered analysis models

is affected by the degree of correlation between the outcomes (ie, the frailty variance 𝜃). In addition, we investigate how

http://wileyonlinelibrary.com
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the asymptotic rate ratio estimate of the respective model depends on the interplay between the time course of the target
rate ratio and the trial duration (ie, the censoring scheme).

Methods:
We focus on two joint frailty scenarios, one with no correlation (𝜃 = 0) and one with existing correlation between

the outcomes (𝜃 = 5.2, as observed in PARADIGM-HF). The remaining model parameters correspond to the joint frailty
estimates of the PARADIGM-HF data and are kept fixed in both scenarios (see Table 3: 𝛾 = 0.63, 𝜆10(t) = 0.158, 𝜆20(t) =
0.136, exp(𝛽1) = 0.755, exp(𝛽2) = 0.791). Using these parameterizations, we derive the composite rate ratios ri(t|Xi = 1)∕
ri(t|Xi = 0) within the time interval [0, 2.5] years by using the terms given in Table 2 (column 3) as nominator and denom-
inator. For each time point t within that interval, we additionally investigate the composite rate ratio estimate exp(𝛽)
arising from a mixed censoring scheme with administrative censoring at time point t (probability 1 − 0.08t) and uniformly
distributed random censoring on [0, t] (probability 0.08t). Therefore we derive the least false parameter 𝛽 of the respec-
tive estimator as the solution of g(𝛽) = 0 (see Formula (10)). As an example, for t = 2.5 years the estimate resulting from
a trial with 80% administrative censoring at t = 2.5 (ie, the trial duration) and 20% random censoring on [0, 2.5] is com-
puted. This would yield a median follow-up duration of 2.25 years (27 months, as in PARADIGM-HF), if the follow-up
could only be terminated by censoring.

Results:
The time course of composite rate ratios and rate ratio estimates for both joint frailty scenarios is shown in Figure 2.

In the absence of correlation (𝜃 = 0) the rates targeted by the Cox model and the LWYY model coincide. Moreover, these
rates are constant (and thus of course proportional). The constancy of the rates does not hold in general, but applies
here due to the constant outcome-specific, conditional baseline rates within the joint frailty settings considered here. Of
course, the proportionality of the rates implies constant rate ratios over time. If the outcomes are correlated (𝜃 = 5.2), the
rate ratios targeted by the Cox and LWYY approach are increasing and move toward the null hypothesis over time. This is
the result of a selection process that can, exemplarily for the time-to-first-event rate (Cox), be explained as follows: Both
in the treatment and in the control group, the time-to-first-event rates are decreasing over time as the frailest patients
experience their first event early in time and healthier patients with lower conditional rates remain at risk longer. Due
to the treatment’s overall protective effect (exp(𝛽1) < 1 and exp(𝛽2) < 1), this selection proceeds faster in the control
group, leading to a growing imbalance of frailty over time between the two cohorts at risk. Hence the decrease in the rate
proceeds faster under control compared with treatment, resulting in an increase of the rate ratio over time. A similar
explanatory pattern applies to the LWYY approach, with the important difference that patients remain at risk after a
hospitalization. This has two implications in the scenario with correlated outcomes: First, the nonproportionality of the
rates is exclusively induced by the protective treatment effect exp(𝛽2) < 1 on mortality and not, as in the Cox approach,
both by exp(𝛽1) < 1 and exp(𝛽2) < 1. Second, frail patients drop out faster in the time-to-first-event approach, leading to
a faster evolution of the imbalance in frailty between the cohorts at risk. This manifests in a stronger increase of the Cox
rate ratio compared with the LWYY rate ratio.

The Mao-Lin approach takes a special role, as the rate ratio is not only increasing in the presence of correlation but
even in the scenario with uncorrelated outcomes. This is due to the fact that patients remain in the risk set up to censoring
and are not removed in case of preceding death. First, we will have a look at the mechanisms in the absence of correlation:
Due to death, event numbers (nominator of the rate) decrease over time. But concurrently the number of patients at risk
(denominator of the rate) remains stable, since patients are still counted to the risk set after death. As a result, the Mao-Lin
rate is decreasing over time in both groups. Of course, prolonged survival in the treatment group (exp(𝛽2) < 1) comes
along with a longer susceptibility-period for recurrent events. Consequently the Mao-Lin event rate in the treatment
group is decreasing slower than in the control group, explaining the increase of the rate ratio over time. If the outcomes
are correlated, that increase is more pronounced.

