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Abstract

The general principles of quantum field theory, such as unitarity of the S-matrix, crossing sym-
metry and causality (dispersion relations), allow for construction of the full forward Compton
scattering (CS) amplitude off protons based on experimental hadronic photoproduction cross
sections. This amplitude is an essential test for the low-energy effective field theories, and its
low-energy behaviour provides model-independent constraints on the extraction of the electro-
magnetic polarizabilities of the proton via sum rules. A numerical evaluation of the forward
CS amplitude off the proton together with the corresponding observables and sum rules is
provided.

Furthermore, the direct assessment of the forward CS amplitude is examined by utilizing
the di-lepton photoproduction off protons. It is described how the real part of the unpolarized
forward CS amplitude can be accessed at a regime with sufficiently low momentum transfer
and outgoing photon virtuality, through the measurement of the forward-backward asymmetry
of the outgoing lepton pair interchange in the di-lepton photoproduction process. Estimates of
this asymmetry for various kinematics setups at Jefferson Lab and at a planned Electron-Ion
Collider are provided. Such measurements may help discriminate between the existing state-
of-the-art fits of the total photoabsorption data, ultimately improving our understanding of the
high-energy behavior of the hadronic total cross sections, required for the planning of future
high-energy colliders, as well as for interpreting cosmic ray experiments.

A similar approach to access the J/ψ – proton and Υ – proton forward scattering amplitudes
is applied. An analysis of these amplitudes is performed, by relating their imaginary parts to
the corresponding photoproduction cross section data. By calculating the s-wave scattering
length for these quarkonia from the real parts of the amplitudes, the possibility of bound states
in nuclear systems is investigated. It is shown for the J/ψ case that the forward-backward
asymmetry of the di-lepton photoproduction at Jefferson Lab can be a very sensitive observable
for a refined extraction of the scattering length. For the Υ state, the experimental feasibility
at a planned Electron-Ion Collider is examined and a clear potential to extract the scattering
length from precision photoproduction measurements is concluded.

The application of dispersion relations is extended also to the case of hadronic light-by-
light scattering, which is currently one of the two dominant uncertainties in the interpretation
of the 3 – 4 σ discrepancy between experiment and the Standard Model prediction of the
muon’s anomalous magnetic moment aµ. A model-independent treatment of the forward
light-by-light amplitudes is considered by comparing a direct calculation of the real part of
this amplitude through lattice quantum chromodynamics with a sum rule evaluation based on
the phenomenological input of the γ∗γ∗-fusion cross sections.





Zusammenfassung

Die allgemeinen Prinzipien der Quantenfeldtheorie, wie die Unitarität der S-Matrix, Kreuzsym-
metrie und Kausalität (Dispersionsrelationen), ermöglichen die Konstruktion der vollständigen,
vorwärts-gerichteteten Compton-Streuamplitude (CS) am Proton, basierend auf experimen-
tellen hadronischen Querschnitten der Photoproduktion. Diese Amplitude dient als wesent-
licher Test für effektive Niedrigenergie-Feldtheorien, und ihr Verhalten bei kleinen Energien
liefert modellunabhängige Einschränkungen für die Extraktion der elektromagnetischen Pola-
risierbarkeiten des Protons mittels Summenregeln. Eine numerische Auswertung der vorwärts
gerichteten CS-Amplitude am Proton, zusammen mit den entsprechenden Observablen und
Summenregeln wird bereitgestellt.

Außerdem wird die direkte Bewertung der vorwärts gerichtete CS-Amplitude unter Ver-
wendung der Dilepton-Photoproduktion am Proton untersucht. Es wird beschrieben, wie der
Realteil der unpolarisierten, vorwärts gerichteten CS-Amplitude in einem Regime mit ausrei-
chend geringem Impulsübertrag und endlicher, ausgehender Photonenvirtualität experimen-
tell durch die Vorwärts-Rückwärts-Asymmetrie des ausgehenden Lepton-Paars im Dilepton-
Photoproduktionsprozess gemessen werden kann. Abschätzungen dieser Asymmetrie für ver-
schiedene Kinematiken im Jefferson Lab sowie dem geplanten Elektronen-Ionen-Beschleuniger
werden geliefert. Solche Messungen können dazu beitragen, zwischen den vorhandenen, auf dem
neuesten Stand der Technik basierenden Anpassungen der gesamten Photoabsorptionsdaten
zu unterscheiden und letztendlich unser Verständnis des Hochenergieverhaltens der hadroni-
schen Gesamtquerschnitte zu verbessern, das beispielsweise sowohl für die Planung zukünftiger
Hochenergie-Beschleuniger erforderlich ist, als auch zur Interpretation von Experimenten mit
kosmischen Strahlen.

Ein ähnliches Verfahren wird verwendet, um die vorwärts gerichteten Streuamplituden von
J/ψ – Proton und Υ – Proton zu bestimmen. Eine Analyse dieser Amplituden wird durch-
geführt, indem ihre Imaginärteile mit den entsprechenden Querschnittsdaten der Photopro-
duktion in Beziehung gesetzt werden. Durch Berechnung der Streulänge der S-Wellen für diese
Quarkonia aus den Realteilen der Amplituden, wird die Möglichkeit gebundener Zustände
in Kernsystemen untersucht. Es wird für den Fall J/ψ gezeigt, dass die Vorwärts-Rückwärts-
Asymmetrie der Dilepton-Photoproduktion im Jefferson Lab eine sehr empfindliche Observable
für eine verfeinerte Extraktion der Streulänge sein kann. Für den Zustand Υ wird die expe-
rimentelle Machbarkeit eines geplanten Elektronen-Ionen-Kolliders untersucht und ein klares
Potenzial zur Extraktion der Streulänge aus präzisen Photoproduktionsmessungen geschlossen.

Die Anwendung von Dispersionsrelationen wird auch auf den Fall der hadronischen Halpern-
Streuung ausgedehnt, die derzeit eine der beiden vorherrschenden Unsicherheiten bei der In-
terpretation der 3 – 4 σ Diskrepanz zwischen Experiment und der Vorhersage des Standard-
moduls zum anomalen magnetischen Moment des Myons aµ darstellt. Eine modellunabhängige
Behandlung der vorwärts gerichteten Halpern-Amplituden wird durch Vergleich einer direk-
ten Berechnung des Realteils dieser Amplitude durch Gitterquantenchromodynamik mit einer
Summenregelauswertung in Betracht gezogen, die auf experimentellen Daten des Wirkungs-
querschnitts von γ∗γ∗-Fusion basiert.
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Chapter 1

Introduction

1.1 Dispersion relations

The very general, yet essential physical principle, built into the quantum field theory (QFT),
is causality, which in the mathematical language of the scattering matrix (or the S-matrix)
is translated into its analyticity (holomorphicity) in the energy variables. Combined with the
unitarity as the total probability conservation law consequence, and the crossing symmetry,
this gives rise to the celebrated dispersion relations1 (DRs). This remarkably elegant scientific
concept is one distinguished example of an independent emergence of a similar idea in different
fields of physics, the historical origins of which date back to at least as far as almost one and
a half century ago.

The initial concept of DR naturally comes from optics, where the wave view on light phe-
nomena was dominating scientific thinking in the middle of the 19th century [11]. The phe-
nomenon of dispersion of light manifests itself in the functional relation between the energy (or
frequency) and the wavenumber of a light wave propagating in a medium, or, equivalently, in
the frequency/wavenumber dependence of the index of refraction. In the case when the phase
velocity depends on the frequency, a non-monochromatic wave packet is, thus, geometrically
dispersed. The idea of a relation between the absorption of light in the medium and the re-
fractive index eventually led to the first statement of the optical theorem (OT) (see Ref. [12]
for a historical review). The optical index of refraction can be extended to the complex values
by conveniently incorporating the extinction coefficient κ in its absorptive (imaginary) part:

n = nrefr. + iκ. (1.1)

The influence of the absorption coefficient on the dispersion of light was first discussed by
Sellmeier [13] and independently by Lord Rayleigh [14] in 1871. In the context of his famous
works on the colour and polarization of the sky, Rayleigh expressed the (complex) index of
refraction in terms of the forward amplitude f(θ = 0) for light scattered off the molecules
(nitrogen and oxygen) in the lower atmosphere:

n = 1 + 2πN
k2 f(θ = 0), (1.2)

where N is the number density of scatterers and k is the wavenumber. Rayleigh further
observed the connection between the absorptive part of n and what is now known as the total
cross section, which results into the modern statement of the OT, first explicitly given by Mie
in 1908 [15] for the scattering of light off the homogeneously spherical particles:

σtot = 4π
k

Im f(θ = 0). (1.3)

1While often used as the synonym to the Hilbert transform between the real and imaginary parts of a physical
amplitude (or a response function) on its own, here we specifically refer to “dispersion relation” as the former
in a combination with the optical theorem, thus incorporating the total absorptive cross section inside the
integral for the real part of the forward scattering amplitude.

1



Chapter 1 Introduction

In the later famous papers by Kronig [16] and Kramers [17] in 1926/27, the idea of causal
propagation of light was used to derive the Hilbert-transform relation for the refractive index
as a function of frequency. Together with the expression in terms of the forward scattering
amplitude (1.2) and the OT (1.3), this leads to the dispersion relation for Re f(ω, θ = 0):

Re f(ω, θ = 0) = 1
2π2

 ∞
0

ω′2σtot(ω′)
ω′2 − ω2 dω′, (1.4)

where the slash denotes the Cauchy’s principal value integral. Similarly, the imaginary part of
the forward amplitude can be expressed in terms of the integral over its real part. In the context
of the index of refraction, causality (i.e., forbiddance for a signal transmittance over a spacelike
space-time interval) thus directly implies the possibility to obtain the dispersion of light (i.e.,
the functional dependence nrefr.(ω)) based on its absorption, and vice versa. Equivalently,
DR mutually binds the forward scattering amplitude with the total absorptive cross section.
Moreover, without application of the OT, the constraint between the real and imaginary parts
of an amplitude can as well be imposed for the non-forward scattering cases. The Kramers-
Kronig relations, as inferred straight from the requirement of strict causality which leads
to analyticity of a response function, were later rigorously formulated for the general linear
physical system2 with the time-independent interaction law by Toll in 1956 [18]. By that time,
the DRs were well-known and enjoyed applications in various fields, from particle scattering
to electrical network theory (where a suitable response function corresponds to impedance).

Within the quantum theory, the statement of the OT appeared first in the Feenberg’s PhD
thesis and his paper [19], while not initially recognized by others as particularly interesting [12].
When the S-matrix was invented by Wheeler in 1937 [20], it was shown by him to be unitary:

SS† = 1̂. (1.5)

In 1943 Heisenberg independently reinvented the S-matrix [21], proved its unitarity and for
the first time derived from it the generalized optical theorem:

Im f(k̂′, k̂) = k

4π

ˆ
dk̂′′f(k̂′, k̂′′) f∗(k̂′′, k̂), (1.6)

where k̂ (k̂′) is the incoming (outgoing) particle unit momentum vector, the integration goes
over all directions, and the interaction is assumed time-invariant. While one obvious technical
application of the forward version of OT (1.3) is to calculate total cross sections, which was
its common use case among theorists by the middle of 1950s [12], an important employment
of the general theorem (1.6) was initiated in Ref. [22] and allows for the reconstruction of the
scattering phase based on a given differential cross section. The application of the forward OT
(1.3) in Eq. (1.4), though only limiting to the special case, raises the Kramers-Kronig relation
to a significantly greater level of importance by inclusion of the direct experimental content,
which by now is often very well measured.

DRs became one of the integral and defining principles of the S-matrix theory emerging by
1950s, which was conceptually built on the sole basis of relativity, unitarity and analyticity.
After the theory was established and advocated as the first-principle approach by Heisenberg, it
enjoyed a growing interest among particle physicists initially as a promising tool to describe the
strong interaction, and eventually led to the birth of string theory. With the rise of quantum
chromodynamics (QCD) in 1970s, the S-matrix theory was largely superseded. Nevertheless, it
produced some notable achievements, and one of its long-lasting legacies is the Regge theory.
Results of the latter remain relevant for hadron physics until today, as it is essentially the

2i.e., a system where the “output” function is a linear functional of the “input” function.

2



1.1 Dispersion relations

Figure 1.1: Branch cuts of an amplitude and the contour of integration for the derivation
of QFT DRs. Due to causality, the amplitude is analytic on the physical sheet
everywhere inside the contour.

only available non-perturbative tool for a phenomenological description of particle scattering
at very high energies. So although with the advent of QFT the general principles of the S-
matrix are automatically incorporated into it, in practice it is often not possible to perform a
first-principle calculation of scattering processes in the non-perturbative region.

When carrying out a dispersive treatment of a scattering process in QFT, the initial re-
quirement is to separate the dynamical amplitudes — the set of scalar functions corresponding
to the given process, which are free from kinematical singularities and constraints. The ana-
lytic structure of the S-matrix is additionally guided by its crossing symmetry, which dictates
the proper analytical continuation of the amplitudes as functions of the appropriate energy
variable to the full complex manifold. One can construct the convenient linear combinations
of the dynamical amplitudes (which we further will simply refer to as “amplitudes”), which
are even or odd functions of the crossing-symmetric variable ν. Such an amplitude f(ν) will
have symmetrical branch cuts on the real axis, starting with the branch points ν0 and −ν0
corresponding to the threshold of inelastic scattering, and extending to ±∞, as shown on
Fig. 1.1. With the additional assumption on a slow enough growth of f(ν) at infinities3, the
corresponding DR reads:

f(ν) = 2
π

ˆ ∞
ν0

dν ′
ν(′)

ν ′2 − ν2 − iε
Im f(ν ′), (1.7)

where the limit ε → 0+ is implied, and where ν(′) stands for ν in case f(ν) is odd, and for ν ′
in case f(ν) is even. For the forward scattering this is then complemented by the OT:

Im f(ν, θ = 0) = ν

4π σtot(ν), (1.8)

where σtot stands for the appropriate combination of the helicity cross sections, corresponding
to the helicity amplitudes, and where the factor ν corresponds to the special case of a zero-mass
particle scattering (e.g. a real photon). Note that the exact overall factor in the equality (1.8)
depends on the convention for the dynamical amplitude in relation to the Feynman amplitude,
which differs for different chapters of this thesis. As mentioned further in Section 1.6, definition
of ν varies from chapter to chapter too.

3 such that the dispersion integral is convergent, i.e., the integrals over infinitely large semi-circles on Fig. 1.1
vanish; if this is not the case, one may consider writing the DR for (f(ν) − f(0))/νi instead, with the
appropriate power i, assuming that a new pole is not introduced. The need for such subtraction may very
well be inferred from the high energy Regge rise rate behaviour of the total cross section.

3



Chapter 1 Introduction

In the present thesis we will be utilizing Eq. (1.7) together with the OT (1.8) for the forward
Compton scattering (CS) off the proton, forward scattering of a quarkonia off the proton, and
the forward hadronic light-by-light scattering (HLbL).

1.2 Compton scattering

Dispersion relations in QFT as a consequence of strict causality were derived, among others,
by Gell-Mann, Goldberger and Thirring in their papers in 1954-55 [23, 24], where they have
also obtained for the first time the exact expression for the two forward amplitudes of CS off
nucleons in terms of integrals of the corresponding photoabsorption cross sections (see Refs.
[25–27] for reviews).

In practice, the consistently written relation (1.7) often requires subtraction, which can
conveniently be chosen at ν = 0. This is the case for the forward Compton scattering off a
charged particle, and this subtraction is well-known exactly, thanks to the low-energy theorem
proven first for the spin- 1

2 target by Thirring in 1950 [28], who explicitly showed that in the
zero-energy limit the CS amplitude reproduces the Thomson term precisely. The result was
extended by Low [29] and by Gell-Mann and Goldberger in 1954 [30] to the expansion up to
first order in photon energy which appends the anomalous magnetic moment of the particle
and implies no assumption on its internal structure4. The theorem was later derived for an
arbitrary-spin target by Saito [32].

In the present thesis, we consider the Compton scattering off protons, for which the further
low-energy expansion combined with the DR produces a number of useful sum rules, most
notably those of Gerasimov, Drell and Hearn (GDH) [33, 34] at the linear order, and of Baldin
[35] at the next order. These sum rules relate the integrals over the absorptive cross sections to
the experimentally measurable electromagnetic structure quantities, such as the electric and
magnetic polarizabilities. The computation of the sum rules up to the fifth order is performed
in Chapter 2.

pp

l l

γ∗ γ∗

γ

γ∗

l

l̄

pp

Figure 1.2: Left: double virtual CS off proton as part of the two-photon exchange diagram.
Right: Di-lepton photoproduction off proton through TCS.

The forward CS serves as a basis for model calculations where a virtual CS process is
involved, such as the double virtual or the near-forward single-virtual timelike CS (TCS).
The former is specifically relevant for a precision extraction of the proton radius from atomic
spectroscopy (see, for example, Ref. [36]), where the two-photon exchange correction (Fig. 1.2,
left) to the muonic hydrogen Lamb shift remains the largest theoretical uncertainty. The TCS
(Fig. 1.2, right) is involved in the process of di-lepton photoproduction, which is one of the
main mechanisms responsible for depletion of cosmic-ray energy via scattering off the cosmic
microwave background. While in that case it is dominated by the Bethe-Heitler process [37],

4 The proofs of Low and Gell-Mann and Goldberger are made with the assumptions of C, P and T-invariance,
while the generalized theorem without these assumptions was derived by Almond [31].
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1.3 Quarkonium – nucleon interaction

the TCS outweighs for a certain kinematics. A recent proposal to measure the ratio between
photoproduction of the electron-positron and the muon-antimuon pairs on the proton was made
by Pauk and Vanderhaeghen [38], with the aim to test lepton universality, which is again of
interest in a precision extraction of the proton charge radius. While in the latter study the
full differential cross sections are considered and the kinematics was chosen specifically for the
TCS part to be a negligible background, in Chapter 3 of the present thesis we will explore a
task to measure the interference between the BH and TCS.

The extension of DRs to the non-forward real CS was in development since 1960s, but
only recently became practical thanks to the newly conducted high-precision experiments.
There were multiple recent advances in the extraction of the static and dynamical nucleon
polarizabilities with the help of various approaches with the non-forward DRs (e.g. see Refs. [25,
39, 40]). Moreover, an access through DRs for the virtual (incident photon) CS to the so called
generalized polarizabilities (GPs) [41, 42], which map out the spatial distribution at the quark
level of the polarizability of a hadron, was developed more recently and successfully applied
for the extraction of scalar GPs of the proton [43, 44].

1.3 Quarkonium – nucleon interaction

NN

Q

Q̄

g g

Figure 1.3: Two-gluon exchange interaction between a quarkonium QQ̄ and a nucleon N .

The interaction between heavy quarkonia, such as J/ψ and Υ, and light hadrons or nuclei
provides a unique setup to study the gluonic van der Waals interaction in Quantum Chro-
modynamics (QCD). Being a small sized system, the heavy quarkonium QQ̄ can be treated
as a color dipole, and the effective two-gluon exchange interaction between the quarkonium
and the light hadron or nucleus (see Fig. 1.3) may be estimated from the knowledge of its
chromo-electric polarizability, see Refs. [45–47] for reviews and references therein.

If this effective interaction is strong enough, a bound state between the QQ̄ state and the
light hadron or nucleus may be formed [48–50]. Early calculations for the chromo-electric
polarizability, treating the heavy quarkonium as a Coulombic bound state [51, 52], yielded
estimates for the quarkonium binding energy in nuclear matter BJ/ψ ∼ 10 MeV for J/ψ, and
BΥ ∼ 2 − 4 MeV for Υ [50]. Many follow-up calculations have explored the possibility of
quarkonium nuclear bound states within different theoretical frameworks [53–59].

DRs provide one such framework by describing the forward scattering of a heavy quarkonium
off a proton or nuclear target in terms of the QQ̄N → X total cross section, and thus infer
from this its scattering length, which in turn determines the binding energy in nuclear matter.
While quarkonium – nucleon scattering cross sections are not available from direct experiments,
it is reasonable to employ the vector meson dominance model [60] to relate these to the
corresponding photoproduction cross sections. We will utilize this approach for the J/ψ and
Υ scatterings off a proton in Chapter 4.
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Chapter 1 Introduction

Figure 1.4: Figure from Ref. [64]: The current theory/experiment discrepancy for aµ. The
yellow band represents the estimated theoretical uncertainty, while the wider blue
band stands for uncertainty of the BNL measurement [65]. The narrower blue
band is the projected uncertainty for the ongoing experiment at Fermilab [66].
The recent KNT18 analysis is from Ref. [64].

1.4 Hadronic light-by-light contribution to g − 2

The non-vanishing probability of two photons scattering off each other is a striking predic-
tion of quantum electrodynamics (QED) [61, 62]. The smallness of the cross section has so
far prohibited a direct experimental observation, although evidence for the phenomenon has
recently been found by the ATLAS experiment in relativistic heavy-ion collisions [63]. Equally
interesting is the scattering of spacelike virtual photons, γ∗γ∗ → γ∗γ∗. While the contributions
of virtual leptons are calculable in QED perturbatively, the hadronic contributions require a
non-perturbative approach.

Figure 1.5: Leading-order contributions from the hadronic vacuum polarization (left) and the
hadronic light-by-light scattering (right) to aµ. The blobs incorporate the hadronic
interaction part.

One very timely application of hadronic light-by-light (HLbL) scattering is the anomalous
magnetic moment of the muon, aµ = 1

2(g − 2)µ. The current discrepancy between the direct
measurement of aµ and the Standard Model prediction amounts to about 3.7 standard devia-
tions [64, 67]. While the current theory and experimental errors are comparable in size, two
new (g − 2)µ experiments [68, 69] in preparation at J-PARC and ongoing at Fermilab aim
at reducing the experimental error by a factor of four (see narrower blue band on Fig. 1.4).
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1.5 Thesis outline

The largest sources of theory error are contributions from the hadronic vacuum polarization
and from HLbL scattering (Fig. 1.5, left and right, respectively). The latter is expected to
dominate in the future in view of the dedicated measurements at e+e− colliders ever better
constraining the former. Although an active area of research, the experimental data needed
for the recently proposed data-driven dispersive approaches to HLBL [70–74] are harder to
obtain, and lattice QCD calculations are in particularly high demand.

At the same time, lattice calculations necessarily contain systematical simplifications and
restrictions, including the challenge to perform simulation at the physical quark masses, which
ultimately heavily limits its power of the first-principle approach, sometimes making it difficult
to verify the particular yields. A cross-check with an independent model approach is thus often
desired. When the photons are real or spacelike, DRs can be used to express the forward γ∗γ∗
scattering amplitudes in terms of experimentally more accessible γ∗γ∗-fusion cross sections [75–
78]. The hadronic contributions to the γ∗γ∗ → γ∗γ∗ amplitudes can be computed on the
lattice [1] and compared to the DR model.

1.5 Thesis outline

This thesis is heavily based on the content of seven co-authored papers, five of which are
published (Refs. [1–5]), one has been submitted for a publication (Ref. [6]), and one more is
currently in preparation for the submission.

Namely, Chapter 2 is compiled based on Refs. [2] and [3]. Chapter 3 is based on the paper
in preparation. Chapter 4 incorporates the content of the published paper [4] and the recently
submitted paper [6]. The relevant part of Ref. [5] is composed into Chapter 5. Most of the
figures and tables presented in the thesis are taken from the listed published (and submitted)
co-authored material, as indicated in the corresponding captions.

The subsequent Chapters are thus organized as follows. We start by considering the process
of the forward CS off protons in Chapter 2. After introducing the motivation for the calculation
performed further, we briefly establish its theoretical basis and evaluate the full forward CS
amplitude by substituting the empirical total photoabsorption cross sections into dispersive
sum rules. We then turn our sight onto the TCS, namely as involved in the process of di-lepton
photoproduction off protons, in Chapter 3. After a short introduction and discussion of the
fits to the high energy photoproduction cross section, we explain in detail how to measure the
real part of the forward CS off the proton via the di-lepton photoproduction at a near-forward
kinematics. For the purpose of the feasible experimental estimates, we make use of the spin-
averaged forward CS amplitude, obtained in the previous Chapter. In Chapter 4 we continue
on the TCS topic and first apply the established technique to the di-lepton photoproduction off
protons through the J/ψ resonance. In this case, we shift our attention onto the quarkonium
– proton interaction, and perform an analysis with the aim to extract the binding energy
of the J/ψ in nuclear matter. We furthermore do the same for the Υ – proton case, but we
emphasize the need for the new experimental assessment, and thus make predictions for an EIC
setting. We next turn in Chapter 5 onto a separate, but adjacent topic of the application of a
formalism, which is analogous to the case of forward CS: we build a model of the γ∗γ∗-fusion
cross section comprised of hadronic resonances, and relate it to the forward HLbL amplitudes
through the dispersion relations. This Chapter is dedicated to showing how we connect this
phenomenological model with the lattice QCD calculations of HLbL, with further applications
to the computation of the muon’s anomalous magnetic moment. Finally, the results of the
thesis are summarized in Chapter 6.
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Chapter 1 Introduction

1.6 Notations and physical constants

Throughout the text, we use natural units ~ = c = 1 (α = e2/4π) and the Einstein summation
convention aµb

µ ≡
∑
µ aµb

µ is implied. We use the Minkowski metric tensor

gµν = diag(1,−1,−1,−1),

and the covariant gamma-matrices are defined by the following anticommutation relation:
1
2 {γ

µ, γν} = gµν 1̂.

We denote the commutator of the gamma-matrices as γµν = 1
2 [γµ, γν ].

For the Compton and di-lepton photoproduction off proton processes everywhere we denote
the following four-momenta:

p (p′) – incoming (outgoing) proton four-momentum,

q (q′) – incoming (outgoing) photon (or a virtual meson) four-momentum,

l± – electron/positron four-momentum,

P = 1
2(p+ p′) – proton symmetrized four-momentum,

K = 1
2(q + q′) – photon symmetrized four-momentum.

We also normally refer to the “four-momentum” while using the term “momentum”.
Two Mandelstam variables are heavily used in the text: the center-of-mass energy squared

s = (p+ q)2 = (p′ + q′)2,

and the four-momentum transfer

t = (q − q′)2 = (p− p′)2,

which is negative in the case of timelike Compton scattering, and thus by “momentum transfer”
we often mean −t. Moreover, by “minimum momentum transfer” tmin we understand its
minimum absolute value.

The mass of the system is denoted by W , while ν initially (Chapters 2 and 3) stands for the
incoming photon energy in the laboratory frame (i.e. the frame of the target proton at rest):

s = W 2 = M2 + 2Mν[cpt.2,3], ν[cpt.2,3] ≡ ELab
γ .

Throughout the text by M we interchangeably denote the proton mass Mp.
Note that some notation, for the sake of clarity of expressions, varies from chapter to chapter,

but is consistent within each one. In general, by ν we denote the crossing variable which is
used throughout the dispersion relation expressions. However, while in Chapters 4 and 5 it is
redefined as [

ν[cpt.4,5] = s− u
4

]
=
[
GeV2

]
, (1.9)

we initially use the divided by proton mass definition in Chapter 2 and Chapter 3:[
ELab
γ ≡ ν[cpt.2,3] = s− u

4M

]
= [GeV] . (1.10)

Here, u is the third Mandelstam variable, which in both cases corresponds to forward scat-
terings, but for different processes: the forward Compton scattering in Chapters 2 and 3, the
forward quarkonium – proton scattering in Chapter 4 and the forward light-by-light scattering
in Chapter 5.
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1.6 Notations and physical constants

Within our calculations we take the following values of the physical constants from CODATA
(2014) and PDG (2014, 2018):

fine structure constant α = e2/4π = 7.2973525664(17)× 10−3 [79];

fm to 1/GeV conversion constant ~c = 0.1973269788(12) fm·GeV [79];

proton mass Mp = 0.9382720813(58) GeV [79];

proton anomalous magnetic moment κ = 1.7928473508(85) [79];

pions masses mπ± = 139.57018(35) MeV, mπ0 = 134.9766(6) MeV [80];

electron mass me = 510.9989461(31) keV [79];

J/ψ meson mass Mψ = 3.096916(11) GeV [80];

J/ψ meson total width Γψ = 92.9± 2.8 [keV] [80];

J/ψ → e+e− decay width Γψ→e+e− = 5.55(14) keV [80];

D mesons masses MD0 = 1.86484(7) GeV MD± = 1.86961(10) GeV [80];

Υ meson mass MΥ = 9.46030(26) GeV [80];

Υ meson total width ΓΥ = 54.02± 1.25 [keV] [80];

Υ→ e+e− decay width ΓΥ→e+e− = 1.34(2) keV [81];

B mesons masses MB0 = 5.27958(17) GeV, MB± = 5.27926(17) GeV [80];

ρ(770) meson mass Mρ ≈ 775.5 MeV;

pion decay constant fπ ≈ 92.4 MeV.

Most numerical values used for the calculations of Chapter 5 are provided in tables therein
(see Table 5.2 and Table 5.4).

9





Chapter 2

Evaluation of the forward Compton scattering (CS) off protons

Given the photoabsorption cross sections, a reliable assessment of some of the static electro-
magnetic properties of the nucleon and nuclei can be provided, as well as of the forward CS
amplitudes in general. For the proton, the first such assessments were performed in the early
1970s [82, 83]. Since then, the knowledge of the photoabsorption cross sections appreciably
improved, and yet for the unpolarized case only the Baldin sum rule has been updated [84–86].
In the present Chapter, we provide a reassessment of both the forward spin-averaged (f) and
spin-dependent (g) amplitudes of proton CS, and evaluate the associated sum rules involving
the dipole, quadrupole and the forward spin polarizabilities of the proton. Having both of the
amplitudes, we reconstruct all observables of the forward CS off the proton.

Dispersion integrals is essentially the only way to gain empirical knowledge of the forward
CS observables: it is impossible to access the forward kinematics in real CS experiments. The
measurement of the forward spin-averaged CS amplitude can be done through the process of
di-lepton photoproduction (γ p→ p e+e−) [87], to which we will come back with a closer look
in the next Chapter 3. The timelike CS involved in the process of di-lepton photoproduction
yields access to the real CS amplitude given the small virtuality of the outgoing photon, or
equivalently, the nearly vanishing invariant mass of the produced pair. The experimental
result [87] compared well with the aforementioned evaluations [82, 83]. Until now, while the
spin-dependent amplitude has been essentially untouched, despite the substantial additions to
the database of total photoabsorption cross sections, the works of Damashek and Gilman (DG)
[82] as well as Armstrong et al. [83] remained to be the only evaluations of the spin-averaged
amplitude.

The newer data were used, however, in the recent evaluations of the Baldin sum rule [85,
86], which yields the sum of the electric and magnetic dipole polarizabilities, Eq. (2.13). These
recent analyses obtained a somewhat lower value for the sum than DG; cf. Table 2.4. In
this Chapter we find that the difference between the early and the recent evaluations arises
from systematic inconsistencies in the experimental database. We also obtain the sum rule
value for a combination of higher-order quadrupole polarizabilities and compare it with several
theoretical predictions.

The spin-dependent amplitude g has not yet been measured through the di-lepton photopro-
duction and not much is known about it empirically. Until now, only its low-energy expansion
has been studied. The leading-order term yields the Gerasimov–Drell–Hearn (GDH) sum rule
[33, 34], which has recently been verified for the proton by the GDH Collaboration [88–91].
The forward spin polarizability (FSP) sum rules, arising at the next two orders, have been
evaluated by Pasquini et al. [92]. In this Chapter, having evaluated spin-dependent forward
amplitude over a broad energy range, we consider its low-energy expansion and hence reeval-
uate the corresponding sum rules. The results are compared with the previous evaluations in
Table 2.7.

