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Abstract

The aim of the present Ph.D. thesis is to investigate the relationship between differences of
spectral projections and Hankel integral operators. This leads us to the following question:
Is the difference of two spectral projections E(_ y)(A + B) and E_ )(A) associated
with an open interval (—oo, A) unitarily equivalent to a Hankel integral operator, provided
that A and B are self-adjoint operators on a complex separable Hilbert space of infinite
dimension, where A is semibounded and B is of rank 17

We show that, roughly speaking, the answer to this question is positive for all but at
most countably many A € R. Further, we prove a similar result in the more general case
when B is compact.

The above question is motivated by the following classical example given by M. Krein:
The difference of the resolvents of the Neumann and Dirichlet Laplacians on the semi-axis
at the spectral point —1 is a rank one operator, but the difference of the spectral projections
of these resolvents associated with (—oo, A) is not even Hilbert Schmidt, for all 0 < \ < 1.
The latter difference is a Hankel integral operator that can be computed explicitly (and
is not even compact, as was shown more than fifty years later by Kostrykin and Makarov
who diagonalized this Hankel integral operator).

With this example, M. Krein showed that the “naive” definition (proposed by Lifshits)

g()\) “=" trace (E(—oo,)\) (A + B) — E(—oo,)\) (A))

of the spectral shift function ¢ € L'(R) for a pair A, A+ B need not work in general. The
spectral shift function was introduced at a formal level by Lifshits; M. Krein presented a
rigorous definition.

In the final chapter of the present thesis, we generalize M. Krein’s example to operators

of the type

d2 \N/D
(—@) ©I+I®L in L2(Ry)®6,

where L is a self-adjoint nonnegative operator on a complex separable Hilbert space &.
In particular, we observe that the difference of the spectral projections is again unitarily

equivalent to a Hankel integral operator.



Zusammenfassung

Das Ziel der vorliegenden Dissertation ist es, die Verbindung zwischen Differenzen von
Spektralprojektionen und Hankel-Integraloperatoren zu erforschen. Dies fithrt uns zu
der folgenden Frage: Ist die Differenz von zwei Spektralprojektionen E(_ (A4 + B)
und E(_q »)(A) bzgl. des offenen Intervalls (—oco, A) unitér dquivalent zu einem Hankel-
Integraloperator, wenn A und B selbstadjungierte Operatoren auf einem unendlichdimen-
sionalen komplexen separablen Hilbertraum sind, wobei A halbbeschrankt ist und B vom
Rang 17

Wir zeigen (grob gesagt), dass diese Frage fiir alle bis auf hochstens abzahlbar viele
A € R positiv beantwortet werden kann. Ferner beweisen wir ein dhnliches Resultat im
allgemeineren Fall, wenn B kompakt ist.

Die obige Frage ist motiviert durch das folgende klassische Beispiel von M. Krein:
Die Differenz der Resolventen der Neumann- und Dirichlet-Laplace-Operatoren auf der
Halbachse im Punkt —1 ist ein Rang-1-Operator, aber die Differenz der Spektralpro-
jektionen dieser Resolventen bzgl. (—oo,A) ist nicht einmal Hilbert Schmidt, fiir alle
0 < A < 1. Die letztere Differenz ist ein Hankel-Integraloperator, der explizit berech-
net werden kann (und der nicht einmal kompakt ist, wie Kostrykin und Makarov, die
diesen Hankel-Integraloperator mehr als fiinfzig Jahre spater diagonalisiert haben, zeigen
konnten).

Mit diesem Beispiel hat M. Krein gezeigt, dass die ,naive Definition (vorgeschlagen
von Lifshits)

EN) =" Spur (E_oc ) (A+ B) — E_so ) (4))

der spektralen Verschiebungsfunktion ¢ € L'(R) fiir ein Paar A, A + B im Allgemeinen
nicht funktioniert. Die spektrale Verschiebungsfunktion wurde auf formaler Ebene von
Lifshits eingefiihrt; M. Krein hat eine rigorose Definition préasentiert.

Im abschlieffenden Kapitel der vorliegenden Dissertation verallgemeinern wir M. Kreins
Beispiel fiir Operatoren vom Typ

d2 \N/D
(—@) ©I+I®L in L2(Ry)®6,

wobei L ein selbstadjungierter nichtnegativer Operator auf einem komplexen separablen
Hilbertraum & ist. Insbesondere beobachten wir, dass die Differenz der Spektralprojektio-

nen wieder unitar dquivalent zu einem Hankel-Integraloperator ist.
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Introduction

Can one find the maximal subclass of scalar-valued Borel functions such that for all self-
adjoint operators whose difference is of trace class, the Lifshits—M. Krein trace formula (1)
holds? (cf. |45, p. 141]) This question of M. Krein is very natural to pose. He showed
in [44] that if A and B are self-adjoint operators acting on a separable Hilbert space
$ # {0}, then there exists an L! function ¢ on R (the spectral shift function) such that for
sufficiently nice functions f, one has

trace (f(A + B) — f(A)) = /}R (0 F(t) dt. (1)

At a formal level, the spectral shift function was introduced by Lifshits [51]; M. Krein
presented in [44] a rigorous definition.

Recently, Peller [63| proved that the maximal class of functions on R so that the
Lifshits—M. Krein trace formula (1) holds (for all self-adjoint operators A and B, where
B is of trace class) coincides with the class of operator Lipschitz functions. These are,
by definition, continuous scalar-valued functions f on R such that there exists a constant
¢ > 0 with

IF(A+B) = F(A)llop < c|Bllop

for all self-adjoint operators A and B, where B is of trace class and || e ||, denotes the
operator norm.

Let us now consider the case when f = 1(_, ) is the characteristic function associated
with an open interval (—oo, \), A € R. Formally, we obtain from (1) that

trace (E(_oon) (A + B) = E(_son)(4)) = E(N), (2)

where E(_ »)(A4) denotes the spectral projection of A with respect to (—oo, A). However,
M. Krein [44] gave an example in which (2) does not hold even though B is of rank 1.
He considered the Neumann Laplacian H = (—d?/dt?)N and the Dirichlet Laplacian
HP = (—d?/dt?*)P in L?(R,), where Ry = (0,00). They both have a simple purely
absolutely continuous spectrum filling in [0, 00). Let us denote the resolvent of HP at the
spectral point —1 by A and the resolvent of H at the spectral point —1 by A;. M. Krein
showed in [44, pp. 622-624| that, on one hand,

—X

A —Ag = (o, 0)2ry ) With p(z) =e

and, on the other hand,

<[E(*°°7A) (Ao) = E—cox) (A1>]w) (@) = —

o [ sin((L -1 @+y)
I8
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for all 0 < A < 1 and every scalar-valued continuous function ¢ with compact support. He
concluded that, in this situation, E(_s »)(Ao) — E(—sc,x)(A1) is not Hilbert Schmidt.

More than fifty years later, Kostrykin and Makarov [43| explicitly diagonalized the
operator E(_q y)(Ao) — E(—so)) (A1) (using results of Rosenblum [74]):

Theorem 1 (see [43, Theorem 1]).
If 0 < XA < 1, then E(_y »)(A0) — E(—son) (A1) has a simple purely absolutely continu-
ous spectrum filling in the interval [—1,1]. In particular, E_q x)(A0) — E(—oo ) (A1) is

not compact.

We observe that equation (3) defines a bounded integral operator on L%(R.) whose
kernel function depends only on the sum of the variables. Formally speaking, such integral
operators on L?(R, ) are called Hankel (integral) operators; we present a brief introduction
to the theory of Hankel operators in Section I.1.

In the paper [82] by the author of the present Ph.D. thesis (CU), a “natural” generaliza-
tion of (3) is considered, and the corresponding Hankel operators on L?(R, ) are explicitly
diagonalized; each of these Hankel operators has a simple purely absolutely continuous
spectrum filling in the interval [—1, 1] and is therefore unitarily equivalent to the operator
defined by (3). It is to emphasize that the results of [82] are not part of the present Ph.D.
thesis.

It is known that there is a relationship between operators of the type f(A+ B) — f(A)
and Hankel operators, see M. Krein’s example and a result of Peller [60] as well as some
recent results of Pushnitski [67-69]| and together with Yafaev [71,72] that we will discuss
in Chapter II. The present thesis is intended to add some more knowledge on this subject.

Let us consider the difference
DA\) = E_on(A+B)—E_oxn(4) (AeR)

of the spectral projections in the case when A and B are self-adjoint operators acting on
a complex separable Hilbert space ) # {0}, where A is semibounded and B is at least
compact.

Inspired by M. Krein’s example, we pose the following question.

Question 2 (see [83, Question 1]).
Let A € R. Is it true that the difference of the spectral projections acting on $,

D) = E_oo ) (A+ B) — E_y ) (4),

1s unitarily equivalent to a bounded self-adjoint Hankel operator, provided that A is

semibounded and B is of rank 17

It is to emphasize that paper [83| was written by CU in the framework of the present
Ph.D. thesis. In particular, the results of [83] are part of the present Ph.D. thesis.
Roughly speaking, we can answer Question 2 in the affirmative for all but at most

countably many A. More precisely:

viii
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Theorem 3 (see [83, Theorem 2]).

Let A and B be two self-adjoint operators acting on $), where A is semibounded and B is
of rank 1. Then there exists a number k in Ng such that for all X in R except for at most
countably many X\ in oess(A), the operator D(N) on $ is unitarily equivalent to a block
diagonal operator T(\) @0 on L2(Ry) @ C*, where T()\) is a bounded self-adjoint Hankel
operator on L?(R..).

We emphasize that the number k£ in Theorem 3 does not depend on A.
In the case when B is compact (not necessarily of rank 1), we can show the following

version of Theorem 3.

Theorem 4 (see [83, Theorem 3]).

Let A and B be two self-adjoint operators acting on $), where A is semibounded and B is
compact. Let 1/4 > a1 > ag > --- > 0 be an arbitrary decreasing null sequence of real
numbers. Then for all X in R except for at most countably many X in cess(A), there exist a
compact self-adjoint operator K(\) on $) and a bounded self-adjoint Hankel operator T'(\)
on L2(Ry) with the following properties:

(1) D(A\) + K()\) on $ is unitarily equivalent to T(X\) on L2(Ry);
(2) either K(\) is a finite rank operator or vm(\)/am — 0 as m — oo, where
v1(A),va(N), ... denote the nonzero eigenvalues of K(N) ordered by decreasing

modulus (with multiplicity taken into account).

Moreover, we can always choose K(X) of finite rank if B is of finite rank.

Our main tool for the proofs of Theorems 3 and 4 is the characterization theorem
for bounded self-adjoint Hankel operators (see Theorem I11.4); it was shown in 1995 by
Megretskii, Peller, and Treil [56].

The results presented Theorems 3 and 4 are of abstract nature. It is generally hard
to compute differences of spectral projections explicitly. However, in the joint work [66]
of Olaf Post and CU, a generalization of M. Krein’s example is considered in which the
computation can be performed. The results of [66] are part of the present Ph.D. thesis;
please note that the contribution of CU to [66] is declared on p. 113.

We generalize M. Krein’s example by considering operators of the type

d?\N d?\D
H= (—@) ©I+I®L and HP = (—@> ©I+I®L in LARy)®6, (4)
where & # {0} is a complex separable Hilbert space and L is a self-adjoint nonnegative
operator on &. We call H resp. HP the (abstract) Neumann resp. Dirichlet operator. In

particular, this framework includes:

(1) M. Krein’s example of the half-line Ry with L =0 and & = C;

(2) the example of the classical half-space Ry x R"~! with L = —Agn—1 and n > 2;

(3) the case when L is (minus) the Laplacian on a generally noncompact manifold Y,
e.g., on the cylinder Ry x Y with Neumann resp. Dirichlet boundary conditions

on {0} x Y.
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Remark 5. The domains of H and HP were computed explicitly by Malamud and
Neidhardt in [52, Proposition 5.2|:

Dom(H) = {u € W**(R4;8) N L*(R4; Dom(L)) : %(0) = 0},

Dom(HP) = {u € W**(R; ) N L*(R4; Dom(L)) : u(0) = 0}.
Here W22(R,; &) denotes the Sobolev space of the second order of all &-valued square
integrable functions on Ry (see Section 1.3 for more information on Banach-valued func-

tions), the domain Dom(L) is equipped with the graph norm of L, and @ stands for the

(weak) derivative of w.

We consider the resolvents
Ag=HP +1)7" and A =(H+I)™! (5)

of the operators HP and H defined in (4) at the spectral point —1. The difference A; — Ag
of the resolvents can be computed with the help of an M. Krein-type resolvent formula

from the theory of boundary pairs [65], see Theorem 7 (1) below.

Remark 6. Using the theory of boundary triplets, related results were obtained by
Malamud and Neidhardt [52| and together with Boitsev, Brasche, and Popov [12]; in
particular, for the case when L is bounded. Let us note that in [12,52] one has to “reg-
ularize” the boundary triplet (i.e., one has to modify the boundary map and spectrally
decompose L into bounded operators) in order to treat also unbounded operators L. We

can directly apply the theory of boundary pairs [65]| to unbounded operators L.

Let us denote by C.(R.+) the class of all continuous scalar-valued functions on Ry. We

can show:

Theorem 7 (see [66, Theorem 1.1]).

(1) The resolvent difference A1 — Ag acts on elementary tensors ) @ x as follows:

([A1 = AdJ(¥ ® X)) (1) = /R W(r)exp(—(L + DY2(t + 7)) (L+ 1)~ 2x dr

for allp € C.(R4) and all x € &.
(2) Let0 < ¥ < 1 and let a(¥9) = 1 —1 > 0. Then the difference of the spectral projec-
tions of Ag and A associated with the open interval (—oo, V) acts on elementary

tensors ¥ ® x as follows:

([B (oo (A0) = ooy (AD] (6 © 1)) (0)
sin((o(9) — DY2(t+1))
t+7

2
== / Y (1) Ejo.aw) (L) xdr
Ry

for ally € C.(Ry) and all x € 6.

We recall that L can be represented as multiplication operator by the independent

variable on a von Neumann direct integral fU@ &(A\)d (A), where 0 = o(L) denotes the
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spectrum of L (see Section 1.4 for more information on direct integrals). In this situa-
tion, a scaling transformation yields the following beautiful representation with separated

variables for the resolvent difference A; — Ap:

Theorem 8 (see [66, Theorem 1.2]).

The resolvent difference A1 — Ag is unitarily equivalent to

(- [+ Jowe mvmaoe

Remark 9. In particular, Theorem 8 implies that A; — Ay is trace class if and only if
(L + I)~1 is trace class. This result was obtained earlier by Gorbachuk and Kutovoi [35].
Their proof relies on the resolvent identities and the ideal properties of trace class operators;

the resolvent difference is not computed explicitly in [35].
The spectral decomposition of the difference of the spectral projections looks as follows:

Theorem 10 (see [66, Theorem 1.4]).
Let 0 <9 <1 and let () = 5 — 1> 0. Then one has:
[_L 1] Zf (J N [07 (19)) 0
{0} if (on[0,a(?))) =0.
0 if (on]a(d),0))
{0}y o (on[a(9),00)) > 0.
If (oNa(),00)) >0, then the multiplicity of the eigenvalue 0 is infinite.
[—1,1] if (on[0,a(¥))) >0
0 if (oN[0,a(¥))) =0.

If (oN[0,(9))) > 0, then the (uniform) multiplicity of the absolutely con-
tinuous spectrum equals the dimension of fG@ 0,0(9)) SN d (V).

N
(4) The singular continuous spectrum is empty.

(1) 0(E(—o0,9)(A0) = E(—o0)(A1)) =

(2) 0p(E(—co,9)(A0) = E(—o0,9)(A1)) =

(3) e (Eint)(40) = E(-onp () =

In particular, we re-obtain the results of M. Krein’s example in the case when L = 0

and & = C. Moreover, let us note:

Remark 11 (Link to Hankel operators; see [66, Remark 1.5]).

We observe that E(_q 9)(Ao) — E(_oo,9)(A1) is unitarily equivalent to its negative, that
its kernel is either trivial or infinite dimensional, and that 0 belongs to its spectrum, for
all 0 < ¥ < 1. Consequently, the characterization theorem for bounded self-adjoint Hankel
operators (see Theorem II1.4) implies that F(_. 9)(Ao) — E(_o9) (A1) is always unitarily
equivalent to a Hankel integral operator on L2(R).

Example 12 (Classical half-space; see [66, Example 1.6]).
If L is the free Laplacian on R"~! for some n > 2, then the difference of the spectral
projections associated with (—oo,?) has infinite dimensional kernel, and its (absolutely

continuous) spectrum equals [—1, 1] and is of infinite multiplicity, for all 0 < ¥ < 1.

Let us describe the structure of the present thesis.

X1
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We start with a preliminary chapter. First, we introduce bounded Hankel operators.
Next, we recall some basic facts on invariant and reducing subspaces as well as the spec-
tral theorem for self-adjoint operators. Subsequently, we study the Bochner integral and
Sobolev spaces (of Banach-valued functions on an interval). Finally, we introduce the von
Neumann direct integral of separable Hilbert spaces.

In Chapter II, we review literature on differences of the type f(A + B) — f(A). First,
we compute the spectral shift function in the (elementary) situation when $) is finite
dimensional, following M. Krein’s lecture notes from [45|. Afterwards, we briefly discuss
Peller’s recent result (presented in Theorem II.5) that the maximal class of functions on
R so that the Lifshits—-M. Krein trace formula (1) holds (for all self-adjoint operators A
and B, where B is of trace class) coincides with the class of operator Lipschitz functions.
We introduce “double operator integrals” and present a link between f(A+ B) — f(A) and
Hankel operators that was found by Peller, see Remark I1.27. Subsequently, we collect
some facts on M. Krein’s example from [44] and [43]. Finally, we introduce some basic
notions from scattering theory and then discuss three results of Pushnitski and Yafaev,
namely Theorems I1.51, I1.53, and I1.59.

