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Summary

We study families of logarithmic varieties with mild singularities, the log toroidal families.
They generalize and unify various classes of spaces with controlled singularities, including
toroidal varieties, toroidal embeddings, semistable degenerations, log smooth morphisms,
and toric log Calabi-Yau spaces. Starting from Kato’s toroidal characterization of log
smoothness and Gross—Siebert’s local models for the singularities of a toric log Calabi—
Yau space, we construct elementary log toroidal families from combinatorial data as étale
local models for the singularities which we allow in a log toroidal family. We study the
reflexive de Rham complex W5 /s of a log toroidal family and prove the Hodge-de Rham
degeneration for proper log toroidal families over a log point S = Spec (Q — k). This in
particular settles a conjecture of Danilov on the cohomology of toroidal pairs (X, D). This
thesis is an expanded version of the article [22], where we prove the Hodge-de Rham degen-
eration and apply it to obtain a smoothing of a normal crossing space as well as a toroidal
crossing space.

Zusammenfassung

Wir untersuchen Familien logarithmischer Varietdten mit leichten Singularititen, die log-
toroidalen Familien. Diese verallgemeinern und vereinheitlichen verschiedene Begriffe eines
Raumes mit kontrollierten Singularitdten, unter anderem toroidale Varietaten, toroidale
Einbettungen, halbstabile Entartungen, logarithmisch glatte Morphismen und torische log-
Calabi-Yau-Rdume. Ausgehend von Katos toroidaler Charakterisierung der logarithmischen
Glattheit und den lokalen Modellen des Gross-Siebert-Programms fiir die Singularitéiten
torischer log-Calabi-Yau-Raume konstruieren wir elementare log-toroidale Familien aus kom-
binatorischen Daten, welche als lokale Modelle fiir die Singularitdten dienen, die wir in log-
toroidalen Familien zulassen. Wir untersuchen den reflexiven de-Rham-Komplex W 4 einer
log-toroidalen Familie und beweisen die Entartung der Hodge-de-Rham-Spektralfolge an E;
fiir eigentliche log-toroidale Familien iiber einem logarithmischen Punkt S = Spec (Q — k).
Insbesondere ist damit eine Vermutung Danilovs iiber die Kohomologie toroidaler Paare
(X, D) gezeigt. Diese Dissertation ist eine erweiterte Version der Arbeit [22], in der wir
die Entartung der Spektralfolge zeigen und als Anwendung die Glattung vieler Ré&ume mit
normalen oder toroidalen Kreuzungen erhalten.







Foreword

This is the final version of my PhD thesis. It has undergone minor revision since I submitted
the first version in March 2020. Thanks to the reporter | N IIIIIIEEE )<ind comments, many

typographical and grammatical and even some mathematical errors have been removed.

Simon Felten, February 2021
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1 Introduction

In this PhD Thesis we develop the concepts of generically log smooth family and of log
toroidal family as tools to study degenerations of varieties. The concepts are generalizations
of log smooth morphisms and deeply rooted both in log geometry and in the Gross—Siebert
approach to mirror symmetry. This thesis is an expanded version of parts of the paper [22]
on smoothing toroidal crossing spaces. There we introduce log toroidal families for the
first time, prove the degeneration of a Hodge-de Rham spectral sequence, and apply it to
obtain smoothings of toroidal crossing spaces. Some of the ideas are already contained in
my Master thesis [20] and developed here further. We will indicate throughout the text
what is taken from earlier works. Whereas [22] heads to the application—the smoothing of
toroidal crossing spaces and in particular normal crossing spaces—here we delve into the
details of the basic theory with a special focus on cohomology and spectral sequences as well
as connections to related concepts. In the main part, we assume the reader to be acquainted
with log geometry, but we drop this assumption in the Introduction to make it accessible to
a wider audience.

Cohomology of Varieties

Given a compact complex Kahler manifold X, one of the key results in complex geometry
is the Hodge decomposition

H*(X,C)= @ HI(X,0%),

p+q=k

which relates cohomology of the topological space X to sheaf cohomology of the Kéhler
differential forms Q% . The quasi-isomorphism C ~ Q% shows that the former is isomorphic
to the hypercohomology H* (X, %), so the Hodge decomposition implies that the Hodge-de
Rham spectral sequence

BT = HO(X,08) = HP*9(X, 0%) 2 H(X,C)

associated to the Hodge filtration on Q% degenerates at /1. More generally, an open—i.e.,
non-compact—Kahler manifold X° can be embedded into a compact Kahler manifold X as
an open subset such that the complement D = X\ X° c X is a (reduced) divisor with normal
crossings. After choosing local coordinates zy,...,2, on X such that D = {2y -...- 2z = 0}
for r < n, we find that the sheaf Q}((log D) of differential forms with log poles in D
is locally free on generators dz—zll,..., Zi",dz,.),l,...,dzn. There is a canonical isomorphism
H*(X°,C) = H*(X, Q% (log D)), allowing the study of the cohomology of X° via the spectral
sequence

EPY = HY(X, 0% (log D)) = HP*(X, Q% (log D)),

which degenerates at F; as well.
The algebro-geometric analog of a compact Kéahler manifold is a smooth projective
scheme X /C, and a reduced divisor D c X is normal crossing if it is isomorphic to

{z1+wc- 2, } A"

locally in the étale topology. Omne of the key ingredients in the above results is the easy
local structure of the embedding D c X; it is generalized by toric geometry—we say (X, D)
is a toric pair if X is a toric variety and D c X is a union of reduced toric prime divisors,
e.g. D = @. Following Danilov’s foundational work [14] in toric geometry, (X, D) is a toroidal
pagr if it is locally isomorphic to a toric pair (Y, F) in the étale topology (where we might
choose different pairs at different points). If we can choose E to be the full toric boundary,
i.e., the union of all toric Weil divisors, then X \ D c X is a toroidal embedding in the sense
of [56]. In any case, there is an open j : U c¢ X with codim(X \ U, X) > 2 such that U is
smooth and D|y c U is a smooth divisor, in particular it has normal crossings. It allows
Danilov to define the de Rham complex as the direct image

Q% (log D) := 5, Q¢ (log D|v)



from the normal crossing pair (U, D|y). As a consequence of the theory we develop in this
thesis, we obtain:

Theorem 1.1. Let (X,D) be a toroidal pair with X proper. Then the Hodge—de Rham
spectral sequence

EY®:= HI(X, Q% (log D)) = H"(X, 2% (log D))
degenerates at Ej.

This has been conjectured by Danilov in [14, §15]. The case D = @ has been settled
by Danilov himself in [15], and the case where X \ D c X is a toroidal embedding follows
from earlier results in logarithmic geometry as we shall see below. Related results are also
contained in [72].

Hodge Numbers in Mirror Symmetry

For X as above, the numbers h?9(X) := dime H(X, Q%) are called the Hodge numbers
of X. Mirror symmetry in its most basic form of numerical mirror symmetry predicts
the existence of pairs (X, X) of Calabi-Yau manifolds of dimension n such that h?¢(X) =
R P4 (X). If f: X - S is a family of compact Kéhler manifolds, then the relative Hodge-de
Rham spectral sequence

EP9:= RIf.Q

p D+q (e
xs = 1 x/s

degenerates at Ey and the sheaves E}*? are locally free (of constant rank), a fact that—in the
algebraic setting—was first proven by Deligne in [16]. Thus, the Hodge numbers h?9(X;)
of the fibers X, = f~!(s) are constant in the family. If X', X’ are deformations of X, X and
(X, X) is a (numerical) mirror pair, then (X, X’) is one as well.

Degenerations

A degeneration is a flat family f: X — A of complex spaces over the unit disk
A={zeC| 7| <1}

which is smooth over the punctured disk A* = A\ {0}. We shall be especially interested in
the behavior of Hodge numbers in a degeneration.

The simplest type of degenerations is a semistable degeneration, i.e., a degeneration
which is locally of the form

n
C"—>C, (21, 2n) = 21" 2p,

forr <n. If 7: Y - A is an algebraic degeneration (obtained by analytification of a map of
varieties), then by the Semistable Reduction Theorem of [56], there is a map A — A, z + 2¥,
and a diagram

¢

with Cartesian square such that ¢: X — ) is a blow-up isomorphic over A* and f: X - A
is semistable. Thus in some sense, every degeneration has a semistable model, explaining
the relevance of semistable degenerations.

A generalization of Deligne’s above mentioned degeneration result to semistable families
f X - A was obtained by Steenbrink in [71]. Namely, the variation of Hodge structures
on A* obtained from the smooth family X* - A* cannot be extended to A as a variation
of Hodge structures, but one gets an abstract limiting mixed Hodge structure in 0 € A by a
purely Hodge-theoretic analysis started in [70]. In order to obtain a geometric interpretation
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of the limiting mixed Hodge structure, Steenbrink studies the relative differential forms
Q}Y/A (log Xp) with log poles in Xy = £71(0) and finds on the cohomology of

Q.X/A(log Xo) ®0x Ox,

a mixed Hodge structure. In the course of this, he proves that the Hodge—de Rham spectral
sequence
BP9 = qu*Qi,/A(log Xo) = RPYIf, ;(/A(log Xo)

degenerates at E;. If we consider
hP4(Xy) = dimg Hq(XO,Qgc/A(log Xo) ®0, Ox,)

the Hodge number of Xy, it remains constant in the degeneration by [71, Thm. 2.8].

Log Geometry

Logarithmic geometry studies schemes (X, Ox) endowed with a sheaf of monoids M x and
a monoid homomorphism « : Mx — (Ox,-) such that a™!(O%) - O% is an isomorphism.
The morphism « is called a log structure and (X, Ox, Mx,«) is called a log scheme. Every
scheme X carries the trivial log structure Mx = O%. A pair (X, D) consisting of a variety
X and a Weil divisor D c X gives rise to a log scheme by taking the divisorial log structure
associated to D c X, i.e.,

Mx (V) ={feOx(V) | flv.p e Ox (VN D)}

is the sheaf of functions invertible on X \ D. Given a morphism f: X — S of log schemes,
a log derivation with values in a coherent sheaf £ is a pair (D,A) where D: Ox - £ is a
relative derivation and A : Mx — £ is a monoid homomorphism satisfying some relation.
As in the classical setting, there is a universal log derivation (d,d) : (Ox, Mx) — Qﬁ(/s
with the analogous universal property. The sheaf Qﬁ( /s is called the sheaf of log differential
forms. If (X, D) is a normal crossing pair, then QlX,D)/k = Q% (log D). This justifies the
name log structure and explains the relevance of differential forms with log poles from a
more conceptual perspective.

The prototypical example Ap of a log scheme is constructed from a sharp toric monoid
P, i.e., P is the intersection of a rational polyhedral cone with the lattice and 0 € P is its only
invertible. We obtain Ap by endowing the affine toric variety Spec C[P] with the divisorial
log structure defined by the union Dp of all toric divisors. Homomorphisms 6 : Q@ — P of
monoids induce homomorphisms Ay : Ap - Ag of log schemes since A,'(Dg) c Dp.

Translating Grothendieck’s geometric-functorial characterization of smoothness, i.e., the
infinitesimal lifting criterion, to log geometry yields the notion of log smoothness. Under
mild assumptions on 0 : Q - P, e.g. injective and §9P has a torsion-free cokernel, the induced
morphism Ay : Ap - Ag is log smooth. Conversely, by Kato’s toroidal characterization of
log smoothness in [50], every log smooth morphism f: X — S is locally in the étale topology
a base change of some composition

ATXAPLAPﬁAQ,

where A" x Ap carries the divisorial log structure induced by the divisor A" x Dp = 771 (Dp).
Given a geometric point € X, this can be done in such a way that z maps to (0,0) € A"xAp.
Note that A" x Ap is not the same as Ayrgp because the latter carries a different log
structure, which is induced by the divisor Dyrgp. If f: X — S is log smooth, then Qﬁ( /s
is locally free. If a pair (X, D) is normal crossing or if X \ D c X is a toroidal embedding,
then the structure morphism (X, D) — Spec k (the latter with the trivial log structure) is
log smooth. This explains why Q% (log D) is locally free in these situations. Similarly, if
f: X — Ais a semistable degeneration, then f : (X, Xy) — (4A,0) is log smooth, and we
have Q% X,%0)/(A,0) = Q% / Alog Ap). Steenbrink’s degeneration result for semistable families
f:X — Ais aspecial case of the more general degeneration of the Hodge—de Rham spectral
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sequence for log smooth morphisms, which is proven by Illusie-Kato—Nakayama in [47,
Cor. 7.2]. Illusie-Kato—Nakayama gives—under additional technical hypotheses—a natural
generalization of Deligne’s degeneration result in the smooth case to the logarithmic setting:

Theorem 1.2 ([47]). Let ST/Q and f: X — ST be a proper, exact, and log smooth morphism
of fs log schemes. Then the Hodge-de Rham spectral sequence

B B AU

degenerates at Ey, the sheaves EV? are locally free, and their formation commutes with base
change.

The theorem implies the constancy of log Hodge numbers in log smooth degenerations.
E.g. the hypotheses are satisfied for semistable degenerations. Moreover, if (X, D) is a pair
such that X \ D c X is a toroidal embedding, then it implies Danilov’s conjecture in that
special case.

Toric Degenerations

Whereas more traditional approaches to mirror symmetry relate a variety X to its mirror
X, the Gross-Siebert approach in [29, 30, 31, 32] relates a toric degeneration X — S over
the base S = Spec k[t] to its mirror degeneration X — S. Roughly speaking, this is a
proper flat morphism & — S where the generic fiber &) corresponds to the variety X
and the central fiber Xy is obtained by gluing toric varieties along toric divisors. A toric
degeneration becomes a log morphism (X, Xp) — (S,0) using the corresponding divisorial
log structures. As a matter of definition, it is log smooth outside a closed subset Z c X of
relative codimension > 2. The central fiber Ay is considered a combinatorial model of &,
and mirror symmetry becomes essentially a question of finding invariants that are shared
by &, and X, dualizing the combinatorial data and studying these invariants under the
duality. A precise definition of a toric degeneration is given in [29].

Example 1.3. This is the standard example of a toric degeneration, given e.g. in the
introduction of [30]. We consider the degeneration of a smooth quartic surface

E={X*+Y*+Z*+W*=0} cP?

into an arrangement of four planes D = {XY ZW =0} c P3. The pencil defined by D, F has
the total space

X={Ty(X*+Y*+ Z* + W) -Th' XY ZW =0} c P! x P,

where X,Y,Z, W are homogeneous coordinates of P?, and Tj, T are homogeneous coordi-
nates of P'. The space X is the blow-up of P? in D n E via the second projection, and
the first projection defines a flat projective family ¢ : X - P!. We denote by S c P! some
neighborhood of 0 = [0 : 1] such that D = ¢~1(0) is the only singular fiber of the restricted
family, which we denote by f: X — S. The singular fiber D consists of four copies of P?
intersecting in a union L of six lines P! like the faces of a tetrahedron, exhibiting D as four
toric varieties P? glued along toric divisors. It is depicted in Figure 1.1. The set

Z=Lo{X'+Y*+Z2'+W*=0} cP?

consists of 24 points, four on each line. It is the singular locus of the total space X, i.e.,
U = X\ Z is regular. The divisor D|y c U is a simple normal crossing divisor whereas D ¢ X
is not a normal crossing divisor since X is not regular in the points z € Z. The log morphism
(X,D) - (S5,0) is log smooth outside Z because there it is a semistable family, but not log
smooth in Z. We obtain a toric degeneration by base change to a formal neighborhood of
0eS.
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Figure 1.1: The central fiber D consists of four copies of P? intersecting in a union
L of six copies of P!. On each P! there are 4 singularities of X. This picture is also
contained in my Master Thesis.

The most important problem in the Gross—Siebert approach has been, until its solution
in [32], the reconstruction problem. This is the question if, given a toric log Calabi—Yau space
Xo—i.e., a potential central fiber of a toric degeneration—there is a toric degeneration with
this central fiber. Namely, given a toric degeneration X — S, there is a candidate X, for the
mirror central fiber, but a priori no toric degeneration X - S. Whereas the solution in [32]
goes another way, the original attempt in [31] has been to mimic the deformation theory of
log smooth morphisms and obtain the toric degeneration via a Bogomolov—Tian—Todorov
result. In this original approach, Gross—Siebert addresses the problem of controlling the
log singularities in toric degenerations by introducing local models for the singularities in
very much the same way as the morphisms Ay : Ap - Ag are local models for log smooth
morphisms by Kato’s toroidal characterization.

Example 1.4. Let Q =N and let P c N be the submonoid generated by
T:=(1,0,0), X :=(1,0,1), Y :=(1,1,0), W:=(1,1,1)

which is depicted in Figure 1.2. The associated monoid ring is A == Clz,y,t, w]/(zy - tw).
We set 6(1) := T and write
f 1 Xy = SpeC Ast - Al

for the geometric morphism. It is log smooth if we use the full toric boundary to define
the log structure, but if we use {t = 0} on both spaces, it is log smooth only away from the
origin, cf. [31, Ex. 1.11] or the author’s Master thesis for a detailed analysis. It turns out
that étale locally around the 24 singularities, the family of Example 1.3 is isomorphic as a
log morphism to the above f: Xy — Al cf. also Example 4.30 below. Thus to study the
singularities of the degeneration, it is sufficient to study the singularities of f : X, — Al.
The subscript is due to the fact that we consider f: X,; — A! the standard example of this
type of structure.

The local models yield the notion of a divisorial deformation of a toric log Calabi—Yau
space Xp; these deformations correspond to infinitesimal thickenings of X, induced by a
toric degeneration X — S. Among other partial results toward the reconstruction theorem,
Gross—Siebert proves in [31, Thm. 4.1] the degeneration at E; of the Hodge—de Rham spectral
sequence associated to a divisorial deformation f4 : X4 — Spec A over an Artinian ring A.
When we write j : X4 N\ Z ¢ X4 for the inclusion, this spectral sequence is constructed

13



Y -ray W -ray

T-ray X-ray

(0,1,0)-axis

0,0, 1)-axis
> (0.0,1)-ux

(1,0,0)-axis

Figure 1.2: The four rays generated by the vectors span the cone in blue. The monoid
P consists of the marked points, which are the integral points within the cone. The
(1,0,0)-axis goes upwards. The picture is also included in my Master Thesis.

from the direct image de Rham complex jy,QZ XanZ) A0 similarly to the de Rham complex of
toroidal pairs (X, D). This original approach has been completed recently in [22]—partially
as a consequence of the theory developed in this PhD thesis. Beyond the reconstruction
theorem, the degeneration shows that h#4(Xp) = h?(X,), i.e., log Hodge numbers of Xy
coincide with Hodge numbers of X,,. Since in many cases h?4(Xp) = h"P9(Xy), this proves
a form of numerical mirror symmetry, see [31, 69] for precise statements.

Generically Log Smooth Families

The example of toric degenerations shows that many interesting geometric degenerations are
not log smooth, but can nonetheless be studied with tools of logarithmic geometry. In this
thesis, we develop a systematic theory out of Gross—Siebert’s idea to control log singularities
with local models obtained from toric morphisms. This gives rise to the notions of generically
log smooth family and of log toroidal family.

Roughly speaking, a generically log smooth family is a flat morphism f : X — S of
schemes together with a distinguished open j: U c X, with log structures on U and S, and
with the structure of a log morphism on f|y such that f|y is log smooth and saturated. There
need not even a log structure on Z := X \U be defined. This is the essential structure in the
degeneration of the smooth quartic in Example 1.3. The precise definition of a generically
log smooth family is Definition 2.2.

To define Hodge numbers of the fibers of a generically log smooth family f: X — 5,
we need to define its de Rham complex. Our strategy—taken from Gross—Siebert—can be
motivated most easily by the situation for normal varieties. Namely, if Y is a normal variety,
then the regular locus j : U := Y,y ¢ Y forms an open subset whose complement Y;,, has
codimension > 2. Reflexive differentials forms

olrl .- j.or = (b )

have turned out to be better behaved than Kahler differentials, so we just copy the definition
to generically log smooth families and define the (log) de Rham complex W /s = 325

The good properties of ng] (in particular coherence) crucially depend on the fact that

7+Opy = Oy. To imitate this construction in the relative setting, we require that, for a
generically log smooth family, Z has codimension > 2 in every fiber, and that f: X — S is
a Cohen—Macaulay morphism, such that we have indeed j,Opy = Ox. With this definition,

14



we expect log Hodge numbers to be constant under suitable hypotheses. As in the case of
smooth families, we need a spectral sequence to study this question. The Hodge filtration
on W)'(/S is given by FPW)T(”/S = )T/S if m > p and FPW)’(”/S = 0 otherwise. It induces a
filtration F*H" on H"(X/S) := RP*4f, )'(/S as the images of Rerqf*FpW)'(/S. Moreover, it
gives rise to the Hodge—de Rham spectral sequence

B(X[S):  EY'=RILWY o= R&ULWY

with abutment
EP? = FPH’”‘I(X/S)/F””H””I(X/S)

the subquotients of F*HF*I(X/S).

Philosophy 1.5. Let f : X — S be a reasonable generically log smooth family. Then the
Hodge—de Rham spectral sequence E(X[S) should degenerate at Ey. The sheaves R?f, W;;/S

and R”f*W)'(/S should be locally free, and their formation should commute with base change.

A proof of this statement in some special cases is the heart of this thesis, see the discussion
below. Log toroidal families as explained below in characteristic 0 are certainly reasonable
in the sense of the philosophy, but we will not determine its meaning beyond.

Log Toroidal Families

It is difficult to approach Philosophy 1.5 in full generality since in a generically log smooth
family f : X — S we have very few control over the log singularities in Z = X N U. To
illustrate just one point, we consider a Cartesian diagram

y <S> X

b

T-—t-8

of generically log smooth families. In view of Philosophy 1.5, we expect the canonical
homomorphism c¢* W§ /s~ Wg T to be an isomorphism. In fact this is a key step in those
cases where we will prove the statement of Philosophy 1.5, but a priori we only know it to be
an isomorphism on ¢ *(U). To prove the isomorphism, it is sufficient to show that C*W§ /s
is reflexive, which is a local property. Thus, in order to approach Philosophy 1.5, we need to
control the local structure of f: X — S around points z € Z. We define a log toroidal family
to be a generically log smooth family whose log singularities are controlled by a local model
in the same way as the local structure of log smooth morphisms is controlled by Ap - Ag.

Let us introduce the local models. Given an injective (and saturated) homomorphism

0 : Q — P of sharp toric monoids, we turn the geometric family
Ag : Ap = Spec Z[P] — Spec Z[Q] = Ag

into a generically log smooth family by endowing Ap with the divisorial log structure associ-
ated to a toric divisor D 5 A;'(Dg). When we choose D = Dp, this yields the local models
of log smooth morphisms. In the Gross—Siebert program, every local model has @ = N and
D = Az'(0). The family f: X5 — A! in Example 1.4 has this form. Since we consider the
local models as building blocks of log toroidal families, we call them elementary log toroidal
families.

Definition 1.6 (provisional). A log toroidal family f : X — S is a generically log smooth
family which is étale locally of the form (Spec Z[P], D)x 4, S — S for some map S - Ag and
some generically log smooth family (Spec Z[ P], D) - Ag with a toric divisor D c Spec Z[ P]
as above.

This is not the precise definition, which is rather intricate and contained in Section 4.
The degeneration of the smooth quartic in Example 1.3 is a log toroidal family. If (X, D)
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is a toroidal pair, then endowing X with the divisorial log structure yields a log toroidal
family over S = Spec C (with the trivial log structure) as well. The name “log toroidal” is
in analogy with toroidal varieties, which are étale locally isomorphic to toric varieties, but
accounts for the fact that we have introduced a log structure.

After studying the de Rham complex of elementary log toroidal families in Section 6,
one of our key results is that the formation of W§ /s commutes with base change.

Theorem 1.7. Let k be a field, and let S|k be an fs log scheme defined over k. Let f: X — S
be a log toroidal family, and let g : Y — T be the base change along a strict morphism
b:T — S. Then the canonical map C*Wﬁ/s - Wf;/T is an isomorphism.

In general, the formation of W /s does not commute with base change even for elemen-
tary log toroidal families, see Example 6.8.

The Hodge—de Rham Spectral Sequence

Having the base change Theorem 1.7, which allows us to specify the meaning of “reasonable”,
we upgrade Philosophy 1.5 to a conjecture.

Conjecture 1.8. Let k> Q be a field, let S/k be an fs log scheme over it, and let f: X - S
be a proper log toroidal family of relative dimension d. Then E(X/S) degenerates at Ej.
The sheaves qu*Wﬁ/S and R"f*W)'(/S are locally free, and their formation commutes with
base change.

The main result of this thesis is that Conjecture 1.8 holds in several important cases.
Let S = Spec (@ — k) be the log structure on the point induced by the inclusion S - Ag
of the origin. We say f: X — S is a log toroidal family with respect to S - Ag if we can
always choose this particular map in Definition 1.6, i.e., if the family is locally isomorphic
to base changes of (Spec Z[P], D) — Ag along this map S - Ag.

Theorem 1.9. Let S = Spec (Q — k) for a sharp toric monoid Q and a field k > Q, and
let f: X — S be a proper log toroidal family of relative dimension d with respect to S - Ag.
Then E(X/S) degenerates at Ey.

We prove this result by an adaptation of the method of Deligne-Illusie in [17]. The de-
generation comes down to a dimension count. In positive characteristic, this can be achieved
by a decomposition in the derived category induced by the Cartier isomorphism. Then we
compare the characteristic-0 case and the positive-characteristic case via a spreading out of
f:X - S to a base of finite type over Z. We construct the spreading out in Section 4.3
and the Cartier isomorphism and the decomposition in the log toroidal setting in Section 7.
The second partial result is Conjecture 1.8 over one-dimensional infinitesimal bases.

Theorem 1.10. Let S = S,, := Spec (N gy C[t]/(t™ 1)) and let f: X - S be a proper log
toroidal family of relative dimension d with respect to S — Ay. Then:

1. Rf, W;}/S is a free C[t]/(t™*1)-module whose formation commutes with base change.

2. The spectral sequence RIf, WY, o = Rp+qf*W)'(/S degenerates at Fy.

/S

We prove this with an idea of Steenbrink in [71] in the guise of Gross—Siebert’s adaptation
in [31]. The key point is Lemma 8.4, which implies that a certain map of complexes is a quasi-
isomorphism. The proof of this statement in [31] has a gap because the differential in the
complex is not Ox-linear. From Theorem 1.10, we deduce the statement of Conjecture 1.8
in some more cases, e.g. some particular higher-dimensional bases. Note that Kawamata—
Namikawa states—using Steenbrink’s idea as well—in [55, Lemma 4.1] a degeneration result
over more general (Artinian) bases. However, their proof fails for some bases, so we restrict
to the above mentioned ones.
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Relatively Log Smooth Families

Example 1.3 shows us that at least some interesting degenerations are not log smooth. We
introduce in this thesis the concept of log toroidal family to study them, but this is not the
only possible approach. Nakayama—Ogus introduce in [64] the concept of relatively (log)
smooth morphism. Essentially, a morphism

f:(XvMX) - (SaMS)

of log schemes is relatively log smooth if there is a second log structure # on X and an
embedding M x c H such that (X, H) — (S, Mg) is log smooth.

Example 1.11. The family f: X,;, - Al of Example 1.4 is relatively log smooth, where
M x is the divisorial log structure of {t =0} and H is the divisorial log structure of the full
toric boundary.

In Section 5, we introduce a variant of this concept, the relatively log smooth family.
It turns out that this variant is closely related to log toroidal families in the sense that,
given a relatively log smooth family f : X — S, there is an open subset U c X such that
the generically log smooth family obtained by restricting the log structure of X to U is log
toroidal. Conversely, though there are log toroidal families that do not arise from relatively
log smooth ones, many log toroidal families are in fact relatively log smooth (after extension
of the log structure to the whole of X).

Outlook

The smoothing application in our article [22] heavily depends on the deformation theory of
log toroidal families over Spec (N — C). There we used the intricate approach of Gross—
Siebert to divisorial deformations of toric log Calabi-Yau spaces developed in [31]. This
approach certainly does not fit all log toroidal families: For example it is an open problem,
if in general, log toroidal deformations are locally unique. A systematic deformation theory of
log toroidal families is thus subject to future studies. Once local uniqueness is established,
we expect that log toroidal deformations are controlled by a C[Q]-linear predifferential
graded Lie algebra in the sense of [21], generalizing our recent adaptation of the method of
Chan-Leung-Ma of [12] in the smoothing result.

Classically, for a smooth family f: X — S, there is a variation of Hodge structures on
ka*QB(/S. Hodge structures have been generalized to log Hodge structures, see e.g. [53,
24], but the problem of constructing log Hodge structures is notoriously difficult and only
achieved in a few special cases, see [52, 23, 24]. It would be interesting to construct a
variation of log Hodge structures on R* W /s for a log toroidal family f: X — S.

Given a log analytic space X its Kato-Nakayama space X4 is a topological realization
of X in the sense that it translates log geometric features of X into topological features
of Xjoq. Since in a log toroidal family f : X — S the space X is a log scheme only on
U, a priori it has no Kato—Nakayama space. However, Nakayama—Ogus study in [64] the
topological realization for relatively log smooth morphisms, which turns out to be well-
behaved. It might be possible to adapt the construction to the log toroidal setting. This is
interesting for us because the construction of log Hodge structures heavily depends on the
topological realization. Another direction is to study the relationship between the fibers of
frog + Xiog = Siog and the topology of a smoothing. For first results in this direction, see
Ogus’ book [67].

Another approach to the log Hodge structures is via resolution of the log singularities.
Given a log toroidal family f: X — S, we search for a proper map h: X - X of log schemes
which is an isomorphism on U ¢ X and has the property that foh: X — S is log smooth.
We then expect that

Rh*W}(/S = W)'(/S7

so we may consider a log Hodge structure of foh : X - S as a log Hodge structure of
f:X — S. In the spirit of Voevodsky’s h-topology of [76] and the study of differential forms
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in the h-topology by Huber—Jorder in [43], it might even suffice to have the resolution only
locally on X. Moreover, in case Rh*W;(/S # W;(/S, we might consider Rh*W;(/S the better
differential forms—cf. also the recent preprint [68] for the case of positive characteristic.

Comparison with [22]

Let us indicate how this thesis relates to our paper [22]. Section 2 on generically log smooth
families is an expansion of §2 in [22]. Subsections 2.1 and 2.2 containing the definition
and basic properties of generically log smooth families and their de Rham complex are
essentially the content in [22]. Only [22, Prop. 2.8] on the dualizing sheaf and the results on
analytification have been moved to their own Subsections 2.3 respective 2.7. Subsection 2.4
is essentially contained in my paper [21] on the use of Gerstenhaber algebras in log smooth
deformation theory, the remaining subsections are new. Section 3 on elementary log toroidal
families is in its core identical to §3 in [22]. Besides some additional remarks, it has been
extended by a study of the horizontal locus, the non-strict base change, and many examples.
Section 4 is an expansion of §4 in [22]. A study of the possibility to find local models such
that any given one point corresponds to the origin in the local model has been added as
Subsection 4.2. §9 in [22] on spreading out has been moved to Section 4 as Subsection 4.3.
Furthermore, examples have been added. Section 5 on relatively log smooth families is
completely new. Section 6 on differential forms on log toroidal families consists of the
essentially unchanged content of §7 and §8 of [22]. In Subsection 6.4 on the local analytic
theory, a proof has been added which is omitted in [22]. Section 7 on the theory in positive
characteristic contains the essentially unchanged contents of §10 and §11 in [22]. Section 8
on the Hodge-de Rham degeneration contains—besides the essentially unchanged content
of §12 in [22]—a slight generalization to higher-dimensional infinitesimal and formal base
spaces. All sections from [22] which I have included in this thesis as well as §5 are my own
contribution to [22]. The remaining sections §§1,6,13 are my coauthors’ Helge Ruddat and
Matej Filip’s contribution.
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2 Generically Log Smooth Families

A generically log smooth family f: X — S is a generalization of a saturated log smooth
morphism in the sense that it needs to be log smooth and saturated only on some open
U c X. This notion is a technical framework for our study of log toroidal families below.
Log structures in this section are assumed to be in the étale topology.

2.1 Definition and Basic Properties

This section follows closely §2 in our paper [22]. If f: X — S is a finite type morphism of
Noetherian schemes, we say a Zariski open U c X satisfies the codimension condition (CC)
if the relative codimension of Z := X \ U is > 2, i.e., for every point s € S with X,, Uy the
fibers over the residue field x(s), we have

codim (X, \ Uy, X;) > 2. (CC)

Remark 2.1. Since dim(Ox, .) = codim({z}, X,), we have codim(X, \ Uy, X,) > 2 if and
only if dim(Ox, ,) > 2 for all z € X;\U,. In particular, if g : X’ — X is surjective and étale,
then U c X satisfies (CC) if and only if ¢g7*(U) c X’ satisfies (CC).

Recall that a Cohen—Macaulay morphism is a flat morphism with Cohen—-Macaulay fibers.
Definition 2.2. A generically log smooth family f: X — S consists of:

e a finite type Cohen—Macaulay morphism f: X — S of Noetherian schemes,

e a Zariski open j: U c X satisfying (CC), and

e a saturated and log smooth morphism f : (U, My) - (S, Mg) of fine saturated log
schemes.

To the complement Z := X \U, we refer as the log singular locus even though f might extend
log smoothly to it. We say two generically log smooth families f, f': X - S with the same
underlying morphism of schemes are equivalent if there is some U c U n U’ satisfying (CC)
with My|5 2 My |5 compatibly with all data.

The notion of equivalence is due to the fact that we do not care about the precise U.
However, for technical simplicity we assume some U fixed. The name log singular locus is
in analogy with [30].

Example 2.3. Let f: X — S be a log smooth and saturated morphism of Noetherian fine
saturated log schemes. Then f is flat by [50, 4.5] and has Cohen—Macaulay fibers by [73,
I1.4.1]. We see that f: X — S gives a generically log smooth family for U = X.

Remark 2.4. Not every log smooth morphism is saturated, e.g. see [48, Rem. 9.1] for a log
smooth morphism that is not even integral.

Example 2.5. Let f : X - S be the degeneration of the smooth quartic surface from
Example 1.3. Endow S with the divisorial log structure defined by 0 € S and X with the
divisorial log structure defined by D c X. Then with U = X \ Z, we have a generically log
smooth family f: X — S.

If T - S is a morphism of Noetherian fine saturated log schemes, then the base change
fr: Xr - T as a generically log smooth family is defined in the obvious way: We take the
fiber product fr : Xp — T of underlying schemes, and we form the fiber product Uyp - T
in the category of all log schemes. This has the effect that the underlying scheme of the
log fiber product Ur is indeed the fiber product of underlying schemes, so Uy ¢ X is a
Zariski open subset which satisfies (CC). The log scheme Ur is fine and saturated because
f:U — S is saturated.

Remark 2.6. If f:U — S is not saturated, the fiber product Ur in the category of all log
schemes might not be saturated. When we take the fiber product Ur in the category of fine
saturated log schemes instead, the map Ur — X7 might not be an open immersion, cf. [67,
ITI, Cor. 2.1.6]. Thus we require f:U — S to be saturated.
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It is well-known that on a Cohen—Macaulay scheme X, for a closed subset Z c X of codi-
mension > 2, every regular function g € Ox (X \ Z) can be extended to X. The codimension
condition (CC) is what we need for a relative version. This relative version is crucial for all
structures that we will construct as a direct image from U to be well-behaved.

Lemma 2.7. Let f: X - S be a Cohen—Macaulay morphism of Noetherian schemes, and
let j:U c X satisfy (CC). Then j.Op = Ox.

Proof. This is a special case of [41, 3.5]. Note that our (CC) is a stronger assumption than
the condition on the codimension in [41, 3.5]. O

Let f: X — S be a generically log smooth family. Using the language of EGA in [35,
Def. 5.9.9], we call a sheaf F Z-closed (resp. Z-pure) if the natural map F — j.(Fly) is
an isomorphism (resp. injective). Most notably, two Z-closed sheaves that agree on U are
entirely equal. Furthermore, every reflexive sheaf is Z-closed.

