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Abstract

The realization of optical quantum communication protocols is still one of the most challenging

tasks in quantum information. To make speci�c tasks like quantum teleportation or quantum

key distribution over large distances possible, the exponential decay of photonic quantum infor-

mation has to be compensated. To achieve this, quantum repeaters exploiting quantum error

detection and correction of photon losses have been proposed. In this thesis, new schemes to

tackle the photon loss occurring in optical �bers are developed and applied in quantum com-

munication scenarios.

The main part of this thesis is on quantum error correcting codes against photon loss. We de-

velop exact codes based on NOON states and linear optics as well as approximate codes based

on coherent state superpositions. For both classes of codes, we investigate suitable perfor-

mance measures and show how to generalize them from logical qubits to general logical qudits.

Furthermore, we apply the proposed codes in so-called one-way communication schemes to

demonstrate their practical relevance.

Beside this, we propose a generalization of a known hybrid quantum repeater protocol for the

distribution of material qubit-qubit entanglement mediated by coherent states of light to ar-

bitrary �nite dimensional material qudit-qudit entanglement distribution. Assuming perfect

matter memories and deterministic entanglement swapping operations, we calculate the entan-

glement distribution rates and �nal �delities for various total distances and repeater spacings.
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Zusammenfassung

Die Umsetzung optischer Quantenkommunikationsprotokolle ist immer noch eine der gröÿten

Herausforderungen in der Quanteninformatik. Für die Realisierung von Quantenteleportation

oder Quantenschlüsselaustauschverfahren über groÿe Entfernungen muss der exponentielle Ab-

fall der photonischen Quanteninformation kompensiert werden. Um dies zu erreichen wurden

Quantenrepeaterprotokolle auf der Basis von Quantenfehlerdetektion und -korrektur der Photo-

nenverluste vorgeschlagen. In dieser Arbeit werden neue Schemata zur Reduktion des Ein�usses

von Photonenverlusten in optischen Fasern entwickelt und im Umfeld der Quantenkommunika-

tion angewandt.

Der Hauptteil dieser Arbeit handelt von Quantenfehlerkorrekturkodierungen gegen Photo-

nenverluste. Es werden sowohl exakte Kodierungen auf der Basis von sogenannten NOON-

Zuständen und linearer Optik als auch approximative Kodierungen basierend auf Superposi-

tionen optischer kohärenter Zustände entwickelt. Für beide Klassen von Kodierungen werden

geeignete Qualitätskriterien untersucht sowie Verallgemeinerungen der Kodierungen von logi-

schen Qubits zu allgemeinen logischen Qudits (quantenmechanische �d-level�-Systeme) disku-

tiert. Um ihre Praxistauglichkeit zu demonstrieren, werden die vorgeschlagenen Kodierungen

in Ein-Weg-Kommunikationsschemata angewandt, d.h. in Schemata, bei denen kodierte Quan-

teninformation direkt durch entsprechende Quantenkanäle gesendet wird ohne z.B. eine vor-

ausgehende Verteilung verschränkter Zustände.

Desweiteren verallgemeinern wir ein bekanntes hybrides Quantenrepeaterprotokoll zur Vertei-

lung materieller Qubit-Qubit-Verschränkung auf der Basis optischer kohärenter Zustände auf

die Verteilung beliebig-endlichdimensionaler materieller Qudit-Qudit-Verschränkung. Unter der

Annahme perfekter Speicher und deterministischem Verschränkungsaustausch werden die Ra-

ten und Güten dieses Repeaterprotokolls für diverse elementare Distanzen und Gesamtdistanzen

berechnet.
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Chapter 1

Introduction

A future quantum internet promises a huge variety of possible features and applications [1, 2].

Not only are quantum networks expected to realize distributed quantum computing tasks [3]

and to link future quantum computers. They can, in addition, also o�er pure communication

tasks like clock synchronization [4], the combination of telescopes [5] or the establishment of

secret keys [6, 7] between two or more parties [8] for secure classical communication. Especially

because of the latter, the �eld of quantum communication has created much interest during the

last years.

Photons are fundamental carriers of quantum information [9]. Since they only very weakly

interact with each other, they have been intensively investigated in the framework of optical

quantum computing [10, 11]. Traveling at the speed of light, photons are furthermore the op-

timal choice for quantum communication.

Long-distance quantum communication protocols have been experimentally implemented in

free-space scenarios, for instance by transmitting photonic states between an orbiting satel-

lite and a telescope on Earth [12] or between the canary islands La Palma and Tenerife [13].

However, in free space quantum communication atmospheric losses induced by scattering and

scintillation are, besides geometric losses related to the apertures of the telescopes, major issues

which are extremely dependent on the weather conditions such as cloudiness.

Another approach, inspired by classical optical communication schemes, is the transmission

of photonic quantum information by using more reliable optical �bers. Optical �bers are

waveguides working on the principle of total re�ection and routinely applied in many di�erent

technological �elds.

The main problem in �ber-based quantum communication is the loss of photons due to atomic

absorption. This results in an exponential decay of the transmission probability with the prop-

agation distance of the photon inside the optical �ber. In classical optical communication

schemes, this problem can be solved by reamplifying the signal. In the framework of quantum

mechanics, cloning and ampli�cation of an unknown quantum state is impossible [14, 15], such
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that the classical approaches cannot be applied. To nevertheless avoid the exponential decay

of photonic quantum information, quantum repeaters were proposed [16, 17, 18].

To date, quantum repeaters are characterized by the methods they employ to �ght against the

photon losses. This leads roughly to three di�erent classes of quantum repeater protocols, also

called quantum repeater generations [19].

Concerning photon losses, �rst- and second-generation quantum repeaters employ the distribu-

tion, puri�cation [20] and swapping [21] of entangled states for quantum error detection [22],

while in third-generation quantum repeaters, typically, encoded quantum information is sent

directly using active quantum error correction [23].

Quantum error correction (QEC) [24, 22, 25] has been introduced to handle the fragility of

quantum states in the presence of noise and decoherence. Decoherence leads, in general, to

changes of the quantum states and induces errors in the stored quantum information. The aim

of quantum error correction is to detect at least some of the errors and to recover the initial

quantum information.

The basic unit of quantum information is, in analogy to a classical bit, the quantum bit or

qubit. A qubit is a two-dimensional quantum system and the quantum information is stored in

quantum states consisting in superpositions of the corresponding two orthogonal basis states

usually denoted by |0〉 and |1〉. Mathematically, a qubit can be considered as a normalized

vector in a two-dimensional Hilbert space and the physical operations are unitary operations

in this space. Physical realizations of qubits are numerous, e.g. the two spin states of an elec-

tron, an atomic nucleus [26] or the stable electronic states of trapped ions [27] as well as the

polarization of a single photon [9].

A single qubit alone can, thanks to the superposition principle, be utilized to transmit two

bits of classical information which is referred to as superdense coding [28]. To realize, however,

more interesting applications such as quantum teleportation [29, 30] or measurement-based

quantum computation [31], entangled states of at least two qubits such as 1√
2
(|00〉 + |11〉) are

a necessary resource. Being one of the most counterintuitive genuine quantum phenomena,

quantum entanglement [32, 33] is a non-local correlation between two parties, e.g. two qubits,

that can be proven to be stronger than any classical correlation. It is therefore not surprising

that the distribution of entangled states of two qubits over large distances has been considered

a key problem in quantum communication from the very beginning and is still a cornerstone of

�rst-generation quantum repeaters.

In some situations, it is an advantage to generalize the notion of qubit to qudits, i.e. quantum

systems of arbitrary �nite dimension ("qudit" here refers to a "d-level" system). One can show

that the usage of qudits makes fault-tolerant quantum computing not only more e�cient [34, 35]

but can also improve quantum communication protocols. More precisely, qudits lead to an in-

crease in data transfer and especially to a higher security in quantum key distribution compared
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to schemes involving only qubits [36, 37]. On the fundamental level qudits play an important

role in closing of the detection loophole in Bell test experiments [38, 39]. Furthermore, the

generation of a highly-entangled state between two ten-dimensional photonic quantum systems

has been con�rmed in [40]. An experimental scheme for generating arbitrary superpositions of

photonic Fock states up to photon number three, which �nally represents a qutrit, has been

proposed in [41].

The notion of a qudit can be extended from �nite to in�nite dimensions. Since any observable

of a quantum system either possesses a discrete or continuous spectrum, there is a priori a

choice for employing the corresponding eigenstates as discrete or continuous bases for the de-

scription of the system. For example, the quantum harmonic oscillator can be described with

the number basis as eigenstates of the discrete number operator n̂ = â†â, where â† and â are the

usual creation and annihilation operator satisfying [â, â†] = 1. On the other hand, prominent

examples of continuous-variable basis states in quantum optics [42, 43], where the light �eld

is also described by a quantum harmonic oscillator, are position and momentum quadratures,

x̂ = 1
2
(â† + â) and p̂ = 1

2i
(â − â†), expressed by the ladder operators of a single mode of the

electromagnetic �eld. Continuous superpositions of such basis states are then in analogy to

qudits referred to as qumodes.

For such qumodes, measurements of position and momentum and, more general, quadratures

can be performed very e�ciently by homodyne detection, i.e. by mixing the qumode with

a strong coherent state at a symmetric beam splitter and measuring the di�erence of photo

currents in the output modes.

Despite the advantages of encoding quantum information into discrete qudits or continuous

qumodes, rather little attention has so far been paid to exploiting qudits in long-distance quan-

tum communication. From a conceptual point of view, �rst-generation repeater schemes for

the distribution of qudit-qudit entanglement as well as higher-dimensional quantum error cor-

rection codes against photon loss are a necessity to �ll this gap.

The topic of this thesis is the suppression and correction of photon losses occurring in optical

�bers with a special focus on applications in long-distance quantum communication. All the

developed schemes are silhouetted against existing schemes, because they also explicitly exploit

the advantages of higher-dimensional quantum systems. The thesis is structured as follows.

In Chapter 2, we brie�y review the physical origin of decoherence and give two di�erent but

equivalent descriptions to model photon loss in optical �bers. We furthermore discuss two

prominent qubit-qubit entanglement puri�cation schemes, which are key ingredients in �rst-

generation quantum repeater protocols. The chapter closes with a brief introduction to quantum

error detection codes.

The focus in Chapter 3 is on quantum error correction, especially in the context of photon loss.

We state the Knill-La�amme conditions [25, 22] for quantum error correction codes and explain
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the di�erence between exact and approximate codes against photon loss. We give an overview

of some of the most important known photon loss codes.

The three di�erent classes of quantum repeaters are the topic of Chapter 4. We discuss the

methods each class exploits to �ght against photon losses and give examples of already proposed

quantum repeater schemes for each class.

In Chapter 5, we show how so-called NOON states can be exploited for constructing exact

quantum error correction codes against photon loss. Unlike existing photon loss codes, the

codewords of these codes can systematically be obtained by means of experimentally obtain-

able NOON states and static linear optical manipulations alone. The proposed qubit codes

are block codes with N photons per block. The total number of N2 photons ensures that the

corresponding logical qubit is protected exactly against N − 1 photon losses. We furthermore

show that this systematic approach can also be applied to qudit code constructions.

In the succeeding Chapter 6, we �rst consider a speci�c example of an approximate one-photon

loss qubit code presented in [44] whose codewords are even cat states. After analyzing the

properties of this code in a full loss channel, we generalize this code to higher losses. The

possibility of a generalization of the one-loss cat code [45, 44] to higher losses has been brie�y

mentioned a couple of times in the literature (see the Conclusions of Ref. [45] and Section 4.2.

on page 15 of Ref. [46]), including a few more detailed hints about the conceptual character of

such an extension in a quite recent publication (Fig. 1 on page 4 and Section V.B. on page 10

of Ref. [47]). However, as far as we know, there is no detailed analysis of a generalized code

that includes a complete and systematic de�nition of the codewords as well as a quantitative

performance assessment of the code in a full amplitude-damping channel. In Chapter 6, we

present such an analysis and give a very compact de�nition of the codewords for any number

of correctable losses in terms of eigenvalue equations. It turns out that the eigenvalue equation

approach is extendable to arbitrary approximate qudit codes.

The �rst part of Chapter 7 deals with �rst-generation quantum repeaters. We generalize a well-

known hybrid quantum repeater (HQR) protocol for the long-distance distribution of qubit-

qubit entanglement based on matter qubits and coherent-state light to the case of material

qudit-qudit entanglement. The proposed protocol especially exploits both discrete and contin-

uous variable quantum states and is, like the original qubit scheme, attractive for experimental

realization.

In addition, we give a proposal for the faithful long-distance transmission of arbitrary continu-

ous variable states by means of combining a known teleportation scheme and discrete variable

quantum repeaters. Furthermore, we introduce a light-matter interface that allows to switch

between noise-protected ionic quantum states and loss-protected photonic states. Such an ion-

light interface could be employed in a second-generation quantum repeater.

Chapter 7 ends with the application of some of the codes developed in Chapters 5 and 6 in a
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certain instance of a third-generation quantum repeater scheme, namely a so-called one-way

scheme. We introduce and analyze performance measures adapted to both kinds of codes for

various communication scenarios.

Concluding remarks and an outlook on future research directions can be found in Chapter

8. Due to the technically demanding �avor of this thesis, several appendices provide detailed

calculations and additional information.
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Chapter 2

Quantum error detection

In this chapter, we explain how photon loss in optical �bers can be modeled by means of an

open system approach. The Kraus operators related to the photon loss channel, which play

a major role in almost all parts of this thesis, are introduced. After clarifying the physical

decoherence model, we discuss two important tools of quantum error detection that are typi-

cally included in quantum repeater schemes of the �rst kind, namely entanglement puri�cation

and the notion of quantum error detection codes. We consider two important entanglement

puri�cation schemes for qubit-qubit-entangled states and a dual-rail encoded photonic qubit as

an example of a quantum error detection code.

2.1 Open system dynamics and photon loss

A quantum system is never completely isolated but interacts at least weakly with its environ-

ment [48]. While the evolution of the closed system is determined by solving the Schrödinger

equation for the system Hamiltonian HS, the open system dynamics is governed by two more

Hamiltonians [49], namely the Hamiltonian of the environment HE and an interaction Hamilto-

nian between the system and the environment HI
1. The total Hamiltonian HSE of the system

and the environment thus reads

HSE = HS +HE +HI . (2.1)

At t = 0, the joint state is usually a product state ρSE(t = 0) = ρS ⊗ ρE with density operators

ρS of the system and ρE of the environment. The total evolution of system and environment

can be cast using the unitary global time-evolution operator USE(t) = exp(− i
~HSEt),

ρSE(t) = USE(t)ρSE(t = 0)U †SE(t). (2.2)

1To avoid unnecessary complications, we assume that the occurring Hamiltonians do not show explicit
time-dependence.
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Since the state of the environment is unobservable and the state of system S alone is anyway

of particular interest, we build the trace over the environment to �nd

ρS(t) = TrE[USE(t)ρSE(t = 0)U †SE(t)], (2.3)

for the evolution of the quantum system S. Physically motivated, this approach is general

and describes all kinds of open system dynamics such as decoherence, dissipation, ensembles of

measurements and thermal relaxation.

In some situations, however, an equivalent approach via the notion of completely positive,

trace-preserving (CPTP) maps is convenient [22]. From this point of view, we interpret the

dynamics of a density matrix as a quantum operation. This operation is a map whose input

is a density operator from an underlying Hilbert space and whose output is a density operator

from a target Hilbert space. To ensure that the output is a density operator, i.e. a physical

state, a map Φ has to ful�ll three conditions.

First, Φ must be trace-preserving, i.e. Φ(ρ) has trace 1 for all input states ρ. This is an obvious

criterion, since the output is desired to be a regular density operator2. Second, Φ(ρ) must

be positive, i.e. it has non-negative eigenvalues which are to be interpreted as probabilities

of the output state. The third required property is that Φ is completely positive, i.e. the

map (1⊗Φ)(ρ′) with support on density operators in a higher-dimensional Hilbert space leads

to global output states that are still physical. Maps with these three properties are called

completely positive, trace-preserving (CPTP) maps.

A �rst important observation following from a result in functional analysis [50] is that any CPTP

map can be constructed as in Eq. (2.3). The three necessary operations to be performed are

the tensor product with an arbitrary ancilla state, a joint unitary describing the interaction

and the partial trace over the ancilla system.

Another very useful property of CPTP maps that we will exploit in Chapters 5 and 6 is the

operator-sum representation [51, 52, 22]. It states that the action of any CPTP map Φ (and

thus the non-unitary evolution of any open system) can be described as

ρ̃ := Φ(ρ) =
∑
i

EiρE
†
i , (2.4)

where the so-called Kraus operators Ei are related to the so-called "positive operator-valued

measure" (POVM) elements E†iEi ≥ 0 with
∞∑
i=0

E†iEi = 1.

So far, the description of the evolution of open quantum systems has been rather general. In

this thesis, we are exclusively looking at photons traveling through an optical �ber. Since our

goal is the faithful transmission of optical quantum information, the open system evolution

2Individual terms of a CPTP map written in the operator-sum representation (see below) are then trace-
decreasing. Trace-decreasing maps may describe conditional evolutions depending on measurement outcomes.
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described above leads to decoherence and loss of quantum information. For instance, photons

can be scattered by �aws and impurities or be re�ected by splices and connections. In addition,

birefringence can occur that leads to photon pair generation. All these error sources are,

however, minor issues and will be neglected in this thesis.

The main error source for photonic quantum information processing in optical �bers is photon

loss due to atomic absorption. This is clearly a dissipation process that can be treated with the

system-environment approach (2.3), leading to the so-called amplitude damping model (AD)

[49, 52, 53]. The system in this case is a mode of a single harmonic oscillator expressible

in the photon number basis ("Fock basis"), {|n〉, n = 0, 1, 2, ...}. The pure environmental

state is assumed to be a vacuum state, |0〉. Physically, this corresponds to a zero-temperature

environment. The interaction Hamiltonian will be represented by a beam splitter operation

with transmittance χ (which plays the role of the coupling strength). The Hamiltonian in this

case is given by

HBS = ~χ(â†b̂+ b̂†â), (2.5)

where â and b̂ are the annihilation operators for the system and the environment, respectively.

For special input states, this approach is rather easy to perform. This will be a main tool in

Section 7.1.1 for the case of coherent states.

For calculations with discrete photon states, the Kraus operators of the AD channel are more

suitable. These are given by [53]

Ak =
∞∑
n=k

√(
n

k

)
√
γn−k

√
1− γ

k
|n− k〉〈n|, (2.6)

∀k ∈ {0, 1, · · · ,∞}. For an optical �ber, the loss parameter γ = cos2(χ∆t) with an interaction

time ∆t, is given by exp(−L/Latt), where L is the propagation distance of the photons in the

optical �ber and Latt = 22 km is the attenuation length for photons at telecom wavelength.

The error operators in Eq. (2.6) can be equivalently cast in a di�erent form that will be

especially helpful in Chapter 6 for the no-loss and one-loss cases:

Ak =

√
(1− γ)k

k!

√
γn̂âk, (2.7)

with the number operator n̂.

Important for the code construction in Chapters 5 and 6 are systems consisting of many modes.

For this scenario, we consider individual loss, i.e. each mode su�ers from loss independent of all

other modes. The corresponding multi-mode Kraus operators are thus given by tensor products

of the single-mode Kraus operators, e.g. A0⊗A1 for a two-mode system corresponds to no loss

on the �rst mode and one-photon loss on the second mode.
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2.2 Entanglement puri�cation

As directly obvious from Eq. (2.4), decoherence and errors turn a pure quantum state into a

mixed quantum state. In general, mixed entangled states degrade the performance of quantum

information processing tasks like teleportation or entanglement swapping (see Sections 4.1 and

4.2). Hence, the puri�cation of a mixed state can be advantageous.

Entanglement puri�cation aims at generating fewer high-�delity copies from many noisy copies

of a certain pure target state. By iterating this puri�cation protocol, a �delity arbitrarily close

to unity can be achieved.

The puri�cation of mixed qubit states was investigated by Bennett et.al [54] for the class of

Werner states [55]. Nearly at the same time, Deutsch et al. [56] proposed a similar puri�cation

protocol for more general states diagonal in the Bell basis and with arbitrary Bell-state coef-

fcients. Both protocols require two copies for each step, but the Deutsch protocol leads to a

better e�ciency compared to the Bennett scheme. The latter was demonstrated experimentally

[57, 58] and generalized to arbitrary dimensions [59, 60].

We will use entanglement puri�cation in the �rst generation quantum repeater protocols to be

investigated in Chapter 7. Higher-dimensional extensions for special cases of the qubit puri�-

cation schemes, as brie�y presented in the next two sections, will be shown to lead to a better

performance of the proposed protocols.

2.2.1 Bennett scheme

Bennett et al. [54] proposed a puri�cation scheme where the non-maximally entangled resource

states ρ are given in Werner form [55], i.e.

ρ = F |φ+〉〈φ+|+
(

1− F
3

)
(|ψ−〉〈ψ−|+ |ψ+〉〈ψ+|+ |φ−〉〈φ−|), (2.8)

where |φ±〉 = 1√
2
(|00〉 ± |11〉, |ψ±〉 = 1√

2
(|10〉 ± |01〉 are the four two-qubit Bell states and

F ≡ 〈φ+|ρ|φ+〉 > 1/2 is the initial �delity with respect to the target state |φ+〉.
For a single puri�cation step, two copies ρ12 and ρ34 of the state in Eq. (2.8) are required. A

crucial point of puri�cation protocols is that one is restricted to local operations and classical

communication (LOCC). The physical reason is that the two parties sharing the entangled state

are assumed to be spatially separated by a certain distance such that they do not have access

to both qubits to perform joint measurements on them. Otherwise, the state in Eq. (2.8) could

simply be puri�ed by a non-local Bell measurement. So in this setting, it is assumed that one

party has access to qubits 1 and 3, the other to qubits 2 and 4.

The joint state of four qubits is given by ρ1234 = ρ12 ⊗ ρ34. To obtain a two-qubit state

with higher �delity, both parties apply CNOT gates on their respective qubits, CNOT13 and
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CNOT24. Finally, qubits 3 and 4 are measured in the Z-Basis and both parties compare their

results. If the two results coincide, the state is puri�ed. If not, the output state is discarded.

If successful, this puri�cation scheme results in a new mixed state whose �delity F ′ with respect

to the target state |φ+〉 is [54, 20]

F ′ =
F 2 +

(
1−F

3

)2

F 2 + 2
3
F (1− F ) + 5

9
(1− F )2

, (2.9)

which corresponds to a �delity gain provided that F > 1/2. Taking such states as new resource

states, more rounds of puri�cation can be performed to further increase the �delity.

2.2.2 Deutsch scheme

Deutsch et al. [56] introduced a puri�cation protocol where the resource states are given by a

general mixture of the four Bell states,

ρ = F1|ψ+〉〈ψ+|+ F2|ψ−〉〈ψ−|+ F3|φ+〉〈φ+|+ F4|φ−〉〈φ−|, (2.10)

where F1 + F2 + F3 + F4 = 1 and F1 > 1/2 is the initial �delity with respect to |ψ+〉.
Now given two copies of states like in Eq. (2.10), the �rst step of the puri�cation protocol are

unitary single-qubit transformations on qubits 1 and 3 as well as on 2 and 4. On qubits 1 and

3 the transformation
|0〉 7→ 1√

2
(|0〉 − i|1〉),

|1〉 7→ 1√
2

(|1〉 − i|0〉),
(2.11)

is applied. A similar transformation is performed on qubits 2 and 4,

|0〉 7→ 1√
2

(|0〉+ i|1〉),

|1〉 7→ 1√
2

(|1〉+ i|0〉).
(2.12)

After these unitary transformations, CNOT gates are applied on qubits 1 and 3 as well as on

2 and 4. As in the Bennett scheme, the �nal step is to measure qubits 3 and 4 in the Z-basis.

Again, if the results coincide, puri�cation has succeeded, or otherwise the state is discarded.

The new �delity with respect to the target state |ψ+〉 in case of a successful puri�cation reads

F ′1 =
F 2

1 + F 2
3

(F1 + F3)2 + (F2 + F4)2
, (2.13)

for which F ′1 > F1 holds if F1 > 1/2.

In optical experiments, both the Bennett and the Deutsch scheme are di�cult to realize with
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single photons, since optical CNOT gates require high non-linearities and therefore e�cient

CNOT gates do not exist at the moment. However, the simpler task for the puri�cation of

mixed states that only consist of two Bell-state components, |φ+〉 and |ψ+〉, has been performed

experimentally [57, 58]. This scheme is based on polarization encoding and photon detection

of four-fold detection events. Due to realistically ine�cient measurements, the e�ciency is far

from those of the theoretical proposals with perfect gates and operations.

2.3 Quantum error detection codes

For applications like quantum computing or quantum communication, it is a crucial prerequisite

to �nd out if a state has been successfully generated or received. In optical quantum information

processing, it is therefore desired to �nd out if a photon was lost or not. This is the goal of

quantum error detection codes [22].

An arbitrary "single-rail" qubit is denoted as |ψ〉 = α|0〉+β|1〉 with |α|2+|β|2 = 1. By applying

A1, one can easily verify that there is no way to �nd out if a loss has occurred because of the

intial vacuum term. To circumvent this problem, it is useful to encode the qubit information

into a dual-rail qubit, i.e. to perform the mapping

|0〉 7→ |0̄〉 = |10〉,

|1〉 7→ |1̄〉 = |01〉,
(2.14)

such that the encoded, logical qubit state reads |ψ̄〉 = α|10〉 + β|01〉. If now AD channels are

applied to both modes simultaneously and independently, the resulting state becomes

ρ = γ|ψ̄〉〈ψ̄|+ (1− γ)|00〉〈00|. (2.15)

Now, for instance, by means of a quantum non-demolition (QND) measurement of the total

photon number on the two modes, we can infer whether a loss error has occurred or not. If we

measure 1, then everything worked �ne and we can further process the qubit. If we measure 0,

we have to discard the state and start anew.

In general, a quantum error detection code is a subspace of some higher-dimensional Hilbert

space that enables us to perform a measurement to �nd out if there was some error on the logical

state. Note, however, that these errors cannot be corrected, but the state has to be prepared or

sent again if an error was detected. To be more speci�c, states obtained from di�erent errors

are, in general, not necessarily distinguishable and therefore mapping them back to the original

state is no longer possible. Moreover, even worse, the qubit information may be completely

destroyed when the error occurs, although the error can be detected (like for the |00〉〈00|-term
in Eq. (2.15)). Correcting errors requires the qubit to remain intact in an orthogonal error
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space. This requires quantum error correction codes (see Chapter 3).
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Chapter 3

Quantum error correction (QEC)

This chapter introduces the notion of quantum error correction on which a large part of this

thesis is based. We motivate and de�ne quantum error correction codes and state the central

Knill-La�amme conditions. The �delity as a measure of a quantum error correcting code's

performance is introduced. Based on the error operators for photon loss (Eq. (2.6)), several

existing photon loss codes and their performance are reviewed. By the example of these codes,

we explain the di�erences between exact and approximate photon loss codes.

3.1 Quantum error correction and Knill-La�amme condi-

tions

The evolution of a quantum system following Eq. (2.4) is not always desired and at least some

of the involved Kraus operators are considered as errors on the input state. By employing a

quantum code, one is partially able to reverse the dynamics implied by Eq. (2.4) and, unlike

the quantum error detection code in Section 2.3, to recover the original state.

A proper quantum code enables one to detect and correct a certain set of errors on the encoded

state. A quantum code is a vector space spanned by basis codewords, denoted by |0̄〉 ≡ |c1〉 and
|1̄〉 ≡ |c2〉 for a qubit code, and at the same time subspace of some higher-dimensional Hilbert

space. Normalized elements of this vector space of the form α|0̄〉+β|1̄〉 are called logical qubits

(just as for the quantum error detection codes in Section 2.3). This notion can be extended to

qudit codes, where there are more than two codewords |c1〉, · · · , |cd〉 to encode a logical d-level

system. To form a proper quantum code, the logical basis codewords have to ful�ll certain

conditions. We state the famous Knill-La�amme conditions which are a set of necessary and

su�cient conditions for the existence of a recovery operation [25, 22]:
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Theorem 1. (Knill-La�amme)

Let C = span{|c1〉, |c2〉, · · · , |cd〉} be a quantum code, P be the projector onto C and {Ei} the
set of error operators. There exists an error-correction operation R that corrects the errors

{Ei} on C, i�

PE†iEjP = ΛijP, ∀i, j (3.1)

for some positive semi-de�nite, Hermitian matrix Λ with matrix elements Λij.

For photon loss codes (in particular, the exact codes with a �xed total photon number), the

matrix Λ is typically diagonal, i.e. Λij = giδij. This de�nes a non-degenerate code with di�er-

ent loss errors (especially di�erent numbers of photons lost, but also di�erent modes subject

to loss) corresponding to orthogonal error spaces. Nonetheless, certain instances of our NOON

code to be developed in Chapter 5 do exhibit degeneracy for a given number of lost photons.

The Knill-La�amme (KL) conditions contain two basic notions. The �rst notion is the orthog-

onality of corrupted codewords, i.e.

〈ck|E†iEj|cl〉 = 0 if k 6= l. (3.2)

The second one is the non-deformability condition, i.e.

〈cl|E†iEi|cl〉 = gi, ∀l. (3.3)

This means that the norm of a corrupted codeword only depends on the error operator and not

on the codeword itself.

Our interest from now on is devoted to the Kraus operators for the AD channel, Eq. (2.6),

describing photon loss. Before proceeding with an overview of already existing photon loss

codes, we want to clarify how to quantify the performance of a photon loss code. A convenient

measure for the quality of a quantum error correcting code is the worst-case �delity, de�ned as

[22, 53]

F = min
|Ψ̄〉∈C

〈Ψ̄|R(ρ̄f )|Ψ̄〉, (3.4)

where ρ̄f is the �nal mixed state after multi-mode amplitude damping (with the only assumption

that each AD channel acts independently on each mode) and R is the recovery operation. Note

that the recovery operation always exists if the KL conditions are ful�lled. The �delity de�ned

in Eq.(3.4) is a suitable �gure of merit to assess the performance of a quantum error correction

code.1 In particular, it also reveals if an encoding is not a proper code (see, e.g. the encodings

in Eqs. (2.14) and (5.11)).

1The exact loss codes considered in this thesis have identical worst-case and average �delities.

14



3.2 Review of some existing photon loss codes

3.2.1 Exact codes

In the �rst example, a logical qubit is encoded in a certain two-dimensional subspace of two

bosonic modes. The basis codewords are chosen in the following way [53]:

|0̄〉 =
1√
2

(|40〉+ |04〉),

|1̄〉 =|22〉,
(3.5)

i.e. any logical qubit has a total photon number N2 = 4 2. This code corrects exactly N−1 = 1

photon losses. The worst-case �delity, as de�ned in Eq. (3.4), is found to be F = γ4 + 4γ3(1−
γ) = 1 − 6(1 − γ)2 + 8(1 − γ)3 − 3(1 − γ)4. In the same reference [53], the following code is

given:

|0̄〉 =
1√
2

(|70〉+ |16〉),

|1̄〉 =
1√
2

(|52〉+ |34〉).
(3.6)

This code corrects also all one-photon losses and its worst-case �delity is

γ7+7γ6(1−γ) = 1−21(1−γ)2+70(1−γ)3−105(1−γ)4+84(1−γ)5−35(1−γ)6+6(1−γ)7. (3.7)

Another example that encodes a qubit in three optical modes with a total photon number of 3

was proposed in [61]. The basis codewords are

|0̄〉 =
1√
3

(|300〉+ |030〉+ |003〉),

|1̄〉 = |111〉.
(3.8)

The �delity in this case is γ3 + 3γ2(1− γ) = 1− 3(1− γ)2 + 2(1− γ)3. Moreover, note that all

three codes given above are capable of exactly correcting only the loss of one photon, as can

be easily seen by checking the KL conditions. An example for a proper two-photon-loss code

is [53]

|0̄〉 =
1

2
|90〉+

√
3

2
|36〉,

|1̄〉 =
1

2
|09〉+

√
3

2
|63〉,

(3.9)

whose worst-case �delity is found to be F = γ9 + 9γ8(1− γ) + 36γ7(1− γ)2 ≈ 1− 84(1− γ)3.

What these codes also have in common is their small number of optical modes, at the expense

2In Appendix D, we present an experimentally feasible scheme to realize such a loss-protected qubit.
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of having rather large maximal photon numbers in each mode (in order to obtain a su�ciently

large Hilbert space). Conversely, codes that have at most one photon in any mode, but a

correspondingly large total mode number, are, for example, the quantum parity codes (QPCs).

The simplest non-trivial QPC, denoted as QPC(2,2), reads as follows [62]:

|0̄〉 =
1√
2

(|10101010〉+ |01010101〉),

|1̄〉 =
1√
2

(|10100101〉+ |01011010〉).
(3.10)

It also corrects exactly the loss of one photon.