In Chapter III, we present the main tools for the proofs of Theorems 3 and 4. These
tools are based on two characterization theorems. The first one, presented in Theorem II1.4,
is the above-mentioned characterization theorem for bounded self-adjoint Hankel operators
due to Megretskii, Peller, and Treil [56]. The second one, by Davis [21], provides necessary
and sufficient conditions for an operator to be the difference of two orthogonal projections,
see Proposition II1.13. Combining Proposition II1.13 with Theorem I1I.4, we obtain neces-
sary and sufficient conditions for the difference of two spectral projections to be unitarily
equivalent to a bounded self-adjoint Hankel operator, see Theorem II1.14. Moreover, we
sketch one direction of the proof of Theorem III.14 under natural additional conditions
formulated in Hypothesis I11.21.

Chapter IV contains the proofs of Theorems 3 and 4. Furthermore, we discuss in Sec-
tion IV.2 why and in which situation we need to set k # 0 in Theorem 3. In particular,
we formulate and prove a more detailed version of Theorem 3, namely Theorem IV.1'.
Moreover, we show that Question 2 can be answered in the affirmative whenever the
kernel of D() is infinite dimensional. For this, we present sufficient conditions in Propo-
sitions IV.20 and IV.22. In Section IV.7, we discuss some examples, including the almost
Mathieu operator. Finally, we discuss two open problems. It is to emphasize that:

e Chapter IV is based on the paper [83] by CU;
e the results of [83] constitute the first pillar of the research of the present thesis.

Chapter V contains the proofs of Theorems 7, 8, and 10. Moreover, we discuss two
ideas for further research. It is to emphasize that:
e Chapter V is based on the paper [66] which is a joint work of Olaf Post and CU;
e the results of [66] constitute the second pillar of the research of the present thesis;
e the contribution of CU to [66] is declared on p. 113.
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CHAPTER 1

Preliminaries

In this preliminary chapter, we recall some results from (functional) analysis.

I.1. Bounded Hankel (integral) operators

Let us start with a brief introduction to the theory of bounded Hankel operators. In
this section, we follow Peller’s monograph [62].

Formally, a Hankel operator T); on L?(R; ) is an integral operator such that the kernel
function x depends only on the sum of the variables:

Ti)(w) = [ wla+ i)y, b e LRy,
+

In the case when & is in L!(IRy), it is easy to show that T} is bounded on L?(R.) with
operator norm < ||&||L1(R,)-

It turns out that the operator T} can be bounded for certain distributions k. We follow
here Peller’s approach and denote by 2’(J) the space of all continuous antilinear functionals
on 2(J) = C(J), where J C R is an open (nonempty) interval (see [62, pp. 47-48]).

Let us introduce some notation:

Notation I.1. We define the “reflection” operator
B3 R) > LX(Ry), (Rn)(@)=n(—z) (z€Ry),

Let us extend every function 7 € L(R_) by 0 to the whole of R and denote this extension
by 1. This way, we naturally embed L?(R_) into L2(R).

Analogously, we extend every function ¢ € L2(R.y) by 0 to the whole of R and denote
this extension by .

Finally, 1 * i stands for the convolution of ¥ and n,

@sm(®) = [ w(t—sm(sds (teR).
Let g € 2'(R-). We define q(n) = q(n) for every n € Z(R_). Let us note that for all
n,x € Z(R-), the convolution of i and x is supported in R_ and thus
a(n*x) =a((n*x)g_)-
We define the sesquilinear form
9 27R1) x 2(R-) = €, gq[vo,n] = q((RY) *n),
where (R)() = B(—t).



Chapter I: Preliminaries

Preliminary consideration I.2. Let us assume that g, is bounded, i.e., there exists
c > 0 with

|9q[¥. 7| < cll¥llizryy iz (L.1)

for all v € 2(Ry) and all n € Z(R-). Then we can extend g, uniquely to the whole
of L2(Ry) x L2(R_) such that inequality (I.1) still holds for every ¢ € L?(R,) and every
n € L2(R_), with the same constant c¢. Therefore, as is well known (see, e.g., Kato [40,
p. 256]), there exists a unique bounded operator Gy : L2(Ry) — L(R-) satisfying

8q[t,n] = (Ggtb, )12y for all ¥ € L*(Ry4) and all n € L*(R-).

Conversely, let Gy, : L>(R;) — L%(R_) be a bounded operator such that

(Ge,mem_y = q((RE) * 77) for all vy € Z(Ry) and all n € Z2(R-).

Then the sesquilinear form

gq : LZ(R+) X L2(R—) — Ca gq[d%n] = <qu7n>L2(]R,)7

is obviously bounded and satisfies

gq[,n) = q((Rp) xm) for all € Z(Ry) and all n € Z(R_).

Let us note that in the case when ¢ € L!(R_) and x(z) = ¢(—x), we have

a(®9)n) = [ ([ oo —noay)ioia

R

_ /R ) /R ol () dy )=o) do

for all 9 € L?(R4) and all € L2(R—). This motivates the following definition:

Definition 1.3. Let ¢ € 2'(R_). We set

k(1) = q(R™)  for all € 2(R4).

If the operator G of Preliminary consideration 1.2 is bounded, then we define the bounded
Hankel (integral) operator T, on L*(R4) by RG,.

We can characterize when G, is bounded in terms of the distribution g. For this, we
need the Fourier transform .%#; we will use the same definition as Peller |62, p. 48|:

(1) if g € LY(R), then

(ﬂg)(s):/]Rexp(—27rit5)g(t)dt;

(2) if ¢ is a Schwartz function on R and ¢ is a continuous antilinear functional on

the Schwartz space on R, then
(Z9)(¢) = g(F"9).
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Proposition 1.4 (see [62, Theorem 8.1, p. 49]).
Let g € 2'(R-). Then the operator Gy of Preliminary consideration 1.2 is bounded if and
only if there ezists a function g € L>°(R) such that

(Fg)(n) =q(n) forallnec P(R-). (1.2)
In this case, the operator norm of G4 is given by
[Ggllop = inf HgHL"O(IR)7
where the infimum is taken over all g € L°(R) satisfying (I1.2).

Let us reformulate Proposition I.4.

Corollary 1.5 (cf. [62, Theorem 8.8, p. 52]).
Let k € 9'(Ry). Then the operator Ty of Definition 1.8 is bounded if and only if there
exists a function g € L*°(R) such that

(Z9) (@) = x(¥) for ally € D(Ry). (1.3)

In this case, the operator norm of Ty is given by

[T llop = inf Hg“LOO(]R)a
where the infimum is taken over all § € L°(R) satisfying (I1.3).

Remark I.6. A straightforward computation shows that if g € L*°(RR) satisfies (I.2), then
g(z) = g(—x) is such that (I1.3) holds.

Remark 1.7 (Hankel integral operators on L?(R; CV); cf. [62, Remark on p. 71]).
Let N € IN and let ¢, € 2'(R-) for all j,k=1,...,N. We set ¢ = (qji)jr=1,.,~n- Let us
proceed componentwise. According to Proposition 1.4, we can define the bounded operator
Gy, : L2 (Ry) — L*(R-) as in Preliminary consideration 1.2 if and only if ¢;; satisfies (I.2)
for some g;, € L>(R). Let us assume that this is the case for each j,k =1,...,N. We set

N
Gy = <ZqukT/1k) (¥ = ()p=t,...n € Z(Ry; CN)).
k=1 j=1,...,N
Then we have
N PR
<Gq¢>77>L2(1R,;®N) = Z qjk-((R¢k) * nj)
§k=1

for all ¢ = (Yx)k=1,. .y € Z(R4;CY) and all 5 = (1;)j=1,..n € Z(R—;CV).
Just like in Definition I.3, we now obtain a bounded Hankel integral operator T, on
L%(R4), for each j,k=1,...,N. For all ¥ = (¢ )k=1,. .~ € Z(R+;C"), we set

N
Tt = (ZT@@ :
k=1

j=1,.,N

T, is called a Hankel (integral) operator on L2(R.;CN).

Examples of Hankel integral operators will be discussed in Chapters II, IV, and V.

3
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Relation to Hankel operators on the Hardy class on the torus. In the present
thesis, it is sufficient to consider bounded Hankel integral operators — except in one case.
Namely, we will discuss a link between “Hankel operators on the Hardy class on the torus”
and differences of functions of operators observed by Peller, see Remark I1.27 below.

Let us introduce the Hardy class on the torus (see, e.g., Mashreghi [54, p. 104]). Let
T={(e€C:|¢|=1}. For h € L(T) and n € Z, we denote by

h(n) = /7T h(exp(it)) exp(—int) %

—T

the nth Fourier coefficient of h.

Definition 1.8 (Hardy class; see [54, equation (5.2)]).
We define by

HX(T) = {h € L%(T) : h(~1) = h(-2) = --- = 0}
the Hardy class on T.

Remark I.9. Let us note that every function of H2(T) can be interpreted as a boundary
value of an analytic function on {¢ € C: |¢| < 1}. For a self-contained and clearly written
introduction to Hardy spaces on the torus and on the upper half-plane, the author of the
present thesis recommends the monograph [54]. In particular, “A panoramic view of the

representation theorems” is presented in [54, Appendix B.

Clearly, we can decompose L%(T) as the orthogonal sum of H%(T) and
H2(T) = {h € L}(T) : h(0) = h(1) = --- = 0}.
We denote the orthogonal projection of L?(T) onto H% (T) by P_.

Definition 1.10 (Hankel operators on H?(T); see [62, p. 6]).
Let ¢ € L*(T). We define the Hankel operator Hy from H?(T) to H2(T) on the dense
subspace of polynomials in H?(T) by

Hgh = P_(¢h),
where (¢h)(¢) = ¢({)h(¢). The function ¢ is called a symbol of Hy.

If Hy is bounded on the dense subspace of polynomials in H?(T), then (by the Bounded
Linear Transformation theorem) we can uniquely extend it to a bounded operator on the
whole of H?(T) that we also denote by Hy.

Proposition 1.11 (see [62, Theorem 1.3, p. 7]).
Let ¢ € L%(T). Then Hy is bounded on H*(T) if and only if there exists 1 € L>(T) with

Y(n) = ¢(n) foralln=—1,-2,.... (L.4)

In this case, the operator norm of Hy is given by

HH(ZSHOp = inf HQzZ)HLOO(T)a
where the infimum is taken over all v € L>°(T) satisfying (1.4).

4
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Remark 1.12.

(I) A Hankel operator on the Hardy class on T is bounded if and only if it has a
bounded symbol.

(IT) “A Hankel operator has many different symbols” (see [62, p. 6]). However, if
H = H, is a bounded Hankel operator, then there exists n € L°(T) N H?*(T) with

[Hlop = [|6 = nllLoe (1)

see [62, p. 7|. We have H = Hy_,, and call ¢ —n a symbol of minimal norm of
H. In the case when H attains its norm for some h € H*(T) \ {0}, i.e.,

[HM2(ry = [1H llopllAllL2(),

[62, Theorem 1.4, p. 8] implies that ¢ — 7 is the unique symbol of minimal norm
of H.

By direct computation, we obtain:

Lemma I.13 (cf. [62, p. 723]).
The operator U : L2(T) — L%(R) defined by

(U (z) = ﬁm(ij - h(z;) (z € R)

18 unitary.

Proof. We substitute
x = tan(t/2) (—m <t <m).

Then we have .
r—1i

T +1

= —exp(it).

Thus, for every h € L2(T),

1 - 2 d
L R e

T :c+1 1422
o dt
= t
/ —exp(i ) -
= Hh”L2(T)

Consequently, U is an isometric operator from L%(T) to L2(R). Since V : L?(R) — L%(T)
given by

Vo)Q) =z (ithe)  (CeTV )

is the inverse operator of U, it follows that U is unitary and the lemma is proved. O

We can relate Hankel integral operators on L?(R.) to Hankel operators on H%(T).

Proposition 1.14 (cf. [62, Lemmas 8.2-8.3, pp. 50-51]).
Let k € 2'(Ry) be such that the Hankel integral operator Ty, on L?>(R.y) is bounded. Then

Hy=U'Z'R7'T, ZU
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is a bounded Hankel operator on H?(T) with symbol ¢ € L>=(T) given by

0@ =3(it])  cer\ap.

where g € L°(R) satisfies (1.3).

I.2. Some basic facts

In this section, we briefly recall some basic facts on invariant and reducing subspaces
as well as the spectral theorem for self-adjoint operators. We follow the monographs of
Schmiidgen [75]|, Weidmann [85], and Birman and Solomyak [11].

Definition I.15 (Invariant subspaces; cf. [75, Definition 1.7, p. 20]).
Let T be an operator on a Hilbert space ) with domain Dom(7T'). If a closed subspace I
of $ satisfies

{TY : ¢ € Dom(T)NM} C M,
then 9 is called an invariant subspace of T. We will also say that 90 is invariant under
T.

Definition I.16 (Reducing subspaces; cf. [85, Exercise 5.39]).
Let T' be an operator on a Hilbert space $) with domain Dom(T"), and let 9t be a closed
subspace of $). If 9t and the orthogonal complement of 9 in $, 9+, are invariant under
T and if

Dom(T) = {4 4+ 1 : 1 € Dom(T) N M, n € Dom(T) N M},

then we call M a reducing subspace of T'.

Remark 1.17. Clearly, for a bounded self-adjoint operator defined on the whole Hilbert
space, a closed subspace is reducing if and only if it is invariant.

Let us recall the following

Definition I.18 (Spectral measure; see [75, Definition 4.2, p. 66]).
Let Y be a nonempty set, and let & be a sigma-algebra of subsets of Y. We call a mapping
FE from & into the orthogonal projections on a Hilbert space $) a spectral measure if:
(1) By =1I;
(2) Es¢ = limy 00 ij:l Es 1 for every sequence (dp,)nen of pairwise disjoint sets
from .27 whose union § = UJ2 6, is also in &/ and for all ¢ € .

Remark I1.19.
(1) In view of Definition 1.18 (2), one says that E is countably additive.
(2) Every § € o/ with Es =0 is called an E-null set.

Notation I.20. We denote by S(Y, F) the set of all equivalence classes of E-measurable
scalar-valued functions defined E-almost everywhere on Y, where we identify functions that

coincide up to an E-null set.
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As usual, we can integrate every function f € S(Y, E) with respect to E and thus

obtain a densely defined operator, denoted by fy fdE, with domain

Dom ([ 7aE) = {vens [Irw)Pd o) <oc}.
Y Y
where (0) = (Est, 1) for all ¢ € § and all 6 € o/. We recall the following important

Theorem 1.21 (Spectral theorem; see [75, Theorem 5.7, p. 89]).
Let T be a self-adjoint operator on a Hilbert space $). Then there exists a unique spectral
measure E = E(T') on the Borel sigma-algebra B(R) such that

T = /]RydEy(T).

The following well-known criterion will be useful.

Lemma 1.22 (see [85, Theorem 7.28]).

Let T be a self-adjoint operator with spectral measure E(T') on a Hilbert space $). Then a
closed subspace M of H reduces T if and only if the orthogonal projection onto I commutes
with E(_o (T for every t € R.

We close this section with a brief discussion on orthogonal decompositions and orthog-
onal sums of separable Hilbert spaces.
Let us adopt the following notation from [11, p. 159]:

Notation 1.23. For a given m € IN U {oo}, we set [1,m) = {1,...,m} if m € IN and
[1,00) = IN.

Now, we follow [11, p. 29]. Let (&)nen,my be a sequence of separable Hilbert spaces.
We define $ to be the set of all sequences (gn)ne[1,m) such that Zne 1,m) Hgn||®n < o0.
Then § is a normed space with linear operations defined componentwise. Moreover, 9 is
a pre-Hilbert space with inner product

(RO @) = 37 (g, g@)

nell,m)
We write
n= P 6. (L5)
nel,m)
One has:

Lemma I.24 (see [11, Theorem 5, p. 29]).
The pre-Hilbert space 9 defined in (1.5) is complete and separable.

Remark 1.25. Let (S)JTn)nE[Lm> be a sequence of pairwise orthogonal closed subspaces of
a separable Hilbert space ) such that

Spﬁ{"ﬁn"ﬁn € mn} =9,

where m € INU {oo}. Then every 9, is a separable Hilbert space and the mapping
H3Y=> Yn Unnepm €9

ne(l,m)
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is unitary (see [11, pp. 29-30]). We therefore identify $ and $ and write

I1.3. Banach-valued functions on an interval

In this section, we study functions on an open interval J C R that take values in a

complex Banach space X. We follow Cazenave and Haraux [17].

1.3.1. Measurability.

Definition 1.26 (see [17, Definition 1.4.1]).
A function u : I — X is called Bochner measurable if there exist a set § C J of Lebesgue

measure 0 and a sequence (up)nen, C C.(J;X) such that

lim u,(t) =wu(t) forallted\oad.

n—o0

One has:

Proposition 1.27 (see [17, Proposition 1.4.3]).
If outside a subset of J of Lebesque measure 0, u : I — X is the pointwise limit of a sequence

of Bochner measurable functions, then u is Bochner measurable.
Let us note two consequences of Proposition 1.27:

Remark I.28 (cf. [17, Remarks 1.4.4-1.4.5]).

