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Abstract

In this thesis we want to extend the Kurtz-Rodrigues representation to spatial population models
with competition. The Kurtz-Rodrigues representation consists of countably many particles form-
ing together a so-called Poisson representation of the Dawson-Watanabe superprocess. Poisson
representations are well-suited to combine the particle/individual perspective of the underly-
ing branching particle systems with the measure-valued branching Markov processes obtained
as high-density limits of the former making it possible to equip these limits with a genealogical
structure. Competition refers to an additional death rate endured by the particles which depends
on the current state of the population and can be interpreted as an increased mortality due to
overcrowding.

Our approach is general enough to encompass two classes of spatial competition models which
form respectively a generalization of the Bolker-Pacala models previously studied by Alison
Etheridge and the SPDE equivalent of the logistic Feller-Diffusion investigated by Carl Mueller
and Roger Tribe. In the spirit of Evans and Perkins we obtain our representations by cutting
them out from the Kurtz-Rodrigues representations of the corresponding non-competitive coun-
terparts. With this goal in our mind we develop an integration theory for the Kurtz-Rodrigues
representation which is reminiscent of Perkins’ stochastic calculus. In order to facilitate the
development of our theory we introduce an ordered collection (X;,U;)?2, forming the particles
of the Kurtz-Rodrigues representation and allowing us to utilize de Finetti’s theorem to derive
convergence and continuity results. Our integration theory provides us with a third coordinate
(Z;)2°, such that (X;, Z;,U;), has a well-defined high-density limit E%Z. The (Z;)$2; are
employed as death markers indicating which particles have prematurely died due to competition,
while the remaining particles form the Poisson representation of the competitive model. The de-
sired competitive model is obtained, when (X;, Z;, U;)$° and the corresponding measure-valued
processes solve the associated “cut-out equation”. Finally, we give a short outlook how such a
representation can be used to study the extinction behavior of competitive models.

Our integration theory is a marriage between Perkins’ stochastic calculus and the theory of
Kurtz-Rodrigues. Combining both theories requires to work out some technical details, which
will be done in the appendix. Last but not least, we discuss the Markov mapping theorem which
is the foundation of the Kurtz-Rodrigues theory and we prove a version of this theorem general
enough for our purpose.
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Chapter 1

Introduction

Particle models and their high-density limits play a big role in the mathematical description of
biological populations. They are deployed to understand how evolutionary forces like mutation,
selection and competition shape the genetic patterns observed in Nature. Due to their inherent
stochastic component the study of these forces have been proven to be a fertile ground for
probability theory, as it can been seen in the great variety of stochastic processes like the measure-
valued branching Markov processes, the Fleming-Viot processes and the coalescent processes.
While the mathematical theory of genetics is a rich branch of Mathematics, which is worthwhile
to be studied for its own sake, many results are restricted to situations without interaction
between the particles like competition or symbiotic branching. This gave rise to an increased
research activity, especially in the field of genealogical descriptions. For example, Le, Pardoux
and Wakolbinger extended the classical Ray-Knight theorem to the case of the logistic Feller
diffusion, see [33]. Unfortunately it is not clear how this result can be modified to incorporate
spatial models. Glode considered genealogical trees in the context of autocatalytic branching
processes, see [17], and Kielisch worked on the Kurtz-Rodrigues representation similar to us, but
his focus was on symbiotic branching models, see [23]. A broad source of different genealogical
constructions can be also found in the recent paper of Etheridge and Kurtz, see [13].

Before we present the competitive models we deem it necessary to discuss their non-competitive
counterpart, the Dawson-Watanabe superprocess. We assume that E is a Polish space and we
denote by M(E) the space of Borel measurable functions f : F — R, by B(F) the subset
of bounded functions and by C(FE) the collection of continuous functions. We set Cy(FE) :=
C(F) N B(E) and write C;f (E) for the subset of non-negative functions, i.e. f: E — [0,00).
When FE is locally compact, then C.(E) contains the functions in C(F) with compact support.
The DW-superprocess is the high-density limit of time-continuous Galton-Watson processes with
spatial motion, which we call Branching particle systems from now on. For the spatial motion
we fix an abstract Markov process X with E as state space. The Branching particle system is
a finite collection of particles that move through E like independent copies of X. Each particle
dies after an exponentially distributed time with rate Ay > 0, but until its death it gives birth to
new particles with rate Ay > 0, which inherit at birth the current spatial position of their parent.
There is no interaction between the living particles, each particle operates independently from
the rest of the population.

Let us now choose two sequences (A, > 0), (A, r > 0) and two constants a > 0,b € R with

o= lim 1Ny (1.1)

)
r—00 2r r—00

17



We call a the branching rate and b the drift. Based on the work of Watanabe in [46], the
corresponding Branching particle systems converge under an appropriate rescaling to a measure-
valued branching Markov process EX, called the Dawson-Watanabe superprocess, which is a
stochastic process with continuous paths in M ;(E), the space of finite measures over E. The
Dawson-Watanabe superprocess is similar to the Brownian motion an universal limit, in the
sense that a broad class of processes, not only the above described Branching particle systems,
are converging to 2%, Naturally this caught the attention of many mathematicians with the result
that the literature about the Dawson-Watanabe superprocess is very broad and rich. A good
introduction to the Dawson-Watanabe superprocess is given by Etheridge, see [12], and Perkins,
see [40]. If one is interested in more general measure-valued branching Markov processes, we
recommend the Saint Flour lecture notes of Dawson, see [9], and the book of Li, see [34].

During this thesis we use some of the deep insights of our precursors, most notability hereby are
Perkins’ stochastic calculus and the Kurtz-Rodrigues representation, but at the moment we will
state only some basic facts needed for the later discussion of the competitive model. Let us write
p(g) for the integral [ §(z) p(dz), whenever the integral is well-defined for the function g and
the measure p. Denoting by B the generator of X and by D(B) its domain the DW-superprocess

=% is a Markov process characterized by the property that for all § € D(B) the process given by

t
My(t) = =)~ =50) - [ SXB@) + =@ ds, >0 (12)
is a continuous local F=-martingale with respect to the filtration of 2% with quadratic variation:

t
<Mg>t=/ 20EX(§%)ds, t>0. (1.3)
0

This implies that the full-mass process Y := ZX(E) is a Feller diffusion with drift b and branching
rate a, which can be obtained as a solution of the stochastic differential equation given by

dY, = bY, dt + \/2aY, dW,, t>0, (1.4)

where W is a Brownian motion that lives on an extended probability space. If the spatial motion
is given by a Brownian motion, then the corresponding Dawson-Watanabe superprocess, which
is denoted by ZX, is called a Superbrownian motion (we write X instead of X for notational
consistency with later chapters). If additionally E = R, then 2% is almost surely for all ¢+ > 0
absolutely continuous with respect to the Lebesgue measure and its density ¢= is the unique
solution of the stochastic partial differential equation given by

©=(x) = %6590?(33) + b= (2) + /200 (x)dW(t, ), t>0,z R, (1.5)

with W being white noise over [0,00) x R (for more details see Section [7.4). This interesting
connection to the theory of SPDE’s was proven by Konno and Shiga in [27] and independently
by Reimers in [41].

Our models with competition are often obtained from the non-competitive models by adding in
the case of particle models a new death rate or in the case of high-density limit a new negative
drift term. The logistic Feller diffusion Y is the simplest high-density model with competition
and is the solution of the stochastic differential equation given by

dY, = bY, dt — Y2 dt +\/2aY; dW;, ¢ >0, (1.6)

with @ > 0,b > 0 and ¢ > 0 (Later we will just assume b € R, but to present the competition
models found in the literature, we have to assume b > 0). The difference to the Feller diffusion,

18



see , is the negative quadratic drift c}A/tQ. This term arises, if we think of the logistic Feller
diffusion as the high-density limit of a Branching particle system with no space and the death
rate for each particle is raised by a term that is linear with respect to the population size. If
we now look at the total number of particles, this turns into a negative quadratic term. A more
advanced model with the spatial space being E = R has been considered by Miiller and Tribe in
a series of papers [36], [44] and [35]. They showed in [35] that the logistic counterpart of
given by

N 1
wt(x)zéai Pe(x) + bpy(x) z)+ Vo (x)dW(t,xz), t>0,z€R. (1.7)

can be obtained as the rescaling limit of a sequence of long range voter models. The competition
in is local in the sense that only individuals at the same spatial position are in competition
with each other. This is different in the Bolker-Pacala models introduced by Etheridge in [11],
who was inspired by the work of Bolker and Pacala in [6] and [7]. If Ar denotes the Laplace
operator in R% and & 1 [0,00) — [0,00) is a bounded, continuous, decreasing function, then the
Bolker Pacala model 2% can be characterized by saying that for each § € D(Ar) the process

(1.8)

[I]

Pldx)ds, t>0,

2
/// ci(|lz = yl)g(x)ZE" (dy)EE

where ||z]|? = E?Zl |z;|%, is a continuous martingale with quadratic variation

<§BP>t:/O 24257 (§%)ds.

Competitive models are much harder to analyze than their non-competitive counterparts, be-
cause the negative, non-linear drift term added in the competitive models breaks the branching
property, which tell us for example in the context of the Dawson-Watanabe superprocess, that
the sum of two independent DW-superprocesses forms again a DW-superprocess. To express the
branching property more formally, let us denote by “x” the convolution operator. If (Q¢,t > 0)
is the family of transition kernels corresponding to a measure-valued Markov process, then we
can say that the process admits the branching property, if it holds

Qi1 + pa, ) = Qepa, ) * Qep2, -). >0, 1, p2 € My(E).

The branching property of the Dawson-Watanabe superprocess is the result of the fact that the
particles in the approximating particle systems have no interactions with each other. For more
details on the branching property see Section 2.1 in [34]

A further tool in the theory of DW-superprocesses is the fact that expectation of the Laplace
functional, vy(t) := Elexp(E5(-g))], satisfies a deterministic evolution equation. Luckily, in the
case of the logistic Feller diffusions and the Mueller-Tribe SPDE, , this evolution equation
can be replaced by a self-duality, because the competition is local. But the Bolker-Pacala models
form non-local competitive models and hence they do not possess such a self-duality, which
makes those even harder to analyze than the previous competitive models. We wish to build a
Poisson representation for a class of competitive models that is broad enough to comprise the
Miiller-Tribe SPDE as well as the Bolker-Pacala models. We hope that those help to improve
our understanding of these models. In Section [7.6] we sketch how such a representation could
provide us with a new approach to study the extinction behavior of Bolker-Pacala models.
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1.1 The Kurtz-Rodrigues Representation

In 2011 Kurtz and Rodrigues presented, see [32], a novel and unusual particle system with
interesting properties, named now the Kurtz-Rodrigues representation. The KR-representation
forms a Poisson representation for the Dawson-Watanabe superprocess and could be viewed as
conceptual evolution of the previous lookdown-construction presented by Donnelly and Kurtz
in [I0] to which we refer as the Donnelly-Kurtz representation. There exists an interesting
relationship between those two representation, which we explain in Remark The Kurtz-
Rodrigues representation is the basis for our Poisson representations, therefore we give here a
more and less informal description of this model, more technical details can be found in the
Appendix

As in the previous section, we fix an abstract Markov process X with state space E and generator
B, and we also fix three constants a > 0,b € R and r > 0. Again a and b are named branching
rate and drift, while 7 has the name “level cap”. The Kurtz-Rodrigues representation &7 with
level cap r is a stochastic process with values in Ny (E x [0,7)), the space of finite integer-valued
measures over F X [0,7), whose atoms are interpreted as particles moving through the space
E x[0,7). We call the first coordinate the “spatial position” and the second one the “level”. The
spatial positions behave as in the case of the previous discussed Branching particle systems, they
evolve like independent copies of X. The level follows the ordinary differential equation given by

0 = au® — bu. (1.9)

As a consequence particles with a level below max{b/a, 0} are moving downwards, while the par-
ticles with level higher than max{b/a,0} move upwards. For technical reasons we only consider
level caps with r > max{b/a,0}. If a level hits r, the corresponding particle is considered dead
and does not belong to £ anymore. Until its demise each particle gives birth to new particles
with rate 2a(r — u), where u is its current level. Each child is born at the spatial position of its
parent and its level is uniformly distributed over (u,r) (recall u is the level of its parent).
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Figure 1.1: The first three generations of a Kurtz-Rodrigues representation starting
with one particle in generation one. The lines become thinner and more transparent
with each generation. All particles have levels higher than the initial particle. The
levels above b/a increase rapidly, levels below decrease.
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As in the case of the Dawson-Watanabe superprocess and the Bolker-Pacala models, we
will give a characterization of the Kurtz-Representation as a martingale problem, but we will
postpone many details to the appendix, see Section [B:2] The martingale problem of the KR~
representation is based on the Laplace functionals, hence, if f : E x [0,7) — [0, 00) is an element
of CT(E x [0,7)), the set of non-negative continuous functions, the Laplace functional Ly is
given by 7 — exp(—n(f)), where n € Np(E x [0,7)) and n(f) = [ f(z,u)n(z,u). If we write
g :=exp(—f), then Ly becomes

Lf(éig’r) =L log(g)(Eig’T) = H g(x,u),

(zu)eer”

the product on the right-hand side fits well with the interpretation that the atoms of €57 are
particles. Now, we assume that ¢ € D(B) and 0 < g < 1, the generator of £€57 is informally
given by

AL (L togo) (1) = exp(-n(log(s))) / / N B;’g)(“) n(de, du)

+ exp(-n(log(g / / (2(1/ g(z,u) —1 dﬁ) n(dz, du) (1.10)

+ exp(-n(log(g // au® — bu] u?(x ;L) n(dzx, du).

The dynamics of the levels in €™ may appear at first odd and unmotivated, but they are the
central element of the Kurtz-Rodrigues representation. They have a very interesting property
which is revealed, when we choose the right initial distribution for the levels. Therefore let us
denote by M7 (Ny(E x [0,7))) the space of probability measures over Ny(E x [0,r)) and let us
define:

Definition 1.1.1. If E is a Polish space, the Markov kernel Uniy, : Ny(E) — M (N (Ex[0,7)))
is defined by saying that Unig(o) is for 0 = > ., 0. the distribution of the random measure
n = Exegé(m,Uw)’ where (Ug,x € 0) is a collection of independent random variables uniformly
distributed over [0,71).

Further, we write %" for the projection of £€%" onto M ;(E), which means that

2= Y b (1.11)

(z,u)e€) ™

The dynamics of €5 show their special properties, if we choose as an initial distribution £§ T~

Unif,(0) for some o € Ny(E). If so, the conditional distribution &,"" based on the path of the
=X,r =X,ry .

projection 2" up to time ¢ is still Unijp(E;""), i.e.

L& |o(BE, s <t)) = Unip(E]"), ¢>0. (1.12)

Less formally we can say that the path (EX7" s < t) does not reveal any information about the
levels. This effect becomes even more interesting by the fact that the projection E%" is with
respect to its own filtration a Branching particle system, where the particles move like X, die
with rate ra—b and give birth to new particles with rate ra. Furthermore, the KR-representation
is consistent, indeed if max{b/a,0} < ry < ry < oo, and €72 is a KR-representation with level

cap 73, then its restriction €5 to E x [0,71), i.e

ST = €52 (E % [0,71))), T eB(E x[0,00)),t>0,
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is again a KR-representation with level cap 1 (with B(E x [0, 00)) being the Borel algebra). This
can be deduced from Ap by observing that

A]TB'I (L- log(g)) = Ag (L— log(g))7

whenever g has the property that g(z,u) =1 for v > r;. We can make use of the consistency by
defining a generator for a KR-representation £* with infinite level cap by setting

AB(L.105(g)) = Tll)nolo Ag(Log(g))

for all g for which a 7 > 0 exists with g(z,u) = 1 for all w > 7. The infinite KR-representation
&X will be defined as a stochastic process with the following state space:

Definition 1.1.2. If E is a Polish space, we denote by N(E x [0,00)) the space of integer-
valued measures £ on E X [0,00) with the property: £&(E x [0,7)) < co,7 > 0. We say that a
sequence (£,)22, C N(E x [0,00)) is converging against an element £ € N(E x [0,00)), when
Enlg) =3 €(g) for all g € Cy(E x [0,00)) with the property that there exists a r > 0 such that
the support of g is contained in E x [0,7]. We call this topology the mized topology, because it is
a mizture of the weak and the vague topology.

The Kurtz-Rodrigues representation contains all the KR-representations with finite level cap
due to the consistency property, which means, if we set

STy = €5 n(Ex[0,7), TeB(Ex][0,00)),t>0,r>max{b/a,0}, (1.13)

then we can obtain a sequence (€% r > max{b/a,0}) of KR-representations with finite level
caps. Since the Kurtz-Rodrigues representations with infinite level cap is so important we will
call it just the Kurtz-Rodrigues representation in the following chapters. The KR-representation
with infinite level cap has an equivalent to .

Definition 1.1.3. We define the Markov kernel PPP g : M;;(E %[0, 00)) = M (N (Ex[0,00)))
by saying that PPP g(i) is the distribution of a Poisson point process with intensity measure [,

see Definition [C 1.1}
=X,r

As in the case of a finite level cap we will define a projection. If E%7 is the projection of £%7
on M;(E) as in (I.11)), then we define the projection of the KR-representation £€* with infinite
level cap on Mf(E) as

1 1
== lim -5 = lim — > Sl (u), (1.14)

r—0o0o T
(z,u)c€f

where the limit is taken in the weak-topology on M¢(E) and we map E* to the nullmeasure
0p ¢ My (E), if the convergence does not hold. If we choose as initial distribution & ~
PPP g (1®Leb|0,00)) with p € M;(E) and £eb]0, 00) being the Lebesgue measure, then Theorem
tells us that

L&l |o(BE, s < t)) = PPPE(ES @ Leb[0, 0)), (1.15)

indeed the conditional distribution of & based on the path of E* up to time ¢, is the one
of a Poisson point process with intensity measure EX ® £eb[0,00). This means that the path
(EX,s < t) does not reveal any precise information about the levels. As a consequence the
convergence in the definition of Z* holds for a fixed ¢ almost surely, which follows immediately
from . But most importantly, we can show that Z* is a Dawson-Watanabe superprocess
with spatial motion X, branching rate a and drift b (but we may have to replace E* with a
continuous modification).
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Figure 1.2: In the upper left image we can find the realization of the levels of a KR-
representation with infinite level cap, the remaining plots show the trajectory of %EXW

defined as in (1.13) for r € {12.5,30,80}.

=X,

Since E" was for each r > max{b/a,0} a Branching particle system, the convergence ([1.14)
provides us with a variation of Watanabe’s result, meaning that the DW-superprocess, E*, is
the rescaling limit of a sequence of Branching particle systems, (%" r > max{b/a,0}). The
consistency property of the KR-representation has the feature that we can interpret 25" as a
subpopulation of 22 whenever max{b/a,0} < r; < ry = oo (this can not be achieved by com-
bining Watanabe’s convergence result with the Skorohod’s representation theorem, see Theorem
1.8 in [14]).

The fact that 2X is a DW-superprocess combined with is the reason, why we call the
Kurtz-Rodrigues representation a Poisson representation of the Dawson-Watanabe superpro-
cess. The particles of £€* die, when their level are converging to infinity, which happens in finite
time due to the quadratic term in . Hereby we can observe that the parents always die
after their children, which is an odd property, if we think of the particles in &€ as individu-
als of a hypothetical population, therefore a more sensible interpretation is that the particles
represent genealogies/families and the children of a particle are representations of subgenealo-
gies/subfamilies. In this way it makes sense that the children, the subgenealogies, die before
their parents, because the death of the main genealogy implies the death of all subgenealogies
by definition. The level can be understood as an encoding of the longevity of the genealogy,
particles with a lower level represent longer lasting genealogies.
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The fact that the Kurtz-representation is a Poisson representation for the Dawson-Watanabe
superprocess and also satisfies (1.12]) may appear as a very unintuitive result, but it is a conse-
quence of the so called Markov mapping theorem. Besides many technical assumptions the main
ingredient for the Markov mapping theorem is the intertwining relationship between the gener-
ators of the two processes involved. Let us denote by Cg the generator of the DW-superprocess
and by PPP}, the pull-back of function associated with PPP g, which is defined by mapping
the function F : N'(E x [0,00)) — R to the function F': M;(E) — R via

Fw= [ F() PPP (@ (eb[0,00), dn), o € My(E),
N(Ex[0,00))

whenever the integral is well-defined for all ;1 € M(E). The operators Cg and Ag are inter-
twined in the following sense:

Cg o PPP}, = PPP} 0 Ag

with “o” standing for the usual composition of operators. For more details see the appendices
and For a proof of the Markov mapping theorem general enough to cover all our
cases, see Appendix [D-1]

The Kurtz-Rodrigues representation provides an intuitive understanding of the properties of
the Dawson-Watanabe superprocess, which are hard to guess from looking at the martingale
characterization given by or when we think of the DW-superprocess as the high-density limit
of the Branching particle systems. One of these properties which is particularly interesting for us
is the decomposition of a supercritical DW-process (b > 0) into a subcritical DW-process (b < 0)
with immigration generated by an immortal Branching particle system. This decomposition is
obtained by dividing the particle population at the level boundary v = b/a. Particles with a
level below will never die, they form a Branching particle system, which is a pure birth process
with death rate Ay = 0 and birth rate A\, = b. The particles above b/a die fast and form a
subcritical DW-process with drift —b, but the particles below b/a are generating constantly new
particles above b/a resulting in an immigration term for the DW-superprocess. In Sectionwe
are considering this decomposition for competing models. The above described decomposition
is called the Evans-O‘Connell backbone decomposition and was proved in the paper [15] from
1994. Back then, a deep understanding of the Dawson-Watanabe superprocess was necessary to
realize this decomposition, but for us working with the Kurtz-Rodrigues representation it is a
simple observation.
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1.2 Main Theorem

In this section we present our main theorem, but for this we need some technical definitions. We
start with the terms “competition model” and “Poisson representation”.

Definition 1.2.1. Let B : Cy(E) D D(B) — Cyp(E) be the generator of a well-posed martingale
problem. Further we assume that a > 0,b € R,0y € My(M(E)) and F : E x M (E) — [0, 0]
is a B(E x M(E))-measurable function (for formal reasons we allow oo). If (2, AP) is a
probability space and B : Q x [0,00) = M¢(E) is a Ms(E)-valued process, then we write

B~ Comp(B, a,b, F,0y),

when & has the initial distribution Oy and for all g € D(B) the process M : Q x [0,00) = R
given by

NE(t) = exp (~8u(9)) — exp (~Eo(9))

2)_/Eg(x)F(x7§S)§s(dm)} exp (— B.(9))ds, t>0,

|
ﬁ
m
w
S
+
o
S
|
IS
D!I])
(=)

s a continuous local martingale with respect to the natural filtration of E.

If we apply It6’s formula, we can show that the above is equivalent to say that the process
given by

A~ ~ t ~ ~ A~
M(t) :==E¢(9) — Eo(9) —/ [ES(B(Q)) + b, () —/ 9(@)F(x,8s)Es(dx)| ds, (1.16)
0 E

is a continuous local r?artiAngale with respect to the natural filtration of E with quadratic variation
given by (E2(9)): = [, 2aE,(g*)ds.

Definition 1.2.2. Let us assume that € is a N(E x [0,00))-valued and Zisa M (E)-valued
process such that

(& |0(B,,s <t)) = PPPR(E, ® leb]0,0)), >0, (1.17)

~
—
=

then we call E a Poisson representation of E. If the process B2 satisfies
é ~ Comp(B, a, ba F7 éo),

then we call § a Poisson representation of Comp(B,a,b, F, @0).

Let us assume that E is a Polish space E. If £ is a particle system given as a process with
values in N(E x [0,00)), then the “high-density limit” of £, if it exists, is obtained by the map
ve : N(E x [0,00)) = M;(E) by

lim 1£(- % [0,7]), if the limit exists in the weak top.

(£) := o0 (1.18)
Og, if the limit does not exist.

V5

In the case of a Poisson representation, we can conclude from (1.17)) that

[

t =~2(&) a.s. V> 0.
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There are two different classes of competitive models of our interest. We call these classes (non-
linear) Bolker Pacala models and (non-linear) singular interaction models. These
classes satisfy martingale problems which form a generalization of the martingale problems asso-
ciated with the Bolker-Pacala models, see , and the Miller-Tribe SPDE, see . We call
those non-linear, because the additional death rate experienced by each particle due to compe-
tition does not need to be linear with respect to E. Our competitive models will have particles,
whose spatial motion is given by a Lévy process in R? and, since X stands for an abstract Markov
process, we switch our notation from X to X and B to Byx.

Assumptions 1.2.3. We assume that X is a Lévy process on R% with second moments, i.e.
E[||X¢||?] < oo for allt > 0, when Xo = 0 and with weak generator Bx C Cy(R%) x Cy(RY),
see Definition . We write (B%,BS¢Y, BY) for the characteristic triple of X, where BY =
(B%(k))4_, € RY, B§Y = (Bgé’”(k,l))g,lzl € R4 being a symmetric, positive semidefinite
matriz and BY € M(R?) being a Lévy measure, indeed [ 1A||z||?> B"(dz) < oo and B%({0}) = 0.
The assumption that X has second moments translates to

[ Vel By (o) < . (1.19)

where ||z||? := Zzzl |z [? for © € R, see Theorem 2.5.2. in [2].

We believe that most of the results can be extended to the case, where X is a more general
Markov process in a locally compact space, but the above assumptions simplify many notations
and the technically complexity of some proofs.

Definition 1.2.4 (Non-linear Bolker-Pacala Models).
We say that the competitive model Comp(Bx,a,b, F,0q) is a non-linear Bolker-Pacala model,
if the competition function F' can be written as
F(z,p) = F(z,m(x, 1)),
where F: R x [0,00) — [0,00) and 7 : RY x M;(R?) — [0,00) satisfy the following conditions:

1. The function F is continuous and there exists for each R > 0 a constant Kr > 0 (which
depends on R) such that the restriction Fr : R? x [0, R] — [0,00) of F' on R% x [0, R] is
bounded and the function y — FR(:E,y) is for each x € R? non-decreasing and Lipschitz
continuous with Lipschitz constant Kg.

2. The function m is given by w(x,p) = [par(z,y)p(dy), © € RY,pu € Ms(RY), where
k:RIXRY — [0,00) is given by k(x,y) = &(||x —y||) for a bounded, continuous decreasing
function & : [0,00) — [0,00).

Competition models with singular interactions will form a generalization of , they will
only be well-defined if 2 from Definition is almost surely absolutely continuous with respect
to the Lebesgue measure. For this reason we will only consider the space F =R and Bx = %8§,
indeed the spatial motion X is a Brownian motion. Let us repeat some basic details: A measure
€ M#(R) is called absolutely continuous with respect to Lebesgue measure, if

Leb(T) = 0= u(T) =0, VI €B(R),

where £eb is the Lebesgue measure on R. The theorem of Radon-Nikodym tells us that in this
case, there exists a Borel measurable function ¢ : R — [0, 00) with the property:

w(T) = /Fap(x) dz, T €B(R), (1.20)
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or equivalently it holds for all non-negative Borel measurable functions g : R — [0, 00)

(@) = / 3(2)p(z) dz. (1.21)

Of course the Lebesgue density ¢ is not unique, indeed changing the value of ¢ at countably
many points will not change the correctness of or ([L.21)), but ¢ is unique up to sets with
Lebesgue measure 0. So for any two functions ¢; and s satistying or it holds
Leb(T") = 0, where

D= {zeR:¢i(z) # pa()} .

For our purposes it is necessary to express the density ¢ as a functional of u. Therefore we define
for n € N the functional g, : R x M¢(R) — [0, 00) by

on(z,n) = /R

and then we define g : R x M;(R) — [0, 00] as

j;ﬂexpm“‘\x —y2/2) n(dy), z€R, (1.22)

o(z,n) = liminf o, (z, 7). (1.23)
If p is absolutely continuous with respect to the Lebesgue measure on R, then it holds
leb({z e R:o(x,u) =c0}) =0

and @ : R — [0,00] with @(z) = o(z, ) is a Lebesgue density for p, indeed and
are satisfied by . In the case, where p admits a continuous Lebesgue density ¢ with compact
support, the convergence of (¢, (-, ), n € N) against o(+, ) is even uniform, see the approximation
theorem on Page 321 in [26].

Definition 1.2.5 (Non-linear Singular Interaction Models).
We say that the competitive model Comp(Bx,a,b, F,©q) is a non-linear singular interaction
models, if R* =R, Bx = %8% s the generator of the one-dimensional Brownian motion and

F(x,p) = F(x, o(x, p)), (1.24)

where F 1 R x [0,00] — [0,00) satisfies the same conditions as in the case of the non-linear
Bolker-Pacala Models, o : R x My(R) — [0,00] is given by and we use the convention
that F(z, o(z, 1)) = lim, .o F(z,y) for the case, where o(z, ) = co. Further we assume that
the initial distribution ©¢ has been chosen such that éo is absolutely continuous with respect to
Lebesgue measure, more precisely we assume the existence of a random variable @y with values
in Co(R), the space of continuous compactly supported functions, such that

P [éo@) = [ a@)zala) s, ¥ Com)| = 1.

To the best of our knowledge, it is not known, whether Comp(B, a,b, F, @0) is a well-posed
martingale problem for a general non-linear Bolker-Pacala model or a general non-linear singular
interaction model. But in the case of a (linear) Bolker-Pacala model the martingale problem
has indeed an unique solution, which can be proven with the Dawson-Girsanov transformation,
see Theorem 7.9 in [12]. We get to know the Dawson-Girsanov transformation in Appendix
A little bit more complicated is the case of the SPDE , the (linear) singular interaction
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model. In [44] Tribe considered a broad class of logistic SPDEs containing and he showed
in Theorem 2.2 of the same paper that these SPDEs have unique solutions, in the sense, that
all solutions have the same law. But this does not necessarily imply the uniqueness of the
corresponding martingale problems, because for this, one needs to show that each solution of the
martingale problem implies a solution of the SPDE. Our main theorem is simply stated that we
can construct Poisson representations for both classes of competitive models.

Theorem 1.2.6 (Main theorem). If Comp(Bx,a,b, F, éo) is mon-linear Bolker-Pacala model
from Definition[1.2.]] or a non-linear singular interaction model from Definition[1.2.5 and X is a

Lévy process with second moments, then there exists a Poisson representation for the competitive
model Comp(Bx,a,b, F,©q).

Proof. See the end of Section [7.5] O

If Ap r stands for the generator of our modified KR-representation, then Ag r is given for
g € D(Bx) and f :=-log(g) by

A p(Ly)(n) = exp(- /R/ BO)@ W) o au)

g(z,u)

+ exp(- / / (au? — (?)( ) v) n(dz, du)

+ exp(- /R/ /R/ 2alg(x, v) — 1] doy(dz, du)

+ exp(-n /Rd/ (z,75:(n )1 (( w n(dz,du).

Z,u)

The appearance of 'y]gd (1) in the last line makes the martingale problem of Ap p very hard to
work with. We can show that our Poisson representations form a solution of MP(Ap r), but
uniqueness of the martingale problem seems to be out of reach for the moment.

1.3 Summary

Our main idea, similar to an approach of Evans and Perkins used in a different context, is to
“cut out” the Poisson representation € of the competitive model from a Kurtz-Rodrigues rep-
resentation €~ of the Dawson-Watanabe process denoted by Z%. Based on Perkins’ stochastic
calculus we identify a random subset of particles forming the new process § such that its high-
density limit : = '7]1%1 (&) becomes a solution of the martingale problem Comp(B,a,b, F), éo),
see Definition This “cutting” should also not be a mere thinning of 2%, but it should also
respect the genealogy of the particles.

We assume that (X;,U;)$2, is the collection of processes with values in R? and [0, o), repre-
senting the atoms of €. Instead of atoms we will often say particles in the following, but note
that (X;, U;) represents not necessarily the same particle for all time points, for more details see
Chapter [2l The intuitive idea is to endow each particle (X;(¢t), U;(t)), ¢ € N, with an additional
label Z;(t) that has values in R and works as death marker, meaning that Z;(t) = 0 indicates
that the particle is still “alive” in & andASX , while we think of the particles as a ”ghost particle”
which has died due to competition in &€, when Z;(¢t) > 0, but the particle still lives in &%, the
original non-competitive KR-representation. These markers should be inherited by the children
from their parents or else E will not have a sensible genealogy, because a ”ghost particle” already
dead in S could give birth to new particles in S , which should be prevented.
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Let us imagine for the moment that we have succeeded in defining (Z;)$°, of particles (X;, U, Z;)52,
in a way that ensures the existence of the high-density/intensity process:

- ol

.':'..i(Z = Tll)n;o - Z5(Xi(t),Zi(t))]1[O,r)(Ui(t)) t>0. (1.25)
i=1

The solution & = (ét,t > 0) of the martingale problem Comp(B,a,b, F, @0) would then be

given by

= L
g = 7&120;;6Xi(t)]l[oyr)(Ui(t))]l{o}(Zi(t)), t>0, (1.26)

or equivalently by
Z(1) =E57(- x{0}), t>0,I € BRY).

But the process SA is only a solution of the martingale problem Comp(B,a,b, F, (;)0)7 if we can
arrange the dynamics of the label processes (Z;)$2; in such a way that given Z;(t-) = 0 at the
moment ¢, the process Z; will jump to Z;(¢-) + 1 in the time interval [t,t 4 dt) with probability
proportional to dt x F(X;(t-),&,), independently for all i € N. Or in other words the process
E has to be a solution of the martingale problem of the operator Ap r defined at the end of
Section [[.21

Assuming that exists, a naive approach for the construction of (Z;)$2; is to assume that

we have an independent family of Poisson processes (N;)$2; on [0,00) X [0,00) with Lebesgue

measure as intensity. We could use (V;)$2, to define (Z;)$2, by

t o)
Zi(t):/o /0 H[O,F(Xi(s),és)](p) N;(dp,ds), t>0, (1.27)

(note that we can write F(X;(s), Z,) instead of F(X;(s-), Z,.) in the integral because Z will have
continuous paths and X; has no fixed points of discontinuity). While is not completely
wrong, the approach is too simplistic, because ignores the genealogical structure of
the population. The death markers are not inherited from one generation to the next one; so if
Jj represents a child of the particle represented by ¢ born at time ¢, it must hold Z;(t-) = Z;(¢),
which is not true for . Therefore let us introduce the genealogical map

®:QxNxJ[0,00) x[0,00) = N,

where ®(j,t,s) =i with ¢t > s and 4,j € N tells us that the particle with index ¢ is at time s the
ancestor of the particle with index j at time ¢ (we set ®(j,t,s) = j in the case t < s). With &
in our hand we can define (Z;)$2, for each ¢ > 0 now by:

t o0
Zi(t) =) /0 /0 Liagit0=k Lo p(x, ()80 (P) L0, 7o) (8) Ni(dp, ds), (1.28)
keN

where we also added for technical convenience 1o 1, ,) with Tgx being the extinction time of
=X, this addition of Ljo,7:x) has the effect that everything stops evolving after the background
population E¥ has died out. We discuss this in greater detail in Chapter [2|and Chapter|3] Once
we have obtained (Z;)°; and assured the existence of the process £€XZ with “good properties”
like continuity, we can verify via a semi-martingale decomposition for £€XZ and EXZ | see Chapter
that = from is indeed a solution of the martingale problem Comp(B,a,b, F, @0).
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While this program is so far in principle quite straightforward, a difficulty presents itself: There
is a potential circularity in these definitions because the definition of the (Z;)72; as in
requires = from , which in turn is a simple functional of X%, and for the definition of
EXZ we need (X, Z;, U;)$2, which of course implies the necessity of defining (Z;)$°, first. Hence,
1’ forms in fact an implicit system of infinitely many equations and it is not a priori
obvious why a solution should exist (nor why it is unique) and in fact even why it is possible to
define the (Z;)$2, in such a way that the family (X, U;, Z;)$2, guarantees the existence of the
limits in and (recall that we simply pretended that EX% and E are well-defined,
but of course this has to be established beforehand). The way forward is to divide the above
task into two steps. We first develop in Chapter [3] to Chapter [6] an integration theory for the
Kurtz-Rodrigues representation. Armed with our integration theory we are able to derive in our
second step that the system of infinitely many equations implied by and has indeed
a unique solution.

In our integration theory we allow the integrand

Lo, p(xi(s)80)]

in to be replaced by a generic random integrand simply denoted by h and obeying cer-
tain conditions, notable a suitable notion of previsibility, see Definition We prove for all
(Xi, Z;,U;)2, with (Z;)$2, defined as in with such a h that EXZ exists and admits a
continuous modification, but also that

XZ .= Z O(X4(4),2:(£),Ui (4))

i=1

forms a Poisson representation of 2X%. We also prove a convergence theorem, which discusses the
convergence of (EXZ7)>_ | if (h,)2, is converging to a different integrand h. This integration
theory could be used in principle for other tasks, and the construction of our desired Poisson
representations are “just” one application of this theory.

The proof that £€XZ is a Poisson representation of ZX% takes its inspiration from the Poisson
mapping theorem which tells that if £€' is a Poisson point process over F; and ¥ : E; — Es is a
map between the spaces E; and Es, then the image of £2 of £! under U, i.e.

&) :=¢(v71(I), T eB(E),

(€2 is the push forward of ¢! under W) is again a Poisson point process, this time over Fy. If
@1 was the intensity measure of &', then p? given by p?(T) := p!(¥~1(T)), I € B(E,), is the
intensity measure of £€2. But to make this approach work for (6X%,EX%), we need to express
(Z;)$2, as functionals of the historical processes (X;,91;)5°,. While X;(¢) is the current spatial
position of the particle with index 4 at time ¢, X;(¢1,t2) with to < ¢ is the spatial position at
time t5 of the ancestor of the particle with index ¢ at time ¢;. Similarly we can define in an abuse
of notation

N;(t, dp, ds) = Z Lgai,e.s)=k L0, (5)Ni(dp, ds), t >0,
k=1

which means that the measure M;(¢) is identical with the measure ]l[o,ﬂ(s)]\ka(dp, ds) on the
set {(s,p); ®(i,t,s) = k}. The processes (X;,91;)52,; will get a rigorous definition in Section
23] Unfortunately things become again complicated. First, the theory of Kurtz-Rodrigues is
formulated for time-homogeneous Markov processes, so we add a time coordinate to our processes,
i.e. we set

W,(t) = (£, (), M(t)), t>0.
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This leads to the notion of a path-valued process. Secondly, the path-valued process is not a Feller
process, because its state space, a modified version of the Skorohod space, see Definition [2.4.1} is
not locally compact (and can not easily transformed in locally compact space). Luckily, the class
of Feller processes has a natural extension in form of the Borel strong Markov processes. We
will discuss this class of Markov processes and how to combine the idea of a path-valued process
with the theory of Kurtz-Rodrigues in the Sections and in Chapter 2l We can save
a lot of work, when we encode the atoms of (N;)$2, and (91;)$2, by the jumps of a Lévy process.
Indeed, if N is a Poisson point process with intensity measure £eb[0, 00) ® £eb[0, c0), then

t o]
L(t) ::/ / e P N(dp,ds), t>0,ieN,
o Jo
is a pure-jump Lévy process with Lévy measure:
v(dl) = 1 ()=t de.

Applying this encoding to (9;)2; will give us in Lemma the historical processes (£;)5°,
and if we now set

Wi(t) = (¢, X:(t), £i(t)), t>0,3ieN,

then we have reduced everything to path-valued processes associated with Lévy processes, hence
it is much easier to work with (W;)$2, instead of (W;)$2,.
In Chapter [3| we introduce £} (M) as the right choice of integrands for our integration theory

loc

and show that for each h € L} (M) we can find a map Hy, t € [0,00), with

loc
H,((BY, s <t),W,(t)) = Zi(t) a.s.,i €N.
This map or more precisely its extension
I?t((Ez}V,s <t),W;(t),U;(t)) = (X;(t), Z;i(t),U;(t)) a.s.,i €N, t >0,

can be used to express £XZ and EXZ as push forwards of €V and EW under H, then £€X7Z will

be a Poisson representation of 2X%, because &€V is one for ZV. This is essentially the idea

of Proposition and Section but we will alter our approach a little bit for technical
convenience.

In Chapter We can make the ideas alluded to in 7 precise and define the “cut-out”
through “competitive deaths” triggered by a (for the moment externally given) measure-valued
process (Vs)s>0 as

((X:,0:)32,,€,8) = Cut-Out (£, F(-,V))
where
gt = Z6(Xi(t),Ui(t))]l{O}(Zi(t)) and ét = EtXZ( - X {0}) for ¢ Z 07
=1

with Z; as in but 2 replaced with V for the moment (and (X;(t), U;(t)):en is a re-numbering
of (X;(t),Ui(t) : i € N, Z;(t) = 0) which “closes the gaps”), see Definition Now indeed,
by the definition of Z; in (1.28)), a given particle (X;,U;) currently “alive” in & will disappear
through a “competitive death event” at a given time ¢ at rate F'(X;(t-),Vt), i.e. it will stop to
be counted for & even though its level U, (t) has not yet exploded.
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Due the groundwork laid by our integration theory this gives a rigorous meaning to the infinite
system of equations implied by and , but we still have to ensure the existence of a
self-consistent solution, indeed that we can plug in E itself into instead of the arbitrary
process V. This leads to the equation

((Xi,U,),,€,E) = Cut-Out (¢, F(-,E)), (1.29)

which we call the Cut-Out equation in Section We also present in Section conditions for
the competitive functions F' which are sufficient to show that admits a unique solution.
These conditions, see Conditions are general enough to cover the non-linear Bolker-Pacala
models as well the non-linear singular interactive models.

There are four points for the competitive function F' in the Conditions these are too
technical to explain in full detail here, but the first one requires F' to be non-decreasing in the
second coordinate, meaning that F(z,u1) < F(z, uz) for all z € R? and py, po € My(R?) with
p1 < p2, where “<” refers to a “pointwise ordering”, see Definition [7.1.5] We usa a Picard-type
iteration scheme by defining recursively for all n € N :

(()?ZT”, ﬁ}")g’gl,@’”,ém) = Cut—Out(é’W, F(-, éi’”*l)), neN
with 240 = 2% and

(Xpm, Ub")ee,, €5m 8Y") = Cut-Out (¢, F(-,E"™)) neN.
By the non-decreasing nature of F' we have:

gln < Bl < gt < B < BX forallt > 0and n €N, (1.30)
where equality holds for all random measures, if t = 0. In particular (éT’")fLO:l is increasing and
(E+m)°0_| is decreasing, this suggests to define

g = im. g <8 = lim g t>0, (1.31)
where the limit holds in total variation norm. Ignoring some technical details, which are handled
with the help of the second and third point of the Conditions we obtain a solution of the
pair of equations:

[x

(X!,0Nz,,&",E") = Cut-Out (¢, F(-,
(X}, 042, €84 = Cut-Out (", F(-,

K2

(1.32)

I

By the construction of Z' and ¢, we have E} = E} and with the help of the fourth point in
the Conditions which can be roughly interpreted as a locally Lipschitz-condition for F', we
can extend this equality to all time points, i.e.

[
[

PEl =&/t >0 =1.

Setting E .= 2} and using El =E'in , we can see that 2 is a solution of the Cut-Out
equation .

In the last section of Chapter [7] we give an outlook how to apply our Poisson representation to
study the extinction behavior of Bolker-Pacala models, this approach is based on Evans’ and
O‘Connells backbone decomposition explained at the end of Section [1.1

In [I6] Evans and Perkins applied a cutting technique very similar to ours to study a system of
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two competing measure-valued processes which interact adversely with each other. But Evans
and Perkins are working solely with high-density limit, they are not interested in Poisson rep-
resentation, but this is not surprising, since Kurtz and Rodrigues’ work is from the year 2011,
while Evans and Perkins paper was published in 1998. But despite this, there is also a difference
in the considered models. To explain this difference let us reduce Evans and Perkins’ model
to a situation, where there is no space, and the measure-valued processes become real-valued
diffusions. In this scenario, the model of Evan and Perkins described in (v) in Section 1.5 in [16]
reduces to a two-dimensional stochastic differential equation given by

dY;! = —cYY2dt + 1/2aY, WL,
) (1.33)
dY? = —cY2Y dt + \/2aY2dW?

with @ > 0,¢ > 0 and W', W?2 are two independent Brownian motions. Of course this is a
complete injustice to the work of Evans and Perkins. But for us this reduction allows to point
out the difference between our models and the ones of Evans and Perkins. Our models reduce
in the same scenario to the logistic Feller diffusion:

dY; = bY,dt — cY2dt + V 2aY dW,.

Our models are self-interacting, indeed the competition term has the form C}/}Zdt, while the
populations in (Y1, Y?2) are only affecting negatively the other one, but not themselves, because
the competition terms have the form cY,'Y,2dt in (1.33). This difference in the drifts leads to a
difference in the proofs. Perkins and Evans construct similarly to us two sequences (Y1 n € N)
and (Y2" n € N) via a Picard-type recursion with

Yl,l S Y1,2 S . S Yl,n g
y2l>y22is> >yRn >

and their solutions are obtained by setting Y? := limy, 00 Y“l But while we need to argue in an
extra step, see Proposition that the two limits 2 and E+ from (1.31)) are in fact identical,
this steps is unnecessary in the situation of Evans and Perkins, because Y'! and Y2 are already

a solution of ([1.33]).

1.4 Outline

This thesis is organized in the following way: In Chapter [2] we construct and study a collection of
processes (X;,U;)2, and (W, U;)$2,, which we call the ordered Kurtz-Rodrigues representation.
These processes belong to the particles of a Kurtz-Rodrigues representation and describe the
current spatial position and level. We discuss the notion of path-valued processes and we study
the behavior of (X;,U;)$2, and (W;, U;)$2, at the moment of extinction.

We develop our integration theory in Chapter [3|with the help of the ordered KR-representation,
there we will introduce a third component (Z;)$2,, which depends on the chosen integrand h.
The integrand must belong to the class £}, (M) in order to ensure that (Z;)°; is well-defined
and to maintain the exchangeability of (X;, Z;, V;)2, with V4 = Uy and V41 = Ujy1 — U; for
i € N. We show that £€XZ is a Poisson representation of 2% with

£XZ = Z(S(Xi(t),zi(t),Ui(t)) and EXZ = lim - Z6(Xi(t),Zi(t))]l[O,r)(Ui(t)>- (134)
i=1 i=1

r—oo 1 4
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In Chapter [4] we derive several semi-martingale decompositions associated with the processes
(X, Zi, U2, €X% and EXZ. These semi-martingale decomposition are used in Chapter |5| to
prove a useful convergence theorem, see Proposition [5.2.3] which will be used in the proof of our
main theorem in Chapter |7} but also to derive that ZX# admits a continuous modification in
Chapter [6]

In the final Chapter [7] we start with introducing the Cut-Out process. We take a look at some
of its properties and prove the Reversed order lemma, see Lemma After this we start to
study the Cut-Out equation

(X, 0)2,.€ 8) = Cut-Out (£, (-, 8)),

and discuss conditions sufficient to ensure that this equation admits a unique solution. In Section
and[7.4) we show that these conditions are satisfied by the two classes of competitive models we
are interested in, (non-linear) Bolker Pacala models and (non-linear) singular interaction models.
Finally, we show in Section that the Cut-Out equation has a unique solution from which we
obtain our main theorem, Theorem [I.2.6] In the last section of Chapter [I.2] we sketch how one
could apply our Poisson representation to study the extinction behavior of Bolker-Pacala models.
In the appendix we start with studying the notion of a martingale problem, see Appendix[A.1] and
the notion of a Borel strong Markov process, see Appendix Both notions play an important
role in the Sections where we lay out the martingale characterization of the Dawson-
Watanabe superprocess, the Kurtz-Rodrigues representation and the Branching particle system,
further we use the Markov mapping theorem to prove the statements of Section [I.I} Throughout
this thesis we make us of several properties associated with Poisson point process and its atoms,
these properties are discussed in Section [C.I]and Even more relevant is the Markov mapping
theorem, which we present and prove in Section Since our spatial motions are given by Lévy
processes, respectively by path-valued processes associated with such, we need to show that these
admit a sufficiently nice generator, which suits the theory of Kurtz and Rodrigues, this happens

in Sections [E.1] and [E.2]
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Chapter 2

The Ordered Kurtz-Rodrigues
Representation

Let us assume that X is an abstract Markov process with state space E and generator B. In
Section we became acquainted with the Kurtz-Rodrigues representation € as a stochastic
processes with state space N(E x [0,00)), recall Definition We have characterized the
KR-representation as the solution of the martingale problem of Ag, the missing details can be
found in Appendix Kurtz and Rodrigues proved the existence of the martingale problem
MP(Ag) based on the abstract Markov mapping theorem, see Theorem A.15. in [32]. For our
purpose we think it is convenient to a have collection of particles (X;,U;)$°, such that their
“empirical process”

&= dxwuw)y, t=0, (2.1)
i=1

forms a Kurtz-Rodrigues representation. Of course one could start with the solution of MP(Ap)
and claim the existence of (X;,U;)$2,, but a rigorous argumentation based on this approach
requires to express everything as functionals of €%, and all we know is that the functionals
contained in the domain of MP(Ap) are martingales. Therefore we prefer the typical approach
of giving an explicit construction of (X;,U;)$2, and then we verify that £* is a solution of
MP(Ag). The processes (X;,U;)2; will take values in E X [0, 00], and the collection (U;)$2,
has the property that

P [Ul(t) < UH_l(t), vVt € [O, OO)] =1,

hence the name “ordered Kurtz-Rodrigues representation”. We call (X;)$2, the spatial processes
and (U;)$2, the level processes. This ordering has advantages and disadvantages. One disadvan-
tage is that the dynamics of (X, U;)$2; become more complicated, because the pair (X;, U;) for
a fixed i € N will not always represent the same particle/atom of £€* for all time points, instead
it will switch every time, when a new particle is born with an level below U;. But this also means
that the pair (Xy,U;) will always represent the lowest particle, because all new particles have
level higher than their parent. At the first glance this is not much, but note , ie.

(& |0(BX, s <t)) = PPPg(E] @ £eb[0,00))

35



translates for the ordered system (X;,U;)32,, see Proposition to
LK), Vi) Za o (B2, 5 < 1) = R (QF @ Bxp(Vh)) (2:2)
i=1

where V) = Uy, V; = U;—U; 1 fori > 2, Y, = EX(E), QF = EX/Y; (on the set {Y; := EX(E) > 0},
otherwise extra attention is required, see Proposition [2.6.5)) and Exp is the Markov kernel given
by:

Definition 2.0.1. We define the map Exp : [0,00] — M1([0,0]) by saying that Exp(\) is the
exponential distribution with rate X in the case of 0 < A < 00, Exp(0) = 000, and Exp(oo) = dg.

Statement will be often used by us to translate statements proven for the lowest pair
(X1,U;), whose dynamic is undisturbed by the birth of new particles, to the whole population.
We will now give characterization of the ordered system (X;,U;)$2; as a martingale problem,
but we postpone many details to Section 2.5] The state space of the ordered Kurtz-Rodrigues
representation is given by:

Definition 2.0.2. If E is a Polish space, then we denote by S(E) the subset of (E x [0, 00])>
consisting of the elements (x;,u;)52, with u; < u;41,i € N. We equip S(E) with the countable
product of the topology of E x [0,00], which in turn is equipped with product topology of E
and [0,00], where the latter is considered to be the usual one-point compactification of [0, 00)
(Alexandroff-Compactification, see Page 150 in [22]). Further we define S oo)(E) as the subset

of those elements (z;,u;)2, € S(E) with u; < oo for all i € N and we set Soo(E) := S(E) \
S[O,oo)( )

Please note that if (z;,1;)32; € S[o,00)(E), then n = 32 §(4, 4;) is an element of N(E x
[0,00)), if and only if lim,;_, u; = co. The generator of the ordered system A% will be defined
on functions G : S(E) — [0, 1] having the form

G( zzauz z 1 Hg1 quz

with (g;)52; being a suitable collection of functions. In Section we will learn more about
how to choose (g;)$2,, but for now it enough to know, that there should exist for each collection
(9:)324 alevel cap r > 0 such that g;(z;,u;) = 1, if u; > r, for all ¢ € N. For G as above the
function

AZ(G):S(E)—R
is given for (w;,u;)72; € Sjo,00)(E), i.e. u; < oo for all i € N, by
AL (G) (@i, ui)y)
O = B(gl xlyut
= Hgl xy, U Z (2.3)

i=1 g’L xlvul
oo
Ougi (i, u;)
— bui 2.4
+ng Ty, u z:: au? — buy;) oi (o) (2.4)
m Lmy Um
+l_[gl Ty, Uy Z Z / 2a | gi(x;,v Mfl dv (2.5)
i=1 j=i4+1"v %i-1 m=j gm(xm7um)
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and for (z;,u;)$2, € Soo(E), i.e. u; = oo for some i € N (and hence u; = oo for all j > i), by
AR (G)((ws,ui)2,) = 0. (2.6)

The first two lines of Ag describing the spatial motion and the level dynamics are identical with
the first two lines of Apg, see or Definition m This is not surprising, because when we
assume that there is no new particle born with a level below U; on the time interval [t1, t2), then
the collection (X;,U;)_; will evolve on [t1,t2) like independent copies with X; being a copy of
the Markov process with generator B and U; being the solution of the ODE %4 = au? — bu.

But the Line which is associated with the birth of new particles looks different as the
corresponding line in A g, this is due to the way how the birth of new particles is effecting the
order of the particles. Let us fix an index ¢, then every particle with an index lower than i
will give birth to a new particle with a level between U, ; and U; independently with the rate
2a(U; — U;1). If this happens the new particle will inherit the spatial motion from its parent
and its level will be uniformly chosen from the interval [U;.1,U;). Further the pair (X;, U;) will
now describe the spatial motion and the level of the new particle from now on until another new
particle is born with an level below U;. But the birth is also effecting all pairs (X, Uy) with
k > i, because the particle having the k-th position in the ordering has suddenly the k& + 1-th
position, hence its spatial motion and its level is now described by the pair (Xy11,Ug+1) and not
by the pair (X, Ux) anymore, which results in a jump of (X411, Ugk41) to the value of (X, Ug).
Finally, tells us that the whole system (X;(¢), U;(t))$2, stops evolving, when one of the level
processes hits infinity. We will later see, that if a level process hits infinity, then all of the level
processes (U;)$2; hit infinity at the same time, and the level processes will hit infinity, if and
only if Uy > max{b/a,0}. Here it is important to distinguish between the processes (X;,U;)32,
and the particles of £€X. The particles of £€* hit infinity at different time points, and this appears
to be in contradiction to the statement that the (U;)$2; hit infinity at the same time. This
contradiction exists only apparently, because when the level of a particle in &* converges to
infinity, then its index in (X;(¢), U;(¢))52, will also converge to infinity due to the new particles
born with a lower level. This has the effect that there exists no index j € N such that U;
converges to infinity. In Section @We will give more details about Ag like the domain and we
will formulate more rigorously a martingale problem for (X;,U;)$2,, see Deﬁnition But in
the end, the ordered KR-representation is just a tool for us, therefore we will not prove that the
martingale problem MP(Ag) is well-posed. On the contrary we will argue that the martingale
problem may not even be well-defined, depending on the initial values of (X;, U;)$2,, for further
explanations see Remark But even when the ordered system (X;, U;)$2, is a well-defined
solution of MP(A%), the process ¢B from is only an empirical KR-representation, if we
chose (U;(0))$2, such that lim;_,+ U;(0) = co. Otherwise there will be no newborn particles with
levels above U (t) = lim;—, oo U;(t), because by the definition of A% new particles are only born
between existing ones. But these problems will not appear, if we choose an initial distribution
such that:

P [Ui(o) izp oo} =1 and P[U,(0) < Us(0) < ..] =1, (2.7)
indeed the initial levels are all different from each other and form a sequence converging to

infinity.

2.1 Ingredients

Here we state the building blocks for our explicit construction of the ordered Kurtz-Rodrigues
representation. This explicit construction will help us to understand better the behavior of the
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processes describing the atoms of the Kurtz-Rodrigues representation, especially at the moment
of extinction. We will restrict ourselves to Lévy processes for the spatial motion, which means
that we switch from X, denoting an abstract Markov process, to X, representing a Lévy process
satisfying the Assumptions[[.2:3] The weak generator By of X can be defined as the collection
of pairs (g,1) € Cyp(R?) x Cy(R?) with the property that the process

M(t) == g(X:) — g(Xo) —/0 V(X)ds (2.8)

is a martingale with respect to the natural filtration of X, for more details see Definition [A72:3]
If (g,v1),(g,%2) € Bx, then ¢ = 19, because if M; and M, are the martingales obtained by
for v, and 15, then we can conclude that M3 := M7 — M> is a continuous martingale with
finite variation and so M3 is constant with M3(0) = 0. So we can interpret Bx as a map defined

on the subset D(Bx) C Cy(R?), where g € D(Bx), if and only if there exists a ¢ € C(R?) with
(9,) € Bx, and given by Bx(g) = 1. The domain D(Bx) contains CZ(R?), see Lemma|E.1.13

Definition 2.1.1. We define CZ(R™) for m € N, as the set of twice continuous differentiable
functions, which are bounded and all their derivatives are also bounded, i.e. if § € Cg(]Rm), then

il := sup [a(a)|+ sup Z\axg )+ s S 1hue, (2] < oo.

Rm™ i

7,5=1
By C§’+(Rm) we denote the subset of non-negative functions.

If V is the Nabla operator and if g € CZ(R?), then Bx(g) can be written as:

Bx(9)(w) =(B%)" Vo) + 377 B V()
(2.9)
+ [ gl 9) = gl@) = Ly (67 V(@) Bi(d), @ € R

with (B%)"Vg(x) = S5y By (K)r,g(x) and V' BL*Vg(x) = 355 1=y BY" (k. 1)0r, Os,9(x). 1t
holds Bx(g) € Cp(RY).

Let us write N;f(E) with E being a Polish space for the set of locally finite integer-valued
measures over E. Our ordered system (X;,U;)$2; will be built from the following ingredients.

Assumptions 2.1.2. We assume that the following random variables (U?, X?;i € N), (V;i54,5 €
N,i < j), (Xi;i € N) and (Ny;i € N) are defined on a common probability space (0, A,P) such
that:

1.UY : Q — [0,00), X0 : Q@ = R%i € N, are random variables, V = U{ and V5| =
U2, —U?,i€N, such that

(X2, V0:21Q7.Y0) ~ X (QF ® Exp(Yp)), (2.10)
=1

where V? = U and Vi, | :=U2,, —U?, i €N, QF : Q = M;(R?) is a random probability
measure and Yo : Q — [0,00) is a random variable with P[Yy > 0] =1 and E[Y)] < 0.

2. (Vji,1 <i<j<oo)withVj; : @ — Nip([0,00)%[0,00)),7 < j < 00, consists of independent
Poisson point process with intensity measure 2aleb[0,00) @ Leb[0, 00).
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3. (:i)fil with X; : Q x [0,00) — R, € N, is a collection of independent copies of X with
i(0) = 0.

4. (N2, with Ni = Q — Ni#([0,00) x [0,00)) consists of independent Poisson point process
with intensity measure £eb[0, 00) ® Leb[0, 00).

The collections (U2, X2)22 1, Q. Yo), (Vji, 1 < i < j < 00), (X;)32, and (N;)$2, are independent
from each other.

As consequence of (2.10]) we know that (2.7)) is satisfied. This will help to avoid problematic
situations like in Remark 2.4.171
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2.2 The Level-System

We will continue with constructing (U;)52; using (UP)$2; and (Vj;,1 < i < j < 00). Note that

in the following U;(t-) stands for the left-limit of U; at the time ¢ € [0, 00) and that j will always
be the higher index of j € N and 7 € N.

Definition 2.2.1 (Level System). The collection of levels processes (U;,i € N) with U; : Q x
[0,00) — [0,00] is the solution of the infinite system of differential equation with jumps that is
defined by setting for all j € N and t € [0,00) by:

Uj(t) := UJQ"'/ ]l[O,oo)(Uj(S')) [anQ(s-) — bU,(s-)] ds (2.11)
JrZ/ / e Uj(s-)) Vji(dv, ds) (2.12)
j—1i-1
+ —U;(s-)) Vie(dv, ds), 2.13
Zk//( (5~ Uy(5) Vi, ) 213

where we interpret the inner integrals of (2.12) and (2.13) as zero, if (U;.1(s-),U;(s-)) = (00, 00)
and (Ui-1(s-),U;(s-)) = (00, 00). Similarly the inner expression of integral in (2.11) becomes zero,
if Uj(s-) = o0.

As we can see in ([2.11)) between two jumps U; evolves like the solution of @ = au? — bu. From

(2.12)) and (2.13) we can conclude there are two types of jumps, describes the jumps due
the birth of a new particle with a level between U;_; — U; and since (U;)$2, are ordered, U; will
jump to the level of the new particle. The jumps of are the result of new particles born
with a level below of Uj_;.
A key observation is that the evolution of U; depends only on the level processes that have a lower
index, indeed on Ui, Us, ..., Uj.1. So Uy does not depend on any other process, Us only on Uy, Us
only on Uy, Uz and so on, hence the well-posedness of (U;)$2; should follow from induction. But
the solution of @ = au® — bu will explode for all initial values with uy > max{b/a, 0}, hence the
level processes above this boundary will convergence against infinity. Although the jump parts
and will in the case j > 2 always produce a jump, before U; hits infinity, we have
to exclude with argument that the frequency and the size of the jumps are too small to prevent
that U; reaches “c0”, before Uj;.q does. This is a little bit problematic, because there exists no
good answer, how U; should behave, if it hits infinity at ¢, but U;.;(t) < co. Due to , there
should be an instantaneous jump, but what should be the new value of U; after this Jump7 It can
not be contained in [U;.1(t), U;.1(t) + K], where K is an arbitrary large number because then the
jump could not have been instantaneous To avoid this confusing problem, we have to carefully
argue, why Uj_; hits infinity at the same time as U;. This argument will be provided by Lemma
which will allows us to prove that all of the processes (U;)$2, hit infinity simultaneously.

Proposition 2.2.2. If (U?,i € N) and (V;;;4,j € N,i < j) are like in Assumption then it
holds

1. There exists a set Qo C Q with P[Q¢] = 1 and a collection of processes (U;)2, with
Ui : Q x[0,00) = [0,00] such that (U;(w, )2, € D([0, 00), [0,00]%°) is the unique solution
of the system of equations from Definition [2.2]] for every w € €.

2. Let us define for each i € N the sequence of increasing stopping times ( ki; k € N) by setting
T = inf{t > 0: U;(t) > k} for k € N. If we define T2 := limy_oo T} as the explosion
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time of level process U;, then it holds

P(TL = To foralli e N| =1, (2.14)

indeed all levels processes (U;)$2, hit infinity at the same time.
Definition 2.2.3. Due to (2.14)) we define Tex = TZ and call Tgx the extinction time.

Remark 2.2.4. Although explosion time would be also fitting name in the current context, the
name extinction time is based on the important Lemma[2.6.5

Before we prove Proposition [2:2.2] it is essential to understand the behavior of the ordinary
differential equation @ = au? — bu. As previously mentioned the solution will explode, if the
initial values ug is higher than max{b/a,0} due to its quadratic term. But we are also interested
in the integral of the solution due to its important role in the jump behavior of the processes
(U;)$2, given by and (2.12)).

Although the quantitative behavior is basically the same, the expressions describing the solution
of o = au? —bu and its integral are different for the two cases b # 0 or b = 0, therefore we present
each case in a separate lemma, Lemma and Lemma to avoid confusion.

Lemma 2.2.5. Fora € (0,00),b € R\ {0} the unique solution of the differential equation
a(t) = au’(t) — bu(t), t>0,u(0)=wug >0, (2.15)

is given by u(t) := Y(ug,t), where the function Y : [0,00) x [0,00) — [0, 0] is defined by

-1
Plrve -], ¢ <mmx(u),

Y (ug, t) :=
0, t > 7px(uo),

and the function Tgx : [0,00) — [0,00] is defined by

—%log<1—ﬁ>, uo>§,

oo, Ug S =.

TEx (U) == {

The solution u is finite for t < Tgx(up) and converges against infinity as t converges against
TEx (Uo), when ug > max{b/a,0} (therefore we call Tgx(uo) the explosion time). Further, if we
integrate the solution, we obtain:

/tu(s) ds = {_Clb {log <6_bt o 1> ~log (ﬁ)} ot < Tex (uo)
0

0, t > TEx(uo)

Hence the integral is also finite for all t < Tex(ug), and converges against infinity, when t
converges against Tgx (ug), when ug > max{b/a,0}.

Proof. Via differentiation we can verify that u defined as above is indeed a solution of the
differential equation . If 4 is a second solution, then we can show via separation of variables
that u is identical with w until explosion. That the solution converges to infinity, when uy >
max{b/a, 0}, follows from the fact that the denominator approaches 0 for ¢t 1 7gx (uo).

The integral can be calculated with the help of substitution and verified via differentiation. The
convergence against infinity in the case ug > max{b/a,0} follows from the fact that e~ + ﬁ -1
converges against the value zero for t 1 T7gx (ug).
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Lemma 2.2.6. In the case b =0, the unique solution of the differential equation
u(t) = au®(t), t>0,u(0) =uy >0, (2.16)

which we obtain from (2.15) by setting b = 0, is given by u(t) := Y(ug,t), where the function
T :[0,00) x [0,00) = [0, 00] is defined by

T(u()at) = #Ooat’ t < TEX(UO)7
o0, tZTEx(U—O)

and Tgx : [0,00) = [0, 00] is given by TEx (ug) = Tio As in Lemma the solution u converges
against infinity, when t converges against Tgx (uo), and, similar as before, when we integrate the
solution, we obtain:

t —ll 1_
[ s dsZ{ 2 log(1 —woat), ¢ <7ex (uo).
0

o0, tZTEx(Uo).

Hence, as in Lemma the integral of u is finite fort < Tpx(uo) and explodes at time Tpx (uo).

Proof. The proof works the same as the one of Lemma [2.15) O

The key argument why all of the processes (U;)$2; hit infinity simultaneously, is to show
that U; will not hit infinity at any time, as long as there exists a constant K with U; < K for
i € {1,...,j-1}. This will achieved via a coupling argument with the process U from the following
lemma.