Time-dependent rate ratios raise the question what is actually estimated by the estimators derived by the Cox analysis,
the LWYY analysis and the Mao-Lin analysis. An exact, but rather technical answer is given by the least false parameter
theory presented in Section 4. Reduced to its essentials, the central message of that theory is: The rate ratio estimate
after study time t is a weighted average of the rate ratio function on [0, t], with weights determined by the censoring
scheme. In particular, the censoring scheme includes the duration of the trial. This is confirmed by the rate ratio esti-
mates shown in Figure 2. In case of uncorrelated outcomes, the estimates resulting from the time-to-first-event and the
LWYY approach are not affected by the censoring scheme. As already mentioned, this can be explained by the constant
conditional rates in our setting. However, if the outcomes are correlated, the Cox and LWYY estimates are sensitive to
the censoring scheme. The same applies to the Mao-Lin estimates—even in the absence of correlation. All estimates that
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F I G U R E 2 Rate ratios and asymptotic rate ratio estimates for the composite endpoint in joint gamma frailty models with frailty
variances 𝜃 = 0 and 𝜃 = 5.2. Motivated by the PARADIGM-HF results, the remaining joint frailty parameters are fixed as exp(𝛽1) = 0.755,
exp(𝛽2) = 0.791, 𝜆10(t) = 0.158, 𝜆20(t) = 0.136, and 𝛾 = 0.63. The shaded area shows the interval between the conditional rate ratios exp(𝛽1)
(recurrent events) and exp(𝛽2) (terminal event). The respective composite rate ratio and rate ratio estimate at time point t is given by
ri(t|Xi = 1)∕ri(t|Xi = 0) and exp(𝛽), where 𝛽 is the least false parameter obtained in a trial with the following censoring scheme:
Administrative censoring at time point t (probability 1 − 0.08t) and uniformly distributed random censoring on [0, t] (probability 0.08t). For
example, for t = 2.5 the censoring scheme is given by 80% administrative censoring at t = 2.5 and 20% random censoring on [0, 2.5] [Colour
figure can be viewed at wileyonlinelibrary.com]

are affected by the censoring scheme shift toward the null hypothesis with increasing trial durations, that is, treatment
effect estimates become attenuated the longer the trial lasts. In particular, if the trial duration increases, the estimates
are not even located in the interval [exp(𝛽1) = 0.755, exp(𝛽2) = 0.791] determined by the component-specific conditional
rate ratios, wherein an estimate for the composite naturally ought to be expected. The time-to-first-event approach shows
the strongest and the LWYY approach the least attenuation with time. The censoring scheme underlying the estimates
shown for the largest time point (t = 2.5) comes closest to that one of the PARADIGM-HF trial. Here the expected com-
posite rate ratio estimates in the presence of correlation amount to 0.851 for the Cox model, 0.821 for the Mao-Lin model
and 0.808 for the LWYY model. How deviations from the actually observed rate ratio estimates for the PARADIGM-HF
data (see Table 3) may be explained, will be discussed in Section 7.

6.1.2 Consequences of varying the correlation and the component-specific treatment effects
(Figure 3)

Objectives:
We aim to investigate how the asymptotic rate ratio estimates for the composite endpoint depend on the interplay

between the degree of correlation (ie, the frailty variance 𝜃) and the outcome-specific, conditional rate ratios exp(𝛽1) and
exp(𝛽2).

http://wileyonlinelibrary.com
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Methods:
We evaluate joint frailty scenarios with all parameter combinations of 𝜃 ∈ {0, 5.2}, exp(𝛽1) ∈ {0.755, 1, 1.324} and

exp(𝛽2) ∈ [0.5, 1.5]. The remaining model parameters correspond to the joint frailty estimates of the PARADIGM-HF data
and are kept fixed in all scenarios (see Table 3: 𝛾 = 0.63, 𝜆10(t) = 0.158, 𝜆20(t) = 0.136). Likewise the censoring scheme
is kept fixed in all scenarios, namely, as a mixture of administrative censoring at time point t = 2.5 years (probability
0.8) and uniformly distributed random censoring on [0, 2.5] (probability 0.2), coming close to the censoring pattern in
PARADIGM-HF. For all parameterizations, we investigate the composite rate ratio estimate exp(𝛽) by deriving the least
false parameter 𝛽 of the respective estimator as the solution of g(𝛽) = 0 (see Formula (10)).

Results:
Our findings on the behavior of the estimates are illustrated in Figure 3. First, we start with the identification of

parameter settings where estimates coincide:

• In case of no effects on both outcomes (exp(𝛽1) = exp(𝛽2) = 1) all three approaches consistently yield a composite rate
ratio estimate of exp(𝛽) = 1, no matter if the outcomes are correlated or not. Although we generally try to avoid the term
“bias”, in that situation it is well justified to call the estimate “unbiased”. None of the analysis models is misspecified
in that situation, because the model-specific rates are equal between the treatment and control group and thus fulfill
the proportionality assumption.

• The estimates of the Mao-Lin and the LWYY approach coincide and are not affected by a correlation of the outcomes
if treatment has no effect on mortality (exp(𝛽2) = 1). In both approaches, differences in mortality between the groups
are a prerequisite for nonproportional rates. In case of equal mortality the rates targeted by both approaches coincide
and are proportional—and the rate ratio is not affected by the degree of correlation between the outcomes.

In addition, the estimates of the Cox and LWYY approach coincide under uncorrelated outcomes (𝜃 = 0). However,
this is again due to the constant conditional baseline rates in our joint frailty scenarios, which are leading to propor-
tional rates for the composite. Equality of the Cox and LWYY estimates under uncorrelated outcomes does not hold for
time-dependent conditional baseline rates.

Building on the findings regarding the time course of rate ratios described in Section 6.1.1, it should be stressed again:
Proportional rates (ie, time-constant rate ratios) imply that the estimate is not affected by the censoring scheme, in par-
ticular by the trial duration. In our experience, most realistic scenarios in HF trials are given by settings with at least not
harmful component-specific effects (exp(𝛽1) ≤ 1 and exp(𝛽2) ≤ 1) and with a correlation between the outcomes (𝜃 > 0).
In these scenarios the rate ratio function of the time-to-first-event approach is only constant if treatment has no effect on
both components (exp(𝛽1) = exp(𝛽2) = 1). In the approaches of Mao-Lin and LWYY constant rate ratios are only given if
treatment has no effect on mortality (exp(𝛽2) = 1). In all other scenarios considered as clinically relevant, rate ratios are
time-dependent and their estimates will attenuate with trial duration.