(I) If w : I — X is Bochner measurable and 1) : I — R is Lebesgue measurable, then
t — 1(t)u(t) is Bochner measurable.

(IT) Let z be a vector in X, and let A C J be Lebesgue measurable. Then the function
t — 1a(t)x is Bochner measurable.

Next, we present Pettis’ measurability theorem.

Theorem 1.29 (see [17, Proposition 1.4.6]).
A function u : J — X is Bochner measurable if and only if the following two conditions are
satisfied:
(1) for every bounded linear functional ® € X', the scalar-valued function t — ®(u(t))
1s Lebesque measurable;
(2) there exists a set 6 C I of Lebesgue measure O such that w(J\ 0) is separable.

Corollary 1.30 (cf. [17, Corollary 1.4.8]).

If u:J — X is continuous, then it is Bochner measurable.

1.3.2. The Bochner integral. Let us describe the concept of Bochner integration of
Banach-valued functions on an interval.
First, we note that if u : I — X is Bochner measurable and v € C,(J; X), then ¢ —

[|[u(t)—v(t)||x is Lebesgue measurable and nonnegative; therefore, [;|ju(t)—uv(t)||x dt exists.

8



Chapter I: Preliminaries

Definition 1.31 (see [17, Definition 1.4.10]).
We call a Bochner measurable function v : J — X Bochner integrable if there exists a
sequence (Un)neN, C C.(J;X) such that

lim /Hu(t) — un(®)||x dt = 0.

Remark 1.32. For every v € C,(J; X), we can choose a compact interval § C J such that v
vanishes everywhere on J\ J. Then the Riemann integral (defined as the limit of Riemann

sums) of v on J exists and is denoted by

/gv(t) dt.

H/Hv(ﬂ dtH3E < /3|U(t)||xdt§i1€1§||v(t)|x (length of J).

/jv(t) dt = /gv(t) dt;

obviously, this is independent of the choice of J.

One has

We write

Proposition 1.33 (see [17, Proposition 1.4.12]).
Let w : 3 — X be Bochner integrable. Then there exists a unique vector x in X such that
for every sequence (un)nen, C C.(J;X) satisfying

lim /||u — Up(t)||xdt =0,

n—oo

we have
lim [ w,(t)dt = =. (1.6)

n—0o0 9

Definition 1.34 (see [17, Definition 1.4.13]).
If u: J — X is Bochner integrable, then the vector x in X from Proposition 1.33 is called
the Bochner integral of u on J and is denoted by fj u(t)dt

Next, we present Bochner’s theorem.

Theorem 1.35 (see [17, Proposition 1.4.14]).
A Bochner measurable function u : 3 — X is Bochner integrable if and only if the scalar-

valued function t — ||u(t)||x is Lebesgue integrable. In this case,

H/ju(t)dtH3E < /jHu(t)det

As a corollary, we obtain the dominated convergence theorem for Bochner integrable

functions.

Corollary 1.36 (see [17, Corollary 1.4.15]).

Let (un)nen, be a sequence of Bochner integrable functions from J to X, let ¢ : I — R be
Lebesgue integrable with ||u,(t)||x < ¥(t) for all n € Ny and for every t outside a subset of
J of Lebesgue measure 0, and let uw:J — X be such that

lim wu,(t) = u(t) for almost everyt € J.

n—o0
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Then u is Bochner integrable and we have

/u(t) dt = lim [ u,(¢)dt.
J

n—o0 T

Definition I1.37 (see [17, Definition 1.4.16]).
Let 1 < p < oco. We denote by LP(J;X) the set of all (equivalence classes of) Bochner

measurable functions v : J — X such that
/||u(15)]139€ dt < oo.
J
One has:

Proposition 1.38 (see [25, Theorem 5, p. 121] and [25, Theorem 6, p. 146]).
If 1 < p < oo, then LP(J;X) equipped with

1/p
ez = ([ ol o)

is a Banach space.

Definition 1.39 (Simple functions; cf. [25, Definition 9, p. 105]).

If 21,...,x, are pairwise distinct vectors in X and u : J — {z1,...,2,} C X is such
that the sets u='({z1}),...,u"'({z,}) are Lebesgue measurable, then we call u a simple
function.

Remark 1.40. Let w : J — {x1,...,2,} C X be a simple function. By Proposition 1.27
and Remark .28, we know that u is Bochner measurable. According to Bochner’s theorem,
u is Bochner integrable if and only if each of the sets u='({z1}),...,u"'({z,}) has finite

Lebesgue measure.
One has:

Lemma I.41 (Dense subsets of L”(J; X)).
If 1 < p < o0, then the set of all Bochner integrable simple functions from J to X is dense
in LP(J;X). Consequently, C°(J; X) lies dense in LP(J; X).

Proof. According to [25, Corollary 8, p. 125], the set of all (equivalence classes of ) Bochner
integrable simple functions from J to X is dense in LP(J; X). Since we know that C°(J) lies
dense in LP(J), it follows that for each set A C J of finite Lebesgue measure, there exists a

sequence (Vn)nen, C C2°(J) such that
Jim[[Ta = ¢nllir@) = 0.
Consequently, if x € X, then (z ¢y )nen, C C°(J; X) with
Jim [z 1A = 2¢n[|Le@gz) = 0-
This completes the proof of the lemma. O

Let us note the following useful result.

10
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Lemma 1.42 (see [17, Proposition 1.4.22]).
Let X and Q) be two complex Banach spaces, and let T be a bounded operator from X to Q).
If u e LP(3;X), where 1 < p < oo, then t — T(u(t)) is in LP(J;Q)) and

1Tullr @) < T Mop lwllLe;x)-
Moreover, if u € L1(J; X), then

7( /j u(t) dr) = /j T(u(t)) dt.

Definition 1.43 (L] (J; X); see [17, Definition 1.4.21]).
p

1oc(J; X) the set of all (equivalence classes of) Bochner

For every 1 < p < oo, we denote by L
measurable functions u : J — X such that u[4 € LP(J; X) for each compact interval g C J.

1.3.3. Sobolev spaces (of Banach-valued functions on an interval). Let us
describe the Sobolev spaces of first and second order of Banach-valued functions on an

interval.

Definition I.44 (Weak derivative).
Let u € L{ (J;X). If there exists v € L] _(J; X) such that

loc
/ v(t)(t) dt = — / u(t)y(t)dt  for all ¢ € C(J),
J J
then we call v the weak derivative of u and denote it by .

Let us note:

Remark 1.45.

(I) If it exists, then the weak derivative is unique. Indeed, let v and © be two weak

derivatives of u. Then v — v € LllOC (J; X) and, according to Lemma 1.42,

/ T(o(t) — 5(t))b(t)dt = 0 for all ¥ € C(J) (L7)
J

and every bounded linear functional T" from X to C. Using the fundamental lemma
of the calculus of variations and the Hahn-Banach theorem, one can show that
v(t) = 0(t) for almost all t € J.

(IT) Integration by parts shows that each continuously differentiable function from J to
X is weakly differentiable, and the weak derivative coincides (almost everywhere)

with the classical derivative.

Lemma I.46 (see [17, Corollary 1.4.31]).
Let v € L (3;X) and to € J. Then

w:t t’U(T) dr (1.8)

to
1s continuous on J. Moreover:
(1) v is the weak derivative of u;
(2) u is differentiable almost everywhere and

L s) = u()

=o(t) for almost everyt € J.
s—t s—t

11
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Remark 1.47. The function v defined in (I.8) is thus absolutely continuous.

Definition I.48 (Sobolev space of first order).
For every 1 < p < oo, we denote the X-valued Sobolev space of first order on J, consisting
of all u € LP(J; X) such that u is weakly differentiable with @ € LP(J; X), by WLP(J; X).

Proposition 1.49. For every 1 < p < oo, WYP(J; X) equipped with

1/p
HUHW“’J% (HUHLP 7;X) + H HLP J%))

is a Banach space.

Proof. It is easy to see that WHP(J; X) is a vector space with norm || lwp (;3)
Analogously to the scalar-valued case (cf. [15, pp. 203-204]), one can show that

WHP(J; X) is complete and thus a Banach space. Indeed, let (un)nen, € WHP(J;X) be

a Cauchy sequence. Since LP(J; X) is a Banach space, there exist u,v € LP(J; X) such that

1w — tnl|Lro;2) 2720 and v — i ||Lr (92 7o .

Let ¢ € C°(J). We have
/ un (B)0(2) dt = — / i (D(1) dt - for all n € Ny
J J
and therefore, by Holder’s inequality with % + z% =1,

(/ dt+/ () dt‘

/ () — un(®)]1x |98 dt + / [0(8) — i (&) [ dt

n—0o0

< Hu - unHLP(J;%)|‘¢HLp*(3) + HU - unHLp(j;x)Hd}HLP (9 — 0.

It follows that
/u(t)¢(t) dt = — /U(t)w(t) dt
J J
and thus, since ¢ € C2°(J) was arbitrary, v is the weak derivative of u. This completes the

proof. O

Let us characterize the functions in WHP(J; X).

Proposition 1.50 (see [17, Theorem 1.4.35]).

For every 1 < p < oo and each u € LP(J;X), the following properties are equivalent:
(1) u € WHP(J; X).
(2) There exists v € LP(J; X) such that

u(t) = u(to) +/ o(r)dr

to
for almost all ty,t € J.
(8) There existv € LP(J;X), xo € X, and tg € I, such that

t
u(t) = xo +/ o(r)dr

to

12
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for almost all t € 7.

(4) w is absolutely continuous and therefore differentiable almost everywhere on J.
Moreover, u € LP(J; X).

Remark I.51 (to Proposition 1.50 (4)).
More precisely, every v € WP (J; X) admits an absolutely continuous representative . In

view of Lemma [.46, we very often identify u and .

Corollary I.52 (see [17, Corollary 1.4.36]).
Let 1 < p < oo. Then every u € WYP(J; X) admits a bounded uniformly continuous

representative.

Definition 1.53 (Weak derivative of second order).
Let u € L{ .(J;X). If there exists w € LL _(J; X) such that

loc

/ w(t)(t) dt = / w(t)d(t)dt  for all 1 € C(9),

J J
then we call w the second weak derivative of u and denote it by 4.

Definition I.54 (Sobolev space of second order).
For every 1 < p < 0o, we denote the X-valued Sobolev space of second order on J, consisting
of all u € LP(J; X) such that 1, i € LP(J; X), by W2P(J; X).

We have:

Proposition 1.55. For every 1 < p < oo, W*P(J; X) equipped with

/p
lellwn oy = (aloaey + 100y + 1l

1s a Banach space.

Proof. Analogously to Proposition 1.49. O

Let us note:

Remark 1.56. Let 1 < p < oo. Every u € WP (J; X) admits a continuously differentiable
representative. To see this, we choose an absolutely continuous representative of u (that
we also call u) and a bounded continuous representative v of 1 € WP (J; X). Then for all
to,t €7,

u(t) — ulty) = / o(7) dr.

to
Since v is continuous and [min{tg, ¢}, max{to,t}] is compact, it follows from the funda-

mental theorem of calculus that u is continuously differentiable with @ = v.

I.4. The von Neumann direct integral of separable Hilbert spaces

In Section 1.2 above, we briefly recalled the construction of the orthogonal sum of at
most countably many separable Hilbert spaces. This concept can be generalized by the so-
called “von Neumann direct integral of separable Hilbert spaces” which is an important tool
in the present thesis. For an introduction to this technique, we follow the monograph [11]

of Birman and Solomyak.

13
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Definition I.57 (Separable measure space; cf. [11, p. 5]).
Let (Y, o/, ) be a measure space with a sigma-finite measure . We call (Y, o, )
separable if there exists .# C o/ such that:

(1) A is countable;
(2) for every § € o with (0) < oo and for every € > 0 there exists . € .# satisfying

(6N o) Jo-\ ) <e.
It is not hard to show that:
Lemma 1.58 (see [11, Theorem 4, p. 21]).

For a sigma-finite measure , the measure space (Y, </, ) is separable if and only if
L2(Y, ) is separable.

Remark 1.59.

(I) If  is a finite Borel measure on a complete separable metric space Y, then
(Y, B(Y), ) is a separable measure space (see [11, pp. 6-7]).

(IT) Under the assumptions of (I), let Y be a -measurable subset of Y. By considering
L2(Y’, ) as a subspace of L?(Y, ), we obtain that L2(Y’, ) is separable (cf. [85,
p. 27]) and thus, by Lemma [.58, the measure space (Y', B(Y’), ) is separable.

Throughout this section, (Y, <7, ) denotes a sigma-finite separable measure space.
Furthermore, we assume that (Y) > 0 (cf. Remark .78 below).

I.4.1. The Hilbert space L2(Y, ;®).

Definition 1.60 (see [11, p. 30]).

We say that a vector-valued function h defined -almost everywhere on Y that takes values
in a separable Hilbert space & is measurable if for every g € &, the scalar-valued function
y— (h(y),g9)s is -measurable.

Remark 1.61. If is Lebesgue measure and Y is an open interval J C R, then a vector-
valued function defined almost everywhere on J is Bochner measurable if and only if it is
measurable in the sense of Definition [.60. This follows from Pettis’ measurability theorem
(see Theorem 1.29) because & is separable.

It is easy to see that the set of all measurable vector-valued functions h satisfying

/y Ih@)IZd () < oo

is a vector space; we denote it by . Let us identify vector-valued measurable functions

that coincide -almost everywhere. Then §) is a pre-Hilbert space with the inner product
(st = [ (). mated o)
Furthermore, one has:

Lemma 1.62 (see [11, Theorem 6, p. 30]).
The pre-Hilbert space $) is complete and separable.

14
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Let us denote the Hilbert space §) of Lemma 1.62 by L2(Y, ;®).
Remark 1.63. Clearly, L?(Y, ;C) coincides with the usual L?-space L%(Y, ).

I.4.2. Measurable families of Hilbert spaces. Let the mapping y — &(y) be
defined -almost everywhere on Y, where the complex Hilbert spaces &(y) # {0} are
assumed to be separable. We denote the inner product in &(y) by (e,e)s(,) and the

induced norm by || @ ||g(,). We assume that the multiplicity function
v:y—dim&(y) € NU{oco}
is -measurable. That is, for every m € INU {oo}, the subset
Im={y €Y :v(y) =m}

of Y is supposed to be measurable. We follow the axiomatic definition in [11, pp. 159-161]
of measurable structure for the class of vector-valued functions g that are defined -almost
everywhere on Y and take values g(y) € &(y).

Definition 1.64 (Base of measurability; see [11, p. 160]).
A finite or countable set )y of vector-valued functions on Y is called a base of measurablity
if:

(1) span{g(y) : g € Q} = B(y) for -almost every y € Y;

(2) the scalar-valued function y + (g1(y), 92(¥))e(y) is -measurable for all g1, g2 € Qo.

For the rest of this section, we suppose that such a base of measurablity exists.

Definition 1.65 (Measurability with respect to y; see [11, p. 160]).
Let u be a vector-valued function defined -almost everywhere on Y and taking values
u(y) € &(y). Then wu is called measurable with respect to Qq if for every g € Qq, the

scalar-valued function

y = (u(y), 9(y))s)
is -measurable. We denote by ﬁo the set of all vector-valued functions that are measurable
with respect to Q.

Clearly (as noted in [11, p. 160]), we have:

Lemma 1.66. Qo is a vector space with )y C QO. Moreover, if u € QO and f is a
scalar-valued -measurable function on 'Y, then the product y — f(y)u(y) belongs to ﬁo.

Let us recall that for a given m € NU {oco}, we set [1,m) = {1,...,m} if m € IN and
[1,00) = IN.
Definition I.67 (Orthogonal base of measurability; see [11, p. 160]).

Let -sup v be the essential supremum of v with respect to

-sup v = inf sup v(y) =n € NU{oo}.
degs, (6)=0 yEY\S ( ) { }

If Q9 = {em : m € [1,n)}, where, outside a -null set, {e,(y) : m € [1,v(y))} is an
orthogonal basis of &(y) and e, (y) = 0 for m > v(y), then Qq is called an orthogonal base

of measurability.
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Remark 1.68.

(I) Obviously, the set €y in Definition 1.67 is a base of measurability in the sense of
Definition 1.64.

(IT) In Definition 1.67, we can replace “orthogonal basis” by “orthonormal basis.” In-
deed, if a scalar-valued nonnegative function is -measurable, then so is its square
root. Consequently, outside a set of -measure 0, we can replace the vector-valued

functions e,, by

_emly)
entilogy 1o € [Lr@)

0 if m > v(y)

€m Y —>
In particular, we have [|€1(y)||e(,) = 1 for -almost every y € Y.

The set of measurable vector-valued functions with respect to a given base of measur-

ability can always be generated by an orthogonal base of measurability:

Lemma 1.69 (see [11, Lemma 1, p. 160]).
If Qo is a base of measurability and ) = ﬁo, then there exists an orthogonal base of
measurability 0y C Q such that ﬁl = 0.

Definition 1.70 (Measurable structure/Hilbert family; see [11, p. 161]).
Let Q = ﬁo, where )y is a base of measurability.

(1) We call © a measurable structure on the family of Hilbert spaces &(y).

(2) The family of Hilbert spaces &(y) endowed with the measurable structure € is
called a measurable Hilbert family on the sigma-finite separable measure space
(Y,o7, ) and is denoted by (&(e), ().

Definition I.71 (Measurable operator-valued functions; see [11, p. 161]).

Let (&(e),Q) and (&'(e), ) be two measurable Hilbert families on the sigma-finite sepa-
rable measure space (Y,.o7, ), and let T' be an operator-valued function defined -almost
everywhere on Y that takes values in the set of bounded operators from &(y) to &'(y).
Then T is called measurable if for all g € 2 and all ¢’ € @', the scalar-valued functions

y = (TW)g), g W))e )

are -measurable.

