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Abstract

Active matter has received considerable attention in recent years. Its constituents,
active particles, have the ability to convert free energy into directed motion by
which they drive themselves out of thermal equilibrium. The field of active matter
encompasses a multitude of biological systems on different length scales: from
running, flying or swimming macroscopic animals down to motile bacteria and sperm
cells. Moreover, synthetic microscopic active particles that either draw inspiration
from biological microswimmers or propel via novel mechanisms have been devised.
The combination of self-propelled motion and interactions between active particles
gives rise to a wealth of fascinating self-organized collective behaviors, such as the
formation of flocks of birds, collective cell migration and the motility-induced phase
separation of active Janus colloids.

In this thesis, we investigate several self-organized phenomena in systems of active
particles via numerical simulations and analytical theory. A major goal of this
work is to elucidate how the properties of interactions (e.g., their strength and
range) affect the emergent collective behavior. We first deal with the motility-
induced phase separation of active particles that interact via short-ranged repulsive
potentials. In contrast to the conventional model of active Brownian particles,
we take into account the self-propulsion mechanism via a chemical reaction in a
thermodynamically consistent way. This influences the resulting phase behavior,
especially for soft particles. In a second system, inspired by bacterial quorum
sensing, we study active particles that discontinuously change their motility at a
threshold concentration of self-generated chemical signals. This interaction leads
to a separation of the system into regions of different motility. Via numerical
simulations, we show that the densities and sizes of the phases sensitively depend
on the concentration threshold, the interaction range and the self-propulsion speed.
We compare our results to experiments of light-activated Janus colloids and develop
a mean-field theory that yields quantitative agreement with the simulations. Finally,
we investigate active colloidal clusters that self-assemble from passive building
blocks. Using the approach speeds of particle pairs obtained from experiments
as input, we develop a model that disentangles the interplay of reciprocal and
nonreciprocal effective interactions giving rise to self-propulsion and quantitatively
predicts the motion of larger clusters.



Zusammenfassung

Aktive Materie hat in den letzten Jahren erhebliche Aufmerksamkeit erregt. Sie
besteht aus aktiven Teilchen, welche die Fähigkeit haben, freie Energie in gerichtete
Bewegung umzuwandeln, wodurch sie sich selbst aus dem thermischen Gleichgewicht
bringen. Das Feld der aktiven Materie umfasst eine Vielzahl biologischer Systeme
auf verschiedenen Längenskalen: Von laufenden, fliegenden oder schwimmenden
makroskopischen Tieren bis hin zu motilen Bakterien und Spermien. Darüber hinaus
wurden synthetische mikroskopische aktive Teilchen entwickelt, die entweder von
biologischen Mikroschwimmern inspiriert sind oder neuartige Antriebsmechanismen
verwenden. Die Kombination von Selbstantrieb und Interaktionen zwischen aktiven
Teilchen ruft eine Vielzahl faszinierender selbstorganisierter kollektiver Phänomene
hervor, wie die Bildung von Vogelschwärmen, kollektive Zellmigration oder die
motilitätsinduzierte Phasenseparation von aktiven Janus-Kolloiden.

In dieser Arbeit werden verschiedene selbstorganisierte Vorgänge in Systemen aktiver
Teilchen mithilfe numerischer Simulationen und analytischer Theorie untersucht.
Ein Hauptziel dieser Arbeit ist zu klären, wie die Eigenschaften von Interaktio-
nen (beispielsweise ihre Stärke und Reichweite) das emergente kollektive Verhal-
ten beeinflussen. Zunächst wird die motilitätsinduzierte Phasenseparation aktiver
Teilchen behandelt, die über kurzreichweitige, abstoßende Potentiale wechselwirken.
Im Gegensatz zum herkömmlichen Modell aktiver Brownscher Teilchen wird der
Selbstantriebsmechanismus mittels einer chemischen Reaktion thermodynamisch
konsistent einbezogen. Insbesondere für weiche Teilchen wird das Phasenverhalten
dadurch merklich beeinflusst. Im Anschluss werden aktive Teilchen untersucht, die,
inspiriert von bakteriellem Quorum sensing, ihre Motilität beim Erreichen einer
Konzentrationsschwelle von selbst generierten chemischen Signalen diskontinuier-
lich ändern. Diese Wechselwirkung führt zu einer Separation des Systems in Regio-
nen unterschiedlicher Motilität. Mithilfe numerischer Simulationen wird gezeigt,
dass die Dichten und Ausdehnungen der Phasen empfindlich von der Konzentrations-
schwelle, der Wechselwirkungsreichweite und der Selbstantriebsgeschwindigkeit
abhängen. Die Resultate werden mit Experimenten an Licht-aktivierten Janus-
Kolloiden verglichen und es wird eine Mean-Field-Theorie ausgearbeitet, die quan-
titative Übereinstimmung mit den Simulationen erzielt. Zuletzt werden aktive
kolloidale Cluster untersucht, die sich aus passiven Bausteinen selbst-assemblieren.
Es wird ein Modell entwickelt, das, ausgehend von im Experiment gemessenen Rela-
tivgeschwindigkeiten von Teilchenpaaren, das zum Selbstantrieb führende Zusam-
menspiel von reziproken und nicht-reziproken effektiven Interaktionen beschreibt,
sowie die Dynamik größerer Cluster quantitativ voraussagt.
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Introduction 1
Motility, the ability “to exhibit motion and to perform mechanical work at the expense
of metabolic energy” [3], is a characteristic of a plethora of living systems on all
length scales. Most animals of the macroscopic world are capable of autonomous
locomotion, e.g., by running, flying or swimming. On the microlevel, a great number
of prokaryotic and eukaryotic cells, e.g., E. coli bacteria and sperms [Fig. 1.1(a,b)],
are able to swim via beats of their cilia and flagella [21]. Moreover, many eukaryotic
cells perform a crawling-like motion pattern [1] (“amoeboid movement”), with the
help of their actin cytoskeleton. Motility is an essential feature of these organisms,
as it allows them, e.g., to explore their environment in the search of food or a
partner, to escape from predators or to move towards the egg cell (in the case
of sperms). When encountered in large numbers, motile organisms often exhibit
intriguing collective behavior, such as the formation of flocks of birds [44] or schools
of fish [133], swarming bacterial colonies [77] and collective cell migration [123],
see Fig. 1.1(c-e). Interestingly, these phenomena are typically self-organized [28],
i.e., they solely arise from the combination of motility and the interactions between
individuals in the absence of any external control.

Not attempting to capture the intricate interactions between living organisms in
every detail (which apart from physical interactions involve behavioral and social
rules requiring complex internal information processing), physicists have started to
develop simplified models aiming to unveil unifying principles governing these fasci-
nating collective phenomena. In the seminal Vicsek model introduced in 1995 [159],
where a collection of particles is propelled at constant speed and aligns with the
average direction of the particles in their local neighborhood, the formation of a
polarized flock occurs due to a phase transition from a homogeneous disordered
state similar to the ferromagnetic phase transition.1 This finding, among others,
paved the way for a new field of physics, active matter [118, 97], which tries to
understand collective phenomena in systems of motile living systems with tools from
statistical physics. However, concepts from equilibrium statistical physics cannot be
confidently applied to active matter as its constituents, active particles [130], con-
stantly drive themselves out of equilibrium by converting free energy into directed

1The very first model to simulate animal flocks was already introduced by Reynolds in 1987 for
computer graphics applications [121].
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Fig. 1.1. Examples of motile organisms and their collective behavior. (a) Photomicrograph
of fluorescently stained sperm cells. Taken from [168]. (b) Flagellated Escherichia Coli
bacterium. Adapted from [49]. (c) Pattern formed by a colony of swarming Paenibacillus
vortex bacteria. Taken from [170]. (d) Flock of starlings. Taken from [169]. (e) Vortex
pattern formed by a school of barracudas. Taken from [50]. Pictures used in accordance
with Creative Commons licenses (a) CC BY 2.0 (b,e) CC BY-SA 2.0, (c) CC BY-SA 3.0, (d) CC
BY-SA 4.0.

motion. This local energy injection on the level of each particle is a distinctive fea-
ture of active matter compared to other non-equilibrium systems like, for example,
sheared systems (where the energy input takes place at the system’s boundaries),
giving rise to, e.g., giant number fluctuations [101, 177], turbulence [167] and
unusual rheological properties [139, 90]. While elucidating these phenomena poses
a wealth of theoretical challenges [118, 97], various potential applications of active
matter exist, such as bacteria-driven micromotors [160] and materials built from
active building blocks with novel properties [102].

Inspired by biological microswimmers like motile bacteria and sperms, various types
of artificial microscopic particles capable of self-propulsion have been devised in
recent years [38, 10], which has opened up the field of synthetic active matter.
One approach is to make use of nature-inspired mechanisms, e.g., by equipping
microparticles with synthetic flagella driven by external magnetic fields [36] or
cardiomyocytes [171]. Apart from that, novel self-propulsion mechanisms have
been conceived, e.g., based on driving via chiral propellers [57], ultrasound [164]
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or Maragoni flows [74]. The most prevalent experimental technique, however, are
Janus colloids, micron-sized spheres or rods consisting of two halves with different
surface properties. The asymmetry of the particles induces phoretic motion [4]
due to self-generated gradients of, e.g., temperature (thermophoresis) [76], electric
potential (electrophoresis) [114] or the concentration of a neutral molecular solute
(diffusiophoresis) [72]. The gradients necessary for self-diffusiophoresis are typically
generated by the decomposition of hydrogen peroxide [72, 109] or the demixing of
a critical mixture triggered by light [161, 27]. These particles are propelled along
their symmetry axis and undergo random orientational changes due to rotational
diffusion. In total, this leads to directed motion over significant time [72, 161].

A widely studied model system that well describes the motion of self-phoretic Janus
colloids are active Brownian particles (ABPs) [122], combining self-propulsion with
short-ranged repulsive interactions and Brownian motion. In numerical simulations,
at high enough propulsion speeds and densities large collections of ABPs separate
into a dense and a dilute phase due to self-trapping [46, 119, 26], a phenomenon
that also has been observed in experiments with active Janus particles [26]. The
large-scale behavior of this so-called motility-induced phase separation (MIPS) [31]
strongly resembles passive liquid-gas phase separation [146], which, in contrast,
requires attractive particle interactions. However, many distinct features of MIPS
exist that disagree with an effective equilibrium picture: the phase equilibrium is not
determined by the Maxwell construction [140], the interfacial tension is negative
[15] and the critical fluctuations do not seem to follow Ising universality [134]. A
lot of work has been put into establishing a general framework founded on statistical
physics that allows to predict the phase behavior of ABPs [173, 146, 140, 81].
Since ABPs are a non-equilibrium system in which detailed balance is broken, their
entropy production also received attention recently. However, various attempts to
quantitatively describe the entropy production have lead to conflicting results [54,
51, 143, 96]. The reason is that the ABP model only describes the effective motion
of the particles, but neglects the physical mechanisms causing directed motion,
which precludes an unambiguous identification of the heat exchanged with the
environment along trajectories. In Ref. [144], the ABP model has been extended
by incorporating the self-propulsion mechanism via the reaction of an abundant
chemical, which allows to consistently identify the entropy production. In Chapter 3,
we study the implications of this modified model for MIPS via computer simulations
and mean-field theory for different inter-particle potentials.

In contrast to synthetic active particles, many biological microorganisms are capable
of gathering information about their environment and regulating their motion in
response to it. An important class of such mechanisms is “taxis” [37], the ability of
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some bacteria and cells to sense and direct their motion along gradients of, e.g., light
(phototaxis), oxygen (aerotaxis) or the concentration of chemicals (chemotaxis).
For example sperm cells exploit the mechanism of chemotaxis by detecting and
following the gradient of signaling molecules secreted by the oocyte [42]. Chemical
sensing, however, is not only involved in the response to external stimuli, but also
plays an important role in a widespread cell-to-cell communication mechanism,
called quorum sensing [98]. The members of a quorum-sensing bacterial popula-
tion produce and release signaling molecules (“autoinducers”), which leads to a
concentration of chemicals that increases as a function of cell density. When the con-
centration sensed by a bacterium surpasses a threshold (when the density of bacteria
is high enough), the expression of certain genes is triggered, which facilitates the
synchronized behavior of the bacterial population required, e.g., for virulence [178],
bioluminescence [93], biofilm formation [112] and motility control [147].

Apart from understanding the collective behavior arising from these communication
mechanisms in biological systems, it would be interesting to transfer some of these
strategies to synthetic microswimmers in order to enable them to fulfill more complex
tasks. While on macroscopic scales collections of robots have been equipped with
behavioral interaction rules that facilitate their programmable self-assembly into
various functional structures [64, 124], for microscopic systems such approaches are
even more challenging, as they require control over the motion of individual particles.
For phoretic Janus particles triggered by light, recent advances in experimental
techniques in the group of Prof. Clemens Bechinger (Fachbereich Physik, Universität
Konstanz) allow for the control of the propulsion speed at the particle level by
imposing dynamical light patterns. In Chapter 4, we present an interaction rule
motivated by above-described quorum sensing, that can be implemented in this
experimental setup: particles switch between two discrete states of motility (active
and passive), when a threshold value of a (virtual) self-generated concentration
field of autoinducers is reached. This rule induces the separation of the system into
regions of different motility, the densities and dimensions of which can be controlled
by tuning the particle response. We analyze this emergent collective phenomenon
via numerical simulations based on the ABP model and compare to experimental
results. In Chapter 5, we extend the quantitative analysis of the observed phase
separation and develop a mean-field theory that yields very good agreement with
simulations and reveals important distinctive features of this transition compared
to MIPS. Moreover, we show that introducing an additional coupling of particle
orientations to the gradient of the concentration field triggers the formation of vortex
clusters.
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Chapter 6, is devoted to a novel type of synthetic microswimmer developed in
the group of Prof. Thomas Palberg (Institut für Physik, Johannes Gutenberg-
Universität Mainz). These swimmers consist of immotile ion-exchange particles
that self-assemble into small aggregates (“colloidal clusters”) due to long-ranged
hydrodynamic interactions [108]. In contrast to other approaches where clusters
typically contain active building blocks [40, 162, 136], here, in suspensions of
particles of different types the formed clusters perform self-propelled motion due
to non-reciprocal interactions between unlike particles. Depending on their compo-
sition and structure, the aggregates undergo either linear or circular motion with
different speeds and angular velocities. In this chapter, we develop a framework to
quantitatively predict this motion using (effective) interaction potentials that we
extract from experimental measurements of speeds of particle pairs.
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Theoretical Background 2
We start out by introducing the major theoretical concepts and methods on which the
results presented in the subsequent chapters are founded. After discussing classical
Brownian motion, we describe the propulsion mechanism of self-diffusiophoretic
particles. Thereafter we introduce the active Brownian particle (ABP) model and
highlight some of the individual properties of ABPs as well their motility-induced
phase separation (MIPS). This is followed by an overview over the main numerical
and analytical techniques we employ throughout this thesis: Brownian dynamics
simulations and (many-body and mean-field) Smoluchowski equations.

2.1 Brownian motion

Microscopic particles suspended in a fluid typically undergo stochastic motion as
a result of irregular collisions with the fluid molecules, which is named Brownian
motion after the botanist Robert Brown who discovered this phenomenon in 1827
when studying pollen grains immersed in water [25]. In order to perform directed
motion on microscopic scales, biological and synthetic microswimmers have to
overcome the limitations of Brownian motion, which randomizes their trajectories.
Therefore, to understand the physics of microswimmers, it is important to first
recapitulate the theory of Brownian motion.

2.1.1 Langevin equation

The motion of a spherical particle (with position r) of radius a and mass m in a fluid
medium with viscosity η at temperature T can be described by Newton’s equation of
motion

mr̈ = Ftotal(t), (2.1)

with Ftotal(t) the total force exerted by the surrounding medium on the particle
at time t. In principle this force would be deterministic, if one knew the degrees
of freedom of the fluid molecules as functions of time. However, due to the vast
number of fluid molecules it is not practical to look for an exact expression for
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Ftotal(t). Phenomenologically, it is known that the collisions with the molecules on
average cause a frictional force −γṙ with friction coefficient γ = 6πηa, known as
Stokes’ drag, slowing down the particle [152]. An additional random force F(t)
arises due to the irregular collisions of the particle with the fluid molecules. All in
all, this leads to the equation of motion [83]

mr̈ = −γṙ + F(t), (2.2)

which is known as the Langevin equation of a Brownian particle. It was pointed
out by Ornstein and Uhlenbeck [158] that the random force should be Gaussian
distributed with mean 〈F(t)〉 = 0 (〈...〉 denotes the ensemble average) and autocor-
relation function

〈Fα(t)Fβ(t′)〉 = 2Bδαβδ(t− t′), (2.3)

where the indices α, β run over the different spatial coordinates, δαβ is the Kronecker
delta and δ(t−t′) the Dirac delta function. Equation (2.3) states that the components
of F(t) are independent and its correlation time is infinitesimally short, with its
strength determined by the parameter B. For a particle with mass much larger than
the colliding molecules, the Gaussian assumption is very reasonable, since its motion
arises from a great number of successive collisions, which is a prerequisite for the
central limit theorem. In this situation, property (2.3) is justified as well, since
correlations between different impacts only persist for the timescale of molecular
motion, which is much shorter than the timescale of Brownian motion [82].1

From Eq. (2.2), the mean-square velocity can be calculated as [181]

〈|v(t)|2〉 = e−2tγ/m〈|v(0)|2〉+ ndB

γm
(1− e−2tγ/m). (2.4)

Irrespective of the initial velocity v(0), in the long-time limit it should approach its
equilibrium value 〈|v|2〉eq = nd

kBT
m (with nd the number of spatial dimensions and

Boltzmann constant kB) determined by the equipartition theorem [113]. This leads
to the fluctuation-dissipation theorem

B = γkBT, (2.5)

1Note that there exist situations in which these assumptions may be not appropriate, e.g., when
the mass of the suspended particle is comparable to the molecular mass, leading to an overlap of
the timescales of molecular and particle motion [82]. Then finite correlation times of F(t) have
to be taken into account, leading to memory effects in the friction force, which enter into the
“generalized” Langevin equation [99, 182]. However, for the situations we will encounter in this
thesis, the description via Eqs. (2.2), (2.3) is sufficient.
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first stated by Einstein in 1905 [41], which relates the strength B of the fluctuating
force to the magnitude γ of the dissipative force.

In thermal equilibrium, i.e., when 〈|v(t)|2〉 has relaxed to 〈|v|2〉eq, the mean-square
displacement is given by (for an initial position r = 0) [181]

〈|r(t)|2〉 = 2nd
kBT

γ

[
t− m

γ

(
1− e−tγ/m

)]
. (2.6)

At small times (t � m/γ) one finds 〈|r(t)|2〉 = 〈|v|2〉eqt
2 implying ballistic motion

(here the inertial response to the random force dominates). For long times (t� m/γ)
it is

〈|r(t)|2〉 = 2nd
kBT

γ
t, (2.7)

showing that there is a transition to a diffusive regime (signified by the ∝ t de-
pendence) in which the viscous response is dominant. Defining the translational
diffusion coefficient as

D0 = kBT

γ
, (2.8)

yields the well-known Einstein relation [41]. Note that in equilibrium, however, the
mean displacement has to vanish due to symmetry reasons, i.e., 〈r(t)〉 = 0.

2.1.2 Rotational Brownian motion

The fluid not only exerts forces on the Brownian particle, but also torques, which
leads to random particle rotations. In analogy to Eq. (2.2), the Langevin equation
for the particle’s rotation around a fixed axis (described by the angle ϕ) reads

Iϕ̈ = −γrϕ̇+ T (t), (2.9)

with moment of inertia I, rotational friction coefficient γr and fluctuating torque
T (t). For a sphere the friction coefficient is given by γr = 8πηa3 for every axis of
rotation [69]. The fluctuating torque satisfies 〈T (t)〉 = 0 and

〈T (t)T (t′)〉 = 2Brδ(t− t′). (2.10)

The corresponding fluctuation-dissipation theorem

Br = γrkBT (2.11)
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can be derived analogously to Eq. (2.5), since the equipartition theorem also applies
to rotational degrees of freedom. For times t � I/γr the rotational dynamics is
diffusive (〈[ϕ(t)− ϕ(0)]2〉 = 2Drt) with rotational diffusion coefficient

Dr = kBT

γr
, (2.12)

which can be related to the translational diffusion coefficient as (using the expres-
sions for the friction coefficients γ and γr)

Dr = 3
d2D0, (2.13)

with particle diameter d = 2a.

2.1.3 Overdamped dynamics

It is important to notice that for the systems we will consider in this thesis inertial
and viscous forces are not equally relevant. The Langevin equation (2.2) implies the
mean particle velocity

〈v(t)〉 = 〈v(0)〉e−t/
(
m
γ

)
, (2.14)

describing the decay of the initial velocity due to friction on the “momentum re-
laxation” timescale τm = m/γ (above we have already seen that the ballistic and
diffusive regime are separated by the same timescale). For a spherical particle with
radius a and density ρp this timescale can be calculated as

τm = m

γ
= (4/3)πρpa

3

6πηa = 2ρpa
2

9η . (2.15)

For typical systems we are dealing with in this thesis τm is very small. For example,
for a colloidal particle made of silica with a = 1µm suspended in water at room
temperature, we can estimate τm ≈ 4 ·10−7 s (using ρp ≈ 2 g/cm3 and η = 0.001 Pa s
[70]), which is much shorter than the timescales of the particle dynamics we are
typically interested in. Therefore we make the limit τm → 0 (instantaneous decay
of any initial velocity) which is equal to saying that inertial forces are negligibly
small compared to viscous forces. In this so called overdamped limit, the Langevin
equation (2.2) simply becomes

γṙ = F(t). (2.16)

Similar arguments for the rotational motion lead to

γrϕ̇ = T (t). (2.17)
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Note that Eqs. (2.16) and (2.17) describe purely diffusive motion (with diffusion
coefficients given by Eq. (2.8) and (2.12)) without the initial ballistic regime.

2.2 Self-diffusiophoretic particles

As explained above, for microscopic objects in suspension, typically, any initial
velocity decays very fast due to strong viscous drag forces, with the remaining
motion being determined by equilibrium fluctuations. In order to overcome these
bounds and to move in a directed way in the absence of an external force, par-
ticles have to drive themselves out of equilibrium. Motile microorganisms such
as bacteria or spermatoza achieve this by converting stored energy (in the form
of the molecule ATP) into intricate beating patterns of their flagella or cilia [43],
which due to the absence of inertial effects have to occur in a nonreciprocal way
to trigger self-propulsion [117]. While synthetic active particles inspired by bio-
logical microswimmers exist [36, 171], some of the most established propulsion
mechanisms are based on phoretic effects. Generally, phoretic motion of a colloidal
particle is caused by the interaction of external fields with the particle’s interfacial
boundary region [4] and can be observed, e.g., in gradients of temperature (ther-
mophoresis), electric potential (electrophoresis) or concentration of a molecular
solute (diffusiophoresis). This phenomenon is exploited for self -phoretic particles
which move in self-generated local field gradients. Although there exist realizations
of thermophoretic [76] and electrophoretic [114] self-propulsion schemes, in the
following, we focus in more detail on particles driven by diffusiophoresis as these
are closest to the systems we consider throughout this thesis.

A colloidal particle that is placed in a concentration gradient ∇c of a neutral molec-
ular solute moves via diffusiophoresis when interactions of the solutes with the
surface of the particle induce a pressure difference in the hydrodynamic boundary
layer [4]. This pressure gradient drives a flow tangential to the surface characterized
by the phoretic slip velocity vs (the solvent velocity at the edge of the boundary
layer) which is proportional to the local concentration gradient of the solute. The
slip velocity at position rs on the edge of the boundary layer is given by [4]

vs(rs) = µs(1− n⊗ n) · ∇c(rs) (2.18)

with local surface normal n, ⊗ the outer vector product and phoretic mobility µs. The
mobility depends on the details of the interaction between solute and the particle’s
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surface and can be either positive or negative. Force balance implies that the particle
in response moves in the opposite direction with speed [4]

vp = − 1
As

∫
drsvs(rs), (2.19)

where the integral is over the surface enclosing the particle plus its boundary layer
with area As. Note that this process also generates a flow field in the surrounding
fluid, which can be computed using vs(rs) as boundary condition [4] .

The concept of self-diffusiophoretic particles that move due to a self-generated
concentration gradient was introduced theoretically by Golestanian et al. [60].
Most experimental realizations employ Janus particles whose surface is divided
in (typically two) regions with distinct physical properties. In the following, we
give a brief overview of the two most established experimental implementations of
self-diffusiophoretic Janus colloids. Quantitative theoretical descriptions of their
propulsion mechanisms can be found, e.g., in Refs. [78, 174, 145].

Decomposition of hydrogen peroxide

Howse et al. [72] pioneered the concept of particles generating a chemical gradient
via a chemical reaction that takes place selectively on one side of the particle.
Spherical particles made of polystyrene with one hemisphere coated with platinum
are suspended in a hydrogen peroxide (H2O2) solution. The platinum catalyzes the
reduction of hydrogen peroxide to oxygen and water. Since the reaction only takes
place on the coated hemisphere, this results in a local gradient of product molecules
around the particle, triggering diffusiophoretic motion (typically towards lower
product concentrations [39]), see Fig. 2.1(a). Increasing the H2O2-concentration
induces a stronger local gradient of products (due to the rising number of reactions),
leading to a higher propulsion speed.

Critical demixing

An alternative approach is based on spherical Janus particles, made of silica (SiO2)
with one hemisphere coated with gold, suspended in a binary mixture of lutidine
and water [161, 27], see Fig. 2.1(b). The mixture exhibits a lower critical point [see
the schematic phase diagram Fig. 2.1(c)]. It is prepared at the critical mass fraction
of lutidine φc = 0.286 and maintained at a temperature slightly below the critical
value Tc = 307 K [62]. The suspension is illuminated with green light at wavelength
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Fig. 2.1. Self-diffusiophoresis of colloidal Janus particles. (a) Polystyrene sphere with
one side covered with platinum (black) in H2O2 solution [72]. Platinum catalyzes the
reduction of H2O2 into O2 and H2O, which generates a local concentration gradient of
product molecules (blue disks) inducing diffusiophoretic particle motion. (b) Silica particle
with hydrophilic gold cap (black) suspended in a near-critical water-lutidine mixture [161,
27]. When illuminated with green light, the gold heats above the critical temperature and
the solution locally demixes, which induces a local concentration gradient ∇c of lutidine. In
response the particle moves via diffusiophoresis. (c) Phase diagram of the water-lutidine
solution exhibiting a lower critical point (φc, Tc).

λ = 532 nm, which is near the plasmonic absorption peak of gold [111]. Due to
light absorption, the gold cap heats above Tc at high enough intensity, whereas
the silica side is not heated as it does not absorb the light. Hence, in the vicinity
of the cap, the solution demixes into a lutidine-rich and a water-rich phase via
spinodal decomposition, cf. Fig. 2.1(c). Importantly, the gold cap is rendered either
hydrophilic or hydrophobic by chemical functionalization. In case of a hydrophilic
cap, the lutidine-rich phase is depleted from the cap, which creates a gradient
of lutidine pointing from the gold to the silica hemisphere. The interaction of
lutidine with the particle surface is such that it triggers diffusiophoretic motion
in the direction of the lutidine gradient [27], see Fig. 2.1(b).2 As in the case of
catalytic self-phoretic particles, the particle speed can be controlled: Higher light
intensities heat up the cap to higher temperatures and, thus, increase the strength
of the lutidine gradient. This, in turn, leads to a higher speed of particles.

2.3 Active Brownian particles

A model that is commonly used to describe the dynamics of self-phoretic colloids
is the active Brownian particle (ABP) model [122, 46, 26, 119]. It treats a particle

2For a hydrophobic cap the lutidine gradient points in the opposite direction which leads to a reverted
propulsion direction.
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as a sphere with an internal orientation vector e along which it is propelled at
constant speed v0, see Fig. 2.2(a). The interaction with the solvent (assuming that it
is not modified by the self-propulsion mechanism) is modeled in the same way as
for Brownian particles (Sec. 2.1), providing friction plus (equilibrium) fluctuating
forces and torques. The equation of motion for the particle’s position r(t) then reads
(Eq. (2.16) divided by γ with the additional propulsion term)

ṙ = v0e + ξ. (2.20)

The translational noise is related to the random force via ξ(t) = γ−1F(t) and thus
has zero mean and autocorrelation 〈ξα(t)ξβ(t′)〉 = 2D0δαβδ(t− t′).

In the following, we assume that the particle’s motion is restricted to the xy-plane,
i.e., r, e and ξ are two-dimensional vectors. This is the case in many experimental
studies where self-phoretic particles move on a substrate [156, 110] (onto which
they sediment due to gravity) or are confined between two plates [26]. Moreover,
we only allow for particle rotations in that plane (around the z-axis). Then, the
orientation vector can be written as e(t) = (cosϕ(t), sinϕ(t)) with ϕ(t) the angle
enclosed by the particle’s orientation vector with the x-axis, undergoing rotational
diffusion via [Eq. (2.17) divided by γr]

ϕ̇ = ξr. (2.21)

The rotational noise is given by ξr(t) = γ−1
r T (t) with zero mean and autocorrelation

〈ξr(t)ξr(t′)〉 = 2Drδ(t − t′). Since we consider spherical particles, relation (2.13)
between the diffusion coefficients Dr and D0 is applicable.