Let us now put the emphasis on differences between the recurrent event approaches (LWYY, Mao-Lin). Both estimates
are equal in case of exp(𝛽2) = 1, but in scenarios with exp(𝛽2) ≠ 1 the Mao-Lin estimate is always shifted in the direction
that favors the treatment regimen with higher mortality risks. As an example, we will have a look at scenarios with 𝜃 = 0
and exp(𝛽1) = 0.755 in Figure 3:

• In case of higher mortality risks in the control group (exp(𝛽2) = 0.791):

exp
(
𝛽

Mao−Lin)
= 0.797 > 0.772 = exp

(
𝛽

LWYY)
.

• In case of higher mortality risks in the treatment group (exp(𝛽2) = 1.264):

exp
(
𝛽

Mao−Lin)
= 0.951 < 0.990 = exp

(
𝛽

LWYY)
.

Both cases have in common that the more life-threatening treatment regimen appears in a better light with the
Mao-Lin model than with the LWYY model. In other words: The Mao-Lin approach does neither appreciate a protective
nor penalize a harmful treatment effect on mortality as much as the LWYY approach. In particular, a harmful treatment
effect on mortality will rather be masked by the Mao-Lin approach. In the presence of correlation this behavior remains,
but is less pronounced. Here estimates obtained from these approaches are quite similar in all the studied scenarios.
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F I G U R E 3 Asymptotic rate ratio estimates exp(𝛽) for the composite endpoint in joint gamma frailty models with different frailty
variances 𝜃 and conditional rate ratios exp(𝛽1) (recurrent events) and exp(𝛽2) (terminal event). The intervals between exp(𝛽1) and exp(𝛽2) in
the respective scenario are represented by the shaded area. Motivated by the PARADIGM-HF results, the remaining joint frailty parameters
are fixed as 𝜆10(t) = 0.158, 𝜆20(t) = 0.136 and 𝛾 = 0.63. The censoring scheme is given by administrative censoring at time point t = 2.5 years
(probability 0.8) and uniformly distributed random censoring on [0, 2.5] (probability 0.2) [Colour figure can be viewed at
wileyonlinelibrary.com]

The definition of at-risk time within the Mao-Lin model is raising the question, whether a life-threatening treatment
might even appear favorable just because early death is preventing further hospitalizations. To address that issue, we have
a closer look at scenarios with no treatment effect on recurrent events (exp(𝛽1) = 1) and a detrimental treatment effect
on terminal events (exp(𝛽2) > 1). Figure 3 suggests that the Mao-Lin approach still evaluates the treatment as harmful(

exp
(
𝛽

Mao−Lin)
> 1

)
in all studied settings, albeit showing the weakest estimate among the three methods. However,

in all these settings conditional baseline rates are kept fixed as 𝜆10(t) = 0.158 for recurrent and 𝜆20(t) = 0.136 for termi-
nal events (motivated by PARADIGM-HF). In Appendix C (Figure C1) we additionally investigate the consequences of

http://wileyonlinelibrary.com
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varying the conditional baseline rates in scenarios with exp(𝛽1) = 1 and exp(𝛽2) = 1.264. Indeed, if the recurrent event rate
is sufficiently large, the amount of hospitalization events prevented by early death outweighs the amount of additional
mortality events under treatment and thus the Mao-Lin approach favors the detrimental treatment

(
exp

(
𝛽

Mao−Lin)
< 1

)
,

especially (but not only) in the presence of a correlation between the composite’s components. Such an unintended inver-
sion of the composite treatment effect estimate likewise applies to the LWYY approach, but in a slightly milder form and
only in case of correlation.

6.2 Simulation results (Table 4)

So far asymptotic, analytical results on rate ratio estimates were presented. In this subsection we investigate finite-sample
properties of the Cox, the LWYY, and the Mao-Lin estimator for selected scenarios by a simulation study.

Objectives:
We aim to investigate finite-sample properties of the three estimators for the composite endpoint. In particular, we

compare rate ratio estimates and the standard errors of the corresponding parameters. Moreover, rejection probabilities
of the model-specific, 5% significance level tests on H0 ∶ exp(𝛽) = 1 are evaluated, where 𝛽 denotes the parameter for the
composite treatment effect in the respective analysis model.

Methods:
We evaluate a full factorial set of joint frailty scenarios with all parameter combinations of 𝜃 ∈ {0, 5.2}, exp(𝛽1) ∈

{0.755, 1, 1.324} and exp(𝛽2) ∈ {0.791, 1, 1.264}. The remaining model parameters correspond to the joint frailty estimates
of the PARADIGM-HF data and are kept fixed in all scenarios (see Table 3: 𝛾 = 0.63, 𝜆10(t) = 0.158, 𝜆20(t) = 0.136). Like-
wise the censoring scheme is kept fixed in all scenarios, namely as a mixture of administrative censoring at time point
t = 2.5 years (probability 0.8) and uniformly distributed random censoring on [0, 2.5] (probability 0.2), coming close to
the censoring pattern in PARADIGM-HF.

