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Abstract

There are experimental and observational hints calling for new physics beyond the standard
model (SM), among them the intriguing question of the nature of dark matter (DM). In
this thesis we study the phenomenology of models featuring warm DM.
First, we consider the scotogenic model, which features a radiative generation of neutrino
masses, and explore its light dark matter phenomenology. In particular, we focus on keV-
scale DM which can be produced either via a freeze-in mechanism through the decays
of newly introduced scalars or the decays of the next-to-lightest fermionic particle in the
spectrum. The latter possibility is required to be suppressed as it typically produces a
hot DM component. Constraints from big bang nucleosynthesis (BBN) and the number
of non-photonic relativistic particle species, Neff , are also considered, and in combination
with couplings needed to produce enough DM, the DM candidate is required to be light.
To estimate the discovery potential for this scenario we consider collider analyses at the
high luminosity upgrade of the Large Hadron Collider (HL-LHC) and proposed future
hadron and lepton colliders, namely FCC-hh and CLIC, focusing on final states with two
leptons and missing transverse energy. Taking into account the cosmological bounds, we
show that they already probe parts of the HL-LHC discovery region for this scenario, while
future colliders access an even larger region of parameter space.
Second, we derive structure formation limits on DM composed of keV-scale axion-like
particles (ALPs), produced via freeze-in through their interaction with photons and SM
fermions. We employ results from Lyman-α forest data sets as well as the observed number
of Milky Way (MW) subhalos. We compare the momentum distribution function obtained
using Maxwell-Boltzmann and quantum statistics for describing the SM thermal bath.
It should be emphasized that the presence of logarithmic divergences complicates the
calculation of the production rate.
The results obtained in this way, in combination with gamma-ray bounds, exclude the
possibility for a photophilic “frozen-in” ALP DM with mass below ∼ 19 keV. For the
photophobic ALP scenario, in which DM couples primarily to SM fermions, the ALP DM
distribution function is peaked at lower momentum and hence results in weaker limits on
the DM mass. Future facilities, such as the upcoming Vera C. Rubin observatory, will
significantly improve the current bounds up to ∼ 80 keV.
Lastly, we generalize DM production via multiple mechanisms by introducing a model-
independent framework and assess whether its consistency with structure formation ob-
servations. We simulate the matter power spectrum for DM scenarios characterized by at
least two temperatures stemming from the different production mechanisms, and derive
the suppression of structures at small scales and the expected number of MW subhalos.
This allows us to obtain constraints on the parameter space of non-thermally produced
DM. We propose a simple parameterization for non-thermal DM momentum distributions,
present a fitting procedure that can be used to adapt our results to other models, and
demonstrate via some toy models how our results can be applied to other non-thermal
DM models.
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Chapter I

Introduction

The standard model (SM) of particle physics is one of the most successful theories ever
developed in the field of physics and is the framework for a wide variety of phenomena.
It was developed and established in the 1960s [4–7] and contains all known particles and
their interactions via the strong, weak and electromagnetic force. One crucial corner-
stone is the Higgs boson [8–12]; a massive neutral scalar responsible for the generation
of particle masses via its spontaneous symmetry breaking. It was a longstanding predic-
tion of the SM and its final discovery at the ATLAS and CMS experiments a the LHC in
2012 [13, 14] marks a triumph of the predictive power of the SM. Besides this, the SM
was further successfully tested in a wide variety of processes at the LHC and other colliders.

On the contrary, despite the confirmation of many predictions of the SM, there are several
pressing open questions whose answers require physics beyond the existing framework,
known as beyond the SM (BSM) physics. On the one hand, these problems arise from
theoretical viewpoints and considerations, such as the hierarchy or naturalness problem
of the different scales within the SM or the question why the strong interaction violates
CP only minimally. On the other hand, there are experimental anomalies and obser-
vations that are not in agreement with the predictions of the SM. Examples include
the observation of neutrino oscillations due to non-vanishing mass squared differences,
the existence of an asymmetry between matter and antimatter, evidence for the exis-
tence of new physics through differences in decays of b-quarks (commonly referred to as
b-anomalies), and last but not least, very strong cosmological evidence for the existence
of dark matter (DM), which is one of the most pressing open questions in physics today.

So far, a wide range of different models has been proposed to extend the SM and address
one or several of these open questions. The discussion ranges from simple SM extensions
with gauge singlet particles to the introduction of entire new sectors with their own parti-
cles and interactions. A popular example for the latter case ar supersymmetric extensions
(SUSY) of the SM. In this thesis we explore the phenomenology of BSM models using the
scotogenic model (ScM) and an axion-like particle (ALP) extension of the SM. In partic-
ular, we investigate the nature of the associated DM candidates. In Chapters III to V, we
focus on these specific SM extensions, while in Chapter VI we present a model-independent
parametrization to study non-thermally produced DM in a more general context.

We will use two complementary probes to test and constrain these BSM models. In the
first direction, collider experiments for both p p and e+e− facilities will be used to search
for signatures of the ScM in final states with missing transverse energy. The second ap-
proach, on the other hand, uses cosmological observations to study the influence of DM
on the evolution of the early Universe and formation of structures.
Following the first avenue, particle colliders are a powerful tool to explore phenomenon
in elementary particle physics at high energies. Colliding highly energetic particles essen-
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CHAPTER I. INTRODUCTION

tially creates a small “Big Bang” and the observation of the collision remnants allows us
to unravel the physics at high energy scales which are otherwise difficult to access. These
facilities, including the LHC, allow the SM to be measured very accurately and pre-
cisely and thus contribute significantly to our current understanding of particle physics
by revealing numerous particles. Finally, these colliders open a window to the potential
discovery of new physics, because collisions of highly energetic particles allow for a sub-
stantial production of new heavy states. Due to their large masses these new particles
are in general only short-lived, i.e. they decay promptly into SM particles after their pro-
duction. Either the decay products such as leptons or quarks are directly traceable, or
can be only seen indirectly, if they are neutrinos or DM candidates. In addition, there
are other possible decay topologies, for example new particles may travel a macroscopic
distance from the interaction point before they decay.

However, this assumes that a BSM model couples sufficiently strong to the SM and its
particle masses are at least couples of GeV in order to be detectable. If DM is light
and/or only weakly coupled to the SM, or even worse, interacts only gravitationally, it
cannot be discovered at colliders. In fact, despite their great potential, colliders have not
reported any clear observation of new physics and complementary probes are needed to
explore the phenomenology of BSM models. Instead of colliding highly-energetic parti-
cles, we can simply look at the stars instead: cosmological and astrophysical observations
allow us to test DM scenarios which are not accessible at colliders. According to our
current understanding, after its creation, the Universe underwent a phase of exponen-
tial expansion during which it increased dramatically in size. This phase of inflation left
a nearly homogenous and flat Universe which was reheated after inflation ended. After-
wards, it kept expanding and its temperature decreased while it evolved in time. During
its cooling, the Universe went through several important stages. In its early stage, these
are the electroweak symmetry breaking and the quantum chromodynamics (QCD) phase
transitions, as well as the formation of light nuclei. Later, the age of recombination fol-
lows, at the end of which the Universe becomes translucent; even today, we can perceive
this afterglow in the form of the cosmic microwave background (CMB). Finally, the age
of structure formation of galaxies and clusters follows.
Light DM present during some of these formative stages can leave an imprint which is
observable today. For instance, the formation of light nuclei limits the number of rela-
tivistic particle species, as does the CMB which furthermore measures the total amount
of DM. Surveys dedicated to unraveling the distribution of matter can be used to place
constraints on the suppression of structure formation. This includes, for instance, the
number of accompanying Milky Way (MW) dwarf galaxies.
In summary, there is an intriguing interplay between laboratory and cosmological probes
of BSM models, as they offer complementary ways to probe the parameter space of new
physics. Experiments at collider and accelerators can detect new particles either directly
via resonances or indirectly via their effect on observables. Cosmology, on the other hand,
constraints model features in a more general way, such as the mass of a new light DM
candidate or the associated averaged momentum of its production mechanism.

This thesis is organized as follows. We start by briefly reviewing the SM and its open
problems and present an introduction to the standard model of cosmology, the ΛCDM,
and galactic structure formation in Chapter II. Then, in the first part of the thesis, we
present dedicated collider searches. Focusing on two leptons (e, µ or τ) and missing trans-
verse energy in the final state, we derive limits on the ScM in Chapter III. Afterwards, we
turn towards the cosmological impact of light DM. Again, we consider the ScM, but derive
cosmological limits based on the effective number of relativistic particle species, lifetime
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bounds stemming from the abundance of light nuclei and suppression of small scale struc-
tures. We overlap them with the collider analysis results in Chapter IV. Chapter V is
dedicated to warm axion-like particle DM produced in 2→ 2 scattering and annihilation
processes. We derive two complementary structure formation bounds for the case where
the ALP couples either to photons or fermions only. We generalize our findings in Chap-
ter VI where we develop a model-independent parametrization to consider the impact of
DM produced at different times on the formation of galactic structures. This allows to eas-
ily adapt our approach for more specific models of light and “warm” DM. We summarize
and conclude our results in Chapter VII.
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Chapter II

Theoretical background

II.1 The standard model and beyond

Our journey begins with a brief review of the standard model of particle physics (SM).
For a more comprehensive study we would like to point the reader to existing literature
[15–18] and references therein. Following this chapter, we present another short review on
the cosmological standard model and proceed with discussing open questions beyond the
standard model (BSM), which are the main motivation behind this thesis.

II.1.1 What we know: the standard model

The standard model of particle physics, or in short standard model1, emerged in the 70s
after a stormy decade full of discoveries and newly found particles. It was established
by the groundbreaking work of many people in the physics community [4–7] in order to
structure and organize the “zoo of particles” which puzzled particle physicists for decades.
Following its first formulation nearly all of its forecasts have been confirmed so far in a
wide range of experiments and observations. The end of this road is marked by the im-
portant discovery of the so-called Higgs particle, the last cornerstone of the SM, by the
two experimental collaborations ATLAS [13] and CMS [14] at the LHC in CERN.

The SM is a renormalizable quantum field theory which describes all known particle species
and the three fundamental interactions among them: strong, weak and electromagnetic
force, while gravity is not included in this framework. The backbone of the SM is the
gauge group SU(3)C×SU(2)L×U(1)Y , which contains a SU(3)C color group of quantum
chromodynamics (QCD) and the unification of the electroweak force in terms of a SU(2)L
subgroup for the weak isospin and a hypercharge U(1)Y subgroup. The fermionic particle
content of the SM is given by the following gauge group representations and charges:

SU(3)C SU(2)L U(1)Y

LH quarks QiL 3 2 1
6

RH up-type quarks uiR 3 1 2
3

RH up-type quarks uiR 3 1 −1
3

LH leptons `iL 1 2 −1
2

RH charged leptons eiR 1 1 −1

Here, i = 1, 2, 3 labels the three copies of each representation. The SM is a chiral gauge
theory because left- and right-handed fermions are living in different gauge representations

1 Not to be confused with the cosmological standard model which will be explained in the next section.
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CHAPTER II. THEORETICAL BACKGROUND

of the SU(2)L × U(1)Y group. The right-handed (RH) fermions are singlets, while the
left-handed (LH) particles are grouped in doublets, QL = (uiL, d

i
L)T and `L = (νiL, e

i
L)T .

Besides the fermions, the SM contains four additional bosons which acts as the interaction
mediators. The strong force is mediated by eight color carrying gluons, while the elec-
troweak force is carried by a charged W± boson and 2 neutral bosons, the Z boson and
the photon γ.
Finally, the SM contains a SU(2)L doublet scalar field H, which transforms as (1, 2, 1/2)
under the SM gauge group and is commonly called the Higgs doublet. Its existence makes
life much more interesting, because it acquires a vacuum expectation value (VEV) and
spontaneously breaks the group SU(2)L×U(1)Y down to electromagnetism (EM) U(1)EM.
This mechanism is the so-called Higgs mechanism which is crucial for the generation of
mass terms for the otherwise massless SM particles [8–12]. The Higgs boson acts as an
ultraviolet (UV)-completion of the electroweak theory, because it guarantees renormaliz-
ibility at energies E & 1 TeV. The complex Higgs doublet can be decomposed as following,

H =

(
G+

1√
2

(h+ v + iG0)

)
, (II.1)

where v ≈ 246 GeV is the VEV of the Higgs, h the physical real Higgs scalar and G+, G0

are massless Goldstone bosons which become the longitudinal modes of the gauge bosons
W± and Z after electroweak symmetry breaking (EWSB). They acquire a mass term
induced by their derivative coupling to the Higgs boson after EWSB, while the photon is
the only remaining massless boson.
Additionally, the introduction of the Higgs doublet allows us to write down gauge invariant
Yukawa interactions between LH and RH fermions,

LYuk = −(ye)ij ¯̀
i
LHe

j
R − (yu)ijQ̄

i
LH̃u

j
R − (yd)ijQ̄

i
LHd

j
R + h.c. , (II.2)

where the (yk)ij are in general complex 3 × 3 Yukawa matrices. For the up-type quark
mass term, the quantity H̃ ≡ iσ2H

∗, where σ2 is the second Pauli matrix has to be used
due to project out the correct component of the QiL doublet for up-type quarks. After the
Higgs gains a VEV, fermions acquire a mass via above Yukawa interactions. Substituting
the SU(2)L doublets, the following mass terms can be derived:

LYuk ⊃ −(Me)ij ē
i
Le

j
R − (Mu)ij ū

i
Lu

j
R − (Md)ij d̄LdR + h.c. , (II.3)

where mass matrices Mf = yfv/
√

2, (f = u, d, e) are introduced. They can be diagonalized
using a singular value decomposition by independently rotating the LH and RH fields by
unitary 3×3 matrices and one is left with nine real mass eigenstates (six quarks and three
charged leptons) whereas the three neutrinos, or neutral leptons, stay massless in the SM.
In the quark sector, the mass matrices can be diagonalized by transforming to the basis
(u′iL d

′i
L),

u′iL = U iju u
j
L , d′iL = U ijd d

j
L . (II.4)

In this basis, all SM quark currents except the W± boson current, JµW , remain unchanged:
it transforms to

JµW =
1√
2
ūiLγ

µdiL ⇒ 1√
2
ū′iLγ

µ
(
U †uUd

)
d′iL ≡

1√
2
ū′iLγ

µVijd
′i
L, (II.5)

where the unitary mixing matrix Vij has been introduced, it is the Cabibbo-Kobayashi-
Maskawa (CKM) matrix [19, 20]. Its off-diagonal entries are responsible for transitions
between different quark families mediated by charged W bosons.
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II.1. THE STANDARD MODEL AND BEYOND

As a unitary matrix, V has 32 = 9 real parameters: six phases and three rotation angles.
However, of these five phases can be absorbed by rotating the quark fields by global phases
and only one CP violating phase is left.
On the contrary, the lepton sector does not contain such a mixing matrix, because there is
no mass term for the neutrinos νiL and this additional freedom allows us to transform the
LH neutrinos in the same way as eiL and so the would-be mixing matrix simply gives an
identity matrix. Only after the νiL acquire a mass term via some mechanism beyond the
SM is a leptonic mixing matrix, the so-called Pontecorvo-Maki-Nakagawa-Sakata matrix
(PMNS) generated [21–23]. We will discuss ways to achieve a mass term for the neutrinos
in Section II.1.2.

II.1.2 Neutrino masses and mixings

As pointed out in the previous section, there is no way to generate a gauge invariant mass
term for the neutrinos in the SM at renormalizable level and they are considered to be
massless particles. However, measurements of the electron neutrino flux from the sun
already done in the late 1960’s observed a flux deficit compared to the SM prediction [24].
This observation was later attributed to oscillations among the three neutrino states and
confirmed by an independent measurement of atmospheric neutrinos [25]. While these
experiments established that there are tiny, but non-zero, mass differences between the
individual neutrino states, the absolute mass scale is still unknown and only a upper
mass limit exist. Recent measurements of the end point of the energy spectrum of β-
decay electrons by KATRIN using kinematic methods have brought the limit down to
mν < 1.1 eV (90% CL) [26]. Further, observations of the cosmic microwave background
(CMB) power spectrum and baryonic acoustic oscillations by the Planck collaboration
point to even lower values on the sum of neutrino masses,2

∑
mν < 0.12 eV (95% CL)

[27]. Another experimental method is to search for neutrinoless double-beta decays, which
places a limit on the effective mass down to mββ ≡ |U2

eim
i
ν | < 0.11 eV (see Ref. [28] for an

overview), where U is the PMNS matrix.
Another open question is the ordering of neutrino masses. Since only the absolute size of
two mass differences are known at the moment, there are two ways to arrange them. One
is called the normal ordering where the two lighter neutrinos are close in mass and the
heavy neutrino is separate. Flipping the mass spectrum such that the two heavier states
are nearly mass degenerate is referred to as inverted ordering. At the moment, there is
only a mild preference for the normal ordering scenario [29], but the exact nature is still
under debate, and future experiments as the long baseline experiment DUNE are expected
to settle the ordering discussion [30].

Neutrinos do not carry a charge under the SM gauge group and hence they are the only
known particles which could have in principle a Majorana nature and this would allow for
a Majorana mass term of the form (dropping flavor indices):

LMm ⊃ −
1

2
mLν̄Lν

c
L , (II.6)

where the charge conjugation matrix C = iγ2 has been used and νcL ≡ CνTL . However, such
an expression would break the global total lepton number of the SM by two units. There
are ongoing efforts to look for neutrinoless double beta decays to look into the nature of
neutrinos (see Ref. [31] for an overview).
Although there is no renormalizable expression to generate neutrino masses within the SM,

2 Although this mass limit is one order of magnitude stronger than the KATRIN limit, it is not com-
pletely model independent but relies on assumptions about the cosmological history. In that sense the
kinematically derived mass limit is more robust.
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CHAPTER II. THEORETICAL BACKGROUND

they can be created by a unique non-renormalizable dimension five operator, the Weinberg
operator [32], by combining two bilinears `H in a gauge invariant way, Λ−1(¯̀c

LH̃
∗)(H̃†`L).

The scale Λ corresponds to a scale where new physical degrees of freedom have to be
incorporated in the theory as well.3 A simple way to explicitly realize the Weinberg
operator at tree-level is the introduction of SM gauge singlets or RH neutrinos Nα

R, α =
(1, . . . n). This allows mass terms analogous to the Higgs mechanism by coupling the SM
neutrinos with these new states by a new Yukawa coupling yν ,

LBSM ⊃ −(yν)iα`
i
LH̃N

α
R. (II.7)

Similar to charged leptons, after electroweak symmetry breaking, this term gives rise to a
Dirac mass (mD)iα ≡ (yν)iαv/

√
2 for the νiL, but the smallness of the neutrino masses of

O(1 eV) requires puzzingly small couplings (yν)iα ≈ 10−11, way smaller than the electron
Yukawa couplings.
Including Majorana mass terms for the RH neutrino states paves the way to explain the
tiny neutrino masses via the so-called (type-I) seesaw mechanism [33–35]. In this scenario,
the SM Lagrangian is extended by the following terms

LBSM ⊃ −(Yν)iα`
i
LH̃N

α
R −

1

2
(MR)αβN̄

α
R(Nβ

R)c + h.c. , (II.8)

where MR is a n × n Majorana mass matrix for the Nα
R. In a basis (νcL, NR)T the mass

terms can be rewritten in a compact form as

Lm ⊃ −
1

2

(
ν̄L N̄ c

R

)( 0 mD

mT
D MR

)(
νcL
NR

)
≡ −1

2

(
ν̄L N̄ c

R

)
M
(
νcL
NR

)
+ h.c. . (II.9)

For the sake of simplification flavor indices have been omitted. Diagonalizing this mass
matrix gives rise to 3+n Majorana neutrinos and its off-diagonal element mD introduces a
mixing among them. Now, the smallness of the νL can be explained by “seesawing” them
with a large right-handed neutrino mass MR. In fact, in the seesaw limit, if one sets mD

to be at the weak scale while MR is much larger, there are 3 light neutrinos with masses
mν ' −mDM

−1
R mT

D and n heavy neutrinos with masses ∼ MR, while the mixing among
the light and heavy states are governed by a mixing angle θ ' mDM

−1
R � 1. In order

to reproduce the experimental observed neutrino mass squared differences, at least two
right-handed neutrinos are needed with masses of Mα

R ∼ 1014 GeV, but apart from that
there is no upper limit on their quantity n. Another attractive feature is the possibility
to explain further problems of the SM within this framework. For example, the heavy
right-handed neutrinos can be used to explain the observed matter-antimatter asymmetry
in the Universe by the so-called leptogenesis mechanism [36, 37], a topic to which we will
return briefly in Chapter III.
Besides the type-I seesaw, there are other possibilities to realize the Weinberg operator.
For instance, in a similar spirit as the type-I, one can add a scalar SU(2)L triplet instead
of SM gauge singlets to generate neutrino masses as in the type-II seesaw [34, 38, 39] or
employ a type-III seesaw scenario which comes with new fermion SU(2)L triplets [40, 41].
Usually these tree-level realizations require heavy new states and/or small couplings to
the SM, a fact which makes it hard to look for these new particles in experiments. An
interesting alternative is to add new particles and interactions such that neutrino masses
are generated radiatively at one-loop or even higher (see Ref. [42] for an overview). Because
of additional loop suppression the new particle masses do not have to be extremely large
and hence one can exploit already existing experiments to test this class of neutrino mass
models. As an example we will discuss the so-called scotogenic model in Section V.2.

3 In a similar way, the β-decay can be described by an effective four-fermion operator at low scales by
integrating out the weak scale particles.
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II.1. THE STANDARD MODEL AND BEYOND

II.1.3 What we don’t know: dark matter

Another important, if not the most important, question unanswered in the SM is the ex-
istence of dark matter (DM), and answering this puzzle is one of the cornerstones of this
thesis.
The nature of DM is a long standing open question with a long history spanning nearly a
century (for a review on this topic we refer to Ref. [43]). Hints or indications of DM could
be found on a wide range of length scales [44]. There are ideas that the observed phe-
nomena can be explained by a modification of general relativity (GR). The most famous
of these theories is the Modified Newtonian Dynamics model (MOND): it is an alteration
of standard GR at large scales, such that the observed galactic rotation curves can be ex-
plained without the existence of DM. Currently, this theory is still lacking a conclusive
general picture4 and it is not easy to generalize this theory to incorporate relativistic ef-
fects.
Therefore, it is established that DM is a non-luminous type of matter which interacts
at least gravitationally. Furthermore, it cannot be of baryonic origin, as gravitational
microlensing searches for faint massive compact halo objects (MACHOs)5 composed of
ordinary matter found that only a small part of the observed DM amount could be in
form of MACHOs [45, 46]. Another possible DM candidate are primordial black holes
(PBH), which could explain the observed DM abundance, only if they are very light or
very massive (see Ref. [47] for a recent overview). We know that DM make up 27% of to-
day’s energy budget of the Universe, whereas only 5% is visible matter and the rest is
composed of “dark energy”, an even more mysterious component responsible for the ac-
celerated expansion of the Universe. Taken together, dark energy expressed in terms of
a cosmological constant Λ, cold dark matter (CDM), ordinary matter and radation form
the building blocks of the cosmological standard model, the ΛCDM.
First evidence for DM had been found by Zwicky in 1933 when he measured the veloc-
ity dispersion of the Coma cluster and found higher values than expected from luminous
matter only [48]. On smaller galactic scales, the indication for DM was found in 1970
by Rubin and Ford who measured the circular velocity profile of stars and gas clouds,
or rotation curve, of the Andromeda galaxy [49]. They observed an unexpected behav-
ior of galactic rotation curves at large radii: instead of the expected 1/

√
r, the curves

tend to stay flat for a wide range of radii, indicating more matter than visible in the
outer parts of galaxies. Further evidence was gathered in observations of the Bullet clus-
ter which consists of two colliding galaxies [50, 51]. While the luminous parts of both
galaxies were heavily affected and slowed down by the collision, gravitational lensing in-
dicated that the bulk mass remained unaffected. Lastly, DM leaves an imprint on the
largest scales as well, as can be inferred from anisotropies in the power spectrum of the
cosmological microwave background (CMB). A study of these anisotropies allows to de-
termine the total amount of cold dark matter in the Universe, ΩDMh

2 = 0.120 ± 0.001
[52]. Here “cold” means that the DM becomes non-relativistic before the epoch of struc-
ture formation, hence allowing for a fast collapse of DM clumps and birthing seeds for
the latter formation of baryonic structures. If the DM stays relativistic at the begin-
ning or during the early formation of structures, it will has finite free-streaming length
below which small scale formation is delayed or completely erased. Such DM candi-
dates are called “warm” or even “hot” DM and structure formation observables can
place constraints on the “warmness” of DM as we will discuss in Section II.2.6. For
example SM neutrinos can be considered as “hot” DM, but it turned out there are

4 Fitting a variety of different rotation curves does not give one universal parameter, but rather one unique
parameter for each galaxy observed.

5 Examples include black holes, brown dwarfs, neutron stars and old white dwarfs.
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too few of them to explain ΩDMh
2 and furthermore it is not even possible to have

neutrinos as DM, because this scenario would radically alter the formation of struc-
tures of small scales and hence light SM neutrinos can only constitute a subfraction of DM.

Although we have surprisingly exact knowledge about how much DM there is, we do not
know what it is. We only know that DM has a gravitational interaction, is stable or has a
lifetime larger than the age of the Universe, and is electrically neutral or at most, it could
only carry a small fraction of the electric charge. There exists a large plethora of different
DM models, each with its own set of DM candidate(s) and production mechanisms to
reproduce the observed DM abundance and match the cosmological and astrophysical
observations. In fact, the mass range of potential DM candidates spans several orders of
magnitude. An upper bound of mDM < 1018M� [47], where M� ≈ 2 × 1030 kg denotes
a solar mass, can be applied for DM in form of PBHs. From a particle physics point
of view the upper mass bound for a DM particle is the Planck scale ∼ 1019 GeV. On
the other hand, lower mass bounds depend on the type of particles. Bosonic DM can be
ultralight as long as the corresponding De Broglie wavelength λ ∼ 1/mDM is smaller than
the size of dwarf galaxies. Observations of structure formation and the Lyman-α forest
indicate a bound of mDM ≥ 10−21 eV [53]. On the other hand, the mass of fermionic
DM is more severely constrained due to the Pauli exclusion principle blocking phase space
occupation numbers for fermions, the so-called Tremaine-Gunn bound limit [54]. Analysis
using Lyman-α data from dwarf galaxies yields mDM ≥ 70 eV [55]. Even stronger mass
limits, based on Lyman-α observations, can be derived for thermal DM whose mass must
not fall below mDM ≥ 5.3 keV [56], otherwise the structure formation on small scales will
be too strongly affected. We will explain in particular this last mass limit in Section VI.3.2
in more detail.
In the following we briefly present a selection of possible DM candidates which are of
importance for the considered mechanisms and models in this thesis.

� WIMPs

One simple model to answer the DM puzzle introduces a weakly interacting massive par-
ticle (WIMP) as a DM candidate which couples to some SM particles. Within this frame-
work, DM thermalizes in the early Universe, because its coupling with SM particles keeps
DM number density changing processes in equilibrium with each other. At some later
point these processes become inefficient when their respective interaction rates are becom-
ing smaller than the expansion rate of the Universe, characterized by the Hubble rate.
Finally, the DM decouples chemically from the thermal plasma and its comoving num-
ber density stays constant until today. This DM production mechanism is called thermal
freeze-out and it will play a role for DM production in Chapters IV and VI. Boltzmann
equations are used to track the time evolution of the corresponding DM number density
[57] which evaluates approximately to [58, 59]

ΩDMh
2 ' 0.12

(
6× 10−28 cm3 s−1

〈σv〉

)
xf , (II.10)

where 〈σv〉 denotes the corresponding thermally averaged cross section of the number
density changing processes and xf = mχ/Tf is the time at which DM drops out of equi-
librium, or “freeze-out”; for WIMPs it evaluates to xf ' 20. This numerical result for the
DM abundance is the origin of the so-called “WIMP miracle”: WIMPs with masses be-
tween 10 GeV and a few TeV and approximately weak scale cross sections reproduce the
observed DM abundance and are ideal candidates for CDM. For example, in supersym-
metry (SUSY) models the lightest supersymmetric particle can constitute a WIMP DM
candidate if it does not carry an EM charge.

12
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In terms of experimental evidence, WIMPs have the pleasant property that there is a
close relationship between the process responsible for thermal freeze-out and other open
avenues to detect these kind of particles in experimental setups or observational surveys,
and in the last few decades there had been tremendous experimental progress to search
for WIMPs. The three different ways to detect WIMP DM are sketched in Fig. II.1 and
they can be formulated flatly as “shake it, make it or break it”. The first process refers
to direct detection by elastic or inelastic DM scattering off heavy atomic nuclei or elec-
trons inside detector materials (see Ref. [60] for an overview). The recoiling scattering
partners would than leave a trace inside the detector which can be observed [61]. At the
moment, leading limits are set by the XENON1T experiment which uses liquid Xenon as
their target medium. It can probe WIMP DM with masses between a few GeV up to
1 TeV and excludes spin independent nucleon cross sections down to σSI & 4× 10−47 cm2

[62]. Probing WIMP DM at smaller masses require different experimental setups and
analysis techniques. For example, doing a S2 only analysis,6 masses down to 60 MeV can
be probed by XENON1T measuring electronic recoils [63]. Even lower masses can be
reached by searches for electron recoils in cryogenic solid-state detectors and experiments
like CRESST-III [64] and SuperCDMS [65] may reach masses down to mDM ' 1 MeV. Fi-
nally, the sub-MeV mass range can be explored by experiments like SENSEI, which uses
a skipper-charged-coupled-device to search for low energy electron recoils [66].
Indirect detection of DM searches for SM remnants, like photons, neutrinos, e± or protons
and antiprotons, produced in regions with a high DM concentration by the same anni-
hilation processes that also fix the DM relic density. These annihilation channels could
produce distinctive signatures such as highly energetic neutrinos produced in the sun, or
gamma-rays from the center of the Milky Way (MW). For instance, IceCube searched
for high energy neutrinos coming from DM annihilation processes in the sun [67] or the
galactic core [68]. Dedicated DM annihilation gamma-ray searches were performed by
Fermi-LAT, H.E.S.S. and MAGIC, observing dwarf spheroidal galaxies of the MW [69, 70]
or its galactic center [71].
Lastly, inverting the annihilation process, DM can be pair-produced by accelerating and
colliding highly energetic SM particles. After their production, the DM particles escape
the detectors without any visible trace, leaving a missing energy signature which can be
measured. Hence, dedicated DM searches at colliders exploit recoiling SM particles such
as photons [72, 73] or jets [74, 75].

However, despite all the experimental efforts so far, no conclusive positive WIMP DM
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Figure II.1: The trinity of DM detection: production of DM with highly energetic beams
at colliders, direct detection of DM scattering events inside detectors and searches for
decay products from DM annihilation processes. The circle in the middle represents an
unspecified effective coupling between two DM particles χ and SM particles.

6 Here, S2 refers to a secondary scintillation signal, in contrast to the prompt signal S1. Most analysis use
both signals for a better discrimination between DM candidates and background events.
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signals had been found and there exist strong exclusion limits on the masses and interac-
tions of this DM candidate. Although it does not mean that WIMP DM can be considered
“dead” or ruled out, it is definitely challenging the WIMP paradigm and new DM mod-
els and production mechanisms are studied going beyond the thermal freeze-out scenario.
Interesting alternatives include for example a non-thermal DM production by decays or
scatterings of thermal bath particles [76], production by decaying topological effects [77]
or the introduction of entire dark sectors with new number-changing processes [78, 79].
Some of these beyond-WIMP avenues will be explored in this thesis.

� Sterile neutrinos

As already pointed out in Section II.1.2, right-handed neutrinos are a well-motivated
extension of the SM. They are gauge singlets and therefore do not weakly interact, hence
they are often called “sterile” neutrinos in contrast to the “active” LH SM neutrinos. In
addition to their role in neutrino mass generation, they may also serve as an interesting
DM candidate, an idea which was already put forward over two decades ago [80] (see
Refs. [81, 82] for an overview).
A simple sterile neutrino production is the so-called Dodelson-Widrow mechanism [80]. It
is a freeze-in mechanism, i.e. compared to the previously discussed WIMP production, this
DM candidate is only weakly coupled and does not thermalize with the SM plasma in the
early Universe. Its abundance is not determined by a decoupling from the plasma but is
instead produced via a small mixing ϑ between the sterile and the active neutrino states.
Thus larger couplings yields larger DM abundances, as opposed to a freeze-out, where
stronger couplings keeps DM longer in thermal equilibrium and deplete the abundance.
If a SM neutrino flavor eigenstate is produced in the early Universe, it will contain an
admixture of a sterile state proportional to ϑ. As it travels, it can scatter coherently with
weakly charged particles and by doing so it acquires an effective mass and thus an effective
mixing angle based on the vacuum angle ϑ arises [83],

sin2(2ϑm) =
∆2(p) sin2(2ϑ)

∆2(p) sin2(2ϑ) + (∆(p) cos(2ϑ)− V D − V T (p))2
. (II.11)

Here, ∆(p) = ∆m2/(2p) is set by the vacuum mass splitting between neutrino mass
eigenstates, and matter effects are separated into finite density and temperature potentials,
V D and V T . If the SM neutrino experiences a energy or momentum changing scattering,
i.e. a measurement, the sterile neutrino eigenstate will be projected out with a probability
∝ sin2(2ϑm). If there is no resonant enhancement, the resulting sterile neutrino abundance
will be set by the relation [83]

ΩDMh
2 ≈ 0.3

(
sin2(2ϑm)

10−10

)( ms

100 keV

)2
. (II.12)

In order to explain the relic density with not too large mixing angles, sterile neutrinos
need a mass of at least O(keV) which is also required by the aforementioned Tremaine-
Gunn bound.7 The same mixing angles also controls back-reactions of sterile neutrinos.
Precisely, they decay mainly into three neutrinos at tree level, νS → ννν, and their lifetime
τ is given by [82]

τ = Γ(νs → 3ν)−1 = 1.5× 1014 s

(
10 keV

ms

)5 1

ϑ̄2
, (II.13)

7 An anomalous neutrino flux excess in short baseline experiments may hint to an additional sterile neutrino
state with mass O(eV) [84]. Although these might be a potential sign for new physics, the best fit
parameters for this sterile neutrino are in conflict with cosmological observations, i.e. they give a too
large mixing angle. New measurement results published by the MicroBooNE experiment, however, could
not verify this anomalous excess [85].
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where ϑ̄2 ≡ ∑α |ϑα|2. Requiring it to be larger than the lifetime of the Universe, τU ≈
4.3 × 1017 s, places an upper bound on the mixing angle. Stronger constraints can be
derived from sub-dominant radiative decays, νs → ν γ, whose decay rates are given by
[86–88]

Γ(νs → γ ν) = 1.38× 10−29 s−1

(
sin2(2ϑ)

10−10

)( ms

keV

)5
. (II.14)

It would leave a potentially visible peak in the gamma-ray spectrum at energies half the
DM mass [89]. Dedicated surveys have been done to look for signals in the energy range
between keV and MeV, such as XMM-Newton [90], Suzaku [91], Fermi-LAT [92] and NuS-
tar [88]. Interestingly, several experiments have found an unidentified line feature at an
energy of ∼ 3.55 keV in the gamma-ray spectra of galaxy clusters [93], the Andromeda
[94] and the MW galaxy [95] with a formal statistical significance above 5σ [94]. This
sparked some interest in keV-scale neutrino DM, because it can be attributed to decays
of sterile neutrinos with mass 7.1 keV and an accordingly chosen mixing angle. However,
this line could not be found in all surveys looking at DM-dominated regions of space and
up to date there is no conclusive interpretation, since this gamma-ray line could origin
from atomic transitions in gas clouds instead (for a detailed discussion see Ref. [96] and
Refs. [97, 98]). The next generation of gamma-ray experiments will definitely shed more
light onto this question.
Nevertheless, ongoing and past gamma-ray surveys together with bounds from structure
formation have placed strong constraints on the mass-mixing angle plane and the sim-
ple Dodelson-Widrow mechanism is now completely ruled out in the favored mass range
[88, 99]. One way to circumvent this gamma-ray bounds is to introduce an effective back-
ground caused by a lepton asymmetry to allow for an resonantly enhanced production
rate even with small mixing angles [100], similarly to the Mikheyev-Smirnov-Wolfenstein
(MSW) [101, 102] seen in neutrino oscillations inside matter. If sterile neutrinos are added
with an entire dark sector, there is the possibility to protect them from decaying into vis-
ible gamma-rays by charging them and the other dark sector particles under a discrete
symmetry, for instance a Z2 [2, 103]. An interesting model is the neutrino minimal stan-
dard model (νMSM) [104, 105]. It extends the SM by three additional RH neutrinos and
two of them explain the observed mass squared differences of the active neutrinos and pro-
vide an explanation for a non-vanishing lepton asymmetry, while the third one serves as
a keV-scale DM candidate.
A non-thermal production of sterile neutrino DM is also possible via decays of parent par-
ticle, either while they are in thermal equilibrium or at later times and already frozen-out.
Compared to the production via active-sterile mixing, a decay production allows for larger
sterile neutrinos masses even above the electroweak scale. For instance they are produced
by decays of SM particles, such as pions [106], the Higgs boson [107] or vector bosons
[108], but these production modes are subdominant compared to the freeze-in via afore-
mentioned mixing angle. Enhancing this idea further, new models with particles coupled
to sterile neutrinos have been proposed in order to achieve a sizeable production via de-
cays. Examples include a scalar singlet coupled via a Yukawa interaction to νs [109–111]
or an additional Higgs doublet [112, 113]. We will explore and discuss an example for the
latter possibility in more details in Chapter III.
If DM is made up by keV-scale sterile neutrinos, this would indicate a deviation from
ΛCDM, because the DM is not necessarily cold anymore and would be called “warm” DM
(WDM) (see for example [80, 100, 114]). In contrast to CDM, WDM is relativistic when it
is produced, for instance by decays of thermal bath particles, but becomes non-relativistic
before matter-radiation equality. This property changes the formation of structures in the
early Universe, as relativistic WDM do not clump together at these early times as com-
pared to non-relativistic CDM and hence structures are washed out below a non-vanishing
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free-streaming length [58, 115],

λFS =

t∫
ti

dt′
v(t′)

a(t′)
≈ 1 Mpc

(
1 keV

ms

)
TDM

T
, (II.15)

where TDM is the corresponding WDM temperature.8 There are several options to search
for the impact of WDM on the formation of structures: first, a measurement of the matter
power spectrum at different scales, for instance using the so-called Lyman-α forest or the
21 cm absorption line spectroscopy, counting the number of observed collapsed structures
such as dwarf galaxies (or quasars) and compare them against WDM predictions. Last
but not least, one can use the matter distribution inside DM dominated objects to place
constraints. We will elaborate further on these techniques in Section II.2.