Remark 2.8. Since j,.Oy = Ox, the direct image j. My — j. Oy = Ox yields a log structure,
which is compatible with S, so every generically log smooth family is canonically a log
morphism X — S. However, we do not know if this is independent of the choice of U, and if
this is compatible with base change. Thus we consider the log structure only defined on U.

Example 2.9. Toric degenerations as defined in [30, 29] are generically log smooth families.
Indeed, let k£ be an algebraically closed field, let R be a k-algebra which is a discrete valuation
ring with residue field & (e.g. R = k[t]), and let f: X — S = Spec R be a toric degeneration
(with X a scheme). Since X is Gorenstein and f is flat, f is not only a Cohen-Macaulay, but
even a Gorenstein morphism. Setting U = A \ Z the complement of the log singular locus Z,
we find that the open U satisfies (CC). We endow X with the divisorial log structure defined
by Xy c X as in [30, Prop. 4.6]. Since the local models f; : Yz — A® for neighborhoods Uy
of points & € U are log smooth and saturated, so is f : U - S. There is a small technical
issue in showing that the (divisorial) log structure on Uz is indeed the inverse image of the
(divisorial) log structure on Yz. We expect that this can be settled by a careful analysis
using Deligne-Faltings log structures as in [67, III, 1.7].

2.2 The de Rham Complex W)'(/S

This section follows [22, §2]. We define a de Rham complex W§ /s for every generically
log smooth family f: X — S as explained in the Introduction. Since we assumed the log
structure to be defined only on U c X, we cannot just take the usual log de Rham complex.
Moreover, when we take the global log structure of Remark 2.8, its de Rham complex might
be badly behaved:

Example 2.10. Consider the family f : X, - Al of Example 1.4 with the divisorial log
structure defined by ¢ = 0 on source and target. It is a generically log smooth family. The
sheaf Qﬁ(.«,ml of log differential forms is not a coherent sheaf at the origin, see [31, Ex. 1.11]
or my Master Thesis. In particular the divisorial log structure on X,; is not coherent.

Instead, we follow the philosophy of Zariski—Steenbrink—Danilov and define the de Rham
complex as the direct image from U.

Definition 2.11. For a generically log smooth family f: X — S, the de Rham complex is
defined as W)'(/S = j*Q'U/S, where Q'U/S denotes the log de Rham complex of f: U - S.

The Ox-module of degree m log polyvector fields is O = j« \™ Derys(Oy).

Remark 2.12. The use of j*Q}J as differential forms has a long history. Danilov uses them in
[14] as differential forms on toric varieties, cf. Example 2.16 below. Steenbrink uses them for
orbifolds in [71]. In [2] Ambro calls them Zariski-Steenbrink differentials, and in [8], Blickle
calls 7.7, the Zariski-de Rham complex. It seems that the name Zariski differentials for
7+Q; was first introduced by Knighten in [57] in his study of differential forms on quotients
of varieties. The name refers to Zariski’s book [78] on algebraic surfaces, where the idea
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is more or less implicit. Reflexive differential forms are also intensely studied on normal
varieties in the context of the Minimal Model Program, cf. [27, 26] and related work. The
famous Lipman—Zariski conjecture, tracing back to [60], states that a normal complex space
with locally free tangent sheaf ©% is smooth. This is of course equivalent to j*Q%, being
locally free. An early reference studying reflexive sheaves (essentially for their own sake) is
[40]. Here Z-closed sheaves are called normal in the sense of Barth, referring to [7]. Our
inspiration to use reflexive sheaves comes from the Gross—Siebert program, where they are
used e.g. in [31] to study toric log Calabi—Yau spaces and their deformations.

Lemma 2.13. The Ox-modules W o and @;’{L/S are coherent and reflexive, and they de-
pend only on the equivalence class of f : X - S

Proof. Let U c U also satisfy (CC). Lemma 2.7 shows that j*QZ}/S = Ju
finite locally free, so W5 /s depends only on the equivalence class of f. It is clear that it

is quasi-coherent. For any sheaf G on U, the direct image j.G is Z-closed, so in particular
Wy)s is Z-closed. Writing 7 := Homo, (F,0x) for the dual, Lemma 2.7 shows that
FY is Z-closed for all F. In particular (W)’?/S)W is a Z-closed sheaf and coincides with
W)s on U, hence (W;(”/S)VV = Wg)s, and W' g is reflexive. By the extension theorem
33, 9.4.8], there is a coherent sheaf G that restricts to Wy',g on U. Now G* = W¢' ¢ since
both are Z-closed and agree on U; hence W;?/s is also coherent. The argument for ©'¢ /s is
similar.

. 0 m e
QU/S since QU/S is

Lemma 2.14. We have W) g = Hom(@g/S,OX) and O% g = Hom(W)’?/S,(’)X).

Proof. The statement is clear on U, where all sheaves are locally free. The statement follows
since all sheaves are Z-closed. O

Remark 2.15. As we will see in Lemma 4.9, there is a dense open subset Uy, ¢ U where
f:U — S is strict. Thus, if f has relative dimension d, then rk W}(/S = d. This shows

that W}{ /s indeed has expected rank d. In full generality this fails, for there are non-strict
log morphisms where the rank of Qk /s is not the relative dimension of underlying schemes,

e.g. Spec (N - C) - Spec (0 — C) (which is ideally log smooth once endowed with the
appropriate sheaves of ideals).

Example 2.16. Toric pairs give generically log smooth families. Let X /Spec R be a toric
variety over a Noetherian base ring R. The fibers over points in Spec R are normal (and
Cohen-Macaulay), so there is a regular open U ¢ X whose complement has relative codi-
mension > 2 over Spec R. Now U — Spec R is log smooth and saturated for the trivial log
structure on Spec R and any divisorial log structure on X coming from a toric divisor D
on X. Hence X — Spec R is a generically log smooth family. The differential forms W /s
coincide with what is called reflexive or Danilov or Zariski—Steenbrink differentials with log
poles in D, i.e., they coincide with the complex

0% (log D)

which we considered in the Introduction. If D is taken to be empty, then we recover the
differential forms considered by Danilov in [14, §4].

2.3 The Log Canonical Bundle Wfé/s

A Cohen-Macaulay morphism f : X — S admits a relative dualizing sheaf wx/s. The
morphism f is Gorenstein if and only if wy,g is a line bundle (cf. [5, 0C08]), and we say
it is Calabi-Yau if wx;s = Ox. Recall that for a smooth morphism f : X — S of relative
dimension d of schemes, the relative dualizing sheaf is wx ;g Q‘)i( /5" In analogy, we define:

Definition 2.17. Let f: X — S be generically log smooth of relative dimension d. Then
f:X—>Sis
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e log Gorenstein if W)d(/s is a line bundle.
e log Calabi-Yau if Wg/s > Ox.

Remark 2.18. By Remark 2.15, the sheaf W;‘é /s is reflexive of rank 1, so our definition makes
sense.

The (classical) relative dualizing sheaf wx s is closely related to W; /s 38 well. To make
the relationship precise, let us recall the horizontal locus Hy ;s ¢ X, which was introduced
by Tsuji in [75].

Construction 2.19. We construct the horizontal locus. For 6 : @ - P a homomorphism
of monoids, a prime p c P is horizontal with respect to 6 if 8(Q) c P~ p. Following [75, §2],
this gives rise to an ideal

Ipjq={pe P |pep for all horizontal p c P with ht(p) =1} c P,

and, for a log smooth morphism f: X — S of fs log schemes, to a sheaf of ideals Zy c Mx
defined by
Zy(U) = {m e Mx(U) | VZ €U :mz € Ipmy /Mg sy ) -

The induced ideal Jy := Z;Ox c Ox is quasi-coherent and defines a closed subscheme
Hx s ¢ X, which is flat over S. We call it the horizontal locus, or, in case it is a divisor,
the horizontal divisor of f: X - S. If f: X - S is vertical, i.e., the induced morphisms on
the ghost stalks are vertical in the sense of [67, I, Def. 4.3.1], then Z; = M x and Jy = Ox,
SO HX/S =d.

Remark 2.20. If 7 : P » P = P/P* is the projection, then Ip/g = w‘l(Ip/Q). Thus, if
b:T — S is strict and g : Y — T the fiber product, then 7, is generated by the image of
¢ 'y - My. In particular, the ideal J, is generated by the image of ¢ J; - Oy, and
thus Hy ) = Hx s xsT. We do not know if this still holds for more general b:T — S.

Given a generically log smooth family f : X — S of relative dimension d, we apply the
above theory to the log smooth morphism f: U — S. We then obtain an ideal sheaf J; c Oy
and a closed subset Hx g c U, which is flat over S. We define JfW;?/S = j*(ijZL/s)' The
following result is also contained in our paper [22] and essentially goes back to Tsuji’s work
[75].

Proposition 2.21. Let f: X — S be a generically log smooth family of relative dimension
d over the standard log point S = Spec (N — k) (where 1 » 0). Assume X is Gorenstein.
Then wx /s = ijf(/S. In particular, if f:U — S is vertical, then wx g Wi/s.

Proof. The dualizing sheaf wy g is locally free by the Gorenstein assumption. On U, the
isomorphism is [75, Theorem 2.21, (ii)], and since both sheaves are Z-closed, the statement
follows. O

Corollary 2.22. Let f: X — S =Spec (N = k) be generically log smooth and vertical. If
X is Gorenstein, then f: X — S is log Gorenstein, and if X is Calabi-Yau, then f: X - S
is log Calabi—Yau.

Proof. Recall that X Gorenstein means wx s is a line bundle, and X Calabi-Yau means
wx/s = Ox. O

2.4 The Gerstenhaber Algebra G’B(/S

Gerstenhaber algebras carry a structure both of graded commutative and of graded Lie
algebra. To our knowledge, they first appeared in Gerstenhaber’s famous work [25] on the
cohomology of an associative algebra. Here, we endow the graded commutative algebra
of polyvector fields with a variant of the Schouten—Nijenhuis bracket and thus obtain a
structure of Gerstenhaber algebra on it. For log smooth morphisms, this is also done in my
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paper [21], where we use the Gerstenhaber algebra of polyvector fields to study deformation
theory. It follows ideas of Chan—Leung—Ma in [12], where an abstract deformation theory
based on Gerstenhaber algebras is developed. Since this theory is also important for the
smoothing application in our paper [22], we follow here the conventions of [12]. For a
generically log smooth family f: X — S, we set

° o N 1
GX/S = 7. /\ @U/S
concentrated in negative degrees —d < e < 0, i.e., we have G;g?s = 0% /s We follow the
grading convention of Chan-Leung-Ma in [12]. We use the new symbol G /s in analogy
with [12] and to distinguish it from ©% ;s The construction of the Gerstenhaber algebra
structure should be viewed as a preliminary to construct the Batalin—Vilkovisky structure

below in the log Calabi—Yau case. This in turn is important for the deformation-theoretic
results of [12].

Definition 2.23. A Gerstenhaber algebra on X is a graded abelian sheaf G°® together with
two bilinear operations

~A=:GP %G1 @GP and [-,-]:GPxG? - grra+l
satisfying the relations

zA(ynz)=(xAy)rz and xAay= (-1 (y L),

[l‘,y A Z] = [xvy] Nz + (_1)(\x\+1)\y\y A [Z‘,Z],
[Jf,y] = _(_1)(‘$‘+1)(|y|+1)[y7x:|,

[, [y, 21] = [z, ], 2] + (1) DB [y [, 2],

where |x| is the degree of a homogeneous element 2. Moreover, (G*, A) is unital, i.e., there
is 1 € GY such that 1 Az = 2.

A morphism of Gerstenhaber algebras is a graded map ¢° : G — G5 that is compatible
with A and [, -] and such that ¢°(1) = 1.

Remark 2.24. Often Gerstenhaber algebras are defined with [—, -] having degree —1 instead
of +1. In this case, the polyvector fields AP T on a smooth manifold X form a Gerstenhaber
algebra with their natural grading. However, as explained above, we follow [12] for the
grading, so we have functions in degree 0, vector fields in degree —1 etc.

Remark 2.25. Note that (G*,A) is a graded commutative algebra and (G*[-1],[-,-]) is a
graded Lie algebra. By the odd Poisson identity (which is the second identity above) [, -]
acts as a derivation of degree |z| + 1.

Remark 2.26. The odd Poisson identity is symmetric. Indeed, by skew-symmetry it is
equivalent to
[ Ay, 2] =2 ALy, 2]+ ()M 2] ny

On differential forms and vector fields, we have the evaluation pairing
(=-): W)l(/s x G3(1/s - Ox

induced by the homomorphism hg : Qﬁ(/s — Ox associated to a derivation 6 € (9;/5, and
the Lie bracket

[--1:Gx)s x Gxys = Gxs
as e.g. defined in [67, V, Prop. 2.1.2]. It can be extended to a bracket on the whole of GB(/S,
namely the Schouten—Nijenhuis bracket.

Lemma 2.27. Let f : X - S be a morphism of finite type of coherent Noetherian log
schemes. Then there is a unique f~1(Og)-bilinear bracket
[=—Jen: 9?{/3 x @g(/s - 9?/(?1

called the Schouten—Nijenhuis bracket such that

23



o [2,y]en = —(-1) DDy 2], (skew-symmetry),

Y
YA 2] on = [2,y]en A 2+ (1) DY A2, 2], (odd Poisson identity),
h

Proof. For existence, we define a bracket via the formulas [g, h]s, = 0 and

[0 Ao A0y, h]sn = Y (-1)""(dh, 0;)00 A ... A O; A .. N Oy,
i=0

[90 A A on,fo AN /\fm]sn

= i Tzn:(—l)i+j[9i7§j] AOOGA e ANO; A Ay AEGA ... NN . N

i=0 j=0

for g,h € Ox,0;,& € (9%(/3' These formulas are taken from [61]. Uniqueness holds by the

P

odd Poisson identity since ©' /s

is generated by elements 6; A ... A6, with 6; € @ﬁ(/s. O

Remark 2.28. The Schouten—Nijenhuis bracket satisfies the Jacobi identity

[z, [y, 2]sn]sn = [T, Y]sn, 2]sn + (_1)(|z|+1)(\y\+1)[y7 [, 2]sn]sn;

this shows that ©%,4[1] is a graded Lie algebra, cf. [62, Lemma VII.13].

X/s
The Schouten—Nijenhuis bracket [-,—]s, induces two Gerstenhaber algebra structures
on G% /s

Definition 2.29. On G%5 we define a bracket [~ ~]sn = ju[~,~]sn as the direct image
of the Schouten—Nijenhuis bracket on @;J/S, and a second bracket [—, -], == (1) - [, ]sn-
Both turn G}/S into a Gerstenhaber algebra.

We consider [, -], the natural bracket for the Gerstenhaber algebra structure, again
following [12].

2.5 The Batalin—Vilkovisky Module W7 /s

The de Rham complex W§ /s forms some sort of module over the Gerstenhaber algebra
(G;US,/\, [-,—1g), a so-called Batalin—Vilkovisky module. Then the pair (GE(/S,W)'( g) of
algebra and module is considered a differential calculus for the generically log smooth tamily
f:X > 8, cf. [58] in the abstract context or any textbook on differential geometry for the
original context of these structures. To construct the module structure essentially means to
define a contraction of polyvector fields with differential forms. This contraction map also
plays an important role in the deformation-theoretic results of [12]. More abstractly such a
contraction is used in Iacono’s abstract Bogomolov—Tian—Todorov theorem of [45] which can
be used to prove homotopy abelianity of dglas. Beyond the scope of this thesis we expect
this to be relevant for the deformation theory of log toroidal families.

Roughly following [58], but adjusting for the signs in [12], if G* is a Gerstenhaber algebra,
then by a Gerstenhaber module we mean a Z-graded sheaf M*® of abelian groups with two
bilinear maps

- 1 GP x M? > MPTY  and L (-):GP x M1 - Mpral
such that the following identities hold:
el-m=m and (zAy)—-m=xz-= y-m,

b ‘C[x,y](m) = ‘CI(‘Cy(m)) - (_1)(‘$‘+1)(|U|+1)£y(£$(m))7
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o & £y(m) = (()I([,y] = m) + (~DFDL, (@ = m),
The last condition is called the mized Leibniz rule. We call a Gerstenhaber module a
Batalin—Vilkovisky module over the Gerstenhaber algebra G* if we have a linear differential
d: MP - MP*! with d? = 0 and such that the so-called Lie-Rinehart homotopy formula
(-D¥Ly(m) = d(z = m) - (-1)1" (z = dm) (1)

holds.

Remark 2.30. Our version of the Lie-Rinehart homotopy formula as well as the so-called
mixed Leibniz identity in our definition of a Gerstenhaber module differ from [58] by signs.

Remark 2.31. If (M*,d) is a complex and - : GP x M9 - MP*7 a (G*, A)-module structure,
then a candidate for £ can be defined via the Lie-Rinehart formula (1). It turns M* into a
Batalin—Vilkovisky module if and only if

{Layy =}(m) = Loy = m) = (1) EFDWIy ~ £,(m)) = [2,9] = m

holds. Indeed, this is equivalent to the mixed Leibniz identity, and the remaining iden-
tity follows since the graded commutator {—,-} of operators is a Lie bracket, i.e., we find
{d,L;} =0 from (1) and thus Ly, 1 = {£s, Ly} again using (1).

Lemma 2.32. Let f : X - S be a morphism of finite type of coherent Noetherian log
schemes. Then there is a unique family of homomorphisms of sheaves of abelian groups

=k Oxs x Vyys = Vs
satisfying 0 - w = (w,0) for we Qﬁ(/s; and

0~ (wan)=(0 - w)an+(-D)¥wna (@ -n).
This map s called the contraction map.

Proof. Uniqueness is obvious. For 6 € 6& /s the map 6 — is induced by

k
(Q§/5)®k - Q’;{/157 W ® ... 0 Wy = Z(—l)”l(wi,e)wl A e NGy A oo AW,
i=1

which maps w; ® ... ® wy, to 0 as soon as w; = w; for i # j. O
Remark 2.33. The contraction — is Ox-linear and satisfies the two relations
0-(0'-w) -[0" = (0 - w)],
[0,0'] - w [0 -d - w)]+[0- (0~ dw)]
—[d(0" =0 - w)]-[0" - dd - w)].

An elegant way to see that the second relation holds is by considering the right hand side
a map Py g : Q% /s~ Q;g/ls. It satisfies the bilinearity assumption of the lemma, and for

w a closed 1-form, we easily see Py o (w) = hjge:1(w). Because Qﬁ(/s is generated by closed
forms, the uniqueness statement (applied to [6,60']) yields the relation.

Following e.g. [62], we can iteratively apply the contraction to obtain a contraction

= 0% g} W g > U, (Ognnbr) ~w=0,~ .. =01~ w,
of polyvector fields for g < p. For p = ¢, it induces a pairing
(-,-): Qf;(/s x ®§(/S - 0x, (w,0)=0-w,

given by the explicit formula

p
(wp Ao Awr, 01 A A Gy) = Y (1) TT{win 00y )3
i1

oeSy

the pairing is perfect if Qﬁ( /s is locally free.
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Remark 2.34. Be aware of the indexing of inputs in (-,—). The pairing (-, —) does not
(»-1p

correspond to plugging in p vector fields in a p-form, but differs from that by asign (-1)" 2 .

Definition 2.35. Let f: X — S be a generically log smooth family. Then the contraction

X WP - WZD—(I

-Gy X/s X/s

X/s

is defined as the direct image j.— of the contraction on U. For 0 € G.%, ., the Lie derivative

X/S°
is defined by the Lie—Rinehart homotopy formula

(-1)Lg(w) = d(8 = w) - (1) = dw)

— Wt

as an operator Lg : Wi/s X/

We show now that W5 /s together with the contraction and Lie derivative is a Batalin—
Vilkovisky module over GB(/S. Wehave l ~w=wand 6§ - 0" - w=(0A0") = w by definition,
and moreover

Lorg (@) = (~1)"1L4(0 = ) +6 = Loy (w) (2)

and {d, Ly} = 0 by direct computation, where {—, -} is the graded commutator of operators.

Lemma 2.36. The identity {Ly,0 -} (w) =-[0,0"]s, =~ w=1[6,0"], ~ w holds, where
{L0,0" =}(w) = Lo(8~ w) = (-1 WD (" = Ly(w))

is the graded commutator. In particular, the complex W§ /s is a Batalin—Vilkovisky module

over G g with bracket [-,~]g.

}]froof. The identity is obvious for |0] = |6| = 0. For 6 € G;g/s and a function f € Gg(/sv we
ave
{Lo, [ ~}(w) ==df A (0 = w) = (0 ~ (df Aw)) ==(0 = df) nw
by Lemma 2.32, and similarly {L;,6 -} (w) = (0 = df ) Aw = =[f,8]sn = w since L(w) = df Aw.
For 6,6 ¢ G;cl/s, we have
{Lo,0" =} (w) =-[0,0"]sn - w

by Remark 2.33. Now, if the identity that we want to show holds for 0, 6’,¢,&’, then also
[66.€6] ~w=0 = Lo (& = w) - (DI = ¢ = Lo (w))
+ (=) RV Lo o g o W) + (—1)EINOHITEDHY e L gy (g o )
= {Lono, € ~}H(w)
by (2), and
[6,67€T = w=Lo(¢ = ¢ = w) = (~DIFEDED € = ¢~ £5(w))
={Ly,EnE -} w),

which prove the identity by induction since on U, the sheaf G’;(p/s is locally generated by
sections that are products of vector fields. For the corollary, use Remark 2.31. O

2.6 Log Calabi—Yau Families

In case f: X — § is log Calabi-Yau, the Gerstenhaber algebra G /s of polyvector fields
can be enhanced to a Batalin—Vilkovisky algebra. These algebras form an important tool in
deformation theory since they often allow to prove a deformation functor unobstructed, see
e.g. [6, Lemma 2.1]. In particular, they are used in [12] to prove a logarithmic unobstruct-
edness result. For us, a Batalin—Vilkovisky algebra is a Gerstenhaber algebra G°® together
with an operator A : G? — GP*! such that A(1) =0 and A% =0, and such that

(D [z,y] = Aw ay) - A(z) Ay - (-1)Flz A Ady)
holds.
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Remark 2.37. Again, we follow [12]. In the terminology of [45], what we defined is a Batalin—
Vilkovisky algebra of degree —1 (however, we do not have a differential, so it is not a
differential Batalin—Vilkovisky algebra). Instead of introducing the Lie bracket on its own,
one can equivalently require A to be a second order differential operator, i.e., it satisfies
an explicit identity which can be found e.g. in [45], and then define the Lie bracket via the
above formula.

If Qe W; /s is a volume form, then we obtain an isomorphism

n=na:Glg2 Wk, 0-(0~9),
which depends on €.

Definition 2.38. For f : X — S a log Calabi-Yau generically log smooth family and
Qe W;’é R volume form, the Batalin—Vilkovisky operator

e A (O —p+1
A=Ag: pr/s - G}f/tq

is given by A =771 odon, where d: Wif/g - W;}g“ is the de Rham differential.

Remark 2.39. In general, the operator Aq depends on . Indeed, the formula
(Q,6n0)=€ -0~ Q=(n(0),¢)

implies Ay o (0) = Aq(0) + g7 -n(dg Ana(8)) for a function g € HY(X,O%). In particular,

if f,Ox =0Og, then A is independent of (2.

Remark 2.40. The isomorphism 7 gives an isomorphism
(G%/s[-d], (-1)?A) = (W5, d)

of complexes. Here we need the factor (-1)¢ to account for the factor introduced by the
shift functor.

Before we proceed, we express A at T € U in an explicit basis. Let wy,...,wq € (W)1</S)f73
be a basis with dw; = 0, and let 601,...,04 € (@k/s)i be the dual basis, i.e., (w;,0;) = d;;
for the perfect pairing. For I = {i1,...,4,} with i1 < ... < ip, We set wy = w;; A ... Aw;, and
01 = 0;, A...A0;, to denote the canonical induced bases of the exterior powers, which moreover
satisfy

(p-Dp

(wr,05)=(-1)"7 41,

where p = |I|. There is a sign function (7, J) depending on two disjoint indices defined by
wrAwyg =¢e(I,J) wrus, which satisfies the identity

e(I,J)-e(JuJ, K)=e(I,JUK)-e(J, K).
For @ € Ox z the function such that the volume form is 2 = ®-w; A ... Awg, we have

(p-D)p

n(0r) = (=1) = -e([,I) - ®-wre,

where I€ is the complement of I in {1, ...,d} and p = |I|. The equation nA(gf;) = dn(gf;) is
satisfied by
Alghr) = (~1)P Y (T~ (i), (i) 87 (d(g@),04) - 7.
i€l

which thus gives A(gfr).

Remark 2.41. Our sign (-1) e(I,I¢) in the formula for n is precisely the sign given
explicitly in [59, p. 11]. Moreover, since sorting 67 A0e requires Y7 _ (ix —ix-1—1)(p—k+1)
transpositions (once we set ig = 0), we have

(p-Dp
2

p(p+1)

S(1,1) = (=1) 077

this shows that our sign is equal to (=1)Z%)=P_ the sign given explicitly in [44, 6.1].
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Lemma 2.42 (Tian-Todorov Lemma). We have

~(-1)F [, y]en = A(z A y) = Alx) Ay = (-1)z A Ay).
In particular, the algebra (g;(/s7 A [=,-1g,A) is a Batalin-Vilkovisky algebra.
Proof. Tt suffices to show the identity at points & € U. Denoting the right hand side by
G(z,y), for functions g, h € Ox ;z we have G(g,h) =0=-[g, h]sn. Moreover,
G(gbr,h) = (~1)P* g 3 e(I N {i}, {i})(dh, 0:)01 iy = =(=1)"[901, hsn,
iel
where p = |I|, and for I nJ = @, we have
G(g01,h8y) = (—1)p+q+1 ZE(IU I~ Ai}, {i}) -e(L, 7)) <gdh19i)9IuJ\{i}
iel
+ (=P e (Tu I~ {5}, {5)) (1, ) - (hdg, 0,)8105 5
jeJ
= _(_1);0[99[’ he]]snv
where ¢ = |J|, and where we use [6;,0;] = 0, which follows from [67, V, Prop. 2.1.2] (though
the bracket there in equation (2.1.2.) uses another sign convention). In case I nJ = {m},
we find
G(g&;, h@J)
== (=P e(I N {m}, {m}) -e(I, T~ {m}) - (gdh - hdg, 0,n) - 010
= _(_1)p[9917 ha.]]snv
and for |[I nJ|>2, we have G(g07,h0;) =0 as well as [¢g0r, h6;]sn = 0. O

Remark 2.43. The most elegant approach would be to check the conditions of Lemma 2.27,
but the odd Poisson identity is hard.

2.7 Analytification

Let f: X - S be a generically log smooth family with S/C of finite type. Then by the
general GAGA results in [37, Exposé XII], the analytification f* : X" — §%" is a flat
morphism of complex analytic spaces with Cohen—Macaulay fibers. According to [67, V,
1.1], we obtain also a log smooth and saturated morphism %" : U*" — S of fs log analytic
spaces. If S = Spec A for a local Artinian C-algebra A, then S = S®" as locally ringed spaces,
and moreover S is itself Cohen—Macaulay, so X and X" are Cohen—Macaulay.

Lemma 2.44. If X is a Cohen—Macaulay complex space of pure dimension d and Z c X s
a closed analytic subset of codimension > 2, then setting U := X \ Z, we have j,Opy = Ox.

Proof. Tt is sufficient to prove H%(Ox) =0 for i = 0,1. When we write
S = Sm(Ox) = {z e X | depth Ox 5 < m},

by [9, Thm. 3.6], it is sufficient to prove dim(Z n Sk.2) < k for all k¥ > 0. This holds since
depth Ox , =dim Ox , =d. O

Remark 2.45. We do not know if there is a relative version as in the algebraic case.

The analytic log de Rham complex 27;.., /gan ON U™ gives rise to the de Rham complex
W;(}lg = (J")+Qan jgan - The reflexive coherent analytic sheaf (W' 5)*" is Z*"-closed by
the lemma, so it is isomorphic to W' /gn, which is thus coherent. If f: X — S is proper,
then there is an isomorphism

Rq(fa")*W;}’;;’;qu*W;}/s, (3)

where we do not need to analytify the right hand side since S = 5%".
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Lemma 2.46. If f: X - S s proper, we have an isomorphism
R™(f") W = R £ Wi s
of hypercohomologies.

Proof. Let W* := W)'(’/ZSM be the de Rham complex in the Zariski topology, and let W* — L°*®
be an injective Cartan—FEilenberg resolution. After writing € : X% — X for the comparison
map, functoriality yields a map f.(L*®) - f.e.e 1(L*®) = f9"(e71L**) of double complexes.
Because 7! is exact, the discussion in [34, p. 33] yields, given an injective Cartan—Eilenberg
resolution W;(%L — L'** a map e 'L** — L'** of resolutions. In total, we obtain an in-
duced map f.(L**) — f&™(L'**) of double complexes, which gives a morphism of associated
(Hodge—-de Rham) spectral sequences. On the E; page, this is the comparison map (3),
which is an isomorphism. Thus, we obtain an isomorphism of abutments. The comparison
between the étale and the Zariski hypercohomology is analogous. O

Remark 2.47. One cannot construct a comparison map L*® — ¢, L'**® directly for the latter
might not be a Cartan—Eilenberg resolution (since £, might not be exact).

3 Elementary Log Toroidal Families

In this section, we study elementary log toroidal families f : Ap s — Ag constructed from
elementary toroidal data (Q c P,F). After specifying an appropriate open Up,g ¢ Ap 7,
they are examples of generically log smooth families and serve as models for the singularities
that we allow in a log toroidal family. Unlike in the introduction, here for a sharp toric
monoid @ we write Ag = Spec (Q — Z[Q]) for the associated log scheme, i.e., we are
working over Z. The notation Ag is taken from Ogus’ book [66, 67]. Elementary log
toroidal families are generalizations of the log morphism Ap — Ag in the sense that we
allow another log structure on Spec Z[P] which is specified by the set F of toric prime
divisors. We denote Spec Z[P] with this log structure by Ap .

Remark 3.1. Since this is important for the construction of f: Ap r - Ag, we briefly recall
the geometry of Spec Z[P]. For a face F' c P, there is a closed embedding

VF := Spec Z[F] c Spec Z[ P]

defined by 2P — 0 for p ¢ F. If F c P is a facet, then Vy is called a toric divisor, and the
union of all toric divisors is denoted by Dp. For a face F' c P, we also have the localization
Pr of P in F, which equals the submonoid in P9 generated by P and —F'. It gives an open
embedding

U := Spec Z[ Pr] c Spec Z[ P]

via the inclusion P ¢ Pp in P9. The two constructions are related by the set-theoretic
formula
Spec Z[PI\Up = | Vk,
F¢K

where the union is over faces K such that F' ¢ K.

3.1 Definition and Basic Properties

Definition 3.2. An elementary (log) toroidal datum (Q c P,F) (ETD for short) consists
of a saturated injection @) - P of sharp toric monoids and a set F of facets of P containing
all facets that do not contain @Q. Set

Fmin == {F c P a facet|Q ¢ F'},

vertical facets

SO0 Fmin € F € Fmax, where Frax is the set of all facets.
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Y -ray W -ray
Fyy
Tiray, Fywx X-ray
(0,1, 0)-axis .
Ly &
— (0,0, 1)-axis
(1,0,0)-axis

Figure 3.1: We see the four facets of the monoid P in Example 3.6. We have the two
faces Frx = (T,X), Fry = (T,Y) containing @ in blue, and the two maximal essential
faces Fywx = (X, W), Fiyy = (Y, W) in orange. The elements of the facets are the
lattice points on the intersection of the lines of the grid. We also see F = Fyyx U Fiyy
in orange. This picture is also contained in my Master Thesis.

Remark 3.3. The homomorphism @@ — P being saturated is equivalent to P being a free
Q-set whose canonical basis is a union of faces of P, cf. [67, I, Cor. 4.6.11, Thm. 4.8.14,
Cor. 1.4.3]. Below, we denote the union of the faces giving the basis by E.

We interpret an ETD (Q c P, F) geometrically as the morphism
f :Spec Z[P] - Spec Z[Q]

of schemes. We have

f'(Dg)= U Ve cSpec Z[P],
FeFmin
whereas for a facet F' ¢ Fiin the composition Vi c Spec Z[P] — Spec Z[Q] is flat and
surjective. Thus we call the divisors Vg vertical if F' € Fpin, and we call them horizontal if
F ¢ Fuin. Endowing Spec Z[Q] with the divisorial log structure from D¢ and Spec Z[P]
with the divisorial log structure from Upcr V@, we obtain a log morphism f: Apr - Ag,
which we call an elementary log toroidal family. We work here with Zariski log structures,

which however coincide with the direct image of the corresponding étale log structures by
[67, III, Prop. 1.6.5].

Remark 3.4. We denote the (reduced) union of horizontal divisors in F by

Dh= |J VrcSpecZ[P].
FeF\Fmin

We will see below in Lemma 3.21 that this gives indeed the horizontal locus (in the sense of
Construction 2.19) of f: Ap x - Ag on the log smooth locus Up/q of f. Besides, note that
D' is defined by the ideal Nper . Z[P ~ F).

min

Example 3.5. Let P be a sharp toric monoid. Then (0 ¢ P, Fnax) is an ETD. Its elementary
log toroidal family is the affine toric variety Ap with its standard log structure given by the
full toric boundary.
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Example 3.6. Consider the map 6 : N — P of Example 1.4 and let
F= {(Xa W>7 <Ya W>}

where (-) denotes the generated face. Then F equals Fpin and corresponds to the orange
faces in Figure 3.1. We obtain an ETD (@ c P, F) whose geometric realization is the family
f: Xs — Al with the divisorial log structure defined by ¢ = 0 on source and target.

Example 3.7. If (Q c P,F) is an ETD and r > 0, then we obtain another ETD
(@ x{0} c PxN",F'),

where F' = {F xN"|F e F}. The canonical morphism Apun 7z — Ap# is smooth (on
underlying schemes) and strict on the log smooth locus Up/q x A" (defined below).

Following Remark 3.3 above, we denote the union of faces of P that gives the generating
set of the free Q-action by E. We call a face F' of P contained in E an essential face. Every
p € P has a unique decomposition p = e + ¢ with e € E, q € ), hence

ExQ—P,  (e,q)~e+q, (4)

is bijective ([67, I, Thm. 4.8.14], cf. [49, Lemma 1.1]). Furthermore, E = P\ (Q* + P) where
Q= @ ~ 0 is the maximal ideal. Moreover, projecting E to PIP[QIP is injective and its
image P c P97/Q9 is a monoid since it is also the image of P. Note that P9 = P9 [Q9P.
A choice of splitting P9 = P9 & Q9 yields a unique map of sets ¢ : P - Q% so that
idxp: P - Pa®Q9% is a section of the projection P — P with the property that its image
is F, so

P={(p,q) e PoQ"|37€Q:q=p(p)+q}- (5)
Lemma 3.8. The morphism [ : Spec Z[P] — Spec Z[Q] induced by the injection Q c P of

monoids is a Cohen—Macaulay morphism of relative dimension d = rk(P9[QP).

Proof. Since P is free as a @Q-set (generated by E), Spec Z[P] is flat over Spec Z[Q]. By
[35, Cor. 6.3.5] the total space of a faithfully flat morphism of Noetherian schemes is Cohen—
Macaulay if and only if the base and all fibers are. By Hoechster’s theorem (see [42]) the
fibers of Spec Z[P] — Spec Z are Cohen—Macaulay, hence Spec Z[P] and Spec Z[Q] are
Cohen—Macaulay. Now flatness of f implies that it is Cohen—Macaulay. O

The composition
Ap = ApFo. = APF EN Aqg

is saturated since ) — P is saturated. Because Ap — Apr is given by embedding one
log structure as a sheaf of faces into another, it is exact, so by [67, I, Prop. 4.8.5(2)], the
morphism f is saturated.