Remark 1.72 (see [11, p. 161]).
In Definition 1.71, it is sufficient to consider elements of the bases of measurability 2o and
Q.

1.4.3. The von Neumann direct integral. In the present subsection, we define
the von Neumann direct integral of separable Hilbert spaces and show that it is again a

separable Hilbert space.
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Definition I.73 (The von Neumann direct integral; see [11, pp. 161-162]).

Let (&(e),2) be a measurable Hilbert family on the sigma-finite separable measure space
(Y,7, ). We identify measurable vector-valued functions that coincide -almost every-
where. Then the set of all h € Q satisfying

/y 1A @)1, d (1) < 5

is denoted by

6 A T ew)d ) (19)

and is called the von Neumann direct integral of the Hilbert spaces &(y) with respect to
the measurable structure ). For hq, hy € $, let us define

(s o)y = A (h(9), o)) e d (4). (1.10)

Clearly, = ff" ®(y)d (y) is a vector space. The function (e, e)s defined in (I1.10)
is easily seen to be an inner product on £); we denote the induced norm by || e ||5. Conse-

quently, $ is a pre-Hilbert space. Moreover, one has:

Proposition 1.74 (see [11, p. 162]).
= fy@ﬂ &(y)d (y) is a separable Hilbert space.

For the proof of Proposition 1.74 (see below), it is sufficient to show that the pre-Hilbert
space ) = ff” ®(y)d (y) is isometrically isomorphic to a separable Hilbert space. First,
let us construct a “model space” §’ = ff“’ &' (y)d (y):

Example 1.75 (see [11, p. 162]).
Let (&(e),2) be a measurable Hilbert family on the sigma-finite separable measure space
(Y,o7, ). As above, we set n = -sup v. We choose a -null set § € & such that the

multiplicity function v is defined everywhere on Y \ ¢:
v(y) =dim&(y) e NU{oo}  (ye€¥Y\9d).

Let m € [1,n). We choose a separable Hilbert space &/, of dimension m with an

orthonormal basis {e}" : j € [1,m)}. Then for every y € ¥ \ 4, we set

el if je[lv(y) '

i) = 0 ifj>vy)

Clearly, € = {ej(e) : j € [1,n)} is an orthogonal base of measurability of the Hilbert
family &'(e), where we put
&' (y) = 6L(y) on Y\ é, ie, &'(y) =6, foralyecY,)\o?.

Thus, we can construct the von Neumann direct integral

By
ﬁ’z/j &'(y)d (y)

of the Hilbert spaces &’(y) with respect to the measurable structure ' (which is generated
by Q).
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For every m € [1,n), let us identify L?(Y,,, ;®!,) with the subspace
{W €9 :hW(y)=0for -almost every y € Y\ Y} C .

It is easily seen that
2 .
53/ — @ L (%ma 76411)7 h/ = (h/r%m)me[l,m’
me[l,n)

is a unitary operator. Since we know that €D, ) L2(Ypm, ;&) is a separable Hilbert

space (see Section 1.2), it follows that the pre-Hilbert space $)’ is separable and complete.

Remark I.76. In Example [.75, we can even choose a single fixed separable Hilbert space
of infinite dimension, @, with orthonormal basis {e; : j € IN} and then set

®'(y) =span{e; :j € [Lv(y)} €& (yey\d).

We will use this fact in Chapter III below.
Next, let us formulate the following result:

Proposition 1.77 (see [11, Lemma 3, p. 161] and [11, Theorem 4, p. 162]).
Let (&(e),Q2) and (&'(e),€) be two measurable Hilbert families on the sigma-finite sepa-

rable measure space (Y, <7, ) satisfying
dim&(y) = dim&'(y) for -almost all y €Y.

Then there exists a measurable operator-valued function W defined -almost everywhere on
Y such that:

(1) W(y) is a unitary operator from &(y) onto &' (y) ( -almost everywhere);

(2) W transfers the measurable structure  onto Q' in the sense that
Q' ={n":h(y) =W(y)h(y) -almost everywhere on Y, h € Q}.

Furthermore, W : h — K is a unitary operator from $ = 9@9 &(y)d (y) onto ' =

y@ﬂl &' (y)d (y), where h'(y) = W(y)h(y) -almost everywhere on Y.

Finally, we conclude:

Proof of Proposition I.74. Combining Example 1.75 and Proposition 1.77, it follows
that if (&(e), Q) is a measurable Hilbert family on the sigma-finite separable measure space
(Y,47, ), then the pre-Hilbert space ) = fy@g ®(y)d (y) is separable and complete.  [J

Remark I1.78. If (Y) =0, then we set fy &(y)d (y) ={0}.

1.4.4. Multiplication operators and decomposable operators. As before, let
(Y,47, ) be a sigma-finite separable measure space. Further, let $ = %@Q &(y)d (v)
be a von Neumann direct integral of Hilbert spaces &(y) with respect to a measurable
structure 2.

If § € &7, then we denote by X the operator on $) that acts by multiplication with
the characteristic function 15. That is, for all 6 € o/ and all h € §), one has
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(X5h) (y) = Ls(y)h(y) (111)
-almost everywhere on Y. We have:
Lemma 1.79 (see [11, p. 164]).

X is a spectral measure on §). Furthermore, for all § € <, one has Xs = 0 if and only if
(6) =0.

Notation 1.80. We denote by S(Y, ) the set of all equivalence classes of -measurable
scalar-valued functions defined -almost everywhere on Y, where we identify functions that
coincide up to a -null set.

For the analogous definition of S(Y, X), see Notation 1.20 above.

It is a direct consequence of Lemma 1.79 that S(Y,X) = S(Y, ). As usual, we can
integrate every function f € S(Y, X) with respect to X and thus obtain a densely defined
operator, denoted by [, f dX, with domain

Dom(/jde) :{heﬁ:/y\f(y)\Qd h(y)<oo},

where 1,(8) = (Xsh, h)g for all h € $ and all § € o7
Let us compare the operator fy fdX with the multiplication operator My defined on

Dom(M;) = {h e 9 /y @RI 3 d @) < oo
by
(Mgh)(y) = f(y)h(y)  -almost everywhere on Y.
We have:
Proposition 1.81 (see [11, Theorem 1, p. 164]).

The sets Dom (f‘d de) and Dom(My) coincide and the operators fy fdX and My are

equal.

Let ’ be a sigma-finite measure such that (Y, </, ') is a separable measure space; let
further (&’(e),Q') be a measurable Hilbert family. We consider the two von Neumann

direct integrals of separable Hilbert spaces given by

Da Dqr
§= /y S)d (y) and & = /y &'(y)d (3). (112)

Analogously to X on $), we obtain a spectral measure on $)’ that we denote by X’. More-
over, M ]’c stands for the multiplication operator by f on $’, whenever f € S(Y, ). If the
measures and ' are equivalent, then S(Y, ) =S(Y, ') and we can compare My and M.

First, we introduce the following

Notation 1.82. We write % for the Radon—Nikodym derivative of  with respect to .
One has:

19



Chapter I: Preliminaries

Proposition 1.83 (see [11, Theorem 2, p. 165]).
Let the von Neumann direct integrals $ and $' be defined as in (1.12).

(1) We suppose that
is equivalent to ' and dim &' (y) = dim &(y) -almost everywhere (1.13)

as well as that V' is a measurable operator-valued function defined -almost every-
where on Y such that V(y) : &(y) — &'(y) is unitary. Then
. d 1/2
Ve (VR)(y) =p)V(W)hly), p= (F) : (1.14)
is a unitary operator from $) onto $) satisfying ‘7Mf = M]’J/} for each f €S(Y, ).
In particular, we have
VX5=X,V foralsed. (1.15)

(2) Iff} is a unitary operator from $) onto ' satisfying (1.15), then (1.18) holds and
V admits the representation (1.14).

Remark 1.84 (see [11, p. 174]).
Proposition 1.83 shows that we can always replace by an equivalent finite measure.

Indeed, we choose any function ¢ € L}(Y, ) with ¢(y) > 0 for -almost every y € Y; then

() = /5 dw)d (4)  (Ge)
does the job.

Notation 1.85 (see [11, pp. 163-164]).
Following common convention, we write f;a &(y)d (y) instead of f;aﬂ G(y)d (y).

Next, we consider operators (acting on a von Neumann direct integral of separable
Hilbert spaces) that commute with the spectral measure X.

Proposition 1.86 (see [11, Theorem 3, p. 166]).
Let $ = ﬁd@ &(y)d (y) be a von Neumann direct integral of separable Hilbert spaces.

(1) Let T be a measurable operator-valued function defined -almost everywhere on Y
that takes values in the set of bounded operators on &(y). We assume that the

essential supremum with respect to  over the operator norms ||T(y)|lop,

-sup||T(y)lop = inf sup [|T(y)|lop,
STl = inf o [T
18 finite. Then
T:he (y—=T(y)h(y)) (1.16)

is a bounded operator on $ commuting with My for all f € S(Y, ). In particular,
T commutes with Xs for every § € of . Besides,

I, = -suplT()llop. (L.17)
yeY

(2) ]ff is a bounded operator on $) that commutes with X for every 0 € «f, then T
admits the representation (1.16).
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Definition 1.87 (Decomposable operators; see [11, p. 168]).
Bounded operators on a von Neumann direct integral of separable Hilbert spaces acting
by (1.16) are called decomposable.

Notation 1.88. We write h = fy@ h(y)d (y) € $. Accordingly, since any decomposable
operator T’ on § = fg@ ®(y)d (y) acts fiberwise, we use the notation

f=4®ﬂwd(w-

Now (I.16) reads as follows:
N @
= [ Twhma o).

As noted in [11, p. 168], it is clear that if 7} = fy@ Ti(y)d (y) and Tp = fy@ To(y)d (y)
are decomposable operators on §) = fy® &(y)d (y), then so are Ty+Th, Ti Ty, and (T;)* (i =
1,2); we have

Moreover, one has:

Proposition 1.89 (see [11, Theorem 5, p. 168]).
Let T = f;B T(y)d (y) be a decomposable operator on $ = f;B &(y)d (y). Then:
(1) T is self-adjoint if and only if T'(y) is self-adjoint (for -almost every y € Y);
(2) T is unitary if and only if T(y) is unitary (for -almost every y € Y);
(3) T is normal if and only if T'(y) is normal (for -almost every y €Y);
(4) T is an orthogonal projection on $) if and only if T(y) is an orthogonal projection
on &(y) (for -almost everyy €Y).

1.4.5. Unitary invariants of spectral measure. As before, let (Y, .o/, ) be a sep-
arable measure space. Let further E be a spectral measure (with respect to (Y,.47)) on the
complex separable Hilbert space 9. We say that ¥ and are type-equivalent if for every
0 € o, Es =0 if and only if (§) =0. Let us formulate the main results of this section.

Theorem 1.90 (see [11, Theorem 1, p. 173]).

Let E be a spectral measure on 5 If E and are type-equivalent, then there exist a von
Neumann direct integral $) = fy &(y)d (y) and a unitary operator V- from $ onto $ such
that

v(/de) = M;V  fordll f €S(Y, E).
Y
In particular,

VEs=XsV foreveryd € of.

Moreover, one has:
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Theorem 1.91 (cf. [11, Theorem 2, p. 173]).

Let E be a spectral measure on 5 Let further ) and £’ be as in (1.12) with corresponding
spectral measures X and X'. If there exist unitary operators V' from $ onto $ as well as
V' from $ onto $ such that

VEs =XsV and V'Es= X5V' for everyd € o,

then the measures and ' are equivalent and the multiplicity functions v and V' coincide

!/

-almost everywhere. In particular, and E and hence also ' and E are type-equivalent.

An important special case: Borel spectral measures on R. In the following,
let (4,27, ) = (R,B(R), ) be a sigma-finite separable measure space. By the spectral
theorem (see Theorem 1.21), we know that to every self-adjoint operator A on .%, there
corresponds a unique Borel spectral measure F(A) on :?3 Very often, we simply call F(A)
the spectral measure of A.

For self-adjoint operators, we have the following functional model:

Theorem 1.92 (see [11, Theorem 1, p. 177]).
Let A be a self-adjoint operator on $) with spectral measure E(A). If E(A) and  are type-
equivalent, then A is unitarily equivalent to the multiplication operator by the independent

variable on a von Neumann direct integral

sa—/Rexy)d ().

Definition 1.93 (Scalar spectral measures).

A measure as in Theorem 1.92 is called a scalar spectral measure of A.

Remark 1.94.

(I) For every self-adjoint operator, we can choose a finite scalar spectral measure.
Indeed, if we are given a self-adjoint operator A, then there exists a finite Borel
measure ' on R which is type-equivalent to F(A) (see [11, Theorem 4, p. 171]);
according to Remark 1.59, (R, B(R), ') is a separable measure space.

(IT) By Theorem 1.91, any two scalar spectral measures of a self-adjoint operator are

equivalent.

We recall now well-known decompositions of self-adjoint operators into absolutely con-

tinuous and singular parts (see, e. g, [75, pp. 189-192]).

Notation 1.95. Let A be a self-adjoint operator on $. For every h e 5, let us denote
the finite Borel measure B(R) > A +— (Ea(A)h, B)g by ;. Further, stands for the
Borel-Lebesgue measure on R.

We set:

Hee) = {fz : ;7(A) =0 for every -null set A € B(R)},

{0} if A has no eigenvalues

5(p) _

)

span{ﬁ €9 :hisan eigenvector of A} otherwise
HE = (5(ac)){
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F60) = (§00) g GO,

It is well known (see, e.g., |75, pp. 190-191]) that for each e € {ac, p, s, sc}, H® is
a closed subspace of $) that reduces the operator A. We can therefore represent A on §) as

a block diagonal operator

(Algao) @ (Alze) on 909 @ He

or

Furthermore, we have (see, e.g., [75, p. 191])

o(A) = U(A f5<ac)) U U(A f5(5>) (1.18)

and

O‘(A) = O’(A fg(ac)) U O‘(A [E(p)) U O‘(A fg(sc)). (1.19)

Let us note that the spectra on the right hand side of (1.18) (of (I.19)) need not be (pairwise)
disjoint in general.

Definition 1.96 (see [75, p. 191]).
We call:

(1) Alze the absolutely continuous part of A and (Alg ) the absolutely continu-
ous spectrum of A;
(2) A[5<p> the discontinuous part of A;

spectrum of A.

) the singular part of A and o(A [E(S)) the singular spectrum of A;

) the singular continuous part of A and o(A [5(50)) the singular continuous

Let us note that the spectrum of A[g(p) is the closure of the set of all eigenvalues of A.

In view of Remark 1.94, we can assume without loss of generality that is a finite

scalar spectral measure of A. Moreover, [11, Theorem 4, p. 171] shows that we can choose
= ; for some he 5

Remark 1.97. By applying the Lebesgue decomposition theorem (see, e.g., [18, Theo-
rem 4.3.2, p. 130]) to  with respect to , we obtain finite Borel measures ,. and ¢on R
such that:

(1) ac is absolutely continuous with respect to ;

(2) ¢ is singular with respect to ;

(3) = act s
The decomposition in (3) is unique.

The measures ,. and ¢ are called the absolutely continuous part and the singular part

of , respectively.
Remark 1.98. We can choose Borel sets Y, and Ys such that:

(1) R = Hac UHS and 1éac m%s = 0;
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(2) ac(A)= (ANVYa)and s(A)= (ANYy) for all A € B(R).

Let us note that Y,. and Y are only unique up to Borel sets of -measure 0.

Definition 1.99 (Pure point measures; cf. [75, p. 400]).
A Borel measure on R which is finite on compact sets is called pure point if there exists
an at most countable set N C R such that (R\N) = 0.

Remark 1.100. One can show that every Borel measure on R which is finite on compact
sets is sigma-finite (see, e. g., [18, Propositions 7.2.3 and 7.2.5|).

Let us now refine the decomposition of in Remark 1.97.

Lemma 1.101 (cf. [18, p. 132]).
Let  be a finite Borel measure on R and let .. as in Remark 1.97. Then there exist a

finite pure point Borel measure  and a finite Borel measure o on R such that:

(1) ac is absolutely continuous with respect to ;
(2) s is singular with respect to  as well as s.({y}) =0 for every y € R;
(3) = act pt s
The decomposition in (3) is unique.
Proof. We put
Yyo={yveR: ({y}) >0} (1.20)

Then the set Y, is at most countable. We define the finite pure point Borel measure |, on
R by

p(A)= (ANYp) foral Ae B(R). (I.21)
Let ¢ be as in Remark 1.97. We now define 4 by
sc(A) = (A\Y,) forall A e BR). (1.22)
Then (1)—(3) of Lemma 1.101 hold.
It remains to show that the decomposition in (3) is unique. Let = .+ [+ &
be such that /. is absolutely continuous with respect to , .. is singular with respect to

/

as well as  [.({y}) = 0 for every y € R, and |, is pure point. Let N C R be at most
countable with [ (R '\ N) = 0. Since for every y € R,

{yh = »(wh) = L{u}),

we obtain Y, C Nand [(N\Yp) = p,(N\Yp) =0aswellas ,(ANY,) = L(ANY,) for
all A € B(R). We conclude that , = | and thus ac+ sc= 3+ ¢ The uniqueness
in the Lebesgue decomposition theorem now yields ,. = .. and s = ... This finishes
the proof. O

The measures |, and 4 are called the pure point part and the singular continuous

part of | respectively.