� Axions and axion-like particles

Another way to realize DM is via axion-like particles (ALP). Since they are neutral scalars
or pseudo-scalars, the Tremaine-Gunn bound does not apply for them and they can ex-
plain the DM relic density with even lighter masses compared to sterile neutrinos. They
can be associated to a spontaneous breaking of a global U(1) symmetry. It gives rise
to massless Nambu-Goldstone bosons (NGB) and if there is a small explicit symmetry
breaking, they acquire a mass and are called pseudo-NGBs. Their coupling to the SM is
inversely proportional to a decay constant f which in turn is linked to the scale of symme-
try breaking. Usually the symmetry breaking takes place at very high scales and therefore
these light states couple only weakly to the SM. Usually, the expression “axion” is used
for the pseudo-NGB associated to the spontaneously broken Peccei-Quinn U(1)PQ sym-
metry which is a possible solution to the strong CP problem in QCD. This problem is
a matter of naturalness: the QCD Lagrangian allows to define a CP violating term, the
so-called θ term, of the following form,

Lθ = θ
g2
s

32π2
Gµν,aG̃

µνa, (II.16)

where Gµν/G̃µν is the field strength tensor and its dual. Although the term can be
written as a total derivative, it has to be kept in the Lagrangian, because it is related
to the QCD vacuum structure and corresponding instanton effects. Due to the chiral
anomaly, the quark fields can be rotated q → eiαγ5q and this changes the θ value into
θ̄ = θ + arg det(Mq); a quantity which can be physically measured in the electric dipole
moment (EDM) of the neutron [116, 117]. A recent measurement of the EDM indicates
that θ̄ < 5× 10−12 (90% CL) [118], a puzzingly small number compared to the technical
natural choice θ ≈ O(1). A solution is to introduce the axion, a dynamical pseudo-scalar
field φa characterized by its decay constant fa. It features an additional coupling to GG̃
such that Eq. (II.16) is modified to

Lθ =
g2
s

32π2

(
θ̄ +

φa
fa

)
Gµν,aG̃

µν,a. (II.17)

The axion field φa is the NGB of a broken U(1)PQ symmetry [119, 120]. Including the
effects of the QCD anomaly, there is an effective potential for the axion field given by

Veff ∼ cos
(
θ̄ + 〈φa〉

fa

)
[121], that means the effective potential is minimized if the axion

8In principle, for scenarios with only a single DM production mechanism, the free-streaming length can be
used to quantify the “warmness” of the DM candidate. For example, DM with λFS < 0.01 Mpc can be
designated as “hot” and with lengths above as “warm”. In the following, however, we will not make use
of such a definition because the models we will study feature multiple DM production mechanisms.
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acquires a VEV that cancels the θ̄ exactly. This explains the observed smallness of the
CP violation in the strong sector.
The corresponding axion mass, ma, calculated in chiral perturbation theory is given by
[122, 123]

ma ≈ 6 meV

(
109 GeV

fa/C

)
, (II.18)

where the integer valued C is the color anomaly of the PQ symmetry. The decay constant
and mass of a QCD axion are related to each other and fixed by Eq. (II.18). On the
contrary, generalized ALPs do not have to fulfill this relation and they have a larger
available parameter space for fa and ma which can be tested and constrained by a plethora
of various laboratory, astrophysical and cosmological probes (see Ref. [124] for an overview)
by exploiting that ALPs couple to SM particles via the following Lagrangian

La = −caXX
4fa

XµνX̃
µνφa +

caff
fa

∂µφaf̄γ
µγ5f , (II.19)

where f denotes a SM fermion and Xµν is an arbitrary field strength tensor. For exam-
ple, there are dedicated collider analysis searching for heavy ALPs decaying into a pair
of SM particles or missing energy signatures due to ALPs in the final state [125]. “Light
shining through a wall” experiments such as the Any Light Particle Search (ALPS) [126]
use strong magnetic fields to convert photons into axions which then travel freely through
a wall and are converted back into photons. Another set of tools are helioscopes such as
CAST [127]. They rely on axion production inside the sun and converting them into a pho-
ton in a magnetic field at the earth. Recently, low-energy electronic recoil data released
by XENON1T has shown an excess of recoil events at energies between 2 − 3 keV [128].
One explanation are solar axions produced in the sun, traveling to the detector and recoil-
ing against electrons inside it [128, 129], but the best fit parameters for this models are
severly in tension with stellar constraints [130] and the excess may be caused by a contam-
ination of the target material with unaccounted radioactive sources. Other astrophysical
bounds stem from the ratio of horizontal branch (HB) stars to red giants in galactic glob-
ular clusters [131]. Axion conversion inside star cores would lead to an energy loss and an
observable lifetime of HB stars. All these examples do not rely on the assumption that
all of DM consists of ALPs. If DM consists of an ALP, there will be more experimen-
tal constraints on the parameter space, for example from haloscope searches [132]. They
use a cavity to resonantly enhance the conversion rate of an axion into a photon which
can then be detected. Similarly to sterile neutrinos, ALP DM can leave a detectable sig-
nal in gamma-ray spectra from decays φa → γγ. Finally, analyzing the acoustic peaks
and anisotropies of the CMB matter power spectrum constrain ALPs at really low masses,
ma . 10−25 eV [133, 134].
The details of ALP DM production, for instance if it is produced during or after inflation,
depends on the specific model, but a convenient way to produce ALP DM non-thermally
is via the misalignment mechanism [135]. In the early Universe, the axion field is elon-
gated at some initial value φia and frozen due to strong Hubble friction. Once the Hubble
rate become comparable to the axion mass, it starts to roll down its potential and os-
cillates around its minimum. This oscillations give the same behavior as non-relativistic
matter and hence, despite its low mass, this axion DM can be considered CDM. If the PQ
symmetry is broken before the end of inflation, the axion abundance is given by [136]

Ωah
2 ≈ 0.12

( ma

54 eV

)1/2
(

faφ
i
a

1011 GeV

)
F(T1) , (II.20)

where F(T1) is a smooth function of O(1) evaluated at temperature T1 set by the criterion
3H(T1) ≡ ma. Other non-thermal mechanisms to produce ALP DM will be discussed in
Chapter V.
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CHAPTER II. THEORETICAL BACKGROUND

II.2 Cosmology and structure formation

Over the past decades there had been a tremendous progress in understanding the evolu-
tion of our Universe from its hot epoch shorty after the big bang until its much cooler state
today. All this information is condensed in one single model, which can explains several
key observations such as the existence of the cosmological microwave background (CMB),
the formation and abundance of light nuclei (like deuterium, Helium and Lithium), the
observed large scale galactic structure or distribution of matter and the accelerated ex-
pansion of the Universe. This model is the ΛCDM model, and it is the simplest model
to account for these observations. This model describes the Universe as almost flat, ho-
mogeneous and expanding by a Friedmann-Robertson-Walker (FRW) metric. Today, it
consists mainly of collisionless cold dark matter, a small amount of baryonic matter and
an even smaller radiation contribution. Besides that it also contains dark energy which is
thought to be responsible for a non-vanishing cosmological constant Λ.
In the following we assume that the reader is at least familiar with the basic principles of
cosmology and we only very briefly repeat some details. Instead we focus on an introduc-
tion into the topic of formation of structures within linear perturbation theory, because
this paves the road for some methods used in Chapter III. We refer the interested reader
to [58, 59, 137] for an introduction into cosmology and the formation of structures.

II.2.1 A brief thermal history of the Universe

The origin of our Universe we live in is still one of (if not the) biggest mysteries of physics.
It is believed it had been formed in a big bang out of a single singularity. Although
our current picture does not offer an explanation for its starting point, extrapolating our
knowledge back allows for a surprisingly accurate understanding of the early epoch directly
after the big bang. At these times the Universe was totally different compared to today:
it consisted of a hot and dense thermal plasma of rapidly interacting particles without any
visible structures at all. Very simplistic the Universe can be understood as an expanding
fluid which cools down over time.
Its composition in terms of energy densities is expressed in the first Friedmann equation:

H2(R)

h2
= ΩrR

−4 + ΩmR
−3 + ΩkR

−2 + ΩΛ , where ΩX ≡
ρX
ρcrit

. (II.21)

Here, R is the scale factor, a quantity which can be used to track the time evolution of
the Universe,9 H(R) is the Hubble factor H(R) ≡ Ṙ/R and h is the Hubble constant.
Moreover, we introduced dimensionless density parameters Ωi with respect to the critical
energy density ρc for radiation, matter, curvature10 and dark energy. Since each of the
individual components scale differently with R, there are times in the Universe where only
one of the components dominate. In the early epoch, radiation is dominating, but since
it falls off quicker compared to the other ingredients, matter starts to take over after a
certain time (often called matter-radiation equality). Finally, the dark energy contribution
will dominate over matter in the latter stage of the Universe until today.11

9 Another convenient time variable is the redshift z. It stems from observations of distant objects and acts
as a distance measure in that sense. It is related to a by 1 + z = 1/R.

10 We included this expression for the sake of completeness only. In the following we assume that Ωk = 0.
11 At the moment it is not clear, whether ΩΛ will stay constant forever, or may show a slow dynamics. Its

behavior will govern the future evolution of our Universe
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II.2. COSMOLOGY AND STRUCTURE FORMATION

II.2.2 Particles in equilibrium

The early Universe is characterized by high temperatures and densities, and all SM parti-
cle species are in thermal, i.e. chemical and kinetic, equilibrium with each other. Together
they form a thermal plasma. Any new BSM particle will be part of it if its interaction
with the plasma, specified by an interaction rate Γ, is large enough.
If Γ is larger than H, particles will interact very rapidly compared to the expansion time
scale and thus are kept in thermal equilibrium. As the Universe expands throughout time,
it cools down and Γ decrease faster than H. At the point where Γ ∼ H the interaction
rates are not fast enough anymore to keep these particle species in equilibrium and they
decouple from the thermal plasma. In general, all particle species decouple at different
times, characterized by the size of Γ, and weakly coupled particles will decouple earlier.
To describe the macroscopic behavior of microscopic particles in the early Universe, meth-
ods and techniques of statistical mechanics are used. A dilute, weakly interacting gas of
particles is characterized by its number density n, energy density ρ and pressure P . These
quantities depend on the distribution of particles in momentum space, as encoded in the
corresponding momentum (or phase space) distribution function f(|p|, t).12 For a given
particle distribution function, f(p, t), its properties are given by:

n(t) =
g

(2π)3

∫
d3p f(p, t) , (II.22)

ρ(t) =
g

(2π)3

∫
d3pE(p)f(p, t) , (II.23)

P (t) =
g

(2π)3

∫
d3p

|p|2
3E(p)

f(p, t) , (II.24)

where g denotes the internal degrees of freedom (DOF) of the particle in question. If
particles exchange energy and momentum effectively via scattering off the thermal plasma,
they will be in kinetic equilibrium and in that case f(p, t) will be given by

f(p, t) =
1

exp[(E(p)− µ)/T ]± 1

low T⇒ f(p, t) ≈ e−(E(p)−µ)/T , (II.25)

with a Fermi-Dirac (upper sign) for fermions or a Bose-Einstein distribution (lower sign)
for bosons. Here, µ is the chemical potential of the particle species. If particles are in
chemical equilibrium, i.e. they equally react back and forth, their chemical potentials will
be related to each other. However, at early times they are negligible compared to E,
µ � T . If particles are in thermal equilibrium, they will share a common temperature,
usually called “temperature of the Universe”.13

Considering the total energy density of the Universe, it is a good approximation to in-
clude relativistic particles only, because ρ is exponentially suppressed for non-relativistic
particles. In that case, the sum over all relativistic species yields

ρr =
∑
i

ρi ≡
π2

30
g∗(T )T 4, (II.26)

where T is the photon temperature and g∗(T ) is the effective number of relativistic DOF,
defined as

g∗(T ) =
∑

bosons

gi

(
Ti
T

)4

+
7

8

∑
fermions

gi

(
Ti
T

)4

. (II.27)

12 Since the Universe is isotropic and spatially homogenous, it only depends on the absolute value of the
momentum, |p| = p.

13 Often, this is called photon temperature instead, since photons are the only relativistic thermal bath
particles left in Universe today, whereas all other particles have become non-relativistic way earlier.
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Ti is the temperature for each species which can be different from the photon temperature
if the species is not coupled anymore to the thermal bath. We will discuss examples for
this in Chapter VI. At high temperatures all SM particles are in thermal equilibrium and
g∗(T ) = 106.75. As temperature drops, various particle species become non-relativistic
and g∗(T ) decreases.
In a radiation dominated Universe, Eq. (II.26) allows to relate temperature and time via
the Friedmann equation for H(t),

H(t) =
1

2t
=

√
8π

3M2
Pl

ρr ' 1.66
√
g∗(T )

T 2

MPl
, (II.28)

where MPl ' 1.22 × 1019 GeV is the Planck mass. Another important quantity is the
entropy of the Universe. Since the Universe expands approximately adiabatic, the entropy
stays constant and one can define an entropy density s by

s =
∑
i

ρi + pi
Ti

≡ 2π2

45
gs∗(T )T 3 , (II.29)

where gs∗(T ) is the effective number of entropic DOF. In our subsequent analysis in Chap-
ters IV to VI we will use an analytical expression for the DOF (see Appendix of Ref. [135]):

gs∗

(
T

GeV

)
= exp

[
c0 +

5∑
i=1

ci1

(
1 + tanh

T − ci2
ci3

)]
, (II.30)

c0 = 1.36,

c1 = (0.498, 0.327, 0.579, 0.140, 0.109) ,

c2 = (−8.74, −2.89, 1.79, −0.102, 3.82) ,

c3 = (0.693, 1.01, 0.155, 0.963, 0.907) .

Entropy conservation implies sR3 ∝ gs∗(T )T 3R3 = const. That means, away from particle
thresholds, the thermal plasma cools down as T ∝ R−1. On the contrary, if particles drop
out of thermal equilibrium, conservation of entropy implies a reheating of the remaining
bath, due to a decrease in gs∗(T ). For example, SM neutrinos have a slightly colder
temperature compared to the photon bath, because they had decoupled before the entropy
in electron-positron pairs has been transferred to the remaining photons.
In the latter chapters, it will be convenient to calculate the DM abundance ΩDMh

2 by
integrating the corresponding momentum distribution function f(p, t) over all momenta
and normalize it by the entropy density [58],

ΩDMh
2 =

s0mDM

ρc/h2

 45

4π4T 3g∗(Tprod)

∞∫
0

dp p2 f(p, t0)

 , (II.31)

where f(p, t0) is evaluated today; the entropy density is s0 = 2891.2 cm−3 [138] and the
critical density is given by ρc = 1.054× 10−2 MeV cm−3 h2 [138].

II.2.3 Out of equilibrium thermodynamics

If the Universe had been in thermal equilibrium from its beginning until present days, it
essentially would have been an empty place, since there would have been no formation of
structures. Deviations from equilibrium, i.e. decouplings from thermal plasma indicated
by H � Γ, are thus a necessity.
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II.2. COSMOLOGY AND STRUCTURE FORMATION

In order to track the evolution of a particle’s momentum distribution function f(E, t) a
Boltzmann equation has to be defined. In its most general form it is given by

L̂[f ] = Ĉ[f ] . (II.32)

L̂[f ] is the Liouville operator, decribing the evolution of f due to gravitational forces
and the collision operator Ĉ[f ] inhibits particle number changing processes. For a FRW
metric, it can be rewritten in terms of the number density as

ṅ+ 3Hn =
g

(2π)3

∫
d3p

E
Ĉ[f ] . (II.33)

In case of no number-changing collision processes the r.h.s is zero and n is simply propor-
tional to R−3 as the Universe expands.
The exact form of the collision operator is determined by the particle physics model and
depending on the size of the interactions; there are a lot of different possibilities how n(t)
evolves throughout time. For example, as explained in Section II.1.3, WIMPs are cou-
pled to the thermal plasma in the early Universe but freeze-out at a later time. On the
other hand, we will see other possibilities in Chapters IV to VI, where particles are never
in thermal equilibrium and their abundance will freeze-in instead [76].

II.2.4 Cosmological linear perturbation theory

The CMB is remarkably isotropic and only small anisotropies have been observed, i.e. the
Universe had been nearly smooth at these times. Today this is still true at scales larger
than galactic clusters, i.e. above 100 Mpc, but at the scale below this is certainly not true
anymore as there are large differences in the observed energy densities. The question is
how this density fluctuations arose between the CMB epoch and today.
It can be explained by the phenomenon of gravitational instability: as matter is attracted
by regions of high-density it starts to collapse and increase the density of these regions even
further. To illustrate this effect in the following, we restrict our discussion on Newtonian
dynamics to highlight some of the key features of the growth of structures.
A perfect fluid is described by seven characteristics: energy density ρ, pressure P , entropy
S, gravitational potential Φ and the three-dimensional local fluid velocity v. Considering
only slight and adiabatic, i.e. spatially constant, perturbations of these quantities, a linear
expansion in these disturbances can be done. It is convenient to define a fractional density
fluctuation with respect to an averaged density ρ̄ as

δ(x) ≡ δρ(x)

ρ̄
=
ρ(x)− ρ̄

ρ̄
, where δ(x)� ρ̄ . (II.34)

A Fourier expansion of the averaged density yields in the continuum limit

δ(x) =
V

(2π)3

∫
V

d3k δk e
−ix·k , (II.35)

δk =
1

V

∫
V

d3x δ(x) eix·k . (II.36)

For the time-dependent Fourier modes δk ≡ δk(t) the following set of independent equa-
tions can be derived:

δ̈k + 2Hδ̇k +

(
c2
sk

2

R2
− 4πGρ̄

)
δk = 0 , (II.37)
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where cs is the speed of sound in the thermal plasma. This set of equation describes the
time evolution of density fluctuations in an expanding Universe whose characteristics are
determined by their wavenumber k (and their corresponding length scale λ ∝ k−1). There
is an associated critical wavenumber, the Jeans wavenumber kJ defined by the relation

kJ =
R

cs

√
4πGρ̄ . (II.38)

If the wavenumber is small, i.e. k < kJ , the density fluctuations will be sound waves
traveling through the plasma. On the other hand, if the wavenumber is larger than the
Jeans wavenumber, there will be an power-law growth of these density fluctuations. The
scaling is governed by the dominating energy contribution during the time of growth: dur-
ing the radiation-dominated era, the density fluctuations evolve like δ ∝ C1 + C2 lnR.14

On the other hand, for a matter-dominated epoch, δk ∝ C1R
−3/2 + C2 a and finally

δk ∝ C1 + C2R
−2, for a Λ-dominated Universe. It is worth noting, that the growth of

δk is only efficient during matter-domination. If radiation is dominating, fluctuations will
only grow slowly, i.e. formation of structures are effectively taking place only after matter-
radiation equality. In the last stage, when dark energy is dominating, it counter-balances
gravitational effects and hence the fluctuations stop growing. In summary, since density
fluctuations only grows substantially during matter-domination, the initial density per-
turbations have to be large enough and the CDM contribution has to take over radiation
early enough such that the observed structures in the Universe can form.
However, the Newtonian limit only holds for subhorizon modes, i.e. k < H. The treat-
ment of modes which are larger than the Hubble horizon at a given time needs a fully
general-relativistic treatment, as does the inclusion of relativistic fluids. In the relativistic
treatment, one solves for the gravitational potential which in turns determine the evolu-
tion of density fluctuations. At subhorizon scales this treatment shows the same behavior
as the Newtonian limit: during radiation domination the density fluctuations only grow
slow and the graviational potential decays due to radiation pressure, while a stronger grow-
ing shows up in matter-dominated phase. On the other hand, at superhorizon scales, the
fluctuations are frozen as the potential stays constant.

II.2.5 The matter power spectrum

The degree of clustering, i.e. the excess probability, can be analyzed by using the two-point
correlation (or auto-correlation) function ξ(r) of density fluctuations δ(x),

ξ(r) = 〈δ(x)δ(x− r)〉 , (II.39)

where 〈. . . 〉 denotes an ensemble averaging. In Fourier space, it can be expressed by the
matter power spectrum P (k) defined by

P (k) = 〈|δ(k)|2〉 . (II.40)

Isotropy demands that it only depends on k = |k|. Consequently, P (k) and ξ(r) are related
by

ξ(r) =

∫
dk P (k) k2 sin(k r)

k r
. (II.41)

Because the growth rate of fluctuation modes is time- and scale-dependent, the power
spectrum at late times15 can be decomposed in the following form:

P (k,R) ∝ T 2(k)D2(R) kns . (II.42)

14 Here and in the following, C1,2 denotes some arbitrary coefficients.
15 This assumption is valid, because observations of the power spectrum take place at z → 0.
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II.2. COSMOLOGY AND STRUCTURE FORMATION

Here, T (k) is a transfer function which describes the growth of modes at horizon crossing
and the transition from radiation to matter-domination (characterized by REQ). The
growth factorD(R) encapsulates the growing of modes in time, as explained in the previous
section. Finally, a convenient choice is to set the spectral index of P (k) to ns = 1 [139,
140].
This allows us to describe the asymptotic behavior of the matter power spectrum. It
can be qualitatively understood from the different growing behavior of modes which enter
the horizon at different times. Modes with large k enter the horizon well before matter-
radiation equality REQ and thus the associated gravitational potential decays, leading to
a decrease of T (k) which is proportional to k−2. On the other hand, small k modes enter
the horizon after REQ and experience no suppression, i.e. T (k) ∝ 1 for these modes. For
these reasons, the power spectrum scales as:

P (k) ∝
{
k, k < kEQ ,

k−3, k > kEQ .
(II.43)

The wavenumber kEQ reenters the horizon at matter-radiation equality; it further de-
termines the turnover in P (k) as it transits from small to large k. An example for the
matter power spectrum at z = 0 is shown in Fig. II.2. It clearly features a peak at
kEQ ∼ 10−2 h/Mpc. Qualitatively, the mode at this wavenumber is the largest in the
spectrum, because it is not suppressed due to radiation and has the longest time to grow.
Smaller wavenumbers show a smaller grow due to reentering the horizon in radiation dom-
ination, while larger wavenumbers have less time to grow.
The small bumps at wavenumbers k ' 0.1h/Mpc shown in Fig. II.2 stem from baryonic
acoustic oscillations (BAO): in contrast to CDM, baryons are electromagnetically coupled
to photons. After recombination the photon mean free path dramatically increases and
this creates a baryon drag out of gravitational wells formed by CDM. After some time
they bounce back into these regions and this leads to the BAO. The horizontal lines refers
to k-ranges which can be probed by different observations and surveys. The red line refers
to precise measurements of different CMB modes [27], the blue line are galaxy count sur-
veys [141], the orange one indicates observations of the Lyman-α forest [142] and lastly,
the cyan line is weak lensing data due to cosmic shear effects of underlying matter on
far-traveling photons [143, 144]. All of them allow to probe the matter power spectrum
across a broad range of scales.

II.2.6 Impact of warm dark matter on structure formation

The ΛCDM explains the observed behavior of our Universe to a very good degree, incor-
porating DM which became non-relativistic at pretty early times, therefore called “cold”
DM and whose density fluctuations acts as gravitational wells for the baryonic matter,
hence it is crucial for the formation of structures over a broad range of scales. However,
as already pointed out in Section II.1.3, there is the intriguing idea to deviate from this
picture and allow for DM candidates which stay relativistic for longer times. Such par-
ticles are referred to as “warm” DM and they influence the formation of structures in
the Universe, because they come with a non-vanishing free-streaming length. This length
is associated to the time period where the DM was relativistic, i.e. particles which be-
come non-relativistic at later times thus have a larger free-streaming length. An example
are SM neutrinos: in principle they are a good DM candidate, because they carry no
electric charge and interact only very weakly with matter. However, as we have seen in
Section II.1.2 neutrinos are extremely light and are relativistic until late times. If neutri-
nos constituted all of DM, we would face the following problem: they are simple moving
too fast to allow for clumping of baryonic matter, because there would be no gravitational
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Figure II.2: The matter power spectrum P (k) derived using CLASS [145, 146] and for
cosmological parameters specified in Ref. [27]. At small wavenumbers it is increasing ∝ k,
whereas it drops ∝ k−3 after it reaches a peak at k ≈ 10−2 h/Mpc. The different colored
horizontal lines indicate ranges of the spectrum which can be experimentally verified by
observations and which are explained in more detail in the text. This figure is inspired by
Fig. 1 in Ref. [147].

wells as neutrinos would exit such high density regions of space with the speed of light.
In conclusion, neutrinos as DM were already excluded decades ago as they are essentially
too “hot”.
Now one may ask, whether there is a DM species with non-vanishing free-streaming length
but smaller than that for neutrinos. In that case, a similar but weaker effect would take
place. The escape of this DM would erase gravitational sinks below a certain scale and
hinder the formation of structures smaller than this given size. Such a candidate would
leave us with some fingerprints in the matter power spectrum, as shown in Fig. II.3. We
assumed a warm DM with a Fermi-Dirac distribution similar to neutrinos, but with masses
O(keV). It is clearly visible, that WDM with smaller masses give rise to a matter power
spectrum which deviates from ΛCDM at smaller wavenumbers, or inversely, on larger
scales.
The deviation for a given WDM model can be quantified by the ratio of the corresponding
power spectra, called linear squared transfer function T (k):

T 2(k) ≡ PWDM(k)

PCDM(k)
. (II.44)

The transfer function for a WDM model can be expressed via the following analytical
expression [148]:

T (k) =
(

1 + (αk)2β
)−5/β

, (II.45)

where β = 1.12, α = 0.049
(mWDM

1 keV

)−1.11
(

ΩWDM

0.25

)0.11( h

0.7

)1.22

h−1 Mpc . (II.46)

As shown in Fig. II.2 there are surveys and observational techniques which can probe P (k)
at these scales and search for deviations from ΛCDM. These allow us to place constraints
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Figure II.3: The corresponding matter power spectrum for a WDM with mass in range
mWDM = 0.5 keV–4 keV. In general, a suppression of the power spectrum compared to
ΛCDM can be observed and the scale at which it starts to deviate is related to the mass
of the WDM candidate.

on the parameters of a WDM model. Usually, one has to rely on extensive hydrodynam-
ical N -body simulations for a given WDM model and compare their predictions against
observations. However, there are shortcuts to this procedure and we will explain in the
following how to probe the matter spectrum using three different approaches which were
used to constrain our model setups given in Refs. [1, 3].

II.2.6.1 Half-mode analysis

Conventionally, structure formation analyses quote their limits on WDM in terms of a
thermal relic WDM candidate with mass mTR as a reference. It is assumed that it was
thermalized early in the Universe and thus maintained a Fermi-Dirac distribution before
it decoupled at some point at temperature TD. It allows for an adaption of structure
formation limits for other similar models, although it is not a “physical” model, because it
would require too much entropy dilution to reproduce the observed DM relic abundance,
ΩDMh

2, with O(keV) DM masses [149],

ΩDM ≈ 10

(
gs∗(Tν)

gs∗(TD)

)(mTR

keV

)
, (II.47)

where Tν is the temperature of neutrino decoupling. Consequently, gs∗(TD) ≈ 900 would
be required to satisfy ΩDMh

2 = 0.12.
For ΛCDM, T 2(k) = 1 ∀k, whereas for a given WDM setup, it is clear that limk→0 T

2(k) =
1 because at large scales it is indistinguishable from ΛCDM. On the other hand, at small
scales, limk→∞ T

2(k) < 1, because of the suppression of structures due to WDM. The
simplest approach is to calculate T 2(k) for a WDM model and compare it against a
reference model by inserting a specific limit on the TR mass as mWDM in Eq. (II.46), this
defines a reference transfer function T 2

lim(k). If T 2(k) ≤ T 2
lim(k) ∀k, the WDM will not be

in conflict with observations, because its suppression is less than observed. However, the
WDM momentum distribution does not necessarily have to be of thermal origin as it is
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the case for the reference model. In general, the corresponding transfer function can have
a different slope compared to T 2

lim(k) and both might intersect each other. Therefore, it
is convenient to define the half-mode khalf by demanding that [111]

T 2(khalf)
!

=
1

2
. (II.48)

Based on this wavenumber, we can use the following criteria whether a given WDM model
is allowed if and only if the following criterion is fulfilled:

T 2(k) ≤ T 2
lim(k) ∀k < khalf . (II.49)

This analysis technique will be used to constrain freeze-in ALP DM in Chapter V and an
adapted version will be used in Chapter IV to place limits on light DM in the context of
the scotogenic model.

II.2.6.2 Constraints from the Lyman-α forest

Another way to constrain WDM models uses the so-called Lyman-α forest. As shown in
Fig. II.2, it can be used to probe the smallest scales of the matter power spectrum and to
measure potential deviations from ΛCDM stemming from WDM16. The Lyman-α forest
method examines the intergalactic medium (IGM) by looking at absorption lines from
neutral hydrogen along the line-of-sight of highly redshifted quasars. The most prominent
one of these absorption lines is the Lyman-α, hence the obvious name for this observation
method. Each point along one line-of-sight corresponds to different redshifts and thus
the respective absorption lines are observed at different wavelengths. A combination of
various line-of-sight measurements allow to estimate the hydrogen density, which in turns
acts as a tracer for the underlying DM density.
The Lyman-α forest surveys probe the absorption line spectra of quasars at redshifts
3.5 < z < 5 and the flux power spectrum, PF (z, kν), at these redshifts is derived for
different wavenumbers in velocity-space, kν . In order to derive constraints for a specific
WDM model, the one-dimensional power spectrum P1D(k) (see for instance Refs. [99,
150, 151]) is derived by integrating the matter power spectrum along the observed k-
range. The one-dimensional spectrum is related to the measured flux spectrum by a bias
function, b2(k) ≡ PF (kν , z)/P

1D(k), which allows us to translate bounds from surveys
into a quantity which can be accessed easily for a given WDM model by computing its
matter power spectrum. The conversion factor between velocity-space wavenumbers and

inverse comoving length scales used in the power spectrum is given by k =
H(z)

1 + z
kν . The

one-dimensional power spectrum is an integral of the P (k) evaluated at z = 0 and given
by

P 1D(k) =
1

2π

∞∫
k

dk′ k′P (k′) . (II.50)

A suppression of this spectrum can be quantified by defining a one-dimensional transfer
function φ(k) in a similar way as T (k),

φ(k) =
P 1D

WDM(k)

P 1D
ΛCDM(k)

, (II.51)

16 Strictly speaking, possible deviations do not necessarily have to be caused by DM; they can also be
indications of unknown processes in structure formation at these scales. This is one of the reasons why
there are sometimes significant differences in the limits for mTR quoted in the literature.
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where P 1D
ΛCDM(k) is the one-dimensional power spectrum of ΛCDM. The next step is to

quantify how much a given WDM model differs from a ΛCDM scenario. We integrate
Eq. (II.51) over all scales typically probed by Lyman-α observations given in the range
(kmin, kmax):

A =

kmax∫
kmin

dk φ(k) , (II.52)

and this integral can be used to approximate the amount of suppression for a given WDM
model by defining the estimator

δA ≡ AΛCDM −A
AΛCDM

, (II.53)

where AΛCDM = kmax − kmin, whose value is set by the respective observational data set
of Lyman-α surveys.
In the final step, we have to calculate a reference value δAref first, using a thermal relic
with mass mTR, where mTR is an observational limit from Lyman-α surveys. Now, WDM
models which give rise to δA > δAref are excluded because their small scale suppression
is too large.

II.2.6.3 Counting the number of Milky Way satellites

An additional way to search for deviations from ΛCDM at galactic scales is to estimate
the number of accompanying satellites of the Milky Way (MW). Generally, WDM models
predict fewer satellites for MW-like galaxies compared to vanilla ΛCDM, because they
tend to suppress the mass distribution function of the subhalos [148, 149, 152–154]. This
can be understood by defining an effective Jeans mass Mj(t) based on Eq. (II.38) which
is given by [155]

MJ(t) =
4π

3
ρm(t)

(
π

kJ

)3

, (II.54)

and perturbations are damped for M < MJ . Using observational data to count the
accompanying satellites of the MW, we can place limits on WDM models by calculating
their predicted number of subhalos.17

The starting point to estimate the number of subhalos accompanying the MW is to use
an extension of the Press-Schechter formalism [162] to determine the number density of
halos. Using linear perturbation theory for the density fluctuations, the probability for
the collapse of a fluctuation is related to the mass of the respective halo. Based on this, we
define a conditional mass function which takes the merging history of halos into account
[154, 163],

dn(M |M0)

d log(M)
= −M0

M
f (δc, S|δc,0, S0)

dS

d log(M)
. (II.55)

Here, δc is the critical density below which fluctuations collapse and form compact struc-
tures; it is a time dependent quantity and can be seen as a time variable. S is the variance
of the matter power spectrum smoothed by a sharp-k window function W (k,R),

S(R) =

∫
dk k2

2π2
P (k)W 2(k,R) , W (k,R) = θ(1− kR) , (II.56)

17 Associated to this is the “missing satellite” debate: simulations of galaxy formation using only ΛCDM
predicted too many accompanying dwarf galaxies compared to the observed number of satellites of the
MW [156–158] which sparked particular interest in WDM models. However, recent detections of ultra
faint dwarfes [159, 160] and more detailed investigations of the halo profile [161] indicate that this problem
can also be solved within the ΛCDM paradigm.
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where the filter scale R is related to an enclosed mass M by M =
4π

3
Ωmρc(cR)3, where

c = 2.5 stems from a matching to simulations [99], and the matter density is given by
Ωm = 0.315. Finally, f (δc, S|δc,0, S0) is a probability distribution which encodes the
merging history of a halo forming at δc with variance S up to present time δc,0 with
S0(R0), where R0 is the filter scale associated to the host galaxy with mass Mh. Assuming
a spherical collapse, it is given by [163]

f (δc, S|δc,0, S0) =
δc − δc,0√

2π(S(R)− S0(R0))3
exp

[
− (δc − δc,0)2

2(S(R)− S0(R0))

]
. (II.57)

Integrating Eq. (II.55) over time gives the number of subhalos Nsub:

dNsub

d log(M)
=

1

C

∞∫
δc,0

dδc
dn(M |Mh)

d log(M)
=

1

C

1

6π2

Mh

M

P (1/R)

R3
√

2π(S − S0)
, (II.58)

where C is a normalization constant used to match with N -body simulations and depends
on the definition of the host halo. In our case, the boundary of the host halo is set by the
criterion that its density is 200 times the critical density ρc of the Universe and hence we
use C = 34 [99] in the following.
Finally, Eq. (II.58) gives an estimate for the numbers of subhalos with mass M around
the host galaxy, thus integrating Eq. (II.58) from Mmin = 108 h−1M� to Mh yields the
total amount of subhalos

Nsub =

Mh∫
Mmin

dM
dNsub

d log(M)
. (II.59)

There are two uncertain numbers in the following discussion: first, the observed number
of MW subhalos and second the mass of the host galaxy, i.e. the MW in our case.
Addressing the counting of subhalos we follow the approach outlined in Refs. [99, 151]:
there exist 11 “classical” satellites which are combined with 15 ultra-faint satellites
found by the Sloan Digital Sky Survey (SDSS) (taken from the seventh data release,
see Refs. [164, 165] for more details). Assuming that the satellites found by SDSS are dis-
tributed isotropically over the sky, the latter number can be multiplied by a factor of 7/2
because SDSS has a sky coverage of only 28.3%; this yields in total Nsub = 64.18 How-
ever, as pointed out in Ref. [99] we should decrease this number by ∼ 10% to take the
history of halo formation into account. Further, the assumption that the satellites found
by SDSS are isotropically distributed might lead to an overestimation of Nsub, for exam-
ple, the classical satellites are arranged in a plane rather than isotropically [166].
One the other hand, in addition to SDSS, several more ultra-faint satellites or candidates
have been reported by other surveys (see for instance Ref. [167]) and future searches could
reveal even more satellites, so we regard Nsub = 64 as a conservative estimate for the
number of MW companions. In fact, simulations predict O(100) subhalos [168, 169] which
could be detected with future observations and therefore open new possibilities to test
WDM models even further.
Since we make different assumptions for the MW mass in our subsequent analysis, we re-
fer the reader to Chapters V and VI for further discussion, where we use Nsub to constrain
warm ALP DM and a more general WDM framework respectively.

18 Assuming Poisson statistics, the error of this number is ≈ 13. Nonetheless, we will mostly refer to the
mean value of Nsub, but comment on the dependency in the respective chapters.
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II.3 Prelude

During this research, programs, libraries and other tools were used in addition to those
explicitly mentioned in the relevant chapters. For example Mathematica 11+12 [170] was
used for numerical calculations. Furthermore, Python 2.7 [171] and Python 3.6 [172]
was used in combination with the libraries NumPy [173], Matplotlib [174], SymPy [175],
SciPy [176] and the IPython [177] environment. All Feynman diagrams were created with
the TikZ-Feynman package [178]. The Pandas [179] package was used for parts of data
manipulation.
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Main part I: dark matter at
current and future colliders
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DARK MATTER AT CURRENT AND FUTURE COLLIDERS

The first part of this thesis is dedicated to collider probes of extensions of the standard
model. In the following, we are going to consider the well motivated scotogenic model
(ScM) as an exemplary extension.

The current energy frontier is set by the largest collider experiment, the Large Hadron
Collider (LHC) located at CERN. It delivers and collides protons or heavy ions with
center-of-mass energies up to

√
s = 13 TeV for four different experiments: ATLAS, CMS,

LHCb and ALICE. For our analysis the first two will be the most relevant, since they al-
low for a dedicated search for new particles produced in collisions and decaying promptly,
leaving recognizable signatures in the outward detector layers.
Data collection started in 2011/2012 at

√
s = 7–8 TeV respectively and an integrated lu-

minosity of roughly 20–25 fb−1 was reached. During the second run, in which data was
taken at

√
s = 13 TeV from 2015 until the end of 2018, the LHC delivered additionally

∼ 150 fb−1 to both, ATLAS and CMS. After a long shutdown, the experiment is planned
to resume in 2022 with Run-3 at an increased energy of

√
s = 14 TeV and collecting at

least ∼ 300 fb−1 of p p collision data until the end of 2024.
After this run, it is foreseen to upgrade the existing LHC collider into the high-luminosity
LHC (HL-LHC) and increase the number of p p collisions dramatically. This will allow to
reach an integrated luminosity up to 4000 fb−1 at

√
s = 14 TeV in a decade starting from

2027.

At the moment, possible experiments for the post-LHC era are being discussed and their
potential to measure the SM at high precision and search for new physics is being eval-
uated. One idea is to reuse the LHC infrastructure and upgrade the machine such that
it can deliver p p collisions at

√
s = 27 TeV, the high-energy LHC (HE-LHC). Going even

beyond, options for a circular proton collider at
√
s = 100 TeV denoted by Future Circu-

lar Collider (FCC-hh) have been considered.
On the other hand, new electron-positron colliders are discussed as well. This includes
circular colliders similar to proton colliders such as the Circular Electron Positron
Collider (CEPC) in China or the FCC-ee at CERN, both running at energy setuprs√
s ∼ 100–350 GeV. Since e+e− collisions offer a cleaner experimental condition com-

pared to p p collisions, this machines would allow for precise measurements of observables.
However, energy losses due to Bremsstrahlung limit the acceleration of electrons inside
circular colliders and thus linear colliders have been proposed as well. Future facilities
like the International Linear Collider (ILC) or the Compact Linear Collider (CLIC) would
deliver energies up to

√
s = 1 TeV and

√
s = 3 TeV, respectively, together with high lu-

minosities.

Current and future colliders allow to probe new physics beyond the SM (BSM) in dif-
ferent ways: there are direct searches looking for distinctive signatures caused by new
particles, such as corresponding large missing-energy signatures. A plethora of studies
have been conducted by ATLAS and CMS and results are often quoted in a specific su-
persymmetric model (SUSY) framework. Limits on BSM models are extracted from these
studies by recasting and adapting these searches using Monte Carlo simulations. Alterna-
tively, BSM models can have an indirect effect on SM processes. For instance electroweak
precision measurements allow to place bounds on new physics extensions.