2.3.1 Single-particle properties

Figures 2.2(b-d) show examples of trajectories of an ABP with two different propul-
sion speeds v0 and of a Brownian particle (v0 = 0). Clearly, with increasing v0 the
trajectories explore more space and exhibit longer segments of directed motion.
More quantitative statements can be made by calculating the mean displacement of
the particle given by [66]

〈r(t)− r(0)〉 = v0
Dr

[
1− e−Drt

]
e(0). (2.22)
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Fig. 2.2. Active Brownian particles (ABPs) in two dimensions. (a) An ABP is propelled
along its orientation vector e (parametrized by the angle ϕ) which changes due to rotational
diffusion. Comparison of trajectories of Brownian particles (b) and active Brownian particles
(c,d) for two different propulsion speeds v0 starting at the origin with different initial
orientations e(0) (obtained via the integration scheme introduced in Sec. 2.4.1). The
particles have equal diameter d, translational and rotational diffusion coefficients D0 and
Dr = (3/d2)D0 [Eq. (2.13)], respectively. Propulsion speeds are given in units of dDr. The
colors indicate independent trajectories over the same time interval ∆t = 3D−1

r .

This shows that on average an ABP moves along its initial orientation e(0) for a
finite persistence length

`p = lim
t→∞
|〈r(t)− r(0)〉| = v0

Dr
, (2.23)

before its direction is randomized due to rotational diffusion. This is in contrast
to ordinary Brownian particles for which no preferred direction of motion exists
(`p = 0).

Moreover, the mean-square displacement of an ABP (in 2 dimensions) is given
by [66]

〈|r(t)− r(0)|2〉 =
[
4D0 + 2 v

2
0
Dr

]
t+ 2 v

2
0

D2
r

[
e−Drt − 1

]
(2.24)

=

4D0t+ v2
0t

2, t� D−1
r

4(D0 + 1
2v

2
0D
−1
r )t, t� D−1

r

, (2.25)

indicating ballistic motion ∝ t2 on timescales that are small compared to the reori-
entation time, D−1

r , due to rotational diffusion.3 As a result of randomization of the
particle’s orientation, at long times the dynamics of the particle becomes diffusive
with enhanced (long-time) diffusion coefficient D0 + 1

2v
2
0D
−1
r due to self-propulsion.

Expression (2.24) has been confirmed in several experiments with self-phoretic

3At even smaller times t � 4D0/v
2
0 , the mean-square displacement is equal to 4D0t, i.e., purely

diffusive.
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active particles [72, 161], which is one reason why the ABP model has been widely
used to describe their dynamics. The relative importance of directed and diffusive
motion can be quantified via the dimensionless Péclet number, usually defined
as [149, 135]

Pe = 3v0
Drd

. (2.26)

in the context of ABPs. While the ABP model is typically used to describe the
motion of self-phoretic Janus colloids, it does not fully capture the dynamics of
many biological microswimmers. For example, for motile bacteria such as E. coli, the
dominant reorientation mechanism is not rotational diffusion, but so-called “tumble”
events - sudden changes of the propulsion direction occurring at a certain rate -
inbetween periods of almost straight motion (“runs”) [127, 11]. However, although
the reorientation dynamics of run-and-tumble motion is different from that of ABPs,
it has been shown that their long-time diffusion properties are equivalent [30].

2.3.2 Interacting active Brownian particles

Going from a single particle to a collection of N ABPs, inter-particle interactions have
to be taken into account. Here, we only consider interactions that can be represented
as pair potentials u (i.e., conservative forces), which for spherical particles typically
only depend on the distance r between two particles. The total potential energy is
then given by

U({rk}) =
N∑
k=1

N∑
l>k

u(|rl − rk|) (2.27)

and the resulting force on a single particle is Fk = −∇kU({rk}), with Nabla operator
∇k = (∂xk , ∂yk). Adding the forces to the equations of motion (2.20) of all particles,
one obtains the 3N coupled equations

ṙk = v0ek − µ0∇kU + ξk, (2.28)

ϕ̇k = ξr,k, (2.29)

with mobility µ0 = D0/(kBT ). The translational and rotational noise have the same
properties as introduced above for a single ABP, without any cross-correlations
between particles.
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Interaction potential and effective diameter

Many options for the choice of a pair potential u exist, differing in their strength,
range and sign. Here, we consider short-ranged repulsive interactions modeling
volume exclusion of colloidal particles (in general, repulsiveness can be ensured by
∂ru(r) ≤ 0 ∀r > 0). While some studies employ steep Yukawa-like potentials [17,
175], in the context of ABPs the Weeks-Chandler-Andersen (WCA) potential is most
commonly used [26, 119, 149, 134]. It is defined as [166]

uWCA(r) =

4ε
[(
σ
r

)12 −
(
σ
r

)6 + 1
4

]
(r/σ < 21/6)

0 (r/σ > 21/6)
, (2.30)

consisting of the repulsive part of the well-known Lennard-Jones potential with a
constant offset ensuring that it goes to zero smoothly at the cutoff-distance rcut =
21/6σ, see Fig. 2.3. The interaction range is controlled by σ and the interaction
strength by ε. Due to its widespread usage, the WCA potential will be our default
choice throughout this thesis (Chaps. 3, 4, 5). As in various previous studies [15,
135, 134], we employ ε = 100kBT , which only allows for small particle overlaps.

An important control parameter of a system of interacting ABPs is the packing
fraction φ0 = NAp/A with A being the total area of the system and Ap the area
covered by a particle. In order to calculate Ap = π(d/2)2, the particle diameter d
has to be known. Calculating the rotational diffusion coefficient Dr via Eq. (2.13),
requires knowledge of the diameter as well. Since for the WCA potential the amount
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of possible particle overlap varies depending on the choice of ε, neither σ nor the
cutoff distance 21/6σ can be a reliable measure for the diameter. Nevertheless, in
thermal equilibrium, an effective diameter can be determined through a mapping
of a soft potential (which allows for particle overlap) on hard disks (u(r) =∞ for
r ≤ d and u(r) = 0 otherwise) via the Barker-Henderson diameter [8]. For the WCA
potential, it can be calculated as

dBH =
∫ rcut

0
dr
[
1− exp

(
−u(r)
kBT

)]
, (2.31)

yielding dBH ≈ 1.10688σ for ε = 100kBT . The higher kinetic energy of self-propelled
particles compared to passive ones can, in principle, lead to larger particle over-
laps [149]. However, due to the strong repulsiveness of the WCA potential with
ε = 100kBT , we neglect corrections to dBH arising from this. In contrast, for ABPs
with softer interaction potentials, the impact of self-propulsion on the ability to
overlap can be very relevant in order to understand their collective behavior, as we
will see in Sec. 3.4.

Additional interactions

In real systems of self-propelled particles, volume exclusion is often not the only
relevant interaction. As already mentioned in Sec. 2.2, the phoretic propulsion
mechanism of active colloids generates a flow field in the surrounding fluid, deter-
mined by the slip velocity profile on the particle surface. These flows can induce
hydrodynamic interactions between individual particles, affecting their velocities
and angular velocities [43, 180]. Moreover, the self-produced chemical concen-
tration gradient around a phoretic swimmer can disturb the concentration field
around neighboring particles that in turn leads to additional drift and reorientations
of particles [85, 148]. In experiments with self-phoretic particles driven by the
decomposition of hydrogen peroxide (as introduced in Sec. 2.2), these phoretic in-
teractions presumably play an important role [156, 110]. In contrast, for swimmers
based on the demixing of a water-lutidine solution, these interactions have found
to be negligible [26]. Models including either hydrodynamic [179, 18] or phoretic
interactions [116, 87] have shown their potential importance on the many-body
dynamics of self-propelled particles. Simulations including both types of interactions
are very costful and still restricted to small systems [73]. Apart from that, it is still
under discussion how important the different types of interactions are in specific
experimental situations [86].
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Fig. 2.4. System of active particles separated into a dense cluster phase and a dilute
gas phase in (a) simulations of ABPs with short-ranged repulsive interactions and (b) in
experiments with light-activated self-phoretic colloids. Reprinted with permission from
Ref. [26]. Copyright 2013 by the American Physical Society. (c) Sketch illustrating the
self-trapping mechanism leading to cluster formation (adapted from Ref. [26]): Particles
that collide head-on are trapped (left) and can only leave when their orientation has rotated
outward due to rotational diffusion (right).

On the other hand, the ABP model [as described by Eqs. (2.28), (2.29)], with a
relatively small set of parameters, exhibits interesting collective phenomena, as we
will see in the next section. Not primarily aiming to model experiments in every
detail, throughout this thesis, we stick to the idealized situation of the ABP model
and neglect hydrodynamic and phoretic interactions. In the specific system we
consider in Chap. 4, this minimal approach even turns out to be sufficient to achieve
quantitative agreement with experimental results of self-phoretic colloids.

2.3.3 Phase separation of active Brownian particles

Numerical simulations of ABPs with volume-exclusion interactions have shown that
at sufficiently high propulsion speeds v0 and global densities ρ0 = φ0/Ap, phase sep-
aration into a dense cluster and a dilute phase of freely moving particles occurs [46,
119, 26], see Fig. 2.4(a). The same phenomenon has been observed in experiments
with self-phoretic active particles [26], see Fig. 2.4(b) for a snapshot. Intriguingly,
this transition occurs without attractive particle interactions (as required, e.g., for
the liquid-gas transition of passive particles), but solely arises from the combina-
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tion of directed particle motion and excluded volume, which renders it a genuine
non-equilibrium transition.

The formation of clusters can be understood via a self-trapping mechanism [26] [see
Fig. 2.4(c) for a sketch]: when two or more particles collide head-on, their motion is
inhibited and they form a small cluster. A particle can only leave this configuration,
when, after some time, due to rotational diffusion its orientation points outward,
such that it can swim away. Thus, the waiting time is ∼ D−1

r and independent of v0

and ρ0. However, the mean time between collisions rises with increasing v0 and ρ0,
which facilitates cluster growth. When the mean collision time falls below a certain
value, phase separation can occur.

On a coarse-grained scale, clustering can be regarded to arise from an effective
propulsion speed v(ρ) that decreases with the local particle density ρ due to the
higher frequency of collisions, i.e., v′(ρ) < 0. Since in regions of lower speed,
particles will accumulate, this leads to a positive feedback between accumulation-
induced slowing and slowing-induced accumulation. This can trigger a “motility-
induced” phase separation (MIPS) when the coupling between v and ρ is strong
enough [30, 31].

Similarities to passive liquid-gas phase separation

Despite its non-equilibrium nature, many similarities between the phase separation
of ABPs with repulsive interactions and the liquid-gas transition of passive particles
with attractive interactions have been identified. Below a critical temperature Tc, a
passive fluid with attractive interactions can undergo phase separation into a gas and
a liquid phase with different densities when its global density ρ0 and temperature T
are located within the liquid-gas coexistence region [see Fig. 2.5(a) for a schematic
phase diagram]. The latter is enclosed by the binodal line, which can be determined
via a common-tangent construction to the free energy F , as, in phase equilibrium,
the pressure p = −∂F

∂V |T,N and the chemical potential µ = ∂F
∂N |T,V have to be equal

in both phases [129]. The binodal also determines the coexisting densities ρgas and
ρliq in the T − ρ diagram.

The region of coexistence can be further subdivided via the spinodal curve, which
separates two regions with different phase separation kinetics [32]. When a gas
is quenched into the region between the binodal and spinodal (e.g., by rapidly
increasing its temperature), it becomes metastable, meaning that it now is in a
local minimum of the free energy landscape with the phase-separated state being
the global minimum. Small droplets of the liquid phase form due to thermal
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Fig. 2.5. Phase diagrams of the liquid-gas transition and of active Brownian particles.
(a) Schematic temperature-density (T − ρ) diagram of the liquid-gas transition for passive
systems with attractive interactions. Below the binodal (solid line) the fluid phase separates
into a gas and a liquid phase, with the coexisting densities lying on the binodal. Between
binodal and spinodal (dashed line) the fluid is metastable and phase separation occurs
via nucleation. Spinodal decomposition takes place inside the spinodal where the fluid is
unstable. Binodal and spinodal meet at the critical point (Tc, ρc). (b) Phase diagram of active
Brownian particles with repulsive WCA interactions obtained from simulations by Siebert et
al. [134] with Péclet number Pe [as defined in Eq. (2.26)] on the y-axis and packing fraction
φ on the x-axis. Circles depict the coexisting “gas” and “liquid” densities and the diamond
indicates the critical point.

fluctuations, which can only grow - and thus initiate phase separation - above a
critical droplet size.4 Therefore, phase separation only starts after a finite waiting
time, when a strong enough fluctuation has occurred. The formation of a critical
droplet (nucleus) is called nucleation [32]. In contrast, for a quench below the
spinodal curve, the system is globally unstable and regions of the liquid phase start
to form instantaneously throughout the system, coarsening over time. This process
is known as spinodal decomposition. Note that in real systems, where fluctuations
are important, the boundary separating nucleation from spinodal decomposition is
not perfectly sharp, since the spinodal curve is a mean-field concept [32].

For ABPs with purely repulsive interactions, a similar phase diagram as for liquid-
gas phase separation has been found with the propulsion speed v0 playing the
role of inverse temperature. The binodal [119, 15, 141, 135] and the critical
point [134] have been determined in simulations, see Fig. 2.5(b). Moreover, the
two phase separation scenarios, nucleation and spinodal decomposition, have been
identified [119, 16]. Further links to liquid-gas separation can be made via an

4In two dimensions, liquid droplets of radius a lower the bulk free energy ∝ a2 but increase the
interfacial free energy ∝ a. Thus, only for droplets larger than a critical droplet size, further droplet
growth leads to a reduction of the total free energy.
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effective free energy functional, which has been found to describe the large-scale
behavior of ABPs (although no rigorous free energy exists, as ABPs are driven out
of equilibrium) [31, 146]. The phase equilibrium and thus the binodal, however,
cannot be constructed via a common-tangent construction [173]. Further differences
to liquid-gas separation exist, such as negative interfacial tension [15] and critical
fluctuations that do not follow Ising universality [134].

2.4 Numerical and analytical methods

In the following, the main numerical and analytical methods used throughout this
thesis are presented using the example of ABPs with volume exclusion interactions.
In Chaps. 3, 4, 5, where we study extended versions of the ABP model, we apply
these techniques in slightly modified form.

2.4.1 Brownian dynamics simulations

The Langevin equations (2.28) and (2.29) can be written as Itô stochastic differential
equations [56]

drk(t) = [v0ek − µ0∇kU ]dt+
√

2D0 dWk(t), (2.32)

dϕk(t) =
√

2Dr dWr,k(t). (2.33)

Here, dWk(t) and dWr,k(t) are increments of a two-dimensional and a one-dimensio-
nal Wiener process Wk(t) and Wr,k(t), respectively. Using finite differences, the
stochastic differential equations can be integrated forward in time via the Euler-
Maruyama scheme as [71]

rk(ti+1) = rk(ti) + [v0ek(ϕk(ti))− µ0∇kU({rk(ti)})]δt+
√

2D0δtRk(ti), (2.34)

ϕk(ti+1) = ϕk(ti) +
√

2DrδtRr,k(ti), (2.35)

with time step δt = ti+1 − ti and R̃k = (Rk, Rr,k) a three-dimensional vector of
independent random numbers from a Gaussian distribution with zero mean and
variance 1 (for every particle, new random numbers are drawn at every time step).
The time step δt has to be chosen small enough to ensure numerical stability. Based
on this simulation scheme, the particle trajectories {rk(t), ϕk(t)} can be calculated
numerically.
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Ly

Lx

Fig. 2.6. Visualization of periodic boundary conditions. The central simulation box (blue)
with dimensions Lx and Ly is replicated throughout space. A particle leaving a box through
one side, reenters through the opposite side.

Boundary conditions

Since systems simulated on a computer (due to finite resources) always have to be
finite, it is important to employ suitable boundary conditions. One possibility is to
impose a confinement on the particles, e.g., due to a wall potential. However, when
one is interested in the bulk behavior of a system, surface effects due to confinement
are not desirable. In order to simulate a finite system with bulk properties, the
method of choice is periodic boundary conditions [2]. This means that one simulates
a single “central” box (and only stores the properties of particles in this box), e.g., of
rectangular dimensions Lx and Ly, that is replicated throughout space, see Fig. 2.6.
This results in an infinite lattice of boxes, with the image particles moving in exactly
the same way as those in the central box. Consequently, when a particle leaves the
central box, one of its images will enter through the opposite surface. Equivalently,
the position rk = (xk, yk) of the leaving particle itself can be shifted, according to
(assuming the origin to be located at the center of the simulation box)

xk(ti+1)→

xk(ti+1) + Lx, if xk(ti+1) < −Lx/2

xk(ti+1)− Lx, if xk(ti+1) > Lx/2
(2.36)

and analogously for the y-component. In principle, a particle in the central box
interacts with all particles from all boxes, which would be infinitely many contri-
butions. However, for pair-interactions with interaction range shorter than the box
lengths Lx and Ly (which is typically true for the short-ranged repulsive interactions
of ABPs), a particle k in the central box can only interact with the single closest
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realization of a particle l. Their distance vector can be calculated from the distance
vector of their realizations in the central box rkl = (xkl, ykl) = (xl − xk, yl − yk) as

xkl → xkl − Lxb2xkl/Lxc, (2.37)

ykl → ykl − Lyb2ykl/Lyc, (2.38)

where b.c denotes the floor operation. Topologically, the central two-dimensional
simulation box can be regarded to form the surface of a three-dimensional torus [2].
We take this into account, e.g., for the determination of the center of mass of the
simulated system via the method given in Ref. [7].

2.4.2 Smoluchowski equation

A useful alternative to stochastic differential equations, which treat the stochastic
dynamics of each particle individually, is the Fokker-Planck equation which describes
the system in terms of a single probability density. In general, a system of Itô
stochastic differential equations for a vector of n variables q(t) = (q1(t), ...qn(t)) can
be defined as [56]

dq(t) = a(q, t)dt+ B(q, t)dW(t), (2.39)

with vector of drift coefficients a(q, t), matrix of diffusion coefficients B(q, t) and
n-dimensional Wiener process W(t). The corresponding Fokker-Planck equation is
given by [56]

∂tψ = −
n∑
i=1

∂i[ai(q, t)ψ] + 1
2

n∑
i=1

n∑
j=1

∂i∂j

{[
B(q, t) ·BT (q, t)

]
ij
ψ

}
, (2.40)

where ψ ≡ ψ(q, t) is the joint time-dependent probability density of all n degrees of
freedom. In case of ABPs, q(t) is a 3N -dimensional vector consisting of all particle
positions rk(t) = (xk(t), yk(t)) and orientations ϕk(t) whose dynamics is given by
Eqs. (2.32) and (2.33). Identifying the coefficients

ai =


v0 cosϕk − µ0∂xkU, i ∈ {xk}

v0 sinϕk − µ0∂ykU, i ∈ {yk}

0, i ∈ {ϕk}

(2.41)
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and

[
B ·BT

]
ij

=


2D0, i = j ∈ {xk, yk}

2Dr, i = j ∈ {ϕk}

0, i 6= j

, (2.42)

the Fokker-Planck equation (2.40) is given by

∂tψ =
N∑
k=1

{
−∇k · [(v0ek − µ0∇kU)ψ] +D0∇2

kψ +Dr∂
2
ϕk
ψ
}
, (2.43)

with N -particle probability density ψ({rk, ϕk}, t). In the following, we refer to this
specific type of Fokker-Planck equation as the Smoluchowski equation in reference
to the related Fokker-Planck equation describing a Brownian particle in an external
potential formulated by Marian von Smoluchowski in 1915 [138].

2.4.3 One-body Smoluchowski equation

Due to its explicit dependence on all particle positions and orientations, an analytical
solution of Eq. (2.43) is out of reach. However, as shown by Bialké et al. [14],
progress can be made by deriving a coarse-grained, one-body description from the
microscopic N -body equation (2.43). In this and the next section, we recapitulate
their approach as it forms the basis of our analytical considerations in Chaps. 3 and
5.

Generally, if one is interested only in the properties of a subset of n < N particles,
one can eliminate the degrees of freedom of the other N − n particles by integrating
them out. This leads to the definition of the reduced distribution function [67]

ψn(r1, ..., rn, ϕ1, ...ϕn, t) = N !
(N − n)!

∫
drn+1...drN

∫
dϕn+1...dϕN ψ({rk, ϕk}, t),

(2.44)
where ψndr1...drndϕ1...dϕn is the probability to find any subset of n particles in the
configuration space element dr1...drndϕ1...dϕn. The factor N !/(N − n)! is equal to
the number of possibilities to choose n out of N indistinguishable particles. The
positional integrals are evaluated over the whole (two-dimensional) space and the
angular integrals from 0 to 2π.

Here, the main quantity of interest is the one-body density

ψ1(r1, ϕ1, t) = N

∫
dr2...drN

∫
dϕ2...dϕN ψ({rk, ϕk}, t), (2.45)
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where now ψ(r1, ϕ1, t)dr1dϕ1 is the probability to find an arbitrary particle inside
the element dr1dϕ1. In order to obtain a dynamical equation for ψ1, the same
integration as in Eq. (2.45) can be performed over both sides of Eq. (2.43). The
integrals of the different terms on the right-hand side can be evaluated individually.
The propulsion term yields5

−
∫

dr2...drN
∫

dϕ2...dϕN N
N∑
k=1
∇k · (v0ekψ)

=−∇1 · (v0e1ψ1)−
N∑
k=2

∫
dr2...drk−1drk+1...drN

∫
dϕ2...dϕNN [v0ψek · nk]

|rk|→∞
|rk|→−∞︸ ︷︷ ︸

=0

=− v0e1 · ∇1ψ1, (2.46)

with nk the normal vector of the boundary curve of the rk-integration area (the
divergence theorem for the rk-integral has been applied). The second term in line
two vanishes, since the probability distribution ψ has to go to zero for |rk| → ±∞ in
order to be normalizable. Along the same lines, considering∇kψ → 0 for |rk| → ±∞,
the translational diffusion term can be evaluated as

∫
dr2...drN

∫
dϕ2...dϕN ND0

N∑
k=1
∇2
kψ = D0∇2

1ψ1. (2.47)

For the rotational diffusion term, one obtains6

∫
dr2...drN

∫
dϕ2...dϕN NDr

N∑
k=1

∂2
ϕk
ψ

=Dr∂
2
ϕ1ψ1 +Dr

N∑
k=2

∫
dr2...drN

∫
dϕ2...dϕk−1dϕk+1...dϕNN [∂ϕkψ]ϕk=2π

ϕk=0︸ ︷︷ ︸
=0

=Dr∂
2
ϕ1ψ1, (2.48)

because ψ has to be 2π-periodic in ϕk. Starting out to evaluate the interaction term
yields

−
∫

dr2...drN
∫

dϕ2...dϕN N
N∑
k=1
∇k ·

−µ0∇k

∑
l 6=k

u(|rl − rk|)

ψ


5
∫

dr2...drk−1drk+1...drN always denotes an integration over all particle coordinates except r1 and
rk. Thus for k = 2 it is

∫
dr3...drN and for k = N it is

∫
dr2...drN−1.

6
∫

dϕ2...dϕk−1dϕk+1...dϕN denotes an integration over all particle orientations except ϕ1 and ϕk.
Thus for k = 2 it is

∫
dϕ3...dϕN and

∫
dϕ2...dϕN−1 for k = N .
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=− µ0∇1 ·
∫

dr2...drN
∫

dϕ2...dϕNN
N∑
l=2

[−∇1u(|rl − r1|)]ψ

+ µ0

N∑
k=2

∫
dr2...drk−1drk+1...drN

∫
dϕ2...dϕNN

∇k
∑
l 6=k

u(|rl − rk|)

 · nkψ

|rk|→+∞

|rk|→−∞︸ ︷︷ ︸
=0

.

Again, the last term vanishes because ψ → 0 at infinity. Since the particles are
indistinguishable, the first term is a sum of N − 1 identical integrals. Without loss
of generality, in the following, we rename (r1, ϕ1) → (r, ϕ) and ∇1 → ∇, as well
as (r2, ϕ2) → (r′, ϕ′). Continuing with the evaluation of the interaction term, one
arrives at

− µ0∇ ·N(N − 1)
∫

dr′dr3...drN
∫

dϕ′dϕ3...dϕN [−∇u(|r′ − r|)]ψ

=− µ0∇ ·
∫

dr′
∫

dϕ′[−∇u(|r′ − r|)]ψ2(r, r′, ϕ, ϕ′, t). (2.49)

Thus, the dynamical equation for ψ1(r, ϕ, t) reads

∂tψ1 = −∇ · [µ0f + (v0e−D0∇)ψ1] +Dr∂
2
ϕψ1, (2.50)

with the force density

f(r, ϕ, t) =
∫

dr′
∫

dϕ′[−∇u(|r′ − r|)]ψ2(r, r′, ϕ, ϕ′, t) (2.51)

containing all information about the particle interactions. However, since f de-
pends on the two-body density ψ2, Eq. (2.50) is not a closed equation for ψ1.
Similarly, integrating Eq. (2.43) over the degrees of freedom of N − 2 particles,
yields a dynamical equation for ψ2 which is coupled to the three-body density
ψ3. Consequently, one obtains a hierarchy of coupled equations, known as the
Bogoliubov–Born–Green–Kirkwood–Yvon (BBGKY) hierarchy [176, 19, 79, 20].

The ϕ′-integral in Eq. (2.51) can be evaluated, yielding the marginal two-body
density ψ̃2(r, r′, ϕ, t) =

∫
dϕ′ψ2(r, r′, ϕ, ϕ′, t), which can be further decomposed

into [67]
ψ̃2(r, r′, ϕ, t) = ψ1(r, ϕ, t)ρ(r′, t)g(r, r′, ϕ, t), (2.52)

with position-dependent density ρ(r′, t) =
∫

dϕ′ψ1(r′, ϕ′, t) and pair correlation
function g(r, r′, ϕ, t). The product ρg is the conditional probability density to find a
particle at position r′ given there is a particle at r with orientation ϕ at time t. In
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case of vanishing correlations (ideal gas limit) the pair correlation function evaluates
to one. Applying Eq. (2.52), Eq. (2.50) turns into

∂tψ1 = −∇ · [(µ0F + v0e−D0∇)ψ1] +Dr∂
2
ϕψ1, (2.53)

where
F(r, ϕ, t) =

∫
dr′[−∇u(|r′ − r|)]ρ(r′, t)g(r, r′, ϕ, t) (2.54)

is the average force acting on a particle at position r with orientation ϕ at time t due
to the surrounding particles. Still, the product ρ(r′, t)g(r, r′, ϕ, t) in Eq. (2.54) can
only be determined from the remaining N − 1 equations in the hierarchy. In order
to arrive at an analytically tractable problem, Eq. (2.53) can be closed without the
rest of the hierarchy via several approximations.

2.4.4 Mean-field approximations and effective speed

First, only positions r′ which lie inside the interaction range of the pair potential
(i.e., all r′ for which ∇u(|r′ − r|) 6= 0) contribute to F(r, ϕ, t). Assuming u(r) to
be short-ranged compared to the length scale of variations of the particle density
ρ (appealing, e.g., to short-ranged repulsive interactions like the WCA potential),
in Eq. (2.54) the approximation ρ(r′, t) ≈ ρ(r, t) can be made [14, 146]. Further
approximating the pair correlation function with that of the homogeneous steady
state, i.e., g(r, r′, ϕ, t)→ g(r− r′, ϕ), Eq. (2.54) becomes [14]

F(r, ϕ, t) ≈ ρ(r, t)
∫ ∞

0
dr
∫ 2π

0
dθ r[−∇u(r)]g(r, θ). (2.55)

Here, the integration is performed in polar coordinates centered at r with r = |r′−r|
and θ the angle between r′ − r and e, see Fig. 2.7(a) for a sketch of the geometry.

The pair correlation function g(r, θ) of the homogeneous state can, e.g., be measured
in Brownian Dynamics simulations of ABPs and used as an input to Eq. (2.55), as it
was done in Ref. [14]. The numerically obtained g(r, θ), as depicted in Fig. 2.7(b),
shows that for a tagged particle the probability to find another particle in front is
higher than in the back (and symmetric between left and right). This asymmetry
does not exist for passive particles and is a result of the directed motion of ABPs.
Therefore, the force F(r, ϕ, t) is non-zero and assumed to be antiparallel to the
propulsion direction e of the tagged particle, i.e.,

F(r, ϕ, t) = [F(r, ϕ, t) · e]e = −ρ(r, t)ζe, (2.56)
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Fig. 2.7. Two-body correlations. (a) A tagged particle (blue) separated from another parti-
cle (grey) by r′−r. The propulsion direction e and r′−r enclose the angle θ. (b) Anisotropic
pair-correlation function g(r, θ) determined from simulations (at packing fraction φ = 0.5
and propulsion speed v0 = 20D0σ

−1). The white circle and arrow show the tagged particle
and its orientation. The probability to find a particle in front of it is increased compared to
its back. (Reprinted with permission from Ref. [14].)

with force imbalance coefficient [14]

ζ =
∫ ∞

0
dr
∫ 2π

0
dθ r[−u′(r)] cos θg(r, θ) > 0. (2.57)

Plugging Eq. (2.56) into Eq. (2.53) yields the mean-field dynamical equation

∂tψ1 = −∇ · [(v(ρ)e−D0∇)ψ1] +Dr∂
2
ϕψ1, (2.58)

for the one-body density with effective density-dependent speed

v(ρ) = v0 − µ0ζρ. (2.59)

Having determined g(r, θ) in simulations, the coefficient ζ can be calculated by
evaluating the integral Eq. (2.57). For strongly repulsive particles, e.g., interacting
via the WCA potential, it has been found that ζ ∼ v0 as the asymmetry of g(r, θ)
increases with the propulsion speed v0 [14]. For softer interaction potentials,
however, this relation is not necessarily true, as we will see in Sec. 3.4.