3.2.2 Approximate codes

All exact codes presented in the last section consist of superpositions of states with a �xed

photon number. Di�erent from these is the following code [63]:

|0̄〉 =
1√
2

(|0000〉+ |1111〉),

|1̄〉 =
1√
2

(|0011〉+ |1100〉).
(3.11)

This code is conceptually distinct, because it does not satisfy the usual KL conditions. It

satis�es certain relaxed conditions, which leads, in a more general setting, to approximate

quantum error correcting schemes [63]. The above approximate code still satis�es the KL

conditions up to linear order in 1 − γ, corresponding to one-photon-loss correction, while it

requires 4 physical qubits (single-rail qubits encoded as vacuum |0〉 and single-photon |1〉)
instead of 5 physical qubits for the minimal universal one-qubit-error code [64, 65]. Note that

for dual-rail physical qubits (i.e., the approximate Leung code [63] concatenated with standard

optical dual-rail encoding), one obtains QPC(2,2), which is then an exact one-photon-loss code.

Recently, also the concept of an approximate single-mode bosonic code was introduced whose

codewords are �nite superpositions of certain multiples of the photon number [47]. The easiest

code which is an approximate one loss code reads as

|0̄〉 =
1√
2

(|0〉+ |4〉),

|1̄〉 = |2〉,
(3.12)

where now only the average photon number in each codeword is equal, namely 2. The structural

resemblance between this code and that in Eq. (3.5) is striking. But in terms of �delity, this

code equals the code in Eq. (3.11), because of the same average photon number.
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Another approach to optical, loss-adapted QEC is to encode a logical qubit into the full Hilbert

space of a single oscillator mode [66, 44, 45]. Such a code can make explicit use of the in�nite-

dimensional Hilbert space already available with just one optical, physical mode. Nonetheless,

by sticking to a �nite-dimensional (logical qubit) code space, such codes also circumvent existing

no-go results for e�cient QEC of logical continuous-variable Gaussian states encoded into

physical, multi-mode Gaussian states [67, 68, 69, 70, 71] and subject to Gaussian error channels

[72]. More precisely, non-Gaussian logical states alone, such as logical qubits, are actually

not enough to circumvent those no-go results when both error and recovery channels are of

Gaussian nature [73]. Note that the AD (photon-loss) channel is indeed a Gaussian channel.

Nonetheless, non-Gaussian logical states subject to Gaussian error channels together with non-

Gaussian ancilla states [66, 74] or with non-Gaussian operations [45, 44] for the recoveries do

the trick. Similarly, Gaussian logical states subject to non-Gaussian error channels with only

Gaussian recovery operations su�ce to circumvent the no-go theorem [70, 71].

The qubit-into-oscillator codes are approximate codes based on non-orthogonal codewords that

become perfect for in�nite squeezing [66] or for in�nitely large coherent-state amplitudes [45,

44]. Note that the Glancy-Knill-Preskill (GKP) code with codewords as superpositions of

position (quadrature) eigenstates [66] is a universal code, whereas the "cat code" with codewords

as even cat states (that is superpositions of even photon numbers) [45, 44] is speci�cally adapted

to photon loss errors.

The codewords of the cat code presented in [44, 45] are given by

|0̄+〉 ∼ |α〉+ | − α〉,

|1̄+〉 ∼ |iα〉+ | − iα〉.
(3.13)

By writing the coherent states in the Fock basis, one can easily con�rm that both codewords

have only even photon number terms. If a photon gets lost, it is intuitively clear that the

codewords will jump into the odd parity space. The idea is to detect the loss error via a parity

measurement. A detailed analysis of the behavior of this approximate one-loss code under the

AD channel as well as its performance in terms of �delities is so far missing and therefore the

topic of Section 6.1.
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Chapter 4

Quantum repeaters (QRs)

The faithful transmission of photonic quantum information over large distances is one of the

most challenging tasks in practical quantum information. As pointed out in Section 2.1, the

transmission probability γ of a single photon decays exponentially with the length L of the

optical �ber channel,

γ = exp(−L/22km),

such that photon loss, represented by the AD channel, becomes a serious problem. Unlike

classical information, quantum states cannot be ampli�ed without adding extra noise due to

the no-cloning theorem [14]. Quantum repeaters were therefore introduced to overcome the

problem of transmission loss [16, 17, 18].

From the perspective of the most recent quantum repeater research, a quantum repeater proto-

col can be classi�ed into three distinct categories, referred to as quantum repeater generations

[19, 23]. We discuss all three generations in some detail in the next sections.

4.1 First-generation QR

In �rst-generation quantum repeaters, the total distance L to be covered is divided into 2n

segments of elementary length L0 = L/2n (see Fig. 4.1).

In each segment, a maximally entangled state, e.g. |10〉 + |01〉, covering the distance L0 is

generated. Neighboring links are then connected via entanglement swapping [21], i.e. a Bell

measurement on adjacent repeater nodes. If two segments are successfully connected, an en-

tangled state over the distance 2L0 is generated. Then these new neighboring links are again

connected to create segments of length 4L0 and so on.

Since both the entanglement generation and the entanglement swapping are potentially proba-

bilistic, it is important to perform both tasks in a heralded fashion. Moreover, the opportunity

to store the successfully generated entangled states is a prerequisite, since neighboring links do

not necessarily herald entanglement at the same time. In addition, the entanglement swapping
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Figure 4.1: Basic principle of a �rst-generation quantum repeater: a) Entanglement is generated
over a rather small distance L0. b) Entanglement swapping is performed on adjacent repeater
nodes (yellow boxes) to entangle the nodes over a distance 2L0. c) In the next step, the distance
is increased by further entanglement swappings on the previously generated pairs. d) Finally,
an entangled state over the distance 4L0 is generated. Note that the entanglement generation
process a) as well as the swapping operation are usually non-deterministic and that at any time
puri�cation steps can be performed.

operation could fail and the corresponding segments have to be prepared anew, while other seg-

ments have to wait. To handle both scenarios, quantum memories with reasonable coherence

times are required which limits the total communication distance.

In general, both transmission loss and memory errors lead to decoherence and instead of a

pure maximally entangled Bell state, a mixed entangled state is generated over the distance L0.

Therefore, already on the elementary segments of length L0, a few rounds of puri�cation could

be necessary to achieve reasonable initial �delities before entanglement swapping operations

are performed. Furthermore, after some rounds of entanglement swappings or at the very end,

the obtained state can be further puri�ed to increase the �nal �delity.

For a given total distance L it is not trivial to �nd the right repeater strategy. The only �xed

parameter is the success probability of the swapping pswap operation. One is still free to choose

the elementary distance L0 which also determines the number of swappings, the number of

necessary memories and at least partially the initial entanglement generation probability p0. A

crucial point is the number of rounds of puri�cations on each initial entangled state and if and

when to do further puri�cations.

To assess the performance of a �rst-generation quantum repeater protocol in dependence of

the free parameters and to compare di�erent physical platforms, the average repeater rate is

a suitable measure. The average repeater rate, in the following just called rate for short, is

de�ned as the number of entangled pairs distributed over the distance L per unit time. It is

therefore desired to choose the free parameters such that a maximal rate can be achieved. In

general, however, the rate is limited by L/c [19].
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Besides the rate that measures the time consumption of the repeater protocol, the quality of

the �nal state in terms of �delity is a second performance measure. Therefore, the goal is to

achieve high rates and high �delities.

As we will also see in our rate analysis in Section 7.1.1, there is typically a trade-o� between

rate and �delity in �rst-generation quantum repeater protocols. High �delities usually come

at the cost of low rates and vice versa such that a happy medium has to be accepted. Many

di�erent physical systems and platforms have been investigated to realize �rst-generation quan-

tum repeaters. Among these are single trapped ions [75], neutral atoms [76] and NV centers [77].

4.1.1 DLCZ-type quantum repeaters

One of the most prominent instances of a �rst-generation quantum repeater scheme is the

well-known DLCZ protocol [78, 18] which uses atomic ensembles as quantum memories and

single photons with linear optics for entanglement distribution and swapping. A remarkable

feature of the DLCZ scheme is that entanglement puri�cation is built into the process of initial

entanglement distribution and swapping (purifying the entangled atomic ensembles from the

e�ects of transmission and memory losses, respectively).

The entanglement generation between two atomic ensembles works by detecting a Stokes photon

emitted by one of the two ensembles. The e�ective joint state of one ensemble and its Stokes

mode can be described as a two-mode squeezed state in the limit of very small squeezing, i.e.

|Ψ〉al = |00〉al + r|11〉al +O(r2), (4.1)

where r is the squeezing parameter and labels "a" stand for the atomic ensemble and "l" for

the light mode, respectively. Combining the two ensembles and their Stokes modes, the total

state reads

|00 >aa |00〉ll + r|01 >aa |01〉ll + r|10 >aa |10〉ll +O(r2)

where we reordered the modes and neglected higher order terms. The light modes are now sent

over the desired distance, mixed at a symmetric beam splitter to erase which-path information

and �nally measured using a photon number resolving detector. We see that the two light

modes are e�ectively encoded using the quantum error detection code presented in Eq. (2.14)

in Section 2.3. A maximally entangled state between the two atomic ensembles is thus produced

if and only if exactly one photon is detected after the beam splitter. Otherwise the generation

process has to be repeated.

The same principle of error detection is automatically included in the entanglement swapping

operation. If we are given two maximally entangled states of atomic ensembles next to each

other, the swapping operation again works by mixing the Stokes modes of adjacent ensembles
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at a symmetric beam splitter and again success is heralded when exactly one single photon

is detected, otherwise the swapping failed and one has to start again with the entanglement

generation.

Due to transmission and memory loss, the �nal distributed entangled state is a mixture of the

target maximally entangled state and the two-mode vacuum state. The DLCZ protocol ensures

that the vacuum component grows subexponentially with the total distance. Nevertheless, the

statistical weight (later referred to as the �delity) of the desired state is rather small for long

distances. By using two repeater chains and two copies of noisy two-mode entangled states,

the DLCZ protocol proposes postselection to create a four-mode entangled state containing two

photons in total. This postselection procedure is probabilistic and could be realized by local

QND measurements on each side of the links. More practical is the direct consumption of the

corresponding photons for some application such as long-distance quantum cryptography. If

successful, unit �delity can be in principle achieved.

The DLCZ protocol has created much attention and various implementations, variations and

generalizations have been proposed. In [79], a di�erent qubit basis was chosen and active

puri�cation included. A similar approach was presented in [80] and [81]. Another variation

[82] uses pair sources and multi-mode quantum memories while in [83] high-�delity entangled

pairs are locally prepared and long-distance entanglement is generated by means of two-photon

detections.

4.1.2 Hybrid-type quantum repeaters

Another suitable �rst-generation "hybrid quantum repeater" protocol for the distribution of

atomic qubit-qubit entanglement was given in [84, 85]. As in other hybrid quantum informa-

tion processing schemes [86], this protocol combines the advantages of discrete and continuous

variable quantum states. Atomic two-level systems with long coherence time serve as quantum

memories while optical coherent states are used to generate the initial entanglement between

the atoms using dispersive light-matter interactions and highly e�cient homodyne measure-

ments. Employing such Gaussian measurements and Gaussian states as the initial resources

appears very attractive from a practical point of view compared to repeater schemes based on

the generation and detection of single photons. A particular experimental demonstration of this

scheme is proposed in [87]. Another, similar hybrid quantum repeater protocol can be found in

[88] and a recent hybrid approach to entanglement swapping using coherent states and linear

optics can be found in [89].

The physical setup for a qubit HQR is as follows: the qubit is represented by the two spin states

|0〉 and |1〉 of an atomic electron. The atom is placed into a cavity and the electronic spin in-

teracts with a bright coherent light pulse. The situation at hand is theoretically described by

the Jaynes-Cummings model in the limit of large detuning [90], i.e. the probe pulse and the
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cavity are in resonance, but both are detuned from the resonance frequency of the electronic

transition.

The interaction Hamiltonian in this model reads H(2)
int = ~gσzâ†â, where σz = −1

2
|0〉〈0|+ 1

2
|1〉〈1|

is the Pauli-operator on the spin state and â†â is the photon number operator of the light mode.

Furthermore, the parameter g describes the strength of the spin-light coupling.

Based on this interaction Hamiltonian, the corresponding unitary transformation is given by

U2(θ) = exp(iθσzâ
†â) (with θ = gt being an e�ective interaction time) and, up to an uncon-

ditional phase shift of the mode by eiθ/2, acts on the spin-light system e�ectively as a phase

rotation, i.e.

U2(θ)[(|0〉+ |1〉)|α〉] = |0〉|α〉+ |1〉|αeiθ〉. (4.2)

In the literature, this interaction is also known as dispersive interaction [91].

For the generalization that we are aiming at, we consider the case θ = π, corresponding to

a strong interaction resulting in coherent states | ± α〉 on the light mode. Note that this is

opposite to the original HQR-scheme of [84] where weak dispersive interactions are assumed.

The repeater protocol works as follows: the matter system is prepared in the state |0〉 + |1〉
and interacts dispersively with a single-mode coherent state |α〉 (referred to as "qubus") as

described by Eq. (4.2). Note that this leads to a pure entangled state between the light mode

and the matter system.

The light mode is then sent through an optical channel of length L where it inevitably su�ers

from photon loss. As pointed out in Section 2.1, the action of photon loss can be simulated

by mixing the light mode with a vacuum state at a beam splitter with transmittance γ =

exp
(
− L
Latt

)
(see the discussion below (2.6)).

After applying the beam splitter, the total pure state of the matter system, the qubus light

mode and the loss mode reads as

1√
2

(|0〉|√γα〉|
√

1− γα〉+ |1〉| − √γα〉| −
√

1− γα〉). (4.3)

The joint state of the matter system and the relevant light mode is obtained by tracing out the

loss mode. Since the coherent states |α〉 and | −α〉 are not orthogonal, it is useful to transform
these into an orthogonal basis. A suitable orthogonal basis in this case is the basis of even and

odd cat states (throughout we assume α ∈ R),

|u〉 = 1√
Nu(α)

(|α〉+ | − α〉), (4.4)

|v〉 = 1√
Nv(α)

(|α〉 − | − α〉), (4.5)

with normalization constants Nu(α) = 2(1 + e−2α2
) and Nv(α) = 2(1 − e−2α2

). Expressed in

this basis, one has
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|α〉 =
1

2
(
√
Nu(α)|u〉+

√
Nv(α)|v〉), (4.6)

| − α〉 =
1

2
(
√
Nu(α)|u〉 −

√
Nv(α)|v〉). (4.7)

After tracing out the loss mode in this basis, the resulting state of the matter system and the

qubus light mode becomes

ρout =
Nu(
√

1− γα)

4

[
1

2
(|0〉|√γα〉+ |1〉| − √γα〉)

]
×H.c.

+
Nv(
√

1− γα)

4

[
1

2
(|0〉|√γα〉 − |1〉| − √γα〉)

]
×H.c.

(4.8)

This is a mixed entangled state between the matter system and the qubus. To study the

entanglement of such a state, and also for later purposes, it is most convenient to use directly

the |ũ〉, |ṽ〉-basis on the light mode , where ∼ refers to the basis vectors in Eqs. (4.4) and (4.5)

with damped amplitudes
√
γα.

In addition, a basis change on the matter system into the conjugate X -basis, |0̃〉 = 1√
2
(|0〉+ |1〉)

and |1̃〉 = 1√
2
(|0〉 − |1〉), gives the expression

ρout =
Nu(
√

1− γα)

4

[
1

2
(
√
Nu(
√
γα)|0̃〉|ũ〉+

√
Nv(
√
γα)|1̃〉|ṽ〉)

]
×H.c.

+
Nv(
√

1− γα)

4

[
1

2
(
√
Nu(
√
γα)|1̃〉|ũ〉+

√
Nv(
√
γα)|0̃〉|ṽ〉)

]
×H.c.,

(4.9)

which represents the state in Eq. (4.8) in suitable binary orthogonal bases for both the matter

system and the qubus. Note that this does not change the entanglement properties of the state,

since any entanglement measure is invariant under local basis changes [92, 33].

Also note that this matter-light qubit-qubus entangled state e�ectively remains an entangled

qubit-qubit state, since the two initial coherent states of the qubus span a two-dimensional

qubit space and because individual coherent states remain pure after a loss channel.

After traveling through the optical �ber over the distance L0, the light mode interacts disper-

sively with a second matter system, also prepared in the state |0〉+ |1〉, but this time with the

inverse angle, θ = −π.
The joint tripartite state, written in the same basis as in Eq. (4.8), then becomes

ρout =
Nu(
√

1− γα)

4
|C0〉〈C0|+

Nv(
√

1− γα)

4
|C1〉〈C1|, (4.10)

where
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|C0〉 =
1√
2

(|φ+〉|√γα〉+ |ψ+〉| − √γα〉), (4.11)

and

|C1〉 =
1√
2

(|φ−〉|√γα〉+ |ψ−〉| − √γα〉). (4.12)

Here, |φ±〉 and |ψ±〉 denote the four qubit Bell states already de�ned right after Eq. (2.8).

The component |C0〉 in Eq. (4.10) is the target component, whereas |C1〉 is the loss component

that vanishes in the loss-free case. Indeed, for γ → 1, one observes Nu(0) = 4 and Nv(0) = 0

such that in this case the corresponding output density operator ρout = |C0〉〈C0| represents a
pure state.

To achieve the goal of distributing entanglement between the two separated matter systems over

the distance L0, the �nal step is a measurement on the light mode, for instance, by homodyne

detection.

Unlike in the original hybrid quantum repeater protocol where the dispersive interaction is

assumed to be weak (and hence a p-homodyne detection is ultimately preferred over an x-

homodyne detection with, respectively, state distinguishabilities ∼ αθ versus αθ2 for small

but otherwise un�xed θ), the suitable detection scheme in our case is a measurement of the

quadrature x̂ = 1
2
(â+ â†) instead of p̂ = 1

2i
(â− â†).

The position distribution of coherent states with complex amplitude β can be obtained by the

square of their wave functions,

|ψβ(x)|2 =

√
2

π
exp

(
−2(x− Re(β))2

)
. (4.13)

Because of the �nite overlap of the coherent states |√γα〉 and | − √γα〉, it is impossible to

perfectly distinguish these states and an error due to this non-orthogonality has to be taken

into account. Based on Eq. (4.13), it is obvious that |√γα〉 and | − √γα〉 have Gaussian

position distributions around
√
γα and −√γα, respectively. It is therefore useful to assign the

result of the x̂-measurement to one of three possible windows.

The �rst window is w0 = [
√
γα − ∆,∞] with

√
γα > ∆ > 0. If the measurement results

fall into this range, then the light mode is e�ectively projected onto |√γα〉. Note that this

is an approximate projection due to the non-orthogonality, i.e. the resulting state is still a

superposition of |φ+〉 and |ψ+〉 in the �rst component where the weight of the latter can be

reduced by increasing the value of
√
γα. The same is true in the second component for |φ−〉

and |ψ−〉.
As for the second window we de�ne w1 = [−∞,−√γα + ∆] which is symmetric to w0 and

therefore represents the approximate projection on | − √γα〉. Unlike w0, one has now |ψ±〉
as the dominant terms in the superpositions in the two components. It is again true that the

24



x

p

w0w1 w2

Figure 4.2: Phase space representation of the two coherent states |α〉 and | − α〉 to be distin-
guished by homodyne detection.

non-dominant term in the superposition can be made arbitrarily small by increasing
√
γα. A

third window can be de�ned in between w0 and w1, and a measurement result in this range

will be considered as a failure event to be discarded.

Valid measures for the performance of this entanglement distribution scheme are the success

probabilities of the two non-failure windows w0 and w1 as well as the �delity of the corresponding

target state in the �rst component. As the �delity, we de�ne the overlap of the maximally

entangled Bell states |φ+〉 (w0) or |ψ+〉 (w1) with the mixed state (4.10) after the homodyne

measurement.

The success probability for a measurement result to fall into the �rst window reads

pw0 =
1

2

∞∫
√
γα−∆

dx(|ψ√γα(x)|2 + |ψ−√γα(x)|2). (4.14)

For the second window, we have

pw1 =
1

2

−√γα+∆∫
−∞

dx(|ψ√γα(x)|2 + |ψ−√γα(x)|2), (4.15)

which equals pw0 for symmetry reasons. The same holds true for the two �delities,

Fw0 = Fw1

=
Nu(
√

1− γα)

4

−√γα+∆∫
−∞

dx|ψ√γα(x)|2

−√γα+∆∫
−∞

dx(|ψ√γα(x)|2 + |ψ−√γα(x)|2)

.
(4.16)
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The formulae for the �delities and the success probabilities imply the crucial dependence of

the performance on the choice of ∆ and
√
γα: if we choose ∆ = ∆0 :=

√
γα, then we have

no failure window and every measurement result is assigned to one of the two coherent states

| ± √γα〉. The corresponding success probability equals unity at the expense of a rather low

�delity.

With ∆ < ∆0, the success probability is clearly less than unity and the �delity correspondingly

increases.

In general, the �delity drops for too small
√
γα due to the non-orthogonality and thus indis-

tinguishability of the coherent states | ± √γα〉. The overall e�ect becomes manifest in bit-�ip

errors in the target Bell state.

Though leading to near-orthogonality, large
√
γα lead to a near-equally mixture of the state

in Eq. (4.10) which then, after a near-deterministic discrimination, consists of one of the two

possible Bell states in the �rst component and its phase-�ipped version in the second. This

state has therefore very low entanglement and hence is of limited practical interest.

So the task is to �nd a regime of α and distances L0 such that both reasonable �delities and

success probabilities can be obtained.

Besides homodyne detection, unambiguous state discrimination (USD) has been considered for

hybrid quantum repeaters in the literature. The advantage here is that the e�ects originating

from the �nite overlaps of the coherent states no longer appear in the �delity thanks to an

error-free state discrimination. The corresponding e�ects solely in�uence the success proba-

bilities depending on the weights of the inconclusive discrimination results. Two-state USD

for coherent states | ± √γα〉 is well-known and can be optimally performed via a single beam

splitter and on-o� detections [93].

Further steps in the original repeater protocol address the puri�cation of the mixed state in

Eq. (4.10) after homodyne detection and entanglement swapping on the matter system or via

the qubus to distribute the generated entanglement over longer distances. For more details, see

[84].

We generalize the �rst-generation hybrid quantum repeater scheme presented in [84] to higher

dimensions in Section 7.1.1.

4.2 Second-generation QR

A fundamental drawback in �rst-generation quantum repeaters is the necessity of rather long

memory coherence times. The resulting restriction of the total communication distance has

been �rst overcome with the introduction of second-generation quantum repeaters by Jiang et

al. [94].

In [94], unlike �rst-generation quantum repeater protocols, the memories are protected by the
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usage of quantum error correction codes against the speci�c memory errors.

In an elementary link, the goal is to distribute an encoded Bell state over a distance L0. After

entanglement generation, quantum error correction on the memories takes place to increase

the initial �delity of the entangled state. Using quantum error correction, some of the time-

consuming puri�cation steps can be avoided. Since the error correction steps are performed

locally, no communication between di�erent parties is necessary and thus the error correction

scheme can be faster than schemes involving puri�cation. Indeed, the rate of such a repeater

scheme is limited by L0/c [19].

After encoded entangled states in elementary links next to each other have successfully gen-

erated, entanglement swapping at the encoded level has to be performed. This requires gates

and operations like CNOT gates which can further introduce errors. However, by a suitable

choice of the quantum error correction code to be used, one is able to correct both, memory

and operational errors. In [94], this is done by using Calderbank-Shore-Steane (CSS) codes

[22], a special class of stabilizer codes which show the property of transversality and lead to the

concept of error correcting teleportation [95]. It can be shown that quantum error correction

and entanglement swapping can be done with the same set of gates.

Besides [94], not much attention has been paid to second-generation quantum repeater schemes.

In [96], the hybrid quantum repeater protocol of reference [84] has been modi�ed to tackle mem-

ory errors using CSS codes and repetition codes. Apart from that, a similar approach for the

distribution of streams of entangled qubits in the framework of quantum networks has been

considered [97].

4.3 Third-generation QR

Though suppressing memory and gate errors and possibly reducing the number of rounds of

entanglement puri�cation steps, second-generation quantum repeaters still need two-way com-

munication between the repeater nodes for heralded entanglement generation. Apart from that,

photon loss protection in both �rst and second-generation quantum repeater schemes is only

implicitly included. The key idea of third-generation quantum repeater protocols is hence the

employment of quantum error correction for both photon loss and operational errors.

As a speci�c instance of a third-generation quantum repeater, one-way quantum communi-

cation schemes were introduced [23] (see Fig. 4.3). Inspired by one-way quantum computing

schemes [98], an encoded quantum state is sent from a sending station directly through an opti-

cal �ber of length L0 to reach the �rst repeater station while su�ering from a moderate amount

of photon loss for su�ciently small L0. In each intermediate station, teleportation-based error

correction [95] is performed before the corrected state is sent to the next repeater station. For

logical qubits, error correcting is realized by Bell-state preparation and Bell measurements at
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Figure 4.3: Except of a one-way quantum repeater: encoded quantum information is sent
through an optical channel while losses are corrected by means of quantum error correction at
intermediate stations separated by rather small distances L0.

the encoded level, which requires encoded Pauli operations as well as encoded Hadamard and

CNOT gates. This schemes uses QPCs for the loss protection and the syndrome identi�cation

and recovery process in every repeater station are realized in the framework of circuit quantum

electrodynamics [99]. A similar and more practical scheme was presented in [100, 101] where the

encoded Bell measurements are implemented with a static network of linear optical elements.

As pointed out in [102], error correcting teleportation can be generalized to logical qudits using

qudit Pauli and SUM gates together with qudit Hadamard gates.

The essential advantage of a third-generation repeater is that there is no need to temporarily

store entangled states until neighboring entangled states have been distributed and puri�ed,

and there is also no need to send classical information back and forth between repeater sta-

tions. A third-generation repeater therefore only requires one-way classical communication and,

in principle, no quantum memories are needed at all [103]. The rate is therefore only limited

by the speed of local operations and quantum information can then be sent directly at rates

that approach, in principle, those achievable in classical communication.

A conceptually distinct version of such a loss-error-correction-based repeater is the all-optical

scheme of Azuma et al. [104] based on the distribution of entangled cluster states. This

scheme also relies on su�ciently fast feedforward operations. Third-generation quantum re-

peater schemes play a crucial role in this thesis because quantum error correcting codes against

photon loss are their key ingredient. We will apply the codes to be constructed in Section 5

and 6 directly in one-way communications schemes and determine the performance in terms of

success probabilities and �nal �delities.
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Chapter 5

QEC against photon loss using NOON

states

Based on the error operators for AD (Eq. (2.6)) and the KL-conditions for QEC (Eq. (3.1)),

new explicit quantum codes against photon loss for logical qubits based on NOON states and

beam splitter operations are systematically developed. The resulting codes are intermediate

between QPCs and bosonic codes, because they use N2 photons in 2N modes with at most N

photons per mode. Our code is a block code like QPC and unlike the general bosonic code,

with the same number of blocks as QPC, but with the N2 photons distributed among a smaller

number of modes in every block compared to QPC. It turns out that only in our scheme both

the total mode number and the maximal photon number per mode scale linearly with N to

achieve protection against N − 1 losses.

We then discuss the extension of this systematic scheme to logical qudits (d-level systems) in

a natural manner by switching from beam splitters to general multi-port devices. It is shown

that the scaling of the �delity only depends on the total photon number and, especially, that

it is independent of the dimension of the logical qudit. After that, we present an in-principle

method for the generation of an arbitrary logical qubit state for the one-photon-loss qubit code

based on linear optics and light-matter interactions.

Before deriving the di�erent codes, we �rst provide a brief introduction to NOON states and

the notion of linear-optical devices in the framework of quantum optics.
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5.1 NOON states

So-called NOON states are an important resource in optical quantum information science [105,

106, 107, 108]. First introduced in 1996 [109], they are bipartite entangled, N -photon two-mode

states where the N photons occupy either one of two optical modes,

1√
2

(|N0〉+ |0N〉). (5.1)

NOON states have been widely used in quantum communication [110], quantum metrology

[111] and quantum lithography [112], because they allow for super-sensitive measurements, e.g.

in optical interferometry. This is related to the substandard quantum-limit behavior of NOON

states, i.e. a factor
√
N improvement to the shot noise limit can be achieved [113]. Due to their

practical relevance, various schemes for NOON state generation based on strong non-linearities

[114, 115] or measurement and feed-forward [116, 117, 118] have been proposed 1. Unfortunately,

NOON states are very fragile, which focused recent research on their entanglement and phase

properties in noisy environments [119] or on the enhancements of NOON state sensitivity by

non-Gaussian operations [120].

5.2 Linear optics

Passive linear optical devices such as beam splitters and their generalization are a basic ingre-

dient for the NOON codes to be developed in the next sections. We therefore brie�y review

the notion of linear optics [10, 43].

In the general case, a linear optical device is best understood in the Heisenberg picture. A gen-

eral optical device transforms d input modes into d output modes which can also be expressed

as a transformation on the corresponding creation and annihilation operators of the modes. A

linear optical device is de�ned by the linear relation between the annihilation operators of the

input modes âi, i = 0, ..., d− 1 and the annihilation operators of the output modes b̂i:

b̂i =
d−1∑
j=0

Uij âj. (5.2)

Here, the unitary matrix U , connecting the input and output modes and ensuring photon

number preservation, is arbitrary. In the case d = 2, this transformation corresponds to a

beam splitter [121] and the corresponding unitary is given by

U =

( √
η

√
1− η

√
1− η −√η

)
, (5.3)

1In Appendix D, we present another experimentally feasible scheme to realize arbitrary NOON states.
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such that the input annihilation operators â1 and â2 are transformed by a beam splitter with

transmittance η according to â1 →
√
ηâ1 +

√
1− ηâ2 and â2 →

√
1− ηâ1−

√
ηâ2. More general

beam splitter transformations would include additional phase shifts.

By means of the linear input-output relation, the action of the above beam splitter transfor-

mation on any two-mode state can be calculated. Written in the Fock basis, the e�ect of the

beam splitter transformation is described by

|m,n〉 7→
m,n∑
j,k=0

√
(j + k)!(m+ n− j − k)!

m!n!

(
m

j

)(
n

k

)
×(−1)k

√
ηm+j−k√1− η

n−j+k
|m+ n− j − k, j + k〉.

(5.4)

In the case of a 50:50 beam splitter (
√
η =
√

1− η = 1√
2
), this reduces to

|m,n〉 7→
m,n∑
j,k=0

√
1

2

n+m√
(j + k)!(m+ n− j − k)!

m!n!

(
m

j

)(
n

k

)
(−1)k|m+ n− j − k, j + k〉,

(5.5)

and we obtain in particular the expressions

BS[|N0〉] =

√
1

2

N N∑
j=0

√(
N

j

)
|N − j, j〉,

BS[|0N〉] =

√
1

2

N N∑
j=0

(−1)j

√(
N

j

)
|N − j, j〉,

(5.6)

which play a central role in the next section.

In the remainder of this chapter, we only need symmetric linear optical devices. In complete

analogy to the 50:50 beam splitter, the symmetric tritter transformation T of the annihilation

operators â1, â2 and â3 of three optical modes is given by

â1 7→
1√
3

(â1 + â2 + â3),

â2 7→
1√
3

(â1 + e
2πi
3 â2 + e−

2πi
3 â3),

â3 7→
1√
3

(â1 + e−
2πi
3 â2 + e

2πi
3 â3).

(5.7)

By induction, one easily veri�es that a symmetric d splitter on d optical modes with annihilation

operators âi, i = 0, 1, .., d− 1 can be described as

âk 7→
d−1∑
j=0

e
2πikj
d âj. (5.8)
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General expressions for arbitrary multi-mode Fock states (as in Eq. (5.5) for d = 2) are not

very insightful, so we do not display them here. Expressions for special cases similar to the

input states in Eq. (5.6) are derived in Section 5.4.

5.3 Qubit codes

Let us consider the following qubit codewords de�ned in the three-dimensional Hilbert space

of two photons distributed among two modes,

|0̄〉 =
1√
2

(|20〉+ |02〉),

|1̄〉 = |11〉.
(5.9)

The action of the AD channels on the two modes of the logical qubit |Ψ̄〉 = c0|0̄〉+ c1|1̄〉 is 2

A0 ⊗ A0|Ψ̄〉 =
√
γ2|Ψ̄〉,

A1 ⊗ A0|Ψ̄〉 =
√
γ(1− γ)(c0|10〉+ c1|01〉),

A0 ⊗ A1|Ψ̄〉 =
√
γ(1− γ)(c0|01〉+ c1|10〉),

(5.10)

including the �rst three error operators E1 = A0 ⊗ A0, E2 = A1 ⊗ A0 and E3 = A0 ⊗ A1, of

which the last two describe the loss of a photon. Obviously, the one-photon-loss spaces are

not orthogonal (they are even identical) and the qubit is subject to a random bit �ip for the

one-photon-loss case. A di�erent choice would be:

|0̄〉 =
1

2
|20〉+

1

2
|02〉+

1√
2
|11〉,

|1̄〉 =
1

2
|20〉+

1

2
|02〉 − 1√

2
|11〉.

(5.11)

After AD, this becomes:

A0 ⊗ A0|Ψ̄〉 =
√
γ2|Ψ̄〉, (5.12)

A1 ⊗ A0|Ψ̄〉 =
√
γ(1− γ)× (c0

1√
2

(|10〉+ |01〉) + c1
1√
2

(|10〉 − |01〉)),

A0 ⊗ A1|Ψ̄〉 =
√
γ(1− γ)× (c0

1√
2

(|10〉+ |01〉)− c1
1√
2

(|10〉 − |01〉)).