Remark 1.102. Let Y, be as in (1.20). We choose Yac and Ys according to Remark 1.98.
Then one has Y, C Ys. We set

Yoo = R\ (Yo J U5 )-
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Then we have:

(1) R = Yac U Hp U Yse;
(2) the sets Yac, Yp, and Y. are pairwise disjoint;
(3) o(A)= (ANY,) for all A € B(R) and each o € {ac, p, sc}.

Let us note that Yac, Yp, and Y are only unique up to Borel sets of -measure 0.
We have:

Lemma 1.103. Let A be a self-adjoint operator on 9 with spectral measure E(A) and

finite scalar spectral measure . Then for each o € {ac, p, s, sc}, we have
H®) = Ran By, (A).

Proof. It is clear that $® = Ran By (A).
By [11, pp. 179-180], one has

E(ac) = Ran By, (A) and 5(8) = Ran Ey,(A).

Since §(50) = (:6(ac) @5(P))L and Yo = R\ (Hac U 1ép), we obtain $¢) = Ran Ey_(A).
This finishes the proof. ]

Remark 1.104. Given a self-adjoint operator A on $ with spectral measure £ = E(A)
and finite scalar spectral measure , there exists, by Theorem 1.92, a von Neumann direct
integral = fﬂ? ®(y)d (y) such that A is unitarily equivalent to the multiplication op-
erator M, on §. The spectral measure X on §) defined as in (I.11) corresponds to M,.
Now we can decompose $) with respect to the absolutely continuous part and the singular
part(s) of M,:

H = ﬁ(ac) @5(5) _ ﬁ(ac) @ﬁ(p) @5(50)7
cf. Notation 1.95.

The above decompositions of §) are invariant under unitary transformations:

Lemma 1.105. Let A be a self-adjoint operator on 9 with spectral measure E = E(A)
and finite scalar spectral measure . Let further V : $ — $H = f]ga &(y)d (y) be unitary
such that A is unitarily equivalent to the multiplication operator M, on $:

VA= M,V.

Finally, let X = X(M,) be the spectral measure associated with My. Then for each e €
{ac, p, s, sc}, we have

Ran (Vizw) =9 and (Vige)(Elzw) = (Xlge) (Vige)-
Proof. It is clear that

Ran (Vige)) = 9P and  (Vige) (Blm) = (XTam) (Vige)-
Let o € {ac, s}. Then, by [11, Theorem 3, p. 181], one has

Ran (Vizw) =9 and  (VIge) (Elge) = (XTam) (Vige)-
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Since E(SC) = (5(&@ @5(p))L and 5;:)(5(3) = (fj(ac) @}fj(p))L’ we obtain

Ran (V r%(sc)) = ﬁ(SC) and (V r%(sc)) (E rg(sc)) = (X rﬁ(sc)) (V r%(sc)) .
This finishes the proof. O

Let us formulate the following useful result.

Proposition 1.106. Let A be a self-adjoint operator on $ with spectral measure E(A) and
finite scalar spectral measure . Let further $ = fﬂf &(y)d (y) be such that A is unitarily
equivalent to the multiplication operator by the independent variable on §), M,. Then for

each o € {ac, p, s, sc}, we have

®
5 = [ 8)d ).
R
In particular, f]ff B(y)d «(y) is a closed subspace of § that reduces M,.

Proof. We choose Yac, Yp, Ys, and Y according to Remarks 1.98 and 1.102. As usual, let
X = X(M,) on § defined as in (I.11) be the spectral measure associated with M,. Let
e € {ac, p, s, sc}. It follows from Lemmas 1.103 and 1.105 that

H® = Ran Xy,.
Since
Ran Xy, = {h €$H:h=0 -almost everywhere on R\ H.}

and (ANYe) = «(A) for all A € B(R), we obtain
53]

as claimed. O

Let us relate the spectral multiplicity of a self-adjoint operator to the spectral multi-
plicities of its parts.

Proposition 1.107. Let A be a self-adjoint operator on 9 with spectral measure E(A),
finite scalar spectral measure , and multiplicity function v. Let further $ = f]ga &(y)d (v)
be such that A is unitarily equivalent to the multiplication operator by the independent
variable on 9. We choose Yac, Yp, Ys, and Ysc according to Remarks 1.98 and 1.102. One
has:
(1) For each o € {ac, p, s, sc}, y — vo(y) = Ly, (y)v(y) is a multiplicity function of
H®) = fﬂ? &(y)d o(y). In particular, for -almost everyy € R, we have
viy) = D wly) and viy)= D wly).
ec{ac,s) ec{ac, p, sc}
(2) Foralle € {ac, p, s, sc}, let Uy be a multiplicity function of H(®) = fg G(y)d «(y).
Then for -almost every y € R, we have

v(y)= > Ly, Wie(y) and viy)= > Ly @)%y (1.23)

ec{ac,s} ec{ac,p,sc}
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Proof. (1) For each e € {ac, p, s, sc}, we have
dim&(y) = v(y) = 1y, (y)v(y) for e-almost every y € R

because

«(R\Ys) =0.
(2) Let o € {ac, p, s, sc}. Since .(R\%.) =0 and

(A= (ANY,) for all A € B(R),
we have
v(y) = dim &(y) = ve(y) for -almost every y € Y,.

Consequently, (1.23) holds for -almost all y € R. g
Remark 1.108 (to Proposition 1.107).

(I) Since Yac and Ys (resp. Yac, Yp, and Ysc) are unique up to Borel sets of -measure 0,
the decompositions in (1.23) are -almost everywhere uniquely determined.
(IT) If a self-adjoint operator A with finite scalar spectral measure and multiplicity

function v possesses an embedded eigenvalue at yo, then we have ({yo}) > 0 and

v(yo) = dim Ker(A — yol).
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CHAPTER II

On differences of the type f(A + B) — f(A)

In this chapter, we review literature on differences of the type f(A + B) — f(A),
where A and B are self-adjoint operators acting on a complex separable Hilbert space
(not necessarily of infinite dimension) and f is a Borel function on R. Let us assume that
B is (at least) compact.

In the literature, there is a particular interest in the case when B and f(A+ B) — f(A)
are both of trace class, see, e.g., M. Krein [44, 45|, Birman and Solomyak |7, 10|, and
Peller (60,61, 63| together with Aleksandrov [1].

M. Krein showed in [44] that if B is of trace class, then there exists an L function &
on R (the spectral shift function) such that for sufficiently nice functions f, the Lifshits—
M. Krein trace formula holds:

trace (f(A+ B) — f(A4)) = /Rg(t)f(t) dt. (I1.1)

At a formal level, the spectral shift function was introduced by Lifshits [51]; M. Krein
presented in [44] a rigorous definition.

In Section II.1, we follow M. Krein’s lecture notes from [45] to compute the spectral
shift function in the (elementary) situation when $ is finite dimensional. Afterwards, we
briefly discuss a question of M. Krein and a recent result of Peller [63]. We introduce
“double operator integrals” and formulate in Remark I1.27 a link between f(A+ B) — f(A)
and Hankel operators that was found by Peller [60]. In Section II.3, we collect some facts
on a classical example given by M. Krein in [44]. Finally, we introduce some basic notions
from scattering theory and then discuss three results of Pushnitski [67] and together with
Yafaev [71].

I1.1. The case when $ is finite dimensional

In this section, we follow M. Krein [45, pp. 108-109|. We consider here the case when
$) is finite dimensional, say, dim$) = m € IN. Let A be a self-adjoint operator on $) with
eigenvalues A1, ..., A\p,. We denote by ng : R — Z the eigenvalue counting function, where
na(A) equals the number of eigenvalues of A that are less than or equal to A.

Lemma II.1. If f is an absolutely continuous scalar-valued function on R, then the
Lifshits—M. Krein trace formula holds for all self-adjoint operators A and B on £, and
the spectral shift function is given by £ =nag —nasp.

Proof. Without loss of generality, we can assume that f takes values in [0, 00) (otherwise,
we write f = (Re f)T — (Re f)” +i((Im f)* — (Im f)~) and consider each term separately).
Let us denote the eigenvalues of A by A1, ..., Ay, and the eigenvalues of A+B by p1,.. ., tim.
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Then the trace of f(A) is given by

trace £(4) = 3 F() = /}R F(t) dna(t)

J=1

analogously, we have
trace f(A+ B) = Zf 1) / f(t)dnasp(t).
j=

Hence, we can represent the trace of f(A + f(A) as a Riemann-Stieltjes integral:

trace (f(A+ B) — / f(t)d(nayst) —na(t)).

Integration by parts yields

trace (f(A + B) - f(A)) = - /R (nasn(t) — na() df (1)

we note that nayp(t) — na(t) = 0 for all ¢ < min (0(A4) Uo(A+ B)) and also for all
t > max (0(A) Ua(A+ B)). We observe that the Lebesgue-Stieltjes integral

LS /R (nasn(t) —na(t)) df(t)

coincides, on one hand, with the Riemann—Stieltjes integral

/R (nasp(t) — na(t)) df (D)

and, on the other hand, with the Lebesgue integral [ (na+p(t) — na(t))f(t)dt. This
finishes the proof. O

I1.2. A question of M. Krein and a recent result of Peller

In this section, $) is a complex separable Hilbert space.

The following question naturally arises.

Question II1.2 (cf. [45, p. 141]).
Can one find necessary and sufficient conditions on f such that (I1.1) holds for all self-

adjoint operators A and B, where B is of trace class?
We need the following definition.

Definition I1.3 (Operator Lipschitz functions; see [1, p. 606]).

Let f be a continuous scalar-valued function on R. If there exists a constant ¢ > 0 such
that the following inequality holds for all bounded self-adjoint operators A and B acting
on $), then f is called operator Lipschitz:

1F(A+B) = f(Allop < ¢||Bllop- (I1.2)

Recently, Peller [63] showed that the maximal class of functions on R so that the
Lifshits—M. Krein trace formula holds (for all self-adjoint operators A and B, where B is
of trace class) coincides with the class of operator Lipschitz functions.
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Definition I1.4 (Trace class Lipschitz functions; see [1, p. 650]).
A continuous scalar-valued function f on R is called trace class Lipschitz if inequality (I1.2)

holds with the operator norm replaced by the trace norm.

Theorem IL.5 (see [1, Theorem 3.6.5] and [63, Theorem 6.1]).
Let f be a continuous scalar-valued function on R. Then the following assertions are
equivalent:

(1) f is operator Lipschitz;

(2) f is trace class Lipschitz;

(8) f(A+ B) — f(A) is of trace class whenever A and B are self-adjoint operators

acting on 5, where B is of trace class.

Moreover, if f is operator Lipschitz, then (II.1) holds for all self-adjoint operators A and

B acting on $, where B is of trace class.

Remark II.6. Due to results of Farforovskaya [27, 28], being Lipschitz continuous is
not sufficient for f to ensure that (II.1) holds. Moreover, one can prove that the modulus
function ¢ — |t| is not operator Lipschitz, see Kato [41] and McIntosh [55].

In view of Theorem I1.5, let us note that Peller [60,61] previously gave a necessary and
also a sufficient condition on f (namely, being in certain Besov spaces, see Proposition 11.26
below) such that (II.1) holds.

In his proofs, Peller uses the theory of “double operator integrals.”

Double operator integrals in a Hilbert space. Formally, a double operator inte-

gral (DOI) is an expression

/ / g\, p) dENT dF), (IL.3)
RJR

where T is a bounded operator on a complex separable Hilbert space §, E and F are two
Borel spectral measures on R, and ¢ is a bounded scalar-valued Borel function on R?.
DOI in a Hilbert space are a useful tool in operator theory. They were first considered
by Daletskii and S. Krein (see [19]). In the case when E = F' is supported on a compact
interval and ¢ is bounded, continuous, and possesses a continuous partial derivative with

respect to u, the expression (I1.3) can be defined as the double Riemann—Stieltjes integral

/R ( /R g0\ ) dEA)T dE,, (I1.4)

see [19, Theorem 1.4]. Daletskii and S. Krein computed the derivative of an operator-
valued function t — f(H(t)):

Proposition I1.7 (see [19, Theorem 2.1]).

Let H(t) be a bounded self-adjoint operator on $) with spectral measure E(t) = E(H(t)) for
every t contained in the compact interval [a,b]. We suppose that t — H(t) is continuously
differentiable (in the operator norm). Let f be a scalar-valued C? function on the compact
interval (o, B]. We suppose that the spectrum of every operator H(t) is included in [a, (].
Then the operator-valued function [a,b] > t — f(H(t)) is continuously differentiable (in
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the operator norm) with

B B _
CU(Z@))= /a /a de(t) dzt(t) dE,(t), (IL5)

where we set (F(X) = f(1u) /(A= ) = V) if A = .

Equation (IL.5) is often called the Daletskii—S. Krein formula. Provided that the func-
tions H and f are sufficiently regular, Daletskii and S. Krein also computed the higher

derivatives of t — f(H(t)) and estimated the remainder to obtain a Taylor series expansion.
Later, Birman and Solomyak developed a systematic theory of DOI in a series of papers,

see [6,8-10]. In particular, the smoothness assumption on f in the Daletskii-S. Krein

formula can be relaxed; namely, (I1.5) still holds if we replace the condition f € C? by

feC,(R) and /R (sup\f(:c+t)—2f(ac)—|—f(x—t)|)g<oo,

zeR t2

see |7, Theorem 8.7|. This leads us to the following definition and subsequent lemma.

Definition IL.8 (cf. [80, Remark 2, p. 181]).
We define the Besov space

~ d
8L = {7 el [l < o0},

R+
where fi(z) = f(x +t) — 2f(x) + f(z — t).
Lemma I1.9 (see [80, Remark 2, p. 103]).

Every f € BéOJ(IR) admits a bounded uniformly continuous representative which, moreover,

possesses a bounded uniformly continuous derivative.
Let us also introduce the following classes of functions.

Definition I1.10 (cf. [80, Remark 2, p. 181]).
We define the Besov space

= d
1) = {£ € @ [ iyt <o)

where fi(z) = f(z +t) — 2f(x) + f(z — 1).

Lemma II.11 (see [81, formula (10), p. 90]).
Bl 1(R) can be continuously imbedded into the Sobolev space W' (R).

Definition I1.12 (cf. [60, p. 122]).
Let us denote by Bil(]R) the class of all f € L] _(R) such that for every bounded interval
J C R, the restriction of f to J can be extended to an element of Bil(R).

Furthermore, let us define the Besov space Bil on the torus.

Definition I1.13 (see [2, p. 475]).
The Besov space Bh(T) consists of all (equivalence classes of) functions h : T — C with

Y AT is i(s—t) de
/_ﬂ/_ﬂ}h(e )~ 2h() + A(e0) | ds & < oo.
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For more information on Besov spaces, we refer to the books [80] and [81] of Triebel.
Let us now turn to the construction of DOI due to Birman and Solomyak. Essentially,

we follow their survey paper |7].
Notation I1.14. Let G2($)) be the space of all Hilbert Schmidt operators on $).

Birman and Solomyak started constructing DOI on G5($)), i.e., in the framework of
separable Hilbert spaces. Let us describe their approach in a simple situation. Let E and

F' be two Borel spectral measures on R. If § and 0 are Borel subsets of R, then we define
& :Tw— EsT and Fy:T+— TFy (T € &2(9)).

It is easy to see (cf. |7, p. 140]) that € and F are commuting Borel spectral measures on
R. We have:

Lemma II.15 (see [11, Theorem 6, p. 129]).
If € and F are two commuting Borel spectral measures on R, then there exists a unique
Borel spectral measure G on R? such that

Gsxr =E5 and Smrxo=Ts

for all 6,0 € B(R).

We call G the product of &€ and F. By construction, one has
Ssxa = EsF (11.6)

for measurable rectangles § x 9 (see [11, p. 129]).

By the standard Carathéodory extension procedure (see [11, pp. 127-128]), we obtain
a sigma-algebra B*(IR?) containing all subsets € of Borel sets A C R? with Ga = 0; setting
G = 0 for every such €, we extend G to a spectral measure on the whole of B*(R?). We
call this extension null set complete and denote it again by G.

For the rest of this section, we assume that G is null set complete.

Notation IL.16. Let us write L>(R2,G) for the set of all (equivalence classes of) G-
measurable functions ¢ : R? — C such that
19llLe(r2,5) = G-sup |g(A, p)| = inf sup —|g(A, )
(B%,5) (\p)ER? A€B*(R?),54=0 () pu)eR2\A

is finite.
We obtain a bounded functional calculus.

Proposition II.17 (see [11, Theorem 1, p. 132]).
The mapping

T:L®°(R%G) 39— /}RQQ(/\,M) d9xu

1s linear, multiplicative, involutive, and isometric with values in the set of bounded operators
on &o($H). That is, for all g,g1,g2 € L*(R?,G) and all o € C, we have:
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Tgitag = Tgy + Ty,

Tg19: = Tg1 Tgs

Jg = ((‘Tg)*}

[Tgllop = llglliee (m2,9)-

Definition I1.18 (cf. [7, p. 141] and [1, p. 608]).

For g € L>(IR?, ), the mapping T4 from Proposition I1.17 is called a transformer. In order

to emphasize that this transformer depends on E and F', we sometimes write ‘J'f  instead
of T4. For every T' € G2($)), we write

Tf’FT://g()\,u)dE,\T dF,.
RJR

We call ‘TgE’FT the double operator integral associated with g, ¥ and F' as well as T'.

Remark I1.19. Under the additional assumptions that £ = F' is supported on a compact
interval and ¢ is bounded, continuous, and possesses a continuous partial derivative with
respect to u, the DOI ‘.TgE’ET coincides with the expression in (I1.4).