Remark 3.9. Indeed, Ap — Aq is integral resp. saturated if and only if @ — P is. This
follows from the fact that the ghost stalks of Ap, Ag are quotients of P, Q) by faces.

We next want to define an open set U = Up)q in the domain of f that satisfies (CC).
Below, f will turn out to be log smooth on U. We will actually define its complement, and
for this we need a good understanding of the faces of P.

Lemma 3.10. Let FC P be a face. Set F:==FnE, Q' :=QnF, then
F=F+Q = {f+q|fcF.d €Q}.
Since E is a union of faces of P, so is F'. Note also that Q' is a face of Q.

Proof. By the decomposition (4), any element in F' has the form f+qwith fe E,qeQ.
Since F is a face, f,q are both in F, hence F ¢ F'+ Q’. The reverse inclusion is clear. [
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Consider the set of bad faces of P defined as

B:{F+Q’

F is a union of essential faces of rank at most d — 2
Q' is a face of Q, F + Q' is a face of P

As explained in Remark 3.1 there is a 1-1 correspondence between faces F' ¢ P and torus
orbit closures Vg c Spec Z[P]. Similarly, for Q" a face of @, we have a torus orbit closure
Vi € Spec Z[Q)].

Lemma 3.11. Given F + Q' € B, we find that Vi, i flat over Vg c Spec Z[Q]. Further-
more, if X is a fiber of f, then codim(X n Vg, g, X) > 2.

Proof. Since F' + Q' is free as a Q'-set, Z[F + Q'] is a free Z[Q']-module, so the flatness
statement follows. The origin 0 given by the prime ideal (2%|g € Q) is contained in Vi,
let Xy be the fiber over it. It suffices to check the codimension condition for this particular
fiber. But note that XonVp, o = Upcp Vi, where the union runs over faces F of P contained

in I/, and we have dim Vi < d — 2 by the assumption on F. O
Set
U := UP/Q = Spec Z[P]\(U VB) (6)
BeB

As explained in Remark 3.1, for every face F' c P, we have an open subset Ur c Spec Z[ P].

Lemma 3.12. We find U = Up Up where the union is over the essential faces F of rank
d-1.

Proof. Since U is a union of torus orbits, it suffices to check that any torus orbit contained
in U is contained in some Up for F' essential of rank d — 1. Every torus orbit is given by
O¢ = Spec Z[G9] for G a face of P. Assume Og € U. We use Lemma 3.10 to write
G=G+@Q'. Iftk G<d-2, then G e B, so Og ¢ U. Hence, dimG >d -1 and G contains
some essential face F' of rank d—1. Then F' is also contained in G, and thus Og¢ is contained
in Up. Conversely, since O is not in any Vp, the assertion follows. O

Lemma 3.13 (Theorem 3.5 in [50] or Theorem 4.1 in [48]). If F = Fax, then f is log
smooth.

Proposition 3.14. The map f: Apr — Ag is a generically log smooth family when we use
U=Up,q as the specified dense open of log smoothness.

Proof. The assertion is clear if d = 0—which is equivalent to P = Q—, so assume d > 0.
Given Lemma 3.8 and the saturatedness, it remains to verify that U satisfies (CC) and
that f is log smooth on U. Note that Lemma 3.11 implies that U satisfies (CC) since the
complement of U is the union of closed sets each of which has codimension at least two in
each fiber.

To see that f is log smooth on U, by Lemma 3.12, it suffices to check that f is log smooth
on Up for F essential of rank d — 1. Let F be such a face. Set Pp := Pp/F9 and note that
the projection of @ to Pp is injective because F9? n@Q = {0}. There is an isomorphism
Pr = F9 x Pp commuting with the injection of @ that is {0} x Q on the right.

The log structure on Ur is a divisorial log structure given by a set of divisors each of
which pulls back from Spec Z[Pr], so we may consider the corresponding divisorial log
structure on Spec Z[Pr] to upgrade this to a log scheme Ur. We have a factorization
Up - Up - Ag with the first map a smooth projection from a product, that is therefore
strict, hence log smooth. It thus suffices to show that Up - Ag is log smooth. Note that
Up - Ag is the log morphism of an ETD with d = 1. The following lemma finishes the
proof. O

Lemma 3.15. Assume that f: Apr - Ag has one-dimensional fibers, i.e., d =1. Then f
is log smooth.
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Proof. We are done by Lemma 3.13 if F = Fpax, and this always holds if () meets the interior
of P. So assume () is contained in a proper face of P, then by Lemma 3.10 it is in fact a
facet of P, and then P = N, and consequently P = N x Q. A facet of P that is not @ is in
Fmin = {N x F|F is a facet of Q}. Hence F & Fax implies F = Fpnin, and thus f is strict.
Since f is smooth, we find that f is log smooth. O

Remark 3.16. The third situation of Figure 3.2 below is an example of this situation.

Corollary 3.17. It is possible to find open subsets Uy and Us so that Up;g = Uy u Uy and
Aplu, = Aprlu, and f:Usc Apr — Ag is strict and smooth.

Proof. Let & be the set of essential faces of rank d — 1 such that, when applying the proof
of Lemma 3.15 to Ur - Ag from the proof of the proposition, we are in the case F = F,qz,
and let & be the set of faces where we are in case F = Fpuin. Then for F' € £, we have
Aplu, = ApFlu,, and for F € &, the morphism Up — Ag is strict and smooth. Now we
define U; = Upeg, Ur and Us = Upeg, Ur. O

Remark 3.18. If F' c P is a face, we can easily determine whether Ap|y, = Ap 7|y, or not:
Equality holds if and only if for every facet H ¢ P with F' c H, we have H € F. Indeed, the
facets with F' c¢ H correspond to the toric divisors intersecting Up. Moreover, we need to
test only facets with @@ ¢ H, too. In case F' is an essential face of rank d — 1, the generated
face (F, Q) is at least a facet by a dimension argument, so we need to test at most one facet:
Thus Aply, = Aprlu, for (F,Q) = P or (F,Q) € F, and Up — Ag is strict and smooth
otherwise.

Remark 3.19. Every elementary log toroidal family f: Ap r - Ag is generically strict, by
which we mean that there is an open Uy, ¢ U, dense in every fiber, on which f is strict.
Indeed, for an essential face F' of rank d, i.e., a maximal essential face, we have (F,Q) = P,
so Aprlu. = Ap|lu.. Moreover, the map Ur — Ag is the projection from the product
Ag x Ap;p, S0 it is strict and smooth. Using Remark 3.1 and the proof of Lemma 3.11, we
find that the complement of Upeg Up has dimension < d -1 in every fiber where the union
is over the essential faces of rank d.

Remark 3.20. Let R be a regular ring. Then base change along Spec R — Spec Z gives a
generically log smooth family Ap r x R - Ag x R. Since R is regular, Ag x R is log regular
and hence carries a compactifying log structure by [51, Thm. 11.6]. We see that it is the
divisorial log structure induced by Dg x R. Similarly, Up,qp x R is log regular, so it carries
the divisorial log structure induced by Uper Spec R[F]. This means that the construction
of f: Apr - Ag can be carried out with any regular domain R instead of Z, yielding a
generically log smooth family Ap 7 x R — Ag x R. We do not know (and do not care) if the
two log structures (from base change and from the direct divisor construction) also coincide
outside Up/g x R. This holds in the relatively log smooth case studied in Section 5 since
both the base change to R and the log structure defined by divisors over R are relatively
coherent with the same relative chart.

The Horizontal Locus

We use the decomposition U = U; u U; of Corollary 3.17 to determine the horizontal locus
HprcUof f:U — S in the sense of Construction 2.19.

Lemma 3.21. The horizontal locus Hp z c Up)q 1is

Hpr=Upign |J Spec Z[F]=Upon D} .
FeF\Fmin

Proof. Any horizontal prime p c P is of the form p = P\ F for a facet F c P with Q c F
(and vice versa), so for F = Fax, Tsuji’s result [74, Cor. 2.6] gives that H := Hp g, is
defined by the ideal Nper,, . 7., Z[P ~ F']. More generally, we have HpznU; = HnU;

and Hpr nUs; = @ (because Uy - Ag is strict, hence vertical) as an equality of defining
ideals. Since also D?_— NU; =U;n H and D} N U, = @, the claim follows. O
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Remark 3.22. The morphism Ap — Ag is vertical if and only if @ - P is vertical. Thus for
F = Fmax, the map f: Ap 5 - Ag is vertical if and only if @) is not contained in any proper
face. Furthermore, the morphism Ap — Ag is vertical on Ug for an essential face G of rank
d -1 if and only if (G,Q) = P. Thus in view of Remark 3.18, the family f: Apr - Ag is
vertical (on Up)q) if and only if for all essential faces G of rank d -1, we have (G,Q) ¢ F.
In particular, for F = Fin, the family f : Ap s - Ag is vertical. This is of course what
we expect from a notion of verticality since Ap x,_,, has the divisorial log structure given
by f'(Dgq). Conversely, if f: Apr — Ag is vertical on Upjq, then F = Frjn. Indeed,
if H € F~ Fuin, then H n E = J; G; decomposes into essential faces G; of rank d — 1, and
(G;,Q) = H for each of them.

The Base Change of Elementary Log Toroidal Families

If (Qc P,F)isan ETD and 8: @ — Q' a homomorphism to a sharp toric monoid, then the
fiber product

g N AP,]: XAQ AQ’ — AQ’
is a generically log smooth family. If it is the elementary log toroidal family of some ETD
(Q' c P',F"), then P' = Q" @¢ P is the pushout of monoids.

Example 3.23. For (Q » P)=(N—- N2 1+~ (1,1)) and 3:N — 0, we have P’ = Z. Thus,
in general, P’ is not sharp.

Therefore, in general, g is not the elementary log toroidal family of any ETD. Never-
theless, we can get very closely: The pushout P’ := Q' @¢ P is a fine and saturated monoid
since Q — P is saturated. In view of (5), writing ¢’ : P - Q9 — Q'97, we make an explicit
ansatz

P'={(p.q) e PoQ" |34 Q" :q" = ¢'(P) + G}
This ansatz has the universal property of the pushout. In particular, the monoid P’ is toric,
and Q' — P’ is injective. We find a canonical basis E’ of P’ as a Q'-set, which is in bijection
with F via the canonical map v : P — P’. Moreover, mapping F’ — v 1(F’) is a bijection
between the facets F' ¢ P’ containing ()" and the facets F' ¢ P containing Q. Indeed, via
projection both are in bijection with the facets of P = im(P — P9 /Q9). We define a set of
facets

F'={F' cP afacet | Q ¢ F' or v '(F') e F}

of P and a divisor D' = Uprer Spec Z[F']. This gives rise to a log morphism which we
denote f': Ap: 7 — Ag by abuse of notation. In view of Lemma 3.12, we define an open
U' = UUg c Ap: 7, where the union is over the essential rank d — 1 faces G' ¢ E'. We
decompose
U'=U,uU,,

where, in analogy with Corollary 3.17, U{ = Up Up» is the union over those essential faces
F’ of rank d -1 which have the property that, for every facet I’ ¢ H', we have H' ¢ 7', and
where UJ is the union over the remaining faces.

Remark 3.24. We get a log morphism ¢ : Apr 7 - Ap r. Indeed, for D = Upcr Spec Z[F]
and Dl = f"'(D¢q) the union of the vertical divisors, we get D’ = ¢! (D) u Dl as an

equality of subsets, so ¢c™}(D) c D'.
Proposition 3.25. We have U’ = ¢ (U), and with these opens,

c
Aprgr — Apyr

bl

Ao —t 4g

is a Cartesian diagram of generically log smooth families. There is an ETD (Q' ¢ P", F")
and a strict open immersion k: Ap: 5 ¢ Apn Frn compatible with the morphism to the base
such that U’ = k™ (Upnjq).
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Frnin Frnin

Figure 3.2: Three examples of a saturated injection Q) ¢ P and the projection P, the
outer two are log smooth, the middle one gives Example 2.10. This picture is also
included in [22].

Proof. We choose a splitting of P’ — P'/P"™ over @', which then induces an isomorphism
P’ = P'/P"™ @ P, and a submonoid N” ¢ P"* such that (N")% = P"*. Then the monoid
P":=P'/|P™ &N" c P' and the collection

F'={F'|P* e N'|F' ¢ F'}

of faces form an ETD (Q’ ¢ P"”, F"); the strict open immersion k is given by the localization
in the face L := 0@ N" ¢ P”. Intersection with P”" ¢ P’ induces a bijection between the facets
of P and the facets of P containing L, under which F’ corresponds to F".

We find k™' (Upn/r) = U’. Indeed, for an essential face G ¢ E” of rank d -1 with L c G,
the localization L™'G c E’ is an essential face of rank d — 1 in P’, and every such face is
of this form. Now k™1 (Ug) = Ur-1¢, and for G with L ¢ G, we can find an essential face
LcGcE" of rank d -1 with k™}(Ug) c k™' (Ug). Next, applying the criterion of Remark
3.18 to essential faces G' o L, we find that Ap z|p; = Ap/|y; and that Uj - Agq is strict
and smooth.

Turning to the morphism ¢, if F’ is a rank d—1 essential face, then, in view of Lemma 3.10,
v Y F") = F + ker(B) and F is a union of rank d — 1 essential faces of P. If G is any one of
them, then ¢ (Ug) = Up,. We say G is of first type, and we write U = Ug Ug, where the
union is over faces of first type. In the other event, if F is an essential face of P of rank d—1
and v(F) c E’ is not contained in a rank d — 1 essential face of P’ then it hits the interior
of a rank d essential face G’ of P’, and then for any facet F’ of G', ¢'(Ur) c Ups. This
shows U’ = ¢ (U) = ¢ '(U). Looking only at faces of first type, we decompose U = U; U Us
according to the criterion of Remark 3.18 and find U} = ¢~'(U;) and U} = ¢ "' (U,). Because
the diagram is Cartesian in the category of log schemes both on Ui and on Us, it is a
Cartesian diagram of generically log smooth families. O

Remark 3.26. We have ¢™'(D%) = k7'(D%,) as closed subschemes. After denoting the
horizontal locus of f': Aps 7 — Aq by H', this means H' = Aqr xa, Hp .

3.2 Examples

Figure 3.2 shows some examples of saturated injections @@ ¢ P. Below, we give some more
concrete examples of ETDs.

Example 3.27. The saturated injection N — N2,1+~ (1,1), satisfies Frin = Fmax and gives
an ETD (N c N?, F). Geometrically, this is

f :Spec Z[z,y] — Spec Z[t], f*t=xy
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with the divisorial log structure defined by {t = 0} respective {xy = 0}. Applying the
construction from Example 3.7 with » = 1 to it, we obtain a log smooth and saturated
morphism

£+ (A% {zy =0}) — (A", {0}),

which is associated to the ETD with homomorphism N - N3, 1 (1,1,0), and set of facets
-7:min= {NXOXN,OXNXN}.

Non-Example 3.28. The map N - N" 1~ (ay,...,a,), is saturated if and only if 0 < a; < 1
for all i. Thus, if a; > 2 for some 7, then (N c N", F) is not an ETD. Indeed, e.g.

fiA? S A (z,y) » 2%y,

has a non-reduced fiber f71(0) = Spec k[z,y]/(2%y), which is not possible for an elementary
log toroidal family.

Example 3.29. Generalizing Example 3.6, the family {tw - 2y -...- 2z, = 0} - A} has
the structure of an elementary log toroidal family. Let k > 1 and let P[i“m c N**1 be the
submonoid spanned by

T=e, W=(k-1)-eg+er1+..+ex, Zi=eo+e; (1<i<k),
where eg, ..., ey, is the standard basis of N¥*1. Since
P]fnc:{peZkJrl | V1<i<k:(e;,p)=0, <eo— Z ej,p>20},
§#0,i

ol s . . . . . k
it is a sharp toric monoid. The homomorphism 6 : N — P, .,

1~ T, is locally exact by the

exactness criterion [67, I, Prop. 2.1.16(5)]. Because the complement of the ideal J = T+P§"C
is

k k
E;;nc =Y {p € P]fnc | (eo - Z ej,p> = O} = JF,

i=1 j#0,i i=1
it is a radical ideal, and ¢ : N — P% s saturated by [67, I, Thm. 4.8.14(5)]. Every facet
of anc is h™1(0) for a function h : P;fm — N that evaluates 0 on at least k elements of

the set {T, W, Zy,..., Zx}, so the facets of P]f are F'°" defined by the formula above and

Fihor ={pe p}’f | {e;,p) = 0}. Thus, setting

nc
Fnin = {FY", .., FY},
we obtain an ETD (N c P;fm,fmin). Geometrically, we have a log morphism

Xllfnc = Spec Z[t,w, 21, ..., 2] [ (tw = 21 ... - 21) = AL,
where both schemes carry the divisorial log structure defined by {¢ = 0}. The subscript 'pnc’
is short for 'pencil of normal crossing divisors’, a name by which we emphasize the role of
Plfm in showing that certain pencils of normal crossing divisors are log toroidal families, see

Example 4.30 below.

Example 3.30 (ETDs of Gross—Siebert type). As explained in the Introduction, the local
models that are used by Gross—Siebert to control the singularities of toric log Calabi—Yau
spaces have been a major inspiration for elementary log toroidal families. In fact, the
constructions in [31, Constr. 2.1] of the local models yield ETDs. For a lattice M’ with dual
lattice N and a convex lattice polytope 7 ¢ MY, with dim 7 = dim M}, we get a cone

C'(t)={(rm,r) | r>0,mer}c Mp®R
and a (dual) sharp toric monoid P’ := C'(7)"n(N'@Z). The projection M'®Z — Z induces

an element p’ € P, which gives a saturated injection N - P’/ 1 — p’, and thus for ¢ >0 a
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saturated injection N - P’ @ N9. We turn it into an ETD by choosing F = Fy,. With
Ag =7 and ¢ (Newton) polytopes Ay, ..., A, ¢ My, we define functions

1[)1(71) = —inf{(n,m) | meA;}

on N’ for 0 <i<q. They give a sharp toric monoid
q ~
P:={n+Y ae; | V0<i<q:a;>¢;i(n)} c N'@Z"",
i=0

where e, ....e; € 79*! is the standard basis, and the saturated injection is N - P,1 — ey-
We turn it into an ETD by choosing F = Fpin. If we set Ay = ... = A, = {0}, then
1/31 = .= 1Lq =0, and we recover P = P’ @ N? from above. We say an ETD (N c P, Fiuin)
that arises from this construction is of Gross—Siebert type. Indeed, all local models that are
relevant to [31] have this form. Setting

a
K= (JAix{e}) c M @RI
i=0

the cone generated by the set, we have P = KV n (N’ @® Z%*!) and Spec Z[P] is Gorenstein.

4 Log Toroidal Families

A log toroidal family f : X — S is a generically log smooth family whose singularities in
z € Z are controlled by elementary log toroidal families. Whereas in the context of the
Gross—Siebert program, the local models happen to control a log singularity that arises
from another construction—see [31, Thm. 2.6]—we turn this property into a definition.
This is analogous to the situation of toroidal varieties: A variety is toroidal if it is étale
locally isomorphic to a toric variety. As explained in the Introduction, controlling the local
structure of the singularities in z € Z provides powerful tools for a log toroidal family that
we do not have for a generically log smooth family. Namely, to study the global cohomology
of W% /87 it is insufficient to know only what happens on U c¢ X. We will see this in the
forthcoming sections when we study e.g. differential forms and the Cartier isomorphism.

4.1 Definition and Basic Properties

We give our precise definition of a log toroidal family. It is slightly technical and intricate.
We start with the definition of a local model.

Definition 4.1 (Local Models). Let f: X — S be a generically log smooth family. For a
geometric point 5 € S, a base chart at § is a strict étale morphism (S, 5) - (S, 5) and a map
a:S - Ag given by a chart @) - Mg of the log structure which is neat at 5. For a geometric
point T € X and a base chart at f(Z), a local model at T is a diagram

Wty
l (LaUL)

I (LM)

f[ 5'< (Ap,7,Upjo)
S Ag, —

where g : V — X is an étale neighborhood of Z (of underlying schemes) and the bottom right
diagonal map is given by an ETD (Q c P,F). The solid arrows are morphisms of schemes
and log morphisms on the specified opens, whereas h: V — L is an étale morphism only of
underlying schemes. The bottom right diamond is Cartesian, in particular Uy, = ¢~}(Up Q)

Moreover, we have an open U c V satisfying (CC), such that U c g~ (U)nh~"(UL) and there

(X,0)
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is an isomorphism ¢* My = h* M, of the two log structures on U such that the composed
maps to S coincide. Finally, we have co h(Z) =0 € Ap #.

For a base chart S « S — Ag and a Zariski open W c X, a local model is a diagram
(LM) as above with g(V) = W (and no requirement on some T € X).

Definition 4.2 (Log Toroidal). A log toroidal family is a generically log smooth family
f: X — S such that there is a Zariski cover X = U; W; and local models for the W; (over

various base charts S < S; - Ag,).

If S = Spec (Q - B), then S=S and a: S — Ag given by the chart @ — B is a base
chart. We say f: X — S is log toroidal with respect to a: S - Ag, if we can choose the local
models over this base chart.

Example 4.3. Every elementary log toroidal family f: Apr - Aq is log toroidal.

Example 4.4. Toric varieties X are log toroidal families over a trivial base. Indeed, let X
be a toric variety over S = Spec Z and D c X a reduced toric divisor. Let X be the log
space X with divisorial log structure defined by D and let S have the trivial log structure,
then X — S is a log toroidal family since it is locally in the Zariski topology Example 4.3
with @ = 0.

We give much more examples below in Section 4.4. We recommend to browse through
the examples before reading on. In particular, we will prove that saturated log smooth
morphisms are log toroidal families. This is essentially a consequence of Kato’s toroidal
characterization of log smoothness.

Remark 4.5. We use U since we do not care about the precise chosen log smooth locus
U c X. In this way, e.g. f: Ap > Ag with U = Ap instead of U = Up,q can be considered
a log toroidal family. However, this definition means we cannot easily understand the local
structure of constructions that do depend on the precise U just by considerations in the
local models. This applies in particular to the horizontal locus Hx ;g c U as well as to the
deformation theory of log toroidal families, which we do not consider in this thesis.

Remark 4.6. There are three natural options to define a log toroidal family: First, we
could require a local model at every point T € X, i.e., we require (co h)(Z) =0 € Apr.
Secondly, we could require finitely many points Z; € X and local models at them such that
X =U; 9:(V;). For the definition above we decided to use the third option employing local
models for Zariski opens W c X. This gives us (compared to the second option) more
flexibility since we do not need to give a point mapping to 0 € Ap r. With our definition,
the family f: Apr \ {0} - Ag is obviously log toroidal, and this flexibility is also crucial
for the proof of Proposition 4.7 below. However, we prove in Proposition 4.15 that, over an
algebraically closed base field k, there is no difference between the three options. L.e., in this
situation, we actually have local models controlling the local geometry around every point
(which is the first option).

Base Change

We study under which conditions the notion of log toroidal family is stable under base
change. If f: X - S is a log toroidal family, and b: S’ — S is strict, then the fiber product
f'+ X' - S’ of generically log smooth families is easily seen to be a log toroidal family: The
map T =T xg S - Ag is a base chart, and the local models carry over to f': X’ — §'. If
b:S" — S is not strict, the situation is more involved:

Proposition 4.7. Let f: X — S be a log toroidal family, and let b: S’ — S be a morphism
from a Noetherian fs log scheme S'. Assume that for every geometric point 5 € S, the
order of the torsion subgroup of ./\/l‘g]f/s o 1s invertible in k(5"). Then the fiber product

X' '=XxgS" > 8" is alog toroidal family.

Proof. The family f’: X’ — S’ is generically log smooth with U’ = U x5 S’. For a geometric
point 5’ € S’, there is some base chart on S with 5 — S;, so we can find some étale
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neighborhood S’ — S’ of & fitting into a chart for S’ - S, i.e., into a commutative diagram

S —= 5,

|

AQ' - AQm

where §" - Ag is an exact chart at §'. Because the order of the torsion subgroup of Mg’,’ S5
is invertible in k(5), we can assume that Q" — Mg, is neat at 5’ by [67, III, Thm. 1.2.7].
In particular, Q' is a sharp toric monoid, and we obtain local models via base change along
Agr = Ag, using Proposition 3.25. O
gp
57/8,5"
technical condition. We need it here to ensure the existence of a chart for S’ — S which is
neat—not only exact—at 5’. We expect that a stronger version of Proposition 3.25 would
render the assumption superfluous. However, the condition is virtually always satisfied,
e.g. when S’ — S is strict or (more generally) saturated or if S/Q.

Remark 4.8. The order of the torsion subgroup of M being invertible in k(5") is a very

Generic Strictness

As we have seen in Remark 3.19, every elementary log toroidal family is generically strict.
This easily generalizes to log toroidal families and even generically log smooth families.

Lemma 4.9. Let f: X - S be a log toroidal family. Then there is an open Ugy. ¢ U dense
in every fiber on which f is strict. The same holds for generically log smooth families.

Proof. In a local model (LM), denote the strict locus of Remark 3.19 by W c Up,q, and
take the union over all g((co k)" (W)nU) c X for all local models. For generically log
smooth families, note that the saturated log smooth morphism f:U — S is a log toroidal
family by Example 4.25 below. O

Corollary 4.10. Let f: X — S be a generically log smooth family. Then the forgetful map
@§(/S - @1&@ forgetting the log part of the derivation is injective.

Proof. Since Ox — j.Oy.,,, is injective, this follows from [31, Prop. 1.3]. O

str

Corollary 4.11. Let f: X — S be a generically log smooth family of relative dimension d.

Then tk Qb/s =d.

Remark 4.12. In general, if f: X — S is a flat finite type morphism of Noetherian schemes
with reduced fibers and j : U — X is an open subset which is dense in every fiber, then
Ox — 7.0y is injective. For lack of reference, we briefly indicate the proof: It suffices
to assume S = Spec R and X = Spec A affine. First, let R = k be a field. Then prime
avoidance implies that there is a non-zero divisor a € A such that X, := {a # 0} c U is a
principal dense open subset. In particular, the localization map A — A, is injective; hence,
the restriction Ox — j,Op is injective as well. Next, let R be a local Artinian ring with
residue field R/m = k. We find a non-zero divisor ag € A/mA, which defines a principal dense
open (X xg k)q, € U xg k, and lift it to a € A. This a is a non-zero divisor as well; namely,
the base change from R to k of the multiplication map p, : A - A is injective and has
flat cokernel, so this holds for 4 as well. Thus, the localization map A - A, is injective.
From here, we easily generalize to complete local Noetherian, local Noetherian, and finally
arbitrary Noetherian bases S = Spec R.

Vertical Families

We study under which conditions a log toroidal family is vertical (in the sense of [67]).
Verticality is closely related to the condition F = F,;,. For a saturated log smooth morphism
f:X - S and a point T € X at which f is not vertical, consider a local model at Z as in
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Example 4.25 with ETD (Q c P,F). Since f is not vertical at &, we have F # Fuin, S0
Hp r c Ap r is a non-empty divisor flat over Ag. In particular, the horizontal locus

Hy 5= Wi (N (Hpr))cV

is pure of codimension 1 in every fiber and non-empty, and the same holds for Hx,s c X.
If U c X satisfies (CC), then f:U — S is not vertical, for Hx;s nU # @. This shows that
a generically log smooth family f: X — S is vertical (on U) if and only if it is vertical on
some U c U satisfying (CC).

Lemma 4.13. A log toroidal family f : X — S is vertical if there is a Zariski covering
X = U; W; and a local model for every W; with F = Fpin. Conversely, if f: X - S is
vertical, then for every local model at some T € X (i.e., such that 0 € Im(co h)), we have
F = fmin-

Proof. For an ETD (Q c P,Fuin), the map Apr, .. — Ag is vertical on Up/q, s0 if we
have such a local model for Wj, then f:U — S is vertical on g(U) c W;. Since their union
satisfies (CC), we find f:U — S vertical. Conversely, for a local model at Z with F # Finin,
the horizontal locus Hp r is a non-empty divisor. In particular, we have h™'(c™'(Hpr)) a
non-empty divisor, contradicting Hy s =@ by f:U — S being vertical. O

Remark 4.14. A vertical log toroidal family can have local models not satisfying F = Fyin if
there is no point Z € X mapping to 0 € Ap #. Consider e.g. (0 c N,{N}) and X = Ay \ {0},
which is log-trivial—hence vertical—over the log-trivial point.

4.2 Local Models at Points

As we have seen in Remark 4.6, a priori there is a difference between local models for open
subsets W c X and local models at points Z. The first one is easier to check, the second one
is more convenient to study the local structure of log toroidal families. In this section, we
show that, given a log toroidal family f: X — S over an algebraically closed field k& (which
has local models for opens W; ¢ X by definition), there exist local models at points Z € X.
This is important for the relative degeneration in Theorem 8.2 since it depends on a local
computation that we carry out on 0 € Ap x of a local model. The key ideas of the result
seem to be standard. In particular, the situation is similar for toroidal varieties—Danilov
defines them in [14] via a local isomorphism to 0 € Spec C[P], and [14, Rem. 13.2] just says
that toric varieties are toroidal.

Proposition 4.15. Let k be an algebraically closed field, let S/k, let f: X — S be a log
toroidal family, and let T € X be a k-valued point. Then there is a base chart S < S — Ag
at f(z) and a local model at .

Proof. The claim follows from a local construction: Let (Q c¢ P,F) be an ETD, and let
z € Apr x k be a k-valued point with defining ideal p c k[P]. We construct a diagram
starting on the left with the base change along Spec k — Spec Z of f: Apr - Ag:

Ap g xk<=—Up x k== Ap 7 x Gl x kK~ Ap e zoyr x k

\\\ ~ P
N
/\/\A

Aka<—3Uka4ﬂ>Aka<;AIs’f-xk

For the face F':= {pe P | zP ¢ p}, we find T € Up x k = Spec k[Pr] c Ap r x k, and setting
G:=FnQ cQ, we have f(Ur x k) c Ug x k = Spec k[Qg]. The natural projections
Qc — Q= Qg/G and Pr — P := Pp/F9 admit splittings 0’ : Q - Qg and 0 : P » P
which fit into a commutative diagram with the maps Qg — Pr and Q — P. Indeed, the
quotient PIP/Q9 is torsion free, so P9 = Q9% @& PI/Q%. Thus we can choose a splitting

Q% - Q¥ and a compatible splitting P9 — PP, Since Q¢ — Q and Pr — P are exact,
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we obtain ¢’,0 by restriction. Since Qg = G @ Q, the map 3 : Ug - Ag induced by

o' :Q - Q¢ is strict and smooth. With
F={K|F? | KeF FcK},

we obtain an ETD (Q c P, F) and thus a morphism Ap gxk - Agxk. Because Pp = FPgp,
the map A, : Ur - Ap 7 is smooth (on underlying schemes)—indeed, it is the projection

Ur = Spec Z[ P] x Spec Z[F9] — Spec Z[P]. Moreover, since

AN(D) = AJ*( | Spec Z[K]) = Up ﬁ( (J Spec Z[K]),
KeF KeF

the map A, is a log morphism. It is strict on A;I(UP/Q) since there, the inverse image
log structure from Ap z is log regular, hence divisorial, and they have the same log-trivial
locus. Choosing a splitting F97/G9P — F'9 of the projection, we obtain a factorization

Ur 2> Ap 7 =Gl % Ap 5

with 7 = tk(F97/GIP), where we endow Ap z x G, with the divisorial log structure defined
by ¢~1(D). With the opens (b‘l(Up/Q) and A;I(UP/Q), the square (9) in the middle of the
above diagram becomes a Cartesian square of generically log smooth families.

By definition of F', we have A,(Z) =0€ Ap #. Let €G], xk c A" x k be the image of
v(Z) € Ap # x G, x k under the projection to Gy,. Because k is algebraically closed, there
is a (unique) translation morphism A : A" x k - A" x k with A(g) = 0, which gives rise to
an open immersion i : Ap z x Gy, xk - Ap z x A" x k with i(y(Z)) = 0. The latter space is
Apynr 7xne * k, where we use the construction of Example 3.7. O

Corollary 4.16. Let k be an algebraically closed field, let A be an Artinian k[Q]-algebra,
and let S = Spec (Q — A). Let f: X — S be a log toroidal family with respect to S - Ag,
and let T € X be a k-valued point. Then there is a local model at T with base chart S — Ag.

Proof. We keep the notation from the above proof. Since S has only one (set-theoretic)
point, we find G =0, so @ = ). Thus the construction does not change the base chart. [

Remark 4.17. For a log toroidal family f: X — S with respect to S - Ag, where S is not a
punctual scheme, there is no analog of the Corollary—some points might not map to 0 € A,
so we need to change the base chart.

4.3 Spreading Out

To spread out a Q-variety X means to find a finitely generated subring B ¢ Q and a B-
scheme Xpg such that X ¥ Xg xg Q. The scheme Xpg can be considered an integral model
of X. This allows to reduce problems about X to positive characteristic; it is proven for
schemes in EGA, see [36]. For log smooth morphisms, spreading out was done by Tsuji in
[74]. Here we prove the analogous result for log toroidal families, another step toward the
Degeneration Theorem 8.1.

We fix a sharp toric monoid @, a field k > Q and set S = Spec (Q — k) where the map
Q — k is ¢ ~ 0 except 0 —» 1. We choose distinct subrings B) € k for all A in some index set
A so that any two B),, By, are both contained in a third By. We say A\; < A9 if By, € By, .
Furthermore, we require li_H)l)\ B) =k and that each B, is of finite type over Z. We get log
schemes S, = Spec (Q — B,) each with a strict map S — Sy, and in fact we have S = liLn/\ Sh.

Proposition 4.18. Let f : X - S be a log toroidal family of relative dimension d. Then
there is A € A and a log toroidal family fy : Xx — S\ so that f is obtained by base change
from f, i.e., there is a Cartesian square

X —— X,

|

S —— S)
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of generically log smooth families. If f is separated and/or proper, we can assume fy to be
so, too.

Proof. By classical spreading out—see [36, Thm. 8.8.2 (ii)], [36, Thm. 8.10.5] and [36,
Thm. 11.2.6 (ii)]—we can find a A € A and a morphism f) : X, — S, that is finitely
presented and flat, and an isomorphism S xg, Xy = X over S. If f: X - S is separated
respective proper, we can choose f) moreover separated respective proper. Using [36, Corol-
laire 12.1.7(iii)] and [36, Thm. 8.10.5], we can choose A such that fy is a Cohen—-Macaulay
morphism. Since these decompose disjointly over the relative codimension, again by increas-
ing A if needed, we may assume that f) has relative dimension d.

We next spread out U such that Uy c X, satisfies (CC). We do this by spreading out its
complement Z. Indeed, by [5, 05M5, Lemma 31.16.1], we can increase A so that every fiber
of Z, — Sy has dimension < d -2 and then define U, := X \ Zj.

Now a straightforward generalization of the method employed in [74, 4.11.1] yields that,
for appropriate A, we can find a log structure on Uy, and upgrade f) to a log morphism
such that U, is fs and fy is log smooth and saturated. While Tsuji uses absolute charts to
construct the log structure, we choose relative charts Ap, - Ag with saturated injections
Q c P,L

Finally—again by possibly increasing A—we show that the family fy : X, — S, is log
toroidal. We fix a finite covering {V; - X} with local models (Q c P;, F;) as in Definition
4.2, and for each of them, we construct a diagram

Vi Vi
ﬁ h /J’\ h>\
P :
f v Ia v
L; Li,)\ APq‘,7~7'—i
/ l /A e
S o S o Ag

Namely, we first spread out V; - S to V; » = Sx. Then L; ) is defined by base change,
and we construct the étale morphisms of schemes gy : V; » = X and hy : V; » = L; 5 also
by spreading out. We can assume that X is covered by {V;» — X,} and that U, cV;
spreads out to an open U; ¢ V; » satisfying (CC). We get two log structures (92) 1oy Mx,
and (hy)j,, Mz, , on Ui x, which we identify by [74, 4.11.3]. By the same Lemma, the two
morphisms (g o f)fog./\/lsA - ./\/lUM coming from fy o gy respective r) o hy coincide. Since
{V; > X} is a finite covering, we can find A that admits the above construction for all V;
simultaneously. O

Remark 4.19. The proof shows that, if f: X — S is only a generically log smooth family,
then we can find a generically log smooth spread out. If the generically log smooth family
is vertical, then the spread out is vertical. Indeed, in this case the local models on U as
constructed in Example 4.25 are vertical. Similarly, if f: X — S is relatively log smooth,
then we can find a relatively log smooth spread out.