Lemma 2.2.7. For a given n € N and a r; > max{b/a,0} we assume that V is a Poisson
point process with the intensity measure 2anfeb(ry,o0) @ Leb[0,00) defined on some probability
space. When we define the stochastic process U as the solution of the following stochastic integral
equation

. t 9 . t ,U(s-) .
U(t) :=uo + /0 aU" (s-) — bU(s-) ds + /0 / v—U(s-) V™ (dv,ds)

with U(0) € [ry,00), then U is well-defined with cadlag paths. Further U makes only finitely
many jumps in finite time and if 7, = inf{s > 0: U(s) > k}, then

P { lim 7, = oo] =1. (2.17)
k—o0

The proof is essentially the Khasminskii’s theorem adopted to the situation of Lemma [2.2.7]
in several ways.
Proof. Recall the function 7gx from Lemma [2:2.5] and which tells us, when the solution of
@ = au? — bu will explode. Since the process U evolves like the differential equation @ = au® — bu
and it also holds U(0) > max{b/a,0}, the process would hit infinity at the moment 7z x (r1), if it
did not jump down before. This jump will happen almost surely, because the probability that U
makes no jump up to time ¢ is converging to 0, when ¢ converges to Tgx(r1). To see this, let us
recall the function T describing the flow of @ = au? — bu from Lemma (b #0) and Lemma
(b =0). The probability of no jump up to time ¢ is given by

t pU(s-)
exp (/ / 10,0002 (v, 5)V"™ (dv,ds))}
0 7
t

= exp (Qan/o (Y(U(0),s) —r) ds) — 1 for t — tex(U(0)).

E
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If we define (7%, k € N) as the jump times of U with 75 = 0, then U(t) will be well-defined, if
there exists a k such that ¢ € [, Tx4+1). But we need to verify that

P { lim #, < oo} =0. (2.18)

k—o0

Since every jump of U corresponds to an atom of V and since V is a Poisson point process with
locally finite intensity measure, (2.18) is equivalent to the statement that the integral of U does
not explode and for this U needs to hit infinity in finite time. We will prove that this will not

happen, i.e. the claim of (2.17) is true.
We start to note that U is a strong Markov process, at least until its explosion, and if we define

the linear operator B : C'([ry,00)) — C([r1,00)) by setting for f € C([r1, 00)):

B(f)(u) = (aw® — bu)duf(u) + 2“"/ fw) = fu)dv, w e [ry,00),
1
then B is the generator of U and we can conclude that the process M, ,{ given by

M{(t) = f(U(MTk))*f(U(O))*/O ! B(f)(U(s)) ds (2.19)

is a local martingale. Note that M ,{ is even a proper martingale, because we stop U at 1. Our
next step is to find a function f which is increasing, non-negative and it holds B(f)(u) < 0 for
all u € [r1,00) (Note that U never leaves [r1,00)). Our candidate for such a function is

g(u) = u? with g € [0, o).

Applying B to g gives us:

~ q+1 1%
B(g)(u) = aqui*t — bqu? + 2an <L;)+ 1} — (u— rl)uq>

2an !
g+1"

2n
=alqg+— —2n)u?! + (2anr; — bg) u? —
(q q+1 ) ( 1= b)

2n—1
2

If we choose § = , then we have ¢ + 42% —2n < 0, so we can find a r9 > ry such that

B(g)(u) <0, u € [rg,00).

We will now prove that U will always return to the interval [r1, 73], so it can not hit infinity in
finite time, which will imply the claim of the lemma. Let us define a new sequence of stopping
times by Tp :=inf{s > 0: U(s) > r2} and

Ty :=inf{s > Ty : U(s) <rg or U(s) =ry+k}, k€N.

Note that T} will be almost surely finite for all & € Ny, i.e. P[T} = oo] = 0, because the only way
that U does not hit the boundary k is by jumping infinitely often down, but every time U jumps,
the probability that U jumps below 7y is greater than (ro —r1)/(k — 7). Since B(g)(U(s)) < oo
for s € [Ty, T], k € N, we can apply the Optional sampling theorem and to obtain for all
k € N that

E[g(U(Tv))] = Elg(U(T}))] — E .

/ " Blo)(T(s)) ds]
> Elg(T(Ty)] = PO(T%) = ra + Klg(ra + k),
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where we used that g is non-negative and that 7}, is almost surely finite. By the definition of T},
we know that U(T}) < ro implies that Ty, = Ti4pn and U(Tgyr) < 1o for all n € N, therefore

P[3k € N: U(T}) < ra] = lim B[U(Tk) = ro] = 1 = lim P[U(T}) = 5+ ]

> 1 lim E[g(U(T0))]/9(k) = 1.

O
We are now going to prove that the level system, see Definition is well-posed.
Proof of Proposition[2.2.3. Since V;; is a Poisson point process with intensity measure
2aleb|0, 00) ® Leb|0, 00),
we can conclude that
PV;i([0,K] x [0,K]) <0, K €N,jeN,i e N =1. (2.20)

We prove the claims of the Proposition m per induction over the level processes (U;,i € N).
The lowest level never jumps and just follows the differential equation % = au? — bu, so we just
set Uy (t) := Y(U?,t), where the function is taken from the Lemmas and Considering
the second part of Proposition [2:2.2] there is nothing to show for ¢ = 1.

Now let us assume that Uy, Us,...,U, : Q x [0,00) — [0, 00] are well-defined for n € N and it
holds

P[TL=Tg,1<i<n]=1 (2.21)

The new process U, follows the differential equation % = au? — bu until the first jump of the
process P given by

nH1i=1 4 U, (s)
P(t) ¢:ZZ/O/U L10,00) x[0,00) (Vs 8) Vji(dv, ds).

j=2i=1

The process P will jump before U,; hits infinity, since the integral of the solution of @ =
au? — bu explodes, before the solution hits infinity, see the Lemmas and After the
first jump U,,; evolves again like @ = au? — bu, until the second jump. Proceeding in this
fashion we can conclude that U,y is well-defined until lim, o0 T, where (7,,)5°_; are the
jump times of P. Due to the process P will perform only finitely many jumps until time
t, if supy<; Uny1(8) < 0o, therefore lim,, oo T, < ¢ implies that 72! < . We conclude that we
need to show that 72+ = 71 almost surely.

Recall the stopping times 77; := inf{t > 0: U;(¢t) > k} from Proposition We are going to
prove that U,41(t) is well-defined and finite for all ¢ < 7;" and all k. It follows that 72! > T,
for all k € N. But by definition it also holds U,,+1 > U,, (and so 72"t < 72), and hence we can
conclude that 72+t = Tn = T1. By setting U, ;1 = oo for t > 71, it will follow that U, (t)
is well-defined for all ¢ € [0, c0).

Let us fix an arbitrary kg € N with & > max{UJ",b/a}. We define the process U : 2 x [0, 00) —
[0, 0] as in the Lemmawith U(0) = max{UJ™, k} and where the Poisson point process V
is defined by setting for each Borel set I' C [0, 00) x [0, 00) :



We have chosen V and the initial value of U in such a way that it follows from the stochastic

differential equation of U, see Lemma that Upq1(t) < U(t) for t < T;7. By Lemma

the process U does not explode in ﬁmte tlme, and hence U, 41 does neither at least until the
stopping time 7, . O

The next lemma tells us that there exists only finitely many particles with a level below r.

Lemma 2.2.8. We define the process Y™ : Q x [0,00) — Ng U {oo} for r > max{b/a,0} by
setting

= Loy (Uilt)
i=1
If the initial levels converge against infinity, i.e. (2.7)) holds true, then E[Y" (t)] < co,t > 0,7 > 0,
and P[Y"(t) < co,t > 0,7 > 0] = 1.

As a corollary of Proposition we will later learn that Y7 is for » > max{b/a,0} a time-
continuous, binary branching Galton-Watson process with birth rate ra and death rate ra — b,
but at the moment we have not proved that and for the proof of Proposition we will need

Lemma 2.2.8

Proof. Note if we fix a level cap r € [max{b/a,0},oc), then we can couple Y with a pure birth
process Y with birth rate 2ra,Y"(0) = Y" and Y" < Y". The claim follows easily from such a
coupling by

E[Y"(t)] < E[Y" ()] = E[Y (0)]e*"® < oc.

In order to obtain such a coupling we begin by noting that that the number of births effecting
Y" up to time ¢, which we will denote by N7, is given by

Z / / N ]1[0 T) 1] dv dS Z/ /U ]1[0 T) (dU ds)

=1 j=1i+1

with V; = Zfil Vi;. So if we define Y as the solution of the stochastic differential equation

Z / / 0.5 (s (D)Vi(dv, ds)

with Y"(0) = Y"(0), then Y" has the desired properties, because Y < Nr<yr. O
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2.3 The Genealogy and the Historical Processes

Our previous steps provided not only well-defined level system (U;)$°,, but they also encode a
genealogy between the particles. The genealogy is an interesting object in its own right, but for
us it is especially important, because it is our key to define historical process in this section and
the path-valued process in the next section. Therefore we define the genealogical map

D :QxNx[0,00) % [0,00) = N,

where ®(j,t,s) =i with ¢ > s and 4, j € N tells us that the particle with index i is at time s the
ancestor of the particle with index j at time ¢ (we set ®(j,¢,s) = j in the case t < s). The path
s+ ®(j,t, s) is obtained by walking backwards in time, indeed we start with setting ®(j,¢,s) = j
for all s € [t,00), then we will go backwards in time and ®(j,¢,-) will jump at the moments,
when a birth event occurs involving particles with an index lower or equal to current value of
®(4,t,-). Hereby ®(j,t,-) will remain constant between two such events and it will always jump
down as we decrease s.

Definition 2.3.1. We define the genealogical map ® fort < Tgx as the solution of the following

system
D(j,t,s —]+/
S

tJ—1li—1 Uz )
+/ ZZ/ —Lia(j,t,54+)>i1 Vir(dv, d3), (2.23)
s =2 k=17 Ui1(5-)

/ —1 ]l{<I>(jts+ Z}Vlk(dv ds) (2.22)
i=2 k=17 Ui1(5-)

where ®(j,t,5+) stands for the right hand-side limit, i.e. ®(j,t,5+) = lim, 5 ®(j,t,v)). Further
we set

B(j,t,8) =1 (2.24)
forallj €N, t > Tgx and s € [0,00).

The interpretation of the above equation is the following: ([2.22)) corresponds to the events,
when the particle or its ancestor are involved in a birth event as a child, while reflects
the moments, where a particle is born with an index lower than the current index of our the
particle or its ancestor. The justification of is that “infinitesimally” before the moment
of extinction all particles become closely related to the lowest particle, as we can see by Lemma

2.3.5, by (2.32) from Lemma and by (2.51) from Proposition [2.6.5] We want to point out
that Lemma [2.3.5| and (2.51)) from Proposition are the consequence of (2.22)) and (2.23)
2.24)

and not of our choice in (2.24

Definition 2.3.2. We define the genealogical distance dg : Q@ x N x N x [0,00) — [0, 00] as
de(i,7,t) :=inf{0 < s <t:®(j,t,t —s) = D(i,t,t — )},

so do(i,7,t) is the distance we have to go back in time to find the most recent common ancestor
of the particles with index i and j at time t. We use the convention that inf{Q} = oo, i.e. if
i,7 € N are not related to each other at time t, then de(i,j,t) = co.

Remark 2.3.3. An alternative definition for the genealogical distance would be de : Q x (N x
[0,0))% — [0, 00] with

CZq;.((Z',tl), (], tg)) =11+t — 2inf{0 <s<tiNta: @(i,tl,s) #* (I)(], tQ,S)}.
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Thas definition has the advantage that we can compare two different individuals at different time
points, but for us the more important information is dg and not dg.

The next lemma tells us that the genealogical distance is converging uniformly against zero,
when t is approaching the extinction time.

Definition 2.3.4. Let us assume that F® := o(U;(s),i € N;s < 00) Vo (Vj;,1 <i < j < 00) is
the o-algebra containing all the information about the levels and the genealogy.

Lemma 2.3.5. We can find for each ¢ > 0 a F®-measurable random variable 1§ : Q — [0, 00)
such that de(w, 1,4,t) < e for all t € [15(w), Tex) on the event {Tpx < oo}.

Proof. Recall the function 75y from Lemmal[2.2.5 (or from Lemmal[2.2.6] if b = 0), where 7x (uo)
is the explosion time of the solution of the differential equation @ = au? — bu with u(0) = uo.
Let us assume that Tgx < oo and for simplicity that € < Tgx. The first point implies that
U1(0) > max{b/a,0} and so, with T} := Tgx — e,

UQ(Tl) > Ul(Tl) > max{b/a,O}.

If we set To :=T1 + 1ex(Ua(T1)) < T1 + 7ex(U1(Th) = Tex, then all particles alive after T5
must be descendants of the lowest particle which are born after T}, hence, if t € (T%, Tgx], then

d@(i,j,t) <t—-T <Tgx —T1 =e.

So we can choose 5 = T». Note that Tgx,T1 and T are F®_measurable random variables,
hence 1§ is F®-measurable. O

Now we use the genealogical map ® and the ingredients (X;)2; and (N;)$2, from Assumption
to build the spatial components (X;)$2; together with historical processes (X;,9;)52,.
While X;(t) is the spatial position at time ¢ of the particle with index 4 at time ¢, X;(¢1, o) for
to < ty is the spatial position at time t5 of the ancestor of the particle with the index i-th at
time ¢. The map ¢ — X;(t,1), 0 < ¢ < ¢, is the spatial path from 0 to ¢ of the particle’s ancestor.
The historical process 9; has the same meaning as X;, but the role of X; is replaced with N;.
Our notion of a historical process is closely related, but not identical with notion of a historical
process found in the literature, for example as described in Section II.8 of [39].

Definition 2.3.6 (Historical Processes). Recall (X;)32, and (N;)$2, from Assumptz'on and
that Ni7([0, 00) x [0,00)) is the space of locally finite integer-valued measures over [0,00) X [0, 00).
For alli € N we define the processes X; : 2 x [0,00) x [0,00) — R% and X; : Q x [0,00) — R by

t1 Aty

o0
Xi(tr,t2) == Xg 1,0 + Z/O Lo ity .5)=k1 1[0, 7mx) (8)dXi(8);
k=1

When we are writing X;(t), then we are referring to the cadlag path t — X;(t,t). Further we
define the process

N, : Q x [0,00) = Ni£([0, 00) x [0, 00)),

where the random measure MN;(t) has the property that for all f € CT([0,00) x [0,00)) :

e} o) e t 00 _
/() /(; f(pas)ml(t7dp7 dS) = ;/O /0 f(p7S)]l{é(i,t,s):k}(S)]]'[O,TEX)(S)Nk(dp7 dS)

We call X; and ; the historical processes.
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In the next section we introduce the notion of a path-valued process, which works as a
“wrapper” for the historical processes and allows an easy application of the Dawson-Watanabe
superprocesses. In the appendix we work out the details needed to apply the Kurtz-Rodrigues
construction to this “wrapper”, but only for the case where the original process is a Lévy process.
This will be sufficient for (X;)32,, but not for (91;)52,, therefore we reformulate (91;)72, as (£;)724
which are historical processes based on a Lévy process, but encode all the information about
(D)2, which will saves us a lot of work. If P is a process with cadlag paths, then AP; is the
jump of P at time ¢, i.e. AP, := P, — Py, where P,. = limg Ps.

Lemma 2.3.7. 1. If N is a Poisson point process with intensity measure £eb[0, co)®~eb[0, 00),
if we define the process L by setting

L(t) = /Ot /000 e PN (dp,ds), (2.25)

then L is a pure-jump Lévy-process with triple (0,0, 1 q (l)%dl).
2. If we define the linear operator By, : C.(R) — C(R) by setting for all f € C.(R)

BL(f)(I) == / (Fa+D) ~ £) 3L, L€ R,

then the martingale problem of By, is well-posed and L is its solution.

3. On the contrary, ifﬁ is a copy of L, then the random measure N given by

N =) O tog(-a0(s)):
s>0

where we sum over all jump times of I:, is a Poisson point process with intensity measure
Leb[0, 00) ® Leb|0, o).

Proof. (1) Since N is Poisson point process with translation invariant intensity measure, the
process L as the integral of a deterministic, time-invariant integrand with respect to N is a Lévy
process. Obviously L is a pure jump process with positive jumps with a size in (0, 1), hence the
Lévy triple of L has the form (0,0, B}). Let R(d) be the rate of jump of L, whose size is bigger
than § € (0,1). Recalling the definition of L in we can derive the following relationship
between R and the Lévy measure B} of L:

/ 1j0,6)(y) Bf(dy) = R(9) :/ 110, 10g(5)) (¥) dy.
0 0

A quick calculation gives us R(d) = —log(d). Taking the derivative gives us the above mentioned
form of the Lévy-measure of L.

(2) This follows from Proposition from the appendix, where By, takes the role of Byy .
(3) Since L and L are copies of each other and since N = Y >0 (s, log(AL(s)))» We can conclude
from the fact that N is a Poisson point process with intensity measure £eb[0, 00) ® £eb[0, 00),
that the same is true for N. O

This small lemma allows to encode the atoms of a Poisson point process by the jump times
and jump sizes of a Lévy process. In the next lemma apply this insight to our situation.
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Lemma 2.3.8. Recall (NZ);’il from Assumption . Let us define for alli € N the processes:
t o]
Li: Qx[0,00) = R, Li(t) == / / e"PN;(dp, ds)
o Jo
t1At2 [e'e)
810 % [0,00) X [0,00) > R: it ta) = / / P N, (1, dp, ds)
0 0

L;: Q x [0700) — ]R, Ll(t) = Sl(tﬂf)
then (I),)fil are independent copies of the Lévy process L from Lemma M Further it holds

o0 t1 Aty B
Lj(ty,t2) == Z/O Lia(j,t1,8)=i} L0, x) (8)dLi(s); (2.26)

i=1

Proof. That L; is a copy of L follows from the Lemma and (L;)$2, form an independent
sequence of processes, because (N;)72; does. For (2.26), we put the definition of 9; in the
definition of £; and then we use the definition of (L;)$2,, and obtain

o0 t1 Aty [e'e] ~
Lj(ty,t2) = Z/o /O Lo ty,0)=iye * Ni(dp, ds)
=1

0 ti1Ata oo i
- Z /0 /0 Lia(jt,,)=i} Lj0,7mx) (8)dLi(s).
=1

2.4 Path-valued Processes

We begin this section by introducing the notion of path-valued process. Our presentation will be
very close to the one of Perkins found in Chapter I11.2 in [40]. The path-valued process transforms
the historical process from the last section to a time-homogeneous Markov process and hence
allows us to apply the results of the appendix to our processes in the following sections. We start
with the state space of the path-valued process.

Definition 2.4.1. Let E be a Polish space and D([0,00), E) be the space of cadlag paths in E.
We define the space D¢([0,00), E) for each t > 0 as the subset of D([0,00), E) consisting of the
paths stopped at time t, i.e.

Dy([0,00), E) = {z € D([0,00), E) ; @(s) = a(t) for s > t}.
We define the space D([0, 00), E) as the union
D([0,00), E) := Uszo ({t} x D4([0, 00), E)).
Additionally we define a metric on D([0,00), E) by
d  ((t,®), (s,9)) = do,p(z,y) + [t — s, (2.27)

where dp g is a metrics on D([0,00), E) so that (D(]0,00), E),dp.g) is a complete, separable

~ o~

metric space. We write B(D(E)) for the Borel algebra of the metric space (D([0,00), E), ds ).
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Remark 2.4.2. In order to simplify proofs we explicitly choose dp. g to be the metric on D([0, ), E)
found in (5.2) on Page 117 in [T])]. Let us define A as the collection of Lipschitz functions

X2 [0,00) — [0,00) satisfying
o (A220) .,

Y(A) :== sup
s>t>0

For x,y € D([0,), E) we define

dp,gp(x,y) := inf {y(A\) V / e “supd(x(s Au),y(s Au)) A ldu}.
AEA 0 <0

This metric dp g has the property that

o, p(x.3) < supd(x(s), (6) (229)
and note that sup,>q d(x(s),y(s)) = suDsc(o4,ve,) A(X(8),¥(8)) < 00, if x € Dy, ([0,00), E) and
y € ID)tQ([()? OO), E)

The additional time component has the function to ensure that the path-valued process is a
time-homogeneous process.

~

Lemma 2.4.3. The space (D([0,00), E),ds ) is complete and separable. Indeed the space

~

D([0, 00), E) together with the topology implied by the metric dg g is a Polish space.

Proof. Please note that the metric space (D¢([0, ), F), dg, ) is homeomorphic to the complete
separable metric space (ID([0,¢], E), d;), where D([0,t], E) is the space of cadlag paths from [0, ¢]
to E and d; is a suitable metric, see the Theorem 12.2 in [4]. So we can choose the set I' :=
((wl,q),n € Nyg € QN [0,00)), where (w%,n € N) C D([0,q],E) is for a fixed ¢ € QN
[0,00) a countable and dense set in (Dg([0,00), E),dg ) (note that this set is also dense in

~

(Ds([0,00), E), dp, ), when s < g). The set I is countable and dense in (D([0, ), E),dg ;). O

Definition 2.4.4. If W : Q% [0,00) — E is a process defined on some probability space (Q, F, ]15)
with state space E, then we define the path-valued process

W : Q x [0, 00) — D([0, 00), E)
associated with W by setting W(t) = (t,(W(t A s),s > 0)).

Remark 2.4.5. In the Appendiz[E.3, see Corollary[E-2-3, we we will learn that when the original
process W has continuous paths, then the same is true for path-valued process W.

The path-valued process W associated with any stochastic process W is a Markov process,
because the state W(t) contains all information about the path of W until time ¢. But the
path-valued process is not a Feller process, because its state space is not locally compact. As a
consequence many results associated with the theory of Feller processes are not directly appli-
cable. It turns out that a good setting to study of path-valued processes is the so called class of
Borel strong Markov process (BSMP) as defined the Saint-Flour Lectures by Edwin Perkins, see
Chapter I1.2 in [40]. The class of BSMP is very broad and contains processes like Lévy processes
and superprocesses. It can be considered as a natural extension of the notion of a Feller process
to general non-local compact Polish spaces like D(]0, 00), E'). For more details about the Borel
strong Markov processes, see Section Luckily the path-valued process associated with a
BSMP is under mild conditions, which are satisfied by Lévy processes, again a BSMP.

In the next lemma we define the “product” of X and L, which we denote by W.
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Lemma 2.4.6. If we define W as W = (X, L), where X is as in the Assumptions and L is
as in Lemma where we assume that X and L are independent, then process W is a Lévy
process in R™1. The Lévy measure By, of W satisfies [5, [|[w]|? By}, (dw) < oo.

Proof. The process W is a Lévy process, because X and L are Lévy processes and independent.
Further by Assumption it holds [p. ||z|]> B% (dz) < oo, where BY is the Lévy measure of
X, and the Lévy measure of L is given by dB] (l) = %]l(oyl)dl, hence

/ ] [2B, (dw) = / 212 B (dz) + / 2B (dl) < oo
Rd+1 Rd R

Definition 2.4.7. Since we will work with path-valued processes of Lévy processes with state
space R4 we introduce the notation:

D :=D([0, 00), R*1)

O

and we will often write an element o € D as a triple (t,x,1) with x € D([0,00),R%), 1 €
D([0,00),R) and t € [0,00), hereby stands x for the path containing the first d coordinates and 1
for the path containing the (d + 1)-th coordinate.

Lemma 2.4.8. Let us define for each i € N :

Wi; [0,00) — R4, Wi(t) == (Xi(t), Li(t));
Wi : Q% [0,00) — R, Wi(t) := (X;(t), Li(t));
20; : Q x [0,00) x [0 o0) — RIHL, W, (t1,ta) := (Xi(t1, L), Li(t1, t2));
W; : Q2 x [0,00) — Wi (t) == (¢, 20:(t,-));

1. The collection (Wz);’il forms a collection of independent copies of the Lévy process W from

Lemma . Further it holds for t1,ts € [0,00) :

t1Ato
mj (tl’tQ) = Z/O ]l{‘I’(j)thS):i}]l[OyTEx)(S)dWi(s) (2'29)

2. The processes (W;)$2, are the solution of an infinite system of stochastic differential equa-
tions given by

Wj<t>=Wj<o>+/ 110,00y (U3 (5))dW ()

> / / T Wil = W (5) Vao, ds) (2.30)

Jl(S
—14i-1 Ui(s-)
+Z / / ( (s-) = Wj(s-)) Vin(dv, ds).
i=2n=1 Ui (s-

3. On the event {Tgx < oo} it holds for all t > Tepx and all j € N that ;(t,s) =
W1 (Tex-,s),s > 0, and that

Wi (Texss) = Wi(0) + Wi(s) Lo 74y (8) + Wi (Tex ) L7y 00 (5),8 > 0, (2.31)
and it holds for every j € N:

]]'{TEX<OO} hm Sup“Qﬁ (t,s) = W1 (Tex-,s)|| =0| = 1. (2.32)

Tex s>0
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Proof of Lemma[2.4.8 By definition, (Wz)fil is identical with (X;, L;)?2, and it inherits its
independency from the ones of (X;)52, and (L;)$2;. The identity in - ) follows directly from
the similar identities for X; and £;, see Lemma

The second point, showing that (W;)72, is the solution of the infinite equation system , is
more subtle. We start by defining for a fixed j the jump process N : © x [0,00) — Ny U {00}
which jumps whenever a new particle is born with an index lower than j, i.e.

U, (s-)
Z / / 110,00)x[0,00) (Vs 8) Vi (dv, ds). (2.33)

1=1 n=i+1 Unp-1(s-)

So when we define the stopping times (73)72, as the jump times of N then these are exactly
the times in which the genealogy of (W;,U;)]_; is changing. Indeed the genealogy remains the
same between two jump times T and 711 in the sense that

O(i,51,8) = D(i,82,8), $>0,1<i<y, (2.34)

whenever 7, < 51 < 5o < 7. The identity (2.34) becomes crucial by showing that W; is equal
to the right-hand side of (2.30]). Let us fix a time point ¢ and let us divide the path of W; up to
t by

Wit) = W;(t) = > AW;(Fe) + Y AW;(7i). (2.35)

Tre<t Te<t

We can reformulate (2.35) by writing

=AW F) = W(t) = Wi (Fr) + Y Wy (Fagas) — W), (2.36)

Te<t Te<K

where K stands for the index of the last jump occurring before ¢, i.e. K := sup{k;7. < t}.
The previous mentioned identity tell us that for each k € N and 1 < i < j we have that
Wi(Tx) := W;(Th, T) is identical with 20;(Z,7,) as long as 7, < £ < Tpy1. From we can
also conclude that ®(i, s1,s2) = i, whenever 7, < s1 < s9 < Tp41, for all 1 < i < j. Combining
all these findings with ¢ € [Tk, Tk +1) we come to the conclusion that

Wj (t) — W](?K) = Q,Uj (t, t) — Qﬂj(t, ?K) = Z/\ ]l{é(j,t,s):i}]l[o,oo)(Uj (8-)) dWZ(S)

— [ o0 T ).

K

Based on the same thinking we can also derive for all stopping times (75)32

W (Tigr-) — Wi(T) = lim W; () — W;(7)
M Tht1

= i [ oW ) a5(6) = [ Ligoe) (U )) TV ).

741 .

All in all, (2.36]) has been transformed into

[ Lo ooy (U (5) AW () + 3 /T’““nmw) 1(5)) dWy(s) = / 10,00 (U (52)) AW (5).

K k<K
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For the second and third line of (2.30), we need to rewrite the second sum in (2.35). This sum
can be expressed as an integral with respect to IV by

ZAW Tk) /AW (T)d

Te<t

and by the definition of N, see (2.33), the integral is identical with

Ji_:i/Ot/UU(()) (Wi(s-) = Wa(s-)) Vyi(do, ds) JE;:/ /( Wi (5-) — Win(s-)) Vi (dv, ds).

Altogether, we have seen that is equivalent to the equation system , hence W; is
identical with the right—hand side of , or in other words (W;)$2, is the solution of the
infinite equation system (|2

We prove - by 1nductlon and we assume for the rest of the proof that we are working on
the event {Tgx < oo}. The statement ( is true for i = 1, because W) is a Lévy process
and Lévy processes have no fixed jumps. Our induction hypothesm is now that - is true for
1 <i<j—1 and as an induction step we prove for a fixed j € N. For any t € [Ty, Trt1)
we can decompose the path s — 20;(¢, s) into

W;(t, s) =W;(Tk,s), <7 (2.37)
and
Wi(t,s) =W;(Te) + W;(tAs) — Wi(T), s> 7% (2.38)

Since this is true for all ¢ € [Ty, Tr41), we can bound sup,s ||20;(t, s) — 201 (¢, s)|| for such a ¢ by

sup 120, (Tk, s) — W (T, 8)I| + [[W(Toe-) — Wi (7i-) (2.39)
s€[0,Tk
+  sup  ||[Wy(s) — Wi(s) — W;(F) + Wi (7| (2.40)

SE[:I‘\]C,’?)C+1)

So we can prove ([2.32) for j, when we can show that (2.39)) and ([2.40) are converging to 0, when
k — oco. According to the induction hypothesis, we know that it holds

sup )||mi(?k,8) — W (7, )| 20, (W () = W) I 230, 1< <
s€[0,7Tx

Since W;(7x) is an element of {W1(Tx-), ..., W,.1(Tx-)} and the path 20,(7%,-) is an element of
{201 (7%, ), ., W1 (T, ) }, (2.39) is also converging to 0 for our fixed j, when k goes to infinity.
For the remaining term (2.40)) let us define

S1(s) = Wi (% + 8) = W; (T + 8) — Wi(Fe) + Wi(Fe), s >0, k € No,

and also

Fff:{ sup |Sf<s>|326},keN0,e>0-

SE[0,Thy1—Tk)

The genealogical o-algebra F® from Definition contains the information about the geneal-
ogy, hence (73,)72, and Tgx are measurable Wlth respect to F®. But the processes (W;)5°; are
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independent from F* and so Si is for each k a Lévy process independent from F®. If we apply
Lemma [E.1.12] then there exists a constant Kg(Tgx) > 0 with

P [F{f fﬂ < €2 Kg(Tox)Fisr — 7).

We can apply Lemma [E.1.12] because S,i and W have the same Lévy measure By}, and it holds
Jgasr [wl1 B}, (dw) < co. We have:

Z]P[Fiﬂ]:(b] < Z€_QKS(TE)()(?]€+1 — ?;9) = 6_2K5TEX < 00.
k=0 k=0

Conditioned on F? it follows from Borel-Cantelli that only a finite number of the events (Fi’e)z‘;l
occurs for each € > 0 (on the event {Tgx < oo}), and so
]-"‘I’” =0.

Since this is true for all € > 0, we can conclude that (2.40) must converge against 0 almost surely,
if £ — oo (on the event {Tpx < oo}). Further, since sup s ||20;(t,s) — (¢, s)|| is for each

t € [Tk, Tk+1) bounded by (2.39) and (2.40), we have proven (2.32) for j, which completes our
induction step. O

k—o0

P |:TEX < 00, lim sup Fi’€:| =K |:]1{TEX<00}E [liﬂsup ]lFi’E

Lemma 2.4.9. Let us assume that W1 and W are two independent copies of W starting in
zero. If we define the function ¥ : [0,00) — [0,00) by

9(t) = E |sup [W1(s) - Wa(s)] |, ¢ >0,

s<t
then 9 is continuous with ¥(0) = 0.

Proof. Since W;(0) = 0,i € {1,2}, we have 9(0) = 0. The continuity of ¥ follows from the
fact that J(t) := sup,., |[W1(s) — Wa| is non-decreasing and cadlag without fixed jumps. Ap-
plying the Lebesgue dominated convergence theorem together with E[sup,, ||W (s)||?] < oo, see
Lemma gives us now limgy ¥(s) = J(t) and lim,j;9(s) = 9(t), hence ¥ is right- and
left-continuous. O
Remark 2.4.10. Since W; = (X;, L;), we can express (X;)2, and respectively (L;)$2, as the

solution of the equation systems similar to (2.30), where we replace the role of (W;)$2, with

(X3)52,, resp. with (L;)?2,. The derivation works in the same way. The convergence in (2.32)
implies that

P [ﬂmgx@o} Jim sup ||X;(t,5) — X1(Tex- )l =0, 1 € N} =1,

P [ﬂ{rm@o} i sup 1€5(t,s) = £4(Tex-9)|| =0, i € N] =1,

where X1(Tgx-,-) and respectively £1(Tex-,-) are defined similar as W1 (Tpx-,-) in (2.31) with
W1 replaced by X; or respectively Ly depending on the process. Note further that (2.32)) implies

P []I{TEx<oo} t_l)i%X d]ﬁ),E(Wi(t),Wl(TEX-)) =0,7 € N} =1.
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Remark 2.4.11. It is worth mentioning that (W;)$°, is not well-defined, if we would allow
P[U1(0) = Uz(0)] > 0, which is prevented by (2.7), because in this situation Uy and Uy are both
not affected by births and explode simultaneously. This itself is not a problem, indeed (U;)$2,
would be still well-defined and the same would hold true for Wi and Wo. But Wa(t) would not
necessarily converge to W1(Tgx -) and this causes the problem. Indeed, if we choose k := max{i €
N : U;(0) = U1(0)}, then W;(t) for some j > k would constantly switch between the values of
Wi, ..., Wy, and since the latter are not converging against the same value, W;(Tgx-) does not
extst.

Lemma 2.4.12. Recall the o-algebra F® from Lemma which contains all information
about the levels and the genealogy, then it holds for alli,j € N,t > 0 on the event {de (i, j,t) <
o} € F® that

E [ds, o (Wit), W; (1)) | 7] < 9(dai, 1)) (2.41)

Remark 2.4.13. We can also derive a similar inequality for the event {de(i,i,t) = oo}, indeed
t and i are not related, indeed on the event {ds(i,4,t) = oo} holds

E [ds, . (W;(0), Wi(1) | F°] < E[[W;(0) — Wi(0)[] + 9(0).

The proof works identical as the one below.

Proof. Let us assume that the event {ds(i,j,t) < oo} is true, setting t* :=t — da (i, j, 1) > 0, we
define W;, W; : Q x [0,00) — R+

*

00 sttt _
Wi(s) =3 / Lio@osndWi(), s € [0,00),1 € {i,j}.
k=51t

Since (Wk)i‘;l are independent copies of the Lévy process W, which are also independent from
F®, and since ®(i,t,s) # ®(j,t,s) for all s € [t*,00), we can conclude that (W;, W;) condi-
tioned on F?® are two independent copies of W starting in zero. By the expression for
20;(t,-),20,(t,-) we have

Wi(s) = Wi(t,s +t*) — Wy(t, t*),
Wi(s) =20,(t,s +t%) —0;(t, t*), se€[0,t—t"].
Further since 20;(t,s) = 20,(¢,s) for s € [t*,t]° (which implies that 20,(¢,t*) = 20;(¢,t*)), it
holds
dg  (Wi(t), W;(t)) < sup [Wi(t,s) —W,(t,s)| = sup [Wils) — W,(s)].

s€[0,00) s€[0,t—t*]

From the above inequality, the fact that (W;, W;) conditioned on F?® are independent and that
{ds(i,j,t) < oo} € F® we can conclude that

E [T (aai.<00y 85,5 (W5 (), Wil0)) 17| < D 1) <oy D (., 1)).
O

The main reasons for the introduction of the path-valued process W that is suits better in the
theory of Kurtz and Rodrigues, but we still want to work with the historical processes. Therefore
we want to express X; and 9; as functionals of W,;. Before we proceed with the next section we
want to discuss shortly how we can express the historical processes (%;,M;)$2; as functionals of
the path-valued process (W)$°,. The case of X; and its relatives is straightforward:
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Lemma 2.4.14. We define the maps

Tx: D — RY, (t,x,1) — x();
7x: D x [0,00) = RY, ((t,x,1),s) = x(t A s);
me: D x [0,00) = R, ((t,x,1),8) —= 1(t A s).

It holds for all s,t € [0,00) and all i € N that:
Wx(Wi(t)) = Xi(t); F:{(Wi(t),s) = %i(t,s); Wg(Wi(t),S) :£i(t,s).
Proof. All of this follows directly from the Definitions [2.3.6] 2.3.8] and 2.4.8] O

If we want to express 9; as a functional of W;, the situation is a little bit more interesting.

Definition 2.4.15. We define the map mn : © x B([0,00) x [0,00)) — [0,00] by setting for
w = (x,1,t) and every Borel set T' € B(]0, 00) x [0,00)):

mor(10, I') = lim > Ir((—log Al(s), s)),
s<t,Al(s)>68

where Al(s) is the jump size of the path 1 at time s and the sum goes over all jumps with a size
bigger than 6. Please note that the limit always exists in [0, 00], because the left-hand side forms
an increasing sequence.

Lemma 2.4.16. IfT" € B(]0,00) % [0,00)), then it holds mon(W;(¢),T") = M, (¢, T).

Proof. Recall that by definition of £;(¢,-) the path s — £,(¢,s) has a jump of size e™? > 0 for
some p > 0 at time ¢, if and only if 91(¢) has an atom in (p, t), hence

(W, (¢),T) = %1%1 Z TIr((—log AL(t,s),s))
s<t,AL(t,s)>d

— Hm (LT 0 {(py5) € [0,00)% ¢ 77 > 6)) = N(&.T).

O

Lemma 2.4.17. For every measurable, non-negative map f € M* (R x [0, 00) x [0, 00)) we can
find a measurable map 7r§c6 o 0 D = [0,00] such that

wgm(Wi(t)):/ooo /OOOf(%i(t,s—),p,s)‘ﬁi(t,dp,ds) t € [0,00),i € N.

Proof. Recall that by definition of £;(¢,-) the path s — £;(¢,s) has a jump of size e™? > 0
for some p > 0 at time ¢, if and only if 91(¢) has an atom in (p,t), amongst other things this
means that 91(t) has no atom at 0. Let us assume that f(z,p,5) = Lrx(p,,ps)x[0,s1)(T; P, 8), then

the map ngm can be described as the point-wise limit of the sequence (73 5,k € N), where

ngkm :® — [0,00] is the measurable map given by

n—1
w3, 1) =Y x (b s1i/n) g, 1 (AT (4 Dn T s1) = 1t in~'s1).

%

I
=)

Consequently the statement is true for f(z,p,s). Since the statement remains also true under
multiplication and when we consider increasing sequences of functions, we can conclude by the
monotone class theorem, see Theorem (2.2) from [42], that the statement is true for general
feMH(R? x [0,00) x [0,00)). O
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2.5 Connection to the Empirical KR-Rep. I

Here we show that our collection (W;,U;)$°, is a Kurtz-Rodrigues representation. We will
focus on the more complicated case (W;,U;)$2; instead of (X;,U;)2,, but all the statement
in this section are also true for (X;,U;)32,. We recall the state space of N'(E x [0,00)) of the
Kurtz-Rodrigues representation with E being a Polish space, see Definition [1.1.2] and the map

Y2 N(E x [0,00)) = M(E) from (L.18).
Definition 2.5.1. We define the map 72 :S(E) = My (E) by

n
lim £ > 6,,, if the limit exists in the weak topology,
V8 (@i w) ) = ’H“"z‘; : (2.42)
0z, if the limit does not exist in the weak topology,

where & € E is an arbitrary chosen element of E.

Definition 2.5.2. Based on the previously constructed (W;,U;)$2, we define the processes

£W Q% [0700) — ﬁ(@ X [O,OO))7 E}N = Zd(wi(t)an(t));
i=1

EY 10 x[0,00) = Ms(D), B =15

Q" 10 x[0,00) = M (D), QY =73 (Wi(t)2);

Y  :Qx[0,00) = [0,00), Y, =E/(D).

Further we define the filtrations .7-"5’W~, FEW and ]-'Q’Y’YV as the complete, right-continuous ver-
sions of the natural filtrations of €~ ,ZW and the pair (QV,Y). We are further defining for each
r> g and m € N the processes

EVT Q% [0,00) = N3 (D), /"= dw,w Loy (Uit);
=1

£72" Q1 x [0,00) = N(D x [0,00)), &7 =) dewi .03 () Liroo) (Ui (1))
=1

Q"™: Q1 x [0,00) = My (D), Q=" b, n)-
=1

Further let us define the filtrations FEWr anNd_}"Q’W’m as the right-continuous completion of
the filtrations F=Wr and FW™ given by }'f’w’r = O'(EXV’T7£¥V’ZT;S < t) and f?’w’m =
o (Q™, (Wi(s), Ui(8))72,n:8 < t).

i=m’

Remark 2.5.3. We write éW,QW and Y instead o V. QY and Y to mark the preliminary
status of these processes, it will be a consequence of the Kurtz-Rodrigues theory that the three
processes admit continuous modifications, which will be denote by ZY, QY and Y.

Remark 2.5.4. If we recall the processes (Y",r > max{b/a,0}) from Lemma[2.2.8, with Y;" :=
S Lo (Us(t)), then it holds Yy = B, (D).

Remark 2.5.5. We could also define €%, 2% QX and so forth, by replacing (W;)2; and D
with (X;)52, and R®. The following statements in the rest of this chapter are in adapted form
also true for €X,2X and QX. The same holds for €V, 2V, QW.
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We have to ask ourselves, are the processes defined above well-defined?

Lemma 2.5.6. The processes from Definition [2.5.9 are well-defined.

Proof Since (W;,U;)$2, are well-defined, we can say the same of QW™ and Q%. Considering
eV BV EWr and €27 all we need to show is that £7(D x [0,7)) < oo for all £ > 0 almost
surely. This follows from Lemma which states P[Y;” < oo, > 0,7 > 0] = 1 and Remark
254 O

The goal of the remaining part of this section is to show that &V is an empirical Kurtz-

Rodrigues representation and we do this by showing that (W,,U;)$2, is an ordered KR-Rep.
This in turn will be accomplished by showing (W;, U;)$2, satisfies the martingale problem as-
sociated with a linear operator A%~ which we will present below. This will be a very technical
undertaking and those details are not essential for the understanding of the next section. A firm
understanding of the empirical Kurtz-Rodrigues representation is recommended, so it may help-
ful to read the Appendix [B.2] in parallel, where we also find the definition of many expressions
used in this section.
We are going to define now the martingale problem of the ordered Kurtz-Rodrigues representa-
tion. Since we want to define it for the spatial motion X as well as W, we work with the abstract
spatial motion X and let B be once again its generator, which we use to define set of functions
g(B), which form the building block of the martingale problem. If V is a set contained in a
vector space, we denote by span(V') the linear span of V.

Definition 2.5.7. Assume that E is a Polish space, B : D(B) C Cy(E) = Cy(E) is a linear con-
servative operator and its domain D(B) is closed under multiplication. Fizing K € [0,00), 7 >
0, m € (0,1),n € NU {oo} we define (B, K,r,m,n) C Cy(S(E)) as the class of functions
G : S(E) — [0,1] with the form

G( I7,U7 z 1 ng :C’Lvul

with g; € g(B, K,r,m), see Deﬁmtzon for 1 <i<nandg; = Lgp,00) fori>n+1, if
neN, and g; € g(B, K,r,m) for alli €N, if n = co. Further we define

&(B) := U &(B,K,r,m,n).
K>0,r>0,m€e(0,1),neN

Definition 2.5.8. Assume that B : D(B) C Cy(E) — Cy(E) satisfies the Conditions [B.2.5,
a >0 and b € R. For the parameters (B, a,b) we define the operator

Az :C(S(E)) D DB)— C(S(E))

in the following way: We set D(Ag) = span(®(B)) and we define AZ(G) : S(E) — R for
G =12, 9; € 8(B) as the function given for (x;,u;):2, € S(E) N (E x [0,00))"", e u; < 00
forieN, by

— B(g:)(xi, u;
A=) = [T atemy 3 P2

P 9i(@i, u;)
Ougi(wi, ui)
+ (T, g aui — bu;)—=——2
Hg ; * 9i (@i, i)

+ng 1, U Z Z / 2a | gilewv Wl “

i=1 j=i4+17%i-1 mj
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and for (z;,u;)$2, € S(E) with u; = oo for some i € N by AZ(G) ((w,u;)$2,) = 0.

Remark 2.5.9. Note that the sums in the expression of AZ(G) in the above definition are well-
defined, because the sums consist of only finitely many terms. Indeed if &(B, K,r,m,n) with
n € N, then expressions inside the sums involving g; with i > n are zero. For this reason we
have excluded the classes &(B, K,r,m,n) with n = co.

Definition 2.5.10. We call the solution of the martingale problem MP(A$%) an ordered Kurtz-
Rodrigues representation.

We will not prove here that the martingale problem MP(Ag) has a unique solution. Since
our main goal is to show that &W is an empirical KR-representation, we think of the martin-
gale problem MP(A%) as an intermediate step, which we have to take but will not investigate
more than necessary. Because it is sufficient for our purpose to show that (W;, U;)$2, is a so-
lution of MP(A%). This also makes it for us unnecessary to handle with an delicate problem,
which is that the martingale problem MP (A, (z;,u;)52,) is actually not well-defined for all
(5, u7)$2, € S(E). Indeed if uy = ug, then the same problem at the moment of extinction occurs
as described in Remark [2:4.11] Thankfully we can avoid such difficulties, since we assume that
the initial levels satisfy the Assumption [2.10]and so all initial levels are different from each other.
A further consequence of Assumption is that the initial levels (U;(0)) satisfy U;(0) — oo for
i — oo. This is interesting, because if G € &(B, K, 1, m, co) for some r1, then AL (G) (x4, u:)524)
is still well-defined as long as the number of pairs (z;,u;) with a level below 71 is finite, because
if u; > 71, then the expression inside of the sums of A% (G) are equal to zero. Note that the
latter is almost surely true for all time points for our level processes (U;)$2; as a consequence of
Lemma [2.2.8] This motivates the following extension of Definition [2.5.8

Definition 2.5.11. If G € &(B, K,r,m,00), then we define AL (G) € B(S(E)) as in Definition
but with AZ(G)(z4,u:)32,) = 0, if the number of pairs (x;,u;) with a level below r is
infinite. Note that this will almost surely never happen due to chosen initial distribution, see

Assumption [2.10,

After we have discussed the operator Ag, its test functions and the martingale problem
MP(Ag) we return to our (W;,U;)52,. The state space © of our path-valued process W takes
the role of the Polish space E. Considering the linear operator B we will state the following
proposition.

Proposition 2.5.12. There exists a linear operator
By : Cb(g) D) D(Bw) — Cb(g),

such that the martingale problem MP(Byy, S, w,)) i well-posed for any (to,1wo) € © and the
path-valued process W is the unique solution of this martingale problem. Further the domain

D(Bw) and By satisfies the Conditions[B.2.4 found in the Appendiz[B.1]

Proof. See Definition (E.2.7) and Proposition |[E.2.16 O

In the appendix we also give an explicit form of Byw. Since the explicit form By is very
complicated and we make no use of the explicit form, we will not present it here and refer to the
appendix. For us it is only important to know that such a operator Byw with the above properties
exists.
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Proposition 2.5.13. Let us fit a G € &(Bw, K,r,m,n), where K > 0,r
n € N (i.e. n # o0), then it holds for the ordered representation (W, U;)
M :Qx[0,00) = R given by

> max{b/a,0} and
2, that the process

M(t) = G (Wi(t), Ui(£)Z) — G (Wi(0), Us(0)32,)
/ A%, (G) (Wi(s), Ui(5))2y) ds

is a cadlag martingale with respect to the filtration F&W.

Corollary 2.5.14. The statements of Proposition are also true, when we set n = oo, i.e.
for G € (B, K,r,m,o0).

Proof of Proposition[2.5.15 We introduce W; = (W;,U;),i € N, and W = (W,;,U;)$2; to save
space and let us define the jump process N : Q x [0,00) — Ny by

=3 [ v s

i=1 j=i+1 Uj-1(s-)

hence N counts the birth events affecting (W)™_,, but t_stops to do so as soon as Uy hits the
barrier 7. Let us write (73)3, for the jump times of N with the convention that 7, = 0 and
Tk = Tk-1, when there is no k-th jump, i.e. k > N( ) for all ¢ > 0. As an abbreviation we define
G, @™ x [0,00] — R by setting for all w € D" x [0, oo]:

Gjyi (w,v) == ngk Wk,uk] (95(wi,v) = g5(wy,0)) | [T g1 (Wi, un)

k=j
Our next step is to decompose the path of G(W) based on the times (75)72 -

N(#)

G(W(1) — G(W(0)) = G(W(1) — G(W(Fg(,) + 3 GW () — G(W (Fir)
=1

n—1 n t Uj(S—)
+ Z Z A /U ( )Gju(w(s_)vv)vji(dv,ds).

i=1 j=i+1
Let us set
Pr(t) :=G(W(t-)) = G(W(t ATp1)),

then we have almost surely the identity

G(W(t))—G(W(O)):Z (t A7) +Z 3 // G0 (W (5),0)Vyi(do, ds),

i=1 j=i+1 Uj-1(s-)

because Py(t) = 0 for k > N(t) and Py(t) = G(W(t)) — G(t A W(F.1)) almost surely for
k = N(t), here we used also that P[W (¢-) = W(¢)] = 1. When we stop the process G(W) at the
stopping time Tk, for a k1 € N, then we have:

U, (s-)

GW(tAT)) — ZPk t A7) +Z Z / / G1i(W(s-),0)Vi(dv, ds).

i=1 j=i+1 Uj-1(s-)
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With Lemma |2 in our mind we recall the set (VNVl)fi1 of independent copies of Lévy processes
W used to bulld (W;)22, and that (W;)i, behaves between the stopping times (73)3, like
n independent copies of the path-valued process associated with W. Similarly (U;)?_; evolves
according to the differential equation 7 = au? —bu between two stopping times. In order to make
use of Lemma we want to construct for each k € N a sequence (20%, UF)$2, such that the
first n components (0%, UF)_, are identical with (20;,U;)"_; on the time interval [0,7%), but
while the original (20;,U;)_, are affected by the birth events at time (7;,] > k) and the events
after this one, the new processes (20%, UF)™_, continue their path by evolving like n independent

copies of path-valued process and (UF)™ , evolve according to the differential equation, this

means that (20%, UF)?_| are not affected by birth events at (7,1 > k). We obtain (0%, UF)22,
by setting for k € Ny and 1 <1i < n:

wi(t7s>7 tf?k-hSZO
Qﬁf(t, s) == < W;(Th-1, 9), t> Tro1, 8 < Thets
Qﬁi(?k_l, ?k—l) =+ Wl(t A S) — Wi(?k‘—l)7 t,s > 7/:k—1-
and Q0% = 20; for £ > n. Further, we recall the function Y : [0,00] x [0,00) — [0, 00] from
Lemma if b # 0, or Lemma if b = 0, which was defined by saying that ¢ — Y (uo, 1)

is the solution of the differential equation 7 = au? — bu starting in uy. We define for k¥ € N and
1 <i < n the processes:

Uk (t) = Ui(t)a/\ R tﬁzk-h
T(Ui(Th-1),t = The1), ¢ > Tt
and set UF = U; for i > n. If we now set
Wi (t) = (EWE (L), WEE) = (WH (), UF (1), Qi) = G(WF (1) = GIWE(t A Tier)),

with Wk = (W¥)20,  then we obtain new processes with the property that for all ¢ € [0,7%)
holds

Wi(t) = Wi(t), G(W*(t)) =G(W(1), Qu(t)= Pt (2.43)

Further the processes (W) | = (20% UF)_, are not affected by the birth events at (7,1 > k),

7
but instead evolve like n independent processes and hence show the desired behavior described

before the definition of 20%. The new processes (Q)%2, can be used to write:

G(W(tAT,)) — G(W (2.44)
k1 - U, (s-)
> QrtATL) + Z Z / / Gy (W(s-),0)V;(dv, ds), (2.45)
k=1 i=1 j=i+1 Uj-1(s-)

where we stopped at 7y, with k; € N. We wish to decompose the right-hand side into F&"-
martingales and predictable processes with finite variation. Following Lemma [2.4.8] we defining
A:Qx[0,00) x[0,00) = R and (M), by setting

ty o0 B(g:)(W¥(s-),Us(s-)) 5
k(t1,t2) ; ll_[lgz Wy (s-),Ui(s )); 9:(W¥(s), Ui(s-)) d

T 3 (5 Qg (WE(), Ui(s))
o Ll U 2 " 0, (), 0o

My(t) := Qr(t) — Ap(Th-1, 1), ke N.
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We also define the process A : Q x [0,00) x [0,00) — R in the same fashion as (Ag, k € N) but
Wlth (Wk) ©, replaced with the original processes (W;)$2; and note that due to the identities

in we can conclude that
Ak(tl,tz) = A(tl,tQ), ?k <t <ty < ?k+1’ (246)

From Lemma we know that M, is a F&"W-martingale. Considering the birth events, we
define the two processes from which we can obtain an additional F&"W-martingale by

=S [ 6o Ptanan,

i=1 j=1i+1 Uj-1(s-)

m i—1

=5 / / G1s(W(s-),0) duds,
j=21i=1 Uj(s-)

where 17]»1» is the compensated version of the Poisson point process Vj;. The processes My is a
F&W_martingale, too. Using Qp, = M}, + Ay and A(Ty.1,t A7) = A(0,t A T%) we can rewrite

k1 1
3" Mt AT) + My(tATiy) = GW(EATL)) — GIW(0) — > A0, ATy) — Ap(t ATw,)
k=1 =

=G(W(EAT,)) = G(W(0)) = A0, AT, ) = Av(EATE,),

where we used the identity and the fact that A(t1,t2) + A(ta,t3) = A(t1,t3) for 0 <t <
ty < t3 < co. As the sum of finitely many F&W-martingales the left-hand side on the first
line is also a F&W-martingale. If we let k1 go to infinity, then G(W (t A 7y,)) converges against
G(W(t)), because W has no fixed jumps and P[7, = ¢,k € N] = 0. In total we can observe the
following convergences

G(W(tAT,)) 55 GIW (), My(t A7) 23 My(t),
A0t AT M50 A(0,1), Ap(t A7) S Ap(),

where the convergence is almost surely. Since G € (B, K,r,m,n), we can conclude that the
above expressions are uniformly bounded in L!(P), hence the above convergence also holds true
in L'(P) due to the Lebesgue dominated convergence theorem. In conclusion we have that

1 o0
ST Mt AT) TN Myt AT

also converges almost surely and in L!(PP), which allows us to conclude that the infinity sum of
the right-hand side is also a F&"-martingale. Therefore

3 My(t A7) + My(t) = GIW () — G(W(0)) — A0, 1) — Ay (t)
k=1

— G(W (1)) ~ G(W(0)) - / AL(G)(W(s) ds
is a F&W_martingale. O
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Proof of Corollary[2.5.1) Note if G € &(Bw, K,r,m,00) with G = szl gj, then G" :=
H;’L:1 g; is an element of &(Bw, K,r,m,n). If we define A™ as we have defined A in Propo-
sition [2.5.12] but G™ taking the role of G, then Proposition [2.5.12] tells us that

t
M™(t) .= G"(W(t)) — G"(W(0)) — / A"(s)ds
0
is a F&W-martingale. In order to prove the claim of Corollary all we need to show is:
t t
GHW (L) =X GW (1), / An(s) ds "2 / A(s)ds, in L\(P),t >0,
0 0

because this implies M™(¢t) — M(t) in L*(P) for each ¢ > 0, which implies that M is a F"'-
martingale. The convergence of (G",n € N) against G follows immediately, because G™ and
G are products of (gj,j € N) and g, takes values in [0,1], so G™ is decreasing against G,
making |G(W (t)) — G™(W (t))| decreasing in n and so the convergence follows from Beppo-Levi.
Considering the convergence of the integral part, we note that since g; € g(Bw, K, r,m) we have

AW < Ko (U5(1) < K¥7, £ 0,n € NU {oo)

with the convention that A = A. By the Lemma[2.2.§ we know that E[Y"(t)] < oo, t > 0, and
PlY] < 00,8 € [0,00)] = 1. Since Y; < co almost surely it follows A"(W (t)) — A(W (t)) almost
surely and hence E[|A™(t) — A(t)|] — 0, when n goes to infinity by Lebesgue’s theorem. Because
of fot E[|Y:]] ds < oo, applying Lebesgue’s theorem once more (and Fubini’s) we get:

lim E[/Ot |A"(s)—A(s)ds] — i [ E[A(s) - A(s)] ds

n—oo n—roo 0

n—roo

t
:/ lim E[|A"(s) — A(s)]] ds = 0.
0
O
Corollary 2.5.15. The process £V is an empirical Kurtz-Rodrigues representation, see Defini-
tion [B.212

Proof. In order to show that &V ~ KR(Bw,a,b), we have to consider the operator Ag from
Definition and we need to show that for all Laplace functionals L_jog(5) € Cy(N (E %[0, 00)))

with L_jog()(n) = exp(—n(log(g))) and with g € g(Bw, K,r,m), see Definition it holds
true that the process M : Q x [0,00) — R given by

t
M(t) =1L log(g) (éyv) - L. log(g) (£8W) - /0 AB(L— log(g))(&y) ds

is a martingale. But when we choose G € &(Bw, K,r,m,00) with G = Hjoil g;, where g; = g
with g being as above, then actually:

o0

G((Wl(t), Uz(t))) = Hg(wi(t)v Ul(t)) =L 10g(9)(€yv)

i=1

and similarly

G ((W;(2), Ui(t))iZ1) = Ap(L. 10g(g))(£§V),
hence M is a martingale by the Corollary O
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2.6 Connection to the Empirical KR-Rep. 11

In Section [2.4 we constructed the ordered system (W;, U;)22,. In this section we show that (2.2)
is true. In Section we have proved that the empirical measure £ from Definition is an
empirical Kurtz-Rodrigues representation, i.e.

¢V ~ KR (B, a,b,0),

see Definition [B.2.12| from Appendix with ©g € M;(N(D)) discussed below. We will now
combine this result with the statements from Appendix[B.3] Considering the initial distribution
By € M1 (N (D)) we recall that by Assumption we have:

£((X:(0),Vi(0))52,1Q5°, Yo) = Q) (Q ® Exp(¥0)), (2.47)
i=1
where Vg := Uy, V; := U; — U;_; and where Qg is some random measure over R? and Y} is a

R-valued random variable with ¥ > 0 almost surely. In other words (X;(0),V;(0))$2, forms a
vector of conditionally independent identically distributed random variables. Considering the
path-valued processes (W;, V;)22,, we know due to Definition that

WZ(O) = (0,%1(0, )) = (07x1(07 )7£2(O7 ))7

with X;(0,-) and £,(0,-) being the constant pathb given by X;(0,t) = X;(0) and £;(0,t) =0,i €
N,¢ > 0 defined in Definition So from it follows that

L((Wi(0), Vi(0)7241Qg", Yo) = L((Wi(0), Vi(0))7241Qy’, Yo)

® QI © Bxp(¥a)), (2.48)

where Q) is a random measure over ®, which can be obtained in two ways: The first one is by
setting Q := m.(Qg) with 7, being the push-forward of the map 7 : R? — ® which maps = € R?
to m(x) = (0,1), where to = ((x,0),¢ > 0) is the constant path with value (z,0) € R4, The
other way is by Qi := £(W|Qg,Yy). Either way this has the important implication that the
initial distribution ©¢ of the empirical process €V in is a Poisson mixture, see Definition
B.3.1, Together with the fact that £ is an empirical Kurtz-Rodrigues representation, we can

apply Theorem the main result of Appendix

Proposition 2.6.1. Under the Assumption o the process W from Definition admits
a continuous modification, which we denote by EW.  Both processes are DW(By,a,b, éo)-
processes, where Oy € Mi(M (D)) is the dzstmbutzon of YoQU'. Further it holds for all finite
FEW_stopping times T that

L&V FEW) = PPP(EY ® £eb[0,00)) (2.49)
and considering the processes 2" from Deﬁnition we get:

1_ — p—
;:YV"T X EY as. (2.50)

Note that it follows from (2.50)) that it holds o = YoQy'.
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Proof. By an application of Proposition it follows that the initial distribution ©¢ of &€V is
a Poisson mixture and it holds:

£(&'1Qp’, Yo) = PPP(Ey’ © (eb[0, 00)).

Since the operator By satisfies the Conditions we can apply Theorem from which
the above statements follow. O

Corollary 2.6.2. The process Y from Deﬁm’tion admits a continuous modification, which
is a Feller diffusion with drift b and branching rate a, meaning that it is a weak solution of the
stochastic differential equation given by:

dY, = bYydt + \/2aY,dWy,

where W is a Brownian motion. It also holds Y; = E}" (D).

Proof. By deﬁnmg Y by Y, = E}7(D), it follows from the fact that " is a continuous mod-
ification of EV and that Y, = (D), that Y is a continuous modification of ¥. Since
EV ~ DW(Bw, a,b, 0p), it follows that Y is a Feller diffusion. O

For the next part let us recall the stopping time 7gx which was defined in Definition [2.2.3
as the time, when the lowest level U; hits infinity. We called Tgx the extinction time, the next
lemma justifies this name.

Lemma 2.6.3. Let us define the F=" -stopping time Tpx = inf{t > 0:Y; = 0}, then it holds
P [TEX = TEX} =1

Proof. The identity on the event {Tex = oo} N {Tex = oo} is clear. We begin with arguing
why Tex < Tegx, when Tgx < oo. By the definition of Tgx U;(t) = co,i € N for t > Tgx.
Consequently

P [17x 00y (D& (D) = U0 (DY) = 0.7 > 0, = Tox| = 1

By the convergence (2.50) and the continuity of Y we can conclude that Y; = 0 almost surely for
all t > Tgx, therefore Tgx < Tpx almost surely. Next let us define

T = 7-EX NEk.
Since 7Ty, is finite, we have by (2.49) that
&7 N7, <ky = PPP(0p @ £eb[0,00)) = 09x[0,00),

therefore on the event {7 < k} it holds U; (t) = oo for all ¢ > T, almost surely and so Tepx < 7.
Since T, = Tgx on {Tr < k}, we can see that Tpx < Tix on the event {Tx < k}. Since this
is true for all for all k£ € N, we can conclude that Tpx < Tgx on the event {TEX < oo}. In
conclusion, if one of the stopping times Tgx and Tgx is finite, then the other one is smaller or
equals to the first, hence this implies that the second one is also finite, from which we then can
conclude that the first one is smaller or equal to the second one giving us the identity on the
event {TEX < OO} @] {TEX < OO} O
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From the identity between Tpx and 7~'Ex, we can conclude that Tgx is a ]-'E’W-stopping
time. This may appear surprising, because Tgyx is defined as a hitting time of the process Uq,
and U, is clearly not adapted to F=W, so one would expect Tzx to be “just” a F&W-stopping
time. We will see that W, (Trx-) (note that Wy (Tgx-) = W1(Tgx)) is measurable with respect
to ‘7:75';;? But before we prove that we introduce a technical lemma that will become very useful
multiple times throughout this thesis.

Lemma 2.6.4. Let (FE,dg) be a complete separable metric space and CJP(E) be the space of
bounded, non-negative, dg-Lipschitz-continuous functions. We can find a countable collection
(92, C C’;i'p(E) that is convergence determining for M(E).

Proof. The set C’l';’p(E) is closed under multiplication and addition. In order to see that Cl';'p(E)
strongly separates points, let us fix a point £ € E and a € > 0. If we define the function §
by setting §(z) := dg(z, ), then obviously inf{|g(z) — §(Z)] > 0 : € T¢(Z)}, where I',.(Z)
is the ball with radius r around &. By the inverted triangle inequality it follows that §(z) is
Lipschitz continuous. According to Lemma 2 from [5] there exists a countable collections of
functions (§)52, C Cfgp(E) that is strongly separating points and closed under multiplication
and addition. Since 1g € C’l“;p(E), we can assume that §; = 1g. Since ()72, is an algebra,
which is strongly separating points and contains 1g, it follows by the Theorem 3.4.5.(b) from
[14] that (§)72, is convergences determining. O

The above observation is crucial for the next proposition, because it ensures that the process
Q defined in the next proposition is F=% adapted (which is important, because we want to

condition on F=W in ([2.52)).
Proposition 2.6.5. Let us define Q" : Q x [0,00) — My (D) with
=W

Q}E}V - %H[O,TEX)(ZL) + 6W1(TEX')]]'[TEX7OO)(t)7

then the process Q" is a modification of QY that is continuous on [0,00) \ {Tex} and with the
property that

~ 0 N .
LT <ot QP —0(9) 2 LT <00} 9(Wi (TEx-)) in L'(P) (2.51)

forall g € C’l‘;'p(E) (this implies W1 (Tgx-) is measurable with respect to ‘7:75’2;?) Further for all

finite F= W _stopping times T it holds

S((Wi(r), Vi(r)Za| FEY) = Q) (QF @ Bap(Y7)). (2.52)
i=1
and it holds
1 1 & m—oo
EQYV*’” = ;&mm = QY a.s., (2.53)

where ‘=" for convergence in the weak topology of M (D).

Proof. We prove the statement in the following order: First we prove (2.53)) for finite stopping
times with 7 < Tgx. The reason for this restriction is that we do not know that

(LT <o) Wi(Tx-) C Froy (2.54)

EX
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After this we derive which also gives us that Q" is a modification of QW, then we prove
. Since the latter implies it follows immediately that is true for general finite
stopping times.

For 7 < Tgx, let us deﬁne Tk =inf{t >0:Y; < k} for k € N and T, = 0, then we know from
Proposition @ that ( is true for 7 A T}, and .F“’W So it follows that

o

1o, 700) (ME((Wi(n), VN2 | FE™) = 3 g,y (D E((Wil7), Vi) 2 | FET)
k=0

= > Ly ME((Wiln) Vi )Z | Fz )
=0

= Z H[Tkjwl) ® r/\T,c+1 ® EXP(YTAT;C+1))

=1
OTEX) ® QW®EXP ))
=1

For 7 > Tgx it holds (Wi(T)7U‘(T))Z 1 = (Wi(Tex),00)52, so is true. Let us now
consider a general F=W_stopping time 7. If we set again 7 A T}, Wlth T;C inf{t >0:Y; < k}
then we can conclude from the exchangeability of (W;(7 A T},))$2,, note that 7 A Ty, < Ty, it
follows from Corollary that for all k € N holds:

3 1 W,m . 1 W _ W
Jim B (0) QT = lim g 7 (1) Q™ =1 7,)(1)Q as.,
where the convergence holds in the weak topology of M f(’D)_ This gives us

]I[O,TEX)(T)QYV’m = L0, 75x) (T )QYV a.s.

On the event {7 > Tpx}, we have W;(7) = W1 (Tgx-) for all i € N, hence Q" = dw, (73, -) for
all m € N, hence the convergence holds true on the event {7 > Tgx}.

Considering we fix g € le.p(E) and we recall the o-algebra F® from Definition m
which contains all the information about the genealogy. From we can conclude

E [lgW1 (1) - Q7 @)IIF?] < lim ~E [|§(W, (1) — Q@)1 F°]

m—o0 M,

Jim LS R [ - w17

i=1

IA

If we apply that ¢ is Lipschitz continuous with constant K > 0 and then Lemma [2:4.9] we get
E[1(W1(1)) = §(Ws(0)[|F®] < KE [dg , (W1 (6), Wi(0) |F*] < Ko(da(1,i,1).