In the following chapter, we will present an example for the first approach. We recast
existing searches for pair production of the electroweak SUSY partners to limit the ScM
parameter space in Chapter III. Further we present search strategies to test this model at
future colliders as well.
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Chapter III

Collider studies of the scotogenic
model

III.1 Introduction

While more than two decades have passed since the groundbreaking discovery of neutrino
oscillations, which unambiguously established that the most elusive standard model (SM)
particles are massive, the origin of neutrino mass still remains unknown. In spite of the
viable scenario in which, by supplementing SM left-handed neutrino fields with right-
handed (RH) components, neutrino masses are generated in the same way as for all the
other fermions, the smallness of Yukawa couplings required for generating eV-scale masses
has led to a much greater interest in Majorana mass models. The most famous realization
of the latter possiblity is the type-I seesaw model [33, 35, 180, 181] in which neutrino
masses are generated at tree-level in the presence of at least two generations of heavy
neutral leptons. For “natural” O(1) Yukawa couplings, this model implies that the heavy
lepton mass scale is ' 1013 GeV, unreachable at any terrestrial experiment. In contrast,
radiative neutrino mass models can lower the scale of new physics by several orders of
magnitude.
Among radiative neutrino models, one of the simplest realizations is the so-called sco-
togenic model (ScM) [103]. It imposes a Z2 symmetry in order to forbid the tree-level
neutrino mass generation, hence the lightest among the newly introduced particles can be
a viable dark matter (DM) candidate [182–186]. The success of thermal leptogenesis in this
model has also been demonstrated in Refs. [187–193]. In addition, recently it was shown
by previous work of the author that light DM and leptogenesis via the Akhmedov-Rubakov-
Smirnov (ARS) mechanism[194], i.e. the dynamical creation of a baryon asymmetry via
CP-violating oscillations among RH neutrinos (RHN), can be embedded simultaneously
in this framework [2]. It was found that the spectrum of new particles can be below the
TeV-scale, while bounds from cosmology require the mass of the light DM to be below
O(10 keV). This raises the question whether we can test this model setup at present and
future colliders, where the accessible energy range exceeds the masses of all newly intro-
duced particles. Moreover, the light DM candidate can lead to interesting consequences
for the early Universe, which will be discussed in the second part of this thesis.
In this chapter we will focus on collider searches at the (HL-)LHC and the future facilities
FCC-hh and CLIC to project exclusion bounds on the model parameter space. For this
purpose we are going to investigate pair production of the charged new scalar, which de-
cays further either into e or µ and missing transverse energy, ��ET , or into tau leptons and

��ET as the designated final state for the experiments under consideration.
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This chapter is organized as follows: we briefly motivate our model spectrum in Sec-
tion III.2 before we introduce the model in Section III.3. Section III.4 is dedicated to a
projected HL-LHC analysis based on existing searches. Going beyond, we discuss the re-
sults for the future colliders FCC-hh and CLIC in Section III.5. We summarize our results
in Section III.6.

III.2 Motivation

The idea to setup a dedicated search for this specific model was sparked by previous re-
search results presented in Ref. [2]. In this paper it has been shown that it is possible to
combine an explanation for neutrino masses and a light RHN N1 as a DM candidate with
a dynamical generation of the observed baryon asymmetry of the Universe (BAU) by ap-
plying a process known as leptogenesis. Generally, in this framework, CP violating decays
or oscillations of heavy RHN are used to create an asymmetry in the SM lepton sector
at high temperatures early in the Universe which is than transferred via non-perturbative
processes, so-called sphalerons, to the baryon sector before the electroweak symmetry
breaking takes place at T ' 160 GeV. More precisely, the considered production relies on
a combination of the ARS mechanism and thermally enhanced CP violating decays of the
Σ scalar (see Ref. [195]). Unlike standard thermal leptogenesis, the asymmetry is gener-
ated at lower scales of a few TeV instead of high scales of ∼ 1012 GeV. This is possible due
to an enhancement effect stemming from a tiny mass splitting between the heavy RHN
N2 and N3 which is quantified by the parameter mN3 −mN2 ≡ δM � 1.19

One of the challenges was to find regions in the parameter space for which the observed
values of DM relic abundance and the baryon asymmetry are simultaneously reached. Gen-
erally, these two mechanisms have conflicting requirements on the strength of the Yukawa
coupling which can be set by the parameter η (see Eq. (III.6)). In order to not overproduce
DM from decays of the heavier RHN, sufficiently large Yukawa interactions are required.
On the other hand, leptogenesis relies on weak interactions or otherwise washout effects
would easily destroy any generated lepton asymmetry. This tension can be cured by im-
posing coannihilations between the RHN and the scalar particles by choosing their masses
to be of similar size. Such a regime opens up new scalar annihilation channels which do
not rely on the strength of the second and third generation Yukawa couplings. There-
fore, a huge suppression of the relic density can be achieved for Yukawa couplings set low
enough to generate a significant lepton asymmetry.
Employed with this mass spectrum we calculated the DM relic density for different scalar

19 Besides this concrete model, there are other intriguing possibilites to generate the baryon asymmetry via
degenerate RH neutrinos and intertwine it with other BSM physics explanations as well. For instance,
the model considered in Ref. [196] delivers an explanation to the observed discrepancies in anomalies in
b decays, the so-called b-anomalies (see Ref. [197] for an overview). By extending the SM group to a
SU(4) × SU(3) × SU(2) × U(1) and incorporating a scalar leptoquark which couples third generation
quarks and leptons, it explains the observed ∼ 3σ discrepancy in the b→ ` ` s [198, 199] and b→ c τ ντ
[200] decay rate. It features an inverse seesaw mechanism [201, 202] to explain the smallness of neutrino
masses, i.e. it introduces in total six particles (3 RHNs and 3 gauge singlets), two of which form a nearly
mass degenerate pseudo Dirac pair (PDP) with masses MR and a coupling MD

ν = Yν v to the SM leptons.
Their mass difference is characterized by a small lepton number violating (LNV) parameter µ. They are
related to the light neutrino mass matrix Ml via Ml ≈ MD

ν M
−1
R µ(MT

R )−1(MD
ν )T . Here, the smallness

of the LNV parameter guarantees an adaption of the ARS mechanism [203]. Assuming the mass of
the lightest PDP to be of MR,1 ' O(MeV) and choosing appropriately small couplings Yν , we find a
space of parameter region which successfully explains the BAU. It can be enlarged by demanding further
couplings between the gauge singlets and leptons. We checked that the corresponding PMNS mixing
matrix does not violate unitarity bounds and further that the lightest PDP does not thermalize due to
mixing with the heavier states. The later requirement is crucial for the success of the ARS mechanism;
it relies on a freeze-in of the PDP in order to generate an asymmetry via oscillations among the mass
degenerate states.
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mass choices and further evaluated the corresponding baryon asymmetry in a range of the
heavy RHN mass, mN2 , and the strength of the Yukawa coupling. The results can be seen
in Fig. III.1, where we have fixed the DM mass mN1 to be 6 keV and δM = 10−11. The
blue line indicates the region which gives a too small baryon asymmetry to explain for
the observed value.20 On the other hand, the red shaded region is ruled out because this
parameter choice would spoil the formation of light nuclei due to late-time production of
highly energetic DM. Here we adopted the limits on leptonic decays from [204]. There are
several things we would like to point out. First, the final baryon asymmetry only mildly
depends on the involved particle masses and in general larger mass scales will only lead
to a slight decrease as can be seen from the slope of the BAU line in Fig. III.1. In con-
trast, choosing a higher mass scale slightly weakens the BBN bounds and broadens up the
available parameter region. On the other hand, allowing for a slightly larger degeneracy
between right-handed neutrinos, such as δM = 10−10, would correspond to a shift of the
blue exclusion curve in Fig. III.1 towards the BBN bound at the left. For δM ≥ 10−10

and DM masses of ∼ 6 keV the corresponding parameter space is completely constrained
either by BBN or BAU requirements.

ƞ ƞ

Figure III.1: Allowed region in the η–mN2 parameter space for a charged scalar mass
m± ' 590 GeV (left) and m± ' 795 GeV (right). The BBN exclusion limits are shown in
red, while the blue shaded region does not produce a sufficiently large baryon asymmetry.
We observe that there is a region consistent with BBN limits in which the correct amounts
of DM and baryon asymmetry can be obtained.

We have also observed the dependence of BBN limits on the maximum allowed DM mass.
For scalar masses in the range 300–1000 GeV, we found a maximal value of the DM mass
of 9.4 keV. Generally, choosing higher degeneracies will open up the available parameter
space to some extent, thus allowing for larger DM masses.21 However, even in such cases
we estimated the maximal allowed DM mass to be at most O(10 keV).

In summary, we identified the parameter space in which the produced DM abundance and
BAU are in accord with the observed values. We have seen that the most stringent con-
straints arise from BBN considerations, which can be relaxed by employing coannihilation

20 In principle the observed asymmetry is only reproduced on the blue line. However, since we maximized
the CP violating parameters, it is possible to adjust them such that the correct asymmetry can be
achieved for the parameter region left to the blue line.

21 Although smaller mass differences provide an increase in asymmetry, this effect breaks off at a certain
value of the difference, and the asymmetry cannot be increased further. In our case this is δM ≈ 10−13
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processes between RH neutrinos and scalars which effectively put an upper bound on the
allowed mass for the DM. We found that the DM production in our model is mainly driven
by the freeze-in. These results sparked the question of whether this scenario could poten-
tially be tested by searches at collider experiments, given that the masses of the particles
involved are below the TeV scale.

III.3 The model and neutrino mass generation

In addition to the SM field content, the ScM contains one scalar doublet Σ = (σ+, σ0)T

as well as three generations of RHNs Ni (i = 1, 2, 3). In addition to these new fields, the
model requires a discrete Z2 symmetry under which the new particle fields have an odd
charge. The part of the Lagrangian containing newly introduced fields is

L ⊃ i

2
N̄i /∂ Ni −

(
yiα N̄i Σ̃†Lα +

1

2
mNiN̄iN

c
i + h.c.

)
+ (DµΣ)†(DµΣ)− V (Φ,Σ) , (III.1)

where yiα is the Yukawa coupling between a RHN Ni, Σ and a SM lepton doublet Lα =
(να, α

−)T, (α = e, u, τ), mNi is the mass of i-th RHN, Dµ is the covariant derivative,
Φ = (φ+, φ0)T is the SM Higgs doublet, and V (Φ,Σ) represents the scalar potential

V (Φ,Σ) =µ2
1 Φ†Φ + µ2

2 Σ†Σ +
1

2
λ1 (Φ†Φ)2 +

1

2
λ2 (Σ†Σ)2 + λ3 (Φ†Φ)(Σ†Σ)

+ λ4 (Φ†Σ)(Σ†Φ) +
λ5

2

(
(Φ†Σ)2 + h.c.

)
. (III.2)

The couplings in the scalar sector are constrained by vacuum stability requirements, i.e.
the potential should not diverge for large field values [183, 205],

λ3 > −
√
λ1λ2 , λ3 + λ4 − |λ5| > −

√
λ1λ2 , λ1,2 > 0 . (III.3)

From Eq. (III.2), we can directly infer the masses of novel scalar degrees of freedom after
electroweak symmetry breaking (EWSB):

m2
± = µ2

2 + λ3v
2,

m2
S = µ2

2 + (λ3 + λ4 + λ5) v2,

m2
A = µ2

2 + (λ3 + λ4 − λ5) v2 , (III.4)

where v = 246/
√

2 is the vacuum expectation value (VEV) of the Higgs field. The mass
of the charged scalar is given in the first line of Eq. (III.4), whereas the latter two masses
correspond to the CP-even (S) and CP-odd (A) neutral scalars, defined as σ0 = (S +
iA)/
√

2.
Since the exact Z2 symmetry forbids a generation of neutrino masses at tree-level, they
are realized radiatively with the following expression obtained by calculating self-energy
corrections to the neutrino propagator from the exchange of neutral scalar fields S and A
[103, 206, 207],

(mν)αβ =
∑
i

yiαyiβmNi

32π2

[
m2
S

m2
S −m2

Ni

ln

(
m2
S

m2
Ni

)
− m2

A

m2
A −m2

Ni

ln

(
m2
A

m2
Ni

)]
(III.5)

≡
∑
i

yiαyiβ Λi .

Here, the summation index runs over the RHN generations and in the last equality we
abbreviated this formula with Λi. In the model spectrum considered in the following, the

36



III.3. THE MODEL AND NEUTRINO MASS GENERATION

mass of the lightest RHN is O(10 keV) with y1α ' O(10−8) and this state effectively does
not participate in the neutrino mass generation. This makes the lightest active neutrino
effectively massless, which is a viable scenario, consistent with the data from neutrino
oscillation experiments that are probing only mass squared differences. In this case, N1

is decoupled from the mass generation and consequently only the elements of a 2 × 3
submatrix of y, which we denote by y′, enter in Eq. (III.5).
In order to properly account for low-energy neutrino data in the analysis, we employ
the Casas-Ibarra parametrization which imposes the following expression for the Yukawa
sub-matrix [208]

y′ = i
(√

Λdiag
)−1

R

√
mdiag
ν U †PMNS , (III.6)

where Λdiag = diag(Λ2,Λ3), and R is an orthogonal matrix parametrized with a complex
angle θ = ω − i η

R =



(
0 cos θ − sin θ

0 sin θ cos θ

)
, for normal neutrino mass ordering (NO) ,(

cos θ − sin θ 0

sin θ cos θ 0

)
, for inverted neutrino mass ordering (IO) .

(III.7)

The remaining ingredients in Eq. (III.6) are the neutrino masses

mdiag
ν =


diag

(
0 ,
√
m2

sol,
√
m2

atm

)
, for NO ,

diag
(√

m2
atm,

√
m2

sol +m2
atm, 0

)
, for IO ,

(III.8)

where m2
sol and m2

atm are solar and atmospheric mass squared differences, and the leptonic
mixing matrix, UPMNS, which is parameterized as in Ref. [209]. The relevant parameters
for us are one Dirac phase, δ, and two Majorana CP phases, α1 and α2. While the mixing
angles are relatively precisely determined, the value of the Dirac CP phase is practically
unconstrained, and Majorana phases are not testable at neutrino oscillation facilities. We
use the values from Ref. [210] in the following:

m2
sol = 7.39× 10−23 GeV2, m2

atm = 2.525× 10−21 GeV2,

θ12 = 33.62◦, θ23 = 47.2◦, θ13 = 8.54◦. (III.9)

The size of the elements of the Yukawa sub-matrix y′ are constrained from above due to
non-observation of lepton flavor violating processes (LFV) such as ` → `′ γ and ` → 3`′

where ` and `′ denote different species of charged leptons. The upper bounds on the
branching ratios (BR) for these types of decays are given in Ref. [209] and also compiled in
Table 1 in Ref. [2]. While we have implemented all available constraints from LFV decays
it is worthwhile pointing out that the dominant effect arises from the lack of observation
of µ → e γ process. The upper bound on the BR for this process is 4.2 × 10−13 which
converts to [206], ∣∣∣ ∑

i=2,3

yiµ y
∗
ie

∣∣∣ . 4.3× 10−3
( m±

1 TeV

)2
, (III.10)

for mN2,3 ' 0.1 TeV.
Finally, the neutrino mass matrix in Eq. (III.5) depends on λ5 which enters in the ex-
pression for mS and mA (see again Eq. (III.4)). This formula actually features a linear
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dependence between the neutrino masses and λ5 for small values of λ5 [103]. The param-
eter λ5 and the entries of y′ depend on each other and jointly set the scale for neutrino
mass as ∼ 0.1 eV. This means that there is a lower bound λ5 & O(10−7), calculated for
m± = O(TeV). In general, the Z2-odd scalar doublet can affect electroweak precision ob-
servables, but constraints arising from electroweak precision data [211] are not competitive
to the above discussed ones and thus we do not include them in our discussion.

III.4 Projections for the HL-LHC

In this section we explore the di-lepton and di-tau signatures with missing transverse
energy (denoted as ��ET ) due to non-detectable Ni from σ± decays in the final state (see
Fig. III.2):22

p p→ σ+σ− →
{
σ± → `±Ni (` = e± orµ±) ,

σ± → τ±Ni .
(III.11)

For these event topologies, ��ET is calculated by summing over the observed transverse
momenta,

��ET ≡
∣∣∣∑

vis

piT

∣∣∣ =
∣∣∣∑

vis

√
(pix)2 + (piy)

2
∣∣∣ . (III.12)

The former signature, for instance, was already applied to the ScM in Ref. [212], where
the authors used data from LHC Run-1 to set their limits. Our aim is to extend this
search by calculating the projected sensitivities for the HL-LHC using the same analysis
techniques as presented in recent ATLAS publications, [213] and [214] for the di-lepton
and di-tau channel, respectively. In particular, we are using the results from Run-2 with an
integrated luminosity of 36.1 fb−1 at

√
s = 13 TeV.23. Furthermore, we will present both

optimal and realistic projections; the first one is defined such that the BR for a charged
scalar decaying into a RHN and a charged lepton considered in the search is set to 1.
This case is, however, not feasible in our model, due to the requirement to reproduce the
observed neutrino mass differences and mixing angles. Therefore, we also define realistic
projections by maximizing the respective Yukawa couplings. This will lead to BRs smaller
than one.
The model files were created with FeynRules [216]. The signal processes, as shown in
Fig. III.2, were simulated at leading order with MadGraph5 aMC@NLO 2.6.3.2 [217] inter-
faced with Pythia8 [218] for showering the events and Delphes 3.4.1 [219] was used for
a fast detector simulation. By using these tools, we were able to reproduce the results
given in Refs. [213, 214].
In Fig. III.3 we show the expected cross section for p p → σ± σ∓ pair production, σprod,
for different center-of-mass energies and masses. One can already conclude that large
luminosities are needed to see a significant number of events inside the detector. For
definiteness we have fixed the portal couplings to

λ3 = 0.3 , λ4 = 0.5 , λ5 = 10−4 . (III.13)

For us, the most relevant parameter in the scalar sector is the physical mass of the charged
scalar, m±, and it is this quantity that will appear in all our sensitivity projections.

22 We did not consider the additional A0 and S0 production, because they are sub-dominant compared to
σ± pair production.

23 Meanwhile, the ATLAS collaboration published new results for the di-lepton final state based on a search
at 139 fb−1 [215]. Although this analysis can place stronger limits on the parameter range studied, we
have not explicitly included it because we are primarily focused on future experiments. With an in-depth
analysis, it may be possible to test at least a small portion of the parameter range of our model with
available data.
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Figure III.2: Production channels for the `i `j +��ET process at the LHC. Pair produced
charged scalars decay into heavy leptons N2,3 and charged SM leptons (e, µ or τ).
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Figure III.3: Cross section σprod for pair production of charged scalars σ±. The left panel
shows the increase of σprod for different center-of-mass energies and fixed scalar mass,
m± = 400 GeV. The black (blue) vertical lines indicate the energy range of the LHC
(FCC-hh) and dashed lines indicate to the respective cross section of the experiment. In
the right panel we show σprod for different scalar masses and fixed energy. By increasing
m± the cross section drops significantly.

We assume that mN2 = mN3 in the following, but in general we could take a hierarchical
spectrum as well, i.e. mN2 < mN3 or vice versa. A hierarchical spectrum would, however,
weaken the search strategy because in this case decays σ± → `±N3 are more likely to yield
soft leptons due to the smaller mass gap between σ± and N3. On the other hand, this
could give rise to interesting event topologies, because N3 can decay inside of the detector
into two leptons and N2 and this would possibly create multi-lepton + ��ET signatures.
However, we are going to focus on the di-tau + ��ET and di-lepton + ��ET searches within
the degenerate spectrum.

III.4.1 Di-tau+��ET signature

Following the procedure outlined in Ref. [214], the following cuts were applied after event
reconstruction: events shall contain no b-jet but at least two tau leptons with opposite
charges. The invariant mass of every tau pair has to be larger than 12 GeV and must be
10 GeV away from the mean visible Z boson mass, set at 79 GeV.24 Then, two different
trigger setups are defined. The asymmetric trigger requires p1

T > 85 GeV and p2
T > 50 GeV

for the first two pT ordered tau leptons. Second, there is the��ET trigger set by p1
T > 35 GeV,

p2
T > 25 GeV and ��ET > 50 GeV. For further discrimination from SM background, the so-

24 The mean visible mass of the Z boson is smaller than its physical mass, because is reconstructed from
a sample of Z → τ+τ− events [214].
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called stransverse mass [220, 221], mT2 , is introduced. It is of particular interest in event
topologies where pair produced particles decay into a directly visible final state and an
invisible one. It is defined by

m2
T2
≡ min

p1+p2=pT

[
max

{
m2
T (pT`− ,p1),m2

T (pT`+ ,p2)
}]

(III.14)

with mT (pT ,qT ) =
√

2(pT qT − pT · qT ),

where we have to minimize the larger of the two transverse masses mT using the two-
dimensional transverse momenta p1 and p2 such that their sum reproduces the observed
missing momentum pT . Further, pT`− and pT`+ are the transverse momenta of the visible
charged leptons.
Finally, two signal regions based on mT2 and��ET cuts were defined as shown in Table III.1.
They are chosen such that different mass gaps between σ± and N2,3 can be covered, due

SR-lowMass SR-highMass

mT2 > 70 GeV mT2 > 70 GeV & m(τ1, τ2) > 110 GeV

��ET trigger ��ET trigger asymmetric trigger

��ET > 150 GeV ��ET > 150 GeV ��ET > 110 GeV

p1
T > 50 GeV p1

T > 80 GeV p1
T > 95 GeV

p2
T > 40 GeV p2

T > 40 GeV p2
T > 65 GeV

Table III.1: Signal regions with the corresponding cuts on final state momenta used in the
di-tau analysis. The definition of the respective triggers are explained in the text.

to the different cuts employed on the pT of the tau final states. The 95% CL upper limits
on the cross sections are summarized in Table III.2.

signal region Nobs obs. σ95
vis [fb]

SR-lowMass 10 0.26

SR-highMass 5 0.20

Table III.2: 95% CL limits on the non-SM cross section for the di-tau + ��ET analysis.

The final cross section in our model is determined by the product

σ(p p→ `±i `
∓
j NkNl) = σ(p p→ σ±σ∓)× BR(σ± → `±i Nk)× BR(σ∓ → `∓j Nl). (III.15)

The cross section can be increased by maximizing the respective BRs. The latter can be
achieved by making use of unconstrained parameters. In particular, we took the complex
angle θ = ω − iη (see Eq. (III.7)), the Majorana phase α2 and the CP phase δ as free
parameters25 and maximized the expression

y2τ (ω, η, α2, δ)
2 + y3τ (ω, η, α2, δ)

2∑
k=2,3

∑
i
yki(ω, η, α2, δ)2

. (III.16)

The parameter values that correspond to the extremum are in what follows denoted as
ω0, η0, α

0
2, δ0. We have performed this procedure for both NO and IO neutrino masses and

the corresponding minimization results are given in Table III.3.
For calculating the sensitivity curves we fixed the portal couplings λi (see Eq. (III.13))

25 We allowed δ to float in the range (135◦, 366◦) which corresponds to a 3σ range from recent fits. We
found that the second Majorana phase α1 does not affect the minimization.
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ω0 η0 α0
2 δ0 BR(σ± → τ±Nk)

NO 1.61 > 2 π 2π 38.26 %

IO 1.31 > 2 −π π 27.30 %

Table III.3: Largest possible BRs for the decay of σ± into τ and N2,3. Above the given
value for η0, the BRs are to a good approximation independent of this parameter. As can
be seen, the IO gives rise to smaller BRs compared to NO.

such that σ± is the lightest Z2-odd scalar, forbidding possible decays into the other scalars.
We scanned over the charged scalar mass as well as the heavy lepton masses mN2,3 ; our
grid spans m± ∈ (150 GeV, 600 GeV) and mN2,3 ∈ (10 GeV, m±) and we simulated 104

events for each point.
We compared the simulation with the ATLAS results derived at 36.1 fb−1 and found that
the corresponding sensitivities are not strong enough to place limits. The reason is twofold:
first, the cross section for the pair production in the model is significantly smaller than the
one in the simplified model used in the ATLAS analysis. Second, the analysis uses specific
cuts on kinematic variables which do suppress SM background but unfortunately also cut
away a significant portion of signal events. For instance, the “best case” benchmark point,
where we set the BR into tau leptons equal to one) features only a small surviving cross
section:

mN2,3 = 10 GeV, m± = 200 GeV ⇒ SR-highMass: σvis = (0.15± 0.06) fb.

Taking the Casas-Ibarra parametrization into account and inserting model-dependent
BRs, the situation gets even worse as the cross section is further reduced due to
non-maximal BR into tau leptons.

This finding motivated us to go beyond the current experimental results and consider a
similar search at the foreseen HL-LHC facility at CERN which will deliver a final integrated
luminosity of up to 4000 fb−1 at

√
s = 14 TeV [222]. This would lead to a huge increase in

potential signal events. To estimate the potential of HL-LHC to test the ScM we conduct
a similar analysis as in Ref. [214] but use a projected sensitivity,

S =
S√
S +B

, (III.17)

instead, where S and B represent signal and background events, respectively. This formula
is derived in the limit S/B � 1 from the general expression for the case of exclusion limits,

S1 =

√
2

(
S −B log

(
1 +

S

B

))
, (III.18)

obtained using the procedure described in Ref. [223].
By using the same signal regions as in the previous analysis and assuming a similar scaling
of signal and background for the increased center of mass energies and luminosities we can
now redo the cut and count analysis for the increased event rates. As can be seen in
Fig. III.4, where we show the corresponding exclusion limits as solid lines, this allows us
to significantly enhance the testable parameter space. For such high luminosities, scalar
masses of up to 420 GeV and respective RHN masses of 170 GeV can be tested and there
is even a potential discovery region for scalar masses between 200 and 300 GeV. The sharp
drop for large masses is due to a decrease in the pair production cross section. The cuts
on the kinematic variables, such as transverse momentum pT and stransverse mass mT2,
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need a sufficiently large mass gap between σ± and mN2,3 which bounds the accessible
parameter space from above and also from the left, because charged scalar cannot not be
too light, as in this regions leptons are too soft. We also show in dashed the corresponding
sensitivity curves for the optimal case where the BR into tau is equal to one. As expected,
the sensitivities improve in this case, however we have not found such scenario in our
numerical procedure (see Table III.3); the BRs for the decay into pair of tau leptons can
be at most around 40%.
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Figure III.4: Projected sensitivities for HL-LHC using L = 4000 fb−1 and the same analysis
techniques as in Ref. [214]. Given in blue are exclusion limits, S = 2, and shown in red
are discovery limits, where S = 5. The dashed lines correspond to a 100% BR into tau
leptons using the Casas-Ibarra parametrization, whereas the solid lines represent the case
in which the maximized BR for NO (shown in Table III.3) is employed.

III.4.2 Di-lepton + ��ET signature

Now we turn our attention to the di-lepton +��ET channel: following the procedure outlined
in Ref. [213], the following cuts were applied after event reconstruction and preselection:
the invariant di-lepton mass m`` should be larger than 40 GeV. Events should not contain
any b-jet with pT > 20 GeV nor a jet with pT > 60 GeV. In the 2` + 0jets channel, six
different signal regions were defined: four are aiming for different flavor (DF) leptons in the
final states and two for leptons with the same flavor (SF). All regions are inclusively defined
and mainly separated by increasing cuts on the invariant mass of the lepton pair and mT2,
ranging from m`` > 110 GeV to m`` > 300 GeV and mT2 > 100 GeV to mT2 > 300 GeV.
The 95% CL upper limits on the cross sections are summarized in Table III.4.
In contrast to Section III.4.1 we now want to minimize the expression given in Eq. (III.16)
in order to maximize the possible BRs into leptons. Under the same assumptions as
before and taking both, NO and IO regimes into account we obtain the results given in
Table III.5. From the respective BRs we can calculate the suppression factor B of the pair
production cross section according to

B ≡
∑
k=2,3
i=e,µ

BR(Nk`i)
2 +

∑
k,l=2,3
i,j=e,µ
k 6=l∨i 6=j

BR(Nk`i)BR(Nl`j). (III.19)
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signal region m`` [GeV] mT2 [GeV] Nobs obs. σ95
vis [fb]

SF-loose > 100 > 111 153 2.02

SF-tight > 130 > 300 9 0.29

DF-100 > 100 > 111 78 0.88

DF-150 > 150 > 111 11 0.32

DF-200 > 200 > 111 6 0.33

DF-300 > 300 > 111 2 0.18

Table III.4: 95% CL limits on the non-SM cross section for the di-lepton + ��ET analysis.

ω0 η0 α0
2 δ0 BR(σ → `iNk)

NO 2.37 < −2 π 2π 86.42 %

IO 3.07 < −2 −π π 99.75 %

Table III.5: Largest possible BRs for the decay of σ± into e±, u±. Below the given value for
η0, the BRs are to a good approximation independent of this parameter. Interestingly, the
IO regime can feature a situation with a very small BR into tau’s, implying approximate
zeros in the third column of the Yukawa matrix.

The first sum corresponds to SF lepton channels, whereas the second term sums over
DF leptons as final state particles. We introduced the shorthand notation BR(Nk`i) ≡
BR(σ± → `±i Nk). Inserting for instance the BR for NO (Table III.5), the final suppression
factor is B ≈ 75%. While IO yields larger B values, we present our results for NO, as
we did in Section III.4.1, since NO is favored by roughly 3σ by a global fit analysis of
neutrino oscillation data [210]. The sensitivities are shown in Fig. III.5 and by comparing
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Figure III.5: Projected sensitivities for HL-LHC using L = 4000 fb−1 and the same analysis
techniques as [213]. Given in blue are exclusion limits, S = 2, and shown in red are
discovery limits, where S = 5. The dashed lines correspond to optimal BR into leptons,
whereas to obtain the solid lines we used the value for NO given in Table III.5.

them to the results from Fig. III.4 it can be seen that the di-lepton search offers stronger
sensitivities for the parameter space. This is a result of the much cleaner signature resulting
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from light leptons in the final state. Unlike taus, they do not decay hadronically and can
be reconstructed more easily, which prevents misidentification of events.
The di-lepton search constrains scalar masses up to 650 GeV and it is interesting to go
beyond the energy range of the HL-LHC and consider proposed future hadron and lepton
colliders to check how much of the parameter space can be probed in the future. In the
following, we will stick to the di-lepton search only, as the results from this section clearly
indicate stronger sensitivities compared to the di-tau analysis.

III.5 Projections for future colliders

The HL-LHC projections presented in Section III.4 allow us to test a sizeable region of
parameter space below O(few 100 GeV) for scalar masses, but to reach the TeV-scale
and go even beyond requires future hadron and lepton colliders. We will discuss the
corresponding projections in the following section.

III.5.1 FCC-hh

We start by discussing the ScM in the context of a future circular hadron collider, dubbed
FCC-hh [224]. For this purpose, we follow Ref. [225], where an opposite-sign-di-lepton
(OSDL) final state with missing energy is discussed with the goal of finding TeV-scale
winos and light binos. In contrast to the previous analyses, the following variables were
used in the analysis to define cuts: first, Meff, which is the scalar sum of the pT of leptons,
jets and missing transverse energy,

Meff =
∑

leptons

pT +
∑
jets

pT +��ET . (III.20)

Based on this variable, M ′eff = Meff− pT (`1) is introduced, where pT (`1) is the pT value of
the harder of the two final state leptons. Further, the invariant mass of the same flavor
opposite sign (SFOS) lepton pair, mSFOS, is used and, finally, the transverse mass mT .
We simulated signal events for different mass parameters using the same pipeline as in
Section III.4. To ensure that our simulations are comparable to those in Ref. [225], the
most dominant backgrounds from di-boson intermediate states, WW and WZ, were also
simulated and compared to the cut flow given in Ref. [225]. Our results are presented in
Table III.6. Besides the cuts explicitly mentioned, the Baseline cut requires additionally
that SFOS di-leptons have mSFOS> 12 GeV and that the mSFOS closest to the Z mass,
mZ , denoted by mSFOS(Z), fulfills |mSFOS − mZ | > 30 GeV. Further, the transverse
momentum of the lepton pair, pT (``), should be larger than 30 GeV. Finally, it is required
that either ��ET > 100 GeV or that pT (`1) > 100 GeV.
Since we generally find that the number of events for signal and background are of the

same order, the significance given in Eq. (III.17) is not a good approximation and, hence,
for exclusions we use Eq. (III.18), while for discoveries we employ [223]

S0 =

√
2

(
(S +B) log

(
1 +

S

B

)
− S

)
. (III.21)

We summarize our results on the parameter space exclusion capability at FCC-hh with
two different luminosities, L = 3 ab−1 and L = 30 ab−1 in Fig. III.6. Both contours
corresponding to S1 = 2 and S0 = 5 are derived for the maximal BRs into electrons and
muons for the case of NO (see Table III.5). This scenario is dubbed “best case” in Fig. III.6
and it can be inferred that for such couplings FCC-hh will provide the possibility to probe
a large portion of parameter space. In the final luminosity stage, it will be possible to test
scalar masses up to 2 TeV and RHN masses of 1.4 TeV.
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Cut S B S0 S1

Baseline 351 5.9× 105 0.5 0.5

M ′eff > 1100 GeV 90 625 3.5 3.4

mT (��ET , l1 + l2) > 1100 GeV 90 234 5.5 5.3

��ET /Meff > 0.36 33 63 3.9 3.6

pT (l2)/pT (l1) > 0.24 19 18 3.8 3.4

Table III.6: Cuts made for distinguishing signal and background at FCC-hh with a lu-
minosity of 3 ab−1. We show the number of signal and background events for mN2,3 =
500 GeV and m± = 1 TeV. In contrast to Eq. (III.13), λ3 = −0.27 was used in this
analysis. No systematic errors on the background were assumed for this analysis.
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Figure III.6: Sensitivity of FCC-hh with L = 3 ab−1 (30 ab−1) is shown with solid (dashed)
lines. The analysis is based on a proposed search for a supersymmetric (SUSY) model
presented in Ref. [225]. The red and blue curves correspond to the “best case” scenario
with maximized couplings to e, µ, indicating that a significant portion of the parameter
space can be probed at FCC-hh. The situation further improves for larger luminosity.
The thin black line corresponds to mN2,3 = m±.

III.5.2 CLIC

The Compact Linear Collider (CLIC) [226] is a proposed e+e− collider that will operate
in three stages with

√
s= 380 GeV, 1.5 TeV, and 3 TeV, respectively [226, 227]. In the

following, however, we restrict ourselves to the latter case as it offers the possibility to
test the largest parameter space of Z2-odd particle masses in comparison to the two other
stages. As for the FCC-hh analysis, we consider the di-lepton + ��ET signal.
At e+e− colliders there are two complementary processes to produce σ± in our model
as shown in Fig. III.7: one is through the exchange of a Z boson or a photon in the
s-channel;26 another possibility is via RHNs in the t-channel. In the latter case, the

26 In this case, the s-channel Higgs exchange diagram is negligible, because of the small Higgs-electron
Yukawa couplings.
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production cross section is proportional to the corresponding Yukawa coupling ym1 and
we have checked that this production channel is subdominant for the size of Yukawa
couplings employed in this work.

e+

e−

`±i

Nk

`∓j

Nl

σ±

σ∓

γ/Z

e+

e− `±i

Nk

`∓j

Nl

σ∓

σ±

Nm

Figure III.7: Production channels for the `i `j +��ET process at CLIC. The left process is
similar to hadron colliders, except for electrons in the initial state. Additionally, produc-
tion via e+e− collision can happen via a RHN mediated t-channel diagram, although it is
suppressed due to Yukawa couplings y.

The most outstanding advantage that lepton colliders offer with respect to hadron colliders
is the clean signal; without parton distribution functions to be considered, missing energy
and momentum can be reconstructed to a large precision and the distributions of the
corresponding kinematic variables are not as smeared out as for parton collision where
a wide range of energies is involved. Furthermore, background events due to quantum
chromodynamics (QCD) processes are reduced compared to pure electroweak processes
which is particularly relevant for our search analysis.
For general background rejection, we make the following preselection cuts: to remove QCD
processes, we require the final state to contain no jets. Furthermore, we require exactly
two leptons of opposite charge and that ��ET exceeds 100 GeV. The last cut suppresses
most of the e+e− → `+ `− background.
The dominant background after the preselection cuts is e+e− → `+`−ν ν̄ and in the
following this is the only background process we consider. In the case of τ leptons in the
final state, only those events in which τ decay leptonically are considered; thus in this
case there are four final state neutrinos. We have checked that any other SM background
gives a negligible contribution after the above preselection cuts. A very promising result
for the exclusion limits was found by choosing cuts as given in Table III.7.

The variables mSFOS and Meff, already employed for our FCC-hh analysis, were
reused for CLIC because of their great potential for discriminating the ScM, with its
comparatively large masses of Z2-odd particles, against the SM. Their cuts are pa-
rameter dependent, because they are derived by maximizing S1 for different parameter
choices in the considered mass range. Furthermore, the pseudorapidity of the first lep-
ton, η(`1), turns out to be a very useful variable; it peaks at large values for the SM
background while most of the signal events are more central in this variable. It is de-
fined in terms of the angle φ between lepton track and beam pipe by η(`1) = − ln tan(φ/2).

A further suppression of the background can be made by utilizing the kinematics of this
process. In the di-lepton search at CLIC, we can reconstruct the four-momenta of the two
RHNs (denoted by pµ3,4 in what follows) by using only the initial state energy

√
s and the

known four-momenta of the two charged leptons (pµ1,2). Four out of these eight unknowns

are fixed by four-momentum conservation, namely
∑4

i=1 p
µ
i = (

√
s , 0 , 0 , 0). Furthermore,
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SR “best case”

Cut S B S0 S1

preselection 4101 1.0× 106 4.1 4.1

Meff > 0.5µ2 − 1.2mN2,3 + 1000 GeV 3442 2.7× 105 6.6 6.6

mSFOS > −0.1µ2 − 0.3mN2,3 + 530 GeV 3260 2.2× 105 6.9 6.8

|η(l1)| < 0.6 2502 2.1× 104 16.9 16.6

kinematics 2136 908 55.6 45.6

SR “worst case”

Cut S B S0 S1

preselection 1188 1.0× 106 1.2 1.2

mSFOS > −0.3mN2,3 + 130 GeV 1153 9.7× 105 1.2 1.2

|η(l1)| < 0.6 800 1.2× 105 2.3 2.3

kinematics 386 2806 7.1 7.0

Table III.7: Signal regions used for an analysis at CLIC with a center of mass energy of
3 TeV and a luminosity of 5 ab−1. We show the number of signal and background events
together with the corresponding sensitivities for a benchmark point mN2,3 = 500 GeV and
m± = 1 TeV. The results are shown both for “best” and “worst” case scenarios which
correspond to maximizing couplings to e, µ and τ lepton, respectively.

imposing that all intermediate and final state particles are on-shell yields the following
relations:

(p1 + p3)2 = m2
± = (p2 + p4)2 , p2

3 = p2
4 = m2

N2,3
. (III.22)

In total, we end up with a solvable system of equations. For separating signal and back-
ground events we use that the latter ones typically have different kinematic properties,
since the mass of the intermediate particle is for instance set by the W boson mass. Af-
ter requiring that there is a physical solution to the aforementioned equations, i.e. we
demand the momenta of the invisible particles to be real valued and that there is no real
valued solution if m2

± and m2
N2,3

in Eq. (III.22) get replaced with the W boson and active
neutrino mass, respectively, we reach the following effect: the number of signal events
typically decreases only by ' 30%, whereas background is strongly reduced, at most only
a few percent of such events survive this cut. In reality, the four-momenta in Eq. (III.22)
are only known to a finite precision. So it is crucial to include the finite detector res-
olution by using the respective Delphes card for the CLIC detector which is based on
Ref. [228]. For this reason, the simulated pT values experience a smearing with respect to
the detector resolution. This last step allows for an efficient background suppression as
can be seen in Table III.7.
We wish to stress that the cuts on mSFOS and Meff are not optimal for each parameter
point since we only used a simple function of the model parameters. Still, the resulting
exclusion limits, shown in Fig. III.8, already indicate the great potential for testing this
model setup at CLIC. For this case, S1 = 2 and S0 = 5 curves reach similar limits for
these two cases. This is a consequence of the aforementioned use of kinematics: due to the
suppression of background events, we find large sensitivity values across the parameter
space. Although the “worst´ case” features fewer event rates due to smaller BRs, it still
yields a sizable sensitivity after cutting the background, in contrast to FCC sensitivities.
Even for the “worst case” with a large number of surviving background events, system-
atic uncertainties are negligible, because according to Ref. [226], they amount only to 0.3%.
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Figure III.8: CLIC sensitivity for the di-lepton search. Using maximized couplings to e, µ
we obtained the red solid contour that corresponds to a 5σ discovery and the blue one
that represents 2σ exclusion. The corresponding dashed contours are for the case where
τ couplings are maximized. The thin black line indicates mN2,3 = m±.