2.4.5 Moment expansion of the one-body density

It is relatively straightforward to check that the uniform distribution ψ1 = ρ0/2π ,
with ρ0 the uniform particle number density, is a stationary solution of Eq. (2.58).
Due to its nonlinearity and dependence on both r and ϕ, gaining further analytical
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insights from Eq. (2.58) is very challenging. An alternative approach is to switch
to a representation in terms of orientational moments of the one-body density [12,
13]. Since ψ1(r, ϕ, t) is a 2π-periodic function in ϕ, it can be expanded into a Fourier
series

ψ1(r, ϕ, t) = 1
2π ψ̂0(r, t)+ 1

π

∞∑
m=1

ψ̂m(r, t) cos(mϕ)+ 1
π

∞∑
m=1

φ̂m(r, t) sin(mϕ), (2.60)

with Fourier coefficients (orientational moments)

ψ̂0(r, t) =
∫ 2π

0
dϕψ1(r, ϕ, t), (2.61)

ψ̂m(r, t) =
∫ 2π

0
dϕψ1(r, ϕ, t) cos(mϕ), (2.62)

φ̂m(r, t) =
∫ 2π

0
dϕψ1(r, ϕ, t) sin(mϕ). (2.63)

Multiplying Eq. (2.58) by cos(mϕ) or sin(mϕ) and integrating over ϕ, dynamical
equations for the moments can be derived. These equations are typically coupled
and form a hierarchy, for which an appropriate closure has to be found in order to
allow for further analytical treatment.

Moreover, specific combinations of the moments can be can be identified as familiar
physical quantities. The (orientation-independent) density field is simply given by

ρ(r, t) ≡ ψ̂0(r, t). (2.64)

The polarization field, a measure for the average orientation of particles, is defined
as

p(r, t) ≡
(
ψ̂1(r, t)
φ̂1(r, t)

)
=
∫ 2π

0
dϕ eψ1(r, ϕ, t), (2.65)

and the nematic tensor field can be calculated as

Q(r, t) ≡ 1
2

(
ψ̂2(r, t) φ̂2(r, t)
φ̂2(r, t) −ψ̂2(r, t)

)
=
∫ 2π

0
dϕ (e⊗ e− 1

21)ψ1(r, ϕ, t). (2.66)
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Phase separation of active
Brownian particles at
constant affinity

3

The active Brownian particle model (Sec. 2.3) describes the effective motion of
active Janus particles without explicitly taking into account the physical mechanisms
leading to self-propulsion. This has lead to conflicting results for their entropy
production as the heat exchanged with the environment along their trajectories
cannot be unambiguously identified [54, 51, 143, 96]. In Ref. [144], the self-
propulsion mechanism has been incorporated in a thermodynamically consistent
way via a chemical reaction of an abundant chemical which allows to overcome
the described shortcoming of the ABP model. While the details of this modified
ABP model and its consequences for the entropy production have been discussed
in Ref. [144], here we explore how it affects the motility-induced phase separation
(Sec. 2.3.3) of active particles via computer simulations and mean-field theory. In
Sec. 3.1, we recapitulate the main ideas of Ref. [144]. Most of the results presented
in the subsequent sections have been published in Ref. [47].

3.1 Background: Active Brownian particles at
constant affinity

Self-diffusiophoretic Janus particles (Sec. 2.2) are typically powered by a difference
in chemical potential either between reactants and products (decomposition of
hydrogen peroxide [72]) or between two phases (critical demixing of a water-
lutidine mixture [161, 27]). In Ref. [144], self-propulsion of a Janus particle is
modeled to arise from the conversion of two generic chemical species • (reactant)
and ◦ (product) at fixed chemical potential difference ∆µ ≡ µ•−µ◦ > 0. In response
to every chemical event • → ◦, the particle is translated by a distance λ along its
orientation vector e = (cosϕ, sinϕ) (and in the opposite direction in case of a
backward reaction • ← ◦), cf. Fig. 3.1. The length λ depends on diverse factors
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Fig. 3.1. Model of the self-propulsion mechanism of self-diffusiophoretic Janus particles.
Each conversion of chemicals • → ◦ leads to the translation of a particle along its orientation
ek by the distance λ. The corresponding transition rate κ+

k and the rate for a backward step
κ−k (• ← ◦) obey the local detailed balance condition, Eq. (3.4). Reprinted from Ref. [47],
with the permission of AIP Publishing.

such as the particle geometry and surface properties [59]. Here, it is treated as a
controllable parameter.

In a system of N interacting active particles, a thermodynamically consistent set
of transition rates can be derived by combining the particles and the reactant and
product molecules into a super-system [132] coupled to a heat bath at temperature
T . The molecules can be regarded as a work reservoir with Gibbs free energy

Gres(n) = µ•n• + µ◦n◦ = µ•ntot − n∆µ, (3.1)

with the total number of new product molecules n ≡ ∆n◦ =
∑
k nk, the number of

reactions nk occurring on the surface of particle k and ntot = n• + n◦ the (constant)
total number of molecules. Here, n is an extensive quantity and ∆µ a thermodynamic
force (driving affinity). As ∆µ > 0, reactions • → ◦ triggering particle translations
lead to a drain of the work reservoir.

The total energy of the combined system (active particles plus the chemicals) is
E({rk}, n) = U({rk})+Gres(n) with U({rk}) being the total potential energy arising
from the particle interactions. The change in potential energy due to a single forward
reaction (holding all other particle positions fixed) is

δU = U(rk + λek)− U(rk) ≈ λek · ∇kU ≡ f̂k, (3.2)

assuming λ to be much smaller than the typical length scale set by interactions
(corresponding, e.g., to the particle diameter in case of short-ranged repulsive
interactions). A single reaction thus causes the change in energy

δE = δU + δGres = f̂k −∆µ. (3.3)
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To describe the dynamics of the particles, the (forward and backward) jump rates
κ+
k (rk) = κ+

k (rk → rk+λek, n→ n+1) and κ−k (rk) = κ−k (rk+λek → rk, n+1→ n)
are required, which have to fulfill the local detailed balance condition [131]

κ+
k (rk)
κ−k (rk)

= Ψeq(rk + λek, n+ 1)
Ψeq(rk, n) = e−β(f̂k−∆µ), (3.4)

with equilibrium distribution Ψeq({rk}, n) ∝ e−βE({rk},n) and β = (kBT )−1.

The evolution equation ∂tΨ = LpΨ + LaΨ for the time-dependent joint proba-
bility distribution Ψ({rk, ϕk, nk}, t) can be split up into a passive and an active
contribution. Analogous to Eq. (2.43), the passive differential operator reads

Lp =
N∑
k=1
∇k · [µ0(∇kU) +D0∇k] + ∂2

ϕk
. (3.5)

Resolving the chemical reactions and assuming them to occur independently, the
active operator is given by LaΨ =

∑N
k=1 LkΨ with

LkΨ =κ+
k (rk − λek)Ψ(rk − λrk, nk − 1) + κ−k (rk)Ψ(rk + λek, nk + 1)

− [κ+
k (rk) + κ−k (rk − λek)]Ψ(rk, nk), (3.6)

where only the arguments of Ψ that are affected by the state transitions are indicated.
Expanding the rates and the probability density around rk and nk ,and summing
over the individual chemical events, to linear order in λ, one obtains

Lkψ ≈ −∇k · [λ(κ+
k − κ

−
k )ekψ], (3.7)

with ψ({rk, ϕk}, t) =
∫

dn1...dnNΨ({rk, ϕk, nk}, t). Equation (3.7) describes propul-
sion of a particle with speed

v̂k({rk}, ek) = λ(κ+
k − κ

−
k ). (3.8)

Through the rates κ±k , the propulsion speed v̂k of a particle depends on all particle
positions and its own orientation. The corresponding Langevin equations are

ṙk = v̂kek − µ0∇kU + ξk, ϕ̇k = ξr,k, (3.9)

with the same translational and rotational thermal noise ξk and ξr,k respectively as
for ABPs at constant speed. Equation (3.9) describes the dynamics of the particles’
positions and orientations without explicit reference to the chemical reactions. In
the following, we call this model “ABPs at constant affinity” since, here, the driving
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affinity ∆µ is kept constant, in contrast to plain ABPs which are propelled at constant
speed v0. Note that similar Langevin equations that include additional noise on the
propulsion speed of order λ2 have been derived in Ref. [115].

3.2 Effective propulsion speed

The particle speed v̂k, Eq. (3.8), depends on the forward and backward rates κ±k ,
whose ratio has to fulfill the detailed balance condition (3.4). One valid choice of
rates is the symmetric form

κ±k = κ0e
±β(∆µ−f̂k)/2, (3.10)

with attempt rate κ0. The particle speed then reads

v̂k = κ0λ
(
eβ(∆µ−f̂k)/2 − e−β(∆µ−f̂k)/2

)
= 2κ0λ sinh[β(∆µ− f̂k)/2]. (3.11)

In the absence of a force (∇kU = 0) or for a force perpendicular to the propulsion
direction (∇kU ⊥ ek), it is f̂k = 0 and the particle propels with the free speed

v0 ≡ v̂k(f̂k = 0) = 2κ0λ sinh(β∆µ/2). (3.12)

Thus, the three parameters κ0, λ and ∆µ characterize the directed particle motion.
For small βf̂k � 1, the particle speed [Eq. (3.11)] can be expanded as

v̂k ≈ 2λκ0 sinh(β∆µ/2)− κ0λ
2βek · ∇kU cosh(β∆µ/2), (3.13)

which (employing Eq. (3.12) and cosh2(x)− sinh2(x) = 1) can be recast into

v̂k ≈ v0 − χµ0ek · ∇kU, (3.14)

with dimensionless coefficient

χ ≡ κ0λ
2

D0

√
1 +

(
v0

2κ0λ

)2
. (3.15)

In analogy to Sec. 2.4.2, the Langevin equations (3.9) can be represented by a
Smoluchowski equation for the joint probability distribution ψ({rk, ϕk}, t) as

∂tψ =
N∑
k=1

{
−∇k · [(−µ0∇kU + v0ek − χµ0(ek · ∇kU)ek)ψ] +D0∇2

kψ +Dr∂
2
ϕk
ψ
}
,

(3.16)
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where expansion (3.14) has been employed. This is Eq. (2.43) plus the addi-
tional term ∝ χ due to the non-constant speed. We now consider particles that
interact via a repulsive pair potential u(r), i.e., the potential energy is given by
U =

∑
k,l>k u(|rl − rk|). Then, integrating over positions and orientations except for

a tagged particle as in Sec. 2.4.3, and dropping particle indices, yields the dynamical
equation

∂tψ1 = −∇ · [v0e + µ0F + µ0χ(F · e)e−D0∇]ψ1 +Dr∂
2
ϕψ1 (3.17)

for the one-body density ψ1(r, ϕ, t) with the force F(r, ϕ, t) given by Eq. (2.54).
Applying the same approximations for F as in Sec. 2.4.4, we obtain

∂tψ1 = −∇ · [v(ρ)e−D0∇]ψ1 +Dr∂
2
ϕψ1, (3.18)

with effective density-dependent speed

v(ρ) = v0 − µ0(1 + χ)ζρ (3.19)

and force imbalance coefficient ζ given by Eq. (2.57). For ABPs at constant speed
v0, the same expression for the effective speed with χ = 0 holds [Eq. (2.59)]. Since
χ ≥ 0 according to Eq. (3.15), here the effective speed is reduced further. The reason
is that particles are not only slowed down by the repulsive forces from collisions,
but also by the associated potential energy cost f̂k > 0 that reduces the propulsion
speed v̂k (as κ+

k is decreased by a factor e−βf̂k/2 and κ−k is increased by eβf̂k/2).

Expression (3.19) requires the knowledge of ζ, which can be determined by mea-
suring the pair-correlation function g(r, θ) in simulations (compare the discussion
in Sec. 2.4.4). Alternatively, the density-dependent speed can be obtained directly
from the particle trajectories {rk(t), ϕk(t)} as

v(ρ) = 〈ṙk · ek〉ρ = 〈v̂k〉ρ − µ0〈ek · ∇kU〉ρ, (3.20)

where the average 〈...〉ρ is taken over particles in an approximately homogeneous
region of the system with density ρ. Applying approximation (3.14) yields

v(ρ) = v0 − µ0(1 + χ)〈ek · ∇kU〉ρ, (3.21)

for βf̂k � 1 showing the equivalence of ζρ and 〈ek · ∇kU〉ρ.
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3.3 Hard discs

We first study suspensions of particles interacting via the WCA potential, Eq. (2.30)
(with parameters ε and σ). As in previous studies on ABPs at constant speed [15,
135, 134], we set the potential strength to ε = 100kBT modeling (almost) hard
discs with an effective (Barker-Henderson) diameter dBH = 1.10688σ [Eq. (2.31)].
Equation (2.13) then implies the rotational diffusion coefficient Dr = 3D0/d

2
BH. As

units of length, time and energy we employ σ, σ2/D0 and kBT respectively.

3.3.1 Brownian dynamics simulations

We perform Brownian dynamics simulations of N = 4735 particles as described
in Sec. 2.4.1 [the constant speed v0 in Eq. (2.34) is replaced by the non-constant
speed v̂k [Eq. (3.11)] with time step δt = 2 · 10−6. Simulations were run with a MPI-
parallelized C++ simulation code developed by Alexander Winkler, Benjamin Trefz
and Jonathan Siebert (available in the KOMET work group at Johannes Gutenberg-
Universität Mainz), into which we have implemented the feature of non-constant
speed. The computations were carried out on the Mogon II supercomputer cluster at
ZDV Mainz.

We employ an elongated simulation box with dimensions Lx = 135, Ly = 67.5 (size
ratio 2:1) with periodic boundary conditions, implying a global number density
ρ0 = N/(LxLy) ' 0.52. We fix the product κ0λ = 10 and vary the free speed v0

[Eq. (3.12)] by changing ∆µ for several lengths λ. We simulate at high enough
speeds v0 such that the system undergoes motility-induced phase separation into
a dense cluster and a dilute gas phase (Sec. 2.3.3). The elongated simulation box
encourages the dense phase to form a slab aligned perpendicular to the x-axis [15,
135, 134], cf. Fig. 3.2(b). All measurements presented in the following were
performed in the steady state in a time window of duration ∆t = 800 after an
equilibration time of ∆teq = 100.

Speed distribution

Due to the scarcity of collisions, most particles in the gas move with the free speed
v0, see Fig. 3.2(b). In contrast, in the dense phase, the individual speeds v̂k follow a
broad distribution [see Fig. 3.2(a) for λ = 10−3 and ∆µ = 5.5]. Mostly, the speeds
are smaller than the free speed v0 (in particular the mean is smaller), since, due to
their directed motion, particles more frequently experience forces opposing their
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Fig. 3.2. (a) Distribution of speeds v̂k of hard discs for λ = 10−3, ∆µ = 5.5. Indicated is
the speed v0 ' 156 of free particles (dashed line), which are not included in the distribution.
The distribution is well fitted by a Gaussian (solid line) with mean 〈v̂〉 ' 145 and standard
deviation ' 11. (b) Simulation snapshot showing the dense slab surrounded by the active
gas [same parameters as in (a)], with the color indicating the propulsion speed v̂k. A particle
configuration in the dense phase is shown in the inset. The speed of the tagged particle
(yellow) at the center is increased (v̂k > v0), since it interacts with three particles at its back
and merely one at its front, implying ek · ∇kU < 0. Non-Gaussian speed distributions for (c)
λ = 10−3, ∆µ = 3.5 (v0 ' 56) and (d) λ = 10−2, ∆µ = 5.5 (v0 ' 156). Reprinted in slightly
adapted form from Ref. [47], with the permission of AIP Publishing.

propulsion direction with ek · ∇kU > 0. However, there is a tail with speeds greater
v0, coming from particles for which the total force points along their orientation
(ek · ∇kU < 0). This can occur, e.g., for particles that interact with more particles
in its back than its front [cf. inset of Fig. 3.2(b)]. The individual speeds v̂k are
distributed quite uniformly throughout the dense phase without any visible long-
range correlations, as suggested by Fig. 3.2(b).

Fig. 3.2(c) shows that when ∆µ is reduced (i.e., for smaller v0), the speed distri-
bution exhibits a markedly non-Gaussian shape. At higher λ = 10−2, the speed
distribution becomes broader because of the higher sensitivity of the speed on the
forces (f̂k ∝ λ), cf. Fig. 3.2(d). In that case, the shape of the distribution is notably
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Fig. 3.3. Phase behavior. (a) Time-averaged density profile along the x-axis (circles) for
λ = 10−3, ∆µ = 5.5 (v0 ' 156). Red lines: fits via Eq. (3.22) by which the coexisting
densities ρgas and ρliq can be extracted. (b) Phase diagram (coexisting densities) for ABPs at
constant speed v0 (data taken from Ref. [135]) and for ABPs at constant affinity for different
values of λ. (b) is reprinted from Ref. [47], with the permission of AIP Publishing.

asymmetric, since, for v̂k → 0, it decays to zero very fast with only an extremely
small amount of particles having negative speeds.1

Phase diagram

In the next step, we measure the coexisting densities in the phase-separated regime
using the same method as in Refs. [15, 135, 134]. Therefore, we employ discrete
bins along the elongated edge of the box which allows us to measure the time-
averaged density distribution ρ(x). As the dense slab is free to move along the x-axis
of the box, we shift the center of mass of each analyzed snapshot to x = 0 before
performing the time average. The resulting density profile ρ(x) exhibits two plateaus
whose values correspond to the coexisting densities, separated by an interface of
finite width, cf. Fig. 3.3(a). Since the dense slab has straight interfaces (parallel to
the y-axis), this method minimizes finite-size effects. We fit both sides of the density
profile individually using

ρ(x) =
ρliq + ρgas

2 +
ρliq − ρgas

2 tanh
(
x− x0

2ω

)
, (3.22)

see Fig. 3.3(a), which allows us to extract the coexisting densities ρgas and ρliq

by averaging the values of both sides (ω is the width of the interface and x0 its
position). In this way, we obtain the coexisting densities for different v0 for λ = 10−3

1When the speed v̂k of a particle is close to zero due to strong forces from particles at its front, the
particle is pushed away from the other particles due to the lack of propulsion. This in turn leads to
a reduction of the forces and thus to an increase of v̂k. We suggest this to be the reason why it is
very unlikely to observe speeds v̂k < 0.
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Fig. 3.4. Time-averaged profiles of the propulsion speed v̂ and the force opposing the
propulsion direction e · ∇U along the x-axis (empty symbols) [λ = 10−3, ∆µ = 5.5]. The
effective speed is then be obtained via v(x) = v̂(x)− [e · ∇U ](x) (full symbols).

and λ = 10−2, which we plot in Fig. 3.3(b) together with the values for ABPs at
constant speed. The coexisting densities lie on top of each other, suggesting that the
non-constant speed does not influence the phase behavior.

Effective speed

In order to obtain further insight, we determine time-averaged profiles along the
x-axis for the propulsion speed v̂(x) and the force opposing the propulsion di-
rection [e · ∇U ](x). The x-dependent effective propulsion speed is then given by
v(x) = v̂(x)− [e · ∇U ](x). Fig. 3.4 shows that the three quantities exhibit a simi-
lar behavior as the density profile taking constant values in the dense and dilute
bulk regions ([e · ∇U ](x) is increased in the dense region leading to a reduction of
v̂(x)). Performing fits with the same functional form as Eq. (3.22), we can there-
fore extract their plateau values. By relating those to the gas and liquid densities
ρgas and ρliq, we can determine 〈v̂k〉ρ, 〈ek · ∇kU〉ρ and v(ρ) = 〈v̂k〉ρ − 〈ek · ∇kU〉ρ
[Eq. (3.20)]. However, since there is a gap in our phase diagram, Fig. 3.3(b), in
the range 0.3 . ρ . 0.8 we perform additional simulations in the homogeneous
regime at lower speed v0 = 20 (we vary the density by changing the box size). Since
the system does not phase separate at these state points, we can relate the globally
averaged values of the propulsion speed and the force to the global density ρ0.

With decreasing 〈v̂k〉ρ, the frequency of particle collisions diminishes, inducing a
simultaneous reduction of 〈ek · ∇kU〉ρ. Therefore, 〈ek · ∇kU〉ρ ∝ 〈v̂k〉ρ, which is
confirmed by the data presented in Fig. 3.5(a). For densities up to ρ . 0.7, we find

〈ek · ∇kU〉ρ ≈ aρ〈v̂k〉ρ, (3.23)
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Fig. 3.5. Forces and speeds as functions of density. (a) Average force opposing the
propulsion direction 〈ek · ∇kU〉ρ normalized by 〈v̂k〉ρ for ABPs with constant speed v0 and
for ABPs at constant affinity for two values of λ. Open symbols show data acquired in the
homogeneous regime at v0 = 20. Black line: Fit aρ to all data points up to ρ = 0.7 with
a ' 1.1. (b) Effective speed as defined in Eq. (3.20) and normalized by v0 [the same color
code as in (a)]. Black line: Eq. (3.27) for ABPs at constant propulsion speed (χ = 0) with
a as obtained in (a). (c) Speed 〈v̂k〉ρ/v0 for ABPs at constant affinity [the same color code
as in (a)]. Larger λ and density ρ trigger a stronger reduction of the speed. Black symbols:
Small f̂k-approximation of the speed, Eq. (3.24), with 〈ek · ∇kU〉ρ as determined in (a).
Reprinted in adapted form from Ref. [47], with the permission of AIP Publishing.

with a ' 1.1 (in good agreement with results for ABPs at constant speed [150])
independent of λ. At high densities, 〈ek · ∇kU〉ρ/〈v̂k〉ρ is no longer proportional to
the density and eventually saturates at ' 1, indicating arrest in the dense phase
(i.e., v(ρ) ' 0). Figure 3.5(b) shows the effective speed v(ρ) normalized by the
free speed v0, which collapses on an almost linear master curve (with a small
systematic dependence on λ). In contrast, the average propulsion speed 〈v̂k〉ρ
[Fig. 3.5(c)] is affected by changing λ (it decreases for higher λ due to larger f̂k)
and is reduced at high ρ (due to stronger forces). From Fig. 3.5(c), we see that the
small f̂k-approximation of the propulsion speed [average of Eq. (3.14)]

〈v̂k〉ρ ≈ v0 − χ〈ek · ∇kU〉ρ (3.24)

is accurate for λ = 10−3, as well as for λ = 10−2 at low densities. Combining
Eqs. (3.23) and (3.24), we can express the propulsion speed and the opposing force
as functions of χ and the density as

〈v̂k〉ρ = v0
1

1 + aρχ
, (3.25)

〈ek · ∇kU〉ρ = v0
a

1 + aρχ
ρ. (3.26)

Equation (3.26) implies that the force imbalance coefficient ζ is reduced by the
density-dependent factor (1 + aρχ)−1 (compared to ABPs at constant speed with
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χ = 0) due to the decreased average speed 〈v̂k〉ρ. The approximate effective speed,
Eq. (3.21), then reads

vWCA(ρ) = v0

[
1− a(1 + χ)

1 + aρχ
ρ

]
. (3.27)

3.3.2 Mean-field theory

We now turn to the dynamical equation (3.18) for the one-body density ψ1(r, ϕ, t)
for which we use the measured effective speed, Eq. (3.27), as input. Here, we follow
a similar route as Ref. [14] for ABPs at constant speed.

Moment expansion

In the first step, we perform an expansion of the one-body density ψ1(r, ϕ, t) into
orientational moments as described in Sec. 2.4.5. In this way, dynamical equations
for the density field ρ(r, t) =

∫ 2π
0 dϕψ1(r, ϕ, t) and the polarization field p(r, t) =∫ 2π

0 dϕ eψ1(r, ϕ, t) can be derived from Eq. (3.18). Integrating Eq. (3.18) over ϕ
yields

∂t

∫ 2π

0
dϕψ1 = −∇ ·

[
v(ρ)

∫ 2π

0
dϕ eψ1

]
+∇2

∫ 2π

0
dϕψ1 +Dr

∫ 2π

0
dϕ∂2

ϕψ1︸ ︷︷ ︸
=[∂ϕψ1]2π0 =0

.

(3.28)

The last term vanishes since ψ1 and its derivatives are 2π-periodic in ϕ. Identifying
ρ and p, we obtain the continuity equation for the density

∂tρ = −∇ · [v(ρ)p−∇ρ], (3.29)

with passive (diffusive) current −∇ρ and active current v(ρ)p due to self-propulsion.
Multiplying Eq. (3.18) by e and integrating over ϕ results in

∂t

∫ 2π

0
dϕ eψ1 = −∇ ·

[
v(ρ)

∫ 2π

0
dϕ e⊗ eψ1

]
+∇2

∫ 2π

0
dϕ eψ1 +Dr

∫ 2π

0
dϕ e∂2

ϕψ1.

(3.30)
The integral in the rotational diffusion term can be evaluated via partial integration
as ∫ 2π

0
dϕ e∂2

ϕψ1 = [e∂ϕψ1]2π0︸ ︷︷ ︸
=0

−
∫ 2π

0
dϕ∂ϕe∂ϕψ1
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= − [∂ϕeψ1]2π0︸ ︷︷ ︸
=0

+
∫ 2π

0
dϕ ∂2

ϕe︸︷︷︸
=−e

ψ1

= −p, (3.31)

where we have again used the periodicity of ψ1 and its derivative. The integral in
the first term on the right-hand side of Eq. (3.30) yields∫ 2π

0
dϕ e⊗ eψ1 =

∫ 2π

0
dϕ (e⊗ e− 1

21)ψ1 + 1
21
∫ 2π

0
dϕψ1 = Q + 1

2ρ1, (3.32)

with nematic tensor Q(r, t) =
∫ 2π
0 dϕ (e ⊗ e − 1

21)ψ1(r, ϕ, t) [Eq. (2.66)]. Equa-
tion (3.30) can then be written as

∂tp = −∇ ·
[
v(ρ)

(
Q + 1

2ρ1
)]

+∇2p−Drp, (3.33)

which is coupled to Q for which an analogous dynamical equation exists. In order
to close the hierarchy, we follow Ref. [14] and set Q = 0. This leads to

∂tp = −1
2∇ [v(ρ)ρ] +∇2p−Drp. (3.34)

Drawing a formal analogy to hydrodynamics (where p is the velocity field instead
of the polarization), the first term on the right-hand side can be interpreted as the
gradient of a “pressure” 1

2v(ρ)ρ resulting from the directed motion of particles [146]
and the second term is similar to a viscosity term. The third term describes the
relaxation of p due to decorrelation of particle orientations. In the following, we
employ the coupled equations (3.29) and (3.34) with the effective speed v(ρ) ≡
vWCA(ρ) of hard discs [Eq. (3.27)] to describe the system.

Linear stability analysis

The terms ∼ v(ρ)p and ∼ v(ρ)ρ in Eqs. (3.29), (3.34) are non-linear (due to the
density-dependent speed v(ρ)), which renders an analytical treatment difficult.
However, following Ref. [14], from a linear stability analysis [154] we can gain
insight into the onset of the instability leading to phase separation. Therefore, we
consider a small perturbation about the homogeneous state ρ(r, t) = ρ0 = const.,
p(r, t) = 0, i.e.,

ρ(r, t) = ρ0 + δρ(r, t), p(r, t) = δp(r, t). (3.35)
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Up to linear order in δρ, the effective speed then reads

vWCA(ρ0+δρ) ≈ vWCA(ρ0)+∂vWCA(ρ)
∂ρ

∣∣∣∣
ρ0

δρ = v0

[
1− a(1 + χ)

1 + aρ0χ
ρ0 −

a(1 + χ)
(1 + aρ0χ)2 δρ

]
(3.36)

and the linearized dynamical equations are

∂tδρ = −α∇ · δp +∇2δρ, (3.37)

∂tδp = −γ∇δρ+∇2δp−Drδp, (3.38)

with coefficients

α ≡ vWCA(ρ0) = v0

[
1− a(1 + χ)

1 + aρ0χ
ρ0

]
, (3.39)

γ ≡ 1
2

(
vWCA(ρ0) + ρ0

∂vWCA(ρ)
∂ρ

∣∣∣∣
ρ0

)
= 1

2v0

[
1− 2a(1 + χ)

1 + aρ0χ
ρ0 + a2(1 + χ)χ

(1 + aρ0χ)2 ρ
2
0

]
.

(3.40)

Defining the vector v(r, t) = (δρ, δpx, δpy) and representing it via its Fourier trans-
form (denoted by the tilde)

v(r, t) =
∫

dq ṽ(q, t)eiq·r, (3.41)

with wave vector q and ṽ(q, t) = (δρ̃, δp̃x, δp̃y), Eqs. (3.37) and (3.38) can be
written as

∂tṽ(q, t) = A(q) · ṽ(q, t). (3.42)

The matrix A(q) is given by

A(q) =


−q2 −iαqx −iαqy
−iγqx −q2 −Dr 0
−iγqy 0 −q2 −Dr

 , (3.43)

with q2 = q2
x + q2

y . Equation (3.42) has the general solution

ṽ(q, t) =
3∑
i=1

ci(q)ai(q)eλi(q)t, (3.44)

with ai(q) and λi(q) the eigenvectors and eigenvalues of A(q), respectively, and
coefficients ci(q). If the real part of one of the λi is positive for some range of q,
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Fig. 3.6. Mean-field spinodals and critical points (circles) for ABPs at constant speed (gray)
and ABPs at constant affinity for different λ.

perturbations with such wave vectors will grow exponentially, indicating the onset
of an instability. The eigenvalues of A(q) can be computed as

λ0(q) = −Dr − q2, (3.45)

λ±(q) = −Dr

2 − q
2 ± 1

2

√
D2

r − 4αγq2. (3.46)

Clearly, the real parts of λ0 and λ− are negative for all q, since Dr > 0. However,
expanding the remaining eigenvalue

λ+(q) = −
(

1 + αγ

Dr

)
q2 − α2γ2

D3
r
q4 +O(q6), (3.47)

shows that for Dr +αγ < 0, perturbations with small q grow, leading to a dynamical
instability. For q → ∞, λ+ ∼ −q2 (as a consequence of translational diffusion)
leading to damping of short wavelength perturbations and thus to a finite unstable
q-range starting at q = 0. This instability can be associated with the phase separation
observed in the simulations [14]. In case of ABPs at constant speed (χ = 0), the
instability condition

Dr + αγ = 0 (3.48)

can be readily solved analytically for the instability line (which corresponds to the
spinodal, cf. Sec. 2.3.3) in the ρ0 − v0 plane [146]

ρ0,± = 3
4a ±

1
4a

√
1− 16Dr

v2
0
, (3.49)

which is plotted in Fig. 3.6. Its minimum with respect to v0, i.e., the critical point is
located at speed vc,ABP = 4

√
Dr and density ρc,ABP = 3/(4a).