Notation I1.20. Let G;($)) be the space of all trace class operators on §.

Definition I1.21 (Schur multipliers; cf. [60, p. 112 and p. 115]).
Let us denote by M(E, F) the class of all g € L(R2, §) such that the transformer T4 is
bounded on &1($) (i.e., from &1($) to itself). The elements of M(E, F) are called Schur
multipliers (for the pair E, F').

Moreover, if J C R is an interval, then we write My for the class of all g € L>(R?, §)
that are Schur multipliers for every pair E, F' of spectral measures supported in J.

Below, Schur multipliers that admit a representation as a “divided difference” will be
of special interest. More precisely, if f : R — C is a Lipschitz continuous function, then

we define

S = fw) .

A p) = fA .

gr(A, 1) - if A # p
The following question arises.

Question II.22 (cf. [7, p. 151]).
Is every bounded extension of gy to the whole of R? an element of L*(R2,G)?

It turns out that this is indeed the case. For the proof, we need the following result.
Lemma I1.23 (cf. [7, equation (7.3)]).
The diagonal diag = {(\,\) : A € R} C R? is G-measurable and

/ Laiag O\ 1) A% = 3 €0y F oy
R?2 AEN

where N ={X € R: &y # 0, Fpay # 0} is at most countable.

Proof. Being a closed subset of R?, diag is Borelian and thus G-measurable.
It is well known that spectral measures that take values in a separable Hilbert space

possess at most countably many point masses. Hence, N is at most countable.
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Let us choose finite scalar spectral measures ¢ of f]R)\dEA and g of fR;LdH’M (cf.
Remark 1.94). Tt is not hard to show that if A € B(R?) with ( ¢ ® 5)(A) = 0, then
Ga = 0. By Fubini’s theorem, we obtain

(e® g)(diag\{(A,A): A eN}) =0.

Hence, Gdiag = G{(a,n):aen} and, since N is at most countable, the sigma-additivity of G
yields the desired formula. O

We can now answer Question I1.22 in the affirmative.

Lemma II.24 (cf. [7, p. 152]).
If f: R — C is a Lipschitz continuous function, then every bounded extension of gy to the
whole of R? is an element of L®(R?,G).

Proof. Since the spectral measure G is null set complete, the assertion follows from
Lemma I1.23. O

Let us note that if the function f is continuously differentiable, then it is natural to

set gr(\,A) = F(N).

In view of perturbation theory, it is important to study differences that are of the type
f(A+ B) — f(A), where A and B are self-adjoint operators and f is a scalar-valued Borel
function on R. Under certain assumptions, we can represent such differences as DOI with
respect to the spectral measures F(A) and E(A + B). Moreover, we are interested in
necessary as well as sufficient conditions on f such that f(A+ B) — f(A) is of trace class

whenever B is of trace class, cf. Question I1.2. Birman and Solomyak showed:

Theorem II.25 (see [10, Theorem 4.3]).
Let us suppose that A and B are self-adjoint operators acting on ), where B is of trace

class. Then we have
f(A+ B) = f(4) = T/ PATBI B € &,(9)

for every f such that gy € M(E(A), E(A+ B)) is a Schur multiplier.
Peller proved the following:

Proposition I1.26.
(1) If f € Béoyl(R), then gy € MR.
(2) If gr € My for every bounded interval I C R, then f € Bil(R).

Proof. See [61, Theorem 2| for part (1) and [60, Theorem 8| for part (2). O

Remark I1.27 (Link to Hankel operators).
We take a closer look at the proof of Proposition I1.26 (2).
Let J C R be a bounded interval. We have g € My. By defining

h(emit/length@)) — £y (¢t €7),

we obtain a function h : T — C. Peller showed (see [60, p. 122| and [60, Theorem 4]) that
h belongs to B%yl('ﬂ‘); for this, he used the following characterization theorem for trace class
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Hankel operators (see [62, Corollary 1.2, p. 233]): A Hankel operator Hy on H*(T) with
symbol ¢ € L°(T) is of trace class if and only if the orthogonal projection of ¢ on H? (T)
belongs to By ;(T).

Since h € Bh(T) and J C R was an arbitrary bounded interval, it follows that f &
B ,(R), cf. [60, p. 122].

Consequently, there is a relationship between differences of the type f(A+ B) — f(A)
and Hankel operators. The present thesis is intended to add some more knowledge on this

subject.
We finish this section with a further remark.

Remark I1.28. Let us mention two more facts on DOI (see |7]):

(I) For the construction of DOI, the spectral measures need not be Borelian. In this
general situation, one uses |6, Theorem 1] to obtain that the additive projection-
valued function in (IL.6) is sigma-additive.

(IT) Transformers can be interpreted as “multipliers” in the framework of integral op-

erators, multiplying the integral kernel with a bounded function.

11.3. On a classical example given by M. Krein

We follow here M. Krein [44, pp. 622-624]. Let us consider the Neumann Laplacian
H = (—d?/dt*>)N and the Dirichlet Laplacian H® = (—d?/dt?)P in L?(R;). They both
have a simple purely absolutely continuous spectrum filling in [0,00). We denote the
resolvent of HP at the spectral point —1 by Ay and the resolvent of H at the spectral
point —1 by A;. Then Ay and A; are bounded self-adjoint integral operators on L?(R. )

with kernel functions

sinh(z)e™ itz < cosh(z)e™ ifx <
ap(x,y) = (@) =Y and ai(z,y) = (@) =Y (I1.7)
sinh(y)e™ ifx >y cosh(y)e™ ifz >y
We compute
A — Ao = (0, 0)2(R ¥ where ¢(x) =e™%; (IL.8)

in particular, the resolvent difference A; — Ag is of rank 1.
Let ¢ € C.(R4) and let 4 > 0. M. Krein calculated

([E(oo,u) (H) = B(—co (H D)}ib) (z) = % /m = (M;/i(g;+ V) dy)dy  (IL9)

and, on the other hand,
D
E(—sou(3) (H) = E(—oou(3)) (H7) = E(—00.3)(40) = E(—oo,) (A1),
where p(\) = % — 1> 0. Consequently, for every 0 < A < 1,

2 [ sin((z - 1)"2(z +y)
J.

T Tty

Y(y)dy. (I1.10)

([Bcaeantto) = B )] ) (o) =
M. Krein concluded that E(_ »)(Ao) — E(—sc,x)(A1) is not Hilbert Schmidt if 0 < A < 1.
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More than fifty years later, Kostrykin and Makarov [43| explicitly diagonalized the
operator E(_q z)(Ao) — E(—so ) (A1):

Theorem I1.29 (see [43, Theorem 1]).
If 0 < XA < 1, then E(_s 2)(A0) — E(—son) (A1) has a simple purely absolutely continu-
ous spectrum filling in the interval [~1,1]. In particular, E_q x)(A0) — E(—oo ) (A1) is

not compact.

Remark I1.30 (to M. Krein’s example).

(I) Since the difference of the spectral projections is not compact, the left hand side
of the Lifshits—M. Krein trace formula is ill-defined.

(IT) The difference of the spectral projections is a Hankel operator.

I1.4. On three results of Pushnitski and Yafaev

The operator D(A) = E(_s ) (A + B) — E_x,0)(4), A € R, has been studied by
Pushnitski [67-70] and together with Yafaev |71, 72]. Before reviewing some of their
results, we need to define the “wave operators” and the “scattering matrix.” Then we
present the Birman—M. Krein formula which connects the “scattering matrix” and the
spectral shift function. For this, we follow Yafaev’s monograph [86]. Finally, we discuss
three results of Pushnitski and Yafaev.

Throughout this section, let A and B be two self-adjoint operators acting on a complex
separable Hilbert space ).

I1.4.1. The wave operators. The scattering operator and matrix. The
Birman—M. Krein formula. Let us introduce some notation (cf. [86, p. 67]). We denote
by Pf(lac) the orthogonal projection onto the absolutely continuous subspace Sﬁfc) of $ with
respect to the initial operator A. Furthermore, we write ﬁf) for the orthogonal comple-
ment of ﬁf:c) in $. For the perturbed operator A + B, we omit the subscript “A + B,”
i.e., we denote by P29 the orthogonal projection onto the absolutely continuous subspace
$@) of § with respect to A+ B, etc.

Definition I1.31 (Wave operators; see [86, Definition 1, p. 67]).
The wave operators for the pair A, A + B and the bounded operator .# : § — $) are
defined by

Wi =We(A+ B, A; &) = s-lim exp (i(A+ B)t).# exp(—iAt) P{?, (IL.11)
provided that these strong limits exist.

For the rest of this subsection, let us assume that the wave operators for the pair
A, A+ B and the bounded operator ¥ : ) — ) exist.

Definition II.32 (Completeness of wave operators; see [86, Definition 1, p. 78]).
The wave operators Wi = Wi (A + B, A; %) are called complete if:

(1) Ker(Wy) = 5,
(2) Ran(W.) = $(2c),
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Definition I1.33 (Scattering operator; see [86, p. 82]).
The scattering operator is defined by

S(A+B, A, I)=S =W W_.
Remark I1.34. It follows from (II.11) that
Ker(#(A+ B, 4; #)) 5% and Ran(Z(A+ B, 4; .#)) c 8.
We therefore consider the scattering operator .(A+ B, A; .#) only on the subspace ﬁfc)
of $, as Yafaev does (see |86, p. 82]).

Here is a list of properties of the scattering operator:

Lemma I1.35 (cf. [86, p. 82]).
The scattering operator (A + B, A; Z):

(1) is bounded with operator norm < ||.Z||%,;

op’
(2) commutes with the absolutely continuous part of A;

(3) is unitary if the wave operators are isometric on ﬁf:c) and are complete.

Proof. Part (1) follows from [86, Lemma 2, p. 68|; part (2) is a consequence of [86,
Theorem 4, p. 69]; part (3) can be found in [86, Corollary 2, p. 82]. O

Definition I1.36 (Core of the spectrum; see [86, Definition 8, p. 25]).
A set 6 € B(R) of full E(A)-measure (i.e., Eg\s(A) = 0) is called a core of the spectrum
of A if:

(1) for every other & € B(R) of full E(A)-measure, ¢ \ & has Lebesgue measure 0;
(2) 6 Co(A).

Lemma I1.37 (cf. [86, p. 82]).
The absolutely continuous part of A is unitarily equivalent to the multiplication operator

by the independent variable on a von Neumann direct integral

o
/ H(A)dA, (I1.12)
A
where 64 = 6(A) is a core of the spectrum of A.

Proof. Let be a finite scalar spectral measure of A. Then by Lemma 1.105 and Proposi-
tion 1.106, we know that the absolutely continuous part of A is unitarily equivalent to the

multiplication operator M) by the independent variable on a von Neumann direct integral
S5
JREIOTREY
R
Being of full E(A)-measure, 64 is of full ,.-measure and thus we can identify
& &
[ 90wy = [ 500 el
gA R

It follows from |78, Theorem 2.5.2] (cf. also |75, Theorem B.9, p. 401] or [86, pp. 14—
16]) that the restrictions of Borel-Lebsgue measure and .. to 4 are equivalent. In

view of Proposition .83, My on [ &Gi HA)d ac(N) is therefore unitarily equivalent to M)y
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on ffi $H(A)d (N). Since the latter operator is unitarily equivalent to My on ffi H(A) dA,
the proof is complete. O

Remark I1.38 (cf. [86, p. 16]).

In general, we cannot replace 64 by 0,c(A4) in (I1.12). Indeed, let A = M) be the multipli-
cation operator by the independent variable on L2(R, ) with (A) = (AN([0,1]\€)) for
all A € B(R), where C is a compact subset of [0,1]. Then ,.(€) = (€N ([0,1]\C))=0.
So if € is a modified Cantor set (see, e. g, [16, pp. 67-68]) of Lebesgue measure 1/2, then
the restrictions of Lebesgue measure and 4 to 0ac(A) = [0, 1] (more precisely, to B([0,1]))

are not equivalent.

Lemma I1.39 (see [86, p. 82]).
The scattering operator (A + B, A; &) is unitarily equivalent to multiplication by an
operator-valued function A — L(\; A+ B, A; &) on the space (11.12).

Proof. We combine Lemma I1.35 (1)—(2) and Lemma I1.37. O

Definition I1.40 (Scattering matrix; cf. [86, p. 82]).
We call the operator £(\) = X(\; A+ B, A; ) of Lemma I1.39 the scattering matriz.

The famous Birman—M. Krein formula connects, under certain assumptions, the scat-

tering matrix with the spectral shift function:
detX(\; A+ B, A; I) =exp (—2ﬂi§(/\)) (I1.13)
for almost every A € 64. For instance, one has:

Theorem I1.41 (see [86, Theorem 1, p. 282]).
If B is of trace class, then the Birman—M. Krein formula (I1.18) holds for almost every
AEG4Q.

I1.4.2. The local wave operators. The local scattering operator and matrix.

The considerations of the preceding subsection can be “localized” in the following sense:

Definition I1.42 (Local wave operators; see [86, p. 74]).
We put Pff‘c)(é) = E(;(A)Pf(lac) for every 6 € B(R). Then the local wave operators for the
pair A, A+ B, a bounded operator .# : $) — §, and a Borel set § € B(R) are defined by

Wi(A+ B, A; 7, §) = slim exp (i(A+ B)t).7 exp(—iAt) PY(5), (I1.14)
provided that these strong limits exist.

If the wave operators for a pair A, A + B and a bounded operator .# : ) — § do
not exist, then there is still a chance that the local wave operators exist.
Let 6 € B(R). By functional calculus (with respect to A), we obtain (cf. [86, p. 75]):
Wi(A+ B, 4; I, §) = s-lim exp (i(A+ B)t) exp(—iAt) Es(A) P

t—+o0

— s-lim exp (i(A + B)t) E5(A) exp(—iAt) P{™

t—+o0

ZWi(A—i-B, A; E(;(A)),
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assuming that the strong limits exist. Therefore, we can identify the local wave operators
Wi(A+ B, A; 1, 0) with the “global” wave operators Wi (A + B, A; Es(A)).

For the rest of this subsection, we assume that the local wave operators for the pair
A, A+ B, the bounded operator .# : $§ — $, and the Borel set § € B(R) exist.

Definition I1.43 (Completeness of local wave operators; see [86, p. 81]).
The local wave operators Wy = Wi (A+ B, A; ., 0) are called complete if:

(1) Ker(Wy) is the orthogonal complement of Ran (Pf(lac) (6)) in $;
(2) Ran(Wy) = Ran(P(aC) (6)).

Definition I1.44 (Local scattering operator; cf. [86, p. 83]).
The local scattering operator is defined by

F(A+B, A I, 8) =S =W W._.

Remark IL.45. It follows from (I1.14) that Ker(.#(A + B, A; .#, §)) includes the or-
thogonal complement of Ran(PIElaC)((s)) in § and that Ran((A + B, 4; #, §))) C
Ran(Pf(laC) (6)). We therefore consider the local scattering operator . (A + B, A; %, §)
only on the subspace Ran (Plgac) (6)) of §.

Here is a list of properties of the local scattering operator:

Lemma I1.46 (cf. [86, pp. 75 and 83]).
The local scattering operator (A + B, A; .7, 5))
(1) is bounded with operator norm < ||.7||2,;
(2) commutes with the part of A with respect to Ran(PlgaC) (8));

(3) is unitary if the local wave operators are isometric on Ran(PjElaC)(é)) and are

complete.

Proof. Analogously to Lemma II.35. g
From this, we deduce:

Lemma I1.47. The local scattering operator S (A+ B, A; 7, 5)) 18 unitarily equivalent
to multiplication by an operator-valued function X — X(\; A+ B, A; &, §) on a von
Neumann direct integral

@D
HN) dA, (I1.15)

NG A

where 64 = 6(A) is a core of the spectrum of A.
Proof. Analogously to Lemma I1.39. g

Definition I1.48 (Local scattering matrix; see [71, p. 1955]).
We call the operator ¥(\) = 3X(\; A+ B, A; #, 0) of Lemma I1.47 the local scattering

matrix.
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11.4.3. Three results of Pushnitski and Yafaev. Let us proceed chronologically.
We first discuss two results of Pushnitski from [67] and then one result of Pushnitski
together with Yafaev from [71].

Pushnitski and Yafaev assumed that the operator B is factorized as B = G*ByG. In or-
der to keep the technical details simple, we consider here the following special case (cf. [67,
p. 228|) of such factorization, which is sufficient for the present work: Let us define the
compact self-adjoint operator G = |B |% : 9 — 9 and the bounded self-adjoint operator
By =sign(B) : $§ — $. Then one has B = G*ByG.

Let us now define the operator-valued functions hg and h on R by (cf. [67, p. 228])

ho(A) = GE(_oo ) (A)G",  h(A) = GE(_s 5 (A+ B)G” (A eR).
We will need the following assumptions:

Hypothesis I1.49 (cf. [67, Hypothesis 1.1]).
We suppose that there exists an open interval § included in the absolutely continuous

spectrum of A. Next, we assume that the derivatives

. d , d

ho(A\) = aho()\) and h(\) = ah()\)
exist in operator norm for all A € 8, and that the maps § 3 X — ho()\) and § 3 A — A()\)
are Holder continuous (with some positive exponent) in the operator norm.

Remark II.50. Let us assume Hypothesis I1.49. Then X(\; A+ B, A; I, ) — I()\) is
compact for every A € § (see |67, pp. 228-229|), where I(\) stands for the identity operator
in the fiber $(\) of the von Neumann direct integral (I1.15).

The following result of Pushnitski describes the essential spectrum of D(\).