In comparison with FCC-hh sensitivities at 3 ab−1, CLIC can test for higher RHN masses
while being less sensitive to σ± masses larger than 1400 GeV. However, with a total center
of mass energy of 3000 GeV this is expected. Overall, CLIC offers a testable parameter
space which is comparable to the FCC-hh result. While the reach at CLIC is not as large
in comparison to FCC-hh with 30 ab−1, we note that, unlike FCC-hh, CLIC can nearly
close the available kinematic window in the vicinity of mN2,3 = m±.
In conclusion, we have shown in this section that both lepton and hadron colliders offer
promising and complementary ways to look for the considered ScM spectrum.
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III.6 Summary of Chapter III

The ScM is a very popular extension of the Standard Model which can explain both neu-
trino masses and the origin of DM. In this chapter we focused on the case of keV-scale
fermionic DM with the mass of remaining Z2-odd fermion and scalar degrees of freedom
at O(100) GeV and explored the collider phenomenology of this model setup. In partic-
ular we studied p p → σ±σ∓ → `±`∓ +��ET channels. We demonstrated that testing this
model at colliders strongly relies on forthcoming stages of the LHC as well as future col-
liders since we were not able to extract robust bounds by using 36.1 fb−1 data. Although
the LHC delivered now 139 fb−1 of data at the end of its second run, we were consider-
ing HL-LHC with a final luminosity of 4 ab−1 at

√
s = 14 TeV, FCC-hh with 3 ab−1 and

30 ab−1 at
√
s = 100 TeV and CLIC with 5 ab−1 at a center-of-mass energy of 3 TeV to set

parameter limits as large as possible. For the HL-LHC, we have found that the testable
region covers a range up to 650 GeV for scalar and up to 350 GeV for RHN masses in the
di-lepton + ��ET analysis which gives stronger constraints compared to the di-tau + ��ET
signature. Designing our own analysis setup to extract constraints based on the future
experiment CLIC and FCC-hh we were able to probe a large region of parameter space.
The sensitivity reach of CLIC exceeds 1 TeV for both RHN and charged scalar masses
and FCC-hh with 3 ab−1 would reach similar limits for the scalar and even larger RHN
masses, and this further improves for 30 ab−1 where RHN masses up to 2 TeV would be
probed. In particular, we found that CLIC offers the potential to test a compressed ScM
spectrum, which, as we discussed in Section III.2, is of particular interest to address sev-
eral open questions of the SM and explain them in a single BSM framework.

Despite the great discovery and exclusion potential of these experiments, they are nearly
independent of the underlying light DM properties. As discussed in Section V.2, N1 effec-
tively decouples from the spectrum and thus the chance to observe it directly at a collider
are virtually absent, as long as the respective BR of σ± → N1`

±
α is negligibly small. We

will see in the next section, that this is guaranteed by the very small Yukawa couplings
required to generate the observed DM abundance. Only by inverting the mass spectrum
such that m± < mN2,3 , or for DM with masses of O(MeV), there is the possibility to have
σ± particles which travel a few mm before decaying, hence offering the potential for ded-
icated displaced vertex studies. On the other hand, DM can be pair produced at e+e−

colliders, but again the smallness of the corresponding N1 coupling would make a suc-
cessful ��ET +X search, where X can be for instance a photon or a jet, very unlikely.

Luckily, such light DM candidate with masses O(10 keV) leaves an imprint in the history
of the early Universe and the formation of structures and we are will show in the next
chapter how we can use cosmological observations to constrain the model parameter space
further, taking the nature of DM into account as well.
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MAIN PART II

In the first part of the thesis we have seen that it can be quite challenging to observe light
and only weakly coupled DM at collider experiments. In the context of the scotogenic
model (ScM), collider searches allowed to place limits only on the heavy particles in the
model spectrum up to 2 TeV. Direct experimental validation of such light DM candidates
requires different setups and search strategies. For example, there are dedicated experi-
ments at the high-luminosity frontier that do not aim for the highest energies, but aim to
achieve as many particle collisions as possible to detect rare interactions and elusive par-
ticles. Another setup are beam-dump experiments, where highly energetic protons are
dumped into dense material to absorb their remnants as much as possible and filter out
long-lived stable or at least sufficiently long lived particles which are detected at a dis-
tant detector.

Nevertheless, these searches require that a potential light DM candidate has at least
some coupling to the SM in order to detect it. If it interacts only gravitationally or
evades detection due to too weak couplings, it will still be possible to observe its effects
in cosmological observations (if light enough). In the Standard Model of cosmology, the
ΛCDM, DM is supposed to be non-relativistic throughout the history of the early Universe
and thus it plays a crucial role as the dominant driving force responsible for the formation
of structures. On the other hand, light DM can stay relativistic during a significant
amount of time in the early Universe which in turn leads to a suppression of structures
below a certain scale. Observations targeting the matter profile of the Universe across
a wide range of scales allow to search for deviations from the standard scenario due to
light DM. Conversely, such surveys can be used to obtain limits on the allowed light DM
parameter space; in particular, this can be used to exclude models that would induce more
suppression of structures as observed.
Chapter IV is dedicated to explore the phenomenology of light DM in the context of the
ScM. We study the impact of late-time produced keV-scale right-handed neutrinos on the
formation of light nuclei during Big Bang Nucleosynthesis (BBN) and the suppression
of the corresponding matter power spectrum. Further, the contribution to the effective
number of relativistic particle species, Neff is calculated and we overlap our findings with
the results from Chapter III. In Chapter V we consider a light axion-like particle (ALP) DM
candidate produced via a freeze-in mechanism in two different scenarios: either the ALP is
coupled to photons or SM fermions. Using a half-mode analysis and counting the number
of MW subhalos we can place limits on the allowed ALP mass. Finally, in Chapter VI
we are following a model-independent as possible approach to analyze DM models, where
different production mechanisms can lead to DM subsets with two associated temperatures.
The results allow to adapt our limits derived from a MW subhalo count and Lyman-α data
for a wide setup of such models.
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Chapter IV

The scotogenic model and cosmology

IV.1 Introduction

In the previous chapter, we have shown that future collider facilities are a promising way
to test the scotogenic model (ScM) which is a phenomenological interesting extension of
the SM. Although these searches will be able to constrain the masses of the new scalars
and right-handed neutrinos (RHN), they do not offer a way to probe the lightest particle,
N1 which is considered to have a mass of O(10 keV). In fact, from the point of view of ex-
perimental validation by these experiments, this particle is effectively detached from the
spectrum and the obtained collider limits are essentially independent of the DM proper-
ties.
An intriguing and complementary way to constrain DM in the mass window we consider
is to turn the gaze away from Earth-based experiments and towards the stars. Informa-
tion on the distribution of matter in the Universe obtained from various surveys, such as
Lyman-α forest probes allow to gather information on structures at different scales and
constrain the light DM parameter space. Additionally, light DM which stays relativistic
for sufficiently long times can contribute to the effective number of relativistic particle
species, Neff . We have to consider two different DM production mechanisms: first, we
can produce N1 via a freeze-in of thermalized Z2-odd scalars and, second, via late-time
three-body decays of heavy RHNs N2,3. The latter turns out to create highly energetic, i.e.
“hot” DM and thus can have a drastic impact on the considered cosmological quantities.
Further, these decays have to happen before the formation of light nuclei takes place dur-
ing the epoch of big bang nucleosynthesis (BBN) starting at T ≈ 1 MeV, or otherwise the
abundances of newly formed nuclei are altered by the presence of relativistic DM particles.

This chapter is organized as follows: in Section IV.2 we will review the DM production
and explain the constraints from cosmology in Section IV.3. Afterwards, we combine
our results from collider searches and limits on the parameter space from cosmological
observations in Section IV.4. We summarize our results in Section IV.5.

IV.2 Light dark matter in the scotogenic model

Since the lightest of the newly introduced particles is stable, it is natural to consider
whether it can account for the observed amount of DM in the Universe. In the ScM
there are neutral particles both in the fermionic and scalar sector, making them poten-
tial candidates. Motivated by the results in the previous chapter, we consider fermionic
DM and keep the scalars heavier than the RHNs. It was shown in Refs. [2, 182] that in
the ScM with fermionic DM with mass O(100 GeV), the relic abundance from freeze-out
generally strongly exceeds the measured values. There are, however, options how to solve

53



CHAPTER IV. THE SCOTOGENIC MODEL AND COSMOLOGY

this problem: first, if additional processes, namely coannihilations of heavy DM with the
other new particles, are involved, DM can stay longer in the thermal equilibrium and
freeze-out with a much smaller abundance (see for instance Fig. 2 in Ref. [2]). The coan-
nihilations are only effective if the splitting between the DM and scalar mass is tiny.
However, considering searches with two leptons in the final state stemming from decays
of pair-produced new scalars (see Sections III.4 and III.5), such a scenario would yield
soft leptons which are hard to reconstruct and hence freeze-out of O(100 GeV) DM is not
compatible with the signatures at hadron colliders that were studied in Chapter III. This
conclusion changes for the case of the future lepton collider CLIC, for which we have
shown in Section III.5 that this regime can be probed in principle.
Second, the overproduction problem can be solved by considering light, non-thermally
produced DM. Such DM can be produced either via freeze-in [76, 229] via decays of neu-
tral and charged scalars in the Σ doublet or by decays of frozen-out next-to-lightest RHN,
i.e. N2.27 However, the latter mechanism is also constrained by requiring N2 to decay be-
fore the time of BBN. Namely, if N2 is too long lived, the abundances of light nuclei will
be altered. This production mechanism also leads to too hot momentum distributions
and therefore needs to be subdominant with respect to the scalar decay contribution. We
elaborate on this in the present section.

Generally, in the freeze-in scenario there is some freedom to choose the DM mass. On the
contrary, in this model there is an upper bound from demanding that the DM production
has stopped before BBN takes place, as will be discussed in the last part of Section IV.3.
From the point of view of freeze-in DM production, a RHN N1 with masses up to few MeV
is a perfectly viable DM candidate, as there are no direct upper mass limits. However,
in the following we will consider the DM mass to be O(10 keV). This particular choice is
motivated by our findings in the previous chapter, where we identified an interesting open
window in parameter space to successfully incorporate a resonantly enhanced leptogenesis
mechanism as well. At the end of Section IV.5 we will come back to the question of DM
mass in the context of interpreting our cosmological limits.

IV.2.1 Dark matter production mechanisms

The processes through which keV-scale N1 are frozen-in are (see left figure of Fig. IV.1),

A,S → N1 να , σ± → N1 l
±
α . (IV.1)

The corresponding Boltzmann equation for the DM yield, YFI, which is the ratio of DM
number density and entropy density, reads [2, 76],

dYFI

dr
=

135M0 |y1|2
64π5(gs∗)

3/2m±
r3

(
2K1(r) + ε3AK1(εA r) + ε3SK1(εS r)

)
. (IV.2)

Here, M0 ' 7.35 × 1018 GeV, and the number of effective entropic degrees of freedom
(DOF) across relevant temperatures is fixed to gs∗(T ) ≡ gs∗ = 114.25, taking new particle
DOF into account. For simplicity, we assumed that the Yukawa couplings of N1 are flavor
universal, i.e. y1α ≡ y1. Furthermore, the abbreviations εA ≡ mA/m± and εS ≡ mS/m±
are introduced to account for all three scalar decay production channels.28 K1(r) is the
modified Bessel function of the second kind and a dimensionless temperature r = m±/T
is introduced. In the computation, we use Maxwell-Boltzmann (MB) distributions for all

27 A similar scenario was already outlined and discussed in Ref. [182], where the authors presented the
available parameter space for freeze-in production.

28 In this chapter we fix the scalar couplings to the same values as given in Eq. (III.13).
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thermalized Σ particles. Finally, we assume the initial DM number density to vanish and
this simplifies the computation of the DM abundance, because, instead of solving a differ-
ential equation, a straightforward integration is possible.
We can obtain the expression for YFI by simply integrating Eq. (IV.2) between the tem-
perature at the end of inflation and the present one, where the former is associated to
the reheating temperature which is assumed to be larger than all particle masses in the
model. Practically, this allows us to use x = 0 and x = ∞ as the respective integration
boundaries. We obtain

YFI =
405M0 |y1|2

128π4 (gs∗)
3/2m±

2εAεS + εS + εA
εA εS

. (IV.3)

Taking λ4 = λ5 = 0 for a moment allows to simplify above expression by εS = εA =
1 and by using the relation between DM yield and relic abundance, ΩFIh

2 = 2.742 ×
102 (mN1/keV) YFI, we arrive at the analytical estimate for the DM relic abundance,

ΩFIh
2 ≈ 0.12

( |y1|
2.36× 10−8

)2( mN1

1 keV

)(
1 TeV

m±

)
, (IV.4)

from which we infer that in order to have scalar decays as a dominant DM production
mechanism, the required DM Yukawa couplings need to be O(10−8) for O(TeV) masses
of new scalars and keV-scale N1.
In addition to the described freeze-in mechanism, DM in this model can be produced
from the decays of next-to-lightest Z2-odd particle, N2 (see right figure of Fig. IV.1). The
Yukawa couplings y2α, that are required for the successful generation of neutrino masses
via the mechanism described in Section III.3, are sufficiently strong to put this particle
in thermal equilibrium with the SM bath. Hence, N2 will freeze-out at r′ ≡ mN2/T .
15. Additionally, the Z2-odd scalars are also in thermal equilibrium due to their gauge
interactions with SM particles. Still, all heavy Z2-odd particles will eventually decay into
N2 and hence one effectively needs to solve a single Boltzmann equation for the yield of
N2 [57]:

dYN2

dr′
=

√
πgs∗
45

MPlmN2

r′2
〈σeffv〉 (Y 2

EQ − Y 2
N2

) , (IV.5)

where 〈σeffv〉 accounts for the annihilations and coannihilations in the Z2-odd sector, and
MPl ' 1.22 × 1019 GeV is the Planck mass. The equilibrium yield for a thermalized
fermionic species, YEQ, is given by YEQ = 45 r′2K2(r′)/(2π4gs∗). We use micrOMEGAs 5.1

[230] to evaluate Eq. (IV.5) numerically. We refer the reader to Ref. [2] for a detailed
description and derivation of Eq. (IV.5); in particular, the suppression of the N2 freeze-out
abundance due to possible coannihilation channels with Z2-odd scalars has been outlined.
After freeze-out, N2 decays into N1 and a pair of charged or neutral leptons with the rate
[182],

Γ(N2 → `α ¯̀
β N1) =

m5
N2

6144π3M4

(
|y1|2|y2α|2 + |y1|2|y2β|2

)
, (IV.6)

where M stands for the mass of the scalar particle that is exchanged in the process and
α and β denote the flavor of final state leptons. The decay of N2 gives a contribution to
the total DM abundance of the form¸

ΩN2→N1h
2 = 10−7

(
100 GeV

mN2

)( mN1

10 keV

)
ΩN2h

2 , (IV.7)

where ΩN2h
2 is the freeze-out abundance of N2 which is set by the corresponding yield,

YN2 , calculated by solving Eq. (IV.5).
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Figure IV.1: Production of the light DM N1 either via two-body decays of heavy scalars
(left figure) or three-body decays of heavy N2,3 (right figure). Here, Σ stands for all scalar
particles: σ± and σ0.

Even though these N2 decays give an extra source of DM, this production mechanism
actually has two side effects:

� N2 decays occur after freeze-out, at temperatures much lower than mN2 and this
leads to the production of DM particles with a hot momentum distribution, i.e.
they feature large averaged momenta. In particular, it occurs for our considered
parameter choices, although it is not a generic property of the model. As explained
in Section II.2.6 this can drastically suppress the formation of structures at galactic
scales and may not be compatible with observations.

� The decays of N2 should be fast enough in order not to violate BBN predictions
for the abundance of light nuclei such as D, 3He, 4He and 7Li. For N2 decays
to tau leptons, which dominantly decay hadronically, the decay time needs to be
τN2→N1 . 1 s, whereas decays into the first and second generation leptons lead to
less stringent limits, requiring only τN2→N1 . 100 s [204].

IV.3 Cosmological constraints

IV.3.1 Constraints from structure formation

In this section we consider whether DM produced by the two previously described mecha-
nisms is compatible with structure formation observations. The structure formation limits
on keV-scale sterile neutrino DM are commonly derived for non-resonant production, so-
called Dodelson-Widrow production [80], for which non-zero mixing between active and
sterile states is required. Currently, the most stringent structure formation limit on the
mass of non-resonantly produced particles, mNRP, arises from Lyman-α forest data and
yields mNRP & 28.8 keV [231]. However, this limit may be too constraining, because the
Lyman-α forest absorption spectra can be altered by effects stemming from gas dynam-
ics in the intergalactic medium [232]. On the other hand, constraints arising from Milky
Way satellite counts give mNRP & 10 keV [233].
In order to derive constraints from these observations for our model, we evaluate the DM
momentum distribution function fN1(x, r) which is calculated as a function of the dimen-
sionless variables x ≡ p/T and r ≡ mP /T . Here, mP stands for the mass of a parent
particle, which is either a heavy scalar in the case of freeze-in or N2 in late-time next-to-
lightest particle decays. For scalar decays we are following the discussion in Ref. [234],
whereas for the case of N2 decays we employ the procedure outlined in Ref. [235]. The
total distribution function is hence given as a sum of the two contributions,

fN1(x, r) = fΣ
N1

(x, r) + fN2
N1

(x, r) , (IV.8)
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where we indicate the production mechanisms of N1 with corresponding superscripts. In
the following we discuss the calculation of both components. The general expression for
fΣ
N1

(z, r) assuming a MB distribution is given by [234, 235]

fΣ
N1

(x, r) = 4CΣ
Γ

e−x√πErf
[

r√
4x

]
2
√
x

− e−x
(
r2

4x2 +1
)
r

2x

 ⇒
r→∞

4CΣ
Γ

√
π

x
e−x, (IV.9)

where CΣ
Γ = M0 ΓΣ/m

2
± is the effective decay width, originating from rescaled two-body

decays of the Σ particles,

CΣ
Γ =

M0

gs∗(T )m2
±

(
6|y1|2m±

16π
+

3|y1|2mS

16π
+

3|y1|2mA

16π

)
, (IV.10)

An important property for a production mechanism with an associated momentum distri-
bution function is the averaged momentum:

〈x〉prod =

∫∞
0 dxx3f(x, r)∫∞
0 dxx2f(x, r)

. (IV.11)

For fΣ
N1

(x, r) the averaged DM momentum is given by 〈x〉prod
FI ≈ 2.5. This result, together

with the information that the production dominantly occurs at temperatures T ∼ mΣ/3
(see for instance Fig. 1 in Ref. [2]), allows us to estimate the limit on mN1 by using [234]

mN1 =
〈p/T 〉prod

3.15

(
10.75

gs∗(Tprod)

)1/3

mNRP , (IV.12)

and assuming that the freeze-in DM production dominates. Here, the entropy dilu-
tion factor (10.75/gs∗(Tprod))1/3 takes into account that the DM production happens at
early times where gs∗(Tprod) = 106.75. Taking the aforementioned limits mNRP & 10 keV
and mNRP & 28.8 keV, we obtain mN1 > 3.7 keV and mN1 > 10 keV, respectively.
Hence we are going to set mN1 = 6 keV as our limit on the DM mass in the following.29

The combination of this limit and Eq. (IV.4) sets the upper bound on the magnitude of y1.

If decays of Z2-odd scalars were the only source of DM production, our structure formation
analysis would end here. However, decays of N2 significantly complicate the picture. To
calculate the DM distribution function for the production via N2 decays, we apply the
procedure from [235] and evaluate the equation30

fN2
N1

(x, r) =

r∫
rFO

dr̂ CN2
Γ

r̂2

x2

∞∫
|x−r̂2/(4x)|

dx̂
x̂√

x̂2 + r̂2
fN2(x̂, r̂) . (IV.13)

Typically, the freeze-out temperature rFO ranges between 8–16 and CN2
Γ is the effective

decay width given by CN2
Γ = M0 Γ/(gs∗(T )m2

N2
), where Γ is the decay width of N2 into N1

29 Compared to the updated analysis using a MW subhalo count and Lyman-α forest data done in Sec-
tions V.3 and VI.3.2 this limit is more conservative.

30 Actually this equation was derived for two-body decay kinematics, but we are dealing with three-body
decays instead. Consequently, this treatment gives rise to momentum distribution functions with larger
averaged momenta 〈x〉 compared to actual three-body decays. However, our discussion of a more general
setup in Chapter VI shows that this simplified ansatz still yields robust limits: while 〈x〉 would decrease
in the case of three-body kinematics (see Section VI.4.3), this is compensated for by taking into account
the time dependence of gs∗(T ) which shifts the averaged momentum to higher values (see Section VI.4.2).
We will discuss and compare both approaches in Section VI.6.2.
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and a pair of leptons given in Eq. (IV.6). The expression for the distribution function of
N2 after freeze-out is [235]

fN2(x, r) = exp
[
−
(
x2 + r2

FO

)] r +
√
r2 + x2

rFO +
√
r2

FO + x2

C
N2
Γ x2/2

×

× exp

[
−CN2

Γ /2

(
r
√
x2 + r2 − rFO

√
x2 + r2

FO

)]
, (IV.14)

where a MB distribution for N2 is assumed.
In Fig. IV.2 we show fN1(x, r)x2 for two N2 masses, namely mN2 = 100 GeV and
400 GeV, while the charged scalar mass is set to m± = 600 GeV. The red curves rep-
resent fN2

N1
(x, r)x2, obtained by solving Eq. (IV.13) and fixing r to sufficiently large values

in order to capture the effect of decaying N2. For comparison, we also show the distribu-
tion function corresponding to the production via freeze-in (blue), taking r →∞. Clearly,
the peak of fN2

N1
(x, r)x2 is shifted to very large values of x indicating that N2 decays yield

a “hot” DM component. However, we also see from the figure that its amplitude is greatly
suppressed with respect to fΣ

N1
(x, r)x2, implying that this component is subdominant for

the selected benchmark point. Quantitatively, the distribution shown in the left panel
yields ΩN2→N1h

2 = 0.03ΩDMh
2, whereas for mN2 = 400 GeV it follows that less than 1

per mille of the observed DM abundance is produced in N2 decays. Further, the param-
eter choice in the left figure features a more prominent peak for fN2

N1
(x, r) compared to

the other case, because N2 decays at later time where gs∗(T ) are decreasing, thus affecting
the effective decay width CN2

Γ . In the following we are using an approach based on the
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Figure IV.2: In the left (right) panel we show the DM momentum distribution function
fN1(x, r)x2 including both DM production mechanisms, taking m± = 600 GeV and mN2 =
100 GeV (mN2 = 400 GeV). The blue and red curve correspond to early Σ decays and N2

late-time decays, respectively.

half-mode analysis explained in Section II.2.6.1 to constrain our model. We evaluate the
transfer function T (k), given by the power spectrum ratio,

T 2(k) =
P (k)

P (k)ΛCDM
, (IV.15)

where P (k) is the matter power spectrum calculated from fN1(x, r) using CLASS [145,
146] and P (k)ΛCDM is the corresponding ΛCDM power spectrum. The transfer function
indicates at which scales non-cold DM will lead to deviations in comparison to cosmological
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observations. The temperature of the DM species, TN1 , relative to the photon temperature,
Tγ , is relevant for the evaluation of the matter power spectrum: since we have two different
mechanisms for DM production in the model, we are left with two independent dark sector
temperatures.
The smaller one of the temperatures is set by the time when N1 is produced via a freeze-
in mechanism from the decays of heavy scalars. These processes occur when the heavy
scalars are still in thermal equilibrium implying that DM particles are produced with
temperatures identical to those of the SM sector. After production, N1 is decoupled and
does not experience reheating when SM DOF drop out of equilibrium. The temperature
ratio, governed by the entropy dilution factor, yields

T freeze-in
N1

≈
(

gs∗(T0)

gs∗(Tprod)

)1/3

Tγ =

(
3.94

114.25

)1/3

Tγ ≈ 0.33Tγ , (IV.16)

where Tprod roughly corresponds to Z2-odd scalar masses and T0 is the temperature of the
Universe today.
Additionally, to evaluate the temperature of DM produced from out of equilibrium N2

decays, we estimate the temperature when these decays are taking place. We assume
an instantaneous decay at τ = 1/Γ and make use of the time-temperature relation for a
radiation-dominated Universe,

t = 2.42
1√
gs∗(T )

(
1 MeV

T

)2

s , (IV.17)

which allows us to obtain an expression for the temperature at which N2 particles decay,

TΓ = (gs∗(TΓ))−1/4

(
Γ

2.72× 10−25 GeV

)1/2

MeV . (IV.18)

For the benchmark point already used for presenting momentum distributions in the right
panel of Fig. IV.2, we obtain

Γ = 1.52× 10−22 GeV , ΩN2h
2 = 5.61× 103 , TΓ = 13 MeV . (IV.19)

At T ∼ TΓ, RHNs are at rest and each decay product has an energy E ≈ mN2/3 ≈
O(100 GeV). Note that by dividing this energy with TΓ in Eq. (IV.19) we obtain x '
104 and this explains the approximate position of the N2 decay peak in the momentum
distribution (see Fig. IV.2). Finally, we have to take into account that the SM bath
is reheated when the epoch of electron-positron annihilation occurs. In summary, the
temperature of this DM contribution is given by

T decay
N1

' mN2

3TΓ

(
4

11

)1/3

Tγ ≈ 7300Tγ , (IV.20)

where the temperature is evaluated for the aforementioned benchmark point.
In order to assess the cosmological viability of particular benchmark points, we compare
the calculated T 2(k) against the function corresponding to the constraint stemming from
Lyman-α forests. For the latter, we adopt an analytical fit for the transfer function [148]
(see Eq. (II.45)), taking mNRP ' 10 keV which corresponds to a thermal relic mass of
mTR = 2 keV; the mass relation between non-resonantly produced particles and a thermal
relic is given by mNRP = 4.35 (mTR/ keV)4/3 [234]. We are using an adapted version of the
half-mode criterion (see Eq. (II.48)): since we are dealing with a momentum distribution
with two peaks, we are expecting two associated wavenumbers at which P (k) < P (k)ΛCDM.
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This is illustrated in Fig. IV.2 by the red line that deviates from 1 early on, but reaches
a plateau at intermediate wavenumbers, before it drops to 0 at large k. To take this
early deviation into account (and not excluding too much of our parameter space), we
define a new reference P (k)ΛCDM where Neff is larger than the SM value; precisely, we
use bounds stemming from the epoch of BBN. As we will discuss in Section IV.3.2, they
are stronger than corresponding Neff limits from measurements of the cosmic microwave
background (CMB). Than we calculate T 2(k) based on this new reference matter power
spectrum and compare it against a limiting transfer function, T 2

lim(k) (see Section II.2.6.1).
Consequently, a parameter choice is allowed if and only if

T 2(k)− T 2
lim(k) > 0 for k ∈ {0.02, 1} h Mpc−1, (IV.21)

is fulfilled. This analysis technique may seem somewhat unconventional compared to the
one used in Eq. (II.49), but our method is motivated by two observations: first, some
transfer functions feature small bumps at wavenumbers k ' 0.1h/Mpc in T 2(k), as seen
in Fig. IV.2 and we want to avoid this region when comparing the corresponding T 2(k)
against each other. Second, in this analysis we are not necessarily interested in a lower
mass limit for the DM, but want to primarily study the influence of the hot DM compo-
nent produced by late-time N2 decays on wavenumbers k < 1. At the end, we are going
to present two separate exclusion limits based on this transfer function formalism.
In Fig. IV.3 we show in red (green) the calculated transfer function for fN1(z, r) with
m± = 600 GeV and mN2 = 100 GeV (mN2 = 400 GeV); these are identical benchmark
points as those from Fig. IV.2. If a given curve lies below the Lyman-α limit (blue curve)
the corresponding parameter point is disfavored. We observe that the scenario with
lighter mass of N2 is excluded since the abundance of hot DM is too large in this case
and hence larger cosmological scales than observed are affected. In fact for these bench-
mark point the DM carries so much energy, it effectively acts as dark radiation. On the
other hand, the green curve is in agreement with observational data; it seems to “over-
shoot” the ΛCDM reference, because the transfer function is defined with respect to a
different reference P (k)ΛCDM with Neff = 3.046 + 0.28. One should note that both curves
drop to zero at roughly the same point, because this wavenumber is set by the temper-
ature of the dominant, frozen-in, DM component. If N1 would freeze-in at later times
the curves would shift to the left. For this analysis and in what follows, we choose the
Yukawa couplings y2i to be as large as possible due to LFV constraints (see Eq. (III.10)).
Smaller couplings would give rise to stronger constraints due to DM production via N2

decays at later times.

In addition to the published version, we determine similar limits on the parameter range
using the δA method (see Section II.2.6.2 for a detailed explanation). For this we use
the conservative limit mTR = 2 keV to define a reference WDM model and choose k =
100h/Mpc as an upper limit for Eq. (II.50). Further, for typical surveys the k-range is
between kmin = 0.5h/Mpc and kmax = 10h/Mpc. Using all these ingredients we find a
reference suppression factor, δAref = 0.45, as the exclusion criterion. We are going to
compare and discuss the results of both analysis techniques in the next section.

IV.3.2 Constraints from additional radiation contribution

When discussing possible implications on the formation of structures in the early Universe,
we should also take into account that keV-scale DM could change the number of relativistic
non-photonic DOF, Neff. This number enters in the expression for the radiation density
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Figure IV.3: Transfer function T 2(k) for the same benchmark points as in Fig. IV.2. The
constraint from structure formation, using Eq. (II.45) with mTR = 2 keV is shown in
blue. RHN masses of around 100 GeV clearly violate this constraint while the green line,
corresponding to mN2 = 400 GeV, is consistent with the data. The black dashed line
represents ΛCDM.

ρrad, which is, after electron-positron annihilation, given by

ρrad =

[
1 +

7

8

(
4

11

)4/3

Neff

]
ργ , (IV.22)

where ργ represents the energy density of photons. In the SM, Neff = 3.046 [236] and thus
we denote contributions from additional relativistic species as ∆Neff = Neff − 3.046. The
contribution to ∆Neff from N1 can be estimated by comparing its energy density against
the one corresponding to a fully relativistic neutrino with temperature Tν [235]:

∆Neff(Tν) =
60

7π4

gs∗(Tν)

gs∗(Tprod)

mN1

Tν

∞∫
0

dx

√1 +

(
xTν
mN1

)2

− 1

 x2fN1(x, Tν)×

×
{

1, if Tν > 1 MeV(
11
4

)4/3
, if Tν < 1 MeV

. (IV.23)

Using as an example the benchmark points employed in Fig. IV.2, we can derive the
following values:

mN2 = 100 GeV→ ∆Neff ∼ 263 , mN2 = 400 GeV→ ∆Neff ∼ 0.07 . (IV.24)

Clearly, large mass gaps between N2 and σ± are disfavored. The reason is that such cases
would lead to larger abundances of N2 and therefore the hot DM component becomes
more prominent in the spectrum.
Current measurements by the Planck collaboration allow for an upper limit of ∆Neff = 0.28
(95% CL) (TT, TE, EE+lowE+lensing+BAO), which we refer to as “CMB strong”. In-
cluding the present tension in the measurement of the Hubble constant, this value in-
creases to ∆Neff = 0.52 (95% CL) (TT, TE, EE+lowE+lensing+BAO+R18) [52], thus
called “CMB weak”. Another bound can be derived from the BBN epoch, at which
∆Neff = 0.344 (95% CL) [237]. In contrast to the analysis done in Ref. [1] where we did
not include the entropy dilution factor in Eq. (IV.23), we are going to use the later bound
on ∆Neff. Since BBN takes place way before the CMB epoch in the early Universe, the
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Figure IV.4: Left figure: constraints from structure formation (red curves) confronted
with Neff limits (blue curves) derived using Eq. (IV.23). The solid curves correspond to
the “CMB weak” and dashed ones to the “CMB strong” choice of ∆Neff. Note that our
structure formation limits also indirectly depend on ∆Neff as it is an input parameter
for CLASS. Clearly, Neff yields much stronger limits in comparison to those arising from
structure formation. Shown in black solid is the curve for ΩN2→N1h

2 = 0.6× 10−3. Right
figure: same as left figure, whose contours are shown faded. The blue line indicates the
new updated bound coming from the BBN limit on ∆Neff while the red line stems from
a δA structure formation analysis as explained in Section IV.3.1. Additionally, the black
dashed line indicates ΩN2→N1h

2 = 0.36× 10−3.

DM has less time to cool down and thus it gives rise to stronger constraints.
By using Eq. (IV.23), we can estimate which parameter choices lead to ∆Neff values that
exceed the bound. We have performed a scan and have deduced the following condition:

ΩN2→N1h
2

ΩDMh2
. 0.4% , CN2

Γ & 5× 10−10 GeV , (IV.25)

necessary for consistency with cosmology, which is further indicated by the black curve
in Fig. IV.4.
Due to the above mentioned correction for Neff compared to the published version, we
compare the two results from Ref. [1] with the new single limit resulting from the BBN
limit on ∆Neff . As can be seen, the BBN limit on ∆Neff provides slightly stronger
constraints on mN2,3 compared to the results quoted in Ref. [1]. We have updated all cor-
responding plots with this new limit. Furthermore, in Fig. IV.4 we compare the results
from the two different structure formation analyses: the faded red lines correspond to the
adapted half-mode analysis, while the thick red line corresponds to a δA analysis with
δAref = 0.45. As indicated by the red arrow, the latter yields weaker limits on the neu-
trino mass, which is ultimately due to our conservative choice for mTR.

In Fig. IV.3 and Eq. (IV.24) we demonstrate that one of the chosen benchmark points is
excluded by both structure formation and Neff limits. Comparing both probes in Fig. IV.4
we conclude that the BBN ∆Neff bound generally leads to stronger exclusion limits. Hence,
in Section IV.4 we will compare regions in parameter space that are accessible at colliders,
with this ∆Neff limit. For instance, taking m± = 1 TeV, the lower bound on the heavy
lepton mass is mN2 & 340 GeV.31

31 There is a caveat as we have a freedom to choose the couplings between N2,3 and the charged leptons.
Throughout this section we assume couplings to tau leptons to be subdominant.
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IV.3.3 Constrains from big bang nucleosynthesis

As we have seen in the previous section, N2 decays produce SM leptons with large mo-
menta, which can inject a lot of energy into the plasma, thus affecting the primordial
abundances of light nuclei. Specifically, we need to ensure that N2 decays are fast enough
such that these highly energetic particles can thermalize with the plasma and thus the
abundances of light nuclei essentially remain unaffected during the BBN epoch. The cor-
responding decay rate of N2 into N1 and a pair of leptons is proportional to two powers
of the small Yukawa coupling y1 (see Eq. (IV.6)).
In order to obtain the BBN limits in the considered scenario, we adopt the results from
[204] where the authors studied the impact of decaying hidden sector particles to the
abundances of light nuclei. The channels of our interest are those containing charged
leptons. Decays of N2 into electrons and muons can take as long as O(100 s), since
they mainly induce electromagnetic cascades, which affect BBN at later times only. In
contrary, tau leptons decay mostly hadronically and this can significantly alter the abun-
dances of light nuclei due to a change in the neutron-proton ratio. Hence, unless the
abundance of N2 is strongly suppressed, the N2 decay time has to be . 1 s.
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Figure IV.5: BBN constraints for the case where N2 dominantly decays into electrons and
muons (left panel) and taus (right panel) are disfavoring parameter space below the black
lines. The regions excluded by the BBN epoch limit on ∆Neff are shown in red. The solid
green curve indicates the parameter space for a limiting case in which all of the DM is
produced by N2 decays. The regions in blue represent constraints from LFV experiments.
Finally, the region to the left of the vertical blue dashed line is favored by our collider
analysis in the sense that the mass gap between σ± and N2,3 is sufficiently large. The value
of the charged scalar mass in both panels is fixed to m± = 600 GeV. On the y-axis we show

the average Yukawa coupling of N2 and N3, defined as ȳ2 + ȳ3 ≡
√∑

α

(|y2α|2 + |y3α|2)/3.

To be conservative, we impose the decay time to be shorter than 1 s for all N2 decay
channels.32 The corresponding results for different Yukawa coupling strengths and RHN
masses are shown in Fig. IV.5, where black lines indicate BBN exclusion limits for a rep-
resentative value of m± = 600 GeV. The left panel corresponds to the dominant decay

32 Additionally, this ensures that SM neutrinos produced in these decays thermalize with the SM bath.
For temperatures T < 1 MeV their interaction with the plasma is not strong enough such that they reach
thermal equilibrium.
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into e±/µ± and in the right panel the case where N2 decays prominently into τ± pairs
is shown. These channels are motivated by the di-lepton and di-tau searches at collid-
ers which were presented and discussed in Chapter III. In addition, the red shaded areas
are excluded by the ∆Neff < 0.344 limit, which generally limits the parameter space the
most. Decreasing the magnitude of the corresponding Yukawa coupling, both, BBN and
∆Neff yield stronger constraints on mN2,3 with respect to the charged scalar mass, be-
cause according to Eq. (III.5) smaller couplings have to be compensated by larger RHN
masses in order to get the observed SM neutrino masses. Further, by increasing m±,
larger y1 are required for DM production through Σ decays and hence the BBN bounds
get weaker. LFV bounds (blue regions) are then also relaxed, see Eq. (III.10). Moreover,
the LFV bounds are weaker for maximized coupling to τ , because the most stringent lim-
its stem from transitions between second and first family leptons.
The thick green solid line indicates a parameter space corresponding to the DM production
only through N2 decays and such a scenario is clearly excluded. Finally, in the parameter
region to the left of the blue vertical dashed line, energies of would-be final state lep-
tons at colliders, arising from σ± → N2 `

±
α are below 100 GeV, making them hard to detect.

Here we have shown that there are regions of parameter space, in particular the region
m± → mNi , unconstrained by collider searches but which can still be excluded by Neff and
BBN limits. They start be competitive at small sizes of the involved Yukawa couplings,
because the collider searches are effectively independent on these parameters.