4.4 Examples

We illustrate the scope where log toroidal families occur. This includes toroidal varieties
which are not log smooth as well as toroidal embeddings and the saturated log smooth
morphisms. Most interestingly, many degenerations are log toroidal families.

Toroidal Varieties

Toroidal varieties X and toroidal pairs (X, D) (see e.g. [14, §15] for a definition, cf. also the
Introduction) are log toroidal families over a trivial base. Indeed, fix a normal domain R,
and let X be a normal variety over Spec R and D c¢ X a Weil divisor such that (X, D) is
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étale locally (over Spec R) isomorphic to a pair (Y, E), where Y is an affine toric variety
and F a toric divisor—not necessarily the entire toric boundary! Then X — Spec R is a
log toroidal family; here, X is X with the divisorial log structure given by D (in the étale
topology), and Spec R has the trivial log structure.

Example 4.20. A toroidal curve is smooth. Indeed, every toroidal curve is normal hence
smooth.

Example 4.21. Toroidal surfaces are given by sharp toric monoids of rank 2; the latter
are completely classified. By taking the dual of [13, Prop. 10.1.1], they are all given by
Cone(ey,dey + key) n Z? for parameters d, k satisfying d > 0,0 < k < d, and ged(d, k) = 1,
where eq, e is the standard basis of Z2. All of them are cyclic quotient singularities. In
particular, every toroidal surface is an orbifold.

Taking k = d -1, we obtain the du Val singularities of type Ay defined by

{:Ey—Zk+1 — 0} c A37

cf. [13, Ex. 10.1.5]. The du Val singularities of types Dy, Fg, F7, Eg are not toroidal since
they are non-abelian quotient singularities.

Remark 4.22. Du Val singularities are precisely the ADE-singularities as given e.g. in the
list [28, p. 145]. They are isolated surface singularities, and they are precisely the simple
hypersurface singularities in dimension 2. Since surface singularities of types Dy, Eg, E7, Eg
are not toroidal, we can give explicit examples of non-toroidal surfaces immediately—the
surfaces {w? + 2% +y* = 0} and {w? + 23 + y° = 0} are not toroidal.

Example 4.23. In [65], Namikawa studies deformations of (complex) Calabi—Yau threefolds
X with terminal singularities. Such a threefold X is a toroidal variety if and only if it has only
Aj-rational double points as singularities. In particular, none of the Kleinian singularities
in [65, Def. 5.4] except Ay can appear if X is toroidal.

Proof. Since X is Cohen-Macaulay (because it is toroidal) and the canonical divisor Kx
is Cartier, X is Gorenstein. Thus, by the classification of three-dimensional terminal toric
singularities ([13, Thm. 11.4.21}), every singularity is given by xy — tw = 0, hence an A;-
rational double point. O

Remark 4.24. The cone defining the monoid from Example 3.6, i.e., the variety {zy—tw = 0},
is not simplicial, so a toroidal variety is not an orbifold at Aj-rational double points. In
particular, there are toroidal threefolds which are not orbifolds.

Saturated Log Smooth Morphisms

Example 4.25. If f: X — S is a saturated log smooth morphism, it is a log toroidal family
with U = X. Indeed, there is a local model Az » — Ag at every geometric point Z — X. It
is everywhere log smooth, not only on Up 10> and the map V' - A p.F 1s everywhere strict.

Proof. Let S - Ag be a chart which is neat at f(Z) (possibly after shrinking S). Then in
a neighborhood V of Z, we obtain the diagram

T
V 9AP I APXN7‘7fI

N

S——Ag

by [67, IV, Thm. 3.3.3], where V' — Ap is a chart which is neat at Z. In particular, we have
a saturated injection @ — P of sharp toric monoids (injectivity follows from the fact that
integral local maps are exact and hence s-injective). The map Apynr 7 — Ap obtained from
Example 3.7 applied to (Q c P, Fiax) is the map constructed in [67, IV, Thm. 3.3.3]. Since
V = Apunr, 7 X4, S is strict étale, we have a local model with ETD (Q ¢ PxN",F'). O
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Remark 4.26. This is not a trivial consequence of Kato’s toroidal characterization of log
smoothness in [50, Thm. 3.5]. For, this yields a smooth map X — Ap x4, S, but not an
étale map.

Example 4.27. Semistable degenerations are saturated log smooth morphisms, hence log
toroidal families.

Toroidal Embeddings

Let us work over an algebraically closed field k > Q. A toroidal embedding U c X, which
has been originally defined in [56], gives rise to log smooth and saturated log schemes over
Spec k by endowing X with the divisorial log structure defined by X \U. As observed e.g. in
[2], the definition is equivalent to the existence of an étale roof

(X,l‘) (i (X’,.%‘,) i) (Ap,p)

for every closed point z € X, where Ap is an affine toric variety, p € Ap is a point, and we
have u™'(U) = v (A4}). A toroidal morphism f:(X,Ux) — (S,Us) of toroidal embeddings
has been defined e.g. in [1]. Using [4, Cor. 2.6], we can find étale roofs as above, a toric
morphism Ap - Ag, and the middle map such that we have a commutative diagram

(X,2) =—— (X",2") —— (4p,p)

(5, f(2)) =——(5",¢") —— (4@, D)

Since f is dominant and @S,f(x) is a domain, the induced map @S,f(z) - @X,gj is injective by
[38, I. Cor. 3.9.8]. We find k[Q] — k[ P] injective, so the kernel and the torsion part of the
cokernel of Q97 — P9IP are finite groups of order invertible in k. This proves f: X — S log
smooth, a fact that has been also observed e.g. in [18] with a slightly different definition. On
the other hand, not every toroidal morphism is saturated, e.g. k[t] - k[t],¢ ~ t3. However,
weakly semistable families in the sense of Abramovich—Karu as defined in [1] are. They have
been introduced to generalize semistable reduction to higher dimensional bases. To us, they
are just another example illustrating the wide range where log toroidal families occur. We
recall the definition for convenience of the reader.

Definition 4.28 ([1]). A weakly semistable family is a flat morphism f : X — S of projective
varieties with connected fibers together with structures of toroidal embeddings Ug c S and
Ux c X such that f~1(Ug) = Ux and f is toroidal, equidimensional, and has reduced fibers.
Moreover, S is nonsingular. The family f: X — S is semistable if additionally X is smooth.

Note that this definition of semistability is more general than the classical one—we do
not assume S to be one-dimensional.

Example 4.29. Weakly semistable families are log smooth and saturated.

Proof. The log smooth map Ap — Ag is log flat. Since X’ — S’ is flat and S’ is log regular,
the result [67, IV, Thm. 4.3.5] yields X' — S’ integral. It has reduced fibers, so it is saturated
by [67, IV, Thm. 4.3.6]. 0

Degenerations

Recall that we consider the theory of log toroidal families a tool to study degenerations of
varieties. We give here some evidence that in fact many degenerations carry the structure of
a log toroidal family. The following construction generalizes the degeneration of the smooth
quartic surface in Example 1.3.
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Example 4.30. Pencils of normal crossing divisors are log toroidal families. Let k = k be an
algebraically closed field, let D = {F =0} c P} be a normal crossing divisor of degree d, let
E = {G =0} c P} be a smooth hypersurface of degree d, and assume that DU E = {FG =0}
is a normal crossing divisor. Defining

Y := {TF - SG =0} c P} x P},

where [S : T'] are the variables of P}, we obtain a morphism f : ¥ — P} via projection.
Then there is a neighborhood S c P of 0 =[0: 1] and an open U c X := f~*(9) such that
f:X — S with the divisorial log structures defined by f71(0) and 0 is a proper log toroidal
family.

Proof. For a k-valued point z € P}, let H = Hz be a homogeneous polynomial of degree d
such that z € {H # 0}. Since D U E is normal crossing, we can find étale morphisms

s n

such that v*(F/H -G/H) = n*(21 - ... - zx) for some 0 < k < n (where the empty product
is 1). Because z; is a prime in the étale local ring (A} )5, we can choose Vz,~,n such that
v (F[H) = n*(z1 - ... - z¢) and v*(G/H) = n*(z¢41 - ... - ;). In particular, by using [19,
Prop.-IV-25], the second projection 7 :Y — P} can be identified with the blow-up of P} in
Dn E. In particular, the scheme Y is integral and f : Y — P} is flat because Y dominates
the smooth curve IP’,lc.

Because f: Y — IP’,IC is proper and has a non-singular fiber E = f~1(o0), there is an open
neighborhood S 3 0 such that f~1(0) = D is the only singular fiber over S. We take this S as
the base of f: X — S. Denoting Dy c D the double locus of the normal crossing divisor D,
we set U = X \ (D2n E) under the identification D = f71(0). The scheme 7~ *(P?\ (D2nE))
is étale locally the blow-up of A2 c A”, so it is a regular scheme; this shows that U is a
regular scheme. Thus f: U — S is a semistable degeneration and hence saturated and log
smooth with the given log structures. Around a point € X \ U, on A,lg x Vz the scheme X
is locally given by the equation

Y (FIH)-s- v (G/H)=1n"(21 ... 2k-1) — 81" (2x) = 0,

where v*(G/H) = n*(zk), i.e., £ = k — 1 because E is a smooth hypersurface. Thus a local
model is given by the ETD (N c Pl 7, :,) from Example 3.29. O

pnc
Example 4.31. Setting D = {zyz =0} and E = {23 +y>+2% = 0} we obtain the Hesse pencil
Mz + 2+ 2%) + pryz=0

of cubic curves, cf. [3]. Since it is a log toroidal family with fiber dimension 1, it is actually
log smooth.

Example 4.32. Setting D = {zox12223 = 0} ¢ P? the union of the four coordinate planes
and E = {z3 +2}+25+23 = 0} ¢ P3 the Fermat quartic, we obtain the degeneration of quartic

surfaces of Example 1.3. For

D = {xozizox324 =0} cP* and E={x)+a5 + x5+ 25 +25 =0} c P,
we obtain essentially the famous family of quintic threefolds, which is often studied in mirror
symmetry, e.g. in [10, 63].

Question 4.33. The construction in Example 4.30 can be easily generalized as follows: Let
P/k be a scheme, let £ be a line bundle on P, and let F,G ¢ H°(P, L) be sections defining
hypersurfaces D, E. Let P! = Proj k[S,T], and let p: PxP! - P,q: P xP! — P! be the two
projections. Then

TOF-S®GeH' (PxP' p*L®q¢ O(1))

defines a hypersurface Y ¢ P x P! and a family f : ¥ — P! via projection. What are the
conditions on P, L, F,G to make f a log toroidal family?
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Remark 4.34. When we take P = Pa for a reflexive polytope A and £ = Op(1), this
construction is closely related to the construction of toric degenerations out of the data of
Batyrev duality, see [29]. Here one takes F' corresponding to 0 € A such that D is the toric
boundary divisor in P = Pa, and G to be general. The result is a (in good cases) smooth
variety F/, which degenerates to a union of toric varieties.

Example 4.35. Many structures of the Gross—Siebert program are log toroidal families. If
(B,P) is a positive and simple integral affine manifold with singularities and a polyhedral
decomposition, and if s are lifted open gluing data, then the toric log Calabi—Yau space
XS(B,P,S) is a log toroidal family over Spec (N — C) by [31, Thm. 2.6]. Indeed, the
local models are the ETDs of Example 3.30. More generally, by Ruddat’s generalization
in [69, Prop. 2.8], log Calabi—Yau spaces of complete intersection type are log toroidal over
Spec (N — C). Divisorial deformations of Xg(B,P,S) are log toroidal families essentially
by definition.

5 Relatively Log Smooth Families

We introduce in this section a variant of the concept of relatively (log) smooth family.
Relatively log smooth families take into account the incoherencies occuring in “nature” (as
in the family f: X ; - A! in Example 1.4, see the Introduction) by weakening the coherence
assumption of the log structure on X to relative coherence. This notion is discussed in Ogus’
book [67], but has been used earlier in Nakayama—Ogus work [64] and, relying on this, by
Gross—Siebert in [31]. We review it here and give some new elementary results which are
important for our further study. Relatively (log) smooth families f : X(F) - Y have
been introduced by Nakayama-Ogus in [64] in the context of studying the Betti realizations
(also called Kato—Nakayama spaces) of log smooth morphisms. It is shown there ([64,
Thm. 3.7]) that smooth as well as relatively smooth families are submersive on the level of
Betti realizations Xjoq(F) = Yiog. In particular, if f: X(F) - Y is proper, then fi,q is a
topological fiber bundle with nice fibers. We give a slightly different definition of relatively
log smooth family and show that the concept is intimately related to log toroidal families.
Indeed, Proposition 5.13 below shows that every relatively log smooth family can be endowed
with an open U c X which turns it into a log toroidal family.

Relative Coherence

Relative coherence generalizes the notion of coherence of a log structure. Let (X,H) be a
fine log scheme, and let 8 : P — H be a chart. For a face G c P, we have a sheaf Gg of faces
in H given by

Ga(U) = (B(G)) e H(U)

for an open U c X, where (8(G)) is the face in H(U) generated by 8(G). The sheaf Gg is
itself a log structure. A sheaf of faces M c H is relatively coherent if (étale) locally we can
find charts and faces such that M = G4. Globalizing this, we call a log structure M on a
scheme X relatively coherent—without reference to a global H—if (étale) locally on X, the
log structure is isomorphic to some Gg as above. In this case, the chart §: P - H together
with G c P is called a relative chart.

Remark 5.1. The construction of Gg works as well for the Zariski and the étale topology. If
Ge c H is in the étale topology and G ¢ P — H is a relative chart, then the chart also defines
Zariski log structures Go ¢ H whose associated étale log structures are G ¢ H. Thus, if
convenient, étale locally we can assume a relatively coherent log structure to be defined in
the Zariski topology.

Remark 5.2. If Gg c H is defined by the relative chart G c P LA H, then (Gg)z c Hz is the
face generated by 8(G), and the same holds for the ghost sheaves.

Remark 5.3. By definition, M c H is relatively coherent if M = G for some chart 5: P - H.
By [67, IT, Prop. 2.6.5], if 8: P — H is any chart around a point z € X (with H fixed), there
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is a face G c P such that G c P — H is a relative chart for M in some neighborhood of .
We can choose G = 371 (M,,).

For a fine log scheme (X,H) and a (fine) chart §: P - H, there is equivalently a strict
morphism b: (X,H) > Ap. If M c H is relatively coherent with relative chart G ¢ P — H,
then it fits into a commutative diagram

(X, H) — (X, M) —— (X, (9;})

bt bct l (RC)

Ap —— Apc — Spec Z[ P]

because (b°)~1(b.M) c Mp is a sheaf of faces in the log structure of Ap which contains the
image of Gc P - Mp.

Lemma 5.4. The diagram (RC) is Cartesian. In particular, the map bg : (X, M) - Ap
is strict. Conversely, if we have a Cartesian diagram (RC) with P fine, then M c H s
relatively coherent.

Proof. Denoting the log structure on Ap g by Mp g, we have log structures
T =bj,yMpc > M—>H

on X. Because T c H is a sheaf of faces, also T c H is a sheaf of faces. Since 7 contains
the image of 3(G), we have M c T, so T = M; this shows that bg is strict and the squares
are Cartesian. The converse is obvious: There is a relatively coherent log structure Gg c ‘H
defined by G' ¢ P — H, which satisfies Gg = b], Mp g = M. O

log

Corollary 5.5. Let g:Y — X be a strict morphism of log schemes, and assume X relatively
coherent. Then'Y is relatively coherent.

Let us relate relatively coherent log structures to ETDs. Therefore, let P be a sharp
toric monoid, and let G ¢ P be a face. Then X := Ap = Spec (P — Z[P]) is a fine log
scheme, and 3 : P - Mx is a chart. We denote X with the relatively coherent log structure
ge by Apc-.

Lemma 5.6. Let G c P be a face in a sharp toric monoid P, and let
F(G)={FcPafacet |G¢F}.
Then Ap g carries the divisorial log structure defined by Upcr () Spec Z[F].

Proof. Let H be the log structure on Ap (which is divisorial for the union of all toric
divisors) with a chart §: P - H, and let M c H be the divisorial log structure defined by
D = Uper(c) Spec Z[F'], which is a sheaf of faces. For a (geometric) point Z € Ap, setting
Kz =71(0}) c P, we have

{40} nU 2 Spec Z[ P nU

in some neighborhood U 3 Z if and only if p € (G, Kz). Because Spec Z[P]\ D = Spec Z[ Pg],
this shows B(p)z € M; if and only if p € (G, K3). In particular, for g € G, we have

{29 # 0} 2 Spec Z[ Pz ];

this implies 5(g) € M, so Gg ¢ M. Now assume m € M; for the ghost sheaf. Because
P/K; = Hz via 8, we can find p € P with 3(p), = m. Then p € (G,K;) and therefore
m € Ggz, 0 Gg = M. O

Example 5.7. Let (Q c G c P be sharp toric monoids such that G c P is a face and @ c P
is saturated. Then we get an ETD (Q c P,F(G)). The lemma shows Ap rq) = Apg
everywhere, not only on Up,q, so Ap r(q) is relatively coherent. Because Fax = F(P) and
Fmin = F({Q)), where (Q) c P is the face generated by @, these two elementary log toroidal
families carry always a relatively coherent log structure.
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Relatively Log Smooth Families

Definition 5.8. A relatively log smooth family is a morphism f : X — S of log schemes such
that:

e f:X — Sis a finite type morphism of Noetherian schemes.

e S is fine and saturated.

e There is an étale covering {V;} of X such that we can find an embedding M x|y, c H;
as a relatively coherent sheaf of faces in a fine and saturated log structure H; such
that (V;,H;) — S is log smooth and saturated.

Example 5.9. Let Q c G c P be as in Example 5.7 with associated ETD (Q c P, F(G)).
Then f: Ap r(q) = Aq is a relatively log smooth family. Since we have Fax = F(P) and
Fmin = F({Q)), these two elementary log toroidal families are always relatively log smooth
families.

Remark 5.10. Our definition differs from the one given by Nakayama—Ogus in [64, Def. 3.6].
Namely, they do not require any saturatedness condition, and we do not require any condition
on the quotients H;/Myx (which however has in [64] mainly the purpose of making the
fibers in the Betti realization topological manifolds instead of topological spaces with toric
singularities). Moreover, [64] is working in the category of log analytic spaces whereas we
are using schemes.

Unlike generically log smooth families, relatively log smooth families are actual mor-
phisms of log schemes. However, we will see below that we can find an open U ¢ X which
makes them generically log smooth (and even log toroidal). Relatively log smooth families
are stable under strict base change, i.e., for f: X — S a relatively log smooth family and
b:T — S a strict morphism with 7" Noetherian, the log morphism g : X xgT — T is a
relatively log smooth family. In fact, Lemma 5.4 shows the log structure on X xg T rela-
tively coherent. We do not know if the notion of relatively log smooth family is stable under
non-strict base change.

Lemma 5.11. Let f : X — S be a relatively log smooth family. Then f: X — S is a
Cohen—Macaulay morphism with reduced fibers. The log morphism f: X — S is saturated,
exact, and s-injective.

Proof. The statement about f follows from [67, IV, Thm. 4.3.5, Thm. 4.3.6] applied to
(Vi,H;) —» S. Since M c H; is exact, the statement about f follows from the respective
properties of (V;,H;) » S. O

If (Q c P,F)is an ETD and Mz, Mp are the log structures of Ap 7, Ap, then the log
structure Mz c Mp is relatively coherent if and only if F = F(G) for some face G c P such
that @ c G. Indeed, if it is relatively coherent, then by Remark 5.3 there is some face G c P
with Mz = G in a neighborhood of 0 € Ap 7, so Mz = Mzg). We conclude F = F(G).
Since G' = Nper,.~F(a) I, we find Q c G.

Non-Example 5.12. There is an ETD (Q c P, F) such that Mz c Mp is not relatively
coherent. Namely, take the monoid P from Example 3.6, the inclusion 0 ¢ P, and the two
opposite facets F = {(X,W),(Y,T)}. Then there is no face G ¢ P with F = F(G). We
conjecture that Ap r is not relatively coherent at all, but strictly speaking, we have no
proof because Mz might be relatively coherent in another coherent log structure.

A relatively log smooth family f: X — .S admits local models like a log toroidal family.
To construct it, let Z € X, let 5§ = f(Z), and let S « S - Ag be a chart which is neat at 5.
Choosing some (V;,H;) such that Z € V; and applying [67, IV, Thm. 3.3.3] to the log smooth

morphism (V;,H;) — S, we find a neighborhood V' 3 Z and the dashed quadrilateral in the
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diagram

such that (V,H) — Ap is a neat chart at Z. By Remark 5.3 and Lemma 5.4, we can find
a face G c P and a strict map (V, M) — Ap ¢ fitting into the diagram (after shrinking V).
The projections Ap x A" - Ap and Ap g x A" - Ap g are strict. By [67, IV, Thm. 3.3.3], we
have a morphism V' — A" inducing the maps (V,H) - ApxA” and (V, M) - Ap o xA". The
spaces Lp, Lp ¢ are defined as the fiber product along S - Ag, and by [67, IV, Thm. 3.3.3],
the morphism (V,H) - Lp x A" is strict and étale, so (V, M) - Lp g x A" is strict and étale.
Since the charts are neat, the homomorphism @ — P of sharp toric monoids is injective and
saturated. The morphism Ap ¢ x A" — Ag is associated to the ETD (Q c PxN", F(G) xN")
from Example 3.7. Therefore we have a local model at Z in the sense of Definition 4.2.

Proposition 5.13. Let f: X — S be a relatively log smooth family. Then there is an open
U c X satisfying (CC) such that f: X - S is a log toroidal family.

Proof. By the above construction, for every geometric point Z € X, we get an open Uz c V
on which f: X — S is log smooth as the preimage of Up;g x A" c Ap g x A". After writing
gz 'V — X for the étale maps and defining

U= U gf(Uf)7

zeX

this U ¢ X is a Zariski open satisfying (CC) since the property (CC) is local in the étale
topology. By Remark 5.11, the family f: X — S is generically log smooth. Since we already
have constructed local models, it is a log toroidal family. O

Question 5.14. Is it possible to reconstruct the relatively log smooth family from the log
toroidal family? I.e., given a log toroidal family f: X — S, is there at most one possibility
to extend the log structure from U to X such that it is relatively log smooth? What are
conditions for a log toroidal family to be induced from a relatively log smooth one? By
Lemma 4.13 and Example 5.9, if f: X — S is vertical, then it comes locally from a relatively
log smooth family. Are these extensions compatible?

From a technical perspective, relatively log smooth families are more satisfactory than
log toroidal families because there is no ambiguity in the log structure on Z. Sometimes, it
is slightly easier to check that a family is relatively log smooth than log toroidal because we
do not need to care about U.

Example 5.15. Let f: X - A! be a toroidal morphism, i.e., étale locally on X given by
Ap — A! (for saturated injections N c¢ P). Endowing X with the divisorial log structure
defined by f71(0) and A! with the divisorial log structure defined by 0 € A! turns f: X — Al
into a relatively log smooth family. In particular, the pencils of normal crossing divisors in
Example 4.30 are relatively log smooth families. Concretely, we see that the degeneration
of smooth quartics in Example 1.3 is relatively log smooth.
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6 Differential Forms of Log Toroidal Families

We study the de Rham complex W5, /s of a log toroidal family f: X — S and prove two base
change results, namely Theorems 6.15 and 6.16 below. These results depend on a careful
analysis of differential forms on elementary log toroidal families f : Apr - Ag. In fact,
the base change property defined in Definition 6.14 is local in the étale topology, and some
elementary log toroidal families have it by explicit computation. To this end, we start with
an explicit computation of W5 /s on elementary log toroidal families.

6.1 Differential Forms on Elementary Log Toroidal Families

We fix a principal ideal domain R as a base ring, e.g. R = Z or R = C. Given an ETD
(Q c P,F), the construction of f: Apr — Ag carries through when replacing Z by R as
explained in Remark 3.20 because R is regular. We compute the differential forms WJ? of
this elementary log toroidal family, using the following elementary lemma.

Lemma 6.1. Let n,m > 0 and G1,...,G,. ¢ R"™ be submodules each of which is a direct

summand, then the natural map N5 (N; Gi) = N; A G; is an isomorphism.

Proof. The case of a field R is given by Danilov in [14]. For the general case, compare to
the situation over K = Quot(R) and use the summand intersection property, cf. [77]: Let R
be a principal ideal domain and let H, H' ¢ R® be direct summands. Then HnH' c R® is a
direct summand. O

First consider the absolute case, i.e., an ETD (@ c P,F) with @ = 0, and denote by
[+ Apr — Spec R the associated log toroidal family. One checks that U = Up/y from (6) is
simply the complement of codimension two strata. Recall from Example 2.16 that

mo._ m
W= WAp,]:/Spec R

are just the Danilov differentials with log poles in the divisor given by the facets in F.
Danilov already computed these in [14, Proposition 15.5] over a field, but because of
Lemma 6.1, the same calculation works over R, and we obtain the following result.

Proposition 6.2 (absolute case). We have a grading T'(Ap, W™) = @,ep(W™),, with

m

W™p=Al N FrezR|,

R | FeFmax \F
peF

where the intersection is P9” @z R if the index set is empty.

Remark 6.3. See Remark 6.7 below for an explanation how this relates to derivations and
what the differential is.

Let us next assume we have a general ETD (Q c P,F), and let again f denote the
associated log toroidal family and W™ := WEP #/Ag the differentials. Note that, since F
contains all vertical facets, every facet in Fax N F contains ). We obtain the following

generalization.

Proposition 6.4 (general case). We have a grading I'(Ap, W}") = @pep(W]"),, with

m

WAl N Fresr / Q7 esR)|.
R FEF;;;‘X\F

where the intersection is P9 @z R if the index set is empty. Since Q9P c PIP splits, we can
equivalently take the quotient before the intersection.
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Proof. We can compose f with the projection to Spec R to relate the current situation to
that of Proposition 6.2. The open set U?® in the absolute case is the complement of Z2b%,
the union of all codimension two strata. Hence, U is covered by Ur where F runs over
the facets of P. On the other hand, the open set U for f as given in (6) has a cover Up
where F runs over the essential faces of rank d — 1 by Lemma 3.12. Obviously, U?"* c U.
Note that, since W™ is locally free on U and Oy is Z2bs_closed, we find that Wi is not

only Z-closed, but also Z#*-closed. Consider the commutative diagram of solid arrows

0—— f*QAQ/SpeC R —— lepyy:/Spec R WJ} 0

B | g

0—— f*QAQ/Spec R— WAP/SPGC R WAP/AQ 07

where the top row is obtained by pushing it forward from U2, The bottom sequence
is obtained from tensoring the sequence 0 — Q9% — P9 — PI9/Q9% — ( with O4,, in
particular, it is exact and splits. Hence the dotted diagonal arrow exists and commutes
with the other maps. Therefore, coker(:) is a direct summand of lepf /Spec R in particular
Z#s_closed. Moreover, coker(t) — W} is an isomorphism on U2P* and since both sheaves
are Z*_closed, we have coker(t) = W}, and thus the top row is exact and splits.

Let (f*Q Ao /Spec r) denote the homogeneous ideal in the sheaf of exterior algebras
WART /Spec R generated by €4, /spec - The split exactness above gives the split exactness

of the following sequence
0= (f"Qag/spec RIm = Wi, . jspec > Wi = 0.

Since Ap is affine and (f*Q4,/spec r) coherent, applying I'(Ap,-) to this sequence yields
another exact sequence, which already gives that T'(Ap, Wi ) is P-graded. We have

L(Ap, [*Qag/spec ) = QY ®z R[P] .
Set

F,=| N F?e,R|,
FeFmax\F
peF

and let (Q?” ® R) € AL F,, be the homogeneous ideal generated by Q9 ® R. One computes
L(AP, ([*Qaq/spec R)m)p = (QP ® R),,,. Using Proposition 6.2, in degree p € P, we obtain
the exact sequence

0->(Q%®R), > \F, > (W§)p = 0.
R
Using a splitting of the injection (Q9 ® R) ¢ F,, and comparing lead to the assertion. [

Example 6.5. For the elementary log toroidal family f: X,; - A! of Example 1.4, Propo-
sition 6.4 yields the following: The monoid P is divided into four regions

P, ::P\(FTXUFTY)7 Px = FTX\Q7 Py = FTY\Q, Pxvy ::Q

on which the graded piece (W})p is constant. Here Frx and Fpy denote facets of P as in
Figure 3.1 at Example 3.6. Using the isomorphism P%? @ k/QP ® k = k & k, we get:

(Why= (PP ok)/(QPek)=kek forpeh,
(W), = (Fih 0 k)/(Q7@k)=0@k for pe Py,
(WD), = (FE @ k)/(Q7 k) =k®0  for pe Py,
(Why = (@7 & k)/(Q7 @k)=0®0  for pe Pxy.

This is visualized in Figure 6.1. For the result, cf. also my Master Thesis.
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Y -ray

W-ray

~T-ray X-ray
ko0 ‘W °
Py \- \-
(0,1,0)-axis : 1
@=Px (0,0,1)-axis
0
(1,0,0)-axis

Figure 6.1: We see the four regions Pxy, Px,Py,Py of P of Example 6.5 with the
respective graded pieces (W} )p- This figure is also contained in my Master Thesis.

Corollary 6.6. For all m, the module Wi is flat over Agq.

Proof. By Proposition 6.4, we find that T'(Ap, W}”) is a free R[@]-module. O

Remark 6.7. We explain the meaning of our description of W} We have the open subscheme
A} =Spec R[P9] c Ap 7, which is log trivial. The R-linear derivations on it are given by

Der(Ap) = @ 2’ -Hom(P, R),

peP9r

acting as (2P¢)(29) = ¢(q)zP*? € R[P9P]. The R[Q]-linear derivations are those derivations
with ¢(q) = 0 for g € Q, so they are given by @,cper 2¥ - Hom(P/QI, R). The restriction
map

I'(ApF,07) > @ 2" -Hom(P/Q'% R)

peP9Ip
is injective and thus identifies @} with some submodule. The differentials W} are the dual

of @} and are thus identified with a submodule of the module @, psr 27 - (P9?/Q) ® R via
the pairing

P 2’ -Hom(P/Q7 R)x @ 2 - (P?/Q%)® R— R[P]

pePar pePgr

given by (2P¢, 29r) = ¢(r)zP9. Indeed, it is possible but very tedious to compute W} along
these lines, cf. my Master Thesis. Within this framework, one can compute the differential
of the de Rham complex: We find first d(2?) = 2P - [p] for functions z? € WJ? and then
d(2P-n) =27 -[p] an for 2P -ne Wi

6.2 Base Change for Elementary Log Toroidal Families

We study under which conditions the formation of W% o commutes with base change, for
f+X - S an elementary log toroidal family Ap r - Ag. Thus, let 7 be a Noetherian ring
and T = Spec T — Spec R[Q] be any map. Denote by o the composition @ - R[Q] - T,
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which makes T" a coherent log scheme. Define Y by the fiber diagram of log toroidal families

Y —=>ApF (8)

)

T— Ag.

Concretely, we study when the natural map ¢*W§* — W', is an isomorphism. This holds
if f is log smooth since then W}” = Q}” are the ordinary log differentials, which satisfy this
isomorphism property by their universal property. In particular, ¢* Wit - }T/T is always
an isomorphism on the open set V := ¢*}(U). The following example shows that it is not an
isomorphism in general. For a subset I c P, let (I) be the smallest face of P containing I.

Example 6.8. Let P be the submonoid of Z? generated by (1,0),(1,1),(1,2), and let
@ = 0. The monoid P has two facets Hy = ((1,0)) and Hs = ((1,2)), and setting F = &
yields an ETD. Let f: Ap r - Ag = Spec Z be the corresponding map. Now set T = Z/2Z,
inducing the natural map T = Spec 7 — Spec Z and a fiber diagram as above. One checks
that C*W} - 31,/T is not an isomorphism by computing both terms via Proposition 6.2. It

suffices to check the degree p = 0, indeed, (W})o = H{’ n HJ" = 0 but
(Wyp)o = (H{* ® Z|2Z) n (H* ® Z/2Z) = Z|2Z- (1,0) c (Z/2Z)*.
Hence, ((W}) ®z Z[2Z)o = 0, but (W;/T)o £0.

The example teaches that base change is related to the (non-)commuting of intersection
and tensor product. The following lemma (that is an elementary exercise in Tor groups)
will help us. We say a ring 7T is of characteristic > pg if, for all of its residue fields ry, it
holds that char s, > pg or char s, = 0.

Lemma 6.9. Let G be a finitely generated Z-module and H,H' c G be two submodules.
Then there is pg > 0 such that, for every ring T of characteristic > py, we have

(HnH')oT=(HeT)n(H'&T),
and each term here is a submodule of G® T .
In the general situation, observe that we have I'(Y, Oy ) = @, 2¢- T with multiplication

€1 €2

2% 2%2=2%0(q) whenever e;+ex=e+q

with e € E, ¢ € Q under the canonical decomposion from (4). Similarly, Proposition 6.4 gives

LYW = @ = (W]')e @n T). 9)

Lemma 6.10. Recall V = ¢ Y (U). Equivalent are
1. the map C*W}” - {,"/T is an isomorphism,
2. Wit is reflexive,
8. the restriction map p: I'(Y,c*W*) — T(V,c*W}") is surjective.

Proof. (1)=(2): Wy is reflexive; (2)=(3): ¢*W{" is (Y \ V)-closed; (3)=>(1): Consider
the commutative square
T(Y, W) —— D(Y, W)

k |
(V. W) —=D(V, W),
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where the right vertical map is an isomorphism because W', is reflexive by Lemma 2.13.
The bottom horizontal map is an isomorphism by what we said just before Example 6.8.
Now (1) holds if the top horizontal map is an isomorphism, which follows from (3) if p
is additionally injective. This injectivity is a general fact that we prove next. Recall that
Ap F,.. = Ap and we have a map Ap - Ap 5 that gives us another commutative square

LY, W) —= (Y, W, )

f

L(V,ewi) ——=I(V, WL ag ).
Since Ap — Agq is log smooth and Wi JAg = QZ{P jAg @ free sheaf, the right vertical map is
an isomorphism. We get that p is injective if the top horizontal map is injective. The latter

can be computed from Proposition 6.4. Indeed, this follows from (9) since for every e € E,
the cokernel of (W")e — (WTP/AQ )e is a free R-module. O

We next provide a useful criterion for the surjectivity of p. Let £ be the set of essential
faces of P of rank d—1. By Lemma 3.12, U is covered by {Up|F € £}. Set Vr = ¢ (Ur), so
these cover V. For each F € &, choose ep € F in the relative interior, i.e., (ep) = F.

Theorem 6.11. Write M), := (W}"),, for short, and assume that, for every subset £ c €
and every e € E, the natural map

( m Me+ep)®RT_> n (Me+ep ®R 7-)
Fe&’ Fe&’
is an tsomorphism. Then p is surjective.