Here, the phase �ip in the last line corresponds to a violation of the KL criteria,〈0̄|E†2E3|0̄〉 6=
〈1̄|E†2E3|1̄〉, preventing the encoding from being a proper quantum error correcting code. In-

deed, again we have identical one-photon-loss spaces. One can easily verify that any choice of

2In the remainder of this chapter c0, c1, .., cd−1 ∈ C are the coe�cients of our logical qudits.
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codewords will either lead to overlapping one-photon-loss spaces or the qubit is completely lost.

A possible remedy is to construct codes composed of blocks.

To demonstrate this, we �rst deal with the speci�c example for encoding a logical qubit. De�ne

|t2,20 〉 = BS[|20〉] =
1

2
|20〉+

1

2
|02〉+

1√
2
|11〉,

|t2,21 〉 = BS[|02〉] =
1

2
|20〉+

1

2
|02〉 − 1√

2
|11〉,

(5.13)

as the "input states" for our encoding, where BS[ ] denotes a 50:50 beam splitter transforma-

tion. Now by means of a Hadamard-type operation on |t2,20 〉 and |t
2,2
1 〉, the following states are

obtained:

|0̃〉 =
1√
2

(|t2,20 〉+ |t2,21 〉) =
1√
2

(|20〉+ |02〉),

|1̃〉 =
1√
2

(|t2,20 〉 − |t
2,2
1 〉) = |11〉.

(5.14)

Note that |1̃〉 equals BS[ 1√
2
(|20〉 − |02〉)], whereas |0̃〉 is the two-photon NOON state which is

invariant under the beam splitter transformation. A logical qubit can now be encoded according

to

|Ψ̄〉 = c0|0̃〉|0̃〉+ c1|1̃〉|1̃〉 ≡ c0|0̄〉+ c1|1̄〉. (5.15)

We prove in the following that the codewords

|0̄〉 = |0̃〉|0̃〉 =
1√
2

(|20〉+ |02〉) 1√
2

(|20〉+ |02〉) =
1

2
(|2020〉+ |2002〉+ |0220〉+ |0202〉),

|1̄〉 = |1̃〉|1̃〉 = |1111〉,
(5.16)

form a quantum error correcting code for the AD channel. Calculating the action of AD on the

basis codewords and checking the KL conditions, we obtain

A0 ⊗ A0 ⊗ A0 ⊗ A0|Ψ̄〉 =
√
γ4|Ψ̄〉,

A1 ⊗ A0 ⊗ A0 ⊗ A0|Ψ̄〉 =
√
γ3(1− γ)

(
c0√

2
(|1020〉+ |1002〉) + c1|0111〉

)
,

A0 ⊗ A1 ⊗ A0 ⊗ A0|Ψ̄〉 =
√
γ3(1− γ)

(
c0√

2
(|0120〉+ |0102〉) + c1|1011〉

)
, (5.17)

A0 ⊗ A0 ⊗ A1 ⊗ A0|Ψ̄〉 =
√
γ3(1− γ)

(
c0√

2
(|2010〉+ |0210〉) + c1|1101〉

)
,

A0 ⊗ A0 ⊗ A0 ⊗ A1|Ψ̄〉 =
√
γ3(1− γ)

(
c0√

2
(|2001〉+ |0201〉) + c1|1110〉

)
.
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The KL conditions are obviously ful�lled for one-photon-loss errors. Note that, after losing any

two or more photons, the logical qubit cannot be recovered anymore.

To be able to actively perform quantum error correction, it is a necessary task to determine the

syndrome information, i.e. in our case the location (the mode) where a photon loss occurred.

To get this information, we �rst measure the total photon number per block. If the result is

"2" on each block, there is no photon missing and the logical qubit is una�ected. However, if

for example a photon got lost on the �rst mode, the result is "1" for the �rst block and "2"

for the other. This result is not unique, because there are still two possible corrupted states

with this measurement pattern. In order to resolve this, inter-block photon number parity

measurements with respect to modes 2+3 and 1+4 are suitable. The results "even-odd" and

"odd-even" uniquely determine the corrupted state which can then be accordingly recovered.

Note that all the measurements discussed here are assumed to be of QND-type such that also

higher photon losses can be non-destructively detected. But so far these cannot be corrected

by means of the encoding.

To assess the performance of this code, we use the worst-case �delity, as de�ned in Eq. (3.4).

A short calculation shows

F = γ4 + 4γ3(1− γ) ≈ 1− 6(1− γ)2. (5.18)

Note that this code has the same scaling as the four-photon-code of [53] described by Eq.(3.5).

For higher losses, we can use NOON states with higher photon number to encode a logical

qubit. For this purpose, let us de�ne the input states for the codewords as

|t2,30 〉 = BS[|30〉] =
1

2
√

2
|03〉+

1

2

√
3

2
|12〉+

1

2

√
3

2
|21〉+

1

2
√

2
|30〉,

|t2,31 〉 = BS[|03〉] = − 1

2
√

2
|03〉+

1

2

√
3

2
|12〉 − 1

2

√
3

2
|21〉+

1

2
√

2
|30〉,

(5.19)

such that this time

|0̃〉 =
1√
2

(|t2,30 〉+ |t2,31 〉) =
1

2
|30〉+

√
3

2
|12〉 = BS

[
1√
2

(|30〉+ |03〉)
]
,

|1̃〉 =
1√
2

(|t2,30 〉 − |t
2,3
1 〉) =

1

2
|03〉+

√
3

2
|21〉 = BS

[
1√
2

(|30〉 − |03〉)
]
,

(5.20)

become the states after the Hadamard-type gate. We could now again build a qubit like in

Eq.(5.15). However, we �nd that the resulting six-photon two-block (four-mode) code only

corrects certain two-photon losses and therefore there is no signi�cant enhancement compared

to the N = 2 code above. This can be understood by looking at the corrupted logical qubit for

losses of up to two photons. The details for this are presented in Appendix A.1. The conclusion
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is that some of the orthogonality requirements are violated for certain two-photon losses which

consequently cannot be corrected. To overcome this problem and to improve the code, instead

we take the following codewords for N = 3 photons per block (with N2 = 9 as the total number

of photons):
|0̄〉 = |0̃〉|0̃〉|0̃〉,

|1̄〉 = |1̃〉|1̃〉|1̃〉,
(5.21)

which are now composed of three blocks for a total number of six modes. To verify that this

code corrects all losses up to two photons, we can calculate the action of AD on the logical qubit.

Due to symmetry reasons, it is su�cient to calculate the action of only certain error operators

on the codewords, because all other corrupted codewords with at most two lost photons can

be obtained by permutations of the blocks. Therefore, if the KL conditions are ful�lled for the

following error operators, then they are also satis�ed by the block-permuted corrupted states.

The relevant error operators are

A1 ⊗ A0 ⊗ A0 ⊗ A0 ⊗ A0 ⊗ A0|Ψ̄〉 =

√
3

2
γ8(1− γ)(

c0√
2

(|20〉+ |02〉)|0̃〉|0̃〉+ c1|11〉|1̃〉|1̃〉),

A0 ⊗ A1 ⊗ A0 ⊗ A0 ⊗ A0 ⊗ A0|Ψ̄〉 =

√
3

2
γ8(1− γ)(c0|11〉|0̃〉|0̃〉+

c1√
2

(|20〉+ |02〉)|1̃〉|1̃〉),

A1 ⊗ A1 ⊗ A0 ⊗ A0 ⊗ A0 ⊗ A0|Ψ̄〉 =

√
3

2
γ7(1− γ)2(c0|01〉|0̃〉|0̃〉+ c1|10〉|1̃〉|1̃〉),

A2 ⊗ A0 ⊗ A0 ⊗ A0 ⊗ A0 ⊗ A0|Ψ̄〉 =

√
3

2

√
γ7(1− γ)2(c0|10〉|0̃〉|0̃〉+ c1|01〉|1̃〉|1̃〉),

A0 ⊗ A2 ⊗ A0 ⊗ A0 ⊗ A0 ⊗ A0|Ψ̄〉 =

√
3

2

√
γ7(1− γ)2(c0|10〉|0̃〉|0̃〉+ c1|01〉|1̃〉|1̃〉), (5.22)

A1 ⊗ A0 ⊗ A1 ⊗ A0 ⊗ A0 ⊗ A0|Ψ̄〉 =
3

2

√
γ7(1− γ)2(c0

1√
2

(|20〉+ |02〉) 1√
2

(|20〉+ |02〉)|0̃〉

+ c1|11〉|11〉|1̃〉),

A0 ⊗ A1 ⊗ A1 ⊗ A0 ⊗ A0 ⊗ A0|Ψ̄〉 =
3

2

√
γ7(1− γ)2(c0|11〉 1√

2
(|20〉+ |02〉)|0̃〉

+ c1
1√
2

(|20〉+ |02〉)|11〉|1̃〉),

A0 ⊗ A1 ⊗ A0 ⊗ A1 ⊗ A0 ⊗ A0|Ψ̄〉 =
3

2

√
γ7(1− γ)2(c0|11〉|11〉|0̃〉

+ c1
1√
2

(|20〉+ |02〉) 1√
2

(|20〉+ |02〉)|1̃〉),

A1 ⊗ A0 ⊗ A0 ⊗ A1 ⊗ A0 ⊗ A0|Ψ̄〉 =
3

2

√
γ7(1− γ)2(c0

1√
2

(|20〉+ |02〉)|11〉|0̃〉

+ c1|11〉 1√
2

(|20〉+ |02〉)|1̃〉).
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One can easily verify that a recovery of the logical qubit is, in principle, possible by again

detecting the photon number for each block with additional inter-block parity measurements.

It is then also not di�cult to see that the KL conditions are ful�lled for these operators, so

indeed the corresponding two-photon loss errors can be corrected with this encoding. Note that

the code is degenerate, i.e. the e�ect of some non-identical loss errors on the logical qubit is

identical. For the loss of three or more photons, the code ceases to be a complete loss code.

The corresponding worst-case �delity is

F = γ9 + 9γ8(1− γ) + 36γ7(1− γ)2

≈ 1− 84(1− γ)3.
(5.23)

This is the same result as for the bosonic code in Eq.(3.9). However, note that in order to

promote the encoding from a one-photon-loss to a two-photon-loss code, in our scheme the

maximal photon number per mode only needs to go up from two to three photons (as opposed

to four versus nine photons in Eq.(3.5) and Eq.(3.9), respectively). Similarly, the two-photon-

loss code QPC(3,3) requires as many as 18 optical modes compared to a modest number of six

modes in our case.

Our procedure can be generalized for arbitrary N (i.e., N photons per block and N2 total

number of photons), setting

|t2,N0 〉 = BS[|N0〉],

|t2,N1 〉 = BS[|0N〉],
(5.24)

applying the Hadamard-type gate (using Eqs. (5.6) and (5.24)),

|0̃〉 =
1√
2

(
|t2,N0 〉+ |t2,N1 〉

)
=

1
√

2
N−1

N∑
j=0

√(
N

2j

)
|N − 2j, 2j〉

= BS

[
1√
2

(|N0〉+ |0N〉)
]

(5.25)

|1̃〉 =
1√
2

(
|t2,N0 〉 − |t

2,N
1 〉

)
=

1
√

2
N−1

N∑
j=0

√(
N

2j + 1

)
|N − 2j − 1, 2j + 1〉

= BS

[
1√
2

(|N0〉 − |0N〉)
]

(5.26)

and �nally introducing the N -block structure,

|0̄〉 = |0̃〉⊗N ,

|1̄〉 = |1̃〉⊗N .
(5.27)
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Figure 5.1: Worst-case �delities for di�erent qubit loss NOON codes as a function of γ: N2 = 4
(orange), N2 = 9 (green), N2 = 16 (blue) and N2 = 25 (magenta), each correcting N−1 photon
losses. Notice the change of ordering with higher-order codes beating the lower-order codes for
small losses and the converse for larger losses [see inset]. The small-loss regime γ ∈ [0.95, 1]
would correspond to a communication channel length of ∼ 1 km (see Section 2.1).

By construction (for more details, see the next section), this code corrects the loss of up to

N − 1 photons using N2 photons. For any order, i.e. photon number, the codewords of our

NOON code can always be obtained from NOON state resources using beam splitters. The

worst-case �delities of di�erent qubit codes are compared in Fig. 5.1 . One interesting feature

of our qubit code construction is the interchangeability of the beam splitter transformation,

Hadamard operation, and block building. For example, consider the N2 = 4 case. In order to

produce the codewords, we �rst apply the symmetric beam splitter transformation on |20〉 and
|02〉, followed by the Hadamard gate, and �nally build the blocks. The logical basis codewords

obtained in this way are

|0̄〉 =

[
1√
2

(|20〉+ |02〉)
]⊗2

=
1

2
(|2020〉+ |2002〉+ |0220〉+ |0202〉),

|1̄〉 =

[
1√
2

(|20〉 − |02〉
]⊗2

=
1

2
(|2020〉 − |2002〉 − |0220〉+ |0202〉),

(5.28)

which correspond to the codewords obtained as before up to a beam splitter transformation on

each block. The details to verify that this encoding is also a proper code as well as its extension

to qudits can be found in Appendix A.2 .
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5.4 Generalization to qudit codes

Our method can be directly generalized to logical qudits. Let us again illustrate the idea by a

speci�c example, namely that for a qutrit code (d = 3). De�ne the states

|t3,20 〉 = T [|200〉] =
1

3
|200〉+

1

3
|020〉+

1

3
|002〉+

√
2

3
|101〉+

√
2

3
|011〉+

√
2

3
|110〉, (5.29)

|t3,21 〉 = T [|020〉] =
1

3
|200〉+

1

3
exp(4πi/3)|020〉+

1

3
exp(−4πi/3)|002〉+

√
2

3
exp(−2πi/3)|101〉

+

√
2

3
|011〉+

√
2

3
exp(2πi/3)|110〉,

|t3,22 〉 = T [|002〉] =
1

3
|200〉+

1

3
exp(−4πi/3)|020〉+

1

3
exp(4πi/3)|002〉+

√
2

3
exp(2πi/3)|101〉

+

√
2

3
|011〉+

√
2

3
exp(−2πi/3)|110〉,

where T now represents a "tritter" transformation, i.e. a symmetric 3-splitter. The encoding

works via a qutrit Hadamard-type gate:

|0̃〉 =
1√
3

(|t3,20 〉+ |t3,21 〉+ |t3,22 〉) =
1√
3
|200〉+

√
2

3
|011〉,

|1̃〉 =
1√
3

(|t3,20 〉+ exp(2πi/3)|t3,21 〉+ exp(−2πi/3)|t3,22 〉) =
1√
3
|020〉+

√
2

3
|101〉,

|2̃〉 =
1√
3

(|t3,20 〉+ exp(−2πi/3)|t3,21 〉+ exp(2πi/3)|t3,22 〉) =
1√
3
|002〉+

√
2

3
|110〉.

(5.30)

The logical qutrit state is then de�ned as

|Ψ̄〉 = c0|0̃〉|0̃〉+ c1|1̃〉|1̃〉+ c2|2̃〉|2̃〉. (5.31)

The states obtained from the logical qutrit after the loss of exactly one photon are:

A1 ⊗ A0 ⊗ A0 ⊗ A0 ⊗ A0 ⊗ A0|Ψ̄〉 =

√
2

3
γ3(1− γ)(c0|100〉|0̃〉+ c1|001〉|1̃〉+ c2|010〉|2̃〉),

A0 ⊗ A1 ⊗ A0 ⊗ A0 ⊗ A0 ⊗ A0|Ψ̄〉 =

√
2

3
γ3(1− γ)(c0|001〉|0̃〉+ c1|010〉|1̃〉+ c2|100〉|2̃〉),

A0 ⊗ A0 ⊗ A1 ⊗ A0 ⊗ A0 ⊗ A0|Ψ̄〉 =

√
2

3
γ3(1− γ)(c0|010〉|0̃〉+ c1|100〉|1̃〉+ c2|001〉|2̃〉),

A0 ⊗ A0 ⊗ A0 ⊗ A1 ⊗ A0 ⊗ A0|Ψ̄〉 =

√
2

3
γ3(1− γ)(c0|0̃〉|100〉+ c1|1̃〉|001〉+ c2|2̃〉|010〉),
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A0 ⊗ A0 ⊗ A0 ⊗ A0 ⊗ A1 ⊗ A0|Ψ̄〉 =

√
2

3
γ3(1− γ)(c0|0̃〉|001〉+ c1|1̃〉|010〉+ c2|2̃〉|100〉),

A0 ⊗ A0 ⊗ A0 ⊗ A0 ⊗ A0 ⊗ A1|Ψ̄〉 =

√
2

3
γ3(1− γ)(c0|0̃〉|010〉+ c1|1̃〉|100〉+ c2|2̃〉|001〉).

(5.32)

Again, the KL conditions are obviously ful�lled, so the code can correct the loss of up to one

single photon. As before, the error spaces can be discriminated by identifying in which block

the photon was lost and by measuring global inter-block observables (while simple inter-block

parities no longer work). An extension to higher photon numbers and to higher dimensional

quantum systems is natural,

|td,N0 〉 = Sd[|N00...0〉], ..., |td,Nd−1〉 = Sd[|000...0N〉]. (5.33)

Here, Sd represents a d-splitter, i.e. a symmetric d-port device where d is the number of modes.

It is the multi-mode generalization of a symmetric beam splitter and the tritter as discussed

above (thus S2 = BS and S3 = T ).

Then we de�ne the following states:

|k̃〉 =
1√
d

d−1∑
j=0

exp(2πikj/d)|td,Nj 〉, (5.34)

for k = 0, ..., d− 1. A general logical qudit is then expressed by the dN -mode, N2-photon state

|Ψ̄〉 = c0|0̃〉⊗N + c1|1̃〉⊗N + ...+ cd−1|d̃− 1〉⊗N . (5.35)

By construction, this code can correct up to N−1 photon losses. The orthogonality of corrupted

codewords, required by the KL conditions, is easy to check, because the codewords are built

blockwise. The non-deformation criterion, however, requires a more rigorous check. Let us �rst

calculate the input state |td,N0 〉 for general N and d,

|N00 · · · 〉 =
â†N1√
N !
|000...〉 → Sd[|N000...〉]

=
1√
N !

√
1

d

N

(â†1 + â†2 + · · ·+ â†d)
N |000 · · · 〉

=
1√
N !

√
1

d

N∑
~k∈A

(
N

k1, k2, · · · , kd

)
â†k11 â†k22 · · · â

†kd
d |000〉 (5.36)
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=
1√
N !

√
1

d

N∑
~k∈A

(
N

k1, k2, · · · , kd

)
×
√
k1!
√
k2! · · ·

√
kd!|k1, k2, · · · , kd〉

=
1√
N !

√
1

d

N∑
~k∈A

N !√
k1!k2! · · · kd!

|k1, k2, · · · , kd〉.

In the third line, we used the multinomial theorem, bearing in mind that all the creation

operators commute with each other. Furthermore, we de�ned the multinomial coe�cient,(
N

k1, k2, · · · , kd

)
=

N !

k1!k2! · · · kd!
, (5.37)

as the number of arrangements of N objects in which there are kj objects of type j, kq objects

of type q and so on. We also introduced the set of d-dimensional vectors with �xed column

sum, i.e. A ≡ {~k ∈ Nd
0|

d∑
i=1

ki = N}, to parametrize the set of all d-mode Fock states with

�xed photon number N . Furthermore, we de�ne A′ ≡ {~k ∈ Nd
0|

d∑
i=1

ki = N and k1 ≥ 1} and

A′′ ≡ {~k ∈ Nd
0|

d∑
i=1

ki = N − 1}.

We consider the loss of exactly one photon in the �rst mode, i.e. we apply the operator

A1 ⊗ A⊗d−1
0 :

A1 ⊗ A⊗d−1
0 Sd[|N00...〉]

=
1√
N !

√
1

d

N∑
~k∈A

N !√
k1!
√
k2! · · ·

√
kd!

A1 ⊗ A⊗d−1
0 |k1, k2, · · · , kd〉

=
1√
N !

√
1

d

N ∑
~k∈A′

N !√
k1!
√
k2! · · ·

√
kd!

√
γN−1

√
1− γ

√
k1|k1 − 1, k2, · · · , kd〉

=
1√
N !

√
1

d

N
√
γN−1

√
1− γ

∑
~k∈A′

N !√
(k1 − 1)!

√
k2! · · ·

√
kd!
|k1 − 1, k2, · · · , kd〉

=
1√
N !

√
1

d

N
√
γN−1

√
1− γ

∑
~q∈A′′

N !√
q1!
√
q2! · · ·

√
qd!
|q1, q2, · · · , qd〉

=
√
N

√
1

d

√
γN−1

√
1− γSd(|N − 1, 0, 0, · · · 〉). (5.38)

For symmetry reasons, the loss of a photon in a di�erent mode acts identically. The same is true

for the other input states, i.e. Sd[|0, 0, · · · , N, 0, 0, · · · 〉] decays into Sd[|0, 0, · · · , N−1, 0, 0, · · · 〉]
after losing one photon. Higher losses can be treated by induction. Because the blocks of the
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basis codewords are exactly superpositions of these states, no deformation can take place after

photon loss. Together with the orthogonality of corrupted codewords, this proves our qudit

encoding to be a quantum error correction code.

5.5 Physical implementation of the qubit code

In order to substantiate the importance of the encodings, we describe a scheme how to generate

an arbitrary logical qubit for the simplest code with just two photons per block (N = 2). We

assume that the states 1√
2
(|20〉 ± |02〉) are experimentally accessible from two single-photon

states |1〉 ⊗ |1〉 with a phase-free and an appropriately phase-inducing, 50:50 beam splitter. In

addition, we need one auxiliary photon in two ancilla modes to produce the following states:

|ψ1〉 = |0〉 1√
2

(|20〉+ |02〉)|1〉,

|ψ2〉 = |1〉 1√
2

(|20〉 − |02〉)|0〉.
(5.39)

As pointed out in [122], by employing an ancilla ion-trap system, the generation of a symmetric

entangled state, 1√
2
(|φ1〉|φ2〉 + |φ2〉|φ1〉), is, in principle, possible for arbitrary photonic input

states |φ1〉 and |φ2〉. Applied to |ψ1〉 and |ψ2〉, one obtains

1√
2

(
1√
2

(|20〉+ |02〉) 1√
2

(|20〉 − |02〉)|0110〉) +
1√
2

(|20〉 − |02〉) 1√
2

(|20〉+ |02〉)|1001〉
)
,

(5.40)

where we already reordered the modes. The next step is to apply a general beam splitter with

complex transmittance t and re�ectivity r, with the coe�cients in the desired superposition

determined later, to the �rst and second pair of the ancilla modes. This leads to

1√
2

(
1√
2

(|20〉+ |02〉) 1√
2

(|20〉 − |02〉))(r|10〉 − t|01〉)(t|10〉+ r|01〉)

+
1√
2

(|20〉 − |02〉) 1√
2

(|20〉+ |02〉)(t|10〉+ r|01〉)(r|10〉 − t|01〉)
)
.

(5.41)

Measuring the photons after the beam splitter and detecting ′1001′ projects the state onto

r2√
|r|4 + |t|4

1√
2

(|20〉+ |02〉) 1√
2

(|20〉 − |02〉))

− t2√
|r|4 + |t|4

1√
2

(|20〉 − |02〉) 1√
2

(|20〉+ |02〉)).
(5.42)

Finally, a phase shift of π/2 on the last mode (i.e., applying exp
(
iπn̂
2

)
to it) gives the logical
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qubit

|Ψ̄〉 =
r2√

|r|4 + |t|4
1√
2

(|20〉+ |02〉) 1√
2

(|20〉+ |02〉))

− t2√
|r|4 + |t|4

1√
2

(|20〉 − |02〉) 1√
2

(|20〉 − |02〉))

= c0
1√
2

(|20〉+ |02〉) 1√
2

(|20〉+ |02〉)) + c1
1√
2

(|20〉 − |02〉) 1√
2

(|20〉 − |02〉)),

(5.43)

similar to Eq.(5.15). Because |t|2 + |r|2 = 1, this means that with an appropriate choice of t and

r and with a �nal symmetric beam splitter transformation on the blocks, any superposition of

the logical codewords can be generated. Note that the logical qubit in Eq.(5.43) (without the

�nal symmetric beam splitter) corresponds to the four-photon, alternative NOON code qubit

[see Section 5.3 and Appendix A.2].
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Chapter 6

QEC against photon loss using

multicomponent cat states

In this chapter, we start with a discussion of the known approximate one-loss qubit cat code

[44, 45] (see Eq. (3.13)) and its properties when subject to individual photon loss events

as well as its behavior in a full loss channel. Following this, we present a generalisation of

this code to a higher number of losses. We present a detailed analysis of a generalized code

that includes a complete and systematic de�nition of the codewords as well as a quantitative

performance assessment of the code in a full photon loss channel. We will give a very compact

de�nition of the codewords in terms of eigenvalue equations, expressed in terms of powers of the

mode annihilation operators, for any loss order. In this way we will also de�ne the canonical

codewords for the respective error spaces, which satisfy the same eigenvalue equations, but

di�er from the code space-codewords and the codewords from the other error spaces in their

(generalized) number parities. Thus, a certain instance of the cat code (corresponding to a

certain coherent-state amplitude α, a certain loss order L, and also a certain logical dimension

d for general logical qudits living in the code and error spaces) is de�ned by two sets of eigenvalue

equations: one to determine the space (and hence the error syndrome) and another one to de�ne

(together with the former set) the codewords. We will demonstrate that for the right choice

of codewords there is no deformation of the initial logical qubit (not even for small coherent-

state amplitudes, in which case, however, the codewords begin to overlap signi�cantly). This

no-deformation property results in a rather simple and well structured output density matrix

when the encoded state is subject to a complete loss channel. This feature is also similar to

the cyclic behavior of the one-loss-code in the simpli�ed photon-annihilation ("photon-jump")

error model [44, 45], but here extended to higher losses and for the full, physical photon loss

channel.
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6.1 One-loss cat code

It is rather well-known that there is a two-fold e�ect when a cat state, i.e., a superposition of two

distinct coherent states such as∝ |α〉+|−α〉 is subject to a full photon loss (amplitude damping)

channel. On the one hand, the coherent-state amplitude α in each term is attenuated depending

on the channel transmission parameter,
√
γα, corresponding to an exponential amplitude decay

with distance. On the other hand, a random phase �ip occurs that incoherently mixes the initial

cat state with its phase-�ipped version such as ∝ |α〉 − | − α〉, where the �ip probability also

depends on the channel transmission γ and on the initial amplitude α. In a cat-state qubit

encoding [62, 123], a loss-induced phase �ip of a logical qubit could be corrected when the qubit

is encoded into an additional layer of a multi-qubit repetition code composed of three or more

logical cat qubits (i.e., by adding two or more physical oscillator modes) [124, 125, 126]. A

conceptually more innovative approach, however, would stick to a single oscillator mode and

instead exploit more than just two (near-)orthogonal coherent-state components of that mode

(i.e., exploiting a manifold with dimension larger than two in the oscillator's phase space). While

it is obvious that this approach enables one to reach higher dimensions, it is not immediately

clear how this can provide protection against photon losses. In Refs. [44, 45], however, it was

shown that by constructing two (near-)orthogonal codewords both in the form of even cat states

(those with only even photon-number terms) a logical qubit can be encoded that remains intact

under the e�ect of a lost photon, as the qubit is then mapped onto an orthogonal error space

that is spanned by two (near-)orthogonal codewords both in the form of odd cat states (those

with only odd photon-number terms).

Formally, for the even cat code given in [44, 45], the basic codewords are certain +1 eigenstates

of the number parity operator (−1)n̂:

|0̄+〉 =
1√
N+

(|α〉+ | − α〉),

|1̄+〉 =
1√
N+

(|iα〉+ | − iα〉),
(6.1)

with normalization constant N± = 2 ± 2 exp(−2α2) (N− for later). Throughout we assume

α ∈ R. By writing the coherent states in the Fock basis, one can easily con�rm that both

codewords have only even photon number terms,

|0̄+〉 =
2e−α

2/2

√
N+

(
|0〉+

α2

√
2
|2〉+

α4

2
√

6
|4〉+ ...

)
,

|1̄+〉 =
2e−α

2/2

√
N+

(
|0〉 − α2

√
2
|2〉+

α4

2
√

6
|4〉 − ...

)
.

(6.2)

44



These two so-called even cat states are, in general, not orthogonal, but for large α, as e−α
2/2αk →

0, an in�nite superposition of nearly equally weighted even number states is obtained for each

codeword, |0̄+〉 ∝ |0〉+ |2〉+ |4〉+ ... and |1̄+〉 ∝ |0〉− |2〉+ |4〉− ... and thus 〈0̄+|1̄+〉 ≈ 0 (notice

the alternating sign in |1̄+〉). For general α, their overlap is (see App. B.1)

〈0̄+|1̄+〉 =
1

N+

(〈α|iα〉+ 〈α| − iα〉+ 〈−α|iα〉+ 〈−α| − iα〉) =
cos(α2)

cosh(α2)
, (6.3)

which indeed goes to zero in the limit α → ∞. Instead of the codewords in Eq. (6.1), as an

alternative qubit basis, we may also use the two orthogonal states

|0̄+ ± 1̄+〉 =
1√
N ′±

(|α〉+ | − α〉 ± |iα〉 ± | − iα〉), (6.4)

which span the same (even) code space as {|0̄+〉, |1̄+〉} do and hence represent the same (even)

cat code (N ′± are some normalization constants). Their exact orthogonality (for any α) can be

immediately seen in the Fock basis:

|0̄+ + 1̄+〉 =
4e−α

2/2√
N ′+

(
|0〉+

α4

2
√

6
|4〉+

α8

24
√

70
|8〉+ ...

)
,

|0̄+ − 1̄+〉 =
4e−α

2/2√
N ′−

(
α2

√
2
|2〉+

α6

12
√

5
|6〉+

α10

720
√

7
|10〉+ ...

)
.

(6.5)

Here we refer to the non-orthogonal codewords |0̄+〉 and |1̄+〉 as the (approximate) logical

Pauli-Z̄ basis, and in this sense, the states |0̄+ ± 1̄+〉 can be thought of a logical Pauli-X̄ basis

obtained by taking an equally weighted sum or di�erence of the two Z̄ eigenstates. This is

similar to the cat-qubit encoding of Ref.[123] when two non-orthogonal phase-rotated coherent

states {| ± α〉} form the computational Z̄ basis, while the two orthogonal even and odd cat

states {|α〉 ± | − α〉} correspond to the Hadamard-transformed, logical X̄ basis (this encoding,

however, does not represent a loss code that allows to correct a certain non-zero number of

photon losses and it corresponds to the 0th order of our family of generalized cat codes, see

next section).

Although {|0̄+〉, |1̄+〉} and {|0̄+ ± 1̄+〉} represent the same code, we will see that, nonetheless,

the choice of codewords, for example the Z̄ or X̄ basis, does make a di�erence when assessing

the code's performance in a physical loss channel. This is related to the fact that the code is an

approximate code, for which there is not a clear distinction between correctable errors (exactly

satisfying the Knill-La�amme (KL) conditions [22], see App. B.1) and uncorrectable errors

(violating the KL conditions) like for an exact code. For the approximate cat code, those errors

that are, in principle, correctable may still give violations of the KL conditions, however, these

violations go away in the limit of large amplitudes α. For general α values, it then depends
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on the choice of codewords what particular KL conditions are violated and, as a result, what

particular logical errors occur. These logical errors reduce the (input-state-dependent qubit)

�delity, which is further reduced by the uncorrectable errors (which remain uncorrectable even

when α→∞ and which occur more frequently when α is large, see below).

As one type of violation of the KL conditions can be avoided at least in the 0th order (i.e., the

orthogonality condition of the initial codewords) for the basis {|0̄+ ± 1̄+〉}, independently of

α, it appears bene�cial to choose this basis. However, for �nite α, these codewords lead to a

deformation of the logical qubit, i.e., the norms of the codewords after an otherwise correctable

error (such as a one-loss-error for the one-loss-code) change depending on the speci�c codeword.

This latter e�ect of qubit deformation turns out to be highly undesirable when the full photon

loss channel is considered and so our choice of codewords will be the non-orthogonal {|0̄+〉, |1̄+〉}-
basis. These codewords do not lead to a qubit deformation, i.e., the change in the norm of

either codeword after a one-loss-error (or any other correctable error such as 0,4,8,12,... or

5,9,13,... losses of photons, see below) is independent of the codeword for any α. This no-

deformation property of the codewords means that the nice cyclicity feature of the cat code for

a simpli�ed, unphysical photon-loss error model, as we discuss next, can be e�ectively taken

over to the physical model of a full loss channel. The only remaining e�ects that have to be

dealt with then come from the non-orthogonality of the codewords |0̄+〉 and |1̄+〉 before and

after an error (i.e., in the code and the error spaces, as it becomes manifest through violations

of the corresponding KL conditions). In App. B.1, we present a detailed discussion of the KL

criteria for the various error models.