44 Chapter 3 Phase separation of active Brownian particles at constant affinity



0 0.5 1 21/6

r/

0

1

2

u/

uHAR(r)
uWCA(r)

Fig. 3.7. Comparison of the harmonic potential uHAR(r) [Eq. (3.50)] and the WCA poten-
tial uWCA(r) [Eq. (2.30)].

For χ 6= 0, Eq. (3.48) is a third-order polynomial in ρ0 whose roots are very lengthy.
In Figure 3.6, we therefore plot numerically calculated instability lines for different λ.
Compared to ABPs at constant speed, for non-constant propulsion speeds, the critical
point moves to slightly lower densities ρc < ρc,ABP and higher speeds vc > vc,ABP

with the shift increasing for larger λ. In the simulations, this shift appears to be
negligible, since the phase diagram, Fig. 3.3(b), is not visibly affected by changing
λ.

3.4 Soft discs

In a second system, we investigate how a softer interaction potential affects the
phase behavior. Therefore, we perform Brownian Dynamics simulations using the
harmonic potential

uHAR(r) =

ε(r/σ − 1)2 (r/σ < 1)

0 (r/σ > 1)
, (3.50)

which is much softer than the WCA potential employed above [cf. Fig. 3.7], allow-
ing particles to overlap at much smaller energy cost. Simulations are performed
analogous to the case of hard discs with the same system of units. As in Ref. [14],
we employ ε = 100, a reduced rotational diffusion coefficient Dr = 3 · 10−3 and a
global density ρ0 ' 0.89.
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3.4.1 Constant speed

For the harmonic potential, in contrast to hard discs, no phase diagram for ABPs
at constant propulsion speed is available in literature. Therefore, we first run
simulations with constant speed v̂k = v0 for all particles. At speeds below v0 ≈ 15,
we observe phase separation into a dense and dilute phase with a stable slab forming
for v0 & 7.5. For speeds v0 & 15, the system reenters the homogeneous disordered
state as previously reported in Ref. [14]. The coexisting densities in the phase-
separated regime plotted in Fig. 3.8(a), suggest a binodal that closes in an upper
critical point in agreement with the observed reentrant behavior. This is quite
different from the phase separation of active hard discs, where the two-phase region
extends to infinite speeds.

To get further insight, analogous to Sec. 3.3.1, we measure the effective speed
v(ρ) [Eq. (3.20)] in the homogeneous region of the phase diagram. The resulting
reduced speeds v(ρ)/v0 are plotted in Fig. 3.8(b) as a function of density ρ. In
contrast to hard discs, the speeds do not decay linearly with density but curve away
with a decreasing magnitude of the slope. From Fig. 3.8(c) we see that for higher
densities, the first peak of the radial distribution function g(r) shifts to smaller
particle separations r.2 At higher densities, a given particle typically interacts with
more other particles, allowing for higher total forces on that particle. The increased
forces lead to larger overlaps for soft particles, whereas forces of equal magnitude
only lead to negligibly small overlaps for hard particles. Due to this increased
ability of particles to overlap compared to hard discs, particle collisions oppose
self-propulsion less, which is reflected in the deviation from the linear decay of v(ρ).
Moreover, for different v0 the speeds do not collapse on a single master curve with
v(ρ)/v0 increasing with v0 for fixed density. As can be seen from the broadening of
g(r) towards smaller separations [see Fig. 3.8(d)], particles can overlap more upon
rising propulsion speed v0 due to the softness of the interaction potential. Again,
this leads to a diminishing slowdown of particles, i.e., higher v(ρ)/v0. We capture
this behavior with the expression

vHAR(ρ) = v0[(1− a)e−bρ + a], (3.51)

which fits the simulation data very well, cf. Fig. 3.8(b). The coefficients a and b

depend on v0 linearly [compare Fig. 3.8(e)] as

a ' 0.016v0 − 0.57, b ' 0.006v0 + 0.49. (3.52)

2The radial distribution function g(r) can be obtained from the pair-correlation function g(r, θ)
introduced in Sec. 2.4.4 via g(r) = 1

2π

∫ 2π
0 dθ g(r, θ).
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Fig. 3.8. Soft discs with constant propulsion speed. (a) Coexisting densities obtained from
simulations at global density ρ0 = 0.89. (b) Effective speed v(ρ)/v0 for different v0 in the
homogeneous regime. The lines are fits of Eq. (3.51). (c),(d) Radial distribution function
g(r) at (c) v0 = 40 for different global densities ρ0 and (d) at global density ρ0 = 0.89 for
different propulsion speeds. (e) Values for a and b versus v0 obtained from the fits in (b).
Both can be well fitted with a linear function. The result of the fit is given in Eq. (3.52).
(f) Mean-field spinodal enclosing the linearly unstable region. (a),(b),(f) are reprinted in
adapted form from Ref. [47], with the permission of AIP Publishing.

For a > 0 (i.e., v0 > 36), the effective speed would reach a non-vanishing positive
value for ρ → ∞, avoiding dynamic arrest. For a < 0 (i.e., v0 < 36), however,
vHAR(ρ) converges towards a negative value, which is probably an artifact of the
lack of simulation data at very high densities.
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Despite this shortcoming, we test whether the mean-field theory described in
Sec. 3.3.2, modified with our expression for the effective speed vHAR(ρ) [Eq. (3.51)],
can reproduce the reentrant behavior at high v0. To this end, we solve Eq. (3.48)
for the instability line numerically, which is plotted in Fig. 3.8(f). Indeed, the so-
lution exhibits a maximal speed (v0 ≈ 44) above which the homogeneous system
is always stable in qualitative agreement with the reentrant behavior observed in
the simulations. Also for small speeds (v0 . 0.29), the system is predicted to be
homogeneous. In order to verify the existence of a homogeneous regime at very
low propulsion speeds in the simulations, one would have to perform systematic
runs at speeds 0 . v0 . 1. For large densities, the shape of the instability region
becomes somewhat implausible exhibiting a pronounced tip. Presumably, this is an
artifact of employing expression (3.51) at high densities, since the position of the tip
at v0 ' 36 corresponds to the value where the high density limit of vHAR(ρ) changes
from positive to negative.

3.4.2 Constant affinity

In the next step, we perform simulations with non-constant propulsion speed v̂k

[Eq. (3.11)] at the same global density ρ0 ' 0.89 as above. As for hard discs, we
keep the product κ0λ = 10 fixed and vary v0 by adjusting ∆µ.

We now observe a notable impact of the non-constant speed on the coexisting
densities which are plotted in Fig. 3.9(a). When increasing λ, the binodal is shifted
to larger speeds and the difference between the coexisting densities (at fixed v0)
is enhanced. The propulsion speed 〈v̂k〉ρ is plotted in Fig. 3.9(b) for different λ
in the homogeneous regime at v0 = 30. With rising ρ, 〈v̂k〉ρ decays steadily from
v0 and does not exhibit the abrupt drop at high densities as observed for the hard
discs [Fig. 3.5(c)]. The deviation from v0 becomes stronger with increasing λ, as
in the case of hard discs. However, as we have seen in Fig. 3.8(b), in contrast to
hard discs, even for different constant speeds v0, the reduced effective speed v(ρ)/v0

does not collapse onto a single master curve but decreases for smaller v0. Hence,
the enhanced reduction of 〈v̂k〉ρ causes v(ρ)/v0 to diminish upon increasing λ, cf.
Fig. 3.9(c). Consequently, larger λ decreases the tendency of soft discs to avoid
dynamic arrest, leading to a shift of the reentrance into the homogeneous state to
higher speeds v0.
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Fig. 3.9. Soft discs at constant affinity (non-constant propulsion speed). (a) Coexisting
densities for different values of λ compared to those at constant speed v0. Speed 〈v̂k〉ρ/v0
(b) and effective speed v(ρ)/v0 (c) as defined in Eq. (3.20) measured in the homogeneous
regime at v0 = 30 [same color code in (b) and (c) as in (a)]. (a),(b) are reprinted in adapted
form from Ref. [47], with the permission of AIP Publishing.
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Self-organization of active
particles by quorum
sensing rules

4

Many motile microorganisms adapt their behavior in response to chemical signals.
For example, sperm cells can detect signaling molecules secreted by the oocyte
and swim towards it by following the gradient of chemicals (“chemotaxis”) [42].
Also some bacteria are able to perform chemotaxis, which helps them to swim
towards food sources or to flee from poisons [163]. Chemical signaling is also
involved in cell-to-cell communication mechanisms, e.g., bacterial quorum sens-
ing [98]. In a population of quorum-sensing bacteria, all members secrete signaling
molecules (“autoinducers”). The resulting concentration of autoinducers in the
surrounding fluid is thus a measure of the number density of bacteria. In response
to the sensed concentration (typically when it surpasses a threshold value), bacteria
change their behavior through the expression of certain genes. This mechanism
enables the synchronized behavior of the entire bacterial population, necessary, e.g.,
for virulence [178], bioluminescence [93], biofilm formation [112] and motility
control [147]. Moreover, there is evidence that quorum sensing plays a role in the
regulation of the response of immune cells [5].

Synthetic microswimmers such as self-phoretic Janus particles, in contrast, do not
possess such elaborate communication strategies, but solely interact via forces of
physical origin, e.g., volume exclusion or hydrodynamic flows. However, recent
advances in experimental techniques in the group of Prof. Clemens Bechinger
(Fachbereich Physik, Universität Konstanz) allow for the control of speeds of light-
activated phoretic swimmers on an individual level. Via a feedback-loop, this enables
the implementation of new interaction rules between particles in a well-controlled
experimental setup. In this chapter, we describe an interaction rule inspired by the
above described bacterial quorum sensing: In response to a (virtual) self-generated
concentration field of autoinducers, particles switch between two discrete states of
motility (active and passive). Via numerical simulations based on the ABP model,
we analyze the novel collective behavior arising from this rule and compare to
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experimental results. The majority of the results presented in this chapter have been
published in Ref. [9] and a minor part in Ref. [48].

4.1 Quorum-sensing active particles

We consider a collection of N active particles with self-propulsion speeds vk = v0

moving along trajectories rk(t). Each particle is assumed to emit signaling molecules
at a certain rate γ that diffusive with diffusion coefficient Dc and decay at rate
κ. The concentration field c(r, t) of signaling molecules is then determined by the
diffusion equation

∂tc(r, t) = Dc∇2c(r, t)− κc(r, t) + γ
N∑
k=1

δ(r− rk(t)). (4.1)

As they are much smaller in size than the active particles, the signaling molecules
can be assumed to diffusive much faster than the particles move. Thus, assuming
a time scale separation, the concentration field c has already reached its steady
state (∂tc = 0) within time intervals in which particles move by relevant length
scales. Therefore, at every moment in time, we assume the concentration field to be
determined by the steady-state equation

0 = Dc∇2c(r)− κc(r) + γ
N∑
k=1

δ(r− rk(t)), (4.2)

which has the shape of the screened Poisson equation known from electrostatics,
with N source terms. In three dimensions, its Green’s function (solution for one
source of strength 1 at position r′) reads [183]

G(r) = e−|r−r′|/λ

4πDc|r− r′| , (4.3)

with decay length λ =
√
Dc/κ. Consequently, the solution of Eq. (4.2) is given by

the superposition

c(r) = γ

4πDc

N∑
k=1

e−|r−rk|/λ

|r− rk|
. (4.4)

Given a set of particle positions {rk}, the resulting concentration field c(r) can be
directly calculated via Eq. (4.4). Since the particle positions change over time, the
concentration field is still implicitly time-dependent.
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Fig. 4.1. Quorum sensing response. (a) Concentration field c(r) [Eq. (4.4)] produced by
the gray particles (blue: low c, red: high c). White circles: Test particles probing c at two
different positions. Inside the dashed lines, c(r) surpasses the threshold concentration c̄
above which particles turn passive, vk = 0 [(c), Eq. (4.7)]. (b) Accordingly, the particle with
ck < c̄ self-propels at vk = v0 (red), whereas the particle with ck′ > c̄ does not (vk′ = 0,
blue). (d) Resulting speeds vk(ck) for all (gray and white) particles: vk = 0 (blue) or vk = v0
(red).

Moreover, we assume that particles not only produce signaling molecules, but can
also detect the concentration of molecules generated by the other particles, i.e.,

ck(rk) = γ

4πDc

∑
l 6=k

e−|rk−rl|/λ

|rk − rl|
. (4.5)

Introducing the reference concentration c̃ = γ
4πDcd

(with particle diameter d), it can
be written as

ck(rk) = c̃
∑
l 6=k

e−|rk−rl|/λ

|rk − rl|/d
. (4.6)

Motivated by specific systems of quorum-sensing bacteria [93, 147], we assume
that particles respond to the measured concentration signal by changing their self-
propulsion speed (another possibility would be the diffusion coefficient [89, 53])
in a discontinuous way: When the concentration ck a particle measures surpasses
a certain threshold value c̄, the particle becomes passive (it stops to self-propel),
i.e.,

vk =

v0, for ck < c̄

0, for ck ≥ c̄
. (4.7)
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The entire quorum sensing scheme consisting of concentration production, sensing
and motility response is depicted in Fig. 4.1 for a specific particle configuration.
From there, it becomes clear that (depending on the threshold c̄) particles typically
turn passive in regions of increased particle density due to the higher concentrations
they sense there.

4.1.1 Coarse-grained concentration field

The concentration a particle k located at rk measures given by Eq. (4.5) depends
on the positions {rl} (l = 1, ..., k − 1, k + 1, ..., N) of the remaining N − 1 particles.
However, as we will see later in this chapter and in Chap. 5, it can be useful to know
the mean concentration (averaged over the positions of the other particles) a particle
at a specific position senses. Therefore, we introduce the (orientation-independent)
conditional probability density ψ̄({rl}|rk, t) to find N − 1 particles at positions {rl}
given particle k to be located at rk at time t. The mean of ck can then be calculated
as

〈ck〉(rk, t) ≡
∫

dr1...drk−1drk+1...drNck(rk)ψ̄({rl}|rk, t)

= γ

4πDc

∫
dr1...drk−1drk+1...drN

∑
l 6=k

e−|rk−rl|/λ

|rk − rl|
ψ̄({rl}|rk, t). (4.8)

As particles are indistinguishable, this is a sum ofN−1 identical integrals. Analogous
to Eq. (2.45), we introduce the conditional one-body density

ψ̄1(rl′ |rk, t) = (N − 1)
∫

dr1...drl′−1drl′+1...drk−1drk+1...drN ψ̄({rl}|rk, t) (4.9)

and rename rk → r (and ck → c) and rl′ → r′, which leads to

〈c〉(r, t) = γ

4πDc

∫
dr′ψ̄1(r′|r, t)e

−|r−r′|/λ

|r− r′| . (4.10)

Decomposing the conditional density into the number density at r′ and the pair
correlation function [analogous to Eq. (2.52)]

ψ̄1(r′|r, t) = ρ(r′, t)g(r, r′, t), (4.11)

we obtain

〈c〉(r, t) = γ

4πDc

∫
dr′ρ(r′, t)g(r, r′, t)e

−|r−r′|/λ

|r− r′| . (4.12)
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Assuming that particles interact via volume exclusion and have a diameter d, in the
steady state, we approximate

g(r, r′, t) ≈ Θ(|r− r′| − d), (4.13)

with Θ(x) the Heaviside step function. Performing this approximation, we have
assumed that particles cannot overlap and that for r > d no correlations between
particle positions exist. The mean concentration a particle located at position r
measures in the steady state [ρ(r′, t)→ ρ(r′)] is then given by the convolution

〈c〉(r) = γ

4πDc

∫
dr′ρ(r′)Θ(|r− r′| − d)e

−|r−r′|/λ

|r− r′| . (4.14)

Due to the appearance of the Heaviside function, the integral can be splitted into

〈c〉(r) = γ

4πDc

∫
dr′ρ(r′)e

−|r−r′|/λ

|r− r′|︸ ︷︷ ︸
cid(r)

− γ

4πDc

∫
|r−r′|≤d

dr′ρ(r′)e
−|r−r′|/λ

|r− r′|︸ ︷︷ ︸
ccorr(r)

. (4.15)

The first term cid(r) is exact for point particles, when neglecting correlations arising
from the concentration-dependent speed vk(ck). The second term ccorr(r) is the
correction due to the (approximated) pair-correlations arising from the excluded
volume, which has to be subtracted. Assuming density variations to be negligible
on length scales of order d, in the second integral we can approximate ρ(r′) ≈ ρ(r).
Thus

ccorr(r) = γ

4πDc
ρ(r)

∫
|r−r′|≤d

dr′ e
−|r−r′|/λ

|r− r′|

= γ

4πDc
ρ(r)

∫ 2π

0
dθ
∫ d

0
dr′e−r′/λ

= γλ

2Dc
ρ(r)(1− e−d/λ), (4.16)

with r′ = |r − r′|. In case of a homogeneous system with ρ(r) = ρ0 = const., the
uniform contributions are

c0,id ≡
γλ

2Dc
ρ0, (4.17)

c0,corr ≡
γλ

2Dc
ρ0(1− e−d/λ), (4.18)

implying that the uniform mean concentration is

c0 = c0,id − c0,corr = γλ

2Dc
ρ0e
−d/λ. (4.19)
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4.1.2 Experimental realization

The above described quorum sensing response can be implemented experimentally
for active particles driven by self-diffusiophoresis due to critical demixing of a
water-lutidine mixture (Sec. 2.2). The experiment described below was designed,
performed and analyzed by Tobias Bäuerle in the group of Prof. Clemens Bechinger
at Universität Konstanz, Fachbereich Physik.

The particles are silica spheres with diameter d = 4.4µm, half-coated with a 30 nm
carbon film, suspended in a water-lutidine mixture at T = 298 K (several degrees
below its lower critical temperature Tc = 307 K). The entire suspension is contained
in a thin sample cell with height 200µm, where particles form a two-dimensional
system due to gravitational forces. When illuminated with green laser light at
intensities above I = 0.1 W mm−2, the solvent around a particle heats above Tc due
to heating of the carbon cap and locally demixes. This triggers particle propulsion
opposite to the cap, with the propulsion speed linearly increasing with I (see
Sec. 2.2 for a more detailed explanation of the underlying phoretic mechanism).
Additionally, particles undergo translational and rotational Brownian motion with
diffusion coefficients D0,exp = (0.0208 ± 0.0012)µm2s−1 and Dr,exp = (112.6 ±
26.1)−1 s−1, respectively.1

In preceding experiments [161, 27, 26], the sample was illuminated homogeneously,
causing all particles to propel with the same speed. Here, in contrast, the propulsion
speeds of the particles can be controlled independent of each other via a feedback-
loop, which allows to implement the quorum sensing response: The particle positions
{rk} are determined via a video camera and a real-time image detection algorithm
from which (virtual) sensed concentrations {ck} are calculated on a computer using
Eq. (4.5). Via Eq. (4.7), the concentrations determine which particles should self-
propel (ck < c̄) and which should not (ck > c̄). A laser beam with beam waist
5µm is then selectively directed to the particles with ck < c̄ via an acousto-optical
deflector. Each of these particle is repeatedly illuminated for a period of 8µs every
4 ms which is fast enough to induce stable self-propulsion, as the remixing timescale
of the binary mixture is of the order of 100 ms [61]. The laser intensity on a particle
is set to I = 0.2 W mm−2 which results in a propulsion velocity v0,exp = 0.2µm s−1.
The remaining particles are not illuminated and undergo only Brownian motion.
This cycle is repeated every 500 ms, leading to dynamical updates of the motility

1The measured diffusion coefficients are smaller than the Stokes-Einstein values Dr,theo ≈ (126 s)−1

[Eq. (2.12)] and D0,theo ≈ 0.051µm2s−1 [Eq. (2.8)] (using the viscosity η ≈ 0.002 Pa s of water-
lutidine at T . Tc [33]). This arises from enhanced viscous friction close to the confining walls of
the sample cell (compared to a bulk fluid for which the Stokes-Einstein relation holds) [22] and
has also been observed in previous studies [61].

56 Chapter 4 Self-organization of active particles by quorum sensing rules



states of particles based on their calculated concentrations ck. Typical positional
changes are below 5% of the particle diameter between the updates.

To ensure a constant global particle density ρ0 during experiments, reflective bound-
ary conditions at the edge of a circular confinement of radius R = 65µm are
imposed: When a particle is leaving the confinement, the illuminating laser beam
is shifted relative to the particle’s center by ≈ 2.6µm which results in an intensity
gradient over the particle’s surface. This gradient induces a torque which reorients
the particle [92, 61]. For leaving particles, the torque is applied until their swim-
ming direction points towards the confinement’s center, which guides them back
to the confinement. Confining particles in this way, no accumulation of particles
at the boundary occurs, as it would be the case for a hard wall [45, 137, 29]. On
average the confinement contains N = 122 particles, corresponding to a density
ρ0 = N/(πR2) = 0.0092µm−2. For the calculation of the concentrations ck particles
which have left the confinement by less than 10µm are also taken into account
in order to reduce variations due to particles leaving and reentering. Within the
confinement plus the additional 10µm rim, the average particle number is N = 132.
To obtain steady-state conditions, the system is allowed to evolve in time for at least
30 min before measurements are performed.

4.1.3 Simulation scheme

To describe the dynamics of the particles, we employ the ABP model with repulsive
interactions as introduced in Sec. 2.3.2 (neglecting hydrodynamic and phoretic
interactions). The equation of motion for the particle positions read [compare
Eq. (2.28)]

ṙk = vkek − µ0∇k
∑
l 6=k

uWCA(|rl − rk|) + ξk (4.20)

and the particle orientations ϕk undergo free rotational diffusion, Eq. (2.29). The
concentrations ck are calculated using Eq. (4.5) and the particle speeds vk(ck) via
Eq. (4.7) with v0 = 0.2µm s−1. Particles interact with the WCA potential uWCA(r),
Eq. (2.30), with energy scale ε = 100kBT and length scale σ = 3.98µm. Thus, the ef-
fective (Barker-Henderson) particle diameter dBH = 1.10688σ = 4.4µm [Eq. (2.31)]
equals the diameter d of the particles employed in the experiment. Also the transla-
tional and rotational diffusion coefficients are matched with the experimental values,
i.e., D0 = 0.02µm2s−1 and Dr = (1/120) s−1. Simulations are performed with a
self-written C++ code that integrates the equations of motion via the algorithm
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introduced in Sec. 2.4.1 with time step δt = 40 ms. The concentrations ck and speeds
vk are updated at every time step and the particle positions and orientations are
initialized randomly inside the simulation box.

As in the experiment, particles are confined to a circular region of radius R =
(65 + 10)µm (which includes the additional 10µm in which particles contribute to
the concentrations in the experiment). Contrary to the experimental implementation,
where a torque is applied to particles reaching the boundary, in the simulations,
their orientation vectors are instantaneously reoriented towards the center of the
confinement. The particle number is set to N = 132 (equaling the average number
of particles in the (65+10)µm zone in the experiment), which implies a density ρ0 =
0.0075µm−2. Note that a similar geometry (with the circular boundary implemented
by a hard wall instead) has been studied previously in Ref. [120] for run-and-tumble
particles without translational diffusion. By performing additional simulations in a
square box (with edge length L) with periodic boundary conditions, we investigate
the same system without confinement. There, we simulate N = 800 particles at the
same density ρ0 with L = 74.1d = 326µm.

4.2 Simulations with periodic boundary
conditions

We first present results for simulations with periodic boundaries (with parameters as
described above) at decay length λ = 10d of the concentration signals. Depending
on the chosen concentration threshold c̄, we observe five qualitatively different
steady states, see Fig. 4.2. For c̄ . 5.5c̃, all particles are passive and the system is
homogeneous [Fig. 4.2(a)]. For higher thresholds, the system separates into two
distinct phases, a dilute phase of active particles with ck < c̄ (“active gas”) and a
dense phase of passive particles with ck > c̄ (“passive cluster”) [Figs. 4.2(b-d)]. On
increasing c̄, the phase regions change in shape from a small active gas bubble inside
the passive cluster [Fig. 4.2(b)] to two slabs of similar dimensions [Fig. 4.2(c)] and
eventually to a passive (almost circular) cluster inside the active gas [Fig. 4.2(d)].
At even higher thresholds c̄ & 14.5c̄, the entire system is a homogeneous active
gas [Fig. 4.2(e)]. The observed shapes of the phases (bubble, slab and droplet)
are similar to those observed for the vapor-liquid transition in finite simulation
boxes [95, 58, 128] and have also been reported for MIPS of ABPs at constant
propulsion speed [15].
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Fig. 4.2. (a-e) Steady-state snapshots of finite-size transitions in a system with periodic
boundary conditions for concentration thresholds c̄ = [5.5, 6.5, 8.5, 11.5, 14.5]c̃ at decay
length λ = 10d. Blue particles are passive (vk = 0) and red particles are active (vk =
v0). (a) Homogeneous passive system, (b) active bubble, (c) active and passive slabs,
(d) passive droplet, (e) homogeneous active system. (f) Sampled distributions of measured
concentrations p(ck) for c̄ = 5.5c̃ and 14.5c̃. Dashed line: Prediction c0 of the mean sensed
concentration via Eq. (4.19).

The average sensed concentration is 〈c〉/c̃ = 8.18 in the homogeneous passive system
and 〈c〉/c̃ = 8.57 in the homogeneous active system respectively, which is very close
to the prediction c0/c̃ = 2πλdρ0e

−d/λ = 8.28 from Eq. (4.19). However, both in the
passive and in the active case, the sampled distribution of ck is relatively broad, cf.
Fig. 4.2(f). For the passive system, it is symmetric, whereas for the active case it is
stretched towards higher ck as activity triggers the formation of small (unstable)
clusters due to self-trapping. The distribution decays to zero at ck ≈ 5.5c̄ for the
passive system, which is close to the threshold at which an active phase starts to
form. In case of the active system, the distribution reaches ≈ 0 at ck ≈ 13c̃. However,
fluctuations to higher ck can still occur (at a very low rate), which is confirmed by
the fact that the formation of passive clusters was observed up to c̄ ≈ 14c̃ (after a
relatively long waiting time).

In contrast to MIPS of ABPs (Sec. 2.3.3, Chap. 3), here phase separation does
not arise from collisions which slow down particles but from the motility switches
(active ↔ passive) in response to the concentration signal c. Particles typically
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sense higher concentrations and thus turn passive (when ck > c̄) in regions of
higher particle density ρ. This motility reduction triggers the aggregation of passive
particles into dense domains and thus the separation into a passive cluster and
an active gas. As passive particles still undergo Brownian motion, particles at the
interface of the cluster can turn active and enter the gas, when diffusing away from
the cluster far enough where ck becomes smaller than c̄ (or due to a concentration
fluctuation). At the same time, active particles become part of the passive cluster
when swimming sufficiently close to where ck > c̄. In the steady state, the average
inward and outward currents through the interface between the phases compensate.
A sketch visualizing the described processes leading to phase separation is shown in
Fig. 4.3(a).

For the system where a circular passive cluster has formed inside the active gas
[c̄ = 11.5c̃, Fig. 4.2(d)], in Fig. 4.3(b,c) we provide radial steady-state profiles
of the density ρ(r), the average propulsion speed 〈v〉(r) and the average sensed
concentration 〈c〉(r) (with r the distance to the center of mass of all particles). Both
in the cluster (〈v〉 = 0) and in the gas (〈v〉 = v0) the density is constant, with the
cluster density being significantly higher than ρ0 and the gas density. Inbetween,
ρ(r) exhibits an interface of finite width, in which 〈v〉(r) continuously changes from
0 to v0 (here particles switch between passive and active). As expected 〈c〉 is larger
than c̄ in the passive and smaller than c̄ in the active region. The position where
〈c〉 = c̄ lies within the interface of the density profile.

Remarkably, the propulsion speed and density used here (corresponding to packing
fraction φ0 = ρ0πd

2/4 = 0.114 and Péclet number Pe = 3v0/(dDr) = 16.4) are much
smaller as required for MIPS of ABPs with repulsive interactions [compare the phase
diagram of ABPs in Fig. 4.4(a) which was already shown in Fig. 2.5(b)]. Also, the
passive clusters observed here are considerably less dense than the closely packed
aggregates observed in the MIPS region [compare Fig. 4.2 to Fig. 4.4(b)]. Applying
the quorum-sensing rule in the MIPS regime can create a highly crystalline passive
core inside the MIPS clusters, cf. Figs. 4.4(c,d).

Until now, we have qualitatively analyzed the steady states arising from the quorum
sensing response for different concentration thresholds c̄. In the next section, for the
circularly confined system, we will investigate the observed phase separation in a
more quantitative way and compare to experimental results.
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Fig. 4.3. (a) Sketch of a phase-separated system of quorum-sensing active particles. The
concentration signal ck (yellow) increases from left to right and is equal to c̄ at the dashed
line. Left: active gas with vk = v0 and ck < c̄. Right: passive cluster with vk = 0 and ck > c̄.
Particles are exchanged between the phases via motility switches at the interface. Reprinted
in slightly adapted form with permission from Ref. [48]. Copyright (2020) by the American
Physical Society. (b,c) Radial profiles (with respect to the system’s center of mass) for a
passive droplet inside an active gas at c̄ = 11.5c̃. (b) Normalized density ρ(r)/ρ0 (blue)
and mean velocity 〈v〉(r)/v0 (green). (c) Mean sensed concentration 〈c〉(r)/c̃. Dashed line:
threshold concentration c̄. Dotted line: position at which 〈c〉 = c̄.