Proof. We write M =T'(Ap, W;"), N = F(Ap,W}fP/AQ) and N, for the degree p part of N.
By Proposition 6.4, M, and N, only depend on (p). We are going to use that, for p;,ps € P,
it holds

(p1 +p2) = ({p1) U (p2)). (11)

We have a natural injection M € N by Proposition 6.4. Given p € T'(V, c*W}”), we want to
show it has a preimage under p. We do have a unique preimage v under the right vertical
map of (10), so in N ®g[o)7T and we are going to show that this preimage lies in M ® o) 7T -
Say v =3, 2% n. with n, € N. ® T is such that v|y = p. In particular, v|v, = ply, for all
F e &. There is some large a > 1 so that, for each F € &, there are mp,. € M, ® 7 such that

plve =274 2020 e,

e

and therefore vy, = u|y, implies

227N 2% ne € @2 (Mc®rT) ¢ P2 (Ne®rT).

ceE ccE
If e + aep = € + ¢ is the decomposition P = E x @, then n.-o(q) € Mz ®g T. By (11),
e+racp e B < (e+ep)cF < e+epck
and if this holds, then o(¢) =1, so setting
E={Fe|e+epck},

we obtain n. € Npeg, (Meraer ®r T) and Meigep = Meie,. Note that & does not depend
on the chosen er. Using the assumption, we get

Ne € m (Me+eF ®r T) = ( m Me+eF) ®Rr T

Fe&, Fe&,
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For the next step, define F, = {H € Frpax NF | IF €& :e+ep € H}. We use Lemma 6.1 to
compute

iR TR

Fe€. R’ \Her, QP ®z R

We finally claim that F, = {H € Finax N\ F | € € H}; indeed, given an H in the latter, we just
need to exhibit an F' € £ that is also contained in H with (e, ') ¢ E, which can be done
since H N E is a union of faces in €. Thus, n. € M. ®r T, so indeed v € M ®g[o) T, and we
are done.

Corollary 6.12. Let (Q c P,F) be an ETD, T a Noetherian ring and T = Spec T - Ag a
strict morphism of log schemes. Then c*W" is reflexive and c* W™ — W{,"/T an isomorphism
provided that the composition

R—-R[Q]->T
is flat, e.g. when R is a field.

As Example 6.8 shows, the conditions of Lemma 6.11 are not always satisfied in case
R =7. However, we do get close:

Corollary 6.13. Let (Q ¢ P,F) be an ETD, and assume f : Apr - Ag to be defined
over R = Z. Then there is a po = po(Q c P,F) such that, for T = Spec T - Ag with a
Noetherian ring T of characteristic > po, the sheaf c*W}™ is reflexive, and c*W;" — W}T/T
is an isomorphism.

Proof. Apply Lemma 6.9 recursively and use that the modules M, c A7'(P9/Q9) are free
direct summands and that the set of situations to consider for the assumption of Theo-
rem 6.11 is finite. O

6.3 Global Base Change

We globalize the base change results that we obtained for elementary log toroidal families.
Since W% ¢ is not always compatible with base change by Example 6.8, we give a name to
the situation in which it is.

Definition 6.14 (BC). A generically log smooth family f : X — S has the base change
property if, for every strict morphism 7" - S of Noetherian fs log schemes, every m € Z and
¢ the map given by the Cartesian diagram

y —4— X
gl fl (BC)
b

T —— S,

the sheaf C*W;?/S is reflexive, or equivalently, the natural map c*W)T(”/S - {}"/T is an
isomorphism.

Theorem 6.15 (Base Change over Fields). Let f: X — S be a log toroidal family defined
over a field k, then f has the base change property.

Proof. Reflexivity is étale local and S is defined over k, so we can assume S,7T affine and
that we have a diagram

Yy — . X

|k

LT*>L$AP’]:X]€

TR

T ——85——Agxk
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with Cartesian squares and h étale. Now Corollary 6.12 shows Wy ¢ = (doh)*W;" and

VT (dohoc)* Wi, so we conclude W =2 Wit O

Theorem 6.16 (Generic Base Change). Let f: X — S be a log toroidal family. Then there
is a finite set of prime numbers p1,...,pn € Z such that if f°: X° — §° is obtained from
f by inverting p1,...,pn (i.e., base change to Spec Zy, . ), then f° has the base change

property.

Proof. This follows analogously from the local statement Corollary 6.13. Since there is a
finite cover by local models, we need to invert only finitely many primes. O

Remark 6.17. In case f : X — S is log Gorenstein, we have locally W%/S ~ Ox. Thus,
locally ©% /s & W)d{/g1 and therefore c*© /s is reflexive as well.

An application of the above theorems is the following lemma, which is crucial for the
degeneration of the Hodge—de Rham spectral sequence.

Lemma 6.18 (cf. Prop. 6.6 in [46]). Let f: X — S be a proper log toroidal family with S
affine, and let b:T - S with T affine. Assume C*W}?/S = W{/”/T holds for all m. Then we
have isomorphisms

LV REWY, o — Rg.WE (12)
Ly*Rf. W5 s = Rg Wy p (13)

in D*(T). If, for fized p, all qu*Wi/S are locally free of constant rank, then (12) induces
an tsomorphism

b RULWE o > RIgWE .

If, for all n, the sheaf R”f*W;(/S is locally free of constant rank, then (13) induces an
isomorphism
V'R"f W5 s = R g W5 -

Proof. Since we know the flatness of ;"‘/ g over S, which is Corollary 6.6, the proof becomes
identical to that in [46, Prop. 6.6]. O

The Tangent Sheaf G);(/s

We briefly indicate the behavior of the tangent sheaf ®§( /s and of the Gerstenhaber algebra
G% /s under base change. Let f: X — S be a generically log smooth family with the base
change property, and consider a base change diagram (BC). We obtain an Ox-module
homomorphism

Te: @ﬁc/s - C*®%’/T

by pulling back homomorphisms ¢ : W)l(/s - Ox since ¢*Wy g le,/T. This means T.(¢)
is the unique Oy-module homomorphism which renders the diagram

»
——Ox

cxTe(p) l

1
C*Wy/T — ¢, Oy

W/s

commutative. Using notation from Section 2.4 we find:

Lemma 6.19. Assume f: X — S has the base change property. Then, for 0,£ € @k/s and
w e W)l(/s, we have [T.(0),T.(£)] = Tc[0,€] and {(c*w,T.(0)) = ¢*{w,0). In particular, we
have an induced morphism GB(/S - C*G;//T of Gerstenhaber algebras.
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Proof. Use the unicity of T.(¢) for the first identity and the commutative diagram for
the second identity. The last statement follows from the construction of the Gerstenhaber
structure, especially Lemma 2.27. O

Remark 6.20. One might wonder to what extent the Gerstenhaber algebra is functorial (like
the de Rham complex). Unlike differential forms, for morphisms ¢: Y - X, f : X - S, there
is no (natural) morphism @ﬁ( /s~ 0*9%/ /s in general. Thus the Gerstenhaber algebra is less
functorial than the de Rham complex.

In the log Gorenstein case, i.e., when W)%/S is a line bundle, Remark 6.17 yields:

Corollary 6.21. Let f: X — S be a log Gorenstein generically log smooth family with the
base change property. Then we have an isomorphism c*@?w = @’{}/T.

Question 6.22. Is the log Gorenstein assumption necessary?

6.4 Absolute Differential Forms and the Analytic Theory

For a log toroidal family Y — T, where T is defined over a field k, absolute differential
forms are defined as Wy := 5,03, /i Here j: V c Y is the specified open of log smoothness.

Absolute differential forms over T = Spec C[t]/t**! play an important role in Steenbrink’s
method to deduce the relative degeneration from the absolute one. We employ this method in
Section 8 to prove Theorem 8.2. Here, we study absolute differential forms both algebraically
and analytically on families Y — 7" which are base changes of Apr - Ag for an ETD
(Q ¢ P,F). More precisely, consider a monoid ideal K c @, let (K) c k[Q] denote the
corresponding monomial ideal of k[@], and set T = k[Q]/(K). The map T = Spec T - k[Q]
is the natural one, and Y — T is defined by (8) as before. For the analytic part, we will
assume k = C.

Absolute Differential Forms on Y - T

Setting Fx := P\ (P + K), we generalize the union of essential faces F, indeed we have
E = Eg.(0y. Combining Proposition 6.4 with Corollary 6.12 (for R = k) gives the following
result, which also generalizes [31, Corollary 1.13].

Corollary 6.23. We have

r(xwmz@f?\( N (ng®k)/(Qg”®k))

eeFEi HeFnax\F:eeH
with differential d(z°-n) = 2°-[e] An.

With ¢ : Y - Ap r the notation from before, we apply c* to the split exact sequence
given by the top row of (7) and obtain another split exact sequence. The left term is free
and ¢*W" is reflexive by Corollary 6.12. Hence c*W' /K18 reflexive. With V = ¢ }(U),
we find the natural surjection C*Q'U/k - Q;//k to be an isomorphism (e.g. by local freeness
of both). We thus have cWH ke Wy*. Plugging this into Proposition 6.2 yields the
following result. ’

Corollary 6.24. We have
m
L(y,wy') = @ze/\( N ng®k)
eeEk HeFnax\F:eeH
with differential d(z°-n) =2%-eAn.
Remark 6.25. This description of differential forms is inspired by [31, Prop. 1.12], which is

essentially the same result in less generality.
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Local Analytic Theory

We keep the setup and notation from before (with k = C), so (Q ¢ P,F) is an ETD and
K c @ a monoid ideal. We additionally assume that @ \ K is finite, so 7 = C[Q]/(K) is an
Artinian local ring. For P* = P~ {0}, let C[P] be the completion of C[P] in (P*). It is
the complete local ring of Ap at 0. Ogus determines the analytic local ring inside C[P] as
follows:

Lemma 6.26 (V, Prop. 1.1.3 in [67]). For every local homomorphism h: P - N, i.e., we
have h™1(0) = {0} and we may view h as a grading, it holds

h(p)

We have I'(Y, Oy ) 2 C[Ek ] = @ecp, C-2° with 202 = 22 ife+e’ € B and 2°-2¢ =0
otherwise. By [39, Cor. 3.2] and Lemma 6.26, the complete local ring at the origin in Y*" is

1
Oaar o = { Y a2’ | apeC, SUDe p+ { o8 |ap|} < oo} c C[P].
peP

@Y,O = ((C[Q]/(K)) ®(C[[Q]] (CHP]] = { Z aeze} =: C[[EK]]

eeE gk

Lemma 6.26 together with Krull’s intersection theorem and the surjectivity of the map

O4ar 0 > Oyan o yields
SupeeEK\O h(e) <oo . ( )

The next lemma describes the analytic stalks of Oy-modules of a particular form. Note

that the differential forms W{,”/T and Wy* are of this form by Corollaries 6.23 and 6.24.

Oyan’o = { Z aeze € C[[EK]]

eEEK

Lemma 6.27. Let (V,{(-,-)) be a finite-dimensional C-vector space with a Hermitian inner
product. For every e € Ex, let V, ¢V be subvector spaces so that

Vi= @ 2°-V.cV[Eg]

eeF g
is a C[Ex |-module. Assume moreover that V. ¢V depends only on the set
F(e):={HcP afacet | Qc H,eec H}.

Set V[Ek] = eep, 2 - Ve, and let V" := 1% ®c[Ex] Ovan be the coherent analytic sheaf
associated to V. We find its stalk at the origin to be

log |lve
Vit = > 2% v e V[Ek] supeeEK\O{ i H ”}<oo ,
eEEK (e)
where || - | denotes the absolute value on V induced by (-,-).

Proof. For brevity, we denote the right hand side of the claim by M. By definition, we
have V§" = 1% ®c[Ex] Oyan 0. Denoting the completed stalk by Vo, we get a sequence of
injections V@ — Vi - V[Ex] and find the image of V§" - V[Ek] to be in M by a direct
computation.

For every set G of facets of P containing @, we set

Sg:={eeP|F(e)=G}c [ F=Fg,
FeG

so Fg c Pis aface, and Sg c Fg is an ideal. There are sé, . s’é € Sg with Sg = Ule(sé+Fg),
and we can find subsets T c s; + Fg such that Sg = ]_Ile T¢ disjointly. Given an element
v =Y 2%, € M, we want to show it in the image of V§" - V[Ek]. We decompose v as

U:ZZ Z 2%0e.
g

i eeFEk ﬁTé
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Choosing one orthonormal basis v}, ...,v§ of all Ve with e € ExnSg, we expand v, = 3 agvé.
Without loss of generality, we assume slg € Ei for otherwise Ex N Té = @. Setting §;, = 1, if
sg+p€ Ex nTg and d;, = 0 otherwise, we write

; Lo ) 4 ) .
IR RO BT

ecExnT peFg J=1 J=1 \peFg
: . J
Defining fg.i ;= Xper, Zpéil’o‘sgfp € C[EKk], we have

J
log |O‘sig+p|
SuppeEK N0 < 00,

h(p)

hence fg i ;j € Oyan . Namely |asig+p| < ||v81,g+p|\ since the basis is orthonormal, and further-

more ﬁ < ﬁ -(1+h(sg)), so the set is bounded. Hence V§" 5 M c V[EKk]. O
g

7 Differential Forms in Characteristic p >0

We adapt the positive characteristic part of Deligne-Illusie’s approach to the Hodge-de
Rham spectral sequence in [17] to our setting. To this end, we introduce the Cartier isomor-
phism for log toroidal families. It is a key ingredient for the Decomposition Theorem 7.11
below, which lies at the heart of the E;-degeneration of the Hodge-de Rham spectral se-
quence and is an analog of [17, Thm. 2.1].

7.1 The Cartier Isomorphism

In this section, we define the Cartier homomorphism for a generically log smooth family
f X — S in characteristic p > 0. We then prove that it is an isomorphism if f is log
toroidal. Similar to [8], we first study the situation on U and then examine its extension to
all of X. Let Fg:S — S be the absolute log Frobenius on the base, i.e., given by taking p-th
power in Mg and Og respectively. Similarly, Fx : X - X is the absolute log Frobenius on
X (with log part defined on U). We define f’: X' — S and the relative Frobenius F' by the
Cartesian square
Fx

X Exsox

N b

g 259

Set U':=s"'(U) and Z' = X'\ U".

Theorem 7.1 ([50]). We have a canonical (Cartier) isomorphism of Oy -modules
cite Qs > H™ (B )s)

which is compatible with A and satisfies C~'(a) = F*(a) for a € Ox/ and

C1(dlog(s*q)) = dlog(q) for ge My.

Proof. This is [50, Thm. 4.12(1)] once we identify U" = U’: Kato considers the factorization

viurh (U™ 5 U of F|y, where i is the integralization of U’ and g o h is the unique
factorization of this weakly purely inseparable morphism, where h is étale and g purely
inseparable, using [50, Prop. 4.10(2)]. Now i is an isomorphism because f is integral. By
[67, II1, Cor. 2.5.4], since f:U — S is saturated, the relative Frobenius F': U — U’ is exact.
The uniqueness of the factorization g o h implies that h is an isomorphism. O
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Since W' g is Z'-closed, pushing forward the inverse of C;' to X', we obtain a homo-
morphism
O U (B W s) > Wis,
which is an isomorphism on U’. We obtain the following lemma.

Lemma 7.2. The map C is an isomorphism if and only if ’Hm(F*W;(/S) is Z'-closed.
Definition 7.3. We say that a generically log smooth family f: X — S in positive charac-

teristic has the Cartier isomorphism property if C' is an isomorphism for all m > 0.
By Theorem 7.1, the cohomology sheaf H™(F, W).c/s) is locally free on U’, hence it is
Z'-closed if and only if it is reflexive. Reflexivity can be checked étale locally.
Lemma 7.4. Let (Q c P,F) be an ETD, let b: T — Ag be strict with T = Spec T, and
consider the Cartesian diagram
Y — Apr

j |

T*b>AQ

Then H™(F, W{,/T) is reflexive.

Corollary 7.5. Ewvery log toroidal family f : X — S over F,, has the Cartier isomorphism
property.

Proof of Lemma 7.4. Set V := ¢ }(Up) and let Y, V' be the base changes by the absolute
Frobenius Fr. Let F : Y — Y’ be the relative Frobenius. Inspired by the Frobenius de-
composition [17, Thm. 2.1], we construct a homomorphism ¢* : @, Wy [-m] > F.Wy .
of complexes of Oyr-modules, which induces an isomorphism in cohomology. Since the left
hand side has zero differentials, the assertion then follows from the reflexivity of W7/, /7 given

by Lemma 2.13.
Similar to Section 6.2, we find explicitly that R’ :==T'(Y',Oy+) = @peg 2° - T with

2% 2% =2°.0(q)’ whenever ej+ey=e+gq
with e € E,q € Q. We have s*(2°-t) = 2°-t? and F*(2°-t) = 2P°-¢. After writing
Wi = (VV}")e ®r, T, the module T'(Y”, W}T,/T) is given by the T-module @, 2°- W, on
which R’ acts as
(20 t1) [z (wety)] = 2° (W o(q)Ptita) whenever ej+es=e+gq

with e € E,q € Q. Similarly, T'(Y”, F*W{,”/T) is given by the same T-module, however now
R’ acting via F* as

(2% t1) [z (weta)] =2°- (w®o(q)tita) whenever p-e;+ex=e+gq.
Note the subtle difference. The differential on F. W3 /T is given by

d(z° - (wet)) =z ([e] hwet).
We define
& W p[-m] = FWS g, 2 (wat) o 27 (we )

and claim that H™(¢*®) is an isomorphism. Indeed, first note that ¢*® itself is injective. Then
set £, = {p-ele € E}. We have im(¢™) = @ee, 2 W." because W = Wy, for e € Ep by
Prop. 6.4. Denoting the coboundaries of F,,W{,"/T by B™, we have im(¢™) n B™ = 0 since
0 =[e] e W} for e € E, because e = pe’ and p is zero in 7. This readily gives that H™(¢*)
is injective. For surjectivity, if e ¢ E,, observe that [e] # 0, so if w € W™, then [e] Aw =0 if
and only if there is some w’ € W™ with [e] Aw' = w. O

Remark 7.6. We believe that H™(¢*) is the log Cartier isomorphism on V', but we did not
prove it and do not need it.
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7.2 The Decomposition of F*W)'(O/SO

We prove Theorem 7.11 below, which is a log version of the Decomposition Theorem [17,
Thm. 2.1] in the setting of generically log smooth families. Though rather technical, it is the
key ingredient in the proof of the Degeneration Theorem 8.1. The assumption for f: X — S
to be saturated on the log smooth locus allows a simpler approach than [50, Thm. 4.12].

Our setting is as follows: Let k& be a perfect field with char k = p, and let @) be a sharp
toric monoid. We set

So =Spec (Q - k) and S =Spec (Q - Wa(k))

where in both cases @ 3 ¢ — 0 except 0 —» 1. Here Ws(k) is the ring of second Witt
vectors, which is flat over Z/p®Z since k is perfect. The Frobenius endomorphism on k
becomes an endomorphism Fy of Sp via Q 3 g — pg. Similarly, its lift to Wa(k) defined
via (a1,as) = (a,ah) becomes' an endomorphism Fg of S that restricts to Fy on Sp. Let
f:X — S be a generically log smooth family and let fy: Xog - Sp be its restriction to Sp.
We consider the commutative diagram of generically log smooth families

X £ X! s X,
/ / £ /
X N X — fo
fo
f
£ So e So Spec I,
! / / /
S S Spec Z/p°Z,

where X{, X are defined by requiring the front and back square to be Cartesian and F' is the
relative Frobenius, i.e., F' is induced by the back square’s Cartesianness using the Frobenius
endomorphisms on Xy and Sy. Since X does not have a Frobenius, we do not easily obtain
the dotted arrow G in a similar way, and in general, it does not exist globally. We call a
locally defined morphism G that fits into the diagram a local Frobenius lifting. Because the
(Zariski or étale) topologies are identified along F' and ¢, we can define Frobenius liftings
simply at the level of sheaves:

Definition 7.7. Let Y’ - X’ be an étale open. Then a Frobenius lifting G:Y - Y’ on Y’
consists of a ring homomorphism G* : Oy - GOy yielding a morphism of schemes and a
monoid homomorphism G* : My+|yr = G, My |y defined on some V' c Y satisfying (CC),
yielding a log morphism. Two Frobenius liftings are considered equal if they are equal on
some smaller (Zariski) open satisfying (C'C'). The Frobenius liftings form an étale sheaf of
sets Frob(X,X").

Remark 7.8. We need the flexibility of V' in the definition of Frob(X,X’) to construct
Frobenius liftings from local models as they occur for log toroidal families. We will see
below that we could have as well required the log part to be defined on Y'nU’, see the proof
of Proposition 7.10.

Let j : U' ¢ X’ denote the pullback of U ¢ X and Z' = X'\ U’. By Lemma 2.7,
Frob(X,X") = j.Frob(X,X")|y. Let T c Ox be the ideal sheaf defining X c X. Because
X is flat over Z/p®Z (in particular because k is perfect), we have T = p- Ox = Ox,. Using
Z? = 0, one checks that F,Z is an Ox-module. Considering derivations on U’ with values
in F,Z, we obtain a sheaf of groups

G = jDeryys(F.I) = j. Hom(Qp. s, FLT),

which agrees with Hom (W} s F.T) because F.Z is Z'-closed by Lemma 2.7.

MWarning: This is not the pth power map on Wa(k) and thus depends on the chosen chart.
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Lemma 7.9. The restriction Frob(X,X )|y is a Gly:-torsor, so Frob(X,X') is a G-
pseudo-torsor.

Proof. Let D be the sheaf of sets on U’ given by étale local deformations of the diagram

i'oF
Uy —— U’

I

U _I S
in the sense of [67, IV, Def. 2.2.1], i.e., D is the sheaf of morphisms U — U’ making the
diagram commute. The sheaf D is a G|ys-pseudo-torsor by [67, IV, Thm. 2.2.2], and because
f": U’ - S is smooth, it is a torsor. Because Q, /s s locally free, D is locally isomorphic
to (F,Z)®?. By Lemma 2.7, D is Z-closed for every Z c X' satisfying codim(Z, X') > 2. By
this property, the obvious homomorphism D — Frob(X, X')|y- is an isomorphism of sheaves
of sets making Frob(X, X")|us a G|y-torsor. O

Proposition 7.10. Let Y' — X' be an étale open and G:Y — Y’ a local Frobenius lifting.
Then there is a canonical homomorphism of complezes

¢ : Wyys,[-11 > Wy, g,

inducing the Cartier isomorphism in first cohomology on UynYy. If he G(Y"), then ¢c and
on.¢ are related by 3
bnc = ¢c + (Fid) o h,

where h : W;O’/So = F*WSO/SO is the induced homomorphism.

Proof. We choose V' =U’"nY” for the representative of G. The straightforward log version
of the construction of [46, Prop. 3.8] yields a homomorphism Q‘l/, /5o ™ F*Q‘lf0 /S0 and this
0

has also been used implicitly by Kato in [50, Thm. 4.12]. Applying j, yields (¢g)*, and we
define the other (¢g)™ to be 0. The resulting ¢ does not depend on V' since the involved
sheaves are Z-closed for every Z c Yy satisfying codim(Z YY) 2 2, 50 ¢ is well-defined. The
construction yields that H!(¢¢) is the Cartier isomorphism of Theorem 7.1 on Vg = U/ nYyj.
The second statement is similar to [46, Lemma 5.4,(5.4.1)] except that we use the more
elegant language of torsors (as already remarked in [17, Rem.2.2 (iii)]) which renders the
analog of [46, Lemma 5.4,(5.4.2)] trivial. O

Theorem 7.11 (Decomposition Theorem). Let f : X — S be a generically log smooth family,
assume that fo: Xog — Sy has the Cartier isomorphism property (Def. 7.8), and assume that
Frob(X,X") is a G-torsor. Then we have a quasi-isomorphism

D WL s, [-m] > T B WX s,

m<p

in D°(XY{), where 7., means the truncation of a complex.

Proof. Because Frob(X,X') is a torsor, we can find an étale cover Y = {Y} of X’ such
that we have a local Frobenius lifting G, : Y, - Y,. We obtain an induced cover Yy of
X{. On the log smooth locus Uj ¢ X[, we can apply an argument as implicitly used in
[50, Thm. 4.12]: using Proposition 7.10, the gluing method of Step B in the proof of [46,
Thm. 5.1] yields a homomorphism

P Q%J(',/So [-1] = C* (Vo U(S’F*Q;JO/SO) = C&

of complexes of sheaves, where C*(4, F*) refers to the total sheaf Cech complex for a cover
31 and a complex of sheaves F*. We also have the natural quasi-isomorphism

(I F*W).(O/So - C.(y()’F*W;(o/So)'
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When we use ¥ and that the question is local, Proposition 7.10 gives that ¢ induces the
Cartier isomorphism on U] for H'. Now let 0 < m < p. With the antisymmetrization map

= s, [=m] = (D s, [-11)°™

defined by @, (w1 A ... Awp) = % Yoes,, S8N(0)We(1) ® ... ® Wy(m), We obtain a morphism

am m o Se m Se
Q" gg/so[_m] - (Q%]{J/SO[_H)(@ s (€)™ =,

where the last map is induced by the wedge product on F.Q7; /S Note that the various
@™ are compatible with the wedge product of Q;Jé /S0 and of the cohomology of F.Qp, /S
hence ¢™ induces the Cartier isomorphism in cohomology. Taking the sum, we obtain a
quasi-isomorphism .
¢ D QZL(g/so[—m] = TopCrr-
m<p

Since j.Cf = @‘(yo,F*W;(O/SO), we obtain the desired homomorphism in D’(X}) as the

composition 17! o j,¢®. It is a quasi-isomorphism because fo : Xg — Sp has the Cartier
isomorphism property by assumption. O

Remark 7.12. Assuming a lifting of fj : Xo — Sp, this is a generalization of [17, Thm. 2.1].
The results [17, Cor. 3.7] and [46, Thm. 5.1] assume a lifting of f§: X - Sy instead. These
results do not generalize well to the generically log smooth setting.

We like to apply this theorem to the case of a log toroidal family. It remains only to
show that Frob(X,X') is a torsor:

Proposition 7.13. In the above situation, assume f: X — S is a log toroidal family with
respect to S - Ag. Then Frob(X,X'") is a G-torsor, i.e., Frobenius liftings exist locally.

Proof. Let (Q c P,F) be an ETD from a local model of f: X — S, and consider the diagram

][ F>I—C>Apf
S5 L9 o 4

For the local existence of a Frobenius lifting, it suffices to show that there is a scheme
morphism F: L - L and a log morphism on ¢ }(Up) such that the diagram commutes and
the induced map F'xg.Sy on Lo = L xg Sy is the absolute Frobenius. Then F plays the role of
an absolute Frobenius on L, and its induced relative Frobenius gives rise to a local Frobenius
lifting on X’ via the local model. The scheme L is affine with O(L) = @cp 2¢ - Wa(k),
allowing us to define F': L — L via F*(2°-w) := 2P°- F§(w). Note the maps

M :=Spec (P - O(L)) - L - Spec (Q -~ O(L)) =: N,

and by using W; := ¢"}(U;) with the notation of Corollary 3.17, observe that M|y, = L|w,
and Llw, = N|lw,. On N and M, we get morphisms F : N - N and Fyy : M - M by
mapping ¢ — p-q on the monoids and using F* on the rings. They are compatible with
each other and with the maps to S, and moreover, Fiy xg .Sy and Fi; xg Sy are the absolute
Frobenii on Ny, My. We define partially Flw, = Fuylw, and Flw, = Fy|w,. Because
Nlw,ow, = Llw,aw, = M|w,aw,, these definitions agree on Wi n Wa, and we obtain a log
morphism defined on ¢ *(Up) = Wy u W,. This gives the desired map. O

8 The Hodge—de Rham Spectral Sequence

In this section, we prove the degeneration of the Hodge—de Rham spectral sequence for log
toroidal families.
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The Absolute Case

We start with the absolute case over S = Spec (Q — k).

Theorem 8.1. Let S = Spec (Q — k) for a sharp toric monoid Q and a field k > Q, and
let f: X — S be a proper log toroidal family of relative dimension d with respect to S — Ag.
Then E(X/S) degenerates at E1.

Proof. The proof is analogous to [17, 46]. Because E%? is a subquotient of EV?, it suffices
to show
>, dim R1f, WY

pt+q=n

/S:dim R”f*W;(/S. (15)
We spread out f: X — S to a proper log toroidal family fy : X, — S of relative dimension d
with respect to Sy — Ag using Proposition 4.18. Shrinking S, we can assume quA*W;A/SA
and R”f,\*VV)'(A/SA locally free of constant rank and that S, — Spec Z is smooth. By
Theorem 6.16, we can assume furthermore that W;?A /s, commutes with every base change,
and inverting all primes that are smaller than d, we can assume char x(s) > d for every
residue field of a closed point s € Sy (which is necessarily a finite field by [46, Prop. 6.4]).

For a closed point « = k(s) = Sy, the geometric-functorial characterization of smoothness
provides a splitting

Tp = Spec k - T = Spec Wa(k) = S,

which induces by strict base change a diagram

X X Y Yo
RN
S S T To

of proper log toroidal families. By Lemma 6.18, it suffices to prove the equality (15) for
go: Yo = Tp. Since g: Y — T is log toroidal with respect to I - A, we have a decomposition

D W, [-m] = (F0) Wy,

in D’(Yy) by Theorem 7.11 (where our notation is analogous to Section 7.2). Indeed,
char k = p>d. Since Fy: Y, — Y] is a homeomorphism, we have

d
R"90. Wy, 1, = Rng(’)*FO*W{,O/TO > Q_;O Rng(')*W{}Z,/TO[—m].

The field k is perfect, so we have by flat base change
Rng(l)*Wg’/TO [-m] = Rn_mg(l)*S*W{/T;/Tg = FSRn_mQO*W{/Z/Tw

where F}; : Ty — Ty is the absolute Frobenius, and s: Yy — Y is its base change. O

The Relative Case over a One-Dimensional Base

In this case, we need analytic methods, so we restrict to k = C. Let A,, := C[¢]/(t™*!) and
Sm = Spec (N pag An).

Theorem 8.2. Let S = S,,, and let f: X - S be a proper log toroidal family of relative
dimension d with respect to S - Ay. Then:

1. qu*W;;/S is a free A,-module whose formation commutes with base change.

2. The spectral sequence qu*Wﬁ = Rp+qf*W;{/S degenerates at Ej.

/S
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Proof. By Corollary 6.12, the formation of W§ /s commutes with base change, which is an

ingredient for the classical base change theorem, e.g. [16, §3], [54, Theorem (8.0)]. It thereby
suffices to show the surjectivity of

H*(X, Wy /g) = H* (X0, W, /s,)-

We prove this with the idea of [71, Section (2.6)], cf. [65, Lemma 4.1] and [31, Thm. 4.1].
We define a complex

L= W] = @WE™ - u’, d(o’) = day-u’ + 5(p) A u'
s=0

of analytic sheaves, where p = f*(1) € Myan and & : Mxan — Wy is the log part of
the universal derivation. Here W;("m denotes absolute differentials as in Corollary 6.24.
Projection to the u’-summand composed with Wg*" — W;(%f yields a map L£* — W;(%l ,
whose composition with W;(;lg - W).(:/Tf% fits into an exact sequence

0K =L 5wyt -0

of complexes, which defines K°®. By Corollary 4.16, we find for every C-valued point T € X
a local model at z, so we may use Corollaries 6.23, 6.24 and Lemma 6.27 to have a local
description of this sequence. Lemma 8.4 below verifies that K*® is acyclic for all ETDs over
N, so ¢°® is a quasi-isomorphism and the theorem follows by the discussion in Section 2.7. [

Remark 8.3. There are problems with similar theorems in earlier works: The generalization
from a one-dimensional base to higher dimensions in [55, p.404] is flawed, which then also
affects [31, Theorem 4.1]. In addition, there is a gap in the proof of [31, Theorem 4.1]
related to the fact that the de Rham differential of €5 /s is not Ox-linear. Since our result
encompasses the one-parameter base case of [31, Theorem 4.1], Theorem 8.2 closes the latter
gap.

Lemma 8.4. Let (N c P,F) be an ETD, and let f : X - S = S, be the base change of
Apr — Ay along S,, - An. With 0 € Ap z denoting the origin, we have HF(K*)o = 0 for
all k.

Proof. We choose Hermitian inner products on the two vector spaces L := P9 @ C and
W:=(P?®C)/(N?®C). With K = (m+1)+NcN, we recall Ex from §6.4. For e € Ff,
we define

L= () H"®C and W.:= () (H”®C)/(N"eC).
HeFax\F:eeH HeFhax\F:eeH

By Lemma 6.27, elements of L are formal sums

N k
(EG,S) = Z Z uszege,s ) ée,s € /\Le y  SUPecEg\0 {IOgWe,S H/h(e)} <00,
s=0eeF g 1<s<N

k
and elements of W2 are formal sums
X0/S0,0

k
(we) = 3 2% we, wee AW, supeep. {loglwe[/h(e)} < oo.

eeE

Note that (£e, ) is summed over Ex, whereas (w,.) is summed over E. We denote the kernel
of m: AF L, - AFW. by K¥ and observe ¢((£e.s)) = (7(£e0)), 50 (£e.s) € KE if and only if
leoe K forall ee E. With p:=1®1e N9 ®C we have §(p) =2 pe Wi and thus

d((les)) = (enles+(s+1)pALesir). (16)

Let (fes) € KJ and assume d((£.s)) = 0. Since £, s € C, for e # 0 by descending induction
in s starting from ¢, n, we find £, s = 0. We have {y = 0, and ascending induction yields
los =0. Thus H(K*)o = 0.

Next, let (£.) € K§** for k > 0 with d((£e.s)) = 0. Starting with e = 0, we construct
(Te.s) € KF with d((7e.s)) = (£e.s) using the following claim.
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Claim 8.5. Let (L,(-,-)) be a C-vector space of finite dimension with a Hermitian inner
product. Let 0 # pe L and k >0, and assume { € AFYL with pal = 0. Then there is a
(e N*L withpal =10 and |p|- €] = ||¢].

Proof. Let £y := ol P 0y, ..., ¢, be an orthonormal basis of L, and {/;, ;. } the induced basis
of NFL. If ¢ = >y iger ir . in,, satisfies the assumption, then /= m Y Oliy.igsr Lig.. i,y 1S
a solution. O

We set 79,0 = 0. Writing out (16) for e = 0 yields
d(fo,o + €071u + €0,2u2 + ) =pA 60,1 + 20N go,gu + 3pA 407311,2 + ...

and therefore pafy ; = 0 for ¢ > 0. Since {y ¢ € Kg, we also have pAly o = 0. By Claim 8.5, there
is 70,641 € AF Lo with pATy s41 = £o,s, and we are done with the case e = 0. For e # 0, we need
to care about convergence. Without loss of generality, /N > 1. Since eA{, y =0, we can find
by Claim 8.5 an element 7, y € A* L, with e AT, x = £ n and |7 x| - || = [€e.n]. For s> 1,
we construct 7. s € A¥ L. by descending induction. Because of e A (le,s—(5+1)pATes41) =0,
there is 7. s with e ATe s =le s — (S +1)p A Te 541 and

el = l1€e,s = (s +1)p A Te s - (17)

[7e.s]

For e ¢ E, we go one step further and construct 7 ¢ A¥ L, with the same method, but for
e € B, the construction of 7. o € K¥ is more intricate. We need another claim:

Claim 8.6. Let (L,(-,)) be a C-vector space of finite dimension with a Hermitian inner
product. Let 04 V)Y c L be subspaces with V nY = 0. Then there is a constant v > 0 with
the following property: For every subspace H with V c Hc L and k >0, let KI’“{ be the kernel
of N"H — NF(H V). Then for every 04 peY nH and every £ € Ki?Y with p Al =0, there
is a e K withpal =10 and~v-|p|- |2 <]

12+ [lp=1*.

+ |p2
” ) gla 627

l; == ¢; for i > 0, is an ordinary basis of H.