IV.4 Combining collider and cosmological limits

Having examined the impact of the corresponding light DM on cosmology in this chapter
and explored the capability of the HL-LHC, as well as future hadron (FCC-hh) and lepton
(CLIC) colliders for testing the ScM in Chapter III, we are going to summarize the limits
in the following. We start to discuss the implications for the parameter space available
at the HL-LHC. The left figure of Fig. IV.6 contains the sensitivity limits from the di-tau
search at the HL-LHC overlapped with bounds from BBN and ∆Neff and the right figure
is the corresponding di-lepton case. Considering the di-tau scenario, it turns out that the
discovery region is in tension with cosmological probes. Only a small part of the parameter
space around mN2,3 ' 100 GeV is not excluded for the optimal case while the sensitivity
for the realistic case is disfavored by cosmological limits. However, a certain portion of
the potential exclusion parameter region around mN2,3 ' 100–150 GeV and m± ' 200–
400 GeV is not constrained by cosmological data.
In the case of the di-lepton scenario, cosmology disfavors even more significant parts of
the available parameter space. It can be seen by comparing both plots of Fig. IV.6 that
Neff limits are stronger for the di-lepton case. This is due to the fact, that we can have
larger couplings in the di-tau case, because LFV processes yield less stringent bounds on
the Yukawa couplings for the third lepton generation. Hence, Neff bounds are weakened
in such a case since larger interaction rates give rise too a smaller freeze-out abundance
of N2, suppressing the hot DM component. This is the same reason why the BBN limit is
stronger for the di-lepton scenario, although, in contrast to the di-tau parametrization, it
cannot compete with the ∆Neff bound. The fact that the projected HL-LHC results are
covered by current cosmological observations is another motivation to consider facilities
with higher energies, as the most dominant Neff bound starts to flatten for m± > 600 GeV.
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Figure IV.6: Same figures as shown in Figs. III.4 and III.5, but now overlapped with BBN
constraints discussed in Section IV.3.3 and Neff limits discussed in Section IV.3.1. For the
di-lepton scenario (right picture), cosmological constraints already exclude most of the
potential exclusion region while the discovery region is completely covered for both cases.

A compilation of all derived constraints is shown in Fig. IV.7. The figure contains all
sensitivity curves already presented in Figs. III.4 to III.6 and III.8 as well as BBN and
∆Neff limits indicated by a black and gray line, respectively. While a potential discovery
at HL-LHC is less likely due to the tension with cosmological limits, the future colliders
offer a more promising situation in which large portions of the parameter space can be
tested.
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Figure IV.7: Summarized sensitivity curves for S0 = 2 as discussed in Sections III.4.2,
III.5.1 and III.5.2 for the HL-LHC (red shaded region) with 4 ab−1 (red shaded region),
CLIC with 5 ab−1 and (blue shaded region) and FCC-hh with 3 ab−1 and 30 ab−1 luminos-
ity (orange and green shaded regions). Again, the thin black line indicates mN2,3 = m±,
whereas the thick black line shows BBN constraints and the gray solid curve represent
Neff constraints for mN1 = 6 keV. The corresponding dashed contours indicate BBN and
Neff constraints for a DM particle with mN1 = 600 keV. We assumed a maximal coupling
to e and µ in this case.
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On the contrary, the non-collider limits shown in Fig. IV.7 depend on the magnitude of
the involved coupling yiα and the DM mass mN1 , while the collider searches do not de-
pend on them, as long as the BRs are staying the same. First, the BBN bound depends
on the lifetime τ of N2 given by τ ∝ Γ−1 ∝ (y1y2β)2 (using Eq. (IV.6)). Thus, if smaller
couplings than anticipated are used, this bound will strengthen accordingly. It further
features an implicit DM mass dependence, because it is related to τ via y2

1 ∝ m−1
N1

due to
the DM abundance given by Eq. (IV.4).
Second, the ∆Neff bound depends on the DM temperature T dec

N1
∝ (y1y2β)−1Tγ (see

Eq. (IV.20)) and the DM mass. However, for large T dec
N1

, Eq. (IV.23) can be significantly
simplified and the explicit DM mass dependence vanishes if ∆Neff is evaluated at the
BBN epoch and thus the limit is expected to scale similarly to the BBN bound.
Only the results of the half-mode analysis do dependent on mN1 : again, T dec

N1
is impor-

tant for evaluating the suppression of the corresponding matter power spectrum P (k)
and the impact of different y2α is rather simple, while the influence of mN1 is more subtle.
On the one hand, an increase in the DM temperature due to smaller y1 is compensated
by larger DM masses.33 On the other hand, having larger DM masses increases the N2

decay contribution (see Eq. (IV.7)) and hence the hot subcomponent becomes more im-
portant. In summary, also this bound gives stronger constraints, and the cosmological
bounds will persist even when N1 is heavier than we assumed in our analysis. Although
substantial larger DM masses are not directly motivated by our findings in Section III.2,
we consider a more general model setup and illustrate this effect by calculating the corre-
sponding limits for mN1 = 600 keV and show the results in Fig. IV.7 as dashed lines. For
this DM mass choice, it can be observed that the cosmological bounds increase by up to
a factor ∼ 2.5 compared to mN1 = 6 keV, since the corresponding decrease in y1 has to
be compensated for by a smaller abundance of DM produced in N2 decays.

In the following, we list upcoming cosmological and terrestrial searches which will provide
stronger limits on the above mentioned parameters, allowing for a complementary probe
of the parameter regions covered by future collider experiments.

� New searches for LFV processes can lower the bounds on Yukawa couplings y2α and
y3α. For instance the MEG II experiment [238] features a projected sensitivity of
BR(µ→ e γ) < 6×10−14; an improvement of about an order of magnitude compared
to the previous bound, which in turn would give rise to even later DM production
via N2 decays due to smaller Yukawa couplings.

� New observations of small scale structures in combination with detailed simulations
of warm DM will push mNRP to larger values and this in turn requires smaller y1

to produce the observed DM abundance via freeze-in, which will also impact BBN
limits. Some of these updated mass limits will be discussed in the next sections.

� The upcoming CMB-S4 experiment will measure Neff to a precision of ∆Neff = 0.06
[239] which leaves less room for a hot DM subcomponent.

To summarize, these rather complementary searches would probe the parameter space
up to even smaller mass ratios between σ± and RHNs. They directly or indirectly set a
stricter upper limit on the abundance of N2 which is crucial for cosmology. Hence, in the
near future these experiments will offer novel relations between collider searches and cos-
mological observations.
In particular, we want to point out, that this is the kinematic window in which coannihila-
tions are very effective and this can strongly suppress the “hot” DM component, relaxing

33 A DM species with mass mDM and temperate TDM has the same matter power spectrum as another DM
species with larger mass αmDM and higher temperature αTDM, where α > 1.
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the ∆Neff limits, while BBN limits still play a role. We wish to stress that such small
splitting between Z2-odd fermions and scalars at mass scales of ' 1 TeV is exactly the
setup that the observed amounts of DM and baryon asymmetry of the Universe can be si-
multaneously explained within the ScM, as shown in [2]. It is very intriguing that future
lepton colliders will offer the potential to search fo such scenarios.

IV.5 Summary of Chapter IV

Compared to the first chapter of this thesis, dedicated to collider searches, we focused in
this chapter on the cosmological implications of keV-scale fermionic DM N1 within the
ScM. In this setup there are two distinct DM production mechanisms: freeze-in through
the decays of heavy scalars and the production from the decay of the next-to-lightest
Z2-odd particle N2, which itself is produced via a freeze-out. The large mass gap between
the DM and N2 generally allows for a sufficient suppression of the abundance arising
from the latter mechanism. This is crucial, because this DM subcomponent features a
corresponding momentum distribution function with large momenta and could hence
lead to washout of structures at small scales. We showed that even stronger constraints
arise from the contribution of such hot DM to the effective number of relativistic species,
∆Neff at the epoch of BBN. We also derived BBN bounds from the requirement that N2

particles decay within ∼ 1 second, or otherwise they would hinder the formation of light
nuclei during this epoch.
For a DM mass of 6 keV and Yukawa couplings allowed by LFV experiments, we found
that the limit ∆Neff < 0.344 constrains the parameter space the most. In particular,
hot DM from N2 decays can contribute at most ' 0.1% to the total DM density. We
overlapped these cosmological limits with the projected collider exclusion results, de-
rived in the previous chapter, and were able to show that both approaches allow for an
complementary probe of the parameter space. In fact, these cosmological limits already
constrain a significant part of the collider accessible parameter space, in particular for the
HL-LHC. Further, we discussed how these cosmological bounds strengthen with larger
mN1 and/or smaller couplings y2, as these cases lead to an even later production of DM
particles and hence a further suppression of this subcomponent is necessary. The same
does not hold for the collider limits; they are effectively independent of the associated N1

DM phenomenology.

In summary, we have shown that if the scotogenic model is realized in Nature, there is
a number of complementary tests, stemming from terrestrial experiments to cosmological
surveys, indicating a rich model phenomenology and a very promising discovery potential
in the near future.
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Chapter V

The cosmology of frozen-in axion-like
particle dark matter

V.1 Motivation

Strong experimental limits severely constraint a weakly interacting massive particle
(WIMP) as a viable dark matter (DM) candidate [240] and this shifts DM research to-
wards alternative realizations. For instance, non-thermally produced light DM in form of
sterile neutrinos [80, 100, 241–243], fuzzy DM [244, 245], hidden photons [246, 247] and
ALPs [136, 248, 249] is not only receiving a significant attention with regards to exist-
ing and forthcoming terrestrial experiments [250], but also has the potential to resolve
discrepancies between observations and simulations, as for instance for properties of halo
formation [251]. Additionally, non-thermal DM candidates can be related to new solu-
tions of other open questions in the standard model (SM), such as the hierarchy problem
in the case of relaxion DM [252–254].
In this chapter, we focus on ALP DM with O(1–100 keV) mass, which is the scale moti-
vated by hints in gamma-ray data [93, 94] as well as the recent measurement of an excess
in electron recoil spectrum performed by the XENON1T collaboration [128]. In fact, the
former measurement can be explained by an ALP-photon coupling [248], while for the
latter, an ALP-fermion coupling, in particular to electrons, suffices [253]. In light of these
hints, we study ALP production via freeze-in through feeble interactions with SM gauge
bosons and fermions. Our main goal is to compute the structure formation limits that
have not been derived to date for keV-scale ALPs. For this purpose we use recent data
from Lyman-α forests as well as the observed number of MW subhalos. These limits are
widely scrutinized for light sterile neutrino DM [99, 233]. While using the results from
these studies would allow us to get a very rough estimate on the structure formation lim-
its for ALP DM, we find it valuable, especially in light of aforementioned experiments
that may start to detect DM, to perform a dedicated study and determine with large
precision a viable parameter space for the considered model. We also point out that
for bosonic DM such bounds are important irrespective of their strength, because the
Tremaine-Gunn bound on the DM mass does not apply, in contrast to fermionic DM [54].

This chapter is organized as follows: in Section V.2 we introduce the model and discuss
production channels for ALP DM. Following this, we calculate the DM momentum distri-
bution in V.2.1, where we use Maxwell-Boltzmann (MB) statistics to describe SM bath
particles and discuss briefly the case when quantum statistics are used instead. Then, in
Section V.3 we discuss experimental observations that allow us to constrain the ALP DM
parameter space. In Section V.4 we discuss theoretical aspects of ALP DM in the early
Universe, focusing on the interplay between misalignment and freeze-in production. In
Section V.5 our main results are presented and summarize in Section V.6.
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V.2 The model setup

The part of the Lagrangian relevant for the subsequent analysis is given by

L =
1

2
∂µa ∂

µa+
1

2
m2
aa

2 + f̄(i/∂ −mf )f − 1

4
FµνF

µν

− q e f̄ /A f +
caγγ
4fa

aFµνF̃
µν +

caff
fa

∂µa f̄γ
µγ5f . (V.1)

The first two terms are the kinetic and mass term for the pseudoscalar ALP field a. The
following three terms describe quantum electrodynamics (QED), namely a SM fermion
f with an electric charge q interacting with photon field Aµ whose corresponding (dual)
field strength tensor is denoted by Fµν (F̃µν). Finally, the last two terms describe the in-
teraction of an ALP with Aµ and f , respectively. We will focus on analyzing the ALP
coupling to photons and fermions separately, i.e. working under the assumption that ei-
ther caff or caγγ vanishes. These scenarios are dubbed as photophilic and photophobic,
respectively.

Regarding the photophilic case, at temperatures above ∼ 160 GeV the electroweak (EW)
symmetry SU(2)L×U(1)Y is restored, and we have to work in the {Bµ,W a

µ} basis instead,
where Bµ is the hypercharge gauge boson, whereas the W a

µ are the three corresponding
SU(2)L gauge bosons. In the following, we assume for simplicity that the ALP couples
only to the U(1)Y gauge field via the corresponding field strength tensor Bµν ,

caBB
4fa

aBµνB̃
µν . (V.2)

The caBB coupling is related to the ALP-photon coupling via the weak mixing angle θW ,
caBB cos(θW ) = caγγ , where cos θW ∼ 0.88.
The inclusion of the W a

µ and gluon fields would increase the production rate of ALPs,
but for the moment we consider only a coupling to photons, which is the scenario typi-
cally considered in the literature for heavy ALP searches [255–258]. We will come back
to this case when discussing our results in Section V.5.

In the photophobic case, using the equations of motion, we can replace the last term in
Eq. (V.1) with the term proportional to the fermion mass [125], (2mf/fa) a f̄γ5f . This
does not imply that such coupling is only present once EW symmetry is broken. After
a phase redefinition of the quark fields f and Higgs field H, a term iyf (cfa/fa)Q̄LHqR
is generated [259], where QL is a left-handed (LH) quark doublet, qR is a right-handed
(RH) quark field and cf is a free dimensionless parameter. In general, such coupling
exists for all SM quarks, but since it is proportional to the Yukawa coupling of the re-
spective quark, all contributions except the top quark are negligible due to their small
coupling strength. However, thanks to the large top Yukawa, the term iyt(cta/fa)Q̄3HtR
contributes very efficiently to the ALP production, and it can be the dominant source
when all ALP couplings to SM particles have the same order of magnitude.
In this work, however, we limit ourselves to sub-TeV values of the reheating temper-
ature in the photophobic scenario, namely TRH < 160 GeV. In that regime, the top
quark is Boltzmann suppressed and does not contribute to ALP production. Since the
ALP-fermion coupling is proportional to the fermion mass mf , relevant for ALP produc-
tion are the heaviest fermions after the top quark, namely bottom and charm quarks as
well as tau leptons.

The kinetic and interaction terms in Eq. (V.1) enable ALP production from thermalized
fermions and vector bosons V (the photon, a gluon, or the U(1)Y gauge field) through
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f V → f a

f f̄ → V a

photophilic
caγγ 6= 0, caff = 0

photophobic
caγγ = 0, caff 6= 0

B

f

a

f

f

f̄

a

B

f

γ/g

a

f̄

f

f̄

a

γ/g

γ/g

f

a

f

f̄

f

a

γ/g

Figure V.1: Tree level Feynman diagrams for the two processes of interest, fV → fa (top)
and f̄f → V a (bottom), in the photophilic (left) and photophobic (right) cases. Image
credits: Enrico Morgante

V f → af and f̄f → V a channels. For both of these processes there are one photon- and
two f -mediated Feynman diagrams contributing at tree level (see Fig. V.1). We note
that for mixed scenarios where caff ∼ caγγ , our results turn out to be driven by couplings
to photons, namely they effectively match the photophilic scenario. This is because in the
photophobic case, the ALP interaction operator is proportional to the fermion mass, and
thus the production rate is suppressed with respect to the photophilic case by a factor
mf/TRH.
Independently of the scenario under consideration, the production of keV-scale ALP DM
through the processes depicted in Fig. V.1 should occur via “freeze-in” [76], because for
ma & 100 eV the freeze-out would lead to DM relic abundance that greatly exceeds present
measurements [260]. The relic abundance of non-thermalized ALP DM is given by [248]

ΩALPh
2 ' 0.12

ma

154 eV

106.75

gs∗(TRH)

Γ

H

∣∣∣∣∣
TRH

, (V.3)

and a freeze-in scenario requires that Γ < H during reheating, or otherwise the ALP DM
would thermalize instead.

V.2.1 Calculation of the momentum distribution function

Equipped with the model Lagrangian we will derive the ALP DM momentum distribution
function f(pa, t) in this section. It is a key ingredient needed to calculate the properties
of ALP DM and its influence on structure formation and can be obtained by solving the
Boltzmann equation, which, for the process 1 + 2→ 3 + a, reads:[

∂

∂t
−Hpa

∂

∂pa

]
f(pa, t) = C(pa) . (V.4)
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The collision term on the r.h.s depends on the DM production mechanism and is given by

C(pa) =
1

2E

∫
d3p1

(2π)32E1

d3p2

(2π)32E2

d3p3

(2π)32E3
(2π)4δ4(P1 + P2 − P3 − Pa)×

× |M|2f1(E1, T )f2(E2, T )(1− f3(E3, T )) . (V.5)

Here, |MA|2 is the averaged squared amplitude for the considered process. In what fol-
lows, we present the computation of the ALP DM distribution function for the case of MB
statistics describing the SM bath and highlight some differences compared to a quantum
statistical treatment.
Using MB statistics and assuming fi � 1 for all particles involved, simplifies the Boltz-
mann equation considerably [234]. Indeed, we can approximate f1(E1)f2(E2)(1−f3(E3)) ≈
exp[−(E1 + E2)/T ] = exp(−P0/T ), where P = P1 +P2 = P3 +P4 and P0 is the first com-
ponent of the four-vector P . The collision term can then be factorized as

C(pa) =
1

2E

∫
d4P

(2π)4

e−P0/T

2E3
(2π) δ(E3 + Ea − P0)×

×
∫

d3p2

(2π)32E2

d3p3

(2π)32E3
(2π)4 δ4(P1 + P2 − P ) |MA|2 . (V.6)

Neglecting any CP violation, the second line is nothing but the reduced cross section, σ̂,
of the inverse process 3 + a→ 1 + 2, multiplied by a phase space factor λ(s,m2

1,m
2
2)1/2/s.

It is related to the usual cross section through σ̂ = 2 [λ(s,m2
1,m

2
2)/s]σ, where s is a

Mandelstam variable and λ is the Källén function. This function is approximated by
λ ≈ s2 for masses ma,mf .

√
s ∼ T which is the case for the relevant epoch in the early

Universe associated to ALP DM production. The second line of Eq. (V.6) is invariant
under longitudinal boosts, which allows us to compute it in the center-of-mass frame.
We calculate σ̂ analytically at tree level considering the diagrams shown in Fig. V.1. For
QED with one fermion of charge ±1, we obtain

σ̂f̄f→γa =
e2

12π

c2
aγγ

f2
a

s

(
1 + 2

m2
f

s

)√
1−

4m2
f

s

− 2

π
e2m2

f

(
2
c2
aff

f2
a

+
caffcaγγ
f2
a

)
log

s− 2m2
f − s

√
1− 4m2

f/s

2m2
f

 , (V.7)

and

σ̂fγ→fa =
e2

16π

c2
aγγ

f2
a

s

(
1−

m2
f

s

)2 [
4 log

(
(s−m2

f )2

sm2
γ

)
− 3− 2

m2
f

s
+
m4
f

s2

]

− e2

2π

(
2
c2
aff

f2
a

+
caffcaγγ
f2
a

)
m2
f

(
1−

m2
f

s

)(
2 log

(
s

m2
f

)
− 3 + 4

m2
f

s
−
m4
f

s2

)
. (V.8)

Details on the derivation of the cross section starting from the matrix amplitudes of the
corresponding Feynman diagrams are given in Section V.7. Here, mγ ≈ eT/3 is the plas-
mon mass that serves as a regulator for the diagram including t-channel photon exchange.
The expressions in Eqs. (V.7) and (V.8) are obtained for general cases of both caγγ and
caff 6= 0 and have well defined limits if any of these two couplings vanishes. We note that
Eq. (V.8) holds for both f and f̄ scattering off photons and thus it must be summed over
twice.
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The expressions in Eqs. (V.7) and (V.8) must be generalized to account for the presence
of SM fermions. Additionally, in the photophilic scenario, in which the ALP population
is generated at T � 160 GeV, e2caγγ must be replaced by g′2caBB = g′2caγγ/ cos2 θW ,
and the result must be multiplied by the sum over the hypercharge of SM fermions,
gY ≡

∑
L Y

2ncnfnL = 10, where the sum runs over all LH doublets (nL = 2) and RH sin-
glets (nL = 1). The plasmon mass for a B gauge boson is given by (11/12)1/2g′T [259].

On the contrary, in the photophobic scenario, the electric charge e2 should be multi-
plied by q2nc for leptons, and replaced with q2nce

2 + 4g2
s for quarks, and finally summed

over the SM fermions involved (typically b, c, τ). Here, nc is the number of colors of
the fermion f and q its electric charge in units of e. For quarks, we take the diagrams
with an external gluon into account as well. The diagrams involving an external gluon
can be derived from the QED diagrams by replacing ieγµ with igsγ

µT a where T a are
SU(3) generators. Summing over initial and final states, we have to evaluate the trace
Tr [T aT a] which gives the factor 4 in front of the second term of the substitution for quarks.

It is convenient to rewrite the Boltzmann equation (Eq. (V.6)) by defining dimensionless
quantities, r = mH/T and x = p/T , where mH is a reference mass which we fix to be
the Higgs mass; its actual value is irrelevant as mH cancels in the calculation of physical
quantities. Thus, r acts as a time variable, while x denotes the comoving ALP momentum.
With this redefinition we obtain the expression given in Eq. (11) of [234] for an ALP DM
distribution function,

f(x) =
M0

16π2mH x2

rf∫
ri

dr

∞∫
y∗

dy σ̂

(
m2
H y

r2

)
exp

[
−x− y

4x

]
, (V.9)

where M0 = MPl

√
45/(4π3gs∗(T )) and MPl = 1/

√
GN ≈ 1.22 × 1019 GeV is the Planck

mass; ri,f are the lower and upper integration boundaries set by mH/TRH and mH/mf ,
respectively; y∗ = 4rm2

f/m
2
H for the fermion annihilation process and y∗ = rm2

f/m
2
H for

fermion scattering. We would like to point out, that f(x) has no explicit time dependence,
because it is evaluated at times rf . Using this approach, the change of the number of
effective entropic degrees of freedom (DOF), gs∗(T ), is not taken into account but in the
relevant high-temperature range (that is above the QCD phase transition at T ∼ 100 MeV)
such approximation is justified.
In Eq. (V.9) and in the following, we expand the expressions up to the first non-zero order
in mf , i.e. we set mf = 0 everywhere apart from the cross section where we keep the
factor m2

f multiplying the c2
aff terms. We also keep only the first non-zero mf -dependent

term inside the logarithms (see Eqs. (V.7) and (V.8)). The same holds for the integration
limits rf and y∗, which can be sent, respectively, to infinity and to zero in the photophilic
ALP case. Finally, we drop the interference terms ∝ caγγcaff , as we are going to consider
separately the cases caγγ = 0 and caff = 0. Note that the interference terms in Eqs. (V.7)
and (V.8) are proportional to the corresponding c2

aff terms, and hence, even if considered,
they would not lead to any major effect, in particular the energy dependence of the cross
section would be unaltered.
The distribution function can thus be integrated analytically. We obtain

f(x) =
g′2

12π3 cos2 θW
gYM0 TRH

c2
aγγ

f2
a

e−x
{

1 +
3

2

[
1− 4γE + 4 log

(
48x

11g′2

)]}
, (V.10)

in the photophilic and

f(x) =
∑
f

1

2π3
M0 κf

c2
aff

f2
a

e−x

x

{[
2
√
πx (1 + log 2) erf

(
1√
x

)
+ 2Γ

(
0,

1

x

)]
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+

[√
πx erf

(
1

2
√
x

)
+ 2Γ

(
0,

1

4x

)]}
, (V.11)

in the photophobic scenario. In these expressions, erf(x) is the error and Γ(a, x) is the
incomplete Gamma function and the factor κf is equal to mf nc q

2e2 for leptons and to
mf nc q

2e2 + 4mf g
2
s for quarks. The strong gauge coupling, gs, is fixed to 1.31 which is

obtained by averaging αs over the relevant energy range between the b and Z mass,

αs ≡
1

mZ −mb

mZ∫
mb

dµαs(µ) ≈ 0.137, (V.12)

where the running of αs(µ) is given by the corresponding renormalization
group equation [261]. Finally, the parameter κf takes the approximate values
{0.16, 8.97, 29.0, 38.1, 38.9}GeV for tau, charm, bottom, the sum over these three, and
the sum over all SM fermions (excluding the top), respectively.
In both, Eq. (V.10) and Eq. (V.11), the first term in the curly brackets comes from the
fermion annihilation process ff̄ → V a, while the second arises from scattering fV → fa.
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Figure V.2: The ALP momentum distribution function plotted as x2f(x). Left figure: In
blue we show the photophilic case for MB statistics; black lines represent the photophilic
case with quantum statistics and in green we show the photophobic case for MB statistics.
For each, the dashed (dot-dashed) line represents f̄f → V a (fV → fa) and the solid line
is their sum. The vertical dashed line marks p = g′T , left of which thermal corrections
should be added [262]. Right figure: Photophilic scenario for MB and quantum statistics in
QED, namely, including only a single fermion carrying unit charge. Image credits: Enrico
Morgante (adapted by author)

The left panel of Fig. V.2 shows the momentum distribution multiplied with x2 obtained
for the photophilic (blue) and photophobic (green) ALP DM, in units of M0 TRH c

2
a/f

2
a ,

where ca denotes caγγ or caff , respectively.
The dashed lines represent the contribution from fermion annihilation, the dot-dashed ones
correspond to fermion scattering, and solid lines are the sum. We rescaled the photophobic
ALP lines by TRH/κf , as otherwise, for caγγ ∼ caff choice, green lines would not be visible
on the same panel next to those corresponding to photophilic ALP. Moreover, since for
the photophobic ALP, f(x) ∝ mf q

2nc, with such rescaling the computed green curve is
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independent of the fermion choice. It can be seen from the plot that, if both caγγ and
caff are present, the contribution from caff is negligible as long as caff . caγγTRH/mf .
Finally, the black lines are the results for f(x) when using quantum statistics for the
involved particles, and we will discuss this case briefly at the end of this section.
Importantly, at p/T ' 4 × 10−2 the dot-dashed blue line turns negative and hence the
momentum distribution becomes unphysical for smaller values of p/T . The reason for that
is a simplified treatment of the infrared (IR) divergence in the t-channel photon exchange
diagram where we use the plasmon mass mγ as a momentum cutoff. For the purpose of
our computations, we make a sharp cut at the location where the function turns negative.
In the case of a MB distribution, we infer this condition to be

p/T = exp [−1/4 + γE ]
m2
γ

4T 2
' 0.04 . (V.13)

The same condition holds also for QED, with appropriately adjusted plasmon mass mγ .
Such a single fermion scenario is shown in the right panel of Fig. V.2 and we can observe
the shift of the cutoff toward an order of magnitude smaller values of p/T ; this effect only
arises due to different values for the plasmon mass in the full model and QED, respec-
tively. In any case, for both panels, the cutoff occurs at a value of p/T at least two orders
of magnitude smaller than the expected mean, 〈p/T 〉. If the cutoff was at p/T ' O(1),
the further calculation of structure formation based on this f(x) would not be justified.
Coming back to the left panel of Fig. V.2, we can infer that in the photophilic case, the
annihilation process is subdominant, and as such it is often neglected in the literature
(see for example Refs. [136, 260, 263]). On the other hand, in the photophobic case it
yields a contribution comparable to scattering (see also Eqs. (V.21) and (V.22)). For the
average momentum we obtain 〈p/T 〉 = 3.24 for a photophilic ALP and 〈p/T 〉 = 2.36 for
a photophobic one. Up to higher order corrections, this result is independent of mf .

The procedure described above is only approximate, and it fails to capture two features
that may a priori be important. First, it cannot account correctly for the phase space
regions where pi . T , as in these regions MB statistics deviates from a quantum statistics
treatment. Second, thermal field theory effects are important for pi . eT , and must
be correctly resummed. This is especially true for the process fB → fa, which has
a logarithmic IR divergence when |pγ − pa| → 0. In that context, it is interesting to
consider the question whether the usage of quantum statistics could in principle cure
the occurrence of a negative momentum distribution function at low p/T . Following the
procedure discussed in Ref. [263], we isolate the momentum k flowing in the t-channel
propagator and calculated the hard part of the process, by imposing an IR cutoff in
the integration, |k| > kcut, which diverges for kcut → 0. By adding a soft term which is
extracted from the ALP self-energy evaluated with a resummed photon propagator at finite
temperature, the sum is finite since the cutoff drops out and only the thermal photon mass

remains, log(T/mγ) = − log
(√

11/12g′
)

. More details on the calculation can be found in

Ref. [3] and we are going to highlight two important consequences in the following: first,
these expressions are only accurate for pa > g′T , but they correctly account for the case
p1,2,3 < g′T . Below this momentum, the ALP-photon vertex should be thermally corrected
as well [262]. Second, obtaining the momentum distribution from the collision term by
solving the Boltzmann equation (see Eq. (II.33)), which is most conveniently written in
terms of already introduced dimensionless quantities

m2
H

M0r

∂

∂r
fQS(x, r) = C(x, r) . (V.14)

we find that the corresponding distribution function is similar in shape compared to the
one obtained with MB statistics (see again Fig. V.2). The overall normalization differs

75



CHAPTER V. THE COSMOLOGY OF FROZEN-IN AXION-LIKE PARTICLE
DARK MATTER

by a factor
∫
d3 pafMB/

∫
d3 pafQS ∼ 5, which is not relevant for the purpose of deriving

structure formation limits. More importantly, the average momentum is very similar be-
tween the two cases; we obtain 〈p/T 〉 = 3.18 for quantum statistics that is to be compared
with 3.24 from MB yielding only a ≈ 2% difference.
Due to practically identical results on 〈p/T 〉 that stem from the two approaches and the
fact that the cutoff to be imposed is at values of p/T that do not effectively impact 〈p/T 〉,
we proceed with the classical statistics description that allows us to work with fully ana-
lytical expressions when deriving limits from structure formation in Section V.5.

V.2.2 Axion-like particle properties and production

In the following, we are going to use the ALP DM momentum distribution function f(x)
given in Eqs. (V.10) and (V.11) to derive important quantities of the DM species such as
its abundance for instance.
The first step is to verify, that the ALP does not thermalize in the early Universe. This
implies that the reheating temperature, TRH, should not exceed the temperature at which
ALP decouples from the thermal plasma. This decoupling temperature, Tdec, can be esti-
mated by equating the scattering rate Γ and the Hubble rate H(T ) (see Eq. (II.28)). The
scattering rate can be calculated from the momentum integrated collision term, C(x, r),
which can be derived from the production cross section by comparing Eq. (V.9) and
Eq. (V.14), and the number density of SM fermions, nf = 4(6 + 3 · 6)× 3ζ(3)T 3/(4π2) =
72ζ(3)T 3/π2, where we sum over all lepton and colored quark families and counting par-
ticles/antiparticles. The number density is derived from Eq. (II.22) using a Fermi-Dirac
distribution in the highly relativistic limit. In the photophilic case we find for Γ,

Γ =

∫
d3p

(2π3)

C(x, r)

nf

=
T 4

8π3nf

∞∫
0

dx

∞∫
y∗

dy σ̂
(
T 2 y

)
exp

[
−x− y

4x

]

=
g′2 T 3

1728π3ζ(3) cos2 θW

c2
aγγ

f2
a

gY

(
23− 24γE − 12 log

(
11g′2

48

))
, (V.15)

where γE is the Euler-Mascheroni constant. For the numerical values of the QED and
U(1)Y coupling constants, e and g′, we use

√
4π/137 and 0.35, respectively and neglect

the running of these parameters.
On the other hand, the requirement that the correct DM abundance is reproduced can be
used to fix the reheating temperature in terms of caγγ (see Eq. (II.31)),

TRH =
gs∗(TRH)

ma

4π4

45

ρc
s0

12f2
aπ

3

g′2M0 gY

cos2 θw f
2
a

c2
aγγ

ΩDMh
2

[
23− 24γ + 12 log

(
11g′2

48

)]−1

.

(V.16)

Comparing both temperatures gives the following ratio, where most prefactors dropped
out,34

TRH

Tdec
' 2× 10−4

(
gs∗(T )

106.75

)(
10 keV

ma

)
. (V.17)

Hence, for ma ∼ O(10 keV) it is guaranteed that the ALP DM never thermalizes.
For the photophobic scenario, Γ/H(T ) is largest for temperatures at T ' mf : at higher

34 This ratio slightly differs from the published version. Although it is roughly two times larger, it does
not significantly affect the interpretation of the results based on it.
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temperatures, the Hubble rate is stronger than Γ, while at T < mf the scattering rate
drops because of the Boltzmann suppression of the respective fermion. However, as we
will show next, demanding that ΩDMh

2 is matched, we require caff/fa . 10−9 GeV−1 for
ma = O(10 keV) and with such feeble couplings it is guaranteed that photophobic ALP
DM does not thermalize with SM species and thus freeze-in is viable.
Doing a momentum integration of the distribution function given in Eq. (V.10), we find
for the contribution from f̄f → Ba in the photophilic scenario to the DM abundance,

Ωf̄f→Ba
DM h2 ≈ 0.12

(
106.75

gs∗(Tprod)

)3/2( caγγ/fa

10−17 GeV−1

)2 ( mDM

10 keV

)( TRH

6.7× 1016 GeV

)
,

(V.18)

and the fB → fa process yields

ΩfB→fa
DM h2 ≈ 0.12

(
106.75

gs∗(Tprod)

)3/2( caγγ/fa

10−17 GeV−1

)2 ( mDM

10 keV

)( TRH

2.7× 1015 GeV

)
.

(V.19)

Including both contributions we get

ΩDMh
2 ≈ 0.12

(
106.75

gs∗(Tprod)

)3/2( caγγ/fa

10−17 GeV−1

)2 ( mDM

10 keV

)( TRH

2.6× 1015 GeV

)
. (V.20)

We keep gs∗(Tprod) fixed at the time of ALP DM production, i.e. the reheating temperature
TRH. Clearly, the scattering process fB → fa is the dominant production channel in the
photophilic scenario and hence will also be the more important process in the determina-
tion of structure formation limits. The reason for that lies in the logarithmic enhancement
arising due to regularizing the t-channel B-mediated process with a thermal gauge boson
mass which is absent for the production via fermion annihilation.
The equivalent equations to Eqs. (V.18) and (V.19) for the photophobic scenario read

Ωf̄f→V a
DM h2 ≈ 0.12

(
80

gs∗(Tprod)

)3/2 ( mDM

10 keV

)( ∑
f κf

38.9 GeV

)(
caff/fa

9.6× 10−11 GeV−1

)2

,

(V.21)
and

ΩfV→fa
DM h2 ≈ 0.12

(
80

gs∗(Tprod)

)3/2 ( mDM

10 keV

)( ∑
f κf

38.9 GeV

)(
caff/fa

1.2× 10−10 GeV−1

)2

,

(V.22)
while the sum gives

ΩDMh
2 ≈ 0.12

(
80

gs∗(Tprod)

)3/2 ( mDM

10 keV

)( ∑
f κf

38.9 GeV

)(
caff/fa

7.6× 10−11 GeV−1

)2

. (V.23)

One can infer from Eqs. (V.21) and (V.22) that both f̄f → V a and fV → fa are of
similar strength in the photophobic scenario and thus both contributions are important
when deriving limits from structure formation.
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V.3 Structure formation probes: Lyman-α forests and
Milky Way satellites

As already discussed in Section II.2.6, a DM candidate which features a non-vanishing
distribution function for rather large values of p/T can be considered to be “warm”. It
starts to wash out structures at small scales and this can be quantified by the suppression
of the matter power spectrum at such scales. The respective DM momentum distribution
function f(x, r) is essential in the computation of the matter power spectrum, P (k) at
wavenumbers k. Hence, computing the matter power spectrum is a starting point and the
essence for assessing the structure formation limits. In the following, we are going to use
the tools developed in Sections II.2.6.1 and II.2.6.3 to calculate the suppression effect on
small scale structures for this warm ALP DM model, i.e we are going to use a half-mode
analysis and counting the number of Milky Way (MW) subhalos to limit the ALP DM pa-
rameter space.
Qualitatively, the suppression of small scale structures due to ALP DM can be quanti-
fied by the average momentum 〈p/T 〉 of the respective momentum distribution function
corresponding to both production channels for which we find:

〈p/T 〉f̄f→V a =

∫∞
0 dxx3ff̄f→γa(x)∫∞
0 dxx2ff̄f→γa(x)

= 3.0 (2.31) ,

〈p/T 〉fV→fa =

∫∞
0 dxx3ffγ→fa(x)∫∞
0 dxx2ffγ→fa(x)

≈ 3.24 (2.44) ,

⇒ 〈p/T 〉 ≈ 3.24 (2.36) , (V.24)

where f(x) is evaluated at rf = mH/mf for the photophobic and at r → 0 for the
photophilic scenario. The numbers in each line correspond to the photophilic and photo-
phobic scenario, the latter given in brackets. The last line refers to the sum of the two
process, and it is the one which is physically relevant. Based on the averaged momentum
the photophilic scenario is slightly “warmer” than the photophobic case.

We start by repeating some details for the respective analysis techniques. The starting
point of a half-mode analysis is the transfer function T (k),

T (k) ≡
√

P (k)

P (k)ΛCDM
, (V.25)

where the subscript ΛCDM in the denominator denotes the reference matter power spec-
trum and the expression in the numerator is the corresponding power spectrum for ALP
DM. In the following we calculate it numerically by providing analytical expressions for
f(x) to CLASS [145, 146]. Furthermore, we have to take into account entropy dilution ef-
fects due to a change in gs∗(T ) between the time of production and today. This effect is
quantified via an effective DM temperature TDM which is related to the photon tempera-
ture Tγ by

TDM =

(
gs∗(T0)

gs∗(Tprod)

)1/3

Tγ =

(
3.94

gs∗(Tprod)

)1/3

Tγ . (V.26)

As can be seen this leads to a “cooling” of the ALP DM and the strength of this effect
depends on the time of production Tprod. Above the electroweak phase transition we have
gs∗(T ) = 106.75 for the SM.
As explained in Section II.2.6.1, the computed transfer function is compared to an analyti-
cal fit of the transfer function of a warm thermal relic (TR) with mass mTR and abundance
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ΩTR [148] (see Eqs. (II.45) and (II.46) for further details on the analytical expression). In
the following, we use for the Hubble constant, h, and ΩTR the values quoted in Ref. [52].
We can relate the masses ma and mTR by equalizing the free-streaming length, λFS, for
the ALP and TR model. In the thermal relic case, λFS ∼ 0.22 Mpc (keV/mTR)4/3, whereas
for the ALP [234],

λFS ∼ Mpc

(
keV

ma

)(
gs∗(Tν)

gs∗(Tprod

)1/3

. (V.27)

Since we deal with large production temperatures, Tprod, we have g(Tprod) = 106.75,
whereas the thermal relics decouple at a later time Tν , where gs∗(Tν) = 10.75. This allows
us to derive the following relation between the two masses:

(ma)min ' 2.1 keV
( mTR

1 keV

)4/3
. (V.28)

Our averaged ALP DM momentum is similar to the result quoted in Ref. [264].
A better comparison can be done by utilizing the half-mode criterion (see Eqs. (II.48)
and (II.49)). The reference transfer function, Tlim, is based on Eq. (II.45) and uses mTR

adopted from dedicated searches using limits from Lyman-α forest observations. The
lower bounds on the mass of thermal relic, mTR, span the range between mTR = 1.9 and
5.58 keV (see Refs. [56, 148, 231, 265, 266]). When showing our limits on the ALP DM
parameter space, we will present both weak and strong bounds, corresponding to this
mass range of mTR. In Fig. V.3 we show the transfer function of ALP DM for a selection
of different masses ma as solid, dotted and dashed blue lines and compare them against
the limits which exclude the red and light red shaded regions. One can infer that the
more stringent limit (mTR = 5.58 keV) is essentially excluding ALP masses ma . 15 keV,
whereas by taking the weaker limit of mTR = 1.9 keV, only ma . 5 keV are disfavored.
Using the corresponding half-mode wavenumber khalf , we can deduce a relation similar
to Eq. (V.28). For the ALP model we derived khalf numerically from the matter power
spectrum for different ma and fitted the result with an exponential to get the relation

kALP
half = p1

( ma

keV

)p2

, with p1 = 0.87 , p2 = 3.56 . (V.29)

In the case of a thermal relic, we can solve the equation T (khalf)
2 = 1/2 using Eq. (II.45)

directly to find that

kTR
half =

(
2ν/10 − 1

)1/(2ν)

α
, (V.30)

where α depends on mTR. Equating Eqs. (V.29) and (V.30) allows to derive a numerical
relation between mTR and our ALP DM mass,

(ma)min ' 2.1 keV
( mTR

1 keV

)1.27
, (V.31)

which can be used to map limits from structure formation quoted in mTR directly onto a
limit (ma)min. Assuming a different value for gs∗(Tprod) we have to modify this relation by
taking the entropy dilution (Eq. (V.26)) into account. Consequently, the previous equation
is modified by an additional factor

(ma)min ' 2.1 keV
( mTR

1 keV

)1.27
(

106.75

gs∗(Tprod)

)1/3

. (V.32)

Therefore, smaller values of gs∗(Tprod) have to be compensated by larger ALP DM masses.
We will come back to this when discussing limits for the photophobic scenario.
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Figure V.3: Transfer function T (k) shown as blue lines for photophilic ALP DM with
different masses compared to thermal relic limits presented as an analytic fit given in
Eq. (II.45). Shaded in red is the weak limit whereas the light red shaded region is excluded
by the strong limit. Hence, the weakest mass bound stemming from this analysis is
ma ' 5 keV, as indicated by the dotted blue line.