For the simulation we use the simreccomp() function of the R-package simrec38 (version 1.0.0) to generate joint
frailty datasets. For each scenario 10 000 datasets with each 1000 patients are generated, that is, 500 per group. Each of
these datasets is evaluated (a) with the Cox model and the LWYY model using the coxph() function of the R-package
survival39 (version 3.1-7) and (b) with the Mao-Lin model using the CompoML() function whose R-Code is available on
Lu Mao’s website.40 Within the fitting process for the Mao-Lin model we use the Cox model approach to estimate the
inverse probability of censoring weights.

In all model fits we extract the parameter estimate, its standard error and the p-value of the Wald test on H0 ∶ exp(𝛽) =
1, where 𝛽 denotes the parameter for the composite treatment effect in the respective analysis model. For the recur-
rent event methods (LWYY, Mao-Lin), model-based standard error estimates are used. These are per se robust. For the
time-to-first-event approach, we use the robust sandwich estimate and not the model-based estimate for the standard
error. Based on these data we calculate the following measures of evaluation for each model in each scenario:

• exp(𝛽): Empirical mean of the rate ratio estimates
• SE: Empirical standard error of 𝛽
• SEE: Empirical mean of the standard error estimates of 𝛽
• rp: Rejection probability, that is, the fraction of tests with p < 0.05

We additionally derive the least false parameter 𝛽 of the respective estimator as the solution of g(𝛽) = 0 (see Formula
(10)) in order to compare the finite-sample rate ratio estimate exp(𝛽) with the asymptotically valid rate ratio estimate
exp(𝛽).

Results:
Table 4 is summarizing the results of the simulation study. The average composite rate ratio estimates exp(𝛽) of the

simulation coincide with the estimates exp(𝛽) that have been derived numerically based on least false parameter theory.
Hence, asymptotic results already apply well for the studied sample size of 1000 patients. Larger sample sizes would not
affect the estimates, but only reduce their standard errors. Since each of the considered standard error estimators is robust
(ie, accounts for heterogeneity among the risk rates), the empirical standard error of the parameter estimates (SE) always
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T A B L E 4 Simulation results (10 000 simulated datasets, each with n = 1000 patients) comparing rate ratio estimates for the
composite endpoint in joint gamma frailty models with different frailty variances 𝜃 and conditional rate ratios exp(𝛽1) (recurrent events)
and exp(𝛽2) (terminal event)

Sim. setup Mao-Lin LWYY Cox

exp(𝜷1) exp(𝜷2) exp(𝜷) exp(𝜷) SE SEE rp exp(𝜷) exp(𝜷) SE SEE rp exp(𝜷) exp(𝜷) SE SEE rp

(a) 𝜃 = 0

0.755 0.791 0.796 0.797 0.079 0.079 0.825 0.771 0.772 0.090 0.089 0.831 0.771 0.772 0.097 0.096 0.766

0.755 1.000 0.868 0.868 0.076 0.076 0.463 0.868 0.868 0.088 0.087 0.370 0.868 0.868 0.095 0.094 0.326

0.755 1.264 0.951 0.951 0.073 0.073 0.106 0.990 0.990 0.086 0.085 0.054 0.990 0.990 0.093 0.092 0.054

1.000 0.791 0.933 0.933 0.076 0.076 0.151 0.903 0.903 0.086 0.086 0.225 0.903 0.903 0.094 0.094 0.196

1.000 1.000 1.000 1.000 0.074 0.073 0.049 1.000 1.000 0.085 0.084 0.052 0.999 1.000 0.093 0.092 0.049

1.000 1.264 1.078 1.078 0.071 0.071 0.186 1.122 1.122 0.083 0.083 0.288 1.122 1.122 0.091 0.090 0.251

1.324 0.791 1.113 1.113 0.073 0.073 0.314 1.078 1.078 0.083 0.082 0.148 1.078 1.078 0.091 0.091 0.135

1.324 1.000 1.175 1.174 0.071 0.071 0.625 1.174 1.174 0.082 0.081 0.509 1.175 1.174 0.090 0.089 0.430

1.324 1.264 1.246 1.245 0.070 0.069 0.894 1.297 1.296 0.081 0.080 0.903 1.297 1.296 0.088 0.088 0.841

(b) 𝜃 = 5.2

0.755 0.791 0.822 0.821 0.145 0.144 0.280 0.809 0.808 0.151 0.150 0.294 0.850 0.851 0.132 0.131 0.236

0.755 1.000 0.851 0.850 0.141 0.140 0.215 0.851 0.850 0.148 0.147 0.200 0.918 0.918 0.130 0.129 0.106

0.755 1.264 0.885 0.884 0.137 0.136 0.148 0.902 0.900 0.145 0.144 0.116 0.998 0.999 0.128 0.127 0.051

1.000 0.791 0.981 0.982 0.145 0.143 0.054 0.966 0.967 0.151 0.149 0.060 0.939 0.938 0.130 0.128 0.079

1.000 1.000 0.999 1.000 0.141 0.140 0.051 0.999 1.000 0.148 0.146 0.051 1.001 1.000 0.128 0.127 0.053

1.000 1.264 1.021 1.021 0.137 0.136 0.052 1.040 1.040 0.145 0.144 0.056 1.076 1.074 0.126 0.125 0.088

1.324 0.791 1.196 1.195 0.144 0.143 0.242 1.177 1.177 0.150 0.149 0.194 1.038 1.038 0.125 0.126 0.054

1.324 1.000 1.200 1.198 0.141 0.140 0.253 1.199 1.198 0.147 0.146 0.235 1.094 1.095 0.124 0.124 0.109