Proof. Let p = (p1,p2) be the decomposition of punder L=V @ V*, so |p|? = le
Since V Y =0, we have for 42 := info ey Hpg I12/]p|? that 0 <~ < 1 Let ¢y := ”
be an orthonormal basis of H; then ¢, = ”p”,
For € =Y cuy,...i, lig...i), € K’;I” with p A £ =0, we define 0:= m Zaou...ikzil...ik € KIk{ to have
pAl =10 We also find
2

> 2 |pl? - €)%

e - Hzaml i nti,

Hza(hl ’Lk H H ‘gll...ik

O

We apply Claim 8.6 to L = P9P®C. Let F, c P be the face generated by eand Y = FIP®C.
Let V=NQC and H = L, so KI’?I = K*. Then en (beo—PATe1)=0,s0 we find 7. g € Kk
with e ATe 0 =¥e o — pATen and

el < (e -p (18)

The factor v depends on Y, but there are only finitely many faces generated by elements
e € F/, so we take for v the minimum over them and furthermore v < 1. Applying the triangle
inequality to the right hand side of (18) and using induction and (17) yields

11 X (pl\" K
HTE,SHS; 62( g Hé )

el

for all e # 0. Because inf.4{|le|} > 0, there is a bound M > 1 independent of e such that
[ 7e,sll < M -maxy{||lc x|}, which proves

and thus (7. ) € KE. By construction, d((7e.s)) = (£e.s), s0 H*(K*)o = 0. O
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Similar to Deligne’s classical work [16], the degeneration over infinitesimal bases extends
to families over S = Spec (N — C[t]). Since [16] explains only very roughly how it works,
we do it here in more detail.

Corollary 8.7. Let S = Spec (N —> C[t]), and let f : X — S be a proper log toroidal family
of relative dimension d with respect to S - Ay. Then the Hodge—de Rham spectral sequence
E(X/S) degenerates at Ey, and qu*Wi/S is locally free.

Proof. Let S,, be as above and define proper log toroidal families f,, : X,, = S, by base
change. Let b,, : S, > S and ¢, : X, > X as well as b, 2 Sy = Sy and ¢ 2 Xy = X, be
the closed immersions. Choose injective Cartan-Eilenberg resolutions W5 o = — Ly7 and
W% g = L* (in the category of e.g. f1Os modules). Similar to the proof of Lemma 2.46,
we find maps

oo oo o0
L®® = cp L) = e L7y

of resolutions that are unique up to homotopy (in particular, these maps are compatible
with composition only up to homotopy). Applying f., taking the spectral sequence of a
double complex, using fiCm« = bmxg« and the exactness of b,,, we find maps of spectral
sequences

E(X/S) = by E(X0/Sn) = by E(Xn/Sm)

of Og-modules. A priori, these maps are not unique, but [11, XV. Prop. 6.1] shows them
unique from F5 on. However, on F; the maps are the canonical maps

RUF WS s = bine B fe Wy g

since the double complexes are Cartan—Eilenberg resolutions (hence the rows are injective
resolutions of the pieces). Therefore, we have maps of spectral sequences that are compat-
ible with composition. The spectral sequences b, E(X,,/Sm) degenerate at E, so their
limit lim, by, B (X, /Sm) is a spectral sequence (though inverse limits are not exact) which
moreover degenerates at F1. The induced map

E(X/S) - Li;_nbm*E(Xm/Sm)
is an isomorphism since it is on Eq by [34, III. Thm. 4.1.5]. (Note that R?f, W;}/S is already
a complete module.) Thus E(X/S) degenerates at E;. The modules R?f,,. WY /s, Bre

flat, and the maps between them are surjective, so their limit RY f, W§ /s is flat (hence locally
free) by [5, 0912, Lemma 15.27.4]. O

Remark 8.8. The spectral sequence E(X/S) also degenerates for proper log toroidal families
over S = Spec (N - C[t]()). Namely, denoting by X — S the base change along the
completion C[t]) — C[t], the natural map E(X/S) - E(X/S) is injective (by the Krull
intersection theorem). The cohomologies R f, W§ /s are locally free since S — S is faithfully
flat.

The Relative Case over a Higher-Dimensional Base

The case of a higher-dimensional base can be reduced to the one-dimensional case by an idea
of Chan-Leung-Ma in [12]. Let @ be a sharp toric monoid with maximal ideal Q* = @\ {0},
and set A, = C[Q]/(Q")™!.

Lemma 8.9. Let (Q*)" ¢ I c J c C[Q] be monomial ideals with dimc(J/I) = 1. Let
h:Q — N be a homomorphism such that I = h™1(2*"1) and J = h™1(2*). Moreover, let
S’ = Spec (Q — C[Q]/I), let f': X' - S’ be a proper log toroidal family with respect to
S" - Ag, let S =Spec (Q - C[Q]/J), and let f: X — S be the base change along S — S'.
Then _ _

HE (X, Whs) > HECX, W)

18 surjective.

67



Proof. Let
T =Spec (N - C[z]/2"), T’ =Spec (N - C[z]/zF™1),

and let g : Y - T,g' : Y’ — T’ be the log toroidal families induced by base change along
Ay — Ag. Note that all four log toroidal families now have the same underlying topology.
We obtain a diagram

TX

00— W5, /5, ® /1 Wy, jg = Wy g —=0

L

®(Zk)/(zk+1)*>W',/T,L>W° — 50

0—>We v

Yo/TO

of complexes where mx and 7y are surjective due to Theorem 6.15. The left vertical map is an
isomorphism. Namely, Ty — Sy is the identity on underlying schemes, so W)'(O /S0 = we

Yo/To’
and J/I = (2%)/(2**1) since dimc(J/I) = 1. Theorem 8.2 shows H*(Y’, 7y ) surjective, so
H* (X', 1x) is injective, and therefore H* (X', mx) is surjective. O

Remark 8.10. Note that we do not use any base change results along non-strict morphisms
(besides Ty — So).

Lemma 8.11. Let I =(Q%)™. Then there is a finite sequence of monomial ideals
Qt=IyoI;>..o01

such that dimcfk/fk+1 =1, and such that, for every k, there is a homomorphism hy : Q - N
with I, = hi (%) and I = bt (27).
Proof. This follows straightforwardly from the discussion just below [12, Lemma 4.16]. O

Theorem 8.12. Let S =S, := Spec (Q - A,), and let f: X - S be a proper log toroidal
family with respect to S — Ag. Then:

1. qu*W;;/s s a free A,,-module whose formation commutes with base change.

2. The spectral sequence qu*W;} = Rp+qf*W;(/S degenerates at Ej.

/S

Corollary 8.13. Let S = Spec (Q - C[Q]) and let f : X — S be a proper log toroidal family
of relative dimension d with respect to S — Ag. Then the Hodge-de Rham spectral sequence
E(X/S) degenerates at Ey, and qu*Wg/S is locally free.

Proof. The proof is literally the same as of Corollary 8.7. O
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SMOOTHING TOROIDAL CROSSING SPACES

SIMON FELTEN, MATEJ FILIP, HELGE RUDDAT

ABSTRACT. We prove the existence of a smoothing for a toroidal crossing space
under mild assumptions. By linking log structures with infinitesimal deforma-
tions, the result receives a very compact form for normal crossing spaces. The
main approach is to study log structures that are incoherent on a subspace of
codimension two and prove a Hodge to de Rham degeneration theorem for such
log spaces. We show that new developments of Bogomolov-Tian-Todorov theory
can be applied to obtain smoothings. The theory relates to recent work in mirror
symmetry and the construction of Frobenius manifold structures. It has potential
applications to the classification of Fano fourfolds.
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1. INTRODUCTION

For two smooth components Y7, Y meeting in a smooth divisor D a folkloristic
statement says that a necessary condition for X = Y; UY5 to have a smoothing is
that the two normal bundles are dual to each other, i.e. ./\/'D/y1 ®/\/D/y2 = Op. This
statement is actually incorrect. It is true only with the further requirement that

~

the total space of the smoothing be itself smooth. Conceptually, Np v, @ Npy, =

This work was supported by DFG research grant RU 1629/4-1 and the Carl Zeiss foundation.
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2 SIMON FELTEN, MATEJ FILIP, HELGE RUDDAT

Ext'(Qx,Ox) =: T4 and Friedman famously coined the notion of d-semistability
which is saying Ty = Op [12]. We are going to generalize the situation by only
requiring Ty to be generated by global sections (and beyond). For a choice of s €
(D, T), the total space of the smoothing will then be of the local form zy = tf
where ¢ is the deformation parameter, Y7 = V(z),Y> = V(y) and f represents s
in a local trivialization of 73¢. The total space of the smoothing has singularities
precisely along s = 0. The local form xy = tf has been found to be abundant in
mirror symmetry applications [7), 14}, [15] [16, [6] 13}, 1, 21].

We work more generally with a normal crossing space, that is a connected variety
X over C étale locally of the form z; - ... - 2z = 0 for varying £ < dim X + 1. We call
a flat map X — D for D a holomorphic disk a smoothing of X if the central fiber is
isomorphic to X and the general fiber is smooth. If a smoothing exists, then we call
X smoothable. We say that a normal crossing space has effective anti-canonical class
if the dual of its dualizing sheaf wx can be represented by a reduced divisor E that
meets the strata of X transversely, that is, étale locally along E, X is equivalent to
E x A'. We prove the following theorem.

Theorem 1.1. Let X be a proper normal crossing space with effective anti-canonical

class. If Ty is generated by global sections and Xgng s projective, then X is smooth-

able.

The only purpose of the projectivity condition is to apply Bertini’s theorem to
have available a “nice” section of the line bundle 75 on Xging. Both the projec-
tivity assumption as well as the global generatedness assumption on T3 can thus
be removed if there exists a schon section of T, that is a section whose vanish-
ing locus Z is reduced and X, is locally along Z equivalent to Z x A'. We also
prove a more general theorem for toroidal crossing spaces that we give down below
(Theorem [1.7)). Theorem provides a lot more flexibility than existing smooth-
ing results, notably Friedman’s [12] for surfaces, Kawamata-Namikawa’s [31] for
d-semistable Calabi-Yaus and Gross-Siebert’s [16] allowing a singular total space

but with much stronger requirements on X.

Example 1.2. The union X of d hyperplanes in general position in P" is smoothable
to a degree d hypersurface but none of the existing results is able to predict the
smoothability of X abstractly. Indeed, the total space of the smoothing is singular
since it requires blowing up the base locus of the smoothing pencil. On the other
hand, 75 is generated by global sections. Theorem predicts the smoothability if
d<n-+1.

Example 1.3. The simplest type of normal crossing space is one with two smoothly
intersecting components: let Y be a smooth Fano manifold with — Ky very ample,
let D be a smooth section of —Ky and X be the normal crossing space obtained by
identifying two copies of Y along D. Then T3 = N g/QY is generated by global sections
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and X is Calabi-Yau, so Theorem [I.1]provides a smoothing of X. For Fano threefolds
Y that are complete intersections in products of weighted projective spaces the
smoothing gives Calabi-Yau threefolds of Euler numbers —106, —122, —138, —156,
—128, —156, —176, —256, —260, —296. While double intersection situations can be
birationally modified to be tractible by the smoothing result in [31], this is no longer
true for triple (and higher) intersection situations [32] but Theorem provides
smoothings.

Theorem considerably facilitates the construction of Calabi-Yau and Fano
manifolds. Our work generalizes the Gross-Siebert program towards allowing non-
toric components in the central fiber as well as more flexibility in the local structure,
cf. Example While we work with toroidal local models, Alessio Corti commu-
nicated to us he also finds non-toric local models to be relevant when smoothing
singular Fanos for the classification of Fano fourfolds by means of their Landau-
Ginzburg mirrors, cf. [§]. If push-forward of differentials from the log smooth locus
can be verified to commute with base change for such local models, then we would
be able to treat the models considered by these other authors by the methods of
this paper and obtain smoothings for the relevant degenerate Fanos.

Furthermore, our results enable the construction of versal Calabi-Yau families and
conjecturally a logarithmic Frobenius manifold structure in a formal neighborhood
of the extended moduli space, see [3], [25] Theorem 1.3]. Since the smoothing
deformations are given by Maurer-Cartan solutions in the Gerstenhaber algebra
of (log) polyvector fields we expect the combination of our work with [25] to
make maximal degenerations amenable to deformation quantization and homological

mirror symmetry.

1.1. Method of Proof. The first step towards proving Theorem is to furnish
X with a log structure, an idea already found in [31], 16]. We build a connection
between these two works. A sheaf of sets LSy on X classifying log smooth structures
locally on X over the standard log point S has been defined and studied in [14]. We
show in §5| there is a canonical map LSy — Ty with the property that a section
s € I'(Xsing, Tx) yields a log smooth structure on U := X \ V (s), i.e. we obtain a log
smooth morphisms U — S. Note that the complement Z := V(s) has codimension
two in X. Using Bertini’s theorem with the projectivity of X,,, we can assume
that Z is schon as defined above.

In the fashion of Zariski-Steenbrink-Danilov, we consider the differential forms
W)ké/s = 7.0 /s for j : U — X the inclusion. A key ingredient for the smoothing
of X is the knowledge that the Hodge to de Rham spectral sequence for W§ /s
degenerates at Fj. This requires close control over W% /s along Z which we gain by
using [15], B5] to obtain a particular type of elementary log toroidal local models for
the log structure near Z. For the proof of the Hodge to de Rham degeneration, we
adapt the one by Deligne-Illusie [I1]: spreading out to finite characteristic and using
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the Cartier isomorphism. The hardest technical part is to show that the sheaves
W% /s commute with base change because j, and ® don’t commute in general. We
show this holds if the characteristic of the base field is large enough by explicit
computation in the elementary log toroidal local models. (Base change may fail for
low characteristics by Example [7.5l) We settle a conjecture by Danilov [9, 15.9]
along the way (Theorem [1.4] below).

To show the unobstructedness of log deformations of X, we use recent advance-
ments of the Bogomolov-Tian-Todorov theory motivated by the study of mirror sym-
metry, starting with [30] and [3] which got cultivated to work in algebraic geometry
by [23]. All these works however produce equisingular deformations (because they
are intended for deforming smooth spaces). The crucial difference to our setup is
that while we prescribe local deformations by the log structure, these are not locally
trivial deformations. Most recently, this difficulty in the theory has been addressed
in [25] which adapts perfectly to our situation to produce a formal deformation in the
prescribed local models, see We found the framework of Gerstenhaber algebras
to be the most effective to think about the theory which governs our way of pars-
ing [25] in . At this point, the assumption about effectiveness of wy' enters
the proof, so that one obtains an isomorphism of W)}/S(log E) with the Gersten-
haber algebra of log polyvector fields PV*® and has the Batalin-Vilkovisky operator
A available by transporting the de Rham differential to PV*® which is used in §13.2]

To improve the resulting formal smoothing to an analytic smoothing, we use the

Grauert-Douady space and Artin approximation as already done in [21].

1.2. Toroidal Pairs and Danilov’s Conjecture. A toroidal pair (X,D) is a
variety X over a field k of characteristic zero with Weil divisor D C X such that X
is étale locally equivalent to an affine toric variety with D identified with a reduced
toric divisor (not necessarily the entire toric boundary). Danilov defined the sheaf
of differentials % (log D) as the push-forward of the usual Kahler differentials with
log poles Q% (log D) from the locus where X is regular.

Theorem 1.4 (Danilov’s conjecture). Given a proper toroidal pair (X, D), the
Hodge to de Rham spectral sequence

EY? = HY(X, Q% (log D)) = HP(X, Q% (log D))
degenerates at E.

Special cases of this theorem were known before: when X has at worst orbifold
singularities [38], for D = ) [4] and for D locally the entire toric boundary [40] 24].
We believe that our methods can be extended to prove generalizations of the Akizuki-

Nakano-Kodaira vanishing theorem.

1.3. Toroidal Crossing Spaces, their Log Structures and Orbifold Smooth-
ings. If V' = Speck[P] is an affine toric variety given by some toric monoid P,
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consider the map of sheaves a : P — Oy,p — 2P with P denoting the constant
sheaf. We obtain a sheaf of monoids Py = P/a"*(Oy). Now V is Gorenstein if and
only if the toric boundary D in V is a Cartier divisor, hence given as the zero locus
of a monomial 1 € P.

Definition 1.5 (Siebert, Schréer [37]). A toroidal crossing space is an algebraic
space X over k together with a sheaf of monoids P with global section 1 € I'(X, P)
such that for every point x € X, étale locally at x, X permits a smooth map to the
toric boundary D, in V, = Speck[P,] so that P is isomorphic to the pullback of
Py, and mapping 1, to the monomial in P, whose divisor is D,.

A toroidal crossing space X is automatically Gorenstein, we denote its dualizing
line bundle by wx. The boundary divisor in a Gorenstein toric variety is naturally a
toroidal crossing space. General hyperplane sections of projective toroidal crossing
spaces are again naturally toroidal crossing spaces.

Lemma 1.6. A normal crossing space is naturally a toroidal crossing space by set-
ting P := NF and 1, = (1,1,...,1) € N* whenever X is locally at x given by
21+ nzp = 0. (This isn’t the only way to turn a normal crossing space into a

toroidal crossing one but we will always refer to this one.)

The class of toroidal crossing spaces is closed under forming products (but not so
the class of normal crossing spaces). The sheaf P provides what Gross and Siebert
call a ghost structure for X ([14, Definition 3.16]), an ingredient to define the sheaf
LS x ([14, Definition 3.19]) whose sections are in bijection with log structures on
X together with a log smooth map to the standard log point S. By [14], £LSx
embeds into the coherent sheaf @, jé,*/\/'é where the sum is over the irreducible
components C' of Xgne, jo : C — C — X the composition of normalization and
closed embedding and N is a line bundle on C. The sheaf £LSx often doesn’t
have global sections. It suffices however to give a section s of LSx on a dense
open set U that contains the generic points of the minimal strata of X so that
each component sc € I'(U N C, N¢) of s extends to a section of N on all of C' by
acquiring simple zeros. The zeros define a reduced Cartier divisor Zs for each C.
Set Z = UgJo(Zs) € X. The construction of local models along Z in [15] was
generalized in [35]: locally the coherent log structure given by s on U, extends to
an incoherent log structure on X that is still given by certain toric local models,
namely from a divisor in an affine toric variety that is not the entire toric boundary,
e.g. like in the definition of toroidal pair above. A section s of LSx on a dense
open set U will be called simple if it extends to X by simple zeros and the resulting
Zc satisfy the simpleness criterion in §6l Our most general smoothing result is the
following.

Theorem 1.7. Let X be a proper toroidal crossing space with a simple section s of

LSx on a dense open set U. Assume that wy' permits a section whose divisor of
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zeroes E meets all strata of X and Z transversely (e.g. when wy' = Ox, E =0),
then X is smoothable to an orbifold with terminal singularities.

There is a precise derivation of the types of singularities of the orbifold smoothing
from knowing P and Z, e.g. for a normal crossing space there will be no singularities
in the smoothing and thus combined with the Bertini argument and linking £S x
with T4, we find that Theorem implies Theorem (see Proposition . The
definition of c.i.t. in [35] permitted more general singularities and in fact we can still
obtain a log toroidal morphism from such a section but don’t have the uniqueness of
local deformations (Theorem which is an ingredient for the smoothing method.

Example 1.8. Following [14], let (B, 2, ¢) be a closed oriented tropical manifold
with singular locus combinatorially c.i.t. then the associated space Xy (B, P, s) with
its vanilla gluing data and log structure satisfies the assumptions of Theorem
for £ = (). Smoothings for such spaces had been constructed in [I6] under the
stronger assumption of local rigidity (e.g. the quintic threefold degeneration in P* is
not locally rigid but c.i.t.).

1.4. The Hodge-to-de-Rham Spectral Sequence. We refer to [28, 26| [14] [34]
for basic notions of log geometry. Let f : X — S be a log toroidal family as defined
in Definition below. A toroidal pair (X, D) yields an example by giving X the
divisorial log structure from D and making S the log-trivial point. The families X
over the standard log point featured in Theorem give further examples. Also,
a saturated relatively log smooth morphism f : X — S in the sense of [33] is an
example. The complex W§ /s (see page ) gives rise to a spectral sequence

E(X/S): BV = RUf.WY o = RFULWS 6

Let @ be a sharp toric monoid and k be a field of characteristic zero. We prove the
following theorems.

Theorem 1.9. Let S = Spec(Q — k) and f : X — S be a proper log toroidal family
(with respect to S — Ag). Then E(X/S) degenerates at Ej.

Theorem implies Theorem since Wy g = Q% (log D) whenever f comes
from a toroidal pair. We conjecture the statement of Theorem to hold also for
an arbitrary coherent base S over a field of characteristic zero. To prove Theorem|[1.9]
we adapt the proof of the degeneration in [11] as follows: since f is proper, it suffices
to verify
(%) > dim RUfWE o = dim R f.Wy .

ptg=n
In we show that f : X — S spreads out to a log toroidal family ¢ : X —
S = Spec(Q — B) where Z C B C k is a subring such that B/Z is of finite type.
Spreading out of log smooth morphisms over a log-trivial base has been done before



SMOOTHING TOROIDAL CROSSING SPACES 7

in [40, 4.11.1] but f is only generically log smooth. Then for suitable fields k D F,,
with W5(k) denoting the ring of second Witt vectors, we obtain by base change a
diagram with Cartesian squares

X :f xw :{k

o ok

S —— 8§ <— Spec Wy (k) <— Speck.

In §§ we investigate the behavior of W* under base change which leads to equal-
ities like dimquf*Wﬁ/S = dimqu(¢k)*W£k/k, i.e. it suffices to show for ¢y, :
Xy — Speck. In we construct the Cartier isomorphism for log toroidal families
in positive characteristic which we then apply in to obtain the Frobenius de-
composition of F,IV¢ Ik where F' is the relative Frobenius. Finally, in , we put
the pieces together and prove Theorem [1.9]

We prove a modest but important generalization of Theorem to the relative
case using Katz’s method that first appeared in [38]. This requires a detailed un-
derstanding of the analytification of the absolute differentials W3*" with respect to

base change as given in and §12.1]

Theorem 1.10. Let S = S, := Spec(N = C[t]/(t™)) and let f : X — S be a
proper log toroidal family with respect to S — An. Then:

(1) RUf WY s is a free C[t]/(t™ ) -module whose formation commutes with base
change.
(2) The spectral sequence qu*W§/S = Rpﬂf*W)'(/S degenerates at Ej.

There are problems with similar theorems in earlier works: the generalization from
a one-dimensional base to higher dimensions in [31), p. 404] is flawed which then also
affects [15, Theorem 4.1]. In addition, there is a gap in the proof of [I5, Theorem 4.1]
related to the fact that the de Rham differential of Q% /s isn’t Ox-linear. Since our
result encompasses the one-parameter base case of [I5, Theorem 4.1], Theorem m
closes the latter gap.

Acknowledgement. The last author feels indebted to Arthur Ogus for almost a decade
of communication on the challenges in proving Theorem We thank Mark Gross for
connecting the authors with K.Chan, C.Leung and Z.N.Ma whom we also thank for
supportive communication and synchronization of our projects. We thank Hélene Esnault
and Bernd Siebert for valuable communication and Stefan Miiller-Stach for bringing the
first and last author together. Our gratitude for hospitality goes to JGU Mainz and what
concerns the last author also to TAS Princeton and Univ. Hamburg.

Conventions. We use X to refer to the underlying scheme of a log scheme X.
Given a map P — A from a monoid P into the multiplicative monoid of a ring A,
we refer to the associated log scheme by Spec (P — A).
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2. GENERICALLY LOG SMOOTH FAMILIES

A log toroidal family will be a generalization of a saturated log smooth morphism.
We first introduce the weaker notion of a generically log smooth family that already
enjoys some useful properties. Log structures in this section are assumed to be in
the étale topology. If f: X — S is a finite type morphism of Noetherian schemes,
we say a Zariski open U C X satisfies the codimension condition if the relative
codimension of Z := X \ U is > 2, i.e. for every point s € S with X, U the fibers,

(CC) codim (X \ Us, X;) > 2.

Recall that a Cohen-Macaulay morphism is a flat morphism with Cohen-Macaulay
fibers.

Definition 2.1. A generically log smooth family consists of:

e a finite type Cohen-Macaulay morphism f : X — S of Noetherian schemes,

e a Zariski open j : U C X satisfying ,

e a saturated and log smooth morphism f : (U, My) — (S, Mg) of fine satu-
rated log schemes.

The complement Z := X \ U we refer to as the log singular locus even though
f might extend log smoothly to it. We say two generically log smooth families
fof + X — S with the same underlying morphism of schemes are equivalent, if
there is some U C U N U’ satisfying (CC) with My |5 = M}, |5 compatibly with all
data.

It T"— S is a morphism of fine saturated log schemes, then the base change
Xr — T as a generically log smooth family is defined in the obvious way, taking
fiber products in the category of all log schemes. Note that we need f : U — S
saturated to ensure that Ur is again a fine saturated log scheme. The notion of
equivalence is due to the fact that we don’t care about the precise U. However,
for technical simplicity we assume some U fixed. The name log singular locus is in
analogy with [14].

Definition 2.2. For a generically log smooth family f : X — S, the de Rham
complex is defined as W /s = 782 /s where Q‘U/S denotes the log de Rham com-
plex. We also define the Ox-module of degree m log polyvector fields O% ¢ :=

7« N" Derys(Op).

Lemma 2.3. Let f : X — S be a Cohen-Macaulay morphism of Noetherian
schemes, and let j : U C X satisfy (CC|). Then j,Op = Ox.

Proof. This is a special case of [22], 3.5]. Note that our (CC) is a stronger assumption

than the condition on the codimension in [22] 3.5]. O

Let X — S be a generically log smooth family. Using the language of [I8] Def.
5.9.9], a sheaf F we call Z-closed if the natural map F — j.(F|y) is an isomorphism.
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Most notably, two Z-closed sheaves that agree on U are entirely equal. By their
definition, W)’?/ g as well as ©F /5 are Z-closed. Furthermore, every reflexive sheaf is
Z-closed.

Lemma 2.4. The Ox-modules W)’?/S and @}Z/S are coherent and reflexive and these
depend only on the equivalence class of f : X — 5.

Proof. Let U C U also satisfy (CC). We have by Lemma that j*Qb/s = J s
since QZ‘/S is finite locally free. Thus W§ /s depends only on the equivalence class
of f. It is clear that it is quasi-coherent. For every sheaf G on U, j,G is Z-closed,
so in particular Wy is Z-closed. Set 7" := Homo, (¥, Ox). By Lemma , FY
is Z-closed for all F, so in particular (Wy)5)"" is a Z-closed sheaf and it coincides
with Wg s on U, hence (Wg)s)"" = Wg)s and Wy, 4 is reflexive. By the extension
theorem [17, 9.4.8], there is a coherent G that restricts to Wy'g on U. Now G*¥ =
W)Q”/S since both are Z-closed and agree on U, hence W;}"‘/S is also coherent. The
argument for O /g I8 similar. U

Lemma 2.5. W¢)s = Hom(O%s, Ox) and O% 5 = Hom(Wy's, Ox).

Proof. The statement is clear on U where all sheaves are locally free and then it

follows since all sheaves are Z-closed. O

Remark 2.6. The pushforward j. My — j.Op = Ox to X yields a log structure
which is compatible with S, so every generically log smooth family is canonically a
log morphism X — S. We don’t know whether this pushforward is compatible with
base change (and we don’t care).

Remark 2.7. In view of Remark [2.6] neither the so defined log structure Mx nor
the associated sheaf of log differentials 2x,s will be coherent in general, see Exam-
ple 2.11} On the the other hand, W§)s and @%s are coherent and have further
good properties in the case of log toroidal families as we will see.

Let X — S be a generically log smooth family. One defines for the log smooth
morphism U — S the horizontal divisor Dy C U (see e.g. [41l, Definition 2.4], also
Remark below). This is only a Weil divisor in general. We denote by D its
closure in X and by Ip the corresponding ideal sheaf. We define Wy 4(—D) :=
J((IpWy))lv). (This doesn’t need to agree with IpWy'g.)

Proposition 2.8. Let S = Spec(N — k) fork a field where 1 — 0. Let f: X — S
be a generically log smooth family of relative dimension d and let wy = f'Og denote
the (globally normalized) relative dualizing sheaf, then

W%/S(_D) = W

Proof. On U, this is [41, Theorem 2.21, (ii)] and since both sheaves are Z-closed,
the statement follows. O
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Example 2.9. Let f : X — S be a log smooth and saturated morphism of Noether-
ian fine saturated log schemes. Then f is flat by [28, 4.5] and has Cohen-Macaulay
fibers by [42] 11.4.1]. We see that f : X — S gives a generically log smooth family
for U = X and W§ /s is the ordinary log de Rham complex.

Not every log smooth morphism is saturated, e.g. see [26l Rem.9.1] for a log
smooth morphism that is not even integral.

Example 2.10. Let X/Spec R be a toric variety over a Noetherian base ring R.
The fibers over points in Spec R are normal (and Cohen-Macaulay), so there is a
regular open U C X whose complement has relative codimension > 2 over Spec R.
For every divisorial log structure on X coming from a torus invariant divisor D
on X, the map U — Spec R is log smooth and saturated when using the trivial
log structure on Spec R. Hence X — Spec R is a generically log smooth family.
The differentials W§ /s coincide with what is called reflexive or Danilov or Zariski-
Steenbrink differentials with log poles in D. This example extends to toroidal pairs
(X, D) over Spec R.

Example 2.11. The Z[t]-algebra A = Z[z,y,t,w]/(xy — tw) defines a map f :
Spec A — A that is log smooth and saturated away from the origin when using the
divisorial log structure given by ¢ = 0 on source and target, hence a generically log
smooth family. The log structure on Spec A is not coherent at the origin, so f is not

log smooth. Even worse, €2 is not a coherent sheaf at the origin, see [15, Example
1.11].

2.1. Analytification. Given a generically log smooth family f : X — S of finite
type over C, we denote the associated family of complex analytic spaces by f%" :
X — S Induced by f, the open U C X" carries an fs log structure so that
U™ — S is a log smooth and saturated morphism of fs log analytic spaces. The
analogue of Lemma[2.3 holds if X", $*" are Cohen-Macaulay by [5, Thm. 3.6]. For
S = Spec(Q) — A) with A an Artin ring and

e.an ,__  -an()e
WX/S e ]* QUan/San,

we have W)’?/g” = (Wy)s)™ since both are reflexive coherent Oxan-modules that
coincide on U*". If f is proper then GAGA gives Hq(X“”,W;’/ag) ~ HY(X, W;}/S)
and also

Hp+q (Xan’ W).(ﬁ;}) o~ Hp+q (X’ W).(/S)7

e.g. via the comparison of the Hodge-to-de Rham spectral sequences.

3. ELEMENTARY LOG TOROIDAL FAMILIES

For basic notions and constructions of monoids, see [34].

Definition 3.1. An elementary (log) toroidal datum (QQ C P,F) (ETD for short)
consists of an injection () < P of sharp toric monoids that turns P into a free ()-set



SMOOTHING TOROIDAL CROSSING SPACES 11

t P p
~F'min »Fmin

Q

I
o

Q

FIGURE 3.1. Three examples of a saturated injection ) C P and the
projection P, the outer two are log smooth, the middle one gives

Example

whose canonical basis is a union of faces of P. We furthermore record a set F of

facets of P containing all facets that don’t contain Q). Set

Fuin :={F C P afacet|Q ¢ F},
vertic;lr facets

SO Fmin C F C Fax Where Fo.x is the set of all facets.

Remark 3.2. The facets in F \ Fin will give the horizontal divisor that we referred
to as D before.

Lemma 3.3. ([34, Corollary 1.4.6.11, Theorem 1.4.8.14, Corollary 1.1.4.3]) The
requirement on the injection QQ — P in Definition |3.1| is equivalent to saying this

map is saturated.

See Figure for examples. Even the case () = 0 can be interesting since then
Fmin = 0. We denote the union of faces of P that gives the generating set of the
free Q-action by E. A face F' of P contained in E we call an essential face. FEvery
p € P has a unique decomposition p = e + g with e € F/, g € (), hence

(3.1) ExQ— P, (eq) —e+q,

is bijective ([34, Theorem 1.4.8.14], cf. 27, Lemma 1.1]). Furthermore, we see that
E =P\ (QF + P) where QT = @ \ 0 is the maximal ideal. Moreover, projecting E
to PP /(P is injective and the set of essential faces gives a fan in P8P /Q2P whose
support P is convex in (P® /Q#) @z R since it is the convex hull of the projection
of P. Note that P® = P®/Q®. A choice of splitting P& = P& @ Q% yields a
unique map of sets ¢ : P — Q8 so that id x¢ : P — P @& Q8 is a section of the
projection P — P with the property that its image is F, so

(3.2) P={(p,q) e P®Q®[3G€Q:q=0p) +q}
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Lemma 3.4. The injection Q C P induces a Cohen-Macaulay morphism [ :
Spec Z[P] — Spec Z[Q)] with fiber dimension d = rk(PsP/Q*P).

Proof. Since P is free as a @-set (generated by E), SpecZ[P] is a flat Spec Z[Q]-
module. By [I8, Cor.6.3.5] the total space of a faithfully flat morphism of Noetherian
schemes is Cohen-Macaulay if and only if the base and all fibers are. By Hoechster’s
theorem, the fibers of Spec Z[P] — Spec Z are Cohen-Macaulay, hence Spec Z[P] and
Spec Z[Q] are Cohen-Macaulay. Now flatness of f implies it is Cohen-Macaulay. [

We next want to define an open set U in the domain of f that satisfies (CCJ). We
will actually define its complement and for this we need a good understanding of
the faces of P.

Lemma 3.5. Let F C P be a face. Set F:= FNE, Q :=QNF, then
F=F+Q ={f+d|f€F,deQ}
Since E is a union of faces of P, so is F'. Note also that Q' is a face of Q.

Proof. By the decomposition (3.1, any element in F has the form f + ¢ with f €

E.q € Q. Since F is a face, f,q are both in F, hence F C F + @’. The reverse

inclusion is clear. 0
Consider the set of bad faces of P defined as

F is a union of essential faces of rank at most d — 2
Q' is a face of Q, F' + Q' is a face of P

Recall that there is a 1-1 correspondence between faces F' of P and torus orbits

B={F+Q

closures Vi := Spec Z[F| in Spec Z[P]. Similarly, for @)’ a face of @), we have a torus
orbit closure Vi := SpecZ[Q)'] C Spec Z[Q)].

Lemma 3.6. Given F + Q' € B, we find that Veiq 45 flat over Vi C SpecZ[Q)].
Furthermore, if X is a fiber of f, then codim(X N Vp o, X) > 2.

Proof. Since F + @' is free as a Q'-set, Z[F + Q'] is a free Z[Q']-module, so the
flatness statement follows. The origin 0 given by the prime ideal (z9|q € QV) is
contained in Vi, let X, be the fiber over it. It suffices to check the codimension
condition for this particular fiber. But note that Xo N Ve o = U rcp VF where the

union runs over faces F of P contained in F and we have dim Vpy < d — 2 by the

assumption on F. [l
Set
(3.3) Up = SpecZ[P] \ (U VB> .
BeB

For every face F' of P, we have an open subset Spec Z|Pr| of Spec Z[P] where Pp is
the localization of P in F', i.e. Pp is the submonoid of P®P generated by P and —F'.
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Lemma 3.7. We find Up = |J Up where the union is over the essential faces F of
rank d — 1.

Proof. Since Up is a union of torus orbits, it suffices to check that any torus orbit
contained in Up is contained in some Up for F essential of rank d — 1. Every torus
orbit is given by Og := Spec Z[|G®#P] for G a face of P. Assume Og C U. We use
Lemmato write G = G+ Q. If tkG < d— 2, then G € B, so Og ¢ U. Hence,
dim G > d — 1 and G contains some essential face F' of rank d — 1. Then F is also
contained in G and thus Og is contained in Ur. Conversely, since Op is not in any
Vg, the assertion follows. O

Let Ag := Spec(Q — Z|[Q]) denote the log scheme with standard toric log struc-
ture and let Ap = be the log scheme with underlying scheme Spec Z[Q)] and divisorial
log structure given by the divisor (Jz. » Spec Z[F]. The map f : Apr — Ag induced
by 6 is naturally a log morphism by the condition on F to contain the vertical faces.
We work here with Zariski log structures which however coincide with the pushfor-

ward of the corresponding étale log structures by [34, Prop. I11.1.6.5].