The results for the energy dependence of the amplitude and the observables can be compared
to theoretical calculations. At low energies we shall compare to the calculations based on chiral
perturbation theory (χPT). More specifically, in the lower panels of Figs. 2.7, 2.8, and 2.9,
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Chapter 2 Evaluation of the forward Compton scattering (CS) off protons

our results are compared to the calculations of Lensky et al. [93–95] done in the manifestly
covariant baryon χPT (BχPT). Other state-of-the-art χPT calculations of proton CS, based
on the heavy-baryon expansion (HBχPT) [96, 97], were shown [98] to be in agreement with the
aforementioned BχPT calculation, within the estimated theoretical uncertainties. Therefore,
in the figure, we only plot one of the two, whereas the forward spin polarizabilities can be
compared to either of them in Table 2.7.

An interesting issue arises when studying the elastic contribution to the sum rules in pertur-
bative QED: the low-energy expansion, which goes into the sum rule derivation, is inapplicable.
It is nonetheless possible to write down the elastic sum rules for both the spin-averaged and
the spin-dependent cases as covered in Appendix 2.B and 2.C.

The present Chapter is based on the co-authored works of Ref. [2, 3], and is organized
as follows. We begin with a brief theoretical framework of the dispersion relations for the
forward Compton scattering in Section 2.1. In Section 2.2 we describe our fitting procedure
for the total unpolarized photoabsorption cross section. We then continue with evaluation of
the sum rules in Section 2.3 and the amplitude in Section 2.4. We finally discuss our results
for the observables in Section 2.5 and present conclusions in Section 2.6. Apart from the
aforementioned consideration of the elastic sum rules cases, Appendix includes an expression
for the gauge-invariant Lorentz structure of the forward CS amplitude (2.A). Additionally, our
uncertainty estimation procedure is described in details in Appendix 2.D.

2.1 Forward CS amplitude and sum rules

The Lorentz structure of the forward CS amplitude for a spin-1/2 target, such as the nucleon,
can be decomposed into two terms, 1

TµνfCS(p, q) = − [gµνf(ν) + γµνg(ν)] , (2.1)

where gµν = diag(1,−1,−1,−1) is the metric tensor and γµν = 1
2 [γµ, γν ] is the antisym-

metrized product of Dirac matrices. The amplitudes f and g are complex functions of the
variable ν = p · q/M , with p and q being the target and photon 4-momentum; p2 = M2,
q2 = 0. The corresponding helicity amplitudes are found as

T fCS
λ′σ′λσ = χ†σ′ {f(ν) ε∗λ′ · ελ + g(ν) i (ε∗λ′× ελ) · σ}χσ, (2.2)

where σ is the nucleon spin matrix, λ(λ′) is the incoming (outgoing) photon helicity, σ(σ′)
is the incoming (outgoing) nucleon helicity, ε are the photon polarization three-vectors, and
the Pauli spinors χ denote the target polarization. In terms of the total helicity Λ = λ − σ,
the amplitude is diagonal: TΛ′Λ = δΛ′Λ TΛ. Hence, there are only two independent helicity
amplitudes: T±3/2 = (f − g) and T±1/2 = (f + g). The optical theorem (unitarity) relates the
imaginary part of these amplitudes to the corresponding photoabsorption cross sections,

Im TΛ(ν) = ν

4π σΛ(ν), (2.3)

with Λ = 1/2, 3/2. Rewriting these relations for f and g, one obtains the usual,

Im f(ν) = ν

8π
[
σ1/2(ν) + σ3/2(ν)

]
≡ ν

4π σ(ν), (2.4a)

Im g(ν) = ν

8π
[
σ1/2(ν)− σ3/2(ν)

]
≡ − ν

8π ∆σ(ν), (2.4b)

1The tensors can in principle be written in an explicitly current-conserving form (i.e., such that qµTµν = 0, see
Eq. (2.28) in Appendix 2.A); however, additional terms vanish when contracted with the photon polarization
vector εµ, because of q · ε = 0.
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2.1 Forward CS amplitude and sum rules

where by σ and ∆σ we denote, respectively, the unpolarized and the helicity-difference cross
sections of total photoabsorption.

Furthermore, the analytic and crossing properties of the amplitudes f and g, in conjunction
with Eq. (2.4), allow one to write the following dispersion relations,

Re f(ν) = − Z
2α

M
+ ν2

2π2

 ∞
0

dν ′ σ(ν ′)
ν ′ 2 − ν2 , (2.5a)

Re g(ν) = − ν

4π2

 ∞
0

dν ′ ν
′∆σ(ν ′)
ν ′ 2 − ν2 , (2.5b)

where M is the nucleon mass and Z = 1 or 0 for the proton or neutron, respectively; the slashed
integral denotes the principal-value integration. The crossing symmetry implies that the spin-
averaged amplitude f is an even and the spin-dependent amplitude g is an odd function of
ν.

We next would like to consider the low-energy expansion of f . At this point, it is important
to note that the elastic scattering, i.e., the CS process itself, is one of the photoabsorption
processes. The total CS cross section does not vanish for ν → 0 but goes to a constant — the
Thomson cross section:

σ(0) = 8πα2

3M2
p

. (2.6)

This means Eq. (2.5b) does not admit a Taylor-series expansion around ν = 0 (each coefficient
in that expansion is infrared divergent; cf. the Appendix 2.B). Such expansion is, nonetheless,
important for establishing the polarizability sum rules. We, hence, prefer to take the CS out
of the total cross section, i.e.,

σ(ν) = σCS(ν) + σabs(ν), (2.7)

where σabs can be assumed to be dominated by hadron-production processes, for which there
is a threshold at some ν0 > mπ.

We can neglect the processes of CS, as well as the multi-photon production, in the total
cross sections, since these are of course suppressed by at least one order of α with respect
to hadron-production processes, such as the pion photoproduction (more details on leading
radiative corrections can be found in the Appendix 2.B and 2.C).

The cross sections which exclude electromagnetic radiation will be denoted by σabs and
are assumed to begin with the lowest hadron-production threshold. We thus deal with the
following relation for the forward CS amplitudes:

Re f(ν) = − α

Mp
+ ν2

2π2

 ∞
ν0

dν ′ σabs(ν ′)
ν ′ 2 − ν2 , (2.8)

Re g(ν) = − ν

4π2

 ∞
ν0

dν ′ ν
′∆σabs(ν ′)
ν ′ 2 − ν2 , (2.9)

where ν0 is the pion photoproduction threshold.
The low-energy expansion of both sides of Eq. (2.8) and Eq. (2.9) lead to the sum rules for

polarizabilities. At the first order [O(ν)], the expansion of Eq. (2.9) yields the GDH sum rule:

IGDH ≡
ˆ ∞
ν0

dν ∆σabs(ν)
ν

= 2π2α

M2 κ2, (2.10)

where κ is the anomalous magnetic moment of the nucleon. Substituting the proton mass Mp

and the anomalous magnetic moment κp into the right-hand side, we obtain the GDH sum
rule prediction quoted in the last row of Table 2.7.
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By expanding Eq. (2.9) further, at the next odd orders in ν [O(ν3)] and [O(ν5)], one finds
the FSP sum rules:

γ0 = − 1
4π2

ˆ ∞
ν0

dν ∆σabs(ν)
ν3 , (2.11)

γ̄0 = − 1
4π2

ˆ ∞
ν0

dν ∆σabs(ν)
ν5 . (2.12)

At the second order [O(ν2)], expansion of Eq. (2.8) produces the the Baldin sum rule [35]
for the sum of electric (αE1) and magnetic (βM1) dipole polarizabilities:

αE1 + βM1 = 1
2π2

ˆ ∞
ν0

dν σabs(ν)
ν2 . (2.13)

At O(ν4), one obtains ‘the 4th-order sum rule’:

αEν + βMν + 1
12 (αE2 + βM2) = 1

2π2

ˆ ∞
ν0

dν σabs(ν)
ν4 ,

(2.14)

which involves the quadrupole polarizabilities αE2, βM2, as well as the leading dispersive
contribution to the dipole polarizabilities denoted as αEν , βMν ; see [99] for more details.

In what follows, we assess the total unpolarized and the helicity-difference cross sections,
evaluate the scalar amplitudes f(ν) and g(ν), the corresponding sum rules based on the above
integrals, and the observables.

2.2 Fitting the total photoproduction cross section

In order to evaluate the dispersion integrals based on the experimental photoproduction total
cross section, we have to obtain smooth fits of the available data. The cross section fitting and
the sum rule evaluations are accomplished with the help of the SciPy package for Python. We
used the weighted nonlinear least-squares optimization procedure of SciPy’s wrapper around
minpack’s lmdif and lmder algorithms. The latter implement the modified Levenberg-
Marquardt algorithm [100, 101].

The error estimates of the fits are linearly propagated from the experimental data uncer-
tainties, as described in details in the Appendix 2.D.

2.2.1 Unpolarized cross section
The presently available experimental data, together with the results of the empirical analyses
MAID and SAID, as well as our fits, are displayed in Fig. 2.1. In our fitting, we distinguish
the following three regions:

• low energy, ν ∈ [ν0 , ν1),

• medium energy, ν ∈ [ν1 , 2 GeV),

• high energy, ν ∈ [2 GeV , ∞),

where ν0 (' 0.145 GeV) and ν1 (' 0.309 GeV) are, respectively, the thresholds for the single-
and double-pion photoproduction on the proton.

In the low-energy region, we use the pion-production (π+n and π0p) cross sections from
the MAID [102] and SAID [103] partial-wave analyses. In our error estimate, we assign a 2%
uncertainty on these values.
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2.2 Fitting the total photoproduction cross section

Figure 2.1: Figure from Ref. [2]: Fits of the experimental data for the total photoabsorption
cross section on the proton. Fit I is obtained using MAID [102] results below the
2π production, and data from LEGS [65] and Armstrong et al. [83] above it. Fit II
uses SAID [103] and the data of MacCormick et al. [104]. Both fits use Bartalini
et al. [105] and the high-energy data [106–108] displayed in the inset.

In the medium-energy region, we fit the actual experimental data using a sum of Breit-
Wigner resonances and a background. Following [85], we take six Breit-Wigner resonances,
each parametrized as

σR(W ) = A
Γ2/4

(W −M)2 + Γ2/4 , (2.15)

where W =
√
s is the total energy of the γp system. The background function is of the form

[83]:

σB(W ) =
2∑

k=−2
Ck(W −W0)k, (2.16)

where W0 = Mp +mπ corresponds with the pion photoproduction threshold.
Observing a significant discrepancy between SAID and MAID around the ∆(1232)-resonance

peak and a similar discrepancy between two sets of experimental data, we have made two
different fits:

I. MAID[102] + LEGS [65] + Armstrong et al. [83],

II. SAID [103] + MacCormick et al. [104].

They are shown in Fig. 2.1 by the red solid and blue dashed lines, respectively. The corre-
sponding values of parameters are given in Tables 2.1 and 2.2. In both fits, we have also made
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M [MeV] Γ [MeV] A [µb]
Fit I 1213.6± 0.1 117.6± 1.9 522.7± 17.0

1412.8± 5.9 82.8± 26.8 40.1± 33.8
1496.0± 2.8 136.5± 11.1 161.8± 32.4
1649.4± 4.1 135.3± 15.3 83.2± 22.7
1697.5± 2.6 18.8± 12.6 18.2± 26.0
1894.3± 15.6 302.0± 41.3 31.5± 8.7

Fit II 1214.8± 0.1 99.0± 1.1 502.3± 12.3
1403.9± 6.2 118.2± 19.6 51.8± 23.8
1496.9± 2.1 133.4± 9.4 162.0± 29.2
1648.0± 4.4 135.2± 15.9 83.6± 23.8
1697.2± 2.7 21.2± 13.2 18.7± 25.9
1893.7± 17.4 323.5± 45.3 31.7± 9.1

Table 2.1: Table from Ref. [2]: Fitting parameters for the resonances (2.15) obtained for fits I
and II.

Fit I Fit II
C−2 [µb GeV2] 0.44± 0.22 0.26± 0.17
C−1 [µb GeV] −11.06± 3.69 −7.97± 2.89

C0 [µb] 74.38± 20.16 57.27± 16.09
C1 [µb GeV−1] 22.18± 37.71 54.26± 31.07
C2 [µb GeV−2] 37.69± 21.48 19.51± 18.17

Table 2.2: Table from Ref. [2]: Fitting parameters for the background (2.16) obtained for fits
I and II in the resonance region.

use of the GRAAL 2007 data [105] shown in the figure by light blue squares. These data were
not available at the time of the previous sum rule evaluations.

Finally, for the high-energy region, we use the standard Regge form [109, p. 191]:

σRegge(W ) = c1W
p1 + c2W

p2 . (2.17)

For W in GeV and the cross section in µb, we obtain the following parameters (for both of
our fits):

c1 = 62.0± 8.1, c2 = 126.3± 4.3,
p1 = 0.184± 0.032, p2 = −0.81± 0.12.

We also tried the high-energy parametrization used in [85] but obtained a worse fit and aban-
doned it.

The resulting chi-square evaluated as

χ2 =
∑
i

(
σfit
i − σ

exp
i

)2

(∆σexp
i )2 , (2.18)

is of about the same quality for the two fits. In the intermediate region, we obtain χ2/point =
0.7 for fit I and χ2/point = 0.6 for fit II. In the high-energy region, χ2/point = 1.2 in both
cases.
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2.2 Fitting the total photoproduction cross section

Figure 2.2: Figure from Ref. [3]: Fit of experimental data for the helicity-difference cross
section of total photoproduction on the proton. The solid curve shows our fit.
The other curves, according to the legend, show the Born contribution (single-pion
production on a point-like proton), as well as the results of maid [102] and said
[103] multipole analyses.

2.2.2 Helicity-difference cross section

The fitting procedure is similar to the one applied for the unpolarized photoabsorption cross
section σabs. We divide the integration domain into the same three low-, medium- and high-
energy regions. In the low-energy region, we use the cross sections generated by MAID [102]
(single-pion production only). Again, we assume a 2% uncertainty to the MAID values. In the
medium-energy region, a fit to the data from the MAMI (Mainz) and ELSA (Bonn) experiments
of the GDH and A2 collaborations [88–91] is applied in the form of a sum of six non-relativistic
Breit-Wigner resonances of the form (2.15). The resulting fitted values for the widths (Γ),
masses (M), and couplings (A) are given in Table 2.2.2.

M (MeV) Γ (MeV) A · 1
4 Γ2 (nb·GeV2)

1210.2 119.3 1047.3
1405.0 493.5 −9008.4
1460.8 239.8 1964.0
1585.5 111.7 −226.9
1616.4 360.7 3829.3
1752.5 105.0 −103.4

Table 2.3: Table from Ref. [3]: Fitted resonances parameters entering Eq. (2.15).
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Chapter 2 Evaluation of the forward Compton scattering (CS) off protons

In the high-energy region, a function of the Regge form (2.17)) is used. For W in GeV and
the cross section in µb, we use the following fixed parameters [110]:

c1 = −17.05± 2.85 , c2 = 104.7± 14.5 ,
p1 = −1.16± 0.46 , p2 = −3.32± 0.44 .

The resulting fit of the helicity-difference photoabsorption cross section is shown in Fig. 2.2.
Also shown is the Born contribution for the π+n+π0p photoproduction off a point-like proton
(with the vanishing anomalous magnetic moment), as well as the results of MAID [102] and
SAID [103] multipole analyses.

2.3 Evaluation of the sum rules

Having obtained the fits of the total photoabsorption cross section σabs, we evaluate the inte-
grals in Eqs. (2.13) and (2.14); the results are presented in Table 2.4.

The corresponding full results (sum of the three regions) are given in Table 2.4 and compared
with the results of previous works. In this table, we also give the result for the 6th-order
integral, and for the full amplitude f at ν = 2.2 GeV.

DR

NLO-BχPT

LO-BχPT

LO-HBχPT

Figure 2.3: Figure from Ref. [2]: The 4th-order sum rule constraint for αEν + 1
12αE2 and

βMν + 1
12βM2 combinations of polarizabilities, compared to results from dispersion

relation approaches (DR) [25, 99], baryon chiral perturbation theory (BχPT) [95],
and heavy baryon chiral perturbation theory (HBχPT) [111]. The errors of the
χPT derive from our crude estimate of the next-order corrections.

Tables 2.3 and 2.6 show contributions of each region to the Baldin and the 4th-order sum
rule, respectively. The uncertainty in calculating an integral, for the case of the unpolarized

2´∞
ν0

dν ν−6 σabs(ν)/(2π2)
3Interpolated value.
4Based on the cross section parametrization from [89].
5Integrated from threshold to νmax = 1.663 GeV.
6Integrated from threshold to νmax = 2 GeV.
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2.3 Evaluation of the sum rules

Baldin 4th order 6th order2 Re f(2.2 GeV)
[10−4 fm3] [10−4 fm5] [10−4 fm7] [µb GeV]

Damashek–Gilman [82] 14.2± 0.3 −11.53

Armstrong et al. [83] −10.8
Schröder [84] 14.7± 0.7 6.4

Babusci et al. [85] 13.69± 0.14
A2 Collaboration [86] 13.8± 0.4 −10.54

MAID (π chan.) [102] 11.635

SAID (π chan.) [103] 11.56

Our work [2]
Fit I 14.29± 0.27 6.08± 0.12 4.36± 0.09 −10.35

Fit II 13.85± 0.22 6.01± 0.11 4.42± 0.08 −9.97
Experiment

Alvensleben et al. [87] −12.3± 2.4

Table 2.4: Table from Ref. [2]: Empirical evaluations of sum rules and verification of the
Kramers-Kronig relation for the proton.

total cross section, In =
´

dν ν−nσ(ν), has been evaluated as follows:

∆In =
∑
i

∆νi
νni

χ2
i ∆σexp

i , (2.19)

where χ2
i is the chi-square at the point i; cf. Eq. (2.18).

Our two results for the sum of dipole polarizabilities (or Baldin sum rule) correspond nicely
with the results of previous evaluations, which too can be separated into two groups: the old
[82, 84], with the value slightly above 14 (in units of 10−4 fm3), and the new [85, 86], with the
value slightly below 14. The 1996 DAPHNE@MAMI experiment [104] superseding the 1972
experiment of Armstrong et al. [83] is clearly responsible for this difference. Neglecting the
older data in favor of the newer ones yields the lower value of the Baldin sum rule and vice
versa. While one can take a preference in one of the two fits and the corresponding results, we
prefer to think of their difference as a systematic uncertainty in the present evaluation of the
polarizabilities and of the forward spin-averaged amplitude of the proton.

αE1 + βM1 [10−4 fm3]

Fit
Region low-energy medium-energy high-energy

I 6.12± 0.12 7.53± 0.13 0.64± 0.02
II 6.06± 0.12 7.15± 0.08 0.64± 0.02

Table 2.5: Table from Ref. [2]: Contributions of different regions to the Baldin sum rule for
the two fits in Fig. 2.1.

We present a first study of the sum rule involving the quadrupole polarizabilities, Eq. (2.14),
here referred to as ’the 4th-order sum rule’. Our weighted average value for this sum rule in the
proton case is 6.04(4) × 10−4 fm5. It agrees very nicely with the state-of-the-art calculations
of these polarizabilities based on fixed-t dispersion relations and chiral perturbation theory;
see Fig. 2.3. We note that, while the calculations demonstrate significant differences in the
values of individual higher-order polarizabilities, these differences apparently cancel out from
the forward combination of these polarizabilities which enters the sum rule.
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Chapter 2 Evaluation of the forward Compton scattering (CS) off protons

Figure 2.4: Figure from Ref. [3]: The GDH and FSP integrals as a function of the upper
integration bound. Bands represent estimated errors. Asymptotic values of the
integrals are displayed on the right and marked with colored triangles.

αEν + βMν + 1
12(αE2 + βM2) [10−4 fm5]

Fit
Region low-energy medium-energy high-energy

I 4.50± 0.09 1.58± 0.03 (219± 8)× 10−5

II 4.53± 0.09 1.48± 0.01 (219± 8)× 10−5

Table 2.6: Table from Ref. [2]: Contributions to the 4th-order sum rule for the two fits in
Fig. 2.1.

We proceed to the evaluation of the GDH and FSP sum rules.Our results for the sum rule
integrals are presented in Table 2.4, where they can be compared with some of the previous
empirical evaluations, as well as the recent χPT results.

To estimate the uncertainty of our fits and dispersive integrals, in the case of the helicity-
difference total cross section, we compute the covariance matrix of the fitted parameters. In
the medium-energy region, the covariance matrix is simply obtained based on the experimental
uncertainties of the data points. In the high-energy region, we make use of the uncertainties for
the Regge parameters from Ref. [110], assuming that these four parameters are uncorrelated.
We then apply the standard, linear error propagation to find the uncertainty of the dispersive
integrals. [

∆I
(
{p}

)]2 =
∑
i,j

M
{p}
i,j

∂I

∂pi

(
{p0}

) ∂I

∂pj

(
{p0}

)
,

where M{p}i,j is the covariance matrix, and {p0} is a set of optimal (fitted) values of the param-
eters. More details on the uncertainty estimation can be found in Appendix 2.D.

In the low-energy region, where the cross sections are not fit but obtained from the partial-
wave analyses, we judiciously estimate the systematic error of each of the photoabsorption

7Right-hand side of Eq. (2.10) with CODATA [79] values of proton M and κ.
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2.4 Evaluation of the amplitude

IGDH γ0 γ̄0
(µb) (10−6 fm4) (10−6 fm6)

GDH & A2 [89, 91] ≈ 212 ≈ −86
Helbing [110] 212± 6± 12

Bianchi-Thomas [112] 207± 23
Pasquini et al. [92] 210± 6± 14 −90± 8± 11 60± 7± 7

Our work [3] 204.5± 21.4 −92.9± 10.5 48.4± 8.2
GDH sum rule 204.784481(4)7

BχPT [95] −90± 140 110± 50
HBχPT [97] −260± 190

Table 2.7: Table from Ref. [3]: Empirical evaluations of the GDH and FSP integrals.

Sum Rule
Region low-energy medium-energy high-energy

IGDH (µb) 43.6± 6.0 175.7± 3.7 −14.8± 19.9
γ0 (10−6 fm4) 3.6± 10.3 −96.5± 2.0 (2± 7)× 10−2

γ̄0 (10−6 fm6) 77.1± 8.2 −28.7± 0.6 (2± 36)× 10−5

Table 2.8: Table from Ref. [3]: Contributions to the GDH and FSP integrals by regions.

cross sections to be 2% of the magnitude of the unpolarized cross section, σ(ν). As the result,
the error on ∆σ(ν) is equal to 4% of σ(ν). This error is then linearly propagated to the
dispersion integrals.

Within the calculated uncertainties, our evaluation appears to be consistent with the previ-
ous ones, as well as with the GDH sum rule value quoted in the bottom part of Table 2.7. The
discrepancy in the central value of the GDH integral can be traced back to the fact that our
fit at the ∆-resonance peak happens to lie well below the central value of the data point; see
Fig. 2.2. In particular, the GDH Collaboration [91] obtains (254±5±12) µb in the interval of
available data (i.e., 0.2 < ν < 2.9 GeV), while our fit of the same data yields (246.4± 6.8)µb.

Table 2.3 shows the contributions from each of the three energy regions. One can clearly
see that the high-energy contribution is negligible for the FSPs. A more detailed behavior of
the running sum rule integrals (functions of the cut-off — the upper integration bound) can
be seen in Fig. 2.4. One can see the good convergence properties of all the integrals. It is
interesting to observe the significant cancellations between the contribution below and above
0.2 GeV.

We note that the main contribution to the estimated uncertainty of the GDH integral comes
from the high-energy Regge behavior, which is possibly both due to the fact that parameters
seem to be not well “fixed” and because we have used a simplified covariance matrix estimation
for these parameters. As for the higher-order sum rules, it appears that the main contribution
to the uncertainty comes from our assumption about the systematic uncertainty of the partial-
wave analyses (low-energy region).

2.4 Evaluation of the amplitude

In this Section we discuss results of our evaluation of the dispersion relation integrals for
the spin-averaged and the spin-dependent amplitudes f and g, given by Eqs. (2.8) and (2.9),
respectively. Since we perform the calculation numerically, we have to avoid the straight-
forward integration of the pole divergence at ν = ν ′ when ν ≥ ν0. We do a simple trick of
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Chapter 2 Evaluation of the forward Compton scattering (CS) off protons

“extraction” of the divergence (a(ν) stands for a pole-free function inside the integral):
 ∞
ν0

a(ν ′)
(ν ′2 − ν2)dν

′ =
 ∞
ν0

(a(ν ′)− a(ν))
(ν ′2 − ν2) dν ′ + a(ν)

2ν ln
∣∣∣∣ν ′ − νν ′ + ν

∣∣∣∣ ∣∣∣ν2

ν1
. (2.20)

2.4.1 Spin-averaged amplitude

Figure 2.5: Figure from Ref. [2]: Our evaluation of Re f based on the two fits of the pho-
toabsorption cross section, compared with previous evaluations [82, 83, 86]. The
experimental data point is from Ref. [87].

The real part of f is plotted in Fig. 2.5 over a broad energy range and compared with
previous evaluations and the experimental number from the 1973 DESY experiment at 2.2
GeV. Although none of the evaluations really contradicts the experiment, there is a clear
tendency to a higher central value.

The new di-lepton photoproduction experiments planned at the Mainz Microtron (MAMI)
could, perhaps, provide experimental values in the lower-energy range. Obviously, the regions
of the extrema (e.g., the ∆(1232) region or the interval between 0.6 and 0.7 GeV) are most
interesting as the different evaluations seem to differ there the most. In the region around 0.6
GeV, for example, one of our evaluations (fit I) is nearly identical with Armstrong’s [83], while
the other one (fit II) is aligning with DG [82] and the A2 Collaboration [86]. An appropriately
precise experiment could tell which of the groups is correct, if any. We furthermore discuss
multiple opportunities for the di-lepton photoproduction measurements at Jefferson Lab and
for much higher energies at a planned Electron-Ion Collider in the following Chapter 3.

Figure 2.6 shows both the real and imaginary parts of f at lower energies, where it can be
compared with a calculation done within chiral perturbation theory (χPT) [94]. A rather nice
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2.4 Evaluation of the amplitude

Figure 2.6: Figure from Ref. [2]: Our evaluations of f(ν) compared to the χPT calculation of
Ref. [94].

agreement between theory and empirical evaluations is observed for energies up to about the
pion-production threshold.

For very low energy this comparison can be made more quantitative by looking at the
polarizabilities. While for the Baldin sum rule the situation was extensively discussed in the
literature (cf. [96] for a recent review), the 4th-order sum rule was not studied at all. It can,
however, be very useful in unraveling the higher-order polarizabilities, as illustrated by Fig. 2.3.
This is the plot of a combination of proton magnetic polarizabilities versus electric, where the
various theory predictions are compared with our 4th-order sum rule evaluation. The band
representing the sum rule covers the interval between the two values given in Table 2.4 (rows
‘fit I’ and ‘fit II’). The sum rule clearly provides a model-independent constraint on these
polarizabilities and a rather stringent test for the theoretical approaches.

2.4.2 Spin-dependent amplitude
We next evaluate the entire spin-dependent amplitude g(ν). In order to improve on the
accuracy, we use the subtracted dispersion relation:

Re g(ν) = − ακ2

2M2 ν −
ν3

4π2

 ∞
ν0

dν ′ ∆σabs(ν ′)
(ν ′ 2 − ν2) ν ′ . (2.21)

The only difference with the unsubtracted one, Eq. (2.9), is accuracy. Indeed, the subtraction
replaces the value of the GDH integral (see “Our work” in Table 2.7) by the much more
accurate GDH sum rule value (next row) and leads to the smaller uncertainty.

The remaining integral in Eq. (2.21) converges very fast in the considered energy range. The
resulting amplitude is plotted in Fig. 2.7. The upper panel shows the real and imaginary parts
in the energy range where the data (for the imaginary part) are available.

The lower panel of Fig. 2.7 zooms into the lower energy range where our results can be
compared with next-next-to-leading order χPT calculations of Lensky et al. [95]. One notes
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Figure 2.7: Figure from Ref. [3]: Spin-dependent amplitude g(ν) as obtained from numerical
integration of the fit of data for the helicity-difference photoproduction cross sec-
tion. Dashed and dotted curves in the bottom panel are the BχPT predictions of
Ref. [95]. Bands represent the error estimate.

here that the imaginary parts differ appreciably at energies around 0.25 GeV. Nevertheless,
their integrals (i.e., the real parts) agree perfectly at low ν. This is a “scientific miracle” of
the effective field theory — the low-energy quantities are well described, even though they are
obtained as loop or dispersive integrals which include higher-energy domains where the theory
is inapplicable.

2.5 Results for the observables

Given both amplitudes, f(ν) and g(ν), one can reconstruct the energy dependence of the
forward CS observables. The differential cross section of the forward CS in the laboratory
frame is expressed simply as follows:

dσ
dΩlab

∣∣∣∣
θ=0

= |f |2 + |g|2. (2.22)

The other non-vanishing observables involve the photon and nucleon spin polarization along
the z axis. When only the initial particles are polarized, the corresponding asymmetry is
known as Σ2z and can be defined as

Σ2z =
dσ3/2 − dσ1/2
dσ3/2 + dσ1/2

, (2.23)
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2.5 Results for the observables
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Figure 2.8: Figure from Ref. [3]: Differential cross section of the forward CS off the proton for
the two distinctive fits of the unpolarized photoabsorption cross section, obtained
in Ref. [2]. The solid gray band represents the resulting estimated uncertainty on
the observable. The red dashed curve shows the BχPT calculation of Ref. [95].

where σΛ denotes the doubly polarized CS cross section with Λ being the combined helicity of
the initial state. When the initial photon and the final nucleon are polarized, the asymmetry
is called Σ2z′ . For the forward scattering, all asymmetries involving such pairwise polarization
are equal and in terms of f and g are given as follows:

Σ2z
∣∣
θ=0 = − 2 Re(fg∗)

|f |2 + |g|2 . (2.24)

We list the empirical values of the real part of the forward amplitudes f(ν) and g(ν) for sev-
eral values of ν in Ref. [113]. Below the pion-production threshold (ν < mπ+m2

π/2Mp), where
the amplitudes are real, the observables can simply be obtained by substituting these values
in Eq. (2.22) and (2.24). Above the pion threshold, one obviously needs the photoabsorption
cross sections [cf. Eq. (2.4)], which we include in the Supplemental Material [113].

The resulting unpolarized and helicity-difference CS differential cross sections at zero angle
are shown in Figs. 2.8 and 2.9, respectively. The lower panels show the comparison with χPT
predictions at lower energies. Note the logarithmic scale in the case of the unpolarized cross
section, Fig. 2.8 (lower panel). Incidentally, both f and g amplitudes happen to nearly vanish
at the pion-production threshold, and so do the cross sections.

A remarkable agreement with the χPT calculations at low energies is observed. For the
case of the beam asymmetry, however, the cusp at ν ≈ 151.5 MeV, caused by the second pion
production threshold (namely the π+n channel), appears to be somewhat sharper than the
one obtained within χPT. This is mainly because the neutral and charged pion production
thresholds coincide in the χPT calculation due to unbroken isospin symmetry.