In order to understand the behavior of the codewords under photon loss, it is conceptually

useful to �rst model the e�ects of the channel by individual photon loss and simply apply the

annihilation operator â to the codewords. Higher losses are analogously represented by higher

powers of â. It also turns out to be advantageous to look at even and odd powers separately:

â2k|0̄+〉 = α2k 1√
N+

(|α〉+ | − α〉),

â2k|1̄+〉 = (−1)kα2k 1√
N+

(|iα〉+ | − iα〉),

â2k+1|0̄+〉 = α2k+1 1√
N+

(|α〉 − | − α〉),

â2k+1|1̄+〉 = i(−1)kα2k+1 1√
N+

(|iα〉 − | − iα〉),

(6.6)

where k = 0, 1, 2, .... According to this simpli�ed loss model, a logical qubit of the (unnormal-

ized) form |ψ̄〉 = a|0̄+〉 + b|1̄+〉 evolves cyclically into the following four (unnormalized) states

[44, 45],
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|ψ̄〉4k = a|0̄+〉+ b|1̄+〉,

|ψ̄〉4k+1 = a|0̄−〉+ ib|1̄−〉,

|ψ̄〉4k+2 = a|0̄+〉 − b|1̄+〉,

|ψ̄〉4k+3 = a|0̄−〉 − ib|1̄−〉,

(6.7)

depending on whether the number of lost photons is 0,4,8,... or 1,5,9,... or 2,6,10,... or 3,7,11,...,

respectively. Here, we de�ned the non-orthogonal basic codewords for the error space as

|0̄−〉 =
1√
N−

(|α〉 − | − α〉),

|1̄−〉 =
1√
N−

(|iα〉 − | − iα〉),
(6.8)

which are two so-called odd cat states with only odd photon number terms,

|0̄−〉 =
2e−α

2/2α√
N−

(
|1〉+

α2

√
6
|3〉+

α4

2
√

30
|5〉+ ...

)
,

|1̄−〉 =
2e−α

2/2iα√
N−

(
|1〉 − α2

√
6
|3〉+

α4

2
√

30
|5〉 − ...

)
.

(6.9)

Again, these two codewords approach an orthogonal qubit basis, this time in the odd-parity

error space, when α is su�ciently large (notice the alternating sign in |1̄−〉 inherited from |1̄+〉).
In fact, the overlap between |0̄−〉 and |1̄−〉 is

〈0̄−|1̄−〉 =
1

N−
(〈α|iα〉 − 〈α| − iα〉 − 〈−α|iα〉+ 〈−α| − iα〉) =

i sin(α2)

sinh(α2)
, (6.10)

which again can be made arbitrarily small by increasing α. The code and error spaces can be

characterized by their photon number parity (even/odd) and thus are perfectly distinguishable.

However, there can be uncorrectable phase-�ip errors of the logical qubit when it is mapped

back to the even code space after half a cycle, |ψ̄〉4k+2 = a|0̄+〉 − b|1̄+〉, or when it is mapped

again onto the odd error space before the end of a cycle, |ψ̄〉4k+3 = a|0̄−〉 − ib|1̄−〉. Otherwise
the qubit remains intact either in the code space, |ψ̄〉4k = a|0̄+〉 + b|1̄+〉, or in the error space,

|ψ̄〉4k+1 = a|0̄−〉 + ib|1̄−〉 (in which case it is transformed by a known and �xed phase gate).

Once the parity is detected, the qubit is recovered and no further correction step is needed.

The uncorrectable errors lead to a non-unit �delity, when the actual physical loss channel is

considered which we do next.

The full loss channel is described by the error operators in Eq. (2.6) and represents a (complete-

positive) trace-preserving map that incorporates all possible individual photon loss events as

well as the e�ect of amplitude decay.
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Let us now study the action of AD on the encoding in Eq. (6.1). The somewhat lengthy

calculations are presented in App. B.1 and the channel evolution of a normalized logical qubit

|ψ̄〉 is found to be

ρ̄ = p̃0

 a|0̃+〉+ b|1̃+〉√
1 + 2 Re(ab∗) cos(γα2)

cosh(γα2)

×H.c.
+ p̃1

 a|0̃−〉+ ib|1̃−〉√
1− 2 Re(ab∗) sin(γα2)

sinh(γα2)

×H.c.
+ p̃2

 a|0̃+〉 − b|1̃+〉√
1− 2 Re(ab∗) cos(γα2)

cosh(γα2)

×H.c.
+ p̃3

 a|0̃−〉 − ib|1̃−〉√
1 + 2 Re(ab∗) sin(γα2)

sinh(γα2)
)

×H.c. .

(6.11)

The statistical weights in this mixture are given by

p̃0 =
1 + 2 Re(ab∗) cos(γα2)

cosh(γα2)

1 + 2 Re(ab∗) cos(α2)
cosh(α2)

p0,

p̃1 =
1− 2 Re(ab∗) sin(γα2)

sinh(γα2)

1 + 2 Re(ab∗) cos(α2)
cosh(α2)

p1,

p̃2 =
1− 2 Re(ab∗) cos(γα2)

cosh(γα2)

1 + 2 Re(ab∗) cos(α2)
cosh(α2)

p2,

p̃3 =
1 + 2 Re(ab∗) sin(γα2)

sinh(γα2)

1 + 2 Re(ab∗) cos(α2)
cosh(α2)

p3,

(6.12)

where

p0 =
cosh(γα2)

2 cosh(α2)

(
cos[α2(1− γ)] + cosh[α2(1− γ)]

)
,

p1 =
sinh(γα2)

2 cosh(α2)

(
sin[α2(1− γ)] + sinh[α2(1− γ)]

)
,

p2 =
cosh(γα2)

2 cosh(α2)

(
− cos[α2(1− γ)] + cosh[α2(1− γ)]

)
,

p3 =
sinh(γα2)

2 cosh(α2)

(
− sin[α2(1− γ)] + sinh[α2(1− γ)]

)
,

(6.13)

are the loss probabilities for the individual codewords. The states in the mixture above are

damped compared to the input states (α → √γα), which is denoted by the transition |0̄+〉 →
|0̃+〉 etc. throughout. Although the complex coe�cients of the logical input qubit state are
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Figure 6.1: Statistical weights for α = 2 and a = b = 1√
2
(from top to bottom at γ = 1): p̃0

(red), p̃1 (green), p̃2 (blue), p̃3 (orange) as a function of the damping parameter γ (no damping
means γ = 1). Thus, the red and the green curves represent the weights of the correctable errors
(0,4,8,... and 1,5,9,... losses), while the blue and orange curves correspond to the uncorrectable
errors (2,6,10,... and 3,7,11,... losses). Note that the a, b-dependence can lead to a di�erent
qualitative behavior of the probabilities for di�erent logical qubits.

normalized as usual, |a|2+|b|2 = 1, note that because of the �nite overlap between the codewords

in the code and error spaces, an extra factor depending on the input qubit state occurs in the

probabilities. This is also related to the fact that the encoding is not an exact quantum error

correction code, but only an approximate one (see Chapter 3). The channel output state ρ̄ in

Eq. (6.11) still re�ects the cyclic behavior of the code1 under individual photon loss events

owing to the use of the Z̄-basis codewords for the logical qubit (thus, avoiding its deformation

and a resulting mixture of in�nitely many deformed qubits corresponding to in�nitely many

di�erent loss events). The choice of the logical basis becomes irrelevant only when α → ∞ 2.

Besides the damping of α, an uncorrectable phase �ip occurs whenever 2, 6, 10, ... or 3, 7, 11, ...

photons are lost. Any other loss errors belong to the correctable set.

The error correction works by a QND-type parity measurement which distinguishes between

even and odd photon numbers. For this encoding, the probability to correctly identify the error

1Note that even for L = 0, i.e. when we consider the simple coherent state encoding |±α〉 (see the notation
for generalized cat codes in Section 6.2), the resulting density matrix ρ̄ intrinsically contains such a cyclic
behavior (see Eq. (B.44) for L = 0). In this well-known case [124], the resulting mixture has only two terms, of
which one corresponds to all even losses containing the initial (damped) qubit and the other one corresponds to
all odd losses containing a phase-�ipped version of the initial (damped) qubit. Since in either case, even or odd
losses, the qubit lives in the same space spanned by the damped versions of | ± α〉, already a one-photon-loss
error cannot be distinguished from zero loss and thus the qubit phase �ip must be regarded as random.

2Of course, we may also rewrite a logical (unnormalized) qubit initially expressed in the Z̄-basis,
|Ψ̄〉 = a|0̄+〉 + b|1̄+〉, as the same qubit expressed in the X̄-basis, |Ψ̄〉 = a

2 [(|0̄+〉+ |1̄+〉) + (|0̄+〉 − |1̄+〉)] +
b
2 [(|0̄+〉+ |1̄+〉)− (|0̄+〉 − |1̄+〉)] = a+b

2

√
N ′+|0̄+ + 1̄+〉+ a−b

2

√
N ′−|0̄+ − 1̄+〉.

As said, this choice of basis leads to a deformation of the qubit for �nite α (while the codewords are exactly
orthogonal). Calculating the worst-case �delity in this case is rather complicated, because every loss event leads
to a di�erently deformed qubit in the resulting output density matrix.
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Figure 6.2: Probability F (a, b) with a logical qubit a = b = 1√
2
(red, solid line) and a = −b = 1√

2

(green, dashed line) for α = 2 as a function of the damping parameter γ (no damping means
γ = 1). The actual lower bound on Fwc is given by the minimum of the two curves for each γ.

syndrome is the sum of the statistical weights of the correctable components in the mixture,

F (a, b) = p̃0(a, b) + p̃1(a, b). (6.14)

The worst-case �delity Fwc (see Eq. (3.4)) is then lower-bounded as

Fwc ≥ min
a,b

F (a, b) ≡ F. (6.15)

This bound F is the minimum of the probabilities of correctable errors over all input states.

How this lower bound can be understood is explained in App. B.2.

The bound F for the one-loss cat code (for a balanced logical qubit minimizing F (a, b), see

App. B.2) is shown in Fig. 6.2. The actual Fwc is at least as large as plotted there, so that

the minimal performance can be inferred. The statistical weights from Eq. (6.12) are shown in

Fig. 6.1, also for a balanced logical qubit.
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6.2 Generalized cat codes

Let us now generalize the one-loss code to include higher losses and state the de�ning equations

for the codewords |0̄〉 and |1̄〉 of an approximate qubit QECC that is capable of correcting L

losses:

exp

(
2πin̂

L+ 1

)
|0̄〉 = |0̄〉,

exp

(
2πin̂

L+ 1

)
|1̄〉 = |1̄〉,

(âL+1 − αL+1)|0̄〉 = 0,

(âL+1 + αL+1)|1̄〉 = 0.

(6.16)

Here, n̂ = â†â is again the number operator. We will refer to the �rst two equations as the

"parity conditions" that determine the error syndrome and hence the subspace in which the

qubit resides after an error occurred (one code space and L error spaces). The current choice

of eigenvalue +1 for the two parity conditions in Eq. (6.16) corresponds to (the codewords of)

the original code space. The error spaces spanned by two codewords with another parity are

described by parity conditions with other phase factors as eigenvalues, see below and App. B.3.

This is reminiscent of the stabilizer formalism for QEC in terms of Pauli operators [127, 128].

The last two equations in Eq. (6.16) de�ne the codewords in every subspace and remain un-

changed for di�erent parities (subspaces), i.e., both codewords are always zero-eigenstates of

the corresponding (generally nonlinear) expressions for the mode operator â.

As shown in App. B.3 , the (unnormalized) solutions for general L can be written as superpo-

sitions of coherent states,

|0̄〉 =
L∑
k=0

|α exp

(
2kπi

L+ 1

)
〉,

|1̄〉 =
L+1∑
k=1

|α exp

(
(2k − 1)πi

L+ 1

)
〉.

(6.17)

For L = 0, one obtains the coherent-state encoding |0̄〉 = |α〉 and |1̄〉 = |−α〉 presented in Refs.

[123, 62] that provides no intrinsic loss protection. The L = 1 case corresponds to the one-loss

cat code reviewed in Section 6.1. Setting L = 2 corresponds to a two-loss code, for which the

unnormalized codewords become

|0̄〉 = |α〉+ |α exp

(
2πi

3

)
〉+ |α exp

(
−2πi

3

)
〉,

|1̄〉 = |α exp

(
πi

3

)
〉+ |α exp (πi)〉+ |α exp

(
−πi

3

)
〉.

(6.18)
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(a) L = 0 (b) L = 1 (c) L = 2 (d) L = 3

Figure 6.3: Illustration of the lowest qubit (d = 2) loss codes in phase space. The binary
codewords are represented by green (|0̄〉) and red (|1̄〉) circles which are to be superimposed.

These are both superpositions of number terms of multiples of three (see App. B.4). As can

easily be checked using the de�ning equations in Eq.(6.16), a logical qubit |ψ̄〉 = a|0̄〉 + b|1̄〉
then evolves cyclically under the simpli�ed error model (similar to Section 6.1) as

â3k|0̄〉 = α3k|0̄〉,

â3k|1̄〉 = (−1)kα3k|1̄〉,

â3k+1|0̄〉 = α3k+1(|α〉+ exp

(
2πi

3

)
|α exp

(
2πi

3

)
〉+ exp

(
−2πi

3

)
|α exp

(
−2πi

3

)
〉),

â3k+1|1̄〉 = (−1)kα3k+1 exp

(
πi

3

)
(|α exp

(
πi

3

)
〉+ exp

(
2πi

3

)
|α exp (πi)〉

+ exp

(
−2πi

3

)
|α exp

(
−πi

3

)
〉),

â3k+2|0̄〉 = α3k+2(|α〉+ exp

(
−2πi

3

)
|α exp

(
2πi

3

)
〉+ exp

(
2πi

3

)
|α exp

(
−2πi

3

)
〉),

â3k+2|1̄〉 = (−1)kα3k+2 exp

(
2πi

3

)
(|α exp

(
πi

3

)
〉+ exp

(
−2πi

3

)
|α exp (πi)〉

+ exp

(
2πi

3

)
|α exp

(
−πi

3

)
〉),

(6.19)

where again k = 0, 1, 2, .... Similar to L = 1, we encounter a cyclic behavior. For even k

(especially k = 0 corresponding to 0, 1 and 2 losses), there are no k-dependent phase �ips

(the factors (−1)k in front of the transformed |1̄〉-codewords in lines 2, 4 and 6 on the rhs of

Eq.(6.19), see also below) and only �xed, k-independent phase factors (in front of the trans-

formed |1̄〉-codewords). The parities for the one- and two-loss cases change compared to the

zero-loss case from 0,3,6,... to 2,5,8,... and 1,4,7,..., respectively (see App. B.4).
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Figure 6.4: Statistical weights with α = 3 and a = b = 1√
2
for L = 2 (from top to bottom at

γ = 1): p̃0 (red), p̃1 (green), p̃2 (blue), p̃3 (orange), p̃4 (black), p̃5 (brown) as a function of γ.
Note that the a, b-dependence can lead to a di�erent qualitative behavior of the probabilities
for di�erent logical qubits.

The calculations for the complete, physical AD channel are presented in App.B.4. Besides

the basic codewords in the initial code space, we de�ne the (unnormalized) codewords in all

the three orthogonal subspaces (one code space, and two error spaces for one- and two-photon

losses, etc.) as

|0̄0〉2 = |α〉+ |α exp

(
2πi

3

)
〉+ |α exp

(
−2πi

3

)
〉,

|1̄0〉2 = |α exp

(
πi

3

)
〉+ |α exp (πi)〉+ |α exp

(
−πi

3

)
〉,

|0̄1〉2 = |α〉+ exp

(
2πi

3

)
|α exp

(
2πi

3

)
〉+ exp

(
−2πi

3

)
|α exp

(
−2πi

3

)
〉,

|1̄1〉2 = |α exp

(
πi

3

)
〉+ exp

(
2πi

3

)
|α exp (πi)〉+ exp

(
−2πi

3

)
|α exp

(
−πi

3

)
〉,

|0̄2〉2 = |α〉+ exp

(
−2πi

3

)
|α exp

(
2πi

3

)
〉+ exp

(
2πi

3

)
|α exp

(
−2πi

3

)
〉,

|1̄2〉2 = |α exp

(
πi

3

)
〉+ exp

(
−2πi

3

)
|α exp (πi)〉+ exp

(
2πi

3

)
|α exp

(
−πi

3

)
〉.

(6.20)

Here, we introduced the notation {|0̄q〉L, |1̄q〉L} to specify the order of the loss code (L) and

the corresponding error space (q) (q = 0 for no loss, q = 1 for one-photon loss, and q = 2 for

two-photon loss, plus cyclic loss events, see below). With these de�nitions for the canonical

codewords in the code and error spaces, Eq. (6.19) simpli�es to

53



0.2 0.4 0.6 0.8 1.0
Γ

0.2

0.4

0.6

0.8

1.0
F

Figure 6.5: Probability F (a, b) as a function of γ for α = 3 with a = b = 1√
2
(red, solid line)

and a = −b = 1√
2
(green, dashed line) where L = 2. The actual lower bound on Fwc is given

by the minimum of the two curves for each γ.

â3k|0̄0〉2 = α3k|0̄0〉2,

â3k|1̄0〉2 = (−1)kα3k|1̄0〉2,

â3k+1|0̄0〉2 = α3k+1|0̄1〉2,

â3k+1|1̄0〉2 = (−1)kα3k+1 exp

(
πi

3

)
|1̄1〉2,

â3k+2|0̄0〉2 = α3k+2|0̄2〉2,

â3k+2|1̄0〉2 = (−1)kα3k+2 exp

(
2πi

3

)
|1̄2〉2.

(6.21)

As shown in App. B.4, a logical qubit a|0̄0〉2 + b|1̄0〉2 subject to AD becomes a mixture of six

components, which can be cast in the form (omitting proper normalizations of the qubits),

ρ̄ = p0(a|0̃0〉2 + b|1̃0〉2)×H.c.

+ p1(a|0̃1〉2 + e
iπ
3 b|1̃1〉2)×H.c.

+ p2(a|0̃2〉2 + e
2iπ
3 b|1̃2〉2)×H.c.

+ p3(a|0̃0〉2 − b|1̃0〉2)×H.c.

+ p4(a|0̃1〉2 − e
iπ
3 b|1̃1〉2)×H.c.

+ p5(a|0̃2〉2 − e
2iπ
3 b|1̃2〉2)×H.c. .

(6.22)

Recall again the additional damping of the amplitude due to the AD channel (α→ √γα) and
correspondingly the adapted notation {|0̄q〉2, |1̄q〉2} → {|0̃q〉2, |1̃q〉2} for q = 0, 1, 2. Now the

�rst three terms in Eq. (6.22) correspond to correctable logical qubits with, besides some �xed

phase gates for q = 1 and q = 2, photon number parities of 0,3,6... or 2,5,8,... or 1,4,7,...
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(a) d = 8, L = 0 (b) d = 4, L = 1

Figure 6.6: Illustration of some qudit codes in phase space realized through coherent-state
superpositions (every color indicates another codeword) with in total 8 components (for d =
2, L = 3, see Fig 2.)

.

corresponding to the loss of 0,6,12,... (q = 0) or 1,7,13,...(q = 1) or 2,8,14,... (q = 2) photons,

respectively. The additional terms each mix in uncorrectable phase-�ip errors for every subspace

corresponding to the loss of 3,9,15,... or 4,10,16,... or 5,11,17,... photons. Again, like for the

one-loss code, the cyclic behavior of the simpli�ed model is recovered for the full channel (for

more details, see App. B.4). Thus, for the L = 2 case, among the dominating loss errors,

those from one- and two-photon losses can be corrected (i.e., the qubit is still intact in the

corresponding error space), whereas those from three-, four- and �ve-photon losses cannot (i.e.,

the qubit is subject to a phase error). For six- and higher photon losses, the cycle starts again.

In general, an L-code can correct up to L photon losses plus other cycles and each codeword

has (L+ 1) coherent-state components living in a 2(L+ 1)-dimensional manifold.

The lowest cat codes L = 0, 1, 2, 3 encoding a logical qubit are illustrated in Fig. 6.3. In Figs.

6.4 and 6.5, the statistical weights and the �delity bound on Fwc, respectively, are shown as

functions of the damping (loss) parameter γ.

6.3 Extension to qudit codes

Another generalisation that goes beyond the qubit codes presented in the last section is to

de�ne equations for the encoding of an arbitrary qudit of d dimensions:

exp

(
2πin̂

L+ 1

)
|k̄〉 = |k̄〉,

(âL+1 − exp

(
2πik

d

)
αL+1)|k̄〉 = 0 for k = 0, 1, .., d− 1.

(6.23)
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For d = 2, Eq. (6.16) for logical qubits is obtained. The simplest encoding for general d with

L = 0 corresponds to |k̄〉 = |αe 2πik
d 〉 for k = 0, 1, ..., d − 1, which is referred to as "coherent

states on a ring" in Ref. [129]. Phase space illustrations of two distinct instances of qudit codes

are shown in Fig. 6.6.

For d = 3 and L = 1, i.e. the simplest loss code beyond d = 2, one �nds the (unnormalized)

solutions
|0̄〉 ≡ |0̄+〉 = |α〉+ | − α〉,

|1̄〉 ≡ |1̄+〉 = |e
iπ
3 α〉+ | − e

iπ
3 α〉,

|2̄〉 ≡ |2̄+〉 = |e−
iπ
3 α〉+ | − e−

iπ
3 α〉.

(6.24)

The three-dimensional code space is spanned by three (generally non-orthogonal) even cat

states, similar to the L = 1 qubit code which has two even cat states as codewords. In the

simpli�ed error model, we also �nd a similar cyclic behavior of the codewords,

â2k|0̄〉 = α2k|0̄+〉,

â2k|1̄〉 = exp

(
iπ

3

)2k

α2k|1̄+〉,

â2k|2̄〉 = exp

(
−iπ

3

)2k

α2k|2̄+〉,

â2k+1|0̄〉 = α2k+1|0̄−〉,

â2k+1|1̄〉 = exp

(
iπ

3

)2k+1

α2k+1|1̄−〉,

â2k+1|2̄〉 = exp

(
−iπ

3

)2k+1

α2k+1|2̄−〉,

(6.25)

where |0̄−〉 = |α〉− |−α〉, |1̄−〉 = |e iπ3 α〉− |− e iπ3 α〉 and |2̄−〉 = |e− iπ3 α〉− |− e− iπ3 α〉. Depending
on the number of lost photons m = 0, 1, 2, 3, 4, 5, the logical qudit a|0̄〉+ b|1̄〉+ c|2̄〉 su�ers from
random relative phases (the phase factors (e±

iπ
3 )2k in front of the transformed codewords |1̄±〉

and |2̄±〉). In fact, only for k = 0, 3, 6, ... no phase errors occur and a �xed phase gate (the phase

factor e±
iπ
3 in front of |1̄−〉 and |2̄−〉) is either applied (1,7,13,.. losses) or not (0,6,12,...losses).

Subject to the full AD channel, the mixed output state for a logical qutrit a|0̄〉+ b|1̄〉+ c|2̄〉 has
six components,

|ψ̄0〉 = a|0̄+〉+ b|1̄+〉+ c|2̄+〉,

|ψ̄1〉 = a|0̄−〉+ b exp

(
iπ

3

)
|1̄−〉+ c exp

(
−iπ

3

)
|2̄−〉,

|ψ̄2〉 = a|0̄+〉+ b exp

(
2iπ

3

)
|1̄+〉+ c exp

(
−2iπ

3

)
|2̄+〉, (6.26)

56



|ψ̄3〉 = a|0̄−〉 − b|1̄−〉 − c|2̄−〉,

|ψ̄4〉 = a|0̄+〉 − b exp

(
iπ

3

)
|1̄+〉 − c exp

(
−iπ

3

)
|2̄+〉,

|ψ̄5〉 = a|0̄−〉 − b exp

(
2iπ

3

)
|1̄−〉 − c exp

(
−2iπ

3

)
|2̄−〉,

with some statistical weights. Here, only |ψ̄0〉 and |ψ̄1〉 correspond to correctable qutrits (corre-

sponding to 0,6,12,... and 1,7,13,.. losses, respectively). All the remaining qutrits |ψ̄2〉, |ψ̄3〉, |ψ̄4〉
and |ψ̄5〉 have su�ered from phase errors (corresponding to 2,8,14,... or 3,9,15... or 4,10,16,...

or 5,11,17,.. losses, respectively). After six losses a new cycle starts.

In general, for a general L-code the period of a cycle depends on the total number of coherent-

state components of the code (that is d(L+1)), e.g. a 4-cycle (i.e., 4 terms in ρ̄) for d = 2|L = 1

or a 6-cycle (6 terms in ρ̄) for both d = 2|L = 2 and d = 3|L = 1.
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Chapter 7

Quantum repeater protocols for qubits

and beyond

Based on the hybrid quantum repeater protocol for qubits discussed in Section 4.1.2, we gen-

eralize this scheme to the case of three-level systems (qutrits) in Section 7.1.1. After proposing

a generalized dispersive atomic qutrit-light interaction, we discuss the process of entanglement

generation in elementary links using this interaction. We consider both homodyne detection and

photon-detection-based unambiguous state discrimination (USD) for the measurement on the

light mode. Including entanglement puri�cation for the initial qutrit-qutrit entangled states, we

calculate the �nal rates and �delities for our generalized entanglement distribution scheme in

various scenarios. Based on these results, we discuss a generalization to arbitrarily dimensional

quantum systems.

Following this, a scheme in the direction of a quantum repeater for continuous variables is

considered. We adapt the continuous-variable teleportation scheme proposed in [130] to the

long-distance scenario. Instead of using noisy single-photon entangled pairs, we use discrete-

variable �rst-generation quantum repeaters to distribute perfect resource states. The overall

e�ect is shown to be an increase of the �delity at the expense of a decreasing rate of the protocol.

Furthermore, we propose a light-matter interface that enables one to switch between decoherence-

free subspaces of ions and QPC(2,2) encoded photonic states. We explicitly describe how this

can be done with feasible transformations on ionic qubits.

The last part of the chapter is dedicated to applications of the qudit codes developed in Chap-

ters 5 and 6 to one-way communication schemes. For the qudit codes of Chapter 5, we show

that this scheme does not intrinsically provide an optimal rate between physical versus logical

qubits like another recent approach [102], but nonetheless allows for sending more quantum

information at each time step with the same loss protection. For the approximate cat codes of

Chapter 6, we also show in addition to the qubit recovery how the decay of the coherent-state

amplitude can be, in principle, dealt with at large distances.
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7.1 First-generation quantum repeaters

7.1.1 A hybrid quantum repeater for qudits

Qutrit hybrid quantum repeater

Dispersive interaction The dispersive interaction (see Eq. (4.2)) lies at the heart of the

hybrid quantum repeater for qubits and therefore, as a �rst step to extend this repeater scheme

to qutrits, a generalization of the dispersive interaction to the qutrit case is necessary.

In analogy to the dispersive interaction for qubits, we de�ne the interaction Hamiltonian for

qutrits as

H
(3)
int = ~gŜ(3)

z â†â, (7.1)

where the operator Ŝ(3)
z acts on the qutrit basis states |0〉, |1〉 and |2〉 as

Ŝ(3)
z |0〉 = −1 · |0〉,

Ŝ(3)
z |1〉 = 0 · |1〉,

Ŝ(3)
z |2〉 = 1 · |2〉.

(7.2)

The matter system could be, for example, realized by a spin-1 particle where the basis states are

the eigenstates to the corresponding magnetic quantum numbers, mz = −1, 0, 1. Such a spin

realization of a qutrit has been demonstrated in the framework of nuclear magnetic resonance

(NMR) for various applications [35, 131].

Similar to the qubit case, the corresponding unitary transformation is U3(θ) = exp
(
iθŜ

(3)
z â†â

)
which again corresponds to a conditional phase rotation on the light-matter system (up to an

unconditional phase shift of the qubus mode by eiθ), i.e.

U3(θ)(|0〉+ |1〉+ |2〉)|α〉 = |0〉|α〉+ |1〉|αeiθ〉+ |2〉|αe2iθ〉. (7.3)

For our purposes, we will choose θ = 2π
3
to obtain a rather strong dispersive interaction.

Loss-free case The qutrit hybrid repeater protocol works in complete analogy to the qubit

case. To illustrate the concept, we neglect the photon losses in the optical �ber and assume a

noiseless quantum channel.

The repeater protocol works as follows: First, the matter system is initiated in the state
1√
3
(|0〉 + |1〉 + |2〉) and interacts with a light mode in a coherent state |α〉 via the qutrit

dispersive interaction with θ = 2π
3
. This results in the entangled matter-qubus state

1√
3

(
|0〉|α〉+ |1〉|αe

2πi
3 〉+ |2〉|αe−

2πi
3 〉
)
. (7.4)
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The light mode is then sent to a second matter system, separated from the �rst one by a

distance L0 and also prepared in the state 1√
3
(|0〉+ |1〉+ |2〉). The incoming light mode interacts

dispersively with the second matter system, but this time with the reverse angle θ = −2π
3
. The

resulting pure state is
1√
3

(
1√
3

(|00〉+ |11〉+ |22〉)|α〉

+
1√
3

(|01〉+ |12〉+ |20〉)|αe−
2πi
3 〉

+
1√
3

(|02〉+ |10〉+ |21〉)|αe
2πi
3 〉
)
.

(7.5)

To keep the notation short and also for later purposes, it it useful to de�ne the set of maximally

entangled qutrit Bell states,

|φkj〉 =
1√
3

2∑
m=0

exp

(
2πikm

3

)
|m,m	 j〉, (7.6)

where ”	 ” denotes subtraction modulo 2. Eq. (7.5) can therefore be rewritten as

1√
3

(
|φ00〉|α〉+ |φ02〉|αe−

2πi
3 〉+ |φ01〉|αe

2πi
3 〉
)
. (7.7)

To generate a maximally entangled state between the matter systems, a homodyne measurement

is performed on the light mode to distinguish the three coherent states of the mode. Unlike the

qubit case, here a measurement of p̂ is useful, because it allows one to (almost) discriminate

all three coherent states (as opposed to the case of an x̂-measurement). Moreover, for an ideal

loss-free channel, increasing the amplitude α leads to near-orthogonality of the coherent states

such that a maximally entangled qutrit-qutrit state can be distributed over the distance L0.

This state is referred to as the elementary repeater link. To further distribute entanglement,

two elementary links next to each other are connected by entanglement swapping, via a Bell

measurement on adjacent repeater nodes. By one such successful entanglement swapping,

qutrit-qutrit entanglement can thus be established over the distance 2L0, and so forth.

We will address all the steps of the repeater protocol in detail in the next sections and also

explain which subtleties and necessary generalizations occur compared to the loss-free case

discussed here.

Matter-light qutrit-qubus hybrid entanglement At the beginning of the qutrit HQR

protocol, the matter system is prepared in the state 1√
3
(|0〉+|1〉+|2〉). The dispersive interaction

with a coherent state leads to the state in Eq. (7.4).

In the realistic case, the light mode is sent through an optical loss channel which is again

simulated by an interaction of the mode with an ancilla vacuum state (see Section 4.1.2). The
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application of the beam splitter leads to

1√
3

(|0〉|√γα〉|
√

1− γα〉+ |1〉|√γαe
2πi
3 〉|
√

1− γαe
2πi
3 〉+ |2〉|√γαe−

2πi
3 〉|
√

1− γαe−
2πi
3 〉).

(7.8)

To trace out the loss mode, it is again useful to switch to an orthogonal basis. While in the

qubit case that basis is given by a kind of qubit Hadamard transform, the qutrit basis is given

by a qutrit Hadamard gate to yield

|u〉 =
1√
Nu(α)

(|α〉+ |αe
2πi
3 〉+ |αe−

2πi
3 〉),

|v〉 =
1√
Nv(α)

(|α〉+ e
2πi
3 |αe

2πi
3 〉+ e−

2πi
3 |αe−

2πi
3 〉),

|w〉 =
1√
Nw(α)

(|α〉+ e−
2πi
3 |αe

2πi
3 〉+ e

2πi
3 |αe−

2πi
3 〉),

(7.9)

with normalization constants

Nu(α) = 3 + 6e−
3
2
α2

cos

(√
3

4
α2

)
,

Nv(α) = 3− e−
3
2
α2

(
3 cos

(√
3

4
α2

)
+
√

3 sin

(√
3

4
α2

))
,

Nw(α) = 3− e−
3
2
α2

(
3 cos

(√
3

4
α2

)
−
√

3 sin

(√
3

4
α2

))
.

(7.10)

The coherent states above can thus be written as

|α〉 =
1

3
(
√
Nu(α)|u〉+

√
Nv(α)|v〉+

√
Nw(α)|w〉),

|αe
2πi
3 〉 =

1

3
(
√
Nu(α)|u〉+ e−

2πi
3

√
Nv(α)|v〉+ e

2πi
3

√
Nw(α)|w〉),

|αe−
2πi
3 〉 =

1

3
(
√
Nu(α)|u〉+ e

2πi
3

√
Nv(α)|v〉+ e−

2πi
3

√
Nw(α)|w〉).

(7.11)

Substituting this into Eq. (7.8) for the loss mode and tracing out the loss mode gives the

three-component mixed state

ρout =
Nu(
√

1− γα)

9

1√
3

(|0〉|√γα〉+ |1〉|√γαe
2πi
3 〉+ |2〉|√γαe−

2πi
3 〉)×H.c.

+
Nv(
√

1− γα)

9

1√
3

(|0〉|√γα〉+ e−
2πi
3 |1〉|√γαe

2πi
3 〉+ e

2πi
3 |2〉|√γαe

−2πi
3 〉)×H.c.

+
Nw(
√

1− γα)

9

1√
3

(|0〉|√γα〉+ e
2πi
3 |1〉|√γαe

2πi
3 〉+ e−

2πi
3 |2〉|√γαe−

2πi
3 〉)×H.c.