Fig. 4.4. Quorum sensing and motility-induced phase separation. (a) Circles: Numerically
determined coexisting densities for ABPs with repulsive interactions (data taken from
Ref. [135]) with packing fraction φ and Péclet number Pe = 3v0/(dDr). Red cross: conditions
studied throughout this chapter, where no clustering occurs for constant propulsion-speed.
(b,c,d) Simulation snapshots of a system of N = 1000 particles with periodic boundary
conditions. Simulations are performed within the coexistence region at propulsion speed
4v0 = 0.8µm s−1 and density 4.4ρ0 [green square in (a)]. (b) Plain ABPs with all particles
active (red). (c,d) With quorum sensing using λ = 2.5d and (c) c̄ = 13.5c̃, (d) c̄ = 10c̃.
An inner core of crystalline closely packed passive particles (blue) emerges, which grows
as the threshold is decreased. At the same time, the dense halo of active particles shrinks.
Reprinted in adapted form with permission from the Supplementary Material of Ref. [9]
licensed under the Creative Commons license CC BY 4.0.
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Fig. 4.5. Quorum-sensing active particles under circular confinement of radius R.
(a) Steady-state snapshots at decay length λ = 10d and concentration thresholds
c̄ = [2.8, 6.4, 9.8, 11]c̃. Blue: passive particles (vk = 0), red: active particles (vk = v0).
(b) The measured normalized radial density profile ρ(r)/ρ0 (symbols, at c̄ = 8.8c̃) is well
fitted by expression (4.21) (line), from which the cluster density ρc and the gas density ρg

can be extracted. The dotted line indicates the interface position rc. (c) Obtained ρc and ρg

versus threshold c̄. (d) Cluster size rc as a function of c̄.

4.3 Circularly confined system

Similar to the system with periodic boundary conditions, in the simulations with
circular confinement (as described in Sec. 4.1.3), we observe an entirely passive
system for low thresholds c̄ and a completely active system for high c̄, see Fig. 4.5(a).
For intermediate thresholds, again a passive and an active domain form. In contrast
to the multitude of finite-size transitions seen in Sec. 4.2, we only observe a passive
circular cluster surrounded by an active gas. The cluster typically forms around
the center of the confinement (and fluctuates around it), as due to the circular
geometry, even for a homogeneous system, the average measured concentration 〈c〉
rises towards the center.

For the phase-separated system, the radial steady-state density profile ρ(r) (with
r being the distance from the particle’s center of mass) [Fig. 4.5(b)] has a similar
shape as that of circular clusters under periodic boundary conditions, Fig. 4.3(b). It
exhibits two plateaus (corresponding to the passive and active phases) separated by
a broad interface. Close to the confinement’s edge (r → R), the density decreases
from the outer plateau value, as particles are reoriented towards the center of
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the confinement at the boundary and thus preferentially escape from this region.
Apart from this boundary region, the density profile can be well fitted by [compare
Eq. (3.22)]

ρ(r) = ρc + ρg

2 + ρc − ρg

2 tanh
(
rc − r

2ω

)
, (4.21)

with the cluster density ρc and the gas density ρg. The center of the interface is
located at rc, which is a measure of the cluster size. The interfacial width is given by
ω. Due to the finite width of the interface, only cluster sizes rc . 0.9R can be reliably
extracted. At the corresponding threshold values, clusters have typically reached
a density ρc ≈ 1.2ρ0. On increasing c̄, the passive clusters become smaller and
denser, cf. Fig. 4.5(c,d), as higher particle densities lead to higher concentrations
ck necessary to overcome the threshold. For a decay length λ = 10d, stable clusters
exist up to c̄ ≈ 9.8c̃ where ρc ≈ 3.5ρ0 and rc ≈ 0.4R. Also, the gas becomes denser
with rising c̄, but only takes a plateau value ρg for rc . 0.6R due to boundary effects
for larger rc.

In the experimental system, formation of a passive cluster surrounded by an active
gas can be observed as well, see Fig. 4.6(a). Figure 4.6(b) shows that, as in the
simulations, clusters become denser and smaller with rising threshold c̄ and that at
very high c̄ the system is homogeneous. The experimental radial steady-state density
profiles ρ(r) agree very well with those obtained from the simulations, cf. Fig. 4.6(c),
although the time interval ∆tu between updates of the motility states is 12.5 times
longer in the experiment (∆tu,exp = 500 ms, ∆tu,sim = 40 ms). Simulations with
shorter update intervals down to 10−2∆tu,exp show no change in the density profiles
ρ(r), see Fig. A.1.

In order to gain further insight, we perform additional simulations in which we
systematically vary the decay length λ from 2.5d up to 20d. The results are summa-
rized in the phase diagram Fig. 4.7(a). In agreement with Fig. 4.5, for all λ, cluster
formation only occurs within a well-defined range of thresholds c̄, outside which
the entire system is homogeneous and passive (blue region) or active (red region).
Moreover, there are two transition regions at the boundaries of the two-phase region,
both indicated in white. At the transition to the homogeneous active region, within
a finite range of thresholds, unstable clusters exist that spontaneously dissolve and
re-form, see also Fig. 4.8(b). Within the area between the phase-separated and the
homogeneous passive region, a small amount of active particles exists close to the
confinement’s edge, but no passive cluster with a defined interface at rc . 0.9R
forms. With increasing decay length λ, particles sense higher concentrations ck, as
they receive concentration signals from more particles. Consequently, both the upper
and lower limit for the concentration threshold c̄ between which the system phase
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Fig. 4.6. Experimental results at decay length λ = 10d. (a) Left: Snapshot of the experimen-
tal system at concentration threshold c̄ = 8.6c̃. The black circle indicates the confinement’s
boundary. Center: Concentrations ck attributed to each particle according to Eq. (4.6).
Right: Resulting distribution of active (red) and passive (blue) particles. (b) Normalized
steady-state particle density maps ρ/ρ0 for concentration thresholds c̄ = [5.9, 7.3, 8.6,∞]c̃.
(c) Symbols: Corresponding radial density profiles ρ(r)/ρ0. Lines: profiles obtained from
simulations at the same threshold values. Reprinted in adapted form with permission from
Ref. [9] licensed under the Creative Commons license CC BY 4.0.

separates, rise with λ. The maximal cluster density ρc,max ≈ 3.45ρ0 is independent
of λ [see also Fig. 4.9(c)].

The upper boundary of the homogeneous passive region can be calculated based
on the mean concentration field 〈c〉(r), Eq. (4.15). For a system at homogeneous
density ρ0 within a circle of radius R, the concentration field is radially symmetric,
〈c〉(r) = c0(r), and decreases from the circle’s center (r = 0) toward its edge. It can
be calculated via

c0(r) = c0,id(r)− c0,corr, (4.22)
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Fig. 4.7. (a) Numerical phase diagram showing the dependence of the cluster density ρc

on the threshold c̄ and the interaction length λ. Stable clusters exist in the central colored
region up to the red line. Shaded areas indicate regions where all particles are either active
(red) or passive (blue). Black dashed lines correspond to paths along which experimental
data were taken. Blue line: prediction for the boundary of the homogeneous passive region
from Eq. (4.23). (b) Cluster density ρc and (c) cluster radius rc as a function of threshold c̄
at λ = 10d (vertical dashed line). (d) Cluster density as a function of decay length λ holding
c̄ = 1.2c0(0) constant with c0(0) from Eq. (4.24) (horizontal dashed line). In (b–d), open
symbols correspond to simulations and closed symbols to experiments. Experimental error
bars (standard deviation) are comparable to the symbol size. Reprinted in adapted form
with permission from Ref. [9] licensed under the Creative Commons license CC BY 4.0.

with c0,corr from Eq. (4.18) and c0,id(r) determined by integral (A.7) with ρ(r) =
ρ0Θ(R − r). Particles can turn active, when the threshold c̄ is higher than the
concentration at the boundary c0(R), which can be obtained from Eq. (4.22) as

c0(R) = 1
2c0,id [1− I0(2R/λ) + L0(2R/λ)]− c0,id(1− e−d/λ), (4.23)

with c0,id = γλ
2Dc

ρ0 from Eq. (4.17), I0(x) the modified Bessel function of order zero
of the first kind and L0(x) the modified Struve function of order zero. The condition
c̄ = c0(R) is shown as blue line in Fig. 4.7(a) and well predicts the boundary of the
homogeneous passive regime.

The dashed lines in Fig. 4.7(a) indicate the paths in the phase diagram, along which
experiments were performed. Holding λ = 10d fixed and increasing c̄ leads to denser
and smaller clusters [Fig. 4.7(b,c)], as already seen in Fig. 4.6(b). As expected
from the good agreement of the density profiles [Fig. 4.6(c)], the cluster densities
ρc and radii rc also agree well between experiments and simulations. Additional
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experiments were performed varying λ and fixing the threshold to c̄ = 1.2c0(0)
with

c0(0) = c0,id(e−d/λ − e−R/λ) (4.24)

being the (λ-dependent) mean concentration at the confinement’s center in a homo-
geneous system. Again, the agreement of ρc with the simulations is very good, cf.
Fig. 4.7(d).

In order to understand the existence of an upper limit on c̄ for stable clusters to
form, some insights can be obtained by looking at the number of passive particles
Np in the system (which is equal to the number of particles a cluster consists of).
Figure 4.8(a) shows that upon increasing c̄, clusters are made up of a decreasing
average number of particles 〈Np〉. As the major contribution to the concentration
signal ck a particle in the cluster measures comes from the other particles in the
cluster (due to its higher density compared to the active gas), smaller 〈Np〉 implies
stronger fluctuations of ck. This leads to stronger fluctuations of Np for smaller
clusters, see Fig. 4.8(b,c), as the probability that the concentration a particle at the
cluster’s rim senses drops below c̄ (or rises above it) increases. With decreasing
〈Np〉 (i.e., rising c̄), fluctuations become so strong that they can dissolve the entire
cluster, see Fig. 4.8(b). Independent of λ, the minimal number of passive particles
up to which we observe stable clusters is 〈Np〉min ≈ 65, cf. Fig. 4.8(a). As shown
in Fig. 4.9(a,b), the actual value of 〈Np〉min depends on the number of particles
N in the system (keeping the global density ρ0 fixed) and, for larger N , decreases
for smaller λ. The minimum fraction of passive particles 〈Np〉min/N decreases with
N (〈Np〉min/N = 0.49 for N = 132, 0.45 for N = 300, 0.35 for N = 1000) and
the maximum cluster density ρc,max rises, cf. Fig. 4.9(c). This shows that in larger
systems, smaller (relative to the system size) and denser clusters can be stabilized,
presumably because the sensed concentrations ck fluctuate less due to signals from
more particles.

The decay length λ not only influences the range of thresholds where stable clusters
exist [Fig. 4.7(a)], but also affects the shape of the interface between cluster and
gas. For large λ, the interface is almost circular. For small λ, the shape of the
interface can fluctuate strongly, see Fig. 4.10(a) for snapshots with λ = 2.5d and
20d. This can be explained by fluctuations of the concentration signal: For smaller λ,
a particle receives chemical signals from fewer particles and thus the total signal
it measures fluctuates stronger. Consequently, the strength of density fluctuations
required for a particle at the cluster surface to switch from passive to active (or
reverse) is decreased, which leads to a rougher and broader interface. This effect
can be quantified via the interfacial width ω [as extracted by fitting the radial density
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Fig. 4.8. Cluster fluctuations and stability. (a) Average number of passive parti-
cles 〈Np〉 from simulations with N = 132 particles as a function of threshold c̄ for
λ = [2.5, 5, 7.5, 10, 12.5, 15, 17.5, 20]d (from left to right). For each value of λ, the circle
indicates the maximum value of c̄ up to which we observe stable clusters. Independent of λ,
the circles lie well on the 〈Np〉min = 65 (dashed) line. (b) Time series Np(t) at λ = 10d for
concentration thresholds c̄ = [5.0, 8.6, 10.2]c̃ (from top to bottom) with averages indicated
on the left (for c̄ = 10.2c̃ the time frames in which no cluster existed were excluded from
the averaging). (c) Standard deviation of Np(t) divided by the average, σNp/〈Np〉, which
rises with c̄ (only shown in the regime where stable clusters exist). Dashed lines indicate the
threshold values employed in (b). Reprinted in adapted form with permission from Ref. [9]
licensed under the Creative Commons license CC BY 4.0.

Fig. 4.9. Finite-size behavior. (a,b) Average number of passive particles 〈Np〉 versus
threshold c̄ for interaction lengths λ = [2.5, 5, 7.5, 10, 12.5, 15, 17.5, 20]d (from left to right)
for the circularly confined system at fixed global density ρ0 = 0.0075µm−2 and particle
numbers (a) N = 300, (b) N = 1000. The dashed lines indicate the minimal number
of passive particles up to which stable cluster are observed (〈Np〉min ≈ 135 for N = 300
and 〈Np〉min ≈ 350 for N = 1000). For small λ, the minimal particle number is slightly
lower. (c) Maximum cluster densities ρc,max/ρ0 (at the highest c̄ where stable clusters were
observed) versus λ for the different system sizes. The dashed lines indicate the averages.
(a,b) are reprinted in adapted form with permission from Ref. [9] licensed under the Creative
Commons license CC BY 4.0.
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Fig. 4.10. Interfacial fluctuations and interfacial width. (a) Snapshots of the system at
λ = 2.5d, c̄ = 2c̃ (left) and λ = 20d, c̄ = 10.6c̃ (right). For smaller λ, the shape of the
interface is fluctuating stronger. (b) Interfacial width ω versus threshold c̄ for different λ (in
units of d). Data is shown for stable clusters with radius rc < 0.65R. Solid symbols: values
used for averaging in (c). Error bars show standard errors. (c) Interfacial width ω against
decay length λ.

profiles with Eq. (4.21)] which increases for smaller λ, see Figs. 4.10(b,c). There is
also a dependence of ω on the threshold c̄, cf. Fig. 4.10(b). For small c̄, ω(c̄) exhibits
a plateau. These plateau values were used for calculating the average interfacial
widths, shown in Fig. 4.10(c) for each λ. For thresholds closer to the upper limit of
cluster stability, ω(c̄) increases. We attribute this to the above discussed enhanced
fluctuations of the number of particles Np in the cluster closer to the maximal
threshold. As a consequence, cluster size fluctuations are stronger which in turn
leads to an effective increase of ω.
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Mean-field theory for
quorum-sensing active
particles

5

In the previous chapter, we have seen that systems of quorum-sensing active particles
can separate into an active gas phase and a passive cluster phase. In contrast to MIPS
of ABPs, this phenomenon does not arise due to particle collisions, but is a result
of the particles’ motility response towards a self-generated concentration field. The
sizes and densities of the coexisting domains can be controlled by the concentration
threshold c̄ at which particles switch between active and passive states. The range
of thresholds in which phase coexistence is possible (and the width of the interface
between the two phases) depends on the decay length λ of the chemical profiles of
particles.

The goal of this chapter is to develop a comprehensive theoretical framework that
describes the findings from Chap. 4, as well as their dependence on the propulsion
speed v0 and the global density ρ0. As in Chap. 3, we treat the particle dynamics
in terms of a (mean-field) one-body Smoluchowski equation, which, through the
propulsion speed, is now coupled to the concentration field of chemicals. Inter-
estingly, the discontinuous motility response of particles simplifies the theoretical
treatment (in contrast to MIPS) as the resulting equations are linear. This allows
us to obtain analytical results for two different geometries: a planar and a circular
interface. Moreover, we compare to numerical simulations. Quantitative agreement
can be achieved when incorporating fluctuations into the mean-field theory via an
increased diffusive current out of the passive phase.

Going beyond a pure motility response, we also explore the effect of an additional
coupling of the particles’ orientations to the chemical field. Specifically, we consider
particles that align perpendicular to the gradient of the chemical concentration. This
response is different from well-studied chemotaxis where particles align parallel to
the gradient [116, 125, 88, 148, 85], and gives rise to a circular particle current
inside clusters (“vortex clusters”).

Most of the results presented in this chapter have been published in Ref. [48].
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5.1 Derivation of the one-body Smoluchowski
equation

We considerN active particles with positions rk and orientations ek = (cosϕk, sinϕk)
with equations of motion

ṙk = vkek + ξk, (5.1)

ϕ̇k = χkek · sk + ξr,k, (5.2)

where the translational and rotational noise ξk and ξr,k respectively, have the same
properties as before. However, there are two differences to the equations of motion
considered in the previous chapter. First, particle interactions via a repulsive poten-
tial are neglected. This approximation is justified by the dilute conditions studied in
Chap. 4 where particle collisions only occur at a low rate and simplifies the analytical
calculations throughout this chapter. Secondly, the particle orientations do not only
undergo free rotational diffusion, but are additionally coupled to the vector sk. The
term χkek · sk is a torque (times a rotational mobility which is absorbed into χk)
that orients particles perpendicular to sk with its strength set by χk. The torque
does not play a role in the description of the phase separation via quorum sensing
discussed in the previous chapter (χk = 0). Its influence on the collective behavior
of quorum-sensing active particles will be discussed in Sec. 5.5. In the following, we
develop a mean-field theory that covers both cases, χk 6= 0 and χk = 0.

The particle properties, viz., vk, χk and sk are functions of the measured concen-
trations ck, calculated according to Eq. (4.5). Particularly, we assume a speed and
coupling strength that jump between two constant values at the concentration
threshold c̄

vk(ck) = v>Θ(c̄− ck) + v<Θ(ck − c̄), (5.3)

χk(ck) = χ>Θ(c̄− ck) + χ<Θ(ck − c̄). (5.4)

Moreover, we consider the case sk = ∇kck/|∇kck|, i.e., the torque orients particles
perpendicular to the concentration gradient. The concentration ck a particle mea-
sures depends on its own position rk and on the positions of all the other N − 1
particles. In order to allow for an analytical treatment, we assume that vk, χk and
sk of a particle k only depend on its mean sensed concentration 〈ck〉(rk, t) averaged
over the other particle’s positions, as given by Eq. (4.8).
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To obtain a coarse-grained description of the particle dynamics, as in Sec. 3.2, we
start out by rewriting the Langevin equations (5.1), (5.2) into the Smoluchowski
equation for the N -body probability density ψ({rk}, {ϕk}, t). Applying the scheme
introduced in Sec. (2.4.2) yields

∂tψ =
N∑
k=1

{
−∇k · (vkekψ) +D0∇2

kψ − χk∂ϕk(ek · skψ) +Dr∂
2
ϕk
ψ
}
. (5.5)

Following Sec. 2.4.3, we integrate out the degrees of freedom of N − 1 particles and
derive a dynamical equation for the one-body density ψ1, Eq. (2.45). The diffusion
and propulsion terms can be treated as before and the torque term yields1

∫
dr2...drN

∫
dϕ2...dϕN N

N∑
k=1

χk∂ϕk(ek · skψ)

=χ1∂ϕ1(e1 · s1ψ1) +
N∑
k=2

∫
dr2...drk−1drk+1...drN

∫
dϕ2...dϕNNχksk · [ekψ]2π0︸ ︷︷ ︸

=0

=χ1∂ϕ1(e1 · s1ψ1), (5.6)

since ψ and ek are 2π-periodic in ϕk. Dropping indices, the final equation for
ψ1(r, ϕ, t) reads

∂tψ1 = −∇ · [(ve−D0∇)ψ1]− χ∂ϕ(e · sψ1) +Dr∂
2
ϕψ1, (5.7)

with

v(〈c〉) = v>Θ(c̄− 〈c〉) + v<Θ(〈c〉 − c̄), (5.8)

χ(〈c〉) = χ>Θ(c̄− 〈c〉) + χ<Θ(〈c〉 − c̄), (5.9)

and s = ∇〈c〉/|∇〈c〉|, depending on the mean concentration field

〈c〉(r, t) = γ

4πDc

∫
dr′ρ(r′, t)e

−|r−r′|/λ

|r− r′| , (5.10)

which is Eq. (4.14) for point particles. In a homogeneous system, Eq. (5.10) implies
the uniform concentration

c0 = γλ

2Dc
ρ0, (5.11)

which is equal to c0,id, as defined in Eq. (4.17).

1
∫

dr2...drk−1drk+1...drN is defined as in Sec. 2.4.3.
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5.2 Moment expansion

As in Sec. 3.3.2, from Eq. (5.7) we derive dynamical equations for the orientational
moments ψ̂m(r, t) and φ̂m(r, t) [Eqs. (2.62,2.63)] of the one-body density ψ1(r, ϕ, t).
For m = 0, we obtain

∂tψ̂0 =− ∂x(vψ̂1)− ∂y(vφ̂1) +D0∇2ψ̂0. (5.12)

For m = 1, we have

∂tψ̂1 =− 1
2
[
∂x(vψ̂0) + ∂x(vψ̂2) + ∂y(vφ̂2)

]
+ 1

2χ
[
sy(ψ̂2 − ψ̂0)− sxφ̂2

]
+D0∇2ψ̂1 −Drψ̂1, (5.13)

∂tφ̂1 =− 1
2
[
∂y(vψ̂0) + ∂x(vφ̂2)− ∂y(vψ̂2)

]
+ 1

2χ
[
syφ̂2 + sx(ψ̂2 + ψ̂0)

]
+D0∇2φ̂1 −Drφ̂1. (5.14)

At the next order m = 2, we find

∂tψ̂2 =− 1
2∂x(vψ̂1) + 1

2∂y(vφ̂1)− 1
2∂x(vψ̂3)− 1

2∂y(vφ̂3)− χsx(φ̂3 + φ̂1)

+ χsy(ψ̂3 − ψ̂1) +D0∇2ψ̂2 − 4Drψ̂2, (5.15)

∂tφ̂2 =− 1
2∂x(vφ̂1)− 1

2∂y(vψ̂1)− 1
2∂x(vφ̂3) + 1

2∂y(vψ̂3) + χsx(ψ̂3 + ψ̂1)

+ χsy(φ̂3 − φ̂1) +D0∇2φ̂2 − 4Drφ̂2. (5.16)

In Sec. 3.3.2, we have closed the hierarchy at order m = 1 by setting ψ̂2 = φ̂2 = 0.
Here, due to the additional aligning torque, entirely neglecting the second moments
leads to a deficient description [116, 87]. We therefore only set the third moments
to zero, ψ̂3 = φ̂3 = 0, and neglect time and spatial derivatives of ψ̂2 and φ̂2 in
Eqs. (5.15, 5.16) [13, 116, 87]. The second moments are then

ψ̂2 = 1
4Dr

[
−1

2∂x(vψ̂1) + 1
2∂y(vφ̂1)− χ(sxφ̂1 + syψ̂1)

]
, (5.17)

φ̂2 = 1
4Dr

[
−1

2∂x(vφ̂1)− 1
2∂y(vψ̂1)− χ(syφ̂1 − sxψ̂1)

]
, (5.18)

which now only couple to the m = 1 modes. Plugging Eqs. (5.17, 5.18) into
Eqs. (5.13, 5.14), we obtain

∂tψ̂1 =− 1
2∂x(vψ̂0) +D0∇2ψ̂1 −

1
2χsyψ̂0 −Drψ̂1 −

χ2

8Dr

[
s2
x + s2

y

]
ψ̂1

+ 1
16Dr

[
∂x(v∂x(vψ̂1))− ∂x(v∂y(vφ̂1)) + ∂y(v∂x(vφ̂1)) + ∂y(v∂y(vψ̂1))

]
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+ 1
8Dr

[
∂x(vχsxφ̂1) + ∂x(vχsyψ̂1)− ∂y(vχsxψ̂1) + ∂y(vχsyφ̂1)

]
+ χ

16Dr

[
sx∂x(vφ̂1) + sx∂y(vψ̂1)− sy∂x(vψ̂1) + sy∂y(vφ̂1)

]
(5.19)

and

∂tφ̂1 =− 1
2∂y(vψ̂0) +D0∇2φ̂1 + 1

2χsxψ̂0 −Drφ̂1 −
χ2

8Dr

[
s2
x + s2

y

]
φ̂1

+ 1
16Dr

[
∂x(v∂x(vφ̂1)) + ∂x(v∂y(vψ̂1))− ∂y(v∂x(vψ̂1)) + ∂y(v∂y(vφ̂1))

]
− 1

8Dr

[
∂x(vχsxψ̂1)− ∂x(vχsyφ̂1) + ∂y(vχsxφ̂1) + ∂y(vχsyψ̂1)

]
− χ

16Dr

[
sx∂x(vψ̂1)− sx∂y(vφ̂1) + sy∂x(vφ̂1) + sy∂y(vψ̂1)

]
. (5.20)

Eqs. (5.12, 5.19, 5.20) constitute a closed set of equations for ψ̂0, ψ̂1 and φ̂1. Iden-
tifying density ρ ≡ ψ̂0 and polarization p ≡ (ψ̂1, φ̂1) [as introduced in Sec. 2.4.5],
Eq. (5.12) becomes the continuity equation for the density

∂tρ = −∇ · j, (5.21)

with particle current
j = vp−D0∇ρ. (5.22)

Eqs. (5.19, 5.20) can be rewritten into the dynamical equation for the polarization
as

∂tp =1
2χρR · s−

(
Dr + χ2

8Dr
|s|2
)

p + v

16Dr
[∇ · (χs)R · p−∇ · (R · χs)p]

+∇ ·M, (5.23)

with matrices

M ≡ v

16Dr
[∇(vp) + R · ∇(vp) ·R] + χv

16Dr
[3(s⊗ p) ·R −R · (s⊗ p)]

− 1
2vρ1 +D0∇p (5.24)

and

R ≡
(

0 −1
1 0

)
(5.25)

describing a rotation by π/2. Here, we use the conventions (∇a)ij = ∂iaj (with
vector a) and (∇·M)j = ∂iMij (with matrix M). In the next sections, we employ the
coupled equations (5.21), (5.23) to describe different steady states of the system.
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δb

δw

(b)

δA

Fig. 5.1. Jump conditions. (a) Domain C inside which 〈c〉 > c̄ bounded by the curve ∂C.
Along this curve, the speed v(〈c〉) and coupling χ(〈c〉) are discontinuous. (b) Zoom to part
of the boundary curve ∂C with integration area δA = δbδw. Reprinted in adapted form with
permission from Ref. [48]. Copyright 2020 by the American Physical Society.

5.3 Jump conditions

We now assume that the system has reached a steady state (∂tρ = ∂tp = 0, 〈c〉(r, t) =
〈c〉(r)), in which a closed domain C has formed with speed v< and coupling χ<

inside, and v> and χ> outside, see Fig. 5.1(a). The concentration profile 〈c〉(r)
remains a continuous function everywhere, but it is 〈c〉 > c̄ inside and 〈c〉 < c̄

outside C. The domain is bounded by the curve ∂C, on which the concentration
field fulfills 〈c〉 = c̄, with normal vector n pointing outwards. For this situation,
we can draw an analogy with a problem encountered in electrostatics: A dielectric
constant that jumps at the interface between different media. Consequently, the
discontinuity of v and χ imposes jump conditions at ∂C for j(r) and M(r) [and
thus for ρ(r) and p(r)] via Eqs. (5.21,5.23).2 In the following, we determine these
conditions analogous to the derivation of the jump conditions for the electromagnetic
fields [75].

Therefore, we consider an infinitesimally small area element δA = δbδw with one
half inside and one half outside C, as shown in Fig. 5.1(b). Due to the infinitesimal
size of δA, the bounding curve ∂C can be assumed to be locally straight and the
jumping quantities X(r) (j, M, ρ and p) to take constant values X< and X> in
the inner and outer half of δA, respectively. We denote continuous quantities Y(r)
evaluated on ∂C by Yc. The jump conditions can then be derived by integrating
equations (5.21) and (5.23) over δA.

2In electrostatics the Maxwell equations set jump conditions for the electric field E(r) and the electric
displacement field D(r).
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Density

We start out by integrating Eq. (5.21) with ∂tρ = 0 over δA, which, using the
divergence theorem, can be written as∫

δA
dS∇ · j =

∫
∂A

dlnA · j = 0, (5.26)

with area element dS, line element dl, the bounding curve ∂A of the area δA and
nA its outer normal. The normal is equal to n and −n on the outer edge and inner
edge of δA, respectively. On the edges penetrating ∂C it is ±R · n. We can split up
the line integral into integrals over the four individual edges of δA as∫

∂A
dlnA · j = δbn · j> − δbn · j< + δw

2 R · n · (j> + j<)− δw

2 R · n · (j> + j<)

= δbn · (j> − j<). (5.27)

This implies that the normal component of the current j is continuous at ∂C

n · (j> − j<) = 0. (5.28)

Polarization

We now integrate the individual terms in Eq. (5.23) over δA. The integral over
∇ ·M can be evaluated analogous to the integral over ∇ · j [Eq. (5.27)], since the
divergence theorem can also be applied to higher order tensor fields. We obtain∫

δA
dS∇ ·M =

∫
∂A

dlnA ·M = δbn · (M> −M<). (5.29)

As the divergence term cannot be applied to the remaining terms in Eq. (5.23), these
have to be evaluated in the halves of δA inside C and outside C individually. For the
first of these terms we find∫

δA
dS

[
1
2χρR · s−

(
Dr + χ2

8Dr
|s|2
)

p
]

=δbδw2

[
1
2R · sc

(
χ>ρ> + χ<ρ<

)
−Dr

(
p> + p<

)
− |sc|2

8Dr

(
χ>2p> + χ<2p<

)]
.