As far as the number of MW satellites is concerned, ALP DM with a momentum distri-
bution function which yields an averaged momentum as given in Eq. (V.24) would cause
the occurrence of smaller number of subhalos compared to ΛCDM. The predicted number
of satellites has an intriguing connection with the type of DM and its production and we
are able to set limits on ma by requiring that the number of satellites is not smaller that
what was observed. As explained in Section II.2.6.3, we are going to set Nsub = 64 as the
number of observed subhalos and thus ALP DM scenarios which predict less subhalos will
be excluded. However, there is some uncertainty associated to this number and therefore
we will examine the influence of Nsub on our results in more detail in Section V.7.3.
A detailed discussion on the derivation of Nsub is given in Section II.2.6.3. In the fol-
lowing, we are going to calculate Nsub via the integral over the subhalo mass range (see
Eqs. (II.58) and (II.59) for more details)

Nsub =

MMW∫
Mmin

dM
1

34

1

6π2

MMW

M

P (1/R)

R3
√

2π(S − S0)
, (V.33)

which depends explicitly and implicitly via the variance S on the matter power spectrum
P (k) of the underlying ALP DM model. Here, the integration boundaries are given by,
Mmin = 108M� and the MW mass, MMW. Decreasing ma leads to smaller variances Si
as well as a suppression of P (k) which then features an earlier drop. The latter effect is,
however, stronger and therefore less subhalos Nsub are predicted.
We further note, that the prediction for Nsub clearly depends on the MW mass, MMW. The
precise value of this quantity is still under investigation and, depending on the analysis,
the reported values range roughly between 1 × 1012M� < MMW < 1.5 × 1012M� (see
Refs. [267–271] and references therein), using recent data from the GAIA survey. In
the following, we will refer to the lower mass as strong, while the higher mass bound is
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dubbed as weak, because a heavier MW mass allow for a larger number of subhalos in
the considered ALP DM model. We want to stress the following two subtleties: first, the
quoted MW masses are defined with respect to densities 200 times larger than the critical
density, the so-called virial mass of the MW. For this reason, the constant C of Eq. (II.59)
is given by C = 34. Second, Eq. (V.33) uses MW masses in units of M�/h as an input
and we have to take this additional factor into account.

V.4 Suppressing production from misalignment and topo-
logical defects

An important assumption of our discussion is that the ALP DM is predominantly pro-
duced through a freeze-in process. This means that a contribution to the ALP abundance
by the misalignment, as well as any ALP population produced from the decay of topolog-
ical defects such as cosmic strings, must be suppressed. As we are going to show in what
follows, this is not trivial for the photophilic ALP, as the requirement of a small misalign-
ment energy density implies bounds on TRH and fa which are in contrast with what is
needed in order to match the observed DM abundance with ALP production via freeze-in.
If ALP DM features a significant contribution from misalignment, limits from structure
formation will be weakened, because, in contrast to ALP DM produced by a freeze-in, this
ALP behaves like “cold” DM (CDM) after the axion field relaxed to the potential min-
imum. For this reason, in order to justify the assumption that the misalignment energy
density is suppressed, we will need some specific assumption about the axion potential
and the specific symmetry breaking pattern through which it develops in the early Uni-
verse. This statement holds only for the photophilic axion, as we will discuss below.
The energy density from ALP misalignment, assuming a constant ALP mass, is [136]

Ωah
2 = 1.61× 10−2

(ma

eV

)1/2 ( ai
1011 GeV

)2
. (V.34)

Requiring that this value does not exceed the observed DM abundance yields

ai < 2.6× 1010

(
10 keV

ma

)1/4

GeV , (V.35)

where ai is the displacement of the ALP from the potential minimum when it starts
to oscillate. It is related to the misalignment angle θi via ai = θi fa. If the ALP is
present during inflation,35 the minimal misalignment is set by quantum fluctuations during
inflation, ai >

√
NeHI/2π [58]. Here, Ne is the number of e-folds36 of inflation and HI

is the Hubble rate during the inflation epoch. This, combined with Eq. (V.35), results in
a rather stringent upper limit for HI . Recalling that the maximal reheating temperature
is obtained under the assumption of instantaneous reheating, i.e. the case in which the
entire energy density of inflation is converted into radiation, we obtain a bound on the
reheating temperature,

TRH < 1.2× 1014

(
106.75

gs∗(Tprod)

)1/4(10 keV

ma

)1/8( 60

Ne

)1/4

GeV . (V.36)

35 If the ALP is the pseudo-Nambu-Goldstone boson (PNGB) of a spontaneously broken global symmetry,
this corresponds to the scenario where the symmetry is broken before or during inflation, with HI < fa.
In any case, this assumption is not crucial for our discussion.

36 One e-fold is the time interval in which a patch of the Universe is grown by a factor of e. Hence, it acts
as a time variable in inflation scenarios.
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With such values of TRH in the photophilic scenario, matching the DM abundance would
typically be only achievable for large caγγ/fa couplings, disfavored by gamma-ray con-
straints for ma & 2 keV (see TRH = 1014 GeV line in Fig. V.4). For the photophobic
scenario instead, this bound is always satisfied in our considered parameter space.
In the following, we present two alternative ways in which the misalignment contribution
can be suppressed without implying a low reheating temperature as in Eq. (V.36).

For instance, if the Peccei-Quinn (PQ) symmetry breaks after inflation, the Universe
consists of many patches with different values for ai. Thus, neglecting anharmonicities in
the potential, the initial misalignment angle is given by by the root mean average over
all possible values for θi, 〈θ2

i 〉 =
∫ π
−π dθ̄i θ̄

2
i /2π = π2/3. After inserting this value into

Eq. (V.34) and imposing Ωah
2 < ΩDMh

2 we obtain

fa < 1.4× 1010

(
10 keV

ma

)1/4

GeV . (V.37)

In this case we have no upper bound on the reheating temperature, because 〈ai〉 is fixed
from the beginning. We only need to assume that the ALP-SM couplings are suppressed
compared to fa, i.e. caγγ , caff � α/(2π), the r.h.s being the reference value of this cou-
pling in typical axion models. Further, we need to make sure that the contribution from
the decay of cosmic string is negligible. For the typical example of a PNGB from the
breaking of a global U(1) symmetry, such as the standard QCD axion, the axion abun-
dance from the decay of topological defects is similar in magnitude to the one from
misalignment [124].37 Assuming this is the case, we expect both contributions to be sub-
dominant when Eq. (V.37) is satisfied.

The second way of suppressing the misalignment energy density is to have a very small
angle from the start. This is achieved if the PQ symmetry is broken already during in-
flation and the axion is heavy, ma > HI , hence suppressing quantum fluctuations. If the
axion mass is constant, this would imply a too strong upper bound on TRH. Still, the
mass of the axion could have been much larger during inflation than today, caused for in-
stance by time evolving PQ breaking dynamics (see e.g. Refs. [272, 273] and references
therein for some explicit realizations). In particular, for ma ≈ 1016 GeV, the reheating
temperature can be as large as 1017 GeV during inflation. If, after inflation, the ALP is
light again, thermal fluctuations could in principle increase the energy density from the
misalignment mechanism. This is, however, not the case for the photophilic scenario un-
der our consideration as ALPs do not thermalize with the SM plasma.

We again stress that, for the photophobic ALP, the requirement of a vanishing misalign-
ment energy density is easier to satisfy. If the axion is present during inflation, Eq. (V.36)
applies, which is always satisfied for our choice TRH . O(100 GeV). If, instead, the PQ
symmetry is broken after inflation, fa should satisfy Eq. (V.37). Comparing this require-
ment with the preferred value of caff/fa shown in Fig. V.6, obtained by imposing that
the freeze-in abundance matches the observed DM one, results in caff . O(1).
Nonetheless, we will briefly discuss the case of non-negligible misalignment production of
ALP DM when discussing constraints from the MW subhalo count in the next section.

37 So far, it is still not exactly known how large this additional abundance contribution is, but it is estimated
to be at least of similar size as the contribution from axion misalignment production.
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V.5 Structure formation limits on the model parameter
space

We use the distribution functions in Eqs. (V.10) and (V.11) to calculate the matter power
spectrum using CLASS, derive the corresponding transfer function and the number of MW
subhalos and finally compare against results from observations following the strategy out-
lined in Section V.3. As long as the observed DM abundance is matched, the result does
not depend on the couplings caγγ and caff . Therefore, we performed a scan over ma to
derive limits.

V.5.1 Results for the photophilic scenario

The results for the Lyman-α forest and the MW subhalo count for the photophilic scenario
are shown in Fig. V.4. For both analysis techniques, we show weak and strong bounds as
discussed in Section V.3. The explicit values for the lower limits on the DM mass ma are
also quoted in Table V.1. For this scenario we set gs∗(Tprod) = 106.75 for all parameter
choices because of the high reheating scale involved.
For the photophilic scenario we also show limits from gamma-ray searches which severely
narrow the viable parameter space in the ma & 17 keV region where structure formation
constraints fade away. We have calculated gamma-ray limits on ALP DM by utilizing
existing ones on keV-scale sterile neutrino DM [81] and matching them with the corre-
sponding ALP decays into photons.
In the photophilic scenario, an ALP can decay directly into two photons and the decay
width is given by [274]

Γ(a→ γ γ) =
1

64π

c2
aγγ

f2
a

m3
a. (V.38)

Usually available limits from gamma-ray searches are quoted in the parameter space for
sterile neutrinos, which decay into a photon and a SM neutrino. Using Eq. (II.14), we
match existing bounds on the sterile mixing angle ϑ onto the ALP-photon coupling by
equating the corresponding decay widths, Γ(a→ γ γ) ≡ Γ(νs → γ ν)/2. Here, the factor 2
compensates that νs decays only into one γ. This yields a limit clim

aγγ for the ALP-photon
coupling,

clim
aγγ

fa
= 9.55× 10−18 GeV−1

( ma

keV

)(sin2(2ϑlim)

10−8

)1/2

, (V.39)

where ϑlim denotes a mixing angle limit from a given gamma-ray survey. We use limits
derived from INTEGRAL [275] (dark blue), NuSTAR [276] (orange) and M31 [277] (red
shaded region) to constrain the ALP DM parameter space and show the results together
with our own limits derived from structure formation indicated by the blue shaded regions
in Fig. V.4. As already pointed out, the limits from structure formation are independent
from the coupling caγγ and constrain only ma. The respective lower mass limits are given
in Table V.1. Last but not least, the red line is a limit based on estimations of the
sensitivity for an upcoming survey. We will briefly comment about this at the end of this
section.

weak strong

Lyman-α 4.9 keV 19.1 keV

MW subhalo 10.3 keV 17.4 keV

Table V.1: Structure formation limits on the ALP mass ma in the photophilic scenario.
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We want to point out one important thing: as explained in Eq. (V.16), TRH is fixed
by requiring the ALP to be abundant enough. This relation is indicated for the pho-
tophilic ALP by the gray lines in Fig. V.4, where we present three different choices:
TRH = 1014 GeV (solid), TRH = 1016 GeV (dotted) and TRH = mPl ≡ MPl(8π)−1/2

(dashed) based on the reduced Planck mass. The values of TRH in the region below the
solid gray line are violating the bound from Eq. (V.36). Although a substantial pro-
duction from misalignment would invalidate such parameter space, we have shown in
Section V.4 several ways to remedy such situation and suppress “cold” ALP DM pro-
duction via misalignment. Such requirements are not even necessary in the region to the
right of TRH = 1014 GeV where the misalignment production is suppressed.
The other lines correspond to different upper limits on the reheating temperature:
the limit on the tensor-to-scalar power ratio r obtained by Planck sets the bound
TRH . 1016 GeV [278] (dotted gray line). There can be inflationary scenarios in which
this limit does not apply; in these cases the maximum allowed reheating temperature is
set by mPl. That means, on the left of the TRH = mPl dashed gray line, the value of the
reheating temperature necessary to obtain ΩDMh

2 = 0.12 exceeds the reduced Planck
scale making this parameter space theoretically implausible. In summary, it is interest-
ing to note, that limits from current gamma-ray surveys are able to probe most of the
accessible photophilic ALP DM parameter region for ma & 2 keV, if we consider only
ALP-photon couplings.

On the other hand, taking more production channels into account, we can alleviate this
bound on TRH. For this purpose we are going to assume that the ALP couples not only
to Bµ bosons, but also to the SU(2) gauge bosons, W a

µ , via caWW = caγγ sin θW . In
that case, we can derive similar diagrams as shown in Fig. V.1, but they give rise to a
larger contribution to the DM abundance. Compared to the cross section stemming from
ALP-Bµ boson coupling, σaBB, the cross section including W a

µ couplings, σaWW is given
by38

σaWW

σaBB
∝ nc nf + nf

gY

(
g2

g′

)2 (cos θW
sin θW

)2 ∑
a tr(σaσa)

4
' 22 . (V.40)

The first expression takes into account, that the W a boson couple only to LH quark and
lepton doublets; the second factor includes the SU(2) gauge coupling, g2 ' 0.65, and the
third the corresponding relations to caγγ ; the last expression is a trace over two SU(2)
generators where σa are the Pauli matrices. Including this additional production chan-
nel requires smaller TRH by a factor of '

√
22. We indicate the combination of Bµ and

W a
µ couplings by the corresponding light gray lines in Fig. V.4. For this case, structure

formation can rule out ALP DM parameter space not covered by current gamma-ray
searches. Future surveys such as the THESEUS mission [279] will be able to provide a
complementary probe of this interesting parameter region. Nonetheless, we observe that
for ma . 2 keV the structure formation limits are clearly leading, even taking only Bµ
couplings into account.

In light of our results, we want to briefly comment on the previously reported unidenti-
fied line at ∼ 3.55 keV in a gamma-ray data spectrum [93, 94]. It sparked lots of interest
as a potential signal of decaying DM and one of the favored explanations is the decay
of keV-scale sterile neutrinos, but a 7.1 keV ALP DM was discussed as well [248]. Our
strong structure formation limits are, however, clearly disfavoring such an interpretation,
while the weak ones are marginally consistent with it. We should still stress that our

38 Since the W a
µ have a larger thermal mass, m2 = (11/12)1/2g2T compared to the Bµ boson, the corre-

sponding momentum distribution functions features a slightly larger averaged momentum 〈p/T 〉 ∼ 3.33,
but we neglect this effect here to allow for a simple rescaling.
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findings are not in general disfavoring a DM interpretation of a 3.5 keV line and hold only
for the freeze-in production of ALPs. For instance, scenarios where ALPs are dominantly
produced via the misalignment mechanism are still viable in this regard.

As mentioned before, above reheating temperatures TRH = 1014 GeV, we have to sup-
press ALP production by the misalignment mechanism. Keeping this in mind, we address
the case for a photophilic ALP, where the production via scattering processes only con-
tributes a fraction of “warm” ALP DM, F ≡ Ωa/ΩDM, to the total abundance, while the
rest is “cold” ALP DM generated by the misalignment mechanism as described in Sec-
tion V.4. In this case ALP DM consists of a mixture of two components with different
temperatures and the limits on the ALP parameter space change accordingly.
The results are shown in Fig. V.5 where we vary F between 0.05 and 1 and derive the cor-
responding limits on ma based on the MW subhalo count using the strong mass choice.39

In particular, for F < 0.2, i.e. only a small “warm” ALP DM fraction, the mass limit
starts to drop and effectively vanishes for very small fractions . 0.05 since the larger
“cold” ALP DM component dominates the matter power spectrum in this case. That
means, if misalignment is not significantly suppressed, the mass limits in Fig. V.4 have to
be rescaled and become significantly weaker.

V.5.2 Results for the photophobic scenario

In this section, we apply the same techniques as above to the photophobic scenario. In
that case we derived Eq. (V.11) by expanding Eq. (V.9) for small mf assuming that
TRH � mf . By doing so, the dependence on the reheating temperature actually drops out.
We implicitly assumed that TRH . 160 GeV. However, for smaller reheating temperatures
we have to keep the full expression and an explicit TRH dependence is recovered, as we
will discuss later in this section.
Using Eq. (V.23), the accessible parameter space is then represented by a linear relation
between ma and caff ,

caff
fa
' 7.49× 10−11

(
10 keV

ma

)1/2(38.9 GeV

κf

)1/2

GeV−1 . (V.41)

The results are shown in Fig. V.6 where the green diagonal lines denotes the viable pa-
rameter space of the model assuming couplings to different fermions. The upper line
corresponds to a tau lepton contribution only, while the lower edge shows the sum of tau
lepton, c and b quark contributions with equal coefficients, and the two lines in between
indicates an exclusive coupling to either c or b quark.
The regions shown in blue are disfavored using Lyman-α forest limits and the MW subhalo
counts. The strongest limit on the photophobic ALP arises from Lyman-α data (see also
Table V.2) and reads ma ≈ 15 keV. The derived constraints are slightly weaker compared
to the photophilic case, because ALP DM produced in the photophobic scenario is slightly
“cooler” compared to the other case (see Section V.2).40 However, in the photophobic
scenario we assumed TRH . 160 GeV and so we have to take a change in gs∗(Tprod) into
account. The results were derived using gs∗(Tprod) = 106.75 and so the limits on the ALP

39 The half-mode analysis is not particularly suited to constrain ma for this setup, since the presence of
the CDM component gives rise to a plateau in the transfer function and it is not clear how to define
khalf properly. See Section VI.3.2 for further comments on this issue.

40 A recent study including an updated number of MW satellites quotes stronger results in terms of
mTR > 6.5 keV [280]. This allows us to use the ALP DM transfer function directly to derive mass
bounds. After doing so we find ma > 23.0 keV for the photophilic and ma > 17.5 keV for the photophobic
scenario, which extends even beyond the strong bounds derived in our own analysis.
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Figure V.4: The blue shaded regions are structure formation limits on the photophilic ALP
parameter space derived using a half-mode analysis technique as well as a MW subhalo
count. The former (latter) are denoted as Lyman-α (MW). For both, weak and strong
limits are shown (see Section V.3 for further analysis details). Additionally, gamma-ray
limits from INTEGRAL (dark blue shaded) [275], NuSTAR (orange shaded) [276] and
M31 [277] (red shaded) are shown. The diagonal dashed lines indicate specific values of
TRH, calculated by the requirement of producing the observed amount of DM. The dark
gray line assumes only couplings between ALP and B bosons, whereas the light gray lines
takes an additional coupling caWW into account. Finally, the red line at ma ∼ 80 keV is
the projected sensitivity from the forthcoming Vera C. Rubin observatory. Image credits:
Vedran Brdar (adapted by author)

mass have to be rescaled according to Eq. (V.32). For instance, if gs∗(Tprod) = 80, all mass
limits are increased by a factor ' 1.1 compared to the results shown in Table V.2.

weak strong

Lyman-α 3.7 keV 15.5 keV

MW subhalo 7.8 keV 13.3 keV

Table V.2: Structure formation limits on the ALP mass ma in the photophobic scenario
under the assumption that gs∗(Tprod) = 106.75.

If the ALP has flavor universal couplings or if the strength of the ALP-fermion coupling
is at least comparable for several flavors including electrons, further constraints have to
be applied on the parameter space. First, if there is an ALP-electron coupling, ALPs
are produced via Bremsstrahlung processes inside red giants (RG), would leave the core
and lead to additional energy emission of RGs which can be detected. Recent bounds
on such cooling effects during the Helium ignition phase of RGs, place a limit on the
dimensionless coupling gae < 1.2×10−13 [281]. Converting it to our parametrization gives
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Figure V.5: Limits for the photophilic ALP F − ma parameter plane stemming from a
MW subhalo count assuming the strong MW mass choice. We considered that freeze-in
contributes only a fraction F < 1 to the total ALP DM abundance. The blue shaded region
is excluded because these parameters yield Nsub < 64. As the cold ALP DM contribution
increases, the limit on ma decreases correspondingly and effectively vanishes for F . 0.05.

(see Ref. [282]),
caee
fa

=
gae
2me

< 1.2× 10−10 GeV−1. (V.42)

However, ALPs can only be produced inside RG, if they are light enough; assuming a
RG core temperature of 108 K, the limits applies only for ALPs with mass ma . 9 keV.
Second, recent electron recoil measurements from the XENON1T collaboration limits the
ALP-electron coupling even further [128]. The latter is clearly more relevant for a larger
span of ALP masses. Consequently, the XENON1T line is chiefly below the green band in
the region ma . 10 keV, disfavoring the flavor universal ALP coupling scenario for such
parameter choice.
Although a tree-level ALP-photon is absent in the photophobic scenario, there is still an
effective coupling c′aγγ to photons due to fermion loops [125]. In the limit of ma → 0 it is
given by

c′aγγ
fa
' −m

2
ae

2

24π2

∑
f

ncQ
2
f

m2
f

caff
fa

, (V.43)

where we have to sum over all fermions f involved with their respective electric charges
Qf in units of e. Inserting the effective coupling into Eq. (V.38) allows to evaluate con-
straints from gamma-ray searches for the photophic scenario as well. We have, however,
found that such gamma-ray limits are only relevant if ALP couples to electrons, because
the loop induced coupling to photons is suppressed by the mass ratio m2

a/m
2
f . In this

case, even parameter space above ma ∼ 10 keV, unexcluded by XENON1T, would be
disfavored in a flavor universal scenario. We note, however, that it was recently shown
that by adding more new physics, destructive interference between loop-level diagrams
contributing to decays into SM photons can be achieved; hence the limit can be relaxed
substantially [283], particularly for higher values of ma.

As already pointed out, keeping higher order terms of mf in f(x) as opposed to Eq. (V.41)
restores a TRH dependence for the photophobic scenario as well and the viable parame-
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Figure V.6: As before, blue shaded regions are structure formation limits on the photo-
phobic ALP parameter space derived using a half-mode analysis technique as well as a
MW subhalo count. The former (latter) are denoted as Lyman-α (MW). For both, weak
and strong limits are shown (see Section V.3 for further analysis details). The green lines
indicate the viable parameter space based on Eq. (V.41). If the ALP couples only to tau
leptons, the ALP needs large couplings indicated by the uppermost line, whereas the other
lines correspond to couplings to c or b quark and the sum over all three fermions. If the
ALP has a flavor universal coupling, additional bounds from red giant cooling and lim-
its from XENON1T has to be taken into account. Finally, the red line at ma ∼ 60 keV is
the projected sensitivity from the forthcoming Vera C. Rubin observatory. Image credits:
Vedran Brdar (adapted by author)

ter space, i.e. the green lines in Fig. V.6, does depend on the choice of the reheating
temperature. The dependency is shown in Fig. V.7 where we have varied TRH between
160 GeV and 10 GeV (shown as green dashed lines) for a photophobic ALP which couples
exclusively to b quarks. Compared to Fig. V.6, lower reheating temperatures have to be
compensated by slightly larger coupling coefficients caff . Further, we included the same
entropy dilution factor as shown in Eq. (V.32), to take a decrease in gs∗ for smaller reheat-
ing temperatures into account: while the blue shaded regions correspond to mass limits
for gs∗(Tprod) = 106.75, the black lines are bend to higher masses, because the DM tem-
perature increases compared to the thermal bath. For TRH → 10 GeV this factor is set by
' 1.07. We have restricted the lower temperature limit to TRH & 2mf , because at even
lower reheating temperatures the fermion mass starts to become relevant and the b quark
will not necessarily reach a thermal population.
We note here that our results constrain the relaxion41 DM model of [252], in which the

41A relaxion is an ALP with special properties; it is constructed such that it can address the hierarchy
problem of the SM. During the cosmological evolution, it scans the Higgs mass parameter range by
providing a time-dependent effective Higgs mass term. Back-reactions will eventually stop the relaxion,
hence allowing a natural realization of the weak scale Higgs mass.

88



V.5. STRUCTURE FORMATION LIMITS ON THE MODEL PARAMETER SPACE

1 5 10 20 50

10-10.5

10-10

ma [keV ]

c 

/f


[G

e
V
-

1
]

T
RH ≥

160 GeV

T
RH ≤

10 GeV

b-quark

L
y
-
α

w
e

a
k

L
y
-
α

st
ro

n
g

M
W

w
e

a
k

M
W

st
ro

n
g

Figure V.7: Impact of TRH on the viable parameter space of the photophobic ALP, as-
suming that it couples only to b quarks. A larger ALP-fermion coupling is needed to get
the correct DM abundance for lower reheating temperatures. The blue shaded regions are
the same mass limits as in Fig. V.6, where gs∗(Tprod) = 106.75, while the black lines are
computed taking a change in gs∗(Tprod) into account.

relaxion production occurs via freeze-in similar to the scenario considered here. The re-
laxion can constitute 100% of DM only if a large mass is allowed by a large hierarchy in
the relaxion couplings. Even assuming the most conservative bounds from the number of
MW subhalos, the model provides an explanation of the XENON1T anomaly only if the
relaxion is responsible for a fraction of the DM abundance [253].
Finally, we are going to comment on future sensitivity projections. The Vera C. Rubin
observatory is designed to go beyond the results derived from SDSS and among observ-
ing other properties, it can measure the MW mass halo function down to 106M�. Hence,
its resolution allows to detect more ultra-faint subhalos and it will improve limits dra-
matically. Using its projected limit on thermal relic DM, mTR > 18 keV [284, 285], we
find that, for the photophilic case, the lower limit on the ALP DM mass would be pushed
to ma > 83 keV. Similarly, we find ma > 62 keV for the photophobic case (both values
are illustrated in Figs. V.4 and V.6 with red lines). It is rather intriguing that for the
case of photophilic ALP, the structure formation limits offer a complementary probe to
gamma-ray limits in the ma ∼ O(100 keV) region.
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V.6 Summary of Chapter V

ALPs are currently one of the most popular extension of the SM, being studied and tested
across a wide range of masses and couplings. In this section we studied keV-scale ALP DM
produced via a freeze-in through feeble interactions with gauge bosons, such as photons,
Bµ bosons and gluons, and SM fermions. The respective momentum distribution function
was calculated assuming MB statistics for the involved particles and we briefly discussed
the implementation of quantum statistics and compared both methods with each other.
Although these approaches did not capture the full picture at small values of p/T , they
turned out to be robust for constraining the parameter space using the matter power spec-
trum derived from the respective momentum distribution function. Using Lyman-α forest
data as well as the observed number of MW companions we derived structure formation
limits that were missing to date. For the photophilic ALP DM, we found the most strin-
gent limits to exclude ALP DM masses below ∼ 19 keV, complementing constraints from
gamma-ray data. In particular, we have found these searches to severely limit our scenario
where only Bµ couplings are considered, because the corresponding reheating temperature
necessary to achieve enough ALP DM abundance is too large. Thus, non-trivial inflation
scenarios or additional production channels via a ALP-W coupling are needed in order to
avoid these astrophysical constraints.
We also discussed how to suppress an additional “cold” ALP DM production via misalign-
ment which would weaken the derived limits on the ALP mass.
For the photophobic ALP, the obtained limits are somewhat milder, because in that case
we found DM to be “cooler”, i.e. the averaged momentum is slightly smaller. Further, if
the photophobic ALP does couple flavor-universal and not only to heavy fermions, the vi-
able parameter space will be in tension with limits from gamma-ray data.
Utilizing measurements from the upcoming Vera Rubin observatory, we found that the
mass bounds will be strongly improved up to ma & 60 keV for both scenarios.
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V.7 Appendix of Chapter V

V.7.1 Amplitudes for dark matter production channels

In the following chapters, we will go into more details regarding the calculation of the
reduced cross sections σ̂ needed to determine the momentum distribution f(x, r) of the
ALP DM. We discuss the ALP production via the scattering process first, before we turn
on the production of ALPs via fermion annihilation. To keep the expressions as simple as
possible, we mention only the coupling to photons in the following. However, the results
can easily be generalized to the case of a B gauge boson or gluons.

V.7.1.1 Process A: f γ → f a

This process, also-called Primakoff process for ALP-photon couplings only, comes with
three separate diagrams: the first one involves a coupling to photons, caγγ , we will refer to
it as A1, whereas the other two are proportional to caff instead. We refer to the u-channel
diagram as A21 and the s-channel as A22. The corresponding production diagrams are
shown in Fig. V.8. Following the procedure outlined in Ref. [234] we calculate the inverse
process f(p1) a(p)→ f(p3)γ(p2).42

a(p)

caγγ

γ(p2)

f(p3) f(p1)

A1

a(p)

caff

f(p1)

f(p3) γ(p2)

A21

a(p)

caff

f(p1) f(p3)

γ(p2)

A22

Figure V.8: Inverse production process of ALP DM via its coupling to photons (A1) and
fermions (A21 and A22). An ALP particle a is converted into a photon γ by scattering
off a fermion f .

The matrix elements for the respective processes are given by

MA1 = −ecaγγ
fa

ε∗ν ū(p3)γρu(p1)

(
−i gρβ

(p− p2)2

)
× εαβµν(p2 − p)α(−p2µ) , (V.44)

MA21 = −2iemf
caff
fa

ε∗ν ū(p3)γ5
i(�p3 − �p+mf )

(p3 − p)2 −m2
f

γνu(p1) , (V.45)

MA22 = −2iemf
caff
fa

ε∗ν ū(p3)γν
i(�p+ �p1 +mf )

(p+ p1)2 −m2
f

γ5u(p1) . (V.46)

Here we have used the equations of motion to rewrite the axion-fermion coupling as

caff
fa

∂µaf̄γ
µγ5f = −2imf

caff
fa

a f̄γ5f , (V.47)

and the four-dimensional Levi-Civita tensor arises from the ALP-photon interaction term
caγγ
f
aFµνF̃

µν .

42 Since we do not assume any CP violation this process is in fact the same as f(p3)γ(p2)→ f(p1) a(p).
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The Mandelstam variables of this process are:

s = (p+ p1)2 = m2
a +m2

f + 2p · p1

= (p2 + p3)2 = m2
f + 2p2 · p3, (V.48)

t = (p1 − p3)2 = 2m2
f − 2p1 · p3

= (p− p2)2 = m2
a − 2p · p2, (V.49)

u = (p− p3)2 = m2
a +m2

f − 2p · p3

= (p1 − p2)2 = m2
f − 2p1 · p2. (V.50)

They are related by

s+ t+ u = m2
a + 2m2

f → u = m2
a + 2m2

f − s− t. (V.51)

Squaring the sum of Eqs. (V.44) to (V.46), summing over the polarizations of the outgoing
photon and the spins of the initial fermions and setting ma = 0, we find for the amplitude
of process A:

|MA|2 = − e2
c2
aγγ

f2
a

(−4m2
fs+ 2m4

f + 2s2 + 2st+ t2)

t
(V.52)

− 8e2m2
f

(
2
c2
aff

f2
a

+
caγγ caff

f2
a

)
t2

(m2
f − s)(s+ t−m2

f )
.

We used Eq. (V.51) to remove the dependence on the Mandelstam variable u.

V.7.1.2 Process B: f f̄ → γ a

This process involves three separate diagrams as well: one s-channel diagram with a
coupling to photons, we will refer to it as B1, whereas the other two involves an ALP-
fermion coupling instead. We refer to the t-channel diagram as B21 and the u-channel as
B22. The corresponding production diagrams are shown in Fig. V.9. The inverse process
we are interested in is γ(p1) a(p)→ f(p3)f̄(p2).

a(p)

caγγ

γ(p1) f(p3)

f(p2)

B1

a(p)

caff

f(p2)

γ(p1) f(p3)

B21

a(p)

caff

f(p2)

γ(p1) f(p3)

B22

Figure V.9: Inverse production process of ALP DM via its coupling to photons (B1)
and fermions (B21 and B22). An ALP particle a annihilates with a photon γ into a
fermion-antifermion pair.

The matrix elements for the respective processes are given by

MB1 = −egaγγ
fa

ū(p2)γρv(p3)

(
−i gρβ

(p+ p1)2

)
× εαβµν(−p− p1)αp1µεν , (V.53)
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MB21 = −2iemf
caff
fa

εν ū(p2)γ5 i(�p1 − �p3 +mf )

(p1 − p3)2 −m2
f

γνv(p3) , (V.54)

MB22 = −2iemf
caff
fa

εν ū(p2)γν
i(�p− �p3 +mf )

(p− p3)2 −m2
f

γ5v(p3) . (V.55)

As above we have used the equations of motion to rewrite the axion-fermion vertex. The
Mandelstam variables of this process are:

s = (p+ p1)2 = m2
a + 2p · p1

= (p2 + p3)2 = 2m2
f + 2p2 · p3, (V.56)

t = (p1 − p3)2 = m2
f − 2p1 · p3

= (p− p2)2 = m2
a +m2

f − 2p · p2, (V.57)

u = (p− p3)2 = m2
a +m2

f − 2p · p3

= (p1 − p2)2 = m2
f − 2p1 · p2. (V.58)

They fulfill the same relation as the Mandelstam variables of process A given in Eq. (V.51).
Squaring the sum of Eqs. (V.53) to (V.55), summing over the polarizations of the outgoing
photon and the spins of the initial fermions and setting ma = 0, we find for the amplitude
of process B:

|MB|2 = e2
c2
aγγ

f2
a

(−4m2
f t+ 2m4

f + s2 + 2st+ 2t2)

s
(V.59)

− 8e2m2
f

(
2
c2
aff

f2
a

+
caγγ caff

f2
a

)
s2

(t−m2
f )(s+ t−m2

f )
.

V.7.2 Calculating the cross section

To find the momentum distribution we have to calculate the reduced cross section σ̂ of a
a+ 3→ 1 + 2 process first. It is given by [286]

σ̂ =
λ(s,m2

3,m
2
a)

s

∫
d3p1

(2π)32E1

d3p2

(2π)32E2
(2π)4δ4(p1 + p2 − p3 − pa)|M|2

≡ λ(s,m2
3,m

2
a)

s
Φ ,

where mi, (i = 1, 2, 3), is the mass of particle with momentum pi and λ(x, y, z) is the
Källén or triangle function,

λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz. (V.60)

For the calculation of the final state phase space integral, Φ, it is convenient to use the
center-of-mass frame and assign the following choices for the particle momenta:

pa = (0, 0, k,

p3 = (0, 0,−k),

p1 = p3 + `, |p1| ≡ q, (V.61)

where ` = (sin θ cosφ, sin θ sinφ, cos θ) `

p2 = −p1.
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The ` integration will be done last in order to isolate possible IR divergences in the t-
channel. Using the Mandelstam variable s = (p1 + p2)2 = (p3 + pa)

2, we find for the
squared particle momenta,

k2 =
s

4

[(
1− m2

3

s
− m2

a

s

)2

− 4
m2

3m
2
a

s2

]
, (V.62)

q2 =
s

4

[(
1− m2

1

s
− m2

2

s

)2

− 4
m2

1m
2
2

s2

]
. (V.63)

They are related to ` by

cos θ =
k2 − q2 + `2

2k`
. (V.64)

The integration range for ` can be derived by imposing cos θ < 1 and cos θ > −1:

|k − q| < ` < k + q . (V.65)

Finally, the Mandelstam variables t, u can be rewritten as

t = m2
1 +m2

3 − 2
√
q2 +m2

1

√
k2 +m2

3 + k2 + q2 − `2 , (V.66)

u = m2
1 +m2

a − 2
√
q2 +m2

1

√
k2 +m2

a − k2 − q2 + `2 , (V.67)

which, in the massless limit (mi → 0), simplifies to

t = −`2, (V.68)

u = `2 − s. (V.69)

Now everything is expressed in terms of the integration variable ` and we can compute the
phase space integral Φ. Using the three-dimensional δ3-distribution including the particle
momenta and s = (p3 + pa)

2 = (E3 + Ea)
2, it is given by

Φ =

∫
d3 p1

1

16π2E1E2
δ(E1 + E2 −

√
s) |M|2 . (V.70)

Changing integration variable from p1 to `, the δ distribution can be rewritten as

δ(E1 + E2 −
√
s) =

= δ(
√
k2 + `2 − 2k` cos θ +m2

1 +
√
k2 + `2 − 2k` cos θ +m2

2 −
√
s)

=
E1E2

k`
√
s
δ

(
cos θ − k2 − q2 + `2

2k`

)
, (V.71)

and the integral is given by

Φ =

2π∫
0

dφ

1∫
−1

d cos θ

`max∫
`min

d`2
`

2

1

16π2E1E2

E1E2

k`
√
s
δ

(
cos θ − k2 − q2 + `2

2k`

)
|M|2

=
1

8π

1

λ
(
s,m2

3,m
2
a

)1/2
`max∫
`min

d`2 |M|2 . (V.72)

The integration boundaries are fixed by Eq. (V.65). Finally, the reduced cross section is

σ̂ =
1

8πs

`max∫
`min

d`2 |M|2 . (V.73)

In the next step, we determine σ̂ for the two respective production processes.
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V.7.2.1 Cross section for process A

For this process we have to substitute the masses with m1 = m3 = mf , m2 = 0 and in the
ma → 0 limit, the integration boundaries (Eq. (V.65)) become

0 < `2 < s

(
1−

m2
f

s

)2

. (V.74)

However, the c2
aγγ term from the t-channel diagram diverges logarithmically for `2 → 0.

For this reason, this expression has to be regularized by introducing a finite thermal photon
mass mγ = eT/3 > 0.43 The Mandelstam variables are given by

t = −`2,
u = `2 + 2m2

f − s. (V.75)

Inserting these into Eq. (V.52) and adapting the ` boundaries from Eq. (V.74) with the
lower cutoff mγ , the reduced cross section is given by

σ̂A =
e2

16π

c2
aγγ

f2
a

s

(
1−

m2
f

s

)2(
4 log

(
(s−m2

f )2

sm2
γ

)
− 3− 2

m2
f

s
+
m4
f

s2

)

− e2

2π

(
2
c2
aff

f2
a

+
caffcaγγ
f2
a

)
m2
f

(
1−

m2
f

s

)(
2 log

(
s

m2
f

)
− 3 + 4

m2
f

s
−
m4
f

s2

)
, (V.76)

where we kep only the logarithmic dependence on mγ in the caγγ term. Expanding it for
small mf up to second order yields the simpler expression:

σ̂A =
e2

16π

c2
aγγ

f2
a

s

(
4 log

(
s

m2
γ

)
− 3

)
(V.77)

+
e2

2π
m2
f

(
2
c2
aff

f2
a

+
caffcaγγ
f2
a

)(
2 log

(
s

m2
f

)
− 3

)
+O(m3

f ) .