(7.12)
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This represents an entangled state between the matter system and the qubus. Similar to the

qubit case, the resulting density matrix still e�ectively represents a state of two qutrits (one

optical and one material), since the three coherent states {|√γα〉, |√γαe± 2πi
3 } e�ectively span

a three-dimensional Hilbert space.

For studying the entanglement properties, it is helpful to express the light mode in the {|u〉, |v〉, |w〉}-
basis and the matter system in the qutrit (generalized Pauli) X -basis,

|0̃〉 =
1√
3

(|0〉+ |1〉+ |2〉),

|1̃〉 =
1√
3

(|0〉+ e
2πi
3 |1〉+ e−

2πi
3 |2〉),

|2̃〉 =
1√
3

(|0〉+ e−
2πi
3 |1〉+ e

2πi
3 |2〉).

(7.13)

Eq. (7.12) can thus be rewritten as

ρout =
Nu(
√

1− γα)

9
·
[

1

3
(
√
Nu(
√
γα)|0̃〉|ũ〉+

√
Nv(
√
γα)|1̃〉|ṽ〉+

√
Nw(
√
γα)|2̃〉|w̃〉)

]
×H.c.

+
Nv(
√

1− γα)

9
·
[

1

3
(
√
Nu(
√
γα)|2̃〉|ũ〉+

√
Nv(
√
γα)|1̃〉|ṽ〉+

√
Nw(
√
γα)|0̃〉|w̃〉)

]
×H.c.

+
Nw(
√

1− γα)

9
·
[

1

3
(
√
Nu(
√
γα|1̃〉|ũ〉+

√
Nv(
√
γα)|0̃〉|ṽ〉+

√
Nw(
√
γα)|2̃〉|w̃〉)

]
×H.c. ,

where |ũ〉, |ṽ〉 and |w̃〉 denote the basis vectors in Eq. (7.9) with amplitudes
√
γα.

To quantify the qutrit-qutrit entanglement of this state, we choose the so-called entanglement

negativity [33] as our �gure of merit. The negativity N of a bipartite quantum state of a system

AB is de�ned as

N (ρ) =
||ρTA|| − 1

2
(7.14)

where ρTA is the partial transposition of the bipartite state with respect to system A and || ◦ ||
denotes the trace norm.

A plot of the negativities for di�erent α and various distances is shown in Fig. 7.1. The orange

line indicates the entanglement negativity of a pure maximally entangled qubit Bell state. Up

to a distance L0 of approximately 10 km, it is possible to generate matter-qubus entangle-

ment stronger than any, even ideal qubit-qubit entanglement. Taking into account that the

distribution of qubit-qubit entanglement is also subject to loss, the di�erence in entanglement

negativity will be even more signi�cant. However, a crucial step still is to transfer this en-

tanglement to a su�cient extent from the matter-light system to a matter-matter system for

storage.
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Figure 7.1: Negativity of the e�ective qutrit-qutrit state in dependence of α for various dis-
tances: 10 km (black), 8 km (red), 5 km (green) and 2 km (blue) (from bottom to top). The
dashed, orange line indicates the negativity of a maximally entangled pure two-qubit Bell state.

Matter-matter qutrit-qutrit entanglement To establish entanglement between two mat-

ter qutrits, the light mode of the state in Eq. (7.12) interacts with a second matter system,

initialized in the state 1√
3
(|0〉 + |1〉 + |2〉). This time, similar to the qubit case, the controlled

phase rotation takes place with the opposite angle, θ = −2π
3
. One obtains

ρout =
Nu(
√

1− γα)

9
|C0〉〈C0|+

Nv(
√

1− γα)

9
|C1〉〈C1|+

Nw(
√

1− γα)

9
|C2〉〈C2|, (7.15)

where the individual components are given by

|C0〉 =
1√
3

(|φ00〉|
√
γα〉+ |φ02〉|

√
γαe−

2πi
3 〉+ |φ01〉|

√
γαe

2πi
3 〉), (7.16)

|C1〉 =
1√
3

(|φ20〉|
√
γα〉+ |φ22〉|

√
γαe−

2πi
3 〉+ |φ21〉|

√
γαe

2πi
3 〉), (7.17)

and

|C2〉 =
1√
3

(|φ10〉|
√
γα〉+ |φ12〉|

√
γαe−

2πi
3 〉+ |φ11〉|

√
γαe

2πi
3 〉), (7.18)

with the Bell states from Eq. (7.6). In order to establish entanglement between the two matter

systems, the coherent states |√γα〉, |√γαe− 2πi
3 〉, and |√γαe 2πi

3 〉 have to be distinguished (see

Fig. 7.2). Like in the loss-free case, this can be done using a homodyne measurement on the light

mode. Unlike the qubit case, an x̂-measurement is not suitable here, because |√γαe 2πi
3 〉 and

|√γαe− 2πi
3 〉 cannot be distinguished. Therefore, we choose the quadrature p̂ whose Gaussian

momentum distribution for coherent states with complex amplitude β reads
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Figure 7.2: Phase space representation of the three coherent states |α〉 and |αe± 2πi
3 〉 to be

distinguished by USD.

|ψβ(p)|2 =

√
2

π
exp

(
−2(p− Im(β))2

)
. (7.19)

This time, it is useful to de�ne at least three windows to which a measurement result is assigned

when the light mode of the output state in Eq. (7.15) is measured. The �rst window is a sym-

metric interval around p = 0, w0 = [−∆,∆]. A measurement result in this interval, similar to

the qubit case, corresponds to an approximate projection on |α〉. A projection onto the states

|√γαe± 2πi
3 〉 is assumed if a value falls into w1 = [

√
3

2

√
γα−∆,∞] or w2 = [−∞,−

√
3

2

√
γα+ ∆],

respectively. Note that we need ∆ ≤ 1
2

√
3
4

√
γα =: ∆0 to exclude overlapping windows. We

may decide to add two extra windows w3 and w4 to include the possibility of discarding mea-

surement results (see Fig. 7.2). Inclusion of such failure events renders our qutrit entanglement

distribution probabilistic.

Using the momentum wave functions for the coherent states, the qutrit-qutrit-qumode |C0〉-
component of ρout after measuring the value p in the homodyne detection of the qubus has the

following conditional state for the two matter qutrits,

Trqubus(|p〉〈p|C0〉〈C0|p〉〈p|) =
1

3

(
|φ00〉〈φ00| · |ψ√γα(p)|2 + |φ02〉〈φ02| · |ψ√

γαe−
2πi
3

(p)|2

+|φ01〉〈φ01| · |ψ√
γαe

2πi
3

(p)|2 + |φ00〉〈φ02| · ψ√γα(p)ψ∗√
γαe−

2πi
3

(p) + |φ00〉〈φ01| · ψ√γα(p)ψ∗√
γαe

2πi
3

(p)

+ |φ02〉〈φ00| · ψ√
γαe−

2πi
3

(p)ψ∗√γα(p) + |φ02〉〈φ01| · ψ√
γαe−

2πi
3

(p)ψ∗√
γαe

2πi
3

(p)

+ |φ01〉〈φ00| · ψ√
γαe

2πi
3

(p)ψ∗√γα(p) + |φ00〉〈φ02| · ψ√
γαe

2πi
3

(p)ψ∗√
γαe−

2πi
3

(p)

)
.

(7.20)
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Figure 7.3: Success probability for the homodyne-based distribution of qutrit-qutrit entangle-
ment over a distance of 5 km for various ∆: ∆ = ∆0 (red), ∆ = 0.7∆0 (green), ∆ = 0.5∆0

(blue), ∆ = 0.2∆0 (orange) and ∆ = 0.001∆0 (magenta) (from top to bottom).

If we only accept the selection window w0 = [−∆,∆], the resulting unnormalized state is

obtained by doing the p-integration,

σC0
w0

=

∆∫
−∆

dp σC0
p . (7.21)

For carefully chosen ∆, α and distance L0, the contribution of the o�-diagonal terms in Eq.

(7.20) can be neglected such that we obtain the e�ective unnormalized state

ρ̃C0
w0

=
1

3

|φ00〉〈φ00| ·
∆∫

−∆

dp |ψ√γα(p)|2 + |φ02〉〈φ02| ·
∆∫

−∆

dp |ψ√
γαe−

2πi
3

(p)|2

+ |φ01〉〈φ01| ·
∆∫

−∆

dp |ψ√
γαe

2πi
3

(p)|2
 .

(7.22)

The same calculation as above for |C0〉 can be made for the other two components in ρout of

Eq. (7.15), |C1〉 and |C2〉. The total conditional (unnormalized) density matrix then becomes

ρ̃w0 =
Nu(
√

1− γα)

9
ρ̃C0
w0

+
Nv(
√

1− γα)

9
ρ̃C1
w0

+
Nw(
√

1− γα)

9
ρ̃C2
w0
, (7.23)

whose norm is the success probability

pw0 = Tr[ρ̃w0 ] =
1

3

 ∆∫
−∆

dp
(
|ψ√γα(p)|2 + |ψ√

γαe−
2πi
3

(p)|2 + |ψ√
γαe

2πi
3

(p)|2
) , (7.24)

where we used Tr[ρout] = 1 and Tr[ρ̃C0
w0

] = Tr[ρ̃C1
w0

] = Tr[ρ̃C2
w0

]. The corresponding �delity for the
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target state is then calculated as

Fw0 =
〈φ00|ρ̃w0|φ00〉

pw0

=
Nu(
√

1− γα)

9

1
3

∆∫
−∆

dp |ψ√γα(p)|2

pw0

.

(7.25)

The success probabilities for the other two selection windows are obtained in complete analogy,

pw1 =
1

3


∞∫

√
3

2

√
γα−∆

dp
(
|ψ√γα(p)|2 + |ψ√

γαe−
2πi
3

(p)|2 + |ψ√
γαe

2πi
3

(p)|2
) ,

pw2 =
1

3


−
√
3

2

√
γα+∆∫

−∞

dp
(
|ψ√γα(p)|2 + |ψ√

γαe−
2πi
3

(p)|2 + |ψ√
γαe

2πi
3

(p)|2
) .

(7.26)

The corresponding �delities with respect to |φ02〉 and |φ01〉 are, respectively,

Fw1 =
Nv(
√

1− γα)

9

1
3

∞∫
√

3
2

√
γα−∆

|ψ√γα(p)|2

pw1

,
(7.27)

and

Fw2 =
Nw(
√

1− γα)

9

1
3

−
√
3
2

√
γα+∆∫

−∞
|ψ√γα(p)|2

pw2

.
(7.28)

To estimate the performance of this entanglement generation scheme, we de�ne the average

�delity as

Fav =

2∑
i=0

pwiFwi

Psucc
, (7.29)

where Psucc =
2∑
i=0

pwi is the total success probability. The α-dependence of the success proba-

bility and the average �delity for various values of ∆ is shown in Figs. 7.3 and 7.4 for L0=5km.

Clearly, if ∆ = ∆0, then there is no failure window at all and all measurement results are

accepted. This results in unit success probability, Psucc = 1. On the other hand, for smaller

(but not too small) ∆, i.e. ∆ < ∆0, the success probability still tends to unity for increasing α,

as long as the three coherent states remain well within their respective selection windows. The

�delity, however, shows an opposite behavior. The smaller ∆ is chosen, the higher the �nal
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Figure 7.4: Average �delity for the homodyne-based distribution of qutrit-qutrit entanglement
over a distance of 5 km for various ∆: ∆ = ∆0 (red), ∆ = 0.7∆0 (green), ∆ = 0.5∆0 (blue),
∆ = 0.2∆0 (orange) and ∆ = 0.001∆0 (magenta) (from bottom to top).
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Figure 7.5: Success probability for the homodyne-based distribution of qutrit-qutrit entangle-
ment over a distance of 10 km for various ∆: ∆ = ∆0 (red), ∆ = 0.7∆0 (green), ∆ = 0.5∆0

(blue), ∆ = 0.2∆0 (orange) and ∆ = 0.001∆0 (magenta) (from top to bottom).

average �delity for moderate values of α. Increasing α makes the �delity �nally drop to 1/3,

which is a direct consequence of the loss channel whose mixed output becomes more and more

balanced for larger α. For each chosen value of ∆, there is an optimal value for α leading to a

maximal �delity. For instance, choosing ∆ = 0.2∆0 and α ≈ 1 leads to an average �delity of

Fav ≈ 0.7 at a very reasonable success probability of Psucc ≈ 0.4. The corresponding plots for

elementary distances of L0=10 km are shown in Figs. 7.5 and 7.6.

A possible ququart scheme for distributing ququart-ququart entanglement is explicitly discussed

in App. C.2.

Unambiguous state discrimination In this section, we will consider an alternative mea-

surement scheme for a qutrit hybrid repeater based upon so-called unambiguous state discrim-

ination (USD). Compared to the homodyne-based scheme, the conceptual di�erence in the

USD-based scheme is that the non-orthogonality of the coherent states only a�ects Psucc and
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Figure 7.6: Average �delity for the homodyne-based distribution of qutrit-qutrit entanglement
over a distance of 10 km for various ∆: ∆ = ∆0 (red), ∆ = 0.7∆0 (green), ∆ = 0.5∆0 (blue),
∆ = 0.2∆0 (orange) and ∆ = 0.001∆0 (magenta) (from bottom to top).

no longer Fav, as USD enables one to discriminate non-orthogonal states probabilistically in an

error-free fashion. The idea is that a successful and error-free projection onto one of the states

|√γα〉 or |√γαe± 2πi
3 〉 would lead to maximally entangled states in all components in Eq.(7.15).

The task is therefore to �nd the most e�cient possible scheme in the framework of quantum

theory for unambiguously discriminating between the three coherent states above.

This problem was treated by Che�es [132] who derived the optimal success probability as

PD ≤ min
r

2∑
j=0

e−
2πijr

3 eγα
2(e

2πij
3 −1), (7.30)

with r = 0, 1, 2 (see also Refs. [133, 134]). The relation between this optimal probability and

the corresponding �delity of the �nal maximally entangled state is shown in Fig. 7.7.

Entanglement puri�cation After the homodyne detection, the conditional state state re-

sulting from Eq. (7.15) still represents a mixed state. Depending on the channel distance, the

selection window and the amplitude α, the resulting state in the �rst component is a mixture

of the dominant target state |φ00〉 with small extra components of |φ02〉 and |φ01〉 (if the result
belongs to window w0). This is similar for the other two components of the mixture with their

rotated Bell states. Thus, e�ectively, the state after homodyne detection reads (up to local

qutrit rotations in case of the other two windows)

ρeff =
Nu(
√

1− γα)

9
|C̃0〉〈C̃0|+

Nv(
√

1− γα)

9
|C̃1〉〈C̃1|+

Nw(
√

1− γα)

9
|C̃2〉〈C̃2|, (7.31)

where
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Figure 7.7: Success probability and �delity for the USD-based scheme for 5 km (red, dotted)
and 10 km (green, solid) in dependence of α.

|C̃0〉 =
1√
3

(|00〉+ |11〉+ |22〉),

|C̃1〉 =
1√
3

(|00〉+ e−
2πi
3 |11〉+ e

2πi
3 |22〉),

|C̃2〉 =
1√
3

(|00〉+ e+ 2πi
3 |11〉+ e−

2πi
3 |22〉).

(7.32)

Note that in the case of USD, Eqs. (7.31) and (7.32) are exact and there are no extra terms

from the rotated Bell states (which nonetheless can be neglected for the case of homodyne

detection provided the selection window-based state discrimination works su�ciently well). In

general, mixed entangled states degrade the performance of quantum information processing

tasks like teleportation or the entanglement swapping operation discussed in the next section.

Hence, a puri�cation of the above mixed state is required (see Section 2.2).

To perform a puri�cation of our relevant state, i.e. to increase the statistical weight of |C̃0〉 in
Eq. (7.31), at least two copies of the matter-matter output state are required.

On each matter system of each copy, the following transformations are performed: The �rst

matter system is subject to the transformation

|0〉 7→ 1√
3

(|0〉+ |1〉+ |2〉),

|1〉 7→ 1√
3

(|0〉+ eiφ|1〉+ e−iφ|2〉),

|2〉 7→ 1√
3

(|0〉+ e−iφ|1〉+ eiφ|2〉),

(7.33)

while on the second system
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|0〉 7→ 1√
3

(|0〉+ |1〉+ |2〉),

|1〉 7→ 1√
3

(|0〉+ e−iφ|1〉+ eiφ|2〉),

|2〉 7→ 1√
3

(|0〉+ eiφ|1〉+ e−iφ|2〉),

(7.34)

is performed. The components of the mixture are then transformed as

|C̃0〉 7→
1√
3

(|00〉+ |11〉+ |22〉),

|C̃1〉 7→
1√
3

(|01〉+ |20〉+ |12〉),

|C̃2〉 7→
1√
3

(|10〉+ |02〉+ |21〉).

(7.35)

A mixture of |C̃0〉, |C̃1〉, and |C̃2〉 with statistical weights p0,p1, and p2, p0 + p1 + p2 = 1, can

now be puri�ed as follows. One needs two copies of the state that is shared between two parties

A and B. As proven in Section 6.3 for arbitrary dimensions, a local subtraction gate is applied

on the qutrits belonging to A and B, respectively. After this, A and B choose one of the two

copies and measure the spin. Equal spin results lead to the new mixed state

ρ′ =

2∑
j=0

p2
j |C̃j〉〈C̃j|

2∑
j=0

p2
j

, (7.36)

whose �delity with respect to the target state |C0〉 is now increased, provided p0 > 1/3 and

p1, p2 < p0.

Entanglement swapping In the previous sections, we have shown how to entangle two

qutrits over a distance L0. The distance L0, however, is in general too short for applications

in quantum communication. It is therefore necessary to further distribute entanglement over

larger distances. This can be done by entanglement swapping.

To perform entanglement swapping, two entangled qutrit-qutrit pairs are generated next to

each other, covering a total distance of 2L0. To connect the two pairs and thus establish en-

tanglement over two times the initial distance, a Bell measurement is carried out on the two

adjacent matter systems. A successful Bell measurement projects the remaining two matter

systems onto a maximally entangled state.

In analogy to the qubit case, a Bell measurement on two qutrits can be performed by applying

a qudit sum gate (cnot) and measurements in the X- and in the Z-basis (see Eq. (7.2)). As
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pointed out in [135], Hadamard transformations and a cphase gate su�ce to implement the

sum gate.

In the following, we assume that arbitrary single qutrit rotations and measurements can be

performed on the matter systems and show how to construct the sum gate from these assump-

tions.

In our framework, a cphase gate is represented by the unitary

UCS = exp

(
−2πi

3
Ŝ(3)
z1
Ŝ(3)
z2

)
, (7.37)

where the operators Ŝ(3)
zi represent the operations introduced in Eq. (7.2) on the ith qutrit.

Like in the qubit case, a decomposition for the cshift gate reads

cshift = (H ⊗ 1)cphase(H ⊗ 1), (7.38)

where H is the qutrit Hadamard transformation. Indeed, one observes by direct calculation

(H ⊗ 1)csign(H ⊗ 1)|x, y〉 = |x	 y, y〉 for x, y ∈ Z2. Note that 	 denotes subtraction modulo

3. A more formal proof of this decomposition for arbitrary dimensions is given in Section 6.3.

With hybrid quantum repeater protocols for qubits and qutrits in mind, an extension to

ququarts, i.e. 4-level systems, is straightforward. As a bridge to the general qudit case, as

presented in the next section, it is nonetheless useful to explicitly consider the ququart case

including the optical qubus measurements adapted to this case. This is presented in App. C.1.

Rate analysis

Methods and assumptions In this section, we quantify the performance of our hybrid qutrit

HQR protocol for the generation of entanglement over the total distance. The performance can

be cast by the entanglement generation rate, i.e. the number of entangled pairs over the entire

distance per unit time. Besides this, the �delity of the generated state is of particular interest.

We assume matter systems with in�nite coherence time, i.e. perfect memories, as well as de-

terministic and error-free gates on them. Especially, the entanglement swapping operation is

treated as deterministic. Strictly speaking, photon loss is the only error source entering our

rate analysis and the resulting rates have to be understood as upper bounds of the actual rates.

For this scenario, analytical formulae for the rates in dependence of the number of elementary

links as well as the number of puri�cations performed on each link have been derived in [136].

Note that we include one to several rounds of entanglement puri�cation only right after the

initial entangled-state distributions.

We consider 2n links of elementary distance L0, covering a total distance L = 2nL0. Entan-

glement is generated in each link with a probability P0. If the obtained state is not further
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puri�ed, the resulting rate reads

Rn =
c

2L0

1

Zn(P0)
, (7.39)

where

Zn(p) =
2n∑
j=1

(
2n

j

)
(−1)j+1

1− (1− p)j
, (7.40)

is the average total number of attempts it takes for all segments to eventually share an en-

tangled pair (recall that initially shared pairs can be stored as long as needed), T0 = 2L0

c
is

the elementary time unit for sending the quantum states and also the classical information to

con�rm their successful distribution (as well as puri�cation), and c is the speed of light in the

optical �ber.

If one round of puri�cation is performed, the same formula can be applied, but now P0 has to

be substituted by an e�ective probability,

Q1(L0) = P0P1

(
2− P0

3− 2P0

)
, (7.41)

where P1 is the probability for the �rst round of puri�cation to succeed. Furthermore, the rates

with two and three rounds of puri�cation can be calculated using the e�ective probabilities

Q2(L0) = Q1(L0)P2

(
2−Q1(L0)

3− 2Q1(L0)

)
, (7.42)

and

Q3(L0) = Q2(L0)P3

(
2−Q2(L0)

3− 2Q2(L0)

)
, (7.43)

where P2 and P3 are the success probabilities for two and three rounds of puri�cation, re-

spectively. Note that without the use of quantum memories, Q3 would scale as P 8
0P

4
1P

2
2P3,

which (assuming small probabilities) is turned into a scaling like P0P1P2P3 with the help of

the quantum memories. Higher rounds of puri�cation can be considered in a recursive fashion.

We analyze the rates for the USD- and homodyne-based scheme separately in the next two

sections.

USD-based scheme For USD-scheme, P0 is given by the optimal probability in Eq. (7.30)

to distinguish the three coherent states |α〉 and |αe 2πi
3 〉. The resulting state is the normalized

version of Eq. (7.22) and the initial �delity of the target state reads

F0 =
Nu(
√

1− γα)

9
, (7.44)

and
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F1 =
Nv(
√

1− γα)

9
,

F2 =
Nw(
√

1− γα)

9
,

(7.45)

for the other two components. One round of puri�cation succeeds with probability

P1 = F 2
0 + F 2

1 + F 2
2 , (7.46)

and the resulting improved �delity is

F ′0 =
F 2

0

F 2
0 + F 2

1 + F 2
2

. (7.47)

For more rounds of puri�cation, the �delities and success probabilities can be obtained recur-

sively.

After entanglement swapping, the �nal �delity of the entangled state distributed over the total

distance is lower bounded by (F̃0)2n , where F̃0 is the �nal �delity on each link, possibly obtained

after some rounds of puri�cation.

Homodyne scheme An exact rate analysis for the entanglement distribution based on ho-

modyne detection is much more demanding than for the USD-case. This is due to the fact

that at adjacent elementary links potentially di�erent mixed quantum states are generated de-

pending on the corresponding measurement result. As already pointed out, these states can be

brought into a similar form, i.e. the components are equal, but the statistical weights are not

necessarily equal. An exact rate analysis is therefore hard to perform.

To nevertheless assess the performance of that scheme, we model the situation with an e�ective

state on each elementary link. This e�ective state has the average �delity Fav(α, γ) as the sta-

tistical weight of the �rst component, whereas the other two components are equally weighted

with F1 = F2 = 1
2
(1− Fav(α, γ)). For an elementary distance of L0 = 5 km, we choose α ≈ 1,

which leads to a maximum initial �delity of ≈ 0.7. As the generation probability P0, we insert

the average success probability, Psucc =
2∑
i=0

pwi , for obtaining a result in the success windows

(see Section 7.1.1) which equals ≈ 0.4 in this case. For L0 = 5 km, we also have α ≈ 1, but

now Fav ≈ 0.6 and P0 ≈ 0.39.

Using these initial values, the formulae for the rates and �delities, including possible rounds

of puri�cation, can directly be applied. For quantitative examples and an illustration of the

trade-o� between repeater rates and �delities, see App. C.1.

To summarize some of the results presented there, for elementary distances as short as L0 = 5

km, the USD-based scheme and the homodyne-based scheme perform comparably. In either
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case at least three rounds of puri�cation are needed in order to obtain reasonable �delities and

rates for distances as large as 640 km.

For L0 = 10 km according to our calculations, the USD-based scheme performs slightly better

than the homodyne-based scheme, such that in both scenarios rather high �delities can be

achieved for distances as large as 1280 km (the rates are comparable and again three rounds

of puri�cation are necessary). However, note that our results for the homodyne-based scheme

only hold under the assumptions that the o�-diagonal terms in Eq. (7.20) are negligible and

that the conditional state after homodyne detection can be modeled via an e�ective state with

�delity Fav. Thus, the numbers presented in App. C.1 may overestimate the homodyne-based

scheme compared to the USD-based scheme.

Results for a situation with a more practical repeater spacing, L0 = 20 km, indicate that

for L = 1280 km near-unit �delities at rates ≈ Hz are only achievable using USD, because

in the homodyne-based scheme the output �delities drop below 0.5 for such large elementary

distances. Note that a similar observation was made for the original qubit scheme based on

homodyne detection [85].

The general qudit case

Based on the results obtained in the last sections for speci�c examples, we are now in turn to

propose HQR protocols for arbitrary �nite dimensional quantum systems.

The dispersive interaction between a general qudit, i.e. a d-level system, and a light mode can

be realized by the Hamiltonian

H
(d)
int = ~gŜ(d)

z â†â, (7.48)

with Ŝ(d)
z |k〉 =

(
2k−d+1

2

)
|k〉 for k = {0, 1, .., d − 1}, and where Ŝ(2)

z = σz. The corresponding

unitary is Ud(θ) = exp(iθŜ
(d)
z â†â) and the relevant case of a strong interaction is obtained by

setting θ = 2π
d
.

The �rst step in the protocol is the preparation of the matter state 1√
d

d−1∑
k=0

|k〉, which then

interacts with an optical coherent state |α〉 via the strong dispersive interaction. This results

in a hybrid entangled qudit-light (qudit-qubus) state,

1√
d

d−1∑
k=0

|k〉|αe
2kπik
d 〉. (7.49)

After locally generating qudit-light entanglement, the light mode is sent through an optical

channel of length L0 where it is subject to photon loss. Including again an ancilla vacuum

mode and mixing it with the optical mode results in

1√
d

d−1∑
q=0

|q〉|√γαe
2πiq
d 〉|
√

1− γαe
2πiq
d 〉. (7.50)
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As in the speci�c examples above, the crucial point is now to �nd a suitable basis for tracing

out the loss mode. Here, in the general case, this basis consists of the d vectors

|vm〉 =
1√

Nvm(α)

d−1∑
k=0

e
2πikm
d |αe

2πik
d 〉, (7.51)

with m = 0, 1, .., d− 1. We can thus recast the coherent states of the ancilla light mode in Eq.

(7.50) as

|αe
2πik
d 〉 =

1

d

d−1∑
m=0

√
Nvm(α)e−

2πikm
d |vm〉, (7.52)

and �nd for Eq. (7.50):

1

d
√
d

d−1∑
q,m=0

√
Nvm(

√
1− γα)e−

2πiqm
d |q〉|√γαe

2πiq
d 〉|vm〉. (7.53)

Tracing out the loss mode in this basis is now a trivial task and one obtains

ρout =
d−1∑
m=0

Nvm(
√

1− γα)

d2

[(
1√
d

d−1∑
q=0

e−
2πiqm
d |q〉|√γαe

2πiq
d 〉

)
×H.c.

]
, (7.54)

for the d-component qudit-light output state.

Again, this can be further simpli�ed by basis transformations on both the light mode and the

matter system. The light mode can be expressed in the basis given in Eq. (7.51), while the

matter system can be written in the (generalized Pauli) qudit X -basis,

|k̃〉 =
1√
d

d−1∑
m=0

e
2πikm
d |m〉, (7.55)

for k = 0, 1, ..., d− 1. This gives the expression

ρout =
d−1∑
m=0

Nvm(
√

1− γα)

d2

[(
1

d

d−1∑
r=0

√
Nvr |m̃⊕ r〉|ṽr〉

)
×H.c.

]
, (7.56)

for Eq. (7.54) where ⊕ denotes addition modulo d. Note that ∼ again indicates basis vectors

with damped amplitude
√
γα on the light mode and the X-basis on the matter system.

After traveling through the loss channel over a distance L0, the light mode reaches a second

matter system, also prepared in the state 1√
d

d−1∑
k=0

|k〉. The light mode interacts dispersively

with the second matter system, this time with the inverse angle θ = −2π
d
. The resulting state

becomes

ρ =
d−1∑
m=0

Nvm

d2
|Tm〉〈Tm|, (7.57)
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Figure 7.8: Phase space representation of the qubus mode for d = 8.

with the components

|Tm〉 =
1

d

d−1∑
q=0

d−1∑
l=0

e−
2πiqm
d |q〉|l〉|√γαe

2πi(q−l)
d 〉, (7.58)

written in the original basis (like in Eq.(7.54)).

The state discrimination in the general case involves the d coherent states |√γα〉, ..., |√γαe
2πi(d−1)

d 〉
which can be graphically represented as coherent states "on a ring" (see Fig. 7.8 for d = 8). A

projection onto one of the d coherent states collapses each component onto a maximally entan-

gled state. However, by increasing the dimension d, a projection scheme based on homodyne

detection becomes more and more futile since no direction is uniquely speci�ed any more.

A scheme for unambiguously discriminating exactly these d coherent states was derived in [132]

for arbitrary dimensions (for d = 3, recall Section 7.1.1). An upper bound for the success

probability is given by

PD ≤ min
r

d−1∑
j=0

e−
2πijr
d eγα

2(e
2πij
d −1), (7.59)

r = 0, 1, .., d − 1, where Eq.(7.30) is recovered for d = 3. Since the upper bound on the right-

hand side depends on both α and γ the minimization with respect to r is hard analytically. We

therefore calculate the bound numerically.

After the USD, the resulting mixed state will be a mixture of d− 1 maximally entangled Bell

states of the form

|φkj〉 =
1√
d

d−1∑
y=0

e
2πiky
d |y, y 	 j〉, (7.60)

for one �xed j = 0, ..., d−1, according to the speci�c identi�ed coherent state. If j 6= 0, a j-fold

application of X =
d−1∑
k=0

|k + 1〉〈k| transforms all these states to
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|φk0〉 =
1√
d

d−1∑
y=0

e
2πiky
d |y, y〉. (7.61)

By means of local unitaries, the di�erent components of the mixtures with |φk0〉 can always be

transformed to a mixture of the states

|ψj〉 ≡ |φ0j〉 =
1√
d

d−1∑
y=0

|y, y 	 j〉, (7.62)

with now all j included. We therefore obtain

ρ =
d−1∑
j=0

pj|ψj〉〈ψj|, (7.63)

for the state to be puri�ed.

The puri�cation now works as follows. We prepare two copies of the state in Eq. (7.63) such

that the total joint four-qudit state reads

ρ⊗ ρ =
d−1∑
j=0

d−1∑
k=0

pjpk|ψj〉|ψk〉〈ψj|〈ψk|, (7.64)

where the individual terms are

|ψj〉|ψk〉 =
1

d

d−1∑
y=0

d−1∑
y′=0

|y, y 	 j〉|y′, y′ 	 k〉. (7.65)

One applies a local cshift gate on systems 1 and 3 as well 2 and 4 in order to obtain

1

d

d−1∑
y=0

d−1∑
y′=0

|y − y′, y 	 y′ ⊕ k 	 j〉|y′, y′ 	 k〉. (7.66)

After that, the �rst spins of the �rst two systems are measured. If the spins are parallel, it

follows k = j such that only diagonal parts contribute. As a consequence, the second two

systems collapse to |ψk〉.
The new state then becomes

ρ′ =

d−1∑
j=0

p2
j |ψj〉〈ψj|

d−1∑
j=0

p2
j

. (7.67)

The �delity with respect to the target state |ψ0〉 is thus
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F ′ =
p2

0

d−1∑
j=0

p2
j

, (7.68)

which is increased compared to the initial �delity p0 if p0 >
1
d
and pi < p0 for i = 1, ..., d− 1.

After possibly several rounds of puri�cation, a high-�delity entangled state can be obtained

between the two separated qudits. This is referred to as the initial entanglement generation or

distribution.

To further extend the entanglement, two elementary segments next to each other are connected

via entanglement swapping through Bell measurements on adjacent repeater nodes, i.e., a pro-

jection on maximally entangled qudit-qudit states is performed.

Generalizing the qutrit case, we show that the cshift gate lies at the heart of such Bell mea-

surements and that these can be realized by a cphase gate based on the generalized dispersive

interaction.

The cphase gate for an arbitrary dimension d is realized by the two-qudit unitary transfor-

mation

Ud = exp

(
−2πi

d
Ŝ(d)
z1
Ŝ(d)
z2

)
, (7.69)

with the generalized spin operator Ŝ(d)
i acting on qudit i. We show by direct calculation that

the sequence H ⊗ 1 → cphase → H ⊗ 1 acts as a controlled phase shift gate on an arbitrary

two-qudit state:

(H ⊗ 1) · cphase · (H ⊗ 1)|xy〉 = (H ⊗ 1) · cphase 1√
d

d−1∑
k=0

exp

(
2πikx

d

)
|ky〉

= (H ⊗ 1)
1√
d

d−1∑
k=0

exp

(
2πik(x− y)

d

)
|ky〉

= |x− y, y〉.