25
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Figure 2.9: Figure from Ref. [3]: Unpolarized differential cross section multiplied with Σ2z-
asymmetry for the forward CS off the proton. The two distinctive fits of the
unpolarized photoabsorption cross section are obtained in Ref. [2]. The solid gray
band represents the resulting estimated uncertainty on the observable. The red
dashed curve shows the BχPT calculation of Ref. [95].

The error estimation for the observables is accomplished with the same basic approach as for
the case of dispersion integrals, described above. We account for the uncertainty contribution
of both f and g.

2.6 Conclusions

We have obtained a first complete model-independent evaluation of the forward Compton
scattering off the proton. Our results are based on dispersive sum rules for which the empirical
total photoabsorption cross sections serve as input. Putting together the fits of the unpolarized
photoabsorption cross section and the helicity-difference cross section obtained here, we have
computed the sum rule integrals as well as the energy dependence of the forward CS amplitudes.

The present database of the unpolarized photoabsorption cross section (σabs) is not entirely
consistent, and so as to reflect that, we obtain two distinct fits to it. The two fits yield slightly
different results for the spin-averaged amplitude f(ν) and, hence, for its low-energy expansion
characterized by the scalar polarizabilities of the proton. The new evaluation of the Baldin
sum rule is performed, which agrees with the previous ones. The quadrupole polarizability
sum rule value is obtained for the first time.

As far as polarizabilities are concerned, only the Baldin sum rule is appreciably affected by
the inconsistency in the photoabsorption database. Nevertheless, the two results (fit I and
II in Table 2.4) are not in conflict with each other, given the overlapping error bars. It is

26



2.6 Conclusions
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Figure 2.10: Figure from Ref. [114]: Unpolarized cross section of proton CS as function of
scattering angle in the lab frame at photon-beam energy 59 MeV (top panel) and
109 MeV (bottom panel). The legend for experimental data points is given in
Table I of ref. [114], and the multipole expansion fits correspond to the various
scenarios described therein. The white triangles on the left mark the values of
the forward differential cross section plotted in Fig. 2.8.

customary to take a statistical average in such cases. Taking a weighted average8 over our two
values for the Baldin sum rule we obtain α

(p)
E1 + β

(p)
M1 = (14.0± 0.2)× 10−4 fm3. The error bar

here does not directly include the aforementioned systematic uncertainty of the cross section
database. However, since the two results are fairly well surmised by the weighted average, the
latter should be less prone to the systematic uncertainty of the database.

The existing database for the helicity-difference photoabsorption cross section (∆σabs) is,
nevertheless, not as comprehensive as for the unpolarized cross section. It consists of only
the MAMI (Mainz) and ELSA (Bonn) experimental data between 0.2 and 2.9 GeV. Yet, it
proved to be sufficient for a reliable evaluation of the spin-dependent amplitude g(ν), and
subsequently the observables, for photon lab energies up to several GeV. The influence of the
experimentally unknown high-energy behavior of the helicity-difference cross section is largely
diminished by using a subtraction in the form of the GDH sum rule, cf. Eq. (2.21). Considering

8For the weighted average, x̄± σ̄, over a set {xi ± σi}, we use [115, p. 120]:

x̄ =
∑

i
xi/σ

2
i∑

j
1/σ2

j

, σ̄ =
(∑

i
(xi − x̄)2/σ2

i∑
j

1/σ2
j

)1/2
.
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Chapter 2 Evaluation of the forward Compton scattering (CS) off protons

the low-energy expansion of the forward spin-dependent amplitude, we have (re)evaluated the
GDH integral and the two first forward spin polarizabilities. These results are in agreement
with the previous evaluations, cf. Table 2.4.

As already mentioned, it is very difficult to access the forward CS experimentally. Most of
the CS data for the proton are in fact obtained at scattering angles of 90 deg and above. On
the other hand, the relation of the forward CS to the photoabsorption data exploited here is
exact, and this sort of evaluation is the next best thing to the real CS data. In some aspects,
it is even better (e.g., accuracy and costs). The main advantage is that we directly access the
amplitudes, rather than observables, and hence one has, for example, simpler (linear, rather
than bi-linear) constraints on the multipole amplitudes. Such multipole analysis of the proton
CS data using our stringent constraints of the forward scattering has already been successfully
performed in a recent work of Ref. [114], see Fig. 2.10.
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Figure 2.11: Figure from Ref. [95]: Σ2z asymmetry as a function of the center-of-mass-frame
angle at different values of Eγ ≡ ν. The black triangles show the results of our
evaluation. The theoretical bands correspond to the full calculation and their
width is determined as explained in the text of ref. [95]. The blue dashed lines
correspond to only the Born + Delta pole graphs included in the calculation
therein.

Figure 2.11 shows our empirical extraction of Σ2z at θ = 0◦ used in Ref. [95]. Similar to the
Fig. 2.10, the BχPT theoretical curves demonstrate a remarkable agreement with the forward
values extracted within our evaluation. As mentioned in Ref. [95], the dashed curve shown
on the Figure 2.11 does not contain the chiral loops, and thus the difference yields the great
importance of the latter in this observable.

Appendices

2.A Compton scattering amplitude decomposition

Let us consider the general case of the Compton scattering off a nucleon (proton in our case).
Here, we denote the incoming (outgoing) photon and nucleon four-momenta by q and p (q′
and p′), with the corresponding spin indices λ and σ (λ′ and σ′).

Then the invariant amplitude of the general CS is given by

MCS = iε∗µ(q′, λ′)N̄(p′, σ′)
[
4π T νµ(q, q′, P )

]
N(p, σ)εν(q, λ), (2.25)
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2.B Sum rules for elastic contribution in scalar QED

where P = 1
2(p+ p′) is the symmetrized nucleon four-momentum, and where ε and N are the

photon polarization vector and the nucleon four-spinor, respectively.
Following definitions given in Ref. [116], the tensor structure of the amplitude is expanded

in terms of a set of amplitudes Ai – scalar functions of kinematic variables:

T νµ(q, q′, P ) =
∑
i

τνµi (q, q′, P )Ai(q2, q′2, q · q′, P ·K), (2.26)

with τνµi (q, q′, P ) being the basis of the gauge-invariant tensors, and the symmetrized photon
momentum given by K = 1

2(q + q′).
One may then deduce expressions for the various special cases, e.g. putting photons on the

mass shell or considering forward angle scattering. By applying the constraints, we arrive
at simplified decompositions (2.26) with reduced numbers of independent scalar amplitudes.
Subsequent application of the physical condition q′ · ε(q′) = q · ε∗(q) = 0 further shrinks these
numbers down to the expected minimal ones, namely:

• virtual CS (q2 = 0):
18 amplitudes in total / 12 physical, 3 scalar kinematic variables (P ·K, t, q′2);

• real CS (q2 = q′2 = 0):
12 in total / 6 physical amplitudes, 2 scalar kinematic variables (P ·K, t);

• double virtual forward CS (q2 = q′2; t = 0):
4 total / 4 physical amplitudes, 2 scalar kinematic variables (p · q, q′2);

• real forward CS (q2 = q′2 = 0; t = 0):
4 amplitudes / 2 physical, one scalar kinematic variable (p · q).

Specifically, for the latter case of the real forward CS, which is considered in current Chapter,
we write down the explicitly gauge-invariant expression with A3(p · q) and A7(p · q) being thus
proportional to the spin-averaged amplitude f(ν) and the spin-dependent amplitude g(ν) in
our notation, respectively:

T νµ =
(
gνµ − pνqµ

p · q
− pµqν

p · q

)
· (p · q)2 A3

+
(
γνµ − pνqα

p · q
γαµ − pµqα

p · q
γνα

)
· 4(p · q)2

M
A7

+
(
qνqα
p · q

γαµ + qµqα
p · q

γνα
)
·
[

4(p · q)2A10 − 2(p · q)A17
]

−
(
qνqµ

p · q

)
·
[

(p · q)A1 + 2 (p · q)2A4
]

; (2.27)

T νµphysical = T νµ|A1,4,10,17=0 =
(
gνµ − pνqµ

p · q
− pµqν

p · q

)
· (p · q)2 A3

+
(
γνµ − pνqα

p · q
γαµ − pµqα

p · q
γνα

)
· 4(p · q)2

M
A7 ; (2.28)

where within our notation p · q ≡Mν, and M ≡Mp for the proton.
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Chapter 2 Evaluation of the forward Compton scattering (CS) off protons

Figure 2.12: Figure from Ref. [2]: Tree-level CS graphs.

Figure 2.13: Figure from Ref. [2]: One-loop graphs contributing to the forward CS. Graphs
obtained from these by crossing of the photon lines are included too.

2.B Sum rules for elastic contribution in scalar QED

This is an Appendix from Ref. [2].
Consider the elastic forward scattering of a photon with momentum q from a charged spinless

particle with four-momentum p and mass M . In the forward direction (t = 0), this process is
completely described by a single amplitude f(ν). The tree-level QED calculation (Fig. 2.12)
yields immediately f (1)(ν) = −α/M , where we have chosen the normalization of this amplitude
to coincide with the analogous amplitude for the spin-1/2 case [see Eq. (2.1)]; the superscript
indicates the order of α.

Next, we consider the one-loop corrections. Figure 2.13 shows the one-particle-irreducible
diagrams appearing in scalar QED. The corresponding one-particle-reducible diagrams vanish
in forward direction, due to the transversality of the photon polarization vector ε with respect
to any of the four-momenta, i.e.: q · ε = 0 = p · ε.

Renormalization of these diagrams amounts to subtracting their contribution at ν = 0. We,
thus, find the following expression for the renormalized amplitude at order O(α2):

f (2)(ν) = α2

2πM

{
π2M(M − ν) + 12ν2

6ν2 + 8ν2

(M2 − 4ν2) ln 2ν
M

+ M(M + ν)
ν2 ln 2ν

M
ln
(

1 + 2ν
M

)

+ M

ν2

[
(M + ν) Li2

(
− 2ν
M

)
− (M − ν) Li2

(
1− 2ν

M

)]}
+ i

4πνσ
(2)(ν), (2.29)

where Li2(x) is the dilogarithm, and σ(2)(ν) is the total CS cross section arising at the tree
level (cf. Fig. 2.12),

σ(2)(ν) =2πα2

ν2

{
2(M + ν)2

M2 + 2Mν
−
(
1 + M

ν

)
ln
(
1 + 2ν

M

)}
. (2.30)
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2.B Sum rules for elastic contribution in scalar QED

We note that in the low-energy limit, it reproduces the Thomson cross section: σ(2)(0) =
8πα2/3M2, a result that is unaltered by loop corrections, i.e., σ(0) = σ(2)(0).

As the total photoabsorption cross section to this order in α is given entirely by the tree-
level CS cross section, the fact that Im f (2)(ν) = ν σ(2)(ν)/4π coincides in this case with the
statement of the optical theorem. We have also checked that the one-loop amplitude satisfies
the once-subtracted dispersion relation:

f (2)(ν) = ν2

2π2

ˆ ∞
0

dν ′ σ(2)(ν ′)
ν ′ 2 − ν2 − i0+ , (2.31)

and, hence, the full amplitude, f (1) + f (2), indeed enjoys the Kramers-Kronig relation given in
Eq. (2.5b).

Now, the whole point of this exercise is to understand the low-energy expansion and, thus,
the polarizability sum rules in the case when the photoabsorption cross section is not vanishing
at ν = 0. Expanding the real part of Eq. (2.31) around ν = 0, we find

α2

πM

(1 + 24 ln 2ν
M

9M2 ν2 +
8(14 + 330 ln 2ν

M )
225M4 ν4 +

4(17 + 616 ln 2ν
M )

49M6 ν6 + . . .

)
= (2.32)

= 1
2π2

∞∑
n=1

ν2n
ˆ ∞

0
dν ′ σ

(2)(ν ′)
ν ′ 2n

.

Hence, the coefficients diverge in the infrared. However, there is an apparent mismatch: they
are logarithmically divergent on one side and power divergent on the other. To match the
sides exactly at each order of ν, thus defining the sum rules for “quasi-static” polarizabilities,
we subtract all the power divergences on the right-hand side (rhs) and regularize both sides
with the same infrared cutoff (equal to ν):

α2

πM

(1 + 24 ln 2ν
M

9M2 ν2 +
8(14 + 330 ln 2ν

M )
225M4 ν4 + . . .

)
= (2.33)

= 1
2π2

∞∑
n=1

ν2n
ˆ ∞
ν

dν ′
σ(2)(ν ′)−

2(n−1)∑
k=0

1
k!

dkσ(2)(ν)
dνk

∣∣∣
ν=0

ν ′ k

ν ′ 2n
.

(2.34)

Both sides are now identical at each order of ν. This is nontrivial, at least for the analytic
terms; the logs are fairly easily obtained from the non-regularized right-hand side (rhs) in
Eq. (2.32); cf. [117].

Extending these arguments to all orders in α, we find that the proper low-energy expansion
for the ‘elastic’ part of the amplitude reads as

fel(ν) = − α

M
+ 1

2π2

∞∑
n=1

ν2n
ˆ ∞
ν

dν ′ σ(ν ′)− σ̄n(ν ′)
ν ′ 2n

, (2.35)

where σ is the total cross section of Compton scattering and σ̄n are the infrared subtractions:

σ̄n(ν ′) ≡
2(n−1)∑
k=0

1
k!

dkσ(ν)
dνk

∣∣∣
ν=0

ν ′ k. (2.36)

Now we can, for instance, formulate the Baldin sum rule for the elastic contribution to the
dipole polarizabilities. By definition

fel(ν) = −α/M + (αE1 + βM1)el ν
2 +O(ν4), (2.37)
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Chapter 2 Evaluation of the forward Compton scattering (CS) off protons

and hence, matching it with the rhs of Eq. (2.35), we obtain

(αE1 + βM1)el = 1
2π2

ˆ ∞
ν

dν ′ σ(ν ′)− σ(0)
ν ′ 2

. (2.38)

In our scalar QED example, where σ is the tree-level cross section σ(2), we obtain

(
α

(2)
E1 + β

(2)
M1
)
el = α2

9πM3

(
1 + 24 ln 2ν

M

)
, (2.39)

which, of course, reproduces the one-loop result [cf. the first term in the expansion of f (2) in
Eq. (2.33)].

2.C Sum rules for elastic contribution in spinor QED

This is an Appendix from Ref. [3].
Let us examine the CS (elastic) contribution to the sum rules in spinor QED at O(α2).

Consider the scattering of a photon from a charged spin-1/2 particle with mass M . The
helicity amplitudes are expressed in terms of the Feynman amplitude as

Tλ′σ′λσ = ūσ′(p′) ε∗λ′(q′) · T (q′, q, p′, p) · ελ(q)uσ(p) ,

where we denote the helicity and momentum of the incoming (outgoing) photon by λ(λ′) and
q(q′) and the helicity and momentum of the incoming (outgoing) spin-1/2 particle by σ(σ′)
and p(p′). The spinors are normalized according to

ūσ′(p)uσ(p) = δσ′σ, (2.40)

where p is the nucleon momentum. In general, there are six independent helicity amplitudes
for the CS process. The O(α2) unpolarized and double-polarized cross sections [117] can be
deduced from the tree-level helicity amplitudes [118, 119],

σ(2) = 2πα2

M2

{
1 + x

x3

[2x(1 + x)
1 + 2x − ln(1 + 2x)

]
(2.41a)

+ 1
2x ln(1 + 2x)− 1 + 3x

(1 + 2x)2

}
, (2.41b)

∆σ(2) = −2πα2

M2x

{[
1 + 1

x

]
ln(1 + 2x)− 2

[
1 + x2

(1 + 2x)2

]}
, (2.41c)

with x = ν/M . We note that in the low-energy limit the total unpolarized cross section, σ,
reproduces the Thomson cross section, σ(2)(0) = 8πα2/3M2, a result that is unaltered by loop
corrections. In the same limit, the helicity-difference cross section, ∆σ, is vanishing.

In the forward limit, only two helicity amplitudes are non-vanishing. These are the ampli-
tudes without spin flip: T+1 +1/2 +1 +1/2 and T−1 +1/2−1 +1/2. They can be used to reconstruct
the spin-dependent and spin-averaged forward CS amplitudes:

f = 1
2
[
T+1 +1/2 +1 +1/2 + T−1 +1/2−1 +1/2

]
, (2.42a)

g = 1
2
[
T+1 +1/2 +1 +1/2 − T−1 +1/2−1 +1/2

]
. (2.42b)
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2.C Sum rules for elastic contribution in spinor QED

Figure 2.14: Figure from Ref. [3]: Tree-level CS graphs.

Figure 2.15: Figure from Ref. [3]: One-loop graphs contributing to the forward CS. Graphs
obtained from these by crossing of the photon lines are included, too.

At tree level (Fig. 2.14), the spinor QED calculation yields f (1)(ν) = −α/M and g(1)(ν) = 0,
where the superscript indicates the order of α. Next, we consider the one-loop corrections
(Fig. 2.15). Tsai et al. [118, 119] calculated the Compton scattering helicity amplitudes up to
O(α2). From their result, we obtain the forward CS amplitudes:

f (2)(x) = α2

4πM

{
24x2 (1− 3x2)+ π2 (4x4 + 8x3 − 9x2 − 2x+ 2

)
6x2 (1− 4x2) − 4x2 (4x2 − 3

)
(4x2 − 1)2 ln 2x (2.43a)

−x
2 − 2x− 2

x2 [ln 2x ln(1 + 2x) + Li2 (−2x)] + x2 + 2x− 2
x2 Li2 (1− 2x)

}
+ iMx

4π σ(2)(x),

g(2)(x) = α2

4πM

{
12x2 + π2 (4x3 − 4x2 − x+ 1

)
6x (4x2 − 1) − 16x3

(4x2 − 1)2 ln 2x (2.43b)

−x+ 1
x

[ln 2x ln(1 + 2x) + Li2 (−2x)]− x− 1
x

Li2 (1− 2x)
}
− iMx

8π ∆σ(2)(x).

The fact that Im f (2)(ν) = ν σ(2)(ν)/4π and Im g(2)(ν) = −ν∆σ(2)(ν)/8π is in accordance
with the optical theorem, cf. Eq. (2.4). Also, we have checked that the one-loop amplitudes
indeed satisfy the dispersion relations:

f (2)(ν) = 2ν2

π

ˆ ∞
0

dν ′ Im f (2)(ν ′)
ν ′ (ν ′ 2 − ν2 − i0+) , (2.44a)

g(2)(ν) = 2ν
π

ˆ ∞
0

dν ′ Im g(2)(ν ′)
ν ′ 2 − ν2 − i0+ , (2.44b)

where the subtraction in Eq. (2.44a) corresponds to f (2)(0) = 0.
Now, we want to understand the low-energy expansion, and thus the polarizability sum rules

in spinor QED. In the previous Appendix, we already performed this exercise in scalar QED.
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Chapter 2 Evaluation of the forward Compton scattering (CS) off protons

Expanding the real part of Eq. (2.44) around ν = 0, we find

α2

πM

(11 + 48 ln 2ν
M

18M2 ν2 +
7(257 + 1140 ln 2ν

M )
450M4 ν4 +

68(107 + 672 ln 2ν
M )

441M6 ν6 + . . .

)
= (2.45)

= 1
2π2

∞∑
n=1

ν2n
ˆ ∞

0
dν ′ σ

(2)(ν ′)
ν ′ 2n

,

α2

πM

(37 + 60 ln 2ν
M

18M3 ν3 +
64(29 + 105 ln 2ν

M )
225M5 ν5 +

18(89 + 504 ln 2ν
M )

49M7 ν7 + . . .

)
= (2.46)

= 1
4π2

∞∑
n=1

ν2n−1
ˆ ∞

0
dν ′ ∆σ

(2)(ν ′)
ν ′ 2n−1 .

Hence, the coefficients diverge in the infrared. However, once again, they are logarithmically
divergent on one side and power divergent on the other. We hence, again, subtract all the
power divergences on the right-hand-side (rhs) and regularize both sides with the same infrared
cutoff (equal to ν), in order to match the sides exactly at each order of ν, thus defining the
sum rules for “quasi-static” polarizabilities:

α2

πM

(11 + 48 ln 2ν
M

18M2 ν2 +
7(257 + 1140 ln 2ν

M )
450M4 ν4 + . . .

)
= (2.47)

= 1
2π2

∞∑
n=1

ν2n
ˆ ∞
ν

dν ′
σ(2)(ν ′)−

2(n−1)∑
k=0

1
k!

dkσ(2)(ν)
dνk

∣∣∣
ν=0

ν ′ k

ν ′ 2n
,

α2

πM

(37 + 60 ln 2ν
M

18M3 ν3 +
64(29 + 105 ln 2ν

M )
225M5 ν5 + . . .

)
= (2.48)

= 1
4π2

∞∑
n=2

ν2n−1
ˆ ∞
ν

dν ′
∆σ(2)(ν ′)−

2n−3∑
k=0

1
k!

dk∆σ(2)(ν)
dνk

∣∣∣
ν=0

ν ′ k

ν ′ 2n−1 .

Both sides are now identical at each order of ν. Again, this is nontrivial, at least for the
analytic terms; the logs are fairly easily obtained from the non-regularized rhs of the low-
energy expanded dispersion relation, cf. Ref. [117]. Since the GDH sum rule only differs from
zero starting from O(α3), we omitted the O(ν) term in the last equation.

Extending these arguments to all orders in α, we find that the proper low-energy expansion
for the “elastic” part of the amplitudes reads as

fel(ν) = − α

M
+ 1

2π2

∞∑
n=1

ν2n
ˆ ∞
ν

dν ′ σ(ν ′)− σn(ν ′)
ν ′ 2n

, (2.49a)

gel(ν) = 1
4π2

∞∑
n=1

ν2n−1
ˆ ∞
ν

dν ′ ∆σ(ν ′)−∆σn(ν ′)
ν ′ 2n−1 , (2.49b)

where the bar denotes the infrared subtractions:

σn(ν ′) ≡
2(n−1)∑
k=0

1
k!

dkσ(ν)
dνk

∣∣∣
ν=0

ν ′ k, (2.50a)

∆σn(ν ′) ≡


0 n = 1
2n−3∑
k=0

1
k!

dk∆σ(ν)
dνk

∣∣∣
ν=0

ν ′ k n > 1.
(2.50b)
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2.D Uncertainty propagation

Accordingly, the elastic contributions to the polarizabilities are given by

(αE1 + βM1)el = 1
2π2

ˆ ∞
ν

dν ′ σ(ν ′)− σ(0)
ν ′ 2

, (2.51a)

(γ0)el = − 1
4π2

ˆ ∞
ν

dν ′ ∆σ(ν ′)−∆σ2(0)
ν ′ 3

, (2.51b)

(γ̄0)el = − 1
4π2

ˆ ∞
ν

dν ′ ∆σ(ν ′)−∆σ3(0)
ν ′ 5

. (2.51c)

In our one-loop spinor QED example, plugging in the tree-level cross sections from Eq. (2.41),
we obtain

(αE1 + βM1)el = α2

18πM3

(
11 + 48 ln 2ν

M

)
, (2.52a)

(γ0)el = − α2

18πM4

(
37 + 60 ln 2ν

M

)
, (2.52b)

(γ̄0)el = − 64α2

225πM6

(
29 + 105 ln 2ν

M

)
, (2.52c)

which obviously matches the corresponding terms in the low-energy expansion of the tree-level
amplitudes.

2.D Uncertainty propagation

The error for a general scalar function F
(
x, {p}

)
of a variable x and a set of parameters {p}

is estimated by means of the linear uncertainty propagation:

[
∆F

(
x, {p}

)]2 =
∑
i,j

M{p}i,j
∂F

∂pi

(
x, {p}

) ∂F
∂pj

(
x, {p}

)
, (2.53)

where M{p}i,j is an element of the covariance matrix of the parameters. This can be written in
a shorter matrix-notation form as

MF (x) ≡ [∆F (x, {p})]2 = JF (x) · M̂p · JT
F (x), (2.54)

where M̂p is the covariance matrix, JF (x) ≡ ∂F/∂p (x, {p}) is the row-vector of derivatives
of F over parameters (p — vector of the parameters), transpose is denoted by “T” and the
parameter dependence everywhere is implied.

2.D.1 Covariance matrix
The cross sections fitting is accomplished by means of the weighted least-squares optimization
algorithm. The algorithm aims to minimize S (the total χ-squared of the fit of f(x, {p})):

S =
∑
i

Wiir
2
i , Wii = 1

σ2
i

, ri = f(xi, {p})− yi, (2.55)

where (xi, yi) is a set of data-points with error-bars σi ≡ ∆yi. This can be written in a
matrix-notation form as follows:

S = r · Ŵ · rT, (2.56)

where Ŵ is the diagonal matrix of inversed squared data errors (assuming data errors for
different points are uncorrelated) and dependence on x and {p} is implied.
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Chapter 2 Evaluation of the forward Compton scattering (CS) off protons

Given a linear function of parameters

f(x, {p}) = Jf (x) · pT, (2.57)

one obtains the optimal value of χ-squared by finding its extremum. This leads to the solution:

p = yŴTĴf
(

ĴT
f ŴTĴf

)−1
, (2.58)

where Ĵf is a (Jacobian) matrix with the rows Jf (x = xi). This expression is essentially a
linear relation between p and y. Hence, the covariance matrix of the parameters M̂p can be
found by means of the usual linear uncertainty propagation as follows:

M̂p =
(

ĴT
f ŴĴf

)−1
ĴT
f Ŵ M̂y ŴTĴf

(
ĴT
f ŴTĴf

)−1
. (2.59)

Since in our case M̂y = Ŵ−1, this simplifies to:

M̂p =
(

ĴT
f Ŵ Ĵf

)−1
. (2.60)

The non-linear least-squares optimization procedure is accomplished with the help of SciPy’s
wrapper around MINPACK’s lmdif and lmder algorithms. These are implementations of the
modified Levenberg-Marquardt algorithm [100, 101]. The variance-covariance matrix of pa-
rameters is in fact obtained the same way as in the case of linear problem (2.60) (with the
Jacobian Ĵ being computed at the optimum values of the parameters).

In order to account for the errors of the Regge fit parameters, given no information on the
full covariance matrix, we are left to assume the parameters of the fit to be uncorrelated. We,
hence, assume the covariance matrix for the Regge parameters (4 × 4) to be diagonal matrix
of parameters’ errors squared:

Mij
p(Regge) = δij(σi)2. (2.61)

Since we use a smooth transition between medium- and high-energy regions at 2.03 GeV, the
cross section function is not strictly separable at the transition point. Hence, it is appropriate
to account for the region (ν1,∞) as a whole. That is, we in principle work with a cross section
function which is effectively dependent on all the 22 parameters (18 for the resonances in the
medium-energy region and 4 for the Regge). For this reason, it is convenient to introduce the
total covariance matrix (22× 22), which is a block-diagonal matrix of Mp(res.) and Mp(Regge).

2.D.2 Total uncertainty
Given a function of interest (dispersion integral/observable), which can be decomposed into
multiple parts which depend on non-interlacing sets of parameters

F (x, {p}) =
∑
i

Fi(x, {p}i), {p} =
⋃
i

{p}i, (2.62)

and given the sets of parameters are non-correlated, one estimates the total uncertainty of the
function as a sum of squared uncertainties of each Fi:

[∆F ]2 =
∑
i

[∆Fi]2 . (2.63)

In our case we have 2 regions of cross section with different sources of errors, which we
eventually have to combine: the low-energy region with artificial 2% error and the “fitted”
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2.D Uncertainty propagation

region. By analogy, assuming the sources of errors for the 2 regions to be uncorrelated, the
total error on the given function is then:

[∆F ]2 = [∆Flow−en.]2 + [∆pFfitted]2, (2.64)

where ∆p stands for the error which is estimated based on covariance matrix of the parameters
of F .

In the low-energy region we simply assume the error-bars of cross section to be 2% of its
(absolute) value. The contribution to the error of the dispersion integral coming from the
low-energy region is estimated by assuming a simple linear dependence of cross section on a
single parameter — scale coefficient of the whole cross section, which has an error of 2%. That
is, the error of the integral is simply 2% of its (absolute) value. The sum rule integral error
contribution is estimated similarly, except for one thing: instead of integrating 2% of cross
section value (which sometimes is negative in our case), we integrate 2% of absolute value of
cross section.

At the threshold of 2-pion photoproduction (ν1) the cross section fitting procedure utilizes
a couple of points which belong to SAID as additional constraining data-points (which are
accounted in total χ-square inside the procedure). This is done in order to achieve proper
connection of fixed cross section of the low-energy region with the fitted one in the medium-
energy region. When computing the actual covariance matrix (independently of the fitting
procedure), in addition to the actual data-points from MAMI/ELSA, a single closest to the
threshold point from SAID (with error of 2%) is taken into account as well. This makes the
transition of error band across the threshold appear relatively smooth (at a certain level of
energy-step) 9. This also leads, however, to a somewhat underestimated error band at the
top of the ∆-resonance. Which in principle is simply caused by a requirement of “smooth”
connection to SAID. The same notes apply to the case of unpolarized cross section (for both
MAID and SAID).

The error on the observables is estimated based on (2.53) and (2.64) with the account of
errors on both the spin-averaged and the spin-dependent amplitudes. The contribution to
the error originating from the fitted region is estimated based on (2.53) by calculating the
derivatives of observables over parameters:

∂
dσ

dΩ/∂pi = ∂
[
(Ref)2 + (Imf)2 + (Reg)2 + (Img)2

]
/∂pi = 2

(
Ref ∂Ref

∂pi
+ ...

)
, (2.65)

∂

[
dσ

dΩΣ2z

]
/∂pi = ∂ [Ref Reg + Imf Img] /∂pi = 2

(
Ref ∂Reg

∂pi
+ ...

)
. (2.66)

Note that, though the error contribution comes solely from the fitted region, the values of Ref
and Reg here are the full values of these dispersion integrals (not partial values coming from
this particular region).