V.7.2.2 Cross section for process B

For the second process, the masses are m1 = m2 = mf , m3 = 0 and for ma → 0, Eq. (V.65)
becomes

1

2
s

1−
2m2

f

s
−

√
1−

4m2
f

s

 < `2 <
1

2
s

1−
2m2

f

s
+

√
1−

4m2
f

s

 (V.78)

and no cutoff has to be specified, because the finite fermion mass already serves as an IR
regulator in the t-channel. The corresponding Mandelstam variables for process B are the
same ones as in Eq. (V.75). The phase space integration can be straightforward evaluated:

σ̂B =
e2

12π

c2
aγγ

f2
a

s

(
1 + 2

m2
f

s

)√
1−

4m2
f

s

− 2

π
e2m2

f

(
2
c2
aff

f2
a

+
caffcaγγ
f2
a

)
log

s− 2m2
f − s

√
1− 4m2

f/s

2m2
f

 . (V.79)

43 The more formal treatment is to regularize this expression by an IR cutoff `cut for the ` integration and
include the thermal two-point function of the photon. At the end, a logarithmic dependence on mγ is
left, while the `cut terms cancel with each other (see Ref. [263] for more details).
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At second order in mf , it reduces to
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V.7.3 Impact of Nsub on the mass limits

Regarding the MW subhalo count, we have already pointed out associated uncertainties
in Section V.3. We have presented our limits on ma for different choices of the MW mass
(see Tables V.1 and V.2) but kept the requirement that Nsub ≤ 64. As explained in
Section II.2.6.3, this value is derive assuming an isotropic distribution of MW satellites
seen by SDSS which may be too simplistic. Therefore, we examine how the ALP mass
limits change for different numbers of MW subhalos in Fig. V.10. To illustrate this effect,
we choose the photophilic ALP case and compare the corresponding limits for Nsub = 50
(red lines) and Nsub = 80 (blue lines) against the limits derived in Section V.5 shown as
black lines. The lower part shows the results for the weak MW mass choice, whereas the
upper part are the limits for a strong MW mass choice. Especially for the latter case, the
mass limits clearly dependent on the choice of Nsub: for Nsub = 80, ALP masses up to
' 48 keV would be excluded, while the same requirement yields only a limit of ma ' 14
for the weak MW mass choice. The exact results are quoted in Table V.3.

MW
Nsub 50 64 80

weak 8.8 keV 10.3 keV 13.6 keV

strong 12.3 keV 17.4 keV 47.6 keV

Table V.3: Limits on the ALP mass ma for different choices of the observed amount
of subhalos Nsub compared to the case Nsub = 64 as used in this section, assuming a
photophilic scenario.
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This highlights how discoveries of new ultra-faint subhalos by future surveys will be able
to probe the parameter space of freeze-in ALP DM and WDM in general. However, a
precise measurement of the MW mass is additionally needed, as the interpretation of the
results depends not only on the amount of observed subhalos, but on the properties of the
MW as well.

5 10 20 50

ma [keV]

photophilic

MW strong

MW weak

Nsub=50

Nsub=64

Nsub=80

Figure V.10: Comparison of ALP DM mass limits for different choices of Nsub and MW
masses in the photophilic scenario. The upper part is the strong MW mass and the lower
the weak mass choice. The blue lines are ma limits for Nsub = 80 and the red lines are
using Nsub = 50 while the black lines are the results given in Tables V.1 and V.2.
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Chapter VI

Two temperature dark matter: a
general picture

VI.1 Motivation

While the WIMP paradigm is strictly speaking not ruled out yet, it is under pressure
from current direct detection results [62] and hence the last several years have seen a rise
in interest of other avenues to explain the DM puzzle (see for instance Refs. [81, 148, 240,
287]). Specifically, the focus has shifted to DM candidates of lighter masses. While these
particles allow for potential new experimental probes, they may have an impact on the
cosmology of the early Universe as well. In fact, if DM is light enough such that it is still
relativistic at sufficiently late times it has a non-vanishing free-streaming length and will
thereby change the formation and the properties of galaxies compared to the standard
ΛCDM paradigm [288] below this length scale.
Initially, the effect of such “hot” DM has been studied in the context of neutrino DM,
which turned out to feature a too large free-streaming length, effectively erasing struc-
tures at far too large scales. Thus, attention has shifted to DM models which can be
considered to be “warm” instead. Interestingly, N -body simulations of structure for-
mation in the ΛCDM regime revealed small scale structures which are in tension with
observations (for an overview, see Ref. [289]). These simulations predict too large num-
bers of accompanying galaxies of the Milky Way (MW) [156, 290], which is usually called
the “missing satellite” problem. Further, the shape of galactic cores do not match with
observations [291] (the cusp versus core problem) and lastly, the too big too fail problem
[292, 293] addresses a mismatch in the dynamics of the brightest MW satellites. It is still
under debate if these issues can be alleviated in the ΛCDM paradigm by including bary-
onic feedback in the simulations (see for instance [294–296]).
On the other hand, going beyond the ΛCDM paradigm, aforementioned tensions can be
cured by invoking “warm” DM models which alter the small scale structures but agree
with cold DM (CDM) at large scales. Of particular interest with respect to above men-
tioned questions, are DM mixtures of “cold” and “warm” DM species. Often, the “cold”
component is considered to be of standard ΛCDM origin, while the “warm” component
is made of something else: popular extensions involve sterile neutrinos [152, 154, 233], ul-
tralight particles [150, 245], axions [251], fuzzy DM [297, 298] or non cold thermal relics
[299, 300]. Some of the first models invoked neutrinos as a “hot” DM candidate mixed
with a “cold” component (see for instance [301–305]).
In the following, we are mainly concerned with scenarios with only a single DM species,
which, however, features a non-thermal momentum distribution, for example due to dif-
ferent production mechanisms contributing to its relic abundance.
Such scenarios of DM with a non-thermally produced warm admixture have been consid-
ered for instance in Refs. [1, 2, 234, 306–309] and we discussed examples in Chapters IV
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and V, where we analyzed the scotogenic model (ScM) framework and axion-like particle
(ALP) DM. Precisely, we will have a subset of DM characterized by a higher temperature
such that it can be considered to be “warm” or even “hot”. The aim is to quantify our
results in a way, that they can be matched for a wide variety of models which might fea-
ture other ways to produce DM at different times. A similar idea was done in Ref. [310],
where the authors trained an emulator using the matter power spectrum of a mixed cold
and warm DM model setup.

In particular, this chapter extends and refines the analysis of Chapter IV, where we used
simplifying assumptions which are going to be relaxed in the following sections, espe-
cially with respect to the treatment of the effective number of entropic degrees of freedom
(DOF), gs∗(T ).
We introduce a model-independent parametrization of the DM momentum distribution
function and use current observational limits on observables related to the matter power
spectrum to set bounds on the allowed parameter space. In the following, we will refer to
our framework as the two temperature dark matter (2TDM).

This chapter is organized as follows: in Section VI.2 we discuss how we parameterize the
2TDM and explain the assumptions we made when modeling the production mechanism.
Section VI.3 consists of a discussion of constraints on the parameter space derived from
cosmological observations. In Section VI.4 we discuss some modifications of the simplified
description. Results are shown in Section VI.5 and an application of the matching to some
sample models is given in Section VI.6. Lastly, we summarize our findings in Section VI.7.

VI.2 Setup of the framework

We consider a framework where the observed DM density is explained via one particle
species which is produced in two different production modes at separate times. Therefore,
an intrinsic temperature can be assigned to both production possibilities. Consequently,
the final DM abundance is made up by two shares of a single particle species each with
its own temperature. For convenience we are going to refer to the earlier produced part
as the first subset, while the other one is the second subset. A schematic representation
of this is shown in Fig. VI.1. Crucially, the second DM subset whose production happens
at a later time t2 features a significantly larger temperature than the first DM set which
is produced earlier on at time t1, that means we take that T2 > T1.44 A scenario with
these assumptions has important consequences for the behavior of DM. In fact, while the
first subset might be cold, the second one will be warm or even hot DM. The question
which arises is two-fold: how large can the temperature of the second subset be, and how
much of it can be produced? To assess these questions, we will study the impact of the
2TDM on the structure formation at galactic scales. To be precise, as will be explained
in Section VI.3.2, we are adopting observations of the Lyman-α forest and the observed
number of MW subhalos to constrain the 2TDM.
A visualization of the parameters we are constraining is given in Fig. VI.2 (similar to the
benchmark points presented Fig. IV.2 for the ScM), where we show an example of the
DM momentum distribution functions weighted by the comoving momentum, x = p/T ,
squared, x2 f(x), which is a characteristic quantity for a given DM model. The spectrum
features two distinctive peaks, which can be characterized by two quantities: first, the

44 This does not have to be necessarily true for all cases. Depending on the properties of the parent
species, one can have model setups, where the temperature of the latter produced DM subset is smaller
compared to the temperature of the DM produced at earlier times. However, in that case one can change
the naming 1↔ 2 for both DM subsets.
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t
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t1 t2
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Figure VI.1: Schematic representation of our setup: given in black is the background
temperature Tγ of the universe, while the blue and red curve represents the time evolution
of the temperature of the first and second DM set, respectively. The first DM subset is
produced at time t1 with a temperature similar to Tγ . After a while, the second DM subset
is produced at t2 but it has a higher temperature T2 compared to T1. The bumps in the
solid black line mimics entropy dilution due to particle freeze-out in the SM thermal bath.

position of their peaks which is related to the respective DM temperature and second, their
contribution to the total DM density ΩDMh

2 which is set by the area under the respective
curve. As can be seen, in this example the first share is the dominant contribution which
contributes a part A1 to the total DM density (blue shaded region), while the hotter DM
part contributes A2 (red shaded region).

VI.2.1 Decay parametrization

The momentum distribution shown in Fig. VI.2 corresponds to DM freeze-in production
via decays of thermalised (blue curve) and non-thermal particles (red curve). Following
this, we are going to assume that DM in the 2TDM is produced via decays of heavy parent
particles irrespective whether they were previously thermalized or not. Specifically, we are
interested in the following two parameters:

Temperature ratio: ξ ≡ T2

T1
> 1,

Abundance : A2 ∈ (0, 1] .

The abundance A1 of the first DM subset is fixed by the requirement A1 = 1 − A2 such
that the DM relic abundance is achieved.
It is important to note that we assume the temperature between both DM subsets to stay
constant once produced during the subsequent time evolution of the universe. In principle,
we could have entropy dilution in the dark sector similar to the SM thermal bath, but in
the following we want to neglect such dilution effects for the dark sector.

VI.2.2 Decay modeling

In the following, we model the production of the individual DM subsets by decays of
particles P , which decay into a DM particle X via P → XX and whose mass is mP . More
details on the DM production via decaying scalars can be found for instance in Refs. [109,
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Figure VI.2: Example x2 f(x) spectrum for a specific 2TDM scenario with two observable
peaks calculated for times when DM production is finished. The blue area corresponds
to a dominant subset whereas the read area refers to a subdominant DM share but with
higher temperature with respect to the first set.

111, 235, 241]. In the following we want to focus solely on analytical expressions derived in
Ref. [235], similar to our procedure in Section IV.3.1, which corresponds to the following
types of production:

� The parent particle decays while it is still in thermal equilibrium.

� For sufficiently small decay widths, the scalar particle freeze-out before it decays
into DM.

� If the scalar is only weakly coupled to the SM, it never thermalizes before or during
its decays, but freezes in instead.

Solving the Boltzmann equation for the DM momentum distribution yields [235]

f(x, r) = 2
CΓ

gs∗(Tprod)

r∫
0

ds
s2

x2

∞∫
x̃min

dx̃
x̃√

x̃2 + s2
fP (x̃, s) . (VI.1)

Here, CΓ denotes an effective DM production rate via decays of P . Consequently, it is
related to the decay width45 Γ of P by CΓ = M0 Γ/m2

P , where M0 = 7.35 × 1018 GeV.
The factor of two in front of the expression has to be dropped if we look at processes
P → X S instead. Although it is implicitly assumed for this derivation that the number
of entropic DOF, gs∗(T ), are not changing at all, a dimensionless time variable r = mP /T
is introduced to track changes in gs∗(T ) during DM production; for a general discussion
we refer to Section VI.4.2.

In the following, we present the result for parent particles decaying while maintaining
thermal equilibrium, whereas the other two cases are given in Sections VI.8.1 and VI.8.2.

45 We assume that there is only one decay channel for P and so Γ is a total decay width.
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Assuming a Maxwell-Boltzmann (MB) distribution46 for the parent particle, fP (x, r) =

exp
(
−
√
r2 + x2

)
, we can derive the following expression for the DM momentum distri-

bution [235]

f(x, r) = 8CΓe
−x
(
r

2x
e−r

2/4x +
1

2

√
π

x
Erf

[
r√
4x

])
. (VI.2)

In the limit r →∞, Eq. (VI.2) reduces to

f(x,∞) ≡ f(x) = 4CΓe
−x
√
π

x
. (VI.3)

Inserting this expression into Eq. (II.31), we can derive the DM abundance

ΩDMh
2 = CΓK

mDM

GeV

g

gs∗(Tprod)
, (VI.4)

where K ' 3 × 108 and g denotes the internal DOF of the DM species. It may seem
counterintuitive at first that the DM density is directly proportional to the decay width
of P , but under this approximation the parents do not deviate from a MB distribution
and hence DM can only be efficiently produced before the parent particles experience a
Boltzmann suppression at temperatures T ≈ mP . The corresponding abundances for the
other two production processes do not depend on the size of CΓ.
Above formulas can be straightforward generalized to a DM scenario composed of i subsets,
each with a temperature Ti. In that case we are defining a reference temperature T1

which we take to be given by the lowest temperature of the DM species and so the final
momentum distribution for the DM, fDM(xi), is given by the following sum:

fDM(x1) =
∑
i

fi(xi) = 4
∑
i

CΓ,i

√
π

xi
e−xi = 4

π√
x1T1

∑
i

CΓ,i

√
Tie
−x1T1/Ti . (VI.5)

Here each subspecies has its own decay width CΓ,i and temperature xi = p/Ti. For the
2TDM we find that

fDM(x1) = 4

√
π

x1

(
CΓ,1e

−x1 + CΓ,2

√
ξe−x1/ξ

)
, (VI.6)

ΩDMh
2 = K

mDM

GeV
g

(
CΓ,1

gs∗(Tprod,1)
+

CΓ,2

gs∗(Tprod,2)
ξ3

)
≡ ΩDMh

2 (A1 +A2) . (VI.7)

Thus, Eq. (VI.7) allows to relate A1 and A2 to the decay width CΓ,i and demanding
that the DM relic abundance is generated constrains CΓ,1, CΓ,2 and ξ. However, above
expressions are only valid if the respective parent particles are in thermal equilibrium
during their decay into DM.
In the following we will match our prescription onto DM produced by long-lived particles
by defining a relation between the production rate CΓ and the temperature ratio of the
2TDM. We start by comparing the averaged momentum 〈x2〉 for the late-time produced
particles against 〈x1〉 stemming from DM production of thermalized parent particles. The
respective averaged momenta are given by

〈x2〉 =

∫∞
0 dx1 x

3
1f(x1/ξ)∫∞

0 dx1 x2
1f(x1/ξ)

= 2.5 ξ = ξ〈x1〉 , (VI.8)

46 This assumption is crucial to derive analytic results, while the inclusion of a Bose-Einstein or Fermi-
Dirac distribution only marginally changes the result. Hence our discussion holds for all types of parent
particles.
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where the averaged value 〈x2〉 is shifted by a factor ξ compared to 〈x1〉 = 2.5. This is im-
portant for matching the temperature ratio ξ to a specific decay width of long-lived parent
particles.
For this matching we assume the parent particles to be at rest when decaying and pro-
ducing the DM. Further we assume an instantaneous decay at time τ = t1/2 = log 2/Γ set
by the half-time of the parent particle, which can be converted into a temperature by the
relation

T

MeV
= 1.55 gs∗(T )−1/4

(sec

τ

)1/2

' 8.5× 105 mP

TeV
gs∗(T )−1/4

√
CΓ , (VI.9)

where we used Γ = m2
P CΓ/M0 in the last step. This temperature has to be compared to

the energy of the DM which is roughly set by E ≈ p = mP /2.
Finally, we can equate p/T and Eq. (VI.8) to derive a relation between our model param-
eter ξ and the DM production rate CΓ,

ξ =
mP

5T (CΓ)
=⇒ ξ ' 0.24C

−1/2
Γ gs∗(Tprod)1/4 . (VI.10)

The last expression is only valid, if gs∗(T ) ≡ gs∗(Tprod) is constant during DM production.
As expected smaller decay widths give rise to a hotter second DM subset. The reason why
we use the half-life t1/2 instead of 1/Γ, stems from the matching between a production
assuming a shifted MB distribution and an explicit long-lived particle production mecha-
nism, which will be explained in Section VI.4.1. Therefore, such long-lived decays are well
approximated by a suitable choice of ξ based on Eq. (VI.10) and we can use it as an input
parameter for our simulations.

VI.3 Constraints on the model parameter space

Depending on the temperature ratio ξ, the subdominant production mechanism may lead
to a “warm” or even “hot” DM subset which could lead to a significant contribution to
the effective number of relativistic species, Neff, or alter small scale structures. Therefore
the 2TDM can be constrained by cosmological and astrophysical observations and mea-
surements. Stringent constraints arise from flux spectra analyses of the Lyman-α forest
and the number of dwarf galaxies of the MW as well as the measured value for Neff.

VI.3.1 Limits from additional radiation

Similar to Section IV.3.2, there are parts of the parameter space, where the second DM
subset effectively acts as radiation in the early universe and hence increases Neff by an
amount ∆Neff. For the SM, Neff = 3.046 [236] while measurements by the Planck collabo-
ration yield Neff = 2.99+0.34

−0.33 (95% CL) (TT, TE, EE+lowE+lensing+BAO) [52] from the
cosmic microwave background (CMB) whereas at the onset of big bang nucleosynthesis
(BBN), Neff = 2.88 ± 0.52 (95% CL) [237]. Since BBN takes place at much earlier times
the latter bound is more relevant for us, because the warm DM subset has more time to
cool down until the CMB epoch.
We follow the procedure outlined in Section IV.3.2 and estimate ∆Neff by comparing the
kinetic energy of the DM species with temperature T2 = T1ξ to the energy density of a
massless Dirac fermion with a temperature equal to the neutrino temperature Tν , given
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by: ρferm = 7π2/120T 4
ν ,47

∆Neff ≡
ρ(T1)− n(T1)mDM

2ρferm
=

60

7π4

(
T1

Tν

)4 mDM

T1

gs∗(T1)

gs∗(mP )
×

×
∞∫

0

dz1 z
2
1

√1 +

(
gs∗(T1)

gs∗(mP )

)2/3( z1T1

mDM

)2

− 1

 f(z1/ξ) , (VI.11)

where z1 =x1

(
gs∗(mP )

gs∗(mP /r)

)1/3

,

is a redefinition of the comoving momentum x1 including gs∗(T ), which was neglected in the
corresponding discussion of Section IV.3.2. The dependence on the parameters A2 and ξ
are encoded in f(z1/ξ). The prefactor (T1/Tν)4 evaluates to (11/4)4/3 below temperatures
of 1 MeV and can be dropped for temperatures above. In the temperature range we are
interested in, T1 ≈ 1 MeV, we can simplify Eq. (VI.11) by expanding the square root for
small arguments. Using the expression for f(z1/ξ) given in Eq. (VI.3) we find in this case

∆Neff '
180

7π3

(
gs∗(T1)

gs∗(mP )

)
CΓ,2

mDM

T1

(
5T1

2mDM

gs∗(T1)

gs∗(mP )

)1/3

ξ4 . (VI.12)

This expression has to be evaluated at temperatures T1 for given choices of ξ and A2 which
are defined in CΓ,2. Inserting Eq. (VI.7) we find an expression for ∆Neff only in terms of
our model parameters:

∆Neff ' 8.1× 10−4

(
gs∗(T1)

10.75

)(
ΩDMh

2

0.12

)(
10 keV

mDM

)(
gs∗(T1)/10.75

gs∗(mP )/106.75

)1/3(2

g

)
A2 ξ .

(VI.13)

In Fig. VI.3, ∆Neff bounds from BBN and CMB are compared for two different DM
masses: the solid and dashed line represents BBN limits, i.e. we can use Eq. (VI.13)
evaluated at T1 = 1 MeV, for mDM = 10 keV and mDM = 100 keV respectively, while the
dotted and dashed-dotted line correspond to CMB limits for the same masses. The last
two are derived by evaluating Eq. (VI.11) at T1 = 0.24 eV. As already pointed out, the
limits from BBN are in general stronger than the respective ∆Neff results from CMB,
especially for smaller ξ values. The largest possible temperature T2 for a 10 keV DM
particle is ∼ 240T1, assuming g = 1, i.e. a scalar DM species. For fermions or vector
particles this bound has to be rescaled accordingly. Moreover, we observe that the limits
from CMB scales differently compared to BBN bounds at smaller temperatures. In that
regime, expanding the square root in Eq. (VI.11) leads to additional powers of T1 and
hence a larger temperature sensitivity.

VI.3.2 Limits from structure formation

Generally, a detailed study for a given “warm” DM or mixed “warm”/“hot” and CDM
model (in the following we will generally refer to these as WDM) would require hydrody-
namical N -body simulations to infer their impact on the formation of cosmological struc-
tures. However, the influence of a specific model on small scales can usually be understood
by comparing its corresponding matter power spectrum with the associated power spec-
trum of ΛCDM. Based on this comparison, conclusions can be drawn whether a given
WDM model features a too large suppression of structure formation at small scales. We

47 The additional factor of two in the denominator takes into account that f(x, r) includes both particles
and anti-particles, whereas Neff is defined with regards to families of relativistic particle species.
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Figure VI.3: ∆Neff bounds derived from Eq. (VI.13) assuming mP = 1 TeV. The black
solid line corresponds to mDM = 10 keV and the dashed line to mDM = 100 keV using
the BBN bound ∆Neff < 0.344. The dotted and dashed-dotted line are the corresponding
bounds for mDM = 10 keV and 100 keV from CMB measurements, ∆Neff < 0.28. For
A2 = 1 temperature ratios ξ & 240 are excluded.

are using the public code CLASS [145, 146] to derive the matter power spectrum for the
2TDM model.
As explained in Section II.2.6, the suppression features of WDM models can be parame-
terized in terms of the transfer function T (k),

T (k)2 =
PWDM

PΛCDM
. (VI.14)

It can be used to employ a half-mode analysis (see Section II.2.6.1) to match limits from
structure formation with specific WDM models.
On the contrary, this procedure is not suitable for the 2TDM model. Similar to mixed
DM models we are dealing with a plateau in the transfer function [152, 311] and as such a
simple half-mode analysis does not capture the whole picture of this model. Some examples
are shown in Fig. VI.4 where transfer functions for three different parameter choices with
mDM = 30 keV are compared to a thermal relic with mass mTR = 2 keV, which is shown
in blue. The solid and dashed red curves correspond to A2 = 0.2 and ξ = 25 or 125
respectively and the green curve has A2 = 0.05 and ξ = 25. While the transfer functions
shown in red and green are generally smaller than the thermal reference below some
wavenumber k due to the warmer DM subset, they still cross the blue line because the
larger first DM subset features a milder suppression of galactic structures. Using a half-
mode analysis would therefore exclude all three parameter choices and even a pretty small
deviation for A2 � 1 would be disfavored by such analysis. However, the parameter choice
shown in green is still allowed by limits on structure formation observables. Consequently,
we are going to use the matter power spectrum directly to extract limits on the model
parameter space. A similar conclusion for the ScM can be drawn from Fig. IV.4, where
an adapted half-mode analysis gives rise to stronger constraints compared to a matter
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Figure VI.4: Transfer function T (k) for a 2TDM model where mDM = 30 keV, A2 = 0.2
and ξ = 25, 125 shown in red and dashed red respectively, while the blue line is derived
from Eq. (II.45) for a thermal relic mass mTR = 2 keV indicating a potential limit from
an analysis on structure formation. The green line correspond to ξ = 25 and a smaller
A2 = 0.05. Applying a half-mode analysis, all three parameter choices would be excluded,
but limits from observables on the matter power spectrum only exclude the two red lines,
while the green line is not in conflict.

power spectrum analysis similar to the one discussed in the next subsection, but in that
case these constraints were subdominant only. On the other hand, the half-mode analysis
done in Section V.3 is reliable even though we considered two different DM production
mechanisms. Note that for this case the corresponding averaged momenta are nearly
identical and, further, for the photophilic ALP, one channel is clearly dominating.

VI.3.2.1 Lyman-α forest data

The first tool we use to constrain the 2TDM framework is based on Section II.2.6.2. It uses
a ratio δA, calculated from the momentum integrated P (k) of 2TDM parameter choices
and compare it to ΛCDM, to approximate the amount of suppression by

δA ≡ AΛCDM −A
AΛCDM

, (VI.15)

where AΛCDM = kmax − kmin. The results we are taken from an analysis examining
the combination of the MIKE/HIRES and the XQ-100 datasets [56]. MIKE/HIRES ob-
served quasars with redshifts z = 4.2–5.4, while XQ-100 measured between z = 3–4.2.
Both sets combined span a range in kν-space from 0.003–0.08 s km−1. Hence, we will set
kmin = 0.5h/Mpc and kmax = 10h/Mpc in the following.
To derive limits on the 2TDM, we have to define a reference WDM model with a cor-
responding δAref value first. The analysis in Ref. [56] yields a lower bound for thermal
WDM given by mWDM = 3.5 keV (at 95% CL) considering a conservative thermal history
of the universe. Under the assumption of a power-law evolution this bound strengthens
to mWDM = 5.3 keV. Using these masses as input parameters for a thermal WDM model
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we derive the following values:48

mWDM = 3.5 keV ⇒ δAref,1 = 0.30, (VI.16)

mWDM = 5.3 keV ⇒ δAref,2 = 0.20. (VI.17)

That means all parameter points in our scenario which have δA > δAref are excluded since
their small scale suppression is too strong.

VI.3.2.2 Number of Milky Way satellites

To predict the number of MW satellites or subhalos for the 2TDM we follow the procedure
already explained in Sections II.2.6.3 and V.3. We calculate Nsub via the integral over the
subhalo mass range (see Eqs. (II.58) and (II.59) for more details),

Nsub =

MMW∫
Mmin

dM
1

34

1

6π2

M0

M

P (1/R)

R3
√

2π(S − S0)
, (VI.18)

which depends explicitly and implicitly via the variance S on the matter power spectrum
P (k) of the underlying 2TDM. Here, the integration boundaries are given by, Mmin =
108M� and the MW mass, MMW.
Compared to Section V.3, we refine the limits on the MW mass. With the second data
release of the GAIA mission, several works have calculated the MW mass using different
analysis techniques (see Refs. [268, 269, 313–321] and [271]) and a compilation of these
results is shown in Fig. VI.5. Combining every measurement and following Ref. [322] how
to combine data points with asymmetric errors, we calculate for the MW mass,

MMW = 1.180.16
−0.15 × 1012M� (95% CL). (VI.19)

In the following we will set these limits as a lower (i.e. light) and upper (i.e. heavy) MW
mass bound and reject parameter points if they have Nsub < 64.

As a side remark, we comment briefly on the MW mass dependence of this procedure.
We matched it to the prediction of the Aquarius simulation [324], taking Msub > 108M�,
which is Nsub = 158 by calculating P (k) for ΛCDM and a larger MW mass, MMW '
2 × 1012M�. In contrast to the predicted number of this specific simulation, using the
mass choices of Eq. (VI.19), we have found the number of subhalos to be only ' 100 in
the ΛCDM case.49

VI.4 Detailed study of the parametrization

So far, we were assuming that the parent particles are thermalized when decaying, but in
general this assumption does not hold for rather long-lived or weakly coupled particles.
In the following, we show that a shifted MB distribution for f(x, r) can be used to describe
the momentum distribution of DM produced from the decay of non-thermal parent parti-
cles, whose distribution function is set by a freeze-in or freeze-out mechanism. Further, we
study the impact of a temperature dependent gs∗(T ) on the DM momentum distribution.

48 As pointed out in Refs. [309, 312], these reference values are not clearly defined as they depend on the
examined k-range and the wavenumber cutoff for the one-dimensional power spectrum. We use the cutoff
k = 200h/Mpc when evaluating Eq. (II.50) for our analysis.

49 This observation was already pointed out in Ref. [325] as a possible explanation for the missing satellites
problem.
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Figure VI.5: Compilation of different MW mass analyses using the second data release
from the GAIA survey. Further information on the results can be found in Refs. [268, 269,
313–321, 323]. The black dotted line is the combination of all measurements and the green
shaded region represents a 2σ error range. On the contrary, blue errorbars correspond to
68% CL limits of the respective analyses.

VI.4.1 Non-thermalized parent particles

In Section VI.2.2 we suggested to use a shifted MB distribution to model late-time decays
of parent particles. In the following, we are going to verify that this is a good approxima-
tion for the cases where fP (x, r) is determined by a freeze-out, if the particle is sufficiently
coupled or, if not, by a freeze-in.
To compare this approximation and the two late-time regimes we make use of Eq. (VI.10)
to mock these decays, which are governed by CΓ, with a shifted MB distribution and cor-
responding temperature ratio ξ (see Eq. (VI.5)). This will guarantee that DM is produced
at approximately the same time. For the case of the frozen-in or frozen-out parent particle,
we calculate f(x, r) numerically by inserting the corresponding fP (x, r) into Eq. (VI.1).
As an illustrative example we choose CΓ ' 5.2 × 10−4, which corresponds to ξ ≈ 40 and
set A2 = 0.5 for each production mechanism, to compare the results for the correspond-
ing transfer functions for the case of a shifted MB distribution with the other two cases in
Fig. VI.6. Shown in green is the result using a shifted MB distribution, while the trans-
fer function for DM production by decays of parent particles after they are frozen-out or
frozen-in are shown in blue and gray, respectively. We observe that the corresponding
matter power spectra feature a similar scale where they deviate from ΛCDM. Only de-
cays of frozen-in parent particles give rise to a slightly earlier drop in T (k). Overall, the
deviation between an appropriately shifted MB distribution and a freeze-in or freeze-out
parent is only marginal; this allows us to model late-time decays using our simpler analytic
expressions.

To highlight implications for structure formation even more, we calculate Nsub using the
lighter MW mass and δA for fixed mDM = 50 keV and different choices of A2. The respec-
tive results are shown in Table VI.1.
In summary, our findings indicate that we can model late-time decays to a good approx-
imation by a temperature shifted momentum distribution assuming thermalized parents
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Figure VI.6: Comparison of the transfer function T (k) for a shifted MB distribution and
a freeze-in/freeze-out scenario where the temperature ratio is set to ξ = 40 and A2 = 0.5,
while mDM = 10 keV. We see that the analytical shifted MB distribution (red curve)
is a good tool to approximate the numerical results for decays of frozen-out or frozen-
in parents, shown in blue and gray, respectively. Hence we will use it in the following
analysis to deduce constraints from structure formation. The horizontal black dashed line
corresponds to a pure ΛCDM scenario.

shifted MB freeze-in freeze-out

A2 Nsub δA Nsub δA Nsub δA

0.1 76 0.335 76 0.341 76 0.334

0.3 37 0.627 36 0.638 37 0.630

0.5 14 0.787 14 0.798 14 0.791

Table VI.1: Comparison of the corresponding structure formation observables using a
shifted MB distribution for parent particles and the respective momentum distributions
for non-thermal parent particles. The DM mass is set to 50 keV and only the abundance
A2 is varied. The predictions for Nsub and δA are nearly identical.

only.
As a final remark, we use above mentioned methods to place absolute lower mass bounds
on the DM mass, mlim

DM, by assuming ξ = 1. These values act as a guideline for the al-
lowed parameter choices for the 2TDM and the respective limits from structure formation
are summarized in Table VI.2.

Nsub Lyman-α

light MW heavy MW δAref,1 δAref,2

mlim
DM [ keV] 12.8 9.0 12.7 7.7

Table VI.2: Lower DM mass limit mlim
DM using constraints from structure formation as-

suming ξ = 1, i.e. all of DM has a common temperature T2 = T1.

VI.4.2 Impact of a variation in gs∗(T ) during dark matter production

In the previous sections we have treated the number of entropic DOF gs∗(T ) as a fixed
quantity. This assumption is only well justified for high decoupling temperatures, Tdec &
160 GeV, where gs∗(T ) = 106.75 is constant (neglecting non-SM DOF). This simplification
may be applicable for the first DM subset, but this simplifying assumption does not hold
necessarily for the second warmer DM subset. Of course, the impact of a varying gs∗(T )
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depends on the production time of the second DM subset, which is related to the mass of
its respective parent particle.50 We will use Eq. (II.30) to include the dynamics of gs∗(T )
in our analysis. Introducing a new variable z for the comoving momentum,

z =

(
gs∗(mP )

gs∗(mP /r)

)1/3

x , (VI.20)

we rewrite Eq. (VI.1) to derive the more general DM momentum distribution function
[111]

∂f(z, r)

∂r
= 2

CΓ√
gs∗(mP /r)

(
1− r ∂rg

s
∗(mP /r)

3gs∗(mP /r)

)
r2

z2

(
gs∗(mP )

gs∗(mP /r)

)2/3

×
∞∫

ymin

dy
r2√
r2 + y2

fP (y, r) , (VI.21)

where ymin = z

(
gs∗(mP /r)

gs∗(mP )

)1/3

− r2

4z

(
gs∗(mP )

gs∗(mP /r)

)1/3

.

To outline the impact of a variation in gs∗(T ), we insert the momentum distribution from
Eq. (VI.3) into Eq. (VI.21) and vary mP . Assuming ξ = 1, the results for z2f(z) are
shown in Fig. VI.7. The mass scale mP sets the time of the DM production, i.e. DM is
produced earliest for mP = 1 TeV. For a better comparison we rescale the momentum
distribution with a factor

√
gs∗(mP ), to compensate for the decrease in gs∗(T ) at late times.

Besides from this overall change in magnitude, the shape of the distributions are going
to change when DM is produced during periods of time where gs∗(T ) is rapidly changing:
while the curves derived for mP = 10−5 GeV, 10 GeV and 1 TeV are nearly identical, the
other two curves, where mP = 10−1 GeV and 1 GeV clearly deviate, because the QCD
phase transition leads to a rapid change in gs∗(T ) at T ≈ 200 MeV. In particular, the
momentum distribution gets shifted to larger z values when DM is produced during this
period of time, as can be seen from the blue curve, for which mP = 1 GeV.
To summarize, we have to be careful when defining a proper temperature ratio ξ, because

its definition is done by using 〈z〉 = 2.5 assuming constant gs∗(T ).51 That means we have
to include a shift in the averaged momentum due to a change in gs∗(T ) when comparing
against our results shown in the next section. For this purpose we compared the result for
〈z〉 of Eq. (VI.21) to the reference case Eq. (VI.1) in Fig. VI.15 for mP between 1 MeV and
roughly 1 TeV and ξ up to ' 6000; a maximum deviation of ≈ 2.5 can be observed at large
ξ values and for mP ' 1 MeV. For a given parent particle mass, we extract a function
h(ξ) from this contour plot and rescale the temperature ratio accordingly, ξ′ = ξ/h(ξ).
A change in the degrees of freedom also leads to a heating of the photon plasma compared
to the decoupled DM temperature. This does not effect the ratio T2/T1 but for the
derivation of the matter power spectrum the DM temperature has to be defined with
respect to the photon temperature Tγ . Compared to this reference temperature, the DM
temperatures evolve as:

T1

Tγ
=

(
gs∗(Tγ)

gs∗(Tprod,1)

)1/3

,
T2

Tγ
= ξ

(
gs∗(Tγ)

gs∗(Tprod,2)

)1/3

. (VI.22)

Late times of production will come with a decrease in the number of entropic DOF,
gs∗(Tprod,2) < gs∗(Tprod,1) and compared to the photon temperature, T2 is increased and ξ is

50 As discussed in Chapter IV, freeze-in is most dominant at temperatures r ≈ 3, i.e. T ≈ mP /3.
51 In the case gs∗(T ) = const, the dimensionless momentum variables are identical, z ≡ x.
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Figure VI.7: Numerical results for z2f(z) as defined in Eq. (VI.21) for different masses of
the parent particle, ranging from mP = 10−5 GeV to mP = 1 TeV and using Eq. (VI.3)
for f(z) as an illustration. Masses of 0.1 and 1 GeV lead to the biggest impact on the
shape of the spectrum, while the distributions of the other masses have similar shapes.
All distributions are rescaled with a factor

√
gs∗(mP ) for an easier comparison.

larger by a factor (gs∗(Tprod,1)/gs∗(Tprod,2))1/3. Again, as for a shift in 〈z〉 this can be taken

into account by defining a ξ′ = ξ (gs∗(Tprod,1)/gs∗(Tprod,2))−1/3 to include the reheating
effect of the thermal plasma.
We will explain these rescaling procedures of ξ in more details in Section VI.6 where we
apply it to specific models and extract limits on the allowed temperature ratio.

VI.4.3 Three-body decays

Compared to two-body decays, decays involving three or more particles are more likely to
feature small decay widths, because they can be suppressed by powers of small couplings,
heavy off-shell intermediate particles or large mass ratios. In case of three-body decays
we can have production of a DM particle X via the processes P → S S X, P → S X X
or P → XXX. Similarly to the previously discussed two-body decays we can derive an
analytic expression for the DM momentum distribution, assuming a thermalized parent
particle [312],

f(x) ∝ x−1.2 exp (−1.11x) . (VI.23)

The prefactor of this function is fixed by demanding A2 =
∫

dx1(x1)2f(x2). In contrast
to two-body decays, the energy of the parent particle is distributed among three parti-
cles. This has two consequences for the interpretation of our results in the next section.
First, the averaged momentum should be smaller by a factor of 2/3, in fact, we found
that 〈x〉 = 1.62 using Eq. (VI.23). Further, the same factor has to be used when map-
ping the assumed decay width to the temperature ratio, in that case that relation is given
by ξ ' 0.16/

√
CΓg

s
∗(Tprod)1/4 for the case of constant gs∗(T ) during DM production. We

have checked that both, using the momentum distribution given in Eq. (VI.3) with a spe-
cific choice for ξ and Eq. (VI.23) with an appropriately rescaled ratio, give rise to nearly
identical matter power spectra.

Although we do not present analytical results for three-body decays of frozen-out or frozen-
in parent particles as for the two-body decays, we are confident that one can make use of
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our procedure to extract limits for the case when the second subset is produced via late
three-body decays with appropriately chosen values for the temperature ratio ξ. Since the
deviations in the matter power spectrum are not very drastic, we expect that the results
from Fig. VI.15 holds for three-body decays to a good degree and this allows to derive
limits on production via three-body decays by applying our findings.

VI.5 Analytical fitting of the exclusion limits

In the following we are using the tools discussed in Section VI.3 to answer the question how
large and how hot the second DM subset can be. We are going to present our results in
terms of the A2–ξ parameter space of the 2TDM. Results are derived for different choices
of mDM as higher DM masses give rise to weaker constraints.
As an example we show the constraints on the parameter plane in Fig. VI.8 where we set
mDM = 20 keV and keep gs∗(T ) = 106.75 fixed until all of the DM production has been
completed. As can be seen, the limits from structure formation place strong constraints
on the temperature ratio ξ in the range 10−2 < A2 < 1.0 while the ∆Neff bound from the
BBN epoch starts to become relevant at rather large temperature ratios, ξ > 104. Above
this value, the bounds from structure formation become less reliable, because the hot DM
subset starts to act like dark radiation instead of matter, an effect not captured in the
calculation of P (k). We already observed in Chapter IV that the ∆Neff bound exceeds
structure formation limits for DM subsets with very high temperatures.
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Figure VI.8: Limits from structure formation and the number of effective entropic DOF
for mDM = 20 keV and fixed gs∗(T ) = 106.75. The blue shaded region is disfavored by
the MW subhalo count and the green shaded region by limits from Lyman-α surveys,
respectively. The solid lines are the corresponding stronger limits, whereas the weaker
constraints are shown as dashed lines. The red shaded region in the upper right corner is
disfavored by a too large ∆Neff value.