(7.70)

Together with arbitrary qudit rotations and measurements in the qudit X and Z basis, this

su�ces to implement a deterministic Bell state analyzer for qudits [135].
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|0>
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Output

Figure 7.9: Teleporter with N = 2 scissors: The resource Bell states for the teleportation
are generated using �rst-generation qubit quantum repeaters. Each segment is individually
generated with some probability p0 (depending on the protocol) and then connected via entan-
glement swapping on adjacent repeater nodes (red dots). For the teleporter protocol, see the
description in the text.

7.1.2 Quantum repeaters for continuous variables

A proper �rst-generation continuous-variable quantum repeater requires the generation of bi-

partite entangled continuous-variable states in elementary segments whose distances are then

enlarged by continuous-variable entanglement swapping. Unfortunately, continuous-variable

teleportation and swapping requires in�nite energy to achieve unit �delity. Therefore, it is not

surprising that except the works of [137] and [138] not much has been done on this topic.

In this section, we propose a repeater protocol for continuous-variable states based on quantum

teleportation using delocalized single photons. The basic scheme was originally introduced in

[130] to demonstrate high-�delity continuous-variable teleportation (see Fig. 7.9).This scheme

works as follows.

The single-mode pure input state is �rst divided at a symmetric N -splitter (see Eq. (5.8) in

Section 5.2) together with N − 1 ancillary vacuum modes at the other input ports. Each of

the modes is then individually teleported using a maximally entangled resource state |r〉 =
1√
2
(|10〉 + |01〉). After that, the modes are recombined at another symmetric N -splitter. Fi-

nally, measuring no photons in any of the ancilla output modes approximately teleports the

input state.

One can show that the output state for an arbitrary input state |ψ〉 =
∞∑
k=0

ck|k〉 reads as

|ψ̃〉 = N
N∑
k=0

ck

(
N

k

)
k!

Nk
|k〉, (7.71)
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with some normalization constant N . This teleportation scheme therefore e�ectively returns a

truncated version of the state whose norm corresponds to the success probability.

In the following, we consider the teleportation of a coherent state |α〉 with α ∈ R over large

distances. In Ref. [130], the output states and probabilities for the teleportation scheme with

lossy resource states, i.e.

ρ = γ|r〉〈r|+ (1− γ)|00〉〈00|, (7.72)

have been derived. The unnormalized output state reads

ρout =
N∑
n=0

(
N

n

)
γN−n(1− γ)nα2n exp(−|α|2)

2N−nNn
(7.73)

×
N−n∑
k,k′

(
N − n
k

)(
N − n
k′

)( α
N

)k√
k!|k〉〈k′ |

√
k′ !

(
α∗

N

)k′
, (7.74)

and its normalization is the success probability

psucc(γ,N, α) =
N∑
n=0

(
N

n

)
γN−n(1− γ)nα2n exp(−|α|2)

2N−nNn

N−n∑
k=0

(
N − n
k

)2( |α|2
N2

)k
k!. (7.75)

The �delity after the teleportation with respect to the input state |α〉 is (using 〈k|α〉 =

exp(−|α|2/2) αk√
k!
)

F (γ, α,N) = 〈α|ρout|α〉/psucc(γ,N, α)

=
N∑
n=0

(
N

n

)
γN−n(1− γ)nα2n exp(−2|α|2)

2N−nNn

(
N−n∑
k

(
N − n
k

)(
|α|2

N

)k)2

/psucc(γ,N, α).

(7.76)

Since the lossy resource state in Eq. (7.72) is obtained when each mode of the pure resource

state is sent from a �ctitious middle station through halves of the channel in opposite directions,

it appears meaningful to substitute each lossy resource state in the teleporter by the successful

output of a �rst-generation quantum repeater to achieve a better scaling of the �delity.

We consider a �rst-generation quantum repeater protocol where two-mode entangled single-

photon states are distributed over a large distance. For illustration, we assume perfect memories

and deterministic entanglement swapping to keep the analysis manageable. We furthermore let

N = 2q be an even number with q an arbitrary positive integer.

The �rst step is to determine the probability that, given a generation probability p0 for one

elementary segment of length L0, 2n = L/L0 segments next to each other are created which

cover the total distance L. As mentioned in Section 7.1.1, the average number of steps to

create 2n links is Zn(p0). Since the swapping is deterministic, we can therefore de�ne an
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e�ective probability,

〈pgen〉 =
1

Zn(p0)
, (7.77)

for the generation of one entangled link covering the total distance L. For the creation of

N = 2q entangled links in series, we �nd in analogy

〈pser〉 =
1

Zq(〈pgen〉)
, (7.78)

for the e�ective probability. The total success probability for teleporting an unknown coherent

state is then

Ptot(N,α, p0) = Ptele(α,N)〈pser(p0)〉, (7.79)

where

Ptele(α,N) =
e−α

2

2N

N∑
k=0

(
N

k

)2(
α2

N2

)
k!, (7.80)

is the success probability of the loss-free teleporter [130]. Since memories and entanglement

swapping operations are assumed perfect, the loss only a�ects the generation probability but

not the �nal �delity of the generated Bell pairs. Therefore, after generating entanglement in

each line, our scheme works e�ectively as a loss-free teleporter. The only drawback is that our

scheme is slower compared to a direct transmission of the Bell pairs.

The only implementation-speci�c part is the generation probability p0. For a dual-rail entangled

Bell state, p0 = exp(−L0/Latt). For the DLCZ protocol (see Section 4.1.1 ), one has p0 = rγ =

r exp(−L0/2Latt) where the squeezing parameter r is chosen su�ciently small to avoid multiple

excitations of the atomic ensembles.

7.2 An ionic matter-light interface for quantum repeaters

A basic requirement for �rst-generation quantum repeaters are e�cient quantum memories

with a reasonably long coherence time in order to faithfully store quantum information. Just

as important as the storage of the quantum state encoding the information are the write-in and

read-out processes on the quantum memories [139].

The interconversion of stationary qubits and �ying qubits has been declared as a fundamen-

tal ingredient for quantum communication networks [140], at least as long as third-generation

quantum repeater schemes are experimentally out of reach.

Second-generation quantum repeater schemes actively use quantum error correction for pro-

tecting the quantum memories against errors. It is therefore an important question in which

way a memory can be encoded and, at the same, the encoded information can be converted

into photonic quantum states which can be used for processing.
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In the following, we consider trapped ions, for example, Calcium or Beryllium, as quantum

memories. The ionic qubit could be realized by two of its hyper�ne states, which we denote by

| ↑〉 and | ↓〉. A main error source in the ionic quantum memory is collective dephasing, i.e.

the transformation
| ↑〉 7→ | ↑〉,

| ↓〉 7→ −| ↓〉
(7.81)

on the basis states which causes a phase-�ip on the ionic qubit. A way to circumvent this

undesired phase �ip is to encode the qubit in a decoherence-free subspace [141]. To see what

this means, let us say we encode the qubit by means of two ions, such that the logical basis

states read as
|0̄〉 = | ↑〉| ↑〉,

|1̄〉 = | ↓〉| ↓〉.
(7.82)

It is now easy to see that both logical codewords are invariant under the collective dephasing

acting separately on each ion. The description as a correlated error is justi�ed since the origin

are usually intensity �uctuations of electromagnetic �elds that are, for example, needed to

manipulate the quantum state of the system or to compensate background �elds [142]. Such

�elds are typically generated outside the actual experimental setting and can therefore be

considered as spatially homogeneous on the scale of the ion trap. This means that a variation

of the �eld strength a�ects all trapped ions in the same way, which explains the correlated error

model.

Using this decoherence-free subspace encoding, the corresponding logical qubit remains also

una�ected and is automatically protected without any further error correction steps. Another

suitable decoherence-free subspace encoding using four ions is

|0̄〉 = | ↑〉| ↑〉| ↑〉| ↑〉,

|1̄〉 = | ↓〉| ↓〉| ↓〉| ↓〉.
(7.83)

Our goal is now to write in a loss-encoded �ying photonic qubit into a decoherence-free subspace

encoded ionic quantum memory.

We consider photonic qubits encoded into horizontal (|H〉) and vertical (|V 〉) polarization. We

need the following experimentally feasible light-matter interaction [143] that transforms an

unencoded ionic qubit into an optical polarization qubit,

(α| ↑〉+ β| ↓〉)ion ⊗ |0〉light → |D〉ion ⊗ (α|H〉+ β|V 〉)light, (7.84)

where |0〉light is the photonic vacuum state and |D〉ion denotes some additional ionic level.

Especially, we need the special cases
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| ↑〉 ⊗ |0〉light → |D〉 ⊗ |H〉,

| ↓〉 ⊗ |0〉light → |D〉 ⊗ |V 〉.
(7.85)

The key observation for our scheme is that the codewords of the quantum parity code QPC(2,2)

(see Eq. (3.10)) can be equivalently expressed as

|0̄〉 =
1√
2

(|HHHH〉+ |V V V V 〉) ,

|1̄〉 =
1√
2

(|HHV V 〉+ |V V HH〉) .
(7.86)

Here, the one-to-one-correspondence |H〉 ≡ |10〉 and |V 〉 ≡ |01〉 ensures the equivalence of both
expressions.

Assume that an arbitrary optical logical QPC(2,2)-encoded �ying qubit can be prepared and

is sent to a memory consisting of four ions, all initially prepared in the state |D〉. The reverse
interaction of Eq. (7.84) then gives

|D〉|D〉|D〉|D〉 ⊗ (α|0̄〉+ β|1̄〉)→ (α
1√
2

(| ↑↑↑↑〉+ | ↓↓↓↓〉) + β
1√
2

(| ↑↑↓↓〉+ | ↓↓↑↑〉))⊗ |0〉,

(7.87)

where |0〉 is the four-mode photonic vacuum.

The described protocol is therefore e�ectively a state transfer from optical loss-protected qubits

to ion qubits living in the decoherence-free subspace de�ned in Eq. (7.83) where the quantum

information can be e�ciently stored [144]. Using the inverse operation, a read-out of the ionic

quantum state is also possible.
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7.3 Third-generation quantum repeaters

7.3.1 NOON codes
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Figure 7.10: Success probabilities for the one-way scheme with di�erent encodings: N2 = 4
(orange, ultra�ne dashed), N2 = 9 (green, �ne dashed), N2 = 16 (blue, dashed) and N2 = 100
(magenta, solid) total photons for L = 1000 km (L0 in km).

Now we shall demonstrate the performance of the exact QECC developed in Chapter 5 when

applied in third-generation quantum repeaters (see Section 4.3).

Based on the results of Chapter 5, the success probability for one-way communication over a

total distance L with repeater spacings L0 of an (N2, d) encoded qudit is 1

Psucc =

(
N−1∑
k=0

(
N2

k

)
γN

2−k(1− γ)k

)L/L0

. (7.88)

Here, the damping parameter is given by γ = exp
(
− L0

Latt

)
with the attenuation length Latt =

22 km for telecom �bers and photons at telecom wavelengths. Note that Psucc only depends

on N and especially not on d. The success probability for the one-way scheme over a total

distance of 1000 km using various codes is shown in Fig. 7.10.

To assess the resources needed in a scheme with our qudit codes, we furthermore de�ne a

(spatial) cost function as [23]

C(N, d) =
N2

Psucc log2(d)L0

, (7.89)

which depends on the photon numberN per block and the dimension of the qudit d 2. Fixing the

1The success probability corresponds to a multiple of the �delity determined in Section 5.3, Psucc =
[F (L0)]L/L0 .

2Compared to [23], here we shall only consider the cost for transmitting logical qubits over a total distance
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Figure 7.11: Cost function for codes with di�erent photon numbers and dimensions for L =
1000 km: d = 2 (red), d = 3 (green), d = 4 (blue) (from top to bottom, L0 in km).

total photon number, the cost is obviously suppressed by the inverse of the binary logarithm of

the qudit dimension (corresponding to the e�ective number of encoded logical qubits) such that

qudit encodings make the one-way scheme more e�cient. More interesting is the comparison

of di�erent qudit encodings with di�erent total photon numbers, as shown in Fig. 7.11 . The

plot shows the cost functions of various codes. The cost decreases with N as Psucc is increasing

at the same time for a suitably chosen L0.

Note that also N2 = 1 can be realized in the so-called multiple-rail qudit encoding, where a

single photon occupies one of d modes, i.e. |0̄〉 = |1000..〉, |1̄〉 = |0100..〉, ..., |d− 1〉 = |00...01〉.
Since the scaling of the transmission probability with the loss parameter γ only depends on

the total photon number (and especially not on the qudit dimension d), a cost reduction can

be achieved already in this case by increasing d. However, the multiple-rail encoding is not

a quantum error correction code; it is only a quantum error detection code (see Section 2.3)

that can detect but not correct loss errors. By including the number of modes into the cost

function, e.g. C(N, d) = N3d
Psucc log2(d)L0

[19, 145], we no longer get a cost reduction by increasing

the logical dimension d.

In our illustrative example here, we have assumed that adding extra modes is cheap compared to

adding extra photons and hence used the cost function in Eq. (7.89) as a �gure of merit. This

point of view is di�erent compared to the usual, information theoretical secret-key analysis,

where the key rate is calculated per mode [145].

L, instead of secure classical bits eventually obtained via quantum communication.
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Figure 7.12: Schematic of a one-way quantum repeater with qubit recovery (QR, red) as well as
amplitude restoration (AR, green) at every repeater station (a) or with QR at every repeater
station and AR only at every second station (b).

7.3.2 Cat codes

We now examine the performance of the cat codes developed in Chapter 6 in third-generation

quantum repeaters.

As loss-protected qubits are usually encoded into multi-mode states [23], an attractive feature

of the cat loss code of Chapter 6 would be that only a single optical mode must be sent.

In the case of cat codes, the �rst step at each repeater station is a QND-type parity measurement

that determines the corresponding error space. After �xing the parity, the logical state is

recovered to a great extent and the initial logical qubit resides in some error space with high,

but non-unit �delity.

As already mentioned in Section 6.1, a special problem that occurs with the transmission of

cat-code qubits is the distance-dependent damping of the amplitude. In addition to the qubit

recovery (QR) at each repeater station, the amplitude has to be restored as well. A probabilistic

scheme for this amplitude restoration (AR) is presented in App. B.5. In our AR scheme, we

use quantum teleportation and choose to teleport the qubit back into the code space, while

restoring the amplitude. A schematic is depicted in Fig. 7.12 a). After each repeater station,

the qubit is recovered as well as the amplitude is restored. Figure 7.12 b) shows an improved

scheme in which the qubit is still recovered at each repeater station, but the amplitude is

restored at every second repeater station only. The total success probability for this improved

scheme is shown in Fig. 7.13. One observes that the total success probability initially increases

with the elementary distance L0 before reaching a maximum and tending to zero again. Indeed,

doing AR at the end of the total channel at distance L corresponds to an exponentially small

success probability, while a scheme in which AR is performed too frequently also means that the

probabilistic element introduced via AR accumulates over the total distance. We expect that a

further improvement compared to the results shown in Fig. 7.13 can be obtained by doing AR

even less frequently than at every second repeater station. Here, we shall only demonstrate an

in-principle improvement when QR and AR are not always performed synchronously, without

intending to �nd an optimal scheme.
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Figure 7.13: Total success probability P of amplitude restoration as a function of the elementary
distance L0 (in km) in an improved ("new") one-way scheme over a total distance of 1000 km
for L = 4 and various α (from top to bottom): α = 8 (blue), α = 7 (green), α = 6 (red).

The �delity bound

F =

[
min
a,b

[p̃0(a, b) + p̃1(a, b) + ...+ p̃L(a, b)]

]L/L0

, (7.90)

however, is near unity for short elementary distances and decreases with increasing L0 (see

Fig. 7.14). Note that this bound does not include those events (occurring with probabilities

p̃L+1, ..., p̃2L+1) where the qubit gets "self-corrected" after a suitable sequence of uncorrectable

errors.

To summarize, qubit recovery is necessary after su�ciently short distances, whereas amplitude

restoration seems to be bene�cial after longer but not too long distances. That the logical

qubits must be recovered frequently after short distances is also expected, since the loss code

does not tolerate too large losses for the quantum information to remain intact. A comparison

of the success probabilities and �delities for the "old" and the improved "new" scheme with

di�erent cat codes and di�erent amplitudes is shown in Tables 7.1-7.3. Besides the signi�cantly

higher success probabilities, the improved scheme also gives slightly better �delities.

In general, the expected trade-o� is recovered: for too large amplitudes α, the photon loss prob-

ability goes up (and hence the �delity decreases) while the codewords become more orthogonal

(and hence the �lter probabilities, see App. B.5, and thus the AR probabilities increase).

Conversely, for smaller α, the AR becomes less likely to succeed, while larger �delities can be

obtained. A non-trivial result is to �nd a code L and a protocol, for which an α-regime exists

that allows for both reasonable success probabilities (∼ 1% − 10%) and near-unit �delities at

some elementary distances L0. For L = 3 using the "old" scheme such an α-regime does not

seem to exist (see Table 7.1). With the "new", improved scheme, however, the L = 3-code may

su�ce for elementary distances of L0 ∼ 100 m. For the L = 4- and L = 5-codes, both schemes

can work at elementary distances of L0 ∼ 10−100 m. A general observation is that elementary
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Figure 7.14: Bound F on worst-case �delity as a function of the elementary distance L0 (in
km) for a one-way scheme over a total distance of 1000 km with L = 4 for various α (from top
to bottom): α = 6 (red) α = 7 (green) α = 8 (blue).

distances as large as ∼ 1 km result in very bad �delities. Thus, a cat-encoded logical qubit is

more sensitive to too large losses and too large L0 than, for instance, a single-photon-based,

multi-mode, QPC-encoded qubit for which L0 ∼ 1 km works [23, 100]. However, the fact that

a cat-encoded qubit only requires a single optical mode means that low success probabilities in

a single repeater chain could be e�ciently compensated via (e.g. broadband) parallelization or

multiplexing.

α L0 Fnew Pnew Fold Pold
4.0 0.01 0.99998900 ≈ 0 0.999989 ≈ 0
4.0 0.10 0.98944600 ≈ 0 0.989275 10−76

4.0 1.00 0.00473919 3 · 10−8 0.00232537 10−12

4.5 0.01 0.99997000 ≈ 0 0.99997 10−42

4.5 0.10 0.97327800 0.00830884 0.972789 7 · 10−5

4.5 1.00 9 · 10−6 0.00880618 10−6 3 · 10−3

5.0 0.01 0.99993100 ≈ 0 0.999931 10−67

5.0 0.10 0.94012200 5 · 10−4 0.87604 2 · 10−7

5.0 1.00 ≈ 0 0.16894200 6 · 10−22 0.0847453
6.0 0.01 0.99970600 5 · 10−4 0.999705 3 · 10−7

6.0 0.10 0.77462700 0.46871500 0.771153 0.221926
6.0 1.00 ≈ 0 0.89348900 3 · 10−36 0.843821

Table 7.1: Comparison between the "old" and the "new" schemes for a total distance of L =
1000 km with the L = 3-code, L0 in km. Color indicates near-feasible regimes. Here, "≈ 0"
corresponds to . 10−100.
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α L0 Fnew Pnew Fold Pold
6 0.01 0.999999 3 · 10−31 0.999999 10−61

6 0.1 0.991757 4 · 10−4 0.991574 4 · 10−7

6 1.00 10−9 0.0787418 4 · 10−11 0.0455329
7 0.01 0.999996 6 · 10−4 0.999996 3 · 10−7

7 0.1 0.963915 0.451687 0.96314 0.214877
7 1.00 6 · 10−28 0,755955 3 · 10−22 0.740854
8 0.01 0.999983 0.230988 0.999983 0.0531004
8 0.1 0.876309 0.867937 0.873809 0.74901
8 1.00 10−66 0.979637 10−75 0.977982

Table 7.2: Comparison between the "old" and the "new" schemes for a total distance of L =
1000 km with the L = 4-code, L0 in km. Color indicates feasible regimes.

α L0 Fnew Pnew Fold Pold
6 0.01 1 ≈ 0 1 ≈ 0
6 0.1 0.999781 4 · 10−24 0.999776 10−47

6 1.00 0.00639287 3 · 10−5 3 · 10−3 6 · 10−6

7 0.01 1 3 · 10−50 1 ≈ 0
7 0.1 0.998659 ·10−5 0.998624 10−10

7 1.00 2 · 10−9 0.06615 4 · 10−11 0.0759747
8 0.01 1 10−7 1 2 · 10−14

8 0,1 0.99371 0.194448 0.993546 0.0417406
8 1.00 4 · 10−27 0.691036 10−31 0.659869
9 0.01 1 4 · 10−3 1 1.75 · 10−5

9 0.1 0.975983 0.578119 0.97537 0.334447
9 1.00 5 · 10−64 0.963224 4 · 10−74 0.89103

Table 7.3: Comparison between the "old" and the "new" schemes for a total distance of L =
1000 km with the L = 5-code, L0 in km. Color indicates feasible regimes. Here, "≈ 0"
corresponds to . 10−100.
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Chapter 8

Discussion and Conclusions

The main topic of this thesis is the possibility of suppressing and correcting the e�ect of pho-

ton loss on quantum optical states in optical �bers. We investigated various approaches for

quantum error correction and detection.

We proposed a systematic approach for constructing a class of exact quantum error correcting

codes for the amplitude-damping channel. Based on quantum optical NOON state resources,

logical qubits can be encoded in a block code consuming a total of N2 photons in N blocks.

These codes are capable of correcting N −1 photon losses, which is the same scaling obtainable

with existing exact loss codes for the same �xed total photon number. Nonetheless, only our

codes have a total mode number and a maximal photon number per mode that both scale

linearly with N .

All the presented exact codes have logical codewords that can be built from NOON states with

linear optics. A method for the experimental generation of the N2 = 4 qubit code including

arbitrary logical qubits was also proposed. This method relies on the presence of an ion-trap

ancilla system. Furthermore, the NOON code approach can be generalized to logical qudits

of arbitrary dimension by increasing the mode number per block without losing the loss ro-

bustness, i.e. the �delity always only depends on the total photon number N2 and not on

the dimension of the logical qudit. As for an application, this feature has been exploited in

a one-way communication scheme in Section 7.3.1 where general qudit codes turn out to be

bene�cial in terms of the spatial resource cost.

We furthermore analyzed a generalized quantum error correction code against photon loss that

is based on superpositions of coherent states. Our generalisation includes instances of such a

cat code where errors from more than one-photon loss can be, in principle, approximately cor-

rected. For the higher loss codes, however, the overlap of the codewords increases and must be

compensated by an increasing coherent-state amplitude which results in a growing error rate.

Thus, one encounters the usual trade-o�s when a continuous-variable encoding is employed.

We illustrated such an e�ect for the example of a one-way quantum communication scheme for
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large distances based on cat codes in Section 7.3.2.

The non-orthogonality of the codewords could be entirely avoided by choosing a particular

logical basis in the code space (the X̄- instead of the Z̄-basis), however, this would be at the

expense of a deformation of the logical qubits for �nite coherent-state amplitudes leading to

a complicated and undesirable output density matrix. Our choice of the Z̄-basis circumvents

this deformation at the expense of non-zero codeword overlap. Another generalisation that we

discussed for cat codes is for a higher-dimensional code space beyond logical qubits, i.e., qudits.

Besides the above-mentioned two new types of loss codes, we introduced a hybrid quantum

repeater protocol for the distribution of arbitrary �nite-dimensional bipartite entangled states

over large distances with a speci�c focus on qutrit entanglement. A generalization of the disper-

sive light-matter interaction from the qubit to the general qudit case is the essential ingredient

of our protocol and can be expressed by higher spin operators. The distribution of matter-

matter entanglement between neighboring repeater stations is mediated via coherent states

interacting dispersively and subsequently with the matter systems. We investigated both un-

ambiguous state discrimination and homodyne detection of the light mode and compared the

entangled-state distribution rates and �nal �delities. By exploiting entanglement puri�cation

on the elementary segments, su�ciently high initial �delities can be achieved to cover distances

up to 1280 km with �nal �delities close to unity. With three rounds of entanglement puri�cation

directly after the initial entanglement distributions, rates ∼ 100 Hz are, in principle, possible.

This number corresponds to an upper bound on the performance of the quantum repeater, as

we assumed perfect memories and local operations.

We furthermore generalized a teleportation-based scheme for the transmission of an unknown

coherent state to large distances by exploiting chains of qubit quantum repeaters for the gen-

eration of long-distance resource entangled states. With this scheme, the same �delity as in a

loss-free scenario is obtained at the expense of a lower total success probability.

As another scheme, a light-matter interface between decoherence-free subspaces of trapped ions

and QPC(2,2)-encoded photonic states is proposed on the basis of routinely available ion-light

operations. Fragile photonic quantum information can therefore be faithfully stored in the ionic

quantum memory.

There may be several drawbacks of the approaches presented in this thesis that will be part of

future research. The main practical limitation for our proposed codes is that there is no simple

and e�cient method known for the experimental generation of qubit codes with higher loss re-

sistance and for that of arbitrary qudit codes (including arbitrary logical quantum states). For

NOON codes, this is, however, necessary for the presented one-way scheme, because for achiev-

ing a useful success probability at moderate intermediate distances L0 ∼ 1 km, a code with a

total photon number of N2 = O(100) will be required. In addition, the proposed QND-type

measurement for syndrome identi�cation and the corresponding recovery operation, possibly
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implemented via encoded qudit quantum teleportation, are experimentally hard to achieve. In

addition, for the cat codes, practical ways to achieve the coherent-state amplitude restorations

(either by creating the encoded, entangled ancilla states, as proposed here, or by employing an

alternative method) are still unknown.

Despite the usage of very e�cient homodyne detection, the proposed qudit hybrid quantum

repeater protocol relies upon idealizations. For example, the assumption of perfect memories

with in�nite coherence time may turn problematic in the realistic scenario. In fact, almost all

quantum memories that have been demonstrated so far perform worse compared to a simple

optical �ber loop [146]. Therefore, realistic imperfections for the quantum memories can be

taken into account which might also be tackled by quantum error correction, as has been al-

ready considered for the qubit hybrid repeater protocol [96].

Besides the fact that a su�ciently strong dispersive matter-light interaction is already di�cult

to obtain in the qubit scenario,the physical mechanism behind our proposed generalization of

this interaction to general qudits using spin operators is not entirely clear. For both corner-

stones of the qudit hybrid quantum repeater, the memories and the interaction, considerably

more research on the quantum optics side is necessary. Nonetheless, from a quantum informa-

tion perspective, our scheme represents a step forward, because, as far as we know, it is the

only existing proposal for an implementation of a quantum repeater that aims at distributing

entanglement beyond that of qubits.

Though there are still a lot of things to be further explored, our research has already made

a clear impact on the quantum communication community. After publication, our NOON

codes have been, amongst the traditional bosonic codes and some other kinds of codes, re-

cently referred to as a speci�c (sub-)class of codes within the framework of existing loss codes

[47, 147, 148]. Sometimes, this subclass is denoted as noon.

The same is true for our cat codes, which form a superclass in the set of photon loss codes.

However, opposite to our convention, usually the class of cat codes for which the codewords

are expressed in the X̄-basis (whereas our basis of choice is Z̄) are denoted by cat. The main

reason for this is the orthogonality of the codewords which allows for a deterministic recovery

operation (as opposed to our probabilistic scheme).

On the conceptual level, photon loss codes protecting continuous-variable states would be,

in addition, highly desired to overcome the ine�ciency of typical schemes like the proposed

long-distance teleporter and to make continuous-variable third-generation quantum repeaters

possible.

The future certainly o�ers more interesting research directions in the �eld of optical quantum

error correction and communication, not only limited to pure applications but also including

exciting physical e�ects and environments [149].
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Appendix A

Appendices to Chapter 5

A.1 Ine�ciency of the N=3 two-block code

By calculating the corrupted codewords, the violation of the KL conditions becomes manifest:

A0 ⊗ A0 ⊗ A0 ⊗ A0|Ψ̄〉 =
√
γ6|Ψ̄〉,

A1 ⊗ A0 ⊗ A0 ⊗ A0|Ψ̄〉 =

√
3

2
γ5(1− γ)

(
c0

1√
2

(|20〉+ |02〉)|0̃〉+ c1|11〉|1̃〉
)
,

A0 ⊗ A1 ⊗ A0 ⊗ A0|Ψ̄〉 =

√
3

2
γ5(1− γ)

(
c0|11〉|0̃〉+ c1

1√
2

(|20〉+ |02〉)|1̃〉
)
,

A0 ⊗ A0 ⊗ A1 ⊗ A0|Ψ̄〉 =

√
3

2
γ5(1− γ)

(
c0|0̃〉

1√
2

(|20〉+ |02〉) + c1|1̃〉|11〉
)
,

A0 ⊗ A0 ⊗ A0 ⊗ A1|Ψ̄〉 =

√
3

2
γ5(1− γ)

(
c0|0̃〉|11〉+ c1|1̃〉

1√
2

(|20〉+ |02〉)
)
,

A1 ⊗ A1 ⊗ A0 ⊗ A0|Ψ̄〉 =

√
3

2
γ4(1− γ)2

(
c0|01〉|0̃〉+ c1|10〉|1̃〉

)
,

A0 ⊗ A0 ⊗ A1 ⊗ A1|Ψ̄〉 =

√
3

2
γ4(1− γ)2

(
c0|0̃〉|01〉+ c1|1̃〉|10〉

)
,

A2 ⊗ A0 ⊗ A0 ⊗ A0|Ψ̄〉 =

√
3

2

√
γ4(1− γ)2

(
c0|10〉|0̃〉+ c1|01〉|1̃〉

)
,

A0 ⊗ A2 ⊗ A0 ⊗ A0|Ψ̄〉 =

√
3

2

√
γ4(1− γ)2

(
c0|10〉|0̃〉+ c1|01〉|1̃〉

)
,

A0 ⊗ A0 ⊗ A2 ⊗ A0|Ψ̄〉 =

√
3

2

√
γ4(1− γ)2

(
c0|0̃〉|10〉+ c1|1̃〉|01〉

)
, (A.1)

A0 ⊗ A0 ⊗ A0 ⊗ A2|Ψ̄〉 =

√
3

2

√
γ4(1− γ)2

(
c0|0̃〉|10〉+ c1|1̃〉|01〉

)
,

A1 ⊗ A0 ⊗ A1 ⊗ A0|Ψ̄〉 =
3

2

√
γ4(1− γ)2

(
c0

1√
2

(|20〉+ |02〉) 1√
2

(|20〉+ |02〉)) + c1|1111〉
)
,

93



A0 ⊗ A1 ⊗ A0 ⊗ A1|Ψ̄〉 =
3

2

√
γ4(1− γ)2

(
c1

1√
2

(|20〉+ |02〉) 1√
2

(|20〉+ |02〉) + c0|1111〉
)
,

A0 ⊗ A1 ⊗ A1 ⊗ A0|Ψ̄〉 =
3

2

√
γ4(1− γ)2

(
c0|11〉 1√

2
(|20〉+ |02〉) + c1

1√
2

(|20〉+ |02〉)|11〉
)
,

A1 ⊗ A0 ⊗ A0 ⊗ A1|Ψ̄〉 =
3

2

√
γ4(1− γ)2

(
c1|11〉 1√

2
(|20〉+ |02〉) + c0

1√
2

(|20〉+ |02〉)|11〉
)
.

Note that, for example, the corrupted logical basis states in the last two lines are, in general,

not orthogonal such that a recovery is not possible. This means that, besides all one-photon

losses, only certain two-photon-loss errors are correctable which gives a worst-case �delity of

F ≈ 1 − 9(1 − γ)2. This result is still worse compared to our N = 2 four-photon, two-block

code.

A.2 Alternative NOON code construction

A.2.1 Qubit codes

The action of the AD channel on the codewords |0̄〉 =
[

1√
2
(|20〉+ |02〉)

]⊗2

= 1
2
(|2020〉+|2002〉+

|0220〉+ |0202〉) and |1̄〉 =
[

1√
2
(|20〉 − |02〉

]⊗2

= 1
2
(|2020〉 − |2002〉 − |0220〉+ |0202〉) is

A0 ⊗ A0 ⊗ A0 ⊗ A0|0̄〉 =
√
γ4|0̄〉,

A0 ⊗ A0 ⊗ A0 ⊗ A0|1̄〉 =
√
γ4|1̄〉,

A1 ⊗ A0 ⊗ A0 ⊗ A0|0̄〉 =
√
γ3(1− γ)

1√
2

(|1020〉+ |1002〉),

A1 ⊗ A0 ⊗ A0 ⊗ A0|1̄〉 =
√
γ3(1− γ)

1√
2

(|1020〉 − |1002〉),

A0 ⊗ A1 ⊗ A0 ⊗ A0|0̄〉 =
√
γ3(1− γ)

1√
2

(|0120〉+ |0102〉),

A0 ⊗ A1 ⊗ A0 ⊗ A0|1̄〉 =
√
γ3(1− γ)

1√
2

(−|0120〉+ |0102〉), (A.2)

A0 ⊗ A0 ⊗ A1 ⊗ A0|0̄〉 =
√
γ3(1− γ)

1√
2

(|0210〉+ |2010〉),

A0 ⊗ A0 ⊗ A1 ⊗ A0|1̄〉 =
√
γ3(1− γ)

1√
2

(−|0210〉+ |2010〉),

A0 ⊗ A0 ⊗ A0 ⊗ A1|0̄〉 =
√
γ3(1− γ)

1√
2

(|2001〉+ |0201〉),

A0 ⊗ A0 ⊗ A0 ⊗ A1|1̄〉 =
√
γ3(1− γ)

1√
2

(−|2001〉+ |0201〉).
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Obviously, this also de�nes a quantum error correcting code which can correct the loss of one

photon. Since the �delity only depends on the photon number in the codewords, one obtains

the same result as for the other N2 = 4 code.