Account for the low-energy region on the errors of the observables is accomplished in a similar
way by assuming a one-parameter (scale) dependence of the cross section in this region. This
basically leads to the following error estimation expressions:[

∆ dσ

dΩ

]2
= 4

(
Ref ∆̃Ref + Imf ∆̃Imf + Reg ∆̃Reg + Img ∆̃Img

)2
, (2.67)[

∆ dσ

dΩΣ2z

]2
= 4

(
Ref ∆̃Reg + Reg ∆̃Ref + Imf ∆̃Img + Img ∆̃Imf

)2
, (2.68)

9in fact, the error band eventually raises to infinity (logarithmically) at the very threshold, however, this is
more a technical feature rather than principal, which can be avoided by introduction of some additional
smoothing, and can be ignored with a common energy-step
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Chapter 2 Evaluation of the forward Compton scattering (CS) off protons

where ∆̃F = Flow−en. ·2% (in contrast to ∆F = |F(...)| ·2%). Again, the values of Ref and Reg
here are the total values of integrals, while ∆̃ stands for the error (with sign) coming solely
from the low-energy region.
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Direct assessment of the forward CS off protons

While the real part of the spin-averaged forward Compton scattering amplitude can be con-
nected directly through the dispersion relation to the total photoproduction cross section data,
the latter is only sufficiently reach for the reasonably low beam energy region . 2 GeV. As
mentioned in the previous Chapter 2 (Ref. [2]), even for this case, however, there exists some
discrepancy between current data, which leaves a window for the precise determination of the
amplitude. Above the resonance region, the total photoproduction cross section as well as the
total hadronic cross sections drop and reach a shallow minimum around

√
s = 10 - 20 GeV,

which is usually interpreted as being due to mesonic Regge exchanges. For higher values of s,
the total cross sections for pp, pp̄, π±p, γp, γ∗p, and γγ show a rise with energy. Understand-
ing the energy dependence of the total cross sections is an important field of study in strong
interactions, for reviews see Refs. [120, 121]. On one side, some descriptions solely rely on basic
principles such as unitarity, analyticity, and factorization assumptions between different pro-
cesses, containing a few non-perturbative parameters. For example Regge fits [122] connect pp,
pp̄, γp, γ∗p, and γγ processes using universal parameters. On the other side are models based
on QCD, in which the increase at high-energy is described through parton-parton scattering
multiplied by parton distributions [123]. Eventually the cross section rise has to saturate,
and can behave asymptotically at most as ln2 s given by the Froissart bound [124], which was
derived for hadronic scattering processes based on unitarity and analyticity. An analysis of
total γp cross sections, requiring that the high-energy cross sections interpolate smoothly into
the resonance region, has shown strong evidence for a ln2 s behavior of the cross section in the
region up to

√
s ∼ 200 GeV, a behavior which saturates the Froissart bound [125]. To test

whether the γp and γγ cross sections saturate the Froissart bound at accessible energies, or to
distinguish between different descriptions of the forward Compton amplitude above resonance
region, direct measurements of the real over imaginary part of the forward Compton amplitude
would be extremely useful.

Recently, the TOTEM Collaboration extracted the ratio of real over imaginary parts of
the forward pp amplitude at

√
s = 13 TeV [126] with unprecedented accuracy, thanks to the

effects of the Coulomb-nuclear interference in the t-dependence of the differential cross section.
These results were interpreted as evidence for the presence of a C-odd contribution to the pp
elastic scattering amplitude, which would correspond to a compound three gluon state (known
as the Odderon). However recent works have pointed out that to unambiguously reach such
conclusion, it is important to understand the t-dependence of the real part of the forward
pp scattering amplitude, as an extrapolation to t = 0 is needed in extracting the forward
amplitude from data [127].

A study of high-energy photoproduction may also be serving as the guide to solving puzzles
such as the ultrahigh energy cosmic rays decomposition [128].

We, hence, argue that a direct assessment of the real part of the Compton scattering am-
plitude could provide a sensitive independent constraint on the various total photoproduction
cross section analyses, and test the early saturation of the unitarity bound as spelled out
by [125].

39



Chapter 3 Direct assessment of the forward CS off protons

The only existing experiment so far aimed to access the forward γp amplitude directly
was conducted by Alvensleben et al. at DESY in 1973 [87]. By measuring the forward-
backward asymmetry of the γp → e−e+p process, the Collaboration performed a proof-of-
principle measurement for the real part of the forward Compton scattering amplitude at the
photon lab beam energy ν = 2.2 GeV.

In the present Chapter, we provide updated calculations based on new analyses of photopro-
duction cross sections in the resonance region, combined with different asymptotic parametriza-
tions, in order to propose an update on the precise extraction of the forward Compton scatter-
ing off the proton, following the pioneering measurement of Alvensleben et al., by measuring
the forward-backward asymmetry of the di-lepton photoproduction off the proton. In par-
ticular we investigate the feasibility of such an experiment in the energy region accessible at
Jefferson Lab and at a planned Electron-Ion Collider [129].

The Chapter incorporates material which is currently in preparation for a publication. In
Section 3.1 we mention the present status of the parametrization of the total photoproduc-
tion cross section off the proton based on existing experimental data, as well as an effect of
discrepancy between different models translated onto the real part of the unpolarized forward
Compton scattering amplitude. We then describe the process of di-lepton photoproduction off
the proton through two leading contributions of Bethe-Heitler and timelike virtual Compton
scattering in Section 3.2. In Section 3.3 we present calculations for the forward-backward
asymmetry of the aforementioned process and show its sensitivity to the real part of the real
forward Compton scattering. Finally, we state our conclusions in Section 3.4. We give the de-
tails of the two high-energy parametrizations for the forward Compton scattering amplitudes
in Appendix 3.A, as well as some kinematical relations for the di-lepton photoproduction
process and the analytical expression for the Bethe-Heitler and timelike Compton scattering
interference term in Appendix 3.B.

3.1 Forward CS amplitude and total photoproduction cross
section

We would now reiterate over the part of initial analysis from the previous Chapter, and consider
the total photoproduction cross section as a function of total mass of the system W =

√
s.

We would look at four various fits for the total photoproduction cross section: two fits in the
low energy region (W . 2 GeV) from Ref. [2] and two different model for the high-energy
behavior (W & 2 GeV): fit 1 from Block-Halzen (BlHa) and fit of Donnachie-Landshoff (DL)
(Refs. [122, 125]).

In the resonance region, the two fits are based on slightly contradictory measurements of
the cross section in the region of the ∆(1232) resonance peak, as described in Chapter 2.

For the fit of the high-energy region, we firstly consider the Donnachie-Landshoff fit [122]
(written here in terms of photon energy in the lab frame ν = p ·q/M = (W 2−M2)/2M) to the
total photo- and electroproduction cross sections on a proton as a sum of three Regge poles: a
meson Regge pole describing the falling cross section behavior up to W ' 10 GeV, and a sum
of two pomeron Regge poles describing the cross section at high energies as:

σDLγp (ν) = βm

(
ν

M

)αm−1
+ βs

(
ν

M

)αs−1
+ βh

(
ν

M

)αh−1
, (3.1)

with αm the meson Regge intercept, and αs (αh) the soft (hard) pomeron intercepts. In the
DL fit to the world data set of proton structure functions as well as γγ data, the effective
Regge intercepts are given by [122]:

αm = 0.524, αs = 1.0667, αh = 1.452. (3.2)
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3.1 Forward CS amplitude and total photoproduction cross section

The fit values for the Regge residues βm, βs, and βh are given in Appendix 3.A, see Table 3.1.
As the pomeron intercepts are both larger than 1, they have to be considered as effective
descriptions at intermediate energies because at asymptotic energies they lead to a violation
of unitarity.

In Ref. [125], Block-Halzen performed an alternative high-energy fit to the total photopro-
duction cross section as the sum of a meson Regge pole term and a ln2 ν asymptotic behavior,
corresponding to a saturation of the Froissart bound:

σBlHaγp (ν) = c0 + c1 ln
(
ν

M

)
+ c2 ln2

(
ν

M

)
+ β

(
ν

M

)α−1
. (3.3)

In the Block-Halzen fit, the meson Regge intercept is given by α = 0.5, and the other parameter
values, as obtained from a fit to the total photoproduction cross section on a proton in the
energy range 4 < W < 210 GeV, are given in Appendix 3.A, see Table 3.2. The Block-
Halzen fit respects unitarity, and corresponds to an early saturation of the Froissart bound.
At c.m. energy W = 200 GeV, the ln2 ν term already contributes around 50 % to the total
photoabsorption cross section.
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Figure 3.1: Low- and high-energy fits of the total photoproduction cross section data for a
proton target. Both resonance fits (I and II) displayed below W = 2.4 GeV are
from Ref. [2], while the high-energy data are parametrized by two different model
fits performed by Block-Halzen [125] and Donnachie-Landshoff [122], as described
in the text. The data points displayed here are from Refs. [83, 106–108]. The
bands represent estimated uncertainties of the fits.

We show the different fits in Fig. 3.1. We connect our fits for the resonance region smoothly
with the high-energy region around W ' 2.1 GeV (ν = 1.8 GeV) for the DL fit, and around
W ' 1.9 GeV (ν = 1.5 GeV) for the BlHa fit.

For the purpose of our further calculations we carry out the error estimate for the fit of
Block-Halzen (Fit 1 of Ref. [125]) by means of linear propagation, given the reconstructed
covariance matrix of the fitting parameters therein. We note that this way, however, the
actual uncertainty of the cross section curve may be considered underestimated in a sense that
the fit performed has an explicit constraint at W = 2.01 GeV, where it is assumed to smoothly
connect to the resonance region. Since we cannot easily determine the covariance matrix the
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Chapter 3 Direct assessment of the forward CS off protons

same way for the case of the composite fit performed by Donnachie-Landshoff [122], we simply
set a reasonable 3% error value for it.

We next consider the process of real forward Compton scattering (CS) off the proton. We
thus come back to the Lorentz structure of its amplitude (non-gauge-invariant form), Eq. (2.1):

Tµν(p, q) = −gµνf(ν)− γµνg(ν), (3.4)

where the two functions of photon energy in the lab frame, f(ν) and g(ν), are the spin-averaged
and spin-dependent amplitudes, respectively.

The imaginary part of the spin-averaged forward CS amplitude is related through the optical
theorem to the total photoabsorption cross section on the nucleon with Eq. (2.4), while the
real part of the spin-averaged forward CS amplitude is expressed through a once-subtracted
dispersion integral Eq. (2.5a) (with Z = 1 in case of the proton). In Fig. 3.1, we show the
total cross section fits both for the resonance region as well as the two high-energy fits, with
their respective error bands, as discussed above.
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Figure 3.2: Real part of the spin-averaged forward Compton amplitude, calculated based on the
fits of the total photoproduction cross section shown in Fig. 3.1. The vertical dotted
line on the right panel corresponds to the JLab energy ν = 11 GeV. The bands
represent uncertainties estimated by linear propagation from the corresponding
fits.

The different cross section fits considered yield differences when looking at the real part of
the amplitude, as can be seen on Fig. 3.2. Specifically, at low energies, where the discrepancy
between fit I and II comes from the data sets in the ∆(1232)-resonance region, one notices
that the real part also has the sensitivity to distinguish between the fits (e.g. W ∼ 1.4 GeV).
We treat the error estimation for the dispersion integral through the linear propagation from
the fits based on the computed covariance matrix for the parameters the same way as it is
done in Chapter 2.

In the high-energy region the difference between Re f based on BlHa and DL is clearly
significant. This effect is, however, dominantly not due to the different asymptotic behavior of
the fits, but rather due to differences in the fits within the data region. To demonstrate this,
we define the cutoff (Λ) dependent dispersion integral as follows:

Re fΛ(W ) = − α

M
+ (W 2 −M2)2

2π2M

 Λ

M

dW ′W ′ σ(W ′)
(W ′ 2 −M2)2 − (W 2 −M2)2 ,
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Figure 3.3: Left panel: Cutoff dependence of the W -dependent dispersion integral of Eq. (3.5)
for JLab energy ν = 11 GeV (corresponding to W ≈ 4.64 GeV). The bands repre-
sent uncertainties of the cutoff dependent dispersion integral, which are estimated
with the linear uncertainty propagation procedure and scaled by the value of full
Re f . For the Donnachie-Landshoff fit, the band is only assumed representative at
Λ & 10 GeV. Right panel: W -dependence of the integral part of Eq. (3.5) for dif-
ferent values of the cutoff parameter Λ. The full integral corresponding to Λ =∞
is shown in black. The high-energy cross section fit is from Block - Halzen. At
W = Λ the dispersion integral is divergent.

One of the typical energy regimes currently available at JLab is ν = 11 GeV (i.e. W ≈ 4.6
GeV). One can see, however, from the left panel of Fig. 3.3 that the main contribution to the
dispersion integral at such energy, in fact, comes from the energy region up to W ∼ 10 GeV,
where the behavior of the cross section is mainly defined by the already existing data. This
particular observation allows to conclude that distinguishing between the asymptotic analyses
of BlHa and DL for the photoproduction cross section requires to also measure the real part at
high energies. It is additionally notable to observe the energy (W ) behaviour of the dispersion
integral in Eq. (3.5) in the resonance region for various cutoff values Λ, as shown on the right
panel of Fig. 3.3. As the cutoff energy reaches values above the resonance region — the integral
closely converges to the full one (corresponding to Λ =∞) inside that region, thus indicating
insignificant influence of the asymptotic part of the cross section on the forward amplitude at
lower energies.

3.2 Di-lepton photoproduction on proton

To access the real part of the forward Compton amplitude, we consider the di-lepton photo-
production process

γ(q, λ) + p(p, σ) → e−(l−, σ−) + e+(l+, σ+) + p(p′, σ′), (3.5)

where we denote the incoming 4-momenta for the photon and proton as q and p, and the
outgoing 4-momenta for the proton, lepton (electron) and anti-lepton (positron) — as p′, l−
and l+, respectively. λ, σ, σ′, σ−, σ+ are the corresponding helicities. In the following, we will
also use the symmetrized proton 4-momentum as P and the sum of di-lepton four-momenta
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as q′:
P = 1

2(p+ p′), q′ = l− + l+. (3.6)

q

p′l+

l−

q′θlab
l

φlab
l

z

x
Lab

boost×boost⇐======⇒

q

p′

l+

p

θCMll

φCMll

l−

CMll

Figure 3.4: Schematical kinematics of the process of di-lepton (e+e−) photoproduction on pro-
ton depicted in the Lab (left) and the lepton pair center-of-mass frame (right).

The kinematics of the di-lepton photoproduction process is parametrized by five independent
variables. Apart from two degrees of freedom of the lepton pair, we use the following set of
invariants:

s = (p+ q)2 = W 2 = M2 + 2Mν, (3.7)
t = (p− p′)2, (3.8)

q′2 = (l− + l+)2 = M2
ll . (3.9)

We define the angles θCMll , φCMll of the electron in the rest frame of the di-lepton pair, where
the polar angle θCMll is defined with respect to the direction of −p′ in the lepton pair c.m.
frame (see Fig. 3.4, right).

γ

γ∗

e−

e+

pp pp

e−

e+

γ

Figure 3.5: Feynman diagrams of the di-lepton (e+e−) photoproduction through timelike
Compton (left) and Bethe-Heitler (right) processes. For the Bethe-Heitler pro-
cess the diagram with crossed electron and positrons lines is also assumed.

At leading order in α, the two contributions to the γp → e−e+p reaction arise from the
timelike Compton (TCS) process (left diagram in Fig. 3.5) and the Bethe-Heitler mechanism
(right diagram in Fig. 3.5, plus analogous crossed diagram).

As we are interested to access the forward real Compton amplitude, we will consider the
γp → e−e+p process in the particular kinematics of small values of the lepton pair mass
Mll and small momentum transfer −t (relative to s). This allows us to approximate the di-
lepton production through near-forward TCS by a proper kinematical extrapolation of the real
forward CS.
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3.2 Di-lepton photoproduction on proton

The invariant amplitude of the TCS contribution to the di-lepton photoproduction reaction
(Fig. 3.5, left) is given by:

MTCS = ie3

q′2
ū(l−, σ−) γν v(l+, σ+) εµ(q, λ) N̄(p′, σ′)

[ 1
α
TµνfTCS

]
(P, q, q′) N(p, σ), (3.10)

with the electric charge e given through α = e2/(4π) ' 1/137 and where we use covariant
normalization conventions for the spinors. Furthermore, u(v) denote the e−(e+) spinors, and
εµ is the initial photon polarization vector. The l± and σ± denote the momentum and helicity
of the leptons. The quasi-real-forward TCS amplitude (fTCS) is then obtained based on the
Lorentz structure of the doubly-virtual CS and is thus given by:

TµνfTCS(P, q, q′) =
(
−gµν + q′µqν

q · q′
)
T1(ν̃, t, q′2)

+ 1
M2

(
Pµ − q · P

q · q′
q′µ
)(

P ν − q · P
q · q′

qν
)
T2(ν̃, t, q′2). (3.11)

Here, ν̃ = q · P/M , M is the mass of the target (proton), and T1 and T2 denote the two
spin-averaged near-forward amplitudes. We find in the limit t, q′ → 0

T1(ν̃, t, q′2) ' f(ν̃) , (3.12)

T2(ν̃, t, q′2) ' −q · q
′

ν̃2 f(ν̃) , (3.13)

where f(ν̃) denotes the spin-averaged forward real Compton amplitude of Eq. (3.4). Note that
the T2 term in the amplitude decouples in the exact forward limit (q = q′).

An irreducible background to the above γp → ψp → e−e+p process arises from the Bethe-
Heitler (BH) process (Fig. 3.5, right, plus crossed diagram). The tree-level BH invariant
amplitude, contributing to the γ p→ e−e+ p reaction, is given by

MBH = ie3

t
εµ(q, λ) · N̄(p′, s′p)ΓνN(p, sp)

× ū(l−, s−)
{
γµ
γ · (l− − q) +m

−2l− · q
γν + γν

γ · (q − l+) +m

−2l+ · q
γµ

}
v(l+, s+), (3.14)

with nucleon vertex given by

Γν = F1(t)γν + F2(t) iσ
να(p′ − p)α

2M , (3.15)

where F1(F2) are the Dirac (Pauli) proton electromagnetic form factors, which we take from
the recent fit of elastic e-p scattering data of Refs. [130, 131].

The unpolarized differential cross section for the γp→ e−e+p reaction is then written as

dσ

dt dq′2 dΩl−l+
CM

= 1
64(2π)4

1
(2Mν)2

√
1− 4m2

q′2
1
4
∑
σ,λ

∑
σ′,σ−,σ+

|MBH +MTCS|2, (3.16)

with the lepton (electron in our case) mass m.
Now, an observable of special interest to us, which allows to access the Compton amplitude,

is the forward-backward (or charge) asymmetry — the asymmetry of outgoing lepton and
anti-lepton interchange, defined as

AFB ≡
dσ(θCM

ll )− dσ(θCM
ll − 180◦)

dσ(θCM
ll ) + dσ(θCM

ll − 180◦)
, (3.17)
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with θCM
ll being the lepton polar angle as defined above. Because of opposite symmetry of the

competing processes (Fig. 3.5) under charge conjugation, the asymmetry allows for a direct
assessment of the interference term between the Bethe-Heitler and the real part of the CS,
whereas the Bethe-Heitler and Compton processes separately yield a zero asymmetry. One
thus has:

AFB =
2
∑
σ,λ

∑
σ′,σ−,σ+ Re (MBH M∗TCS)∑

σ,λ

∑
σ′,σ−,σ+ (|MBH|2 + |MTCS|2) . (3.18)

Hence, by having determined ReT1, up to leading order and within the near-forward kine-
matics constraints, one gets an estimate for the asymmetry. And vise versa: by measuring the
asymmetry at appropriate kinematics, one gets a direct access to the real part of the forward
Compton scattering.

While the full analytical expression for the interference term is rather cumbersome, given
both the momentum transfer −t and the lepton pair mass Mll are small enough (relative to s),
to a reasonable accuracy one can approximate the expression by the following leading terms
(leaving only terms of at most t2, tM2

ll or M4
ll behavior):

1
4
∑
σ,λ

∑
σ′,σ−,σ+

Re (MBHM∗TCS) ≈ 2e6M

DLM2
ll t

GE(t) [Re f ]

×
{2(a2 − x2)

(2x− y)2 [K + ytb] + 4m2 [CD + yb] +K + O
((
t2 +M4

ll

) 3
2
)}

, (3.19)

where we have introduced the notations

x = 2p · q = 2Mν, (3.20)
y = 2q · q′ = M2

ll − t. (3.21)

and (following the notation of L from [132]):

D = 1− t

4M2 , L = 1
4(y2 − b2), (3.22)

C = 1
2(ya− xb), K = 2(yC − xtb). (3.23)

The di-lepton angle-dependent kinematic variables a and b are defined in Appendix 3.B.1.
Furthermore, GE(t) is the electric form-factor

GE(t) = F1(t) + t

4M2F2(t), (3.24)

with F1 (F2) the Dirac (Pauli) FFs of the proton. The corresponding full expression for the
interference term is provided in the Appendix 3.B.2 (Eq. (3.39))

3.3 Results and discussion

We show our estimate of the asymmetry for the case of kinematics of the experiment carried
out by Alvensleben et al. at DESY [87] at the beam energy ν = 2.2 GeV on Fig. 3.6. This
energy region is mainly driven by the distinctive low-energy fits I and II. One can observe
here the cleavage of the two fits to be within the order of the uncertainty estimate — a couple
of percent, while the asymmetry itself reaching values of around 20%. By looking at the
comparison to existing experimental points (Fig. 3.6, right), one can see even within the large
uncertainty these do not fully agree with much more constrained uncertainty estimate of our
analysis.
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Figure 3.6: Our calculation of the forward-backward asymmetry for the γ p→ e−e+ p process
for kinematics of the DESY experiment [87]. Left: angular dependence of the
asymmetry for two low-energy fits of σtot. Right: asymmetry as a function of
lepton pair mass, compared to the DESY data, for integrated differential cross
sections over the angular range. The bands represent the propagated uncertainty
estimate.

Based on the fits of the total photoproduction cross section, we present estimates for the
forward-backward asymmetry both in the resonance region and above the resonance region
in Fig. 3.7. The left panel of Fig. 3.7 corresponds to the energy region close to ∆-resonance,
where we distinguish between two fits from the previous Chapter (Ref. [2]). The procedure
of uncertainty estimation follows the same linear propagation algorithm as for the dispersion
integral, also mentioned in Appendix 2.D. One observes the discrepancy between these two fits
at the order of estimated uncertainty — around 5%. On the right panel of Fig. 3.7 we consider
a possible kinematics at JLab with the JLab photon beam energy of 11 GeV. Here, one can
see that the two analyses with either the Block-Halzen or the Donnachie-Landshoff fits can
clearly be distinguished with the asymmetry difference of the order of 2%. As discussed in
Section 3.1 above, this difference does not in fact define the asymptotic behaviour of the cross
sections, but rather the distinct fitting particularities based on the data in the medium-energy
resonance region. One therefore has to look for the higher energy di-lepton photoproduction
measurement opportunities. We also note here that the simplified approximate expression for
the interference term (3.19) is accurate enough to be used in calculations within the precision
of the order of uncertainty of the fits of photoproduction cross section.

We furthermore compare the forward-backward asymmetry in the energy range between
W = 3 GeV and W = 100 GeV Fig. 3.8. As one expects a zero crossing in the real part of f
around W ' 10 GeV, a measurement well below such energy at Jlab and above that energy at
an Electron-Ion Collider (EIC) [129] will be sensitive to the sign change in f . In Fig. 3.8, for
the two energies well below the zero crossing: W = 3 GeV (ν ≈ 4.4 GeV) and W = 4.6 GeV
(ν ≈ 11 GeV), which are both accessible at JLab, the forward-backward asymmetry reaches
values in the range -10% to -25% for −t = 0.1 GeV2. On the other hand at W = 25 GeV,
which is above the zero crossing and accessible at an EIC, the asymmetry has changed sign.
One notices that a further increase of the energy yields a decreasing asymmetry, through
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Figure 3.7: Forward-backward asymmetry for the γ p → e−e+ p process as a function of the
lepton polar angle in the lepton pair CM frame for different fits of σtot and for
two different values of the photon energy ν and momentum transfer −t. The
bands represent the propagated uncertainty estimate. Also shown are the “Born”
and “Thomson” curves, which stand for the exact Born contribution to TCS and
Thomson limit substitution into Eq. (3.11), respectively. On the right panel, the
calculation is compared to the leading terms expression of Eq. (3.19).

interference with the Bethe-Heitler process, and yields a value around -15% for W = 100 GeV,
providing a clear signal to extract f at an EIC.

3.4 Conclusions

We have presented the estimates of the forward-backward asymmetry for the di-lepton pho-
toproduction process in the kinematical range of small momentum transfer −t and lepton
pair mass Mll, which serves as an observable for the direct access to the forward Compton
scattering off the proton.

We have shown that the estimate of the asymmetry based on the current fits for the total
photoproduction cross section can reach values of around -20%. At the same time we show
that it is possible, within the estimated uncertainties, to distinguish between the two different
fits in the low-energy region W . 2 GeV. and even much more accurately — between the
analyses [122, 125] in the medium-energy resonance region. Distinguishing between the princi-
pal types of asymptotic behaviour, however, calls upon sufficiently high energy measurements.
Considering a planned Electron-Ion Collider is one such option, which in combination with a
measurement at JLab may additionally provide an improved constraint in the energy range of
the amplitude zero crossing.

We have provided the expression for the tree-level interference term between the TCS and
Bethe-Heitler processes Eq. (3.39). In addition to the full analytic expression (3.39), we write
down a simplified form (3.19), which is shown to have a reasonable precision for our kinematics
case in order to be used in possible calculations for the specific experimental setups.
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Figure 3.8: Forward-backward asymmetry for the γ p→ e−e+ p process for M2
ll = 0.001 GeV2

and two values of t, as a function of the lepton polar angle in the lepton pair CM
frame for different values of the c.m. energies accessible at JLab (solid curves
for W = 3 GeV and W = 4.6 GeV) as well as the EIC (dashed curves for
W = 25, 50, 75, 100 GeV). We use our fit of σtot with Block-Halzen asymptotic
parametrization.

Appendices

3.A High-energy parametrizations for the unpolarized forward
CS amplitude

3.A.1 Donnachie-Landshoff Regge pole parametrization
In Ref. [122], Donnachie-Landshoff performed a high-energy fit to the total photo- and elec-
troproduction cross sections as a sum of three Regge poles: a meson Regge pole describing
the falling cross section behavior up to around W ' 10 GeV, and a sum of two pomeron
Regge poles describing the rise at higher energies, as given by Eq. (3.1). Through a fit to the
world data of proton structure functions, the Regge intercepts were determined as given by
Eq. (3.2), whereas the Regge residues for real photons were determined by a fit to the γp total
cross section. The resulting parameter values of the fit are shown in Table 3.1.

parameter Fit of [122]
βm (µb) 86.36
βs (µb) 76.48
βh (µb) 0.218

Table 3.1: Fit values of the Regge pole residues entering the Donnachie-Landshoff γp total
cross section parametrization [122] of Eq. (3.1), as described in the text.

Based on the fit form of Eq. (3.1) for the total cross section, one obtains an analytic form
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Figure 3.9: W -dependence of the total cross section (left panel) and the real over imaginary
part of f in the Donnachie-Landshoff parametrization of Eqs. (3.26) and (3.27).
The curves show the contribution of the meson plus soft pomeron Regge term
(black dashed curves), and the full contribution including the hard pomeron term
(red solid curves).

for the forward real Compton amplitude, denoted by fDL(ν), as (for real ν ≥ 0):

fDL(ν)− f(0) = M

4π
∑

i=m,s,h
(−βi)

1 + e−iπαi

sin παi

(
ν

M

)αi
,

(3.25)

with f(0) the subtraction constant at ν = 0. From Eq. (3.25), the imaginary part directly
follows from unitarity

Im fDL(ν) = ν

4πσ
DL
γp (ν), (3.26)

given the cross section parametrization of Eq. (3.1). Furthermore, the real part is given by :

Re fDL(ν)− f(0) = M

4π
∑

i=m,s,h
(−βi) cot

(
παi
2

)(
ν

M

)αi
.

(3.27)

As the forward amplitude is an analytic function, it satisfies the subtracted dispersion rela-
tion:

Re fDL(ν)− f(0) = ν2

2π2

 ∞
0

dν ′
σDL(ν ′)
ν ′2 − ν2 . (3.28)

Note that Eqs. (3.1) and (3.27) satisfy the subtracted dispersion relation of Eq. (3.28) exactly
with lower integration limit ν ′ = 0. If we were to integrate Eq. (3.28) from the ν value
corresponding with W ' 2 GeV, above which we use the DL parametrization, this would
yield a constant term, which can be absorbed in the subtraction constant f(0), as well as
power suppressed terms of order O(1/ν2), which are irrelevant at high energies. Therefore to
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3.A High-energy parametrizations for the unpolarized forward CS amplitude

determine the real part of the amplitude in the asymptotic region, the precise value of the
lower integration limit in Eq. (3.28), below W . 2 GeV, is not relevant. In this Chapter, we
connect the asymptotic form σDL of Eq. (3.1) of the Donnachie-Landshoff parametrization
above W ' 2 GeV, and match it with our resonance cross section fits from threshold up to
W ' 2 GeV. We then reconstruct the total real part of the forward Compton amplitude at any
energy using the subtracted dispersion relation. This yields a real amplitude which at high
energies approaches Eq. (3.27).

3.A.2 Block-Halzen ln2 s asymptotic parametrization
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Figure 3.10: W -dependence of the total cross section (left panel) and the real over imaginary
part of f in the Block-Halzen parametrization (Fit 1) of Eqs. (3.30) and (3.31).
The curves show the different contributions to f : the meson Regge term (black
dashed curve), the meson Regge plus ln ν term (blue dash-dotted curve), and the
full contribution including the ln2 ν term (red solid curve).

In Ref. [125], the total photoproduction cross section is described by the sum of a meson
Regge pole term and a ln2 ν asymptotic behavior, corresponding to a saturation of the Froissart
bound, as given by Eq. (3.3). To determine the parameter values in this parametrization,
two fits to the total photoproduction data on a proton were performed in Ref. [125], in the
energy range 4 < W < 210 GeV. These fits were connected smoothly to the resonance region
parametrization of Damashek-Gilman [82] at W = 2 GeV, which constrains the parameter
c0 in both fits. In the first fit (Fit 1), the Regge residue β was furthermore constrained by
requiring a smooth first derivative at the matching point, whereas this parameter was left free
in a second fit (Fit 2). The resulting parameter values of both fits are shown in Table 3.2.

Based on the fit form of Eq. (3.3) for the total cross section, Block-Halzen proposed an
analytic form for the forward real Compton amplitude, denoted by fBlHa(ν), as (for real
ν ≥ 0):

fBlHa(ν)− f(0) = ν

4π i
{
c0 + c1

[
ln
(
ν

M

)
− iπ2

]
+ c2

[
ln
(
ν

M

)
− iπ2

]2
+ c2

π2

4

+ iβ
1 + e−iπα

sin πα

(
ν

M

)α−1
}
, (3.29)
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parameter Fit 1 of [125] Fit 2 of [125]
c0 (µb) 105.64 92.5
c1 (µb) −4.74± 1.17 −0.46± 2.88
c2 (µb) 1.17± 0.16 0.803± 0.273
β (µb) 64.0 78.4± 9.1
α 0.5 0.5

Table 3.2: Fit parameter values entering the Block-Halzen γp total cross section parametriza-
tion [125] of Eq. (3.3), as described in the text.

with f(0) the subtraction constant at ν = 0. From Eq. (3.29), the imaginary part directly
follows from unitarity

Im fBlHa(ν) = ν

4πσ
BlHa
γp (ν), (3.30)

given the cross section parametrization of Eq. (3.3). Furthermore, the real part is given by:

Re fBlHa(ν)− f(0) = ν

4π

{
c1
π

2 + c2π ln
(
ν

M

)
− β cot

(
πα

2

)(
ν

M

)α−1
}
. (3.31)

As the forward amplitude is constructed as an analytic amplitude in the Block-Halzen
parametrization, it satisfies the subtracted dispersion relation:

Re fBlHa(ν)− f(0) = ν2

2π2

 ∞
0

dν ′
σBlHa(ν ′)
ν ′2 − ν2 , (3.32)

with lower integration limit ν ′ = 0. As noted above for the Donnachie-Landshoff Regge
parametrization, we connect in this Chapter the asymptotic form σBH of Eq. (3.3) of the
Block-Halzen parametrization above W ' 2 GeV, with our resonance cross section fits from
threshold up to W ' 2 GeV, and reconstruct the total real part of the forward Compton
amplitude at any energy using the subtracted dispersion relation. This yields a real amplitude
which at high energies approaches Eq. (3.31).