By Lemma we can find a F®-measurable random variable 15 for a fixed € > 0 such that
de(w,1,4,t) < eforallt € 15, Tex) on the event {Tgx < oo}, and so it holds on the same event
that

g 7o) (OE [[9(W1 (1) = Qi (DIF?] < Lpug 70x) (1) KV (e). (2.55)

Making use of the fact that lim; 7, 1(,s 755)(t) =1 a:s. on {Tpx < oo} we continue with
i E[la(Wi (1) - Q7 @)|F?] =
L EX

lim L 70 (OE [3(W1(0) — Q7 (8)I|IF®] < K(o).

t—=Tex
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Since this is true for all e and since it holds ¥(e) = 0, it follows
W E [17; ¢ <00} |9(W1(Tex — 1) = Q7 4(9)]
= B[l E [1 (7, <oy ]9(W1 (Tix — ) = Q%% () 1F*]] =0,

This gives us (2.51). We can conclude from (2.51) that (L7, <00} QY. _;(9)) is converging
against 1{7, <o} 9(W1(TEx-)) in probability, therefore there exists a subsequence for which

this convergence holds almost surely. From the latter we can conclude that
]]‘{TEX <OO}Q(W1 (TEX_))

must be measurable with respect to 77 =" because the same holds true for (1T x <00} QT 1 (8))-
If (g)2., is the set from Lemmal2.6.4} then it holds o(1 {75 x <ot W1(TEx-)) = 0 (g (W1(TEX-)), k €
N) and so (2.54) is true. O

These have been the most important consequences from the Kurtz-Rodrigues theory for our
collection (W;, U;)$2,. These form the tools we will employ to construct Poisson representations
for models with competition and we will begin in the next chapter by developing an integration
theory. But in Chapter [6] we need the additional results that the particles with a level below r
form a branching particle system, see Section Recall the Markov kernel Uniy : N (E) —
M (N3 (E x [0,00))) from Definition and the processes 2" EW-" with from Definition
where we also introduced the filtration F=W:" with r > max{b/a, 0}.

Proposition 2.6.6. The process EV" is for r > max{b/a,0} a branching particle system, indeed

EWr ~ D(Bw,ra,ra —b), and it holds for all F=W-"-stopping times T that
£(€7| FET) = Unif (27'7). (256)

Proof. Applying the Proposition gives us that 27
S(E7 | FET) = Unip (577),

=, W

"7 ~ D(Bw,ra,ra — b) and that

where F=" .= g(EW" s < t). The Lemma tells us now that for a fixed t > 0 :
Wr| +~2,W,r W,r| +E,W,r
L& | F ) =L(& | F )
This in turn gives us (2.56|) for a fixed ¢ > 0 and by the Lemma |D.1.15( we can extend (2.56|) to
Wr

an arbitrary finite F=""-stopping times. O

Remark 2.6.7. We suspect that the ordered Kurtz-Rodrigues representation is very closely re-
lated to the Donnelly-Kurtz representation, indeed the latter is obtained from the former by
forgetting the levels. To make this precise let us work again in the abstract setting, where X is an
arbitrary Markov process. If (X;,U;)2, is an ordered KR-representation, then we assume that
(X;, Vi)$2, is obtained as usual by setting Uy =V and V; = U; — U;q, i > 2, and Y = EX(E)
1s the full mass of the Dawson-Watanabe superprocess. When we now define the Markov kernel
a:[0,00) x E® — M (E* x [0,00)*) by setting for each

aly, (2:)52) ®5 ® Bzp(y), ((2:)2,y) € B® x [0,00).

Let us now assume that ARX C C,([0,00) x E*®) x C([0,00) x E*) is the generator of the
Donnelly-Kurtz representation denoted as A in the second paragraph of Page 190 in [10] (the
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Donnelly-Kurtz representation is constructed on Page 182). If AOB is the generator of (X;, V;)52,,
then we should be able to prove by a calculation the following intertwiner-relationship:

a*o AOB = ARK oa*.
By applying the extended Markov mapping theorem, see Theorem 3.6 in [28], it will follow that
£ ((Xi(), Vi) | (Ve (Xi(5))i21), s < 1) = (Y, (Ki(1)2y)), ¢ =0,

and that (Y, (X;)$2,) is with respect to its own filtration a Donnelly-Kurtz representation. Un-
fortunately we did not find the time to work out the details, but this result reflects the polar
decomposition stating that the Dawson-Watanabe superprocess can be decomposed into a Feller-
Diffusion and a Fleming-Viot process, see Section 4.3 and 4.4 in [12].
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Chapter 3

Integration

In this chapter we present the basics of our integration theory, in which we use the historical
processes (X;,91;)72, to define a third component (Z;)$2,, which we will employ later to cut out
the Poisson representations for our competition models from the Kurtz-Rodrigues representation
of the Dawson-Watanabe superprocess. Our integration theory can be described as the marriage
of Perkins’ stochastic calculus and the theory of Kurtz and Rodrigues. The motivation for the
development of this integration theory in this chapter and the following is to provide us with a
range of tools, which allow us to construct Poisson representations for the competition models
without having to deal with subtle technical nuances.

The chapter has the following structure. In the first section we introduce the class of possible in-
tegrands and show that this class can be extended by localizing and approximated by more simple
integrands. In the second and third sections we show that (X;(7), Z;(7), Vi(7))$2, are still con-
ditionally independent, where 7 is a F="W-stopping time, when we base the integrated processes
(Z;)$2, on a simple integrand. We extend this statement for general integrands in the fourth
section by approximation. Finally we use the fifth section to prove basic regularity properties of
the processes £X7 = (£%,¢ > 0) and Q*Z = (Q{%,t > 0) with &% := 3772, 8(x, (1), 2:(t),Us (1))
and QX7 (t) being the De Finetti measure of (X;(t), Z;(t), U;(t))$2

3.1 The Spaces of Integrands £'(M) and £; (M)

Here we define our class of integrands for our integration theory. Indeed we want to identify a
class of functions

h:QxRYx[0,00) x [0,00) = R, (3.1)

such that the corresponding integrated processes Z; : ) x [0,00) — R, i € N, defined by

Zi(w,t) = /0 /000 h(w, %;(w, t,s-),p, s) Mi(w, t,dp,ds), (i,t) € N x [0,00), (3.2)

are well defined and satisfy additional properties which are crucial for our plans (Note that we
will often omit w in terms like , when it is not essential for the understanding to avoid
unnecessarily long expressions). The first of these additional properties is that the collection
(Xi(7), Zi(7),Vi(1))2; should be conditionally independent given F="  where 7 is a finite
F=W_stopping time, as it was the case for (W;(7), Vi(7)) (recall that V; = U; — U;.1,i > 2, and
V1 = Uy). Consequently the randomness of the integrands h, indeed the dependency of h from €,
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should be adapted to the filtration F="W. Further the function h should also be predictable with
respect to the filtration 7= so that the integrated processes (Z;)$2, become semi-martingales.
Together this leads to the following definitions:

Definition 3.1.1. We define the predictable o-algebra SB(F=") generated by the family of sets
given by

{T' x T2 x % x {0}; T' e 75, T2 € B(RY),T® € B([0,00))}

= 3.3
U{D! x T? x T% x (s1, 82); T* € FEW . 1? € B(RY),T? € B([0,00)),0 < 81 < 82 < 00} (3:3)

and we define the set of predictable functions P(F=W) as the collection of functions
h:QxRYx[0,00) x [0,00) = R, (3.4)

which are measurable with respect to P(F=W).

The class of predictable functions P(F=") is too big. If we choose an arbitrary h € P(F=W),
then it is not clear, why the Z; defined as in (3.2)) should be well defined, since the integral does
not need to exist. But the random variable Z;(t) will be well-defined, if we restrict ourselves to

h € P(F=W) with:
p[/ot /Ooo R(Es(t, ), ps )| M (1, dp, ds) < oo} ~1 (3.5)

A sufficient condition for (3.5) would be to show that

[// p:5)|(t, dp»ds)} co. (3.6)

Based on this reasoning we will define the following measure M and the corresponding spaces
LY(M) and L'(M). Although it may be not directly obvious from the following definitions, the
Lemma shows, that if h € £1(M), then (3.6]) will be true for all ¢ > 0 and all i € N.

Definition 3.1.2. We define the measures M on the measurable space
(2 x R* x [0,00) x [0,00), B(F=")),

by setting for each non-negative, predictable function h € P(F=W) .

h) :/OQ /OO E [h(Xl(S')7p7 8)1[01TEX)(8)] dpdS
0 0

Note that the above integral M(h) is well-defined, because we assumed that h is non-negative.

Definition 3.1.3. We define the space L1(M) C P(F=W) consisting of the elements h €
P(FEWY with

1l = MOkD = [ 78 (0G0 ()00 0] dods < e 31

By considering the equivalence classes in L1(M) with respect to the semi-norm ||| - |||m, we
obtain the Banach space L'(M).
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A common and often quite useful tool in stochastic analysis are stopping times, we will em-
ploy these with great effect, for example we will extend our class £!(M) of possible integrands.
But these stopping times must be F=W-stopping times to guarantee that the integrated pro-
cesses (X, Z;, V;)$2, remain exchangeable. Further the application of T' should not destroy the
predictability. But this is not a problem, because if 7" is a F="-stopping time, then {T' < t}
is measurable with respect to Fr- W (so T is also an optional time), since we assumed F="
to be the augmented version of the natural filtration of 2%, which implies that F=" is right-
continuous. As a consequence the process P = (Lo 7)(t),t > 0) is a FEW_adapted process.
Since P is left-continuous we can conclude that hr : Q x R? x [0,00) x [0,00) — R given by
ho(w,z,p,s) = Lo () (t) is an element of P(F=W).

Definition 3.1.4. We define L},.(M) as the set of elements h € P(F=") for which we can
find an increasing sequence (T,,)%, of F="W-stopping times with P[T}, sy oo] = 1 and the
property that hy, := hljy 1, is an element of LY(M) for all n € N. We call such a sequence
(T,)%, a F=WV_localizing sequence for h (since h and Ljo,7,) are predictable, the same is true

for h]l[O,Tn])-

A popular choice for localizing sequences (T, n € N) will be
T, =71y :=inf{s >0:Y, >n}

and n A 7). Note that if (T,,,n € N) is a localizing sequence of h € £}, (M) and (T,,,n € N)
is second sequence of stopping times with P[T,, < T},] = 1, n € N, and P[T}, — oo] = 1, then
(T, n € N) is also a localizing sequence of h.

A further common tool in stochastic analysis and far beyond is to introduce a class of simple
functions, for which it is easy to establish certain properties, and then to extend these properties
to a more general class of functions by approximation. In our case the more general class of
functions is of course £;,.(M) and the class of simple functions is given in the definition below.

Definition 3.1.5. We define the space of simple predictable integrands S(F=") as the elements
h of P(F=W) with the form:

h(w,z,p,s) = Lp1 (w)lp2 (2) L1, o) (P) (s, ,50)(5)s (3.8)

where s1 < 59, Tt € FEW, T? € B(RY) and 0 < p; < p2 < 0o. We denote span(S(F=")) as the
linear span of S(F=W).

Remark 3.1.6. Ifhy and hy are elements of span(S(FEW)), then h := |hy—hs| € span(S(F=W)).
Lemma 3.1.7. The span span(S(F=W)) is dense in L'(M) with respect to the norm ||| - |||m-

Proof. We adapt the proof of Lemma 3.1.5 in [37] to our situation. Step 1: First let us assume
that h € £1(M) is continuous with respect to z,p, s for all w € €, that h is bounded and that
the support of |h| is contained in [m,m]? x [0,m] x [0,m] for some fixed m € N. Let us set
[q] = {1,2,...,q} C N for all ¢ € N. When we define (h,)3>; € span(S(F=W)) by setting for
each n € N:

an—127—1

hn(w,x,p, t) = Z Z Z h w xjvpkasl)IlFJ( )Il[pk,pk+1)(p)ﬂ(SJ,Sz.H](t)v

Je[ent1-1)d k=0 =0

with T'; = H?Zl[jﬂ’”m —m, (j; + 1)27"m — m) for all J = (j1, ja, ..., ja) € [2""1] and p; =
s; = i27"m for 0 < i < 2", then h,, € span(S(F=W)) and h,, converges against h pointwise
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due to the continuity of h. Applying Lebesgue dominated convergence theorem gives us now
lim, o0 ||| An — h||lMm = 0. Step 2: Now we assume that h € L£'(M) is bounded and the
support of |k is still contained in [m,m]? x [0,m] x [0,m], but h is not necessarily continuous.
Let us assume that ¢ : R? x R x R — [0, 00) is a smooth function, whose support is contained in
[-1,1]4 x [~1,1] x [~1,1], and it holds [5. [; [z ¢(x,p,s) dzdpds = 1. We define a new sequence
(hn)S2, C LY(M) by setting:

hi(w,z,p,t /]Rd // 5 2¢ (n(& — z),n(p — p),n(5 — s)) didpds

for all (w,z,p,s) € R x [0,00) x [0,00), where we use the convention that h(w,z,p,s) = 0,
if either p < 0 or s < 0. All members of the sequence (h,,)32; are continuous, bounded and
the support of |h,| is contained in [m + 1,m + 1]¢ x [0,m + 1] x [0,m + 1]. Step 3: Finally
let us assume that h is an arbitrary element of £*(M) without any restrictions. If we choose
hy := Bl <nli—pn n)ix(om]x[o.n) for each n, then h, has the property of h from step 2. By
Lebesgue dominated convergence theorem it follows again lim, o ||| Ar — A ||jMm = 0. O

3.2 Integration for Simple Functions

We continue in this section by investigating the integration for our simple integrands. We discuss
basic properties and prove one small but important lemma.

Definition 3.2.1. For h € span(S(F=")) we define the integrated processes
Z; QA x[0,00) >R, ‘€N,

by setting for (w,t) € Q x [0,00):

t o
Zz(w7t) = / / h’(wvxi(w7t7$_)7pa S) mi(watadpads)’ (39)
0 Jo

where the integral is defined as the Lebesgue integral with respect to the measure ;(w, t, dp, ds).

We want to understand the expression in better. Let us assume that h € S(F=W) with
h(w,z,p,s) = Lpi(w)lr2(2) L[, o) (P)L (s, ,55)(s), Where s1 < 59, Tt € FEV T? € B(R?) and
0 <p1 <p2 <oo. If we fix a (w,t) € 2 x [0,00) and assume that the (deterministic) measure
Mi(w, ?) is given by Mi(w,t) = >y en d(5i a1y for a suitable collection (pi,58) C [0,00) x [0, 00),
then Z;(w,t) can be written as

Z; (UJ t - ]lf‘l ZHFQ w t, Sk ))]l[pl,pQ)X(Sl,Sz](ﬁ};{)’g;;})' (310)
keN

In Definition we build the historical processes (X;);2; and (91;)72; with the help of the
genealogical map @, see Deﬁnition and the Poisson point processes (N;)$2; from the list

of ingredients, see Assumption So a further expression for Z; would have been (note that
we omit w here):

oo t [e'e)
n=%" / / B (520, 2y ) Loyt Lo 7 () N, (dp, ds). (3.11)
j=1

Based on the appearance of the term 1 7, () inside the above integral, we can conclude that
Z; will stop to evolve at the moment of extinction similar to W;, 20;, W;, X;, X;, 9, £; and L;.
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The expression (3.11]) becomes much simpler in the case of i = 1, because of ®(1,¢,s) =1 for all
t,s € [0,00) (recall the lowest particle is never affected by a birth event).

Zy(t) = /O h(X1(5-), P, 8) 10,755 (8) N1 (dp, ds). (3.12)

This expression for Z; and together with the facts that N, is a Poisson point process with
intensity measure £eb[0, 00) ®£eb[0, 00) and that h(w, X7 (w, s-), p, s) is predictable paves the way
to the next lemma.

Lemma 3.2.2. Let h € span(S(F=W)) and Z; be the integrated process from , then we
have for every finite F=" -stopping time T:

B{z(7)] - | N / T E[R(X1(5),.5)0.rn 7 ) ()] dpds. (3.13)

Remark 3.2.3. It is not essential that T is a stopping time with respect to FEW s long as it is
a predictable stopping time with respect to a filtration F with the property that the compensated
random measure N is a martingale measure with respect to F.

Proof. Due to the linearity of the integration it is sufficient to prove the claim for h € S(F=W)
hence we assume that h has the form found in (3.8]), indeed

b

h’(wv xapa 8) = ]11“1 ((‘u)ﬂl—‘2 (m)]l[PLZD) (p)]l(sl,sz] (8)

for s; < s9,T'! € fi’w, I'? € B(RY) and 0 < p; < py < co. Based on Line (3.12), we can write

S2 P2 ~

2= [ [ e s (0 ) i) () iy (5 5) s a5,
51 p1

If we define the process P : 2x[0,00) — [0,1] by P(¢) := Lr, I, (X1(s-))Ljo,ra75x](8), then Pis a

left-continuous process and predictable with respect to the filtration F; := o (P(s), N1(dp,ds),p €

[0,00), s < t). Therefore it is possible to approximate P pointwise in § x [0, 00) by the processes

P, :Qx[0,00) = [0,1],n € N, given by

oo 2"—1

l
Pu(w,t) = Pw,0)+» > P <w,k + Qn) Loy b ger i (8).

k=0 [=0

Since N is a Poisson point process with intensity measure £eb[0, c0)®£eb[0, 0c0) and the restricted
measure 1 ) N1(dp,ds) is independent from F;, the expectation E[f:f f;f P™(s) N1(dp, ds)] is
equal to

2" —1

Z_: E [P <k+ 2ln> E [M ([pupz] X ((k+ 2%) Ast, (k + l;Tl)/\SZ At]) |ﬁk+;n”

k=0 =0
oo 2™—1
l [+1 l
k=0 =0
= /0 /O E[P"(5)11p, ps)x(s1,50] (Ds §)dpds = /0 /0 E[P"(8)Lp, po)x (s1,50] (P, 5)]dpds.

74



We obtain the identity (3.13|) by applying Lebesgue’s theorem:

S2 P2 - S2 P2
=E [/ P(s) N1(dp, ds)} = lim E [/ / P,(s) dpds]
p1 n— oo s1 P1

/ lim E[P"(5)1[p, py)x(s1,50] (Ps §)]dpds

n— oo

-
:/0 /0 E[P(8)1Lp, po)x(s1,50] (P> 5)]dpds
= / N / OoIE[h(X

=)D S)]l[o,TATEx] (8)] dpds

3.3 Poisson Mapping Theorem for Simple Functions

Our next step is motivated by the wish to establish the fact that ((X;(7), Z;(7), U;(7))$2,, where
7 is a finite 7=""-stopping time, are conditionally independent given F=-". This will be achieved
by using the fact that ((20;(7),U;(7))2, are conditionally independent given F="W and by the
observation that the integrated process Z; at time 7 is a functional of W;(7) and the path
(BF%",0 <t < 7). Indeed for a fixed h € span(S(F=W)), we will show that there exists a
suitable map H such that the integrated processes (Z;(7))$2; can be expressed as

Zi(r) = H™((BLe s > 0),W,()).

=sAT

It is important to notice that H” is independent from i € N, therefore we can use H to de-
rive the conditional independence of (X;(7), Z;(7), Vi(7))$2, by the conditional independence of
(W,(7), Vi(r)22,

We are now formalizing and proving the above arguments. Therefore let us recall that (W;,7 € N)
are stochastic processes with state space © = ]15([0, o0), R and that E% is a continuous pro-
cess with state space M (D). Since ® is Polish space, the same is also true for M;(®) and so
we can understand EV = (E}Y,¢ > 0) as a random variable in the space C([0,00), M (D)), the
space of continuous paths with values in Mf(®). Let us denote by B(C([0,00), M(D))) the
Borel o-algebra of C ([0, 00), M (D)) which is identical with the o-algebra generated by the coor-
dinate functions, because M (D) is a Polish space, too. In order to formulate H as a functional
of 2% and W;, we introduce the following definition.

Definition 3.3.1. We write M(C([0,00), M (D)) x D) for the space of functions
H:C([0,00), Mf(D)) x D = R,
which are measurable with respect to the Borel algebra B(C([0,00), M (D)) x D).

Lemma 3.3.2. If h € span(S(F=W)) is an element of the linear span of S(F=WV) and (Z;)$2,
are the integrated processes defined as in (3.9)), then there exists a bounded

H € M(C([0,00), M;(D)) x D)
such that it holds for all i € N and for all finite F="Y -stopping times T :

H((EY,s>0),W;(r)) = H(E/X,t > 0),W;(7)) = Zi(7) a.s. (3.14)
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Remark 3.3.3. Note that it holds W;(7-) = W,;(7) almost surely, as a consequence:
H((E{\,t>0),W;(r-)) = Zi(1) a.s.

Note that P[W;(7-) # W,(7)] = 0, because otherwise T has a chance to coincide with a jump
time of W;. This can not happen, because the jump times of W; are inaccessible stopping times

with respect to the filtration F&VW, see Definition while T is a F="-stopping time, and
since BY is continuous, T must be predictable with respect to F=Y < F&W. Recall that the
jumps performed by W are either results of the birth of new particles or due to the fact that W;
1s constructed with the help of the Lévy processes (L)Z"il New births correspond to atoms of the
Poisson point processes (Vj;,1 < i < j < 00). Hence both jump-types are the result of Poisson

point processes, making these inaccessible stopping times.

Proof of Lemma[3.5.2 By linearity it is sufficient to prove the claims for h € S(F="), hence
we assume that h has the form given in (3.8]), indeed

h(w7m7p, 3) = ]lFl(W)]lFQ (m)]l[p17p2)(p)]]'(51752] (8)7
where s; < 55, € .7-'5517W, I'2 € B(RY) and 0 < p; < pa < co. Putting h into the definition of
Z(7) in (3.9) we obtain:
S2 P2 f
Zin =tr, [ [ na () Nrdp.ds) = 1 7 g (Wilr),
S1 P1

where 7T£’m :® — [0, 00) is the function from Lemma [2.4.17| with

f(m,p, 5) =1r, (x)]l[p17p2)><(81752](p’ s).

It remains the term w — 1Ip,(w). Recall that I'y € F=% and F=W is by Definition
the completion of J(Efv;s < 81). Therefore the factorization lemma, see Corollary 1.97 in
[24], ensures the existence of function ¢ : C([0,00), M;(®)) — R with the property that
7o ((EP (w),s > 0)) = 1r, (w). So we obtain H by setting for each (u, w) € C([0,00), M (D)) x
D

H(p,w):= Wc(u)wgm(w).

Let us argue, why is fulfilled for every finite stopping time 7 and every w € ). Hereby
we distinguish between the cases 7(w) > s; and 7(w) < s;. For the first case, we note that
I'y € F=W, therefore the value of the function m¢ only depends on the path of " up to time
s1 and so for all w with 7(w) > s; we have

T (Bfar(w) (@), t > 0)) = 1o ((E]L,, (W), t > 0) = Ir, (w), when 7(w) > s1.

In conclusion (3.14) is true for 7(w) > s;. For the case 7(w) < s1, we note that all atoms of the
deterministic measure 91;(w, 7(w)) are contained in the set [0,00) x [0, 7(w)] by the definition of
N;. Consequently for all ¢ € N we have Z;(7(w)) = 0 and we have as well

wfem(Wi(w,T(w))) = /82 /p2 1rz (X;(w, 7(w), $-)) M (w, 7(w), dp, ds) = 0,

which implies that H((E) _  (w),t > 0),W;(w,7(w))) = 0. So in both cases, the statement

':t/\'r(w)

(3.14) is true. O
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Due to Lemma we could prove that ((X;(7), Zi(7), Vi(1))$2,, where T is a finite F=W-
stopping time, are conditionally independent given F=" as long as the integrand h is an element
of the linear span(S(F=W)). But we will not do it here, because we wish to prove it for all
he L} (M ) simultaneously and for this we need to establish some further facts and extend the
Lemma 2| to general integrands h € Eloc( ). Hereby the Lemma will be quite useful.

Corollary 3.3.4. If h € span(S(F=W)) and (Z;,i € N) are the integrated processes, then it
holds for all finite F=Y -stopping times T that

= [ ] B0 a1 dods
E[ N h / " b (1, 52),p. 5) (1) (dp, ds)Q (o)

It is especially true that

/ / (12X (5), 2 )| L 07 (5)] dpds

= [[h 0,7 [l
Proof. To establish the first equation we note that
E[Zl(T)] = E[H((‘—‘t/\rvt > 0) W; ( ))],

where H is the function from the Lemma [3.3.2] Since (W;(7),i € N) are conditionally inde-
pendent and identically distributed given F=", we can conclude, that (EW, W;) ~ (EW, W,).
Together with the previous line we have

E[Zi(7)] = E[H((EtArt > 0),201(7))]
and with the Lemma [3.2.2] it follows that
BIZ()] =BG = [ [ B ()0 5L en7i(5)) s,
o Jo
Considering the second equality, we assume again that h has the form

h(wv z,Dp, S) =1 (w)]le (x)]l[pl,m)(p)]l(51,52](8)=

where s1 < s2,I'' € F=W, I'? € B(RY) and 0 < p1 < po < oco. Further we recall that
(X, 0) = (mx(W;), 70 (W;)), where mx and my are the functions found in Lemma and
Definition Finally we remember that W;(7) is distributed like Q" (7) given F=". All in
all we can conclude

E[Zi(r)|FE"] = 1r,E [ / / Tr, (Xi(7, 5)9(, p, )| F=]
- / / / I, (7% (10, 5-)) on (10) (dp, ds) QY (o)

_ /@ / / h(mx (10, 5-), p, 5) 7o (0) (dp, ds) QY (1)

For the inequality from the second part we note that

B Z(r [// b, %, 1,5-), . 5) Moo, 1, dp, d)

_E[ / | e it ot ).
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Since |h| € span(S(F=W)), we get from this and the first statement that

/ / |h Xl 78)‘1[0,7/\7_15}()(8)} dpdS

which is by definition identical to ||| hljg -y |[|m- O

3.4 Integration for £!'(M) and £ (M)

With the already established facts we are now ready to show that £!(M) has been the right
choice for our integrands. Indeed we we will show that if h € £1(M), then it holds for all finite

FEW_stopping times 7:
[/ / D, 8)|M; (¢, dp, ds)} 00, (3.15)

which will ensure that our integrated processes (Z;)°, associated with h are well defined. In
order to elaborate on this more, we need to define additional measures.

Definition 3.4.1. Let 7 be a finite FEW_stopping time, then we associate with T the following
measures M, (ML), and M, which are defined on the measurable space

(2 x R? x [0,00) x [0, 00), B(F=")),

by setting for each non-negative, predictable functions h € P(F=W):

h) = /000 /OOOE [(X1(5-), P, ) Ljo, Tx nr)(s)] dpds,
m=s] [ [T hrs s M dnas)|
m =] [ [T [ Hrsto50,0.6) (o) a5)Q7 ().

Proposition 3.4.2. Let 7 be a finite FE=W_stopping time, then the measures MT, (ML)%2, and
M, are identical, indeed for all non-negative, predictable functions h € P(F=W)

M, (h) = M (h) = NI, (h) = M(hL0,1)): (3.16)
Let us call this the measure identity.

Proof. Note by Corollary we have the identity for all h € span(S(F=")). Now let us
proceed by showing that the measures are o-finite. Let us choose T, :=  x R¢ x [0, 7] x [0,n),
then h € S(F=W) and it holds

M, (h) = ML(h) = M, (h) = M(hl ) = n® < co.

In order to show the identity between the measures we compare the Definition of S(F=W)
with the collections of sets in generating the predictable o-algebra and conclude that
o(S(F=W)) = P. Since we already notice that the identity is true for all h € span(S(F=W))
by Corollary we have proven the claim. O
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Lemma 3.4.3. Let h € LY(M), then it holds for all finite F=¥ -stopping times T:

{/ / P, 8)| Mi(7, dp’dS)} <oo, i€eN. (3.17)

Proof. By the definition of MY it holds

[/ / P, )| M(, dp»dsﬂ = M (]A])

and by Proposition [3.4.2] it follows
M (|h]) = M(|h[L,7) < M(JR]) = ||| h|llm < oo
0

The measure identity from Proposition and the Lemma tell us that £1(M) is the
right space for our integration theory, because the integrated processes (Z;)$2, will be well-defined

due to (3.17).

Definition 3.4.4. For a fized L},,(M), we define for each i € N the integrated process Z; :
2 x [0,00) = R by setting for each t >0 :

(w, 1) / / (W, £, 5-),p, 8) My (w, £, dp, ds), (3.18)

where we understand the integral for each (t,w) € Q x [0,00) as a Lebesgue integral.

Before we proceed let us collect some properties of the integrated processes, which we will
use constantly throughout this paper, in one lemma.

Lemma 3.4.5.
1. The integrated processes (Z;)52, are well-defined for all h € L, (M).

2. If h € LY(M), then it holds for i € N and for every finite F=" -stopping time T that

E[|Zi(n)[] < [ 7o, [l < [[[ [l

3. Assume hy, hy € LY (M) and that there exists a stopping time T with ||| (hy —h2) Lo, |||m =
0. If (Z}H)2, and (Z2)2, are the integrated processes corresponding to hy and ha, then it
holds

P[Z!(s) = Z(s), s€[0,7]] =1. (3.19)

4. If (ZH)32, are the integrated processes for hy € L} (M) and (Z2)32, are the integrated
processes for hy € L], (M) and |||h1 — ha|||m = 0, then Z} and Z? are indistinguishable
from each other for all i € N.

5. If (hi,k € NU {o0}) is a sequence in L'(M) with ||| hoo — hi ||lm — O for k — oo, and
(Zk)z=1 are the integrated processes for hy, then it holds for i € N and for every finite
EW_stopping time T that

E[|ZE(r) - 22°(n)]] =5 0.
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6. If (hy, k € NU{oo}) is a sequence in L, (M) and there exists a localizing sequence (T,,,n €
N) with ||| (heo — h&)Ljo,7, [l — O for k — oo, then it follows for all finite T-stopping

k—o

times and for alli € N that ZF(t) =3 Z2°(7) in probability. By considering a subsequence
(hk;»§ € N) of (hy, k € N) it also holds IP{ZZ. (1) =X Z2(r), i e N} _

Proof. 1. If h € £LY(M), then Z;(t) is well-defined, because

U / . 8)|M (£, dp, ds) < oo] =1 (3.20)

by 1' If h € £}, (M) and (7)%2, is a localizing sequence for h, Lo h € El( ), then
is satisfied, when we replace h by 1o -, 1h, hence, if we define Zk like in with A
replaced by 1jo,7,)h, then Z¥ is well-defined. But Z;(t) = Z(t) on the event {7y § t} and so
Z;(t) is well-defined, if ¢t < 73,. Since 7, — o0, it follows that PlUgen{7r < t}] =1 and therefore
Z;(t) is well-defined. 2. The first inequality is the extension of the inequality of Corollary
to the case £},.(M) and this extension can be proved with the same arguments as in the case
of Corollary @ The second inequality follows from the fact that hlj ) < h. 3. Note that it
holds for all ¢ € N and all ¢ € [0,00) :

E[|ZM(t A7) — Z2(t A7) < E [ / ' / T @it 5),py ) — ha(Xa(t, 5,y )| M, dp, d)
/ / (172 (Xi(),p.5) — ha(Xa(5-), pr )11 0. ()dpds]

<[ (ha = h2)Ljo,7) [[Ina-

Since the last expression is zero, we have Z}(t A7) = Z2(t A7) a.s. and from this follows the
claim, because Z! and Z? are cadlag. 4. This follows immediately from the previous point.
5. As in Point 3 we have E [|ZF(7) — Z2°(7)|] < ||| (h& — hoo)Ljo,r) |||m from which the claims
follows directly. 6. The convergence in L!(IP) gives the convergence in probability, from which
we can derive the a.s.-convergence for a subsequence. O

While the expression for (Z;)22, will be very useful to prove the conditional inde-
pendence of ((X;(7), Z:(7)))32, with 7 being a finite =" -stopping time, we also want to find
another expression for (Z;)$2,, which describes the processes as the solution of a stochastic
equation, similar as we did with (W;)$2,, (X;)2, and (L;)52,, see and Remark
This system of equations is more useful, when we want to do calculations with the (Z;)$2,, for
example, when we derive the semi-martingale decompositions for our new processes.

Lemma 3.4.6. For fized h € L],.(M), the integrated processes (Z;)2, from definition m
are the solution of the following system of stochastic equations, where it holds for all i € N and
t<Tex

t) /0/0 ]l[O,oo)(Uj(S—))h(Xi(S—),p, 3) Nj(dp7 dS) (321)

i1 Ui (s-
+Z/ / Zi(s-) — Zi(s-)Vji(dv, ds) (3.22)

j—1i-1 Ui (s-)
+D > / / — Zj(s-)Vir(dv, ds). (3.23)

=2 k=1
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and Z;(t) = Z;(Tex-) fort > Tex, where (N;)2, and Vi, i, k € N) are given by the ingredients
list, see Assumption[2.1.3, and where (X;)52, are defined in Definition (2.25)).

Proof. The proof of this identity works in the same way as the proof of the identity (2.30]), see
the proof of Lemma Recall the definition of the genealogical map ®, see Definition [2.3.1
By the definition of 91;, see Definition we have:

oo t [e's)
ZiH =3 / / B (52), 2. 5T gaisr—s3 () L0 7y (5) N (dp, ds).
J=1

When there is no birth event effecting the particle ¢ on the time interval [s1, s3), this means
®(1,t,s) is constant for s1 < s <t < sg, then

Zi(t) — Zisy) = / /0 " R(Xi(5-), Py $)L 0 7 (5) N (dp, ).

This gives (3.21]). The jumps of (3.22)) is the result of the birth events, where ¢ is the child, and
(13.23) comes from the birth events, where a particle is born below 7. For more details, see the
proof of Lemma [2.4.8] O

We wish now to extend the Lemma to general h € L} _(M). We do so by approxi-

loc

mating h by elements of span(S(F="W)). This should allows us to obtain a function H for h
as we did in Lemma for the elements of span(S(F=W)) by taking a limit in an appropri-
ated space. We will now define this space. Naturally this space should be based on the space
M(C([0,00), M (D)) x D) from Definition [3.3.1] which contains all measurable functions defined
on C([0,00), M (D)) x D with values in R. Recall also the measure valued process Q" from

Proposition 2:6.5]

Definition 3.4.7. For a fized, finite F="Y -stopping time T, we define the measure C, over the
measure Space

(C ([0, 00), M(D)) x D, B(C([0,00), M((D)) x D))
by defining for each non-negative function H € M(C([0,00), M (D)) x D) the integral C,(H)
by setting
C.(H):=E [/ H(EY ) QY (dw)| .
)
We define the space L*(C.) as the space of H € M(C([0,00), M (D)) x D) with

I1H]llc, = C-(|H|) < oo

and we denote by L'(C,) the Banach space obtained by taking the equivalence classes with respect
to the semi norm ||| - |||c. -

Lemma 3.4.8. Let us denote S(F=Y) C L*(M) as the set of equivalence classes in L£(M)
associated with the elements of span(S(F=W)). If we define the map

U S(FEYY o LY(C,),

by setting W([h]) to be the equivalence class [H] of the function H in L'(C,) which is given by
the Lemma and satisfies (3.14) for h, then ¥ is a linear map with

1)) = ([R2D)llle, <l —halllm, o, he € S(FEY). (3.24)
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Proof. For h € span(S(F=W)), let us define (Z!',i € N) as the integrated processes. Let us fix
two integrands hy and hy from span(S(F=")) and assume that Hy, Hy € M(C([0,00), M (D)) x
D) are two functions satisfying for hi, ho, i.e. Hj(EW ,W;(7)) = Z/(7) for i € N and
j € {1,2}. By Proposition the distribution of W;(7) conditioned on F=W is the random
measure QY. Since ') is F=" measurable, this gives us:

it~ Hallle, == | [ 102, w) — Ha(= )| QY )
=E[E [IHl(uAT,W< )) — Ha (R, W, (r))] | F2]
B [E[|Z1(r) - 22()|| 2]
12 2o

The expression IE[|ZZ-h1 (1) — Zl-h2 (1)
E[|Zi (1) = Z}(7)]]
< E |:/ / |h1 t S yDy S ) h2(xz(t’ 8—),p7 8)|mi(ta dpa dS)

/ / [1h1(X1(s-),p, 8) = h2(X1(s-), D, $)|Lj0,r ATy (5)] |dpds

< |[[h1 = ha [[[m-

] can now be bounded by:

In conclusion we get |||H1 — Ha|||c. < ||| h1 — ha |||m, which proves (3.24)). This also makes W is
well defined, i.e. if it holds for the equivalence classes of hy and hy that [hi] = [he], then it also
holds for equivalence classes of H; and Hs that [H] = [Ha], and so U([h;]) = ¥([h2]). O

Proposition 3.4.9. The function ¥ from Lemma can be for any fized F=W -stopping time
T uniquely extended to a map

U, . LY(M) — LY(C,)
such that for any h € LY(M) and any H € V([h]), it holds
H(EY, W;(r)) = H(E/\,,t > 0),W,(1)) = Zi(7) a.s., (3.25)

where (Z;,1 € N) are the integrated processes for h, see Definition , Further it holds for all
hi,ho € Ll (M) that

1% ([h1)) — O ([Ra])lllc, < Il 71— ha |l (3.26)

Proof. We recall that span(S(F=")), or more precisely the set of equivalence classes S, is dense
in L'(M) by the Proposition We want to define ¥, for [h] € L'(M). Due to the density
of 8, there exists a approximating sequence ([h,],n € N) C S with ||| |h — hy||||m — 0, when n
goes to infinity. The latter implies that ([h,],n € N) is Cauchy sequence in L*(M) and by the
inequality it follows that (¥([hy,]),n € N) is a Cauchy sequence in L*(C,). By taking the
limit in L!(C,), we can define ¥ ([h]) by

V- ([h]) = lim W([hy]).

n—oo

By extending of ¥, is this way to L'(M), the inequality (3.24)) extends also to L'(M) by the
continuity of the norms ||| - |||c, and ||| - |||m, this proves (3.26]). In order to prove that (3.25)
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is still true, we need to show for all i € N that Z;(7) = Z] a.s., where (Z;,i € N) are the
integrated processes from Definition and (Z7,i € N) are the random variables defined
by Z7 = H(EY,W,(7)). If (Z1'i € N) are the integrated processes for (h,,n € N), then
Z™M1) — Zi(r) in L'(P) by Lemma when n goes to infinity. If H, is a member of the
equivalence class U, ([hy,]), then it holds by Lemma [3.3.2] for all i,n € N that

Z}(r) = Ho(BY,Wi(7)) = Hp ((Bfp,,t > 0), Wy(7)) a.s.,
but at the same time it also holds due to the inequality (3.26) that
E||2(7) = Zi(r)l| = B||Ha(E", Wi(r)) - H(E", Wi(n))]|
= [[[9([hn]) = T([(AD e, < |l =N |l =5 0.

So Z*(t) — ZT in L'(P) for n — oo as well, and since the limit in L'(P) must be unique, it
follows that Z7 = Z;(7) almost surely. Analogously we can show that

Zi(r) = H((E{h,, t > 0),W,(7)) a.s.
O

By localization we obtained the space £,.(M) from £'(M). We are now extending the
Proposition to £,,(M).

Corollary 3.4.10. If h € L} (M) and (Z;(7))2, are the integrated processes for h as in
Definition[3].4), then there exists a function

H € M(C([0,00), M;(D)) x D)
satisfying (B28) for (Z:(7)%,.-
Proof. Since h € L], (M), there exists a localizing sequence (T;,,n € N) of F="W_stopping times

such that P [Tn sy oo} = 1and it holds h,, = hlj 1, € L*(M) (T, n € N) is also increasing).
If (Z)$2, are the integrated processes corresponding to (h,,n € N), then according to the Point

K2

of Lemma [3.4.5] it holds for all n € N :
P(Z(Ty A7) = Z(To A7), nyi €N] = 1. (3.27)

Further there exists for all n € N a function H,, € M(C([0,00), Mf(D)) x ®) with H,, being
a member of the equivalence class Ur s, (hy,), where Up A, is the map from Proposition
such that

Zi(Ty A7) = ZMNTo AT) = H((E\p arrt = 0), Wi (T, AT)) acs.

So we get with Ty = 0:

M8

Zi(t) = Lip, (7)) Zi(T0 AT) an (T ZMT A T)

3
I
—

M

H(T71—17Tn](T)Hn((Eyy\Tn/\T7t > O)awl(Tn A T))

3
Il
N

]l[Tn_l,Tn](T)Hn(('—'t/\fmt > 0), W;(r ))

M

3
Il
-
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Note that 17, , 7,1(7) is measurable with respect Fr, r C Fr, so by the factorization Lemma for
measurable functions, see Corollary 1.97 in [24], there exists a function ¢, : C([0, 00), M (D)) —
R such that

men(E", Wi(T)) = mon((Eiar t > 0),Wi(7)) = Lz, 1, (7).

So if we set H := % >° | w¢.nH,, then H is the desired function. O

Definition 3.4.11. We can extend the map H from Corollary|3.4.10to a map H : C([0,00), M (D)) —
R? x R such that

H(EY, Wi(r)) = H((E/\.t > 0),W;(1)) = (Xi(1), Zi(1)) a.s. (3.28)
by simply setting H := (tx, H).

We are finally able to prove that (X;(7), Z;(7), Vi(7))$2, is conditionally independent given

FEW. For technical reason we define for each h € L} (M) a collection of random measures

{QX%7 1 € T}, where ¥ is the collection of all finite F=W-stopping times. The introduction of
this collection is an intermediate step introduced for the formulation of Proposition[3.4.14] Based
on Propositionwe can show in the following section that there exists an M (R x R)-valued
process QX% such that QX% = QX%r,

Definition 3.4.12. For a finite stopping time T and o fired h € L, we define the random measure
Q¥%7 . 0 — M (R x R)

by setting for all f € Cy(R% x R):

QX% (f) ;:/ FH(EY, .t >0),1)) QY (dw).

D
Remark 3.4.13. Note that QXZ’T 1s measurable with respect to ]-'TE’W.

Proposition 3.4.14. Fiz a h € L} (M) and let (Z;)2, be the integrated processes defined as

loc
in (3.18)). Recall Y; = EX(RY), V; = U; — U;_y fori >2 and Vy = Uy, then it holds for all finite
stopping times T that:

£ ((Xi(7), Zi(r), Vi) | FE) = Q) (Q¥T @ EBap(Yr)), (3.29)

e}
=1

where QX7 is the random probability measure from Definition .
Remark 3.4.15. From (3.29) we can conclude

QXZ,T _ 2(()(1(7_)7 ZZ(T))‘./_‘.TE"W) (330)

Proof. From Proposition [2.6.5] we know that:

L ((Wi(r), Vi(r)i2 | F2™) = Q) (Q™7 @ Exp(Y7)). (3.31)

i=1
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So if we assume that f{%, f§%, ..., f2* € Cy(R* x R) and f{, f3, ..., f € Cy([0,00)), then we use
the function H to write:

| TL 6. 2 (0t 727
i=1
- E{Hf”H((wﬂt > 0). W) £ (0| 2.
i=1
From it follows that the above is equal to

11 /@ £ (F (Yt > 0),Wi(r)) QY (dw) - Exp(Y,)(£2)
=1
This proves . O

3.5 The Empirical, Intensity and de Finetti process of (X;, Z;, U;),

In this section we are defining the important processes £XZ and Q¥X%. We are also proving that
these processes have indeed the properties we are expecting. Recall the definition of the state
space N (R? x R x [0, )), see Def@ and the one of the functions 7, and 'yﬂgi see (|1.18)
and m Compare the following definition with Definition m

Definition 3.5.1. For h € L], (M), let us define
((XivzivUi)?ilvgxzaEXZa XZ) =1y [h]7 (332)

where Z; : Q x [0,00) — R, i € N, is the integrated process defined in Definition and the
remaining processes are defined in the following way:

xR?

X7 x[0,00) » N(R! x R x [0,00));  &7:= " d(x,00.2.(00,0. (1)) (3.33)
i=1

EYZ: Q1 x [0,00) = M;(R? x R); B 7= e (617), (3.34)

Q¥7: 0 x [0, 00) — My (R x R); X220 (X0, ZiO)Z)). (3.35)

Further we define the filtrations F=XZ .= (FEXZ:t > 0) and FRXZ .= (FR*Z,t > 0) as the
complete, right-continuous versions of the natural filtrations of 2X% and QX~Z. Further we are
defining for each r > 3 and m € N the processes

EXZT Q% [0,00) = Np(R? x R), CHRUEES Z§(Xi(t),Z1(t))]l[O,r)(U’i(t));
i= 1

X020 x [0,00) = N(R? x R x [0,00)), &%= Z&X (),2:(6),U: (1)) Lr,00) (Ui (1))
i=1

Q¥7™: Q x [0,00) = M;(R? x R), QA= Z§(Xi(t),2i(t))~

Further let us define the filtrations FEXZr and ]-'Q:XZ’"‘ as the right-continuous completion
of the filtrations F=XZ%" and FXZm given by FEX4T = o(BXZ7 ¢X%2s < t) and
FXEm = o (QF7™, (Xi(s), Zi(s), Us(5))72 i s < 1).

i=m>
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Remark 3.5.2. We call £X% the empirical process, 2X% the intensity process and QX% the
De-Finetti measure of (X;,Z;,i € N). These names are based on the statements of Theorem

[3.5.7

Using the functions vﬁfde to define the processes 2%XZ and QX7 as in the lines and
has the advantage that for each (w,t) € Q x [0,00) the values E{*?(w) and Q;*%(w)
are well defined and elements of M (R? x R), respectively M;(R? x R), even for the elements
(w,t) € 2 x [0,00), for which the sequences

<iafz””<w>,r > Z) and (;Qt“’"wm € N)
are not converging. Besides the fact that 2X% and QX% are well-defined, we do not know any
regularity properties of 2XZ and QX?, yet. Note that 2XZ is by definition adapted to F=*X?%
and the same holds for QX% and FQ X%, Additionally, we can not directly conclude that F=X%
and FXZ contained in the filtration F=W.

Therefore we have two goals for the remaining part of this section. First, we want to prove
that £€XZ is indeed a Poisson representation of 2XZ and that (X;(7), Z;(1), Vi(7))$2, are for a
finite 7="-stopping time 7 conditionally independent, identically distributed with distribution
QX% @ Exp(Y (7)) conditioned on F=W. The latter will follow immediately from Proposition

3.4.14] after we have proved for all finite F="W-stopping times that:
P [QXZJ = QX?| =1. (3.36)

Our second goal is to show that the two processes 2¥% and Q*# admit a F="-progressive
modification. This also ensures the 7="W-adaptedness of processes like A : 2 x [0, 00) — R with
the form:

g::/o /O Lo (5)(F (2 2 + h(z,p, ) — f (@, 2)) dpEXZ (da, dz)ds, (3.37)

where h € L},.(M), f e Cy(RY x R) and 7 is a finite F=W_stopping time. Later we will be
able to prove that 2X% and Q¥*Z have a continuous modifications, but for this we need that
processes like A are F=W-adapted.

Our first step in achieving our goals is to show that 2X4 and QX? are F&XZ_progressive
(recall that the filtration F&*Z contains the information of the individual particles and hence is
much bigger than F=X%). This will not only almost give us the existence of F="-progressive
modification, but also ensures that the maps w +— EXZ(w)T(w) and w — QXZ(w)T(w), where 7 is
a finite F=W_stopping time, are actually random variables, because they are at least measurable
with respect to the o-algebra F&XZ. The following additional processes are not only natural
but also useful.

For the next lemma we recall that M ;(R? x R) is equipped with the usual weak topology
and N(R? x R x [0, 00)) with the mixed topology, see Def.

Lemma 3.5.3. The processes £X%, BXZr ¢X2.2r p > g, and QX%™ m € N, are well-defined
and cadlag in the topology of their state spaces.

Proof. The processes £€X4, EXZ7 and £€X% 27 are well defined, if it holds
P[¢;X7(RY x R x [0,7]) < oc; t € [0,00),7>0] =1, (3.38)

but this follows from the fact that £XZ (R4 x R x [0,7]) = Y7 (t) and that P[Y"(¢) < oo, t > 0,7 >
0] = 1, see Lemma [2.2.8] Since (X;, Z;,U;) are cadlag for all i € N, and due to line (3.38]), it
follows that £X4, 2%%7 and €X%2" are cadlag. The process QX% ™ is also cadlag for the same
reason. O
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Lemma 3.5.4. The processes & and QX% are F&W -progressive processes.

Proof. The processes (X;, Z;, U;) are F&*Z_adapted processes for i € N, hence the same is true
for 2X%7 and QX¥%™ for all r > max{b/a,0} and n € N. Since EX%" and QX%" have cadlag
paths, these processes are F&XZ_progressive. From now on we will only consider the case of
EXZ because the case of QX7 can be treated analogously. Let us now fix a T' € [0,00). If we
restrlct EXZ7 and BEXZ to maps from Q x [0, 7] to M ;(R? x R), then we know from the previous
lines that EX%7 r > max{b/a, 0} is ]-'g’XZ x B([0,T]) measurable. Further since M ;(R% x R)
equipped with the weak topology, Wthh we denote by 7%, can be made to a complete metric
space, if follows from the Lemma 1.10.(i) in [2I] that the set given by

b
I.= {(w,t) €Qx[0,T): (r‘lEtXZ’r(w), r> a) converges in 7'“’}.

is an element of ]-"%’XZ @ B([0,T]). We are fixing a function f € Cf (R x R). By the definition
of the map 7%, g, it follows that the map (w,t) — EZ(w)(f) is identical with the map

(w.0) = Tr(w, 1) lim TEXET (@) (). (3.39)

—oo T
Since (w,t) — ;2" (w)(f) is .7-'€’XZ ® B([0, T])-measurable, the map

(w, 1) = lim inf ;Efzr(w)(f)
is also f%’XZ ® B([0, T])-measurable. Due to the Line and the fact that T € f%’XZ ®
B([0, T1), the map (w,t) — EXZ(w)(f) is F&*7 @ B([0, T])-measurable. Because this is true for
all f € C;F (R? x R) and since there exists a countable separating class (fr,k eN) C CF(R? x R)
by Lemma it follows that X% restricted on Q x [0,7] is a ]-“%’XZ ® B([0, T'])-measurable
map. Since T can be chosen arbitrarily, the process X% is F&XZ_progressive. O

Lemma 3.5.5. Let us denote by “=" the convergence in the weak topology. If T is a finite
FEW _stopping time, then it holds

e - R N A | (3.40)
and it holds
P[EX7 = v,Q¥%] = 1. (3.41)

Further, if H is the map from Remark satisfying (3.28) for h and the processes ((X;(7), Z;i(1)),1 €
N), then it holds for a fized f € Cy(R? x R) almost surely:

Efz(f) = lim 1 f (H((‘—‘t/\r7t > O) )) EYV’T(dW)

r—oo T Jo

- (3.42)
= [ £ > 0.w)) S (i),
and it also holds almost surely
Q) =t [ F(E(ED 2 0)w)) QI (dw)
mren U (3.43)



Proof. These statements follow from Corollary and Lemma O

Corollary 3.5.6. It also true that X% and QXZ are measurable with respect to F=" (this
implies that EXZ and QXZ are F=V -adapted).

Proof. The adaptedness of 2%X% and QX7 are a consequence of (3.42)) and (3.43). O

Theorem 3.5.7. Further it holds for all finite F="Y -stopping times T that

L((X4(t), Zs(t), Vi) 2, | FEY) = ® (QY” @ Ezp(Y7)) (3.44)
and that
L(&X7|FEY) = PPP(EYZ ® Leb[0,00)). (3.45)

If 7 is a F=XZ _stopping time, then F=" can be replaced by F=XZ in and -

We are ready to prove the existence of the F='W-progressive modifications of 2X% and Q*?.
Unfortunately, if the stopping time 7 has uncountably many different values and =2X7Z is the
FEW_progressive modification of ZX%, then there is no reason why it should be true that

when the range of 7 is uncountable. This is problematic in the sense, that the statements of
Lemma can only be extended to the 7=W-progressive modification =X7 , when we consider
FE=W_stopping times with a countable range. Thankfully we do not need this extension, because
we just use the progressive extension to prove that processes like A in are F="W_adapted.
Still, we formulate the next theorem in such a way, that we can circumvent this problem. Later
all this difficulties will vanish, after we have proved the existence of a continuous modification.

Proposition 3.5.8. Assume that 7 is a F=" -stopping time which is not necessarily finite,
indeed we allow P[# = o] > 0, and that 2X% and QXZ are the pmcesses defined in the lines

(3:34) and (3.35). When we define the stopped processes E5Z and QXZ by setting

(w t) = :t)f\é(w) (w) (w’ t) = Qif\Zf'(w) (w)’
then the processes E)f\f and )Xf admit F=W_progressive modifications and the statements of

Lemma are also true for these F=W -progressive modifications, when T has a countable
range.

Proof. Let (2, A,P) be the probability space of our processes. Lemma shows that the
processes 25% and QX7 are F&XZ_progressive and so A-measurable processes. Since (w,t)
(w,t A T(w )) is a A® B([0,00)) — A® B(]0,00)) measurable map, we also can conclude that
EXZ and QX% are A-measurable processes. By Lemma we know that 2XZ and QX% are
f = —adapted It follows from Theorem 0.1 in [38] that =: and QX f admit 7= W_progressive
modifications. O
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Chapter 4

Semi-Martingale-Decompositions

Let us assume that h is an element of £} (M) and let us set

loc
((le Ziu Ui);')ip £XZ7 EXZa QXZ) = ]IO [h] 5

where we use Iy [h] as in Definition Our goal of this chapter is to derive semi-martingale
decompositions of real valued functionals belonging to the processes (X;, Z;,U;)2,, X%, 2X%
and EXZ7" with r > max{b/a,0}. Indeed, if P : Q x [0,00) — R is a process either given by
P = G((X;, Z;,U;)2,), P := F(¢X7), P := F(EX?) or by P := F(EX%"), where G, F and F
are functions with values in R (which will be specified in more detail below), then we wish to
find two processes M : Q x [0,00) — R and A : Q x [0,00) — R with M(0) = A(0) = 0 such that

P(t) = P(0) + M(t) + A(t), t >0, (4.1)

where M is a local martingale with respect to some filtration Fand Ais a continuous (and
hence predictable) process with finite variation adapted to the same filtration F. The filtration
F depends hereby on the underlying process. In total we have four cases:

Case I: The process P is given by P = G((X;, Z;,U;)$2,) and the functional G : S(R? x
R) — [0,00), where S(R? x R) is the ordered space from Definition has the form

oo
G(x,z,u) = Hgi(xi7zi7ui)7
i=1

where g; : R? x R x [0,00] — [0,00) is for each i € N an element of the class gZ, which
will be defined later in Definition and has many similarities with the class g(B) from
Definition This case is divided in two subcases. The first case, Case I.a has the
restriction that G only depends on a finite number of coordinates, indeed there exists a
n € N such that g; = Igayxrx[o,00) fOr all @ > n. The second case, Case L.b, allows G to
depend on infinitely many coordinates, hence Case I.a is contained in I.b and it serves
as an intermediate step. The process M from is going to be a local martingale with
respect to F&W.

Case II: The process P is given by P = F(£X%), where F : N(R? x R x [0,00)) — [0, 00)
is a functional having one of the following two forms:
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ILa: F(¢):=£(3). ILb: F(£) := exp(~£(9)).

The function § is an element of gZ, see Definition [4.2.4, and ¢ is an element of g#. The
process M from ([4.1)) is again a local martingale with respect to F&W.

Case III: The process P is given by P := F(EX7), where F' : M(R%) — [0,00) is a
function having one of the two forms:

MLa: F(p) == p(), MLb: F(p) := exp(—pu()),

where g is an element of C’b2’+(]Rd x R) in both cases. The process M from (4.1]) will be a
local martingale with respect to F=W (later, we will write M instead of M).

Case IV: The process P is given by P := EX%7(§) with § € C2 +(Rd x R). The process

M will be a local martingale with respect to F&W" (and we will also write M instead of

M).

This chapter is organized in the following way. In the first section we discuss the properties
which must be satisfied by the integrand h such that the processes A and A given by

A // (€, 2+ h(z,p, 5)) = §(x, 2))dpEY? (dx, dz)ds, t > 0, (4.2)
~ o €T.z X s).u) — Tz u XZ v dz)ds .
’ _/0 /E/o (9(x, 2+ (@, p, 5),u) — g(w, 2,0))dp& 7 (dw, dz)ds, >0, (4.3)

are well-defined (F := R? x R and E := R% x R x [0, 00) and where § and g have been chosen as
above). These kind of processes will appear in our semi-martingale decompositions. Fortunately
it turns out that integrands from L], (M) are sufficient. In Section [3 I we introduce the function
classes §%, g% and &7, which allow us to formulate the above cases in more detail. The proofs
of the cases follow after the presentation of the cases. The main tool for the proof of Case I.a
is the Itd formula for cadlag semi-martingales and the Case I.b follows from Case I.a with the
help of a martingale convergence theorem. The Case Il.a is also derived via the Itd formula and
the important Case IL.b is actually just a special case of Case I.b. The derivation of the Case
IIT.a and ITI.b is more interesting, in both cases we use the Poisson representation property of
(¢XZ,2X7) and the conditional martingale lemma from Section The same lemma is used
in the Case IV, but this time it in combination with the fact that U;(¢),1 <1 <Y, is uniformly
distributed over [0, r] conditioned on F=""

To motivate the derivation of the semi-martingale decompositions let us mention that these
allow us to make efficient use of the tools of stochastic calculus like the Doob inequality, which
we apply in the proof that 2%% admits a continuous modification in the weak topology. Further
they play an important role in the derivation of our main theorem, the existence of a Poisson
representation 5 for a superprocess E with competition.

Remark 4.0.1. Since A from 1s predictable with respect to the corresponding filtration,
the decomposition M and A is unique up to indistinguishability. Indeed let us assume M and A
are processes with the same properties as M and A except that Ais predictable but not necessary
continuous, then ) tells us that M — M = A — A and so M := M — M is a predictable lo-
cal martingale wzth ﬁmte variation. But predictable martingales are continuous, see Proposition
22.16 in [21], and hence M must be constant with M(0) = 0 by ([@3). Because of their uniqueness
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M and A are called the canonical decomposition and P a special semi-martingale in the terminol-
ogy of Jean Jacod and Albert Shiryaev, see Definition 1.4.21.b) and 1.4.22. the term canonical
decomposition should not be confused with the canonical representation of a semi-martingale, see
Theorem 2.2.34 in [19]).

4.1 The Space L} (M%)

In the previous chapter we argued that the space £}, (M) is a good choice for a space of possible
integrands h to ensure that the corresponding integrated processes (Z;,i € N) are well-defined.
Let us therefore assume that

((Xi, Z;,U3)2,, 57,857 .QX7) =1 [h].

In the remaining part of this chapter (and this thesis) we will often encounter processes like A
and A, see and ([@.3). Unfortunately the condition, that h € £!(M), is not sufficient to
ensure that A or A are well-defined or have finite first moments. So we will introduce a new class
of integrand for this purpose.

Definition 4.1.1. We define the measures M= on the measurable space
(Q < R? x [0,00) x [0,00), B(F=")),

by setting for each non-negative, predictable function h € P (Recall the predictable o-algebra of
P and the class P of predictable integrands from Definition :

]EU / /|h(z,p,s)|5§<(dx)dpds.
0 0 R4

The measures M from Definition and M= are closely related to each other, indeed we
can derive from Proposition that 2X = Y,QX.

Definition 4.1.2. We define the space L'(M=) as the set of all predictable functions h € P

satisfying
E[ / / / \h(z,p, s)| BX (dx)dpds| < oo
o Jo Jre

and we define the space L], (M=) as the set of predictable functions h € P for which we can

find an increasing sequence (T,,)S, of F=W-stopping times with P[T}, sy oo] = 1 such that

Lo, 1h € L*(MF=). for alln € N.

The next lemma, more precisely its corollary, will shows that in the previous chapter defined

space L},.(M) that is actually a subset of our new space £}, (M=).

Lemma 4.1.3. If h € £}, (M) with localizing sequence (T,,)2%, then it holds for all n € N that

[//]Rd/ (@:p. ) dp=3 (dx)d] (4.4)
[T [7E| [ tar@ntep 1= )| ands < o, |

where T, :=T,, A 7Y and 7Y :=inf{s > 0:Y, > n}.
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Before we prove Lemma [£.1.3] we state its most important consequence.

Corollary 4.1.4. If h is an element of Li,.(M) with localizing sequence (T,,)3%,, then h is also
an element of L}, (M=) with localizing sequence (T, A7), n € N).

Remark 4.1.5. So we have to keep in mind that £L'(M) C L}, .(M) C L}, .(M=).

Proof of Lemma[{.1.3 Considering the identity of the two integrals in (4.4)), we note that |h| > 0,
so it is allowed by Tonelli’s theorem to switch the order of integration and it follows

/ /Rd/ h(z,p,s |dp—- (dx) ds-/ / /Rd OTn]( s)|h(z,p, s )|._ (dx)dpds.

Taking the expectation and pulling the expectation inside the first two integrals, again by Tonelli,
gives us (4.4). Finiteness follows by applying

PEf =Y,Q), t>0] =1, (4.5)

see (3.41]) in Lemma and recall that ZX,Y and Q¥ are continuous on [0, Tzx) and both
sides of the equality (4.5) are equal to 0 on [Tgx,o0). It further holds for all n € N:

H[O,Tn](t)}/t < H[O,TRATEX](t)n’ t e [0, OO),
where Tgx := inf{s > 0: Y;} is the extinction time. Applying both facts gives us

Lo ) | G O =) < o0 [ 001 QF ) s 120, (49)

Using that for each fixed ¢t > 0 it is true that that ]l[O,Tn/\TEx)( ) is t: measurable, that

X1 (t) conditioned on Fi'" has the distribution QX and that X (t-)
us

X1(t) almost surely gives

; [/R HodunTm 2P 1) Qf(dx)] - {“[MWEXME [ [ tep i (dx>\ff’W”

= E 10,5, 7y (DE [A(X1 (6,2, D]

Combining this result with (4.6) gives us now that

/0°° AwE[Adﬂ[o,fn](S)lh(w,p, s) Ef(dm)}dpds

n / h / T E [L 1 n7 ) (DB A1 (5-), . 5)[] dpds.
0 0

The last expression is by the definition of the norm ||| - ||| of the space £!(M) identical with the
expression || 1jg 7, |||m and since h € L] (M) with localizing sequence (T},)52,, it follows
that ||| 1jo,7,,)h |||m is finite, which in turn implies that integrals in (4.4)) are finite. O
Proof of Corollary[{.1.7} This is a direct consequence of Lemma O
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4.2 Casel

For the rest of this chapter we fix an integrand h € £}, .(M) with a localizing sequence (T7)_,
and we also fix for the rest of this chapter

((Xia Zi7 Ui)(i)ila XZ; EXZ7 QXZ) =1Io [h} ’
recall Definition 3.5.1] Further we define
X =inf{t >0:Y; >m} (4.7

for each m € N, we can see by Corollary that h is also an element of £} (M=) with
localizing sequence (T, m € N), where

Tfh =TH A T,%, m e N. (4.8)

The sequence (T, € N) remains also fixed for the rest of this chapter and will be a common
localizing sequence of the semi-martingales presented in this chapter. We also could write Tf%

instead of Tj, to make the dependence on h, which is given via (T}, m € N), more explicit. The
semi-martingale decompositions are based on the following formal definition of AOBX7h(G). For

this purpose let us recall the spaces S[O,Oo)(Rd X R), (@, u;)2, € S(R? x R) with u; < oo for all
i € N, and Soo(R? x R), (2;,u;)$2, € S(R? x R) with u; = oo for some i € N, from Definition
D.202

Definition 4.2.1. Assume that G : S(R? x R) — R has the form
G((A} (:C’L,Zuul 1= 1 ng .'L'“Z“ul

where g; : R4 x R x [0,00] — [0,1], i € N, then we define formally the function
By n(G) Q% S(R? x R) x [0,00) = R
Jor w(@;, 2, u;)321 € Sjp,00)(RY x R), t € [0,00) by setting
B (G (W, (w5, 21, u:)2, 1) =

- o~ Bx(9:)(xi, zi, u;
ng(fczazz,uz > X(?)( )

i—1 gi ziazivui)

oo

0ugi (T4, 25, u;)
+ | | 921, 21,w au? — buy) LTt T T
ll_[l );( ’ 0 9i(wi, zi, uq)
Ty Zms U
—I—Hgl xl,zl,ul Z Z / (g] :E“Z“ ngrz( msy Am 77)1) —1>dv
i=1 j=i+1"7 %j-1 m=j Im\Tm, Zm, Um

i(i, 2 + h(w, @i, p, L
—i—ng (z1, 21, Z/ (g ( DA )—1)6510,

9i Izazzauz)
and for w € Q, (i, 2i,u;)2, € S (R x R),t € [0,00) by setting

AOBX,h(G) (UJ, (.’1%‘7 Ziy ui)?ip t) =0. (49)

93



Remark 4.2.2. In the following we will omit w from A%, (G)(w, (w4, i, ui)24,t) and write
instead A% 5 (G) (i, zi,ui)724, 1), but please be aware that A%, (G) is a random function due
to its dependence on h. Since h is predictable, the same is true for A%X’h(G).

Comparing A%, (G) with the generator of the ordered Kurtz-Rodrigues representation
A% (G) from Definition @ we can observe that the two expressions are almost identical
except for the new line describing the behavior of the z-coordinate. In order to ensure that
A% (G) is a well-defined function, we will have to define a suitable class of test functions G,
which we will denote by &Z. The class &Z will have great similarities with &(B) from Definition
257 But before we proceed, we need additional definitions.

Definition 4.2.3. We define C’g’l(Rd x R x [0,00)) as the collection of continuous functions g,
which are twice continuously differentiable with regard to the (x, z)-coordinate and continuously
differentiable with regard to the u-coordinate, and also satisfy

19lloo,2 = sup (Ig(x,z,u)l + Y 10,92, 2, u)| + |0:9(2, 2, u)| + [Dug(, 2, u)]

(z,z,u) ERIXR X [0,00) i—1

+ Z 02,2, 9(x, z,u)| + |azzg(a:,z,u)|) < 0.

ij=1
We denote by C§’1’+(Rd x R x [0,00)) the subset of non-negative functions.

Let us assume that g € Cf’l(Rd xR x[0,00)) and let us define for each (z,u) € Rx [0, 00) the
function ¢g**(z) = g(w, 2,u), then §** € CZ(R?) and hence §** € D(Bx), which in turn allows
us to define Bx(g) € C(R? x R x [0, 00)) as the function given by Bx(g)(z, z,u) = Bx(g**)(x).