Lemma 3.8 (Theorem 3.5 in [28] or Theorem 4.1 in [26]). If F = Fipax, then f is
log smooth.

Proposition 3.9. The map f: Apr — Ag is a generically log smooth family with
Up serving as the specified dense open of log smoothness.

Proof. It F = Fax then f is saturated since 6 is saturated. More generally, since
Apr,... — Apr is locally given by embedding a face, it is exact. Now by [34]
1.4.8.5(2)], f is saturated.

The assertion is clear if d = 0 <= P = (), so assume d > 0. Given Lemma |3.4],
we still need to verify that U satisfies and that f is log smooth on Up. Note
that Lemma implies that Up satisfies since the complement of Up is the
union of closed sets each of which has codimension at least two in each fiber.

To see that f is log smooth on Up, by Lemma 3.7}, it suffices to check that f is log
smooth on Uy for F essential of rank d — 1. Let F' be such a face. Set Pp := Pr/FeP
and note that the projection of Q to P is injective because F#?NQ = {0}. There is
an isomorphism Pp & F# x Pp commuting with the injection of @ that is {0} x Q
on the right.

The log structure on Up is a divisorial log structure given by a set of divisors
each of which pulls back from SpecZ[Pr], so we may consider the corresponding
divisorial log structure on Spec Z[Pr| to upgrade this to a log scheme Ur. We have
a factorization Up — Up — Ag with the first map a smooth projection from a
product that is therefore strict, hence log smooth. It thus suffices to show that
Ur — Ag is log smooth. Note that Ur — Ag is the log morphism of an ETD with
d = 1. The following lemma finishes the proof. U
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Lemma 3.10. Assume that f : Apr — Ag has one-dimensional fibers (i.e. d=1),
then f is log smooth. (The third situation of Figure is an example.)

Proof. We are done by Lemma if F = Fuax and this always holds if () meets the
interior of P. So assume () is contained in a proper face of P, then by Lemma
it is in fact a facet of P and then P = N and consequently P = N x Q. A facet of
P that is not @ is in Fuin = {N x F'| F' is a facet of Q}. Hence F C Fpax implies
F = Fuin and thus f is strict. Since [ is smooth, we find f is log smooth. O

Corollary 3.11. It is possible to find open subsets Uy and Uy so that Up = Uy U U,
and Aply, = Aprlu, and f Uy C Apr — Ag is strict and smooth.

Proof. Let &; be the set of essential faces of rank d — 1 such that when applying the
proof of Lemma m to Up — Ag from the proof of the proposition, we are in the
case F = Fpaz, and let & be the set of faces where we are in case F = F,.;n. Then
for F' € & we have Ap|y, = Apr|u,, and for F' € &, the morphism Ur — Ag is
strict and smooth. Now we define U; = UFeg Up and U, = UFeg2 Ur. O

Example 3.12. If (Q C P,F) is an ETD and r > 0, then we obtain another ETD
(Q x {0} © P x N', F') where F' = {F x N"| F € F).

4. LoGg TOROIDAL FAMILIES

We define log toroidal families and investigate their basic properties.

Definition 4.1. We say that a generically log smooth family f : X — S is log
toroidal if for every geometric point * — X, we have a commutative diagram

V')

(L,Up)
/ \
where g : V — X is an étale neighborhood of Z, S — S is a strict étale neighborhood
of f(z) and a is given by a chart ) — Mg of S. The bottom right diagonal map is

required to be given by an ETD (Q C P,F) and Up C Apr denotes the open set
from (3.3). The solid arrows are morphisms of schemes and log morphisms on the

AP,.F? UP)

specified opens, whereas h : V' — L is an étale morphism only of underlying schemes.
The bottom right diamond is Cartesian, in particular Uy, = ¢ (Up). Moreover, we
have an open U C V satisfying (CC), such that U € ¢~*(U) N h~(U;) and there
is an isomorphism ¢*Mx = h* M of the two log structures on U compatible with
the maps to S.
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The diagram (LM)]) is called a local model for f: X — S at z. If S = Spec(Q —
B), every point has a local model with S = S and a is given by the chart Q — B
then we say f: X — S is log toroidal with respect to a : S — Ag.

Log toroidal families are stable under strict base change.

Remark 4.2. Note that Definition only requires a covering of X by but
does not say that an arbitrary geometric point £ € X permits a diagram that
identifies  with the origin in Ap. However, if k is algebraically closed, one can
show that by localizing the ETD in (LM]) and using Example one can assume

that £ € X becomes the origin in Ap. We will make use of this fact in the proof of
Theorem .10

Example 4.3. Every elementary log toroidal family f : Apr — Ag is log toroidal.

Example 4.4. The generically log smooth families given in Example [2.10 are log
toroidal families with @) = 0 in every ETD.

Example 4.5. A saturated log smooth morphism f : X — S is log toroidal with
U = X. Indeed, locally starting from a neat chart of f, set F = Fax and then apply
Example to have local models. That this works is not a trivial consequence of
Theorem 3.5 in [2§]. Instead, use [34, Theorem VI.3.3.3].

Example 4.6. In the setting and notation of the Gross-Siebert program, [15, Theo-
rem 2.6] shows that if (B, P) is positive and simple, and s is lifted open gluing data,
then X (B, P, s) — Spec(N — k) is log toroidal. More generally, it was shown in [35)
Proposition 2.8] that c.i.t. log Calabi-Yau spaces are log toroidal over Spec(N — k).
The divisorial deformations defined in [15] are also log toroidal families.

5. LOG STRUCTURES AND INFINITESIMAL DEFORMATIONS

Let X be a toroidal crossing space over a field k. As mentioned in the intro-
duction, X can be equipped with a sheaf of sets £LSx which we recall now. Let
S = Spec(N gy k) be the standard log point. The pair (P, 1) gives a ghost struc-
ture in the sense of [I4, Definition 3.16]. Indeed, the type of the ghost structure
is fixed by requiring it to be the one given by the local chart that comes with the
definition of a toroidal crossing space. We will refer to this type as the given type
below. By [14, Definition 3.19 and Proposition 3.20], there is a sheaf LSx (denoted
LSxs in loc.cit.) with the property that for every étale open U C X, there is a
natural bijection

My — Oy a log structure of (U, My) — Svialr Lisa
[(U, LSx) = { the given type, 1 € T'(U, My), log smooth morphism and
My = P an isomorphism My — My — P sends 1 to 1

where the set on the right is to be taken modulo isomorphisms. The support of P/1
agrees with Xgye, so the sheaf LSx is supported on Xgip,.
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Set S. := Spec(N E=y kle]/(?)). If V — S is a log smooth morphism with V
affine, then there is a unique log smooth lifting V. — S, up to isomorphism. For
(M, 1) € LSx(U) and an affine V C U, the deformation i : V — V. yields an

extension
(5.1) 0— Oy = i*Qy, — Qy — 0

where on the left 1 — i*de. The classes of such local extensions glue to a well-defined
class in Ext'(Qf;, Oy) (though neither the extensions nor the deformations need to
glue). We have thus defined a map of sheaves of sets

(5.2) n: LSx — Ext' (O, Ox) = Ty.

A relationship between log structures and infinitesimal deformations had been
observed before [31], Prop.1.1], [39, Remark (3.11)], [26, Thm 11.7], [I4, Example
3.30] though the existence of the map 7 seems not to have been noticed so far. Both
sheaves in have a natural action of O%: indeed, T§ because it is coherent and
LSx for we let a section X of O% act by 1+— A

Proposition 5.1. The map n is O%-equivariant.
Proof. At a geometric point 7 € X with M = (M, 1) € LSx; for M defined on

some étale U — X that contains 7, let pupy : Oxz — 7}}5 denote the connecting
homomorphism at z in the long exact se-

quence obtained from applying Hom(—, Ox) U, i ()

to (5.1). By a general fact for extensions, A :

we have pp(1) = n(M). For A € O%;, let Ui\_ﬁ o)

My € LSx; denote the element (M, \7'1). \\* E\
The statement of the lemma comes down to Sy: s S.

the following claim. R

Claim 1. up(X) = n(My).

To prove the claim, let Uy, U, denote the log smooth schemes over S respectively
obtained from the log scheme U and the map to S given by 1 — 1 and 1 — A1
respectively. Let (Up). and (Uy). be the unique deformations of Uy, Uy over S,
respectively. Let x : Uy — U; be the canonical isomorphism over S = Spec (0 — k).

We are now going to use facts about idealized log schemes, see [34, 111.1.3 &
Variant 3.1.21] for an introduction. We give S. the ideal (2) generated by 2 € N
and (Uy). and (U, ). the pullback ideals K7, K respectively so that ((Uy)e, K1) and
((Uy)e, Ky) are ideally log smooth over (S, (2)). The map (S, (2)) — (An, ?) is an
étale map of idealized log schemes and Ay — S is log smooth, hence the composition
7 (U1)e, K1) — (S, (2)) — S is log smooth. We apply the infinitesimal lifting
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property to the diagram

(U, K) — ()., KY)

WA l/w
((Ux)e, K) S

where (U, K) is the idealized log scheme U = U; £ Uy with ideal given by (1)
or equivalently (A\~'1)2. The left vertical map iy is strict for the log structure and
ideal and given by a square-zero-ideal. We obtain a morphism x : (Uy). — (U1)-
of log schemes that preserves the ideals and is an isomorphism on ghost sheaves.
Consequently, with py € My,).z and py € M(y,).z the images of the generator
1 € Mg, respectively, we have x*p; = A p» for some \e O(UA)EX@ that restricts to
A € Of ;- This implies that ¥ becomes an isomorphism after shrinking (Uy)., (U1)-

if needed. Using i; o Y = x o i), we obtain the commutative diagram

l—=iida(py) .
n(M,) : 00— Ou SR ZAQ%U,\)E Qp 0
[ H H
1-isdGa(en)
n(M]_) O > OU A 7 ZAQ:([U)\)E > QIQ 0
and we conclude n(M,) = pp(A) via standard homological algebra. O

Lemma 5.2. Let T € X be a geometric point with k[Pz] smooth, then

(1) for M € LSxz, the map pinrz : Oxz — Tx .z is surjective,
(2) Ox; acts transitively on LSx z,
(3) nz : LSxz — Txz is injective.

Proof. Set P :=Pz. For (1), let U — X be an étale affine neighborhood of & where
M = (My,1y) is defined and h : (U, My) — Spec (P — k[P]/(z'7)) the strict S-
morphism whose underlying map is smooth. Possibly after shrinking U, via € +— 1,

we obtain a strict map of extensions over S,
he : (U., My.) — Spec (P — Kk[P] /(-1 +12)))

whose underlying morphism is also smooth and hence )y, is locally free. This
implies that the corresponding term Ext!'(Qy,, Ox); in the long exact sequence for
(5.1]) vanishes and thus pasz is surjective.

To show (2), note that it suffices to show that any two elements in LSx; are
isomorphic over S. Equivalently by [I4, Definition 3.19 & Corollary 3.12], the com-
position

LSxz C Ext' (PFF /215, 0% ;) — Ext' (PFF, 0% ;)
needs to be the constant map. By assumption, P is free and then (2) follows from
the description of Ext!(PE”, O% ;) in [14, Proposition 3.14].
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For (3), if T € Xqng both stalks are trivial and there is noting to show, so assume
T € Xing. By [12, Proposition 1.10], we have Ty, = Ox,. s,
the action of 0%, on T¢; is K := ker (0%, — OX_ ;). If we show that K is

sing,T

so the kernel of

contained in the kernel of the action of O% ; on LSx z, then (3) follows from (2) and
Prop. 5.1l By assumption, X is normal crossings at . Let X,..., X, be the local
components of X at Z, r > 2. Let A € K be given and write A =1+ >""_ f; where
filx, = 0 for i # j. We observe that A\ = [[,(1 + f;) because fif; = 0 for i # j.
If N = Oxgz, e; — h; is a chart of X at z representing an element of LSx ; with
1=>,e and V(h;) = X, then e; — (1 + f;)e; defines an automorphism of My z
compatible with the map to Ox; because (1 + f;)h; = h;. It takes 1 to AL, so A
acts trivially on LSx 3. ]

Remark 5.3. For k > 2, consider the monoid P, = (ej, es,1]e; + e3 = k1) and the
toroidal crossing space X = Spec (P, — k[P,]/(z')). The map n : LSx — Ty is
the zero map k* — k, so the smoothness assumption in Lemma is necessary.

Theorem 5.4. Let X be a toroidal crossing space with Py = N? whenever T is the
generic point of a component of Xgng then n : LSy — Ty is injective. On the
open set V. C X of points T with Pz = N" for some r, we have n(LSy) = (T})*
where (T4)* C Ty denotes the subsheaf of those elements that generate T4 as an

Ox-module.

Proof. The second statement is Lemma 5.2 For the first statement also follows from
the Lemma combined with the fact that for every open U C X, the restriction map

LSx(U) — LSx(U NV) is injective which is

n

a consequence of Corollary [6.2] below. Indeed, LSx(U) Tx(U)
in view of the diagram on the right, that the l l

composition of the left vertical and bottom hor- LS (UNV) T wnv)
X — Jx .

izontal arrow is injective implies the injectivity

of the top horizontal arrow. ([l

6. TOROIDAL CROSSING SPACES AS LOG TOROIDAL FAMILIES

Let X be a toroidal crossing space. Let ¥ be geometric point and V; the étale
neighborhood with a smooth map V; — Speck[Pz]/z! that exists by the definition
of X. Set N = P2 and Mg = Hom(N,R). We obtain a lattice polytope oz = {m €
Mg |ml|p, > 0,1(m) = 1} (we use that X is reduced here). For a face 7 C oz, we
denote by V; the inverse image of the closed subset Spec k[T NPz of Speck|[P;]/z!
in V;. Theorem 3.22 in [14] says the following.

Theorem 6.1 (Gross-Siebert). LSx|v, is isomorphic to a subsheaf of ©, Oy, where
the sum is over the edges of oz. The sections of the subsheaf on an open V C V;
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are given as the tuples (f,). so that for every two-face T of oz holds

(6.1) [do® fs“ly, = 1.

wCT
as an equality in M @z I'(V, Oy ) where d,, is a primitive generator of the tangent
space to w and e.(w) € {—1,+1} is such that (e, (w)dy,)ucr gives an oriented bound-
ary of T.

Corollary 6.2. Given an étale open U — X, the natural map LSx (U) — [[, LSx z,
for the product running over the generic points T of the components of Ugpng, 18

imjective.

The isomorphism in the theorem naturally depends on the morphism V; —
Speck[Pz]/z' in a way that enables the following result.

Corollary 6.3. For each irreducible component X, of Xgng there is an O;( -torsor

w

N on its normalization X,, so that

LSx €PN
Xw

for qu : Xo — X, the normalization and the subsheaf is locally characterized by
Theorem when using suitable local trivializations of the torsors.

Let N, denote the associated line bundle so that N* is its OZ -torsor of gen-

erating sections. We therefore obtain an injection of LSy in the coherent sheaf

Dy, N

Lemma 6.4. Under the hypothesis of Theorem the injection LSx — @D Qo N
is O%-equivariant.

Proof. We borrow the notation P, from Remark [5.3] From a careful analysis of the
proof of [14, Theorem 3.22] one finds that the action 1 — A~'1 becomes f,, — A" f,,
where k,, is such that P; = P, at the generic point  of X,. Indeed, if a local
model at Z is given by xy = f,(z%)", this is equivalent to xy = A% f, (A 71z1)r
which explains the action. The hypothesis of Theorem says that k., = 1 for all
w, so indeed the action of O% on LS is compatible with the ordinary action on the

coherent sheaf @y qu N d

Theorem 6.5. If X is a normal crossing space, then the injection in Lemma
factors as the composition of n: LSx — T+ and a uniquely determined injection of
coherent sheaves T — @y o No-

Proof. Given Lemma and Theorem and noting that V' = X for a normal
crossing space and that the annihilator of T3 is contained in the annihilator of
Dx. ¢uw+Ny, the statement becomes an elementary lemma about a cyclic module
whose proof we omit. O
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Definition 6.6. For a point z € X, let X2 C X genote the Zariski locally closed
subset where P is locally constant with stalk Pz, so that X is the disjoint union of
X for suitable points . We call the closure Xz of X7 the stratum of T which again
decomposes into X7. We infer the notion of strata to the normalization of X.

A section of s € I'(U, LSx) for a Zariski open U C X is called schon if it extends
to a section (s,), € T'(X, @y qusMN,) so that, for each w, the vanishing locus Z.
of s, in X,, is reduced, doesn’t contain any strata and has regular intersection with
each stratum inside X, (in particular Z, N X2 is smooth). We also assume that
Z =, ¢.(Z.) is the complement of U (otherwise U can be enlarged).

Definition 6.7. A schon section is called simple if for every closed point z € X with
Vi — Speck[P;]/2z! the smooth map from a neighborhood, we have the following
situation. Let Z NV; = UwEQ Z,, be the local decomposition of Z into irreducible

components where we may assume each Z, contains .

(1) There is a disjoint union Q = ; U ... U Q, with ¢ < rkP; such that Z; :=
Z,N Xz = Z,, N Xz whenever w,w’ are in the same €);.

(2) Zy, ..., Z, form a collection of normal crossing divisors in X; at Z.

(3) for each ¢, the primitive vectors d, for w € €; are the set of edge vectors
of an elementary simplex A; C Ng. (A lattice simplex is elementary if its
vertices are the only lattice points contained in it.)

We remark that if ¢, : X'w — X, is not an embedding, the zero set Zw of s, may
locally contribute two or more components of Z at a point Z which may or may not
lie in different €2;.

Theorem 6.8 (Gross-Siebert). A toroidal crossing space X over an algebraically
closed field k together with simple section s € T'(U, LSx) gives X the structure of a
log toroidal family over S = Spec (N — lk) with U the locus of log smoothness.

Proof. Using assumptions in Definition , the proof is the same as the one of [15,
Theorem 2.6]. See also Example [4.6] O

We remark that the A; give the local structure of the singularities in the nearby
fiber, cf. [I5, Proposition 2.2]. We also remark that all ETDs have F = Fun,
i.e. there is no horizontal divisor. Proposition implies ny/néx = wyx/s.

Proposition 6.9. A normal crossing space X with Xgng projective and Ty generated
by global sections permits a dense open U and a simple section s € I'(U, LSx). In
view of [6.7], we have ¢ = 1 at every point in Z and Ay in each ETD is a standard

simplex which means all ETDs have smooth nearby fibers.

Proof. Applying Bertini’s theorem to the line bundle T on Xy, we obtain a section
§ € I'(Xgng, T4) that gives a simple section s € I'(X \ V/(8), LSx) by Theorem [6.5]
O
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Lemma 6.10. Let f : X — S be a log toroidal family with empty horizontal divisor.
Let E C X be a Cartier divisor that meets all strata and Z transversely, i.e. locally
along E the triple (X, Z, E) is étale equivalent to (E x A', (ENZ) x A', E x {0}).
There is a new log toroidal family X (log E') — S that has E as its horizontal divisor
and factors through f (by forgetting E), so in particular Wj‘}i(rfggE)/S(—E) = Wx/s-

Proof. On U the result is straightforward and along Z we use the product description
to make E the horizontal divisor in the ETDs by adding a summand N to P and
the unique new facet gets included in F. That these give local models follows the
same proof as [I5, Theorem 2.6] noting that we may treat the local equation for E
as one of the f; in the notation of loc.cit.. 0

Lemma 6.11. Let f : X — S be a projective log toroidal family with empty hor-

[

1zontal divisor and assume that w}}s s generated by global sections, then w;(}s i

Ox(F) for a divisor E that satisfies the assumption of Lemma|6.10. In particular,
dim ~

WX(logE)/S = Ox.

Proof. This follows via an application of Bertini’s theorem. 0J
Proposition 6.12. Theorem [I.1] follows from Theorem [1.7]

Proof. We are given E that is transverse to the strata of X. We apply a slight variant
of Proposition by making sure the zero locus Z of the section § generated by
Bertini is transverse also to F. Theorem gives an orbifold smoothing but we
know it is an actual smoothing from the fact that each A; is standard. 0

Theorem 6.13 (Gross-Siebert). Let Y := X(log E) — S be a log toroidal family
obtained from a toroidal crossing space X wvia a simple section s € I'(U, LSx) and a
divisor E as in Lemma . The analogue of Theorem 2.11 in [15] holds forY — S,
in particular if V. C Y s affine open, then any two infinitesimal deformations of
V/S are isomorphic.

Proof. The proof works precisely as in loc.cit. We remark that in Lemma 2.14,
the exact sequence in (2) becomes 0 — Oy;s — Oxi(log ) — B — 0 where
Ox/k(log E') denotes ordinary derivations that preserve the ideal of E. In other
words, for the ordinary deformations, we consider the ones of the pair (X, F) rather
than just X. 0

7. DIFFERENTIALS FOR ELEMENTARY LOG TOROIDAL FAMILIES

We fix a principal ideal domain R as base ring. The constructions in §3| carry
through when replacing Z by R. We will use the following elementary lemma.

Lemma 7.1. Let n,m > 0 and G4, ...,G, C R" be submodules each of which is a
direct summand, then the natural map N5 (N, Gi) = N, \g Gi is an isomorphism.
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First consider the absolute case, i.e. an ETD (Q C P,F) with @ = 0 and let
f: Apr — Spec R be the associated log morphism. One checks that U from (3.3)) is
simply the complement of codimension two strata. Recall from Example that
W =W -/ spec
given by the facets in F. Danilov already computed these in [9, Proposition 15.5]

r are just the Danilov differentials with log poles in the divisor

over a field but because of Lemma [7.1] the same calculation works over R and we

obtain the following.

Proposition 7.2 (absolute case). We have a grading I'(Ap, W™) = @,p(W™),

with
(Wm)p _ /\ ﬂ FP? @, R
R FeFmaz\F

peF

where the intersection is P @z R if the index set is empty.

Let us next assume we have a general ETD (Q C P, F) and let again f denote
the associated log toroidal family and Wi := Wit _ / Spec Ao the differentials. Note
that since F contains all vertical facets, every facet in Fyay \ F contains Q. We

obtain the following generalization.

Proposition 7.3 (general case). We have a grading I'(Ap, W[") = @,cp(W}")y
with

W=\ (| F7ezR / (Q” @z R)

R FeFmax\F
pEF

where the intersection is P9 ®z R if the index set is empty. Since Q%P C PSP splits,
we can equivalently take the quotient before the intersection.

Proof. We can compose f with the projection to Spec R to relate the current sit-
uation to that of Proposition . The open set U5 in the absolute case is the
complement of Z2P*, the union of all codimension two strata. Hence, U? is covered
by Ur where F runs over the facets of P. On the other hand the open set U for f as
given in has a cover Ur where F' runs over the essential faces of rank d — 1 by
Lemma . Obviously, U2 C U. Note that since Wit is locally free on U and Oy
is Z*"_closed, we find that Wi is not only Z-closed but also Z#_closed. Consider

the commutative diagram of solid arrows

0 —— f*Qaq/sSpecr — W}xp,f/specR Wf1 0

* 1 1
0 f QAQ/SPQCR WAp/SpeCR Ap/Aqg 0

(7.1)

where the top row is obtained by pushing it forward from U?". The bottom sequence
is obtained from tensoring the sequence 0 — @8 — P& — P&P/QP — () with
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Ou4,, in particular, it is exact and splits. Hence the dotted diagonal arrow exists
and commutes with the other maps. Therefore, coker(:) is a direct summand of

1
WAP’]:/SpeC R
on U and since both sheaves are Z2*-closed, we have coker(t) = W} and thus the

in particular Z**-closed. Moreover, coker () — W} is an isomorphism

top row is exact and splits.

Let (f*2 Aq/ Spec r) denote the homogeneous ideal in the sheaf of exterior algebras
Wi, /Spec R generated by f*Q24,/specr- The split exactness above gives the split
exactness of the following sequence

0— <f*QAQ/SpecR>m — W;lnp,y:/SpecR - W}n — 0.

Since Ap is affine and (f*Q4,/spec ) coherent, applying I'(Ap,-) to this sequence
yields another exact sequence which already gives that I'(Ap, W}”) is P-graded. We
have T'(Ap, f*Qa, )/ spec i) = Q% @z R[P). Set F, := (ﬂ pe— R> and let
(Q% ® R) C A% F, be the homogeneous ideal generated by Q# @ R. One computes

L(Ap, (f*Qaq)spec R)m)p = (% ® R)y,. Using Proposition , in degree p € P, we
obtain the exact sequence

0— (Q® @ R),, — /\Fp — (W), — 0.
R

Using a splitting of the injection (Q®® ® R) C F, and comparing leads to the

assertion. [
Corollary 7.4. For all m, W}* is flat over Agq.

Proof. Inspecting the result in Proposition , we find ['(Ap, Wi") is a free R[Q)]-
module. O

7.1. Change of Base. Let (Q C P, F) be an ETD, T be a Noetherian ring and
T = SpecT — Spec R[Q] be any morphism. Denote by o the composition Q —
R[Q] — T which turns T into a coherent log scheme. Define Y by the fiber diagram

of log toroidal families

Y —5% Apr

(7.2) L l ;

T —— Ag

We want to study when the natural map ¢*W;" — W{Z}T is an isomorphism. This
holds if f is log smooth since then Wi* = QF are the ordinary log differentials
which satisfy this isomorphism property by their universal property. In particular,
WP — Wiy is always an isomorphism on the open set V' := ¢ (U). The
following example shows that it is not an isomorphism in general. For a subset
I C P, let (I) be the smallest face of P containing /.
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Example 7.5. Let P be the submonoid of Z?* generated by (1,0), (1,1),(1,2) and
let @ = 0. The monoid P has two facets H; = ((1,0)) and Hy = ((1,2)) and
setting F = () yields an ETD. Let f : Apr — Ag = SpecZ be the corresponding
map. Now set 7 = Z/27 inducing the natural map 7" = SpecT — SpecZ and a
fiber diagram as above. One checks that c*W} — W;/T is not an isomorphism by
computing both terms via Proposition It suffices to check the degree p = 0,
indeed, (W]})O = H{* N HE? = 0 but

(Wy)r)o = (H @ Z/2Z) N (HS® ® Z/2Z) = L/2Z - (1,0) C (Z/2Z)*.
Hence, (W}) ®z Z/2Z)o = 0 but (W} 1.)o # 0.

The example teaches that base change is related to the (non-)commuting of inter-
section and tensor product. The following lemma (that is an elementary exercise in
Tor groups) will help us. We say a ring T is of characteristic > py if for the residue
field s, of every point p holds char k, > po or char k, = 0.

Lemma 7.6. Let G be a finitely generated Z-module and H, H C G be two sub-
modules. Then there is py such that for every ring T of characteristic > py we
have

(HNHY®T=HT)N(H &T)

and each term here is a submodule of G Q@ T .

In the general situation, observe we have I'(Y,Oy) = @, 2° - T with multipli-

cation

el es e

242 =2°.0(q) whenever e;+e;=e+q

with e € F, ¢ € @ under the canonical decomposition from (3.1)). Similarly, Propo-
sition [7.3] gives

(7.3) LY, W) =Pz (W)e @r T).

ecE

Lemma 7.7. Recall V = ¢ ' (U). Equivalent are

(1) the map W — Wi, is an isomorphism,
(2) Wit is reflezive,
(8) the restriction map p: U(Y,c*Wi") — T'(V, W) is surjective.

Proof. (1)=(2): Wy is reflexive; (2)=(3): Wi is (Y \ V)-closed; (3)=(1):
Consider the commutative square

D(Y, W) —= DY, Wity

i |

D(V, W) —= D(V, Wity
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where the right vertical map is an isomorphism because {};T is reflexive by Lemma .
The bottom horizontal map is an isomorphism by what we said just before Exam-
ple [7.5l Now (1) holds if the top horizontal map is an isomorphism which follows
from (3) if p is additionally injective. This injectivity is a general fact that we
prove next. Recall that Ap = Ap and we have a map Ap — Apr that gives us

another commutative square

LY, W)) —> DV, W )

(7.4) jp l

DV, W) —= T(V, WY, ).

Since Ap — Aq is log smooth and W', JAg = Q. Jag @ free sheaf, the right vertical
map is an isomorphism. We get that p is injective if the top horizontal map is
injective. The latter can be computed from Proposition [7.3] Indeed, this follows
from (7.3) since for every e € E, the cokernel of (W["). — (W7, AQ)e is a free
R-module. U

We next provide a useful criterion for the surjectivity of p. Let £ be the set of
essential faces of P of rank d — 1. By Lemma [3.7] U is covered by {Ur|F € £}.
Set Vi = ¢ 1(Up) so these cover V. For each F € &, choose er € F in the relative
interior, i.e. (ep) = F.

Theorem 7.8. Write M, = (W]T)p for short, and assume that for every subset
E' C € and every e € E the natural map

< ﬂ M6+6F> Or T— m (Me-l-eF Or T)

Feg! Fee’
15 an isomorphism. Then p is surjective.
Proof. We write M = T'(Ap, W["), N = F(AP,WXLP/AQ) and N, for the degree p
part of N. By proposition , M, and N,, only depend on (p). We are going to use
that for p1, po € P holds

(7.5) (p1+ p2) = ((p1) U (p2))-

We have a natural injection M C N by Proposition . Given p € T'(V,c"WF"), we
want to show it has a preimage under p. We do have a unique preimage v under
the right vertical map of , soin N ®giq T and we are going to show that this
preimage lies in M ®pgg 7. Say v = >, 2% ne with n. € N. ® T is such that
v|y = p. In particular vy, = uly, for all ' € €. There is some large a > 1 so that
for each F' € & there are mp, € M, ® T such that

filve = 27" E 2% mp,

e
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and therefore v|y,, = uly, implies
a@FZZ ‘Ne € @z Me®RT) C @Ze~(Ne®RT).
eek eel

If e + aep = € + ¢ is the decomposition P = E x @, then n. - 0(q) € Mz ®g T. By

3.

etaep €EFE < (e+ep) CE < e+ep € E
and if this holds, then o(q) = 1, so setting

E={Fef|leteprck}

we obtain n. € (\peg (Metae, ®r T) and Meygep, = Meie,. Note that &£ does not
depend on the chosen epr. Using the assumption, we get

Ne € m eter ®R T ( ﬂ MeJreF) ®R T

Feé&. Feé.

For the next step, define F, = {H € Fpoe \F | 3F € E e+ ep € H}. We use
Lemma [7.1] to compute

Myiep = He e R)
M0 G
We finally claim that F, = {H € }"max \ F | e € H}, indeed given an H in the
latter, we just need to exhibit an F' € £ that is also contained in H with (e, F) C E
which can be done since H N E is a union of faces in £. Thus, n, € M, ®r T, so

indeed v € M ®pgjg T and we are done. ]

Corollary 7.9. Let (Q C P, F) be an ETD, T a Noetherian ring and T = SpecT —
Aq a strict morphism of log schemes. Then c*WT" is reflexive and "W — W{I}T
15 an 1somorphism provided that the composition

R— R[Q| =T
is flat, e.g. when R is a field.

As Example [7.5] shows, the conditions of Lemma [7.§ are not always satisfied in
case R = 7. However, we do get close:

Corollary 7.10. Let (Q C P,F) be an ETD, and assume f : Apr — Ag to be
defined over R = 7. Then there is a py = po(Q C P, F) such that for T = SpecT —
Aq with a Noetherian ring T of characteristic > po, the sheaf c"W7" is reflexive,
and "W — W{Z}T s an isomorphism.

Proof. Apply Lemma recursively and use that the modules M, C A} (P%/Q9%)
are free direct summands and that the set of situations to consider for the assumption
of Theorem [7.8] is finite. O
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For a field k, consider a monoid ideal K C @, let (K) C k[Q] denote the
corresponding monomial ideal of k[@Q] and set T = k[Q]/(K). The map T =
SpecT — k[Q)] is the natural one and Y — T is defined by as before. We set
E := P\ (P + K) and note this generalizes the union of essential faces E from §3]
indeed E = Eg\(0}. Combining Proposition With Corollary (for R = k) gives
the following.

Corollary 7.11. (Y, Wy%,) = @,cp 2 \" (mHefm\PeeH(ng 2k)/(Q” @ k))
with differential d(z°-n) = z¢- [e] An.

With ¢ : Y — Apr the notation from before, we apply c* to the split exact
sequence given by the top row of and obtain another split exact sequence. The
left term is free and "W is reflexive by Corollary . Hence, c*W;‘"Pf Jic 18 also
reflexive. With V' = ¢71(U), we find the natural surjection Qe = Ay, to be
an isomorphism (e.g. by local freeness of both). For j : V < Y the inclusion and
Wy = j*Q{,/k we thus have C*Wzgnp’]:/k = Wy, Plugging this into Proposition
yields the following.

Corollary 7.12. T'(Y, Wy") = Py, 2°- A" (ﬂHefmx\fzeeH H? @ k) with differ-

ential d(z°-n) = z°-e An.

7.2. Local Analytic Theory. We keep the setup and notation from before (with
k = C), so (Q C P,F)is an ETD and K C @ a monoid ideal. We additionally
assume that @ \ K is finite, so 7 = C[Q]/(K) is an Artinian local ring. For
Pt = P\ {0}, let C[P] be the completion of C[P] in (PT).

Lemma 7.13. ([34, Prop.V.1.1.3.]) For every local homomorphism h : P — N,
i.e. h=1(0) = {0} and we may view h as a grading, it holds

_ p
OA?;I,() = { E OépZ

peEP

log |ay|
€ C, L c C[P].
s (358) <o
We have I'(Y, Oy) = C[Ek] := @D, cp, C- 2° with 2¢- ¥ =2t ifet e € Ex
and z°- 2¢ = 0 otherwise. By [20, Cor. 3.2.] and Lemma [7.13] the complete local
ring at the origin in Y*" is

Oy = (CQ)/(K)) ®cjo) C[P] = { 3 ozeze} — C[Ex]

ecEi

Lemma together with Krull’s intersection theorem and the surjectivity of O gen o —

Oyan’o ylelds
. log| |
(7.6) Oyang = { Z ae2® € C[EK] | SuPeep,0 {W} < oo} :

ecF
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Lemma 7.14. Let (V,(-,-)) be a finite-dimensional C-vector space with a Hermitian

inner product. For every e € Ex, let V., CV be subvector spaces so that
V= @ 2¢-V, C V[Fg]
EGEK

is a C[Ek]-module. Assume moreover that V., C V' depends only on the set F(e) :=
{H C Pafacet | Q C Hye € H}. Set V[Ek] = [[.ep, 2° - Ve and V™" =
vV ®cegx] Oyan. We find its stalk at the origin to be

e
PecEr\0 h(@) o0

Proof. The set of possible F'(e) is finite, so there is only a finite set of different V..
Choosing orthonormal bases for all V, allows to reduce the assertion to (7.6). We

leave the technical details to the reader. O

Vn = { > v € V[EK]

ecFk

Remark 7.15. We can use Lemma to compute the stalk at 0 of the analytification
of Wy, and Wi* by using Corollary and Corollary m respectively.

8. BASE CHANGE OF DIFFERENTIALS FOR LOG TOROIDAL FAMILIES

Definition 8.1 (BC). We say that a generically log smooth morphism f: X — S
satisfies the basechange property if for every strict morphism 7" — S of Noetherian
fs log schemes, m € Z and ¢ the map given by the Cartesian diagram

Yy —“ 3 X

(BC) gl fl

T S,
the sheaf c*W)’?/ ¢ is reflexive or equivalently, the natural map c*W)’}”‘/ g = W{};T is an
isomorphism.

Theorem 8.2 (Base Change over Fields). Let f : X — S be a log toroidal family
over a field k, then f satisfies (BC)).