In the following, our aim is to provide our results in a model-independent way such that
they can be applied to a variety of scenarios. For this reason we fit the respective exclusion

limits with an exponential of the form ξ(A2) = exp
(
p0 ·A−p1

2 + p2

)
, which we found to
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be generally suitable. Furthermore, one parameter can be removed, because we know that
the curve endpoint, ξ(A2 = 1), scales linearly with the DM mass starting from mlim

DM as
given in Table VI.2. By eliminating p2, the exponential can be reduced to the expression

ξ(A2) =
mDM

mlim
DM

exp
[
p0

(
A−p1

2 − 1
)]

. (VI.24)

This enables us to use either the abundance A2 or the temperature ξ as an input parameter
and derive constraints on the other variable. The resulting fitting parameter for all four
exclusion contours for mDM = 20 keV are shown in Table VI.3.

Lyman-α Nsub

δAref,1 δAref,2 light MW heavy MW

p0 0.464 0.546 0.141 0.196

p1 0.581 0.672 1.11 1.29

Table VI.3: Fit results for the respective exclusion limits based on Eq. (VI.24) using
mDM = 20 keV.

Since only the limit endpoint scales linearly with DM mass, while the exclusion curve
for A2 < 1 changes non-trivially with it, we extend this fitting procedure for other DM
masses and simulate the exclusion limits for mDM between 20 keV and 1000 keV. Then,
the respective parameters pi are extracted and fitted using the following polynomial:

pi

(mDM

keV

)
= ai + bi

(mDM

keV

)−1
+ ci

(mDM

keV

)
+ di

(mDM

keV

)2
, (VI.25)

to derive a final fit function which takes A2 and mDM as input parameters to give the
allowed temperature ratio ξ ≡ ξ(mDM, A2). The results for all eight fit parameters
can be found in Section VI.8.4 in the appendix. We explicitly compare this analyti-
cal fit against numerical simulations in the context of toy model examples in Section VI.6.1.

However, the assumption of constant gs∗(T ) obviously does not hold in general and we
might have to drop at least some or all of above mentioned simplifying assumptions. We
will explain in the following how to adapt our results beyond the simple picture.
The starting point is to collect the A2–ξ relation given in Eq. (VI.24), the expression for
pi(mDM) (see Eq. (VI.25)) and the corresponding fit parameters given in Table VI.5. As
mentioned, this gives a first approximation of the exclusion limits, under the assumption
gs∗(T ) = 106.75 = const during DM production. If this does not apply for the second
subset, because its production happens at times Tprod,2 where gs∗(T ) is changing, it will
lead in general to a warmer DM subset as compared to the case where gs∗(T ) is constant.
Two corrections have to be done: first, the exclusion limit on ξ has to be divided by
(gs∗(Tprod,1)/gs∗(Tprod,2))1/3. Second, we have to take the change in 〈x〉 into account by
extracting a correction function h(ξ) for the corresponding mP from Fig. VI.15. This
gives a rescaled version of the temperature ratio, ξ′,

ξ′ =
ξ(mDM, A2)

h
(
ξ(mDM, A2)

) (gs∗(Tprod,2)

106.75

)1/3

. (VI.26)

Additionally, if the first subset features 〈x〉 different from 2.5 or has gs∗(Tprod,1) < 106.75,
which gives rise to a higher DM temperature T1 relative to the photon bath, one further
step has to be done before the corresponding limits on ξ–A2 can be extracted. This change
of A1 can be quantified by multiplying 〈x〉 with a factor α, which is either given by the ratio
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between the averaged momentum and our reference case, α = 〈x〉/2.5, or by the entropy
dilution factor, α = (106.75/gs∗(Tprod,1))1/3. Regarding its matter power spectrum, a DM
with temperature αT1 and mass mDM has the same properties as a DM with temperature
T1 and mass mDM/α. However, changing the mass by 1/α in Eq. (VI.25), we have to
rescale the outcome for ξ′ by multiplying it with α, because the second DM subset is not
affected. Taking all these corrections into account, the temperature limit is set by

ξ′ = α
ξ(mDM/α,A2)

h
(
ξ(mDM, A2)

) (gs∗(Tprod,2)

106.75

)1/3

. (VI.27)

In the next section we will explain in more detail how to incorporate these effects using
several toy models as examples. A special emphasis will be put on the proper extraction
of the limits on ξ when gs∗(T ) is not fixed.

VI.6 Application to sample models

To explain the matching between our parametrization and “real” DM models we consider
several example models where the DM is produced in different ways. Furthermore, we
compare the limits obtained using our fit functions with those obtained from explicit
simulations, where the matter power spectrum for particular choices of the momentum
distribution function is calculated. Finally, we match our findings to the exemplar DM
models, which we discussed in Chapters IV and V.

VI.6.1 Model I: thermalized + out of equilibrium parents, constant gs∗(T )

We start by discussing two thermalized parent particles, S and P , with masses mS =
mP = 50 TeV which are producing a DM species with mass mDM = 50 keV with their
respective decays. Due to their large mass the number of entropic DOF can be treated as
constant until all of them decayed into DM. Only afterwards, the dilution of gs∗(T ) has to
be taken into account. We assume that S decays rapidly, while remaining in equilibrium
with the thermal plasma. This is going to produce an amount A1 < 1 of DM particles with
averaged momenta given by 〈x〉 = 2.5. Additionally, P is going to decay at late times,
after it is already frozen-out and produces an amount A2 of DM, such that A1 +A2 = 1.
Now, because these decays are taking place at later times compared to production via S
decays, we end up with DM which is highly energetic compared to the thermal plasma.
The difference in the respective DM temperatures gives the ratio ξ.
The interesting question now is how hot the DM share A2 can be, without being in
conflict with observations of structure formation. Following the procedure outlined in the
previous section, we can neglect modifications stemming from a change in gs∗(T ) during
DM production and extract the limits on ξ directly from Eq. (VI.24).
In Fig. VI.9 we compare our fitted exclusion limits for a DM mass of 50 keV against
a numerical simulation. The left figure shows results from Lyman-α data (green shaded
regions) and the right one from a MW subhalo count (blue shaded regions). In both figures,
simulated results are shown as black lines and the stronger/weaker bounds are given by
solid or dashed lines, respectively. As one can see, our fit gives a good approximation of
the simulated results.

VI.6.2 Model II: thermalized + out of equilibrium parents

In the previous example we illustrated how to interpret and extract the corresponding lim-
its on A2 and ξ using our fit procedure under the assumption of constant gs∗(T ) during the
production of DM. Based on this, we consider now a similar setup as before: again, we
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Figure VI.9: Structure formation limits given by shaded regions and derived from our
analytic fit, Eqs. (VI.24) and (VI.25), using δA in the left and Nsub in the right figure.
The DM mass is given by mDM = 50 keV and we assume gs∗(T ) = const during DM
production. Shown as black lines are corresponding limits from a numerical simulation
and solid/dashed lines correspond to stronger or weaker bounds, respectively.

have two thermalized parent particles, S and P whose decays will produce a DM species
with mass mDM = 35 keV. However, now the parent masses are given by mS = 1 TeV
and mP = 10 GeV. As before, S is producing a DM amount A1 while it remains in equi-
librium with the thermal plasma, whereas an additional DM subset, A2, is produced by
late-time decays of P after it is frozen-out.
Since DM production now happens at times where gs∗(T ) is changing, we have to compen-
sate for this effect by using Eq. (VI.26). Here we assume that the first subset is produced
at early times where all SM particles are still part of the thermal bath, while the function
h(ξ) can be read off Fig. VI.15 for the particle masses involved. Now we can take ξ′ as the
constraint on the temperature ratio for this toy model. Limits derived using δAref,1 and
light MW masses are shown in the left and right figure of Fig. VI.10 as green and blue
solid lines respectively, while the respective weaker bounds are shown as dashed lines. The
black line and the red shaded region above it gives ∆Neff > 0.344 during the BBN epoch;
we note that this limit exceeds bounds from the MW subhalo count even for ξ < 1000, in
particular the heavy MW mass choice. Compared to Fig. VI.9 we observe that the exclu-
sion bands feature a kink around A2 = 0.2 and therefore smaller ξ′ values are excluded in
this region. The reason is that at this point, P particles decay around a temperature of
T ' 1 GeV where gs∗(T ) is rapidly changing and hence it gives rise ro a larger averaged
momentum 〈z〉, as illustrated in Fig. VI.7.

To demonstrate the usefulness of our approach, we simulate the combined matter power
spectrum for this toy model with two different DM production channels for the benchmark
points ξ = 10 and 40. We explicitly insert the out of equilibrium momentum distribu-
tion for S (see Eq. (VI.34)) taking changes in gs∗(T ) into account as well. The limits
on A2 for these choices are indicated by a star and a diamond in both plots: here, the
slightly grayed out symbols indicate the weaker limits. These benchmark points have to be
matched onto ξ′ as well, by multiplying them with a factor (106.75/gs∗(Tprod,2))1/3, which
evaluates roughly to 0.5 for ξ = 40 and 0.8 for ξ = 10.
Further, it is noticeable that the benchmark points, indicated by dark blue stars or dia-
monds, seem to yield weaker constraints compared to our fit. For the scenario in mind,
this can be explained by a DM fraction which is already produced while the parent par-
ticle is still in thermal equilibrium, giving rise to a peak at smaller momenta similar to
the case of thermalized parent particle decays. Whereas in our parametrization we as-
sume the second subset to be fully produced via late time decays. Consequently, at large
ξ this fraction is only marginal, but becomes more dominant for smaller ξ. We calculated
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Figure VI.10: Structure formation limits using the δAref criterion in the left and a MW
subhalo count in the right figure for the second toy model. Everything indicated by the
green or blue shaded region is constrained by structure formation and solid lines correspond
to strong and dashed lines to weak limits. For comparison, full numerical simulations to
extract limits are run for ξ = 10 and 40 and are indicated by the stars and diamonds in
both plots. The difference between the dark blue and black symbols indicated by an arrow
are due to specifics of this model choice and are further explained in the text. The red
shaded region yields a too large ∆Neff stemming from the second subset.

this fraction explicitly and numerically extracted the updated bound on A2 shown as the
black diamonds and stars in the plot. The difference between both is indicated by a black
arrow and it is obvious, that the latter, more careful treatment fits better with our ana-
lytical result.
Furthermore, we show how the constraints on A2–ξ can be matched onto specific param-
eters for a concrete freeze-out model. The abundance A2, produced by late-time decays,
is fixed by the abundance of P which in turn is set by the time of its freeze-out, rFO.
Integrating Eq. (VI.34) over x, the yield YDM = nDM/s is given by

A2 =
ΩDMh

2

0.12
'
( mDM

10 keV

)( 106.75

gs∗(Tprod,2)

)(
r2

FOK2(rFO)

49.5

)( mDM

20 keV

)
. (VI.28)

The relation between the decay width of P and ξ is already discussed in Eq. (VI.10).
Now we have all the ingredients to match between this specific model and our A2–ξ
parametrization.

This toy model is similar to the ScM setup we discussed in Chapter IV, although we used
a more conservative DM mass limit in Section IV.3.1 to extract limits from an adapted
half-mode analysis. As we have shown, stronger bounds from Lyman-α and MW sub-
halo counts require mDM & 13 keV, which would already exclude the scenario we consid-
ered in Chapter IV. Choosing as an example a fourth times larger mass for the lightest
right-handed neutrino N1, mN1 = 24 keV, we use our result derived in this chapter to
reevaluate the corresponding limits on the m±–mN2,3 parameter space. For this, we con-
sider the parent particle N2 to have a mass mN2 ' 300 GeV and extract the corresponding
h(ξ) function. Further, we take the three-body kinematics of N2 decays into account. We
show the corresponding limits in the left plot of Fig. VI.11. As before, the green shaded
region is excluded by δAref,1 and the blue shaded one by a subhalo count using the light
MW mass.
These results have to be matched onto the ScM; this is shown in the right figure of
Fig. VI.11, where we fix the mass of the charged Z2 scalar to be m± = 1200 GeV and vary
the mass of N2. We can neglect the complication of the matching of A2 which we dis-
cussed above, because we are interested in the large ξ region where the second DM subset
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is produced at sufficiently late-times. Compared to the 2TDM framework, there is less
freedom to choose parameters; consequently, the black line indicates the temperature ra-
tio ξ for the second DM subset, while the purple line shows the amount A2 of this subset.
The green and blue lines are the corresponding lower limits on mN2 using Eq. (VI.26).
Using δAref,1 limits mN2 & 316 GeV, thus excluding A2 & 0.5% and ξ′ & 18000, while the
subhalo count analysis yields a weaker limit, mN2 & 190 GeV. Both limits clearly exceed
the results shown in Fig. IV.4 assuming a conservative mTR = 2 keV limit. The bound on
∆Neff gives an even stronger constraint, mN2 & 435 GeV, hence excluding ξ′ & 11000 and
A2 & 0.2%, which is in accordance with the results we found in Section IV.3.2.
In conclusion, we can quickly and reliably answer the question of how much DM, origi-
nating from a subdominant production mechanism, is possible, and how hot it is allowed
to be in the process.
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Figure VI.11: Left figure: Application of our fit results to the ScM with m± = 1200 GeV
and mN2 ' 300 GeV. The green shaded region is the δAref,1 limit and the blue one the light
MW subhalo count. Again, the red shaded region is excluded by the ∆Neff bound. Right
figure: The corresponding abundance A2 (purple line) and DM temperature ratio ξ′ (black
line) for the same ScM setup, where Yukawa interactions are chosen as large as possible.
The green/blue shaded regions are excluded by the respective structure formation limits
and the red shaded regions by ∆Neff . For both plots, the mass of the DM candidate is
mN1 = 24 keV.

Finally, we want to comment on the potential issue of late-time decays of heavy particles
which may happen during the epoch of BBN and hence can spoil the abundance of light
nuclei by injecting highly energetic particles into the thermal plasma [204, 326, 327].
However, this danger does not appear for our model setup, because we assume that the
parent particle decays exclusively into DM via P → XX. There is no heating of the
SM plasma due to these decays, because the coupling between X and the SM plasma is
assumed to be zero. On the contrary, for models which feature decays into SM particles
besides DM, P → X S, these decays tend to be dangerous when decaying at temperatures
T . 1 MeV. Using Eqs. (VI.9) and (VI.10) this can be translated into a bound on ξ,

T

MeV
=

200

ξ

mP

GeV
. (VI.29)

For our sample model this bound evaluates to ξ ≤ 2000 if P decays dominantly into
hadrons. On the contrary, especially for mainly leptonic decays, the condition that T &
1 MeV can be relaxed substantially, if A2 � 1 as shown in Ref. [1].
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VI.6.3 Model III: thermalized + frozen-in parents

A a last toy model we assume that mDM = 125 keV, again an amount A1 of DM is produced
via thermalized parent decays with mS = 1 TeV, but A2 stems from a frozen-in parent
with mass mP = 80 GeV. Similarly to the previous toy model, we have to take a change
in gs∗(T ) into account, although it will impact the limits on ξ at higher values, since mP

is larger in this case and DM is produced at earlier times compared to the previous case.
The results of the fit are shown in Fig. VI.12 where we use the same color coding as before.
Since the DM in this model is heavier than in the first toy model, the exclusion limits are
shifted to larger ξ values. Further, the bound from ∆Neff is only marginally visible in this
plot due to the rather large DM mass.
As before, we compare our analytical exclusion limits against some benchmark points
using a full numerical simulation, but in this case we choose ξ = 40 and 300. Compared to
the previous example, the benchmark point are closer to the fitted curve here. This is to
be expected, as the momentum distribution function f(x, r) (see Eq. (VI.35)) arising from
decays of frozen-in parents only features one distinct peak, because the parent particles
are never thermalized and so no early decays are taking place. Hence, rescaling ξ by an
appropriate factor, as explained around Eq. (VI.26), can be safely done even for A2 →
1. One can now match these limits onto model parameters describing frozen-in parent
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Figure VI.12: Structure formation limits using the δAref criterion in the left and a MW
subhalo count in the right figure for the third toy model. Everything indicated by the green
or blue shaded region is constrained by structure formation and solid lines correspond to
strong and dashed lines to weak limits. For comparison a full numerical simulation to
extract limits was run for ξ = 40 and 300 and is indicated by the stars and diamonds in
both plots. The ∆Neff bound is absent, because it is weaker compared to Fig. VI.10 due
to the larger DM mass.

particles. Assuming that P itself is produced via an effective coupling CP , the DM yield
for this mechanism is given by

YDM = CP
135

64π2

1

gs∗(Tprod,2)
, (VI.30)

A2 '
( mDM

125 keV

)( 106.75

gs∗(Tprod,2)

)(
CP

1.7× 10−3

)
. (VI.31)

When discussing freeze-in scenarios one might want to construct a model where all particles
are decoupled from the thermal bath and therefore all of DM is produced by frozen-in
parent particles. However, this situation requires some modifications, because the averaged
momentum for the first subset generally differs from the case 〈z〉 = 2.5. As pointed out
in Section VI.5 this different setup can be handled by introducing a shift 〈z〉 = 2.5α. If
α > 1, the DM carries a larger averaged momentum and hence stronger bounds are set

119



CHAPTER VI. TWO TEMPERATURE DARK MATTER: A GENERAL PICTURE

10 2 10 1 100

A2

1

10

100

1000

Aref, 1

= 0.6, simulation
= 1.4, simulation
= 0.6, fit
= 1.4, fit

10 2 10 1 100

A2

1

10

100

1000
= 0.6, simulation
= 1.4, simulation
= 0.6, fit
= 1.4, fit

Figure VI.13: Effect of changing 〈z〉 for the A1 set of the DM on the excluded region in the
A2–ξ plane based on the δAref,1 criterion. The dashed lines correspond to α = 0.6, while
the dotted curves represents α = 1.4. The black curves stem from a numerical analysis
and the green ones from the adapted analytical fit as explained in Section VI.5. The left
figure is derived for mDM = 20 keV and the right one for mDM = 60 keV.

on the parameter space. On the other hand, α < 1 corresponds to a DM with smaller
averaged momenta and weaker structure formation constraints. It can be understood in
terms of the temperature T1 as well: lower temperatures leads to a smaller value of 〈p/T 〉,
which gives rise to less stringent exclusion limits and vice versa for larger temperatures.
This effect is shown in Fig. VI.13 where we choose α = 0.6 and 1.4 for two different DM
mass choices and compare the corresponding δAref,1 exclusion bound to the reference case
α = 1, but do not change A2. Further, these numerical results shown as the black curves
are compared against limits we derived using our analytical fit prescription (green curves),
adapted as explained at the end of Section VI.2. As can be seen both approaches agree
to a good approximation. Only for rather small DM masses and α > 1 both curves differ
from each other. However, this is not unexpected, as the structure formation observables
are quickly changing in this region of parameter space, because for mDM = 20 keV and
α = 1.4 the absolute mass limit given in Table VI.2 is reached. Finally, as expected, the
impact on the bounds gets weaker if the DM mass is increasing and it becomes negligible
for mDM & 100 keV.
A similar effect appears when gs∗(Tprod,1) is smaller compared to our assumption where all
SM particles are still in the thermal bath. In that case, we would find a larger temperature
T1 compared to the photon bath due to smaller reheating effects and accordingly the
exclusion curves have to be corrected similar to the case of larger 〈z〉 values shown in
Fig. VI.13. For this case, α is defined as the increase in T1, which is given by the ratio
α = (106.75/gs∗(Tprod,1))1/3 and for sufficiently late production times the temperature can
be twice as large as compared to early decays.

VI.6.4 Exploring the cold limit of the model parametrization

Motivated by our results in Section V.4 where we discussed that a warm freeze-in ALP DM
may be accompanied by a fraction of “cold” ALP DM stemming from the misalignment
mechanism, we briefly want to discuss in this section the case where the first DM subset
can be considered CDM instead. Formally, this corresponds to the case T1 → 0, whereas
the model parameter ξ has to be interpreted now in relation to our reference choice in the
previous chapters, ξ = T2/2.5.
As before, we are going to use Eq. (VI.24) to fit the corresponding exclusion limits based
on our structure formation analysis. The parameters derived for mDM = 20 keV are shown
in Table VI.4.
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Lyman-α Nsub

δAref,1 δAref,2 light MW heavy MW

p0 0.899 0.823 0.285 0.333

p1 0.564 0.652 1.04 1.22

Table VI.4: Fit results for the respective exclusion limits based on Eq. (VI.24) using
mDM = 20 keV and assuming that the first subset is composed of CDM.

Compared to the 2TDM, this scenario allows for a simple generalization for all mDM

choices. The effect of the CDM contribution A1 on structure formation is essentially
independent of the DM mass; it only matters for A2. For that reason, the fitted exclusion
limits can be easily rescaled to accommodate heavier DM. To illustrate this procedure, we
consider the photophilic ALP DM scenario discussed in Section V.5 consisting of “warm”
ALP DM produced via scatterings with 〈p/T 〉 ≈ 3.24 and a potential subfraction of
“cold” ALP DM produced via the misalignment mechanism. Using the values quoted
in Table VI.4, correcting for the warmer averaged momentum by α ∼ 1.3 and using
mDM = 17.4 keV (stemming from the corresponding strong MW mass limit, i.e. the lighter
mass), we are able to reproduce the limits as shown in Fig. VI.14 to a good extent. The
blue shaded region is excluded by a subhalo count for this ALP DM setup, while the red
curve gives the exclusion contour based on our fitting approach. It gives slightly weaker
limits compared to the numerical study, because the lower MW mass limit employed in
this chapter is marginally larger compared to Chapter V.
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Figure VI.14: Similar to Fig. V.5, where limits for the photophilic ALP F −ma parameter
plane stemming from a MW subhalo count assuming the lighter MW mass choice are
derived. Freeze-in contributes only a fraction F < 1 of warm DM to the total ALP DM
abundance, while the rest is made up by a CDM component. The blue shaded region is
excluded because these parameters yield Nsub < 64. The red line is the limit derived using
our analytic expressions for the light MW mass choice.
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VI.7 Summary of Chapter VI

Many extensions of the SM introduce entire dark sectors with several new particles and
interactions among them. Therefore, it is natural to ask the question what happens if the
DM is produced via different production channels, leading to DM composed of two sub-
sets, each characterized by its own temperature. Depending on the size and the nature
of the involved couplings and particles, these decays can easily take place at late times in
the early Universe and give rise to an increased DM temperature. We examined such a
scenario as model-independently as possible to allow for an easy comparison with specific
WDM models. For this purpose, we assumed that the DM is produced by two different
decay channels. One is due to decays of thermalized parents at rather early times, while
the second contribution stems from decays happening at later times. Our setup (referred
to as 2TDM) is parameterized by two key parameters: the abundance A2 of the second
subset produced at later times and the temperature ratio between both DM subsets, de-
noted by ξ.
The impact of such a model setup on the formation of structures in the universe was eval-
uated. Specifically we derived predictions for the number of MW subhalos and the flux
power spectrum and compared them against observations. Based on these, limits on the
parameters ξ and A2 were derived for DM masses between 20–1000 keV. For ξ = 1, i.e. a
single DM temperature setup, our limits on the DM mass are up to 11 keV using Lyman-α
measurements and up to 13 keV counting the observed MW subhalos and using the MW
mass derived from recent GAIA measurements. Typically, we could probe and constrain
parameters for A2 between 1 and 0.01 for temperature ratios up to 1000 and in general,
DM with a high temperature T2 can only make up a few percent of the total DM number
density.
We presented an analytical fit for the respective exclusion limit and discussed further steps
how to extract limits on specific model realizations. One focus was the incorporation of
a change in the number of effective entropic DOF during the time of production of the
DM species, as this impacted the interpretation of the fitted results. As an example we
considered different examples and compared our analytical prediction against numerical
results, where we made direct use of appropriate momentum distribution functions. Our
procedure showed a good agreement between the analytical fit and actual results. Hence,
it allows to predict limits on the temperature of a warmer DM fraction and its abundance
without extensive simulations.
Further, we commented on the treatment of DM production via three-body decays inside
our framework and how we calculated exclusion limits for these cases applying rescaled
results. As an example we derived limits for a benchmark point of the ScM setup consid-
ered in Chapter IV. We also discussed the limit where T1 → 0, i.e. the first DM subset can
be considered to be CDM instead; this particular case allowed us to present a simpler fit-
ting method, since the corresponding results scale directly with mDM. As an example, we
matched this result to the corresponding numerical results for the photophilic ALP DM
model with an admixture of misalignment DM, discussed in Section V.5 of Chapter V.
As a final remark, we want to point out that it is also possible to reinterpret our model
in terms of a mixture of two DM species with different masses mDM,1 and mDM,2, by
adapting the model parameter ξ accordingly: ξ ≡ T2/T1mDM,1/mDM,2.
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VI.8 Appendix of Chapter VI

VI.8.1 Momentum distribution function of out of equilibrium parents

If the parent particle is sufficiently long-lived and has a sizeable coupling CP , it thermalizes
and its decay will happen after it drops out of the thermal bath. After the time of freeze-
out, rfo, the momentum distribution function of the parent is given by

fP (x, r) = fEQ(x, r), r < rFO , (VI.32)

fP (x, r) = fEQ(x, rFO)

 r +
√
r2 + x2

rFO +
√
r2

FO + x2

CΓx
2/2

× (VI.33)

× e−CΓ(r
√
r2+x2−rFO

√
r2
FO+x2)/2, r > rFO . (VI.34)

VI.8.2 Momentum distribution function of never thermalized parents

Weakly coupled parent particles with CP � 1 never reach thermal equilibrium, but rather
freeze-in before they start to decay. Their momentum distribution can be derived as

fP (r, x) = CP

r∫
0

dρ ρK1(ρ)
exp(−

√
ρ2 + x2)√
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√
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(VI.35)

VI.8.3 Change in 〈x〉 due to gs∗(T )

As explained in Section VI.4.2, the time-dependence of the number of effective entropic
DOF, gs∗(T ), generally shifts the DM momentum distribution function towards larger
momenta. To examine this effect for the case of out of equilibrium decays, the average
value 〈z〉 is calculated, taking a change in gs∗(T ) into account, and compared against 〈x〉,
where gs∗(T ) are kept fixed in the calculation. The result is shown in Fig. VI.15, where we
varied the mass of the parent particle between 1 MeV and roughly 10 TeV for ξ between
1 and 6000. As can be seen, at rather small ξ the effect of a change in gs∗(T ) starts to be
dominant at mP < 10 GeV; below this mass the averaged momentum can be even twice
as large as compared to the case where gs∗(T ) are treated as constant. However, increasing
ξ will give rise to a shift in 〈z〉 even for rather large parent particle masses. This behavior
is expected, because if DM is produced at sufficiently early times by decays of very heavy
parent particles, gs∗(T ) stays approximately constant. However, demanding that this DM
should have a large ξ as well, requires that it is produced at later times in the temperature
and the effect of a change in gs∗(T ) becomes relevant.

VI.8.4 Details on fitting procedure

As explained in Section VI.5, we fit the respective exclusion contours using Eq. (VI.24) and
derive the fit parameters pi for mDM between 20–1000 keV. The mass-dependent pi are
than fitted using Eq. (VI.25). The results for all four structure formation limits are shown
in Fig. VI.16 respectively. The numerical results of a MW subhalo count analysis using a
light/heavy MW mass are shown as blue/dark blue crosses, whereas the δAref limits are
shown in light and dark green. We compare these with the corresponding results of the
aforementioned polynomial fit, which are presented in the same color scheme as a solid and
dashed line, respectively. In summary, our fit describes the numerical results accurately,
only for DM masses above 700 keV slightly larger deviations are visible, which is why we
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Figure VI.15: Ratio of 〈x〉 derived comparing Eq. (VI.21) against Eq. (VI.1), i.e. com-
paring a time-dependent gs∗(T ) against constant case gs∗(T ) = 106.75. As can be seen, the
averaged value is shifted to larger values, especially for mP ∼ 1 GeV and large values of ξ,
because in that region gs∗(T ) is changing rapidly. However, the effect becomes less promi-
nent for heavier or lighter parent particles. It can also be seen that 〈x〉 stays constant if
both, mP and ξ are increased. The black shaded region indicates decays which would take
place after BBN.
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Figure VI.16: Comparison of the fit parameters pi for different DM masses and structure
formation limits shown as crosses, and the corresponding fourth-order polynomial fit (see
Eq. (VI.24). Stronger limits are shown as solid and weaker ones as dashed lines.

only examine DM masses up to 1000 keV. An even larger mass range would require an
extended fit equation with more parameters. Therefore, we are using eight fit parameters
in Eq. (VI.24) for our final fit in total and the results are summarized in Table VI.5. We

124



VI.8. APPENDIX OF CHAPTER VI

δAref,1 δAref,2 light MW mass heavy MW mass

a0 1.16 1.03 0.383 0.428
b0 −13.7 −8.83 −4.28 −3.77
c0 6.08× 10−4 2.64× 10−4 −5.07× 10−4 −6.60× 10−4

d0 −1.95× 10−7 −0.02× 10−7 5.70× 10−7 4.70× 10−7

a1 0.504 0.589 0.942 1.07
b1 1.47 1.39 2.80 3.63
c1 −1.82× 10−4 −1.23× 10−4 6.16× 10−4 12.2× 10−4

d1 0.800× 10−7 0.288× 10−7 −7.32× 10−7 −8.50× 10−7

Table VI.5: Final fit parameters for all four exclusion contours, according to Eq. (VI.25).
The DM mass ranges between 20–1000 keV.

want to point out, that we do not assign an error on these results. Although we can
estimate a statistical uncertainty stemming from a finite simulation grid size, systematical
uncertainties of the fitted structure formation limits indicated by the strong/weak bound
are clearly dominating.

VI.8.5 Impact of Nsub on the parameter limits

We already discussed the uncertainties involved when calculating Nsub. While we derived
an upper and lower MW mass bound and presented our results for both mass choices, we
kept the requirement that our 2TDM should fulfill Nsub ≤ 64 throughout this section. In
the same way as done in Section V.7.3 we illustrate how the exclusion contours depend on
the choice of the number of sub halos in Fig. VI.17 for the 2TDM with mDM = 50 keV.
The left figure shows the result for the light MW mass and the right one for the heavy MW
mass. Shown in blue is the exclusion limit for Nsub = 80, the red line is for Nsub = 50 and
the black line, finally corresponds to the standard choice. As in the case of ALP DM we
observe that results derived for the light MW mass choice is more sensitive on the value
of Nsub, although its impact is less compared to our results in Section V.7.3, because the
lighter MW mass choice is slightly heavier.
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Figure VI.17: Comparison of mass limits for different choices of Nsub and MW masses for
the 2TDM model with mDM = 50 keV. The left figure shows results for the light MW mass
and the right one for the conservative choice. The blue lines are ma limits for Nsub = 80
and the red lines are using Nsub = 50 while the black lines are results for Nsub = 64.
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In addition we have evaluated the absolute mass limits mlim
DM for the different cases similar

to the procedure done to derive Table VI.2 and the results are shown in Table VI.6. This

MW
Nsub 50 64 80

light mass 8.8 keV 12.8 keV 23.5 keV

heavy mass 7.2 keV 9.0 keV 11.4 keV

Table VI.6: Lower DM mass limit mlim
DM for different choices of the observed amount of

subhalos Nsub compared to the case Nsub = 64 as used in this section. They were derived
assuming ξ = 1, i.e. all of DM has a common temperature T2 = T1.

highlights again, that potentially new discoveries of subhalos offer the intriguing possibility
of further constraining our framework.
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Chapter VII

Summary and conclusion

In this thesis, we studied the phenomenology of certain light dark matter (DM) models.
In Chapter III we studied the prospects to discover light DM embedded in a dark sector
at present and future particle colliders, whereas in Chapters IV to VI the impact on the
early Universe and structure formation was studied in the context of these and further
models.

Our first scenario consisted of the scotogenic model (ScM), which extends the standard
model (SM) with three right-handed neutrinos (RHN) and a new scalar doublet, all charged
under a discrete Z2 symmetry. It features a rich phenomenology and allows for a simul-
taneous explanation of various open problems: the smallness of neutrino masses, DM and
the observed baryon asymmetry of the Universe introducing TeV scale new physics. This
motivated our search for this particular model setup at particle colliders which has been
done in Chapter III.

For this purpose, we studied the pair production of the new charged scalar σ± which de-
cays into two different missing transverse energy (��ET ) signatures: first, we studied a two
tau + ��ET (di-tau) signature based on the ATLAS search on 36.1 fb−1 LHC data [214].
The other signature consists of two e or µ and ��ET (di-lepton) and was outlined again by
ATLAS using 36.1 fb−1 of collected collision data [213]. We recasted these analyses and
used the existing limits on the cross section to place bounds on our model. We found
that the current limits do not constrain the model in consideration significantly and only
a few parameter choices can be ruled out. Hence, we estimated the projected sensitiv-
ities for the high luminosity phase of the LHC (HL-LHC) based on the current analysis
techniques, assuming a total luminosity of 4000 fb−1 collected at a center-of-mass energy
of
√
s = 14 TeV. We presented our results for the di-tau and di-lepton signatures for dif-

ferent branching ratios and masses of the scalar, m± and heavy RHN, mN2 = mN3 . The
corresponding couplings for the decays of σ± are fixed by the Casas-Ibarra parametriza-
tion in order to satisfy the observed SM neutrino masses and mixings. Hence, we
optimized these couplings to maximize the decays into e and µ or tau leptons and com-
pared them against the case where σ decays exclusively into one of the two final state
signatures.
Our projected HL-LHC sensitivity curves allow to probe a significant part of the param-
eter space, ranging up to m± ' 650 GeV for the scalar mass and up to mN2 ' 350 GeV
for the RHN in the case of a di-lepton signature. The projected results for the di-tau case
are weaker since tau final states are not as clean as e or µ tracks, because tau leptons de-
cay hadronically as well.
Then, we presented results for future collider experiments, considering proton and elec-
tron colliders. For the former, we consider the FCC-hh with the luminosity goals of
3 ab−1 and 30 ab−1 at

√
s = 100 TeV, and studied the electron linear collider CLIC at√

s = 3 TeV and a total luminosity of 5 ab−1. Extending and adapting the analysis we
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used for HL-LHC, we projected sensitivities for both experiments using the di-lepton sig-
nature. We found that they can probe a wide range of parameter space, extending up
to m± ' 2 TeV and mN2 ' 1.4 TeV at FCC-hh. On the other hand, due to cleaner ex-
perimental signatures at lepton colliders, CLIC can probe the parameter region where
mN2 . m±; this is of particular interest when considering a resonant leptogenesis sce-
nario to generate the observed baryon asymmetry.

Although it is possible to explore the heavy matter sector of the scotogenic model, we
have seen that it is hard to detect its light DM component with mN1 = 6 keV at collid-
ers. Therefore, we turned our attention in Chapter IV to study the light DM imprint
on the cosmology of the early Universe and the formation of structures. In this frame-
work, DM can be produced via prompt decays of thermalized σ± scalars, or late-time
decays of the next-to-lightest Z2-odd particle in the spectrum. Of particular interest
is the second production mechanism, because it can give rise to highly energetic light
DM which is relativistic for a significant time period. Thus, it contributes to the effec-
tive number of relativistic species, Neff , with an amount ∆Neff and alters the formation
of structures due to its non-vanishing free-streaming length. We employed the bound
∆Neff < 0.344 during the time of big bang nucleosynthesis (BBN) and calculated the
matter power spectrum P (k) of the DM to employ a half-mode analysis to put limits on
the allowed model parameters; it turned out that the ∆Neff bound is superior. Further,
all DM production has to happen before BBN takes place, or otherwise the abundance of
light nuclei might be altered. Demanding that the production terminates before t = 1 s
restricts the parameter space further. In order to satisfy these bounds, the hot DM
component can contribute only at the sub-percent level to the total DM abundance. Fi-
nally, we overlapped our findings with the projected sensitivities of the collider analysis
and were able to show that cosmology already constrains parameter regions which can-
not be accessed by current collider experiments. Further, we discussed how the bounds
from cosmology will change when considering other coupling strengths and heavier DM N1.

The model we studied in Chapter V extends the SM by an axion-light particle (ALP)
a which can couple to photons and fermions. Assuming small couplings to these SM
particles, the ALP DM can be produced via a freeze-in process by 2→ 2 scatterings or an-
nihilations. We have studied two different cases: either the ALP couples only to photons
(photophilic) or fermions (photophobic). We calculated the ALP DM momentum distri-
bution function f from the corresponding cross sections assuming Maxwell-Boltzmann
distributions for the involved particles and derived the power spectrum P (k) for both
cases. The photophilic scenario features an infrared (IR) singularity in the cross section
due to a virtual gauge boson, which has to be regularized by an IR cutoff. As a result
the momentum distribution function turns unphysical below a certain momentum. We
redid the analysis using quantum statistics for the in- and out-going particles and regu-
larized the IR singularity by the respective thermal gauge boson mass. Even in this case,
we found the momentum distribution function to become negative below a certain mo-
mentum.
However, for structure formation the most relevant quantity is the averaged momentum
〈p/T 〉 ' 3 and f turns only unphysical at rather low momenta. For this reason, we could
still use it to extract limits on the parameter space. We found that besides an overall
factor, the distribution function for both approaches are nearly identical and we used
the analytic results assuming Maxwell-Boltzmann statistics for the analysis. Using a
half-mode analysis assuming a weak and strong limit from Lyman-α forest observations,
we can place limits on the ALP DM mass ma . 19 keV. Additionally, as a complemen-
tary probe, we calculated the predicted number of Milky Way (MW) subhalos for the
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ALP DM and compared it against observations. Demanding that enough subhalos even-
tually form, the limit ma . 17 keV was derived, depending on the MW mass. Our limits
do not dependent on the coupling, as long as the ALP does not thermalize, but we con-
sidered gamma-ray searches to constrain these couplings due to a→ γ γ decays.
For the photophobic case there is no infrared-singularity because fermion masses act as a
cutoff, and we found the limits ma . 16 keV from a half-mode analysis and ma . 13 keV
based on a subhalo count. Compared to the photophilic case, at lowest order, the results
do not depend on the assumed reheating temperature. If the ALP-fermion couplings are
flavor-universal, additional bounds from XENON1T, red giant cooling and loop-induced
photonic decays have to be taken into account. Finally, we considered the future Vera C.
Rubin observatory which allows us to place strong mass limits up to ma . 80 keV in the
photophilic case.

Inspired and motivated by these findings, we constructed a model-independent framework
with two distinctive DM production mechanisms, each producing a subset of DM featuring
its own temperature. We considered the first subset to be produced in decays of thermal-
ized parent particles, while the second one stems from non-thermal and long-lived parents.
The parameter space of this framework, which we refereed to as the two temperature dark
matter (2TDM) model, is spanned by the abundance A2 of the hotter subset to the total
DM abundance, the temperature ratio ξ between both subsets, and the DM mass mDM.
We derived constraints on these parameters based on the number of MW subhalos, limits
from the flux power spectrum of Lyman-α forest surveys and an additional contribution
to Neff . Further, we presented a fit equation which reproduces the corresponding exclu-
sion limits for DM masses between 20 keV and 1 MeV to a very good approximation. We
discussed how to adapt our result for the more general case when the relativistic degrees
of freedom are not constant during DM production, employed our findings for exemplary
toy models, and compared them against numerical simulations. Finally, we commented
on the possible inclusion of three-body decays, a generalization of the first production
method, and discussed the case where one subset can be considered “cold” DM instead.
In particular, we matched these results to the aforementioned models.
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