3.B Tree-level Bethe-Heitler – timelike CS interference

3.B.1 Kinematics
The kinematics of the γp→ e−e+p process in both the Lab frame and di-lepton rest frame is
shown in Fig. 3.4.

To write down the cross section interference term explicitly, we follow notations for kinemat-
ical invariants involved in analytical expressions for the BH unpolarized cross section defined
in Ref. [132]. In particular, we use the 2 scalar products

a = 2(l− − l+) · p′ = βã cos θl, (3.33)
b = 2(l− − l+) · (p− p′)

= β
(
b̃1 cos θl + b̃2 sin θl cosφl

)
, (3.34)

which contain all the dependencies on the lepton scattering angles θl and φl (in di-lepton rest
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frame). Here,

ã =
√

(s−M2 − q′2)2 − 4M2q′2, (3.35)

b̃1 = 1
ã

(
q′2(s−M2 − q′2) + t(s−M2 + q′2)

)
, (3.36)

b̃2 = −
√

(q′2 − t)2 − b̃21, (3.37)

and

β =
√

1− 4m2

q′2
, (3.38)

where m is the lepton mass.

3.B.2 Analytical expression for the interference term
We have obtained the analytical expression for the tree-level interference term between the
quasi-real-forward TCS and the Bethe-Heitler amplitudes:

1
4
∑
σ,λ

∑
σ′,σ−,σ+

Re (MBHM∗TCS) = e6

4LMM2
llν̃

2t
GE(t) [ReT1] ×

[
32LMν̃

{
M2b+ at

}
+2L

(
M2
ll − t

){
8νMa+ 2νMb+ 8M2a+ 4M2b−M2

ll (5a+ b) + 3at
}

−16M2ν̃2
{

8νMbm2 −M4
ll (a+ b)−M2

llt (−2a− b)−M2
ll

(
−2νMb+ 4am2 + 4bm2

)

−at2 − t
(
−2νMb− 4am2 − 4bm2

)}

+8Mν̃t

{
4ν2M2b+ 2νMbt−M4

lla−M2
llt (−2a− b)

−M2
ll

(
2νMb+ 4M2b

)
− a2b− at2

}

+
(
M2
ll − t

){
16ν3M3b− 4νMa2b+ 2M6

lla+M4
llt (−7a− b)

+M4
ll

(
4νMb+ 4M2a+ 4M2b

)
+M2

llt
2 (6a+ b) +M2

llt
(
−6νMb− 4M2b

)
+M2

ll

(
−8ν2M2a− 16ν2M2b− 8νM3b+ 2a3 + 4a2b

)
− at3 + t2

(
2νMb− 4M2a

)
+t
(
8ν2M2a+ 16ν2M2b+ 8νM3b− 2a3 − 4a2b

)}]
,(3.39)

where GE(t) is the electric form-factor, given by Eq. (3.24).

53





Chapter 4

Quarkonium – proton interaction

In recent years, the study of the excitation spectrum in the charmonium and bottomonium
sectors above open charm and open bottom thresholds has revealed a plethora of new states,
which cannot be explained as conventional QQ̄ bound states, see e.g. [133] for a recent ex-
perimental review. Several explanations for the nature of these exotic states have been put
forward, ranging, among others, from tetraquark states based on QCD diquarks, QCD hybrids,
hadronic molecules, or hadro-charmonium states. In contrast to conventional QQ̄ states above
open charm or open bottom thresholds, for which the branching fractions in open flavor decay
modes are found to be 2 or 3 orders of magnitudes larger than their hidden flavor decay modes,
many of the newly found exotic states have in common that hidden flavor decay modes are
discovery channels, and are only suppressed by a factor of 10 or less relative to the open flavor
decay modes. The understanding of the nature of these states may therefore shed another
light on how hidden charm or hidden bottom systems interact with light quark systems. This
is especially prominent in the hadro-quarkonium models for the exotic hadrons [134], in which
the charm or bottom QQ̄ pair remains tightly bound while interacting with the light quarks
through a van der Waals interaction.

Also in the baryon sector, narrow resonances involving two heavy quarks have been discov-
ered in recent years. In the weak decay process Λb → J/ψpK−, the LHCb Collaboration [135,
136] has found evidence for such states in the J/ψp mass spectrum, and interpreted them
as hidden-charm pentaquark states. As two of these states were found approximately 5 MeV
and 2 MeV below the Σ+

c D̄
0 and Σ+

c D̄
∗0 thresholds respectively, these states were interpreted

in various studies as loosely bound meson-baryon molecular states through π- or ρ-exchange
interactions (see e.g. [137] among many others). Alternatively, the two narrow pentaquark
states near Σ+

c D̄
∗0 threshold, Pc(4440)+ and Pc(4457)+ were predicted in [138] as the 1/2− and

3/2− hyperfine partners of deeply bound hadro-charmonium states of ψ(2S) and the proton,
while the narrow pentaquark state Pc(4312)+ near Σ+

c D̄
0 threshold was interpreted as a 1/2+

hadro-charmonium state of the χc0(1P ) and the proton [139]. In such picture, the binding
is due to the two-gluon exchange interaction between a compact quarkonium state within a
proton, and is proportional to the chromo-electric polarizability of the quarkonium state. The
hadro-charmonium framework therefore relates the nature of such exotic states involving heavy
quarks to the interaction of the heavy quarkonia with light hadrons.

The present Chapter is based on the co-authored works of Ref. [4, 6]. In the first Section
4.1 we consider the forward J/ψ – proton scattering. We then extend the study of J/ψ to the
similar Υ case in Section 4.2. The overall conclusions are then presented in Section 4.3.

4.1 Threshold J/ψ photoproduction off protons

The quantitative study of a possible formation of the exotic bound states requires a more precise
knowledge of the J/ψ-nucleon interaction at low energies, which may be characterized by its
(spin-independent) s-wave scattering length aψp, corresponding to a J/ψ-proton (p) total cross
section at threshold of σψp ≡ 4πa2

ψp. In the absence of a J/ψ-p bound state, a small positive
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(negative) value of aψp would indicate a weakly attractive (repulsive) J/ψ-p interaction. If the
attraction is sufficiently strong, it may then support J/ψ-nuclear bound states [56]. It has been
estimated using QCD sum rules [140] that aψp ∼ 0.1 fm, corresponding with σψp ∼ 1.26 mb.
Calculations based on the rather uncertain value of the J/ψ chromo-electric polarizability [141]
provide estimates for aψp ranging between a value of aψp = 0.05 fm [142] at the lower end, and
a value of aψp = 0.37 fm [143] at the higher end. The latter value would lead to J/ψ binding
energy in nuclear matter exceeding 20 MeV.

In recent years, the question whether J/ψ-nuclear bound states exist became amenable to
lattice QCD calculations [57, 59, 144, 145]. Ref. [57] inferred a charmonium-nuclear matter
binding energy Bψ . 40 MeV. The current lattice calculations were however performed at large
pion masses (mπ ∼ 805 MeV), and it is possible that the systems involving the lightest nuclei
will therefore be unbound at the physical pion mass. Future calculations for smaller quark
masses are clearly called for. More recently, the HAL QCD Collaboration [59] has performed
improved lattice QCD studies of the s-wave effective potentials for the J/ψ-nucleon system
(J = 1/2 and J = 3/2), although still for an unphysical pion mass value of mπ = 700 MeV.
For the J/ψ-nucleon system, the potential was found to be attractive, but not strong enough
to allow for bound states. The lattice study extracted J/ψ-nucleon scattering lengths for both
spin states: aψp(J = 1/2) = 0.66 ± 0.07 fm, and aψp(J = 3/2) = 0.38 ± 0.05 fm, indicating
that the J/ψ-N state with J = 1/2 obtains significantly stronger attraction than the J = 3/2
state.

The J/ψ-p interaction was furthermore studied in Refs. [146, 147] as a probe of the color
deconfinement in high-energy nucleus-nucleus collisions. Based on the small size of the J/ψ,
around rψ ∼ 0.2 fm� Λ−1

QCD, the J/ψ-p cross section was estimated in those works in terms of
the gluon distribution in the nucleon and related through Vector Meson Dominance (VMD) to
the J/ψ photo-production cross section on the proton. Using different parametrizations of the
gluon distributions in a proton from deep inelastic scattering, the experimental behavior of the
cross section was well reproduced in Ref. [147]. In a related work [148], by using VMD and using
data for hidden and open charm photo-production on a proton as input, a phenomenological
estimate of the J/ψ-p elastic cross section was given. In the present work, we will provide
an update along these lines, with the aim to provide an improved extraction of the threshold
J/ψ-p scattering amplitude. For this purpose we will evaluate the J/ψ-p forward scattering
amplitude in a dispersive formalism. As in Ref. [148], we will constrain the imaginary part
from the present world data of hidden and open-charm photo-production. The real part will
be evaluated through a dispersion relation, which involves one subtraction constant, which can
be related to aψp. We will be able to substantially improve the precision of the fit, by including
the forward differential cross section data for γp→ J/ψp in the fit, and study the sensitivity of
the γp→ J/ψp cross section in the threshold region to the subtraction constant. This will then
allow us to make a quantitative study for planned experiments at the Jefferson Laboratory
(JLab) [149–151], which are aimed to measure the γp→ J/ψp process in the threshold region.
We note, however, that the recently published data from the GlueX Collaboration at JLab
[152] is not considered in the present Section, as our study was performed earlier.

Current Section is based on the co-authored work of Ref. [4]. We will describe the forward
J/ψ-p scattering amplitude in Subsection 4.1.1, relating its imaginary part to γp→ J/ψp and
γp→ cc̄X data. We subsequently calculate the real part from a dispersion relation, involving
one subtraction constant. In our framework, the 6 parameters describing the discontinuities,
and the one subtraction constant are obtained from a global fit to both total and forward
differential photo-production cross sections. In Subsection 4.1.2, we then start from this γp→
J/ψp amplitude to describe the γp → J/ψp → e−e+p process, and calculate the forward-
backward asymmetry for the γp → e−e+p process around the J/ψ resonance, We will show
that this forward-backward asymmetry, which is proportional to the real part of the J/ψ-
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p amplitude, provides a very sensitive observable to extract the subtraction constant in the
forward J/ψ-p scattering amplitude, which in turn allows to extract aψp. We will present
results for this forward-backward asymmetry, including error bands resulting from our fitting
procedure, in the kinematics of planned experiments at JLab.

4.1.1 J/ψ-proton forward scattering amplitude and
photoproduction

J/ψ

p p

J/ψ

VMD⇐=⇒

γ J/ψ

p p

Figure 4.1: J/ψ elastic scattering off a proton (left) and J/ψ photoproduction on a proton
(right) processes can be related through the vector meson dominance (VMD).

We consider the forward J/ψ-p elastic scattering process (Fig. 4.1, left), which is described
by the spin-averaged forward scattering amplitude Tψp(ν), where the shorthand ψ denotes the
J/ψ state. The amplitude Tψp depends on the crossing variable ν, defined in terms of the
Mandelstam invariants as:

ν ≡ s− u
4 = 1

2(s−M2 −M2
ψ), (4.1)

where M(Mψ) stand for the masses of the proton (ψ), respectively. Notice the new definition
differs from the notation in the previous Chapters by a factor M and by presence of the
non-zero Mψ.

The forward differential cross section for the ψ p→ ψ p process can then be expressed as:

dσ

dt

∣∣∣∣
t=0

(ψp→ ψp) = 1
64π s q2

ψp

∣∣Tψp(ν)
∣∣2, (4.2)

where in the forward direction the momentum transfer t = 0, and where qψp denotes the
magnitude of the ψ three-momentum in the c.m. frame, given by:

q2
ψp = 1

4s
[
s− (Mψ +M)2

] [
s− (Mψ −M)2

]
. (4.3)

The optical theorem relates the imaginary part of Tψp(ν) to the ψ p→ X total cross section
σtotψp as:

ImTψp(ν) = 2
√
s qψp σ

tot
ψp(ν). (4.4)

The amplitude Tψp(ν) has the property that it is even under crossing, i.e. Tψp(−ν) = Tψp(ν).
The real part of the amplitude Tψp(ν) can be reconstructed from the knowledge of the imag-
inary part along the real ν-axis using a dispersion relation, provided the integral converges.
For large ν, the amplitude is diffractive following approximately the behavior ImTψp(ν) ∼ νa,
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with 1 ≤ a < 2. The convergence of the dispersion integral therefore requires one subtraction.
This leads to the subtracted dispersion relation:

ReTψp(ν) = Tψp(0) + 2
π
ν2

ˆ ∞
νel

dν ′
1
ν ′

ImTψp(ν ′)
ν ′ 2 − ν2 , (4.5)

where νel ≡MMψ, corresponds with the elastic threshold s = sel = (Mψ+M)2 = 16.28 GeV2.
Furthermore in Eq. (4.5), the real subtraction constant Tψp(0) denotes the amplitude at ν = 0.
This subtraction constant can be predicted in models, see e.g. [147], or has to be obtained
from lattice QCD. Alternatively, we can use it as a fit parameter and extract it from data.
In the following, we will show the sensitivity to extract this subtraction constant from the
measurement of the γ p→ ψ p process in the threshold region, and will relate it with the ψ-p
s-wave scattering length aψp.

Physically, the discontinuity of the amplitude Tψp(ν) entering the integrand of Eq. (4.5) has
two contributions: an elastic cut starting at sel, and an inelastic contribution corresponding
with open charm (meson) production on the proton. We will parametrize the inelastic contri-
bution to Tψp by an effective inelastic cut which starts at the DD̄ meson production threshold,
corresponding with sinel = (M +2MD)2 = 21.79 GeV2, or equivalently νinel = 5.66 GeV2. The
imaginary part of Tψp is then obtained as sum of elastic and inelastic discontinuities:

ImTψp(ν) = θ(ν − νel) DiscelTψp(ν) + θ(ν − νinel) DiscinelTψp(ν). (4.6)

We will parametrize the elastic and inelastic discontinuities by the following 3-parameter
forms:

DiscelTψp(ν) = Cel

(
1− νel

ν

)bel ( ν

νel

)ael
(4.7)

DiscinelTψp(ν) = Cinel

(
1− νinel

ν

)binel ( ν

νinel

)ainel
, (4.8)

where the factors ∼ (1−νthr/ν)b determine the behavior around the respective threshold νthr,
and the factors ∼ νa determine the Regge behavior of the amplitude at large ν. In the following
we will discuss how we can determine the respective parameters appearing in the elastic and
inelastic discontinuities.

The discontinuity across the elastic cut, Discel, is related through the optical theorem to the
ψ p→ ψ p elastic scattering cross section σelψp as :

DiscelTψp(ν) = 2
√
s qψp σ

el
ψp. (4.9)

We will use the vector meson dominance (VMD) assumption to relate the elastic cross section
σelψp to the γp→ ψp cross section [148, 153]:

σelψp =
(
Mψ

efψ

)2(
qγp
qψp

)2

σ(γp→ ψp), (4.10)

where fψ is the ψ decay constant, which is obtained from the ψ → e+e− decay as

Γψ→ee = 4πα2

3
f2
ψ

Mψ
. (4.11)

The experimental value Γψ→ee ≈ 5.55 keV [80] yields fψ ≈ 0.278 GeV. Furthermore, qγp
denotes the magnitude of the γ three-momentum in the c.m. frame of the γp→ ψp process:

qγp = (s−M2)
2
√
s

. (4.12)
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Eqs. (4.7), (4.9) and (4.10) then yield the parametrization for the γp→ ψp total cross section:

σ(γp→ ψp) =
(
efψ
Mψ

)2
Cel

2
√
s qγp

(
qψp
qγp

) (
1− νel

ν

)bel ( ν

νel

)ael
. (4.13)

HERA (2002)
Fermilab/E401 (1981)
Fermilab/E516 (1983)
Fermilab/E687 (1993)
SLAC (1975)
Cornell (1975)
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Figure 4.2: Figure from Ref. [4]: W-dependence of the γp → J/ψp total cross section. The
data are from Cornell [154], SLAC [155], Fermilab [156–158], and HERA [159].
The curve and band is the result of our global fit using Eq. (4.13) with parameters
given in Table 4.1 (second column, x = el).

The discontinuity across the inelastic cut, Discinel, is related through the optical theorem
to the ψ p→ cc̄X inelastic cross section σinelψp as :

DiscinelTψp(s) = 2
√
s qψp σ

inel
ψp . (4.14)

Using again VMD allows to relate the inelastic cross section σinelψp to the γp → cc̄X cross
section, with an analogous relation as in Eq. (4.10):

σinelψp =
(
Mψ

efψ

)2(
qγp
qψp

)2

σ(γp→ cc̄X). (4.15)

Eqs. (4.8), (4.14) and (4.15) then yield the parametrization for the γp → cc̄X total cross
section:

σ(γp→ cc̄X) =
(
efψ
Mψ

)2
Cinel

2
√
s qγp

(
qψp
qγp

) (
1− νinel

ν

)binel ( ν

νinel

)ainel
. (4.16)

Having fixed the imaginary part of the ψ-p forward scattering amplitude, we then calculate
its real part using the subtracted dispersion relation of Eq. (4.5). With the knowledge of
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Figure 4.3: Figure from Ref. [4]: W-dependence of the γp → cc̄X total cross section. The
data are from SLAC [160], Fermilab [161], EMC [162], CERN/WA58 [163], and
HERA/ZEUS [164]. The curve and band is the result of our global fit using
Eq. (4.16) with parameters given in Table 4.1 (third column, x = inel).

the real and imaginary parts of the forward scattering amplitude Tψp, we can determine the
forward (t = 0) differential cross section for the γp→ ψp process (Fig. 4.1, right) using VMD:

dσ

dt

∣∣∣∣
t=0

(γp→ ψp) =
(
efψ
Mψ

)2(
qψp
qγp

)2
dσ

dt

∣∣∣∣
t=0

(ψp→ ψp)

=
(
efψ
Mψ

)2 1
64π s q2

γp

∣∣Tψp(ν)
∣∣2. (4.17)

Note that on the lhs of Eq. (4.17) the γp → ψp differential cross section is obtained at the
unphysical point t = 0. Its experimental determination thus requires an extrapolation from
t = tmin to t = 0.

Our formalism has 7 parameters: 3 parameters describing the elastic discontinuity, 3 de-
scribing the inelastic discontinuity, and the subtraction constant Tψp(0). We obtain the values
for these 7 parameters (Tψp(0), ael/inel, bel/inel, cel/inel) by simultaneously fitting the available
data for σ(γp → ψp), σ(γp → cc̄X) and dσ/dt|t=0 (γp → ψp). For this purpose we use the
Levenberg-Marquardt algorithm [100, 101] of the non-linear least-squares optimization proce-
dure implemented in MINPACK [165]. For our fits we estimate the error, following the same
procedure introduced in Appendix 2.D, based on a covariance matrix for the parameters and
a linear uncertainty propagation for each of the functions. The covariance matrix Σp, again,
is obtained based on the experimental uncertainties of the data values as follows:

Σp =
(

JT
f · Σ−1

e · Jf
)−1

, J(i,j)
f = ∂f

∂pj
(Wi) , Σ(i,j)

e = δ(i,j)(σie)2, (4.18)

where Wi is the W-value of the i-th data point (with s = W2), σie is the total experimental
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4.1 Threshold J/ψ photoproduction off protons

uncertainty of the i-th data-point, and f is the fit function of interest which depends on the
energy variable (W) and the set of 7 parameters ({p}). The derivatives over the parameters
are taken at their fitted values.

HERA (2002)
Fermilab (1981)
EMC (1980)
SLAC (1975)

Tψp(0) = 45
Tψp(0) = 22.45
Tψp(0) = 0
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Figure 4.4: Figure from Ref. [4]: W-dependence of the γp → J/ψp differential cross section,
extrapolated to the forward direction (t = 0), for different values of the subtrac-
tion constant Tψp(0) in the forward ψ-p scattering amplitude. The data are from
SLAC [155], CERN/EMC [166], Fermilab [156], and HERA [159]. The black curve
Tψp(0) = 22.45 shows the best fit value, with corresponding error band resulting
from our fitting procedure.

We show our fit to the γp → ψp (γp → cc̄X) total cross section world data in Fig. 4.2
(Fig. 4.3) respectively as function of the c.m. energy W. By comparing Figs. 4.2 and 4.3 one
notices that the ratio of the inelastic over elastic cross sections σ(γp→ cc̄X)/σ(γ p→ ψ p) is
around a factor of 30 - 50. Therefore, the inelastic discontinuity dominates the determination of
the forward ψ-p amplitude. Furthermore, we show the forward differential cross section for the
γp→ ψp process in Fig. 4.4 for three values of the subtraction constant Tψp(0). We note that
the few HERA data points for the inelastic cross section in Fig. 4.3 at the highest energies (W
> 100 GeV) are not so well reproduced. However, these data points only marginally influence
the fit, which in this region is mainly driven by the precise forward differential cross section
data of Fig. 4.4. Our global fit yields the parameters for the elastic and inelastic discontinuities
shown in Table 4.1 (second column: x = el, third column: x = inel). For the subtraction
constant we obtain the fitted value of Tψp(0) = 22.45± 2.45. As an indicator of the quality of
our fit, we evaluated the reduced chi-squared,

χ2
red = χ2/(Nd −Np), (4.19)

with Nd being the total number of the data points we use in our fitting procedure and Np
being the number of fitting parameters. With the values of Nd = 62 and Np = 7, we get
χ2

red = 1.36. Its value shows that the present fit is decent (i.e. one is not over fitting) although
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x = el x = inel

Cx 0.10± 0.01 20.51± 1.70
bx 1.27± 0.17 3.53± 0.66
ax 1.38± 0.01 1.20± 0.01

Table 4.1: Table from Ref. [4]: Fit results for the coefficients entering the elastic discontinuity
(second column, x = el) of Eq. (4.7), and the inelastic discontinuity (third column,
x = inel) of Eq. (4.8).

not perfect, indicating the lack of a sufficient rich database. Forthcoming more precise data
especially in the threshold region, as expected from the planned JLab experiments [149–151],
will have a strong impact on the quality of such a fit.

We also like to note that the γp → ψp reaction in the threshold region might by modified
due to the presence of pentaquark resonances, which have recently been reported by the LHCb
Collaboration [135]. A new experiment at JLab [151] aims to search for such resonances in the
γp→ ψp reaction in the threshold region. If a sizable excitation strength of such pentaquark
states in the γp→ ψp threshold cross section would be present, it was estimated in Ref. [151],
based on a model calculation [167], that this would most likely occur at larger values of −t,
away from the forward region, and thus not influence our analysis. If, on the other hand, such
resonances would yield sizeable excitation strength in the forward region, they could be added
to the parametrization of the elastic discontinuity. The dispersion relation of Eq. (4.5) would
then allow to quantify the change to the real part of the forward ψ-p amplitude.

We show the real and imaginary parts of Tψp in Fig. 4.5 for our best fit value of the sub-
traction constant Tψp(0) = 22.45, as well as for two values around this: Tψp(0) = 0 and
Tψp(0) = 45. We notice that for W < 10 GeV the real part dominates over the imaginary
part, whereas at very high energies (W � 10 GeV) the amplitude is largely dominated by the
imaginary part, as expected for a diffractive process.

We can relate the forward ψ-p amplitude at threshold, Tψp(ν = νel), corresponding with√
s = M +Mψ, with the value of the ψ-p s-wave scattering length, aψp, defined as

Tψp(ν = νel) = 8π(M +Mψ) aψp, (4.20)

where our sign definition of Tψp is fixed by Eq. (4.4). Note that in this convention, in the
absence of a ψ-p bound state, a positive (negative) value of aψp corresponds to a positive (neg-
ative) s-wave phase shift, describing low-energy scattering from a weakly attractive (repulsive)
potential. Using the dispersion relation Eq. (4.5) to relate Tψp(0) with Tψp(νel), we show the
corresponding scattering lengths for three choices of the subtraction constant in Table 4.2.
Note that our best fit value Tψp(0) = 22.45 results in a ψ-p scattering length aψp ∼ 0.05 fm,
which is at the lower end of the range of values estimated in the literature, ranging from
aψ = 0.05 fm [142] to aψ = 0.37 fm [143]. The value aψp ∼ 0.05 fm corresponds with a
threshold ψ-p total cross section of σψp ∼ 0.3 mb.

In a linear density approximation, the ψ-p scattering length aψp can be related to the ψ
binding energy in nuclear matter, Bψ, corresponding with the depth of the potential well seen
by ψ in nuclear matter, as [142]

Bψ '
8π(M +Mψ)aψp

4MMψ
ρnm, (4.21)

where ρnm ' 0.17 fm−3 denotes the nuclear matter density. We show the Bψ values cor-
responding with the three values of Tψp(0) considered in our calculations in Table 4.2 (last
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Figure 4.5: Figure from Ref. [4]: Left panel: Imaginary part (dotted curve) and real part of
the forward scattering amplitude Tψp as function of W. The real part is shown for
three values of the subtraction constant as indicated on the figure. Right panel:
corresponding ratios of real over imaginary parts.

Tψp(0) Tψp(ν = νel) aψp (in fm) Bψ (in MeV)
0 1.30 0.003 0.2

22.45± 2.45 23.74± 2.59 0.046± 0.005 2.7± 0.3
45 46.30 0.090 5.2

Table 4.2: Table from Ref. [4]: Values of the subtraction term Tψp(0) (first column), the cor-
responding values of the threshold amplitude Tψp(νel) (second column), the corre-
sponding ψ-p s-wave scattering lengths aψp (third column), and the corresponding
ψ-nuclear matter binding energy Bψ, according to Eq. (4.21) (fourth column).

column). Our best fit value aψp ∼ 0.05 fm thus corresponds to a ψ binding energy in nuclear
matter of Bψ ∼ 3 MeV.

4.1.2 Forward-backward asymmetry
The value of Tψp(0) extracted in the previous Section is mainly sensitive to the forward dif-
ferential cross section of the γ p → ψ p process in the threshold region. The experimental
access of the γ p → ψ p process proceeds through the reconstruction of the decay ψ → e−e+

(or ψ → µ−µ+), shown in Fig. 4.6 (left). In the threshold region in the forward direction (at a
small value of −t), one may have a significant interference with the competing Bethe-Heitler
mechanism, shown in Fig. 4.6 (right), which results in the same final state.

Following the same idea as described in the previous Chapter 3, we will calculate the ob-
servables for the process γ(q, λ) + p(p, σ)→ e−(l−, σ−) + e+(l+, σ+) + p(p′, σ′).

For the small values of −t, the near-forward invariant amplitude for the γ p → ψ p →
e−e+ p process (Fig. 4.6, left) is given by essentially the same expression Eq. (3.10) from
the previous Chapter, in which the fTCS amplitude (3.11) is replaced by the corresponding
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Figure 4.6: Figure from Ref. [4]: Di-lepton (e+e−) photoproduction through J/ψ (left) and
Bethe-Heitler (right) processes.

γ p→ ψ amplitude with the VMD-connected ψ resonance:

Mψ '
ie3

q′ 2
f2
ψ

2M
1

q′ 2 −M2
ψ + iMψΓψ

Tψp

(
ν = 1

2(s−M2
ψ −M2)

)

× N̄(p′, σ′)
{(

gµν − q′µqν

q · q′
)

+ q · q′

(q · P )2

(
Pµ − q · P

q · q′
q′µ
)(

P ν − q · P
q · q′

qν
)}

N(p, σ)

× ū(l−, σ−) γν v(l+, σ+) εµ(q, λ). (4.22)

Here, Tψp(ν) is the forward ψp elastic scattering amplitude discussed above, and Γψ = 92.9±
2.8 keV is the total ψ width. We stress again that the expression of Eq. (4.22) corresponds to
a near-forward approximation, as it involves the ψ-p amplitude Tψp at t = 0, where terms of
order −t/s are neglected.

The γp → ψp → e−e+p cross section, differential in t, M2
ll, and the electron solid angle

dΩe−e+cm in the c.m. frame of the di-lepton pair is given by :

dσ

dtdM2
lldΩe−e+cm

= 1
(2π)4

1
64(s−M2)2 ·

1
4
∑
λ

∑
σ

∑
σ′

∑
σ−

∑
σ+

∣∣Mψ

∣∣2, (4.23)

with amplitude Mψ given by Eq. (4.22). We performed the check that when integrating
Eq. (4.23) over the electron solid angle and di-lepton invariant mass, one obtains:

ˆ
dM2

ll

ˆ
dΩe−e+cm dσ

dtdM2
lldΩe−e+cm

∣∣∣∣
t=0

=
(

Γψ→ee
Γψ

)
· dσ
dt

∣∣∣∣
t=0

(γp→ ψp), (4.24)

with dσ/dt|t=0 being the γp → ψp forward differential cross section given by Eq. (4.17),
multiplied by the Γψ→ee/Γψ branching ratio.

Again, the background to the process comes from the Bethe-Heitler (BH) process (Fig. 4.6,
right). The BH invariant amplitude, contributing to the γ p → e−e+ p reaction, is given by
Eq. (3.14). In the presence of the Bethe-Heitler, the amplitudesMψ andMBH interfere, and
the differential cross section is obtained by an analogous expression as Eq. (4.23), with the
replacement Mψ →Mψ +MBH .

We will next study this interference between ψ-production and Bethe-Heitler mechanisms for
typical kinematics of the γp→ e−e+p process around the ψ production threshold, accessible at
JLab [149–151]. In Fig. 4.7, left panel, we show the in-plane di-lepton angles in the laboratory
frame as function of the electron angle θe−e+cm, defined in the e−e+ c.m. frame, around the
ψ resonance for JLab kinematics.

Fig. 4.7, right panel, shows the differential cross section for the γp→ e−e+p process around
the ψ resonance. For selected values of the lepton angle (θe−e+cm), we show the ψ + BH
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Figure 4.7: Figures from Ref. [4]: Left panel: Di-lepton angles in the lab frame as function
of the electron angle θe−e+cm, defined in the e−e+ c.m. frame. Solid (dashed)
curves denote the e−(e+) lab angles. Right panel: Cross section for the in-plane
γ p→ e−e+ p process differential in t, M2

ll, and electron solid angle Ωe−e+cm in the
di-lepton c.m. frame, as function of the di-lepton mass Mll around the ψ resonance,
and for different values of the electron angle in the di-lepton c.m. frame. The
dotted curve denotes the ψ contribution. The other curves are the Bethe-Heitler
+ ψ results according to Eqs. (4.22) and (3.14)) for Tψp(0) = 22.45. Lower red
(upper black) curves show the forward (backward) angle cross sections.

cross sections (denoted by forward angle cross sections), and compare them with the ψ + BH
cross sections for the corresponding opposite lepton angle value (θe−e+cm − 180◦, denoted by
backward angle cross sections). One notices a sizable interference in the lower tail of the ψ
resonance.

We are therefore able to directly access the real part of the ψ amplitude, again, by exploiting
this interference with the BH amplitude through the forward-backward asymmetry AFB in the
c.m. frame of the di-lepton pair (Eq. (3.17)), which is zero for both the BH process and the
J/ψ process separately. The scattering picture is completely the same as displayed in the
previous Chapter on Fig. 3.4, except that the outgoing virtual photon is now the ψ particle.