Definition 4.2.4. Fizing K € [0,00), r > 0, m € (0,1) we define the two classes of test
functions

g% (K,r,m) C Cp T (RY x R x [0, 00)),
gZ(K,r,m) C CPPT (R x R x [0,00)),

by saying that §% (K,r,m) consists of nonnegative, continuous functions §: R? x R x [0, 00) —
[0,1] satisfying:

1. |Bx(9)|, |0.g| and |0, g| are bounded by the constant K.
2. The support of the function § is contained in RY x R x [0,7].
3. The image of g is contained in [0,m), i.e.
0<g(z,zu) <m<1, (z,z,u) € R xR x [0,00). (4.10)
The second set g% (K, r,m) consists of functions g with the form
g(x, z,u) =1 — gz, z,u), (4.11)

where §(z,z,u) € g2 (K,r,m). We also define

gZ = U gZ(K) r? m) a’nd gZ = U gZ(K7 T‘? m)
K>0,r>0,me(0,1) K>0,r>0,me(0,1)
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Remark 4.2.5. We will often use that, if § € §% and g = 1 — § € g%, then it holds Bx(§) =
—Bx(9), 0.9 = —0.g and 0,G = —0yg.

Lemma 4.2.6. The sets g2 and gZ are closed under multiplication.

Proof. Assume now that gy =1 —§; € g?(K,r,m) and go = 1 — go € g?(K,r,m). In order to
show that ¢ := g1¢» is again an element of gZ, we need to show that

g=1-(1-g1)1—=3g2)=1-Gg1— g2+ G152

is an element of gZ. Since §i, s and §1§2 are elements of C;"'(R? x R x [0,00)), the same is
true for g and hence there must exists a constant K with |Bx(g)| < K and |0,(g)| < K. For the

condition (4.10) let us assume that (4.10]) is satisfied by g and go for the constant 7 € (0,1)
and note that we can write

G=1-1-g)A-g)<1-(1-m)?=m<1.

From this we can conclude that § satisfies for the constant m. Further, if the support of
i is contained in R? x R x [0,7;], i € {1,2}, then the support of § is contained in R? x R x
[0, min{r;,72}). With a similar, less complex argument we can also see that g is closed under
multiplication. O

If § € g2 and § € gZ, then these are functions with domain R? x R x [0,00) according
to Definition In Definition we will interpret ¢ and § as functions with domain
R? x R x [0,00], where §(z,2,00) = 0 and g(z,2z,00) = 1 for all (z,z) € R? x R. This is a
continuous extension, because lim, o §(x, z,u) = 0 and lim, o g(x, z,u) = 1.

Definition 4.2.7. For K € [0,00), r >0, m € (0,1),n € Ng U {oo}, we define the set
&Z(K,r,m,n) C B(S(R? x R))

as a collection of functions G : S(RY x R) — R with the form
(oo}
G (s, zi,w)2y) = [ [ 9s(wiy 20 w), (4.12)
i=1

with g; € g?(K,r,m,n),1 <i < n, and g; = Trayxrxjo,00),n +1 <0 < o0, forn €N, g; =
Traxrx[0,00) for n =10 and g; € gZ(K,r,m,n),i €N for n = oco.

Now we are ready to formulate the semi-martingale decompositions of the cases I.a and L.b.
Since the proofs are quite long, we postpone them until the end of this chapter as we have
mentioned it in the introduction of this chapter (we will do the same with the proofs for the
Case IT and Case III).

Proposition 4.2.8 (Case La). Assume that G € &Z(K,r,m,n) with K € [0,00), r >0, m €
(0,1) and finite n € N. If we define the process A : Q2 x [0,00) — R by setting for each t >0 :

A1) = [ A (@)X, Zi(s). U521 9) s,
and the process M : Q x [0,00) = R by setting for each t > 0 :
M(t) := G ((Xi(t), Zi(t), Ui(t))Z1) — G ((X4(0), Z:(0), Ui(0))Z,) — A1), (4.13)

then A is a continuous F&V -adapted process with finite variation and E[|A(t A Tg)|] < o0o,t €
[0,00),m € N, further the process M is a local F&W -martingale with localizing sequence (T, M €
N) which admits a cadlag modification.
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Remark 4.2.9. We recall that all evolution stops at the moment of extinction Tgx, indeed
P[W(Tex +t) = W(Tax-),t > 0] =1,

where W = (Xi,Z:,U;)$24, so one would guess that is necessary to stop the process A at Tpx

to ensure that M is a martingale, but recall also that at the moment of extinction all levels

(U;,i € N) converge to infinity, which implies

P[G(W (1) 7755 0] = PIAG ,(G)(W(t-),1) "ZT5% 0] = 1.

and so we have the identity:

/ Ay (G 5)ds = / A (G (W (5, 5) L0 70 (5) ds.

So it is not necessary to stop the process A at time Tgx.

Corollary 4.2.10 (Case L.b). The statements ofProposition are also true for G € &% (K,r,m,n),
when n = 0.

4.3 Case II
Recall that the Case II differs from the Case I in that we are considering in the Case II functionals

of the process £€X% and not of the process W = (Xi,Zi,U;)$2,. Please recall that the integrand
h depends on w, see also Remark

Proposition 4.3.1 (Case Il.a). Assume that § € g%. When we define the stochastic process
A:Qx[0,00) = R by setting for each t >0 :

A(t) /t/BX(g)(a:,z,u)gﬁz(dz,dz,du) ds
//au — bu)dy () (x, 2,u) EX7 (dx, dz, du) ds

(4.14)
+/ /7204/ G(x, 2,v) dv X7 (dx, dz, du) ds
/ / / (z,2z + h(z,p, s),u) — §(x, z,u) dp €27 (dx, dz, du) ds,
where E = R? x R x [0,00), and we define the process M : Q x [0,00) — R by setting
M(t) == €7(9) — & 7(9) — A(t), >0, (4.15)

then A is a continuous F&V -adapted process with finite variation and E[|A(t A Ty)|] < co,t €
[0,00),m € N, further the process M is a local F&W -martingale with localizing sequence (Tﬁl, m €
N) which admits a cadlag modification.
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Proposition 4.3.2 (Case ILb). Assume that g € g% and f := —log(g). When we define the
stochastic process A : Q0 x [0,00) = R by setting for each t >0 :

//exp (—€X2(f )) x(9)(z,2,u) X2(dx,dz, du)ds

g(z,z,u)

X7 () an? — by 22X exz g a0
# [ [ ene - o O 5 1, 4z,

//eXp (—€X2(f // 2a[g(z, z,v) — 1] dv €X 7 (dx, dz, du)ds

+ / [ o) / 9@,z H h@.p 5),w) = 9@ 200 X240 . auyds,

g(x, z,u)

where E = R? x R x [0,00), and we define the process M : Q x [0,00) — R by setting

M(t) = exp(—€&7(f)) —exp(=&5 7 (f)) — A(t), t 20,

then A is a continuous F&V -adapted process with finite variation and E[|A(t A Tx)|] < ©
[0,00),m € N, further the process M is a local F&" -martingale with localizing sequence (
which admits a cadlag modification.

,t e
SE

4.4 Case III

We are now presenting the semi-martingale decomposition of the functionals associated with
the intensity process 2X%. An important difference to the previous cases is that the processes
obtained by the semi-martingale decompositions of Case IIl.a and Case IIl.b are adapted to
the smaller filtration 7=V, while the processes from the Cases L.a, I.b, Il.a and II.b have been
adapted to the bigger filtration F&"W. By Definition 1| the space C2(Rd x R) counsists of the
functions § : R? x R — R which are twice contlnuously dlfferentlable and which have bounded
derivatives. When we write Bx(§), then we understand this expression as the application of the
generator Bx C Cp(R?) x Cy(R9) to the function obtained from § by fixing the last coordinate.
Further it is important to keep in mind that h as an element of £}, (M) depends on Q. But as
usual we suppress the dependence of h on Q and just write h(z,p, s) instead of h(w, z,p, s).

Proposition 4.4.1 (Case IIl.a). Assume that § € C§’+(Rd x R) and that the process A :
Q x [0,00) = R is given by

A(t) / / Bx(9)(, 2) + bg(x, 2) BEXZ (dx, dz)ds
/ // gz, 2+ h(z,p,8)) — §(x, 2) dpEX? (dx, dz)ds, t >0,
where E = R? x R, and that the process M:Qx [0,00) — R is given by
M(t) = E}%(9) — 57 (9) — A®), t =0, (4.16)

then A is a continuous F=" -adapted process with finite variation and E[JA(t ANTz)|] < oo,t €
[0,00),m € N, further the process M is a local F&W -martingale with localizing sequence (Tm, m e
N) which admits a cadlag modification.
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Proposition 4.4.2 (Case IIL.b). Assume that § € CZ(R? x R) and that the process A:Qx
[0,00) = R is given by

A = [ exp(-=X7@) [ [= Br(@)(w.) = . 2) + 0 0. 2) |22 (o )

(4.17)
—/ exp(—EX7( / / (z,2 + h(z,p, s)) — §(x, 2)dpEXZ (dx, dz) ds,

where F = R? x R, and that the process M :Qx [0,00) — R is given by
M(t) := exp(—=E7(9)) — exp(~E3?(9)) — A(1), t >0, (4.18)

then A is a continuous F=" -adapted process with finite variation and E[JA(t A T3)|] < oo,t €
[0,00),m € N, further the process M is a local FE&W -martingale with localizing sequence (Tz, m €
N) which admits a cadlag modification.

4.5 Case IV

Recall the Definition 1} where we defined the process EX%7 : Q x [0,00) — M ;(R? x R) for
r > max{b/a, 0} by setting

oo

25 Z (x:(t),2: () Ljo,m) (Ui (1))

=1

Here we will present the semi-martingale decomposition of 2X%7(§), which will be used later in

Section to prove continuity of 2XZ(g). Like always we want to mention that h as an element
of L}, (M) depends on 2 and we suppress the dependency on €, so we just write h(x,p,t) instead
of h(w,m,p, t)

Proposition 4.5.1. Assume that j € CZ(R? x R) and that the process A" : Q x [0,00) — R is
given by

/ / Bx(§)(@, 2) + bj(z, 2)] EX " (dw, dz)ds
/ / [/ (z,2+ h(z,p,s)) — gz, 2) dp| B ?" (dx, dz)ds, t >0,

where E =R x R, and that the process M : Q x [0,00) — R is given by
=XZr A = XZrs i

M(t) =27 7"(9) — 8y 7" (9) — AT (1),

then A is a continuous FXZT _adapted process with finite variation and M is a cadlag local

FEWT martingale. If h has the localizing sequence (T,,)5%_,, then M is a local F=Y-"-martingale

with the localizing sequence (T, ATY )22, Ifh € L}, . (M)NLL (M=), then M is a proper F="r
martingale.

Of course it is also possible to formulate an analogue of Case IIL.b for %%, but we do not

need such a result in the following chapter. But we need an upper bound for <:X Zr(g)), the

compensator of the quadratic variation of EX%7(g).

98



Proposition 4.5.2. For h € £}, (M) and § € Cp"(R? x R), then 0 < t; <ty < 00 :
(B2 (9)e, — (BY7(9))

[V (2,2)" BV (§) (2, 2)] EL?" (dz, d2)ds

J(x+y,2) — gz, z))2 B" (dy)} Ef_z’r (dx,dz)ds (4.19)

g(z,z + h(z,p,s)) — g(m7z))2dp] =X (dx, dz)ds

where E = R? x R and V,(§)(x,2) = (0.,9(z,2))L, is the gradient of § with respect to the
x-coordinate.

Remark 4.5.3. Instead of an upper bound for (EXZ7(§)) we can get the correct expression for
(BXZ7(§)), when we replace ||g||%, fo 2arY"(s-)ds in the last line of (4.19) with

to
/ / 2arg*(x, 2) EXZ7 (dx, dz)ds.
t1 Ra xR

But a rigorous derivation of this expression is far more difficult, and the upper bound given by

(4.19) is sufficient for our purpose.

4.6 Proof of Case I

As we have seen the expression for the processes A and A with finite variation are quite long for
all cases, therefore we introduce new notations to make them shorter.

Definition 4.6.1. For h € L], (M) we define:
1. We define the processes (Wl)fil with W; : Q x [0,00) = R% x R x [0,00] fori € N by
W.(t) = (Xi(b), Zi(t), Us(t)), t > 0.

Further, we define W : Q x [0,00) — S(RY x R) by setting W = (WZ)OO

1=

W = (W;)22, for the elements of S(R? x R) with W; € R? x R x [0, q].

1- We also write

2. For j,i € N with i < j,Ww € S(R? x R),p,v € [0,00), we define G;(W) := Hj# g;(W;) and
G7X (W) = Gi(W)Bx (9:)(Wi),
Gl (W) = Gi(W) (auf — bu;) Dugi(W;),

j—1
Gi (W,v) = Hgkm,zk,uk)] 95w, 2i,0) | ] gt (wn 2 un) |
k=1 k=j

G (w, W, p,t) i= Gi(W) [g: (i, 2 + h(w, T4, D, 1), us) — gil@i, 20, ui)] -
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Remark 4.6.2. Note that G?X and G?“ corresponds to the evolution of the spatial motion and
the level of the i-th particle. The expression G;; corresponds to the event that the particle i gives
birth to a new particle and this new particle obtains the index j (the j-th particle looks down on
the particle i). Finally the expression GiAh corresponds to the jumps due to the z-coordinate. As
usual the dependence of G2 on Q will be often suppressed, indeed we just write G2 (W, p,t)
instead of GiAh(w,v‘V,p, t). This will be done to shorten the expressions, indeed we will often
encounter lines with multiple expressions like GiAh(‘/R\/'(t AT),p,t), where T is a stopping time, if

we no not suppress the dependency on §2, we get GiAh(w,W(w,t AT(w)),p,t). But sometimes w
will help the understanding, then we will not omit w.

Remark 4.6.3. Using the new notation we can express Ag ,(G)(W,t), see Definition
as

Z G (W) + G (W Z " G 0) - G(W)var/ G (W, p, t)dp

j=i+1Y Wi-1 0

The proofs of the different semi-martingale decompositions can be roughly divided into two
parts. The first part consists in showing that the processes involved have finite first moments
and the second part in showing that the processes denoted by M and M are local F&W- or
FEW_martingales. For the first part we will often make use of the following two lemmas.

Lemma 4.6.4. Fiz a quadruple (K, R,m,n) € [0,00) x [0,00) x (0,1) x (Ng U {c0}) and assume
G € Z(K,r,m,n), then for all % € S(R? x R),i,j € N with j > i it holds:

’GBX W)| < Ko (u), (4.20)
’G?”(w?v < (ar® + [blr) K g0y (us), (4.21)
[j |Gj1i (W, v) — G(W) |dv < 2(r Auy — ;1)L (u).1), (4.22)
Z Gjyi(W,v) — G(W)|dv < 2rLjg ) (u;). (4.23)
j=i+17Y

Further, for allw € Q,% € S(R? x R),p € [0,00),t € [0,00) and i € N holds

/ GO (w, (t),p, t) dp < K / h(w, 21, p.t) dplg (), (4.24)
0 0

here we did not suppressed the dependency on §2, this inequality holds for all w and not only
almost surely.

Proof. Recall by the definition of &#(K,r,m,n) that G = [[;=, ¢; with g; € gZ(K,r,m) for all
1 € N. So for all i € N we have that 0 < g; < 1. As consequence it is also true for all ¢ € N that
0 < G; < 1. We start with the first two Inequalities (4.20]) and ( and note that it holds by
Point I 2| of the definition of g% (K, r, m) that g =gl Together Wlth Point (1| of the definition

of g? (K, r,m) it follows -D and
Considering the inequality (4.22)), we need to prove that

/u Gy (W0) — G (W ‘dvz/fjT|Gju(vir,v)—G(€v)]dv. (4.25)

- j-1
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From this, the right side of follows immediately, because |G} ¢Z| |G| < 1 and obviously
the right side of (| - is zero, When uj.1 > r (so we can multiply (4.25) with the function

10,7y (uj.1) without changing its value). When u; < r, there is nothing to bhOW If we assume
that w; > r, then uy > r for k¥ > j and by Point [2| I of 4 it follows gx(xg, zk,ur) = 1 and
gk+1($k,2k7Uk) = 1. Therefore

Jj—1
|Gpi(W,0) = G(W)| = ] gr(Wk) |gj (@i, 2,0 Hgk+1 W) — g5 (%) [ [ o1 (Waia)
k=1 k=j
j—1
= [ o(Wi) lg; (@i, 21, v) = 1] < |g;(wi, 20,0) — 1]

k=1
Since |g; (x4, z;,v)—1| = 0 for v > r due to Point [2|of Definition it holds G, (W, v)—G (%) =
0 for v > r and u; > r. So we have also proved (4.25) for u; > r, so the inequality (4.22) is true.
The next inequality (4.23) follows from (4.22) and that w; > u;,j >4, by

Z |G]u w, v (W) |dv < Z 2(r ANuj — uj_l)]l[oﬁ)(uj_l) =2(r — ui)]l[07r)(ui)
j=i+1v % j=i+1

It follows (4.23)). For , we recall that a function g € g?(K,r,m) is Llpschltz continuous in
the z- coordlnate with Llpschltz constant K due to Definition |4.2.4] “ So if g; € g% (K, r,m), then
with |G;(W)| < 1 we get

|G (W, p, )] = |Ga ()] [gi (i, 25+ P(i, 0, 1), wi) = gs (@i, 20, wi)| < K|h(wi,p,t)]. (4.26)
Of course the above inequality is also true, when g; = Igaygx[0,00)- Further it also holds

|9i (i, 2 + h(zs, p, 1), us) — gi(24, 23, u5)] = 0, if u>r (4.27)

either due to Point I 2| of Definition [4.2.4|in the case g; € gZ(K,r,m) or because g; = Lydxgx [0,00)-
We can combine (4.26]) and (4.27)) to get (4.24)). O

Lemma 4.6.5. If we define for r € [0,00) the processes

¢ ¢
=/ Y:ds:/ Y. ds,
0 0

P = [ 2 ds = / Y ds,

// Zlh ),p, s IdpdS—// Zlh ,p, )| dpds,

then it holds B[Py (t)] < oo, E[Pj(t)] < co and B[P} (t A T)] < oo for all t >0 and m € N.

Proof. The different expressions for Py (t), P (t) and Pj(t) follow from the fact that Y, differs
from Y;", if and only if ¢ is a jump time of Y, and since Y admits as a cadlag process only
countably many jumps, hence the identity follows from the fact that every countable sets has
the Lebesgue measure zero. _

We recall that the conditional distribution of ¥ conditioned on F=" is a Poisson distribution
with intensity rY;, hence

E[Y/]=7EY],  E[(Y))?] = r’E[Y?] +rE[Y:]. (4.28)
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Since Y is a Feller diffusion with respect to the filtration F="W with drift b and branching rate
a, the Ito-formula gives us for first two moments the following ODEs:

d d
ZEV]=tEY], —E [Y?] = 20E [V?] + 24E[Y;] . (4.29)

which have the solutions:
E[Y;] =E[Yy]e",
2
E [(K)ﬂ = ME[Y2] + b%E [Yo] (62bt _ efbt) .
r

We have together with (4.28)

E[Y;] =rE[Yp]e™,
+ %E [Yo] (2" — ") + rE[Yoe™
This gives E[P] (t)] < oo and E[PJ ()] < co. For the next part we recall that it holds for all finite

FEW_stopping times 7:

E [(}/%)2] :7,262th[%2]

L(&X|FEY) = PPP (EY ® (eb]0,0)) . (4.31)

Applying (4.31) to E[P(t A Tm)], using that Lo 7) measurable with respect to ]-'tE W gives us
together with Tonelli’s theorem which allows us to switch the order of integration:

<[5 o] - [ [

-[ [ [ 07 / o I o (€ <dx,du>] dpds
]l[0 (s) |h(z,p, s)\]l[O,T)(u)Ef(dx)du dpds
A ECI |
= r/o /0 E []l[ojm)(s) /Rd |h(zx, p, 5)|Ef(dm)} dpds,

hereby the last expression is finite, because T .yl is an element of L},.(M%). In conclusion
E[P}(t A Tp)] < oco. O

$) 2 11(Xi(-),,5) 10, (Ui(s)) | dpds

As a consequence of the two previous lemmas we get the following one which ensures that
the processes of the Cases I.a, I.b, IL.b and III.b. admit finite moments.

Lemma 4.6.6. Let us fir a G € &Z(K,r,m,n) for an arbitrary (K,r,m,n) € [0,00) x [0, 00) x
(0,1) x (NU{oo}) (note that we allow n = oo). If we define the processes V§ V&, V,& :
Q x [0,00) = R by setting for each t > 0:

Vg, (t) Z GPX (W
U;(t-)

:ZG?H(W)( - Y [ G (W) - AW

1=1 j=141 Uj-1(t-)

/ GAM(W(t-),p, t) dp,
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then it holds [y [V, (s)lds < KP{(t), f; Vi€ (s)|ds < (ar?+[b|r) K Py (t)+2rP{ (1) and [} [V,¢(s)|ds <
KPL(t) (it is important to note that these inequalities do not depend onn). Thzs implies together
with Lemma[.6.5 that

/O E[VS. (s)[]ds < oo,/o E[|VE (s)|lds < o0 and /O B[l 7., (5)|ViE (5)l]ds < oo.

Remark 4.6.7. Note that A% _,,(G)(W(t-),t) = VE, (t) + KE (1) + VE(1).

Proof. The inequality for |VBGX (t)| follows from (4.20)), the inequality for |V;&(t)| follows from
([421) and (£.23) and the inequality for |V,$ (t)| from Inequality (4.24). O

We begin now to prove the correctness of the semi-martingale decomposition in the Case
I.a. As mentioned before the proof splits basically into two parts, showing that the processes
involved have finite first moments and that the process M defined in Proposition is a local
F&W_martingale with localizing sequence (Tﬁ, m € N). Now we are proving the semi-martingale
decomposition for the Case I.a. Our main tool is the It6 formula. If S is a m-dimensional semi-
martingale and f : R™ — R is a twice continuous differentiable function, then the It6 formula,
see Theorem 23.7 in [21], says

Fs0) = 56500+ [ ur(senass)+ 5 3 [ a5 ais s

i,7=1

+ (Af ; if(S(s'))ASi(3)>, £>0,

s<t

where the sum in the second line is over of all jumps prior to time ¢ (Note that a cadlag paths has
only countably many jumps) and where [S;, S;]¢ stands for the continuous part of the covariation,
e, [S5 S1°(0) = S S51(1) — 2oy AS:(5)AS (5):

We are going to combine the It6 formula with infinite systems of equations for (U;)$2; and
(Z;)2, presented in Definition and Lemma We will also formulate such a system
for (X;)2,. Let us recall the components (X:)2,, see Assumptions 2} then we can express
Xj,j €N, according to Remark [2.4.10] as the solution of:

X;() = XO(0)+ / L0,00) (U3 (5-))d () (4.32)

//U o Xi(s-) — X;(s-)Vji(dv, ds)

Uj-1(s-)

ﬁil - / / (59— X (Vi ds).

i=2 k=1 Ui-1(s-)

The derivation of this equation works in the same way as the derivation of the same type of
equation system, see , for (W;)$2,, please see the proof of The processes (Xz)fi1
are independent copies of the Lévy process X with characteristic triple (B%,B¢", BY,), see
Assumption | and whose generator Bx has the forrn . The Lévy-1t6 decomposition
tells us that X can be decomposed into a drift given by B, 1nto a Brownian motion X{ with
covariation matrix and a Poisson point process X J With intensity measure BY @ £eb[0, 00).

With this new components the right-hand side of the first line, (4.32), of the infinite system
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becomes

XJ(O)—F/ 11[0700)(U](8—))B§( d8+/ ]1[0700)(UJ(8-))dX]c(8)
0 0 (4.33)

t
+/O o Xj(s—)+y—]1Hy||§1XJ‘»](dy,ds).

But before we also introduce another abbreviation: g; AX S(R? x R) x RY — R, where
gz ((l‘“ Ziy ul)z:l? ) is glven by

[9i (@i + v, 20, w) — gi(24, 20, w) — y7 Vxg(@i, 20, w) | Gi((24, 215 1)521) (4.34)

for all (z;,2)2, € S(R? x R),y € R™

Proof of Proposition [{.2.8, The first moment E[|A(t ATp,)]] is finite by Lemma and Lemma
4.6.5| It remains to show that M is a local F&"-martingale with localizing sequence (T, m € N).

Since G € &% (K,r,m,n) with n < oo, the function G depends only on the first n coordinates,
indeed G can be written as

G(W) = H gi(W;),

because g; = lgayrx(o,00) for @ > n. We write V,, for the Nabla operator applied to the first d

coordinates. Applying the It6 formula we can write the difference G (V/\\7(t)) -G (V\V(O)) for each
t>0 as:

Z / GW () Ve (Wi(s)TaXE ) + [ VIBE Vo0 (Wisis (435)

* Z/ /Rd 5-),9)Gi(W (s-)) X/ (dy, ds) (4.36)

.S / GO (W(s-)) ds (4.37)

1=1 0
- Z/O OOO GAM(W (s-),p, s) Ni(dp, ds) (4.38)
n—1 n t U (s-) . .
Grii(W(s-),v) — G(W(s-)) dVy;i(v, s). 4.39
# 5 [, Cr ) = W 5 (4.39

To derive the desired semi-martingale decomposition of G(W (A) we have to carefully rewrite (14.35])-
(4.39). Let us write P23 for the process consisting of the terms contained in )-(4.36) and
X/ for the compensated version of X 7. The process P12 transforms by adding and subtracting
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0 into:

PL23(g) + Z / / G (W (s),9)GH (W) B (dy)ds

Z / Gu(W(s) V(W) TdXe() + | GEY (W(s)) ds

AX (W S- (W S- 7‘»] S
+§/ /g (W(5-),)Go(W(s)) X (dy, ds)
MX0+ [ 6P (Wi as,
0

where MX consists of the two missing expressions and is a F&W_martingale. With N; and Vji
being the compensated versions of N; and V;; we define the processes:

Z / | W) Nidpds)
Z // Crosi(W(s2),v) — G(W(s-)) Vji(dv, ds).

i=1 k=i+1 Uk-1(s-)

The processes M~ and M B are F&W_martingales and M?Z is a local F&"W-martingale with
localizing sequence (T, m € N). We can rewrite (4.38)) with MZ into:

+Z// GAM(W (s-), p, s) dpds

and ([4.39) with MP? into

Uk (s-) .
+2az / / Gri(W(s-),v) — G(W(s-)) dvds.

i=1 k=i+1 Ug-1(s-)

Let us recall the processes M and A from Proposition [£:2.8 and that
M(t) == G(W(t)) — G(W(0)) — A(t), t>0.

Our goal is to show that M is a local F&"W-martingales with localizing sequence (Tm, m € N) to
prove our claim. Comparing the expression of A in Proposition with our transformation of

-, we can see that
G(W()) = G(W(0)) = A(t) = M¥(t) + MZ(t) + MP(2),

hence MX + M% 4+ MB = M. Therefore M is the sum of local F&"W-martingales with localizing
sequence (Tm, m € N) and hence also a local F&"W-martingale with localizing sequence (Tm, m &
N). The existence of a cadlag modification follows from Doob’s regularization theorem, see
Theorem 6.27.(ii) in [21]. O

We will now derive the Case I.b from Case I.a.

n:
F-martingales. Further assume that M is a stochastic process with M, (t) "= M in L' (P) for
allt >0, then M is also a F- martingale.

Lemma 4.6.8. Assume that (Q, A, F, IP’) is a stochastic base and that (M,,)°%, is a sequence of
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Proof. Since M (t) is the L' (P) limit of (M,,(£))5% 1, We can conclude that M(t) € L'(P) and that
M is adapted to F. It remains to show that E[M(t)|.F,] = M(s) for fixed s < t. For this we
apply the triangle inequality, the martingale property and the Jensen inequality to obtain

mwaﬁg~M@u§WMMmm«-[(\ﬁM+EW M, (¢
+

) (
< E[E[IN() - ML 0)1|5]] +E[|¥(s) - Mi(s
=E[|M(1) - Mnmu +E[|Mi(s) - msm ==

Proof of Corollary[{.2.10, Since G € &Z(K,r,m,00), there exists g; € gZ(K,r,m), i € N, such
that G = [[;2, ;- Now let us define G,, € 8Z(K,r,m,n),n € N, by setting G, := [[|_; g;. For
each n € NU {oo}, we define the process A, :  x [0,00) — R by setting

/ ABxh ( _)7S)d57 tZOa

and the process M, :  x [0,00) — R by setting
M, () :=G(W(t)) — / A W (s-),s)ds, t > 0. (4.40)

Now we make to observations: First, for finite n, i.e. n € N, the process M, is a local F&"W-
martingale with localizing sequence (T m,m € N) by Proposition and second the processes
Ao, and M, are identical with the processes A and M from our claim, see Proposition [4.2.10
In the following we want to apply the martingale convergence Lemma [4.6.8] - to verify that M
is also a F&W-martingale with localizing sequence (Tm, m € N) which will proves our claim. By
Lemma [4.6.5 it holds that for all (w,t) € € x [0, 00)

t
_/%m Wi, s)ds = [V, 609) + Vi (.5) + Vi 5)ds
< (ar® 4 b|r + VK P (w,t) + 2r P} (w,t) + K P} (w,t).

Since E[|P(t ATr)|] < E[|P](t)|] < oo (P is increasing) and E[|P}(t A Ty)|] < oo by Lemma
it follows that sequence (A (t A Ts),n € NU {oo}) admits an integrable majorant. The
same is true for (G, (W(t A Ty),n € NU {oc}), because |G,,| < 1 for all n € NU {co}. Further,
from the definition of (G,,n € NU {oc}) and Ay ,(Gr), we can easily conclude that for all
(w,t) € 2 x [0,00) holds

o~

Grn(W(w, 1)) "=3° Goo(W(w, 1)) and
B (Gn)(w,t) "= AL (Goo)(w, ).

As a consequence it follows from Lebesgue dominated convergence theorem that G, (A(O)) ey
GOO(VAV(O)),Gn(vAvu /\TA) "2 G (W(tATR)) and Ap(W(EATr) "=3° Ao (W (A Ti)) in
LY(P). This and (£.40) gives us M, (t A Tj) "= Moo (t AT) = M(t/\TA) From Lemma
we conclude that M is a F&W_-martingale with localizing sequence (Tm, m € N). The existence
of a cadlag modification follows again from Theorem 6.27.(ii) in [21]. O
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4.7 Proof of Case II

The following lemma will be used in the proof of the Case Il.a and Case IIl.a and it is the
analogue of Lemma [£.6.6]

Lemma 4.7.1. Let us fiz a § € §2(K,r,m) for an arbitrary (K,r,m) € [0,00) x [0,00) x (0, 1).
It holds for all bounded F=Y -stopping times 7:

E[¢7(9)] <E[Y]]=rE[Y;] < oc. (4.41)

Further, if we define for n € NU{co} the processes Vgx,f/ﬁ, Vit Q% [0,00) — [0,00) by setting
for each t > 0:

VB, (8):= 3 Bx(@)(Wi(t),
(0 = 3 (0002 - (N0 @) + 20 [ (X0, 2000 ),
(0= 3 [ ) Zi0) + B (0,0, Ts(09) ~ H(Ws(2) d.
i=1

then we get the following upper bounds
/ Vg, ()lds < KP{ (1)
/Ot Vit (s)|ds < (ar® + |[b|r)K Py (t) + 2raPy (t),
[ s < e,

(note that the upper bounds does not depend on n), hence it holds f/gx (t) < KPI(t). This implies
together with Lemma that for any m € N

/O E[|VA, (s)]]ds < oo,/o E[|[Vi*(s)|]ds < oo and /O E[n[oiﬁ)(s)|x>,f(s)|]ds < 0.

Proof. The inequality in ([4.41]) follows from || < 1 and supp(g) C R¢ x R x [0, 7] by Definition
Definition The identity

follows from the fact that Y is conditioned on F='" a Poisson distributed random variable with
intensity 7Y,. Since Y is under =W a continuous time branching process with birth rate ra
and death rate ra — b, we have

E[Y;] < .
This proves the first claim. For the second and third claim we note that

Bx(9)(Wi) < Kljo,0) (), [au} — bu]0u(g)(%;) < [alr]* + [blr] K Ljo,)
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and that

‘g(xv zZ+ h(l’,p, t)v u) - g(l’, Z, u)' < Kh(l’,p, t)
by the same argumentation as in the proofs of (4.20), (4.21) and (4.24). Further g(z, z,u) = 0,
if u > r by Definition hence

/ g(z,z,v)dv :/ g(x,z,v) dv < rljg (u;).

i i

Applying these inequalities to VBX,Vb and Vj proves the second part of our claim. The third
part follows directly from the second part and Lemma [4.6.5 O

Proof of Proposition[{.3.1 For n € N, we define the functions
SntS(RTxR) > R, Sy ( Zg

S:;”i : S(Rd x R) x [0,00) — R, Sbl( )= g(mi,zi,v) — g(xp, 2n,uy), 1€ N

The function >N s deﬁned in the same way like g 1n ([#.34) but with g replaced by g. With
(X, X722, from ([E33)) the Ito formula tells that S, ( (1) — S’n(W(O)) t > 0, is equal to

/ Vx§(Wi(s-)) dX<(s) / Vx BV (Wi (s-)) ds (4.42)
+Z/ /Rd g (W(s-),9) X7 (dy, ds) (4.43)
+Z / (aU?(5-) — bU;(s-)) DuGi(W(s-)) ds (4.44)
+Z/ / (s-),p,5) Ni(dp, ds) (4.45)

Uk (s-)
SPH(W (5-),v) Vii(dv, ds 4.46
+Z+//( W(s-), v) Via(do, ds) (4.46)

We are dividing (4.42))-(4.46) into local martingales and continuous processes with finite variation,
but before we need to add and subtract the compensators of (X, N;)%_, and (Wi, 1 <i < k < n).
Writing (X7, N;)™; and (Vi1 < i < k < n) for the compensated random measures, we
introduce new processes by

= ! *AAs- (s - ! =AX /\S— =7 s
; [/0 Vxg(Wi(s-)) dX;( )+i_zl/0 /Rdgl (W(s-),y) X{(dy,ds),
MZ(t) = Z/ /°°ga,h(\/z\vi(S-),p,S)Ni(dp,ds)7
Mft = sz s-),v) Vii(dv, ds),
0 Z+//U( W (s-), v) Vs (do, ds)

anlt)yi= S| [ B@Wio) + (@02(6) ~ 01() 23 W) s

t %] _ Un(s‘) -
+ / / G (Wi(s-),p,s) dp + 2a / S04 (W (s-),v) duds|
0 0 Ui(s—)
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where we used for the last line that
n Uk (s-) L U, (s-) S
> / Syt (W (s-), v) dvds = / SPA (W (s-),v) duds.
k=it+1” Uk-1(s-) Ui (s-)

The processes M;X and MP are F&"-martingales, the process M7 is a local F&"-martingale
with localizing sequence (T, m € N) and A, is a continuous process with finite variation.

Comparing with — shows
Sn(W (1)) — Su(W(0)) = MY (t) + MZ(t) + ME(t) + A, (1), t > 0.

In order to prove Proposition we need to show that S, A, and M, := MX + M? + M5B

are converging in L'(P) to £€X7(g), A and M from (4.14) and (4.15)). The processes £€X%(g), A
and M have the relation:

M(t) = €X7(3) - & 7(9) — A(t), t>0,

so it is sufficient to prove the L!(IP) convergence for the right-hand side. This will be achieved
with Lebesgue’s theorem. By the definition of S,,:
Snt A Tm) =5 €32 (5) as. t>0,meN. (4.47)

Further (S,,(t A Tp),n € N) and ét);?A (§) are bounded by K Py (t A Ts), where PJ is taken from
Lemma [£.7.1] Since

E[P"(t A T) < E[P"(t)] < oo, (4.48)

Lebesgue’s theorem extends the convergence from (4.47) to L!(P). The case of (4,)2°; is more
delicate. We first set Ao, = A, so we can say that:

An(t) = /Ot VA (s) + Vi(s) + Vi (s) + Vi(s)ds, t>0,n€NU{oo}, (4.49)

where Vgx, V£7Vh" are from Lemma and V,, is given by

) n—1 U, (s-) - )
Vi (t) := 2a Z/ G(W,(s-))dv, n €N, Vo(t)=0, t>0.
i—1 JUi(s-)
The sequence (V,(t))52, is converging to Vi, = 0 almost surely due to the combination of

and g(z, z,u) = 0 for all w > r. The fact that supp(g) C ]RdA x R x [0, r], implies that Vn(t) =0,
when U, (t) > r and also that the i-th inner integral of V,, vanishes, when U;(t) > r. If we
combine both with 0 < g <1, we get

A n=1 Un(s)
G =203 [ "5l o) (Unlo) o (U5

<203 (Un(s2) — Us() Doy (Un ()i (Us(5-)
i=1

n—1
<2ar y Ajon(Ui(s-) < 2arYy..
=1
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This implies that fo s)ds < 2arPj(t) for all n € N and by (4.48) together with Lebesgue’s
theorem follows:

tATH R
/ Vi(s)ds =50 in L(P). (4.50)
0

Considering the remaining terms form (4.49)), we recall also the process Pj from Lemma m
With the help of Lemma we can conclude that the integral

; Vgx (s) + V" (s) + Vi (s) ds (4.51)

is for all ¢ > 0 and m € N U oo bounded by
(ar? + |blr + 1)K P} (t A Ti) + 2aP] (t N Tg) + rKPy(t A Tg).
Since E[P} (t A Tz,)] < oo and E[P}(t A Tr,)] < oo, we can conclude that

tATH R R .
/ Vi, (s) + Vi (s) + Vy'(s) ds " A(tATR), LY(P).
0

It follows from Lemma that M is a local F¢"-martingale with localizing sequence (Tm, m e
N). The existence of a cadlag modification follows again by Theorem 6.27.(ii) in [21]. O

Now we turn to the Case II.b, which is contained in Case I.

Proof of Proposition[4.3.9 This will follow directly from Case Lb., indeed let us define the func-

tion G : S(R* x R) — [0,1] by setting G(W) = [] g(W;), then G € &7 (K, m,r,00) and it
i=1

holds

~ TTaWito) = exp (Y- 10g (o(Wi0)) ) = exp(-€¥(1),
where f := —log(g). From Corollarymwe know that
M) = GW(0) - GW(0) ~ [ A% (O (s), s

is a F&W-martingale. Further A% . 1»(G) becomes due to the special form of G:

o (55 t) 55 1

i=1
—i—exp( Zf >;au?—bui) (%)
oo i—1
—|—exp< Zsz>ZZ/ 2a (g(xy, z1,v) — 1) dv
i=1 =1

o (e [ (A ),

Finally we just have to replace W by \/7\V(s—) and note that summing over all ¢ € N is the same
as integrating with respect to £€X%. O
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4.8 Proof of Case II1

For the proof of Case III, it is essential to understand the connection between the test functions
of the Case II and the ones of Case III. Let us assume that § € C§’+(Rd x R), then let us define
g € g% by setting:

~ 1 .
g(x, z,u) = mg(x,z)gu(u),

where g, € C1([0,0)) with supp(g,) C [0,7] for some r > 0 and § > 0. Further let us define
g=1-g¢€g?and f:=—log(g). If we choose g, such that [~ gu(u)du = ||g||s + 0, then

| atwz)du=gia.2)
0
If combine this with Proposition and Lemma we obtain:
E[e @I P =g,  E[e @ 0IEY] < Elexp (-217(9))]

These identities combined with the conditional martingale lemma, see Lemma[D.2.1] are the core
of the following proofs.

Proof of Proposition[{.4.1 Recall that § € gZ(K,r,m). We define the processes Vg, Vi, Vi, A :
Q% [0,00) = R as

Vi (@, )= /E Bx(9) (. 7, u) €X% (w0, da, dz, du),

Vb(w,t)Z:[ <[au2 — bu)0y (g)(z, z,u) + Qa/

E u

o0

g(x,z,mdv) X2y d, dz, du),
Vi, £):= /, / 9@, 7+ h(w, 2,p,8), ) — g(z, 2, w) dpEX? (w, d, dz, du),

EJO

t
A(w,t)::/ Viy (W, 8) + Vb (w, s) + Vi (w, s)ds,

0

where E := R? x R x [0,00). We will from now on suppress the dependence on by omitting w,
when we write the above processes. Proposition and Case IL.a tells us that

My = &77(9) = &7(9) — A
is a local F&W-martingale with localizing sequence (T, m € N). Due to Lemma we can

apply the conditional martingale lemma to M and the filtration F=%W. By doing so we
obtain that

M, =E [ (o)l 72" | ~ B &2 (9)1 7| - / E [Vina (5) + Va(s) + Vi () =] ds

is a local F=W_martingale with localizing sequence (T, € N). The idea of the rest of this
proof is to show that for all ¢ > 0 holds

A(t) = /Ot E [A,|FEW] ds,

111



where A is the process defined in the claim of this Proposition. This will be achieved by proving
for allt > 0:

E[6X7(g)l 75| = =¥%(9). (4.52)
E Ve, (0IFF"] = EBX(Q)(W)ngz(dx,dz), (4.53)
E[Vb(t)\}"ta’w] = / bj(z, 2) EXZ (dx, dz), (4.54)
E [Vh( |}‘“’ / / (2,2 + h(z,p, 1)) — (@, 2) dpBEXZ (dx, dz), (4.55)

where £ = R? x R. The equalities will follow from Theorem which tells us that for all
t > 0 holds

e(&X|F") = PPP(E]X7 @ Leb|0, ). (4.56)
and the two Lemmas and Indeed the Identity (C.7)) from Lemma gives us
E[&X7(g) / / z, z,u) BN (da, dz)du—/ g(z,2) EX (da, dz2),

which proves Equation (&.52)) (recall that £ = R%xR). Again applying Lemma and Lemma
leads to

E[V, (t)|F"] :/E/Ooo Bx(9)(z, 2,u) duBX (dz, dz),
= [ Bx(@a.2) 8% (s ).
E[Vi // (@, 2+ bz, p, ), ) — g(, 2,0) dp EX (da, d=) du
/ / (@, 2+ hz, p, ) — §(x, =) dpEXZ (d, d2).

Similarly, when we first apply Identity (C.7) of Lemma and then the Identities (C.14]) and

(C.15) of Lemma |C.2.2] we get:
E[Vb(t)’}f’w]:/ / ([au2 — buldy(g9)(z, z,u) + 2a/ g(x,z,0) dv) duZX% (dx,dz)
EJO u
:/ bj(x, 2) EXZ (dx, dz).

E
The existence of a cadlag modification of M follows from Theorem 6.27.(ii) in [21]. O
Proof of Proposition[{.4.3 We recall that § € CZ(R? x R) C D(Bx), that § := 1 — g and
f := —log(g). As in the previous proof we start by define new stochastic processes, which we
also call Vg, ,Vp and V}, as we have done in the proof of Proposition Note that these

new processes are very similar to their namesakes from the previous proof, but there are small
differences. Nevertheless they play the same role as their namesakes in the following. The new
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processes are defined by

Bx@@.20) oxz(,, 40 gz, du),

Vi (w,) = /E exp(—EX%(w)(f))

g(x’ Z7 u)
o ug(x z,u) RN Xz
W(w,t) = | exp(— (au® — bu) + 2a[g(z, z,v) — 1] dv| & % (w, dz, dz, du),
b 9z zu) ),
o ~
Vh(w,t) — / exp / 33 z+ h w Z,p, t)7 ) g(-T72>U) dp.ﬁf_(z(w,dx,dz,du),
E 0 g(.T,Z,’U;)

where £ = R? x R x [0,00). As in the previous proof we will from now on omit w. When we
define the processes

A() :/t Visy (5) + Vo (s) + Vi(s) ds, £ >0,
M) = exp (—€X7()) — exp (<6X7(1) — A, 120,

then Proposition u 4.3.2] tells us that M is a local F&W-martingale with localizing sequence

(T, m € N). For all t > 0 and n € N holds Efexp (—Ef;? (f))] < oo, since f > 0, and

E[|A(t A T)|] < oo, see Proposition m The conditional martingale lemma, see Appendix
[D-2] tells us that

A(t) =E[AQ®)|FEY) = /Ot]E (Vi (8) + Vb(s) + Vi (s)|[F="] ds, t >0,

M(t) = EM|FE") = E [exp (-217(9)) 1757 | — E [exp (-234(9)) 1757] - A(t), ¢ > 0,
is a local F= —martmgale WILh localizing sequence (Tm, m € N). To prove our claim we need to
show that A = A and M = M, where A and M are the processes defined in and (| -

This will happen by showing:

E [exp(&*7 (log(9) |FE"| = exp(—EX7(9)),

and
B (Vo O1FF"] = L&) [ Bx()(e. )= (o, d2), (457)
E [vb(t)vaw] = L,(8X%) / by(z, 2)EXZ (dx, dz), (4.58)
E [Vh(t)|]-"t5’w} / / (2,2 + h(z,p, 1)) — §(, 2)dpEXZ (dz, dz), (4.59)

where £ = R? x R and ﬁg(u) = exp(—u(g)). For this we use the fact that it holds for all
t € 0,00) :

£ (67| FE™) = PPP(EX7 @ Leb[0, ).
It follows from (C.10) of Lemma that:
E {GXP( (f))}ft_’ = exp </ / (@,2u) 1duEf<Z(dx,dz)>
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and combining this with f = —log(1 — g), we can see that

exp ( / / (.2.0) 1du~XZ(dx,dz)>:exp(—agfz(g)), (4.60)

and so we have proven . In the same way it follows from ) that IE[VBX( )‘]—" ;o ] i
equal to

exp (/ / (@,2,u) 1duEtXZ(dx,dz)> / / Bx (§)(x, z,u) duE;XZ(dx,dz)
EJo
= exp(— / Bx(§)(z,2) EX? (dx, dz).
; =W
Further by the results of Lemma the expression E[V;(t)|F;"] is equal to

/// (@, 2 + h(z,p,t),u) = §lo, 2,u) du B ? (dz, dz) dp

- exp (// (@,2,u) 1duE;XZ(dx,dz)>.

Integrating with respect to u, using § = 1 — ¢ and applying (4.60) turns the above into
oo
—/ / Gz, 2 4 h(z,p,t) — §(z, 2) dp EXZ (dx, dz) exp(—EXZ (§)).
EJo

Finally, ]E[\/'b(t)‘]:tE ’W] becomes:

/ / ([au2 — bu]0yg(z, z,u) + 2ag(zx, z, u)/ g(x,z,v) — 1dv) duEX7 (dx, dz)

EJO u
X exp (/ / e~ @) 1 quEX? (de, dz)) .
EJo

Applying (C.13) and (C.15)) from Lemma and (4.60) this transforms into

E[Va ()| F=2"] = /E (b3, 2) + ag? (x, 2)] EXZ (der, dz) exp(~EX % (3)).

So we have proved [@.57), (£.57), (4.58) and (4.59). The existence of a cadlag modification of M
follows from Theorem 6.27.(ii) in [21]. O

4.9 Proof of Case IV

Proof of Proposition [[.5.1. We assume that § € C**+(R? xR) and start by defining § € g7, recall
i

Definition by setting §(z, z,u) = K~'§(z,u)g,(u), where K > ||§||007 gu : [0, oo] [0,1]
is continuously differentiable with support contained in [0,7]. If we set Ag fo gu(u) du, then
it holds
" du g
g(x,z,u) — = —=g(z, 2). 4.61
| a0 S = gt (1.61)

Since § € g%, we can apply Case IL.a), see Proposition m to obtain a semi-martingale decom-
position of ﬁXZ( ), from which we can obtain a F&"-martingale by

M(t) =& 7(9) — A1), t >0,
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where A is the continuous process with finite variation (4.14). As in Case III we obtain the
semi-martingale decomposition of Case IV by applying the conditional martingale lemma, see
Lemma which tells us that
“rr =,W,r XZ,r =W, r =,W,r

NI () = E (M FET| = E [ (5) 78] — B [a@)FE"7] (4.62)

is a F=W.r_martingale. We can conclude from Proposition that
S(SXZVTU:;E’W’T) Uandx]R(:fZT% (4'63)

where Unipa,  is the Markov kernel from Definition we can conclude directly that

€T @IFE ) = Agr T EY (),

where we used (4.61)). The conditional martingale lemma together with (4.63)) gives us:

=W 7‘ ’ " ~ du _xz
E [A(t)|.7—'t’ T = B Bx(g)(x7z,u)—.:.s_ (dx,dz)ds
du_x
[au? — bu)dy(§)(x, 2,u) —EXZ (dx, dz) ds
r
/ // 2a/ (x,z,v) dvdT’—XZ(dx,dz)ds
/// / (x,z+ h(z,p,s),u) — (xzu)d—dp'_'xz(dx,dz)ds,
Using the identity (4.61) the first and last line of (4.64]) turn into:
B (z, 2) dx,dz)ds
TK/ / x( a )

TK/ // (x, 2z + h(z,p, ) — §(z, 2)dpEL? (d, dz)ds

The two middle lines of (4.64]) can be rewritten into

/Ot /E/Or[auzaug(x,z,u) —2a /oo g(z,z,v) dv dTUEfz(dx,dz)ds (4.65)
/ / / budug(z, 2, “) o7 (dz, dz)ds. (4.66)

Using (C.14) from Lemma we can see that (4.65) turns into 0 and using (C.15)) we can
.66

see that (4.66) turns into bA,r~'g(z, z), again we applied Identity (4.61). Putting everything
together we can conclude from (4.62)) that

(4.64)

current proposition, see Proposition 4.5.1} By multiplying with rK Ay ! and adding E '"XZ (§) we

is a F= W martingale, where A" is the process with finite variation from the statement of the
obtain the statement of Proposition é 5. 1[ O
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Proof of Proposition[{.5.2 Let us define (73)72, by setting 79 = 0 and 7,41 = inf{s > 7 :
|AY]| > 0}, indeed the sequence (73)72, corresponds to the times, where the number of particles
with a level below r is changing either via birth or via death. It holds for all ¢t; > ¢, > 0:

[EX27 ()], — [BXZ7(9)]k
Y7 (71)
721% () (AEXZ7 (@) + N [9(X0, Z)leanr — [9(Xi, Z)]esame
k=0 =1

where AEXZ7(g) is the jump of EX%7(g) at time 7. Note that in the case of a death event it
holds

E‘[)_(kZ,T(g) = _g(XYT(Tk-)(Tk_)7 ZYT(TIC-) (Tk_))
and in the case of a birth event, we assume that j is the index of the parent, it holds
AZ] () = 9(Xj (1), Zi (1))

This allows us to derive the following upper bound:

3" Lo () (AEXZ7(9))7 < gl (V7w — [Y 700
k=0

where we used that Y0~ (L, 1,1(7%) = [Y"]¢. If (V;)$2, are the Poisson point processes from
Assumption then we can write for t € 1y, Tkt1)

20 - zi(n) = [ / " h(Xi(s-), p, 5) Ny (dp, ds)

The processes X;,1 <14 < Y], behave like independent Lévy processes with characteristic triple
(B%, B, BY,) on the mterval [Tk, Tk+1), indeed it holds X;(t) — X; () = Xi t) — X;(7), where
(X )52, is the collection of independent Lévy processes from Assumption 2| with Lévy triple
(B%,BY¢Y, BY). According to the Lévy-It6 decomposition we can for each X a R?-dimensional
Brownian motion X¢ and a Poisson point process X; over R? x R x [0, 00) such that:

Xi(t) = Bhyt + (B2")? // 7 (dy, ds) // — BY(dy, ds).
{IIUH>1}C {||y|\<1}

Based on the Lévy-Itd6 decomposition of X; we can conclude that for each k € Ny and t € [Ty Tht1)

holds

90X, Z0ls — 8(X:. Z)r,
/ X,(s), Z:(s)) T BL V1 (0)(Xi(s), Zi(s)]ds
+ (§(Xi(s), Zils) + ) = §(Xi(s-), Zils-))) "X (dp,ds)

Xi S-
(9(Xi(s-), Zils-) + h(X;(s-),p, 8)) — §(Xi(5-), Zi(s-))) " Ny(dp, ds),

+

[
/, /Rd
[
If we define

Pri= 6%+ Y (X Z0linr = [9(X0 Z0)n
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then
[EXZ’T(Q)]Q - [EXZ’T(g)]tl < Ptz - Ptl

and further the compensator of P is given by the right-hand side of Inequality (4.19). This
proves Inequality (4.19). O
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Chapter 5

Convergence Theorems

In this chapter we deal with the question, what happens if we have a sequence (h;)?2, C £}, (M)
that is converging to ho, € £} (M) with respect to the norm ||| - |||m. If we define

loc
((Xza sz7 Ui)’?il7£XZ7k7 EXZ’k7 QXZ’k) = HO [hk]7 keNU {00}7

then we would expect that EX%* is converging against EX%°° in a suitable sense. We make this

statement precise in this chapter, which is divided in two sections. In the first section we deal

with the convergence for a fixed time point, in the second we extend this result to convergence,

which holds uniformly over a compact time interval. The results of this chapter become useful

in the rest of this thesis.

5.1 Convergence for a fixed time Point

We introduce the class Lip, (Q x R? x R, F=W) where 7 is a F=W-stopping time, because we
want to handle two different sets of functions simultaneously. The first set is given by C? (R xR),
see Definition the space of twice continuous differentiable functions, which are bounded
and have bounded derivatives. The second presented in Lemma [5.1.3| contains functions, which
are random, but their randomness is measurable with respect to F=".

Definition 5.1.1. Assume that 7 is a finite F=" -stopping time, we define M(F="@B(R?xR))
as the collection of measurable functions g : & x R? x R — R that are measurable with respect to
FEW 2 B(R? x R). Further we denote by

Lip,(Q x R x R, F=W) ¢ M(F=Y @ B(R? x R))
the set of bounded & for which a constant K > 0 exists with
&(w,z,2) — g(w,z,2)| < K|z — 3] VweQzeRy 2 zcR.
Indeed the function g is Lipschitz-continuous in the z-coordinate.
Lemma 5.1.2. If 7 is a finite F=W -stopping time and h € L}, (M).
((Xi, Zi,U3)2,, 47,857, Q%) = Ty[hy],
then it holds for all & € M(F=W @ B(R? x R)) with EXZ(|g|) < co that

L xzrian Lo, P00 X Z r
SERT(R) = ;Z;g(Xi(T)7Zi(T))]l[O,r)(Ui(T)) =3 EX(8),
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where the convergence holds almost surely and in L'(P).

Proof. Similar to Lemma we can show that (2EXZ7(g),r > max{b/a,0}) forms a back-
wards martingale with respect to the decreasing filtration (F"'",r > max{b/a,0}). The conver-
gence follows by the usual backwards martingale convergence. O

Lemma 5.1.3. Let us assume that T is a finite F=" -stopping time, h € L} (M) and § €

loc

CZ(R? x R). If we define & : Q x RE x R for fized pair (p,8) € [0,00) x [0,00) by setting:
g(w,z,2) = 197wy (8) (G(z, 2 + h(w,z,p,8)) — g(z, 2)), (5.1)
then the § is an element of Lip,(Q x R? x R, F=W),

Functions of the form (5.1) will become important in the next section, where we apply the
semi-martingale decomposition of Case Ill.a, see Proposition [4.4.1

Proof. Since § € CZ(R? x R), it follows that § is Lipschitz-continuous with constant ||V§||eo
recall Definition hence we have:

|§(UJ,I,2’1) - g(w7I722)| < \{](x,zl + h(w,:z:,ﬁ,é)) - Q(I,ZQ + h(w71'7ﬁ7‘§))‘
<[Vl |21 = 22|

As an element of P(F=") the function h is measurable with respect to
FEV @ BR? x [0,00) x [0,00)),
hence
((U, Z,2,Ps 8) = ]1[0,7'(0.))] (§) (g(ﬂ?, z+ h(wa z, p, §)) - g(l’, Z)) (52)
is F=W @ B(R? x R) x [0,00) x [0, 00)-measurable. Since (w,z, z) — (w,z, 5, 7(w) A3) is F=WV @
B(R? x R)-measurable (note that we can replace § in (5.2) by 7 A §). It follows that g is in
FEV @ B(R? x R). O

Proposition 5.1.4. Let us assume that (hi, k € NU{oo}) are elements in L], .(M) with common
localizing sequence (Ty,,n € N) in L} (M) and it holds additionally that

loc
10,1, (ke = hoo) [l "= 0, € N,
If we define the processes (EX%* k € N) and EXZ> by setting

(X3, ZF, Up)2y, €520 @8X2F QYPF) =T [,
then it holds for all & € Lip(Q x RY x R, F=W) that

—=XZ.k =X Z,00 (A
]E H:'t/\'fn (g) - :t/\'f'" (g)

}kifo, neN,t>0,

where Ty, := Ty, A7) with 7} :=inf{s > 0:Y, > n}.

Proof. Tf we define ()32, with hy := |hx — hool, then ||| ]l[o,t/\i“n)ﬁk [|[lm converges against zero,
when k goes to infinity. Let us define:

((Xu ZAf7 Ui)?ila £XZ7k7 EXZ7k> QXZ’k) = HO [il‘k]

119



Our first step is to show that for all £ € N holds:

=XZk (A =X Z,00
E{"'mi’ (&) - AT, &)

| < KE =225, (5.3)

tATy,

where f: R? x R — R is given by f(z,2) = 2. Considering the integrated processes (ZF,k €
N,i € N) we have for every fixed (i, k,t) € N? x [0, 00) the following inequality:

kipy — 7 L i (s- s) — i(S- S ‘ S
|25 () - 2 <t>!s/0/0 i (X3(52), 1, 8) — hoo (Xi(5-), p, 5) | (1, dp, ds)

(5.4)
= ZF().
From this inequality we can conclude that for all » > 0 and all n € N holds:
(EAT), ZEHEANT))—g(Xi(t ATy, Z2(t A Tn))‘n[o,,)(m—(t ATy)) (5.5)
t/\T Zzz(t/\Tn) ]1[077.)(U¢(t/\Tn))
= ZKZ T, (Uslt ATy)).- (5.6)

For we need to show that is converging against the left side of and that
is converging against the right—hand side of in L'(P), when r goes to infinity. In both
cases this follow from Lemma when we can prove the integrability condition. The latter is
fullfilled for (5.5), because g is bounded by a constant K and it holds

E|

=524 @)|| <nk, keNU{so).

The integrability condition is fullfilled for (5.6)), because it holds for for all n € N:
=X2Z,k ¢ X2k} XZ.k,p
E[2X25 )] =B [Yirr, Q25 ()] < nE [Q)ZH(F)]

<nE [zk(t A Tn)] = || Tyg ey ok [ |x < 0. (5.7)
It remains to argue that for all n and ¢t > 0:
=XZkf] k2oe
[ X2 f)] 0 in L'(P). (5.8)

But this follows from (5.7) and the fact that [[| 1, /\’f’n]il‘k’ ||[m converges against zero, if k goes
to infinity. 0

5.2 Uniform Convergence over a compact time Interval

We will extend the result of the previous section to uniform convergence over a compact time
interval. For this we will not only make use of Proposition [5.1.4] from the last section, but we
also apply the semi-martingale decomposition of Case I1I.a from Proposition [4.4.1

Definition 5.2.1. For the following proof we define for a h € L}, (M) and an element § €
B(R? x R) the function g™" : Q x R4 x R x [0,00) x [0,00) — R by setting

A,h(

g w7l‘7zﬂp78) ::g(m7z+h<w7x7p’5))—g(x’z)

forallwe Q,z €RY 2 € R, p,s € [0,00).
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The next technical lemma is needed to apply Fubini’s theorem during the proof of the main
theorem of this section.

Lemma 5.2.2. Assume that h € Eloc( ) and § € C2(R? x R) and §™" are as in Definition
and assume that T,, := T, A T for n € N, where (T,)52 is a localizing sequence of h in
L}OC(M) and 7Y = inf{s > 0:Y, > n} If we define

((Xi, Zi,Up)2,, €57, 8%7 .QY7) = Lo [h],

then it holds that for all m € N that

/ / L7, E X2(1g%" (-, p, 5)|)} dpds < oo. (5.9)

Further there exists a set T' C Q2 x [0,00) of full measure such that it holds for all (w,s) € T':
/ / G w, 0, 2, p, $)dpEXZ (w, dx, dz) = / EXZ(w, ™" (w, -, -,p,8))dp, (5.10)
EJo 0

where E = RY x R and where we switched the order of integration from dpEXZ*(dx,dz) to
EXZF (dx, dz)dp.

Proof. Since § € CZ(R? x R), we know that ¢ is Lipschitz-continuous with constant ||V (§)||oo <
00, see Definition From this we can conclude that

o [ [T ]
< V@] [ [ [ e s

and the second line is finite due to Lemma [£.1.3] Since the integral is finite for all ¢ > 0 and all
n € N, it is possible to conclude that there ex1sts aset I' C Q x [0,00) of full measure such that
it holds for all (w,s) € T":

|G sy < o (5.11)
0

The identity of (5.10) for all (w,s) € I" follows from Fubini. O
Proposition 5.2.3. We assume that (hy)$2, and hoo are elements of L}, (M) with common

localizing sequence (T,)52 1, and assume that (hk),€=1 converges against hoo locally in the sense
that

k—oo

1 Li0,7,,1 (hie — Thoo) |l == 0. (5.12)

(EYM)R,

When we define the processes and EXZ> by setting

(X, ZF,Ui)32,, €578 BX 2k QY2F) =T [hy], k€ NU{oo},

and assume that § € C2+(Rd x R), then EXZ*(g) converges locally in probability against
EXZ:2(g), indeed for all m,m € N and X > 0 holds

=XZk(A\ =X Z00n
B @) —E 77| =

hm P {sup

k—oo  [s<m

where Ty, :=T,, A Y with 7Y = inf{t > 0:Y; > n}.
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Proof. We fixn € N and m € N for the rest of the proof. Iff € Cg(Rd x R), then f is an element
of Lip(Q x R? x R, FEW) see Definition so from Proposition it follows

—_— P = P k—oo
E{;ji?f(f)— féjo(f)” 0, ¢ > 0. (5.13)

We also know from Proposition that we can find for each k € N U {oco} two processes MF
and A* such that

277 (9) = 5 P (9) + MF + AY, 1€ 0,00), (5.14)

where MP* is a local F=W-martingale with localizing sequence (T,,n € N) (note that the lo-
calizing sequence is for all & € N the same) and AF is a process with finite variation given
by

t oo
Af = /0 [sfz”%BX(g))—bsz”f@H /O Efz’k(gﬁvhk(-,-,p,s))dp]da (5.15)

where g2 is given by Definition Based on the above decomposition of 2 '"XZ k(g}), we can

conclude that sup,, |Efﬁfk(A) - '-SAT °°(g)| has the upper bound

=X 7.k~ .—XZ
By 7 9) - >

U*(m) :=

k Jroo
+ bup ‘M - Ms/\Tn

) + sup ‘Afm - A?ifn‘ (5.16)

This upper bound tells us that it is sufficient for our claim to show that E[U*(m)] is converging
to 0 in probability, when k goes to infinity. Applying (5.13]) to the first term of (5.16) we get
that

=X Zk A =X 7,00/ A
E[|=57 @) - =57 9)

} h23e ), (5.17)

which implies the convergence in probability. The remaining terms are more complicated. We
begin by applying the Doob inequality, see Theorem 2.1.7 in [42], to the F=W_martingales

M ]j\ o M °°_ , which gives for all constant A > 0:

]P’{sgp |Mf/\ _M/\T | > /\} < EU mAT, - MY mAT, ” (5.18)

Coming back to the bound U*(m) in , and - tell us that the convergence of
U (m) to 0 in probability will follow from

lim E HMT’;A _ e

k— o0 mAT,

} =0, lmE |:bup ‘A ~ A= ] —0.  (5.19)
By reordering the term in ((5.14]) we get that EHM:Z/\ P MS@O/\TW ] is bounded by

=XZk (A =X 200 A
= { “mAT, 9) - ':mAT?:(g)

| +E &7 @) - =7~ )

| +E[I4E,. 7 — 4%,z 1] (5:20)

Since the first two summands of (5.20) converge against zero by (5.13]), we can prove the con-
vergence of both terms in (5.19)) by proving that

=30. (5.21)

SN Tn

{sup ‘Ak — A%

:| k—oo
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For this purpose we define for each k € N the processes ALk and A%k by setting for ¢ € [0, 00) :
t
A= / EX2H(Bx(§)) — BXZ™(Bx(9))| + bIEXZH(g) — BXZ(g)|ds,  (5.22)

t e’}
A%k:/o /o [ZXPR (G2 (- p,s)) — BED®(g™ (-, p, 5))| dpds. (5.23)

The reason why we have defined these processes is that these are non-decreasing and it holds

sup }A’;A — A°o ‘ < Ab kT AZE (5.24)

)
s<m mAT,

so we just need to prove E[AmkAT | and IE[A2 - | converges against 0, when k goes to infinity
to in order to prove (5.21). The theorem of Tonelh gives us

E[A" ] =/0 E[[EX7*(Bx(9) — I 7> (Bx(9)] + b|EX7*(9) - EF 7= (9)]] ds.

m/\y1

The inner expression of the above integral converges for each s against 0, when & goes to infinity,
due to (5.13). Further the inner expression is bounded by

2[[Bx (@)oo Y] + [0]1|gl[co B[Y]

and since fo Y;]ds < 0o, we can apply Lebesgue dominated convergence theorem to get that
[A}n“] converges against 0, when k goes to infinity.