1.324 1.264 1.206 1.204 0.138 0.137 0.275 1.227 1.226 0.145 0.144 0.300 1.163 1.163 0.123 0.123 0.228

Note: Motivated by the PARADIGM-HF results, the remaining joint frailty parameters are fixed as 𝜆10(t) = 0.158, 𝜆20(t) = 0.136 and 𝛾 = 0.63. The censoring
scheme is given by administrative censoring at time point t = 2.5 years (probability 0.8) and uniformly distributed random censoring on [0, 2.5] (probability
0.2). Here exp(𝛽) is the average rate ratio estimate obtained in the simulation, exp(𝛽) is rate ratio estimate obtained numerically by least false parameter
theory, SE is the empirical standard error of 𝛽, SEE is the empirical mean of the (robust) standard error estimates of 𝛽, and rp is the rejection probability of
the Wald test on H0 ∶ exp(𝛽) = 1.

coincides with the empirical mean of the standard error estimates (SEE). Apparently, standard errors are increased by a
correlation between the outcomes. Regarding the size of the standard errors, the following grading applies to all scenarios:

• In case of uncorrelated outcomes (𝜃 = 0): SE(𝛽Mao−Lin) < SE(𝛽LWYY ) < SE(𝛽Cox)
• In case of correlated outcomes (𝜃 = 5.2): SE(𝛽Cox) < SE(𝛽Mao−Lin) < SE(𝛽LWYY )

The Mao-Lin approach has throughout slightly smaller standard errors than the LWYY approach, no matter if cor-
relation is present between the outcomes. In addition, the time-to-first-event approach has the largest standard errors
under uncorrelated outcomes, but the smallest standard errors in the presence of correlation. This is an important finding
given the common opinion that recurrent event methods per se yield smaller standard errors than the time-to-first-event
approach.

Finally we will have a look at the rejection probabilities (rp) of Wald tests (using the mentioned standard errors)
for the null hypothesis H0 ∶ exp(𝛽) = 1. All approaches keep the type I error in case of no effects on both outcomes
(exp(𝛽1) = exp(𝛽2) = 1), because no model is misspecified in that situation. In all other scenarios, rejection probabilities
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result from the complex interplay of the estimate location and the standard error size. As there is no obvious pattern, we
do not go into the details of each scenario here.

7 DISCUSSION

In clinical heart failure trials efficacy is generally evaluated by using a composite endpoint consisting of HFHs and
CVD.1,2,6 In this article we systematically investigated the differences between estimates resulting from the traditional
time-to-first-event analysis based on the Cox model31 and two recurrent event analysis models for the composite, the
prominent LWYY model17 and the recently proposed Mao-Lin model.23 Recurrent event models account for all HFHs
and CVDs during the follow-up and are thus considered as an alternative to the time-to-first-event analysis.7,10,11 For
the comparison of these approaches we investigated clinically relevant scenarios, parameterized by joint frailty models19

that account both for different component-specific treatment effects on HFHs and CVD and for the positive correla-
tion between these two outcomes. Published comparisons between the time-to-first-event analysis and recurrent event
methods in the heart failure context did so far neither investigate how the component-specific treatment effects translate
into composite treatment effect estimates nor how these estimates are affected by the correlation between the two event
processes (see, eg, Claggett et al,10 Rauch et al25). Our article addresses these issues and thus contributes to a proper
interpretation of different analysis approaches in clinical HF trials. This is what has been claimed by regulators as a
prerequisite in order to seriously take recurrent event methods into consideration for the primary analysis.7 We demon-
strated that the composite endpoint estimates resulting from both recurrent event analysis models are quite similar and
less adversely affected by a correlation between fatal and nonfatal event processes than the time-to-first-event analysis
in realistic settings. Concurrently the Mao-Lin analysis was shown to be most insensitive to harmful effects on mor-
tality among the three investigated approaches. In summary, our results clearly favor the LWYY approach to evaluate
composite endpoints in future HF trials.

First, we showed that the proportionality assumption for the event rates imposed by the aforementioned analysis mod-
els for the composite endpoint is generally misspecified in the presence of correlated outcomes corresponding to a joint
frailty model, that is, rate ratios are generally time-dependent. As a new methodological contribution, we demonstrated
how least false parameter theory17,26,28 can be used as a powerful tool to derive the respective asymptotic estimates in such
scenarios numerically. We illustrated that the composite treatment effect estimates of the misspecified analysis models
strongly depend on the censoring scheme, in particular on the trial duration. In clinically relevant scenarios, character-
ized by correlated outcomes and at least not harmful treatment effects on both components, all estimates are attenuated
and increasingly shift toward the null hypothesis with trial duration. The estimate of the time-to-first-event analysis is
by far most affected by that attenuation, whereas both recurrent event methods are more robust to the underlying mis-
specification. This result is clearly supporting the use of recurrent event methods in HF trials. It should be noted that the
strong attenuation of the time-to-first-event estimate can only in parts be accounted to the correlation between HFHs and
CVD itself. The driving force is rather the degree of unexplained heterogeneity in the patient-specific risk rates for each
component, especially among HFHs, as indicated by results of Claggett et al.10 However, in the joint frailty parameteri-
zation the actual correlation is not clearly separable from the variances of each component’s unexplained heterogeneity.
A clear separation of these quantities in the parameterization (eg, through using a bivariate frailty) would be desirable,
but has only once been suggested in the literature, probably due to computational issues during model fitting.36 To our
knowledge the work of Tawiah et al41 is the only one that makes use of a bivariate frailty with a certain correlation in the
joint frailty modeling context—however, a published software implementation is missing.