Theorem I1.51 (see [67, Theorem 1.1]).
Let us assume Hypothesis 11.49. Then for all X € 6,

Uess(D(A)) = [—,0, P], p= % HE(}\, A+ B, A4 I, 6) _I()\)Hop’

where 1(\) stands for the identity operator in the fiber $(N\) of the von Neumann direct
integral (11.15).

For the next result from [67], we need the following hypothesis (stronger than Hypoth-
esis 11.49).

Hypothesis I1.52 (cf. [67, Hypothesis 1.2]).
We suppose that there exists an open interval § included in the absolutely continuous
spectrum of A. Next, we assume that the operator G is Hilbert Schmidt. We further
suppose that the derivatives

ho(\) = %ho(A) and  h()\) = %h()\)
exist in the trace norm for all A € §, and that the maps d 3 A — hg(A) and § 3 A — A())

are Holder continuous (with some positive exponent) in the trace norm.

The following result of Pushnitski holds:
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Theorem I1.53 (see [67, Theorem 1.2]).
Let us assume Hypothesis 11.52. Then for all A € 9§, the absolutely continuous part of
D() is unitarily equivalent to a direct sum of multiplication operators by the independent

variable in

LZ([_pmpn]) with Pn = % |ei9n()\) - 1‘ = sin (071()\>/2)a

On(X)

where the numbers €l denote the eigenvalues of the scattering matriz X(\) distinct

from 1 (with multiplicity taken into account). There may be finitely or infinitely many of

these eigenvalues.
We will need the following assumptions:

Hypothesis I1.54 (cf. [71, Assumption 2.2]).

Let A C R be a compact interval. We assume that the spectrum of A in A is purely
absolutely continuous with a constant multiplicity Ny € INU {oo}. Moreover, we suppose
that G is “strongly A-smooth” (see Definition I1.55) on A with some exponent « € (0, 1].

Definition I1.55 (Strong A-smoothness; cf. [71, p. 1954]).
Let us assume that A and Ny are as in Hypothesis I1.54. Let U : RanEa(A4) — L2(A; &),
dim & = Ny, be a unitary operator such that for all n € RanEa(A),

(UAD)(A) =AU (Aed).
Then G is called strongly A-smooth on A with some exponent « € (0, 1] if the operator
GA = GEA(A) : RanEA(A) — 9
satisfies the equation
(UGAY)(N) =Z(N)yp forally € H, A€ A,

where Z(A) : ) — &, A € A, is a bounded family (with respect to the operator norm) of
compact operators such that the map A 5 A — Z()\) is Holder continuous with exponent

« in the operator norm.
Before we state [71, Theorem 2.6|, we cite two auxiliary results:

Proposition I1.56 (see [71, Proposition 2.3|; cf. also [72, Proposition 2.4]).

Let us assume Hypothesis I1.54. Then the operator-valued function T(z) = G(A—zI)~1G*
is Hélder continuous in the operator morm for all z with Rez in the interior of A and
Imz > 0. The set M C A where the equation

Y+ lim T'(\ +1ie)sign(B)y =0
e—0+

has a nontrivial solution is closed and has Lebesgue measure 0. Let ) be the complement
of M in the interior of A. Then the operator

I+ lim T'(X + ie)sign(B),

e—0+

where lim._,o+ T'(\ + i€) converges with respect to the operator norm, is invertible for all

A e
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Proof. We combine [86, Theorem 7, p. 137|, [86, Theorem 2, p. 146-147|, and [86, The-
orem 3, p. 147] O

Proposition I1.57 (see [71, Proposition 2.4]).
Let us assume Hypothesis 11.54. Then the local wave operators Wy (A+ B, A; I, A) exist

and are complete. Moreover, the spectrum of A+ B in Q) is purely absolutely continuous.

Proof. We combine [86, Theorem 7, p. 137|, [86, Theorem 2, p. 144], and |71, Lemma A.1].
]

Remark I1.58. Let us assume Hypothesis 11.54. Then X(\; A+ B, A; I, A) —I(\) is
compact for every A € Q (Pushnitski and Yafaev deduce that from a stationary representa-
tion for the scattering matrix, see [71, Proposition 2.5]). Here I(\) stands for the identity
operator in the fiber $(\) of the von Neumann direct integral (I1.15) with A in place of ¢.

The following result of Pushnitski and Yafaev holds:

Theorem I1.59 (see [71, Theorem 2.6]).

Let us assume Hypothesis I1.54. Let A € Q, where § is as in Proposition 11.56. We denote
by N the eigenvalues of the scattering matriz X(\) distinct from 1 (with multiplicity
taken into account). There may be finitely or infinitely many of these eigenvalues. Then

we have:

(1) The absolutely continuous part of D(X) is unitarily equivalent to a direct sum of

multiplication operators by the independent variable in
1 .
L2 ([=pns pul) - with pp = 5 [ — 1] = sin (0,(1)/2).

(2) The eigenvalues of D(X) can accumulate only to 0 and to the points £5 ‘ew”o‘) —1J.
All eigenvalues of D(X) distinct from 0 and :I:% ‘eieno‘)—l‘ have finite multiplicties.
(8) The singular continuous spectrum of D(X) is empty.

Remark I1.60. Pushnitski and Yafaev also investigated (in the scattering theory frame-
work) the spectral properties of differences f(A+ B)— f(A) in the case when f has finitely
many jump discontinuities, see [72, Theorem 7.2].

The proofs of Theorems I1.51, I1.53, and I1.59 use scattering theory and “model oper-
ators” related to Hankel operators.

Idea of proof of Theorem II.59. We start with:

First conclusions from Hypothesis II.54. The operator ¥(\) — I(\) is compact
for every A € Q2 (see Remark I1.58). As above, we denote by 7)) the eigenvalues of the
scattering matrix () distinct from 1 (with multiplicity taken into account); there may
be finitely (say, N € IN) or infinitely many (/N = co) of these eigenvalues.

We assume without loss of generality that A = [—1,1] and A =0 € Q (cf. [71, p. 1957]).
Next, we choose a > 0 such that [—a,a] C . By Hypothesis I11.54 and Proposition I1.57,

we have

Eqy(A) = Eqy(A+ B) = 0. (I1.16)
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The spectrum of D(0)? (almost) determines the spectrum of D(0). Let us
decompose $ = Hy P ﬁé‘, where

$o = [Ker(D(0) — I) & Ker(D(0) + 1)] .

It is a classical result (see, e.g., Proposition III.13 for a formulation of Davis’ version |21,
Theorem 6.1]) — which will also be used in Chapter IV of the present thesis — that:

(1) $o is reducing for D(0);

(2) the restricted operators D(0)[4, and (—D(0))[g, are unitarily equivalent.
In order to analyze the spectral properties of D(0), it is therefore sufficient to investigate
the spectral properties of D(0)? and to compute the dimensions of Ker(D(0) — I) and
Ker(D(0) 4+ I), cf. [71, p. 1961].

A block diagonal decomposition of D(0)2. In view of (I.16), a direct computation

shows the following block diagonal representation of D(0)? (cf. [71, p. 1961]):

D(O)2 = ((M—) rRanE]R_ (A)) D ((M-i-) rRanE]R+ (A)) on RanE]R_ (A) D RanE]R+ (A)7
where R_ = (—00,0), Ry = (0,00), and
M, =FEr,(A)Er_(A+ B)ERr,(A) aswellas M_ = Er_(A)Er,(A+ B)Er_(A).

Therefore, we can describe the spectral properties of D(0)? by investigating the spectral
properties of M, and M_ separately.

Application of scattering theory to M. It turns out (see [71, pp. 1961-1962|)
that the spectral properties of M_ and M, can be analyzed in a similar way; let us
describe the idea of proof for My (cf. also |71, p. 1957]). For this, a “model operator” M
is contructed (see next paragraph). It is shown in |71, Sections 4-5| that My — M can be
factorized with a strongly M-smooth operator (with some exponent > 1/2) and a compact
operator. By methods of scattering theory, Pushnitski and Yafaev conclude (see [71,
p. 1962|) that the wave operators Wy (M., M) exist and are complete. Subsequently, the
spectral properties of M, can be described (see again |71, p. 1962]). Finally, let us note
that the dimensions of Ker(D(0) —I) and of Ker(D(0) + I) cannot be infinite unless there
exists an n € [1, N) with §[e!» — 1| =1, see [71, p. 1961].

The “model operator” M and the role of Hankel operator theory. First, let

us briefly recall the following:

Remark I1.61 (Tensor product of bounded operators).
Let X; be a bounded operator on a complex separable Hilbert space &;, where i = 1, 2.
We write 1 ® &5 for the usual Hilbert space tensor product and &1 ® &4 for the algebraic

tensor product of &7 and &,. In this situation,

T '

(X1© X2)<ZX§J) ® Xg)) => (Xlxﬁj)) ® (X2X§])> () € 8, reN)

J=1 J=1

is a well-defined operator on &1 © 8, C &1 R, which is bounded with operator norm equal
to || X1|lopl| X2llop (see [75, Proposition 7.20, p. 156]). According to the Bounded Linear
Transformation theorem, we can thus uniquely extend X; ® X5 to a bounded operator,

denoted by X7 ® X5 and called the tensor product of X1 and Xo, on the whole of &1 ® &,.
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The Carleman operator, i.e., the Hankel integral operator on L2(IR ) with kernel func-
tion 1/(z + y), can be explicitly diagonalized. Let C, be the integral operator on L?(0,a)
with kernel function 1/(7(z + y)). Pushnitski and Yafaev call C, a half-Carleman opera-
tor (see |71, p. 1957]). They explicitly diagonalize Cy; it has a simple purely absolutely
continuous spectrum filling in the interval [0, 1], see [71, Lemma 3.1].

Let us note that the operator C2 also has a simple purely absolutely continuous spec-
trum filling in the interval [0, 1], see [71, Lemma 3.4].

Essentially, the “model operator” is given by (see [71, p. 1960]) the tensor product

M =C%g E(z(o) — 1) (2(0)" — I)} on L2((0,a); ®) = L%(0,a) ® &.
We set H(a) = RankE( q)(A) and U, = Ulgq) : H(a) — L2((0,a); ®). Now we define the
“model operator” M by (see again [71, p. 1960]) the block diagonal operator

M = (U:MU,)®0 on $(a)®H(a)t.

Since U, is unitary, the spectral properties of M are as follows (see |71, Theorem 3.5]):

Apart from the eigenvalue 0, the spectrum of M is absolutely continuous. It is given by

N 1 )
oac(M) = | [0,1 e — 1 }; (IL.17)

n=1
each of the intervals in the union on right hand side of (11.17) contributes multiplicity 1 to
the spectrum.

This completes the description of the idea of proof of Theorem II.59.

Remark I1.62 (The role of Hankel operator theory).

In the next chapter, we will present (in Theorem II1.4) the characterization theorem [56,
Theorem 1| for bounded self-adjoint Hankel operators, which is an important tool for the
research of the author of the present thesis. According to that characterization theorem,

C, and C? are unitarily equivalent to a bounded self-adjoint Hankel operator.
Finally, we note:

Remark I1.63. The results of Theorems I1.51, I1.53, and 11.59 are related to some results
of Chapter IV of the present thesis. However, no scattering theory is used in Chapter IV.
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CHAPTER III

The main question. Presentation of the main tools

As we have seen in Chapter II, it is very important to investigate differences of the
type f(A+ B) — f(A), where A and B are self-adjoint operators on Hilbert space and f
is a scalar-valued Borel function on R. In the present thesis, we focus on the case when
f =1 (_w, is the characteristic function of the open interval (—oo, A) (in particular, f is
not continuous).

In Section III.1, we pose the main question. This question is taken from the paper [83|
by the present author (the results of [83]| will be discussed in Chapter IV). In Sections I11.2
and II1.3, we present the main tools to investigate the properties of E(_OO)\)(A + B) —

E(—oo,)\) (A)

II1.1. The main question

Throughout this chapter, $ stands for a complex separable Hilbert space of infinite
dimension.

Inspired by M. Krein’s example (see Section I1.3 above), we pose the following question.

Question III.1 (see [83, Question 1]).
Let A € R. Is it true that the difference of the spectral projections acting on $,

D(\) = E_oo (A + B) — E_x ) (4),

1s unitarily equivalent to a bounded self-adjoint Hankel operator, provided that A is

semibounded and B is of rank 17

II1.2. On a characterization theorem of Megretskii, Peller, and Treil

In this section, we present the characterization theorem for bounded self-adjoint Hankel
operators; it was proved in 1995 by Megretskii, Peller, and Treil. We first need a preliminary

consideration.

Preliminary consideration III.2 (cf. [56, p. 245] or [62, p. 490]).
Let T be a bounded self-adjoint operator acting on §) with finite scalar spectral measure

and multiplicity function v. We extend and modify v as follows:

(1) The function v is defined -almost everywhere on R; we extend it by 0 to the
whole of R and denote this extension again by v.

(2) Let us define the Borel measure ~ on R by “(A) = (A)+ (—A), where —A =
{—t : t € A}. Clearly, is absolutely continuous with respect to ~ so by the
Radon-Nikodym theorem, there exists a nonnegative function p € L(R, ~) such
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that (A)= [, p(t)d™(t) for all A € B(R). Evidently, p~'({0}) € B(R) with
(o) = [ pman =0
p~t({0})
We define 7 by modifying v on the -null set p~!({0}) by 0:

v(t) if t¢pt({0})

W= tep({o))

(111.1)

The function 7 has the property that if 6 € B(R) is of -measure 0, then v

vanishes ~-almost everywhere on §.

Remark ITI.3. Let ™ be as in Preliminary consideration III.2. Then
BR)> A ~(A n[o, oo))

is a finite scalar spectral measure of |T|. Indeed, we have “(RN[0,00)) <2 (R) < oo by
assumption, and since it is well known (see, e.g., [11, Theorem 4, p. 158]) that the spectral

measure of |T'| is given by

Ea(ITI) =B (A € B(R)),

AN[0,00)) U (~(ANn[0,00)) ) (7)
we easily obtain that E(|T']) and B(R) > A — ~(ANJ0,00)) are type-equivalent (see p. 21).

We can now present the announced characterization theorem.

Theorem II1.4 (see [56, Theorem 1]).

Let T be a bounded self-adjoint operator acting on $ with finite scalar spectral measure
and multiplicity function v. Let U be the function obtained by extension and modification of
v according to Preliminary consideration II1.2. Then T is unitarily equivalent to a Hankel

operator if and only if the following three conditions are satisfied:

(C1) either Ker T'= {0} or dim Ker T' = oo;
(C2) T is not boundedly invertible;
(C3) |o(t) —o(=t)| <2 ac-almost everywhere and |o(t) — v(—t)| <1 s-almost every-

where.
We have to explain the precise meaning of the inequalities in condition (C3).

Remark III.5.

(I) If #(t) = oo or #(—t) = oo, then (C3) has to be understood as ¥(t) = #(—t) = oo
(cf. 56, Remark on p. 249]).

(IT) Let us show that if v1 and va are two spectral multiplicity functions with respect

to , then Theorem II1.J (C3) is satisfied for i1 if and only if it is satisfied for i7y.

In order to prove this, we first choose -null sets 0; (i = 1,2,3) such that 14

is defined everywhere on R \ d1, v is defined everywhere on R\ d2, and

l/1(t) = Vz(t) for all t € (R\ (51 U 52)) \53 = ]R\ (51 U b9 U53).
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We set § = §1Ud2Uds. Then 77 and ¥ coincide everywhere on (R\ ) J p~*({0});
evidently, (R\ 8) Up '({0}) =R\ (6 \ p~*({0})). Since
o= @G\ =
d\p~1({0})
we know that 6 \ p~1({0}) has “-measure 0. We set

5= (=@ \ e qoN) U 0\ {0n):

() d”(#),

71(t) = io(t) for every t € R\ 4.

Consequently, Theorem II1.4 (C3) is satisfied for 7; if and only if it is satisfied for

I, as claimed.

The following example shows that the modification made in Preliminary considera-
tion II1.2 (2) is indeed necessary.

Example II1.6. Let v be a multiplicity function with respect to the scalar spectral mea-
sure . Just as in Preliminary consideration II1.2 (1), we extend v by 0 to the whole of R
and denote this extension again by v.

We now define 7 as in (III.1) and © by

v(t) if t¢p'({0})

o(t) = :
4711 if t € p1({0})

Let us assume that ~(p~({0})) > 0. Since (p~'({0})) =0, we have (—p~'({0})) >0
and thus

A= (—p({0}) \ p'({0})

has positive -measure. We note that
v(t)=0(t) =v(t) foreveryte A (II1.2)
and
v(—t) =0 aswellas 0(—t) =4711 forallt e A. (IIL.3)

Let us assume that condition (C3) of Theorem I11.4 is satisfied for . Since (A) > 0,
we can choose e € {ac, s} such that o(A) > 0. By assumption, there exists a o-null set
d such that

[0(t) — o(—t)] <2 for every t € A\ d.
Using (I11.2) and (II1.3), we obtain
0<o(t)=0(t)=v(t) <2 forallteA\d. (111.4)
Let now & be an arbitrary o-null set. Then (IIL.4) and (IIL.3) yield
i(t) — (—t)| = |v(t) — 4711] > 4000 for every t € A\ (QUJ).

Consequently, condition (C3) of Theorem III.4 is violated for .
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In order to avoid such ambiguities, we need the modification in Preliminary consider-
ation I11.2 (2).

The next lemma shows that it is natural to modify v as in (III.1).

Lemma IIL.7 (cf. [62, p. 491]).