(5.30)

The next term ∫
δA

dS v

16Dr
∇ · (χs)R · p (5.31)
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can be split up into two terms using ∇ · (χs) = χ∇ · s + s · ∇χ as∫
δA

dS v

16Dr
χ(∇·s)R·p = δb

δw

2
1

16Dr
(∇·s)c

[
v>χ>R · p> + v<χ<R · p<

]
(5.32)

and∫
δA

dS v

16Dr
(s · ∇χ)R · p = δb

∫ wc+δw/2

wc−δw/2
dw v

16Dr
(s · ∇χ)R · p

= δb

∫ wc+δw/2

wc−δw/2
dw v

16Dr
s · n(χ> − χ<)δ(w − wc)R · p

= δb
1

16Dr
(sc · n)(χ> − χ<) 1

2ε

∫ wc+ε

wc−ε
dw vR · p

= δb
1

16Dr
(sc · n)(χ> − χ<)1

2
(
v>R · p> − v<R · p<

)
.

(5.33)

In line two of Eq. (5.33), we have used

∇χ(w) = ∇[χ>Θ(w − wc) + χ<Θ(wc − w)] = n(χ> − χ<)δ(w − wc), (5.34)

with w the coordinate locally (inside δA) perpendicular to ∂C. Following Ref. [63],
in line three of Eq. (5.33) we have employed the explicit representation of the delta
distribution

δ(w − wc) =

1/(2ε), for− ε < w − wc < ε

0, otherwise
, (5.35)

with ε→ 0 (ε < δw/2), in order to evaluate the delta distribution at the discontinuity
of v. The remaining term can be integrated analogous to term (5.31) as∫

δA
dS v

16Dr
∇ · (R · χs)p =δbδw2

1
16Dr

[∇ · (R · s)]c
[
v>χ>p> + v<χ<p<

]
+δb 1

16Dr
(R · sc · n)(χ> − χ<)1

2
(
v>p> − v<p<

)
.

(5.36)

In case of s = ∇〈c〉/|∇〈c〉| and v< < v>, sc = −n and thus R · sc · n = 0. There-
fore, the second term in Eq. (5.36) vanishes. Collecting the evaluated integrals
(5.29,5.30,5.32,5.33,5.36), we arrive at an expression of the form

δb[...] + δbδw[...] = 0. (5.37)
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Dividing by δb and performing the limit δw → 0, only the terms ∼ δb remain, i.e.,

n · (M> −M<) + 1
16Dr

(sc · n)(χ> − χ<)1
2
(
v>R · p> − v<R · p<

)
= 0. (5.38)

5.4 No orientational coupling: Phase
separation

We now turn to the case of vanishing orientational coupling through setting χ = 0.
Moreover, we introduce the typical length and speed scales

` ≡
√
D0/Dr, v∗ ≡ 4

√
D0Dr. (5.39)

We consider a steady state (∂tρ = 0, ∂tp = 0) with no-flux boundary conditions.
Assuming that ∇× j = 0, ∇ · j = 0 [Eq. (5.21)] implies a vanishing particle current
everywhere, i.e., j = 0. Then Eq. (5.22) can be written as

∇ρ = v

D0
p, (5.40)

which directly connects the density gradient and the polarization. For χ = 0, the
matrix M [Eq. (5.24)] simplifies into

M0 = −1
2vρ1 +D0

(
1 + v2

v2
∗

)
∇p (5.41)

and the equation for the polarization, Eq. (5.23), becomes

0 = −1
2∇(vρ) +D0

(
1 + v2

v2
∗

)
∇2p−Drp. (5.42)

Since, in each of the two regions (inside and outside C), v is constant everywhere
except at ∂C, ∇(vρ) = v∇ρ. Then, the density gradient [Eq. (5.40)] can be inserted
and Eq. (5.42) turns into a differential equation for p alone

0 = D0

(
1 + v2

v2
∗

)
∇2p−

(
Dr + v2

2D0

)
p, (5.43)

which is valid in the individual regions where v = v< and v = v>, respectively.
Clearly, p = 0 is one solution which corresponds to a homogeneous system since it
implies ∇ρ = 0 according to Eq. (5.40). In the following, we study inhomogeneous
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solutions by solving Eqs. (5.40) and (5.43) for ρ and p in the two regions separately
and applying appropriate jump conditions.

For χ = 0, the jump condition (5.38) simplifies into

n · (M>
0 −M<

0 ) = 0. (5.44)

As we require j = 0, however, the jump condition for the current [Eq. (5.28)] does
not provide any information. Though j = 0 has led us to Eq. (5.40) for which we can
derive another jump condition via the scheme introduced in the preceding section.
Integrating Eq. (5.40) over an infinitesimal area δA with one half inside and one
half outside C, yields ∫

δA
dS∇ρ =

∫
δA

dS v

D0
p. (5.45)

Assuming ∇ρ = n∂wρ inside δA, Eq. (5.45) turns into

δbn
∫ wc+δw/2

wc−δw/2
dw ∂wρ︸ ︷︷ ︸

=ρ>−ρ<

= δb
δw

2
1
D0

(v>p> + v<p<). (5.46)

Dividing by δb and taking the limit δw → 0, we arrive at

ρ> = ρ<, (5.47)

implying that the density is continuous at ∂C.

Note that for a vanishing translational diffusion coefficientD0 = 0, p = 0 everywhere
[Eq. (5.40)] and thus vρ = const., i.e., v>ρ> = v<ρ<, according to Eq. (5.42). In
Refs. [151, 52], this relationship has been exploited to create complex density
patterns of active particles by spatial modulations of their propulsion speed and
has also been studied in Ref. [120]. In that case, v< = 0 implies ρ> = 0 which
means that all particles condense into a cluster and stop moving. In the following,
for two different geometries, we consider the coexistence of motile (v> > 0) and
passive (v< = 0) particles with non-vanishing diffusion coefficient D0 > 0 which
corresponds to the situation studied in Chap. 4.

5.4.1 Planar interface

We first consider a geometry with a planar interface at x = 0 with normal vector
n = ex of the bounding curve ∂C, see Fig. 5.2(a). Along the transversal y-direction,
the system is translationally invariant, implying that the density ρ(x) only depends
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on x and the polarization is p(x) = p(x)ex. For x < 0, we set v< = 0 so that
ρ(x) = ρc = const. [according to Eq. (5.40)] and p(x) = 0. For x > 0 with
v> = v0 > 0, the differential equation (5.43) can be written as

∂2
xp(x)− p(x)

ξ2
0

= 0, (5.48)

with decay length

ξ0 ≡ `
[

1 + (v0/v∗)2

1 + 8(v0/v∗)2

]1/2

, (5.49)

which equals ` for v0 = 0 and drops to `/
√

8 for v0 →∞. The solution of Eq. (5.48)
is

p(x) = ae−x/ξ0 (5.50)

with integration constant a.3 Integrating Eq. (5.40), the density for x > 0 is
[requiring its continuity at x = 0 according to Eq. (5.47)]

ρ(x) = ρc −
v0ξ0
D0

a
(
e−x/ξ0 − 1

)
. (5.51)

Since the density must be lower in the region with finite self-propulsion speed (as
seen in Chap. 4), from Eq. (5.51), it follows a < 0. Consequently, the polarization
[Eq. (5.50)] has a discontinuity at x = 0, where it jumps from zero to a < 0. The
density decays into the active gas reaching

ρg = ρc + v0ξ0
D0

a (5.52)

for x� ξ0. In order to connect the solutions for x < 0 and x > 0, we evaluate the
jump condition (5.44), which reads

0 = ex ·
[
−1

2v0ρc1 +D0

(
1 + v2

0
v2
∗

)
(∂xp(x))>ex ⊗ ex

]

⇔ 0 = 1
2v0ρc +D0

(
1 + v2

0
v2
∗

)
a

ξ0
, (5.53)

and relates the yet unknown constants a and ρc. Using relation (5.52), Eq. (5.53)
can be recast into

ρc

ρg
= 1 + 8v

2
0
v2
∗
, (5.54)

3Another solution would be p(x) = ãex/ξ0 , which, however, is unphysical in our system, as it would
imply |p(x)| → ∞ for x→∞.
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Fig. 5.2. Phase separation with a planar interface. (a) Sketch of the geometry. A planar
interface with normal vector n = ex separates the domains with speeds v< = 0 and v> = v0.
(b) Profiles ρ(x) and p(x) at v0/v∗ = 1, c̄/c0 = 2 and λ/` = 0.45. (c) Passive (ρc) and active
gas (ρg) densities as a function of propulsion speed for c̄/c0 = 2 and λ/` = 0.45 with respect
to a uniform system at density ρ0. There is a minimal speed vmin below which the system
remains a homogeneous active gas. (d) Corresponding c̄-v0 phase diagram. As the threshold
c̄ is increased, vmin rises (upper green line). For thresholds below the concentration of the
uniform system c0, another homogeneous region exists in which all particles become passive.
(b-d) are reprinted in adapted form with permission from Ref. [48]. Copyright 2020 by the
American Physical Society.

showing that the ratio of cluster and gas density rises quadratically with the propul-
sion speed v0.

Moreover, the concentration 〈c〉(r) [Eq. (5.10)] has to be equal to the threshold c̄ at
the interface, i.e.,

〈c〉(x = 0) = γ

4πDc

∫ ∞
−∞

dx′
∫ ∞
−∞

dy′ρ(r′)e
−|yey−r′|/λ

|r′|
!= c̄. (5.55)

Setting y = 0 due to translational invariance along the interface and changing to
polar coordinates (r′, θ) around the origin, we obtain

c̄ = γ

4πDc

∫ ∞
0

dr′e−r′/λ
∫ π

−π
dθρ(r′ cos θ)
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= γ

4πDc

∫ ∞
0

dr′e−r′/λ
{∫ −π/2

π/2
dθ ρc +

∫ π/2

−π/2
dθ
[
ρc −

v0ξ0
D0

a
(
e−r

′ cos θ/ξ0 − 1
)]}

= γλ

2Dc

[
ρc + v0ξ0

2D0
a

(
1− 2

π

cos−1(λ/ξ0)√
1− (λ/ξ0)2

)]
. (5.56)

Equations (5.53) and (5.56) can be solved for a and the cluster density ρc, which
reads

ρc = ρ̄

[
1− v2

0ξ
2
0

4D2
0(1 + v2

0/v
2
∗)

(
1− 2

π

cos−1(λ/ξ0)√
1− (λ/ξ0)2

)]−1

, (5.57)

with ρ̄ ≡ 2Dc
γλ c̄.

For a given outer speed v0, threshold c̄ and decay length λ, the density and polar-
ization profiles can now be constructed via Eqs. (5.50) and (5.51), see Fig. 5.2(b).
In Fig. 5.2(c), we plot ρc [Eq. (5.57)] and ρg [combining Eqs. (5.54), (5.57)] nor-
malized by the global density ρ0 as a function of the reduced outer speed v0/v∗.
The coexistence of a passive and an active domain is only possible for propulsion
speeds v0 higher than a minimal speed vmin set by the condition ρg = ρ0. For speeds
v0 < vmin, Eqs. (5.54) and (5.57) would predict a gas density ρg higher than the
homogeneous density ρ0, which is unphysical in our system given the shape of the
density profile [Fig. 5.2(b)]. Consequently, for these speeds, the remaining solution
ρ(x) = ρ0 describing a homogeneous active gas (all particles have speed v0) is
selected by the system. With rising speed, the cluster density ρc saturates at

ρc(v0 →∞) = ρ̄

[
1
2 + cos−1(

√
8λ/`)

π
√

1− 8(λ/`)2

]−1

(5.58)

and the gas density ρg converges to zero as a consequence of the enhanced active
current into the passive region.

The c̄-v0 phase diagram in Fig. 5.2(d) summarizes the results and displays the
three different states already reported in Chap. 4. For thresholds smaller than
the concentration c0 [Eq. (5.11)] of the uniform system (c̄ < c0), the system is
homogeneous and all particles are passive. For c̄ > c0, the system is either a
homogeneous active gas (v0 < vmin) or becomes spatially inhomogeneous developing
an interface between a dense passive and a dilute active domain (v0 > vmin). In
order to enable phase coexistence at greater thresholds c̄, a higher speed vmin is
required.
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Fig. 5.3. v0−ρ phase diagrams. (a) Schematic phase diagram for active Brownian particles
with repulsive interactions. The coexistence region is bounded by the binodal (red line),
which terminates in the critical point (CP). Vertical arrows show two quenches to the
same speed but at different global densities ρ0 yielding the same coexisting densities (but
different relative size of dilute to dense regions). (b) Phase diagram at fixed threshold c̄
for the discontinuous motility response, exhibiting no critical point. The system becomes
homogeneous and passive for ρ0 > ρ̄ at all speeds. The prediction Eq. (5.58) for the maximal
cluster density is shown as dashed line. Reprinted with permission from Ref. [48]. Copyright
2020 by the American Physical Society.

Comparison to MIPS

In Fig. 5.3, we plot the v0 − ρ phase diagram for a fixed threshold c̄ [without
normalizing ρ with the global density ρ0 as in Fig. 5.2(c)] and a schematic phase
diagram of MIPS of ABPs with repulsive interactions that was discussed in Sec. 2.3.3
and Chap. 3. In case of MIPS, on quenching the system into the two-phase region,
the stable steady state is inhomogeneous and the coexisting densities lie on the
binodal. Varying the global density, the coexisting densities remain the same but
the relative size of the domains changes according to the lever rule [140]. The
coexisting densities meet at the critical point below which the system is homogeneous
irrespective of the global density. For the discontinuous motility response studied
here, a state of coexistence can be reached as well and we suspect that the lever rule
that sets the size of the domains applies. However, there are important differences to
the MIPS phase diagram. First, the two-phase region cannot be entered for all global
densities ρ0 between ρg and ρc, but only for ρ0 < ρ̄ when crossing the gas density
at v0 > vmin. For ρ0 > ρ̄, the entire system becomes passive and homogeneous as
c0 > c̄. Secondly, there is no critical point setting a lower bound of the coexistence
region at finite v0 as for MIPS. On decreasing v0, the two-phase region becomes
narrower and ends at a single point at v0 = 0 with density ρ̄ [cf. Eqs. (5.54),(5.57)].
Therefore, stable aggregation can be achieved even at very low propulsion speeds in
a region of parameter space primarily determined by the threshold c̄.
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5.4.2 Circular interface

We now consider a steady state with a circular cluster of radius rc with speed
v< surrounded by a region with speed v>. Going to polar coordinates (r, θ) with
r = 0 at the system’s center of mass, the normal vector of the bounding curve ∂C
is n = er. Due to symmetry, we anticipate a radially symmetric density profile ρ(r)
and polarization p = p(r)er. In polar coordinates, Eqs. (5.40) and (5.42) read

∂rρ = v

D0
p, (5.59)

0 = −1
2∂r(vρ) +D0

(
1 + v2

v2
∗

)(
∂2
rp+ 1

r
∂rp−

p

r2

)
−Drp. (5.60)

Within the individual regions of constant speed, these two equations can be combined
into (the prime denotes the derivative with respect to r)

0 = p′′ + p′

r
− p

r2 −
p

ξ2 , (5.61)

with length scale ξ as defined in Eq. (5.49) (depending on v< or v> instead of
v0). Equation (5.61) is the modified Bessel equation, whose general solution
reads [183]

p(r) = a1I1(r/ξ) + a2K1(r/ξ), (5.62)

with In(x) and Kn(x) modified Bessel functions of order n of the first and second
kind respectively. To determine the integration constants a1 and a2, it is important
to keep in mind the following limits of the modified Bessel functions

lim
x→0

In(x) = 0, lim
x→∞

In(x) =∞, (5.63)

lim
x→0

Kn(x) =∞, lim
x→∞

Kn(x) = 0. (5.64)

In the outer region, we require p→ 0 as r →∞ and thus a>1 = 0. The density profile
can be obtained through integrating Eq. (5.59) as

ρ(r) = vξ

D0
[a1I0(r/ξ)− a2K0(r/ξ)] + b, (5.65)

with another integration constant b. As rc → 0, the integral over the density (i.e.,
number of particles) in the inner region should vanish. Therefore a<2 = 0, since
K0(r/ξ) diverges at the origin [Eq. (5.64)]. Furthermore, b> = ρg as, for r → ∞,
the density is that of the active gas.
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Passive circular clusters

In the next step, we set v< = 0 and v> = v0, turning to the situation of a circular
cluster of passive particles surrounded by an active gas, as discussed in Chap. 4.
As for the planar interface, this implies p = 0 (a<1 = 0) and a constant density ρc

(b< = ρc) inside the cluster. Summarizing, the density and polarization profiles
read

ρ(r) =

ρc, for r < rc

−v0ξ0
D0

a>2 K0(r/ξ0) + ρg, for r > rc

, (5.66)

p(r) =

0, for r < rc

a>2 K1(r/ξ0), for r > rc

, (5.67)

for which we need to determine ρc, ρg, rc and a>2 . To this end, we need four
additional equations fixing these parameters.

The first condition is the continuity of the density [Eq. (5.47)], requiring

ρc = −v0ξ0
D0

a>2 K0(rc/ξ0) + ρg, (5.68)

from which we see that a>2 < 0 in order to ensure ρc > ρg. Moreover, the jump
condition (5.44) has to be fulfilled. Here, it reads

0 = −1
2v0ρ

> +D0

(
1 + v2

0
v2
∗

)
p′>. (5.69)

Using

p′> = −a>2
[
K0(rc/ξ0)

ξ0
+ K1(rc/ξ0)

rc

]
= D0
v0ξ2

0
(ρ> − ρg)− p>

rc
, (5.70)

Eq. (5.69) can be recast into (using ρ> = ρc)

ρc =
(

1 + 8v
2
0
v2
∗

)
ρg + v0

Dr

(
1 + v2

0
v2
∗

)
p>

rc
, (5.71)

with the polarization at (the outer side of) the cluster boundary

p> = a>2 K1(rc/ξ0) < 0. (5.72)
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Fig. 5.4. Phase separation with a circular interface. (a) Sketch of the geometry. Inside
a circular confinement of radius R, a circular passive region (v< = 0) of radius rc with
surface normal n = er coexists with an active phase (v> = v0). (b) Concentration at cluster
boundary 〈c〉(rc) [solution of Eq. (5.75)] and (c) coexisting densities as function of cluster
size rc for R = 66.4`, λ = 15.6`, v0 = 0.8v∗. For a given threshold c̄ > c0 (dotted line
c̄ = 1.4c0) there are two solutions for rc with different coexisting densities ρc,g (only the
solution with larger rc is stable). The maximum c̄max sets the maximal threshold at which
passive clusters can exist. The value of 〈c〉(rc = R) sets the minimum threshold c̄min below
which the system is entirely passive. (b),(c) are reprinted in adapted form with permission
from Ref. [48]. Copyright 2020 by the American Physical Society.

Note that Eq. (5.71) is equal to Eq. (5.54), which was obtained for a planar interface,
plus an additional correction term∼ 1/rc. Consequently, as one might have expected,
for an infinitely large cluster (rc →∞), the results for a circular and planar interface
become equal.

In order to get closer to the situation studied in Chap. 4, we additionally assume a
circular confinement of radius R around the system with the particles’ center of mass
located at the center of the confinement (i.e., ρ(r) = 0 for r > R), see Fig. 5.4(a).
Imposing no-flux boundary conditions, the number of particles in the confinement
has to be conserved implying ∫

drρ(r) = ρ0A, (5.73)

with A = πR2 the area of the system. Inserting the density profile (5.66) and
evaluating the integral leads to

ρc = ρ0−
R2 − r2

c

R2
ξ0v0
D0

a>2 K0(rc/ξ0)− 2ξ2
0v0

D0R2a
>
2 [RK1(R/ξ0)− rcK1(rc/ξ0)]. (5.74)

Through Eqs. (5.68,5.71,5.74), ρc, ρg and a>2 are fixed as functions of the cluster
radius rc. Thus, we know the density profile ρ(r, rc) as function of r and rc.
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Using expression (A.7) from the appendix, the concentration at rc is given by

〈c〉(rc)
c0

=
∫ R

0
dr′ r′ ρ(r′, rc)

ρ0

∫ ∞
0

dk k√
1 + (kλ)2J0(krc)J0(kr′), (5.75)

with J0(x) the Bessel function of first kind and order zero. For given v0, λ, ρ0

and R, the integral (5.75) can be calculated numerically in the range 0 ≤ rc ≤ R.
Figures 5.4(b,c) show a typical plot of the function 〈c〉(rc) and the corresponding
coexisting densities ρc,g(rc) obtained in this way, which give a good overview of the
possible steady states of the system. For rc = 0, the entire system is an active gas
with density ρg = ρ0 and the concentration 〈c〉(0) is given by Eq. (4.24) with d = 0.
In the plot, 〈c〉(0) ≈ c0 since λ � R. In the opposite limit rc = R, the system is
completely passive with ρc = ρ0 and minimal boundary concentration [Eq. (4.23)
with d = 0]

〈c〉(R) = 1
2c0 [1− I0(2R/λ) + L0(2R/λ)] < 〈c〉(0), (5.76)

with L0(x) the modified Struve function of order zero. For values 0 < rc < R, a
passive and an active region coexist. With rising rc, the gas density decreases from
ρg = ρ0, while the cluster density first increases and then decays towards ρc = ρ0.
Similarly, the boundary concentration 〈c〉(rc) rises from 〈c〉(0) ≈ c0, before it reaches
a maximum at a radius r∗c and decreases.

The value rc the system takes for a given threshold c̄, is then set by the condition
[compare Eq. (5.55)]

c̄
!= 〈c〉(rc), (5.77)

which eventually fully determines the profiles ρ(r) and p(r). As already seen in
Chap. 4, the minimal threshold required for an inhomogeneous system is set by
c̄min = 〈c〉(R) [Eq. (5.76)]. For c̄ < c̄min, the system is uniform and passive. The
maximal threshold c̄max above which no phase-separated system can exist is given
by the maximum of 〈c〉(rc) at r∗c . For c̄ > c̄max, the system is a homogeneous active
gas. Inbetween these bounds, phase coexistence is possible and, interestingly, for
c̄ > 〈c〉(0), two solutions r(1)

c and r(2)
c (with r(1)

c < r
(2)
c ) exist. However, we argue

that the smaller solution r(1)
c is unstable, since the slope 〈c〉′(r(1)

c ) > 0: increasing
rc by a small amount, the boundary concentration rises above c̄ and additional
particles at the boundary turn passive, leading to further cluster growth. Similarly,
a decrease of rc triggers cluster shrinkage. For the larger solution r(2)

c , the reverse
holds as 〈c〉′(r(2)

c ) < 0. An increase of rc lowers 〈c〉(rc) below c̄ and particles at the
rim turn active, thus stabilizing the cluster. Indeed, in simulations, only steady states
corresponding to the stable solution r

(2)
c are observed, as we will see in the next

section.
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5.4.3 Simulations

Simulation details

We now turn to numerical simulations in order to test our analytical predictions.
Simulations are performed analogous to those described in Sec. 4.1.3. Using the
same simulation code, we solve Eqs. (5.1),(5.2) with χ = 0 for N = 800 particles,
additionally interacting via the repulsive WCA potential, Eq. (2.30), with length
scale σ and strength ε = 100kBT . The rotational diffusion coefficient is set to Dr =
3D0/d

2
BH [Eq. (2.13)] with Barker-Handerson particle diameter dBH = 1.10688σ. As

units of length, time and energy we use σ, σ2/D0 and kBT respectively. As in Sec. 4.3,
we impose a circular confinement of radius R by instantaneously redirecting the
orientation of particles that reach the boundary towards the confinement’s center. We
set R = 42.4 implying a packing fraction φ0 = N (dBH/2)2

R2 = 0.136 (which corresponds
to a particle number density ρ0 = 0.141). Particles are randomly initialized inside the
confinement and simulations are run for a time frame ∆t = 600. As in Chap. 4, every
particle k acts as a point source of signaling molecules and senses the concentration
of molecules at its position ck(rk) generated by the other particles according to
Eq. (4.5). When ck is smaller than the threshold value c̄, the particle propels
with speed v0. For ck > c̄, its propulsion speed is set to zero. Note that in the
analytical theory presented above, we have assumed that particles only sense the
mean concentration 〈ck〉, Eq. (4.8).

We perform simulations for different decay lengths of the chemical λ, varying the
threshold c̄ and the propulsion speed v0 (the latter was kept constant in Chap. 4) in
the parameter range where the system separates into a dense passive cluster and a
dilute active gas, see Fig. 5.5(a) for a snapshot. Again, we measure the radial steady-
state density profile ρ(r) with respect to the particles’ center of mass [an example is
shown in Fig. 5.5(b)], which we fit with expression (4.21) to extract the coexisting
densities ρc and ρg, as well as the cluster radius rc and the interfacial width ω. In
agreement with the findings from Chap. 4 [Fig. 4.5(c)], with rising c̄, both the
cluster and the gas become denser while the cluster size decreases, cf. 5.5(c,d). On
increasing v0 (at fixed c̄), the clusters become denser (and larger), while the gas
density is reduced due to a stronger active current into the cluster, as predicted by
the theoretical results [Fig. 5.2 and Eq. (5.71)]. Moreover, the maximal threshold
up to which the formation of stable clusters is observed increases with v0. The
interfacial width ω is plotted in Fig. 5.5(e) versus v0 for different λ (as in Fig. 4.10, ω
is averaged over runs in the range of thresholds where it is c̄-independent), showing
a notable increase for smaller v0. Presumably, this can be attributed to enhanced
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Fig. 5.5. (a) Simulation snapshot for v0 = 20, λ = 10, c̄ = 1.1c0 showing a passive cluster
(blue) surrounded by an active gas (red). (b) Corresponding radial density profile ρ(r)
from simulations (blue) and theory [Eq. (5.66)]. (c,d) Cluster and gas densities (c) and
cluster radius rc (d) versus threshold c̄ vor different propulsion speeds v0 at λ = 10 (symbols:
simulations, lines: theory). Stable clusters also exist at lower c̄ than shown here, but in that
case the gas density cannot be measured reliably due to the influence of the confinement.
Standard errors are smaller than symbol size. (e) Interfacial width ω between cluster and
gas versus v0 for different λ. Error bars show standard errors. Reprinted in adapted form
with permission from Ref. [48]. Copyright 2020 by the American Physical Society.

fluctuations of particle currents for lower speeds (random diffusive motion of active
particles becomes more important). Additionally, the interface becomes broader for
shorter decay lengths λ due to stronger fluctuations of the concentration signal, as
already discussed in Sec. 4.3 [Fig 4.10(c)].

Comparison with mean-field theory

For a quantitative comparison with the analytical results, the excluded volume of the
particles has to be taken into account in the mean-field theory (in which particles
are treated as points) since it affects the mean concentration measured by particles,
as discussed in Sec. 4.1.1. To this end, the correction term [Eq. (4.16) evaluated at
rc]

ccorr(rc)
c0

= ρc

ρ0

(
1− e−dBH/λ

)
(5.78)
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must be subtracted from 〈c〉(rc) [Eq. (5.75)], when condition (5.77) is solved for
the cluster radius rc.

Fig. 5.5(b) compares the density profile for λ = 10, v0 = 20 and c̄ = 1.1c0 from the
simulations to the theoretically predicted stable solution. The latter decays sharply
at the interface between the regions of speed zero and v0, i.e., the decay length ξ0 is
very small. This is in contrast to the broad interface observed in the simulations that
arise from fluctuations that are not accounted for in the mean-field theory.

Moreover, the theory considerably overestimates the cluster density and underes-
timates the gas density, which also holds for different thresholds and propulsion
speeds, cf. Fig. 5.5(c). This suggests that the particle current through the interface
from the cluster into gas is considerably smaller in the theory than in the simulations.
Within the mean-field theory, a particle leaves the cluster (it turns from passive to
active), when it moves from r < rc to r > rc, which is only possible via transla-
tional diffusion of the particle itself (the current out of the cluster is −D0∇ρ), see
Fig. 5.6(a). However, this picture is based on the assumption that particles sense
mean concentrations, which is not valid in the simulations. There, due to the motion
of the surrounding particles, the concentration signal a particle senses fluctuates
(even if the particle would be held fixed). Hence, the particles at the boundary of the
cluster keep changing between sensing super- and sub-threshold concentrations and
thus constantly switch between passive and active. When a passive particle at the
interface turns active due to a concentration fluctuation and is oriented towards the
gas, it can leave the cluster (if it swims sufficiently far away from the surface before
turning passive again due to another fluctuation), cf. Fig. 5.6(a). As this additional
fluctuation-induced particle current is not included in the mean-field theory, the
disagreement with the simulations is not surprising.