Fig. 4.8 shows the forward-backward asymmetry AFB and its sensitivity on the subtraction
constant Tψp(0) in the kinematics of the JLab experiments. We notice that the asymmetry
AFB can reach values around −25 % in these kinematics for the value Tψp(0) = 22.45 which was
obtained in the fit above. In Fig. 4.8, we apply the same procedure of linear error propagation,
mentioned above for the case of the cross section fits, to the asymmetry. Following this
approach, the error of the asymmetry is estimated based on the first-order derivatives over the
parameters:

σ2
AFB

= ∂AFB
∂p ·Σp ·

∂AFB
∂p , (4.25)

where derivatives are taken at the fitted values of the parameters. We remark that in the
particular case of the asymmetry all the derivatives become zero at particular values of kine-
matical variables — the values at which the Bethe-Heitler cross section becomes equal to the
ψ cross section. This is why our error bands show nodes at specific values of Mll. One notices
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Figure 4.8: Figure from Ref. [4]: Forward-backward asymmetry for the γ p → e−e+ p pro-
cess as function of the di-lepton mass Mll around the ψ resonance. Dotted curve
(corresponding with AFB = 0): ψ contribution only. The other curves are the
Bethe-Heitler + ψ results. Left panel: Results for Tψp(0) = 22.45 and for different
values of the electron angle in the di-lepton c.m. frame. Right panel: Results for
θe
−e+cm = 40◦ and for different values of Tψp(0). The bands represent the error

resulting from our cross section fitting procedure.

from Fig. 4.8 (right panel) that away from the ψ resonance position, the asymmetry AFB
depends in good approximation linearly on the value of Tψp(0). It therefore provides a very
sensitive observable to extract Tψp(0). A future measurement of AFB at Jefferson Lab [149–
151] may thus provide us with a clean way to extract Tψp(0), or equivalently aψp, and provide
a cross-check of the value obtained from the cross section fits, as discussed in Section 2.

4.2 Threshold Υ photoproduction off protons at the EIC

One may consider quarkonium production on a nucleon at the future Electron-Ion Collider
(EIC) machine [129]. Here, it is worth noting that access to the threshold region of the J/ψ
production is not possible due to the lower limit of the center of mass energy of the machine.
Therefore, it is best to consider a higher center of mass energy provided by the threshold
production of Υ, hence reachable by the current machine design. With sufficient integrated
luminosity a precision measurement of the photo- and electro-production of Υ is possible,
and gives a way to address the question of the existence of bottom pentaquarks. As the Υ
production probes the gluon fields in the nucleon, such study will also shed light on the origin
of the proton mass. Gluons are estimated to account for more than half of the proton mass
due to the strong gluon chromo-electric and chromo-magnetic fields inside the proton [168].
At an EIC, the mass of the bottom quark as well as the probe resolution in electro-production
give two independent knobs in the investigation of the gluonic interaction between the Υ and
the nucleon.

To prepare for such a program of Υ production at an EIC, we will extend in the present
Section our dispersive study of J/ψ photoproduction to the case of Υ photoproduction. The
Section is based on the co-authored work of Ref. [6]. We will construct the Υ-proton forward

66



4.2 Threshold Υ photoproduction off protons at the EIC

scattering amplitude in Subsection 4.2.1, relating its imaginary part to γp → Υp data. The
real part will be calculated from a dispersion relation, involving one subtraction constant,
which is directly related to the scattering length. In Subsection 4.2.2, we will constrain the
high-energy region from existing HERA and LHC data. As no data are available so far in
the threshold region, we will consider several scenarios for the scattering length providing a
range of estimates for the subtraction constant. In Subsection 4.2.3, we will show results of a
feasibility study for Υ photoproduction at the EIC, considering different beam settings, and
discuss the sensitivity and precision in the extraction of the Υ-p scattering length from such
experiments. Some technical details on the EIC simulations are presented in Appendix 4.A.

4.2.1 Υ-proton forward scattering amplitude

p p

Υ Υ

VMD⇐=⇒

γ

p p

Υ

Figure 4.9: Υ elastic scattering off a proton (left) and Υ photoproduction on a proton (right)
processes are related through VMD.

In the current Section we follow the same notation as for the J/ψ case (with “J/ψ” →
“Υ” for the quarkonium), and are aimed to straight-forwardly apply similar analysis for the
amplitude constraints from fits of the photoproduction data.

We thus consider the spin-averaged Υp → Υp forward elastic scattering process (Fig. 4.9,
left), which is described by an invariant amplitude TΥp, depending on the crossing-symmetry
variable ν. The latter is defined in terms of the Mandelstam invariant s = W 2 as:

ν = 1
2(s−M2 −M2

Υ), (4.26)

where M and MΥ stand for the masses of the proton and Υ(1S) state, respectively. The
forward differential cross section for the Υ p → Υ p scattering process can then be expressed
as:

dσ

dt

∣∣∣∣
t=0

(Υp→ Υp) = 1
64π s q2

Υp

∣∣TΥp(ν)
∣∣2, (4.27)

where in the forward direction the momentum transfer t = 0, and where qΥp denotes the
magnitude of the Υ three-momentum in the c.m. frame, given by:

q2
Υp = 1

4s
[
s− (MΥ +M)2

] [
s− (MΥ −M)2

]
. (4.28)

The imaginary part of the amplitude TΥp can be obtained as sum of elastic and inelastic
discontinuities:

ImTΥp(ν) = θ(ν − νel) DiscelTΥp(ν)
+ θ(ν − νinel) DiscinelTΥp(ν). (4.29)
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The elastic discontinuity starts from elastic threshold s = sel = (MΥ + M)2 = 108.13 GeV2,
or equivalently νel = MΥM = 8.88 GeV2, whereas the inelastic discontinuity starts at the
BB̄ meson production threshold, corresponding with sinel = (M + 2MB)2 = 132.18 GeV2, or
equivalently νinel = 20.90 GeV2.

Analogous to the J/ψ case from the previous Section 4.1, we will parametrize the elastic and
inelastic discontinuities of the Υp forward scattering amplitude by the following 3-parameter
forms, for x = el/inel:

DiscxTΥp(ν) = Cx

(
1− νx

ν

)bx ( ν
νx

)ax
, (4.30)

where the factors ∼ (1 − νx/ν)bx determine the behavior around the respective threshold νx,
and the factors ∼ νax determine the Regge behavior of the amplitude at large ν. In the
following we will discuss how we can determine the respective parameters appearing in the
elastic and inelastic discontinuities.

For the discontinuity across the elastic cut, DiscelTΥp, again, we again use the VMD as-
sumption to relate the Υp elastic cross section σelΥp to the total γp → Υp photoproduction
cross section [148, 153]:

DiscelTΥp(ν) = 2
√
s qΥpσ

el
Υp ' 2

√
s qΥp

(
MΥ
efΥ

)2
(
qγp
qΥp

)2

σ(γp→ Υp), (4.31)

where fΥ is the Υ decay constant, which is obtained from the Υ→ e+e− decay as

ΓΥ→ee = 4πα2

3
f2

Υ
MΥ

. (4.32)

The experimental value ΓΥ→ee = 1.34 ± 0.02 keV [81] yields fΥ = 0.238 GeV. Furthermore,
qγp denotes the magnitude of the photon three-momentum in the c.m. frame of the γp→ Υp
process:

qγp = (s−M2)
2
√
s

. (4.33)

The discontinuity across the inelastic cut, DiscinelTΥp, is related through the optical theorem
to the Υp→ bb̄X inelastic cross section σinelΥp as:

DiscinelTΥp(ν) = 2
√
s qΥp σ

inel
Υp . (4.34)

Using VMD, one can relate the total γp→ bb̄X photoproduction cross section to the inelastic
cross sections for the sum over Υ states (labeled by index i):

σ(γp→ bb̄X) =
∑
Υi

(
qΥip
qγp

)2 (
efΥi
MΥi

)2
σinelΥip . (4.35)

In contrast to the elastic process, where the final state is fixed to be the Υ(1S)-p state,
and for which the elastic photoproduction cross section σ(γp → Υp) can be expected to
be approximately dominated by its lowest term in the sum over vector bottomonia states,
the open bottom bb̄ final state in the inelastic photoproduction cross section of Eq. (4.35)
can be expected to get sizeable contributions from several vector bottomonia states. We will
therefore refrain from approximating Eq. (4.35) by its lowest vector bottomonium contribution
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4.2 Threshold Υ photoproduction off protons at the EIC

in the following analysis, and instead constrain the inelastic discontinuity through the forward
differential cross section dσ/dt for γp→ Υp as discussed in the next Section.

The real part of the scattering amplitude TΥp is related to its imaginary part through a
once-subtracted forward dispersion relation:

ReTΥp(ν) = TΥp(0) + 2
π
ν2

ˆ ∞
νel

dν ′
1
ν ′

ImTΥp(ν ′)
ν ′ 2 − ν2 , (4.36)

with TΥp(0) the subtraction constant at ν = 0. In this thesis, the subtraction constant is
suggested to be obtained by performing a fit of the differential γp → Υp photoproduction
cross section data at t = 0, which is related to TΥp as:

dσ

dt

∣∣∣∣
t=0

(γp→ Υp) =
(
efΥ
MΥ

)2 1
64π s q2

γp

∣∣TΥp(ν)
∣∣2. (4.37)

The real part of the forward scattering amplitude at threshold TΥp(νel) is directly related
to the Υ-p scattering length aΥp as:

TΥp(ν = νel) = 8π(M +MΥ) aΥp. (4.38)

Analogously to the J/ψ case, we may relate a positive Υ-p scattering length, corresponding to
an attractive interaction, to an Υ binding energy BΥ in nuclear matter, using a linear density
approximation [142]:

BΥ '
8π(M +MΥ)aΥp

4MMΥ
ρnm, (4.39)

where ρnm ' 0.17 fm−3 denotes the nuclear matter density.
As the aim of this Section is to extract aΥp from fitting the subtraction constant TΥp(0) to

future Υ photoproduction data in the threshold region, we will consider three scenarios for the
subtraction constant in order to explore the data sensitivity to its extraction.

The simplest scenario corresponds with having zero value of the subtraction constant, i.e.
TΥp(0) = 0. The real part of the Υ-p scattering amplitude is then fully determined by its
imaginary part through the dispersion integral in Eq. (4.36). The resulting value of the Υ-p
scattering length is then extremely small, around aΥp ∼ 10−3 fm.

A second scenario is to estimate the subtraction constant by a scaling from its value for the
J/ψp scattering, which was obtained from a fit to data in [4] as TJ/ψp(0) ' 22.5±2.5. Observing
that at high energies the normalizations of both the J/ψp and Υp scattering amplitudes are
completely driven by their inelastic discontinuities, as discussed in the following Section, and
making the strong assumption that the subtraction constants scale in the same way, yields the
estimate:

TΥp(0) ≈ TJ/ψp(0) · CΥ
inel/C

J/ψ
inel ≈ TJ/ψp(0). (4.40)

With cross section normalization estimate at high energies CΥ
inel/C

J/ψ
inel ≈ 0.9, which we discuss

in the next Section, this second scenario yields TΥp(0) = 20.5, which corresponds with a
scattering length aΥp ' 0.016 fm.

We also consider a third, theoretically more motivated, scenario, in which an estimate of
the Υ-p threshold amplitude is obtained by considering, in the leading approximation, the
heavy bottomonium as a Coulombic bound state which interacts with the proton through its
chromo-electric polarizability [51] yielding:

TΥp(νel) = 16π2

9 αΥMΥM
2, (4.41)
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with αΥ the chromo-electric polarizability. For a Coulombic bound state, αΥ is given by [51,
52]

αΥ = 28
81πa

3
0, (4.42)

where a0 is the Bohr radius of the Υ state, given by

a−1
0 = 2

3αsmb. (4.43)

Using the parameter values for the strong coupling αs ≈ 0.37 and the bottom quark mass mb ≈
4.76 GeV from a recent potential model calculation for the bottomonium spectrum [169], the
Bohr radius for the Υ takes on the value a−1

0 ' (0.85)−1 GeV. Eq. (4.42) then yields a chromo-
electric polarizability αΥ ' 0.67 GeV−3, in good agreement with the recent evaluation given
in Ref. [170]: αΥ = 0.5+0.42

−0.38 GeV−3, using color octet intermediate states in the calculation of
the polarizability instead of free ones as in [51, 52]. For the purpose of providing cross section
estimates in our third scenario, we will use an average between both results: αΥ ' 0.6 GeV−3,
which yields TΥp(νel) ' 88 and for the s-wave scattering length aΥp ' 0.066 fm. Using the
dispersion integral of Eq. (4.36) in making the small extrapolation between the amplitudes
at ν = νel and ν = 0, this third scenario then yields as value for the subtraction constant:
TΥp(0) ' 87.

4.2.2 Fitting the existing data for Υ photoproduction off protons
In this Section, we discuss the fit of the elastic and inelastic discontinuities, which are parametrized
according to the three-parameter forms of Eq. (4.30), to available Υ-p photoproduction data,
following similar strategy as our previous analysis for the J/ψ-p system [4].

At present, the γp → Υp photoproduction database consists of four data points from
HERA [171–173], shown in Fig. 4.10 (Left panel). Furthermore at Large Hadron Collider
(LHC) energies, the γp → Υp cross section has been extracted from central pp production
data at LHCb [174] and from ultra-peripheral pPb collisions at CMS [175].

The inclusive bb̄ photoproduction database is represented by one data point from HERA [176].
Additionally, the lower energy cross section upper limit from EMC [177] is added to guide the
low-energy behavior, as shown in Fig. 4.10 (right panel).

For high energies
√
s = W ∼ 100 GeV, the differential cross section has been measured by

the ZEUS Collaboration and follows an exponential t-dependence:

dσ

dt
(γp→ Υp) = A · eBt, A = dσ

dt

∣∣∣∣
t=0

(γp→ Υp), (4.44)

with an empirical slope parameter B(W = 100 GeV) = 4.5±0.5 GeV−2 [173]. The exponential
dependence of Eq. (4.44) allows us to express the extrapolated value of the differential cross
section at t = 0 as

A ' Be−Btmin · σ(γp→ Υp), (4.45)

where
tmin = M2

Υ − 2qγp
(√

q2
Υp +M2

Υ − qΥp
)

(4.46)

is the minimum (modulo) physical momentum transfer, corresponding to the forward scattering
(θγΥ = 0).

On physical grounds, one may expect the exponential dependence of Eq. (4.44) to hold in a
limited t-range only, turning into a power dependence at larger t values. At high W , this only
gives a minor correction to Eq. (4.45), but at lower W -values one may expect the correction
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Figure 4.10: Figure from Ref. [6]: Left panel: W -dependence of the γp → Υp total cross
section. The curve is the result of our fit with parameters given in Table 4.3.
The elastic Υ photoproduction data are from HERA: H1 [171] and ZEUS [172,
173], and from LHC: LHCb [174] and CMS [175]. Right panel: W -dependence
of the total inelastic photoproduction cross section γp → bb̄X. The curve gives
a lower limit arising from the contribution of the Υ(1S) state only in the sum
of Eq. (4.35) for the γp → bb̄X cross section. The open beauty photoproduction
data points are from HERA [176] and EMC [177].

to be more important. In this case, one should apply the fit form of Eq. (4.45) only in the
limited t-range in order to extrapolate to A.

The present database for Υ photoproduction is unfortunately insufficient to perform a good
fit using the forms of Eq. (4.30) with all parameters unconstrained. Especially the lack of
low-energy data prevents a direct determination of the low-energy slope parameters bx of the
cross sections at present. Assuming a similarity in the energy dependence of the cross sections
for charm and bottom photoproduction, we thus start by simply fixing bel and binel to the
values obtained in the J/ψ analysis [4]. The high-energy elastic slope parameter ael and the
elastic normalization constant Cel are then fitted to the available data points for the elastic Υ
photoproduction total cross section, as shown in Fig. 4.10 (left panel), yielding the parameter
values shown in Table 4.3 (second column), with the χ2/d.o.f. = 0.3 (11 points, 2 parameters).

x = el x = inel
Cx (13.8± 8.1)× 10−3 18.7± 2.3
bx 1.27 (fixed) 3.53 (fixed)
ax 1.38± 0.06 1.2 (fixed)

Table 4.3: Table from Ref. [6]: Fit results for the coefficients entering the elastic discontinuity
(second column, x = el), and the inelastic discontinuity (third column, x = inel).
The parameters bel, binel, and ainel are fixed from the J/ψ analysis of Ref. [4].

To determine the inelastic normalization constant Cinel, it was observed in [4] for the J/ψ
case that around W = 100 GeV the inelastic discontinuity is around two orders of magnitude
larger than its elastic counterpart. Although there is only one data point for the inclusive
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γp→ bb̄X cross section, shown in the right panel of Fig. 4.10, it also confirms this finding for
the Υ-p discontinuities. The amplitude TΥp entering the forward differential cross section A
in Eq. (4.45) is thus dominated by the normalization constant Cinel. At high energies around
W ∼ 100 GeV, where the subtraction constant makes a negligible contribution to A, we thus
solve Eq. (4.45) and fix the normalization Cinel by the available high-energy data for the t-slope
parameter B.
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Figure 4.11: Figure from Ref. [6]: The W -dependence of the t-slope parameter B in Eq. (4.44).
The curves are obtained by solving Eq. (4.45) for different values of the subtraction
constant T0 in the J/ψp (left) and Υp (right) forward scattering amplitudes. The
t-slope data points are from HERA: for J/ψ from [159], and for Υ from [173]. The
red solid curve, corresponding to TΥp(0) = 87, passes through the central value
of the data point exactly, according to our constraint on the Cinel.

We show this constraint based on the t-slope parameter B in Fig. 4.11, and illustrate the
calculation procedure first for the J/ψ case (left panel). In solving Eq. (4.45) for B, we use the
total cross section data for σ(γp → J/ψp) which fixes the elastic discontinuity. Furthermore,
on the left hand side of Eq. (4.45), we need the real and imaginary parts of the forward
scattering amplitude to determine A, according to Eq. (4.37). For the imaginary part of the
amplitude, which is described by its elastic and inelastic discontinuities, we use Cinel and ainel
as fit parameters. The real part of the amplitude is calculated from the dispersion relation
of Eq. (4.36) for three values of the subtraction constant T0 ≡ Tψp(0), considered in Ref. [4].
The solution of Eq. (4.45) for these three values of T0 is shown in Fig. 4.11 and compared
with the HERA data for the t-slope. One firstly sees from Fig. 4.11 that for W ≥ 50 GeV, the
sensitivity to the subtraction constant becomes vanishingly small, thus allowing to determine
ainel and Cinel from a fit to the HERA data as: ainel = 1.20 and Cinel = 20.5.

We apply the same procedure to the Υ t-slope parameter in the right panel of Fig. 4.11, and
show our results for the three scenarios for the subtraction constant T0 ≡ TΥp(0) discussed
above. We again observe that for W ≥ 100 GeV, the sensitivity to the subtraction constant
becomes vanishingly small. As there is only one data point at W = 100 GeV in this case, we
fix ainel to the J/ψ value and extract Cinel by constraining the t-slope to the data point at 100
GeV. The obtained value for Cinel is listed in Table 4.3. It is seen that the value of the thus
extracted dimensionless parameter Cinel is similar within 10 % between the J/ψ and Υ cases.
We also note that in the sum of Eq. (4.35) the Υ contribution to the inelastic open beauty
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Figure 4.12: Figure from Ref. [6]: Imaginary part (dash-dotted curve) and real part of the
forward scattering amplitude TΥp as function of W . The real part is shown for
different values of the subtraction constant as indicated on the figure.

photoproduction cross section is around 20 %.
In Fig. 4.12, we show the W -dependence of real and imaginary parts of the scattering

amplitude TΥp in our dispersive formalism, for the three choices of the subtraction constant
discussed above. We notice that the real part of the amplitude dominates in the threshold
region, whereas the imaginary part dominates at high energies as expected for a diffractive
process. For the largest value of the subtraction constant T0 = 87 considered, the imaginary
part overtakes the real part around W ≈ 25 GeV.

4.2.3 Results for Υ photoproduction at the EIC and discussion
We investigate in this Section how to extract the subtraction constant from a fit to the differ-
ential γp→ Υp cross section data at an Electron-Ion Collider (EIC).

We consider both a medium-energy and high-energy EIC configuration. The medium-energy
configuration (setting 1) has a 10 GeV electron beam incident on a 100 GeV proton beam
(√sep = 63 GeV), while the high-energy configuration (setting 2) has a 18 GeV electron beam
incident on a 275 GeV proton beam (√sep = 140 GeV), corresponding to nominal configurations
for the EIC design.

For the γp → Υp cross section, we use the dispersive model discussed above with t-
dependence as in Eq. (4.44). We show results for the three scenarios for the subtraction
constant TΥp(0), and corresponding s-wave scattering length aΥp in Table 4.4. The uncertain-
ties correspond to the simulated EIC γp→ Υp data for the two beam settings.

We use the Argonne l/A-event generator [178] to simulate a realistic event sample for the
γp→ Υp process at the EIC, and refer to Appendix 4.A for more details on the exact imple-
mentation of the simulation. For our simulations, we assumed a total integrated luminosity of
100 fb−1 for each of the settings, which corresponds to 116 days at 1034cm−2s−1. We simu-
lated both the Υ → e+e− and Υ → µ+µ− decay channels, and only considered events where
we fully detect the exclusive final state. We assumed nominal EIC detector parameters in
line with the EIC white paper, where we have lepton detection for pseudo-rapidities between
−5 < ηl < 5, and recoil proton detection for angles θp > 2 mrad. Furthermore, we assumed
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Figure 4.13: Figure from Ref. [6]: t-dependence of the γp → Υp differential cross section for
different values of the subtraction constant T0 ≡ TΥp(0) as indicated on the figure.
The EIC data points are simulated based on the theoretical elastic Υ photoproduc-
tion cross section, assuming an exponential t-dependence. The bands represent
the uncertainty propagated based on the simulated data points, assuming the
two-parameter exponential fits.
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Figure 4.14: Figure from Ref. [6]: W -dependence of the γp→ Υp differential cross section, ex-
trapolated to t = 0, for different values of the subtraction constant T0 ≡ TΥp(0).
The data points (open circles) are obtained from the elastic Υ photoproduction
cross section from HERA [171–173] by using the empirically measured slope pa-
rameter, using Eq. (4.45). The bands represent the uncertainty propagated based
on the EIC simulated data points, assuming a one-parameter fit of T0. Upper
(lower) panels are for EIC beam setting 1 (beam setting 2) respectively. Right
panels give a more detailed view of the lower energy region W < 25 GeV.
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setting TΥp(0) aΥp (in fm) BΥ (in MeV)
1 0 ' 0 ' 0

20.5± 0.9 0.016± 0.001 0.78± 0.03
87± 2 0.066± 0.001 3.23± 0.06

2 0 ' 0 ' 0
20.5± 1.9 0.016± 0.001 0.78± 0.07

87± 4 0.066± 0.003 3.23± 0.16

Table 4.4: Table from Ref. [6]: Values of the subtraction constant TΥp(0) (second column),
the corresponding Υ-p s-wave scattering length aΥp (third column), and the cor-
responding Υ-nuclear matter binding energy BΥ, according to Eq. (4.39) (fourth
column). The uncertainty estimates are propagated based on the generated EIC
differential cross section data points.

we can reconstruct the scattered electron for y = P.q/P.k between 0.01 < y < 0.8, and we
ensured a quasi-real regime by requiring that Q2 < 1 GeV2.

In Fig. 4.13, we show the simulated results for the t-dependence of the γp→ Υp differential
cross sections for different values of W , corresponding to the two EIC beam settings. In each
case we consider the three scenarios for the subtraction constant T0 discussed above. For the
generated EIC data, the exponential t-slope B is obtained through solution of Eq. (4.45). The
error bands represent the uncertainty propagated based on the data points, assuming the two-
parameter exponential fits of Eq. (4.44). Only points generated up to −t values of 2.5 GeV
are considered in the fits.

In Fig. 4.14, we show the W -dependence of the γp → Υp differential cross sections extrap-
olated to t = 0 for the two EIC beam settings considered. We see that in the W < 25 GeV
region, the precision that can be reached for beam setting 1 at the EIC will allow to clearly
distinguish between the three scenarios for the subtraction constant, and allow to extract this
parameter with a statistical precision of the order of a few percent, see Table 4.4. Furthermore,
beam setting 1 at the EIC will allow to perform an independent fit of the binel parameter, which
governs the low-energy behavior of the γp → Υp forward differential cross section, according
to Eq. (4.30). For the region W > 25 GeV, beam setting 2 will allow to connect the data with
the existing HERA measurement and furthermore allow to perform an independent fit of the
parameter ainel, which governs the high-energy behavior of the γp → Υp forward differential
cross section.

4.3 Conclusions

We have provided an updated phenomenological analysis of the forward quarkonium (J/ψ and
Υ) – proton scattering amplitudes within a dispersive framework. Using VMD, we related the
imaginary parts of the forward QQ̄-p scattering amplitudes to γp → ψp and γp → cc̄X and
γp→ ψp and γp→ bb̄X cross sections data for the J/ψ and Υ cases, respectively. Furthermore,
we calculated their real parts through a once-subtracted dispersion relation.

We first considered in details the case of ψ-p forward scattering in Section 4.1. In our
framework, the 6 parameters describing the discontinuities, and the one subtraction constant
are obtained from a global fit to both total and forward differential hidden and open charm
photo-production cross sections. This fit allowed us to extract a value for the spin-averaged
s-wave ψ-p scattering length aψp = 0.046± 0.005 fm, which can be translated into a ψ binding
energy in nuclear matter of Bψ = 2.7± 0.3 MeV.

Starting from this γp → ψp amplitude we then calculated the γp → ψp → e−e+p pro-
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cess. This allowed us to estimate the forward-backward asymmetry for the γp → e−e+p
process around the ψ resonance, which results from interchanging the leptons in the inter-
ference between the ψ production mechanism and the competing Bethe-Heitler mechanism.
This forward-backward asymmetry, which in this case accesses the real part of the ψ-p ampli-
tude, displays to good approximation a linear dependence on aψp, away from the ψ resonance
position. Using the forward γp→ ψp amplitude obtained from our fitting procedure, we esti-
mated that the forward-backward asymmetry can reach values around −25 % for forthcoming
ψ threshold electro- and photo-production experiments at Jefferson Lab. Such forthcoming
measurements can thus lead to a refined extraction of the ψ-p scattering length aψp, and better
constrain the ψ binding energy in nuclear matter.

In Section 4.2, we have extended the dispersive study of the J/ψ photoproduction to the
case of Υ photoproduction on a proton target, with the aim to extract the Υ-p scattering
length from future γp → Υp experiments. The imaginary part of the Υ-p forward scattering
amplitude is constrained at high energies from existing HERA and LHC data for the γp→ Υp
total and differential cross sections. Its real part is calculated through a once-subtracted
dispersion relation, and the subtraction constant is proportional to the Υ-p scattering length.
As no data are available so far in the threshold region, we have considered three scenarios for
the subtraction constant: one of them corresponds to a zero value, the other to a value for
the Υ study similar to that of the J/ψ case, and a third where we estimate the subtraction
constant by considering the Υ as a Coulombic bound state which interacts with the proton
through its chromo-electric polarizability. Using these three scenarios, we have performed
a feasibility study for Υ quasi-real photon (Q2 < 1 GeV2) production experiments at an
Electron-Ion Collider, and considered a low-energy and a high-energy beam setting. For our
simulations, we have assumed a total integrated luminosity of 100 fb−1 for each of the settings,
assuming nominal EIC detector parameters in line with the EIC white paper. In both beam
settings, the simulated data for the γp → Υp cross section were found to clearly distinguish
between the three considered scenarios for the subtraction constant. The low-energy beam
setting, accessing the range 12 GeV . W . 60 GeV, was found to yield the higher statistical
precision on the cross section. Furthermore, the high-energy beam setting, accessing the range
15 GeV . W . 140 GeV, will allow to connect the EIC data with the existing HERA data,
and thus provide an independent measurement of the high-energy behavior of the γp → Υp
forward differential cross section, further constraining the dispersive formalism. It is worth
noting that our projection of the statistical error analysis shows that the Υ-p scattering length
can be extracted from such data with a statistical precision of the order of 2% or less. The
total experimental uncertainty of this determination will be dominated by the systematic error
in the measurement of the absolute value of the differential cross section expected to be in the
few percent range, leading to a very potent determination of the scattering length.

We have shown that an experimental program on Υ quasi-real photoproduction at the EIC
has the potential to provide a unique view on the gluonic van der Waals interaction in QCD.

Appendices

4.A Event generation for Υ photoproduction at EIC

This is an Appendix from Ref. [6].
In order to simulate a realistic event sample for Υ events at the EIC, we added the formalism

of Section 4.2 to the Argonne l/A-event Generator (lager) [178]. Lager is a modular accept-
reject generator capable of simulating both fixed-target and collider kinematics. Below we
describe the model components used to obtain the event samples for the Section 4.2.

77
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The differential cross section for the process (ep→ e′γ∗p→ e′Υp) can be written as,

dσ

dQ2dydt
(ep→ e′Υp) = ΓT (1 + εR)dσ

dt
(γ∗p→ Υp), (4.47)

with transverse virtual photon flux ΓT , virtual photon polarization ε, andR ≡ σL/σT parametrized
as in Ref. [179],

R(Q2) =
(
AM2

Υ +Q2

AM2
Υ

)n1

− 1. (4.48)

We use the values for parameters (A, n1) as determined for J/ψ production in Ref. [180]. In
order to estimate the unknown Q2 dependence of the differential γ∗p → Υp cross section, we
use the following factorized ansatz,

dσ

dt
(γ∗p→ Υp) = D(Q2)dσ

dt
(γp→ Υp), (4.49)

where for D we assumed a dipole-like form-factor, similar to what is typically done in VMD,

D(Q2) =
(

M2
Υ

M2
Υ +Q2

)n2

. (4.50)

This formula deviates from its standard VMD form through the value for n2, which was tuned
to optimally describe the Q2 dependence for exclusive ρ production in a wide range of kinematic
regions. Note that this assumption has very little impact on the projections in Section 4.2, as
we only consider quasi-real events.

In order to determine the slope B of the t-dependence of the differential cross section for the
γp → Υp process, we numerically solve the transcendental equation (4.45). Note that both
normalization A and slope B depend on the choice of the subtraction constant TΥp(0), while
the total integrated cross section σ(γp→ Υp) is independent of the subtraction constant.

We included both the Υ → e+e− and Υ → µ+µ− decay channels in our simulation, using
s-channel helicity conservation (SCHC) to describe the angular distribution for a vector meson
decaying into two fermions [159, 181, 182]:

W(cos θCM) = 3
8(1 + r04

00 + (1− 3r04
00) cos2 θCM), (4.51)

where we relate the spin-density matrix element r04
00 to R as,

R = 1
ε

r04
00

1− r04
00
. (4.52)
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Chapter 5

Hadronic light-by-light scattering (HLbL)

Lattice QCD calculations of hadron structure have been steadily advancing in recent years.
Several collaborations calculate hadronic observables directly at physical values of the quark
masses. At least two collaborations are addressing the HLbL contribution to (g − 2)µ on the
lattice [1, 7, 183–187]. Although the calculation poses serious challenges due to the complex-
ity of the four-point function and the long-range nature of the dominant contribution, as a
spacelike quantity it is well suited for a first-principles treatment directly in the Euclidean
theory. A second role of lattice QCD is to provide the necessary hadronic input for the model
and dispersive approaches to aHLbL

µ . Model calculations (see e.g. [188] for a recent overview)
consistently suggest that the contribution of the pseudoscalar mesons (π0, η, η′) is dominant,
and therefore determining their respective transition form factors is of primary importance.
A first calculation of the π0 → γ∗γ∗ transition form factor in the range of photon virtualities
relevant to (g − 2)µ has been carried out on the lattice [189]. An extension of this calculation
to the η, η′ mesons is possible, though more demanding, due to the appearance of disconnected
Wick-contraction diagrams. Computing the spectrum and two-photon coupling of the scalar,
axial-vector and tensor mesons is qualitatively more complicated in lattice QCD, since these
states are resonances and require a dedicated treatment.