Compared with the LWYY estimate, the Mao-Lin estimate is always slightly shifted to the direction that favors the
more life-threatening treatment and is thus less sensitive to harmful effects on mortality. A harmful effect on mortality
leads to more CVDs, but concurrently to less HFHs and is thus ambiguous with respect to the composite. In the Mao-Lin
approach the avoidance of HFHs through death is less negatively graded than in the LWYY approach. In some (albeit
clinically not very plausible) scenarios it might even happen that the Mao-Lin estimate is in favor of a treatment that
has a harmful effect on mortality while being neutral regarding hospitalizations. Remarkably, such unintended inversion
of the composite treatment effect estimate might also occur with the LWYY approach. However, in clinically relevant
settings both recurrent event methods yield reasonable estimates and their differences are small. In their article, Mao
and Lin obtained larger differences between analyses with the LWYY model and the Mao-Lin model in some simulated
scenarios.23 This can be explained as follows: First, in their investigated settings mortality risks during follow-up were
assumed to be up to five times higher in the control group than in the treatment group, which is far off clinical reality in HF
trials. Second, the outcomes were considered to be uncorrelated (at least in settings with treatment effect on mortality),
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which might likewise not well reflect the disease process in heart failure. Among the two studied recurrent event methods,
we recommend the LWYY approach, first and foremost because it is more sensitive to harmful effects on mortality. Second,
there has been done quite some research related to the LWYY model on methods relevant for clinical trials such as sample
size planning/reestimation42,43 and group sequential designs.44 All this research is missing for the Mao-Lin model. Third,
the Mao-Lin model is not implemented in standard software and R-functions are only available on the author’s website.40

In favor of the Mao-Lin model it should be mentioned that higher weights could be assigned to terminal events to become
more sensitive to harmful effects on mortality. The consequences of weighting events for the composite treatment effect
estimate should therefore be further investigated, but goes beyond the scope of this article.

Our analytical findings are supported by empirical results from the PARADIGM-HF trial, a large trial on the efficacy
of sacubitril/valsartan in patients with chronic HF and reduced ejection fraction.8 Here each of the component-specific
treatment effect estimates (obtained by a joint frailty model) is larger than the composite effect estimates obtained by the
Cox model and the Mao-Lin model. The LWYY estimate for the composite endpoint shows the same tendency and nearly
coincides with the weakest component-specific effect estimate, that is, that for CVD. This dilution of the composite treat-
ment effect estimates in the presence of correlated components is completely in line with our analytical findings for joint
frailty scenarios. However, the observed composite effect estimates in the PARADIGM-HF trial do not precisely match
with those that would have been expected in a joint frailty scenario parameterized through the joint frailty estimates on
the trial data. This may be explained by some violations of the joint frailty modeling assumptions: First, the conditional
rates for each outcome may depend on the HFH history. As an example, it may be plausible that they are increasing with
each HFH. Second, treatment effects on both outcomes may decrease over time (eg, due to drug discontinuation after
first HFH, as often occurred in PARADIGM-HF), that is, the proportional rates assumption may already be violated on
the patient’s level. Both scenarios will manifest in an overestimation of the true frailty variance. The large estimate of the
frailty variance for the PARADIGM-HF data may indicate that the degree of correlation between the outcomes is proba-
bly overestimated. This is supported by a recent publication from Balan and Putter,45 who raised the important question,
how well time-dependent treatment effects may be distinguished from unexplained heterogeneity in clustered survival
data. A main result was that the frailty variance estimate is generally inflated in case of time-dependent treatment effects.
The extent of overestimation is decreasing with the cluster sizes, that is, with the number of events per patient in our
case. However, the authors did not specifically consider the joint frailty model in their investigations and it will be future
work to characterize its estimates in such situations. Instead of a joint frailty parametrization for the data-generating
process simulations could also be performed by bootstrapping data of historical trials. This has recently been shown to
be a promising approach to generate realistic data of complex time-to-event processes.46
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APPENDIX A. SIMPLIFICATION OF THE LEAST FALSE PARAMETER FUNCTION IN CASE
OF A SINGLE BINARY COVARIATE

First we recall that the general form of the least false parameter function is given by

g(𝛽) = ∫
∞

0
E
[

Yi(t)
{

Xi −
E [Yi(t)Xi exp(𝛽′Xi)]
E [Yi(t) exp(𝛽′Xi)]

}
dNi(t)

]
. (A1)

Here E [⋅] denotes an expectation taken with respect to the at-risk process Yi(t), the covariates Xi and the counting
process Ni(t). We will henceforth simplify that function for Xi ∼ Bin(1, p) being binary. Therefore, we first dissolve the
inner expectations:

E [Yi(t)Xi exp(𝛽′Xi)] =
1∑

a=0

1∑
b=0

P(Xi = a,Yi(t) = b) ⋅ ba exp(𝛽a)

= P(Xi = 1,Yi(t) = 1) ⋅ exp(𝛽), (A2)

E [Yi(t) exp(𝛽′Xi)] =
1∑

a=0

1∑
b=0

P(Xi = a,Yi(t) = b) ⋅ b exp(𝛽a)