Effective diffusion coefficient

In order to include this process into the theory, we assume that its dominant effect is
an additional diffusive current jfluc = −Dfluc∇ρ through the interface. As the density
gradient is small away from the interface, this current is of importance only in its
vicinity, in agreement with the above described mechanism. We therefore replace
D0 by an increased effective translational diffusion coefficient Deff = D0 + Dfluc.
Solving the theory for ρ(r) for different values of Deff, we find that upon increasing
Deff, indeed, the cluster density decreases and the gas density rises (also the decay
length ξ0 becomes larger), as shown in Fig. 5.6(b). For Deff = 10.2D0 (at v0 = 20,
λ = 10, c̄ = 1.1c0) we find very good agreement with the numerical density profile,
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Fig. 5.6. Fitting via effective diffusion coefficient Deff. (a) Sketch illustrating the mech-
anisms behind the different currents through the interface between passive cluster (blue)
and active gas (red). Bottom: Active current v0p into the cluster due to self-propelled
motion. Center: Translational diffusion leads to the diffusive current −D0∇ρ into the gas.
Top: Passive particles close to the mean interface position (solid gray line with 〈c〉 = c̄) can
turn active due to concentration fluctuations (the dashed line is the fluctuating interface
with ck = c̄) and swim into the gas. This leads to an additional fluctuation-induced current
−Dfluc∇ρ and thus to an effective diffusion coefficient Deff = D0 +Dfluc. (b) Radial density
profile ρ(r) at v0 = 20, λ = 10, c̄ = 1.1c0 from simulations (solid blue line) compared to the
theoretical prediction for different values of Deff (dashed lines). (c) Coexisting densities
versus c̄ at v0 = 20, λ = 10 (symbols: simulations, lines: theory for different Deff). (d,e) Co-
existing densities (d) and cluster radius rc (e) versus c̄ for λ = 10 and different velocities.
Symbols: simulations, lines: theory with Deff obtained from fits (v0 = 10: Deff = 7.1D0,
v0 = 20: Deff = 10.2D0, v0 = 40: Deff = 11.4D0). (b,d,e) are reprinted in adapted form
with permission from Ref. [48]. Copyright 2020 by the American Physical Society.
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Fig. 5.7. (a) Fitted effective diffusion coefficients Deff versus the ratio of interfacial width
and propulsion speed ω/v0 for different λ as double-logarithmic plot. The solid lines indicate
scalings ∼ (ω/v0)2/5 (left) and ∼ (ω/v0)−1/3 (right). Errorbars show standard deviations
of fits. (b) Plotting Deffλ

(2/5)α versus (ω/v0)λα with α = 0.13, the data collapses, which
implies relation (5.80). (b) is reprinted with permission from Ref. [48]. Copyright 2020 by
the American Physical Society.

which demonstrates the relevance of the fluctuation-induced current. Interestingly,
with the same value of Deff, the theory still predicts the coexisting densities ρc and
ρg at different thresholds c̄ (at fixed v0 and λ) well, see Fig. 5.6(c). Therefore, we
treat Deff(v0, λ) as an effective parameter, by which we simultaneously fit the theory
curves ρc(c̄) and ρg(c̄) to the simulation data. To perform the fit, for given v0 and λ,
we first solve the theory for ρc,g(c̄) (as described in Sec. 5.4.2) for a range of Deff

values with step width 0.1D0. The best fit minimizes the objective function L(Deff),
for which we choose the sum of squared errors [68]

L(Deff) = 1
2

Nc̄∑
i=1

[
(ρc,theo(c̄i, Deff)− ρc,sim(c̄i))2 + (ρg,theo(c̄i, Deff)− ρg,sim(c̄i))2

]
(5.79)

of the cluster and gas densities at theNc̄ thresholds c̄i where data has been obtained.4

Figure 5.6(d,e) shows that via this fitting procedure, even for parameters different
from that used in Fig. 5.6(b,c), good agreement for the coexisting densities and the
cluster radius between theory and simulations can be obtained.

Combining the fitted values Deff(v0, λ) with the measured interfacial widths ω(v0, λ)
[Fig. 5.5(e)], we plot Deff versus ω/v0 in Fig. 5.7(a). The quantity ω/v0 can be
regarded as a measure for the time a particle that has switched from passive to
active at the cluster’s surface needs to travel through the interface (of width ω) with
propulsion speed v0 to enter the active gas. When a particle has to spend a longer

4The standard deviation of the thus obtained best fit parameter D∗eff can be estimated as

σ(D∗eff) = σρ

(
∂2L
∂D2

eff
|D∗

eff

)−1/2
, with σρ the standard deviation of the measurements of cluster

and gas density [68].
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time in the interfacial region in order to escape from the cluster, the probability that
it turns passive again due to another concentration fluctuation (and thus reenters
the cluster before reaching the gas) is increased. Therefore, a diminishing number
of particles successfully leave the cluster, which implies a lower outward particle
current. This picture is confirmed by the fitted values of Deff, which for all λ
decrease monotonously for ω/v0 & 0.03, cf. Fig. 5.7(a). In this regime, the effective
diffusion coefficient scales ∼ (ω/v0)−1/3 and is higher for smaller λ. The latter
can presumably be attributed to increased concentration fluctuations in case of a
smaller interaction range. For ω/v0 → 0, i.e., sharp interfaces and high propulsion
speeds [cf. Fig. 5.5(e)], the effective diffusion coefficient becomes independent
of λ and decreases ∼ (ω/v0)2/5, indicating that fluctuations are less important.
Interestingly, we observe a collapse of the entire data when rescaling it appropriately,
cf. Fig. 5.7(b), implying

Deff

D0
= λ−(2/5)αf

(
λα

ω

v0

)
, (5.80)

with exponent α ' 0.13 and scaling function f(x). Fig. 5.7(b) suggests that for
small x, it is f(x) ∼ x2/5 and thus Deff ∼ (ω/v0)2/5 as already seen before. In
the opposite limit of large x, f(x) scales ∼ x−1/3, from which we can conclude
Deff ∼ λ−(11/15)α(ω/v0)−1/3.

Phase diagrams

In the next step, we employ the obtained Deff values to construct the theoretical
v0− ρ and v0− c̄ phase diagrams which we quantitatively compare to the simulation
results. As already seen in Fig. 5.4(b), the theory curve 〈c〉(rc) [Eq. (5.75)] for
the concentration at the cluster boundary exhibits a maximum, which defines the
maximal threshold c̄max up to which stable clusters can exist. This maximal value
decreases for lower propulsion speeds v0, as shown in Fig. 5.8(a). Consequently (as
for the planar interface in Sec. 5.4.1), there is a minimal speed vmin (determined
by c̄max(v0) = c̄), only above which a stable phase-separated state exists. In the
simulations [Fig. 5.5(c,d)], we have observed the existence of a maximal threshold
c̄max that depends on v0. In Fig. 5.8(b), we plot the coexisting densities versus v0

for different thresholds, showing an increase of vmin with c̄. The minimal speeds
from the simulations are in quantitative agreement with the theoretical predictions,
which was not to be expected, as they are not an input to the fit for Deff.

In Fig. 5.8(c), we finally plot the v0 − c̄ phase diagram. In the inhomogeneous
region, at small thresholds c̄, we observe the instantaneous formation of a dense
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Fig. 5.8. Cluster stability and phase diagrams for circular clusters (at λ = 10). (a) Concen-
tration at cluster boundary 〈c〉(rc) versus cluster size rc [Eq. (5.75)] for different propulsion
speeds v0. The maximum c̄max (setting the maximal threshold at which passive clusters
can exist) decreases for smaller speeds. Dashed line: threshold c̄ = 1.1c0. (b) Coexisting
densities for different c̄ versus v0 from simulations (symbols) and theory (lines). There
is a minimal speed vmin below which no stable clusters exist in the simulations. Dotted
lines: theory predictions for vmin [given by c̄max(v0) = c̄]. For c̄ = 1.7, 2.0c0 the system was
initialized in a crystalline configuration. (c) v0 − c̄ phase diagram from simulations. Blue:
Passive homogeneous system (defined by ρc < 1.02ρ0). Green: Passive clusters surrounded
by an active gas form from a random initial configuration. Orange: Metastable clusters that
only form from a crystalline starting configuration. Red: Homogeneous active gas. Upper
black line: Maximal threshold c̄max(v0) from theory. Clusters denser than dense packing
are predicted above the dashed line. Lower black line: Minimal threshold c̄min = 〈c〉(R)
[Eq. (5.76)]. (d) Time series of the number of passive particles Np over the entire simulation
time (started from a random initial configuration) at v0 = 70 for three different thresholds
(the state points are indicated in (c) as gray crosses). (b,c) are reprinted in adapted form
with permission from Ref. [48]. Copyright 2020 by the American Physical Society.
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cluster from a random starting configuration [green region in Fig. 5.8(c), yellow
line in Fig. 5.8(d)] resembling spinodal decomposition (Sec. 2.3.3). Increasing c̄, a
transition to a nucleation-like behavior occurs, i.e., clusters only form after a waiting
time when a sufficiently strong density fluctuation has occurred [green line in
Fig. 5.8(d)]. Increasing the threshold further, the average nucleation time prolongs
until no cluster formation can be observed anymore within simulation time [blue line
in Fig. 5.8(d)]. In order to access the steady state within reasonable simulation time,
in this metastable regime [orange region in Fig. 5.8(c)], we initialize the system
in a crystalline configuration. Thereby, we do not have to wait for a nucleation
event to occur. Although no sharp transition from instantaneous phase separation to
nucleation exists in the simulations, in Fig. 5.8(c), we nonetheless draw a boundary
separating the two regions.5 This line is supposed to convey a rough impression of
where cluster formation takes longer than the duration of the simulations, rather
than being a quantitative statement about nucleation times.

Through the simulations in the metastable regime, we find that the (speed-dependent)
maximum threshold c̄ up to which stable clusters exist, is indeed very close to the
theoretical prediction c̄max(v0), cf. Fig. 5.8(c). Figure 5.8(b) shows that even at
thresholds in the metastable region, the coexisting densities are well predicted by
the theory (although they have not been taken into account in the fitting procedure).
Presumably, the remaining discrepancies can be explained by fluctuations and the
influence of the excluded volume of the particles, both of which are not included in
the theory. Since there is no upper boundary for the cluster density in the theory,
it can rise above the maximal packing fraction φmax = π

√
3/6 of spheres in two

dimensions [157] (corresponding to ρc ≈ 6.66ρ0), see Fig. 5.8(c). At the highest v0

and c̄ we have probed in the simulations, the cluster density reaches ∼ 90% of dense
packing. Moreover, the prediction for the lower boundary c̄min [Eq. (5.76)] below
which the system is passive and homogeneous agrees well with the simulations.

5If not in all out of three independent simulations (for a given speed and threshold) a cluster has
formed after the simulation time ∆t = 600, we consider the state point to be metastable.

94 Chapter 5 Mean-field theory for quorum-sensing active particles



Fig. 5.9. Quorum-sensing active particles with orientational coupling. (a) Motility re-
sponse vk(ck) and orientational response χk(ck) to the sensed concentration ck (yellow):
Particles switch from high speed v> to small speed v< and orient perpendicular to ∇kck,
when ck exceeds the threshold c̄. (b) Representative snapshot of the system under cir-
cular confinement with λ = 20, c̄ = 0.86c0, v> = 30, v< = 1

8v
> and coupling strength

χ0 = −32.7Dr. Particles are colored by their angular alignment, ek,θ = ek · eθ. Reprinted
in adapted form with permission from Ref. [48]. Copyright 2020 by the American Physical
Society.

5.5 With orientational coupling: Vortex clusters

We now consider the case χ 6= 0, i.e., the particle orientations ϕk couple to the
direction of the concentration gradient sk = ∇kck/|∇kck| evaluated at the particle
positions rk with [calculating the gradient of Eq. (4.5)]

∇kck(rk) = γ

4πDc

∑
l 6=k

e−|rkl|/λ
( 1
|rkl|

+ 1
λ

) rkl
|rkl|2

, (5.81)

where rkl = rl − rk. We set χ< = χ0 6= 0, χ> = 0, implying that, according to
Eq. (5.2), particles with ck > c̄ experience a torque that aligns them perpendicular
to sk [cf. Fig. 5.9(a)] . Moreover, we consider finite speeds v< > 0 (with v< < v>).

5.5.1 Simulations

To get insight on how the particles’ collective behavior is affected, we first perform
simulations (as described in Sec. 5.4.3) with additional orientational coupling. We
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set λ = 20, c̄ = 0.86c0, v> = 30 and use a slightly smaller confinement radius
R = 36.7 as in Sec. 5.4.3, which implies a packing fraction φ0 = 0.182 and number
density ρ0 = 0.189.

As without orientational coupling, for χ0 6= 0, a single, almost circular dense cluster
forms at the center of the confinement (now with finite speed v< > 0 instead of
v< = 0), which is surrounded by a dilute gas. Furthermore, inside the cluster a
circular particle current arises due to orientational coupling (“vortex cluster”), cf.
Fig. 5.9(b) for a snapshot at χ0 = −32.7Dr and v< = 1

8v
>. The reason for the

circular current is that the concentration gradient ∇kck a particle measures, on
average points towards the cluster’s center [see Fig. 5.10(a,b)]. As particles in the
cluster are oriented perpendicular to the gradient due to the aligning torque, they
(on average) swim along regions of constant ck, i.e., circles around the center of
the cluster, cf. Fig. 5.10(a). The direction of the current is set by the sign of χ0:
clockwise for χ0 > 0 and anti-clockwise for χ0 < 0. Note that the observed vortex
formation is not linked to the circular confinement, but also occurs in extended
systems with periodic boundary conditions, see Fig. A.2.

In the next step, we quantify the orientational order in the system. Therefore, we
change to polar coordinates with unit vectors er and eθ and the origin located at the
particles’ center of mass. Projecting the orientations on the unit vectors, we measure
the average radial and angular component of the particle orientations

〈er〉 = 〈ek · er〉, 〈eθ〉 = 〈ek · eθ〉 (5.82)

as a function of the distance r from the center of mass. Due to the competing effects
of rotational diffusion and aligning torque, 〈eθ〉 rises with increasing torque strength
χ0, cf. Fig. 5.10(d). Moreover, 〈eθ〉 exhibits a maximum at the inner side of the
interface between cluster and gas, and decays both into the gas (where χ0 = 0)
and towards the center of the cluster. The latter can be explained by fluctuations
of the concentration field: the average gradient a particle senses points towards
the cluster’s center, 〈∇c〉 = −|〈∂rc〉|er, but the magnitude |〈∂rc〉| diminishes closer
to the center, see Fig. 5.10(b). This leads to enhanced fluctuations of the gradient
direction, quantified by the distribution of angles δk between the actual direction
∇kck/|∇kck| and the mean direction −er, which broadens for smaller r [compare
Fig. 5.10(b)]. In turn, the direction along which a particle aligns (perpendicular to
sk = ∇kck/|∇kck|) fluctuates stronger, which leads to the drop of 〈eθ〉. As regions of
increased angular alignment 〈eθ〉 have a lower outgoing particle current in radial
direction, the density profile ρ(r) is no more constant in the cluster, but has a peak
close to the position of maximal 〈eθ〉, cf. Fig. 5.10(c).
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Fig. 5.10. Analysis of vortex clusters at λ = 20, c̄ = 0.86c0, v> = 30, v< = 1
8v
>.

(a) Schematic illustration of the mechanism leading to the circular particle current. The
concentration gradient ∇c (red) on average points towards the particles’ center of mass
rcm. The torque of strength χ0 (brown) aligns the particle orientation e perpendicular to
∇c (blue), triggering motion on a circle around rcm (dashed line). As the direction of ∇c
fluctuates around −er (red cone, angle δ), the preferred orientation fluctuates as well (blue
cone). (b) Radial profile of mean concentration 〈c〉 and magnitude of the radial component
of its gradient |∂r〈c〉| inside the cluster for χ0 = −32.7Dr. Inset: Distribution of angle δ for
different distances r from the center of mass (indicated by Roman numerals). (c-e) Radial
profiles of (c) density ρ, (d) average angular orientation 〈eθ〉, and (e) radial orientation 〈er〉
for different χ0 [labels in (d) refer to (b)]. Reprinted in adapted form with permission from
Ref. [48]. Copyright 2020 by the American Physical Society.

Figure 5.10(e) shows that the 〈er〉-profile is influenced by the orientational coupling
as well. For χ0 = 0, it exhibits a negative peak at the interface between the regions
of small and high propulsion speed where particle orientations on average point into
the cluster. With rising torque strength χ0, this peak diminishes, which results in a
stronger current of particles out of the cluster and thus in a higher gas density, cf.
Fig. 5.10(c). Additionally, a weaker positive peak of 〈er〉 arises at the inner side of
the density maximum.

5.5.2 Theory

We now generalize the theory for circular clusters from Sec. 5.4.2 to the case of
additional orientational coupling. We set χ< = χ0 and χ> = 0 and use the mean
direction of the concentration gradient s = −er pointing towards the origin. The
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polarization p(r) = pr(r)er + pθ(r)eθ now has an additional angular component.
In the steady state, the radial component of the current j [Eq. (5.22)] still has to
vanish, jr = 0, implying

D0∂rρ = vpr. (5.83)

However, the angular current is now non-zero and given by jθ = vpθ (∂θρ = 0 due
to the radial symmetry of the density profile).

In order to write the polarization equation (5.23) in polar coordinates, we need the
matrix M [Eq. (5.24)], which reads M = M0 + Mχ with M0 from Eq. (5.41) and

Mχ = χv

16Dr
[3(s⊗ p) ·R −R · (s⊗ p)]

= χv

16Dr
[−3(prer ⊗ er + pθer ⊗ eθ) ·R + R · (prer ⊗ er + pθer ⊗ eθ)]

= χv

16Dr
(−3pθer ⊗ er + 3prer ⊗ eθ + preθ ⊗ er + pθeθ ⊗ eθ) , (5.84)

where R · er = −er ·R = eθ and eθ ·R = −R · eθ = er. For Eq. (5.23), we need
the divergence of Mχ, which, away from the jump in χ and v, is given by 6

∇ ·Mχ = χv

16Dr

[
−
(

3∂rpθ + 4pθ
r

)
er +

(
3∂rpr + 4pr

r

)
eθ
]
. (5.85)

Moreover, it is

v

16Dr
[∇ · (χs)R · p−∇ · (R · χs)p] = χv

16Dr

(
pθ
r

er −
pr
r

eθ
)
. (5.86)

Plugging Eqs. (5.85) and (5.86) into Eq. (5.23) (with ∂tp = 0) and collecting terms
in direction of er and eθ, yields the two coupled equations (which are valid away
from the jump in χ and v)

0 = −1
2v∂rρ+D0

(
1 + v2

v2
∗

)
∇2pr −

(
Dr + χ2

8Dr

)
pr −

3χv
16Dr

(
p′θ + pθ

r

)
, (5.87)

0 = −1
2χρ+D0

(
1 + v2

v2
∗

)
∇2pθ −

(
Dr + χ2

8Dr

)
pθ + 3χv

16Dr

(
p′r + pr

r

)
. (5.88)

On rearranging terms and inserting Eq. (5.83), we arrive at the two coupled inho-
mogeneous modified Bessel equations

0 = p′′r + p′r
r
− pr
r2 −

pr
ξ2
χ

− 3χv
v2
∗ + v2

(
p′θ + pθ

r

)
, (5.89)

6In polar coordinates the divergence of a tensor of rank two S reads [6]
∇ · S =

[
∂rSrr + 1

r
∂θSθr + 1

r
(Srr − Sθθ)

]
er +

[
∂rSrθ + 1

r
∂θSθθ + 1

r
(Srθ + Sθr)

]
eθ.
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0 = p′′θ + p′θ
r
− pθ
r2 −

pθ

ξ̃2
χ

+ 3χv
v2
∗ + v2

(
p′r + pr

r

)
− χ

2D0[1 + (v/v∗)2]ρ, (5.90)

with radial decay length

ξχ ≡ `
[

1 + (v/v∗)2

1 + 8(v/v∗)2 + 1
8(χ/Dr)2

]1/2

(5.91)

and angular decay length

ξ̃χ ≡ `
[

1 + (v/v∗)2

1 + 1
8(χ/Dr)2

]1/2

, (5.92)

generalizing the decay length ξ0 [Eq. (5.49)] obtained without orientational cou-
pling. Determining a closed solution of Eqs. (5.89), (5.90) is a considerable chal-
lenge. Instead, here we try to obtain some qualitative insights by studying the limit
of vanishing translational diffusion (D0 = 0), which significantly simplifies the ana-
lytical treatment. Under this assumption, it is pr = 0 everywhere [Eq. (5.83)]. Then,
Eq. (5.88) implies the following relation between density and angular polarization

pθ(r) = −1
2

χ/Dr

1 + χ2/(8D2
r )ρ(r). (5.93)

In the outer region with χ = 0, we thus have pθ = 0 and a constant density ρg

[Eq. (5.87)]. In the inner region with χ = χ0, plugging Eq. (5.93) into Eq. (5.87)
leads to a differential equation for the density

∂rρ = α
ρ

r
, α = 3χ2

0/D
2
r

16− χ2
0/D

2
r
, (5.94)

the solution of which reads
ρ(r) = arα, (5.95)

with constant a. For χ0/Dr < 4, α > 0, implying that the density rises from ρ = 0 at
the origin up to arαc at the border of the cluster. The value of a can be determined via
the jump condition Eq. (5.38). Irrespective of the functional form of ρ(r), Eq. (5.93)
implies a constant mean angular orientation

〈eθ〉 = pθ
ρ

= −1
2

χ0/Dr

1 + χ2
0/(8D2

r )
(5.96)

inside the cluster, which we compare to the maximum 〈eθ〉max of the angular orienta-
tion profiles from the simulations [Fig. 5.10(d)]. In case of small v< and χ0, we find
good agreement, cf. Fig. 5.11. For higher v<, density and concentration fluctuations
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Fig. 5.11. Maximum |〈eθ〉|max of the radial angular orientation profiles |〈eθ〉|(r) against
torque strength |χ0| for different velocities v< in the cluster at λ = 20, v> = 30, c̄ = 0.86c0
from simulations (standard errors are smaller than symbol size). The (v<-independent)
theory prediction, Eq. (5.96), is shown in black and decays to zero for higher |χ0|. Reprinted
in adapted form with permission from Ref. [48]. Copyright 2020 by the American Physical
Society.

become more important, which presumably explain the stronger deviations from the
mean-field prediction. In the simulations, for χ0/Dr & 3, 〈eθ〉max saturates whereas
the theoretical prediction goes to zero in the limit χ0 → ∞. Taking into account
higher orientational moments of the one-body density ψ1 might help to capture the
high χ0-behavior.
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Dynamics of binary active
clusters driven by
ion-exchange particles

6

Up to now, we have been dealing with systems in which the individual interacting
constituents are active, e.g., diffusiophoretic Janus colloids, for which the interaction
of the solvent with their nonuniform surface leads to self-propulsion. Introducing
strong attractive interactions between individual active colloids can lead to the
formation of colloidal clusters composed of several particles (also referred to as
“colloidal molecules” [91]) that, depending on their composition and structure, swim
linearly or exhibit different motion patterns such as circular or spinning motion [40,
35, 162]. Such active colloidal clusters can also be created out of both active
and passive particles [165, 55, 136]. Following a different route, it is possible to
assemble active colloidal clusters from uniform passive particles only. This requires
particles of at least two different types that, when assembled into a cluster, are
propelled by nonreciprocal effective forces between unlike particles. This concept has
first been discussed theoretically in Ref. [142] for phoretically interacting particles
where nonreciprocal interactions arise from different surface activities and phoretic
mobilities.1 In experiments, clusters composed of (individually passive) dielectric
colloidal particles of different diameters perform directed motion in a perpendicular
electric field due to asymmetric electrohydrodynamic flows [94, 103]. In these
approaches, the assembly process of colloidal molecules is assisted by external fields
or patterned substrates.

The first experimental realization of self-assembling active clusters was provided by
the group of Prof. Thomas Palberg (Johannes Gutenberg-Universität Mainz, Institut
für Physik), who studied suspensions of cationic ion-exchange particles (IEXs) that
interact over long distances (compared to the particle diameter) via self-generated
electroosmotic flows close to a substrate [108]. When all particles are of the same
type, the long-range attractive interactions lead to the formation of passive colloidal
clusters. On adding anionic ion-exchange particles or passive particles to the system,

1It is important to stress that although the effective interactions between colloids are nonreciprocal,
Newton’s third law of force reciprocality is not broken on the level of ions and molecules.
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Fig. 6.1. Binary active clusters composed of IEXs. (a) Snapshot of the experimental system
showing several clusters with different sizes, compositions and structures (cationic IEXs
appear red or white and anionic IEXs blue). (b,c) Trajectories of (b) a trimer with one
cationic IEX and (c) a tetramer with two cationic IEXs. Both undergo linear motion because
of their reflection symmetry. (d) The pentamer breaks this symmetry and in addition rotates,
which leads to circular motion. Reprinted with permission from Ref. [105]. Copyright 2018
by the American Chemical Society.

clusters that consist of particles of different types undergo directed motion due to
nonreciprocal interactions with different symmetry-dependent motion patterns, see
Fig. 6.1.2

In this chapter, we develop a model to predict the dynamic properties of these
clusters. An accurate microscopic description of the system based on first-principles
is very challenging due to the complex interplay of field gradients, hydrodynam-
ics, surface properties and boundary conditions. Therefore, we follow a different
approach based on effective interaction potentials that can be constructed from
relatively simple measurements of approach speeds between components. This
chapter, to a large extent, presents results published in Ref. [105] that were obtained
in close collaboration with Dr. Ran Niu from the group of Prof. Thomas Palberg,
who performed all the experiments discussed here (including particle tracking and
speed measurements).

2An alternative approach based on absorbing and nonabsorbing particles in a near-critical binary
solution is given in Ref. [126].
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Fig. 6.2. Flow generation of a cationic IEX. (a) A cationic IEX (red) exchanges stored H+

ions for Na+ ions. Due to the difference in ion diffusivities, an electric field pointing towards
the IEX is generated. (b) The negatively charged substrate (gray) is screened by a counterion
cloud of positive charges (yellow), inside which the electric field induces an electroosmotic
flow. (c) Resulting radially symmetric flow profile pointing towards the IEX (top view). (a)
and (b) are adapted from Ref. [108].

6.1 Experimental setup

The experimental system is a dilute, deionized aqueous suspension of uniform,
spherical cationic ion-exchange particles of diameter d = 15µm mixed with either
anionic IEXs or passive particles of the same diameter, contained in a sample cell
of height 1 mm. The solvent contains a small amount (∼ 10−7 mol/L) of residual
non-protonic cations [107, 108] as well as residual anions. The IEXs are made
of porous ion-exchange resin and exchange stored protons (H+) for residual Na+

ions of the solvent (cationic) or OH− for residual Cl− ions (anionic). The passive
particles are negatively charged polystyrene spheres. Due to gravity, the particles
sediment onto the negatively charged substrate and form a quasi two-dimensional
system.

Close to the substrate, the cationic IEXs generate a converging (pointing towards the
IEXs) long-ranged solvent flow measurable for about 150µm with flow velocity∼ 1/r
in the far field [108]. The origin of this flow can be understood as follows [107,
108]: Due to the release of protons, cationic IEXs generate a concentration profile
c(r) of H+ that (in the stationary case) in the far field decays c(r) ∼ 1/r away from
the particles as shown by pH measurements [108]. This scaling is consistent with
the assumption that protons freely diffuse in three dimensions after being released
(closer to the particles c(r) is more complicated due to additional effects). The
protons moving away from an IEX have a higher diffusion coefficient than the to-
be-exchanged Na+ cations.3 This gives rise to local electric fields pointing towards
the IEX that prevent charge separation by slowing down the outward drift of H+

3DH+ = 9.3 · 10−9 m2/s [70], DNa+ ≈ 2 · 10−9 m2/s [107].

6.1 Experimental setup 103



and accelerating the inward drift of Na+ [4], cf. Fig. 6.2(a). The negatively charged
substrate is screened by an excess of positive charges in its vicinity, which experience
a force towards the IEX due to the electric field. As these forces are transmitted
to the fluid, a flow towards the particle is generated, see Fig. 6.2(b,c). A detailed
discussion of such electroosmotic flows can be found in Ref. [4]. The ion-exchange
rate and the flow strength stay constant for several hours before the ion-exchange
capacity is exhausted [108], which is long enough to ensure stable conditions during
the experiments.

The anionic IEXs create an electroosmotic flow as well due to the same mechanism
as the cationic IEXs. However, since the charge of the exchanged ions is opposite,
the resulting flow is diverging (pointing away from the IEXs). As the difference in
diffusion coefficients of OH− and Cl− is much smaller than that of the cations, the
generated flow is expected to be weaker and shorter in range.

6.2 Particle interactions

The flows generated by the IEXs lead to interactions between individual particles.
For two cationic IEXs, the converging electroosmotic flows induce a long-range
attraction between them due to the asymmetry in the superposed flow [108]. When
the particles come closer, backflow out of the plane of the substrate (due to the
incompressibility of the solvent) and probably electrophoretic flows around particles
become important, leading to an effective repulsion. At a distance of ≈ 35µm,
attraction and repulsion compensate and the particles become bonded, forming a
dimer. On a coarse-grained level (instead of modeling all the involved microscopic
processes), the effects in both regimes can be well captured via the effective pair
potential [108]

u(r) = −γ
r

+ α

r
e−r/ξ, (6.1)

with r the distance between the cationic IEXs and parameters γ, α and ξ. The term
∼ −1/r describes the long-range attraction and the term ∼ e−r/ξ/r captures the
short-range repulsion. Assuming overdamped motion, the dynamics of cationic IEX i
is then simply determined by the equation of motion

ṙi = −∇i
∑
j 6=i

u(rij). (6.2)

with rij = |rj − ri|. For overdamped motion, usually the product of particle mobility
µ and the gradient of the potential energy appears. Here, the mobility is absorbed
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into the effective potential u(r) (which has units of a diffusion coefficient), since
in the experiment one does not have access to µ and u(r) separately. In Ref. [108],
an additional noise term was included in Eq. (6.2), which is not thermal4, but
arises from fluctuations of the flow. As we are interested only in average speeds
throughout this chapter noise is neglected here. This model well captures the
effective interaction between cationic IEXs and is able to describe the formation of
passive colloidal clusters of different sizes and structures observed in suspensions of
cationic IEXs [108]. The parameters of the potential can be determined by fitting the
experimentally measured approach speed of two IEXs with the model prediction.

In suspensions additionally containing either passive particles or anionic IEXs, further
interactions between the different particle types arise, which lead to the formation of
clusters that perform self-propelled motion. Following a similar route as for cationic
IEXs, we model these interactions via effective pair potentials, the parameters
of which we extract from comparing model predictions to experimental speed
measurements of interacting particle pairs. The obtained potentials are the basis for
our predictions of the dynamic properties of larger clusters in Sec. 6.3.