In many ways, the light-by-light scattering amplitudes are the more accessible observable in
lattice calculations, because they involve spacelike photons that can be treated directly in the
Euclidean theory. The lattice calculation of the cross section γ∗γ∗ → ππ is for instance more
complex than calculating the cross section γ∗γ∗ → γ∗γ∗ for spacelike photons. In experiments,
the weakness of the electromagnetic coupling would make such a measurement impractical,
but in lattice QCD the factor e4 merely multiplies a four-point correlation function at the end
of the calculation.

In this Chapter, we present the computation of the HLbL scattering amplitude for spacelike
photons in lattice QCD, based on the co-authored work of Ref. [5]. Being parametrized by
functions of six Lorentz invariants, it is a complicated object. We focus on the forward am-
plitudes because they are simpler functions of three invariants and, using the optical theorem,
they are related to γ∗γ∗ → hadrons cross sections. Our objectives are:

• Provide a stringent test that the light-by-light amplitude for spacelike photons is correctly
described by the type of hadronic model used so far to estimate aHLbL

µ . The model
includes the exchange of pseudoscalar, scalar, axial-vector and tensor mesons.

• Provide information on their two-photon transition form factors via global fits.

• Compare the transition form factors to phenomenological determinations based on light-
by-light sum rules.

As the first step, in Ref. [1], we laid out the method and computed the forward amplitude
sensitive to the total transverse γ∗γ∗ cross section,MTT, via a dispersive sum rule. In Ref. [5],
we extended the comparison between lattice data and phenomenological parametrizations of
the γ∗γ∗ → hadrons cross sections to encompass all eight forward amplitudes. This more
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extensive analysis allowed us to place much stronger constraints on the size of the contributions
of different resonances, because they contribute to different amplitudes with different weight
factors, often even with opposite signs.

The lattice calculation was performed in QCD with two flavors of light quarks; it involves
pion masses down to 190 MeV and two lattice spacings. While a fully realistic lattice calculation
would have to include at least a dynamical strange quark, the present calculation does provide
a suitable test of hadronic models via dispersive sum rules, since at the required level of
precision it is fairly straightforward to adapt these models to QCD without the strange quark,
as discussed in Section 5.3.

We will start by introducing the theoretical background for the forward light-by-light scat-
tering in Section 5.1, where we establish the corresponding sum rules. We then present our
numerical results in two-flavor lattice QCD in Section 5.2. After introducing the details of the
hadronic model for the γ∗γ∗ → hadrons cross sections in Section 5.3 and appendix 5.A, we
perform fits to the lattice data in Section 5.4. We compare the results for the transition form
factors to existing phenomenological estimates, and finally conclude in Section 5.5.

5.1 Forward light-by-light scattering

In order to establish our notation, we start by recalling the dispersive sum rules for the scat-
tering of spacelike photons [75, 76]. Just as for real photons [190], they are based on unitarity
and analyticity of the forward scattering amplitude. More specifically, the optical theorem
allows one to relate the absorptive part of the γ∗(λ1, q1)γ∗(λ2, q2) → γ∗(λ′1, q1)γ∗(λ′2, q2) for-
ward scattering amplitude to fusion cross sections for the process γ∗γ∗ → X, where X stands
for any C-parity even final state. The relevant kinematic variables are the photon virtualities,
q2
i = −Q2

i , (i = 1, 2), and the crossing-symmetric variable ν = q1 · q2, which is related to
the squared center-of-mass energy by s = 2ν −Q2

1 −Q2
2. Denoting the absorptive part of the

helicity amplitude Mλ′1λ
′
2,λ1λ2 by

Wλ′1λ
′
2,λ1λ2 = Im

(
Mλ′1λ

′
2,λ1λ2

)
, (5.1)

the optical theorem yields (with a factor of one half because both photons are identical, and
dΓX is the phase space for a final state X)

Wλ′1λ
′
2,λ1λ2 = 1

2

ˆ
dΓX (2π)4δ4(q1 + q2 − pX)Mλ1λ2(q1, q2; pX)M∗λ′1λ′2(q1, q2; pX) , (5.2)

where Mλ1λ2(q1, q2; pX) denotes the invariant helicity amplitude for the fusion process

γ∗(λ1, q1) + γ∗(λ2, q2)→ X(pX) . (5.3)

The helicity amplitudes are related to the Feynman amplitudes by

Mλ′1λ
′
2λ1λ2(q1, q2) =Mµνρσ(q1, q2) ε∗µ(λ′1, q1) ε∗ν(λ′2, q2) ερ(λ1, q1) εσ(λ2, q2) , (5.4)

where ε are the photons polarization vectors. Using parity and time-reversal invariance, we are
left with only eight independent amplitudes Mλ′1λ

′
2,λ1λ2 [191]. Forming linear combinations,

we can consider eight amplitudes which are either even (first six amplitudes) or odd (last two
amplitudes) with respect to the variable ν:

MTT = 1
2(M++,++ +M+−,+−) , Mτ

TT =M++,−− ,

MTL =M+0,+0 , MLT =M0+,0+ , Mτ
TL = 1

2(M++,00 +M0+,−0) , MLL =M00,00 ,

Ma
TT = 1

2(M++,++ −M+−,+−) , Ma
TL = 1

2(M++,00 −M0+,−0) .
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5.1 Forward light-by-light scattering

In terms of the Feynman amplitudes, the eight independent helicity amplitudes are then given
by [191]1

MTT = 1
4R

µµ′Rνν
′Mµ′ν′µν , (5.5a)

Mτ
TT = 1

4
[
RµνRµ

′ν′ +Rµν
′
Rµ
′ν −Rµµ′Rνν′

]
Mµ′ν′µν , (5.5b)

Ma
TT = 1

4
[
RµνRµ

′ν′ −Rµν′Rµ′ν
]
Mµ′ν′µν , (5.5c)

MTL = 1
2R

µµ′kν2k
ν′
2 Mµ′ν′µν , (5.5d)

MLT = 1
2k

µ
1k

µ′

1 R
νν′Mµ′ν′µν , (5.5e)

MLL = kµ1k
µ′

1 k
ν
2k

ν′
2 Mµ′ν′µν , (5.5f)

Ma
TL = −1

8
[
Rµνkµ

′

1 k
ν′
2 +Rµν

′
kµ
′

1 k
ν
2 + (µν ↔ µ′ν ′)

]
Mµ′ν′µν , (5.5g)

Mτ
TL = −1

8
[
Rµνkµ

′

1 k
ν′
2 −Rµν

′
kµ
′

1 k
ν
2 + (µν ↔ µ′ν ′)

]
Mµ′ν′µν , (5.5h)

where the projector Rµν onto the subspace orthogonal to q1 and q2, and the vectors k1 and k2
are defined in Appendix 5.A. The eight helicity amplitudes are functions of (ν,Q2

1, Q
2
2). Then,

for fixed photon virtualities Q2
1 and Q2

2, the sum rules can be generically written as [76]

Meven(ν) = 2
π

ˆ ∞
ν0

dν ′
ν ′

ν ′ 2 − ν2 − iε
Weven(ν ′) , (5.6a)

Modd(ν) = 2ν
π

ˆ ∞
ν0

dν ′
1

ν ′ 2 − ν2 − iε
Wodd(ν ′) , (5.6b)

assuming the convergence of the integral. Here ν0 ≡ 1
2(Q2

1 + Q2
2). If the integral does not

converge, it is necessary to introduce a subtraction

Meven(ν) = Meven(0) + 2ν2

π

ˆ ∞
ν0

dν ′
1

ν ′(ν ′ 2 − ν2 − iε)Weven(ν ′) , (5.7a)

Modd(ν) = νM′odd(0) + 2ν3

π

ˆ ∞
ν0

dν ′
1

ν ′2(ν ′ 2 − ν2 − iε)Wodd(ν ′) . (5.7b)

Finally, the absorptive parts Wλ′1λ
′
2,λ1λ2 of those eight independent amplitudes, given by

Eq. (5.2), are expressed in terms of the γ∗γ∗ → X fusion cross sections [192],

W++,++ +W+−,+− ≡ 2
√
X (σ0 + σ2) = 2

√
X
(
σ‖ + σ⊥

)
≡ 4
√
X σTT , (5.8a)

W++,−− ≡ 2
√
X
(
σ‖ − σ⊥

)
≡ 2
√
X τTT , (5.8b)

W++,++ −W+−,+− ≡ 2
√
X (σ0 − σ2) ≡ 4

√
X τaTT , (5.8c)

W+0,+0 ≡ 2
√
X σTL , (5.8d)

W0+,0+ ≡ 2
√
X σLT , (5.8e)

W++,00 +W0+,−0 ≡ 4
√
X τTL , (5.8f)

W++,00 −W0+,−0 ≡ 4
√
X τaTL , (5.8g)

W00,00 ≡ 2
√
X σLL , (5.8h)

1Our definitions of Ma
TL and Mτ

TL are swapped relative to [191], so that our Ma
TL is odd in ν and our Mτ

TL

is even.
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Chapter 5 Hadronic light-by-light scattering (HLbL)

where X = ν2−Q2
1Q

2
2 is the virtual-photon flux factor. Here, L and T refer to longitudinal and

transverse polarizations respectively. The cross sections σ are positive, but the interference
terms τ are not sign-definite. The relevant cross sections for resonance contributions in each
channel are explicitly given in Appendix 5.A in terms of transition form factors.

Thus, using Eqs. (5.6) and (5.8), we obtain the following dispersive sum rules, valid for fixed
photon virtualities Q2

1, Q
2
2 > 0 [76]:

MTT = 1
2
(
M++,++(ν) +M+−,+−(ν)

)
= 4ν2

π

ˆ ∞
ν0

dν ′
√
X ′σTT (ν ′)

ν ′(ν ′ 2 − ν2 − iε) , (5.9a)

Mτ
TT =M++,−−(ν) = 4ν2

π

ˆ ∞
ν0

dν ′
√
X ′τTT (ν ′)

ν ′(ν ′ 2 − ν2 − iε) , (5.9b)

Ma
TT = 1

2
(
M++,++(ν)−M+−,+−(ν)

)
= 4ν3

π

ˆ ∞
ν0

dν ′
√
X ′ τaTT (ν ′)

ν ′ 2(ν ′ 2 − ν2 − iε) , (5.9c)

MTL =M+0,+0(ν) = 4ν2

π

ˆ ∞
ν0

dν ′
√
X ′σTL(ν ′)

ν ′(ν ′ 2 − ν2 − iε) , (5.9d)

MLT =M0+,0+(ν) = 4ν2

π

ˆ ∞
ν0

dν ′
√
X ′σLT (ν ′)

ν ′(ν ′ 2 − ν2 − iε) , (5.9e)

Mτ
TL = 1

2
(
M++,00(ν) +M0+,−0(ν)

)
= 4ν2

π

ˆ ∞
ν0

dν ′
√
X ′ τTL(ν ′)

ν ′(ν ′ 2 − ν2 − iε) , (5.9f)

Ma
TL = 1

2
(
M++,00(ν)−M0+,−0(ν)

)
= 4ν3

π

ˆ ∞
ν0

dν ′
√
X ′ τaTL(ν ′)

ν ′ 2(ν ′ 2 − ν2 − iε) , (5.9g)

MLL =M00,00(ν) = 4ν2

π

ˆ ∞
ν0

dν ′
√
X ′ σLL(ν ′)

ν ′(ν ′ 2 − ν2 − iε) , (5.9h)

where we use the notation M(ν) ≡ M(ν) −M(0) or M(ν) ≡ M(ν) − νM′(0) respectively
for the even and odd amplitudes. We always consider the subtracted sum rules, even when
the unsubtracted version is well defined, since the subtraction has the effect of suppressing
the high-energy contributions. Evaluating the sum rules using phenomenological inputs on
the two-photon fusion processes, one can confront the results with the light-by-light forward
amplitudes computed on the lattice. In the next Section, we will present an empirical model
for the description of the two-photon fusion processes and subsequently, by comparing it with
our lattice results, we will be able to extract information about the γ∗γ∗ →M transition form
factors.

5.2 Lattice results

The four-point correlation functions are computed on a subset of the Nf = 2 CLS (Coordinated
Lattice Simulations) ensembles generated using the plaquette gauge action for gluons [194]
and the O(a)-improved Wilson-Clover action for fermions [195] with the non-perturbative
parameter cSW [196]. The fermionic boundary conditions are periodic in space and antiperiodic
in time. We consider two different values of the lattice spacing and different pion masses in
the range from 190 to 440 MeV. The parameters of the ensembles used in this Chapter are
summarized in Table 5.1.

For each ensemble, the connected four-point correlation function is computed at a few values
of Q1 = (n · 2π/T, 0, 0, 0), the first-listed component corresponding to the time direction, with
n = 1, 2, 3 on ensemble E5; n = 1, 3 on F6 and F7; n = 1, 4 on G8 and n = 2 on N6. For the
(2+2) diagrams, we use n = 2 (E5) and n = 3 (F6). Then, for each value of Q1, the four-point
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CLS β L3 × T κ a [fm] mπ [MeV] mρ [MeV] mπL # confs
E5 5.3 323 × 64 0.13625 0.0652(6) 437(4) 971 4.7 500
F6 483 × 96 0.13635 314(3) 886 5.0 150
F7 483 × 96 0.13638 270(3) 841 4.3 124
G8 643 × 128 0.136417 194(2) 781 4.1 86
N6 5.5 483 × 96 0.13667 0.0483(4) 342(3) 917 4.0 236

Table 5.1: Table from Ref. [5]: Parameters of the simulations: the bare coupling β = 6/g2
0, the

lattice resolution, the hopping parameter κ, the lattice spacing a in physical units
extracted from [193], the pion mass mπ, the rho mass mρ and the number of gauge
configurations.

correlation function is evaluated for many different values of Q2, corresponding to different
values of Q2

2 and ν.

For the fully-connected diagrams, we used two source positions on ensembles E5, F6, F7;
one source position on N6; and eight source positions on G8. In the latter case, we used the
truncated-solver method [197] for the eight sources and a computation with exact inversions
of the Dirac operator for bias correction on one source.

To estimate the even subtracted amplitudes, we compute the subtraction term directly
at ν = 0, i.e., with Q2 orthogonal to Q1. For the odd subtracted amplitudes, we use the
approximation M(ν) ≈M(ν)− ν

ν1
M(ν1), where ν1 is the smallest available nonzero value of

ν. In both cases we linearly interpolate the subtraction term in Q2
2 to match the value in the

unsubtracted term.

In all tables and figures, our results for the HLbL amplitudes are multiplied by a factor of
106 for better readability.

The results for the connected contribution to the eight amplitudes are depicted in Figs. 5.1–
5.2 for the ensemble F6. For F6 we show the amplitudes for two different values of the virtuality
Q2

1. We used all lattice momenta Q2 up to Q2
2 . 4 GeV2. The variable ν is then bounded

by ν ≤ (Q2
1Q

2
2)1/2. The four amplitudes MTT , MTL, MLT and , MLL are positive as they

are related to cross sections, while the amplitudes Ma
TT , Mτ

TT , Mτ
TL, Ma

TL, corresponding
to interference terms, are not sign-definite. Since all amplitudes vanish in the limit of either
Q1 or Q2 → 0, the signal deteriorates at small Q2

1 (for fixed Q2
2) as can be seen by comparing

the left and right panels of Fig. 5.1.

We now come to our results for the (2+2) disconnected diagram contribution to the eight
subtracted amplitudes. We obtain this contribution with a reasonable statistical precision;
however, some of the amplitudes are significantly different from zero when Q2

2 = 0, as shown
in the left panel of Fig. 5.3. In infinite volume, the Euclidean four-point function should vanish
at this kinematic point, since a conserved current can be written as the divergence of a tensor
field, Jµ(x) = ∂ν(xµJν(x)), so that

´
d4x Jµ(x) is a pure boundary term, which vanishes in the

presence of a mass gap. Therefore this is a sign of significant finite-volume effects. The bulk
of the effect may be removed when subtracting the amplitude at ν = 0, but some of it may
remain. Figure 5.3 also shows that due to correlations, the subtraction significantly reduces
the statistical uncertainty. The full set of subtracted amplitudes on ensemble F6 is shown in
Fig. 5.4.
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Figure 5.1: Figure from Ref. [5]: Amplitudes MTT , Mτ
TT , Ma

TT and MLT (×106) for the
ensemble F6 and for two different values of Q2

1 (left: Q2
1 = 0.039 GeV2, right:

Q2
1 = 0.352 GeV2). The curves with error-bands represent the fit results discussed

in Sec. 5.4.
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Figure 5.2: Figure from Ref. [5]: Amplitudes MTL, Ma
TL, Mτ

TL and MLL (×106) for the
ensemble F6 and for two different values of Q2

1 (left: Q2
1 = 0.039 GeV2, right:

Q2
1 = 0.352 GeV2). The curves with error-bands represent the fit results discussed

in Sec. 5.4.
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Figure 5.3: Figure from Ref. [5]: Contribution (×106) from (2 + 2)-disconnected diagrams to
the forward scattering amplitude MTT on ensemble E5, without (left) and with
(right) subtraction of the value at ν = 0.

5.3 Empirical parametrization of the hadronic γ∗γ∗-fusion cross
section

In this Section, we describe how we model the hadronic γ∗γ∗-fusion cross section. We represent
it as a sum of contributions from charge-conjugation even mesonic resonances produced in the
s-channel. Specifically, we include the pseudoscalar (JPC = 0−+), scalar (JPC = 0++), axial-
vector (JPC = 1++) and tensor (JPC = 2++) mesons. Table 5.2 lists the most relevant light
mesons with these quantum numbers. In our implementation, we limit ourselves to the lightest
state in each symmetry channel. The assumption that those states are sufficient to saturate
the sum rules is motivated by the fact that, at small energies, higher mass singularities are
suppressed in Eq. (5.9). Moreover, we have revised the model used in [1] to better account
for the fact that we perform fits to the fully-connected diagrams. Rather than including
isovector and isoscalar mesons, we consider only isovector mesons, enhanced by a factor 34/9:
we refer the reader to the full text of Ref. [5] for a justification of this approximation, which
we expect to be superior. The procedure mostly modifies the contribution of the pseudoscalar
sector, due to the large mass difference between the pion and the η′ meson. Also, since lattice
simulations are performed using Nf = 2 dynamical quarks, we do not include the η meson.
Finally, we include the Born approximation to the γ∗γ∗ → π+π− cross section using scalar
QED, as described in Ref. [76], using a monopole vector form factor, the monopole mass being
set to the ρ meson mass. Explicit formulae for cross sections used in our model are given in
Appendix 5.A. The individual contributions to the eight amplitudes from each channel are
summarized in Table 5.3.

Our lattice simulations are performed at larger-than-physical quark masses. For each ensem-
ble, the pion and ρ meson masses are determined from the pseudoscalar and vector two-point
correlation functions respectively; see Table 5.1 for the obtained values. To obtain an estimate
of the lowest-lying meson mass mX in every other symmetry channel, we assume that mX ad-
mits a constant additive shift relative to its physical value mphys

X . The shift δm is determined
from the difference between the ρ mass computed on the lattice and its experimental value,

mX = mphys
X + δm, δm = mlat

ρ −mphys
ρ . (5.10)

In Section 5.4, we will test the sensitivity of our results to variations of δm by a factor of
two. As for resonances, we assume that their contributions are well approximated by Breit-
Wigner distributions and use the following formal substitution in the cross sections given in
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Figure 5.4: Figure from Ref. [5]: Contribution (×106) from (2 + 2)-disconnected diagrams to
the eight subtracted forward scattering amplitudes on ensemble F6 with one fixed
virtuality Q2

1 = 0.352 GeV2.
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Isovector
name m [MeV] Γγγ [keV]

0−+ π 134.98 0.0078(2)
0++ a0(980) 980(20) 0.30(10)
1++ a1(1260) 1230(40) 1.26∗

2++ a2(1320) 1318.3(0.6) 1.00(6)

Isoscalar
name m [MeV] Γγγ [keV]

0−+ η′ 957.78(6) 4.35(25)
0++ f0(600) × ×
1++ f1(1285) 1281.8(0.6) 3.5(0.8)
2++ f2(1270) 1275.5(0.8) 2.93(40)

Isoscalar
name m [MeV] Γγγ [keV]

0−+ η 547.86(2) 0.515(18)
0++ f0(980) 990(20) 0.31(5)
1++ f1(1420) 1426.4(0.9) 3.2(0.9)
2++ f ′2(1525) 1525(5) 0.081(9)

Table 5.2: Table from Ref. [5]: Particle multiplets and physical values for the mass and two-
photon width as quoted by the PDG [80], as well as by [198] for the two-photon
width of the f2(1270) meson and [199] for the π0 width. In the case of the axial-
vector mesons, the indicated width is the effective width defined in Eq. (5.20) and
obtained phenomenologically in [77]. A cross indicates an absent or imprecise value
in the PDG. An asterisk means that we use the isoscalar result divided by a factor
25/9 (explained in Ref. [5]).

Appendix 5.A,

δ(s−m2
X) ↔ mX

π

ΓX
(s−m2

X)2 +m2
XΓ2

X

, (5.11)

where mX and ΓX are the mass and the total width of the particle respectively. However,
the remaining part of the cross section is still evaluated at s = m2

X . For the (very narrow)
pseudoscalar mesons, one can perform the integration explicitly and obtain the following con-
tribution to the sum rules (using δ(ν − νP ) = 2δ(s− sP ), where νP = 1

2(m2
P +Q2

1 +Q2
2)) :

4ν2

π

ˆ ∞
ν0

dν ′
√
X ′σ0(ν ′)

ν ′(ν ′ 2 − ν2 − iε) = 64π Γγγ
mP

ν2XP

m2
P νP (ν2

P − ν2)

[
FPγ∗γ∗(Q2

1, Q
2
2)

FPγ∗γ∗(0, 0)

]2

(5.12)

= 16π2α2 ν2XP

νP (ν2
P − ν2)

[
FPγ∗γ∗(Q2

1, Q
2
2)
]2
, (5.13)
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MTT Mτ
TT Ma

TT MTL MLT Mτ
TL Ma

TL MLL

Pseudoscalar σ0/2 −σ0 σ0/2 × × × × ×
Scalar σ0/2 σ0 σ0/2 × × τTL τTL σLL

Axial σ0/2 −σ0 σ0/2 σTL σLT τTL −τTL ×
Tensor σ0+σ2

2 σ0
σ0−σ2

2 σTL σLT τTL τaTL σLL

Scalar QED σTT τTT τaTT σTL σLT τTL τaTL σLL

Table 5.3: Table from Ref. [5]: List of individual contributions to each of the eight helicity
amplitudes. A cross indicates the absence of a contribution in the given channel.
The relevant cross sections for each channel are given in Appendix 5.A.

in the even case, and

4ν3

π

ˆ ∞
ν0

dν ′
√
X ′σ0(ν ′)

ν ′2(ν ′ 2 − ν2 − iε) = 16π2α2 ν3XP

ν2
P (ν2

P − ν2)

[
FPγ∗γ∗(Q2

1, Q
2
2)
]2
, (5.14)

in the odd case, where XP ≡ ν2
P −Q2

1Q
2
2.

5.3.1 Parametrization of the form factors
In this Subsection, we briefly review the available information on the transition form factors of
the exchanged mesons in the hadronic model, and present the parametrization we use in fitting
the lattice HLbL amplitudes. While detailed information is available in the case of the pion
from lattice QCD, no experimental data is presently available at doubly virtual kinematics in
any channel. In these cases, a monopole or dipole ansatz, in which the Q2

1 and Q2
2 dependence

factorizes, is made to describe the photon-virtuality dependence, even though such an ansatz
might not have the asymptotic behavior predicted by the operator-product expansion. Our
motivation is that this type of parametrization is used in model calculations of aHLbL

µ . Also,
given our goal of performing fits to the HLbL amplitudes computed on the lattice, the number
of free parameters characterizing the transition form factors should be commensurate with the
precision of the lattice data.

Pseudoscalar mesons

For pseudoscalar mesons, experimental data are available when at least one photon is on-shell,
and in this case a good parametrization of the data is obtained using a monopole form factor
[200–203]. However, as shown in Ref. [189], a monopole form factor failed to reproduce the
lattice data in the doubly-virtual case, in contrast to the LMD+V model. Furthermore, the
LMD+V model is compatible with the Brodsky-Lepage behavior [204–206] in the singly-virtual
case and with the operator-product expansion (OPE) prediction [207, 208] in the Q2

1 = Q2
2

doubly-virtual case. We therefore use this model for the pion transition form factor, of which
the parameters were determined in Ref. [189] for each ensemble listed in Table 5.1.

Scalar mesons

Scalar mesons can be produced by two transverse (T) or two longitudinal (L) photons. Cor-
respondingly, the amplitude is parametrized by two form factors, F TSγ∗γ∗ and FLSγ∗γ∗ . Only
the first one has been measured experimentally: this was done for the f0(980) meson in the
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region Q2 < 30GeV 2 by the Belle Collaboration [209], and the results are compatible with a
monopole form factor with a monopole mass MS = 0.800(50) GeV. Therefore, we assume the
form

F TSγ∗γ∗(Q2
1, Q

2
2)

F TSγ∗γ∗(0, 0)
= 1

(1 +Q2
1/M

2
S)(1 +Q2

2/M
2
S)
. (5.15)

For simplicity, we also assume that the transverse and longitudinal form factors are equal (the
longitudinal one is only relevant for the amplitudes Ma

TL, M τ
TL and MLL),

FLSγ∗γ∗(Q2
1, Q

2
2) = −F TSγ∗γ∗(Q2

1, Q
2
2) . (5.16)

The normalization is obtained from the experimentally measured two-photon decay width Γγγ
given by (see Table 5.2)

Γγγ = πα2

4 mS

[
F TSγ∗γ∗(0, 0)

]2
, (5.17)

while the monopole mass MS will be treated as a free parameter.

Axial mesons

For axial mesons, we have two form factors, F (0)
Aγ∗γ∗ and F

(1)
Aγ∗γ∗ , corresponding to the two

helicity states of the meson. We use the same parametrization as in Ref. [76], inspired by
quark models,

F
(0)
Aγ∗γ∗(Q

2
1, Q

2
2) = m2

AA(Q2
1, Q

2
2) , (5.18a)

F
(1)
Aγ∗γ∗(Q

2
1, Q

2
2) = − ν

X

(
ν +Q2

2

)
m2
AA(Q2

1, Q
2
2) , (5.18b)

F
(1)
Aγ∗γ∗(Q

2
2, Q

2
1) = − ν

X

(
ν +Q2

1

)
m2
AA(Q2

1, Q
2
2) , (5.18c)

in which 2ν = m2
A +Q2

1 +Q2
2 with mA the meson mass,

A(Q2
1, 0)

A(0, 0) = 1
(1 +Q2

1/M
2
A)2 , (5.19)

and assuming factorization such that A(Q2
1, Q

2
2) = A(Q2

1, 0)A(0, Q2
2)/A(0, 0) = A(Q2

2, Q
2
1). In

particular, the form factor F (1)
Aγ∗γ∗ is not symmetric in the photon virtualities Q2

1, Q
2
2. These

form factors have been measured by the L3 Collaboration for one real and one virtual pho-
ton in the region Q2 < 5 GeV2 [210, 211] for the isoscalar resonance. Using the previous
parametrization, the authors obtain the dipole mass MA = 1040(78) MeV for the f1(1285)
meson. We obtain the normalization of the form factors from the values given in [77] for the
effective two-photon width, defined as

Γ̃γγ ≡ lim
Q2

1→0

m2
A

Q2
1

1
2Γ(A → γ∗LγT ) = πα2

4
mA

3
[
F

(1)
Aγ∗γ∗(0, 0)

]2
, (5.20)

and we will consider MA as a free parameter in our fits.

Tensor mesons

We now turn our attention to the tensor mesons. The singly-virtual form factors of the
isoscalar resonance f2 for helicities Λ = 2, 1, (0, T ) have also been measured experimentally
in the region Q2 < 30 GeV2 by the Belle Collaboration [209], where the data are compatible
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Λ = 2 Λ = (0, T ) Λ = 1 Λ = (0, L)
F

(Λ)
T γ∗γ∗(0, 0) 0.500± 0.034 0.095± 0.011 0.24± 0.05 −0.90± 0.30

Table 5.4: Table from Ref. [5]: Tensor form factor normalizations for the isoscalar meson
f2(1270). For helicities Λ = 2 and Λ = (0, T ) the normalization is obtained using
Eq. (5.22) and the measured two-photon decay width. For helicities Λ = 1 and
Λ = (0, L) the results are extracted from Ref. [77].

with a dipole form factor [77]. Therefore, we use the following parametrization for all helicities
Λ = (0, T ), (0, L), 1, 2,

F
(Λ)
T γ∗γ∗(Q2

1, Q
2
2)

F
(Λ)
T γ∗γ∗(0, 0)

= 1
(1 +Q2

1/M
2
T,(Λ))2(1 +Q2

2/M
2
T,(Λ))2 , (5.21)

where we allow for a different dipole mass for each helicity. The normalization of the transverse
form factors is computed from the experimentally measured two-photons widths [80], Γγγ =
Γ(0)
γγ + Γ(2)

γγ , assuming that the ratio of helicity 2 to helicity 0 decays is r = 91.3 % (see Ref.
[212]):

Γ(0)
γγ = πα2mT

2
15
[
F

(0,T )
T γ∗γ∗(0, 0)

]2
,

Γ(2)
γγ = πα2

4 mT
1
5
[
F

(2)
T γ∗γ∗(0, 0)

]2
. (5.22)

In Ref. [77], the authors obtain the normalization of the two other form factors by saturating
two different sum rules involving one real and one virtual photon; their results are summarized
in Table 5.4.

Finally, based on large-N arguments reviewed in the full text of Ref. [5], we assume the
following relationship between the two-photon decay widths of the isoscalar and isovector
mesons,

Γγγ(fX) = 25
9 Γγγ(aX) . (5.23)

In particular, we observe that this approximation works well for the tensor meson, where the
two-photon decay widths have been measured both for the isovector and isoscalar mesons (see
Table 5.2).

5.4 Fitting the γ∗γ∗ →hadrons model to the lattice HLbL
amplitudes

We fit simultaneously the eight forward light-by-light amplitudes using the phenomenological
model described in Sec. 5.3. We have checked that we can reproduce the results given in
Refs. [76, 77] in the limit where only one photon is virtual to the quoted accuracy 2 (Tables I
and II of [76] and Table III and IV of [77]). Moreover, fits have been checked using two different
routines: the Minuit package from CERN [213] and the GSL library [214].

2In the second paper, the authors worked in the narrow width approximation.
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MS MA M
(2)
T M

(0,T )
T M

(1)
T M

(0,L)
T χ2/d.o.f.