Similar to the code construction presented in the main text, the extension to codes with higher

loss protection works by building blocks of NOON states with higher photon number. For a

total photon number N2 = 9, the logical basis states read

|0̄〉 =

(
1√
2

(|30〉+ |03〉)
)⊗3

(A.3)

=
1

2
√

2
(|303030〉+ |303003〉+ |300330〉+ |300303〉+ |033030〉+ |033003〉

+ |030330〉+ |030303〉),

|1̄〉 =

(
1√
2

(|30〉 − |03〉)
)⊗3

(A.4)

=
1

2
√

2
(|303030〉 − |303003〉 − |300330〉+ |300303〉 − |033030〉+ |033003〉

+ |030330〉 − |030303〉).

It is not di�cult to show that this encoding also represents a quantum error correction code,

this time capable of correcting up to two-photon losses.

In general,

|0̄〉 =

(
1√
2

(|N0〉+ |0N〉)
)⊗N

,

|1̄〉 =

(
1√
2

(|N0〉 − |0N〉)
)⊗N

,

(A.5)

de�nes a quantum code correcting N − 1 photon losses using N2 total photons.

A.2.2 Qudit codes

The idea for the qubit code construction can be directly generalized to arbitrary qudit codes.

Consider d = 3 and N = 2 and the qutrit Hadamard transformation H3. Then we choose

|0̃〉 = H3(|200〉) =
1√
3

(|200〉+ |020〉+ |002〉),

|1̃〉 = H3(|020〉) =
1√
3

(|200〉+ exp

(
2πi

3

)
|020〉+ exp

(
4πi

3

)
|002〉),

|2̃〉 = H3(|002〉) =
1√
3

(|200〉+ exp

(
4πi

3

)
|020〉+ exp

(
8πi

3

)
|002〉),

(A.6)
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and build the blocks to construct the basis codewords,

|0̄〉 = |0̃〉|0̃〉,

|1̄〉 = |1̃〉|1̃〉,

|2̄〉 = |2̃〉|2̃〉.

(A.7)

It is easy to check that this is a qutrit quantum error correction code, because the loss of a

single photon on an individual block gives

A1 ⊗ A0 ⊗ A0|0̃〉 = A1 ⊗ A0 ⊗ A0|1̃〉,= A1 ⊗ A0 ⊗ A0|2̃〉 =
1√
3

√
γ3(1− γ)|100〉,

A0 ⊗ A1 ⊗ A0|0̃〉 =
1√
3

√
γ3(1− γ)|010〉,

A0 ⊗ A1 ⊗ A0|1̃〉 =
1√
3

√
γ3(1− γ) exp

(
2πi

3

)
|010〉,

A0 ⊗ A1 ⊗ A0|2̃〉 =
1√
3

√
γ3(1− γ) exp

(
4πi

3

)
|010〉,

A0 ⊗ A0 ⊗ A1|0̃〉 =
1√
3

√
γ3(1− γ)|001〉,

A0 ⊗ A0 ⊗ A1|1̃〉 =
1√
3

√
γ3(1− γ) exp

(
4πi

3

)
|001〉,

A0 ⊗ A0 ⊗ A1|2̃〉 =
1√
3

√
γ3(1− γ) exp

(
8πi

3

)
|001〉,

(A.8)

which proves the non-deformation of corrupted codewords. The orthogonality is ensured by the

block structure.

To construct a general qudit code, we set

|0̄〉N,d = [Hd(|N000...〉)]⊗N ,

|1̄〉N,d = [Hd(|0N00...〉)]⊗N ,
...

|d− 1〉N,d = [Hd(|000...0N〉)]⊗N ,

(A.9)

which is again a qudit code correcting N − 1 photon losses using N2 total photons.
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Appendix B

Appendices to Chapter 6

B.1 Full loss channel and KL conditions for the one-loss

cat code

Let us �rst consider the simpli�ed set of errors E = {â4k, â4k+1, k ∈ N0}. For the even-cat

codewords of Eq. (6.1) (i.e., the �Z̄-basis�), we have the following KL conditions:

〈0̄+|(â4k)†â4k|1̄+〉 =i4k(α2)4k 1√
N+

(〈α|+ 〈−α|) · 1√
N+

(|iα〉+ | − iα〉)

=
(α2)4k

N+

(〈α|iα〉+ 〈α| − iα〉+ 〈−α|iα〉+ 〈−α| − iα〉)

=
(α2)4k

N+

(
exp(−α2) exp(iα2) + exp(−α2) exp(−iα2) + exp(−α2) exp(−iα2)

+ exp(−α2) exp(iα2)
)

=
2(α2)4k exp(−α2)

N+

(
exp(iα2) + exp(−iα2)

)
=

4(α2)4k exp(−α2)

N+

cos(α2)

=
4(α2)4k exp(−α2)

4 exp(−α2) cosh(α2)
cos(α2) =

(α2)4k cos(α2)

cosh(α2)
,

(B.1)

〈0̄+|(â4k)†â4k|0̄+〉 = 〈1̄+|(â4k)†â4k|1̄+〉 = (α2)4k, (B.2)

〈0̄+|(â4k)†â4k+1|0̄+〉 = 〈0̄+|(â4k)†â4k+1|1̄+〉

= 〈1̄+|(â4k)†â4k+1|1̄+〉 = 〈1̄+|(â4k)†â4k+1|0̄+〉 = 0,
(B.3)
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〈0̄+|(â4k+1)†â4k+1|1̄+〉 =
1

N+

(〈α|+ 〈−α|)(â4k+1)†â4k+1(|iα〉+ | − iα〉)

=
i(α2)4k+1

N+

(〈α| − 〈−α|)(|iα〉 − | − iα〉)

=
i(α2)4k+1

N+

(
exp(−α2) exp(iα2)− exp(−α2) exp(−iα2)

− exp(−α2) exp(−iα2) + exp(−α2) exp(iα2)
)

=
2i(α2)4k+1 exp(−α2)

N+

(
exp(iα2)− exp(−iα2)

)
= −4(α2)4k+1 exp(−α2)

N+

sin(α2)

= −(α2)4k+1 sin(α2)

cosh(α2)
,

(B.4)

〈0̄+|(â4k+1)†â4k+1|0̄+〉 = 〈1̄+|(â4k+1)†â4k+1|1̄+〉 =
(α2)4k+1N−

N+

, (B.5)

Written in the Fock basis, the basic codewords read

|0̄+〉 =
1√

cosh(α2)

∞∑
n=0

α2n√
(2n)!

|2n〉,

|1̄+〉 =
1√

cosh(α2)

∞∑
n=0

(−1)nα2n√
(2n)!

|2n〉.
(B.6)

Like in the annihilation operator model, it is useful to study even and odd losses on the

codewords separately:

A2m|0̄+〉 =
1√

cosh(α2)

∞∑
n=m

α2n√
(2n)!

√
γ2n−2m

√
1− γ

2m

√
(2n)!

(2n− 2m)!(2m)!
|2n− 2m〉

=
1√

cosh(α2)

∞∑
n=m

α2n√
(2n− 2m)!(2m)!

√
γ2n−2m

√
1− γ

2m
|2n− 2m〉

=
1√

(2m)!
√

cosh(α2)

√
1− γ

2m
α2m

∞∑
l=0

α2l√
(2l)!

√
γ2l|2l〉

=

√
cosh(α2γ)

cosh(α2)

√
1− γ2m

α2m√
(2m)!

|0̃+〉,

(B.7)
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A2m|1̄+〉 =
1√

cosh(α2)

∞∑
n=m

i2nα2n√
(2n)!

√
γ2n−2m

√
1− γ

2m

√
(2n)!

(2n− 2m)!(2m)!
|2n− 2m〉

=
1√

cosh(α2)

∞∑
n=m

i2nα2n√
(2n− 2m)!(2m)!

√
γ2n−2m

√
1− γ

2m
|2n− 2m〉

=
1√

(2m)!
√

cosh(α2)

√
1− γ

2m
α2mi2m

∞∑
l=0

(−1)l
α2l√
(2l)!

√
γ2l|2l〉

=

√
cosh(α2γ)

cosh(α2)

√
1− γ2m

α2mi2m√
(2m)!

|1̃+〉,

(B.8)

A2m+1|0̄+〉 =
1√

cosh(α2)

×
∞∑

n=m+1

α2n√
(2n)!

√
γ2n−2m−1

√
1− γ

2m+1

√
(2n)!

(2n− 2m− 1)!(2m+ 1)!
|2n− 2m− 1〉

=
1√

cosh(α2)

∞∑
n=m+1

α2n√
(2n− 2m− 1)!(2m+ 1)!

√
γ2n−2m−1

√
1− γ

2m+1
|2n− 2m− 1〉

=
1√

(2m)!
√

cosh(α2)

√
1− γ

2m+1
α2m+1

∞∑
l=0

α2l+1√
(2l + 1)!

√
γ2l+1|2l + 1〉

=

√
sinh(α2γ)

cosh(α2)

√
1− γ2m+1

α2m+1√
(2m+ 1)!

|0̃−〉,

(B.9)

A2m+1|1̄+〉 =
1√

cosh(α2)

×
∞∑

n=m+1

i2nα2n√
(2n)!

√
γ2n−2m−1

√
1− γ

2m+1

√
(2n)!

(2n− 2m− 1)!(2m+ 1)!
|2n− 2m− 1〉

=
1√

cosh(α2)

∞∑
n=m

i2nα2n√
(2n− 2m− 1)!(2m+ 1)!

√
γ2n−2m−1

√
1− γ

2m+1
|2n− 2m− 1〉

=
1√

(2m)!
√

cosh(α2)

√
1− γ

2m+1
α2m+1i2m+1

∞∑
l=0

(−1)l
α2l+1√
(2l + 1)!

√
γ2l|2l + 1〉

=

√
sinh(α2γ)

cosh(α2)

√
1− γ2m+1

α2m+1i2m+1√
(2m+ 1)!

|1̃−〉.

(B.10)

One can easily verify that the norms of corrupted codewords are identical, i.e. the logical
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qubits are not deformed after loss. Qualitatively, we �nd the same cyclic behavior as in the

simpli�ed loss model. Note however, that the logical codewords in the di�erent error spaces

are not orthogonal for �nite α. The encoding presented here is therefore not an exact QEC

but can be regarded as an approximate QECC, provided α is taken su�ciently large to ensure

near-orthogonality.

From the expressions above, the probabilities for individual losses on the codewords can easily

be determined by calculating the corresponding squared norm:

p0 =
cosh(α2γ)

cosh(α2)

∞∑
m=0,2,4,

((1− γ)|α|2)
2m

(2m)!

=
cosh(γα2)

2 cosh(α2)

(
cos(α2(1− γ)) + cosh(α2(1− γ))

)
,

p1 =
sinh(α2γ)

cosh(α2)

∞∑
m=0,2,4,

((1− γ)α2)
2m+1

(2m+ 1)!

=
sinh(γα2)

2 cosh(α2)

(
sin(α2(1− γ)) + sinh(α2(1− γ))

)
,

p2 =
cosh(α2γ)

cosh(α2)

∞∑
m=1,3,5,

((1− γ)α2)
2m

(2m)!

=
cosh(γα2)

2 cosh(α2)

(
− cos(α2(1− γ)) + cosh(α2(1− γ))

)
,

p3 =
sinh(α2γ)

cosh(α2)

∞∑
m=1,3,5,

((1− γ)α2)
2m+1

(2m+ 1)!

=
sinh(γα2)

2 cosh(α2)

(
− sin(α2(1− γ)) + sinh(α2(1− γ))

)
.

(B.11)

Note that p0 contains the probability for no loss, four losses, eight losses and so on.

We are interested in the evolution of a logical qubit subject to photon loss. Taking the �nite

overlap of the codewords into account, a properly normalized qubit reads as

|ψ̄〉 =
a|0̄+〉+ b|1̄+〉√

1 + 2 Re(ab∗)〈0̄+|1̄+〉
. (B.12)

The codewords are not deformed, such that after a loss, say one loss and the cyclic equivalents,

a global factor p1 arises. In addition to that, we have to take the non-orthogonality of the

codewords in the error spaces into account, i.e. we have to properly renormalize the erroneous

state. In this example, we get a relative phase of i which changes the norm of the qubit as well

as the damped amplitude:

A1|ψ̄〉 =

√√√√1− 2 Re(a∗b) sin(γα2)
sinh(γα2)

1 + 2 Re(ab∗) cos(α2)
cosh(α2)

p1

 a|0̃−〉+ ib|1̃−〉√
1− 2 Re(a∗b) sin(γα2)

sinh(γα2)

 . (B.13)

100



The loss probability is therefore

p̃1 =
1− 2 Re(a∗b) sin(γα2)

sinh(γα2)

1 + 2 Re(ab∗) cos(α2)
cosh(α2)

p1. (B.14)

and the normalized state reads  a|0̃−〉+ ib|1̃−〉√
1− 2 Re(a∗b) sin(γα2)

sinh(γα2)

 . (B.15)

The analogous results for the loss probabilities and the total �nal mixed states are summarized

in the main text.

For comparison, let us investigate the KL conditions for the codewords in the X̄-basis (see also

the discussion after Eq. (6.4) in the main text):

|0̄+ + 1̄+〉 =
1√
N ′+

(|0̄+〉+ |1̄+〉),

|0̄+ − 1̄+〉 =
1√
N ′−

(|0̄+〉 − |1̄+〉).
(B.16)

We consider again the error set E = {â4k, â4k+1, k ∈ N0}. The action on the X̄-basis codewords

can be easily calculated based on the results of the Z̄-basis analysis:

â4k|0̄+ + 1̄+〉 = α4k|0̄+ + 1̄+〉 =
α4k√
N ′+

(|0̄+〉+ |1̄+〉),

â4k|0̄+ − 1̄+〉 = α4k|0̄+ − 1̄+〉 =
α4k√
N ′−

(|0̄+〉 − |1̄+〉),

â4k+1|0̄+ + 1̄+〉 =
α4k+1√
N ′+

(|0̄−〉+ i|1̄−〉),

â4k+1|0̄+ + 1̄+〉 =
α4k+1√
N ′−

(|0̄−〉 − i|1̄−〉).

(B.17)

The orthogonality requirements are ful�lled, as

〈0̄+ + 1̄+|(â4k)†â4k|0̄+ − 1̄+〉 = 〈0̄+ + 1̄+|(â4k+1)†â4k+1|0̄+ − 1̄+〉

= 〈0̄+ + 1̄+|(â4k+1)†â4k|0̄+ − 1̄+〉

= 〈0̄+ − 1̄+|(â4k+1)†â4k|0̄+ + 1̄+〉.

(B.18)

The non-deformation criterion for â4k reads

〈0̄+ + 1̄+|(â4k)†â4k|0̄+ − 1̄+〉 = 〈0̄+ − 1̄+|(â4k)†â4k|0̄+ − 1̄+〉 = (α2)4k. (B.19)
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However, for â4k+1, we have

〈0̄+ + 1̄+|(â4k+1)†â4k+1|0̄+ + 1̄+〉 =
2(α2)4k+1

N ′+

(
1− sin(α2)

sinh(α2)

)
,

〈0̄+ − 1̄+|(â4k+1)†â4k+1|0̄+ − 1̄+〉 =
2(α2)4k+1

N ′−

(
1 +

sin(α2)

sinh(α2)

)
,

(B.20)

which shows a violation of the non-deformation criterion. This can only be overcome with

su�ciently large α.

B.2 Error correction steps and lower bound on �delity

We discuss the error correction procedure and the �delity as a �gure of merit for the example

of the one-loss cat code. An extension to the higher-loss codes is straightforward.

The �rst step for correcting loss-induced errors on an incoming logical qubit is to determine its

photon number parity (even or odd) and hence the subspace in which the qubit resides (code

or error space). After this �rst error-correction step, i.e., the number parity measurement that

projects ρ̄ either onto the even space with the normalized conditional density matrix

ρ(+) =
1

P+

p̃0

 a|0̃+〉+ b|1̃+〉√
1 + 2 Re(ab∗) cos(γα2)

cosh(γα2)

×H.c.
+p̃2

 a|0̃+〉 − b|1̃+〉√
1− 2 Re(ab∗) cos(γα2)

cosh(γα2)

×H.c.
 ,

(B.21)

or onto the odd space with the corresponding density matrix

ρ(−) =
1

P−

p̃1

 a|0̃−〉+ ib|1̃−〉√
1− 2 Re(ab∗) sin(γα2)

sinh(γα2)

×H.c.
+p̃3

 a|0̃−〉 − ib|1̃−〉√
1 + 2 Re(ab∗) sin(γα2)

sinh(γα2)

×H.c.
 ,

(B.22)

as a second step, the amplitudes are probabilistically restored, |0̃+〉 → |0̄+〉, etc. (see App. B.5).
Here, P+ and P− are the probabilities for obtaining the error syndromes "even" (code space)

and "odd" (error space), respectively (they correspond to the trace of the respective expression

in squared brackets, i.e. each unnormalized conditional state). The worst-case �delity is de�ned

as
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Fwc = min
a,b

[
〈ψ̄|ρ̂(+)|ψ̄〉P+ + 〈ψ̄′|ρ̂(−)|ψ̄′〉P−

]
= min

a,b

p̃0(a, b) + p̃2(a, b)
∣∣∣〈ψ̄|

 a|0̄+〉 − b|1̄+〉√
1− 2 Re(ab∗) cos(α2)

cosh(α2)

∣∣∣2

+p̃1(a, b) + p̃3(a, b)
∣∣∣〈ψ̄′|

 a|0̄+〉 − ib|1̄+〉√
1− 2 Re(iab∗) cos(α2)

cosh(α2)

∣∣∣2
 ,

(B.23)

where |ψ̄′〉 = a|0̄+〉+ib|1̄+〉√
1−2 Re(iab∗) cos(α2)

cosh(α2)

(i.e., the reference input state for the odd syndrome has a �xed

phase gate applied to it compared to the original qubit input state |ψ̄〉 = a|0̄+〉+b|1̄+〉√
1+2 Re(ab∗) cos(α2)

cosh(α2)

).

The second term in each of the last two lines of Eq. (B.23) is non-negative. If both terms

vanish (i.e., we have α → ∞ and a = 1√
2

= ±b), p̃0 and p̃1 no longer depend on a and b, and

Fwc = p̃0 + p̃1 (more generally: Fwc = p̃0(awc, bwc) + p̃1(awc, bwc) ≥ min
a,b

(p̃0 + p̃1)).

For the other case when the two relevant terms in Eq. (B.23) do not vanish, we have

Fwc > p̃0(awc, bwc) + p̃1(awc, bwc)

≥ min
a,b

(p̃0 + p̃1).
(B.24)

Thus, in general, we obtain the bound on Fwc as expressed by Eq. (6.15).

We show in the following that the probability for correct syndrome identi�cation F (a, b) for

L = 1 and a logical qubit a|0̄+〉+ b|1̄+〉 under the conditions a, b ∈ R is extremal for |a| = |b| =
1√
2
.

The �delity can be cast in the following form:

F (a, b) =
1 + 2abc1

1 + 2abc2

p0 +
1− 2abc3

1 + 2abc2

p1

=
1 + 2a

√
1− a2c1

1 + 2a
√

1− a2c2

p0 +
1− 2a

√
1− a2c3

1 + 2a
√

1− a2c2

p1

=
p0 + p1 + 2a

√
1− a2(c1p0 − c3p1)

1 + 2a
√

1− a2c2

= F (a).

(B.25)

Here, the coe�cients are short-hand for the overlaps of the codewords in the di�erent error

spaces, see Eqs. (13-15), and Eqs. (6.3) and (6.10). These coe�cients are real and bounded by

1. To �nd the extremal value of the �delity, we derive F with respect to a:
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dF

da
=

(1 + 2a
√

1− a2c2)(c1p0 − c3p1) 2−4a2√
1−a2

(1 + 2a
√

1− a2c2)2

−
(p0 + p1 + 2a

√
1− a2(c1p0 − c3p1))c2

2−4a2√
1−a2

(1 + 2a
√

1− a2c2)2

∝ 2− 4a2.

(B.26)

This vanishes for a2 = 1
2
and therefore we �nd the two solutions a = ± 1√

2
. One solution

corresponds to a maximum and the other to a minimum. The second derivative can resolve

this and the solution depends on the signs of the coe�cients ci. To be safe and to avoid

complicated formulae, one can clearly set

fmin(a) := min{F (a =
1√
2

), F (a = − 1√
2

)}, (B.27)

which then corresponds to the lower bound F on the worst-case �delity Fwc, as shown in Eq.

(6.15).
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B.3 Derivation of codewords in the Fock basis

To solve the system of equations (6.16), we set |0̄〉 =
∞∑
n=0

cn|n〉. We have

âL+1|0̄〉 =
∞∑

n=L+1

cn
√
n
√
n− 1 · · ·

√
n− L|n− L− 1〉

=
∞∑
k=0

ck+L+1

√
k + L+ 1

√
k + L · · ·

√
k + 1|k〉

= αL+1

∞∑
k=0

ck|k〉.

(B.28)

One obtains a recursive de�nition of the coe�cients:

ck+L+1 =
αL+1ck√

k + L+ 1
√
k + L · · ·

√
k + 1

. (B.29)

To solve the series, one of the �rst parameters, c0 or c1, has to be �xed.

Before determining the general solution, let us examine the easiest example, L = 0. Here,

the parity condition is trivial and the other two equations are just the de�ning equations for

coherent states. Therefore, the system of equations leads to |0̄〉 = |α〉 and |1̄〉 = | − α〉.
As another illustrative example, we choose L = 1. Then we �nd the series:

ck+2 =
α2ck√

k + 2
√
k + 1

. (B.30)

If we set c0 as given, this series is resolved by

c2k =
α2kc0√

(2k)!
. (B.31)

However, c0 is not arbitrary, because it follows from the normalization constraint

∞∑
k=0

|c2k|2 =
∞∑
k=0

(α2)2k

(2k)!
|c0|2 = 1⇒ |c0|. (B.32)

The coe�cient c0 is then determined up to a irrelevant phase which leads to a global phase

because of (B.31). The corresponding recursion formula for |1̄〉 is given by

c2k =
(−1)kα2kc0√

(2k)!
, (B.33)
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where c0 can be determined through normalization. Therefore, in the Fock basis, the basis

codewords read:

|0̄〉 =
1√

cosh(α2)

∞∑
n=0

α2n√
(2n)!

|2n〉,

|1̄〉 =
1√

cosh(α2)

∞∑
n=0

(−1)n
α2n√
(2n)!

|2n〉.
(B.34)

This can be expressed in terms of coherent states

|0̄〉 =
1√
N+

(|α〉+ | − α〉),

|1̄〉 =
1√
N+

(|iα〉+ | − iα〉),
(B.35)

as given in Section 6.1.

If we �x c1, a completely analogous calculation leads to

|0̄〉 =
1√

sinh(α2)

∞∑
n=0

α2n+1√
(2n+ 1)!

|2n+ 1〉,

|1̄〉 =
1√

sinh(α2)

∞∑
n=0

(−1)n
α2n+1√
(2n+ 1)!

|2n+ 1〉.
(B.36)

Since the parity condition for L = 1 reads as (−1)n̂|ψ̄〉 = |ψ̄〉, the �rst pair of codewords is the
solution of the determining system of equations.

For general L, it is easy to verify that the solutions of the de�ning equations in the Fock basis

are given by

|0̄〉 =
∞∑
k=0

α(L+1)k√
([L+ 1]k)!

|(L+ 1)k〉,

|1̄〉 =
∞∑
k=0

(−1)kα(L+1)k√
([L+ 1]k)!

|(L+ 1)k〉.
(B.37)

We show in the following these states can be rewritten in terms of coherent states as presented

in the main text:

|0̄〉 =
L∑
k=0

|α exp

(
2πik

L+ 1

)
〉,

|1̄〉 =
L+1∑
k=1

|α exp

(
(2k − 1)πi

L+ 1

)
〉.

(B.38)

Expressed in the Fock basis, we have

|0̄〉 =
L∑
k=0

∞∑
r=0

αr exp
(
πi2k
L+1

)r
√
r!

|r〉 (B.39)
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=
∞∑
r=0

αr√
r!
|r〉

L∑
k=0

exp

(
πi2r

L+ 1

)k
=
∞∑
r=0

αr√
r!
|r〉1− exp (πi2r)

1− exp
(
πi2r
L+1

)
=
∞∑
r=0

αr√
r!
|r〉δ(L+1)m

r

=
∞∑
m=0

α(L+1)m√
[(L+ 1)m]!

|(L+ 1)m〉.

The calculation for the other codeword is similar,

|1̄〉 =
L+1∑
k=1

∞∑
r=0

αr exp
(
πi(2k−1)
L+1

)r
√
r!

|r〉 (B.40)

=
∞∑
r=0

αr√
r!
|r〉

L+1∑
k=1

exp

(
πir

L+ 1

)2k−1

=
∞∑
r=0

αr√
r!
|r〉 exp

(
− πir

L+ 1

) L+1∑
k=1

exp

(
2πir

L+ 1

)k
=
∞∑
r=0

αr√
r!
|r〉 exp

(
πir

L+ 1

) L∑
j=0

exp

(
2πir

L+ 1

)j
=
∞∑
r=0

αr√
r!
|r〉 exp

(
πir

L+ 1

)
1− exp (πi2r)

1− exp
(
πi2r
L+1

)
=
∞∑
r=0

αr√
r!
|r〉 exp

(
πir

L+ 1

)
δ(L+1)m
r

=
∞∑
m=0

(−1)mα(L+1)m√
[(L+ 1)m]!

|(L+ 1)m〉.

Up to normalization, the basic codewords in the L+ 1 error spaces in terms of coherent states

are de�ned as

|0̄q〉L : =
L∑
k=0

exp

(
2qkiπ

L+ 1

)
|α exp

(
2kiπ

L+ 1

)
〉,

|1̄q〉L : =
L+1∑
k=1

exp

(
2q(k − 1)iπ

L+ 1

)
|α exp

(
(2k − 1)iπ

L+ 1

)
〉,

(B.41)

for q = 0, .., L. In the Fock basis, these can be expressed as
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|0̄q〉L :=
∞∑
k=1

α(L+1)k−q√
[(L+ 1)k − q]!

|(L+ 1)k − q〉,

|1̄q〉L :=
∞∑
k=1

(e
iπ
L+1α)(L+1)k−q√
[(L+ 1)k − q]!

|(L+ 1)k − q〉.
(B.42)

The code-de�ning equations, including both the code space and all error spaces, then become

exp

(
2πin̂

L+ 1

)
|0̄q〉L = exp

(
2πiq

L+ 1

)
|0̄q〉L, (B.43)

exp

(
2πin̂

L+ 1

)
|1̄q〉L = exp

(
2πiq

L+ 1

)
|1̄q〉L,

(âL+1 − αL+1)|0̄q〉L = 0,

(âL+1 + αL+1)|1̄q〉L = 0,

∀q = 0, 1, 2, ..., L. The evolution of a logical qubit |Ψ̄〉 = a|0̄〉+b|1̄〉√
1+2 Re(ab∗〈0̄|1̄〉)

under AD can then be

described as an (unnormalized) mixture of 2(L+ 1) components:

ρ̄ = p0(a|0̃0〉+ b|1̃0〉)×H.c.+ p1(a|0̃1〉+ e
iπ
L+1 b|1̃1〉)×H.c.+ p2(a|0̃2〉+ e

2iπ
L+1 b|1̃2〉)×H.c.

+ p3(a|0̃3〉+ e
3iπ
L+1 b|1̃3〉)×H.c.+ ...+ pL(a|0̃L〉+ e

Liπ
L+1 b|1̃L〉)×H.c.

+ pL+1(a|0̃0〉1 − b|1̃0〉1)×H.c.+ pL+2(a|0̃1〉 − e
iπ
L+1 b|1̃1〉)×H.c.

+ pL+3(a|0̃2〉 − e
2iπ
L+1 b|1̃2〉2)×H.c.+ ...+ p2L+1(a|0̄L〉 − e

Liπ
L+1 b|1̃L〉)×H.c.

(B.44)
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B.4 Full loss channel and KL conditions for the two-loss

code

The normalized L = 2 codewords read in the Fock basis as:

|0̄〉 =
1√
N

∞∑
k=0

α3k√
(3k)!

|3k〉,

|1̄〉 =
1√
N

∞∑
k=0

(−α)3k√
(3k)!

|3k〉,
(B.45)

where N = 1
3

(
exp(α2) + 2 exp

(
−α2

2

)
cos
(√

3α2

2

))
. The codeword overlap is given by

〈1̄|0̄〉 =
exp(−α2) + 2 exp

(
α2

2

)
cos
(√

3α2

2

)
exp(α2) + 2 exp

(−α2

2

)
cos
(√

3α2

2

) −−−→
α→∞

0. (B.46)

Based on the results obtained in Section 6.2 for the simpli�ed error model, we expect a similar

cyclic behavior of the code under the full AD channel. It is therefore advantageous to consider

the action of the operators {A3k, A3k+1, A3k+2} on the codewords:

A3k|0̄〉 =
1√
N

√
1− γ3k

α3k√
(3k)!

∞∑
n=0

(α
√
γ)3n√

(3n)!
|3n〉,

A3k|1̄〉 =
(−1)k√
N

√
1− γ3k

α3k√
(3k)!

∞∑
n=0

(−α√γ)3n√
(3n)!

|3n〉,

A3k+1|0̄〉 =
1√
N

√
1− γ3k+1

α3k+1√
(3k + 1)!

∞∑
n=1

(α
√
γ)3n−1√

(3n− 1)!
|3n− 1〉,

A3k+1|1̄〉 =
(−1)k+1

√
N

√
1− γ3k+1

α3k+1e
πi
3√

(3k + 1)!

∞∑
n=1

(e
πi
3 α
√
γ)3n−1√

(3n− 1)!
|3n− 1〉,

A3k+2|0̄〉 =
1√
N

√
1− γ3k+2

α3k+2√
(3k + 2)!

∞∑
n=1

(α
√
γ)3n−2√

(3n− 2)!
|3n− 2〉,

A3k+2|1̄〉 =
(−1)k√
N

√
1− γ3k+2

α3k+2e
2πi
3√

(3k + 2)!

∞∑
n=1

(e
πi
3 α
√
γ)3n−2√

(3n− 2)!
|3n− 2〉.

(B.47)

Following the notation introduced after Eq. (6.20), the basic codewords in the three orthogonal

error spaces read

109



|0̃0〉2 ∝
∞∑
k=0

(α
√
γ)3k√

(3k)!
|3k〉,

|1̃0〉2 ∝
∞∑
k=0

(−α√γ)3k√
(3k)!

|3k〉,

|0̃1〉2 ∝
∞∑
k=1

(α
√
γ)3k−1√

(3k − 1)!
|3k − 1〉,

|1̃1〉2 ∝
∞∑
k=1

(e
πi
3 α
√
γ)3k−1√

(3k − 1)!
|3k − 1〉,

|0̃2〉2 ∝
∞∑
k=1

(α
√
γ)3k−2√

(3k − 2)!
|3k − 2〉,

|1̃2〉2 ∝
∞∑
k=1

(e
πi
3 α
√
γ)3k−2√

(3k − 2)!
|3k − 2〉,

(B.48)

where ∼ again indicates the damped amplitude. Obviously, the di�erent error spaces are

orthogonal and the codewords in each error space become orthogonal for large α.

Furthermore, we de�ne the following logical states (∼ denotes again damped logical states),

|Ψ̃0〉 ∝ a|0̃0〉2 + b|1̃0〉2,

|Ψ̃1〉 ∝ a|0̃1〉2 + e
πi
3 b|1̃1〉2,

|Ψ̃2〉 ∝ a|0̃2〉2 + e
2πi
3 b|1̃2〉2,

|Ψ̃3〉 ∝ a|0̃0〉2 − b|1̃0〉2,

|Ψ̃4〉 ∝ a|0̃1〉2 − e
πi
3 b|1̃1〉2,

|Ψ̃5〉 ∝ a|0̃2〉2 − e
2πi
3 b|1̃2〉2.