= P(Xi = 0,Yi(t) = 1) + P(Xi = 1,Yi(t) = 1) ⋅ exp(𝛽). (A3)
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Now let us denote y(k)i (t) = P(Xi = k,Yi(t) = 1) and dissolve the whole integrand of the least false parameter function:

E

[
Yi(t)

{
Xi −

y(1)i (t) exp(𝛽)

y(0)i (t) + y(1)i (t) exp(𝛽)

}
dNi(t)

]

= E [Yi(t)XidNi(t)] −
y(1)i (t) exp(𝛽)

y(0)i (t) + y(1)i (t) exp(𝛽)
E [Yi(t)dNi(t)]

=

[ 1∑
a=0

1∑
b=0

P(Xi = a,Yi(t) = b) ⋅ baE [dNi(t)|Xi = a,Yi(t) = b]

]

−
y(1)i (t) exp(𝛽)

y(0)i (t) + y(1)i (t) exp(𝛽)

[ 1∑
a=0

1∑
b=0

P(Xi = a,Yi(t) = b) ⋅ bE [dNi(t)|Xi = a,Yi(t) = b]

]
= y(1)i (t)E [dNi(t)|Xi = 1,Yi(t) = 1]

−
y(1)i (t) exp(𝛽)

y(0)i (t) + y(1)i (t) exp(𝛽)
[y(0)i (t)E [dNi(t)|Xi = 0,Yi(t) = 1] + y(1)i (t)E [dNi(t)|Xi = 1,Yi(t) = 1]]

=
y(0)i (t)y(1)i (t)

y(0)i (t) + y(1)i (t) exp(𝛽)

[
E [dNi(t)|Xi = 1,Yi(t) = 1] − E [dNi(t)|Xi = 0,Yi(t) = 1] exp(𝛽)

]
. (A4)

In summary, the least false parameter function in case of a single binary covariate is given by

g(𝛽) = ∫
∞

0

y(0)i (t)y(1)i (t)

y(0)i (t) + y(1)i (t) exp(𝛽)

[
E [dNi(t)|Xi = 1,Yi(t) = 1] − E [dNi(t)|Xi = 0,Yi(t) = 1] exp(𝛽)

]
. (A5)

APPENDIX B. COMPONENTS OF THE LEAST FALSE PARAMETER FUNCTION IN A JOINT
FRAILTY SETTING

First, we derive the rate functions targeted in the Cox model, the LWYY model and the Mao-Lin model:

Cox rate: rCox
i

(t|Xi) dt = E[dNi(t)|Xi,Yi(t) = 1] with Yi(t) = I(Di ≥ t,Ti1 ≥ t,Ci ≥ t)

E [dNi(t)|Xi,Yi(t) = 1] = E [dNi(t)|Xi,Di ≥ t,Ti1 ≥ t,Ci ≥ t]
= E [dNi(t)|Xi,Di ≥ t,Ti1 ≥ t]
= EZi[E [dNi(t)|Xi,Zi,Di ≥ t,Ti1 ≥ t]|Xi,Di ≥ t,Ti1 ≥ t]
= EZi[E [dNi1(t)|Xi,Zi,Di ≥ t,Ti1 ≥ t]|Xi,Di ≥ t,Ti1 ≥ t]
+ EZi[E [dNi2(t)|Xi,Zi,Di ≥ t,Ti1 ≥ t]|Xi,Di ≥ t,Ti1 ≥ t]

= E [Zi|Xi,Di ≥ t,Ti1 ≥ t]𝜆10(t) exp(𝛽1Xi) dt + E [Z𝛾

i |Xi,Di ≥ t,Ti1 ≥ t]𝜆20(t) exp(𝛽2Xi) dt. (B1)

LWYY rate: rLWYY
i

(t|Xi) dt = E[dNi(t)|Xi,Yi(t) = 1] with Yi(t) = I(Di ≥ t,Ci ≥ t)

E [dNi(t)|Xi,Yi(t) = 1] = E [dNi(t)|Xi,Di ≥ t,Ci ≥ t]
= E [dNi(t)|Xi,Di ≥ t]
= EZi[E [dNi(t)|Xi,Zi,Di ≥ t]|Xi,Di ≥ t]
= EZi[E [dNi1(t)|Xi,Zi,Di ≥ t]|Xi,Di ≥ t] + EZi[E [dNi2(t)|Xi,Zi,Di ≥ t]|Xi,Di ≥ t]
= E [Zi|Xi,Di ≥ t]𝜆10(t) exp(𝛽1Xi) dt + E [Z𝛾

i |Xi,Di ≥ t]𝜆20(t) exp(𝛽2Xi) dt. (B2)

Mao-Lin rate: rMao−Lin
i

(t|Xi) dt = E[dNi(t)|Xi,Yi(t) = 1] with Yi(t) = I(Ci ≥ t)

E [dNi(t)|Xi,Yi(t) = 1] = E [dNi(t)|Xi,Ci ≥ t]
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= E [dNi(t)|Xi]
= SDi (t|Xi)E [dNi(t)|Xi,Di ≥ t]
= SDi (t|Xi)EZi[E [dNi(t)|Xi,Zi,Di ≥ t]|Xi,Di ≥ t]
= SDi (t|Xi)EZi[E [dNi1(t)|Xi,Zi,Di ≥ t]|Xi,Di ≥ t]
+ SDi (t|Xi)EZi[E [dNi2(t)|Xi,Zi,Di ≥ t]|Xi,Di ≥ t]

= SDi (t|Xi)E [Zi|Xi,Di ≥ t]𝜆10(t) exp(𝛽1Xi) dt
+ SDi (t|Xi)E [Z𝛾

i |Xi,Di ≥ t]𝜆20(t) exp(𝛽2Xi) dt. (B3)

Next, we derive the conditional expectations appearing in the previously derived rate functions. Within the derivations,
Λ10(t) = ∫ t

0 𝜆10(s) ds and Λ20(t) = ∫ t
0 𝜆20(s) ds denote the cumulative conditional baseline rates of the joint frailty model

and fA(⋅) denotes the probability density function of a random variable or random vector A.