Considering the remaining terms A%F we define the two new processes processes A3k and A%k

by setting for each ¢ > 0 :

t 00
13,k — N . —_ ~ .
Af ::w/O </0 ’zfz,k(gAﬁk(W Py 8)) _:§Z7k(9A7h (.’ -,p,s))‘dpds,

t [e%}
14,k r— ~ —_ ~
At7 ;:/ / |‘=§(Z,k(gA,hoo(,, D, S)) . ‘:fZ,OO(gA,hoo(,, ~,p,$))| dpds.
0 0

Due to the simple fact that it always holds

’55 (gA hk( ,-,p,s))—Ef (gAh ( a'apvs))‘
S |E§Zk(gA hk( y D, S)) - E§Zk(gA7hm('7 ap>s))‘
+ E§Zk(gA’hoo('a b, S)) - EASXZ’OO(QAJLOO(U ' apvs))|,

we can conclude that A2F(t) < A%k (t) + A%k (t), so we will show that both terms convergence
in L'(P) to 0. For the first term A3*, we recall that

IV@lloo := sup  [V(g)(z,2)]
(z,2)€RIXR

must be finite, because § € C7 (R x R). Therefore § is Lipschitz-continuous with constant
[|V(9)||so, which gives us the upper bound

/ 92" (2, 2,p,8) — g (z, 2,p, 5))| dpS/ 19(z, 2 + hi(2,p, 8)) — (2, 2 + hoo (2, p, 8))| dp
0 0

<[V (g >||oo/0 (22, 5) — hoo (2, p, )| dp.
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Hence for all £k € N holds that

B[4 ]<IIV()]|B {/’”// i 915) = o 1,2 dp =3 () s |

where E = R% x R. Since the expression inside of the integral does not contain an expression
with the variable z, we could integrate with respect to the measure dpZX(dx)ds instead of
dpEXZ(dx)ds. We can rewrite the last expression to

Lo 7,1 (8)Ys|hw(z,p, ) — hoo(7,p, 8)| Q2 (dz) | ds
LSl |

where we used Es = YSQSX . Recalling the definition of the extinction time Tex =inf{s > 0:
Y, = 0}, the stopping time 77 := inf{s > 0 : Y,y > n} and that T}, := T,, A 7, that the above
integral is bounded by

nf|| Lo 7, (hr = hoo) l[In < 1| Ljo,7,,) (hie = hoo) [l
This upper bound together with Assumption ([5.12)) allows us to conclude that

E[A%F 15220, (5.25)

mAT,

To show the same statement is also true for E[A4AkT } we define the collection of functions

(WE)52 1, (01)521, Vv 1 [0,00)% — [0, 00) by setting for all p > 0,¢ >0 and k € N :

vAvk(p7 t) =E {ﬂ[o,fn](t) Eixz’k(gA’hx}( Dy t)) - Eixz,oo(gA)hoo('? D, t))| ’
6k(p7t) =E |: [0, T,L]( ) —XZk(gA,hoc(_’ D,y t))‘]v

90.0) = V@ |11,(0) [ Voo 0] (0)
We have the following relationship between these functions, it holds for all p > 0,¢ > 0,k € N:

Wk(pv t) < 616(]37 t) + 600(p7 t) < 2{’(1?7 t)'

While the first inequality is obvious, the second one follows from the observation that g~ (-, p, s)(z, z, ) <
[IV(9)||oo|(x, p, s)| for all k, z, z, p, s, which in turn implies for all k € NU{oo} and allp > 0,¢ > 0
that

u(5.0) < IV |1 0) [ IhGo. 0] 555 )

d+1

~ V101,000 0|2 (02)
= Vi(p, 1),

where the first equality follows from the fact that the integrand h does not depend on z. The
function v v is not only a majorant (up to a factor) for (W )32, and (6)52, but it is also integrable
on [0,00) x [0,¢] for a fixed ¢t > 0, indeed it holds

/ / ¥(p, 5) dpds=|| () |oc / / (1) oo (2, , )| EX (d2)) dpds,
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which is finite by the Lemma Considering the functions (W)32 ;, we note that g(w,z, 2) =
G2h (w,z, 2, p, 5) is by Lemma an element of Lip, (Q x R? x R, F=W)  see Definition
Since

E [ [0,Tn ](t)HXZk(gAJLOO('v '?pvt))} <00

for all t € [0,00) and k € N, we can apply Proposition to obtain:

k—oo

wi(p,t) — 0, Vp>0,t>0.

Due to the pointwise convergence of (Wy)?2 ; to zero as mentioned above and due to the fact that
v forms an integrable majorant for the sequence (W)52, we can apply Lebesgue’s dominated
convergence theorem and obtain:

lim E[A4k = lim / / wi(p, s) dpds —/ / hm wi(p, s) dpds = 0,

k—o0 k—o0

where we have written ]E[Afnlj\f ] as the integral fom fooo Wi (p, s) dpds by Tonelli’s theorem. All

in all we have proved that E[A4’k AT | are converging against 0 for k going to infinity. Putting all

together we can see that E[Am A7, ] 18 converging against 0, so by (5.24)). Hence (5.19)) is true and
we can conclude that the upper bound U¥ from (5.16)) is converging in probability to 0, which
proves our claim. O

Corollary 5.2.4. Assume that (
there exists a subsequence (EX%F

BEXZk k€ NU{co}) and § are as in Proposition then
(g))li:o of (BXZk ()22, such that for allm € N holds

sup [EX7F(g) - 2X72%(5)] =5 0 a.s.

s<m

Proof. From Proposition [5.2.3] we can conclude that there exists for each n € N a subsequence
(BXZH (§)2 | of (EXZF(g))2, such that

;—XZk: (g) _

SUP =07,

s<m

where (T,)%2, is defined as in Proposition Since (T;,)S2, is increasing, we can choose
the subsequences in such a way that these are contained in each other. We obtain the desired
subsequence by a diagonal argument. O
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Chapter 6

Continuity

Assume that h is an element of £}, (M) and let us define as usual
((Xivzian);?ithZaEXZ) = ]IO l:h} (61)

The goal of this chapter is to show that the intensity process 2XZ admits a continuous modifi-
cation for all possible integrands h € E}OC(M). By continuous modification we mean a process
EXZ . Qx[0,00) = M (R?x R), which is continuous in the weak topology of M ;(R? x R), and
satisfies for all ¢ > 0:

P[E{7(9) = EX(9), g€ G R xR)] = 1, (6.2)
which is equivalent, since C;’ (R? x R) is separating, to
P[EX4() = EX4(), T e B(R! x R)] = 1.

Further X% should be adapted to the filtration F=%, but this follows immediately from the
fact that F=W is assumed to be complete and that 2X% is adapted to F="W.

This chapter is divided in two sections. In the first section we prove that the functional EXZ(§)
with g € CE F(R?x R) being fixed has a continuous modification. We can use this result to derive
rigorously an explicit expression for the quadratic variation of 2X%(g). In the second section
we use this explicit expression for (E%#(g)) to prove that (EjZ ,t > 0) forms for a suitable
localizing sequence (73)72 ; almost surely a tight family of measures. From the tightness we can

derive that 2XZ admits a continuous modification, which we denote by 2XZ in this chapter.

Since we will work in the following chapters entirely with the continuous modification BXZz
instead of the original process 2%, we will switch notation after this chapter and denote by

EXZ the continuous modification. Further we replace H[h} with I [h} in definitions like (6.1))
to mark that we are working with the continuous modification of the intensity process, see also

Definition [6.2.6]

Besides its aesthetic value the fact that 2X% admits a continuous modification for every integrand
h € E}OC(M) simplifies many arguments in the following chapters, e.g. we can see immediately

that 2%Z is predictable.
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6.1 Continuity of the Functionals of the Intensity Process

The proof that X7 (§) admits a continuous modification, where § € C;'" (R? x R), happens in
two major steps. Before we consider a general integrand h € E}OC(M) in Proposition [6.1.8] we
work as an intermediate step with the special case, where h is an element of the space £;2%(M)
for some g > 0.

Definition 6.1.1. We define Cl’q(M) C L} . (M) for a fized ¢ > 0 as the subset of those

loc loc

h € L} (M) for which holds h(w,x,p,s) = 0 for all (w,z,p,s) € Q x R? x [0,00) x [0,00) with

loc

p>q.

Obviously when we define h? := 1jg 4 (p)h, q € [0, 00), for a fixed h € L],.(M) with localizing
sequence (Ty,k € N), then h9 € /.leo"é(M) for each ¢ € [0,00) and the sequence (1 7,179, q €
[0,00)) converges to Lo 1, h in L(M) for each k € N.

The proof that X7 (j) admits a continuous modification, when h € £,24(M), is based on the
following observation. If we define for each 7 > max{b/a, 1} the measure-valued process EXZ:"
as in Definition [2.5.2] then we should be able to prove that the sequence of processes

(iEXZ”'(g), r > max{b/a, 1}) (6.3)
is converging in law against the process EXZ(g) in the Skorohod space D([0,0),R) (we only
consider values of r with r > max{b/a, 1} instead or r > max{b/a,0}, because we divide by
r). This observation becomes useful, because the maximal jump size produced by %EX Zr(g) is
bounded by 2r~!||g||o0, which converges to 0, when r converges to infinity. The continuity of
EXZ(g) will follow from Lemma

Lemma 6.1.2. Fiz m € N and define the Jp, : D([0,00),R) — R by setting

Jm(x) = sup |Ax(t)]

t€[0,m]

for all x € D([0,00),R). Further assume that (X)), and X are processes with paths in
D([0,0),R) and X,, converges to X in law on D([0,00),R). Then

P[X € C([0,00),R)] =1,
if only if Jp, (Xn) converges in distribution against 0 for every m.

Proof. See Theorem 13.4 in [4] for the proof of the case, where (X,,)2,, X are processes with
paths in D([0,1],R). With the help of the time change A(t) = t/m we can extend the result
to the situation of D([0,m],R) and .J,,. We can further extend the statement to ([0, o0), R)
by recalling that P[X € C([0,00),R)] = 1, if and only if P[X(- A m) € C([0,m],R)] = 1 for all
m € N. O

Remark 6.1.3. Instead of showing just convergence in path law, it may be possible to prove a
stronger statement in the flavor of
_ o] -

by adapting the arguments of Lemma 3.4 and Lemma 3.5 from [10] to our situation. Unfortu-
nately due to time constraints we can not follow this path.

1_ A R
—BX7(g) - BY(g)

P | lim sup
r—00 SSTn
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Since it holds that r~1ZX%"(3) — EXZ(§) almost surely for a fixed time ¢ € [0, 00), we just

need to prove that (6.3) forms a tight family of processes in ID([0, 00), R) to show that (6.3) are

converging in law against 2%%(g) in the Skorohod space D(]0, 00), R).

Proposition 6.1.4 (Aldous’s Tightness Criterion). Assume that (P,);Z, is a sequence of stochas-
tic processes. The sequence (P,)S2, forms a tight sequence of processes in D([0,00),R), if and

only if:
1) For each m € N holds

lim limsupP| sup |P"| > @ (6.4)

= 0.
a—00 n—o00 |:s<m :|

2) For each € > 0,1 > 0 and m > 0, there exist a 09 and an ng such that, if § < oo and
n > ng, and if 0 is a discrete P™-stopping time satisfying 0 < m, then

P[Py — Pl > e <. (6.5)
Proof. See Theorem 16.10 in [4]. O

Lemma 6.1.5. There exists a sequence of constants (Kp,)o_, such that for all m € N holds

1 2
E{( sup Y[) ] < K, Vr>max{b/a,l}.

s<m
Note that the constant does not depend on r.

Proof. Let us define the processes (Q",r > max{b/a,1}) by setting Q] := (sup,<, 1yr)? for

S
r > max{b/a,1}. We know that Y is a time-continuous Galton-Watson process with branching

rate ra and drift b. This gives us the semi-martingale decomposition of %YT by

1 1 . )
-V ==Y+ M7 +/ -Y;" ds,
r r o T

where M7 is a pure jump-martingale with predictable quadratic variation
. 1/t
(M7)¢ = T—Q/O 2arY] ds.
If we define Mf;"" :=sup,., M, then we have
1) e 2 ‘b ?
Q<3 (TY({> +3 (M[’*) +3 (/ TY;dS> . (6.6)
0
For t < m the Cauchy-Schwarz inequality gives us that
ty 2 tp2 ) t
( Ysrds) < m/ — (Y7) ds < m/ b’ Q" ds. (6.7)
o’ o’ 0

Further by the Burkholder-Davis-Gundy inequality there exists a constant co, which in indepen-
dent from 7, such that (we also apply E[Y;] = E[Y{ e = rE[Yo]e"):

e [()] < e 0] = [ 2Eias

t (6.8)
_ / 20E [Yo] "*ds = 25 E[Y] (¢ — 1).
0
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If we define the function ¥"(¢) = E[Q]] = E[(sup,<, Y)?], we can combine (6.6), (6.7),
with v"(0) = E[(2Yy)?] = 1E[Yo] + E[Yo]? to get:

v (t elblm m tsz s m).
() <3 (E¥G] + BUGP + STEIG ) 3 [ 9ds, c€ foml

The Gronwall lemma tells us that v is bounded on [0, m] by:

V() < AP with A =3 (E[YO] +E[Yo)* + %'LIE [Yo] eb|m> .

Hence we can choose K, := Ae4m2l’2, which does not depend on r. O
Lemma 6.1.6. Assume that h € Ellt;g (M), g > 0, with localizing sequence (T,,)5>,. Let us define
((X’H Zi7 Ui);‘ila XZ7 EXZ) = ]IO [h:|7

and assume that EXZ" is given as in Definition . If we define for g € C§’+(Rd x R) and
r > max{b/a, 1} the process P : Q x [0,00) — [0,00) by

then (P’ ,r > max{b/a, 1}) is tight in D([0,00),R) for every fived n € N.

Proof. We need to verify (6.4]) and (6.5)) of Aldous’s criterion. We begin with (6.4) and note

P[|=7" ()

< Nglloo¥7 s = 0] = 1.

If (K,,) is the sequence of constants from Lemma the Jensen inequality allows us to
conclude that:

2

1_ 1
B sup 1EX27@)| </l [ sup 1] (6.9)
s<m

s<m
1 2
<Nlloey| B [(sup Y)
s<m T

Combining the above inequalities with the Markov inequality, it follows

< 19l[oe v Hm.- (6.10)

Hg||oo\/ m

lim limsupP [sup |PT| > a] = lim E [sup ||g||OOYT} < 1 =0.

=00 o0 s<m a—00
For the second part, see (6.5)), we will prove that for every m € N there exists a continuous

non-increasing function F,, : [0,1) — [0,00) with F,,(0) = 0 such that for all » > max{b/a, 1}
and for all F=W-"_stopping times 6 with § < m holds

E[(Phs— B5)’] < Fuld), S€01), (6.11)

note that by showing the existence of F},,, we also show that Py, s — Pj admits a second moment.
Further the existence of such a function, the second part of Aldous’s criterion follows by the
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application of the Markov’s inequality, indeed choose §; > 0 for a given € > 0 and n > 0 such
that F(dp) < €2n, due to (6.11]) and the fact that F), is non-increasing, we have for all § < 4 :

2
E((Pj s— Py EF,(6
Bl17E,s ~ P 2  =P{(Fg, — By)* 2 ) < PR BB Fnll)

In order to prove the existence of F},, we note that we can use the semi-martingale decomposition
of 2X%:7(§) from Proposition [4.5.1|to derive a semi-martingale decomposition for P" (recall that
Pr o= 1"X Z7(g)) by dividing the processes given by Proposition 1| by 7, indeed we know
that there exists
P} =Py + M + A7,

where M" is a local F="-"-martingale with localizing sequence (Tn)zozl and A" being a contin-
uous predictable processes with finite variance. Fixing a m € N, a F=W:"_stopping time 6 < m
a.s. and J > 0, we get:

T r\2 orr rr 2 AT AT 2
(Pyos— Pp) §2<M9+57M9> +2(A9+5—A9) . (6.12)
It is clear, that we need to find upper bounds for the two terms on the right side. The predictable

quadratic variation of M is identical with the one of P" (recall that AT is predictable and has
finite variation, hence quadratic variation is 0), and so we have

1

S (EXE(G)

()= (P7)e =

From Lemma [4.5.2] we can now conclude that

. . 0+6
(015 = (o< [ SE52 (9.(0)" BYV.(3)) ds
0+5
[ ) =) Blay) =X (A,
0+6 . 1
/ // g(x,z + h(x,p,s)) — g(x, z))zdpﬁEf "(dx,dz)ds

0+6
2
+ / ﬁY’”ds
0

where £ = R? x R and B$¢" is the covariation matrix of the Brownian part and BY is the
Lévy-measure of the spatial motion, see Assumption As a Lévy-measure B} satisfies
S ly|[?BY% (dy) < oco. Because of this and since § € CZ(R? x R) we have

sup  |Va(9)" (2, 2) B V() (2, 2)| < K,
(z,z)ERIXR

sup / 6z +y,2) — d(z,2))? B'(dy) < K,
(z,2)ERIXR JR

when we define the constant K; (using (§(z + y,2) — §(z,2))? < [|Dg||oo|y][?) by
Ky = [Dall 1+ [ 161 ).

Next we recall that h € El’q( ), which means h(z,p,s) =0, if p > ¢, and so

loc

/O @zt heps)) — (s 2) dp < Aqllg] 2.
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Since the stopping time 6 is smaller than m, (M")g1s — (M") can be bounded by

0+d
A 1 r 2a r R 1 .
/0 (2K + /(]3] 5 Y7 + ==Y ds < 6 [2K; + 4q]|3][% +2a] sup Y,

s<m+4

where we used that sup,<,,,s Y is almost surely identical with sup,<,, s Yy . Asin we
can derive the upper bound

1
]E[ sup Y;} </ Kpy1, r>max{b/a,l}.

r s<m+4
From the above we can conclude that the local F="-"-martingale
M(TQ—&-zS)/\t - Mg/\t? > 07

is actually a proper martingale on the interval [0,m + §] with second moments for all » >
max{b/a, 1}, because it holds for any stopping time 6 which is smaller than m (and so 6 4+ § <
m + §) that:

B [ (3515 — 315) | = E[01 Y nes) — (00] <8 [2Ky + gl +20] Voo (619

This completes the search for an upper bound for the first term of the right side of . Now
we need to find an upper bound for the second term involving the finite variance process Ar.
Proposition m tells us that A" is for fixed ¢ given by (note that we have to divide by r for our
current situation):

i) = [ =X B )+ [

4 1
[ / 3,2 + h(w,p,s)) — §(a, 2) dp| SEXP"(d, d2)ds,
E LJo r

where E = R? xR. When we define K; := || Bx (§) +b§| oo +24||3||%, then Ag+5—A9 is pointwise
bounded by

046 1
Ky-Y/ds <0K; sup —Ys,
r

9 s<m+s T

where ||-||oc denotes the supremum. This upper bounds give us together with E[sup,<,, 5 = (Y7)?] <
K41 and r > max{b/a,1}:

046

2
) KgTYsTds> <K K. (6.14)

. . 2
E [(AT(M—(S) - AT(0+6)) } <E (
If now recall (6.12)) and take on both sides the expectation, then we can conclude based on (6.13))
and (6.14)) that the desired function F,, is given by
Fn(0) =0 [Ky +4q[13]1% + 2a] /Kpy1 + K Kpia.

Proposition 6.1.7. Fixz a ¢ > 0 and assume that h € Elloz(M) Let us define
((Xu Z;, Ui)?ila EXZ, EXZ) =1y [h]a
then for every g € CZ(R? x R) the process P : Q x [0,00) — [0,00) given by P, := EX%(§) admits

a continuous modification adapted to F=".
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Proof. From the semi-martingale decomposition of P given by Proposition we can conclude
that there exists a cadlag modification P¢*? of P, indeed there exists a process P°?¢ with

P[P € D([0,00),R)] = 1 and P[Pf* = P,] =1, > 0.

Assuming that P" and EXZ" are defined for r > max{b/a, 1} as in Lemma the point 47)
of Lemma tells us that it holds for all ¢ > 0 that

1
P =775 =X 2X%(5) = P, = Pfas.

So the finite dimensional distributions of (P",r > max{b/a, 1} converge against the one of P¢*¢,
combined with the tightness in Lemma , this implies that (P, ,7 > g V 1) converges in
law against the process P_“;{lq‘in in the space D(]0, 00),R).

EXZ7(3) only jumps, if it at least one of the processes
(9(Xs, Zi)hjo,m(Ui))524

makes a jump. Obviously the jump size of §(X;, Z;)1,(U;) is bounded by 2|[g||o for each
i € N, hence a jump of EX%7(g) with a size bigger than 2||§||. is only possible, if two or more
processes of (G(Xs, Z;)110,,(Us))§2, jump at the same moment. But that can only happen, when
a new particle is born. Since two different particles are never born at the same time, the jump
of EX%7(g) at the birth of a new particle is given by §(X;(t-), Z;(t-)), where t is the moment of
birth and ¢ the index of the parent. Hence the jumps due to births are bounded by ||§||co-

As a consequence the maximal jump height of the processes %EX Zr(g) is for each r bounded
by 2r71|9|s0, Which converges against 0, when r goes to infinity. So by Lemma it follows
P[P € C([0,00),R)] = 1. Since this true for all n € N and T,, — oo, when n goes to infinity,
it follows that P[P5% € C([0,00),R)] = 1. Setting I' := {P5% € C([0,00),R)} we get the
continuous modification P¢" of P by P°"™ = 1P, which is adapted to F=W, since F=W is
complete. O

We are now going to extend the continuity of E¥#(g) to the case of a general h € L}, (M).

Proposition 6.1.8. Assume that h € L} (M) and let us define

loc
((Xi, 25, Ui) 24,677, 8%7) = Io[h],
then for every § € CpM(R? x R) the process P : Q x [0,00) — [0,00) given by P, = EX7(g)
admits a continuous modification.

Proof. Assume that (7,,)32; is a localizing sequence of h in £}, ,(M). We define for each ¢ > 0
the function h? € Ell(;g(M) by setting h?(w,z,p,s) = h(w,z,p, s)1,q(p), then (T5,)5%, is not
only a localizing sequence of h9 in £} (M), but it also holds for all n € N:

loc

; _ h4
qli{gOHUl[o,Tn](h R?) [[[m

t e}

:// E|:]I[O,TEx/\Tn]q1Lm |[(h(X1(5),p,5) — h'(X1(s),p, 8)|| dpds (6.15)
0 Jgq R

=0

hereby we applied the convergence theorem of Beppo Levi. If we define for ¢ > 0 :

((Xia Z»?a UZ)OO SXZ7qa EXZ,(]) = HO [hq] y

=1
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then the previous Propositiontells us that the process P? := 2X%:4(§) admits a continuous
modification, which we also denote by P?, and by Proposition [4.4.1| we know that P must also
admit a cadlag modification for which we also write P. Corollary together with tells
us that there exists a sequence (gx)32, such that for all m € N holds

sup |PI* — Ps| — 220 as.

s<m

Since the space C([0,m],R) is complete with respect to the supremum norm || ||, it follows that
there exists a set ', C Q with P[] = 1 with ¢t — P;(w) is continuous up to time m for every
w € T'y,. Setting T' := NS°_, T, we have that P[I'] =1 and ¢t — P;(w) is continuous for all ¢ > 0,
then our continuous modification P°™ of P is given by Pt .= 1pP. O

From the fact that E¥Z () is continuous for every § € CZ(R? x R), we can conclude that
[E*(9)] = E%7(9) as. (6.16)

The same is also true for exp(—=%%(g)). We can now combine the semi-martingale decomposi-
tion of exp(—EXZ(23)) and Itd’s formula for continuous semi-martingales to derive an explicit
expression for the quadratic variations (X4 (§)) and (exp(—E%%(§))), which will become a quite
useful tool in Proposition [6.2.1

Proposition 6.1.9. Assume that 2X% is like in Proposition §and g € C’2 +(]Rd x R), then

EXZ(9) and exp(—=2XZ(§)) admit continuous modifications, whzch we also denote by EXZ ()
and exp(—2%%(g)), and their quadratic variations are given by:
¢
ep(~EX () = [ 20X (2217 @)ds, vz 0.0, (61)
0
¢
&)= [ 2=, (6.13)
0

Proof. By Proposition we can conclude that 2X%(§) is continuous and hence the same is
true for exp(— ”XZ(Q)) and exp( XZ(29)).
Further by Proposition 2| there exist local FXZ-martingales M?' and M? such that

exp(—E{7(9)) = exp(—E)7(g)) +M}+A;, (6.19)
exp(—EX%(29)) = exp(—E5 2 (29))+ M2+ A2, (6.20)

with A and A2 being continuous predictable processes with finite variation given by

t
At = [ =X - BG) - b9 + ") expl =17 (g))ds (6.21)
0
t
A? = / EX7(4a3® — 2B(§) — 2bg + 25" exp(—EXZ(24))ds (6.22)
0
where £ = R? x R and where we g2 fo (z,2 + h(x,z,p,8)) — §(x, 2) dp (note that

here the meaning of §™" is a dlﬁ'erent one than in Definition |5.2.1] E Since exp(—EX%(g)) is
continuous, we can apply the It6 formula and obtain:

(exp(—EX%(§)))s = exp(~EX%(29)) — exp(—EXZ(29)) - / 2exp(~EXZ (7)) dQ.



with Q = exp(—=E%%(3)). With the semi-martingale decompositions (6.19) and (6.20) we can
rewrite the above expression for (exp(—EZX%(§))); into:

t
(exp(—EX7 (§))), = M2 — M2 + A2 — A2 / 2 exp(~ X% (g))d(M + AL).

S S

Let us define the process N : Q x [0,00) — R by
t
N i= 12 = 013 — [ 2exp(~EX7(g))ast]
0
t
— (ep(-EXZ (), — A + A+ [ 2exp(-EX%(g))ad.
0

By the first line N must be a continuous local martingale, by the second line N has finite
variation, so in conclusion: P[N; = 0,¢ > 0] = 1. From the second line of N we get now:

t
(ep(-EXZ(g)) = A2 - 4} - [ 2exp(-2X7 ()AL
0
Applying (6.21)) to dA® and (6.22) to A? it remains
t
(exp(-EX7(g))e = [ 202X (%) exp(~2 27 ()i
0

This proves (6.17)). Next we are calculating the quadratic variation of the continuous martingale
EXZ(g). Since EXZ(g) = —log(Q) with Q = exp(—EXZ4(§)) we get by It6’s formula that

t 1 t
=XZ A\ _m=mXZ —1 - -2
=¥%(0) = =520 + [ 0:'de.+ [ Q@)

From this we can conclude that the quadratic variation of 2X%(§) must be identical with the
quadratic variation of fot Q51 dQs, which is given by

¢ ¢
[@a@. = [ 2= as
0 0
This proves (6.18)). O

6.2 Continuity of the Intensity Process

We start with this section by proving the following local tightness result.

Proposition 6.2.1. Let us assume that h € L;, (M) with localizing sequence (T,)52, and that

1
loc
((Xi, Z:,U3) 2., 57, 8%7) = 1o [h].

Let us define the stopping time T,, := T}, ATY, where 7)) :=inf{s > 0: Y, > n}, and let us define

the event ng"h’t cOQneNmeN, by

Qioht = {(Ef/\ZTn,s € [0,m]NQ) is a tight family of measures}.

It holds P[0 ] =1 for alln € N,;m € N.

tight

134



This result will obtained by showing that for every n € N and m € N holds

—_— d—00
Bl sup  |EX(Lgieaze)|| = 0. (6.23)

sGQﬂ[O,m/\Tn]

Unfortunately the function 1(z,z)|>s} is not smooth enough to be an element of Cb2’+(]Rd x R),
so we can not apply our previously obtained results directly to this function, but we can work
around this problem by finding a suitable function §° € C2(R? x R), such that:

0 < Lyjiaz))120 < Tmaxr = §°- (6.24)

Lemma 6.2.2. There exists a collection (9°,6 > 1) Cc C>T(R? x R) with §° : R x R — [0, 1]
and a constant K > 0 such that

i) ¢°(w,2) =1 for ||(z,2)|| <6 —1 and §°(z,2) = 0 for ||(z,2)|| > 6,
i) Bx(9°)(x,2) < K for all (z,z) € R? x R,
) Bx(§°)(z,2) =30 for all (z,2) € R? x R.

Proof. We take a smooth function ¢ : R? x R — [0, 1] whose support is contained in the ball
{II(z,2)|| < 1} and it holds [y, g ¢(Z)di = 1. By defining §° as the convolution of ¢ and
1{|(2,2)|>5}, it will have the desired properties. O

Proposition 6.2.3. Let us assume the conditions of Lemma then it holds for all m € N
and n € N that

d—00

E| sup |E§Z(]1{||<x,z)zé})l] =30, (6.25)
seQN[0,mATy,]

where Ty, == Ty, A7) with 7} = inf{s > 0: Y, > n}.

Proof of Proposition[6.2.3 Let us assume that (g°,6 > 1) is taken from Lemma When we
define for 6 > 1 the function ¢ := Lgay g — ¢°, then @ is an element of C§’+(R x R), so the
process 2XZ () by Proposition has continuous paths. Combining this with (6.24)) gives us:

sup EX 7 (Lgiaozay) < sup i 1E2XZ(@%)| a.s. §>1,n€N. (6.26)
SEQN[0,mAT,] s€[0,mAT,]

By Proposition we know that for & > 1 there exist a local F="W-martingale M and a
continuous process A° with finite variation such that

EX4(¢°) = B (¢°) + MO(t) + A%(t), t >0,

and by Proposition we know that the quadratic variation (M?) is given by
oty = [ =X (¢0))ds. (6.27)
By Proposition the processes 1215,6 > 1, is given by
0= [ [37 B o+ [T 2 ]
0 0

t 00
= / |:E§Z(b¢5 — Bx(gé)) - / Efz(!}A)h’é( ERErZ) S))dp:| dS,
0 0
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with

LE,Z,p) - @6(1' z+ h(l’ z p)) - @6(3:32)7
@,z,p) = §°(z,2 + h(z, 2,p)) - §°(x,2)
(please note Bx($°) = —Bx(3°) and ¢2™0 = —g&"0) Based on M? and A? we can define
two new processes M%* and A%* by setting for M%*(t) := sup |M?| and
s<t

t [’}
A ;:/ [552(|Bx<gé>|+b|¢6|)+/ X2(1gAna (. p,s))) dp| ds.
0 0

These new processes are upper bounds for M? and /15, and if we combine this with the semi-
martingale decompositions of EX%(3°) we can derive from (6.26):

sup  EXY (L) izay) < [BG P (@0)] + MO (m) + A% (m) a.s.
s€QN[0,mAT, ]

To prove our claim it is therefore sufficient to show that
E[EXZ(|¢°))] + E[M** (m A T,)] + E[A% (m A T,)] =5 0. (6.28)
We begin by proving that for all (w,t) €  x [0,00) holds
=7 @) (1Bx (")) =F 0, B @)(19°) =¥ 0, @) () ZF 0. (629)

This follows from Lebesgue’s convergence theorem, since & is by definition a finite measure
for all (t,w) € Q x [0,00) and we have for all (z, z) € RY x R that

XZ( )

A d—o0 ~ °
[Bx(§°)(2,2)] =30, |Bx(3°)(z,2)| < K,
~ d—0 ~
2°(z,2)] =30, [¢°(x,2)] <1,
where K is the constant from Lemma Because EfZ (w)(|4°]) < Yp(w) for all w € 2 and
E[Y;] < oo, we can conclude from 1_} and a further application of Lebesgue’s convergence
theorem that
lim E[E7(¢%)] =E[ lim 57 (¢°)] = 0. (6.30)
d—00 d—00

Considering the second term of (6.28]), we combine the Jensen inequality and the Davis-Burkholder-
Gundy inequality to get

BN (m A T)] < VRIS (m A T)2) < 24BN 07, ] (6:31)

Since X% (w)(|§°]?) < Ys(w) for all (w,s) € Q x [0,00) and

BT ) = [ Bl (=X200 )] do < [ BIV] ds =BGl < oo,

we can conclude from the expression for the quadratic variation (M?) in (6.27) that

d—00 d—00

i BT 5,] = [ B | Jim 107, (X200 ds =0
L 0 b n
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and from this and (6.31)) follows
E[M** (m A Tp)] =3 0. (6.32)

For the last term in (6.28]) we split A%* into two different expressions, those are

t
A= [ EXH (B gl ds, A / | =2 sl dpas.

For the first term we note that 2X% (w )(|BX(g5)|) < KYS( ) and EXZ (w )(|§5|) < Y, (w) for all
(w,s) € Q2 x [0,00) and that

mATy R . m N
E{/ (K+1)Y; ds} = (K + 1)/ ]E[]I[O,T,,]YS] ds < (K + 1)E[Yy]e?™ < oo,
0 0 '
combining these with Lebesgue’s convergence theorem implies

lim E[Ai*’;]:AmE[lim Ly 7,(s $)EXZ(Bx(§°) + bp°)] ds = 0.

d—00 d—00

For A%*2 we note g2 (w,z,2,p,s)| < Kh(w,z p, s) for all (w,z,2,p,5) € 2 x R? x R x
[0,00) x [O o0) and for all §. Further by Lemma it holds

/ / E[ﬂ[o)fn](s)/h(r,p,s)|E§Z(dI,dz) dpds < co. (6.33)

Hence the function K & is a majorant for the sequence (|§2"9|)s; which is integrable with

respect to the measure E[1, 7 (s 5)EX%(dx,dz)|dpds, which is a measure over  x R? x R x
[0,00) x [0,00). It also holds

So by Lebesgue’s convergence theorem, it follows

lim E[A%*2 ] / / [ 0.7,(8 / lim [§&"9| EXZ (dx) |dpds = 0. (6.34)
" E

d—00 d—o00

According to ((6.33)) and ( give us together that
E[A%* ] 2% 0. (6.35)

m/\T

Finally (6.28]) follows from (6.35)), (6.30) and ([6.32]). O

Now we can apply our results to prove the tightness statements of Proposition [6.2.1

Proof of Proposition[6.2.1 For k € N, let us define H;"™ : Q — [0, 00) by
Hp™ = sup BTz
s€EQN[0,mATy,]

then we have

{weQ: H™w) =T 0} =arm

tight*

By from Proposition we know that H,"™ is converging against 0 in L'(P), when
k goes to infinity, hence there exists an subsequence such that this convergence holds almost
surely and since (H,""™) is a decreasing sequence, this convergence can be extended to the whole
sequence. O
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Before we prove the main result of this chapter, we need a further small technical lemma.

Lemma 6.2.4. There exists a countable set (§)52, C Cp"(R? x R) that is convergence deter-
mining.

Proof. Note that C’g T(RY x R) is closed under multiplication, contains Igayg and is strongly
separating points, by Lemma 2 from [5] it follows that there exists a countable subset I' of
Cg’Jr(Rd x R) with the same properties. If yi1, 2 € M;(R? x R) are two measures with 1 (§) =
pa(g) for all g € T, then it holds p1(§) = pa(g) for all § € span(T"), where span(T") is the linear
span of I'. By Theorem 3.4.5 in cite [14] the set span(T") is convergence determining and so we
get that the same holds for T'. O

Finally we are able to prove the main result of this chapter.
Theorem 6.2.5. Let us assume that h € L, (M) and that
((Xi, Zi, Up)2y, €47, EX7) =Io [h],

=XZ

then B admits a continuous modification, indeed there exists a process

EXZ . Q% [0,00) = M;(R? x R),
which has continuous paths in /\/lf(Rd x R) with respect to the weak topology and it holds
P[EXZ(f) = EX2(f) for all f € O (R xR)] =1, t>0. (6.36)
Proof of[6.2.5 For our purpose it is sufficient to prove that

CHART ) (6.37)
is continuous for all fixed n € N and m € N (note that T,, converges to infinity almost surely,
when n goes to infinity). By Lemma we know that there exists a countable, separating
set (§x)72, € C2F (R x R). By Proposition [6.1.8| the process (:;XZ (gr),t € [0,m]) admits a
continuous modification for each k € N, which we denoted by P*. Let us define

Q];ont = {Psk Hi\ZT (gk)v s € Qm [0,00)} .

Further let 57, C Q be the event that ('_'X ZT ,$ €10,m]NQ) forms a tight family of measures
in M;(R? x R). If we define T by

= m n QZ;Zt mQlccontv

keNmeN

then we have P[I'] = 1. We know obtain the continuous modification of (EX by setting:

t/\T ,t>0

_—7,M

B (w) = Lo tyerybw,t

where the measure f1,,; € M;(R? x R) is obtained in the following way: We pick a sequence
of time points (t;,i € N) € QN [0,m A T),(w)] with t; — ¢ for i — oo. Due to the tightness of
(E{#(w),i € N), there exists a subsequence (f;,i € N) C (t;,i € N) such that (—)7(2( w),i € N)
is converging in M f(Rd x R). We define p,, ; as the limit of this sequence. The measure p, ; is
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independent of the chosen sequence (¢;,i € N) and the chosen subsequence (%;,7 € N), because it
always holds that

fo,(0%) = lim EXZ(w)(3*) = lim PF(w) = PF(w), keN, (6.38)

i—00 g i—oo0 Ut

and since (§;)$2, is separating, the measure p,; is uniquely defined by (PF(w),k € N). Fur-
ther from the fact that (§x)5>, is even convergence determining, we can see that 2™ (w) is
continuous. Indeed if (¢;,7 € N) C [0,m] is an arbitrary sequence converging to ¢, then it holds
hm :u’Uth'i (gk) = hm Pt]j(w) = Ptk(w) = :u’wﬂf(gk)7 k € Na
71— 00 11— 00
and from the fact that (gg)72, is convergence determining, it follows that (pw,,7 € N) is
converging against u,, ; in the weak topology. Finally it follows from

PE™(g%) = PF =8}7% (), ke N =P[EP™ =E}2 | = 1.

s tAT, tATh
and the fact that (§;)?2, is separating that £ is modification of Eff\ZT . O

As we already mentioned at the beginning of this chapter, we will only work with the con-
tinuous modifications of the process 2% from now on. We will mark this change by using the
symbol I instead of Iy. We summarize all of this with the next definition.

Definition 6.2.6. For h € L], (M) we define

loc
(X, 2, U2, 647, 8Y) = 1[n],
where (X;, Zi,U;)22, and X7 are identical with (X;, Z;, U;)22, and €7 from
(X, 25, U:)72,, €57, 8Y7) = Io[1],

but BXZ s replaced by its continuous modification of 2XZ.
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Chapter 7

Poisson Representation of
Competitive Models

7.1 The Cut-Out Process

We are going to apply our integration theory developed in the previous chapters to derive Poisson
representations for the two different classes of competitive models presented in Section We
obtain our representation by cutting those out from &%, therefore we introduce the Cut-Out
process in this section and discuss some basic properties. We will encounter different notions of
predictability in this section.

Definition 7.1.1. Let us assume that F := (Ft,t > 0) is a filtration on some measure space
(Q,A), E and E are topological spaces, then we call V : Q x E x [0,00) — E a F-predictable
process, if V is measurable with respect to the o-algebra given by

T(E, F) = a({n % Ty x {0} € Fo, Dy € B(E)}
V {Fl x 'y % (tl,tQ];Fl c ftl,rz c B(E),O <t <ty < OO})

If E = {0}, then we write ‘,NB(]:), which is Borel isomorph with the traditional definition of
predictable o-algebra, see Definition 1.2.2.1 from [19].

This definition is an extension of the notion of predictability which we introduced in Section
ie. if h € P(FEW), then h is F=W-predictable, and P(F=WV) = P(E, F5V) with E =
R7 x [0, 00). A sufficient criterion for P : Q x E x [0,00) — E to be F-predictable is that F is a
metric space and P has the properties:

1. For each T > 0 the restriction on Q x E x [0,T] is Fr @ B(E) @ B([0, c0))-measurable.
2. The map t — P(w, z,t) is left-continuous for each (w,z) € Q x E.

This can can be seen by approximating P by the sequence (P™)$° ; pointwise, where P™(w, z,t) =
P(w,z,n""|nt]), and the fact that the limit of measurable maps is again measurable, if the

codomain E is a metric space, see Lemma 1.10 from [2I]. Finally note that if G is the filtration
on Q x E given by G; := F; @ B(E), t > 0, then we have the relations

P(E,F) =B(G) = P(F) @ B(E),

where “~” stands for the existence of a Borel isomorphism.
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Lemma 7.1.2. Assume that F : R x M;(R%) — [0,00) is measurable and the process V :
Q x [0,00) = M(RY) is F=W_predictable. If we define the map

R[F,V] : Q x R? x [0, 00) x [0,00) — {0,1}
by setting h[F,V](w,,p,s) = Lo, p(z,v, () (D), then h[F,V] is an element of P(F=W), see Def-
inition [T 11
Proof. We need to show that h[F,V] is F=W_predictable. Since V is F=W-predictable, the
process V : @ xR x [0, 00) X [0, 00) = Mf(RY) x R? % [0, 00) given by (w,z, p,t) — (Ve(w), z,p, 1)

is also F=W_predictable. Since the map h : /\/lf(Rd) x R? x [0,00) — R given by (1, z,p) —
10,7 (2,u))(P) is measurable, the claim follows from the fact that h[F,V] = ho V. O

Definition 7.1.3 (Cut-Out Process). Assume F and V are as in Lemma and it holds
additionally that h[F,V] € L£},,(M). In this case we define

(X5, U1)21,€,8) = Cut-Out(£", F( -,V))
by setting first
((Xh Zia Ui);.ilv £XZ7 EXZa QXZ) = ]I[h[Fv VH

and then we define the processes € : Q x [0,00) = N(R?) and E:Qx [0,00) = M ¢(R?) as

€= dxwumloZt),  E:=EY(- x{0})

i=1

and we define ()A(Z (1), U ()2, fort >0 as the ordered atoms of &, where we set ()A(Z(t), ﬁz(t)) =
(t,00), when t > Ty with Tpyx = inf{t >0: & (R? x [0,00)) = 0}.

Lemma 7.1.4. The process E is continuous in the weak topology of M ;(R%) and if T is a finite
FEW _stopping time, then E, = 'V]Ed (&;) almost surely.

Proof. We have proven that EXZ is continuous in the weak topology of M ;(R+1). If f € Cy(R),
then f7%(z,2) = f(2)1jp1(2)(1 — 2) is an element of Cj(R*™1). Consequently the process
(EXZ(f*#),t > 0) is continuous. Since _.t(f) = EXZ(f**),t > 0, it follows that ( «(f),t>0)
is continuous, too. Because f has been arbitrary, it follows that = is continuous in the weak
topology. Similarly we know that:

[

) =X = Tim LS ), Z4(r)) Lo (U())

=1

= lim ~ Zf )10y (Zi (7)) Ljo,) (Ui (7))

r—oo T

Since the equality of the first line holds for all possible f € C; (R4*1), we have B, = Ve ({AT) O
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Definition 7.1.5.
1. For p,v € Ms(R?) we say p < v if and only if p(f) < v(f) for all f € C;F (RY).

2. Let F : R? x M;(R?) — [0,00] be a measurable function. We say that F is non-decreasing
in the M (R%)-coordinate if and only if for all vt ,v= € M(R?) holds

v- <vt =VreRY: Fz,v™) < F(z,vh).
S IfVH VT 1 Qx [0,00) = Ms(RY) are My(R?)-valued processes, we write V= =4 V¥, if
and only if Vi < V;" P ® £eb|0, 00)-almost everywhere.

Lemma 7.1.6 (Reversed Order Lemma). Assume that F : R?x M ;(R?) — [0, 00) is measurable,
non-decreasing in the M ;(R?)-coordinate and that h[F,-] is as in Lemmal|7.1.4. When h[F,2X] €
Li,.(M) with localizing sequence (Ty,,n € N), VT : Qx[0,00) = M;(R%) and V= : Q x [0,00) —
M;(R?) are two M y(R?)-valued processes with

V™ < VT <EX P®leb|0, 0)-a.e.,

then h[F,V*] € L}, (M) and h[F,V*] € L}, .(M) with localizing sequence (T,,,n € N). Further,
if we define

(X}, U2, €7, BY) = Cut-Out(€™, (-, V1)) (7.1)

((X;7ﬁi7)7?il7é\_7é_) = CUt'OUt(€W7F( : 7V_))7
then it holds
P[vt>0:0<Ef <E <E)]=1 (7.3)

Proof. By (7.1) there exists a set I' C 2 x [0, 00) with P ® £eb[0,00)(Q2 x [0,00) \ ') = 0, such
that the relation (7.1)) is true for all elements of I'. Hence for (w,s) € T' it is true, that for all
x € R? holds F(z,V™ (w,s)) < F(z,V*(w,s)) and so

= (w,2,p,8) = L@ v-(ws)(P) < LF@y+ (s @) =t (w, z,p,s)
for all w € Q,2 € R, s € [0,00) and p € R. So if we define the processes

(X3, 2, U2y, €¥2F BX ) =1[nt],
((Xivzi—i_v Ui)ﬁ17€XZ’77EXZ’7) = H[hi}’

then we can conclude from the last inequality, that for every ¢ € N and ¢ > 0 holds almost surely
t o
2e0) = [ [T s p) i dp.ds)
0o Jo

< /0 /OOO h+(xi(t7 S')vp; S) mi(t,dp, ds) = Z;r(t)

Further we can assume that this inequality holds almost surely for all ¢ > 0 and ¢ € N simulta-
neously, because Z;" and Z; are cadlag. But if this inequality holds for all i € N, then it holds
also, that for all 7 > 0 and g € Cp(R?):

S tim — 3 GG ()T oy (5 (1), Us(1)

> lim — > 3(Xi () joyxiom (257 (1), Us(t) = EF
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Since =Z~

and EF are continuous in the weak topolgoy and since the relation “<” on M f(Rd)

remains true under limits in the weak topology, we get that the above inequality between
and ET is true in fact almost surely for all £ > 0 simultaneously. O

Proposition 7.1.7. Let us assume that F' and V as in Deﬁmtion are such that h|F,V] €
LY, (M) with localizing sequence (T,,,n € N). Further assume § € D(B). If we define

stop
(()?h ﬁi)zgih é\? ‘%) = CUt'OUt(éwu F( : 7V))a

and if we define the process M : Q x [0,00) = R for each t > 0 by setting

[
[

M) =80 -5 - [ [ [0 +1e)-Fe v | S, @

then M is a local F=Y-martingale with localizing sequence fn =T, ATY with

Y= inf{s > 0;Ys; > n}.

n

Proof. If we assume that EXZ is given as in Definition then this proposition is follows
directly from Case IILa, see Proposition [£.4.1] because

~
—

S(9) = =¥4(5"),

g

where §*(x, z) = g(x)g.(z) and g, is a twice continuous differentiable with g.(0) =1 and g¢,(2) =
0 for all z > 1. The Proposition tells us that

M, =E¥7(5%) — 257 (5%) — A1), (7.5)

is a local martingale with

At) = /0 /EB(Q*)(x,z)+b§*(x,z)5§z(dx,dz)ds

t o]
+/ / / g*(x7z+]l[0,F(m,Vs)](p)> _g*
0 EJO

with £ =R? x R and for all ¢ > 0. Using again EXZ(§*) = E(§), t > 0, we can see that (7.5) is
identical with (7.4]). O

The next lemma will be used during our proof of existence.

z,2)dpEXZ(dx,dz) ds,

—~

Lemma 7.1.8. Let (u,n € N) C M;(R?Y) be a sequence of measures. Assume one of the
following conditions is satisfied:

1. Assume pin+1 < pp for allm € N.

2. Assume fin1 > pin for all n € N and it exits a measure n € M¢(R?) with p, < n for all
n € N.

Then there exits a measure pn € M y(R?), such that for all Borel sets ' € B(R?) holds

u(T) = lim 1, (D). (7.6)

n—oo

n—oo

This implies that p, — p in the weak topology.
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Remark 7.1.9. As we will see, this convergence holds even in total variation.

Proof. Let denote by M? (R9) the space of signed measures over R%. The total variation norm
is given for a signed measure i € M? (R?) by

] = sup 37 (),

PeP 4

where P is the set of finite partitions of R?. The space (./\/l;? (R%),|-|) forms a Banach space, see
Page 22 in [47]. For a non-negative measure holds

|l = u(RY).

If we consider the sequence (p,,n € N), then it holds, that ux — py, is an ordinary measure for
k > n due to p, < pg. It holds

[k — ] = pii(RY) = g (RY)

for k > n. Since (u,(R%),n € N) forms a Cauchy sequence in [0, o), the same holds for (u,,, € N)
in (MF(RY),|-]). Hence there exists a measure y with the property . Since convergence
in total variation implies convergence in the weak topology, the second part of the statement is
also true.

The second case is analogous. This time it holds for &k > n

ke — pin| = ﬂn(Rd) - Nk(Rd)
and (11, (R%),n € N) forms a Cauchy sequence in [0, 7(R?)]. O
Definition 7.1.10. In the first case of lemma 1) we like to write p = n1£>1£o Il and in the

second we like to write p = sup fiy,.
n—oo
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7.2 The Cut-Out Equation: Conditions for Existence and
Uniqueness

We obtain our Poisson representations for the two classes of competitive models from Section

-2 by cutting these out from the Kurtz-Rodrigues representation of the Dawson-Watanabe

superprocess. But the intensity process of the Cut-Out process will only be a solution of for the

martingale problem Comp(B,a,b, F, @0), see Definition of the competitive model, when
the Cut-Out process satisfies the Cut-Out equation.

Definition 7.2.1 (Cut-Out Equation). Assume F,V and E are as in Deﬁm’tionm i.e.
((Xi, 0)721,€,8) = Cut-Out(¢", F(-,V)),

and it holds PVt > 0: V; = ét] =1, indeed V and E are indistinguishable, then we can write

~  ~ ~

(X, U3,)2,,€,E) = Cut-Out(¢", F( -, 8)). (7.7)

and we say that E (or V) is a solution of the Cut-Out-equation for (¢V,F). We say that the
solution is unique, if two solutions 2' and B2 are indistinguishable.

We are going to present that the Cut-Out equation has a solution, when F' satisfies certain
conditions described below. We show in Section [.3] and [Z.4] that these conditions are satisfied
by the Bolker-Pacala models or the singular interaction models described in the Definitions|1.2.4
and These two classes of competitive models have some similarities and some differences,
and the following conditions for F' have been chosen in such a way that we can treat both model
classes in a unified way. In Section [7.5] we show that Cut-Out equation has a unique solution, if
the following conditions are satisfied.

Conditions 7.2.2. Let F : R? x M(R%) — [0,00) be a measurable function for which there
exists a non-decreasing sequence (Ty, k € N) of F=WV_stopping times with

P [Ty — oo for k — oo] =1
and a sequence (K, k € N) C [0,00) of constants which have together the following properties:

1. The function F is non-decreasing in the M ;(R?)-coordinate.

2. It holds 1o 1, jh[F,EX] € LY(M) for all k € N (which is equivalent to saying that h[F,EX] €
L} (M) with localizing sequence (Ty, k € N)).

loc

8. For all sequences (V",n € N) of F=W_predictable M ;(R?)-valued processes with V}*(w) <
EX (w) for all (w,t) € 2 x [0,00),n € N, which are either increasing or decreasing, indeed
it either holds

Vi (w) <V w) Yw e Qt € 0,00),n €N, (7.8)
or it holds
Vi (w) >Vt w), VYw e Q,te0,00),n €N, (7.9)

then it holds for the process V*°(w,t) = ILm V™ (w,t) that

| Lo, (RIE, V] = R[E, V™)) [[lm =50, k € N.
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4. For all pairs of M ¢(R%)-valued processes V=, V*t : 2 x [0,00) — M;(R?) with V= < V+ <
EX P ® Leb|0, 00)-a.e. holds

Nor(s) [ [FG@V5) = Fla.vy)] &)
<Ljo,1)(5) Kk [V (RY) =V, (RY)] P® Leb]0,00)-a.e.

(7.10)

In order to motivate these conditions, let us recall the steps described in the summary on Page
One key step was the construction of two sequences (E7")22 | and (E+")%; of measure-
valued processes, see Definition [1.31} The first point in the Conditions [7.2.2] is necessary to
ensure that (E77)2 | is increasing and that (E+")°°, is decreasing. While the second point of
the Conditions is necessary for the application of our integration theory, the third point
ensures that the limits 2T and E¢ of our sequences, see , can be described as the solution
of the two dimensional system . The last condition is necessary to show that E and B¢
are identical.

7.3 Bolker-Pacala-Models and the C.0O.-Eq.

In this section we verify that the non-linear Bolker-Pacala models from Definition [I.2.4] satisfy
the Conditions We recall that the competition function F' has in the case of Bolker-Pacala
models the form

F(z,p) = F(z,7(z, p), (7.11)

where F': R x [0,00) — [0, 00) is a continuous function and
7(z, 1) = /Rd Bz —y|) p(dy), v € R e My(RY) (7.12)

with & : [0,00) — [0, 00) being a bounded, continuous decreasing function.

Proposition 7.3.1. If we assume that the competition function F : R? x M;(R%) — [0, 00) has
the properties found in Definition then we can pick a sequence of constants (Kj)72 | with

F(z,y) < Ky and |F(z,y1) — F(z,y2)] < Kilyr — yo| V2 € R y1, 2 € [0,k&(0)]  (7.13)
and we can define a sequence of F=" -stopping times given by
Tw =77 Nk withry :=inf{t>0:Y; >k}
such that (F, (K, 7¥)$2,) satisfies the Conditions .

Proof. We start by noting that Fis locally Lipschitz continuous by the first point of Definition
1.2.4 which gives us the existence of (Kj)72 , satisfying . We will prove every Condition of
7.2.2|step by step. The competition function is non-decreasing in the M ¢(R)- coordinate, because
the function F' from (or Definition is non-decreasing in the second coordinate and
the same holds true for 7 from (7.12)). Next we wish to argue that h[F,EX] is an element of
L}, .(M) with localizing sequence (T}, k € N). Since

loc

m(x, 1) < RO)(R?) Vo € R, ue Ms(RY),
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because # is non-negative and assumed to be decreasing. Since ZX (RY) =Y; < k for all t < Ty,
it follows by [7.13] that

ot F= Tl =5 | [ [ Lo ari ()i pcss o 22 0) dods
=K |:/ ]l[O,Tk/\TEx]( )F(X ( ), (O)YS) d8:| < KiTp NTex < Kik
0

and hence 1o 7, h[F,E*] € L'(M), so h[F,E*] € L], (M) with localizing sequence (T}, k € N).
For the third condition, we assume that (V" n € N) are M ;(R%)-valued processes satisfying one
of the order conditions given by or (7.9). Note that both conditions imply that (V}*(w),n €
N) is a Cauchy sequence in the total variation norm for all (w,t) € Q x [0,00). The pointwise
limit is given by the process V*°(w, t), which must be F="W-predictable. Since the total variation
norm is stronger than the weak topology on M ;(R?), it follows for all z € R% :

F(z, V(W) =5 F(z,V®(w)), weQ,te0,00).
Further it holds due to and V(RY) <Y, <k for t < T} that
Lo, 13, AT ) () F (X1(5-), V') < Lo, 1 aTx) () Kk, 1 € NU {oo}.
So we can apply Lebesgue dominated convergence theorem and obtain
|||]1[O,tTk)(h[F7th]_h[F7Vtoo])|||M
= [ B o9 (6 (5. V2) = F(Xa(5), V) ds

is converging against 0, which proves the third point found in the Conditions
For the fourth point we make use that F' is locally Lipschitz continuous, see ([7.13)), and decreasing
in the second coordinate, see Definition combining these two properties of F' results in

F(xayl) - F(wvyZ) S Kk(yl - y2)

for all x € R? y;,yo € [0,4(0)k] with y; > y2. If we now assume that V= and V* are as in the
fourth point of the Conditions [7.2.2 then due to V;” < V;7 < EX for t < T}, we obtain

Noma(s) [ | [PV = Pla,vy)] (o)
< Kationy(s) [ | [ V) = ae.v;)] =¥ (o)
R4
< Kitiomy (o) [ | [ s V3 ) = v: ()] &)
and since s(x,y) = &(||z — y||) > 0,2,y € R, VI (dy) — Vi (dy

: [0,00) — [0,00) is a non-decreasing function and that ¥; =
bound the above by:

> 0,y € R? and the fact that
X

0,
(RY) < k for t < T}, we can

W),

KOl (s) [ VIR = V7 Y] =5 ()
< KR (O) 1 1 (9)EX (RY) [V (RY) — Vi (R
< Ki(0)kl my(s) [VFHRY) = V7 (RY)] .

Therefore the fourth condition is also true. O
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7.4 Singular Interaction Models and the C.0O.-Eq.

In this section we prove that the competitive model with singular interactions satisfies the Con-
ditions By Definition we assumed that for the spatial space R = R and that the
particles move like one-dimensional Brownian motion, hence the operator Bx from Definition
1.2.5is the Laplace operator:

Au(f)a) = S (@), e R feC(R). (7.14)

As a consequence the process 2% is a Superbrownian motion with branching rate a > 0 and drift

b € R, indeed EX ~ DW(Bx,a,b). As we will see in Proposition the random measure

=X is almost surely for all time points ¢ > 0 absolutely continuous with respect to the Lebesgue

measure on R and the density ¢=(w,dz) = B (dr) is the unique solution of
= 1 = = =
v (@) = 50007 (2) + bl () + | 209 F (@)dW (1, 2), (7.15)

where W is white noise over [0,00) x R, see Chapter one in [45](it may be necessary to extend
the probability space to find W). Hereby ([7.15)) means that we are looking for function-valued
process = such that for all § € CZ(R) holds:

[ @@ ==¥@)+ [ [ o2 [020)(e) - bila)] dods (7.16)
R Ot R
+ [ ] e acF @iwis.a), (7.17)

where the second line stands for the stochastic integral with respect to the white noise W, see
the Section “Stochastic integration” in Chapter two in [45]. We collect this important properties
of = in the next proposition. In Definition we assumed that our competitive models
start with a continuous Lebesgue density with compact support. Since our construction will
imply that 2 = Ej, we can assume that the same is true for underlying KR-representation
=X, Considering our ingredients from Assumption this means that the random probability
measure QX must have a Lebesgue density with the same properties, the two densities will differ
from each other by the factor Yj.

Proposition 7.4.1. Assume that there exists a random function g : Q — CF(R) such that

P [Vf € OuR) =¥ @) = [ gwe(x)dx] 1,

then there exists CF (R)-valued process = : Q x [0,00) — CH(R) with 5 = ¢o a.s. and such
that

P |¥f € Rt € 0.00) s 2X(1) = [ Fo)pFide] =1 (718)
and for p: R x My — [0,00) from Definition holds
P [o(z,BY) = ¢F(z), Yz €R, Vt > 0] = 1. (7.19)

Proof. For this proof we assume that the drift b is zero in (|7.15)), because Perkins considers only
this case, see Theorem II1.4.2 in [40]. But this is not a problem for us, because the Dawson-
Girsanov transformation allows us the extend the above statements from the case b = 0 to the
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case b # 0, see Corollary

According to Theorem I11.4.2.(a), there exists a continuous stochastic process

¢ Q2 x(0,8) = Ce(R),

for which is true, when we exclude ¢ = 0. If we now define = := ¢= for t > 0 and T := ¢y,
then = satisfies (7.18)). But for the proof of Corollarywe need that (¢, z) — @i (z) is jointly
continuous on [0, 00) x R. While this follows for (0,00) x R from the fact that ¢= has continuous
paths in C.(R), the case ¢ = 0 is problematic, and is often not considered. Unfortunately the
arguments of Perkins used to prove the continuity of ¢= can not be easily extended to include
t = 0, therefore we present a workaround.

Let us define the space

Crom(R) = {f € CT(R) :[|f][x < 00 YA > 0} with [|f||x = Slé%f(x)\e—xlxl,

note that Cf (R) c C;t,,(R) and that C;,,(R) is a complete metric space equipped with d(f, g) =
Y nenIA[f=gll1/n)- Since (7.15) is a special case (up to a time scale) of the SPDE considered by
Tribe in [44], it follows by Theorem 2.2 that admits a solution $% : Q x [0,00) = C;f (R)
with @F ~ @F that is continuous with respect to the above metric d and that is unique in law
on C([0,00),C;t, (R)) (a compact overview about these results can be found on Pages 3 and 4
of [25]).
Perkins tells us now in [40] that every solution of ([7.15]) implies a Dawson-Watanabe superprocess,
mdeed if we take the solution of ¢ derived by Trlbe and define 2X : Q x [0,00) — by setting
= [po(x x)dz, then 2% ~ DW(By, a, 0) accordlng to Theorem I11.4.2.(c). With the
help of the functlon 0: M¢(R) — [0,00) from Definition we have

AX)

oz, BY) = ¢F (z) and o(2,E) = ¢ (z), Va € R,t € [0,00),

see the second part of the “approximation theorem” on Page 321 in [26]. Since EX and E

have the same law, the density-processes = and ¢= must have same law on C((0, c0), Cttm( ))
(again ¢t = 0 has been excluded). Due to the latter point and due to the continuity of ¢= on
the whole of [0,00), we can see that (gpla/n);’f:l is almost surely a Cauchy-sequence in C;t, (R).

Since C;,, (R) is complete, there exists a random variable ¢ which is the limit. Why should ¢

be identical with ¢F? Perkins states in Remark I11.4.1. in [40] that
P {Vg € Cy(R hm/ = Ex(g)} =1.
Combining this with the convergence in C;\  (R) we can conclude that:
P [Vg € C.(R) : / g(x)podx = hm/ x)dr = /Rg(x)cpf(x)dx} =1,
and so ¢F = $5. Consequently ¢= is continuous at ¢ = 0 in (C}}

St (R), d) and since o5 € CF(R)
almost surely, this limit also holds in (CF(R), || - ||co)- O

Corollary 7.4.2. If ¢ is the process given by Proposition[7.4.1] and if we define for k € N

Tr(w) == {t >0: sup @& (w,x) > k} ) (7.20)

s<t,xeR

then Ty, is a FEW _stopping time and it holds T — 0 a.s. for k — oo.
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Proof. According to Proposition - 7.4.1| the Lebesgue density ©= is continuous in C+( ) with
respect to the norm || |loo, hence it holds Tk — oo a.s. for k — oco. Further by (7.19)) and the
joint continuity of = we have = = o(z, Z;¥) almost surely and so

(T <ty={ sup  o(pEX)eF "
g€Q*TN[0,t],p€Q

O

We proceed by showing that the competition function F of the non-linear singular interaction
models satisfies the Conditions [.2.2]

Proposition 7.4.3. Let us assume that the competition function F' : R x M(R) — [0,00) is
defined as in the definition of the non-linear singular interaction models, see Definition[1.2.5. If
we define for all k € N

Ty, := Ty Nk, (7.21)
where (Ty, k € N) is defined as in (7:20), and if we choose the constants (Ky)32, such that
F(z,y) < Ky and |F(z,y1) — F(2,y2)] < Kilya — 1| for all z € R,y1,y2 € [0, K], (7.22)
then the competition function F paired with (Ty, Ki, k € N) satisfies the Conditions .

Proof. We argue that the competition function defined as in Definition [1.2.5] is non-decreasing
in the M;(R) coordinate. Due to the form of F in and because g is non-decreasing in
the Mf(R) coordinate and and F" in non-decreasing in the second coordinate, the competition
function F' must be non-decreasing in the M ;(R) coordinate.

We will prove the remaining three conditions for a fixed stopping time T} defined as in .
Let ©= : Q x [0,00) x R — [0,00) be the Lebesgue density of the Superbrownian motion =X
from Proposition then by the definition of the stopping time T}, we know ¢=(w,t,7) < k
for all x € R, if t < Ty (w), and this together with allows us to conclude that

Lo, 15T ] (DF(X1(8), B = Lo 1 n7x) (O F (X1 (), 05 (¢, X1 (1))
< Ljo, 1 AT x) (E) Kk

And so it holds for all k¥ € N that
1| Ljo,1,) h[F, EX] lllm =E [/0 /o Il[o,Tk,/\TEX](S)H[O,F(Xl(s-)af)] (p) dpds}

[ [ tomam OO, 25 ds
< KT NTepx < Kik.

This proves the second assumption in the Conditions

Now, let us assume that (V)% ; is the sequence of measure valued processes and V*° their point-
wise limit from the third point of the Conditions Due to Proposition [7.4.Tand the assump-
tions made about the sequence (V)% ,, there ex1sts a set Q with P[] =1 and with ¢=(w, -, )
is a jointly continuous function for all w € €. holds that and that for all (w,t) € Q x [(),oo)
holds that (V]'(w), )22, is either an increasing or decreasing sequence of measures bounded by
2 (w) with respect to the order “<” defined in Deﬁnition This fact allows us to perform
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the following argumentation pointwise for all (w,t) € Q x [0, c0).
Due to the increasing or decreasing nature and the boundedness we can conclude that (V™ (w, t), )52,
is a Cauchy sequence with respect to the total variation norm on M ;(R) and is converging against
V> (w,t). Further since 2 (w) is absolutely continuous and V" (w,t) < EX (w) for all n € N, it
follows that V>°(w,t) < EX(w) and that V"(w,t) is absolutely continuous with respect to the
Lebesgue measure for all n 6 NU {oo}. Let us define for n € NU {co} the functions

dV" 1 Qx[0,00) x R—[0,00]; dV"(w,t, ) := oz, V] (w)),

then (dV™(w,t,-),n € N U {c0}) are Lebesgue densities for (Vi'(w),n € NU {0}). By the

definition of T}, and T}, see Definition [7.21] and -, it holds, with ©= being the Lebesgue
density of EX as before, that

110,73 () A Tix () (DAY (@, 2, 1) < Lo 1y () A Tisx () (1) A= (w, , @)

(7.23)
< ]l[OaTk(w)/\TEx(w)) (t)k

So we can use the boundedness of the densities (dV",n € NU {o0}) to write
I (Lo, 70y (RLE, V™) = AIF, V=) [[[m

:/0 ]E/O Lo, 1 AT ] (8) [Lj0, P2 (52),v2)) (P) = Lo, 7 (x4 (50),v2)) (P) | dp| d
= /0 E 10,1, A7mx](8) [F(X1(s-), V7)) — F(X1(s-), V)] ds
:/0 E 10,1, n7mx](8) [F(X1(s-), V7)) — F(X1(s-), V&) ds

< / KGE [T,z 1 (8) [V (s, X1 (8)) — dV(s, X1 (s))]] ds, (7.24)
0
note that we used in the last part that P[Vs > 0 : X1(s-) = X1(s)] = 1, because in the case of

a Superbrownian motion the process X; is just a Brownian motion (stopped at time Tgx). We
are now applying that

=W
SIFT) =Q, t=0.
and so (|7.24]) can be written into

/0oo K E [H[O,Tk/\TEX](S)]E {|dV”(3,X1(s)) —dV=(s, Xa(s ‘}-H’ H

:/ KiE {]1[0,Tk/\TEX](5)/ [dV" (s, ) — dV>(s, x)] Qf(dx)} ds.
0 R
Fixing again a pair (w,t) € ['* we want to prove that
0,13, () AT (w / V™ (W, t,z) — dV>(w, t,2)| Q7 (w, dar) =5 0. (7.25)

Since the measures (Vj'(w), )52 ; converge against Vi°(w) in total variation, it follows for the
densities

/ |[dV™ (w, t, z) — dV°(w,t,z)| dz
R

= / dV"(w,t,x) — dV>(w,t, ) dz + / AV (w, t,z) — dV"(w,t,z) dx
dyn>dy= dyn<dy=

= (VPw) = V)T (R) + (V' (w) = VP (W)™ (R) = [V (w) = Vi®()lrv. =30,
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where (V' (w) — V°(w)) " and (V}*(w) — Vi°(w)) ™ are the positive, respectively the negative part
of the signed measure V;*(w) — Vi°(w). So it holds

AV (w,t) =5 dV>=(w,t) in L*(Leb(R)) (7.26)

Note that Q¥ = EX/Y; for t < Tex, and so Q) is also absolutely continuous with respect
to the Lebesgue measure for ¢t < Tgpx with density X (t,2) = ¢=(t,2)/Y(t). Further for
t < Ty A Tex it holds QX (t,2) < k/Y (t). With this upper bound it follows from (7.26]) that

Mo e [ [0 (w,t,2) = V(e t,2)] ¢ (. da)
< L1073 (w)ATx () O/ Y (1) /R |dV™ (W, t,2) — dV=(w, t, )| dz "= 0
and this proves . Since
Lo, 7 ATex] (5) /R |dV™ (s, 2) — dV>(s,2)| QX (dz) < 2k(T) A Tpx) < 2k2,

it follows from (|7.25|) and the Lebesgue convergence theorem that
I (Lo, (RLES V™ = W[E, VF]) [

<

K.E [H[O,Tk/\TEX](S) |[dV™ (s, X1(s)) — dVoo(s,Xl(s))H ds

oo

I
— 5

KiE |:]l[0,Tk-(w)/\TEx(w)] (t)/ |dV"(u), S, :v) — dy*° (w, S, CE)| Q‘;((dl') ds
R

0

i

and this proves the third point of the Conditions [7.2.2] )
For the last point of the Conditions we fix again a (w,t) € I' and note that as in the case
of the measures (V*(w)) we can argue that V;" (w) and V; (w) are absolute continuous, that

AV (w,t,2) = o(z,VF(w,1)); AV (w,t,2) = o(a, V™ (w,1));
are Lebesgue densities for V;"(w) and V; (w) with the property that for all £ € N holds
AV~ (w,t,x) < dVT(w,t,2) < ¢=(w,t,x) <k for t < Tj.