Proof. This follows directly from the local statement Corollary OJ

Theorem 8.3 (Generic Base Change). Let f : X — S be a log toroidal family.
Then there is a finite set of prime numbers py,...,pny € Z so that if f¢: X° — S°
is obtained from f by inverting pi,...,pn (i-e. basechange to SpecZy, ), then f°

satisfies (BC|).

Proof. Again, this follows directly from the local statement Corollary combined
with the fact that we can use a finite cover by local models. O

An application of the above theorems is the following lemma which is crucial for
the degeneration of the Hodge-to-de-Rham spectral sequence.
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Lemma 8.4. (c¢f. [2], Prop. 6.6]) Let f : X — S be a proper log toroidal family
with S affine, and let b : T — S with T affine. Assume C*W)’?/S = W{}}T holds for

all m. Then we have isomorphisms

(8.1) Lb*Rf*W;}/S — Rg*Wf;/T

(8.2) LV'RfW% s — Rg. Wy r

in D*(T). If, for fived p, all qu*Wgé/s are locally free of constant rank, then (8.1))

induces an isomorphism
VRIFIWVE o = RIgWE

If, for all n, the sheaf R"f*W;(/S is locally free of constant rank, then (8.2) induces
an isomorphism

Proof. Knowing the flatness of W', over S which is Corollaryw the proof becomes
identical to that in [24] Prop. 6.6]. O

9. SPREADING OUT LoG TOROIDAL FAMILIES

We fix a sharp toric monoid @, a field k D Q and set S = Spec(Q) — k) where
the map Q — k is ¢ — 0 except 0 — 1. We choose distinct subrings B, C k for all
A in some index set A so that any two B),, B), are both contained in a third B).
We say Ay < Ay if By, € B,,. Furthermore, we require @A B, = k and that each
B, is of finite type over Z. We get log schemes Sy = Spec(Q) — B,) each with a
strict map S — Sy and in fact S = @nA Sh.

Proposition 9.1. Let f : X — S be a log toroidal family of relative dimension
d =1k Qb/s. Then there is A € A and a log toroidal family fy : X\ — S\, so that f

1s obtained by base change from fy, i.e. there is a Cartesian square

X—)X)\

|

S—)S)\.

If f is separated and/or proper, we can assume fy to be so, too.

Proof. By [19, Thm. 8.8.2 (ii)], [19, Thm. 8.10.5] and [19, Thm. 11.2.6 (ii)] we can
find a A € A and a morphism f, : X, — 5 that is finitely presented and flat, and an
isomorphism S xg, X = X over S. If f : X — S is separated respective proper, we
can choose f, moreover separated respective proper. Using [19, Corollaire 12.1.7(iii)]
and [I9, Thm. 8.10.5], we can choose A such that fy is a Cohen-Macaulay morphism.
Since these decompose disjointly over the relative codimension, again by increasing
A if needed, we may assume that f has relative dimension d.
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We next spread out U such that U, C X, satisfies . We do this by spreading
out its complement Z. Indeed, by [2, 05M5, Lemma 31.16.1], we can increase A so
that every fiber of Z, — S has dimension < d — 2 and then define U, := X, \ Z,.

Now a straightforward generalization of the method employed in [40, 4.11.1] yields
that for appropriate A, we can find a log structure on Uy and upgrade f, to a log
morphism such that U, is fs and f) is log smooth and saturated. While Tsuji uses
absolute charts to construct the log structure, we choose relative charts Ap, = Ag
with saturated injections Q) C P;.

Finally - again by possibly increasing A - we show the family f, : X, — 5, log
toroidal. We fix a finite covering {V; — X} with local models (Q C P, F;) as in
Definition |4.1] and for each of them, we construct a diagram

Vi Vi
A N
: HELDN
X : X :
YN
f \ I \
L; Li,)\ APi,Fi
vz .
S - Sh o Ag

Namely we first spread out V; — S to V; » — Sy. Then L, ) is defined by base change,
and we construct the étale morphisms of schemes gy : V; x — Xy and hy : Vi x = L; »
also by spreading out. We can assume that X, is covered by {V;» — X,} and that
Ui C Vj; spreads out to an open Ul A C Vi satisfying . We get two log structures
(97)1ogMx, and (hy)},, My, , on U;.» which we identify by [40, 4.11.3]. By the same
Lemma, the two morphisms (g o f);,, Ms, — MUM coming from fy o g, respective
7 o hy coincide. Since {V; — X} is a finite covering, we can find A that admits the
above construction for all V; simultaneously. 0

10. THE CARTIER ISOMORPHISM

In this section, we define the Cartier homomorphism for a generically log smooth
family f : X — S in characteristic p > 0. We then prove that it is an isomorphism if
f is log toroidal. Similar to [4], we first study the situation on U and then examine
its extension to all of X. Let Fs : S — S be the absolute log Frobenius on the
base, i.e. given by taking pth power in Mg and Og respectively, we similarly define
Fx : X — X. We define [ : X’ — S and the relative Frobenius F' by the Cartesian

square



SMOOTHING TOROIDAL CROSSING SPACES 31
Set U := s (U) and 7/ = X'\ U'.
Theorem 10.1 ([28]). We have a canonical (Cartier) isomorphism of Oys-modules
Cy' - Qg = H™(FQy)s)

which is compatible with A and satisfies C~'(a) = F*(a) for a € Ox: and
C~!(dlog(s*q)) = dlog(q) for ¢ € My.

Proof. This is [28, Theorem 4.12(1)] once we identify U” = U’: Kato considers the
factorization U % U” L (U')mt LU of F|y where i is the integralization of U’
and g o h is the unique factorization of this weakly purely inseparable morphism
where h is étale and g purely inseparable, using [28, Proposition 4.10(2)]. Now i
is an isomorphism because f is integral. By [34, Cor. 111.2.5.4], since f : U — S
is saturated, F' : U — U’ is exact. The uniqueness of the factorization g o h now

implies that A is an isomorphism. O

Since W)’?,/S is Z'-closed, pushing forward the inverse of C’ljl to X', we obtain a

homomorphism
which is an isomorphism on U’. We obtain the following lemma.

Lemma 10.2. The map C is an isomorphism if and only if H™(F.Wg ) is Z'-
closed.

Definition 10.3. We say that a generically log smooth family f : X — S in positive
characteristic has the Cartier isomorphism property if C' is an isomorphism for all
m > 0.

By Theorem , H"™(F Wy /S) is locally free on U’, hence it is Z’-closed if and

only if it is reflexive. Reflexivity can be checked étale locally.

Lemma 10.4. Let (Q C P, F) be an ETD, letb: T — Ag be strict with T = SpecT
and consider the Cartesian diagram

Y — Apr

|
T2 A

Then H™(FL.Wy 1) is reflexive.
Corollary 10.5. Every log toroidal family f : X — S over F, has the Cartier
1somorphism property.

Proof of Lemma[10.4. Set V := ¢ '(Up) and let Y’, V'’ be the base changes by the
absolute Frobenius Fr. Let F' : Y — Y’ be the relative Frobenius. Inspired by
the Frobenius decomposition [II, Theorem 2.1.], we construct a homomorphism



32 SIMON FELTEN, MATEJ FILIP, HELGE RUDDAT

¢* D, Wy pl—m] — EWy . of complezes of Oys-modules which induces an
isomorphism in cohomology. Since the left hand side has zero differentials, the
assertion then follows from the reflexivity of W%, /7 given by Lemma

Similar to §7.1} we find explicitly that R’ :=T(Y’,Oys) = @, 2° - T with

€1 €2

24 2% =2°.0(q)’ whenever e;+ey=e+gq

with e € E,q € Q. We have s*(z¢-t) = 2¢-t? and F*(2¢-t) = 2P°-t. Writing W :=
(W§")e ®@r, T, the module I'(Y’, WYy ) is given by the T-module @, 2 - W, on
which R acts as

(20 t1) - 22 (wRto)] = 2+ (w R 0(q)Ptits) whenever e;+ey=e€+q

withe € E,q € ). Similarly, I'(Y’, F*W{/’;T) is given by the same 7-module, however
now R’ acting via F™* as

(2% ty) - 22 - (w®ty)] = 2° (w R o(q)tits) whenever p-e;+e3=e+q.

Note the subtle difference. The differential on FLWy ;. is given by d(2° - (w ® 1)) =
2¢ - ([e] Nw @ t). We define

& PWErlm] > EWgyp, 2 (wet) — 2 (wet)

and claim H™(¢*) is an isomorphism. Indeed, first note that ¢°® itself is injective.
Then set E, = {p-ele € E}. We have im(¢"™) = @D, 2+ W." because W = W,
for e € E, by Prop. [7.3] Denoting the coboundaries of F*W{,’;T by B™, we have
im(¢™) N B™ = 0 since 0 = [e] € W/ for e € E, because e = pe’ and p is zero in T.
This readily gives that H™(¢*) is injective. For surjectivity, if e ¢ E,,, observe that
le] # 0, soif w € W™, then [e] Aw = 0 if and only if there is some w’ € W™~ ! with
le] Nw' = w. O

Remark 10.6. We believe that H™(¢*) is the log Cartier isomorphism on V".

11. THE DECOMPOSITION OF F,W§ /o

We prove a log version of the decomposition theorem [I1, Thm. 2.1] in the setting
of generically log smooth families. (We noticed that [I1, Cor. 3.7] alias [24] doesn’t
generalize well to the generically log smooth setting.) The assumption for f : X — S
to be saturated on the log smooth locus allows a simpler approach than [28, Thm.
4.12]. Our setting is as follows: let k be a perfect field with char £ = p (thus
Z|p*Z — Wo(k) is flat), and let @ be a sharp toric monoid. Set Sy = Spec(Q — k)
and S = Spec(QQ — Ws(k)) where in both cases Q 5 g — 0 except 0 — 1. The
Frobenius endomorphism on £ becomes an endomorphism Fy of Sy via Q 2 ¢ — pq.
Similarly, its lift to W (k) defined via (a1, as) — (a}, ah) becomed!|an endomorphism
Fs of S that restricts to Fy on Sy. Let f : X — S be a generically log smooth family

1VVarning: This is not the pth power map on W5(k) and thus depends on the chosen chart.
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and let fo : Xg — Sy be its restriction to Sy. We consider the commutative diagram

of generically log smooth families

Xo

fo
So SpeclF,
Spec Z/p*Z

where X, X’ are defined by requiring the front and back square to be Cartesian and
Fis the relative Frobenius, i.e. F'is induced by the back square’s Cartesianness using
the Frobenius endomorphisms on X, and Sy. Since X doesn’t have a Frobenius, we
don’t easily obtain the dotted arrow G in a similar way and in general it does not
exist globally. We call a locally defined morphism G that fits into the diagram a
local Frobenius lifting. Because the (Zariski or étale) topologies are identified along

F and i, we can define Frobenius liftings simply at the level of sheaves:

Definition 11.1. Let Y’ — X’ be an étale open. Then a Frobenius lifting G : Y —
Y’ on Y’ consists of a ring homomorphism G* : Oy, — G,Oy yielding a morphism
of schemes and a monoid homomorphism G* : My/|y» — G, My|y: defined on
some V' C Y satisfying (C'C'), yielding a log morphism. Two Frobenius liftings are
considered equal if they are equal on some smaller (Zariski) open satisfying (C'C).
The Frobenius liftings form an étale sheaf of sets Frob(X, X').

Remark 11.2. We need the flexibility of V"’ in the definition of Frob(X, X’) to con-
struct Frobenius liftings from local models as they occur for log toroidal families.

We will see below that we could have as well required the log part to be defined on
Y'NU’, see the proof of Proposition [11.4]

Let 7 : U — X' denote the pullback of U € X and Z’ = X'\ U'. By
Lemma Frob(X,X') = j.(Frob(X,X")|). Let T C Ox be the ideal sheaf
defining Xy C X, flatness gives Z = p- Ox = Ox,. Using Z? = 0, one checks
that F.Z is an Ox-module. Considering derivations on U’ with values in F,Z, we
obtain a sheaf of groups G := j,Deryr/s(F.I) = j*Hom(Q}],/S, F.T) which agrees
with Hom(W}(,/S, F.T) because F.ZT is Z'-closed by Lemma .

Lemma 11.3. The restriction Frob(X, X')|y is a G|y -torsor and hence Frob(X, X')
1s a G-pseudo-torsor.
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Proof. Let D be the sheaf of sets on U’ given by étale local deformations of the

diagram
U, LN
o]
v 1.5

in the sense of [34, Def. IV.2.2.1], i.e. D is the sheaf of morphisms U — U’ making
the diagram commute. The sheaf D is a G|y-pseudo-torsor by [34, Thm. IV.2.2.2]
and because f': U’ — S is smooth, it is a torsor. Because Q%],/S is locally free, D
is locally isomorphic to (F,Z)®?. By Lemma , D is Z-closed for every Z C X'
satisfying codim(Z, X’) > 2. By this property, the obvious homomorphism D —
Frob(X, X')|y is an isomorphism of sheaves of sets making Frob(X, X')|v a G|y~
torsor. 0

Proposition 11.4. Let Y — X' be an étale open and G :' Y — Y’ a local Frobenius

lifting. Then there is a canonical homomorphism of complexes
O : Wygs,[=1] = Wy, s,

inducing the Cartier isomorphism in first cohomology on UJNYy. If h € G(Y'), then
oc and ¢p.c are related by

bne = ba+ (Fud)oh

where h Wlo'/So — 7= R,:VV}%/SO 18 the induced homomorphism.

Proof. We choose V! = U’ NY’ for the representative of G. The straightforward
log version of the construction of [24, Prop. 3.8] yields a homomorphism Q%/O, /5y
F*Q%/O /s, and this has also been used implicitly by Kato in [28, Thm. 4.12]. Applying
J« vields (¢g)!, and we define the other (¢g)™ to be 0. The resulting ¢¢ does not
depend on V’ since the involved sheaves are Z-closed for every Z C Y, satisfying
codim(Z,Y]) > 2, so ¢¢ is well-defined. The construction yields that #!(¢¢) is the
Cartier isomorphism of Theorem on Vg = UjNYy. The second statement is
similar to [24, Lemma 5.4,(5.4.1)] except that we use the more elegant language of
torsors (as already remarked in [11l, Rem. 2.2 (iii)]) which renders the analogue of
[24, Lemma 5.4,(5.4.2)] trivial. O

Theorem 11.5. Let f : X — S be a generically log smooth family, assume that
fo : Xo — So has the Cartier isomorphism property (Def. , and assume that

Frob(X, X") is a G-torsor. Then we have a quasi-isomorphism

@ W;?(/)/So [_m] — T<pF*W).(o/S()

m<p

in D*(X}) where T, means the truncation of a compler.
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Proof. Because Frob(X, X') is a torsor, we can find an étale cover 9 = {Y!} of X’
such that we have a local Frobenius lifting G, : Y, — Y.. We obtain an induced
cover 9y of X{. On the log smooth locus Uj C X, we can apply an argument as
implicitly used in [28, Thm. 4.12]: using Proposition the gluing method of
Step B in the proof of [24, Thm. 5.1] yields a homomorphism

(Yol 916/50[_1] — é.(mo N Ué, F*Q;]O/SO) = Cv(.]

of complexes of sheaves where C* (4L, F*) refers to the total sheaf Cech complex for a
cover 4 and a complex of sheaves F°. We also have the natural quasi-isomorphism

¢ : F*W).(o/so — Cv.(iDOa F*W).(O/S())'

Using v and that the question is local, Prop. [11.4] gives that ¢ induces the Cartier
isomorphism on U} for H!. Now let 0 < m < p. With the antisymmetriza-
tion map an, : Qg [-m] — (Qzljg)/so[_l])®m defined by a,,(wy A ... A wy,) =

% Zaesm sgn(0)We(1) @ ... @ Wo(m), We obtain a morphism
am m em Je m Je
o™ QTUné/SO[_m] — (Qlé/so[_l])® S ()™ = Cp,

where the last map is induced by the wedge product on F.Q7 /50" Note that the
various ¢ are compatible with the wedge product of Qz,é /5% and of the cohomology
of F.Q7, /50 hence ¢™ induces the Cartier isomorphism in cohomology. Taking the
sum, we obtain a quasi-isomorphism
©° EB Q%/SO[—W] = TpCyr-
m<p
Since j,.Cf = C*(Do, EWS, /s,): We obtain the desired homomorphism in D*(X})
as P! o Jupt
isomorphism property by assumption. O

It is a quasi-isomorphism because fy : Xqg — Sp has the Cartier

We like to apply this theorem to the case of a log toroidal family. It remains only
to show that Frob(X, X') is a torsor:

Proposition 11.6. In the above situation assume f : X — S log toroidal with
respect to S — Ag. Then Frob(X,X') is a G-torsor, i.e. Frobenius liftings exist
locally.

Proof. Let (Q C P,F) be an ETD from a local model of f : X — S, as given in
[LM)) with S = S. Consider the diagram

L F ....... > ¢ AP,]:
g Fg IS a AQ

We claim that for the local existence of a Frobenius lifting, it suffices to show that
there is a scheme morphism F' : L — L that is the underlying morphism of a
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log morphism on ¢ }(Up) such that the diagram commutes and the induced map
F xgS5gon Ly= L xgSy is the absolute Frobenius. Indeed, then F' plays the role of
an absolute Frobenius on L, and its induced relative Frobenius gives rise to a local
Frobenius lifting on X’ via the local model.

The scheme L is affine with O(L) = @, 5 2 - Wa(k) allowing us to define [ :
L — L via F*(2°-w) := 2P - F§(w). It remains to extend F to the log structure on

¢ 1 (Up). Consider the maps of log schemes
M := Spec(P — O(L)) — L — Spec(Q — O(L)) =: N.

With the notation of Corollary [3.11] we define W; := ¢~(U;). Observe that M|y, =
Llw, and L|lw, = Nl|w,. On N and M, we get morphisms Fy : N — N and
Fyr : M — M by mapping q — p-q on the monoids and using F* on the rings. They
are compatible with each other and with the maps to .S, and moreover Fy X ¢.5; and
Fy X s Sp are the absolute Frobenii on Ny, My. We define partially Fly, := Fulw,
and Flw, = Fnl|w,. Because N|w,rw, = Llwynw, = M|w,nw, these definitions
agree on Wi N W, and we obtain a log morphism defined on ¢ }(Up) = Wi U W,
which gives the desired map. 0

12. THE HODGE-TO-DE-RHAM SPECTRAL SEQUENCE

We put the pieces together to prove Theorem from the introduction. Let
S = Spec(Q — k) for a field k D Q with Q > ¢ — 04, and let f: X — S be a
proper log toroidal family of relative dimension d with respect to S — Ag. Setting
hP? = dimy R? f, Wi/s and h" = dim R" f. W3, 5, it suffices to prove 3 AP = h".

By Proposition (9.1, we can find an Sy = Spec(Q) — B,) and a proper log toroidal
family with respect to Sy — Ag. Since B, is integral, by shrinking Sy, we can find
a spreading out ¢ : X — & such that R%¢, W3 /s and R"¢, W3 /s are locally free
of constant rank 77 respective r™ and such that S/Z is smooth as schemes. By
Theorem we can furthermore assume that ng} s 1s compatible with any base
change, and we can assume that char x(s) > d for the residue field x(s) of every
closed point s € S. Now let Spec k — S be a closed point. Since S/Z is smooth, we
can find a factorization

Speck — Spec Wh(k) — S

which induces diagram from the introduction by strict base change. Setting
gPl = dimqu(¢k)*W£k/k and g = dimy R"(¢). Wy, ), Lemma yields hP1 =
rP1 = gP? and h"™ = r™ = ¢" hence it suffices to show Zp vq=n 9" = g". Note that
in diagram (SO|) on the right, we are in the situation of Proposition , so by
Theorem [11.5| we have a quasi-isomorphism

@ W;:Z/k[_m] = (FO)*Wazk/k-
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Now a computation as in [11l Cor. 2.4] yields > = ¢" concluding the proof

of Theorem [1.0

Pq
p+a=n I

12.1. The Relative Spectral Sequence. Proof of Theorem By Corol-
lary , the formation of W% /g commutes with base change which is an ingredient
for the classical base change theorem, e.g. [10, §3], [29] Theorem (8.0)]. It thereby
suffices to show the surjectivity of

H*(X, W)'(/s) — H* (X, W)}o/so)-

We prove this with the idea of [38] section (2.6)], cf. [31, Lemma 4.1] and [I5, Thm.
4.1]. We define a complex

L =W @ W™ u? d(asu®) = doy - u® + s6(p) A ag - u®!

of analytic sheaves where p = f*(1) € Myan and 6 : Mxan — Wy is the log part
of the universal derivation. Here W3*" denotes absolute differentials as in Corollary
- Projection to the u’-summand composed with W*" — W;(;’g yields a map

e.an e.an

L — Wy X/8 ¢ whose composition with W s Wy, /5 fits into an exact sequence
0—>IC‘—>£’—>W‘“75 —0

of complexes that defines K°®. Since f : X — S has ETD local models, we may use
Corollaries and Remark to have a local description of this sequence.
Lemma below verifies that K*® is acyclic for all ETDs with one-dimensional
base, so ¢* is a quasi-isomorphism and Theorem follows by the discussion in

P1] O

Lemma 12.1. Let (N C P,F) be an ETD, and let f : X — S = S, be the base
change of Apr — Ay along S,, — Anx. With 0 € Apr denoting the origin, we have
HE(K®)o =0 for all k.

Proof. We choose Hermitian inner products on the vector spaces L := P% @ C and
W= (P @C)/(N% ®C). With K = (m+ 1) + N C N, we recall E from §7.2]
For e € Ey, we define

Le = (| H¥®C and W, := (| (H?®C)/(N"&C).
HeFmax\F:e€H HEFmax\F:e€H

By Remark and Lemma elements of L are formal sums

N k
) = Z Z uszege,s 5 Ee,s S /\Le 5 SupeGEK\O {logHEe s||/h( )} < o0

s=0 eeFEk l<s<
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k
and elements of W%, are formal sums
Xo0/50,0

k
(we) := Zze CWe, W € /\I/Ve , SUDeepo {1og||well/h(e)} < oo

c€E
Note that (. ) is summed over Fx whereas (w.) is summed over E. We denote the
kernel of 7 : A* Lo = A" W, by K¥ and observe ¢((les)) = (7(ley)), 50 (£es) € KE
if and only if l.p € KF foralle € E. With p ;== 1®1 € N @ C we have
§(p) =2°-p € Wi and thus

(12.1) d((les)) = (eNles+(s+1)pALlesit)

Let (£.s) € K§ and assume d((¢.s)) = 0. Since £., € C, for e # 0 by descending
induction in s starting from ¢, y we find ¢, s = 0. We have {;y = 0 and ascending
induction yields £ s = 0. Thus H°(K*), = 0.

Next, let (¢.,) € Kgt! for k > 0 with d((f.)) = 0. Starting with e = 0, we
construct (7.) € K& with d((7.)) = (fe.s) using the following claim.

Claim 2. Let (L,(-,-)) be a C-vector space of finite dimension with a Hermitian
inner product. Let 0 % p € L and k > 0, and assume { € /\kJrl L with p N ¢ = 0.
Then, there is a { € N* L with p A0 =€ and ||p|| - ||€|| = ||¢]|.

Proof. Let £, := H%”,EQ, ..., U, be an orthonormal basis of L, and {¢;, ; } the in-
duced basis of /\k LI 0 =73 il
m > Wigig 1 lig.if, 18 @ solution. O

i1..ip,, Satisfies the assumption, then (=

We set 790 = 0. Writing out (12.1)) for e = 0 yields
d(£070 + f()JU + éoguz + ) = ﬁ A €071 + Qﬁ A EOQU + 3ﬁ A €073U2 + ..

and therefore p A ¢y; = 0 for ¢« > 0. Since {yo € K, we also have p A loo = 0.
By Claim , there is 79441 € /\k Ly with p A 79541 = €os and we are done with
the case e = 0. For e # 0 we need to care about convergence. Without loss of
generality, N > 1. Since e A f, y = 0, we can find by Claim |2 7. 5 € /\k L. with
e ATon = by and ||7on]| - |le]] = |[€en]. For s > 1, we construct 7., € A" L. by
descending induction. Because of e A (€es — (s + 1)p A Tes11) = 0, there is 7. s with
eNTes =Les—(5+1)pATe 1 and

(12.2) el - llell = e = (5 + 1) A el

For e ¢ E, we go one step further and construct 7. € /\k L. with the same method,
but for e € E, the construction of 7.y € K, f is more intricate. We need another

claim:

Claim 3. Let (L, (-,-)) be a C-vector space of finite dimension with a Hermitian
inner product. Let 0 # V)Y C L be subspaces with V NY = 0. Then there is a
constant v > 0 with the following property: for every subspace H with V. C H C L
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and k > 0, let K% be the kernel of N\ H — N'(H/V). Then for every 0 # p €
Y N H and every { € KZH with p AN ¢ = 0, there is ale K% withp/\g: { and
v llpll - 11l < flef]-

Proof. Let p = (p1,p2) be the decomposition of p under L = V & V=, so ||p||* =
||pl||2+||pg||2 Since VNY = 0, we have for v? := infopey ||p2||?/|Ip||* that 0 < v < 1.
Let ¢y := I H,El,fg be an orthonormal basis of H and then ¢y = ”%”, 0; .= ¢; for
¢ > 0 is an ordinary basis of H. For ¢ = Zaio._,iklzo_,ik € KZH with p A ¢ = 0, we

define / := HT}H > iy by, € K’ﬁ, to have p A ¢ = £. We also find

p
WHQ = HZ Olon...ikm A fil...ik HZ Q03 ...y, H H iy iy

2

> A2 |lp|? - [1€)?

O

We apply Claim [3|to L = P% ® C. Let F. C P be the face generated by e and
Y = F#®C. Let V = N?®C and H = L., so K& = K*. Then eA\(l.o—pAT.1) = 0,
so we find 7. € Kf with e A 7.0 = leo — p A\ Teq and

(12.3) 7 el - llell < lifeo = o ATenll

The factor v depends on Y, but there are only finitely many faces generated by
elements e € F, so we take for v the minimum over them and furthermore v < 1.
Applying the triangle inequality to the right hand side of ([12.3)) and using induction

and (|12.2) yields
1B &
el < £ ( LT
S Te HZ o)

for all e # 0. Because inf.4o{||e||} > 0, there is a bound M > 1 independent of e
such that ||7.s|| < M - maxg{||¢c ||} which proves

SUD ey \0 {10817 s/l /7€) } < o0
and thus (7.) € KE. By construction, d((7es)) = (Le.s), s0 HF(K*)o = 0. O

13. SMOOTHINGS VIA MAURER-CARTAN SOLUTIONS

We adapt the methods of [25] to our setup in and and then argue how
to obtain an analytic smoothing from a formal one in §13.3] The combination of all
these sections gives a proof of Theorem The main ingredients are Theorem [6.13]
Theorem [I.9 and Theorem [I.10] A key ingredient is also Lemma to know that
Wi /s 18 trivial for d = dim X.

13.1. Constructing a Formal Deformation from a Solution to the Maurer-
Cartan Equation. We define S = Spec(N 224 C[t]/t*+1) and assume to be given
a proper log toroidal family °X — %S. Let {°V,}, be an affine cover of °X. For
fixed a, let {", — %S}, be a system of deformations, compatible with restriction
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from k to k — 1 as obtained from Theorem [6.13, Note that V.5 := °V, NV} is
affine because °X is separated. We give names to the restrictions of thickenings via

Wasap == Valv,,. Again by Theorem we find isomorphisms
“Gap + Vasap = Viiag

of generically log smooth families over *S which are compatible with the restrictions
to the base changes via ¥~1S — %S but do not necessarily satisfy a cocycle condition.
We now analytify X — %S as well as V,,, *V/,,..5. We keep using the same symbols
though now refer to the analytifications respectively.
Let {U; }ier be a cover of 9X by Stein open sets that is also a basis for the analytic
topology of °X with I countable and totally ordered. Set Uip...i, == ﬂk o Ui.- We
obtain the sheaves of Gerstenhaber algebras

k:gp — @

(W) /kS

concentrated in non-positive degrees via the negative Schouten-Nijenhuis bracket
—[-,-] and A. Set A; = Spec(Clxy,...,zn]/(xo+ -+ x, — 1)) and AY(A;) = QF,
and let d;; : A;_1 — A; be given by x; — 0. One constructs the Thom-Whitney
bicomplex

Ui, CVap NNV, for 0 <5 <1,
(TW)  TW2E, o = Piviio<cii | Piois € A(AD) @ 'GE(Us..),
d;,z(%o...z‘z) = spi()...’i'...il|Ui0mil

The differential for the index p is trivial and the differential d, for the index q is
induced by the de Rham differential on A%(A;). Furthermore, —[-, -] and A turn TW
into a Gerstenhaber algebra. For W C V,, let ’“TWg;g]W be given by (TW) but with
the additional requirement to have U;; C W. The presheaf W M Wes|w gives a
resolution of the sheaf *GP on V,,, so *G2(W) = Hga(nggé w)-

The isomorphisms "¢, induce isomorphisms *¥a : *Ga v, , — *G3|v,, of sheaves

of Gerstenhaber algebras which can be used ([25, Key Lemma 3.21]) to construct
isomorphisms

that satisfy the cocycle condition * Gva gg7 Jap = id and are compatible with restric-
tion from k to k — 1 and with —[-, -] and A. The cocycle condition allows one to glue
{fTWP4},, to a presheaf PV on °X compatible with restricting from k to k — 1.
We set FPV"™ := D,ig—n kpvPe, o

While *g,4 are not necessarily compatible with the differentials d,, ds, there exist
Ko € FTW B such that (0, + [F04,])a gives a system of maps compatible with
*gep (125, Theorem 3.34]). This system glues to an operator d on *PV?“ compatible
with restriction from k to k — 1. However, 0 is not a differential because
1

—[Fog, 0,) € FTW 12

0= [l ] for Mai=0a("00) + 3
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The {¥I,}, glue to a global element *[ € *PV 12 that is compatible with restricting
from k to k — 1. If ¥¢ € FPV 1! solves the Maurer-Cartan equation

(MCl) B(0) + 56, 6] + 1= 0

then (04 [F¢,])? = 0. In this case the cohomology His o) ( PV?®) is a presheaf of
Gerstenhaber algebras on %X that is locally isomorphic to *G®. The sheafification of
its degree zero part gives a sheaf Oy, of C[t]/t**!-algebras on °X which we take as
the kth order deformation of °X. Taking the limit Oy := lglk Ox, yields a flat and
proper morphism X — & with & := Spf(C[t]).

13.2. Constructing a Solution to the Maurer-Cartan Equation using the
Batalin-Vilkovisky Operator. Let Fw, € F(OV W,fv /ks) be a choice of genera-
tor, each being a lift to k of a global generator °w € T'(°X, ng( /ks) The Batalin-
Vilkovisky operator *A, is the transfer of the de Rham differential d to the polyvec-

tor fields, i.e. ¥A, is the composition

L(Fwa) 11 d— d, ppd-ptl Wa p—1
D P V4
Owvayrs — Wovayes — Woway i = Oiva) i3

and thus a differential *G? — *GPF*L Choosing Fw, compatible with restricting
from k to k — 1, also the ¥A, share this property. For W C °V, N °Vj there is
)\ag € F(W, kgg) with kwa|W = >\a6 . kw§|w. Setting kmaﬁ = log()\ag) yields
"o 0" Ag 0 F1hag — A = [Frogg, -]
and then {*t,5}.s can be upgraded ([25, Theorem 3.34]) to a Cech cocycle for
""TWO 0 op Which by exactness lifts to a collection *f, € TW2. The collection is
compatlble with restricting from k£ to £ — 1 and satisfies
“980 0 ("Ap +[*5,]) © “gap = ("Ad + [*fa, ])-
Since *f, lives in degree (0,0), one has (*A, + [*fa,])? = 0, so we can glue the
collection {¥A, + [*fa,]}o to an operator A : FPVP? — k¥ PVPTLa with A2 = 0.
Now,
AD+0A =", ] for g :="A0("00) + 00 (*fa) + [0, "ol

and *y € *PV®! is glued from the collection *y,. By construction,

d:=d+ A+ (I+9)A
satisfies d2 = 0 and furthermore (I+ 1) =0 mod (¢).

Theorem 13.1. The natural maps H;(kPV') — de(k_lPV') are surjective for all
i and k.

Proof. As in [25, Proposition 4.8], the elements exp(*f, L)*w, glue to a global ele-
ment *w in the Thom-Whitney de Rham complex (H ,d) (constructed from Wy, e
in our case) compatible with restricting from k£ to k — 1. Contracting *w gives
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an isomorphism of complexes ¥PV® — ﬁ *, so it suffices to prove surjectivity of

Hz(ﬁ ) — Hi(*™ ﬁ *). This follows from Theorem |1.10| as argued in [25, Lemma

4.17). O

Remark 13.2. For a formal variable uz, consider on PV* [[u2]] the differential d,,
O+ ulA +u (I + up)A. A dlrect computation gives d, = uzl;* odo I, where
I, is defined by I,(¢) = u =0 for ¢ € PVP[uz][u"2] (cf. [25, Notation 5.1]).
Theorem thus implies that

ik o, ipr -1 i (k— oM, 2T — %
(13.1) chu( PV*[uz][u"z2]) — Héu( PV uz][u2])
is surjective for all 7, k.

Theorem 13.3. For alli, HS,  (°PV*[u]) is a free Clu]-module of finite rank.

Proof. Note that & = 0. With 0 the Cech differential for the cover {V,},, the
degeneration of the Hodge to de Rham spectral sequence for (Wg /08 d) at E; by
Theorem [1.9)is equivalent to Hj  ({Vata, Wiy jog[u]) being a free Clu]-module of
finite rank The quasi-isomorphisms Wy oq[u] — TA [u] and "PV*[u] — TA [
yield the assertion. 0

Theorem 13.4. For every ¢ € "PV°[u] with (0 + ulA)(y)) = 0, there exist ¥ €
FPVO[u] for all k > 0 with F¢ = *1¢o mod t*! and °p = 4 solving

(MC2) (0 +ul) (o) + %[kgo,kgo] + *1+u*y) =0.

Furthermore, the solution can be given so that, setting *¢ := (*¢ mod u) with
ko = Zj Fo; and F¢; € FPV it holds *¢og = 0 and thus *¢, € *PV1! solves
(ICT).

Proof. The first assertion becomes [25, Theorem 5.5] after checking that we have the
ingredients for its proof available. The proof goes by induction over k£ and uses (i)
the surjectivity in Theorem for £ = 0, (ii) the surjectivity in Equation ((13.1])
for all k£ and (iii) Theorem in each step to get rid of negative powers of u in *¢.
The second statement is [25, Lemma 5.11]. O

13.3. From a Formal Deformation to an Analytic Deformation. Let & be
the completion of an analytic variety S in a non-zerodivisor ¢ € I'(S, Og). Let S be
the closed analytic subvariety defined by t*. If X — S is flat, we denote by X; — S
the base change to S, similarly for a flat map X — &.

Theorem 13.5 ([21], Theorem B.1). Given a proper and flat formal analytic mor-
phism ¢ : X — &, for every k > 0 there is a proper flat analytic morphism
w X — § together with an Sy-isomorphism X, — X of the base changes of
© and ¢ to Sk.
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Theorem 13.6 ([36], Theorem 5.5(1)). In the situation of Theorem given
s € So and X, = ¢~ 1(s), there exists an integer K > 0 such that whenever ¢ : X —
S is obtained for k > K then every point x € X, has a neighborhood in X whose
t-completion is formally isomorphic to a neighborhood of x in X, in particular if X
18 a smoothing of a fiber X for t # 0 then so is X.

Theorem 13.7 ([36], Theorem 5.5 (3)). In the situation of Theorem[13.6], for X, the
base change to Sy, the maps of pairs (X, Xo) — (S,50) and (X, %) — (S, .S)) turn @
and @ into log morphisms via the divisorial log structures. There is an isomorphism
of the log fibers over s € S whose underlying morphism is restriction to the fiber X
of the Sy-isomorphism X — Xy.
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