Conditional expectations E[Zi|Xi,Di ≥ t,Ti1 ≥ t] and E[Z𝜸

i
|Xi,Di ≥ t,Ti1 ≥ t]

E [Zi|Xi,Di ≥ t,Ti1 ≥ t] = ∫
∞

0
zfZi|Xi,Di≥t,Ti1≥t(z) dz

= 1
SDi∧Ti1 (t|Xi)∫

∞

0 ∫
∞

t
zfZi,Di∧Ti1|Xi(z, s) ds dz

= 1
EZi[SDi∧Ti1(t|Xi,Zi)]∫

∞

0 ∫
∞

t
zfDi∧Ti1|Xi,Zi=z(s)fZi(z) ds dz

= 1
∫ ∞

0 SDi∧Ti1(t|Xi,Zi = z)fZi (z) dz∫
∞

0
zSDi∧Ti1 (t|Xi,Zi = z)fZi (z) dz

=
∫ ∞

0 z exp(−z exp(𝛽1Xi)Λ10(t) − z𝛾 exp(𝛽2Xi)Λ20(t))fZi (z) dz

∫ ∞
0 exp(−z exp(𝛽1Xi)Λ10(t) − z𝛾 exp(𝛽2Xi)Λ20(t))fZi (z) dz

. (B4)

Similarly the conditional expectation E [Z𝛾

i |Xi,Di ≥ t,Ti1 ≥ t] can be shown to be

E [Z𝛾

i |Xi,Di ≥ t,Ti1 ≥ t] =
∫ ∞

0 z𝛾 exp(−z exp(𝛽1Xi)Λ10(t) − z𝛾 exp(𝛽2Xi)Λ20(t))fZi (z) dz

∫ ∞
0 exp(−z exp(𝛽1Xi)Λ10(t) − z𝛾 exp(𝛽2Xi)Λ20(t))fZi (z) dz

. (B5)

Conditional expectations E[Zi|Xi,Di ≥ t] and E[Z𝜸

i
|Xi,Di ≥ t]

E [Zi|Xi,Di ≥ t] = ∫
∞

0
zfZi|Xi,Di≥t(z) dz

= 1
SDi(t|Xi)∫

∞

0 ∫
∞

t
zfZi,Di|Xi (z, s) ds dz

= 1
EZi[SDi(t|Xi,Zi)]∫

∞

0 ∫
∞

t
zfDi|Xi,Zi=z(s)fZi (z) ds dz

= 1
∫ ∞

0 SDi(t|Xi,Zi = z)fZi (z) dz∫
∞

0
zSDi(t|Xi,Zi = z)fZi (z) dz

=
∫ ∞

0 z exp(−z𝛾 exp(𝛽2Xi)Λ20(t))fZi(z) dz

∫ ∞
0 exp(−z𝛾 exp(𝛽2Xi)Λ20(t))fZi (z) dz

. (B6)

Similarly the conditional expectation E [Z𝛾

i |Xi,Di ≥ t] can be shown to be

E [Z𝛾

i |Xi,Di ≥ t] =
∫ ∞

0 z𝛾 exp(−z𝛾 exp(𝛽2Xi)Λ20(t))fZi (z) dz

∫ ∞
0 exp(−z𝛾 exp(𝛽2Xi)Λ20(t))fZi (z) dz

. (B7)
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Survival functions SDi∧Ti1(t|Xi) and SDi(t|Xi)
Finally we resolve the survival functions appearing in the least false parameter function g(𝛽). Their derivations are already
contained in the above calculations for the conditional expectations. These functions are given by

SDi∧Ti1(t|Xi) = ∫
∞

0
exp(−z exp(𝛽1Xi)Λ10(t) − z𝛾 exp(𝛽2Xi)Λ20(t))fZi (z) dz,

SDi(t|Xi) = ∫
∞

0
exp(−z𝛾 exp(𝛽2Xi)Λ20(t))fZi (z) dz. (B8)

APPENDIX C. CONSEQUENCES OF VARYING THE CORRELATION AND THE
COMPONENT-SPECIFIC CONDITIONAL BASELINE RATES (FIGURE C1)

F I G U R E C1 Asymptotic rate ratio estimates exp(𝛽) for the composite endpoint in joint gamma frailty models with different frailty
variances 𝜃 and different time-constant, conditional baseline rates 𝜆10(t) (recurrent events), and 𝜆20(t) (terminal event). The remaining joint
frailty parameters are fixed as exp(𝛽1) = 1, exp(𝛽2) = 1.264, and 𝛾 = 0.63. The interval between exp(𝛽1) and exp(𝛽2) is represented by the
shaded area. The censoring scheme is given by administrative censoring at time point t = 2.5 years (probability 0.8) and uniformly
distributed random censoring on [0, 2.5] (probability 0.2) [Colour figure can be viewed at wileyonlinelibrary.com]
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