For the fact that F is non-decreasing and Lipschitz-continuous on [0, k] with constant K} as in
(7.22)), we can conclude that it must hold for all z € R,y~,y* € [0, k] with y~ <y that

o(x,y™) —olx,y™) < Kip(y™ —y7).

Therefore it holds
Uoironrexn(®) | Fa Vi) = Fa.vy) =5 @)
= ]l[O,Tk(w)/\TEX(w))(t) /RF(xv dVJr(t? I)) - F(JE, av- (tv x)) @E(tv :]C) dx

< ]l[O,Tk(w)/\TEx(w))(t)Kk/ (dV*(t,x) —dV~ (t, x)) kdx
R
< Lo, ()T () O Erk (Vi (R) = Vi (R))
as it was desired. This proves the fourth point of the Conditions [7.2.2] O
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7.5 The Cut-Out Equation: Proof of Existence and Unique-
ness

In order to prove our main theorem, see Theorem [I.2.6] we need to show that the Cut-Out
equation

((X;,U0;)2,,€ E) = Cut-Out(€", F( -, E)) (7.27)

from Section has a unique solution, when the competitive function F : R? x M (R%) — [0, o0
satisfies the Conditions [[.2.21 Since the Conditions [.2.2] are true for non-linear Bolker-Pacala
models and non-linear singular interactive models according to the sections and this will
be sufficient to prove our main result, see Theorem that these models admit a Poisson
representation.

The proof that has a solution consist of four steps, the first three steps prove the existence
and the last step the uniqueness. R R

In our first step we use Lemma to obtain two sequences (E+", n € Ny) and (E"",n € N)
of FEW_predictable M f(Rd)—Valued processes, where the first one is decreasing and the second
one is increasing with respect to the partial order < of measures defined in Definition [7.1.5]

Proposition 7.5.1 (Step I). Assume that the competitive function F : RY x M z(R?) — [0, 00)
satisfies Conditions|7.2.2| In this case we can define two sequences (2" n € Ng) and (E¥",n €
No) of M ¢(R%)-valued processes, which are continuous in the weak topology, with

EN Q% [0,00) = M(RY), EY":Qx [0,00) = Ms(RY), neN,

by beginning with (.%T’O, éi,O) = (0,2X) and then setting recursively for each n € N, first

(X], 0™z, 60 BN = Cut-Out(¢V, F( -, B-"1)) (7.28)
and then
(XPm Ub™),, g9, Bb) = Cut-Out (¢, F( - ET™). (7.29)

It holds for (E“",n € No) and (", n € Ny):
P[ V¥n,m € No,Vt >0 : E}" < Ep™, BF" > Ep"H E]" < EP"H =1 (7.30)
Further there exist two F="Y -predictable processes éi,oo’ BN 0 x [0,00) — M ¢(R?) with
P [ vt >0:BP" "2 ER Bl 2R B dn total Uariation] =1.

Proof. We prove ([7.30) and that the sequences (é“‘, n € Np) and (éT’”, n € Np) are well-defined
and continuous by showing via induction that for all N € Ny it is true that

hF, &Y, h[F,E"" € L£L,.(M), 0 <n < N, (7.31)

with localizing sequence (Ty,k € N), where (Ty, k € N) is the sequence of F="-stopping times
from the Conditions and that

P[vt>0:E°<EM <. <EMVT <EFNT < <BF <EM )= (7.32)
We start with N = 0. Recall that by the Conditions we have for all k¥ € N that
Ljo,1,)h[F,E] € £(M) (7.33)
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(M) with localizing sequence (Ty, k € N). Since 210 = 0 <
X and and since the competitive function F is increasing in the M ;(R)-coordinate,
it follows from the reverse order Lemma [T.T.6] that

h[F, &), h[F, &40 € £}, (M),

so if we define 27! and 24! as in (7.28) and (7.29)), then those are well-defined measure-valued
processes which are continuous with respect to the weak topology, see Lemma The reverse
order Lemma [Z.1.6] tells us also that

P[Vtzo 20 —0<aM <

Hence we have proven (7.31) and (7.32). The case N > 1 works analogously. Indeed let us
assume we have proven (7.31) and (7.32) for N € N. In order to prove that in this case (7.31))

and ([7.32)) are also true, when we replace N by N + 1, we need to show that
h[P.ESN T RF,ENNTY € £, (M) (7.34)

and so h[F, 2] is an element of £},,,
=40 — =X

[I])
[I]

4,1 X _=h0| _
bl gX — gl ]_1.

with localizing sequence (T%, k € N) and that

Plvt>0: 8PV <BPVY <BPVY <8PV -1 (7.35)

But since (|7.32)) is true for N, it holds
P {w >0:EPNT < BPNT < Eff] =1

and from this we can conclude is true, due to the Reverse order lemma |7 m and the fact
that h[F,EX] € Eetop( ) with locahzmg sequence (T, k € N). So we can define = EMV+2 and

ELNH2 45 in and ([7.29), where in our current situation we have to set n = N + 1, and
obtain Well—deﬁned M ¢ (R%)-valued processes with continuous paths in M ¢(R?) with respect to
the weak topology. With the help of the reverse order Lemma [7.1.6] and the fact that

P [Vt >0: 8N <EPVT <EPVT < éva} — 1,

which of course is a partial result of (7.32), we can conclude that it holds:
el N+l S 2LN+2 S 2T N+2 S ST N+
]P’[WZO._t > EHNT2 > BN > & }_1

but this is just ((7.35) in reversed order. Consequently the statements and ([7.32)) also true
for N + 1. Skoe can conclude by induction that these statements are true for all N € N, which
proves that (24" n € Ny) and (ET", n € Ny) consists of well-defined measure valued processes
with paths that are continuous in the weak topology of M f(]Rd) and that is true.

Due to is true for all (w,t) € 2 x [0, 00) that

S (w) < BP (@) and B () > BF ()

This implies that ('—l’ (w),n € N) is a converging sequence in total variation and due to the
E]'"(w) < B (w) the same is true for the sequence (2] " (w), n € N), see Lemma Since the
space M ¢(R?) is a Banach space with respect to the total variation norm, we can deﬁne B (w)
and B> (w) as the limits of (EF" (w), n € N) and E]"(w) < EX (w). As a consequence of the fact
that ('—i’ n € Ng) and (”T M. n € Ng) are contmuous and adapted, they are F=W-predictable,
and therefore the same is also true for 24> and E+> which are given by

Er*(w)(9) == lim EP"(w)(9) and E[*(w)(9) == lim E}"(w)(3)

n—oo

for each (w,t) € Q x [0,00) and each § € Cy(R?). O
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Proposition 7. 5 2 (Step II). Assume that (B4, M0 n e No U {oc}) are the processes defined
mn Pmposztzon 1 If we define with the help of Eb>® gnd BN the processes

ET:Qx[0,00) = Mp(RY), E':Qx[0,00) = M(R?)
by setting

(X], UMz, € 2N = Cut-Out (¢, F( -, EV>)), (7.36)

K2

(X},U1)%,, " EY) = Cut-Out(¢", F( - ,EN>)), (7.37)

K2

then it is true, that the new processes " and EY are modifications of BN gnd Bb<. Further,
the vector (BT, V) is the solution of the two-dimensional equation:

(X],UN)z,, €8N = Cut-Out (€™, F( - ,EY)),

(X, U;)l 2,68 = Cut-Out(£"”, F( - ,EN). (733
Further it holds
P[Vn,meN,vt>0: E" <B] <Bf <EI"] =1 (7.39)
Proof. Due to the fact that
P[Vn e No,Vt >0 : BF" > &P 2l < gl ] =1,
and due to
P [ Vt > 0: Eb" "2 ghee gl "2 21 iy total variation} =1, (7.40)
it holds according to the Point [3] of the Conditions for all k € N that
120,73 ([F, E™") = h[F, EM<]) [[|na =570, (7.41)

11 Lo,z (R[F, EH") = BE,ER]) ||| =3 0.
Let us now define for n € NU {co} (note that we set co — 1 = 00):

((X“ ZiT,n7 Ui)?ily €XZ7TJL7 E:XZ,T,VL7 QXZ,T,n) H[h[F =l,n— 1]] ,
((X“ Zil,,’l’b7 Ui);‘)ih £XZ,¢,7L7 EXZ,¢,7L7 QXZ,,L,'IL) H[h[F —!Tn]] )
Because of (|7.41)), Corollary tells us that if we choose a §* € C?(R%) and a §* € C?(R) with

G%(0) = 1 and §*(2) = 0 for all z > 1, then there exist two subsequences of (£X%Tmm m € N)
and (£XZ4nm m € N) such that

Sg}g |E§Z7Tvn7‘n (gafz) _ E?’Z,T,w(g;cz)' moo a5, >0,

S

N 7.42
sup [EX #7m (§7%) — EXZH(§7%)] 00 as., £ 20, (742)

s<t

where §g** = ¢*¢*. But by the definition of the cut-out process, see Definition and the
definition of (21", n € Ny) and (E+",n € Ny) from Proposition it holds

Ei(Z,T,n(gxz) _ ET,n(gaﬁ) and Ei(Z,L,n(gzz) _ Ei,n(gm)’n c N,

155



and
EXAT(577) = E1(57) and EFFH(g7) = B4(g").
So if we combine with (7.40), then it holds for all §* € C2(R?) and all ¢ > 0 that
E1™(57) = E1(5") and B (9") = B1(9") a.s.

Since there exists a countable, separating family (4%, n € N) in C2(R?), it holds that :I = étT
and E '—% = '_'J’ almost surely. This also implies that

I A[F,ET] = h[F, &Y [[lm = 0, ||| A[F,EY] — h[F,E»*] |[]m = 0. (7.43)

So if we define g and E by setting

«X UL171~> Cut-Out(¢", F( -,

(X002, & E") = Cut-Out (", F( -

o oo
=

then 3) implies that = Et and E' are indistinguishable and B¢ and E* are indistinguishable.
Fmally - ) follows from the fact that = 1 and E' are modifications and the fact that Z+°
and 2 are modifications combined with the fact that ', 8%, (EM n € N) and (B-",n € N)
are continuous in the weak topology. O

The third step is the most complicated one.

Proposition 7.5.3 (Step III).
Assume that the two processes E' and B are defined as in Proposztwn then

Plvt>0:8 == =1. (7.44)
Proof. Fist let us argue, why it is sufficient to prove for a fixed ¢ > 0, that
E[E (RY) - E]R)] =0, (7.45)

to obtain (|7.44). Note, that we already know, that

1>
-

P[vt>0: Ef < (7.46)

which implies amongst other things, that éﬂ’(Rd) — étT (RY) > 0 almost surely. So by proving

(7.45]), we obtain
2t (RY) = B[ (RY) a.s. (7.47)

Ef =2 as. (7.48)

So by showing that ((7.45]) holds true, we have shown that the processes E and ET are modifi-
cations of each other. But both are additionally continuous in the weak topology, hence (7.44))

156



follows from ([7.48]), which in turn followed from (|7.45]).
How do we prove ((7.45)7 We will make use of the Gronwall inequality and the semi-martingale

decomposition of E' and :¢ Since h[F,E',h[F,BY] € £}, . (M) with localizing sequence
(Tk,k € N) and due to (7.38), we can apply Proposition [7.1.7) to see that there exists local
FEW_martingales Mt and M i with localizing sequences

Ti=T1p ATy, 77 :={s>0:Y,=E5RY >k}

such that it holds

t t
BN (RY) = EY(RY) 4+ M*(t) + / b ZHRY) ds — / / F(z,EN)EY(dz) ds  (7.49)
0 JR4

1]

t
E(RY) = B (RY) + MT(2) / b ET(RY) ds — / F(z, B8 (dz) ds,  (7.50)
Rd

where M and M7 are local F="-martingales with M{ = 0 and M] = 0 a.s. Let us define for
each k € N the function vy, : [0, 00) — [0, 00) by setting for each ¢t > 0 :

uk(t) == E[Lp 0 () (BHRY) — B (RY)].

If we can show, that vg(¢) = 0 for all k£ > 0, then we can obtain our goal by applying the Lemma
of Fatou, indeed

BIBHRY) - EIRY)] = E | lminf 107,(0) (8 R - E1®Y)

= lim wvg(t) = 0.
k—o0

We will show that vy (t) = 0 for all £ > 0 with the help of the Gronwall lemma, therefore we will
prove that there exists a constant Kj > 0, for which vy (t) can be estimated from above by

t
t) < / Kyvp(s) ds. (7.51)
0
Then the Gronwall lemma will tell us that v, can be bounded by

v (t) < vi(0) exp (K’mﬁ) .
But since

E5(RY) = EjRY) = EX(RY),
it follows that vy (#) is equal to zero for all time points ¢ > 0. Consequently all we need to do
is to show (7.51). Combining the semi-martingale decompositions of =+ and E:T from ([7.49))
and ( with the fact that M*( - A7) and MT( - A7) are martingales with M*(0) = 0 and
MT(O) = 0 gives us a first upper bound for vy by

w(t) SE |2} R - 8] R

AT tATE

+ /0 t]E[n[O,m(s)( / F(z,BY 8l(d) — [ F(z, 8D ég(dx))}ds. (7.52)



We are interested in finding a suitable upper bound for (7.52)). By adding and subtracting the
inner expression of (7.52)) turns into:

Lo 6)( [, P Blldo) - [ F(o.B]) Blan) (7.53)
R4 R4
= 1050 (5)( / F(a,8}) Bl(dr) ~ [ F(e.E]) El(dn)) (7.54)
Rd R4
1oz (s)( [ F.ED Ellde) - [ (o B Blan)). (7.55)
Rd R4

The term ([7.55) is negative. Indeed F' > 0 and =t < éi, o)

F(z,B1) (éz(dm) - éﬁ(dx)) <0, zcR%s>0.
Rd
Therefore we can simply drop (7.55: , since we are looking for an upper bound of ({7.53)). Consid-

ering (7.54)) we note that due to B! < Eﬁ for all s > 0 and the fact that F' is non decreasing in
the second coordinate, it follows that

F(z,BY) — F(#,E]) >0, s€[0,00),2 € R% (7.56)

Since ([7.56) is positive and éé < 2X, we can bound (7.54) from above by

Uors) [ Fle,BY) - Flo, B8] (do) <
R ~ (7.57)
o) ([ FeBh) - P B =X (a0)).

But this the situation of (7.10]) from the Conditions so ([7.57) can be bounded from above
again P ® £eb[0, 0o) almost everywhere by

Loz () Kk [BERY) — ETRY)].
So combining our results about ([7.54) and ([7.55) we get:

o) [ P8 El(an) - [ Pl ED) Blan)

<oz (s) K [EHRY) — ENR?)] P © £eb[0, 00)-ae.
All in all, we can bound now the function vy for all ¢t > 0 by
¢ t
uk(t) < /O bE (110 7, (s) (ES(RT) — EI(RY)] + /O KyE[Lp 7, (s) (BERT) — ELRY)].
So the inequality required for the application of the Gronwall lemma takes the form:
t
g (t) < / [1b] + Ki|vk(s) ds.
0

Based on our previous thoughts this proves the claim. O

We combine all three previous steps in one theorem and add uniqueness.
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Theorem 7.5.4. If F satisfies the Conditions then there exists a process E:Qx [0,00) —
M (RY) which solves the equation

((X:,U)2,,€ 8) = Cut-Out(¢V, F( - | B)). (7.58)

This solution is unique, in the sense, if there exists a second process E : 0 x [0, 00) — M ;(R?)
being the solution of

(Xi,U)Z4,€, E) = Cut-Out(¢”, F( -, E)), (7.59)
then (X, ﬁz)f"l,é 2) and ((X;, Ul)fol,é, E) are indistinguishable from each other.

Proof. For the first part, if we set B = :¢ then thls process satisfies the equation (7.58)), because
(2 =t ~T) form a solution of the equation system (|7 and that ¢ and " are 1ndlst1ngulshable
from each other.

Assume now that is a second solution to the competitive equation of F' with driving signal
¢V, Tt is sufficient to show that

[
[1]]

P[E -

We recall the sequences (éT’”, n € Ng) and (él’”, n € Ng) from Proposition Due to

bt 0} =1 (7.60)

P[\ﬁzo:o_"“’ t<—“’_—X} —1.
If we now repeatedly apply (7.59)) and the reversed order Lemma we obtain:
P[VneN, vt >0:E]" <E, <EM"]. (7.61)

But by Proposition [7.5.1] we know that (E"7)%° ; and (E+7)>°; are both converging against =
in total variation, indeed

]P’{VtZO Epn Y Epe ':Tnniof—'“)cmt.v.} =1

y =t =t

Therefore (|7.60) follows from (7.61). From (|7.60) follows also that
P [((R0.0:0)720.8) = (K0, )21, 8] (762

Let us assume that (2 )22, and (Z;)$2; are the integrated processes used to construct the processes

from (7.62) as it is done in Definition Since

t 00
t) :/0 /0 ]l[F(EEi(t,s—),és)](p) (¢, dp, ds),
o t 00
t) :/0 /o ]l[F(}fi(t,s_),és)](p) N (t, dp, ds).

Because of (7.60)), it holds Z;(t) = Z;(t) almost surely for all i € N and ¢t > 0 making Z; and Z
indistinguishable (both are cadlag). We can now conclude that (7.62) is true based on Definition
13 O

We have now proved that the COHlEetltIVG equation admits a solution, and we assume for the
rest of this section that (X, U; )21, &, E) is the solution of (7.58). All that remains to do is to
show that = is a competitive model Comp(Bx, a,b, F, ©¢) and that E is a Poisson representation
of E. Both statements are direct consequences of our integration theory developed in Chapter
and in Chapter [4] therefore it is important to recall the definition of the Cut-out process

Cut-Out (&%, F( -,V)), see Definition
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Definition 7.5.5. We define the F&€ and FE as the right-continuous completion of the natural
filtrations ofE and E.

Lemma 7.5.6. The process gis a Poisson representation ofé. It holds for all finite FE -stopping
times T that

I (§T|f§) — PPP (8, @ £eb[0, 00)). (7.63)

Proof. Let us recall (X“ U; e 1,{, ) Cut-Out(SW,f( . ,é) , indeed if (6XZ,2X%) are given
as in Definition|7.1.3, then & = £¢X% (. x {0} x ) and E = EXZ( . x {0}). Further by Theorem
[B.5.7 we have that

L(&X7|FEY) = PPP(EXZ ® Leb]0, 0)).
Now let us fix g** € CF(R% x [0,00)) and we set g*** := g*"g* with g € CJ(R) with g*(0) = 1
and g*(z) = 0 for |z| > 1. Since F= C F=W we can conclude
E [exp(~&(g"))|1 75
—E [E [eXp(_£XZ (%)) |]_-E,W] |}~T§}

_E [exp( /RR/ 1 — exp(g™* (, 2, u)) duBXZ (da, dz)> |f?]

= exp ( /R/O 1 exp(gw(x,u))dus(dx)) .
N

Since the class of Laplace functionals is separating for M (N(R? x [0, 00))) it follows from
Lemma O

Proposition 7.5.7. The process E solves the martingale problem described by Comp(ﬁ, a,b, F,0),
see Definition |1.2.1].

Proof. This proofs works similar to the proof of Proposition Let us assume that (X%, 2X%)
is given as in the proof of Lemma |7.5.60 Now for a fixed § € Cb+ (R?) we set §** = §§*, where
G* € CZ(R) with 97(0) = 1 and §*(z) = 0 with |z| > 1, Proposition tells us that

M (t) =exp(— A”(ﬁ“)) —exp(—8p 7(5°)) — A(t) (7.64)
= exp(—E4(9)) — exp(—Eo(9)) — A(1), t >0, (7.65)

is a local martingale, where the process A is given by (4.17) with ¢** taking the role of §. The
last line of Expression (4.17)) takes in our case the form:

/exp (—EXZ(§%%) /d+ / (@, 2+ 1y gy (P) — 57 (x, 2)dpEXZ (dx,dz)ds
R 1

t
- / exp(~E.(0)) | F(n.E)o(0)E. (do)ds
0 R
So all in all, A(t) is identical to

[ @00 - a2 - [ swre,

[I] )
1] )

E, (dm)] exp (— B.(g))ds.
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Proposition together with Lemma (7.5.6| proves that ({A, é) forms together a Poisson
representation of Comp(Bx,a,b, F,0y). For completeness we state also the martingale problem
satisfied by &.

Proposition 7.5.8. Let us assume that g € g(B), see Deﬁnition and that f = —log(g),
then the process

M(t) = exp(=£&(f) — exp(=&o (/) = A(t), >0,
is a local f‘g-martingale, where the process A is given by (with E = R% x R x [0, 00))

' ] oo BO )
-/ /E D)7y el
—|—/ [exp(—gs_(f) (au? —bu)MES_(dx,du)ds

g(z,u)

//exp // 2a[g(z,v) — 1] dv€,.(dz, du)ds

1—g(z,u) .xz
//exp —&,.(f))F(x ,HS)Wﬁs_ (dz, du)ds.

Proof. From the definition of g(B) we know that g must have the form:

dx, du)ds

l
gl u) =H [1—gi@gtw)] =14+ Y (=)g5)g5(u),

[7]ClNe
where g7 : E — [0,1) are elements of D(B), g¥ : [0,00) — [0, 1) are elements of C([0, oo))
and g5 = [[;c; 97 and gy = [[;c; g} for J C [J\ @ ([[] := {1,2,..,1}). Note that g :

—g+1 € CF(RY x R). If we set ¢g°** := 1 — gg* with g* € C’g( ) with ¢*(0) = 1 and
g*(z) = 0 for |z| > 1, then it follows from the properties of g(B), that ¢g*** €€ &%. Further
it holds exp(—£&(f)) = exp(—&XZ(f72)) with 2% = —log(g”**). Our claim follows now from
Proposition in the same way how we derived Proposition from Proposition O

We wrap things up by explaining how the previous results prove the main theorem, see
Theorem [1.2.6l

Proof of Theorem[I.2.6 According to the Sections[7.3]and [7.4] we know that the conditions[7:2.2]
are satisfied by the non-linear Bolker-Pacala models and non-linear singular interactive models,
hence if the competitive model Comp(Bx,a,b, F, éo) belongs to one of the two classes, then
the Cut-Out equation

~

((X;,U0;)2,,€ E) = Cut-Out(€”, F( -, E)) (7.66)

has a solution. By Lemma and Proposition the pair (E, é) form a Poisson represen-
tation of Comp(Bx,a,b, F,0g), recall Definition [1.2.2 O

7.6 Possible Application: Extinction

Even basic questions like “Does the population become extinct?” can be hard to answer for
models with competition, where extinction is formally defined as

im 2R — o] =
P | lim E,(R?) = 0| = 1. (7.67)
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When ¢ is the solution of the Mueller-Tribe SPDE, see , then Mueller and Tribe showed in
Theorem 1 of [36], that there exists a constant b. > 0 such that the population described by @
will die out almost surely, when b < b, and the initial population ¢y has compact support. If
b > b,, then the probability has a chance to survive. Other results about the extinction behavior
have a similar taste. Hutzenthaler and Wakolbinger studied in [I8] the stepping stone version
of the logistic Feller diffusion, which is the solution of the following infinite system of stochastic
differential equations:

yezd (7.68)
2 ~
TRV (¢ )—c[—HW( )} + /200 (2)dB,(z), =€ 74,

where (B(x),r € Z%) is a collection of independent Brownian motions, \,a,b,c > 0 and m is
a irreducible normalized translation-invariant matrix, i.e. > .,am(0,2) = 1 and m(z,y) =
m(0,z — y). While they studied even more general systems, their main result, Theorem 1,
translates for ) to the statement: For fixed parameters A, m,a and ¢, the population E SHW
dies out, if b < bc, Where b. is given by

o ac o
exp (beu — —u® ) Aexp(—Au)du = 1.
|| e (b= G2)

This statement can be found as Corollary 6 in [I8], but it looks a little bit different there, because
they use different parameters. Etheridge proved in the same paper [I1], in which she introduced
the Bolker-Pacala models (she calls models like the stepping stone version of a Bolker-
Pacala model), that for b big enough, the population will survive with a positive probability. The
model of Mueller and Tribe, , and the model of Hutzenthaler and Wakolbinger, , are
related to each other, in the sense that only particles at the same spatial location interact with
each other. As a result of this local competition, there exists a Laplace self-duality, see Theorem
3 in [I8] or Section 2 in [25], which is a valuable tool to investigate the extinction behavior. But
the competition term in the Bolker-Pacala model 287, see , is non-local, hence the Laplace
self-duality does not hold and the models are less tractable. Still Etheridge could prove in [I1]
a result very similar to Mueller and Tribe. She showed, that for a fixed triple (a,b,#) there
exists a constant ¢ for which EBF dies out, if ¢ > ¢ as long as the initial mass :(J)BP is finite.
She also showed that for every fixed (a,c) we can find a b such that ZBP dies out, when b < b,
'"BP(Rd) < 00 and sup, 72 7%4(r) < oo for some § > 0, see Theorem 1 in [L1] (Ethemdge could
also prove extinction for the case where 2 ZBP has infinite initial mass, but we will only discuss
the finite case h/g)re). The argument of Etheridge depends on the compact support property, that
means that, if 287 has compact support, there will almost surely exists a compact set I' ¢ R¢
with

Us<¢ supp (B BP) cr.

Unfortunately this is unlikely to hold, if the spatial motion of the particles has jumps (for a proof
in the case of the corresponding superprocess without competition, see Theorem I11.2.4. in [40]).

We want to present a new approach which may allow to prove statements similar to the ones
of Etheridge but with more general spatial motions. Let us assume that ((Xz, Uz7 )2, 5’, ) are
obtained as the solution of Cut-Out equation:

~

((X:,U3,)2,, €, 8) = Cut-Out (W, cF( -,

[

) (7.69)
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see Definition Since we are interested in the Bolker-Pacala case, see (|1.8]), we also assume
that

Pl = [ #lle=ylDutdn). o€ R e MR,

By the previous sections ) has a solution and & ~ Comp(Bx,a,b,cF, @0) which implies
that 2 is a Bolker-Pacala model We are now going to divide the population 5 into two sub-
populations. The first one consists of the particles with a levels lower than b/a, the remaining
particles are contained in the second population. We also subtract b/a from the levels in the
second population.

Definition 7.6.1. We define the processes

€112 x[0,00) = Np(R? x [0,b/a), & = >0 3,00, Mo/ (Ti(t));
=1
2! Q x [0,00) — My(R), Bl = 0z Lo (Ti(1);

=1

_ > ~
(0 x [0700) — N(Rd X [0,00)), £t = Z6()?7;(15),(71-(75)—()/@)1[b/a’oo)<Ui(t));
i=1

g I

m

22.0 x [0,00) = M (R, :‘t = ’Y]Rd(ft)

This division of E into two processes SA 1 and §2 is based on the following observations. First,
E; = E; almost surely for ¢ > 0, because:

)

(1>

f lim — 25()( (t),U:(t)—b/a) [b/a r)(U( ))

r—oo T

[

= Jim = Z5<X (,8:(t)-b/ay Lo (Ui(t) =

which in turn means 1, (£2) = E;. Hence E dies out, if and only if £ dies out. Further, the
particles in El give birth to new particles in ? SO 5 can not die out, as long as El did not die
out, and we will see that £ must die out, if 51 has died out. Finally, the differential equation
describing the evolution of the levels, i.e.

= au® — bu,

is strictly negative for u € (0,b/a) and strictly positive for u € (b/a, 00) (Note further that almost
surely there will never be a particle with the level 0 or b/a), therefore the level of the partlcles
in 51 will always remain below b/ a and they can only die by competition. As a consequence =
can only become extinct, when & ¢! has died out before, which only happens, if Z Z! does the same.
We can also derive a quantitative description of the joint behavior of (2!, ) in the form of a
martingale characterization.

Proposition 7.6.2. Recalling D(Bx) from Deﬁmtzonm B.4.4 let us assume that §; € D(Bx),§2 €
D(Bx), then the process M2 given by

M2 (t) = exp(—E4(g2)) H g1(x) — exp(— H g1 (w) — AV (1)

ze_t mE.—O
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[l] )

18 a local martingale with respect to the natural filtration of (.% é ) (which we denote by FE
and where the process A2 is given fort >0 by

=),

/Ot <eXp (-E:@) [[ o= {—és(BX(Qz)) — bE.(g2) + aB.(45)

‘LE':l

+c/’/“ (Il — yl1)d2(x) B (dy) B (d) — 241 (32)

+AﬂCﬁﬁﬁ>+mm(> De [ ﬂm—mﬁ<>@ﬁquQEUMﬂﬁ&

We give a sketch of the proof of this statement at the end of this section. Note that this is
a competitive version of the Evans-O‘Connell backbone decomposition, see [I5]. If we compare
this with the martingale problem described in Definition [I.2.1] then we realize that the process

E shows under the filtration F= £ a different behavior than under its natural filtration. With
the help of the It6 formula we can derive, that for each g € D(Bx)

M(t) := Ey(g2) — Bo(go) — A(t) (7.70)

is a continuous local F='
variance given by

=_martingale with (M), = fg 2a§s(§§)ds and A is a process with finite

wb/éwmmbﬂ@d

/ /Rd/ |z = y|) g2 (%) Bs(dy)Bs(da) + 2aEL (§2)ds.

Comparing this with the second line of (7.70]), we notice that the linear part of the drift term
has switched sign and is now equal to

— bE () (7.71)

instead of b=, (g2). We observe also an additional immigration term with the form 2a_. (92).
This immigration term is the result from the fact that the particles in E! are constantly giving
birth to new particles in § ¢! which in turn produces new mass in & which will keep the population
= alive as long as 2! has not died out yet. But as soon as this has happened, the sign-switched
drift term ensure the extinction of =. This is on its own interesting. For our idea for the
proof of extinction we start with 79 = 0 and

Thpr = inf{s > 7 : EL(RY) # EL (RY)}, ke Ny,

so (14)52, are the moments, where the number of the particles in E! is changing. Next, we

would like to show that we obtain by setting
EL (RY) =Ny, Vk >Ny,

a “random walk” N = (Ng, k € Ny) which will almost surely hit 0. We proceed with defining for
(0, 1) € Np(RY) x M;y(R):

d(o,p) =P | N1 = No — 1|(E4,Z0) = (e, u)} :
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which means that d(p, i) is the probability that a partlcle dies i in Z* , before the first new particle
is born in B!, (p, 1) are hereby the initial values of 2} and Zj. The key step would be to prove
that

= inf{d(o, 1); 0 € N}(R?), p € MR} > 0.5. (7.72)

Using a “pecking order” and the fact that the law of the Lévy process is invariant under trans-
lation, we should be able to argue that

- d((SO? OJRd)v

where Oga is the null measure over R%. So q is the probability that the one particle in E1! dies to
the competition generated by its own children in &2, before it can give birth to a second particle
in €. Assuming that (7.72)) is true, the strong Markov property of (E!, E) will give that

P[Niy1 = Np — 1Ny =m] > q > 0.5,

and P[Ni41 = Ni + 1[Ny, = m} = 1 —¢q < 0.5 for all m € N, hence N would hit 0 inevitably.
Let us now Shortly argue why ([7.72] should mtultlvely be true. From Proposition 2| we can
conclude that Z! is under the ﬁltratlon FE'E Branching particle system with blrth rate b and
competitive death rate

¢ / A(llz — yl1)E(dy) (7.73)
Rd

at the spatial posmon z € R? and the time ¢ € [0, 09) So if  increases, we observe more deaths
in 2. The process E is under the filtration F= = a competitive model with negative drift b,

competition rate and an immigration term given by
2=} (7.74)

So if we increase the branching rate a, then & grows faster due to the 1mm1grat10n which increases
the competition rate in :1, so increasing a should increase ¢ from Of course a bigger
population = also leads to more competition in 2, but the competltlon and the immigration will
balance each other out. So by fixing b and ¢, there should exists a critical value for a. such that
is true for all @ > a.. This argument could generalize Etheridge’s results, eliminating the
need for the compact containment property. This approach may also work, when we consider
more general branching mechanisms with infinite variance, which would extend Etheridge’s result
even more. In this case the process N would be a random walk with jump sizes in {—1} UN,

which would make it necessary to replace ([7.72)) with a statement in the flavor of
inf {E | N1 — No| (3, Eo) = (0,1)] .0 € Ny (R, 4 € My(RD) } <0,

Proof of Proposition[7.6.2 Let us define Ly, g, : Ny (R? x [0,7)) x N(R? x [0,00)) — [0, 00) with
Ly, g.(0,m) := Hreggl(x u) exp( 1(log(gz))) for g1 € g(B,b/a), see Definition g2 € g(B).
If we define the processes V1, V2 V3 : Q) x [0,00) — R by setting

VEO)= L@ 8) [ |22 Oulon) )

2 (L1
o e I R e

— v C/f Xr — gk(x U)e % X U
// 2alguo0) = 1o+ [ el = o) e _t<dy>}st-<d du), ke {12)
V3(t)= Ly, g, (€L, E2) /E / 2algs(z, v) — 1] dv€ (de, du),
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where E = R? x [0, 00), then we obtain a local F&"W-martingale by setting

t
MY2(t) = Ly, 4, (], €7) — Ly, 0. (€5, €2) — / Vi(s)+ V() +V3(s)ds.  (7.75)

This can be proven by extending the arguments used to prove Proposition [4.3.2l The process
V3 reflects the fact that 51 gives birth to new particles in 5 The difference between V! and
V2 with regard to the level dynamics is the results of the shift by —b/a during the definition of
a 5 This shift changes the ODE describing the dynamic of the levels, i.e. if O = U — b/a and
U = aU? — bU, then O = aO? + bO, because

O =U =a(0+b/a)? —b(O —b/a) = aO? + bO.

Recall the processes EW:b/a gW:b/a eW.2b/a from Definition [2.5.2] the state space D of the path-
valued process W and the Markov kernel Uni%, from Definition with E being a Polish space
and r € [0,00) a level cap. With the help of the Markov mapping theorem we are able to prove
that

£((€° €720, o (=12, Bl s < 1) = Unig (8)"%) @ PPPa(E] @ Leb]0, o))
from this we can derive the same for (El, éé), ie.
((£t7£t)| E E) Ude(—'t) ® PPPRd('—'t ® £eb[0,00)). (7.76)
We can now prove our claim by applying (7.76)) to (7.75) in combination with the conditional

martingale lemma, see Lemma and the results of Lemma in a similar fashion how
we proved Proposition based on Proposition O
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Appendix A

Markov Process Theory

A.1 Martingale Problems

In this section we want to discuss the definition of a martingale problem and the path properties
of its solution. The content of this section is based primarily on the the paper [3] by Abhay G.
Bhatt and Rejeeva L. Karandikar, which provides a great overview about this topic and contains
many examples. Our definition of a martingale problem is based on the Definition 2.1 found in
this paper. We will introduced small changes, i.e. we use a slightly different notation and our
processes are defined on the whole of [0, 00) and not only on a finite time interval of the form [0, T']
for some T € [0, 00). The definition of Bhatt and Karandikar is a little bit different from the one
given by Ethier and Kurtz in [T4] with regard to some technical details. We shortly address these
differences in Remark and explain why both definitions are basically equivalent, especially
regarding to the question of uniqueness.

Definition A.1.1. Assume that E is a Polish space, (2, F,P) a probability space and pn € M1 (E)
a probability measure. Considering a map

B:M(E) > D(B) —» M(E),
where M(E) is the space of Borel measurable functions f : E — R, we say that the stochastic

process X : 1x[0,00) = E is a solution to the (local) martingale problem MP(B, u) with respect
to the filtration F := (F¢,t > 0), when

1. X is F-progressively measurable,

2. X has the initial distribution p, i.e. Xo ~ p,
3. We have E [fot |B(f)(Xs)|ds| < oo forall f € D(B) and all t € [0,00),
4. The process My : Q x [0,00) — R given by
t
My(t) = £(X) ~ £(X0) = [ BUIX)ds, te [0.50),
0
is a (local) F-martingale for all f € D(B).

If the filtration is not specified, then it is assumed that F is the natural filtration of X.
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Definition A.1.2. 1. We say that X is a continuous, resp. cadlag, solution of the (local)
martingale problem, when X has almost surely continuous, resp. cadlag, paths.

2. We say that the martingale problem MP(B, 1) has a unique solution, if all solutions have
the same finite dimensional distributions.

3. We say that the martingale problem MP(B, u) is well-posed, when there exists a solution
and it is unique.

4. When we omit p and just speak of the martingale problem MP(B), i.e. when we say that
MP(B) is unique or well-posed, then we mean that MP(B, 1) is well-posed for all possible
ingtial distributions p € My (FE).

5. If we add the word “continuous” or “cadlag” to the above definition, then we want to
express that the martingale problem possesses the corresponding properties, when we only
consider the set of continuous or cadlag solutions.

Of course every continuous solution is a cadlag solution and every cadlag solution is a pro-
gressively measurable solution. Hence the existence of a continuous solution implies the existence
of a cadlag solution, and the existence of cadlag solution implies a progressively measurable so-
lution. But the direction of implication is reversed, when we ask for uniqueness, indeed it is
possible that MP (B, 1) has a unique continuous solution, when we consider the only continuous
processes, but it may happen that there exists more than one cadlag or progressively measurable
solution.

Remark A.1.3. As already mentioned our definition differs from the one given by Ethier and
Kurtz on Page 178 of [T]|] (or Page 224 for local martingale problems) in subtle nuances. First
Kurtz and Ethier allow B to be multivalued, but we do not. Further a solution only has to be
a F-measurable processes, which is less restrictive than to ask for a F-progressively measurable
process. Additionally, if no filtration is specified, they use instead of the natural filtration the
filtration (Fy,t > 0) with

Fi=0(X,,s<t)Vo </Oth(X(u))du; s<t, he B(E)> .

We are now explaining why these differences are not substantial. If X is a F-measurable process,
then it admits a modification X that is F-progressively measurable, see Theorem 0.1 in [3§].

Further, if X is progressive, it follows by Fubini’s theorem that the process P(t) := fot h(X (u))du

is adapted to Fy := o0(Xs,s < t) and hence Fi = Fi. Since X and X have the same finite
dimensional distributions, uniqueness under all F-progressive solutions implies uniqueness under
all F-measurable solutions.

A.2 Borel Strong Markov Processes

If one works with Markov processes whose state space is a locally compact Polish space, like
R, or it can be naturally embedded in such a space like M ;(R?) can be embedded in M f(]ﬁd),

where R? = R?U {00}, then the notions of Feller-semigroup and Feller process offer a convenient
framework to apply the theory of strong semigroups and the theory surrounding the theorem of
Hille-Yosida as it is presented in Chapter 1 in [I4]. But we encounter in Section the idea of a
path-valued process which takes values in a modified version of the Skorohod space D(R™), the
space of all cadlag paths in R", which is unfortunately not locally compact. So the theory of
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Feller processes can not be applied so easily, but luckily Edwin Perkins provides us in Chapter
I1.2 of [40] with the notion of Borel strong Markov process which can be viewed as the natural
extension of the notion Feller process to Polish spaces which are not locally compact. So it is
possible to regain most theorems by replacing the notion of uniform convergence with a weaker
convergence. We collect some of this results in this section.

Let (E,d) be a complete metric space with Borel algebra B(E). Further B(FE) is the space of
bounded, measureable functions f : E — R and Cy(F) is the subspace of bounded, continuous
functions. We write M (FE) for the space of probability measures on E, which we equip with
the weak topology. As usual D(FE) is the space of cadlag paths in E with the topology implied
by the usual Skorohod metric dpgy. Let B(D(E)) be the Borel algebra of (D(E),dpg)), let
7 D(E) — E for t > 0 be the coordinate map with m(y) = y(¢) for y € D(E) and let D :=
(Dy,t > 0) be the canonical right-continuous filtration on D(E). We say that (g,)52; C B(E) is
converging boundedly and pointwise to g € B(E), if (||gn||oo) is bounded and lim,, o0 gn(x) =
g(z) for all z € E. We denote this by

b.p.
gn =5 g. (A1)

Our definition of a Borel strong Markov family is based on the notion of a Borel strong Markov
process from Chapter I1.2 of [40], more precisely it is a combination of the points (I11.2.1), (I1.2.2)
and the Property (PC) from [40].

Definition A.2.1. We call a family (P*,xz € E) C M1(D(E)) of probability measures on D(E)
a Borel strong Markov family, if the following conditions are met:

1. The map x — P* is a measurable map from (E,B(E)) to (M1(D(E),B(M1(D(FE)))),
where B(My(D(E))) is the Borel algebra generated by the weak topology on My(D(E)).

2. The canonical process (m,t > 0) on (D(E),B(D(E)), P*) is for allz € E a strong (D, t >
0)-Markov process whose semigroup (P, t > 0), where Pi(f)(x) = P*(f(m:)), satisfies
Pt : Cb(E) — Cb(E)

We call (P*,x € E) C M1(D(E)) a continuous strong Markov family, if the map x — PT is
a continuous map between (E,d) and (M1(E),B(M(E))).

It will turn out that ¢ — P;(f)(x) is continuous for f € Cy(E) and x € E, while the right-
continuity immediately follows from the requirement that the process is cadlag, the left-continuity
follows from the fact that we can show that every Borel strong Markov process is a Hunt process,
see Lemma The difference to a Feller semigroup would be that ¢ — P.(f) is continuous
with respect to the || -||co-norm, but P would be also a map from Cy(E) to Co(E), where Cy(E)
is the set of continuous functions that vanish at infinity.

Lemma A.2.2. Let (P,)zer be a Borel strong Markov family, then it is for every pair (f,v) €
Cy(E) x Cy(E) equivalent:

1. For every x € E and every process W with law P® holds that f(W;) — f(Wy) — fg PY(Wy)ds
is a cadlag martingale with respect to the natural filtration of W.

2. L(?_f M 1 fort — 0.

From the equivalence with the second point it follows that there exists at most only one ¢ for
each f such that f(Wy) — f(Wy) — fot W(Ws)ds is a martingale.
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Proof. See Proposition I1.2.1 in [40]. O

Definition A.2.3. We call the set Bp C Cp(E)XCy(E) given by the pairs (f, 1) € Cp(E)xCy(E)
satisfying one of the equivalent conditions stated in Lemma[A.2.2] the full weak generator. We
denote by dom(Bp) C Cy(E) the collection of f € Cy(E) for which a v € Cy(E) exists such that
(f,¥) € Bp. Since Br is single-valued we can interpret it as a map Bp : Cp(E) D D(Bp) —
Cy(E).

Lemma A.2.4. For all f € Cy(E) and all t > 0 holds P(f) € D(Bp). Further for all f €
D(Bpr) holds

1. P(Br(f)) =Br(P:(f)) for allt > 0.
2. Pf) = f = [y Br(Pu(f))ds.
Proof. See Proposition I1.2.1 in [40] O

A further important tool is the resolvent.

Definition A.2.5. For A > 0 we define the A-resolvent Ry : Cy(E) — Cy(E) by
()= [ e R
Lemma A.2.6. For all f € Cy(E) holds,
1. Rx(f) € D(Bp). 2. Ra(f) "8 f for A — 0.

Let us denote by Id the identity on Cyp(E). For all X > 0 holds
3. If f € Cy(E), then (Id — ABp)Ryf = f.
4. If f € D(Bp), then Ryx(Id — ABp)f = f.
Proof. See Proposition I1.2.2. in [40] O

Lemma A.2.7. Every Borel strong Markov process X is a Hunt process, indeed let us assume
that F is the complete, right-continuous version of the natural filtration of X, then it holds

lim X7, = X7 a.s.
n—oo

for all increasing sequences (1,,)5%, of F-stopping times with T,, T T, where T is also a F-
stopping time.

Proof. This statement is the Exercise I1.2.1. on Page 14 in [40]. Following the given hints, we
define Y := lim,,_, o, X7, , note that Y (w) is well-defined, because X is cadlag. We are now going
to show that Y = X7 almost surely, for this it is sufficient to concentrate on bounded T', because
for a general finite T, we can use the fact that Xpa, = X7 on {T < n} and that P[T < n] — 1
for n — oco. The main step for this proof is to show that

Elg(Y)f(X7)] = E[g(YV)f(Y)] (A.2)
for all g, f € Cy(F). Based on this statement we can conclude that for any h € C,(F) holds

E[(h(X1) — h(Y))?] = E[h*(X1)] — 2E[A(X7)h(Y)] + E[A*(Y)] = 0.
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We prove (A.2)) first for h = Rx(f) in the place of f, where A > 0 and f € Cy(FE). Since Ry(f) is
converging against f boundedly and pointwise, we can apply Lebesgue theorem to derive (A.2)).
Since X is a strong Markov process, we have that

PA()(Xr) = I (X140 Xr] = EIf (Xr2) P,
When we combine this with definition of the resolvent, then it follows:
Bl (X)) = [o¥) [ e R i =B [ov) [T e MBI (e el
—& | [ el Cer Frlas| =B | [T g Cr s
=5 s [ e poxas]

T

Repeating those steps we can also show that
Bl (X 1)) = | [ o) 1t i)
0
=FE [g(XTn)eAT"/ e_’\sf(Xs)ds.} R [g(Y)e’\T/ e_)‘sf(XS)ds} .
Tn T

Since the limit of E[g(X71, )h(X1,)] is E[g(Y)h(Y )], this proves our claim. O
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Appendix B

DW-Superprocesses and
KR-Representations

B.1 Dawson-Watanabe Superprocess

In this section fills out the missing details from Chapter [I} We present two ways to characterize
the Dawson-Watanabe superprocess as the solution of a martingale problem. The first one will
be the classical way often found in the literature, while the second way is more convenient in the
context of the Kurtz-Rodrigues representation and the Markov mapping theorem.

Let us assume that Bp is the full weak generator belonging to a Borel strong Markov family.
Traditionally the Dawson-Watanabe superprocess is characterized as the solution of the following
martingale problem see Section I1.5 in Perkins’ Saint Flour [40].

Definition B.1.1. Let us assume that (Q, A, P) is a probability space and that BX : Qx [0, 00) —
M(E) is a continuous M ¢(E)-valued process with natural filtration F= = (F&,t > B) that
satisfies: For every g € D(Bp) the process given by
t
Myt = =)~ =5(0) - [ SHBr (@) + =@ ds (B.1)
is a continuous local F=-martingale with quadratic variation given by
t
(Mg = [ 2a=E(5) ds. (B.2)
0
We call % a Dawson-Watanabe superprocess with spatial motion given by Br, branch-

ing rate a and drift b. We often write BX ~ DW(Bp, a,b) or X ~ DW(Bp,a,b,0g) in the
case of BX ~ Q.

Proposition B.1.2. The local martingale problem from Definition[B.1.1] is well-posed. Further,
if E[E§(E)] < oo, then the process My is a proper martingale for all g € D(X). Further if
(Pu, € My(E)), where P, is the law of B over C([0,00), Ms(E)), then (P,,p € My(E))
forms a Borel strong Markov family.

Proof. According to Theorem I1.5.1.(a) from [40] the local martingale problem implied by Defini-
tion is well-posed for any initial distribution of 2% and by Theorem I1.5.1.(b) the solutions
form together a Borel strong Markov process. Further by Proposition I1.4.2. from [40] we also
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know that there exists a solution with E[E§(E)] < oo for which Mj is a proper martingale for
all possible § € D(BF). O

While Definition establishes the connection to the standard literature about super-
processes, in the context of the Kurtz-Rodrigues representation and for the application of the
Markov mapping theorem a different martingale problem for the Dawson-Watanabe superprocess
based on the Laplace functionals is more convenient.

Definition B.1.3. Let E be a Polish space and f € C;’;(E) be a continuous, non-negative
function defined on E. We define the Laplace functional L € CH(M¢(E)) by setting

Li(p) = exp(—u(f)), p€ My(E).

Definition B.1.4. Let us fix the parameters (B, a,b), where B : D(B) C Cy(E) — Cy(E) is an
operator satisfying the Conditions[B.2.4, a > 0 and b € R. We define the map

Cp: Cb(Mf(E)) > D(CB) — C(Mf(E))

in the following way: We set D(Cg) = span{L;;§ € D(B)} and we define Cg(Ly) for j € D(B)
by setting

Ce(Lg)(p) = —[1(B(9)) + bu(§) — an(g®)] exp (— u(@)), 1€ My(E).

Proposition B.1.5. The martingale problem MP(Cg) admits a EX solution with
t
E[EX(E)] < co and / E[EX(E)]ds < cc. (B.3)
0

Proof. Every continuous solution of the martingale problem from Definition is also a solu-
tion of MP(CB Assume that 2 is a solution of the martingale problem from Definition m
From , and Itd’s formula we can conclude that Z* is a solution of MP(Cg). When
we set g = 15, then we can conclude from that

E[EX(E)] = E[E5(E)] + / VEIEY(E)] ds = EIE(E))".

This gives us (B.3). O

Remark B.1.6. Note that we do not require that MP(Cg) is well-posed, although that could
be derived easily with the help of the Log-Laplace equation, see Section 4.7 in [9] for situation of
locally compact E or Page 43 in [39] for more general spaces E. With Log-Laplace equation we
can derive that all solutions must have the same one-dimensional distribution, then the Theorem
4.4.2. from [T]]] tells us the that the martingale problem is well-posed. We do not need that
MP(Cg) is well-posed, because the Markov mapping theorem, see Theorem Just requires
Proposition . We obtain the well-posedness of MP(Cg) as a side effect of the Markov
mapping theorem.

B.2 Generator of the KR-Representation

Goal of this section is to characterize the Kurtz-Rodrigues representation as the solution of the
well-posed martingale problem MP(Apg), hereby we fill out some of the gaps in Section
The operator Ag of the martingale problem, see Definition below, is based on a linear
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operator B characterizing the spatial motion of the particles. This operator B must satisfy
certain conditions/restrictions, so we can apply the results of Section A.6 from [32] and the
Markov mapping theorem. These conditions are very technical but for every reasonable Markov
process it should be possible to find a suitable generator.

Definition B.2.1. 1. An operator A generates a Borel strong Markov family, if the martin-
gale problem MP(A) is well-posed and every solution admits a cadlag modification and
if Pp € M1(D([0,00), E)) is the law belonging to the cadlig modification of the solution
MP(A,6,), then (Py,x € E) forms a Borel strong Markov Family.

2. IfA:C(E)DD(A) - C(E) is a second linear operator, then we say that the martingale
problem MP(A) is equivalent to MP(A), if every solution of MP(A) is a solution of

MP(A) and vice versa.
In the context of the Kurtz-Rodrigues theory we assume B to satisfy the following conditions:
Conditions B.2.2. The operator B : Cy,(E) D D(B) — Cy(E) satisfies:
1. The martingale problem of B is well-posed.
2. B generates a Borel strong Markov family.
3. D(B) is separating.

4. The domain D(B) is closed under multiplication, linear combinations and contains 1g, i.e.
D(B) is an unital algebra.

5. There exists a countable set I' C B, such for every element (§,h) € B, the set I contains
a sequence ({n, hn)22, such that G, =3 § and h, "= h uniformly for n — co.

The Conditions are inspired by the Conditions 3.1. in [32] but have been modified
slightly to simply the proof of Lemma

We are now turning to the martingale characterization of the Kurtz-Rodrigues representation.
Reflecting the situation of the Dawson-Watanabe superprocess, the KR-representation has the
same three parameters B, a and b as before.

Lemma B.2.3. We denote by Ny(E) the subspace of integer-valued measures in My(E). The
space N (E) is a closed set under the weak topology on M¢(E) and hence also a Polish space.

Proof. According to Lemma 9.1.V from [] the space of boundedly finite integer-valued measures
Ni¢(E) is a closed set in the space of boundedly finite measures M, (E) in the weak-# topology,
which is defined by saying that (11,)3% is converging against p, if 1, (f) — p(f) for all f € C;7 (E)
which are vanishing outside of a bounded set. If (0,)52; C N§(E) C Njs(E) are converging
against p € M;(E) C M;(E) in the weak topology, then it also does in the weak-# topology,
consequently o € Njf(E), because the latter is closed and since it also holds g, (E) — o(E), we
can conclude that o(F) is finite and so ¢ € Nf(E). O

Lemma B.2.4. The space N (E x [0,00)) together with mized topology from Definition 18
a Polish space.

Proof. Note that Ny(E x [n,n+1)), the space of finite integer-valued measures over E'x [n—1,n),
is a Polish space with respect to the weak topology and so is [, ey Ny (E x [n—1,7n)) with regard
to the product topology. Let us now define the map ¢ : N'(E % [0,00)) = [[,en N (EX [n—1,n))
by setting ¢(1) = (NEx[n—1,n))nen, then ¢ is a homeomorphism between these two spaces making

N (FE x [0,00)) a Polish space. O
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As in the case of the Dawson-Watanabe superprocess the Laplace functionals play an impor-
tant role, but note that the domain is this time N (E x [0,00)) and not Mf(E).

Definition B.2.5. For f € C;f (E x [0,00)) we define the Laplace functional Ly € C;f (N'(E x
[0,00))) by setting Ly(§) = exp(=£(f)), € € N(E x [0,00)).

Remark B.2.6. Note, if there exists a v > 0 such that supp(f) C E x [0,7], then Ly €
Cy (N(E x [0,00)))).

Let us assume that g € CT(E x [0,00)) is bounded away from 0 and bounded by 1, indeed
we can find a value mgy such that m, < g < 1, then —log(g) is an element of C; (E x [0, 00))
and it holds

L 1og(9) (0 H g(z,u) (B.4)
(zu)en

If the KR-representation is characterized via the linear operator Ag, then the domain of Ag will
consist of Laplace functionals of the form . We are now going to specify the conditions for
g. These conditions are based on the Conditions 3.1in [32]. Let B : Cy(E) D D(B) — Cy(FE) be
as in the context of Dawson-Watanabe superprocess an operator satisfying The building
blocks of our test function are functions g : E x [0,00) — (0, 1] with the form

!
H [1- gj(z u)], (z,u) € E x [0, 00), (B.5)

where g¥ : E — [0,1) are elements of D(B) and g} : [0,00) — [0,1) are elements of C" ([0, 00)).
The product form of g has the purpose to ensure that our test functions are closed under multi-
plication. When we multiply out g, we obtain

glz,u) =1+ Z D2 (x) g% (u) (B.6)
[71Cli\®
with [I] == {1,2,....1}, 95 := [[;c, 97 and g == [, g} for J C [[]\ 0. Since D(B) is closed
under multiplication, we can apply B to g as a function of the z-variable and obtain
B(g)(z,u) = > (=DVIB(g})(x)g}(u) (B.7)
[7|C[\0
and obtain the partial derivative of g with respect to u by
dug(z,u) = Y (=1)Mg5(2)dug5(w). (B.8)
[7IC[INg

Definition B.2.7. Assume that E is a Polish space, that the linear operator B : D(B) C
Cy(E) — Cy(E) satisfies the Conditions , Fizing K € [0,00), r >0, m € (0,1) we define
the class of test functions g(B, K,r,m) C C, (E x[0,00)) as the set of functions g : E x[0,00) —
(0, 1] with

1
H 1—gi(x)g} (u)), (x,u) € E x[0,00), (B.9)

where g7 : £ — [0,1) and g} : [0,00) — [0,1) for 1 < j <1 €N and this collection of functions
satisfies:
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1. It holds g € D(B) for 1 < j < n and the function |B(g)| from (B.7) is bounded by the
constant K. Similarly, g5 € C1([0,00)) for 1 < j < n and the function |0,g| from (B.8)) is
bounded by the constant K.

2. The support of the function g3, 1 < j <, is contained in the interval [0, 7], hence g(x,u) =
1 for (z,u) with u > 7.

3. The image of g is contained in [m,1], i.e.

0<m<g(z,u) <1, (z,u) € E x [0,00). (B.10)
We also define for r € (0,00] :

= U aBKm). (B.11)
K>0,7€(0,r),me(0,1)

For r = 0o, we prefer to write g(B) instead of g(B, 00).

Remark B.2.8. The set g(B) is closed under multiplication and, if g € g(B), then the function
f = —log(g) is an element of C;f (E).

The Kurtz-Rodritues representation is characterized as the solution of the martingale problem
associated with the following operator.

Definition B.2.9. Let B : D(B) C Cy(E) — Cy(E) satisfy the Conditions a >0 and
b e R. For the parameters (B, a,b) we define the operator

Ag : C(N(E x [0,00))) D D(Ag) — C(N(E x [0,0))),

where the domain D (Ag) is given by the linear span of the Laplace functionals associated
with the collection g(B), indeed D (Ag) := span{L. iog(5); g € 9(B)}, and where the function

AB(L.10g(g)) is given for n € N(E x [0,00)) by

AB(L-Iog(g))(n) = L-log(g)(n> /E /OOO W n(dm7du)

+ L_10g(g)(n) /E /000 (2(1 /uoo g(z,a) —1 dﬂ) n(dzx, du)

+ Lo1og(g) (n) /E /OOO [CW2 - bu] m n(dx, du)

with B(g) being the application of the operator B to the function x — g(x,u), where u € [0,00)

is fized (recall (B.7))).
Remark B.2.10. If = >"72, §(4,.u,), then AB(L._10g(¢))(1) can be also expressed as:

ST 9, ui)Bg) (@i, i)

i=1iAj

+ ZHg(xjvuj)2ag(xiaui)/ g(xivﬁ)_lda
i=1 ij u;

+ > [T 9@ w)lan? - buildug (i, w).
i=1i#j
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Proposition B.2.11. Let assume that B,a,b and A are as in Definition[B.2.9, then the local
martingale problem MP(Ag) is well-posed and admits a cadlig solution.

Proof. See Section 3.4. and Section A.6. in [32]. O

Definition B.2.12. Let B,a,b, Ag and ©q as in Proposition|B.2.11| and assume that (2, A, P)
is some probability space, we call a stochastic process

5 Q x[0,00) = N(E x [0,00)),

which is a cadlag solution of MP(Ag,©¢) a Kurtz-Rodrigues representation (or an em-
pirical Kurtz-Rodrigues representation) with spatial motion B, branching rate a > 0
and drift b € R. We write ¢ ~ KR(B, a,b) (or ¢&£ ~ KR(B,a,b,0y)).

B.3 Connection between DW-Superprocess and KR-Rep.

We are interested in the Kurtz-Rodrigues representation, because it is a Poisson representation
of the Dawson-Watanabe superprocess. This is a result of the Markov mapping theorem and the
right choice of the initial distribution, indeed the distribution of £ must be a mixture of Poisson
point process distributions.

Definition B.3.1 (Poisson mixture). We say that ©y € Mi(N(E x [0,00))) is a Poisson
mixture based on ©g € My (E), if
Qg = / PPP (1 ® Leb[0,00)) Og(dp), (B.12)
M (E)
and by this we mean that it holds for all F € Cy(N(E x [0,00))):

o= [ [ F(€) PPP (1 @ Leb[0, o0), d€) Go(dp),
My (E) JN(Ex[0,00))

In the special case, where ©g = Oy for p € My(E), we just write ©g = PPP (1 ® £eb[0,00)).

Remark B.3.2. The proof of Lemma implies that p — PPPg(u ® Leb]0,00)) is a con-
tinuous map, which makes it measurable and the above integrals well-defined.

Theorem B.3.3. Let us assume that B,a,b and Ag are given as in Definition[B.2.9. Further
let us assume €* is a Kurtz-Rodrigues representation with

¢* ~ KR(B, a,b,0,)

and that the initial distribution Og € My (N (E x [0,00))) is a Poisson mizture based on Oy €

M1 (M (E)), see Definition . If we define the process EX : Q x [0,00) — M (E) by

CREES YE(€%) and assume that F=* is the augmented filtration of the natural filtration of EX,
then:

1. The process ZX admits a continuous modification E* which is a Dawson- Watanabe super-
process with 2% ~ (B, a,b, ©¢) with respect to the filtration F==.

2. For all finite F=*-stopping times T it holds

L(EX|FE¥) = PPPR(EF @ Leb[0,0)).
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3. Forr >0 let us define 57" : Q x [0,00) = M¢(E) as BS" = €X(- x [0,7))), i.e. BXT
consists of the spatial positions of the atoms with a level below r, then it holds for every
FEX stopping time T that

[y

—X T—00 =X
20" — 27 a.s.,

<

where the convergence holds in the weak topology of My(E).

This theorem is an application of the Markov mapping theorem. For the latter we need to
verify that Ap and the operator Cg from Definition [B:1.4 which is associated with the Dawson-
Watanabe superprocess satisfy an intertwiner relationship. This intertwiner relationship will be
presented in Lemma We also need to show that Ap satisfies the Conditions from
Appendix Since AB(Liog(g)) is an unbounded function, we need a bounding function for
Ag to apply the Markov mapping theorem.

Definition B.3.4. Let us define 1 : N(E x [0,00)) — [0,00) as the map given by

Y(n) = / e “n(dr,du) + 1 (B.13)
Ex[0,00)

and let us define Cy(N(E x [0,00))) as the subset of C(N(E x [0,00))) consisting of functions
F for which we can find a constant Kp such that |F| < Kp.

Lemma B.3.5. The image of Ag is contained in Cy(N(E x [0,00))).

Proof. Every function contained in the domain of Ag is a linear combination of functions with
the form L_jog(g) With L_10g(4) (1) = exp(n(log(g))) and with g € g(B, K,r,m) C C;f (E x [0, 0)),
where K € [0,00), r >0, m € (0,1) are fixed. By the definition of g(B, K, r, m), see Definition
B.2.7] and the one of Ag, see Definition we can conclude that

|AB(L- 10g(¢)) ()] < (1 +ar® + [b|r + 2ar)Ker(/E e “n(dzx,du) + 1> .

% [0,00)
O

The most important ingredient in the context of the Markov mapping theorem is the Markov
kernel PPP g and its relation with the projection vg.

Lemma B.3.6. The Markov kernel PPPg and the projection vg form together a Rogers-
Pitmann correspondence, i.e. PPPg(u,v5' (1)) = 1.

Proof. This follows from Corollary O
Let us recall that M(F) is the collection of measurable function §: E — R.
Lemma B.3.7. We define the pull-back

PPP} : Cy(N(E x [0,00))) = M(My(E))
by setting for each F € Cy(N(E x [0,00)) and u € Ms(E):
PPPL(F) (i) := E[F(€)] with &€ ~ PPP (1 @ Leb]0, o)),

then PPP7F, is well-defined on Cy(N(E x [0,00))) and continuous on Ch(N(E x [0,00))).
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Proof. Let us write ¢(z,u) = e~*, for F € Cy(N(E x [0,00)) it holds

[PPPL(F) (1) = E[|F(&)]] < KrE[$(8)] < KrE[E(D)] = Kpu(E),

so PPP(F) is well-defined. For F € C,(N(E x [0,00))) the continuity is a consequence of
Lemma A.9 from [32] which we apply with hy = 1gy[0,c). If we now approximate PPPx(F)
for a general F' € Cy(N(E x [0,00)) by bounded functions, it follows PPP}(F) € M(N(E x

[0, 00)))-

Let us assume that g € g(B) and let us define §: E — [0, 00) by setting

g(z) == /000 1—g(z,u)du, (B.14)

note that ¢ is well-defined, because there exists a r, such that 1 — g(z,u) = 0 for all (z,u) with
u > r (recall by Definition the support of the functions gj' is contained in a compact set
and therefore the same is true or g4 from ) We can now make the following important
observation: If € : Q@ — N (E x [0,00)) is a P01sson point processes with an intensity measure

p® Lebl0,00), € My(E), from the identity (C.6) from Lemma it follows:

E Lo @] = ([ [ =000 taupan)) =ew (@), 313

The immediate consequences of this observation are contained in the following lemma.

Lemma B.3.8. If g € g(B), g is defined as in (B.14)) and PPPY, is the pull-back from Lemma
[B3-8, then it holds for the

1. The function § is an element of D(B).

2. For the functions L_1og(4) (1) = exp(n(log(g))),n € N(Ex[0,00)) and Ly = exp(—u(9)), 1 €
M (E) holds

PPPL(L.10g(g)) (1) = exp(=p(9)) = Ly(n), 1 € My (E). (B.16)
Therefore PPPL(L.10g(4)) € D(CB).

3. Further for every § € ﬁ(B), there exists a g € g(B), such that PPPL (L. 1054)) = Ly,
which implies that

PPP,(D(Ag)) = D(Cg). (B.17)

Proof. Let us assume g € g(B, K,r,m). We can write:
!
=[[1-g =1+ Y (=)VYlg5)g(u), (B.18)
j=1 [J|CL\@

where [I] := {1,2,....1}, 95 := [[;c; 97 and g} := [[;c; 9§ for J C [I]\ 0. Since g7 € D(B) and
since D(B) is closed under multiplication we can derive:

B = [ Y (OB @l du=— | Bl)wuyde,  (B.19)
0 0

[7IClINg
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where we could interchange B with the integral, because g5 does not depend on wu, therefore
g € D(B) and hence L € D(Cg). If we consider the point process € appearing in , then

£ ~PPPg(y), and so by (B-15)) follows (B.16).

For (B.17)) let us consider an arbitrary element ¢* of D(B), then we choose

g = 9" 9u EQ(B),

1
gl +1

where g, € C*([0,00)) with suppg, C [0,7] for some r > 0 has been chosen such that \ :=
for gu(uw)du = |g]| + 1. If we define

g(z) == /000 1 —g(z,u)du,

then g* = g and by (B.16) we have PPP}(L.1og(4)) = f/g*, which implies (B.17). O

Let us recall that Cg is the operator characterizing the Dawson-Watanabe superprocess and
the operator Ag does the same for the Kurtz-Rodrigues representation. We are now ready to
formulate and prove the intertwiner relationship between Ag and Cg.