(B.49)

The �nal mixture for a logical qubit |Ψ̄〉 = a|0̄〉+b|1̄〉√
1+2 Re(a∗b〈0̄|1̄〉)

can thus be written in the form,

ρ̄ = p0

(
1 + 2 Re(a∗b〈0̃0|1̃0〉)
1 + 2 Re(a∗b〈0̄0|1̄0〉)

)
|Ψ̃0〉〈Ψ̃0|,+p1

(
1 + 2 Re(a∗be

πi
3 〈0̃1|1̃1〉)

1 + 2 Re(a∗b〈0̄0|1̄0〉)

)
|Ψ̃1〉〈Ψ̃1|

+ p2

(
1 + 2 Re(a∗be

2πi
3 〈0̃2|1̃2〉)

1 + 2 Re(a∗b〈0̄0|1̄0〉)

)
|Ψ̃2〉〈Ψ̃2|+ p3

(
1− 2 Re(a∗b〈0̃0|1̃0〉)
1 + 2 Re(a∗b〈0̄0|1̄0〉)

)
|Ψ̃3〉〈Ψ̃3|

+ p4

(
1− 2 Re(a∗be

πi
3 〈0̃1|1̃1〉

1 + 2 Re(a∗b〈0̄0|1̄0〉)

)
|Ψ̃4〉〈Ψ̃4|+ p5

(
1− 2 Re(a∗be

2πi
3 〈0̃2|1̃2〉)

1 + 2 Re(a∗b〈0̄0|1̄0〉)

)
|Ψ̃5〉〈Ψ̃5|,

(B.50)

where we also omitted the index indicating L = 2 at the state vectors. For this code, the

codeword probabilities pi, i = 0, ..., 5, are given by
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pi =
1√
N

∞∑
m=0

(α2(1− γ))6m+i

(6m+ i)!
. (B.51)

From the mixed �nal state in Eq. (B.50), the non-deformation of the codewords becomes also

manifest. Therefore, the KL-conditions are approximately ful�lled. A recovery is therefore also

approximately possible, provided the amplitudes are chosen large enough.
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B.5 Amplitude restoration

One e�ect of the realistic photon loss channel on the basic codewords is the damping of their

amplitude. Consequently, the initial amplitude of the incoming logical state has to be restored.

The �rst step in our quantum error correction process is a parity measurement that determines

a certain error space. We have referred to this step as qubit recovery. For simplicity, the

amplitude-damped codewords in the respective error space are denoted as |0̃〉 and |1̃〉 in the

following. The goal of amplitude restoration, the second step of our QEC, is to turn back the

damped amplitudes
√
γα to the initial amplitude for every codeword, |0̃〉 → |0̄〉, |1̃〉 → |1̄〉.

Later we will choose to map the qubit with restored amplitudes from the error space back into

the code space (where this step is not a necessity, but helpful w.r.t. our one-way communication

scheme).

Our strategy is to teleport the damped qubit into a space spanned by undamped codewords

using an encoded, asymmetric Bell state with one half a damped qubit and the other half

an undamped qubit (see Eq. (B.61)). In order to perform the Bell measurement onto a Bell

basis expressed by non-orthogonal codewords, we propose to �rst apply a probabilistic "�lter

operation" and then do a standard Bell measurement. Let us now describe this �lter [150].

Since the codewords are not orthogonal for �nite α, they are not perfectly distinguishable.

However, they can be written in some orthonormal basis {|x〉, |y〉} as

|0̄〉 = b0|x〉+ b1|y〉,

|1̄〉 = eiφ(b0|x〉 − b1|y〉),
(B.52)

where b2
0 + b2

1 = 1 and b0, b1 ∈ R with b0 > b1 without loss of generality. Furthermore, one has

〈0̄|1̄〉 = eiφ(2b2
0 − 1), such that

b0 =

√
1 + e−iφ〈0̄|1̄〉

2
,

b1 =

√
1− e−iφ〈0̄|1̄〉

2
.

(B.53)

Furthermore, we de�ne the following operators:

As =

(
b1
b0

0

0 1

)
, Af =


√

1−
(
b1
b0

)2

0

0 0

 . (B.54)

As can easily be checked, one has A†sAs +A†fAf = 1 and we refer to the non-unitary operations

expressed by As and Af as a successful and a failed �lter operation, respectively. A successful

�lter on the codewords leads to
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As|0̄〉 = b1(|x〉+ |y〉),

As|1̄〉 = eiφb1(|x〉 − |y〉),
(B.55)

i.e. it maps the non-orthogonal codewords onto orthogonal states. Because the codewords

cannot be perfectly distinguished, this cannot be done deterministically. In fact, the success

probability for the �lter operation is

Psucc = 〈0̄|A†sAs|0̄〉 = 〈1̄|A†sAs|1̄〉 = 2− 2b2
0 = 1− |〈0̄|1̄〉|. (B.56)

Before proceeding, we illustrate the idea using the L = 0 cat code, whose codewords are

|0̄〉 = |α〉 and |1̄〉 = | − α〉 with real overlap 〈α| − α〉 = e−2α2
. The corresponding orthogonal

basis is the cat state basis
|x〉 =

1√
N+

(|α〉+ | − α〉),

|y〉 =
1√
N−

(|α〉 − | − α〉).
(B.57)

Since the overlap is real, we have φ = 0 and �nd

b0 =

√
1 + exp(−2α2)

2
,

b1 =

√
1− exp(−2α2)

2
.

(B.58)

The probability for successfully distinguishing |0̄〉 and |1̄〉 is therefore Psucc = 1 − exp(−2α2)

(so-called unambiguous state discrimination).

For the teleportation-based amplitude restoration scheme, we need the Bell states in the

(known) error space (note the normalization factor due to the non-orthogonality of the code-

words):

|φ̃+〉 =
1√
Nφ̃+

|0̃〉|0̃〉+ |1̃〉|1̃〉√
2

,

|φ̃−〉 =
1√
Nφ̃−

|0̃〉|0̃〉 − |1̃〉|1̃〉√
2

,

|ψ̃+〉 =
1√
Nψ̃+

|0̃〉|1̃〉+ |1̃〉|0̃〉√
2

,

|ψ̃−〉 =
1√
Nψ̃−

|0̃〉|1̃〉 − |1̃〉|0̃〉√
2

.

(B.59)

For later use for the "Bennett decomposition" in the teleportation step, one rearranges the

former equations into

113



|0̃〉|0̃〉 =
1√
2

(
√
Nφ̃+
|φ̃+〉+

√
Nφ̃−
|φ̃−〉),

|1̃〉|1̃〉 =
1√
2

(
√
Nφ̃+
|φ̃+〉 −

√
Nφ̃−
|φ̃−〉),

|0̃〉|1̃〉 =
1√
2

(
√
Nψ̃+
|ψ̃+〉+

√
Nψ̃−
|ψ̃−〉),

|1̃〉|0̃〉 =
1√
2

(
√
Nψ̃+
|ψ̃+〉 −

√
Nψ̃−
|ψ̃−〉).

(B.60)

The amplitude restoration works as follows: an encoded qubit is sent through the channel whose

output is a mixed state. As pointed out in the main text, the �rst step in the error correction

procedure is the parity measurement which determines the corresponding error space, i.e. the

input qubit of our amplitude restoration is of the form |ω〉 = c0|0̃〉+c1|1̃〉√
Nω

with unknown coe�cients

c0 and c1. According to the result of the parity measurement, the following state must be

generated:

|φ̂+〉 =
1√
Nφ̂+

|0̃〉|0̄〉+ |1̃〉|1̄〉√
2

. (B.61)

In total, we then have

|ω〉 ⊗ |φ̂+〉 =
1√

NωNφ̂+

1√
2

(c0|0̃〉|0̃〉|0̄〉+ c0|0̃〉|1̃〉|1̄〉+ c1|1̃〉|0̃〉|0̄〉+ c1|1̃〉|1̃〉|1̄〉) (B.62)

=
1√

NωNφ̂+

1

2
[c0

√
Nφ̃+
|φ̃+〉|0̄〉+ c0

√
Nφ̃−
|φ̃−〉|0̄〉+ c0

√
Nψ̃+
|ψ̃+〉|1̄〉+ c0

√
Nψ̃−
|ψ̃−〉|1̄〉

+ c1

√
Nψ̃+
|ψ̃+〉|0̄〉 − c1

√
Nψ̃−
|ψ̃−〉|0̄〉+ c1

√
Nφ̃+
|φ̃+〉|1̄〉 − c1

√
Nφ̃−
|φ̃−〉|0̄〉]

=
1√

NωNφ̂+

1

2
[
√
Nφ̃+
|φ̃+〉(c0|0̄〉+ c1|1̄〉) +

√
Nφ̃−
|φ̃−〉(c0|0̄〉 − c1|1̄〉)

+
√
Nψ̃+
|ψ̃+〉(c0|1̄〉+ c1|0̄〉) +

√
Nψ̃−
|ψ̃−〉(c0|1̄〉 − c1|0̄〉)]

=

√
Nχ1√

NωNφ̂+

1

2

√
Nφ̃+|φ̃+〉

(
c0|0̄〉+ c1|1̄〉√

Nχ1

)
+

√
Nχ2√

NωNφ̂+

1

2

√
Nφ̃− |φ̃−〉

(
c0|0̄〉 − c1|1̄〉√

Nχ2

)

+

√
Nχ3√

NωNφ̂+

1

2

√
Nψ̃+|ψ̃+〉

(
c0|1̄〉+ c1|0̄〉√

Nχ3

)
+

√
Nχ4√

NωNφ̂+

1

2

√
Nψ̃−|ψ̃−〉

(
c0|1̄〉 − c1|0̄〉√

Nχ4

)

=

√
Nχ1√

NωNφ̂+

1

2

√
Nφ̃+

(
|0̃〉|0̃〉+ |1̃〉|1̃〉√

2

)(
c0|0̄〉+ c1|1̄〉√

Nχ1

)

+

√
Nχ2√

NωNφ̂+

1

2

√
Nφ̃−

(
|0̃〉|0̃〉 − |1̃〉|1̃〉√

2

)(
c0|0̄〉 − c1|1̄〉√

Nχ2

)

+

√
Nχ3√

NωNφ̂+

1

2

√
Nψ̃+

(
|0̃〉|1̃〉+ |1̃〉|0̃〉√

2

)(
c0|1̄〉+ c1|0̄〉√

Nχ3

)
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+

√
Nχ4√

NωNφ̂+

1

2

√
Nψ̃−

(
|0̃〉|1̃〉 − |1̃〉|0̃〉√

2

)(
c0|1̄〉 − c1|0̄〉√

Nχ4

)
.

Note that each of the four di�erent output qubits requires a di�erent normalization factor which

we denote as Nχi , i = 1, 2, 3, 4. Like in a usual teleportation scheme, we have a superposition

of tensor products of four Bell states and four di�erent output qubits. Because the codewords

|0̃〉 and |1̃〉 are not orthogonal, the Bell measurement in this basis cannot be performed deter-

ministically. Therefore, we apply the �lter operation on the �rst two modes individually which

leads, after an additional Hadamard gate in {|x〉, |y〉}, to

|ω〉 ⊗ |φ̂+〉 →
b2

1

√
Nχ1

√
Nφ̃+√

NωNφ̂+

(
|x〉|x〉+ e2iφ|y〉|y〉√

2

)(
c0|0̄〉+ c1|1̄〉√

Nχ1

)

+
b2

1

√
Nχ2

√
Nφ̃−√

NωNφ̂+

(
|x〉|x〉 − e2iφ|y〉|y〉√

2
〉
)(

c0|0̄〉 − c1|1̄〉√
Nχ2

)

+ eiφ
b2

1

√
Nχ3

√
Nψ̃+√

NωNφ̂+

(
|x〉|y〉+ |y〉|x〉√

2

)(
c0|1̄〉+ c1|0̄〉√

Nχ3

)

+ eiφ
b2

1

√
Nχ4

√
Nψ̃−√

NωNφ̂+

(
|x〉|y〉 − |y〉|x〉√

2

)(
c0|1̄〉 − c1|0̄〉√

Nχ4

)
=: |ν〉.

(B.63)

Note that compared to Eq. (B.52) the {|x〉, |y〉}-basis is now that which expresses the damped

states |0̃〉 and |1̃〉.
Since |x〉 and |y〉 are orthogonal, the Bell measurement can be performed. Because the �lter op-

eration is non-deterministic, the whole teleportation scheme has a non-unit success probability

which corresponds to the norm of the state in Eq. (B.63),

Psucc = 〈ν|ν〉 =
b4

1

NωNφ̂+
(Nχ1Nφ̃+ +Nχ2Nφ̃− +Nχ3Nψ̃+ +Nχ4Nψ̃−)

=
(1− b2

0)2

NωNφ̂+
(Nχ1Nφ̃+ +Nχ2Nφ̃− +Nχ3Nψ̃+ +Nχ4Nψ̃−)

=
(1− e−iφ〈0̃|1̃〉)2

4NωNφ̂+
(Nχ1Nφ̃+ +Nχ2Nφ̃− +Nχ3Nψ̃+ +Nχ4Nψ̃−)

=
(1− e−iφ〈0̃|1̃〉)2

4(1 + 2 Re(c∗0c1〈0̃|1̃〉))(1 + Re(〈0̃|1̃〉〈0̄|1̄〉))
(Nχ1Nφ̃+ +Nχ2Nφ̃− +Nχ3Nψ̃+ +Nχ4Nψ̃−).

(B.64)

For an L-encoded qubit with coe�cients a and b (i.e., now we replace c0 → a, c1 → b), the

total success probability for the one-way scheme is (see Section 7.3.2)
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Pow =

(
2L+1∑
k=0

p̃k(a, b) · Psucc
[
a|0̃k〉L + exp

(
kπi

L+ 1

)
b|1̃k〉L

])L/d0
, (B.65)

where L is the total distance, d0 is the regular interval at which AR is performed, and the

index "k" in the codewords is to be understood as modulo L + 1 to obtain the corresponding

error space codewords (recall q = 0, ..., L). Furthermore, Psucc[◦] is to be understood as Psucc
from Eq. (B.64) with the respective incoming qubit state ◦. Note that the sum goes over all

components in the incoming mixed state because this probability does not correspond to the

success probability of qubit QEC (as our QR is deterministic and imperfect, as expressed by

the non-unit �delity of the scheme) but to the probability for the �lters (and hence each AR)

to succeed.

Note that at every AR step, we may obtain one of four possible qubit states, as expressed

by Eq. (B.63). From the Bell measurement result it is known which one of the four. This

"Pauli-frame" can be recorded, however, without any additional operations, we may have an

input qubit at the next station that di�ers from the original qubit at the sending station. For

large α, this will not matter much in Eq. (B.65) (see e.g. p̃k(a, b) in Eq. (6.12)).
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Appendix C

Appendices to Chapter 7

C.1 Rate analysis

In this appendix, we show several tables summarizing the results on the rates and �delities

for our qutrit quantum repeater scheme (d = 3), as described in Section 7.1.1. We consider

various total distances up to 1280 km, two possible elementary distances (L0 = 5, 10 km), be-

tween zero and three rounds of entanglement puri�cation directly after the initial entanglement

distribution, and the two possible detection schemes (homodyne, USD).

rounds of puri�cation no one two three
initial �delity 0.652 0.87 0.987 0.999

e�ective probability 0.414 0.147 0.078 0.05
rate [Hz] 20 km 3020 1010 524 343

40 km 2271 738 380 248
80 km 1788 570 293 191
160 km 1463 461 236 156
320 km 1234 385 197 128
640 km 1065 331 169 110
1280 km 936 289 147 96

�delity 20 km 0.420 0.76 0.974 0.999
40 km 0.18 0.57 0.95 0.999
80 km 0.03 0.33 0.9 0,999
160 km 0.001 0.1 0.814 0.998
320 km 0 0.01 0.66 0.996
640 km 0 0 0.436 0.992
1280 km 0 0 0.19 0.984

Table C.1: L0=10 km (USD), α = 1.2, L ≤ 1280 km
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rounds of puri�cation no one two three
initial �delity 0.73 0.93 0.997 0.999997

e�ective probability 0.38 0.15 0.09 0.0619534
rate [Hz] 10 km 5496 2056 1219 835

20 km 4117 1502 885 605
40 km 3233 1161 682 465
80 km 2641 939 550 375
160 km 2225 785 459 313
320 km 1919 674 394 267
640 km 1686 589 344 234

�delity 10 km 0.53 0.86 0.995 0.999994
20 km 0.28 0.75 0.990 0.999987
40 km 0.08 0.56 0.980 0.999975
80 km 0.01 0.31 0.961 0.99995
160 km 0.00 0.10 0.923 0.9999
320 km 0.00 0.01 0.852 0.9998
640 km 0.00 0.00 0.726 0.9996

Table C.2: L0=5 km (homodyne), α ≈ 1, L ≤ 640 km

rounds of puri�cation no one two three
initial �delity 0.6 0.81 0.974 0.9996

e�ective probability 0.39 0.12 0.057 0.037
rate [Hz] 20 km 2828 817 384 246

40 km 2121 595 278 178
80 km 1667 460 214 137
160 km 1362 371 172 110
320 km 1148 310 144 92
640 km 990 266 123 79
1280 km 870 233 107 69

�delity 20 km 0.360 0.656 0.949 0.999
40 km 0.130 0.430 0.900 0.999
80 km 0.017 0.185 0.810 0.997
160 km 0.000 0.034 0.656 0.994
320 km 0.000 0.001 0.430 0.989
640 km 0 0 0.184 0.978
1280 km 0 0 0.03 0.957

Table C.3: L0=10 km (homodyne), α ≈ 1, L ≤ 1280 km
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rounds of puri�cation no one two
initial �delity 0.861808 0.986275 0.999876

e�ective probability 0.0137597 0.0069238 0.0044958
rate [Hz] 40 km 92 46 30

80 km 33 17 11
160 km 26 13 9
320 km 21 11 7
640 km 17 9 6
1280 km 15 8 5

�delity 20 km 0.86180 0.986275 0.9999
40 km 0.7427 0.9727 0.9998
80 km 0.5516 0.9462 0.9995
160 km 0.3043 0.8953 0.9990
320 km 0.09259 0.8016 0.9980
640 km 0.008573 0.6426 0.9960
1280 km 0 0.4129 0.9921

Table C.4: L0=20 km (USD), α = 0.5, L ≤ 1280 km

C.2 Ququart hybrid repeater

The dispersive interaction acting on a ququart-light system is de�ned by the unitary transfor-

mation

U4(θ)

[
1

2
(|0〉+ |1〉+ |2〉+ |3〉)|α〉

]
=

1

2
(|0〉|α〉+ |1〉|αeiθ〉+ |2〉|αe2iθ〉+ |3〉|αe3iθ〉), (C.1)

which is induced by the Hamiltonian H
(4)
int = ~gŜ(4)

z â†â with Ŝ
(4)
z |k〉 =

(
2k−3

2

)
|k〉 for k ∈

{0, 1, 2, 3}. Thus, the ququart (4-level system) may be represented by a spin-3
2
particle. The

case of a strong interaction is obtained by choosing θ = π
2
.

As before, the �rst step in the protocol is the generation of an entangled ququart-light state

via the strong dispersive interaction, i.e.,

1

2
(|0〉|α〉+ |1〉|iα〉+ |2〉| − α〉+ |3〉| − iα〉), (C.2)

of which the light part is then sent through the optical channel over a distance L0, su�ering

from loss.

The output density matrix is again determined by mixing the light mode with an ancilla vacuum

state and tracing out the light mode. It is again useful to transform the coherent states of the

light �eld into an orthogonal basis. The adapted orthogonal basis in this case reads
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|u〉 =
1√
Nu(α)

(|α〉+ | − α〉+ |iα〉+ | − iα〉),

|v〉 =
1√
Nv(α)

(|α〉+ i| − α〉 − |iα〉 − i| − iα〉),

|w〉 =
1√
Nw(α)

(|α〉 − | − α〉+ |iα〉 − | − iα〉),

|z〉 =
1√
Nz(α)

(|α〉 − i| − α〉 − |iα〉+ i| − iα〉),

(C.3)

with normalization constants Nu(α), Nv(α), Nw(α), and Nz(α). We can therefore write

|α〉 =
1

4
(
√
Nu(α)|u〉+

√
Nv(α)|v〉+

√
Nw(α)|w〉+

√
Nz(α)|z〉),

| − α〉 =
1

4
(
√
Nu(α)|u〉 − i

√
Nv(α)|v〉 −

√
Nw(α)|w〉+ i

√
Nz(α)|z〉),

|iα〉 =
1

4
(
√
Nu(α)|u〉 −

√
Nv(α)|v〉+

√
Nw(α)|w〉 −

√
Nz(α)|z〉),

| − iα〉 =
1

4
(
√
Nu(α)|u〉+ i

√
Nv(α)|v〉 −

√
Nw(α)|w〉 − i

√
Nz(α)|z〉).

(C.4)

The resulting output density matrix,

ρout =
Nu(
√

1− γα)

16
×
[

1

2
(|0〉|√γα〉+ |1〉| − √γα〉+ |2〉|i√γα〉+ |3〉| − i√γα〉)

]
×H.c.

+
Nv(
√

1− γα)

16
×
[

1

2
(|0〉|√γα〉 − i|1〉| − √γα〉 − |2〉|i√γα〉+ i|3〉| − i√γα〉)

]
×H.c.

+
Nw(
√

1− γα)

16
×
[

1

2
(|0〉|√γα〉 − |1〉| − √γα〉+ |2〉|i√γα〉 − |3〉| − i√γα〉)

]
×H.c.

+
Nz(
√

1− γα)

16
×
[

1

2
(|0〉|√γα〉+ i|1〉| − √γα〉 − |2〉|i√γα〉 − i|3〉| − i√γα〉)

]
×H.c.,

(C.5)

is now a four-component mixture. This entangled ququart-light state can be further simpli�ed

by switching to the orthogonal basis (Eq. (C.3)) for the light mode and to the X -Basis

|0̃〉 =
1

2
(|0〉+ |1〉+ |2〉+ |3〉),

|1̃〉 =
1

2
(|0〉+ i|1〉 − |2〉 − i|3〉),

|2̃〉 =
1

2
(|0〉 − |1〉+ |2〉 − |3〉),

|3̃〉 =
1

2
(|0〉 − i|1〉 − |2〉+ i|3〉),

(C.6)

for the matter system. Using these bases, Eq. (C.5) can be rewritten as
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ρout =
Nu(
√

1− γα)

16
×
[

1

4

(√
Nu(
√
γα)|0̃〉|ũ〉+

√
Nv(
√
γα)|1̃〉|ṽ〉 +

√
Nw(
√
γα)|2̃〉|w̃〉

+
√
Nz(
√
γα)|3̃〉|z̃〉

)]
×H.c.

+
Nv(
√

1− γα)

16
×
[

1

4

(√
Nu(
√
γα)|3̃〉|ũ〉+

√
Nv(
√
γα)|2̃〉|ṽ〉 +

√
Nw(
√
γα)|1̃〉|w̃〉

+
√
Nz(
√
γα)|0̃〉|z̃〉

)]
×H.c.

+
Nw(
√

1− γα)

16
×
[

1

4

(√
Nu(
√
γα)|2̃〉|ũ〉+

√
Nv(
√
γα)|1̃〉|ṽ〉 +

√
Nw(
√
γα)|0̃〉|w̃〉

+
√
Nz(
√
γα)|3̃〉|z̃〉

)]
×H.c.

+
Nz(
√

1− γα)

16
×
[

1

4

(√
Nu(
√
γα)|1̃〉|ũ〉+

√
Nv(
√
γα)|0̃〉|ṽ〉 +

√
Nw(
√
γα)|3̃〉|w̃〉

+
√
Nz(
√
γα)|2̃〉|z̃〉

)]
×H.c.

(C.7)

where ∼ again indicates basis vectors with damped amplitudes for the light-mode states.

The light mode of the state in Eq. (C.5) �nally interacts with a second matter system via the

inverse dispersive interaction with θ = −π
2
. The resulting state reads

ρ =
Nu(
√

1− γα)

16
|D0〉〈D0|+

Nv(
√

1− γα)

16
|D1〉〈D1|

+
Nw(
√

1− γα)

16
|D2〉〈D2|+

Nz(
√

1− γα)

16
|D3〉〈D3|,

(C.8)

with the components

|D0〉 =
1

2

(
1

2
(|00〉+ |11〉+ |22〉+ |33〉)|√γα〉

+
1

2
(|01〉+ |10〉+ |23〉+ |32〉)| − √γα〉

+
1

2
(|03〉+ |12〉+ |20〉+ |31〉)|i√γα〉

+
1

2
(|02〉+ |13〉+ |21〉+ |30〉)| − i√γα〉

)
,

(C.9)
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|D1〉 =
1

2

(
1

2
(|00〉 − i|11〉 − |22〉+ i|33〉) |√γα〉

+
1

2
(|01〉 − i|10〉 − |23〉+ i|32〉)| − √γα〉

+
1

2
(|03〉 − i|12〉 − |20〉+ i|31〉)|i√γα〉

+
1

2
(|02〉 − i|13〉 − |21〉+ i|30〉)| − i√γα〉

)
,

(C.10)

|D2〉 =
1

2

(
1

2
(|00〉 − i|11〉 − |22〉+ i|33〉)|√γα〉

+
1

2
(|01〉 − i|10〉 − |23〉+ i|32〉)| − √γα〉

+
1

2
(|03〉 − i|12〉 − |20〉+ i|31〉)|i√γα〉

+
1

2
(|02〉 − i|13〉 − |21〉+ i|30〉)| − i√γα〉

)
,

(C.11)

|D3〉 =
1

2

(
1

2
(|00〉+ i|11〉 − |22〉 − i|33〉)|√γα〉

+
1

2
(|01〉+ i|10〉 − |23〉 − i|32〉)| − √γα〉

+
1

2
(|03〉+ i|12〉 − |20〉 − i|31〉)|i√γα〉

+
1

2
(|02〉+ i|13〉 − |21〉 − i|30〉)| − i√γα〉

)
.

(C.12)

The remaining task is then to project onto the coherent states |√γα〉, | − √γα〉, |i√γα〉 and
| − i√γα〉 to establish a maximally entangled state in each of the components. Due to the spe-

cial structure of the coherent states under consideration, homodyne detection in the ququart

case is more problematic than in the qutrit case.

The states | ±√γα〉 have Gaussian position distribution around ±√γα, whereas | ± i√γα〉 are
both distributed around zero and therefore cannot be distinguished by an x̂-measurement. The

same is true for a p̂-measurement, where | ± √γα〉 have now both average zero and | ± i√γα〉
have means

√
γα and −√γα, respectively. Therefore, deterministic entanglement generation is

not possible and the corresponding terms in the superposition have to be discarded.

If we choose the x̂-measurement, the selection windows are then the same as in the qubit case:

w0 = [
√
γα −∆,∞] with ∆ > 0 corresponds to a projection onto 1

2
(|00〉 + |11〉 + |22〉 + |33〉),

whereas a measurement result in w1 = [−∞,−√γα + ∆] leads to 1
2
(|01〉 + |10〉 + |23〉 + |32〉).

In both cases, of course, an error due to the non-orthogonality of the coherent states has to be

taken into account.

The probability for optimally distinguishing the four coherent states via USD as well as entan-
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glement puri�cation and swapping are addressed in Section 7.1.1 as a special case of the general

qudit.
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Appendix D

Heralded creation of photonic qudits from

parametric down conversion using linear

optics

D.1 Overview

The proposed scheme aims at generating arbitrary superpositions of two-mode optical states

with �xed photon number. The key observation in this scheme from the theoretical side is that

any such state can be written as a product of �rst order polynomials for the creation operators

â†1 and â†2 of the two modes. A trivial example for total photon number one is

1√
2

(|10〉+ |01〉) =
1√
2

(â†1 + â†2)|00〉 =: p(â†1, â
†
2)|00〉, (D.1)

where the polynomial reads p(x, y) = 1√
2
(x+ y).

From the experimental point of view, it can be shown that any state of the form

q∏
i=0

(tiâ
†
1 + riâ

†
2)|00〉 (D.2)

can be experimentally generated by two two-mode squeezed resource states by sending one

mode of each state through a network of beam splitters with some additional vacuum inputs

and �nal photon detections.

The coe�cients ti and ri in Eq. (D.2) correspond to the transmission and re�ections of the

individual beam splitters in the linear optical network. For �nding these parameters for speci�c

states, decompositions of polynomials are required which is the topic of the next three sections.

More detailed information can be found in the corresponding publication (arXiv: 1710.08906).
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D.2 Examples

D.2.1 Generation of a one-loss code

An important possible application of our general superposition states is possibility to create a

general logical qubit encoded by the loss code given in Eq. (3.5).

Assuming α, β 6= 0, the logical qubit state |ψ̄〉 can be expressed in terms of creation operators,

|ψ̄〉 =
α√
2

(|40〉+ |04〉) + β|22〉 =

(
α√
2

(
â†41√

4!
+
â†42√

4!

)
+
β

2
â†21 â

†2
2

)
|00〉

=

(
α√
48
â†41 +

α√
48
â†42 +

β

2
â†21 â

†2
2

)
|00〉

=: p(â†1, â
†
2)|00〉.

(D.3)

To �nd the transmittance and the re�ection coe�cients in Eq. (D.2), one has to determine the

decomposition of p(â†1, â
†
2) into linear factors. A short calculation shows

p(â†1, â
†
2)|00〉 =

α√
48

â†1 − â†2
√√√√(−√3β

α
+

√
3β2

α2
− 1

)â†1 − â†2
√√√√(−√3β

α
−
√

3β2

α2
− 1

)
(D.4)

×

â†1 + â†2

√√√√(−√3β

α
+

√
3β2

α2
− 1

)â†1 + â†2

√√√√(−√3β

α
−
√

3β2

α2
− 1

) |00〉.

(D.5)

The expression is not yet in the form of Eq. (D.2). This is done by rescaling each linear factor

to obtain the transmission and re�ection coe�cients:

t1 = t3 =
1√

1 +

∣∣∣∣−√3β
α

+
√

3β2

α2 − 1

∣∣∣∣2
, r1 = r3 =

−
√

3β
α

+
√

3β2

α2 − 1√
1 +

∣∣∣∣−√3β
α

+
√

3β2

α2 − 1

∣∣∣∣2
, (D.6)

t2 = t4 =
1√

1 +

∣∣∣∣√3β
α

+
√

3β2

α2 − 1

∣∣∣∣2
, r2 = r4 =

−
√

3β
α
−
√

3β2

α2 − 1√
1 +

∣∣∣∣√3β
α

+
√

3β2

α2 − 1

∣∣∣∣2
. (D.7)

125



The success probability for the heralded generation is found to be

Psucc(α, β) =
48

α2

q8

256
(1− q2)2

1 +

∣∣∣∣∣−
√

3β

α
+

√
3β2

α2
− 1

∣∣∣∣∣
2
−11 +

∣∣∣∣∣
√

3β

α
+

√
3β2

α2
− 1

∣∣∣∣∣
2
−1

.

(D.8)

D.2.2 NOON states
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(b) N = 3 (orange), N = 4 (blue), N = 5 (green)

Figure D.1: Success probability for creating 1√
2
(|N0〉+ |0N〉) for various N in dependence of

q (using photon number resolving detectors). Note that the N = 2 NOON state can be also
directly obtained from two single-photon states using a beam splitter.

A general NOON state is given by

1√
2

(|N0〉+ |0N〉) =
1√
2

(
â†N1√
N !

+
â†N2√
N !

)
|00〉. (D.9)

To be able to apply our scheme for their creation, the polynomial

p(x, y) =
1√
2N !

(
xN + yN

)
(D.10)

has to be decomposed into linear factors. The decomposition is given by

p(x, y) :=
1√
2N !

N−1∏
k=0

(
x− ζkNy

)
(D.11)

where ζkN = exp
(

(2k+1)πi
N

)
, k = 0, 1, .., N − 1, are the N -th roots of minus unity.

Therefore, one can write
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p(â†1, â
†
2)|00〉 =

1√
2N !

N−1∏
k=0

(
â†1 − ζkN â

†
2

)
|00〉 (D.12)

=
1√
2N !

√
2
N
N−1∏
k=0

(
tkâ
†
1 + rkâ

†
2

)
|00〉, (D.13)

where the corresponding transmission and re�ection coe�cients are

tk =
1√
2

and rk = − ζ
k
N√
2
. (D.14)

The corresponding success probability is

pN = q2N(1− q2)2 2N !

2N
1

NN/2
. (D.15)

In Fig. D.1, the success probability is shown for various values of N .

D.2.3 Two-photon states

Let us consider the balanced superposition 1√
3
(|20〉+ |02〉+ |11〉), which cannot be obtained by

linear optics alone. We can write

1√
3

(|20〉+ |02〉+ |11〉) (D.16)

=
1√
3

(
â†21√

2
+
â†22√

2
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=

√
1

6

(
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2

(1 + i) â†2
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2
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1

2
(1− i) â†2

)(
â†1√

2
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1

2
(1 + i) â†2

)
|00〉. (D.19)

The probability for successful generation is thus Psucc = 3
8
q4(1−q2)2, which is plotted in Fig. D.2.

A general superposition of two-photon states can be decomposed as follows:

α|20〉+ β|02〉+ γ|11〉 = (
α√
2
â†21 +

β√
2
â†22 + γâ†1â

†
2)|00〉 (D.20)

=
α√
2

(
â†1 − â

†
2

(
− γ√

2α
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√
γ2

2α2
− β

α

))(
â†1 − â

†
2

(
− γ√

2α
−
√

γ2

2α2
− β

α
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|00〉 (D.21)
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Figure D.2: Success probability for creating 1√
3
(|20〉 + |02〉 + |11〉) in dependence of q (using

photon number resolving detectors).

The corresponding transmission and re�ection coe�cients are

t1 =
1√

1 +

∣∣∣∣− γ√
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+
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D.2.4 Three-mode states

Using the methods described above, as an example of a three-mode state that can be indeed

created, we present the following state,

1

2
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3
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3)|000〉 (D.23)
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