6.2.1 A cationic IEX and a passive particle

While passive particles mainly interact sterically, they are advected by the flow
generated by a cationic IEX [107]. To study the particle motion induced by the flow,
we first consider an isolated pair (in the experiment all other particles have to be at
least 10 times their diameter away) of one passive particle and one cationic IEX. At
large separations, the passive particle approaches the stationary IEX, see Fig. 6.3(a).
This implies that the effective interaction between the particles is nonreciprocal. In
contrast to a pair of cationic IEXs, as the particles come closer, the IEX starts to
move away from the passive particle. Eventually, both particles move together with
a small exclusion zone inbetween forming a dimer that performs linear directed
motion along its symmetry axis, cf. 6.3(a). In order to explain this behavior on a
qualitative level, we postulate an additional reciprocal component of the solvent flow
which couples the particles hydrodynamically. This flow pushes the IEX forward as
the passive particle comes close to it while the passive particle is pushed backward
against the direction of advection. In the assembled dimer, where the distance
between the particles remains constant, both particles move with the same speed.

4Due to the size of the particles (d = 15µm), thermal Brownian motion is practically negligible on
time scales of the experiment.
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Fig. 6.3. Pair of a cationic IEX and a passive particle. (a) A passive particle (gray) and a
cationic IEX (red) assembling into a dimer (from left to right) that moves along its symmetry
axis (red arrow). (b) Measured relative drift speed vCP(r) (red symbols, divided by two)
and center-of-mass speed VCP(r) (blue symbols) as functions of the particle separation r.
Green symbols show the magnitude of the differential speed 1

2vCP(r)− VCP(r), representing
the reciprocal contribution. The average measured speed of the assembled dimers VCP1 is
indicated by the black diamond and the dashed line is the model prediction for the dimer
separation rCP. The blue and green lines are fits to the experimental data via Eqs. (6.8),
(6.9) with effective potentials (6.10), (6.11). The red line is obtained by adding the two fits
[Eq. (6.7)]. (c,d) Experimental histograms of (c) the speed and (d) the particle separation
of assembled dimers (the black line indicates the mean values). (b-d) Reprinted with
permission from Ref. [105]. Copyright 2018 by the American Chemical Society.

For a more quantitative analysis, the particle positions rP (passive particle) and rC

(cationic IEX) of the pair of interest were tracked over time. This allows to determine
the relative drift speed

vCP(r) = |ṙ| = |ṙC − ṙP| , (6.3)

with separation vector r = rC − rP, and the speed of the center of mass R =
1
2(rC + rP),

VCP(r) = |Ṙ| = 1
2 |ṙC + ṙP|, (6.4)

as a function of the separation r = |r|. The measured speeds were averaged over
160 independent trajectories and are plotted in Fig. 6.3(b). For large distances, both
the drift and the center-of-mass speed increase and for r & 50µm, 1

2vCP(r) = VCP(r),
implying that the IEX is at rest [Eqs. (6.3), (6.4) with ṙC = 0]. For smaller r, the
center-of-mass speed further rises as the IEX starts to move, whereas the drift speed
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decreases due to the slow-down of the passive particle. This suggests that the
interaction range of the reciprocal solvent flow is ∼ 50µm. For smaller distances,
the drift speed drops to zero indicating binding into the dimer. The average center-
of-mass (swimming) speed of assembled dimers is VCP1 ' 1.16µm/s with average
steady-state separation rCP ' 19µm. These values are not the same for all dimers
but follow a distribution, cf. Fig. 6.3(c,d).

Based on these observations, we extend the above presented scheme for two cationic
IEXs from Ref. [108] to model the dynamics of the particles. We assume the equations
of motion

ṙP = −∇P[uC(r) + UP(r)] = [u′C(r) + U ′P(r)]r
r
, (6.5)

ṙC = −∇CUP(r) = −U ′P(r)r
r
, (6.6)

with∇k the gradient with respect to the position of particle k. The effective potentials
(absorbing the particle mobilities) uC(r) and UP(r) account for the electroosmotic
flow generated by the cationic IEX and the additional flow arising from the presence
of the passive particle, respectively. Since uC(r) acts only on the passive particle, it
describes a nonreciprocal interaction, whereas UP(r) is reciprocal, as it acts on both
particles. Equations (6.5), (6.6) imply that the drift and center-of-mass speeds are

vCP(r) = u′C(r) + 2U ′P(r), (6.7)

VCP(r) = 1
2u
′
C(r). (6.8)

The derivative of the reciprocal potential can therefore be expressed in terms of the
speeds as

U ′P(r) = 1
2vCP(r)− VCP(r). (6.9)

We now assume the following forms for the effective potentials

uC(r) = −γ
r

+ α

r
e−r/ξ, (6.10)

UP(r) = αP

r
e−r/ξP . (6.11)

The ansatz for uC(r) is motivated by the potential (6.1) used in Ref. [108] describing
the long-range attraction ∼ 1/r and the more complicated flow closer to the particle
via the additional Yukawa-like repulsive contribution with decay length ξ. Using
relation (6.8), this form of uC(r) can be excellently fitted to the measured center-of-
mass speed VCP(r), as shown in Fig. 6.3(b) (blue curve). The reciprocal contribution
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(6.9) is also plotted in Fig. 6.3(b) and is well described by the repulsive Yukawa
ansatz (6.11) (green curve). Adding the fits for uC(r) and UP(r) [Eq. (6.7)], indeed
captures the experimentally measured drift speed vCP(r) (red line). This good
agreement justifies both the equations of motion (6.5), (6.6) and our choice for
the effective potentials (6.10), (6.11). The parameters of the potentials obtained
from the fits are γ ' 7328µm3/s, α ' 8106µm3/s, ξ ' 24.9µm for uC(r) and
αP ' 4008µm3/s, ξP = 9.4µm for UP(r).

This analysis in terms of effective potentials allows a prediction of the steady-state
particle separation rCP via the condition vCP(rCP) = 0, yielding rCP ' 27µm, compare
Fig. 6.3(b). This value is 8µm larger than the average separation measured in the
experiment, which probably can be explained as an effect of the distortion of the pH
gradient of the cationic IEX in the moving dimer [106]. Due to this effect, the pH gra-
dient becomes asymmetric, allowing the passive particle to be closer. In contrast, the
prediction for the steady-state center-of-mass speed VCP1 ≡ VCP(rCP) ' 1.11µm/s is
very close to the experimental value 1.16µm/s, suggesting that the distortion of the
pH gradient does not substantially affect the dimer speed.

6.2.2 A cationic IEX and an anionic IEX

We now move to mixtures of cationic and anionic IEXs. As their generated flow is
diverging, two anionic IEXs repel each other. Focusing on their interaction with
cationic IEXs, analogous to the case of passive particles, we consider isolated pairs
of one anionic IEX and one cationic IEX. It can be observed that in its flow range
(∼ 120µm) a cationic IEX attracts anionic IEXs towards it. As the particles come
close, the same qualitative behavior as for a passive particle holds: their motion
couples and they start to self-propel in the direction of the cationic IEX. For the
assembled dimers, the average particle separation is rCA ' 18µm and the average
propulsion speed is VCA1 ' 1.14µm/s. As in case of the passive particles, the
relative drift speed vCA(r) and the center-of-mass speed VCA(r) were measured
experimentally as a function of the separation r = |rC − rA| and are plotted in
Fig. 6.4. We find that for r & 50µm, the center-of-mass speed is the same as that of
the pair with a passive particle reduced by a factor µA ' 0.76, i.e., VCA(r) = µAVCP(r)
[see inset of Fig. 6.4]. This leads us to the conclusion that the electroosmotic flow of
the cationic IEX is the same as before, but the mobility of the anionic IEX is smaller
by a factor µA than that of the passive particle (due to diverse factors as, e.g., a
different surface charge).
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Fig. 6.4. Cationic-anionic IEX pair. Measured relative drift speed vCA(r) (red symbols,
divided by two) and center-of-mass speed VCA(r) (blue symbols) as a function of the particle
separation r. The measured dimer speed VCA1 is indicated by the black diamond and the
dashed black line shows the measured dimer separation rCA. Gray symbols show the flow
generated by the anionic IEX u′A(r) and green symbols the reciprocal interaction U ′A(r). Gray
and green lines represent fits as described in the main text, whereas the red and blue lines
are model predictions (6.14), (6.15) based on the fitted potentials. The inset shows the
measured center-of-mass speed of the cationic-anionic pair and that of the cationic-passive
pair multiplied by µA = 0.76. For r & 50µm the curves collapse. Reprinted in adapted form
with permission from Ref. [105]. Copyright 2018 by the American Chemical Society.

Based on these findings, we extend the previous model [Eqs. (6.5), (6.6)] into

ṙA = −∇A[µAuC(r) + UA(r)] = [µAu
′
C(r) + U ′A(r)]r

r
, (6.12)

ṙC = −∇C[uA(r) + UA(r)] = −[u′A(r) + U ′A(r)]r
r
, (6.13)

with separation vector r = rC − rA. Here, uC(r) is the same potential as above,
describing the flow of the cationic IEX with its strength reduced by the prefactor µA.
Moreover, uA(r) accounts for the flow generated by the anionic IEX and UA(r) is the
additional reciprocal contribution. The relative drift and center-of-mass speed can
be expressed in terms of the effective potentials as

vCA(r) = µAu
′
C(r) + u′A(r) + 2U ′A(r), (6.14)

VCA(r) = 1
2[µAu

′
C(r)− u′A(r)]. (6.15)
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Combining Eqs. (6.8), (6.14) and (6.15), the derivatives of the potentials can be
written in terms of the measured speeds as

u′A(r) = 2[µAVCP(r)− VCA(r)], (6.16)

U ′A(r) = 1
2vCA(r) + VCA(r)− 2µAVCP(r). (6.17)

These expressions are also plotted in Fig. 6.4. As expected, the flow generated by
the anionic IEX, represented by u′A(r), is weaker than that of the cationic IEX and
shorter in range. Furthermore, the flow is diverging (pointing away from the anionic
IEX) as the cationic IEX is repelled by the flow (u′A(r) < 0). It can be well fitted
with uA(r) = αA exp(−r/ξA) (gray line) with αA ' 43.4µm2/s and ξA ' 19.7µm.
Combining this expression with the fit of uC(r) from Sec. 6.2.1, Eq. (6.15) well
captures the measured center-of-mass speed VCA(r) (blue line). The reciprocal flow
contribution U ′A(r) is short-ranged, but now attractive and vanishes as the particles
reach their steady-state separation. We fit it with a cubic function U ′A(r) = α3r

3 +
α2r

2 + α1r + α0 (green line), yielding α3 ' 3.5 · 10−5 µm−1s−1, α2 ' −0.005 s−1,
α1 ' 0.2µm s−1, α0 ' −2.5µm2 s−1. Combining all three potentials into the
prediction for the drift speed vCA(r) [Eq. (6.14), red line] yields good agreement
with the experimental data [except for a kink in the region 50µm . r . 70µm which
is an artifact of the polynomial fit of U ′A(r)]. The prediction for the steady-state
separation rCA ' 18µm (determined by vCA(rCA) = 0) agrees well with the measured
value. Also the prediction of the dimer speed VCA1 ≡ VCA(rCA) ' 1.09µm/s is very
close to the measured speed ' 1.14µm/s.

6.3 Larger clusters

The dimers are only metastable, since the cationic IEXs attract particles over long
distances which leads to growth of the clusters. Nonetheless, due to the dilute
conditions at which the experiment is performed, single clusters (with a fixed
number of particles) can be observed for at least five minutes, which allows to
gather sufficient statistics. The motion pattern of a cluster depends on its symmetry:
clusters with a reflection symmetry move linearly [Fig. 6.1(b,c)], while clusters
without this symmetry perform circular motion [Fig. 6.1(d)]. Clusters with an
inversion symmetry are inert, not undergoing directed motion [for example the
cluster composed of four particles at the top of Fig. 6.1(a)]. Although clusters with
several cationic IEXs exist, in the following, we focus on clusters containing only
one cationic IEX. From the clusters’ trajectories, their linear and angular speeds and
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the inter-particle distances of particles in the clusters (describing their structure),
were extracted. For each cluster type, data of at least 40 independent clusters
was collected. In the following, we attempt to predict the dynamic properties of
clusters based on their structure and our model of the pair interactions described in
Sec. 6.2.

6.3.1 Cationic-passive clusters

In mixtures with passive particles, after a dimer has started moving, the following
passive particles always assemble on the side of the passive particle. Consequently,
no inert clusters were observed in the experiment. Circularly moving clusters were
only observed for short times as they (due to particle rearrangement) transform
into linearly moving structures with reflection symmetry. Hence, the only stable
structures are linear swimmers. In Fig. 6.5(a), the measured swimming speeds
VCPN of clusters composed of one cationic IEX and N passive particles are shown.
The speeds are very similar ' 1.5µm/s and almost independent of cluster size and
structure. The largest dependence is on the number N1 of passive particles that are
direct neighbors of the cationic IEX, which is either two or three.

In order to calculate the cluster speeds within our model, we now generalize the
analysis from Sec. 6.2.1 to one cationic IEX and N passive particles. Their center-of-
mass velocity is given by

VCPN = 1
N + 1

(
ṙC +

N∑
i=1

ṙPi

)
. (6.18)

Since all particles must move with the same velocity to maintain the cluster struc-
ture (ṙC = ṙPi ∀i), the center-of-mass speed turns into the sum over all reciprocal
contributions on the cationic IEX

VCPN = ṙC = −
N∑
i=1

U ′P(ri)
ri
ri
, (6.19)

with ri = rC − rPi and ri = |ri|. As the measured speeds VCPN mainly depend on
N1, we assume that the reciprocal interactions between the particles in the second
and third layer and the cationic IEX are screened (U ′P = 0) by the passive particles
inbetween. For each passive particle j in the first layer, ṙC = ṙPj implies

−
N1∑
i=1

U ′P(ri)
ri
ri

= [U ′P(rj) + u′C(rj)]
rj
rj
. (6.20)
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Fig. 6.5. Larger cationic-passive clusters. (a) Center-of-mass speeds of clusters CPN with
N ≥ 2 shown in the snapshots below (the red particle is the cationic IEX). Medians (blue
symbols) and first-to-third quartiles (bars) represent the experimental speed distributions.
The statistical uncertainty of the median is comparable to the symbol size. The speeds
predicted by the model via Eq. (6.24) are shown as dashed lines and only depend on the
numberN1 of direct neighbors of the cationic IEX. Reprinted with permission from Ref. [105].
Copyright 2018 by the American Chemical Society. (b) Sketch illustrating the calculation
of the cluster speed in the model. The two passive particles (gray) next to the cationic IEX
(red), push the latter forward due to the reciprocal interaction (light blue arrows), which
leads to propulsion with speed VCPN

(blue arrow) along the cluster’s symmetry axis (dashed
line). The passive particle in the second layer (light gray) does not contribute to the cluster’s
propulsion.

Adding the conditions, Eq. (6.20), for all N1 passive particles yields

−N1

N1∑
i=1

U ′P(ri)
ri
ri

=
N1∑
i=1

U ′P(ri)
ri
ri

+
N1∑
i=1

u′C(ri)
ri
ri
, (6.21)

from which we conclude

U ′P(ri) = − 1
N1 + 1u

′
C(ri). (6.22)

Since, for the passive particles in the first layer, measurements confirm ri ' rCP =
19µm, we can identify the dimer speed VCP1 = 1

2u
′
C(rCP) [Eq. (6.8)] and thus write

the cluster speed, Eq. (6.19), as

VCPN = 2
N1 + 1

N1∑
i=1

VCP1
ri
ri
. (6.23)

The cluster speed therefore depends on the number of passive particles in the
first layer N1, the dimer speed VCP1 and the structure of the cluster through the
separation vectors ri. For the reflectionally symmetric clusters observed in the
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experiment, Eq. (6.23) implies that the speed points along the symmetry axis and
has the magnitude

VCPN = 2
N1 + 1

N1∑
i=1

VCP1 cosφi, (6.24)

with φi the average angle between the symmetry axis and ri [see Fig. 6.5(b)],
which can be extracted from the measured particle separations. For the cluster with
N = N1 = 2 it is φ ' 21.6◦ for both passive particles and thus VCP2 ' 1.43µm/s
according to Eq. (6.24) (employing the measured dimer speed VCP1 ' 1.16µm/s).
For the cluster with N = N1 = 3, it is φ = 0 for one particle and φ ' 37.8◦ for the
other two particles, for which Eq. (6.24) predicts VCP3 ' 1.49µm/s. Both predictions
agree well with the measured speeds even for the clusters with additional layers
of passive particles, cf. Fig. 6.5(a). However, the data suggests that particles that
are not direct neighbors of the IEX slightly lower the swimming speed, presumably
indirectly, by influencing the cluster structure.

6.3.2 Cationic-anionic clusters

In mixtures of cationic and anionic IEXs, linearly and circularly swimming clusters
and inert clusters were observed. In Fig. 6.6(a), the most commonly observed
clusters (not including inert ones) with one cationic IEX are depicted. The bond
length between anionic and cationic IEXs decreases for larger clusters (which was
not observed for cationic-passive clusters), which may result from a stronger neu-
tralization of the pH gradient by a higher number of anionic IEXs. The clusters
with N = 2 or N = 3 anionic IEXs are linear swimmers, whereas for N = 4, one
linearly and two circularly swimming structures exist. The three different clusters
with N = 5 are all circle swimmers. Clusters with N > 5 typically contain more
than one cationic IEX.

To predict the clusters’ center-of-mass speeds, we follow similar arguments as in
Sec. 6.3.1. The center-of-mass speed has to be equal to ṙC, which yields

VCAN = −
N∑
i=1

[u′A(ri) + U ′A(ri)]
ri
ri
. (6.25)

From summing over all N conditions ṙC = ṙAi [now including also the particles
not neighboring the cationic IEX and using Eqs. (6.12), (6.13)], the reciprocal
contributions U ′A(ri) can be expressed via the nonreciprocal interactions as

U ′A(ri) = − 1
N + 1[Nu′A(ri) + µAu

′
C(ri)]. (6.26)
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Fig. 6.6. Larger cationic-anionic clusters. (a) Center-of-mass speeds VCAN
obtained from

experimental measurements (circles) and model predictions Eq. (6.27). Symbols and bars
show median and first-to-third quartile of experimental speed distributions. The average
dimer speed VCA1 is indicated by the dashed line. For circle swimmers, the angular velocities
ωCAN

and trajectory radii RCAN
are shown as well, together with the model predictions

Eq. (6.31). In the snapshots of the clusters, cationic IEXs appear red and anionic IEXs dark
blue. The linear and circular swimming directions are indicated as red arrows. (b) Global
comparison of the linear speeds of all clusters between measurements and model predictions.
Reprinted with permission from Ref. [105]. Copyright 2018 by the American Chemical
Society.

Plugging this result back into Eq. (6.25) and identifying the pair speed VCA(ri)
[Eq. (6.15)], we arrive at

VCAN = 2
N + 1

N∑
i=1

VCA(ri)
ri
ri
. (6.27)

A prediction for the angular velocities ω of circle swimmers within our model can
be derived as follows. The dynamical equation for any particle α ∈ {A1, ...AN ,C}
in the cluster can be written as ṙα = Fα, where the effective force Fα (absorbing
the mobility) summarizes all interactions due to effective potentials. Taking the
cross product with the distance xα = rα −R from the cluster’s center of mass and
summing over the equations for all particles, yields the (effective) torque balance
equation ∑

α

xα × ṙα =
∑
α

xα × Fα. (6.28)
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Introducing polar coordinates (x, ϕ, z) (with the center of mass at the origin) and
using rα = xα + R, the left-hand side can be written as

∑
α

(xαexα)× (xαeϕαϕ̇α) +
∑
α

xα︸ ︷︷ ︸
=0

×Ṙ = ϕ̇ez
∑
α

x2
α, (6.29)

where we have used ϕ̇α = ϕ̇ which follows from assuming the cluster to be a rigid
body. Inserting the explicit expressions for the forces Fα, the right-hand side of
Eq. (6.28) turns into

N∑
i=1

xAi × [µAu
′
C(ri) + U ′A(ri)]

ri
ri

+ xC ×
N∑
i=1

[−u′A(ri)− U ′A(ri)]
ri
ri

=
N∑
i=1

[µAu
′
C(ri)xAi − u

′
A(ri)xC]× ri

ri
+

N∑
i=1

U ′A(ri)ri ×
ri
ri

=
N∑
i=1

[µAu
′
C(ri)xAi − u

′
A(ri)xC]× ri

ri
. (6.30)

Thus, Eq. (6.28) can be solved for the angular velocity ωCAN = ϕ̇ez as

ωCAN =
∑N
i=1[µAu

′
C(ri)xAi − u′A(ri)xC]× (ri/ri)

x2
C +

∑N
i=1 x2

Ai
. (6.31)

The numerator is the total effective torque with respect to R and the denominator
reflects the higher resistance to rotation of a larger cluster. The average relative
positions of the particles within clusters were measured in the experiment and
are used as inputs for Eqs. (6.27) and (6.31) together with the effective potentials
determined in Sec. 6.2.2. Moreover, the radii of the trajectories of circle swimmers
can be calculated as RCAN = vCAN /ωCAN .

In Fig. 6.6(a), the measured center-of-mass and angular speeds are plotted together
with the radii RCAN . Although the values seem to be scattered without any apparent
pattern, our model predictions agree very well with the experimental values. This,
together with the results for the cationic-passive clusters, shows that it is sufficient to
know the effective two-body interactions, extracted from experiments with particle
pairs, and the cluster geometry to accurately predict the properties of the motion of
larger clusters via a superposition of the interactions (see Fig. 6.6(b) for a global
comparison of the linear speeds).
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Conclusion and outlook 7
In this thesis, we have investigated several self-organized phenomena in active matter
systems via computer simulations and analytical theory. In Chaps. 3-5, we have
seen how different inter-particle interactions lead to various collective behaviors
of motile particles and in Chap. 6 we have analyzed self-assembling aggregates of
passive particles that gain activity due to nonreciprocal interactions.

Going beyond the standard model of active Brownian particles propelled at constant
speed, in Chap. 3, we have dealt with particles driven by a difference in chemical
potential implying a non-constant propulsion speed that depends on potential energy.
In simulations, this leads to large fluctuations of particle speeds. For hard particles,
however, the influence on the effective density-dependent speed v(ρ) is rather weak
and the small impact on the phase diagram of MIPS predicted by mean-field theory
could not be confirmed in simulations. This suggests that for the description of the
collective behavior of self-phoretic Janus colloids, the influence of the non-constant
propulsion speed can be neglected. Already at constant propulsion speed, systems
of soft particles reenter the homogeneous state at high speeds, as their tendency
to overlap (and thus to avoid dynamic arrest) increases considerably with density
and speed. Using their measured effective speed as input, the reentrant behavior
is qualitatively confirmed by mean-field theory. In that case, the non-constant
propulsion speed has a notable impact on the phase diagram. To understand the
collective behavior of microorganisms, many of which are deformable, employing a
constant propulsion speed might thus lead to deficient results. Therefore, precise
estimates of the step length λ, the attempt rate κ0 and the affinity ∆µ would be
required to make quantitative statements about such systems.

In Chap. 4, we have shown via simulations that a motility response of active parti-
cles towards self-generated chemical signals inspired by bacterial quorum sensing
can trigger the separation into a dense passive cluster and a dilute active gas at
much lower speeds and densities compared to those required for MIPS. Via the
concentration threshold at which particles switch between active and passive, the
densities and relative sizes of the phases can be controlled. This interaction rule
has also been implemented for real systems of light-activated self-phoretic colloids
in which the propulsion speed can be controlled at the level of individual particles.
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The properties of the resulting steady states obtained in simulations agree very well
with experiments, which shows that such externally imposed interaction rules are
able to control the collective behavior of synthetic active matter well. Via slight
modifications of the response scheme, in addition to the density and size of aggre-
gates, the shape can also be controlled: A non-isotropic concentration profile of
signaling molecules can lead to the formation of elliptical or square-like clusters [9].
Introducing a second (higher) threshold at which particles turn active again, the
formation of ring-like structures with a reduced particle density at the center can be
observed [9]. Moreover, narrowing the “vision cone” of particles, i.e., the range of
angles relative to their orientation from which they can receive signals, can trigger
the formation of cohesive flocks [84]. Another promising route could be “inverse”
design, i.e., to first define a target state and then to determine interaction rules
that give rise to it (instead of studying the emergent collective behavior of a given
model). Techniques from the field of reinforcement learning [153], which have
already been applied to optimize the behavior of individual active particles in specific
environments [34, 100], might serve as powerful tools for this task.

Investigating the quorum-sensing induced phase separation in more detail, in Chap. 5
we have developed a mean-field theory that describes the system in terms of the
coupled dynamical equations for density and polarization. As these equations are
linear, it is possible to obtain analytical steady-state solutions. Excellent agreement
with numerical simulations is achieved by introducing as single fit parameter an
effective diffusion coefficient that accounts for the additional current due to con-
centration fluctuations within the interface. The effective diffusion coefficient is
independent of the concentration threshold and is found to obey a scaling law.
Due to the discontinuity of the concentration-dependent propulsion speed v(〈c〉) no
critical point exists in this system, which is in contrast to MIPS of ABPs, where the
effective density-dependent speed v(ρ) continuously decreases. The absence of a
critical point, which would be characterized by diverging fluctuations leading to the
break-down of mean-field approximations in its vicinity, might be the very reason for
the success of mean-field theory here. Furthermore, we have explored a novel route
to the formation of vortex clusters based on an additional orientational response of
particles to the gradient of the concentration field. For colloidal Janus particles, the
necessary torques on particles can be implemented experimentally [92]. Typically, in
active matter, vortices arise from the combination of aligning inter-particle interac-
tions and confinement [65, 172, 23] (or are related to active turbulence [155]). On
the other hand, the approach presented here also works in extended systems with
periodic boundary conditions. Such vortex formation in the absence of a confinement
has been observed experimentally for magnetic rollers [80].
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Finally, in Chap. 6, we have analyzed the dynamics of ion-exchange particles (IEXs)
in dilute, binary suspensions. Cationic IEXs generate long-ranged, converging
electroosmotic flows over submillimeter ranges that attract other particles and
lead to the formation of small clusters. As a result of nonreciprocal flow-induced
interactions, depending on their structure, these clusters undergo linear or circular
directed motion. Instead of attempting to model the microscopic mechanisms of the
electroosmotic flow which are highly complex and strongly dependent on various
microscopic parameters, we have developed a model that only requires a single
experimental input, the approach speed of a pair of particles (which is accessible
rather easily). Thereby, it is possible to disentangle the interplay of reciprocal and
nonreciprocal interactions that gives rise to self-propulsion. The properties of the
motion of larger clusters can be predicted via a superposition of the thus obtained
pair-interactions. As our approach is rather generic, it would be interesting to see, if
it is also applicable to other phoretic mechanisms. One straightforward extension
might be to incorporate particles with different diameters [104, 105]. Another route
is to include external factors such as patterned substrates, magnetic fields and gravity
into the model, which could improve the control of the assembled structures.
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Appendix A
A.1 Supplementary Figures
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Fig. A.1. Radial density profiles for different time intervals ∆tu between motility updates
(at λ = 10d, c̄ = 9.9c̃). There is no visible difference observed on varying the interval from
4 ms to 4000 ms (40 ms was used in the simulations in Chap. 4, 500 ms in the experiments).
Reprinted with permission from the Supplementary Material of Ref. [9] licensed under the
Creative Commons license CC BY 4.0.

Fig. A.2. Vortex cluster in a system of N = 800 particles in a simulation box with periodic
boundary conditions and edge length L = 65 at v> = 30, v< = 1

8v
>, λ = 10, c̄ = 1.22c0 and

χ0 = −32.7Dr. Particles are colored by their angular alignment ek,θ = ek · eθ.
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A.2 Concentration profile of a radially
symmetric density distribution

Here, we calculate the ideal part cid(r) of the mean concentration profile 〈c〉(r),
Eq. (4.15), generated by a radially symmetric steady-state density distribution ρ(|r|),
as it appears in Secs. 4.3 and 5.4.2. We write cid(r) as convolution

cid(r) =
∫

dr′ρ(r′)U(r− r′), (A.1)

with kernel

U(x) = γ

4πDc

e−|x|/λ

|x| . (A.2)

According to the convolution theorem, the Fourier transform (denoted by the tilde)
of the concentration profile is

c̃id(k) = ρ̃(k)Ũ(k). (A.3)

Since both ρ(r) = ρ(r) and U(r) = U(r) (with r = |r|) are radially symmetric
functions, their Fourier transforms are given by the Hankel transform via [24]

f̃(k) = f̃(k) = 2π
∫ ∞

0
dr rf(r)J0(kr), (A.4)

where f(r) = f(r) is a radially symmetric function, k = |k| and J0(x) is the Bessel
function of first kind and order zero. Specifically

Ũ(k) = 2π
∫ ∞

0
dr γ

4πDc
e−r/λJ0(kr) = γ

2Dc

λ√
1 + (kλ)2 . (A.5)

We now represent cid(r) = cid(r) by its Fourier transform (using the inverse Hankel
transform)

cid(r) = 1
2π

∫ ∞
0

dk kρ̃(k)Ũ(k)J0(kr). (A.6)

Then, calculating the Fourier transform of ρ(r) via Eq. (A.4) and inserting Ũ(k) from
Eq. (A.5) leads to the result

cid(r) = γλ

2Dc

∫ ∞
0

dr′r′ρ(r′)
∫ ∞

0
dk k√

1 + (kλ)2J0(kr)J0(kr′). (A.7)
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