Lemma B.3.9. If PPP}; : C,(N(E x [0,))) — Cy(N(E)) is the pullback of the Markov kernel
PPP7, from Lemma then it holds for all g € g(B):

PPP} 0 A (L 1o5(5) (1) = Cb 0 PPPH (L g()) (1) p€ My(E).  (B.20)

Proof. Let us defin

e g = 71— g(z,u)du,z € E, then by Lemma it holds g € D(B)
and PPP (L 1oy(0)) =

D(CB) Therefore
Cg o PPP (L. 105()) (1) = exp(—p(9)) [~p(B(§)) — bp(§) + ap(§®)],  p € Ms(E).
For a fixed pz and ¢ € g(B) it holds by the definition of PPP% that
PPP}, 0 Ap(L 1og(s) = E [AB (L. 105())(€)] with & ~ PPP (1 ® Leb0, 0)).

When we write out E [Ag (L. log(g))(ﬁ)}, we get:

E[AB<L_10g<g>)(£)]:E exp(-el) [ [ PO g du)] (B.21)

g x,u)

LE| exp(— // (2&/009 L) — 1 da) E(d:z:,du)] (B.22)

L E [exp(— // [au® — bu] “f(x ;‘) €(dz du)} (B.23)

We can now apply (C.10) from Lemma|C.2.1|to (B.21)),(B.22]) and (B.23) and obtain:

exp(-1@) [ [ Blo)e.u) duntao (B.24)
+ exp(— / / (z,u <2a/ g(x,a) —1 dﬂ) du p(dz) (B.25)
+ exp(— / / au® — bu] D9, ) du u(dr) (B.26)
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Recalling 7 we can see that the integral term in is equal to
- [ B@) (). (3.27)
By reordering the expressions of and to
exp(—u(g)) /E /000 u?0,g(z, u) + 2 <g(m,u) /Rg(x,v) -1 dv) dup(dzx) (B.28)

+exp(—u(@) [ / " 4g(e,u) dup(dz) (B.29)

we can apply (C.13)) and (C.15) from Lemma to (B.28) and (B.29) to obtain:

exp(—1i(3)) la/E (/0001 = gz, u) du>2u(dx) —b/E/Oool—g(x,u) du] .

Together we see that

PPP}; 0 Ap(L.10g(9)) (1) = exp(—u(§)) [~(B(9)) — bu(g) + au(3*)] .
which is the expression of Cp 0 PPPL(L.164(4))(14)- O

We are now proving that the generator Ag satisfies the Conditions

For the next lemma we need again the bounding function ¢ form Definition Let
us recall that a linear operator A C Cy(E) x Cy(FE) is graph separable, when there exists a
countable collection (f,, A(fn))Z; such that tildeA is contained in the b.p.-closure of linear
span of (fn, A(fn))7L1-
Lemma B.3.10. If we define the operator Ap as the linear span of {(L_ log(g)s AB(L_10g(9))/¥); 9 €
g(B)}, ice. AB(L_10g(9))(n) = AB(L_10g(¢))(n)/¥(n), then Ap is b.p.-graph separable.

Proof. Let us recall that D(Ap) = span(Urs0{Lg; g € g(B,r)}). By the Conditions [B.2.2) there
exists a countable collection T',, C D(B) such that we can find for each pair (§, B(g)) a sequence
(gn,n € N) C D(B) for which (g, B(gn),n € N) is converging uniformly to (§,B(g)). If T',, is a
countable set being dense in C17 ([0, 00)) with respect to the norm ||gu||so.1 := ||gulloo+1|0ugul|sos
then we define T'zy := {929u, 9z € Ta, gu € Tu}.

1
Let us assume that L_j,) € D(Ap) with g(z,u) = [[[1 — gf(2)g}(v)] € g(B,7), (z,u) €

=1
E x [0,00). For each 1 < j <k, we can choose a sequence (g7 ,,9;,,,n € N) € I'y,, such that

and such that supp(g},,) C [0,7 + 1/n]. If we define the function g, by

l
gn(T,u) = H[l - gjx,n(fv)g;t,n(u)} €9(B,n),
j=1

then it holds
9n = 9|l llecs Blgn) = B(9) [l lloes  9fn = gf worte ||+ [loc

r1 R (B.30)
/ gn(1i0) — 1 di —>/ g( ) — 1 dit || [loe
u u
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Since n € N(E x [0,00)), it holds n(E x [0,7]) = k € N. We can find (z;,u;) € E x [0,00),
1 <i <k, such that n = Zle O(xs,u;)- This allows us to write:

ko k
AB(Laoge))m) =Y [ 9z u)Blgn) (@i, ui) (B.31)
i=1 j=1,j#i
ko k 1
+ Z Hgn(xj,uj) <2a/ gn(xi, 0) — 1du) (B.32)
i=1 j=1 ui
ko k
+ Z H gn (@5, u5)[au] — bu;|0ugn (i, u;). (B.33)
i=1 j=1,j#i

Since AB(L-10g(y,))(n) consists only of finitely many terms, we can conclude from (B.30) that
AB(L.16g(g,))(n) is converging to A(L.16g(4))(n) for n going to infinity. From the convergences
in (B.30)) and the fact that 1 < g,, <1 for all n € N, we can conclude that there exists a constant
K such that:

A (L togtg)| < (L4 a4 17 + (e + 1)+ 200+ DK™ [ e y(dn,du)
Ex[0,00)
Recall the function ¢(n) = fEx[O 50) e “n(dz, du) from Definition [B.3.4] From the above upper

bound it follows that (|[(¢)V 1) ' AB(L.10g(g,))|locs n € N) is bounded. Therefor, if we define the
countable set

l
Fit]; = {L-log(g); 9= H[l - g;:g_;t]7l € Na (Qfag;) € F-”Mu 1 S .] S l}a
J=1

then Ag is contained in the b.p.-closure of

{(L— log(g)» Ap (L— 10g(g))/¢)v ge ch];

Lemma B.3.11. The operator of Ap satisfies the Conditions[D.1.8

Proof. The operator of Ap is conservative, because if we set g(z,u) = 1, then L_jog
1, (Bx[0,0)) € D(AB) and we can easily see that Ap(L.1og(5)) = 0.
The domain D(Ag) separates points, because if 17 # 72, then there exists § € D(B) and r > 0

with
// 771561675// x)n2(z, u),

because D(B) is separating for M¢(E) and n;(- x [0,7]) € M(E),0 < r < o0,i € {1,2}.
Choosing g, € C*7([0,00)) such that g :=1— gg, € g(B,r), then L_j4(4) € P(Ap) and it holds
Lovog(g)(m) # Litog(g) (n2). Further the domain is closed under multiplication, indeed assume
that L_ log(g1)3 L. log(g2) € D(AB) with

9) =

l;

9= [[(1—gf), LeNgfeg®B),1<k<lie {12},
k=1
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th(en)L_ log(91)L-1og(g2) = L-10g(g1)- log(g2) = L-log(gig)- Since giga € g(B), it holds L. 1o4(4,4,) €
D(B).

By Lemma [B.3.5[a bounding function for Ag is given by () := fEx[O 00) e n(dx, du).

The Point [4| follows from the fact that MP(Ag) is well-posed, and the Point [5| has been proven
in Lemma |B.3.10! O

We are now going to combine all the previous result with the Markov mapping theorem, see
Theorem [D.1.13] prove the main theorem of this section.

Proof of Theorem [B Recall that the bounding function in the context of the Kurtz-Rodrigues

representation is given by P(n) = [ Ex[0,00) € Un(dx,du) + 1, see Def. [B and hence
PPPL(w)) = [ e (E)dut 1= p(E) + 1 (B.34)
Ex[0,00)

see Lemma [B.3.7] E for the Definition of PPP%. Let us now assume that 25 ~ DW(B L a, b, 69)
and that the initial distribution ©g € M (E) has been chosen in such a way that E[Eg] < oo.
From we can conclude that

t
E[EX] = E[=] +/0 VE[EX)ds = E[E5]eb < oo,

hence fot PPPE(@/J)(';X)ds < oo, t > 0. If €8 is a cadlag solution of MP(Ag, ©g) with
Oo(dn) = [ PPP(u, dn)@o then we can conclude from Lemmam Lemma and the
Markov mapping theorem that the process 2 =X .= = ~vE(¢%*) has the same finite dimensional
distributions as 2%, Since ._.X has continuous paths, we conclude by Lemma 2.24 in [21] that 2 =X
admits a continuous modification Z*. Further by the Markov mapping theorem we know that

(e8| FE®) = PPP(E, ® Leb|0, 00)), (B.35)
where F=X .= (F=* ¢ > 0) is the completion of the natural filtration of Z%. Since EX is
continuous and £€* is cadlag, we can extend (B.35)) to arbitrary finite F=*-stopping times by
Lemma [D.1.15) O

B.4 Branching Particle Systems

Recall the operator B from the Conditions[B:2.2]that is describing a Borel strong Markov process
with state space E. Let us assume that Z := U,cyNF, then a Branching particle system consists
of a population of particles indexed by Z. The number of particles is not constant, particles die
and new particles are born. We denote the time of death by D; and the time of birth by b;.
Further each particles performs a spatial motion described by the processes (X;,i € Z). The
dynamics of the population is given by:

1. At t = 0 we start with a finite number of particles indexed by 1,2, ...,k € N.

2. Each living particles gives independently from the others birth to a new particle with rate
X > 0. If ¢ = (ny,m9,...,n,) € T is the index of the parent and if the newborn particle is
the m-th child of ¢, then newborn particles has the index j = (ny,na, ..., ng, m).

3. Each living particle dies with rate Ay > 0.
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4. If i and j are as above, then X; evolves like an independent copy of the Markov process
described by B starting at b; at the position X;(b;-). For ¢ ¢ [b;, D;) we set X;(¢) = 1,
where T is a point not contained in F.

A rigorous construction of such a particle system can be found in the Chapter 4.1 of [34]. If we
write Z(t) C Z for the collection of indicies of those particles which are alive at time ¢, then we
can define the Ny (E)-valued process E*, XA = (g, Ap), by setting

()
B =) Oxe)- (B.36)
i=1

We like to write 25 ~ BPS(B, \g, \p) or 25 ~ BPS(B, A, Ay, Op), if £} ~ Op. As in the
case of the Dawson-Watanabe superprocess we wish to find an operator Dg such that 2 is a
solution of MP(Dg) and such that we can apply the Markov mapping theorem on MP(Dg).
Again, as for Dawson-Watanabe superprocess, Dy is based on Laplace functionals.

Notation B.4.1. As in the case of M;(E) we write IA/f for the Laplace functional given by
Ly : N¢(E) — [0,00) with ﬁf(g) = exp(—o(f)), despite the fact that the domain is restricted to
N (E) and is not My(E) (see Definition[B.1.3).

If p € Ny(E) is given by p = ZQ(E 8z, then

The operator Dg : C; (N4 (E)) D D(Dg) — C*(N}(E)), will be formally defined as

Dg (L. 1og(5 Z [13(;) [B@)(@i) + Aa (1 = G(x:)) + Ao(3° (i) — g(a2))] - (B.37)

i=1 i#£j

The expression of Dg(L. log(z)) 18 well-defined for all § € D(B), recall D(B) C C,"(E), but for
the Markov mapping theorem we need to modify D(B) in the following way:

Definition B.4.2. We define D(B) as the subset of C’;’(E) consisting of the elements g with
the form g =1 — g, where § € D(B) with 0 < § < my, for some constant my € (0,1).

Lemma B.4.3. Recall the set g(B,r) from (B11). If T : g(B,r) — C;f (E) given by

T(g)(x) := 1/()Tg(x,u) du, z¢€FE,

r
then T(g(B,r)) = D(B).
Proof. If g € B, r), then it must have the form (B.5]), which can be transformed to

g(z,u) =1+ Z DIVlg2 () g% (u)

[JICING

with [I] .= {1,2,...,1},¢% € D(B) and g% € C**([0,00)) with supp(g;) C [0,7]. Hence

T = ¥ Vg5 [ g

[TIC[ING
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and so T'(g) is an linear combination of elements of D(B) and hence g € D(B). Further since
m < g < 1 for a constant m > 0 by the Definition of g(B,r), it holds 0 < T(g9) < m. In
conclusion T'(g) € D(B). For g* € D(B) with 0 < g* < m for a constant m € (0, 1), we define
G :=1-g* € D(B). Let us now choose g, € C1T(][0,00)) with support in [0, 7], with values in
[0,1] and mr/X < 1, where A := [ gu(u)du. If we now set g := 1 — (r/A)ggu, then g € g(B,r)
and it holds

T)e) = [ 1= Fi@a 5 =1 40) =1~ (1 7'(@) =7 (@)

O

Lemma B.4.4. IfE is the restriction of B on D(B), then the martingale problem of B is
well-posed. Further D(B) is separating and closed under multiplication.

Proof. The martingale problems MP(B) and MP(B) are equivalent, because D(B) C D(B)
and D(B) C span(D(B)). O

Definition B.4.5. Let us fix the parameters (B, Ag, Ap), where B : D(B) C Cy(E) — Cy(E) is

a operator satisfying the C’onditz’onsA and that Ag, \p > 0. For the parameter (B Ady Ab),
we set D(DB) to be linear span of {L_10g(5); g € D(B)} with D(B) as in Definition and we

define DB(fL_log(g)) as in (B.37).
Proposition B.4.6. If (B, A4, \s) and Dp are as in Definition and the process EXA

is defined as in (B:36) with A = (Ag, \p) and E[E;™(E)] < oo, then SN is a solution of the
martingale problem MP(Dg).

Proof. Let us assume that F=> is the natural filtration of E%*. If 7y = 0 and 7541 := inf{t >
T EXNE) EXX(E)} for k € N, then =5 = > ieT(ry) Oxi(s) for t € [Tk, Tiqa] and, since X;
is an independent copy of the Markov process characterized by B on [7y, Tx+1] for k € Ny and
i € Z(1), we can conclude that the process M, given by

= J] aean)— ] aXi(m)

1€ZL(Tk) 1€ZL(Tk)

_/Tk >, I a&(s)B@Xi(s))ds

ko ieX(my) jeX(mr)\{i}

is a F=>-martingale. Further since every particle dies with rate A\q > 0 and gives birth to a new
particle with the same initial location with rate A\, we can conclude that

= > L)AL o) (BX)
keN

/ ST 9K a1 — g + M@ (Ki(s) — 5(Ka(s-)))] ds

1€Z(s) FEL(s)\{i}

is also a (local) martingale. Consequently we obtain a local F=*-martingale with localizing
sequence (7, k € N) by

M, =M+ M)
keN
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We need to argue that M is a proper martingale. By the definition of the branching particle
system we know that Y := 25X (E) is time-continuous Galton-Watson process with death rate
Aq and birth rate Ay, hence the sequence (M.n7, )5, of martingales is bounded by the process

t
P, ;zzzn[o,t](Tk)Jr/ KYXds,
keEN 0

where K > 0 is a suitable constant. Since Y is a Galton-Watson process, we have E[Y] =
E[Y3M exp([As — Aglt) and so

t
E[P] = / (24 K)E[YQ e Al ds < oo
0

The process P = (F;,t > 0) forms an integrable majorant for (M .p7, )32, we can conclude that
M is a martingale. O

Remark B.4.7. Note that we do not prove that MP(Cg) is well-posed, this will follow as a
side effect from the Markov Mapping theorem.

B.5 Kurtz-Rodrigues Representation with finite Level-Cap

Here characterize the Kurtz-Rodrigues representation with finite level cap from Section as a
solution of a martingale problem, which will allow us to apply the Markov mapping theorem in
order to prove . We recall from Section that the state space of KR-representation with
finite level cap is N;(E x [0, 7)), the space of finite integer-valued measures over E x [0,7). If £€* is
a KR-representation with infinite level cap and parameters (B, a, b), then the corresponding KR-
representation €5 with finite level cap r > max{b/a,0} is obtained by ignoring all particles
with a level higher or equals to r, i.e.

& =& (-N(Ex[0,r):

The martingale problem of €57 is identical with the one of £€* except for the fact that £57 is a
process with state space Nt(E x [0,7)) and not N'(E x [0,00)). We can interpret Nt (E x [0,7))
as subset of N'(E x [0,00)) consisting of those elements 7 which satisfy n(E x [r,00)) = 0. The
trace topology of the mixed topology of N'(E x [0,00)), see Definition on Ny(E x [0,7))
coincides with the usual weak topology.

Notation B.5.1. If Ly : N(E x [0,00)) — [0,00) is the Laplace functional L, = exp —n(f) for
fe C;' (E x[0,00)), then we do not distinguish notationally between Ly itself and its restriction
Ly exior) : Np(E x [0,7)) = [0, 00).

Definition B.5.2. Let B : D(B) C Cy(E) — Cy(E) satisfy the conditions[B.2.4, a > 0,b € R
and max{b/a,0} < r < co. For the parameters (B, a,b,r) we define the operator

Agp : C(N§(E x [0,1))) > D(Ap) = CNy(E x [0,7))),
where the domain D (Ag) is given by the linear span of the Laplace functionals associated with
the collection g(B,r), see Definition indeed D (Ag) = span{L_lOg(g); g€ g(B,T)} , and
where the function A (L. 1og(y)) is given for n € N.(E x [0,00)) by
ATB(L—log(g))(n) = AB(L—log(g))(n)v

where AB(L_10g(¢))(n) 45 defined as in Definition .
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Proposition B.5.3. If B is as in Definition[B.5.4 and a > 0,b € R and r € [max(b/a,0), ),
then the martingale problem MP(AJ, ©¢) is well-posed for initial conditions satisfying:

/U(E x [0,7)) ©g(dn) < oo.

Proof. The same as in Proposition O

Definition B.5.4. Let us assume that the parameters (B, a,b,r) and the operator Ag are given
as in Definition |B.2.12.1f (0, A,P) is a probability space and the stochastic process

€57 Q% [0,00) = N(E x [0,00))

is a solution of the martingale problem MP(AJ, ©g) with ©g € My (N(E x[0,7))), then we call
€57 o Kurtz-Rodrigues representation with spatial motion B, branching rate a > 0, drift b € R,
level cap r and initial distribution ©.

B.6 Connection between BPS and KR-Rep. with finite
Level-Cap

In Theorem [B.3.3 we have seen that the KR-representation with infinite level cap is a Poisson rep-
resentation for the Dawson-Watanabe superprocess, a similar relationship can be found between
the Branching particle systems and the KR-representation with finite level cap. For Theorem
we introduced the notion of a Poisson mixture, see Definition in the context of a
finite level cap, this notion is replaced by a new kind of mixture.

Definition B.6.1. Recall Unily, from Definition|1.1.1, We say the distribution ©q is a r-uniform
mizture with r > 0 based on ©g € M1 (M (E)), if

Ou(F) = [ UN(F)Boldo), P& CUNG(E X 0.1) (B.38)

Theorem B.6.2. Let us assume that B,a,b and Ap are given as in Definition[B.5.3. Further
let us assume €5 is a Kurtz-Rodrigues representation with finite level cap with

5" ~ KR(B,a,b,r,0y)

and that the initial distribution ©g € My(Nj(E x [0,1))) is a r-uniform mizture, see (B.38), for
a Oy € Mi(NF(E)). IfES" : Q x [0,00) = M(E) is given by " = ~2" (&) and assume
that FEX7 is the augmented filtration of the natural filtration of 257, then:

1. The process X" is a Branching particle system, with respect to the filtration FEAT and
initial distribution ©q, i.e. 25" ~ BPS(B,ra,ra-b,0y).

2. For all finite F=%" -stopping times T, it holds
L(EFT|FEFT) = Unip(E57),

As in the case of Theorem the proof of Theorem is an application of the Markov
mapping theorem and the most important ingredient is again an intertwiner relationship between
the operators Dp and Af. We will proceed in the same way as in Section |B.3|

Recall the bounding function ¥ : N'(E x [0,00)) — [0,00) from Definition with ¢(n) =
14 (1) with ¢)(x,u) = 1 + e~*. The following definition is analogous to
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Definition B.6.3. We define Cy,(Nf(E x [0,7))) as the subset of C(Ny(E x [0,7))) consisting
of functions F for which we can find a constant Kp such that |F| < Kpi).

Lemma B.6.4. The image Im(AFR) of the operator A from Deﬁnitz’on satisfies Im(AR) C
Cy(Ny(E % [0,1))).

Proof. Since Ay C Ag, if we interpret both as subsets of C, (N (E x [0,00))) x C(N(E x [0, ))),
this follows from Lemma [B.3.5] O

Definition B.6.5. We define the pull-back Uniy" : Cy (N (E x[0,7))) = M(N}(E)) by setting

Uniy"(F)(e) = E[F(¢7)], & ~ Uniy(o)
for all F € Cy(Ny(E x [0,7))) and ¢ € Ny (E).

Lemma B.6.6. The function Uniy"(F) is continuous for F € Cy(Nt(E%[0,7))) and measurable
for F € Cy(Nf(E x [0,7))). More specific, if g € g(B,r), then

Uniy " (Lo1og(e)(0) = [ | / (z,u) & = exp ( /E log ( /0 ' gz, u) d:‘) g(dm)) (B.39)

TEQ

for all o € Nt(E) and it holds
Uni%, " (D(AR)) = D(Dg). (B.40)

Remark B.6.7. The statement Uniy"(F) is continuous for all F € Cy(Ny(E x [0,7))) is
equivalent to say that the kernel Unif, is a continuous map with respect to the weak topologies

on Ny(E) and My (Ny(E x [0,7))).

Proof. If o € Ny(E), we can write n as .., 6,, € Ny(E) for some x1,2,...,z, € E, where
n :=n(E), then

)

Unify" (L.og(g))( [Hg i, U

where Uy, ..., U, are independent, uniformly over [0, r] distributed random variables. This gives
us (B.39). Now let us assume that (g,,n € N) C M(F) is converging against 9o € M;(E), this

implies that
/ log (/ g(z,u) du) on(dz) nose / log </ g(z,u) du) o(dx),
E 0 r E 0 r

and so we have that Uniy"(Ly) is a continuous function. Now we recall the Remark and
note further that the continuity of the Markov kernel Uni}; is equivalent to the continuity of
the transformed Laplace functionals Uni%,"(Ls) by Theorem 1.18 from [34]. This gives us the
continuity of Uniy"(F) for general F' € Cy(N¢(E x [0,7))). The measurability of Unil;,"(F) for
a general F' € Cy(Ny(E x[0,7))) follows by the pointwise approximation with F,, = min{F,n} €
CUNG(E x[0.1).

From and Lemma“ we can conclude that Unig"(L.10g(4)) € D(DB). Fmally, recall
that D(DB) = span{L. og(3);9 € DB)}. If g € ’D(B) then according to Lemma there

there exists an element in g € g(B,r) with g(x fo z,u)du/r, and so Unily" (L log(g)) =

Ly. 0
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Definition B.6.8. For a fized r > max{b/a,0} we define the map
vg" t NHE x [0,7)) = Ny(E)

by setting ('yg’r)(n) to be the measure o € My (E) given by o(I') = n(I' x [0,7)) for all Borel sets
I' € B(E), i.e. o is the projection of n on the space M¢(FE).

Every n € N§(E x [0,7)) can be written as 7 = Y7 | 8z, u;) With n = n(E x [0,r)) and
T, T2, ey Ty, € B Uy, ug..up, € [0,7) and so v (1) is given by

W?T(ﬂ) = Z Ou; s

ie. 'yg’r(n) just forgets the levels uq,ug...u, € [0,7). From this point it is not hard to see, why
the next lemma is true.

Lemma B.6.9. For all p € M;(E) holds true that
Unij (o, (75") " (0) = 1.
Proof. This follows from the previous lines. O

Proposition B.6.10. Assume that B : D(B) C Cy(E) — Cy(FE) is a linear operator satisfying
the Conditions that a > 0,b € R and r € (max{b/a,0},00) are fivred. Further let us
assume that the operator

Dg : C) (N} (E)) D D(Dg) — C; (N(E)),

is defined as in Definition[B].5 with the birth rate given by X := ra and the death rate given by
Mg :=ra — b, and that the linear operator

AR C(N'(E x [0,00))) D D(AR) = C(N(E x [0,00)))

is defined as in the Definition[B.2.9] with branching rate a, drift b and finite level cap r. Then it
holds for all L_\,g(q) € D(AR) with g € g(B,r), see (B.11):

Uni’]:;* ] A]T_;’(L_log(g)) = DB o UnirE*(L_log(g))
Proof. We know from (B.39)) that

Uniy " (L. 10g(9))(0) = E[L¢] = E lH 9(xi, Uy)

= Hg"(xi)

with g"(z) = [y g(z,u)du/r. By Deﬁnition we have
DB o UnirE*(L— log(g))(@)
=> II 7)) | D B@) (@) +(ra—=b) (1 - (2:)) +ra(@ (@) — 17" (2:)
i=1 j=1j£i zEpQ

In order to see that Uni%" o AR (L. 16g(4))(n) is equal to the above expression, we assume that
0=>" 04 € Ny(E) for some x1,2,...,x, € E and n := g(E), which is true for all o € Ny (E),
then we can write

Uniy" 0 Ap(L.10g(g)) (1) = E [exp(—£(log(g)))] (B.41)
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with € := Y"1, O(a;,U;)» Where Uy, ..., U, are independent random variables uniform distributed
over [0, r]. From this and the Definition it follows:

E [AB (L_ log(g))(g)] =E Z H g(fﬂj7 Uj) /OOO W

i=1 j=1

oS Tt [ (20 [ stor 1)

| i=1j=1 Ui
T Oug(wi, U;)
+E Z Hg(xj, Uj)[an2 — bUZ-] @ U) )
=1 j=1
=> 3" (x;) (EY + Ey + E + E}) (B.42)
i=1 j=1,j%i

where F1, Fsy, E3 and E, are given by

Bii= [ Bl)w (B.43)

Eé = Qa/ g(ml,u)</ gla;,a) —1 dﬂ) df,
0 u

Ei. / au?dyg(z;, u)du,
0

. r d

Ej —/ budyg(x;, u) “

0 r

Applying the Lines (C.13]) and (C.15) of Lemma wiht R = r to Ey + E3 and E, gives us:
2

Ei4+ Ei=2r"ta (/07’ 1—g(xi,u) du) =r~ta(rg (z;) — r)?
=ra(l — 7" (xi)) +ra(g"(z:) — 1)7" (z:),
R e T
By = [ bt )5 =t

If we combine (B.42)) with the above and with (B.43) to can see that Unig”™ o AL (L. 10g(4))(7)
and DB (¢] UniTE*(L_ log(g))(@)~ D

Proof of Theorem [B.6.2. We have proved in Lemma [B:3.10] and in Lemma [B:3.11] that Ag sat-
isfies the Conditions Since Af is a restriction of Ag we can repeat the arguments to
show that the same is true for AL. Main difference to the situation of Ag comes into the form
of the different Markov kernel used in the intertwiner relation. Recall the bounding function
Y(n) =1+ [, fooo e~n(dzdu), then Uniy" : M¢(E) — [0,00) is given by

Uniy " (¥)(0) = 1+ o(E).
Let us now assume that 25" ~ BPS(B,ra — b,7a), then Y := E%7(F) is a time-continuous

Galton-Watson process with death rate ra — b and birth ra, hence E[Y]"] = E[Y{] exp(bt) and so

[ B[ @i ds = [ Eyzas = SR

The rest of Theorem [B.6.2] follows now from intertwiner relation from Lemma [B.6.10] and the
Markov mapping theorem O
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B.7 Dawson-Girsanov Transformation

We are going back to the Dawson-Watanabe superprocss from Section For the following let
us assume that F is a locally compact space and X is a Feller process, indeed we assume that
the semi-group P; : Cyp(E) — Cy(F) associated with the Borel strong Markov Family (P,,x € E)
from Conditions[B.2.2]and given by P,(f)(z) = E(f(X(t))), where X has the law P, is restricted
to the space Co(F) a Feller semi-group. We write By for the full generator P; : Co(E) — Co(E).
The following definition is based on Page 116 in [9].

Definition B.7.1. Let us assume that (Q, A, F, ]f”) is a filtered probability space wztik]:" = (.7:} C
A,t > 0) being a right-continuous filtration. We call M : Q x B(E) x [0,00) — R a F-martingale
measure (or a L?-F-martingale measure), if

1. The process M(T) : 2 x[0,00) — R is a L?(P)-integrable F-martingale for every T € B(E).

2. If (Ty)52, C B(E) is a disjoint collection of Borel sets and ' := U2 Ty, then M, (D) is
the L*(P) limit of (M,,)3%,, where M, (t) := > M(T;),.

We define the random set function n: Q x B(E) x B(E) x [0,00) — R by setting 7;(I'1,T2) :=
(M(T'y), M(I'2))¢, indeed 1¢(T'1,T2) is the predictable covariation of M(I'1) and M(I'z) and so
we call i the covariation functional of M.

Definition B.7.2. We call M a worthy F-martingale measure, if there exists a random finite
measure K : Q@ — My (E x E x [0,00)) which is symmetric, positive definite, i.e.

| 1) Ky, as) 0
0
for all f € B(E x [0,00)), and it holds

|7:(T'1,T2)| < K(T'y x Tz x [0,4]).

Further P, := K (T'y x Ty x (0,t]) is F-predictable for all T1,Ty € B(E), in the sense that P is
measurable with respect to the o-algebra given by o({{0} x T;T' € Foy U{(s,f] xT;0 < s <t <
oo, I' € F}).

Lemma B.7.3. IfM is a worthy F-martingale measure with a dominating measure K , then the
covariation functional i) can be extended to a proper random signed measure over E x E x [0, 00),
which we will denote by the same symbol as the covariation functional.

Proof. The proof of this statement can be found before Proposition 2.1 in [45]. O

For the following we assume that 2% ~ DW(B, a,b) with E[Ef(E)] < co and that F=* is
usual augmented version of the natural filtration of Z*.

Lemma B.7.4. There exists a worthy F=*-martingale measure M such that for all § € D(BF)
holds

Mg(t):/o /EQ(:U) M(ds,dz), Vte€[0,00), (B.44)

where My is the martingale from (B.1) and right side of (B.44) is a stochastic integral in the
sense of Walsh, see the Chapter “Stochastic Integration” in [{3]]. Further the covariation measure
n of M is given by

/Ot[E/Ef(x,S)g(y,s)n(ds,dx,dy) = /Ot/Eaf(a?,S)g(:v,s)Ef(dx) (B.45)

for all f,g € Cy(E x [0,00)) and t > 0.
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Proof. See Theorem 7.25 in [34]. O

Lemma B.7.5. Assume that f: Q x E x [0,00) — R is a predictable map F== in the sense of
Definition [7.1.1] and we have

E[/tEs(fQ)ds} < oo, t>0, (B.46)
0

then the process My : Q x [0,00) = R given by
t
M(t) := /0 /Ef(x) M(ds, dx)

is a continuous F=*-martingale with E[M3 (t)] < oo and (My); = fot aBX(f2)ds, t > 0. If f1, f2 :

Qx Ex[0,00) = R are F=%_predictable and satisfy ([B.46)), then (My,, My,), = fot aBX(f1f2) ds,
t>0.

Proof. This is Perkins’ Proposition I1.5.4 in [40], where the fact that M/ is a continuous mar-
tingale is hidden in the statement that M; € M., which is the space of continuous local
FEX martingales. O

Lemma B.7.6. Let us assume that f € Cy(My(E) x E) is a measurable function. The process
Z:Q x[0,00) = [0,00) given by

Z, = exp (/Ot/EB(Ef,x)M(ds,dx)—/Ot/E,B(Ef,x)zEf(x)ds) (B.AT)

is a continuous F=-martingale.

Proof. See Lemma 7.30 in [34] for the fact that Z is a F=-martingale, the continuity follows from
Lemma [B.7.5 O

Proposition B.7.7. If Z is defined as in Lemma [B.7.6 and if we define the filtered probability
space (Q, A, Q) with A := U>oF £ and with

Q(F) ZZ]E[]IFZA, T E]rt,
then the process Mg given for g € D(Br) by

MI,(t) = B (§) - Z5(3) - / =X (B(g)) + bE(g) ds

is a continuous F=-martingale with quadratic variation (My) = (M), where (Mj) is the quadratic
variation of the martingale My from Definition|[B.1.1]

Proof. Since My with



is a F=-martingale with respect to the probability measure P by Definition Theorem 16.19
in [21] tells us that

Ay(0) = M0~ [ 2o M) 120, (B.48)

is F=-martingale with respect to the probability measure Q. Based on Lemma we get a
continuous martingale M : Q x [0,00) — R by

M, = ///3 M(ds, dz), t> 0.

and an application of the Ito-formula shows that Z is the unique solution of the linear stochastic
differential equation given by dZ; = Z;dM;. Again by Lemma

(Z, M), :/Otz d(M, M) / /aﬂ £ 2)g(x)EX (dx)ds.

Putting the above into (B.48]) gives us our desired statement. O

The following corollary is very important for us, because it allows us to expand path properties
of the Dawson-Watanabe superprocess from the critical case to the sub- and supercritical case.

Corollary B.7.8. Let us assume that bi,bs € R are two different drifts. Further let us as-
sume that EY, 22 are Dawson Watanabe superprocesses with 2 ~ DW(B,a,b;) and E? ~
DW(B,a,by) and it holds B ~ E3, i.e. B! and E? are have the same initial distribution. If
we fir T >0 and if we denote by PT the probability measure on C([0,T], M;(E)) implied by the
path law of B, i € {1,2} restricted on the time interval [0,T], then PT and PL are absolutely

continuous with respect to each other. Especially for all Borel setsT' € B(C([0,T], M¢(E))) holds
PIT)=1 < PIT) =1

Proof. We apply Proposition to the function B(p,x) = (ba — b1)/a to transform the mea-
sure P to PT, i.e. if Z is the process and if we define the new probability measure on
C([0,T], M(E)) by setting for all

Q(r) =P{ (Zrlr), VI € B(C([0,T), M(E))),

then the process 2! becomes under the new law Q a solution of the martingale problem associated
with DW(B, a, bs), see Definition and since the martingale problem of DW (B, a, by) is
well-posed, Q must be identical with PJ. Therefore PZ must be absolutely continuous with
respect to PY. By switching the role of 2! and 22 we obtain that P{ is absolutely continuous
with respect to P2 O
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Appendix C

Poisson and Cox Processes

C.1 Cox Processes and Conditional Independence

In this section we discuss the relationship between the notion of conditional independence and
the one of a Cox process. First we define a Poisson point process and a Cox process. Let us
assume that F is a Polish space.

Definition C.1.1. If £ is a random measure over E and ji € M(E) s @ measure over [, then we
say that € is a Poisson point process with intensity measure p, i.e. & ~ PPP(u), when the random
variable §(I') is Poisson distributed with intensity (') for allT" € B(E) and when &(T'1), ..., &(T'x)
are independent for all finite collections of pairwise disjunct sets 'y, ...,T'y € B(E).

Definition C.1.2. If ¢ and E are random measures with

£(¢|E) = PPP(E),

—

i.e. conditioned on & the random measure § is a Poisson point process with intensity measure
=, then £ is a Cox process directed by E, see Page 16 in [20)].

In the special case where E = E x [0, 00) with E being a Polish space and £ = E® £eb|0, 0o)
with E being a random measure over E, there exists an interesting relationship

Proposition C.1.3. Let (2, A,P) be a probability space and F C G C A be two sub-o-algebras
of A. Further let us assume that € : Q — N(E X [0,00)) is a G-measurable random measures
over E x [0,00). Then the following two statements are equivalent:

1. There ezists a F-measurable random measure E : Q — M¢(E) with P[E(E) > 0] =1 and
such that

L£(&|F) = PPPR(E ® Leb|0, 0)).

2. There exists two sequences X; : Q@ — E, i € N, and V; : Q@ — [0,00], i € N, of G-measurable
random variables with & := 32;°, d(x, v,), where Uy = Y75 Vj. Further there exists a
F-measurable random measure Q : & — M1(E) and F-measurable Y : Q — [0, 00) with

(X3, VI)Z|F) = ® Q® Exp(Y)). (C.1)
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If one and hence both statements are true, we have Y := B(F) and Q = E/Y on {Y > 0}. If
PlY > 0] =1, then (X;,V;)$2, and Q are unique.

Proof. “1. = 2. We start by setting Y := E(F), hence Y is F-measurable. On the set {Y =0}
we pick an arbitrary element zy and set X; := xo,V; := 00,7 € N, and Q := §,,. We continue
by defining the process P : 2 x [0,00) — M (E) by setting P, := &(- x [0,¢)) for t > 0. We
write U; for the i-th jump time of P and X; := Ag; for the i-th jump. Since P is a process
with values in the Polish space M;(E), its jump times and jumps are adapted to the natural
filtration of P, hence (X;,U;) are measurable with respect to G D o(§) = o(P(s),s > 0). On the
set {Y > 0} € F and conditioned on F the process P is a cadlag compound Poisson point process
with rate Y, whose jumps are independent, identically distributed with distribution Q :=E/Y.
“2. = 1.” Let us consider the Laplace functional L; : N(E x [0,00)) — [0,00) with L;(n) :=
exp(—n(f)), where f € Cy(E x [0,00)) with f(z,u) =0, if w > 0. The collection of this kind of
Laplace functionals form a separating class for M;(N(E x [0,00))). Let us assume that £ is a
Poisson point process with intensity measure pu ® £eb[0, c0), where p1 € My (FE). By the Lemma
we know that

E [Lf(é)} = exp (/E /OOo e flaw) _q du,u(dx)) . (C.2)

Let us consider £&. We set Y := &£(E x [0,7)). Since € = Y2, d(x,,v,), if follows from that
Y" is Poisson distributed with rate rY conditioned on F. Let us assume that o : Q2 x N — N is
on {Y" = n} a random uniformly distributed permutation of [n] = {1,...,n} with o(k) = k for
k> n. If we define (X, U;)52 := (X,0), Up(i))52y, then € = 3%, d%, ;) and

o
(X3, U))Y1119) = R)(Q @ Uy 1),

=1

where U,y is the uniform distribution over [0,7]. From this we can conclude with g := e 7

E[Ls(&)|F] = ki:% (/E /Or g(z,u) CiﬂuQ(dx))k %e‘kry

— exp ( /E /0 () — 1 duQ(da:)Y)
= exp (/E /O ef ) _ 1duE(dm)> .

Comparing the above with (C.2) proves our claim. O

For the rest of this section we assume that (Q, A,P), F, G, &, B, Q, Y, (X)2,, (U)2,
and (V;)$2, are given as in Proposition and that the one and hence both statements from
Proposition [C.1.3| are true.
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Definition C.1.4. We are defining for all v > 0 and m € N the additional processes:

ST Q= N(E x [0700))7 ST = Zd(Xi;Ui)]l[O,T) (U’L)a

€77 Q = N(E x [0,00)), Z&xz,wﬂ[m@w )i
=1

2 Q — Ny(E), B = Z(SXiﬂ[(],r)(Ui);
i=1

Y™ Q — N, Y"=E"(E);

Q™: Q — M, (E), Q™= 6x,;
=1

For each v > 0 and each m € N, we define the decreasing filtrations .7-:5 and FQ as the
decreasing filtrations F= = (F=",r > 0) and FQ = (FQ™ m € N) with F=" := o(E",£>")
and FO™ := o(Q™, (X;, U)§mtt1)-

Lemma C.1.5. Let §: Q x E — R be a F x B(E)-measurable function (& is random, but the
randomness is F-measurable).

1. IfE[|g(X1)]] < oo, then (2Q™(g), m € N) is a FQ-backwards martingale.
2. If additionally E[Y|g(X1)|] < oo, then (LE"(8),r > 0) is a F=-backwards martingale.

Proof. The integration conditions are needed to ensure that the conditional expectations are
well-defined in the usual sense and note that we have the following identities

E[Y[g(X1)[] = E[Y Q(Ig))] = E[E(&])]-

For a general m € N we write S(m) for the set of permutations of the set [m] := {1,2,...,m}.
Let us fix mq, mo € N with my < mg, then it holds true that
1 mi(a m (X¢ ) e g(X¢l) 1 ma (A
mil]E [Q l(g)|-7:Q’ = Z Z Lipy<my——— () Z T;) = EQ *(8),
i=1 p€S(m2) =1

where the second equality follows from the fact that there exists mj(mg — 1)! permutations in
S(mg) with ¢(i) < my. This proves the first claim. For the second claim we fix 0 < r1 < ro <
co. In the following we make use of the fact that the o-algebra F=72 knows the random set
A :={Xy,.., Xy}, but it does not know the levels Uy, ..., Uy~ or the ordering of the values in
A. Using this fact gives us:

vy
1 . 1 & 2 du 1
~E {E“ ; w?} ==Y a(x; / Loy (u)— = —E"(8).
o (&)|F p 8(Xi) Lo () == E"(E)
This proves the second claim. O

Lemma C.1.6. For J =N or J = (0,00), assume that (®;,j € J) is a collection of random
measures on o Polish space E and that H = (H;,j € J) is a decreasing filtration. If we obtain for
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every f € Cy(E) by (®,(f),j € J) a H-backwards martingale, which is either right-continuous
or left-continuous in the weak topology of M (E) for the case J = (0,00), in the sense that

]E[(I)h(f)w-[h} :(bjz(f) fOT J1 < Jo,

then there exists a finite random measure ® such that
P [cbj 2 @} —1,

where ‘=7 stands for the convergence in the weak topology of M¢(E). If Hoo = ﬂjej H;, then
the limit ® is given by

O(f) =E[®;(f)|H], Vj€T, feBE). (C.3)

The above lemma is based on the ideas found in Lemma 7.14.(b) in David J. Aldous’ Saint
Flour lecture notes from the year 1983, see [I]. We extended the proof of Aldous in such a
way that is not necessary to assume that J = N or that (®;,7 € J) is a sequence of random
probability measures.

Proof. A proof for the case, where the index set is N can be found as the proof of Lemma 7.14.(b)
in [I]. We are considering the situation where J = (0,00) and (®;(f),j € J) is left-continuous
for every f € Cy(E), but the right-continuous case works identically. Note that the case of 7 =N
can be considered as a special case, indeed if (®,,,n € N) satisfies the conditions of Lemma
then the same holds true for the sequence given by ®; := (i)LjJ for j € [0,00) and the limits of
are identical. We will begin by proving that (®;,j € J) form almost surely a tight family of
measures. Let us define the measure ® by defining for every f € C;' (E) the integral ®(f) by

®(f) = E[2;(f)].

Due to the martingale property ®(f) does not depend on the choice of j. Further it holds that
® is finite, because (®;(1g) = ®,;(E),j € J) is a backwards martingale and so by definition
of a backwards martingale it is implied that ®(E) = E[®;(FE)] < oco. Since E is polish, the
measure ® must be tight, and so there exists a sequence of compact sets (I',,,n € N) such that
®(I'¢) < 272", By Doob’s maximal inequality and the left-continuity (or the right-continuity)
we get

P| sup ®,(I;,) > 2_”] <2"P(Ie) <27
j€eT

Setting A, := {sup,c 7 (I';,) > 27"} it follows from the Lemma of Borel-Cantelli that

P[(®,,j € J) is tight] =1 —P [limsup An} =1. (C4)

n— oo

Now let us assume that (fi, k € N) C C;f (E) is the convergence determining set from Lemma
Since (®;(fx),j € J) is a backwards martingale for all k € N, we get that

P [‘im ®;(fr) is converging for all k € N] =1 (C.5)
J—00
Let us define

Q:= { lim ®;(fx) is converging for all k € N} N{(®,,j € J) is tight} ,
j—o0
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then P[Q] = 1. Fixing w € Q we know that (®,(w),7 € J) has a converging subsequence
(®,,.,m € N) which is converging in the weak topology against some measure p, € M;(E).
Let now assume that whole sequence (®;(w),j € J) is not converging against p,, € Ms(E).
Since (fx,k € N) is converging determining, there must exists a k and a second subsequence
(®;,(w), 7 € N) such that

Jim @ (w)(f;) # mo(fp) = lim @5, (w)(f7)-
But this would be a contradiction to the fact that

w € { lim ®;(fx) is converging for all k € N} ,
j—o0

hence (®;(w),j € J) must convergence in the weak topology against y.,. We obtain ® by setting

O(w) = py, for w € Q and P(w) = v for w ¢ Q, where v is some fixed measure over E. The

expression for ® in (C.3)) follows once again from the fact that (®;(f),j € J) is a backwards

martingale. O

Corollary C.1.7. It holds that (%E’",r > 0) is converging almost surely in the weak topology
against = and (%Qm, m € N) is converging almost surely in the weak topology against Q.

Proof. The weak convergence for (%Qm7 m € N) follows immediately from Lemma [C1.5|1 and

Lemma The same would also hold for (r 17,7 > 0) With27 if E[Z(g)] = E[YTg(X1)]]

holds for all g € Cy(E). Otherwise we first set ®F := Lgjy|<kyE" for all » > 0 and k € N.

Applying the Lemma 2 to the function g := 1)y <k} f, where f € CZF(E), we can conclude

from E[Y §(X1)] < k|| f[]o that the sequence (®¥(f),r > 0) forms a backwards martingale. Since
55

this true for all f € C;"(E), we can apply Lemma to the sequence (®,.(f),r > 0) and obtain:
1 —_— T 00 —
P []1{|Y<k:}r= = 11{Y|<k}=] =1

where ®F = Loy <&, oF = 1y|<ky and “=" stands for the weak convergence in My (E).
Since this is true for all £ € N and limy_, P[|Y] < k] = 1, it follows

P [157“ = E] =1.

C.2 Poisson Integration

The following lemma can be found as Lemma A.3 in [32].

Lemma C.2.1. Let E be a Polish space, v be a o-finite Borel measure over E and & be a Poisson
random measure on E with intensity measure v. If f € L*(v), then it holds

E{exp (/Ef(x)g(dx)): — exp (/Eef@) —1dv(x)), (C.6)

| [ r@ean] = [ s vtao), (1)

VarUEf(x)g(dx): :[Ef%:) v(dz). (C.8)
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Assume for next part that (X;)2, are E-valued random variables such that € = Y2, 6x,. If
g >0 andlog(g) € L1(v), then

E[iljg(Xi)} = exp (/Eg(x) - 1y(dx)>. (C.9)

If gh,g — 1 € LY (v), then

]E[ih(Xj) 1 g(Xi)] =F [ﬂh)eé(log(g))}

o = (C.10)

/ h dz)eng(x 1u(dm)’

E[ih( ﬁ } {5( )2 — £(h%)) saog(g))}

7 = , (C.11)

= ([ naigtoyptaa) ) elestrreten,

E

Proof. See the proof of Lemma A.3. in [32]. 0

Lemma C.2.2. Let us assume that E is a Polish space and that g : E X [0,00) — R is a bounded
continuously functions with the additional properties: 1.The image of g is contained in [0,1], i.e
0 <g(z,u) <1 for all (x,u) € E x [0,00), 2.For each x € E, the function g, : [0,00) — R given
by g (u) = g(x,u) is continuous differentiable 3. When we define § € Cy(E x [0,00)) by setting
g(x,u) :==1—g(xz,u) for each (z,u) € E x [0,00), then its support is contained in E x [0,r]. If
these properties are satisfied, then:

1. For all R € [r, 0], it holds that §% € Cy(E) with &% : E — R given by

R
g (x) = /0 1—g(z,u)du, z € E. (C.12)

Note that the values of §'* do not depend on the chosen R as long as R € [r,cc].
2. It it holds for each R € [r,o0]:

R R R 2
/0 u?0ug(z,u) + 2 <g(m,u)/u g(z,v) — 1dv> du = (/0 1—g(x,u) du) ,(C.13)

R R
/ u?0,g(z,u) + 2 </ g(x,v) dv) du = 0, (C.14)
0 u

R R
| utugtewydu == [ uoge ) du
0 0

/()Rg(x,u)du/Ong(x,u)du.

Further, if we define Ji(R,x), Jo(R,x) and J5(R,x) for R € [r,00] as the left-hand side

(or as the right-hand side) of (C.13)), (C.14) and (C.15|), then those values do not depend
on the value of R € [r,00], indeed

(C.15)

Ji(R,x) = Ji(R,x) for all R,R € [r,00],z € E and i € {1,2,3}. (C.16)
Further we have J1(R,-), Jo(R,-), J3(R,-) € Cp(E).
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Proof. Since 0 < g = 1 — g < lgyo,, we can derive that g% € Cy(E) by Lebesgue’s dom-
inated convergence theorem. The values of ¢ do not depend on R, because the support
of 1 — g is contained in E x [0,7]. We continue with arguing why is true and why
Ji(R,-), J2(R,-), J3(R,-) € Cp(E), but this follows from the fact that expressions on the right
side of (C.13), (C:14) and (C.15)) are continuous functionals of g# from (C.12)), which does not
depend on the chosen R and is an element of Cy(F).

We continue with proving the identities found in the above lines. Due to (C.16)) we can assume
that R is finite.

Starting with we multiply out the brackets of the right-hand side and this gives us:

R fR
/ / lfg(:z:,u)fg(x,v)fg(x,u)g(x,v)dvdu
0 0

R R (R
=R 2R/ g(x,u)du + 2/ / g(x,u)g(z,v)dudv. (C.17)
0 0 u

Considering the left-hand side of (C.13)), we apply partial integration to the first term and obtain

R

" R R
[w?g(x,u)], —/O 2ug(z,u) du+/0 Qg(x,u)/u g(z,v) — 1dvdu.

It holds [au?g(z, u)]f = R?, because g(x, R) = 1, since R > r, so by multiplying out the brackets
of the remaining terms transforms the expression into:

R R /R R /R
R? — 2/ ug(z,u) du — 2/ / g(x,u) dvdu + 2/ / g(x,u)g(z,v) dvdu. (C.18)
0 0 u 0 u
Because fOR fuR g(z,u) dvdu = fOR(R — u)g(z,u) dvdu, the two middle terms (C.18) add up to

2R fOR g(x,u) du and so (C.17)) as well as (C.18) are identical.
For the Identity (C.14]) we apply partial integration to first term of the left-hand side and obtain

R R
gt lf = [ 20w +2 [ ga) dudu = (Pt

The remain term [u?g(x,u)]& also vanishes, because of §(x, R) = 0, since R > r.
The first and last identity of (C.15) follow from the definition of §. For the interesting middle
one, we apply partial integration to — fORuaug(x, u) and we obtain:

R
— [udug(a, u)]g + /O (z,u) du.

Again, [u0,§(x,u)]f = 0, because of §(z, R) = 0, since R > r. O
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Appendix D

Technical Results

D.1 Markov Mapping Theorem

The importance of the Markov mapping theorem for this thesis can not be overstated, therefore
we want to present a proof. Our proof will be based on more assumptions than the version
proved by Kurtz used in [30].

Let us consider two Polish spaces E'x and Ey called the big space and the small space. Further,
let us assume that X : Q x [0,00) — FEx is a time homogeneous Markov process with state
space E'x and that v : Fx — Fy is a measurable function. The Markov mapping theorem gives
an answer to the question under which conditions the process Y := (X) is again a Markov
process and it also gives an description of the conditional distribution of X; based on the path
(Y;,0 <s<t).

We begin with semigroup version which was presented in 1981 by L.C.G. Rogers and J.W. Pitman
n [43], and which is to the best of our knowledge the first formulation of the Markov mapping
theorem. The presentation of Rogers and Pitman results makes the introduction of new notation
necessary (Recall that M(E) stands for the class of measurable and B(E) for the subclass of
bounded, measurable functions).

Definition D.1.1. If o : By — M (Ex) is a Markov kernel, we denote by L(a) the subset of
M(Ex) given by

LY a) = {g € M(Ex) : /E lg(x)|a(y, dz) < oo for ally € Ey} )

X

Definition D.1.2. Let us assume that Ey and Ex are Polish spaces, that o : By — M1 (Ex)
is a Markov kernel and that v : Ex — Ey is a measurable function.

1. We call the Markov kernel o and the function v in a Rogers-Pitman correspondence,
R.P.C. if it holds a(y,y 1 (y)) = 1 for all y € Ey, which makes vy a surjective map.

2. We denote by o* : L1(a) — M(Ey) the pullback of functions which is given for g €
Cy (Ex) by §(y) = [, 9(x)aly, dz).
3. We denote by a, : M1 (Ey) — M1 (Ex) the push forward of measures, where the measure

(
() = © € M, (Ex) is defined for © € M,(FEy) by setting O(g) = ©(a*(g)) for all
g c C;(Ex)
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4. We denote by v* : M(Ey) — M(EXx) the pullback of functions given by v*(§) := go~y for
all g S M(Ey)

5. We say a is a continuous Markov kernel, if a is a continuous map with respect to the
topology of Ey and the weak topology on M1 (Ex). Note, that this is equivalent to say that
Oé*(cb(Ex)) C Cb(Ey).

Note that v*(B(Ey)) C £!(a) for any v and any a. Using the pullback o* and the pushfor-
ward v* the Rogers-Pitman correspondence can be formulated as

a* o, =Idy,

where Idy stands for the identity on the space B(Ey). So being in a R.P.C. is equivalent to the
statement that the pushforward +* is the right inverse of o* on B(Ey).

Theorem D.1.3 (Markov-Mapping, Semigroup-Version, Rogers-Pitman 1981). Let us assume
that X is a Markov process with semigroup (P, t > 0) with P; : B(Ex) — B(Ex),t > 0, and
that a and v are like in the Definition . Further, let us define the process Y by Y := (X))
and the linear operator Q; : B(Ey) — B(Ey),t > 0, by setting Q¢ := a* o Py oy*. Under the
conditions that

1. The Markov kernel o and the function v are in a Rogers-Pitman correspondence.
2. The Markov kernel « is an Intertwiner for P and Q on B(Ex), that means
a’oP(g) =Qioa’(g), t=0,
for all g € B(Ex).

Then Q is a Markov semigroup and, under the additional assumption that Xo ~ «.(u) for some
probability measure p € M(Ey), the process Y is a Markov process with the semigroup @ and
initial distribution p, i.e. Yy ~ p. Further, it holds for all t > 0:

(X ) = a(¥), (D.1)
where FY is the natural filtration of Y.
Proof. Using Condition 1] and the semigroup property of P we obtain for all ¢1,ty € [0,00) :
Q1,0Qt, =a* 0P, oy ca*o P, oy  =a* 0 Pyiy, 07" = Qty 41,

We will now prove (D.1]) by showing for all g € B(EX) 0=ty <ty < ..<t, =t and
fo, fl,. ,fn € B(Ey) that the expectation E [g(Xt) T, fZ(Y} )} is equal to

where 0ty = tx —tr—1. From the Markov property of X and the definition of Y as v(X) we know
that E [g(Xt) T, fL(Ytl)} is equal to

oo Jei o e

)| Qst,, (Yn-1, dyn) - - - Qst, (Yo, dyr) u(dyo), (D.2)

)| Pst, (Tn-1,dxn) . .. Pst, (0, dz1) o (y, dro) p(dy). (D.3)

n
@) 76
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The idea of proving the equality between and is to repeatedly apply the intertwiner
relationship a* o P; = @y o a* and the fact that we can drag out f; due to the R.P.C. To make
this simple and nice idea more transparent let us define the linear operators Qz = fi-lQéti and
P, = 'y*(fi_l)Pgti for 1 < i <n. Then we get for an arbitrary h € B(Ex), <% <n and y € Ey
by first applying the R.P.C., second equality, and then the Intertwiner relation, third equality,
that

o o Pi(h)(y) = / i (Y(@ie1)) (i) Po, (i1, dai )y, davicy )
Ex Ex
= fir(y)(a” o Pst, (M) (y)) = fi1(y) (Qst; 0 " () (y)) = Q 0 a*(h)(y).
In short we get the modified intertwiner relation:
a*oP,=Q;o0a*, 0<i<n. (D.4)
Now we are using the new operators to express (D.3)) as
pla o Pro......o Pa(v*(fn)9))

Applying consecutively the modified intertwiner relation (D.4) we get

Q100 Qula” (V' (fn)9)))
and since o (v*(f)9) () = fn(y)a*(g)(y) for all y € Ey due to the R.P.C., this is equal to
wQro... .o Qn(faa®(9)))-
The above is now equal to and so we have proved that the equality of and . Since
the selection of g, tg, t1, ..., tn, f1, --., fn has been arbitrary it follows . From this the Markov

property of Y follows immediately, because for an arbitrary f €EB(Ey)and 0 < s <t < ooit
follows by the Markov property of X, third equality, that

E[f00IFY | =E [E [foE)FE] 17| =B [E [foxlx] 17 ]
Using the equality E[f(7(X;))|Xs] = Prs(f 07)(X,), we conclude that
E[fO0IFY] = ElPes(f o) (X,)I 7).

If we now apply £(X;|FY) = a(Y;), we can write

E[Per(fo(XIR] = [ Pa(PO@)a¥adn) = o o Py (F)(Ya),

where we used v*( f )= f oy in the rightmost expression. If we now apply the intertwiner relation
and that a* o v,(f) = f due to the Rogers-Pitman Correspondence, we can finally see that

E[f()IFY] = 0% 0 Py o (F)(Y:) = Qs 00" 07 (H)(Y) = Qual(N(Y)

hence Y is a Markov process with semigroup Q. O
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Proposition D.1.4 (Markov-Mapping, Generator Version). Let us assume that o and vy are
giwven as in Definition [D.1.9 and that « is a continuous Markov kernel. Further let Px =
(P%,z € Ex) C Mi(D([0,0),Ex)) and Qy = (Q%,y € Ey) C M;i(D([0,00), Ey)) be two
Borel strong Markov families. Let (Py,t > 0) and (Qq,t > 0) be the two semigroups and suppose
that A : Cy(Ex) D D(A) = Cp(Ex) and C: Cy(Ey) D D(C) — Cy(Ey) are the corresponding
weak generators and U3\( and Ug\/, A > 0, are the A-resolvents. If a and 7y are in a Rogers-Pitman
correspondence, then the following statements are equivalent:

1. It holds a* o Pi(g) = Q¢ o a*(g) for all g € Cy(Ex) and t > 0.
2. It holds a*(D(A)) C D(C) and o* o A(f) = Coa*(f) for all f € D(A).
3. It holds Uy o a*(g) = a* o UX(g) for all g € Cy(Ex) and X € (0, 00).

Remark D.1.5. Please note that the continuity of « is only needed to ensure that a*(g) is
continuous for g € D(A), which is required because the domain D(C) must be a subset of Cy(Ey)
by the definition of the weak generator of a Borel strong Markov process.

Proof. [I]={2]: Fixing g € D(A) we get for all t > 0:
Qioa™(g)(y) —a(9)(y) _ a"oP(g)y) —a"(9)y) _ [ Plg)(z)—g(x)
t t Ex

Since ¢ € D(A) it holds b.p.-lim;,(P:(g) — g)/t = A(g), that means (Pi(g) — g)/t con-
verges pointwise against A(g) and it exists a upper bound K > 0 with sup, ||(P:(9) — 9)/t||ec +
[|A(g)]|ec < K. So it follows by Lebesgue and the above that:

a(y, dz).

Ma(y,dx) iy A(g)(z)a(y,dr)
Ex ¢ Ex

and since the inner expression of the left integral is bounded by the constant K, we can conclude
that b.p.-lim;_, o (Q: o ax (g) — a*(g))/t = a* o A(g). By the definition of the weak generator C
it follows that a*(g) € D(C) and that

Coa’(g) = C(a™(9)) = bp- lim (Qs 0 a”(g) — a”(g))/t = a” 0 A(g).

={3): We get immediately that a* o (A — A) = (A= C)oa” for any f € D(A). Using this
together with U (Cy(Ex)) C D(A), Uy 0o (A—=C)(f) = f for f € D(C) and Uy o(A—A)(g) =g
for g € Cp(Ex), it follows
a*oUX(9) =Upo(A=C)oa*oUx(9) = Uy oa*o(A—A)oUx(g)
=Uypoa’(g)
for all g € Cp(Ex). : We get for A > 0 and g € Cy(FEx) that

| eatoPlg)ds—at o Ukle) = Uy oa’lg) = [ e 0”0 Qulg)ds,
0 0

Since this true for all A € [0, 00), it follows a* o P;(g) = Q¢ o a*(g) for all ¢t > 0. O

A huge drawback of this formulation of Proposition is that it is necessary to prove the
intertwiner relationship for all elements contained in the full weak generator of X. This is hard
to do in general, therefore it would be convenient, if we could show that it sufficient to prove
the intertwiner relationship for a linear operator A which is just a “core” for X, meaning that
the martingale problem of MP(A) is well-posed. By employing advanced technical terminology
this is possible. We start by introducing the important concept of a forward equation and their
solutions.
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Definition D.1.6. If A : C(Ex) D D(A) — C(Ex) is a linear operator and p € Mq1(Ex),
then we call a probability measure valued map v : [0,00) = M1(Ex) a solution of the forward
equation of FE(A, ), if for all f € D(A) and t > 0 holds fot vs(|JA(f)])ds < oo and

ve(f) :Vo(f)+/0 vs(A(f))ds.

We say that the solution of the forward equation FE(A, 1) is unique, if there exists at most one
solution, and well-posed, if there exists exactly one solution.

Another important concept is the bounding function.

Definition D.1.7. If A : C(Ex) D D(A) — C(Ex) is a linear operator, then we call ¢ :
Ex — [1,00) a bounding function for A, if 1 is continuous and we can find for each f € D(A)
a constant cy with |A(f)| < ¢s9.

Obviously if the process X is a solution of the martingale problem MP (A, i) and there exists
a bounding function ¢ for A with the property that

t
/ E[(Xs)]ds < oo for all t > 0,
0

then vX : [0,00) — M;(Ex) defined by setting v;X(g) = E[g(X;)] for all g € Cy(Ex) and all
t > 0 is a solution of the forward equation of FE(A, ).

If the solution of FE(A, 1) is unique, then the one-dimensional distribution of the martingale
problem MP(A, 1) is also unique and we can conclude that the same holds for the solution of
MP (A, vy) by Proposition 4.4.2 from [I4]. The reverse need not be true in general, see Page 6
of [31].

But under mild conditions on the operator A it is possible to prove that every solution v of
FE(A, 1) implies a solution X with X; ~ v, for all ¢ > 0, which extends the uniqueness from
MP(A, ) to FE(A, ).

Conditions D.1.8. 1. A:Cy(Ex) C D(A) — C(Ex) is a conservative operator, i.e. 1g, €
D(A) and A(1g,) =0.

2. The domain D(A) is closed under multiplication and separates points, i.e. for each x,Z €
Ex there exists a f € D(A) such that f(x) # f(Z).

3. There exists a bounding function ¢ : Ex — [1,00) for A.

4. The linear operator Ay is dissipative and there exists a sequence of functions p, : Ex —

My (Ex) and A\, : Ex — [0,00) such that for each f € D(A) holds

A(g)(z) = lim An(x) /E (F(4) — £(2))pin(, dy)

n— oo

for each x € Ex. Note that we can replace A(g) with Ag(g) by replacing A\, by A, /1.

5. The linear operator Ag == {(f, (¥ V1)L A(f)), f € D(A)} is graph separable, indeed there
exists a countable set (f;,i € N) such that Ay is contained in the b.p.-closure of the linear
span of ((fi, Ao(fi)),i € N) in B(Ex) x B(Ex).

Remark D.1.9. These conditions are mild in the sense that almost all operators whose martin-
gale problem is well-posed will also satisfy these conditions.
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Remark D.1.10. The above conditions are based on the Conditions 2.1 formulated in [28], but
we could combine the points i) and i) of [28] to our Point 1, because we are only considering
linear operators whose image is contained in C(Ex). We have also changed the order of the
different points a little bit.

The next lemma gives us the existence of a solution of MP(A, i) as long as a solution of
FE(A, 1) exists.

Lemma D.1.11. Let us assume that A : C(Ex) D D(A) — C(Ex) is a linear operator satis-
fying the Conditions[D.1.8 If there exists a measurable map v : [0,00) — M;(Ex) such that v
is a solution of the forward equation FE(A,vy) and it holds

¢
/ vs()ds < oo for allt > 0,
0

where 1 is the bounding function for A from the second point of the Conditions[D.1.8, then there
exists a solution X of the martingale problem MP(A,vy) with Xy ~ vy for allt > 0.

Proof. Here, we combined the first part of Definition 2.7 with the first part of the Lemma 2.8,
both from [28]. The above statement is proved by the Lemma 2.8. Since the proof is based on
several other highly non-trivial results from [29], we will not present it here. O

Lemma D.1.12. Assume that C: C(Ey) D D(C) — C(Ey) is a linear operator and v : Ey —
R is a measurable function. Further let us assume that for all p € M7 (FE) holds that, if Y1 and
Ys are two solutions of MP(C, 1) with

/tIE[Yi(s)] ds < oo, t>0,i€{1,2}, (D.5)

then Y1 and Ya have the same one-dimensional distribution, i.e. E[f(Y1)] = E[f(Y2)] for all
f € Cy(E). Under this condition the solutions Y1 and Y2 have the same finite dimensional
distributions and are Markov processes.

Proof. Note that this statement is almost identical with Theorem 4.4.2.(a) and 4.4.2.(b) from
[14] except that we are only considering solutions satisfying (D.5)). The argumentation in the
proof of Theorem 4.4.2.(a) and 4.4.2.(b) remains valid, if we only consider solutions satisfying

(D.5)). O

Theorem D.1.13 (Markov Mapping theorem). Let us assume that A : C(Ex) D D(A) —
C(Ex) and C: C(Ey) D D(C) — C(Ey) are linear operators, that o and v are given as in
Definition[D:1.4. We are further assuming that

1. A satisfies the Conditions . Further the local martingale problem MP(A) is well-
posed and admits a cadlag solution.

2. For every y € Ey, the martingale problem MP(C, (:)(1]), O) € My(Ey), admits a solution

and every solution Y of MP(C,©}) satisfies

/;E[a*(w)(?;)] ds < oo, t>0,

where ¥ is the bounding functions for A from the Conditions|D.1.8
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3. « and vy are in a Rogers-Pitman correspondence, i.e. a(y,y 1 (y)) =1 for ally € Ey and
it holds a*(D(A)) C D(C), a*(Cy(Ex)) is separating and a* o A(f) = Coa*(f) for all
f€D(A).

If X is a solution of MP(A,©q), where O(dr) = [ o a(y,dz)O3(dy), ©2 € My(By), and
Y :=~(X), then Y is a solution of MP(C,©y) and it holds

(X F) = a(¥y).
Further the martingale problem MP(C) is well-posed and y — QY is measurable, where QY €
Ml(Eg)’oo)) is the distribution of the solution of MP(C,J,).

Proof. If P%,x € Ex, is the law of the solution MP(A, d,), then due to the fact that A from
the Conditions is graph-separable and the Theorem 4.4.6 in [14], it follows that the map
x +— P% is measurable. If we combine this fact with the fact that MP(A) is well-posed, the
Theorem 4.4.2 ¢) tells us that every solution is a strong Markov process. Let us assume that
(P, t > 0) is the semigroup associated with (P%,z € Ex) and note that the function P;(g) is
measurable for all g € B(E) and ¢ > 0.