E5 1.38(11) 1.26(10) 1.93(3) 2.24(5) 2.36(4) 0.60(10) 4.22
F6 1.12(14) 1.44(5) 1.66(9) 2.17(5) 1.85(14) 0.89(28) 1.15
F7 1.04(18) 1.29(8) 1.61(12) 2.08(7) 2.03(7) 0.57(16) 1.19
G8 1.07(10) 1.36(5) 1.37(24) 2.03(6) 1.63(13) 0.73(14) 1.13
N6 0.86(37) 1.59(3) 1.72(17) 2.19(4) 1.72(18) 0.51(8) 1.35

Table 5.5: Table from Ref. [5]: Results of the simultaneous fit to the eight subtracted ampli-
tudes MTT , Mτ

TT , Ma
TT , MTL, MLT , Ma

TL, Mτ
TL and MLL for the five lattice

ensembles. The six mass parameters are given in units of GeV.

5.4.1 Fit of the eight helicity amplitudes

It appears that the five subtracted amplitudesMTT ,Mτ
TT ,Ma

TT ,MTL andMLT are statis-
tically more precise than the three other amplitudes Mτ

TL, Ma
TL and MLL. Moreover, these

last three amplitudes also depend on the longitudinal scalar form factor and on the tensor
form factor with helicity Λ = (0, L) which are unknown from experiment and for which we
use values from phenomenology (see Table 5.4). As shown in the last row of Table 5.6, the
contribution from scalar QED is always small and therefore we do not try to fit the associated
monopole mass which is explicitly set to the rho mass computed on the lattice. We therefore
have six fit parameters, which correspond to the monopole and dipole masses of the scalar
(MS), axial (MA) and tensor (M (2)

T ,M
(0,T )
T ,M

(1)
T ,M

(0,L)
T ) mesons. The results are given in

Table 5.5, and the corresponding plots for the ensemble F6 are shown in Figs. (5.1 and 5.2.
The quoted error on the fit parameters is only statistical and estimated using the jackknife
method. The quoted χ2 correspond to uncorrelated fits. The χ2 per degree of freedom are
slightly above unity, with the exception of the value for ensemble E5. Here we attribute its
large value to the fact that the statistical errors are smallest on E5 and that finite-volume
effects could be significant for this ensemble. Given that lattice artifacts and finite-size effects
are not taken into account by the χ2, we consider the obtained description of the data on the
other ensembles to be satisfactory.

In Table 5.6, we show the relative contribution of each channel to the different amplitudes
at Q2

1 = 0.352 GeV2, ν = 0.467 GeV2 and for two values of Q2
2. The amplitudes Ma

TT ,
Mτ

TT ,Mτ
TL andMa

TL involve interference cross sections and are not sign-definite: we observe
large cancellations between the different contributions. The latter help to stabilize the fit due
to the enhanced sensitivity to the relative size of these contributions. In particular, fitting
only the amplitudes MTT , MTL and MLT leads to unstable fits. Figures 5.5 and 5.6, in
addition to displaying the ν-dependence of the amplitudes for two sets of values of (Q2

1, Q
2
2),

show the contributions of the individual mesons. The pseudoscalar and tensor mesons give the
dominant contribution to the amplitudesMTT ,Mτ

TT andMa
TT , which involve two transverse

photons. As stated above, the scalar QED contribution is always small, except for MLL.
The axial form factor is mainly constrained from MTL, MLT where the axial and tensor
mesons make the dominant contribution; this is clearly visible from Figs. 5.5 and 5.6. It also
contributes significantly to the amplitudes Ma

TL and Mτ
TL, which involve one transverse and

one longitudinal photon. On the other hand, the axial meson does not contribute significantly
to the amplitudes MTT , Mτ

TT and Ma
TT involving two transverse photons, especially at low

virtualities. This suppression is expected since axial mesons have vanishing contribution when
at least one photon is real according to the Landau-Yang theorem [215, 216]. Finally, the
tensor meson contributes significantly to all amplitudes.
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Figure 5.5: Figure from Ref. [5]: The dependence of the amplitudes MTT , Mτ
TT , Ma

TT and
MLT (×106) on ν for two different values of Q2

2, the virtuality Q2
1 = 0.352GeV2

being fixed. The results correspond to the lattice ensemble G8. Note that at fixed
photon virtualities, the form factors are completely determined. The black line
corresponds to the total contribution and each colored line represents a single-
meson contribution.
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Figure 5.6: Figure from Ref. [5]: The dependence of the amplitudes MTL, Ma
TL, Mτ

TL, MLL

(×106) on ν for two different values of Q2
2, the virtuality Q2

1 = 0.352GeV2 being
fixed. The results correspond to the lattice ensemble G8. Note that at fixed
photon virtualities, the form factors are completely determined. The black line
corresponds to the total contribution and each colored line represents a single-
meson contribution.
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5.4 Fitting the γ∗γ∗ → hadrons model to the lattice HLbL amplitudes

Q2
2 [GeV2] MTT Mτ

TT Ma
TT MTL MLT Ma

TL Mτ
TL MLL

0−+ 1.0 35 −56 68 × × × × ×
3.0 30 −38 61 × × × × ×

0++ 1.0 7 11 8 × × 23 14 42
3.0 5 6 8 × × 19 9 50

1++ 1.0 2 −2 1 43 57 −43 32 ×
3.0 8 −11 11 21 49 −40 23 ×

2++ 1.0 53 25 −20 56 42 19 −47 25
3.0 56 44 19 79 51 −38 −67 40

Scalar 1.0 4 5 3 1 < 1 −15 −7 33
QED 3.0 1 1 1 < 1 < 1 −3 −1 10

Table 5.6: Table from Ref. [5]: Relative contributions in % of each particle to the different
amplitudes for the ensemble F7 at Q2

1 = 0.352 GeV2, ν = 0.467 GeV2 and for two
values of Q2

2. For each Q2
2 value, the normalization is such that the absolute values

of the entries in a given column add up to 100.

5.4.2 Influence of the non-fitted model parameters

In the previous fit, only the monopole and dipole masses entering the form factors were con-
sidered as fit parameters. The other parameters (p = Γ,Γγγ , δm, . . . ) were fixed using phe-
nomenology as described in Sec. 5.3. However, these parameters are sometimes associated
with relatively large experimental errors (δp) or modelled (like the global mass shift in the
spectrum where we assume mX = mexp

X + δm with δm = mlat
ρ −mexp

ρ ). Therefore, we perform
exactly the same fit as in the previous Subsection but using p ± δp instead of p (and varying
only one parameter at a time). In this way, we can see the influence of these parameters on the
monopole and dipole masses obtained in the previous Subsection. The results are summarized
in Table 5.7 for the ensemble F6. In this table, δm corresponds to the global mass shift applied
to the spectrum (see Eq. (5.10)), and is multiplied or divided by a factor of two.

We observe that the experimental error on the total decay widths of the particles have a
negligible effect. Increasing the two-photon width (or equivalently, the normalization of the
form factor) tends to reduce the associated monopole or dipole mass. Finally, increasing the
global mass shift by a factor two leads to a noticeable change in the monopole and dipole
masses with little change in the χ2.

Varying the normalization of the form factor F (0,L)
T γ∗γ∗ leads to negligible changes in all param-

eters but M (0,L)
T ; this particular correlation is studied in more detail in the next Subsection.

5.4.3 Bounds for the tensor form factor F (0,L)
T γ∗γ∗

The transition form factor F (0,L)
T γ∗γ∗ of the tensor meson enters only the amplitudesMτ

TL,Ma
TL

and MLL, which are less precisely determined on the lattice. In particular the fit is not able
to determine both the dipole mass and the normalization independently, and they are highly
correlated. To illustrate this point, we use the previously obtained best fit parameters and
compute the χ2/d.o.f. along a scan in the plane (M (0,L)

T , F (0,L)
T γ∗γ∗(0, 0)). The results are shown

in Fig. 5.7: for a dipole mass of 1 GeV, a normalization F (0,L)
T γ∗γ∗(0, 0) ≈ −0.4 is favored but the

results show a strong dependence on M
(0,L)
T .
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MS MA M
(2)
T M

(0,T )
T M

(1)
T M

(0,L)
T χ2/d.o.f.

Principal 1.12(14) 1.44(5) 1.66(9) 2.17(5) 1.85(14) 0.91(7) 1.15
Γ(a0) × × × × × × 1.15

× × × × × × 1.15
Γγγ(a0) −0.09 × × × × × 1.14

+0.12 × × × × × 1.15
Γ(a1) −0.01 +0.03 × +0.01 × × 1.14

−0.01 −0.02 +0.01 × +0.01 × 1.15
Γ̃γγ(a1) × −0.10 +0.02 −0.01 +0.02 × 1.17

+0.03 +0.19 −0.01 +0.02 −0.01 × 1.12
Γ(a2) × × × × × × 1.15

× × × × × × 1.15
F

(2)
T γ∗γ∗ −0.01 × −0.06 +0.01 × × 1.15

× × +0.08 × +0.01 × 1.14
F

(0,T )
T γ∗γ∗ −0.08 × −0.01 −0.09 −0.01 × 1.13

+0.08 × +0.02 +0.11 +0.02 × 1.17
F

(1)
T γ∗γ∗ × × × × −0.14 × 1.14

−0.01 × × × +0.21 × 1.15
δm×2
×0.5 +0.20 +0.13 +0.11 +0.13 +0.14 +0.10 1.17

−0.10 −0.06 −0.05 −0.08 −0.06 −0.05 1.15

Table 5.7: Table from Ref. [5]: Fit variations for F6. The first row corresponds to the results
obtained in the previous Subsection. Then, each row corresponds to a new fit using
p ± δp and varying only one parameter at a time: the quoted number is the shift
observed for the monopole/dipole mass, in units of GeV. A cross indicates that the
parameter remains unchanged to all indicated digits of the central values in the first
row. For instance, using Γγγ(a0)+δΓγγ(a0) instead of Γγγ(a0), the scalar monopole
mass is shifted by −0.09 GeV, the other monopole/dipole masses being unaffected.
In the last row, the mass shift δm applied to the spectrum (see Eq. (5.10)) is varied
by a factor of two.

5.5 Conclusions

With the hadronic light-by-light contribution to the muon anomalous magnetic moment aHLbL
µ

in mind, we have studied the eight forward light-by-light amplitudes for spacelike photons in
Nf = 2 lattice QCD. Via dispersive sum rules, we have tested whether the type of hadronic
models used to estimate aHLbL

µ provides a good description of lattice results. All in all, we
found that by fitting the virtuality dependence of six meson transition form factors, we were
able to describe the lattice data within statistical uncertainties. The monopole and dipole
masses parametrizing the transition form factors compare reasonably well in magnitude with
phenomenological determinations for the I = 0 isospin partner, with the notable exception
of the dipole masses of the tensor meson for helicities Λ = 1 and Λ = (0, T ), where we find
that the form factors fall off far more slowly. The simultaneous fit to all eight amplitudes
allowed us to test the individual relevance of the various resonance contributions, given that
they appear with different weights and signs in different amplitudes. Thus our study provides
evidence, by a completely independent method, that the resonance-exchange model widely
used in calculating aHLbL

µ is not missing a large contribution.
We regard the present calculation as exploratory, and leave a more quantitative comparison
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Figure 5.7: Figure from Ref. [5]: Value of χ2/d.o.f. for different dipole masses and form factor
normalizations (tensor form factor, helicity Λ = (0, L)). Left: ensemble F7, right:
ensemble G8.

of monopole and dipole masses, including an estimate of systematic errors, for the future.
Indeed we were only able to perform stable fits by making model assumptions, for instance
about the masses of the lightest resonances in the scalar, axial-vector and tensor sectors in
Nf = 2 QCD at non-physical quark masses. In addition to neglecting the three classes of
diagrams containing at least one isolated vector current insertion in a quark loop, we had to
assume various relations between the two-photon decay widths of isospin-partner resonances
that are justified only for a large number of colors N . Also, the employed parametrization of
the axial-vector resonance form factors is a further vulnerable assumption.

Appendices

5.A Cross sections γ∗γ∗ → X

This Appendix is from Ref. [5], which in turn is based on the Appendix of Ref. [76]. We collect
the relevant formulae needed to evaluate the sum rules in the general case with two virtual
photons.

The metric tensor of the subspace orthogonal to q1 and q2 is given by

Rµν(q1, q2) = −gµν + 1
X

{
(q1 · q2) (qµ1 qν2 + qµ2 q

ν
1 )− q2

1 q
µ
2 q

ν
2 − q2

2 q
µ
1 q

ν
1
}
, (5.24)

such that Rµνqνi = 0 for i = 1, 2. It satisfies Rµν = Rνµ, Rµµ = 2 and RµαR
αν = −Rµν . We

use the ‘mostly minus’ metric convention. The virtual photon flux factor is defined through
X = (q1 · q2)2 − q2

1q
2
2 = ν2 −Q2

1Q
2
2 with the crossing-symmetric variable ν given by ν = q1 · q2

The vectors ki are defined by

k1 =

√
−q2

1
X

(
q2 −

q1 · q2
q2

1
q1

)
, k2 =

√
−q2

2
X

(
q1 −

q1 · q2
q2

1
q2

)
, (5.25)

and satisfy k2
i = 1, ki · qi = 0.

Finally, the helicity amplitudes for the γ∗(λ1, q1)γ∗(λ2, q2) → X(pX) fusion process are
related to the Feynman amplitudes by

M(λ1, λ2) =Mµν ε
µ
1 (λ1) εν2(λ2) . (5.26)
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5.A.1 Pseudoscalar mesons
The transition γ∗(q1, λ1) + γ∗(q2, λ2) → P, where P is a pseudoscalar state, is described by
the following amplitude:

M(λ1, λ2) = −i e2 εµναβ ε
µ(q1, λ1) εν(q2, λ2) qα1 q

β
2 FPγ∗γ∗(Q2

1, Q
2
2) , (5.27)

where εµ(q1, λ1) and εν(q2, λ2) are the polarization vectors of the virtual photons with helicities
λ1, λ2 = 0,±1. The only non-zero helicity amplitudes, which we define in the rest frame of the
produced meson, are given by :

M(+1,+1) = −M(−1,−1) = e2√X FPγ∗γ∗(Q2
1, Q

2
2) . (5.28)

The two-photon decay width is given by

Γγγ = πα2

4 m3
P [FPγ∗γ∗(0, 0)]2 , (5.29)

and from Eqs. (5.2) and (5.8)

σ0 = σ⊥ = 2σTT = 2τaTT = −τTT = 16π2δ(s−m2
P )Γγγ
mP

2
√
X

m2
P

[
FPγ∗γ∗(Q2

1, Q
2
2)

FPγ∗γ∗(0, 0)

]2

,

σLL = σTL = σLT = τTL = τaTL = 0 . (5.30)

5.A.2 Scalar mesons
The transition γ∗(q1, λ1) + γ∗(q2, λ2) → S where S is a scalar state can be parameterized by
one transverse (F TAγ∗γ∗) and one longitudinal (FLAγ∗γ∗) form factor and is described by the
following matrix element

M(λ1, λ2) = e2 εµ(q1, λ1) εν(q2, λ2)

×
(
ν

mS

){
−Rµν(q1, q2)F TSγ∗γ∗(Q2

1, Q
2
2) + ν

X

(
qµ1 + Q2

1
ν
qµ2

)(
qν2 + Q2

2
ν
qν1

)
FLSγ∗γ∗(Q2

1, Q
2
2)
}
.

The only non-zero helicity amplitudes are given by

M(+1,+1) = M(−1,−1) = e2 ν

mS
F TSγ∗γ∗(Q2

1, Q
2
2) ,

M(0, 0) = −e2 Q1Q2
mS

FLSγ∗γ∗(Q2
1, Q

2
2) . (5.31)

The two-photon decay width is given by

Γγγ = πα2

4 mS

[
F TSγ∗γ∗(0, 0)

]2
, (5.32)

and from Eqs. (5.2) and (5.8)

σ0 = σ‖ = 2σTT = 2τaTT = τTT = 16π2δ(s−m2
S)Γγγ
mS

2ν2

m2
S

√
X

[
F TSγ∗γ∗(Q2

1, Q
2
2)

F TSγ∗γ∗(0, 0)

]2

,

σLL = 16π2δ(s−m2
S)Γγγ
mS

2Q2
1Q

2
2

m2
S

√
X

[
FLSγ∗γ∗(Q2

1, Q
2
2)

F TSγ∗γ∗(0, 0)

]2

,

τTL = τaTL = −16π2δ(s−m2
S)Γγγ
mS

Q1Q2
mS

ν

mS

√
X

F TSγ∗γ∗(Q2
1, Q

2
2)FLSγ∗γ∗(Q2

1, Q
2
2)[

F TSγ∗γ∗(0, 0)
]2 . (5.33)
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5.A.3 Axial mesons

The transition γ∗(q1, λ1) + γ∗(q2, λ2) → A(pA,Λ), where A is an axial-vector state, can be
parameterized by two form factors F (0)

Aγ∗γ∗ and F
(1)
Aγ∗γ∗ , where the superscript indicates the

helicity state (Λ) of the axial-vector meson

M(λ1, λ2; Λ) = e2 εµ(q1, λ1) εν(q2, λ2) εα∗(pf ,Λ)

× i ερστα

{
Rµρ(q1, q2)Rνσ(q1, q2) (q1 − q2)τ ν

m2
A

F
(0)
Aγ∗γ∗(Q

2
1, Q

2
2)

+Rνρ(q1, q2)
(
qµ1 + Q2

1
ν
qµ2

)
qσ1 q

τ
2

1
m2
A

F
(1)
Aγ∗γ∗(Q

2
1, Q

2
2)

+Rµρ(q1, q2)
(
qν2 + Q2

2
ν
qν1

)
qσ2 q

τ
1

1
m2
A

F
(1)
Aγ∗γ∗(Q

2
2, Q

2
1)
}
. (5.34)

The only non-zero helicity amplitudes are given by

M(+1,+1; Λ = 0) = −M(−1,−1; Λ = 0) = e2 (Q2
1 −Q2

2) ν

m3
A

F
(0)
Aγ∗γ∗(Q

2
1, Q

2
2) ,

M(0,+1; Λ = −1) = − e2Q1

(
X

νm2
A

)
F

(1)
Aγ∗γ∗(Q

2
1, Q

2
2) ,

M(−1, 0; Λ = −1) = − e2Q2

(
X

νm2
A

)
F

(1)
Aγ∗γ∗(Q

2
2, Q

2
1) . (5.35)

In this case, the equivalent two-photon width is defined by

Γ̃γγ ≡ lim
Q2

1→0

m2
A

Q2
1

1
2Γ(A → γ∗LγT ) = πα2

4
mA

3
[
F

(1)
Aγ∗γ∗(0, 0)

]2
, (5.36)

and from Eqs. (5.2) and (5.8)

σ0 = σ⊥ = 2σTT = 2τaTT = −τTT = 16π2δ(s−m2
A)3Γ̃γγ

mA

(Q2
1 −Q2

2)2

m4
A

2ν2

m2
A

√
X

F (0)
Aγ∗γ∗(Q2

1, Q
2
2)

F
(1)
Aγ∗γ∗(0, 0)

2

,

σLT = 16π2δ(s−m2
A)3Γ̃γγ

mA

2X
√
X

ν2m2
A

Q2
1

m2
A

F (1)
Aγ∗γ∗(Q2

1, Q
2
2)

F
(1)
Aγ∗γ∗(0, 0)

2

,

σTL = 16π2δ(s−m2
A)3Γ̃γγ

mA

2X
√
X

ν2m2
A

Q2
2

m2
A

F (1)
Aγ∗γ∗(Q2

2, Q
2
1)

F
(1)
Aγ∗γ∗(0, 0)

2

,

τTL = −τaTL = 16π2δ(s−m2
A)3Γ̃γγ

mA

Q1Q2
m2
A

X
√
X

ν2m2
A

F (1)
Aγ∗γ∗(Q2

1, Q
2
2)

F
(1)
Aγ∗γ∗(0, 0)

F
(1)
Aγ∗γ∗(Q2

2, Q
2
1)

F
(1)
Aγ∗γ∗(0, 0)

 ,
σLL = 0 . (5.37)
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5.A.4 Tensor mesons

The transition γ∗(q1, λ1) + γ∗(q2, λ2) → T (Λ) where T is a tensor state with helicity Λ =
±2,±1, 0 can be parameterized by four form factors T (Λ),

M(λ1, λ2; Λ) = e2 εµ(q1, λ1) εν(q2, λ2) ε∗αβ(pf ,Λ)

×
{[
Rµα(q1, q2)Rνβ(q1, q2) + s

8X Rµν(q1, q2)(q1 − q2)α (q1 − q2)β
]

ν

mT
F

(2)
T γ∗γ∗(Q

2
1, Q

2
2)

+Rνα(q1, q2)(q1 − q2)β
(
qµ1 + Q2

1
ν
qµ2

)
1
mT

F
(1)
T γ∗γ∗(Q

2
1, Q

2
2)

+Rµα(q1, q2)(q2 − q1)β
(
qν2 + Q2

2
ν
qν1

)
1
mT

F
(1)
T γ∗γ∗(Q

2
2, Q

2
1)

+Rµν(q1, q2)(q1 − q2)α (q1 − q2)β 1
mT

F
(0,T )
T γ∗γ∗(Q

2
1, Q

2
2)

+
(
qµ1 + Q2

1
ν
qµ2

)(
qν2 + Q2

2
ν
qν1

)
(q1 − q2)α(q1 − q2)β 1

m3
T

F
(0,L)
T γ∗γ∗(Q

2
1, Q

2
2)
}
, (5.38)

where εαβ(pf ,Λ) is the polarization tensor for the tensor meson with four-momentum pf and
helicity Λ. The different non-vanishing helicity amplitudes are

M(+1,−1; Λ = +2) =M(−1,+1; Λ = −2) = e2 ν

mT
F

(2)
T γ∗γ∗(Q

2
1, Q

2
2) ,

M(0,+1; Λ = −1) = −e2Q1
1√
2

(
2X
νm2

T

)
F

(1)
T γ∗γ∗(Q

2
1, Q

2
2) ,

M(−1, 0; Λ = −1) = −e2Q2
1√
2

(
2X
νm2

T

)
F

(1)
T γ∗γ∗(Q

2
2, Q

2
1) ,

M(+1,+1; Λ = 0) =M(−1,−1; Λ = 0) = −e2
√

2
3

(
4X
m3
T

)
F

(0,T )
T γ∗γ∗(Q

2
1, Q

2
2) ,

M(0, 0; Λ = 0) = −e2Q1Q2

√
2
3

(
4X2

ν2m5
T

)
F

(0,L)
T γ∗γ∗(Q

2
1, Q

2
2) . (5.39)

The two-photon decay widths for helicities Λ = 0, 2 are respectively given by

Γ(0)
γγ = πα2mT

2
15
[
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(0,T )
T γ∗γ∗(0, 0)

]2
,

Γ(2)
γγ = πα2

4 mT
1
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[
F

(2)
T γ∗γ∗(0, 0)

]2
. (5.40)
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and from Eqs. (5.2) and (5.8)
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Chapter 6

Summary and conclusions

The results described in this thesis can be summarized, in the order of presentation, as follows.

� Evaluation of the forward CS off protons.
We evaluated the forward Compton scattering off the proton, based on Kramers-Kronig
kind of relations which express the Compton amplitudes in terms of integrals of total
photoabsorption cross sections. This allowed us to obtain the following:
• Updated evaluation of the proton polarizabilities sum rules.

Most notably, for the sum of proton electric and magnetic dipole polarizabilities governed
by the Baldin sum rule, we obtain the following updated average (between our two fits):

αpE1
+ βpM1

= 14.0(2)× 10−4 fm3.

An analogous sum rule involving the quadrupole polarizabilities of the proton is evalu-
ated too, as well as the GDH and the FSP sum rules. For the GDH integral, we obtain
204.5(21.4) µb, in agreement with the sum rule prediction 204.784481(4) µb. For the FSPs,
we obtain γ0 = −92.9(10.5) × 10−6 fm4 and γ̄0 = 48.4(8.2) × 10−6 fm6, improving on the
accuracy of previous evaluations.
• First-time evaluation of both f and g forward CS amplitudes.

Both the spin-averaged (f) and the spin-dependent (g) forward amplitudes of proton Comp-
ton scattering are evaluated in a broad energy range. The results are in agreement with
previous evaluations, χPT predictions, and the only currently available experimental data
point for the f amplitude at 2.2 GeV.
• First-time evaluation of the forward CS observables.

The two amplitudes contain all the information about the forward CS process and we hence
have reconstructed the two observables: the CS differential cross section at zero scattering
angle and the Σ2z asymmetry. These two are again in remarkable agreement with the
χPT low-energy prediction. Being inaccessible in a direct CS experiment, the forward
observables, obtained in the model-independent way, can serve as an important additional
constraint when fitting the angle-dependent data.

� Direct access to the forward CS via di-lepton photoproduction.
We showed how to experimentally measure the near-forward CS amplitude by exploiting
the di-lepton photoproduction process with the arising interference between the competing
TCS and Bethe-Heitler (BH) processes at the appropriate kinematics with both the four-
momentum transfer −t and the lepton pair mass Mll sufficiently low. The interference
term is accessed through the forward-backward asymmetry (AFB) — the asymmetry of
the outgoing leptons interchanged in the di-lepton photoproduction process.
• Evaluation of the TCS – BH interference.
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Chapter 6 Summary and conclusions

We explicitly presented the evaluation of the tree-level BH – TCS interference term for the
case of the spin-averaged amplitude, with the assumption of the vanishingly small −t and
Mll.

• Estimates of AFB for γp→ e+e−p at JLab and EIC.

We presented estimates of the AFB for the di-lepton photoproduction on the proton at the
appropriate kinematics at JLab and EIC and showed that with a reasonable precision it
would be possible, in particular, to distinguish between different state-of-the-art fits to the
total photoabsorption cross section off the proton, while the latter are connected to the
forward CS amplitude through the dispersion relations. We argued that the sufficiently
high energy measurement of the asymmetry could provide a clue on the correct model for
the high-energy asymptotic behaviour and the rate of the Froissart bound saturation.

� Estimates of the quarkonium – proton forward scattering amplitudes.

Similarly, we conducted a study of the forward J/ψ-p and Υ-p scattering amplitudes by
relating these processes to the photoproduction of the corresponding quarkonia off the
proton via VMD assumption.

• Extraction of the J/ψ binding energy in nuclear matter.

We provided an updated analysis of the forward J/ψ-p scattering amplitude, relating its
imaginary part to γp→ J/ψp and γp→ cc̄X cross section data, and calculating its real part
through a once-subtracted dispersion relation. From a global fit to both differential and
total cross section data, we extracted a value for the spin-averaged J/ψ-p s-wave scattering
length aψp = 0.046(5) fm, which can be translated into a J/ψ binding energy in nuclear
matter

Bψ = 2.7(3) MeV.

• Estimates of AFB for γp→ J/ψp→ e+e−p at JLab.

We estimated the forward-backward asymmetry to the γp→ e−e+p process around the J/ψ
resonance. We showed that to good approximation this asymmetry depends linearly on aψp,
and can reach values around -25% for forthcoming J/ψ threshold production experiments at
JLab. Its measurement can thus provide a very sensitive observable for a refined extraction
of aψp.

• Predictions for the Υ binding energy extraction sensitivity at an EIC.

Using a similar technique of fitting the corresponding photoproduction data, we performed a
feasibility study for Υ photoproduction experiments at an EIC and discussed the sensitivity
and precision that can be reached in the extraction of the Υ-p scattering length. For our
most reasonable scenario we estimated the scattering length to take a value of aΥp =
0.066(3) fm, corresponding to the binding energy in nuclear matter BΥ = 3.23(16) MeV,
with the uncertainties based on the higher energy beam setting data generated for the EIC.

� Model fit to the lattice QCD calculation of the forward HLbL.

We compared the dispersive model prediction of the eight forward HLbL amplitudes to the
first-principles lattice QCD computation. By performing a complex fit with free parame-
ters of the model to the lattice data, we provided an additional approach to constrain the
phenomenological estimates of aHLbL

µ , as well as to test the validity of lattice QCD com-
putations in view of resolving the ongoing aµ discrepancy between theory and experiment,
while awaiting for the upcoming improved precision results from Fermilab and J-PARC.
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As an overall conclusion, one may say that the presented data-driven approach of predicting
or constraining the related quantities based on the very basic properties of QFT (or, more
specifically, the S-matrix) up to date, while sometimes overlooked, remains a very powerful
and promising tool in the area of hadron physics, where the direct calculations are mostly
notoriously impracticable. In many cases it appears to be possible to find the required solid
ground for phenomenological model calculations, as we have shown in particular cases of our
study of the TCS as involved in the di-lepton photoproduction, the quarkonium – proton
scattering and the HLbL processes.

That said, in the context of an outlook for our research, we may mention several natural
topics of interest, for which the results of this thesis may serve as a basis. One of the straight-
forward and major additions to our study of the CS is its extension to the scattering off the
neutron. A suitable experimental substitute for the neutron in this case could be the polarized
3He target [26, 217]. The helicity-dependent total inclusive 3He cross section was measured
with circularly polarized photons in the energy range 200 < ν < 500 MeV at MAMI [218]. The
study of the threshold quarkonium photoproduction could be additionally extended in multiple
ways. One notable attempt for the φ meson case was already initiated, but was right-away
limited by the current noisy cross section database, and a full absence of the data for the open
strange production γp→ ss̄X cross section. In addition, an analysis for the forward-backward
asymmetry measurement of the di-lepton photoproduction for the Υ case could be performed
for the existing and upcoming experiments. For the obtained asymmetry estimates it may be
important to consider the higher-order corrections to the Bethe-Heitler amplitude, as for now
we have only accounted for the tree-level contribution. The leading-order corrections were
recently calculated in Ref. [219] and could be readily employed for our cases.
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List of acronyms

CS Compton Scattering
TCS Timelike Compton Scattering
fCS forward Compton Scattering
fTCS quasi-real-forward Timelike Compton Scattering
HLbL Hadronic Light-by-Light scattering
CM (lepton pair) Center-of-Mass frame of reference
DR Dispersion Relation
OT Optical Theorem
VMD Vector Meson Dominance
FSP Forward Spin Polarizability
χPT Chiral Perturbation Theory
BχPT Baryon χPT
HBχPT Heavy Baryon χPT
NLO Next-to-Leading Order
QFT Quantum Field Theory
QED Quantum ElectroDynamics
QCD Quantum ChromoDynamics
CERN European Organization for Nuclear Research
LHC Large Hadron Collider
CMS Compact Muon Solenoid
DESY Deutsches Elektronen-Synchrotron
HERA Hadron-Electron Ring Accelerator
SAID Scattering Analysis Interactive Dialin
MAID Mainz Analysis Interactive Dialin
MAMI Mainz Microtron
ELSA Electron Stretcher and Accelerator
BNL Brookhaven National Laboratory
LEGS Laser Electron Gamma Source
EIC Electron-Ion Collider
JLab Thomas Jefferson National Accelerator Facility
Fermilab Fermi National Accelerator Laboratory
J-PARC Japan Proton Accelerator Research Complex
PDG Particle Data Group
CODATA Committee on Data for Science and Technology
DL Donnachie and Landshoff
BlHa Block and Halzen
BH Bethe-Heitler
GDH Gerasimov, Drell and Hearn
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