Let us define the collection of maps (Q:,t > 0) by setting

QN (@) =Es[f(Y (1), f€Cu(Ey),t>0,j€ Ey,

where Y is the solution of MP(C, 05). Now let us assume that y € Ey and Y be a solution of
the martingale problem MP(C, ¢, ). Since a*(f) € D(C) for f € D(A), the process

My(t) = " (F)(Y2) — a* (f)(Yo) - / Coa*(f)(Y.)ds

is a martingale and hence it holds for all ¢ > 0 :

Ey [o*(£)(Y2)] = Ey [a"(f) (Yo)] + /0 Ey [Coa™(f)(Ys)lds,

where we have written E, for the expectation with respect to P,. Using a* o A(f) = Coa*(f)
this turns into

E, [0 () (Y0)] = By [0 (£)(Yo)] + / E, [a" o A(f)(Ya)] ds.

Note that this is true for all f € D(A) If we use the fact that o*(Cy(Ex)) is separating to define
the measure-valued map p¥ : [0, 00) = M;(Ex) by setting

i (g9) =Eyla*(9)(Y2)], g€ Co(Ex),

then pY is a solution for the forward equation FE(A, a(y)). According to Lemma there
exists a solution X to the local martingale problem MP(A, a(y)) which is a proper martingale
with

On the other hand the martingale problem of MP (A, a(y)) is well-posed with the unique solution
given by [, P%(-)aly,dr) € Mi(D([0,00), E)). Therefore, if we define 7 € M (Ex) by setting
v (9) = a* o P(g)(y), g € Cv(Ex),t > 0, then it must also holds

X, ~ Y. (D.7)

207



We can conclude from the identities and (D.7) that

Qioa(g)(y) = axo Pi(g)(y), g€ Co(Ex),t>0. (D.8)

Since y has been arbitrary it follows that a* o P, = @ o o for all ¢ > 0. From this we can
also conclude that @ is measurable, because P;(g) for all ¢ € D(A) is measurable, a*(D(A))
separable for M (FEy), and A is graph separable. Let us now fix @y € M, (Ey). If X is a
solution of MP(A, a(y)), Y = v(X) and

Qt ::a*OPtO’Y*v

then Q; = Qy,t > 0, by , where we used a* o v, = Idy and that o*(Cy(EXx)) is separating.
Hence by the Rogers-Pitman version of the Markov mapping theorem, see Proposition Y
is a Markov process with Markov semigroup (Q¢,t > 0), and it also holds

L(X|F) = a(Ys). (D.9)

If Y is another solution of MP(C, ©,) with f(fE[a*(t/))(Ys)]ds < oo,t > 0, then we can repeat
the above argumentation to conclude that for all g € D(A)

Ela*(g)(V2)] = /E . 0 Po(g)(1)Oo(dy) = /E Qo a(g)(1)Oo (dy).

Since a*(D(A)) is separating, it follows that ¥ and Y have the one-dimensional distribution
and by Lemma they have the same finite dimensional distributions, hence MP(C, éo) is
well-posed in regard to the solutions with f()tE[a*(w)(Ys)]ds < oo,t > 0. Since Y is a Markov
process with semigroup (Q¢,t > 0) and since @ is measurable, it follows that the map y — QY
is measurable. O

Remark D.1.14. Comparing our formulation of the Markov mapping theorem with the one
found in [30], we observe that the proof of our version is shorter. This is due to the fact that we
assumed that the martingale problem MP(A) is well-posed, implying that X is a Markov pro-
cess, which in turn allows to apply the Rogers-Pitman version of the Markov mapping theorem,
see Theorem . Kurtz in [30] does not assume that there exists a solution to the martin-
gale problem MP(A) beforehand, instead he constructs a solution based on the assumption that
MP(C) admits a solution satisfying fot E[a*(1)(Ys)] ds < co. Leaving out some technical details
this is together with a weaker version of the Assumptions[D.1.8 enough for him to show that it is
possible to construct a pair (X,Y), where Y is solution of MP(C), X is a solution of MP(A)
and we have

L(X]Y5,0 < s <t)=a(Yr).

He needs not to assume that X or'Y are Markov processes or that their martingale problem is
well-posed. But if one applies this Markov mapping theorem to a process X which is a solution
of MP(A), but MP(A) is not well-posed, then it is hard to justify why Kurtz’ process X has the
same law as X.

In Remark (vii) on Page 575 of the paper [43] Rogers and Pitman mentioned that under
suitable topological assumptions one can derive a strong version of (D.1]), in the sense that the
fixed time point ¢ is replaced by a FY -stopping time 7, i.e. it holds

(X F)) = a(Yr)
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They hinted that X being a Feller process and that « and 7 being continuous should suffice, but
they neither formulate a precise statement nor a proof. Here, we formulate a version which is
sufficient for us. As a short reminder: We call a filtration F right-continuous, if it holds F; = Fyy
for all s € [0,00), where Fyy := Ny Fs. We call a stopping time 7 finite, if P[r < oo] = 1.

Lemma D.1.15. Let a: By — M (Ex) be a Markov kernel. Let us assume that X is a process
with state space Ex and Y is a process with state space Ey , both defined on some probability
space (Q, A, P). Let F be a filtration such that'Y is adapted to F and F be its completion with
respect to P. Let us assume that £(X|F:) = a(Y:) for all fized t € [0,00), then it holds for all
finite f'—stopping times T with countably many values:

L(X,|Fr) = afYy). (D.10)

If X,Yl]:" are right-continuous and « is a continuous Markov kernel, then (D.10) is true for all
finite F-stopping times T.

Remark D.1.16. It is important to keep in mind that (D.10) will in general not be true for
stopping times T that are adapted to the filtration of X or any bigger filtration.

Proof of Lemma[D.1.13, Since F differs from F only by P-nullsets, it also holds £(Xt|f Y) =
a(Y;) for all t € [0,00). In order to show that £(X,|F;) = a(Y;) for a fixed finite F-stopping
time 7, we need to prove for all f € C,(FEx) that for the conditional expectations holds:

E[f(X:)|Fr] = aY;)(f) = | flz)a(Yr,dz)

Ex

We fix f € Cyp(Ex) for the rest of this proof and begin by assuming that 7 has countable many
values, i.e. there exits (t;,i € N) D [0,00) and (I';,;i € N) ¢ F with I'; € F;,,i € N and
[;NT; # 0 such that 7 = Y5~ ¢;1p,. Using the dominated convergence theorem for conditional
expectations, see theorem 8.14.(viii) in [24], we get

where we used for the second equality that E[f (X, )1r,|Fr] = E[f(Xt,)1r,|Ft,] almost surely by
the local property of the conditional expectation, see Lemma 6.2 in [21I], and Lemma 7.1.(ii) in
[21]. Hence we can conclude

E[f(X,)|F:] = Z a(Yy,) (), = a(Yz)(f)-

Now let us assume that F is right-continuous, « is continuous and that 7 is an arbitrary finite
ﬁ—stopping time. By Lemma 7.4 in [2I] there exists a sequence of countable valued stopping
times (7, k € N) such that 7, | 7. Using the triangle inequality and Jensen inequality we get
for each k € N:

E[[E[f(X0)I17] - a0 ()] <E[[E [f(XIE] - B [#(X)1 7]
+E[E [|£(X:) = F(Xo)1 P ]
+E [[E[1(601F ] - a0m)()]]
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We will prove that the three expression on the right side converge against 0 for & — oo. In the first
line we use that F is right-continuous. Since 75, > 7, it holds F,, D F;, hence (E[f(X,)|Fy,], k €
N) forms a uniform integrable backwards martingale, hence E[f(X,)|F.] — E[f(X,)] Nken
Fr.] = E[f(X,)|F;] in LY(P), since F is right-continuous. In the second line we use that X is
cadlag. Indeed we have

E [E[|7(X0) ~ F(Xo)|1Fa]] = EIPGG) - £(X)] 520,

because X is cadlag and f € Cp(Ex). In the third line we use that Y is cadlag. We recall that
E[f(Xy,)|Fr] = a(Y;,), because 1y is discrete. So by the right-continuity of ¥, the continuity
of the Markov kernel o and the fact that o*(f) € Cy(Ey), we have that a(Y7, )(f) = a(Y2)(f)
in L'(P). All in all, it follows that

B[|E[(X)17] - av)|] =0

and so IIE-| = a(Y,) almost sure y.
d E[f(x )|f] (Y;) al I 0

D.2 Conditional Martingale Lemma

In this section we prove the conditional martingale lemma which is used to derive the Cases I11.a,
IIL.b and IV from the Cases IL.a and ILb, in Chapter ] This lemma can be found as Lemma
A.13 in [32], but we added some additional conditions to make the processes well-defined.

Lemma D.2.1 (Conditional Martingale Lemma). Let us assume that (Q, A,P) is a probability
space, F = (F,t > 0) is a filtration contained in A and that P,V : Qx[0,00) — R are F-adapted
cadlag processes with

E[P(1)]] +/0 B[V (s)[|ds < o0, E[V(£)[] < 00, t>0, (D.11)

and for which

t
—/ V(s)ds, t>0,
0

is a F-martingale. If G := (G¢,t > 0) is a second filtration with G C Ft, t > 0, and there exists
a G-progressively measurable process @ : Q X [0,00) = R with Q(t) = E[V(t)|G,], then

NI(t) = B[P(1)[Gi] / Qls)ds, >0,

18 a G-martingale.

Remark D.2.2. The formulation of Lemma [D.2.1] found in [32] makes besides of E[|P(t)|] +

fo )|]ds < oo, t > 0, and the condition that M is a martingale, no further assumptions
about P and V. Since the proof in [3Z] does not explain, why (w,t) — E[V(t)|G:](w) should be
G-progressively measurable, which appears to us to be necessary to ensure that M is G-adapted
process and also not explains, why B[V (¢)|G;] should be well-defined for allt > 0, we added some

reasonable extra conditions to the processes involved in Lemma to ensure that everything
1s well-defined.
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Proof of Lemma[D.2.1. We have E[M(t)] € L*(P) due to E[|P(t)[] + fgIEHV(S)Hds < o00. Since
Q is a F-progressively measurable process, it follows from Fubini’s theorem that ¢ — fot Q(s)ds
is G-adapted, making M a G-adapted process. Let us assume that € > 0 and I" € G; C F;, then
it holds

t+e

E[(VI(t + ) — N(t))1r] = E [(E[P(t (G —EPOIG — [ Q) ds) nr}

t+e ‘
— B[E[P(t + )1r/Gus.]] — E[E[P(H)1r|Gi]] - / E[E[V (s)1r/G.]] ds
= E[P(t + 6)]lr] — ]E[P(t)]lr} — /H_€ E[V(S)]lr} ds

= E[E[P(t + e)1r[F]] - E[E[P($)1r|F]] - /He E[E[V (s)Lr|F]] ds
]

Consequently E[M (t + €)|G;] = E[M;|G;] = M; and so we know that M is a G-martingale. [

_E[E[Peta-prey- [ Visds
£ t

—E[E[(M(t+¢) - M®)|F]1r] =0,

Corollary D.2.3. Let us assume that the processes P,V,Q, M, M and the filtrations F,G are
defined as in but instead of the integrable conditions (D.11)) we have

EumAnm+AEmwAnnw<mﬂmwAnm<m,tEQnem

where (Ty,,n € N) is a localizing sequence of G-stopping times, i.e. T,, — 0o, when n goes to
infinity, and T,, < Tyq for all n € N. Further M is “just” a local F-martingale with localizing
sequence (T,,n € N). Then M is a local G-martingale with localizing sequence (T),,n € N).

Proof. We just apply to the stopped processes P(- AT,,), V(- ANT,),Q(- ANT,), M(- NT,)
and M(-\NT,). O
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Appendix E

Path-valued Processes

E.1 Lévy Processes

The spatial motion of our particles are either Lévy processes or the path-valued processes associ-
ated with a Lévy process. The application of the Markov mapping theorem requires that we can
characterize the spatial motion processes as the solution of martingale problem associated with a
linear operator satisfying some regularity conditions. We will do this for the path-valued process
in the next section, the goal of the current sections is to present facts about Lévy processes,
which will become useful in the next section and other places. We begin with the definition of a
Lévy process.

Definition E.1.1. Let us assume that (Q,F,P) is a probability space and W : 2 x [0,00) — R™
s a stochastic process. We call W a Lévy process starting in x € R™, when

2. W has independent and stationary increments.

3. W is continuous in probability, indeed for all a > 0 and for allt > 0 holds that

lim P{|W (£) — W (s)| > a] = 0.

This definition is taken from the book Lévy Processes and Stochastic Calculus by David
Applebaum, see the Section 1.3 in [2], but we took the freedom and allowed the Lévy process to
start from a different value than the origin. We start with a regularization lemma.

Lemma E.1.2. FEvery Lévy process admits a cadlag modification.

Proof. The existence of the cadlag modification follows from the Theorem 13.1 in [21] and the
continuity in probability. O

Our next step is the introduction of the Lévy-It6-decomposition, which tells us that every
Lévy process can be written as the sum of a drift, a Brownian and Poisson component.

Definition E.1.3. We say that (BY,, B{g", By},) is a characteristic triple (we also call it a Lévy
triple), when By, = (B, (k))iL, € R™, B = (B (k)= € R™™ is a symmetric,
positive semidefinite matriz and By}, € M(R™) is a Lévy measure, indeed By, satisfies [5,, 1 A
||z]|? By (dx) < oc.
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Remark E.1.4. Sometimes the condition [, 1A ||z||* B, (dz) < oo is stated as

[ P+ el B o)
Rm™m

which is equivalent, because ||z||*(1+ ||z||?)~t < 1A ||z|]? < 2||=[|?>(1 + ||z||*) L. Both variation
can be often found in the literature.

Proposition E.1.5 (Lévy-It6 decomposition). If W is a Lévy process and W is its cadlag
modification, then there exists a Lévy-triple (BY,, B{", Byi,), a m-dimensional Brownian motion
W€ and a Poisson Point process W7 over R™ x [0, 00) wzth intensity measure By}, ® £eb|0, 00),

such that W¢ and W7 are independent, adapted to the filtration of W (hence they are adapted
to completion of the filtration of W) and it holds almost surely for all t > 0 simultaneously

W (t) = Bt + (B{g")? / / T (dy, ds) / / W (dy, ds)E.1)
Hli>1ye i<y

where (300”)2 € R™*™ 4s the unique positive, semzdeﬁmte matriz with (BS2Y)2 (BEY )z = BEY

and W is the compensated Poisson process W7 with W (dy,ds) = W7(dy,ds) — By, (dy, ds).

Proof. This Lévy-Itd decomposition is proven in Theorem 2.4.16 in [2] and by Corollary 2.4.21.
O

From the Lévy-It6 we can conclude that the finite dimensional distribution of a Lévy process
is uniquely specified by the characteristic triple. Further, since every summand on the right-
hand side of is a Lévy process by itself and since the class of Lévy processes is closed under
addition, we can conclude there exists for every characteristic triple a Lévy process.

Definition E.1.6. We say that W is a Lévy process with characteristic triple (B}, B{", Byy),
when (BY,, B{g", Byy,) is the triple from the Lévy-Ito-decomposition of W.

Proposition E.1.7. 1. Let us assume that W is a Lévy process with Lévy triple (BY,,, BS", Byi,)
starting in 0 € R™. If we define P, : Co(R™) — Co(R™) for t > 0 by setting for each
f e Co(R™)

P(f) (@) :=E[f(z+W())],
then (P, t > 0) is the Markov semigroup of W and (P;,t > 0) forms a Feller semigroup.

2. If we define (P*,xz € R™) C M1(D([0,0),R™)) by setting P* for x € R™ to be the law of
W?*, which is a copy of W starting in x € R™, then (P*,z € R™) C M1(D([0,00),R™))
forms a continuous strong Markov family.

Proof. A Lévy process is a Feller process by Theorem 3.1.9 from [2] and by the definition of a
Feller process the corresponding semigroup (P, ¢ > 0) is a Feller semigroup, see Page 150 in [2].
Now we prove that (P*,z € R™) is a continuous strong Markov family. If W, := x + Wy, where
W is a copy of W starting in 0, then W, ~ P,, and that if (z,,n € N) is converging against z,
then ||[W,,, — Wy||so — 0 almost surely. O

Proposition E.1.8. Let us define By : C,R™ C D(B) — Co(R™) as the weak generator of
(P*,z € R™), see Definition then dom(Byw) C span(C?(R™) U {1gn}) and if holds
g€ Cb(Rm) b

Bw (g)(z) = (Bf,) ' Vg(z) + VI Bjp"Vg(x)
+ /m 9z +y) — g(x) — Ly <1y (v Vg(2)) Bl (dy), =« €RY,
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with (B,)TVg(x) = Y1, Bl (k)0s,.9(x) and VT B§'Vg(x) = > =1 Bioo(k, )02, ,,9(x). If
Wy is a random variable with Wy ~ p, where p € My(R™), then the process W, given by
W,(t) = Wo + W (t) is a solution of the martingale problem MP(B, ).

Proof. This follows from Proposition 4.1.7. in [I4] and Theorem 3.3.3 from [2]. O
Remark E.1.9. In the book [T])] the authors Ethier and Kurtz use By given by
Bw (g)(x) =(Bfy) " Vg(x) + V' B V()

T X
+/Rdg(x+y)*g(l’) v Volz)

The differences between (E.2)) and (E.2) are the drift constant and the compensator of the Poisson
part. Both expression are identical, because it holds

BY, — B = L—ﬂ Bl (dy).
w w /]Rd (1+||y|2 {y||<1}y> W( Y)

We think that (E.2)) is aesthetically more pleasant, but (E.2)) one makes the application of Taylors

approximation theorem to the Poisson part more straightforward, as we do in the proof of Lemma

[EL11

Proposition E.1.10. Let us denote by By the restriction of By on span(CZ(R™) U {1gm}),
i.e. Bw = {(f,Bw(f)); f € span(CZ(R™)U {lgm})}. The martingale problem of the operator
By is well-posed, indeed if W is a solution of the martingale problem of By, then W is a
Lévy-process with Levy-triple (BY,, B{2”, Byt,) and admits cadlag modification.

Proof. If we define the set Bw|coomm) = {(f, Bw(f)); f € CZ(R™)}, then the martingale
problem MP (Bw ¢ (rm), 1) is well-posed for any probability measure 1 € M;(E) according to
the Theorem 8.3.3 from [I4]. By Proposition we know that the solution is given by the
Lévy process W, if W ~ p.

Now, let us assume that W is an arbitrary solution of the martingale problem MP (B, ). Then
W is also a solution of MP (B |ceerm), it), because By |ceomm) C By . By the uniqueness of
MP (Bw |¢eo (mmy, i) it follows that W and W have the same finite dimensional distributions.

Hence W is a Lévy process with triple (BY;,, Biy”, Byj},) and has a cadlag modification by Lemma

[E12l O

An important prerequisite for the Markov mapping theorem is that the operator of the mar-
tingale problem is graph separable. This conditions is mild, in sense that many possible opera-
tors/generators satisfy this condition, the proof that the conditions is satisfied is also not very
difficult in our case, but very technical.

Lemma E.1.11. The restriction By of By on span(C2(R™)U{lgn }) is strong graph separable,
indeed there exists a countable collection B C By, (here we interpret By as a subset of B(R™) x
B(R™)) with the property that for any element (f,g) € Bw we can find a sequence (fn,gn)S,
contained in B such that f, — f and g, — g uniformly.

Proof. We pick a countable family C?(R™) that is dense in span(C2(R™) U {1g=}) with respect
to the norm

oo+ D 10,2, Flloc- (E.2)

i,5=1

1flloc.2 = 1 £lloo + Y 1100, f
i=1
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We claim, that if we set B := {(f, Bw(f));f € C?*(R™)}, then the set B has the desired
properties.

Let us fix an arbitrary pair (f, By (f)) € Bw. Since C?(R™) is dense with respect to the norm
|- ||oo.2, there must exists a sequence (f,,)2%, in C?(R™) such that ||f — fu||ec.2 — 0. It remains
to show that Bw (f.) — Bw/(f) uniformly. During this proof we will write fo, = f. It holds
that Bw (f)(z) — Bw (f)(z),z € R™ is equal to:

(BX)TV () + VT BV f(z) — (B*)TV f, () — VT B £, () (E.3)
4 / 2 +y) - FA(2)Bl (dy), (E.4)
{llylI>1}

+ / FA( +y) - FA () — vV (2 (@) Bl (dy), (E.5)
{IlylI<1}

where f2 := f — f,. The uniform convergence for the drift and Brownian part, see (E.3]), follows
immediately from the convergence with respect to || ||« 2. For (E.4) we note that By}, is a Lévy
measure, i.e. By (R™\ {||y|]| < 1}) < oo, and so:

sup
zER™

For (E.5), let us define R™ : R™ x R™ — R by

4]

/ 2@ +y) — 12 @) B (dy)| < 2Bw({{lyl] > LDz =5 0.
{IlylI>1}

By applying the multidimensional Taylor formula, see “Taylorformel mit Rest” on Page 65 in
[26], it holds for all Z,5 € R™ :

fala+y) = fo(2) —y" VIR (@) = R (2,2 + " (x,y)y),

where t" : R™ x R™ — [0, 1] is the function implicit implied by the mean value theorem. From
1f2|o0,2 — 0, we can conclude that ||[R™|| — 0, therefore the integral (E.5]) converges uniformly
against 0, because f{IIUH<1} |ly||> By, (dy) < oo and of

/ PR+ y) — fA () — gV A @) Bl (dy)

{llylI<1}

- / R (.2 + £ (z, y)y) Iyl > B (dy)
{llyll<1}

<R [ IWIPB )
{llylI<1}

O

Lemma E.1.12. Let us assume W is a Lévy process with Lévy triple (By,, B{g¥, Byy,) and
W(0) = 0. If [5.||lwl|]3 By (dw) < oo, where |[w]|* = 22:1 |wg|?,w € R™, then there exists a
constant K1 such that

E[[W;, W;]i] < Kit.

Further there exists an increasing function Ky : [0,00) — [0,00) such that E[sup,, |[|[W][3] <
K(T)t for all0 <t <T < oo. The latter especially implies

thmwz%géK@ﬁ (E.6)

s<t
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Proof. Let us define v := [p, ||z[|*Bj}, (dz) < oo, then we can derive from the Lévy-Ito decom-
position that

Emwi,wj]tu<|BC°”u|t+E[/ [ a5, dxﬂ

IN

NE

(

| By (i, 4)| + v)t < 0.

k,l=1

Hence K, is given by |B{3"(i,7)| + v. The Lévy-Itd6 decompositions give us also the semi-
martingale decomposition W; = M; + A; which is given by

M) = B W0+ [ [ il o), A= B+l
i=1 R
where pu; = wa||>1 |z;| By, (dz) < v < oo and W’ is the compensated process. Combining

Jensen’s inequality and Doob’s L-inequality gives for E[sup,<, |[W]||?] the upper bound:
E {sup2|MS|2+2||As||2} > 2B (i) + il + 2R [[M;]] < Kw (T)t,
s<t i—1

where K(T) :=2T " [Bh, (k) + v]* + 23" | K1. Applying Markov inequality gives us (E.6).
O

Lemma E.1.13. The space CZ(R™) C D(Bw ), see Definition is contained in the domain
of the weak generator of W.

Proof. Let us assume that § € Co'F(R™) and that (P;,t > 0), where P; : Cy(R™) — Cy(R™)
for ¢ > 0, is the Markov semigroup of W. If W(0) = 0 and W, = W + z, x € R™, then
P(g) = E[g(W,(¢))]. Let us define the function w : (0,00) x R™ — R by

5 Pi(9)(x) = §(x)

wi(z) = " , eR™ ¢t >0.

We need to show that ¢ — wy(z) is converging to By (§)(z) for each z € R™, when ¢t — 0, and

that (||W¢||eo,t € [0,1]) is bounded. We recall (W¢ W) from the Lévy-It6 decomposition, see
Lemma The Ité-formula for Lévy processes, see Theorem 4.4.7 in [2], tells us

GWa(t)) — i(x) = / (BE,)TVG (W, (5)ds

+ 0z, G(Wa (5)) (Big") 2 (e, 1AW (s VT BV (W, (s-))ds (E.7)
3 ) ot 5

//m )+ y) = 9(Wals) = Lyjyi<ay (¥ Va(Wa(s-))) By (dy)ds

b [ a0 )~ 807 (60) ~ Ly (67 VoW (o) W (). (59

By applying the multidimensional Taylor formula, see “Taylorformel mit Rest” on Page 65 in
[26], it holds

GWa(s) +y) — §(Wa(s-) = Lyyn<ry (U VaWa(s-)) < llyll*l19l12,00, v € R™,
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where ||g||2,00 is the norm of ¢ in CZ(R™) C D(Bw), see Definition For a more detailed
derivation of this bound, please see the proof of Lemma[E.I.11} Due to this bound, the fact that
g is bounded and the fact that By}, (dy) is a Lévy measure, it follows that the integral in
forms a martingale. Similar, since 0,,G,1 < k < m, is bounded, the Ité-integrals in (E.7) are
also martingales. Taking the expectation it remains:

E[5(W.(1) — ()] = t
[ ELBG Vava )] ds+ 5 [ BV B eWa(s)] ds
0 0

+/0 / E [§(We(s-) +y) = §(Wa(s-)) = Lyjyi<ry (v Va(Wa(s-)))] By (dy)ds

The right hand side of the above can be bounded by tK, where

l ~ ~ ~
K= (IIBﬁvlfllgllz,oo +/| o [1y117119112.00 By (dy) + 2119 ]2,00 By ({I]2]] > 1})> :
Y=

Hence sup;cg 1) [|Wt||oo is finite. Taking the derivative with respect to ¢ shows the convergence
of the map ¢ — Wy (z) to Bw (§)(z) for t — 0. O

E.2 The Generator of a Path-valued Process

In his lectures notes Perkins also discusses the characterization of the path-valued process via the
help of a well-posed martingale problem corresponding to linear operator Bw. Unfortunately,
to the best of our knowledge no explicit expression of By is given in the literature, which
is problematic, because without an explicit expression, it is difficult to check, that this linear
operator satisfies the conditions of the theory of the Kurtz-Rodrigues representation. Therefore
we present an explicit version By and the proof of the following proposition. We will not
give more details on the operator and the proof of Proposition because both are very
complicated.

As we have already discussed in the previous Section it is necessary for us to characterize
the spatial processes of our particles as the solution of a martingale problem. Therefore in
this section we will characterize the path-valued process 2J of a Lévy process W as the unique
solution of a well-posed martingale problem. This martingale problem should not only be well-
posed, but the linear operator By associated with the martingale problem should also satisfy the
Conditions 3.1 found in the Paper [32]. This is important for us, because it allows us to apply
the Markov mapping theorem to the Kurtz-Rodrigues representation with spatial motion defined
by Bw. While there exists in the literature possible candidates for By, which characterize 20
via a well-posed martingale problem, these candidates usually do not satisfy the Conditions 3.1.
Either their domain is not closed under multiplication, or their domain and their image is not
contained in the set of continuous functions.

Before we discuss our choice for By in details, let us repeat some properties of the state space of
20, which play crucial role, when one wishes to define the path-valued process of a process with
cadlag paths via a martingale problem.

Therefore let us recall that, if W is a Lévy process in R™, then the state space of the path-valued
process 20 has the form

D([0,00), R™) == | J ({t} x De([0,00),R™)),
t>0
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where D([0, 00), R™) is the collection of cadlag paths which are constant from the time point ¢
onwards (i.e. to € D;([0,00), R™), if and only if w(t) = w(t) for all ¢ > ¢). Further the topology
of D(]0, 00),R™) is the one implied by a metric with the form

d]ﬁ),E((t’ m)v (87 ﬁ))) = d]D),E(mv FO) + ‘t - S| (Eg)

with dp g being a metric generating the Skorohod J-1-topology on D([0, c0), R™), the space of
cadlag paths.

Remark E.2.1. In this section we will assume that the Skorohod metric dp g in (E.9)) is the one

ound in Chapter 3 of [7]. ere dp g(r,m) 1= > 77 Ldp gon(t0,10), where for a five >0:
found in Chapter 3 of [fj. There dp * Ldpp here for a fized T > 0

dp, g1 (W0, 10) := inf{ sup |p(t) —t|+ sup [|ro(p(t)) — ﬁJ(t)||} ,

te[0,T) t€[0,T)

where the infimum is taken over all time changes. Note that this metric does not make D([0, 00), R™)
a complete metric space, for completeness one needs to use the more complicated metric defined
on the Page 117 in [T]|]. But when we are dealing with questions of continuity it is easier to work
with the above metric.

Let us fix an element (¢, t0g) € ]f)([O, 00),R™). We want to construct a path-valued process
starting in W(0) = rog(tp), therefore let us assume that (Q,F,P) is suitable probability space
and that W : Q x [0,00) — R™ is a Lévy process corresponding to the operator By starting in
o (to), i.e W(0) = tog(to). The associated path-valued process W : Q x [0, 00) — D(]0, 00), R™)
is obtained by setting W(t) := (to + ¢,20(¢)), where 20 : Q x [0,00) — D([0,00),R™) is the
process whose value for fixed time ¢ € [0, 00) is the path s — 20(¢, s) is given by

W(t A (S - to)), s > to,
mQ(S), s < t1p.

W(t,s) = {

For the rest of this section we also fix the following notation (which will be useful during the
formulation of the following results), we write:

m(to,mo) € Ml (]ﬁ)([ov 00)7Rm)[0’00)> ) (to,mo) € ]1/5)([0, Oo)va)v (E.lO)

for the distribution of the path-valued process W with initial state (¢o, 10), and we write (;,t >
0) for the semigroup defined by

P () (¢, w) = E[F(W,)[W(0) = (to, wo)] (E.11)

for (¢,t0) € @([O, o00), R™), § € Cp(D([0,00),R™)). One difficulty in defining a linear operator
characterizing the law of W is that the evaluation of a cadlag path at a time point, i.e. any
map of the form o — w(t;) for some ¢; € [0, 00), is not a continuous functional in the Skorohod
topology. Consequently a functional of the form (t,10) + t(t1) for some ¢; € [0,00) is not
continuous in the topology of D([0,00),R™). But the specific topology of D([0, 00), R™) allows
one exception, and this is the map

(t,t0) — 1o(t).
This exception is crucial for us and we prove its continuity in the next lemma.

~

Lemma E.2.2. The evaluation map = : D(]0,00),R™) — R™ given by 7(t,t0) := w(t) is
continuous in the topology generated by the metric dg 5.
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Proof. We begin with the observation that for all 0 < s < T < oo holds Ds([0,00),R™) C
D7 ([0, 00), R™) and so

m(s,) = w(T) (E.12)

for all (s,w) € HS)([O, 00), R™) with s < T'. Let us now assume that (¢1,11), (t2,102) € ]f))([O, 00), R™).
When we choose a time point 7" such that 7' > ¢; and T' > ts, then it follows from (E.12|) that

| (t1, 1) — m(t2, w2)| = |w1(Th) — wa(T3)| (E.13)
for all Ty,T5 > T. We obtain:
[m(tr,101) — 7 (ta, W02)] < inf [y (T) — wo(T)| + inf |y (T) — (T
T>T T>T

< 2inf sup |1 (¢(s)) — roa(s)],
P s>0

where the infimum in the above line is taken over all time changes ¢ : [0,00) — [0, 00). It follows
|7 (t1,101) — m(t2,102)| < 2dp g (101, 102) < 2d5 4 ((t1, 1), (2, 102)),
when dp g is given as in the Remark @ O

Corollary E.2.3. The path-valued process 20 has cadlag paths or continuous paths with respect
to the metric d]ﬁ,E from (E.9), if the original Lévy process has cadlag paths or continuous paths
with respect to standard euclidean norm in R™.

Proof. This follows directly from (E.9) and Lemma O

Definition E.2.4. Let us define for p € C1([0,00)) U{Ljo00)}, f € span(CZ(R™)U{lgm}) and
g =(g1,9r),gi € C.(R™T1),1 < i <k, the function Fy t,g : D([0,00),R™) = R by setting

k t
opaltiw) = 01 o(0) I [ it 5)ds (E.14)

for all (t,w) € D([0, 00), R™).

Remark E.2.5. When we omit ¢, f,g from the substring of T, s g, then we interpret this as if
the corresponding factor has been set to one, e.g.

k t
S r(t,w) =p(t)f(m(t), Telt,w)=0p(t), Trg(t w) =f(m(t))H/O gi(r(s), s) ds
i=1

and F(t,w) = 15 ) This list of examples is not exhaustive, but it should convey the idea.

([0,00),R™

Lemma E.2.6. The test functions defined in Definition[E-2.7), which includes the functions from
Remark[E. 2.5, are continuous.

Proof. Let ¢, f,g be defined as in the Definition [E:2.:4] The statement should be clear for test
functions of the form §,(tw) = ¢(t) and §F;(¢,w) = f(0(t)) due to the definition of the metric
in and the Lemma Since continuity is maintained under multiplication it remains
to argue that test functions with the form F,(t,10) = fotg(m(s))ds are continuous. Let us

o0

assume (£,,10,)°%, is a sequence in D([0, 00), R™) converging against (t, ). Since this implies
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limy,, 00 tn, = ¢, there exists an upper bound for (¢,)52; and ¢ which we denote by T € [0, o),
which gives us in turn the upper bound:

T
8y (t 100) — B by 00)| < / 9(Wa(s), 8) — g(W(s), )| ds.

Since g is bounded and continuous, the right-hand side of the above inequality converges to zero
due to Lebesgue dominated convergence theorem. O
Definition E.2.7. We denote by Bw the linear operator

By : Ch(D([0,00), R™)) D D(Bw) — Cy(D([0,00), R™)),

whose domain D(Bw) is the linear span of | Jz—o Tk, where
Iy := {%7%@gfy%g;%ap,f;%go,gasf,ggtp,f,g; p e Ccl([oa )), f € span(C’CQ(Rm) U{lr~}),

g = (gla "'agk)vgi € CC(Rm+1) ) 1 < { < k}ak € NOa

~

and whose value for F, f.q € Ty is the function Bw (o, 1,g) : D([0,00),R™) = R given by

Bur(Fnt.g)(t10) 1= () fF(o(8) [ | / gi(vo(s), 5) ds

Remark E.2.8. Analogously to Remark[E.2.5, when we apply the operator By to a test function,
where @, f or g is missing in the substring, e.g. S,.r or §r.g, then we set the corresponding part
in the expression of By to zero, e.q.

B, (t,10) := (1) f(w(t) + (t) Bw () (w(t))

k

Bur(31.0)(t ) := Bu(£)(w(t) [ / gi(10(s), ) ds

i =1
+f(m(t))Zgj(m(t),t)_ H /Ogi(m(s),s)ds.

Note that this is consistent with Remark [E. 2.3

Proposition E.2.9. Let (P, t > 0) be the semi-group of the path-valued process corresponding
to the Lévy process characterized by the martingale problem MP(Bw) and §y, 5.9 € D(Bw),

indeed see (E.11), then it holds

‘J3t(&,f,gt) ~Sestg 29 g Borra) b (E.15)

Further, let W be a process whose law is that of the path-valued process starting (to,t0q) €
D([0,00),R™), then W is a solution of the martingale problem MP(Byy,d (1, w,))-

220



Proof. If W is a Lévy process with generator By, and W is the path-valued process constructed
for the initial state (to,xo) as above, then we can prove (E.15) by showing that:

&+ | =

(E [&o,f,g(w(t))} - 3¢,f79(t07 1)) ﬂ; By (S%f,g) (to, o) (E.16)

for an arbitrary chosen. We also need to show that the left side of (E.16) is bounded uniformly
in t and (to,x0). We know that the statements are true for the case Fo ¢ (and its special cases
S, and §y), because

S (W) = () f(W(1))

and W is a solution of the martingale problem of By,. Therefore it is sufficient for us, when we
only consider test functions with the form

k t
1ot = f(w(t) [T / g (o(s1), s1) ds.

Considering the remaining cases §g4(t,10) = Hle fot gi(ro(s;), s;) ds; and

k t
Sorolt) = ol o) ] [ utotsn). ) s = o080

we can say that §g is just a special case of §F g with f = Lgm and §,, r g will follow immediately
from the case of § 4, since the time component of W is just the deterministic process given by
(w,t) — to + t. For the rest of this proof we choose a fixed constant K > 1 with the property
that |f|, | Bw (f)|, g1l ---» |gx| < K and we proceed with the decomposition:

E[S7g(W(t)] = S5g(W(0)) =E[f(W()Fg(W(2))] = F(W(0))F4(W(0))
=E[f(W (1)) Fg(W(t) = Fg(W(0))] + E[(f(W(1) = F(W(0)))Fg(W(0))].  (E.17)

Considering the second term in the above, we note that §q(W(0)) = F4(to,00) is deterministic,
so we can pull it out from the expectation. Combining this with the fact that W is a solution of
the martingale problem of By, we obtain for all ¢ > 0 the upper bound

FIELFOV() = £ 00)5 0000 < 5 [ E (B (DOV ()] ds - St 10)]

Since |Bw (f)| is bounded by the constant K and §g(to,wp) is bounded by K(T + 1)k for all
initial states (to,m0), when we choose T such that the support of g; is for all ¢ € {1,...,k}
contained in the set R™ x [0,T], we can conclude that

FEIFV () ~ F(t0,10))s(to, o))

is bounded by K?2(T + 1)¥ for every t > 0 and every initial state (¢g, o). That W is a solution
of the martingale problem of By, allows us also to conclude that

1 t—0

SE(F(W(0)) = F((t0, 0))Sg(t0, 00)] = Buw (/) (W (0))Fg(to, o)
= Bw (f)(wo(t0))Fg(to, W0).
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This gives the b.p. convergence of the second term of (E.17)). Considering the first term of (E.17))
we start with the observation that §4(W(t)) — §4(to,00) can be written as

k
SQ(W( ) — Sg to, o) Hggl (t) — Hsgi(w
i=1

k
= Z H o, (W) | (Fg, (W(1) = Fg, (W) | T o, (W(O0))] - (E.18)
i=1 |j=1 j=i+1
with g, (¢, 10) fo gi(to s) ds. But that is not all, because we can also write
t
80 (W(1)) — F,. (W(0)) = / Gi(W(s),s) ds. (E.19)

Again choosing T' > 0 such that the support of g; is for all ¢ € {1,...,k} contained in the set
R™ x [0,T] and using the fact that |f|, |g1], ..., |gx| < K, we can observe that it holds

%\f(W(t)) (Sg(W(t)) = g (to, w0))| = == > [84.(W(t)) = Ty, (W(0))]

K* o _ ekl
< T (k= K = KM 1),

Note that this bound is true, independent from the values of W on [0,7] and the chosen initial
state (o, 10p). This uniform bound allows us to apply Lebesgue dominated convergence theorem
to the first term of (E.17) and so we obtain:

i B FV(0) (50 (W(0) ~ p{to.w0))] = B | tim 73 () Sl 0L Sl

t—oo t t—00 t

and by (E.18) and (E.19) we can see that

tlg%g( (t) — 3"9 to, o) Zgl (to), to) H/ ;(W(t,5), ) ds.

J#i

This gives us the b.p. convergence of the first term in (E.17]). O

The next lemma tells us under which conditions the dynamic of the functional f(X), where
X is the solution of martingale problem associated with an operator A and f € D(A), can be
described by a (random) differential equation, meaning that the evolution of f(X) contains no
Brownian part, no Jump part, only drift. This lemma will become quite useful for the proof that
the martingale problem of By is well-posed.

Lemma E.2.10. Let us assume that E is a Polish space, B : B(E) D D(B) — B(FE) is a linear
operator and the process X is a solution of the martingale problem of B. When f € B(E) has
the property that f, f? € D(B) and B(f?) — 2fB(f) = 0, then it holds

f(Xe) — f(Xo) :/0 B(f)ds a.s. Vte|0,00).

Proof. See Lemma 2.1. from [3]. O
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We will also need the following small technical lemma.

Lemma E.2.11. Let us assume that w1 and 1oy are two cadlag paths in R™. Further let us
assume that there exist two time points t1 < to such that the equality

to ta

/ gn(w1(s8), s)ds = / gn(102(8), 8)ds (E.20)
t1 t1

is true for a countable family (gn,n € N) C C.(R™*Y) of functions that is dense in C.(R™T1)

with respect to the uniform topology, then it holds w1(s) = wa(s) for all s € [t1,t2).

Proof. Since (g,,n € N) C C.(R™*1) is dense in C,(R™*!) with respect to the uniform topology,
we can conclude that the equality of is true for any element of C.(R™*1). Now let us
assume that there exists a t3 with t; < ¢35 < t3 such that w;(t3) = ta(t3). In this case
we choose a function g, € C.(R™) with the property that g, (t01(f3)) < guw(to2(t3)). Since
s — gw(;(s)) is right continuous for ¢ € {1,2}, there must exists a § > 0 and an € such that
guw(101(8)) < € < gyw(wa(s)) for all s € [ts,t5 + €). Now let us choose a non-negative function
gt € Cc([0,00)) with supp(g¢) C [ts, t3 +¢€) and [,* g(s)ds = 1. Tt follows

ta

/ : 9w (101(8))ge(s)ds < € < / 9w (101(8))ge(s)ds.

t1 tl
But since the product g,g; is also an element of C,(R™*!), this produces a contradiction. [

Proposition E.2.12. The martingale problem of Bw is well-posed, indeed let us assume M
is an progressive process defined on some probability space (2, A,P) which is a solution of the
martingale problem MP(Bw, (to,w0)) and with the law

(BM € Ml(]ﬁ)([ov OO)’ Rm)oo),

then Py is identical with B4y we) from (E.10), which is the law of the path-valued process asso-
ciated with the Lévy process with generator Byy. Further M admits a cadlag modification.

Proof. Let us assume that M is a solution of the martingale problem MP(Byy, du,), where
My := (to, Mly) € DR™ is an arbitrary initial state. Further we denote by

P € M, (ﬁ([o,m),Rm)[O»w>)

the law of M.
Let us define the processes T : {2 x [0,00) — [0,00) and D : Q x [0, 00) — D([0, 00),R™) as the
unique processes given by

Further we define the peak process M : Q2 x [0, 00) — R™ by setting M (t) := M (¢, %(¢)). In order
to prove that the law Py is indeed the law of the path-valued of the Lévy process associated
with the generator By, and to prove that M admits a cadlag modification, we need to show that
M is a solution of the martingale problem for By and that M admits a cadlag modification.
Further if M is the cadlag modification, then we need to show that

i [‘v’s € [to,to + ] : M(t,s) = M(s) | =1 (E-21)
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and also that T =ty + ¢ almost surely for all ¢ € [0, o).
We start with M. By considering test function with the form § (¢, w) = f(w(¢)) we can conclude
that

FOI(1)) — F(M(0) — / Bu (/)(M(s))ds

=3y (M(1)) — §5(M(0)) */O B (§7)(M(s))ds

is a martingale. Hence M is a solution of the martingale problem of By, starting in the origin,
indeed by Proposition the process M is a Lévy process and admits a cadlag modification
denoted by M.

We continue with . Applying Bw to the class of test functions with the form F(¢,w) = (¢)
with ¢ € C1([0,00)) we obtain

BW(Si)(t, m) - 2&90(7“‘7 m)BW(gSD)(t7 m) =0.

for all (, 1) € D([0, 00),R™). According to Lemma [E.2.10| we can conclude that

H(T(1)) — (S(0)) = / H()ds a.s.,

therefore T admits the deterministic process/\%(t) =ty +t as modification.
Next we prove (E.21). By the definition of M and M we already know that

PN(t, ¢) = M(t) = M(t)] = 1

is true for any fixed ¢t > 0. To obtain the same result for the entire path up to time ¢, it is
sufficient according to Lemma [E:20] to show that

to+t ¢
/ g(im(t,s),s)ds:/ g(M(s),s)ds a.s. (E.22)

to 0

for an arbitrary fixed function g € C.(R™!). Using the function §, (¢, 1) = fot g(r(s),s)ds we
can rewrite the left-hand side in (E.22]) by

to+t to+t to
/ g(M(1, 5), 5)ds = / g(M(t, 5), 8)ds — / G(IM(0, 5), 5)ds = Fo(M(1)) — Fo(M(0)),

to 0

where we used that (0, s) = M(¢,s) for all s < ty. Combining Lemma [E.2.10| with 39,35 €
D(By) and that Bw(F2) = 2, Bw(§,) we can obtain the identity:

50(0(0) = 5,00)) = [ Ba@,)0a()ds. as.
and using Bw(F4)(M(s)) = g(M(s), s) gives us the identity:
50(1(0) = 5,(00) = [ a(M(s). s, as
Combining the previous steps we get.

to+t t
/ g(M(t,5), 5)ds = / Biy(34) (M(s))ds
0

to
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Since fot Ellg(T(s), M(s)) — g(Z(s), ]/\/[\(s))H ds = 0, we can replace M by its cadlag modification
M and we obtain the desired equality in . Choosing a countable collection (g, n 6 N)
C.(R™*+1) that is dense in C.(R™*1) with respect to the uniform topology, we obtain ([E.21)) by
the Lemma In our last step we define the process M : Q x [0,00) = Uy>oD([O, oo) R™)
by setting for all t

—~ . M@A(s—t); s>t
M(t, s) := {m(s); 0 Sgtz.

From (E.21)) we can conclude that the process Ml = (%, ﬁ) is a cadlag modification of Ml = (T, ).
Further since M is a copy of the Lévy process implied by By, the law M must be 3. Because
M and M have the same law, it must hold Py = P. O

Proposition E.2.13. The operator By generates a Borel strong Markov family, indeed if we
define for each (tg, 1) € D(]0, 00), R™)

Btawa) € Mi (D ([0,00), D((0.50), B™))) )

as the path law of the cadlag version of the unique solution of MP(Bw, 6, w,)), then this forms
a Borel strong Markov family.

Remark E.2.14. In (E.10) we defined B4, w,) as an element of My (Iﬁ)([O, oo),Rm)[O"X’)). But

in Proposition we proved that every process whose finite dimensional distributions are
given by the probability measure from (E.10) also admits a cadlag modification, so the difference
between these two formulations is purely formal.

Proof. Since the Martingale problem MP(By) is well-posed and every solution admits a cadlag
modification, and we need to argue, why (B w,), (to,0) € ﬁ([0,00),Rm)) forms a Borel
strong Markov family. Therefore let us assume that W is the underlying Lévy process and that
(Py,x € R™) forms the family of paths laws on D([0, 00), R™) associated with W. By Lemma
(Py,x € R™) forms a continuous strong Markov family. Our claim follows now from
Proposition 11.2.5. in [40]. O

Proposition E.2.15.
1. The domain D(Bw) is separating.

2. There exists a countable subset B C By such that for every (§, Bw(3)) the set B contains
a sequence (Fn, Bw(Fn),n € N) such that F, = §F and Bw(Fn) = Bw(F) uniformly.

Proof. 1. By definition D(Byy) forms an algebra, so in order to prove that D(Byy) is separating,
we only need to show that D(Bw) is point separating, see Theorem 4.4.5 in [I4]. Therefore let us
assume that (Z1,101) and (2, 102) are two different elements of ID)([O 00), R™). We have to show,
that there exists a test function § € D(Bw) such that §(t1,101) # §(ta2, 02).

We begin with the case that t; # t5. Since C'([0,00)) is point separating, we can choose a
¢ € C'([0,00)) with p(t1) # ¢(t2). Then it is sufficient to use the function F, (¢, 10) = p(t).

If t; = to, but 1(¢1) # w(t2), we proceed similarly. Since span(C?(R™)U{1gm}) is also separat-
ing, we choose an element f with f(w(¢1)) # f(ro(t1)) and then we choose §¢(t,w) = f(ro(t)).
If t; = to and there exists a § € [0,¢1) such that ml( ) # 102(8), then there must exists a

g € C.(R™1) such that it holds for (¢, w) fo s)ds with Fg(t1,1071) # Fg(t2,w2), 0
else we could conclude from Lemmam [E.2.11 that w1 (s ) ( ) for all s € [0,7).
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2. The domain D(Bw) of By is defined as the linear span of U,en,I'y, see Def. hence it
is sufficient, when we can prove the statement for By restricted to I',,.

For this purpose let us fix a set C([0,00)) that is dense in span(CL([0,00)) U {1j0,0)}) with
respect to the norm

[lllse,1 = [[@lloe + [[¢lloo-

Hence if §, is a test function in T, with the form §,(t,tv) = ¢(t) for an element ¢ in
span(CL([0,00)) U {1[g,0)}), note that Byw(F,)(t,10) = ¢(t), then we can choose a sequence
()2, in C([0,00)) converging against ¢ in the norm || - ||s0.1, and we can define the sequence
(§p,.) with §,, (t,10) = ¢, (t), then it follows that (F,,,n € N) and (Bw(F,,),n € N) are con-
verging bounded and pointwise against (§,, Bw(§,))-

Next let us consider the countable set C?(R™) from the proof of Lemma [E.1.11| that is dense
in span(C2(R™) U {1g=}) with respect to the norm || - ||,z from (E.2). If the test func-
tion §s is given by Ff(t,1w0) = f(w(t)) for a f € span(CZ(R™) U {Lg=}), note that implies
Bw(5s)(t,w) = Bw(f(t)), then we can choose according to Lemma a sequence in
(fn,n € N) such that ((fn, Bw(fn),n € N) are converging against (f, By (f)) uniformly. Conse-
quently the same holds for (§¢,, Bw(fn),n € N) and (F¢, Bw(f)).

For the next part we consider a countable set countable set T that is dense in C. (R™ + 1) with
respect to the supremum norm || - ||oc. If g is a test function with the form

koot
olt.) = [ [ aiwis).)ds

for g = (g1, .-, 9x), gi € span(C,(R™TH) U {Llgm+1}),1 < i <k, which implies that

k k t
Bu@)(tw) =Yg w00 T[ [ atwie).o)is

i=1,i#]

then we can choose g, = (g7, ..., g), g* € T, 1 < i < k. with (g/*, n € N) is converging uniformly
against g; for 1 < ¢ < k. If we define the test functions §g4, by setting

k t
S, (t0) = [T [ a7 (). s)as.

then (Fg,, Bw(Jg, ), n € N) is converging against (g, Bw(Sg)) uniformly.
Finally let us define the set I'y, as

fk = {37%ga:SfaSg7$gp,fa$g0,g:$f,g$<p,f,g; pEe é([0,00)),f S CN’Q(Rm)’
g= (917--~7gk)7gi S fcal <1< k}
If §4,f,g is now an element of I',, with the general form
k t
Sosaltw) = o) fo() ]] [ autoge).s)is.
i=1

then we can write §o. g = §,5r5g and
Bw(gw’f,g) = BW(%w)gfgy + &OBW(sf)Sg + gwngW(&ﬂ
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Since the uniform convergence is maintained under linear combination and multiplication, let us
choose §,,,, 5y, and § (gn) as in the upper paragraphs, and let us define §,, := §,, & fnS(gn) and
it follows that (., , Bw(8y,)) is uniformly against (F, .9, Bw(Se,f.g))- O

Proposition E.2.16. There exists an operator By that satisfies the Conditionsfor path-
valued process of a Lévy process.

Proof. This is a combination of Proposition [E.2.12] and [E.2.15] O
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Appendix F

Auxiliary Results

F.1 Second Construction

In this section we are going to prove Lemma [F.1.2] which is applied in the proof Proposition
[2.6.6] which is needed for the Case IV in Chapter [4] which in turn is essential for the proof of
the continuity of %% in Chapter |5l Therefore let us fix a r > max{b/a,0} and let us assume
that €V, W and Y are the processes obtained in Lemma and Definition m We will
now construct a new N(E x [0, 00))-valued process £"'2" such that

E-W — SW,T + EW,ZT'

The process £€">" will be divided into three components, indeed we define three N'(E x [0, 00))-
valued process €721 ¢W.2r2 €W, 2r.3 with

EW,ZT _ EW,ZT,I +EW,ZT,2 +EW7ZT,3'

We start with the most complex one, éwvz’“’l, which represents the population descended from
the initial particles with a level above r. This means that the process EW’ZM will a be also
Kurtz-Rodrigues representation similar to £, but all particles will have a level above 7. We can
construct éw’z“l in the same fashion as we did with &€". Therefore let us assume that

(U2, X720, (V5% 1 < < j < 00), (X7)32y and (N7)32, (F.1)

are independent copies of

(UiOJXQ)?ilv (Vk 1 S i < ] < OO)? (Xl);.il and (Nl)fil

i Vi

Since all particles in EW’EM should have a level higher than r, we modify (Ul-0 ’2);’21 by setting

Uioa = UZ-O’27 i € N. We can now repeat the steps of Chapter [2| for the construction of &€V to
obtain £€":2"1 but we use (U?)2°, and instead of (F.2).

The next process EW’ZT*Q consists of the particles born by the particles inside of €V" but with
a level higher than r. For this purpose let us assume that (&, k € Ny) is a collection of inde-
pendent Poisson counting processes with rate 1, (Sin;k,n € N), (Ui n; k,n € N) are two sets of
independent on (0,1) uniformly distributed random variables and (Wk,n; k,n € N) consists of
independent Lévy processes in RY, which start at 0 and are copies of W, see Lemma We
also need the following lemma.
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Lemma F.1.1. Let us assume E s a Polish space, then there exists a measurable map ¢g :
My (E) x [0,1] = E such that for all over [0,1] uniformly distributed random variable S and all
€ My (E) holds that S := ¢(u,S) is a u-distributed random variable on E.

Proof. This follows directly from Lemma 2.22 in [2]]. O

We are now defining a collection (Wy ,,, Uy, ) of processes that will form the atoms of EW’ZM.

Next we define the “initial values” and birth times of the particles. Our first step is to set:

Nilt) = & (/Ot Y7 (s) ds) .

The birth times will be the jumps times (7x,,;n,n € No) of (&, k € Ny), where 7y, is the n-th
jumping time of &£, with the convention that 7 o = 0 and we do allow the value infinity, because
there is the possibility that Y dies out. Indeed let us set T4y = inf{t > 0: Y"(¢) = 0}, which
is extinction time, and let us define the process Q™" by setting

- 1 -
Wor =X,
Q"= H[O,Tgx)(t)?;Ht "+ Lo, 7, ()04,
where t is a point not contained in ®. After the extinction time Ty no €272 will
We are now defining ‘initial values”

—_—W,r
Wi Up T g,
( k,n,Vk, )(b@ (Yr(%kvn—)7 k,)

Since (U2?, X??)22, is a copy of (U2, X9)22 | with

Let us assume that the level system (U;)$2,, the genealogy ® and the system of path-valued
processes (W,)22, have been constructed as in Definition and as in Lemma
We are now fixing r > max{b/a,0}. If E¥" and Y" are the processes obtained in Lemma
and Definition from (W;, U;)22,. Let us define the filtration V" := ¢(E"") and the
sequence of (73)%, of F'"""-stopping times by setting 7o = 0 and 7411 = inf{t > 7, : AY" = —1},
k € Ny. The stopping time 7 is the moment, where we observe the k-th death in the population
E"W'" meaning the particle with the highest level below 7 before 73, is hitting the barrier 7. Let
us fix a 7 > max{b/a,0}. In the Definition We defined the processes £V-", €V:2" and W',
but also the filtration F=%:" which is the right-continuous completion of o(EW:", ¢W:2"). If we
set FEWr.— (FEWT 1> 0) with F="" .= ¢(EW", s < t), then the difference between F=W-r
is the information contained in the path of £"'2". The purpose of this section is to prove the
following statement.

Lemma F.1.2. It holds for allt > 0:
W,r| —2,W,r W,r| =2,W,r
L& F )= L& |5 ).

The intuitive interpretation of the Lemma is that the path (€727 s < t) does not
contain any new information about EEW " if we already know the path (EY", s < t). This should
not be surprising, because £YV’T is a functional of E}W’T and the path of EW" is unaffected by
the path of €"'27 and the way how the path of £€W'2" is affected by E"" does not reveal any
new information about the levels of the particles contained in Syy . We will now transform
this intuition in a proof based on the observation that we can think about (£Y2" s < t) as a
functional of (EY" s < t) and some additional randomness that is independent from the path

of €W and EW". Based on this observation the Lemma follows from the next lemma.
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Lemma F.1.3. Let us assume that P and Q are two independent random variables with values
in the Polish spaces Ep and Eq. Let us assume that ¢ : Ep — Ep and v : Ep x Eg — EQ are
measurable maps, where Ep and EQ are also Polish spaces. Let us define the random variables
P = ¢(P) and Q := ¥(Q, P), then it holds for the conditional distribution:

L(P|o(P)) = L(P|o(Q, P)).

Proof. Since P and Q are independent, it follows from o(Q, P) C o(Q, P) that for all bounded
measurable functions f : Ep — R holds

E[f(P)lo(Q, P)] = E[E[f(P)|o(Q, P)]lo(Q, P)] = E[E[f(P)|o(P)]lo(Q. P)] = E[f(P)|o(P)].
O

While it is obvious that 2W>", €7 and €V:2" should take the role of P, P and Q, it is difficult
to identify (). Therefore we will make a detour, instead to work with §W’ZT we will construct a
new process £€"'2" which is not only a copy of £€":2" but also (§V'",€"2") has the same joint
distribution as (€7, €W:2"). For this it is sufficient to construct W27 in such a way that the
N(E x [0, 00))-valued process given by

EW — EW,T‘ + EW,ZT
is again a Kurtz-Rodrigues representation.

Remark F.1.4. While €V is given and unaffected by W27 the other way around this not
true, €W effects éW,ZT in two ways. First, the particles in €7 give birth to new particles with
levels higher than r, hence to particles belonging to EWZT, Second, if a particle in €V dies,
meaning its level hits v, the particles lives on in EWZ", indeed such particles in €7 continue
their “life” by immigrating to €27,

Recall the state space © = Iﬁ)([O o0), R%*1) of our path-valued processes (W;)22,, see Defini-
tion “ and Lemma[2.4.8] As in Chapter [2] we build a collection (W?,U! )52, of processes with
values in D x [0, 00) and these will form the atoms of £"+=". For the construct of £€":2" we will

malke us of the following list components which is roughly based on our Ingredients list 2.1.2]

Assumptions F.1.5. 1. (S;,i € N) and (SF;i,k € Ny) are a collections of independent
random variables uniformly distributed over (0,1).

2. (VI

il <i<y< o0) are a collection of independent Poisson point processes over [0,00) X
[0, 00) with intensity measure 2afeb[0,00) ® Leb]0, 00).

3. (é'f’r,j € N) is a collection of independent Poisson point processes over [0,00) X [0, 00) with
intensity measure 2aleb[0, 00) ® Leb]0, 00).
We assume further that the different components are independent from each other and also
independent from components from the Assumption[2.1.3, which implies the independence from
eV since €V is built from the latter.

Our first step is to use the (XOT Ui )22, is a collection random variables with values in

[0,00) x R?, such that if we set £X27 := 370 §(x02 02), then
£(E2"1Q7, Yo) = PPP(F) @ Leb[r, o)),

recall that Ef = Y, Q.
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Lemma F.1.6. There exists a map
p: Mi(R?) x [0,00) x [0,1] — R? x [0, 00)

such that, if (i,y) € My(RY) x [0,00) and S is a [0,1]-uniformly distributed random variable,
then (X, V) := p(,y,S) is a random variable with distribution p ® Exzp(y).

Proof. The existence of p follows, when we apply the Lemma 2.22 from [2I] to the Markov kernel
a: Mi(R%) x [0,00) = M;(R? x [0,00)) given by a(u,y) = p @ Exp(y). O
With p in our hand we first set (X", V."") == p(QF, Y0, 8:), i € N, then UY" =+ V"
and UY" = r + Zj.:l Vjo’r.
The dynamics of (U])$2, are very similar to one of (U;)$2,, see Definition but there
are the additional Lines (F.4)), and due to the observation made in Remark

Definition F.1.7 (Level System II). The levels processes (Ul,i € N) with U] : Q x [0,00) —
[0, 0] are the solution of an infinite system of differential equation with jumps which is given for
all j € N and t € [0,00) by:

UT(t) = U+ / 0,00 (U (57)) [a (U (57)) — b0 (5-)] i (F.2)

] 1 UJ(s-)
/ / v —Uj(s-)V};(dv, ds) (F.3)
1(5

Uj (s-)
+Z // (s e<yr }5 "(dv, ds) (F.4)

1=2 k=1
Jj—1li-1 Ur(s
+> ) / / 1(55) = Ul (s-)Vi(dv, ds) (F.5)
1=2 k=1
j—1 o ur (5_) .
Y / [ ) = U ey dods) (7
i=2 k=170 71(s-)
t
=1y [ [r=Uj(s)[hqayr=—1;dY . (F.7)
0

Again as in Deﬁmtion we interpret the inner integrals of (F.3) (F.4) and (F.5), (F.6)
as zero, if (U] (s-), UT'( )) = (00,00) and (Ul ;(s-),Ul(s-)) = (00,00). Similar the inner
expression of mtegml n ) becomes zero, if UT( -) = oo.

The Lines 7 and (F.5) have their counterpart in Definition where we defined
the dynamics ~of (Ul)‘fi1 The new Lines (F.4) and describe the effect that new particles
are born into £€V:2" by £€W". The last Line only effects the process U7 and it described the
jumps of Ul due to the deaths in £€V'" which occur, when the level of a particle in &"'" hits the
value r. If this happens, then the dying particle becomes the lowest particle in €77,

We are now going to define the spatial processes (W7)22,, hereby our procedure will differ greatly
from the one of Chapter [2] becaue we will make use of the following lemma.

Lemma F.1.8. Recall that (B (s, we), (fo,00) € D) is the Borel strong Markov family of the
path-valued process W associated with the Lévy process W . There exists a measurable maps such
that

U M(D) x [0,1] = D([0,00),D))
such that, if S ~ Ug,1y and © € My (D), then ¥ := ¢(u, S) is a process with law fg Bto,w0)(d(to, 00)).
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Proof. Let us define the Markov kernel a : My (D) — M, (D([0, 00), D([0, 00), RT1)))) by setting
() = [o Bto,wo)(d(to, w0)), then we can apply Lemma 2.22 from [21] to obtain W. O

We start by setting W, = (0, X7(0), £7(0)), where (%7(0),£7(0)) is the constant path in
D([0, 00), R4 with (X7(0, ), £5(0,5)) = (X7, 0).

We begin with the process W7, therefore let us define the stopping times (7}})%2, as the jump
times of the level process Uj (but 7§ = 0), indeed (7})72, represents the moments where a new

particle becomes the particle with the lowest level in €%:27. Let us also define

Jii={s>0:AY = 1} C (1)

SW,T

as the collections of those moments in which a particle in €W dies. If goes instinct in finite

time, i.e. T4y < oo with
Tex ={s>0:Y] =0},

then .J; is finite and there exists & € N such that Tii :=maxJ; = Tgy. Further, if T4, < oo,

then 7 = Ty is the last time that U and so 7;; = oo for k > k. If 7} ¢ Jy and 7} < T}y, then

T]% is a moment in which a particle inside of €V'" gives birth to a particle with a level between r

and U7. If 7} € Jy, then
Wor
Aé’r’% - 5Wy'r'(.,.i_) (ﬂi')’
(recall that (W;,U;)22, are processes forming &€V and ¢"'"). For our next step we need the

following map.

Lemma F.1.9. Recall that © = H/)\)([O,OO),REH_l) and that (Bte,wo), (fo,W00) € D) is the Borel
strong Markov family of the path-valued process W associated with the Lévy process W. There
exists a measurable maps such that

U M(D) x [0,1] = D([0,00),D))
such that, if S ~ Uo,1) and © € M1(D), then P := ¢(u1, S) is a process with law [o Bz, w0)1(d(to, W0)).

Proof. Let us define the Markov kernel a : My (D) — M, (D([0, 00), D([0, 00), R*1)))) by setting
a(p) = fg B to,w0)1(d(to, m0)), then we can apply Lemma 2.22 from [2I] to obtain . O

For the construct of EW’Z’" we will make us of the following list components which is roughly
based on our Ingredients list Based on this observations we define

Wi(t) := W]f(t—ﬁi), ifte [T%,Tli+1),

where the collection of D-valued processes (W¥, k € Ny) is given by W9 = \II((SW;'O’S? ) and for
k € N by

i U(AENT, S, if € Jy,
— Tk
Pl wQlr, sk, o if ¢ Jp and 7} < cc.

1
Tk

For purely formal reason we set W¥ = (,1), where (£,10) is an arbitrary point in @, for k € N
with ’7',% = 0.
For the process W} with ¢ > 1, we assume that W7,..., W}, have been already defined, and
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therefore we can define QW1 .= = E;;ll owr. We write (2)72 for the jump times of U;.
Let us define J; := {s > 0: U (s) = Ul;(s-)}, then 7, ¢ J; is one of the moments, where a new
particle with a level between U] and U], is born. Otherwise, if 7, € J;, then a new particle is
born with a level below U/, and the particle with index ¢ takes over the identity of the particle
with index ¢ — 1. Based on this observations we define

W;(t) == Wf(t —1}), ifter, T]i+1),

where the collection of D-valued processes (W¥, k € Np) is given by W? = U (6,00, 5?) and for
k € N by '

ko [ VO .S, i,
o \IJ(QW’T’i,Sf), if T,i ¢ J; and Té < 00.

Tk

Proposition F.1.10. If we define the N (D x [0, 00))-valued processes €727 and €V by
€72 =3 dwrn.urw
i=1

and EW =W 4 EW*Z’", then éw is a KR-representation, indeed a solution of the martingale
problem MP(AR).

Proof. For the proof we can repeat the arguments in Section 2.5 which we used to prove Corollary
2.5.15] O

Proof of Lemma[F.1.9 Let us fix a t > 0. We start to apply the Lemma [F.1.3] to show that
W,r =,W,r W,r| +2,W,r
2( t |]:t ): 3( t |]:t ) (F8)
For the application of Lemma we set
P= (" s<t), P:=(E""s<t) Q= s<1).

As the random variable @ we choose the components from Assumption [F.1.5] Since the path
(EW:r s <t) is measurable with respect to the path (£"", s < t), and since the path (EW’Z’", s <
t) is measurable with respect to (E", s < t) and the components from Assumption we
can conclude by the factoring corollary, see Corollary 1.97 from [24], that there must exists
measurable functions ¢ and ¢ with P = ¢(P) and Q = ¥(Q, P). Lemma tells us now that
is true, because the components from Assumption dependent from (¢, s < t).

Further the process %W =W 4 EW’ZT from Proposition [F.1.10|is a KR-representation. The
same is true for

EW - SW,T + é-W,Zr
Further €%-27 and €%:2" have the same initial distribution. Since the martingale problem

MP(Ag), see Definition [B.2.7] is well-posed, we can conclude that (€7, €W:2" s < t) has the
same joint distribution as (£)'", €Y7 s < t). Then the Lemma follows from ([F.8)). O
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