Let T be a bounded self-adjoint operator acting on $ with finite scalar spectral measure
and multiplicity function v. Let = and U be as in Preliminary consideration II1.2. Then if
V7| is a multiplicity function of |T|, we have

v (t) = o(t) + (1) for ~-almost all t > 0. (IIL.5)

Proof. We show the lemma in three steps.
Step 1. By Theorem 1.92; the operator T on $) is unitarily equivalent to the mul-
tiplication operator M; by the independent variable on a von Neumann direct integral

f]R . Let p be as in Preliminary consideration III1.2. For brevity, we set

m:(lR\p—l({O}))m[o,oo) and Q= (R\p '({0})) N (—00,0).

Then we can identify

[ awa =[] st / 501

Let us note that on R\ p~!({0}), the measures ~ and are equivalent. Thus, according
to Proposition 1.83, M; on féBi H(t)d (t) is unitarily equivalent to M; on féBi H(t)d™(¢).
Step 2. Since |T'| on $ is unitarily equivalent to the block diagonal operator

M| & |M,| on /.sa /YJ

we consider the components (1) |M,| and (2) |M;| separately.

(1) We choose a “-null set 0 C Q_ such that $(7) is defined for all 7 € Q_ \ 9 and
set $(t) = $H(—t) for each t € —(Q_ \ 8). We obtain that |M,| = —M, on fgei H(r)d™ (1)
is unitarily equivalent to M; on ffBQ_ E(t) d”(¢). One has dim.ﬁ%(t) = v(—t) for “-almost
every t € —Q)_.

(2) Clearly, |M;| = M; on fgi H(t)d™(t). We have dim $H(t) = v(t) for “-almost every
te Q.

Step 3. We set

(t) ifteQy\(-Q)
(t) ifte(—0-)\ Q4 -
A @HE) ifteQ,n(—Q)
Then |T'| on $ is unitarily equivalent to M; on fQ o(— 7)5%( )d~(t). Let us note that

Q4 U(—Q-) is a subset of [0, 00) with ~ (][0, )\(Q+U( ~))) = 0. In view of Remark III.3
and Step 2, we therefore conclude that (II1.5) holds. O
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Let us formulate the following “vector-valued” version of Theorem III.4.

Theorem III.8 (see [56, Theorem 2]).
Let T be a bounded self-adjoint operator acting on §) with finite scalar spectral measure
and multiplicity function v. Let U be the function obtained by extension and modification of
v according to Preliminary consideration II11.2. Then T is unitarily equivalent to a Hankel
operator on L2(R.; CN) if and only if the following three conditions are satisfied:

(C1) either Ker T'= {0} or dim Ker T' = oo;

(C2) T is not boundedly invertible;

(C3n) |o(t) — o(=t)] < 2N ac-almost everywhere and |o(t) — v(—t)] < N g-almost

everywhere.
Remark IT1.9. If 7(t) = oo or v(—t) = oo, then (C3y) has to be understood as v(t) =
v(—t) = oo.
II1.3. The main tools

Let us first briefly discuss a result which is often called Halmos’ decomposition theorem.
Our presentation follows Bottcher and Spitkovsky [14] (rather than Halmos [37]). Let P
and @ be orthogonal projections on $). We write (cf. [14, p. 1413])

Ran P = ((RanP) N (RanQ)) & ((Ran P) N (Ker Q)) & My
with some closed subspace 91y of Ran P and, analogously,
Ker P = ((Ker P) N (RanQ)) & ((Ker P) N (Ker Q)) @& My

with some closed subspace 9y of Ker P. We therefore obtain the following orthogonal
decomposition (cf. [14, formula (1)]) of H:

H = ((RanP)N (RanQ)) & ((Ran P) N (Ker Q)) } (1L6)
® ((Ker P)N (RanQ)) @ ((Ker P) N (Ker Q)) & Mo & M. '

In the formulation of Halmos’ decomposition theorem (see Proposition III.11 below), we

use the following common notation:

Notation III.10 (cf. [14, p. 1413]).
Let S be a self-adjoint operator on $), and let o and S be real numbers. We write

S>al if (SY,¢)s > a,)y forall ¢ € Dom(S)

and

S<BI if (S$,¢)s < Bl,d)g forall ¢ € Dom(S).

Moreover, ol < S < BI means that o« < 5, S > «al, and S < 1.
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Proposition III.11 (see [14, Theorem 1.1]).

If one of the spaces My and My is nontrivial, then My and My have the same dimension
and there exist a unitary operator R from 9y onto My and self-adjoint operators S,C on
Mo such that 0 < S<I,0<C<I,S?2+C%?=1,KerS = KerC = {0}, as well as, with
respect to the decomposition (I11.6),

I 0 I 0\ (I O
P=1olI®060a )
o) (0G5
I 0\ (C* CS\ (I O
. o) (6 )0
Remark III.12 (to Proposition IT1.11).

“S and C are called the operator sine and cosine of the pair (9, M;)” (see [14, p. 1415]).

For more (also historical) information on this subject, we refer to [14, Section 1].

Most of the following material is taken, almost verbatim, from the author’s paper |83,
pp. 4-6].

We will need the following result of Davis on the difference of two orthogonal projec-
tions:

Proposition II1.13 (see [21, Theorem 6.1]).
Let D be a bounded self-adjoint operator acting on . Then D is the difference of two
orthogonal projections if and only if the following two properties hold:

(1) o(D) C [-1,1];
(2) the restricted operators D|g  and (—D)lg, are unitarily equivalent, where the

closed subspace
$0 = [(Ker (D 1)) ® (Ker (D +1))]* (I1L.7)
of 9 is reducing for D.
Combining Proposition I11.13 with Theorem III.4, we obtain:

Theorem II1.14 (cf. the formulation of [83, Theorem 2.2]).
The difference D of two orthogonal projections is unitarily equivalent to a bounded self-
adjoint Hankel operator if and only if the following three conditions hold:

(C1) either Ker D = {0} or dim Ker D = oo;

(C2) D is not boundedly invertible;

(C3) |dim Ker(D — I) — dim Ker(D + I)| < 1.

If dim Ker(D — I) = oo or dim Ker(D + I) = oo, then (C3) has to be understood as
dim Ker(D — I') = dim Ker(D + I) = occ.

Remark III.15 (see [83, Remark 2.3]).
In order to answer Question III.1, we will investigate when the operator D(\) fulfills
conditions (C1)—(C3) of Theorem III.14.

We have:
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Proposition II1.16 (see [83, Proposition 2.4]).
Let D be the difference of two orthogonal projections acting on ). Let

K:R'@O on 5@57)g

be a compact self-adjoint block diagonal operator such that o(D + K) C [—1,1], where
H = (Ker D) & (Ker(D — 1)) ® (Ker(D + 1)) and $g is the orthogonal complement of H
m . Then D+ K is unitarily equivalent to a bounded self-adjoint Hankel operator if the
following three conditions hold:

(C1) either Ker(D + K) = {0} or dim Ker(D + K) = oo;

(C2) D+ K is not boundedly invertible;

(C%') |dim Ker(D[g + K — tI) — dim Ker(D[3 + K +tI)| <1 for every 0 < t < 1.

If dim Ker(D|z + K — tI) = 0o or dim Ker(D|[5 + K + tI) = oo, then (C3') has to be
understood as dim Ker(D[g + K —tI) = dim Ker(DJg + K +tI) = .

Proof of Proposition II1.16. We decompose D + K as follows:
D+K = (Dlz+K)® (Dl;,) on H® 9,

First, let us consider the components (1) Dig + K and (2) DI, separately.

(1) Since the essential spectrum of D[g consists of at most three points and K is com-
pact, we know that both the absolutely continuous and the singular continuous spectrum
of D[E + K are empty.

(2) We observe that

Dig, = (D[ﬁg) ®0 on $H, @ (Ker D),

where 99 is defined as in (II1.7) above. Consequently, Proposition II1.13 yields that Dlg,
and (—D) |, are unitarily equivalent.
Now, an application of Theorem III.4 completes the proof. ]

Remark III.17 (see [83, Remark 2.5]).
In order to show Theorem IV.2 (see below), we will construct an operator K () such that
D(X) + K(X) fulfills conditions (C1)—(C3’) of Proposition III.16.

More generally, we will need necessary and sufficient conditions for differences of two
orthogonal projections to be unitarily equivalent to Hankel operators on L2 (]R+; cN ), where
N € IN. Combining Proposition II1.13 with Theorem III.8, we obtain:

Theorem III.18 (cf. the formulation of [83, Theorem 2.6]).
The difference D of two orthogonal projections is unitarily equivalent to a bounded self-
adjoint Hankel operator on L2 (]R+; (DN) if and only if the following three conditions hold:
(C1) either Ker D = {0} or dim Ker D = oo;
(C2) D is not boundedly invertible;
(C3n) |dim Ker(D — I) — dim Ker(D + I)| < N.

If dim Ker(D — I) = oo or dim Ker(D + I) = oo, then (C3y) has to be understood as
dim Ker(D — I) = dim Ker(D + I) = oc.
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ITI1.4. On the sufficiency of conditions (C1)—(C3) of Theorem II1.14

If D is the difference of two orthogonal projections on $) such that conditions (C1)—(C3)
of Theorem II1.14 hold, then Megretskii, Peller, and Treil construct in [56, Section I1.4] a
Hankel operator T' on L2(R; ) such that D and T are unitarily equivalent. Let us sketch

the proof in the following special situation.

Hypothesis II1.19. We suppose that D is the difference of two spectral projections
E_x)(A+ B) and E(_y ) (A) associated with the open interval (—oc, \), where A is a
semibounded self-adjoint operator on $), B is a self-adjoint rank one operator on $), and
A € R. We choose a finite scalar spectral measure and a multiplicity function v of D.

Let us note:

Remark IIL.20. In view of Proposition II1.13, we have ©(t) = ©(—t) for “-almost all
t € o(|D])\ {1}, where 7 is as in Preliminary consideration II1.2. We can therefore assume
without loss of generality that o(t) > (—t) for ~-almost every ¢ € o(|D]) (otherwise, we
consider —D instead of D).

Moreover, it turns out that the case when Ker D = {0} is of special importance, see

Theorem IV.13 below. We therefore assume throughout the present section:

Hypothesis II1.21. The operator D from Hypothesis II1.19 has the following three
additional properties:

(1) Ker D = {0};

(2) D fulfills conditions (C2)—(C3) of Theorem III.14;

(3) (t) > v(—t) for “-almost every t € o(|D]).

The first auxiliary operator. In this paragraph, we follow [56, pp. 262-263|.
According to Remark II1.3, B(R) > A — (AN [0,00)) is a finite scalar spectral
measure of |D|. Since Ker |D| = {0} and o(|D|) C [0, 1],

B(R) > A (A):/M[O )t2d~(t)

is also a finite scalar spectral measure of |D|. We have

1 . 272 N 5 1~ 2 _ o
/a(ID)/cr(IDI) it W0 _/gum) /o<|D|> izt Wdn =g (R <co

One can show:

Lemma III.22 (see [56, Lemma 5.2, p. 268]).
We can multiply by a positive weight function from L1(R, ) to obtain an equivalent finite
Borel measure ' on R such that

1 1
d’'(t)d (1) < oo and / —d (t) = oo.
/a<D|) /o<D> (t+7)? ©d (D)) t (
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Notation II1.23. We will write in place of ’. That is,

1
/U(DI) /auD) Gt 4 () <o (IL.8)
and
1
/ ;4 ) =00 (I11.9)
o)) t

By Theorem 1.92, | D| on $) is unitarily equivalent to the multiplication operator M; by
the independent variable on a von Neumann direct integral & = ff?l D)) &(t)d (t). Let v p,
be a multiplicity function of |[D[. We choose a -null set ¢ such that dim &(t) = v|p(?)
for every t € o(|D|) \ 6. According to Remark 1.76 and Proposition 1.83, we can assume
that the fibers &(¢) are imbedded into a single fixed separable Hilbert space of infinite
dimension, &, with orthonormal basis {ej :j e N}k

&(t) = ®V\D|(t) = span{ej 1j € [1,V|D|(t))} c® (tea(|D])\9).
Since Ker D = {0}, Lemma IIL.7 yields (cf. also |56, p. 262])
vip|(t) = o(t) + (1) for -almost all t € o(|D]).

According to (II1.8), the integral operator (cf. |56, p. 263|)

X1 :L(a(|D]), ) = L(a(|D]), ), (Xlw)(t):/(m)t;lT

P(t)d (7),
is Hilbert Schmidt. Let

/D Ry = {/jpn P(B)erd (1) : € L2(o(|D)), )}.
We define the operator Xo on & = £ @ (£;)* by (cf. again [56, p. 263])

@ S
(Xorﬁ1)</a(|D|)¢(t)€1d (t)> = /a(m) (X19)(t)erd (1) and  Xol(g,). =0. (IIL10)

Clearly, X is Hilbert Schmidt.
Remark III.24. X, defined as in (III.10) is the first auxiliary operator.

The second auxiliary operator. In this paragraph, we follow [56, pp. 264 and 267].
For each n € INU {oo}, let us choose strictly positive real numbers ajn ,Jj€[l,n—1),

such that (see [56, (4.4), p. 264])

n—1 0
Z (agn))2 < # ifneIN and Z (a§°°))2 < 0. (IIL.11)
j=1 j=1

Next, we define the matrices Y, n € IN U {co}, with respect to the bases (e;);e[1n)
by (cf. [56, p. 267])

0 a(2) 0 ag) 0
Y1 = (0), Y2=< @ 1>, V=|-a® 0o o],
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In view of (IIL.11), Y, is a Hilbert Schmidt operator on span{e; : j € [1,n)} for every
n € NU{oo} and, if n € IN, the Hilbert Schmidt norm of Y}, is at most 1/n, see |56, p. 267].
Hence, an application of Proposition 1.86 yields that

®

Y = / YV|D|(t) d (t) (I11.12)
o(|D])

is a bounded operator on K = ff?IDI) ®V|D|(t) d (¢).

Remark II1.25.

(I) Y defined as in (II1.12) is the second auxiliary operator. Megretskii, Peller, and
Treil showed that o(Y") consists of at most countably many points that can accu-
mulate only at 0 (see [56, p. 267]).

(IT) Let us note that Y need not be compact. In order to see this, we identify

[S5)
[ Ypwd= @ oo @B L o),
0'(|D|) nERan(V‘D‘) nERan(le‘)

where My, denotes the multiplication operator by Y;, on L2(Y,, ;&,) with Y,, =
{t € o(ID|) : vp|(t) = n}. Let us assume that Yo = [0,1], L*([0,1], ) is infinite
dimensional, and
0
o (?
3

Then for every function v € L2([0,1], )\ {0}, (

O Wi

) on @2 = CZ.

(G

associated with the eigenvalue % Therefore, Y is not compact.

) is an eigenvector of My,

The integral kernel of the Hankel operator. Let & = fcf?lDl) Q5V|D|(t) d (t) be as
before. If X is a bounded operator on £ such that

lim [|exp(yX)glla =0
Y—00

for every g € R, then we call X asymptotically stable. Megretskii, Peller, and Treil showed:

Proposition II1.26 (see [56, Theorem 4.2, p. 264]).
The operator X = Xo+Y on R is asymptotically stable, where Xq is the first and Y is the

second auziliary operator.
Megretskii, Peller, and Treil proved:

Proposition II1.27 (cf. [56, Corollary on p. 264]).
Let D satisfy Hypothesis II11.21. Then D is unitarily equivalent to (T};) [(KerTy,) L where Ty
is the bounded self-adjoint Hankel operator on L2(Ry) with

k: Ry — R, k(y) = (exp(yX)er, €1>R, (II1.13)

and X is defined as in Proposition I111.26.
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Remark IT1.28. The function x defined in (II1.13) (cf. [56, p. 256]) is continuous and one

has

lim k(y) = (0(|D])) <oo aswellas lim k(y) =0.
y—0+ Y—00

We need one further result of Megretskii, Peller, and Treil.

Proposition II1.29 (see [56, Theorem 5.1, p. 268]).
Let T, be as in Proposition I11.27. Then KerT,, = {0} if and only if f0(|D|) 1d (t) = o0.

We can now conclude:

Corollary III1.30. If D satisfies Hypothesis II1.21, then it is unitarily equivalent to a
bounded self-adjoint Hankel operator.

Proof. We combine Proposition II1.27 with Proposition II1.29 and (IIL.9). O
Remark III1.31. One can associate to the operators
X=Xo+YonR M:Cou—ue;ef and C:8>g~ (g,e1)g€C

a so-called “linear dynamical system with continuous time” (cf. [62, pp. 466-467|, see
also [56, p. 256]):

9(y) = Xg(y) + Mu(y)
(y €R).
2(y) = Cyg(y)

Here u is interpreted as “input signal” and z as “output signal.” We refer to [62, Chapter 11]

for more information on this subject.
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CHAPTER IV

On the difference of spectral projections

This chapter is based on the paper [83] by the author of the present thesis. It is to
emphasize that the results of [83] constitute the first pillar of the research of the present
thesis.

Most of the following material is taken, almost verbatim, from the author’s paper |83,
pp. 1-4].

The setting is as follows. For a semibounded self-adjoint operator A and a compact
self-adjoint operator B acting on a complex separable Hilbert space of infinite dimension,
we study the difference D(A\) = E_ (A + B) — E_oo\)(A), A € R, of the spectral
projections associated with the open interval (—oo,A). As we discussed in Chapter II
above, it is known that there is a relationship between the operator D(A) and Hankel
operators. The present thesis is intended to add some more knowledge on this subject.

In the case when B is of rank 1, we show that D()\) is unitarily equivalent to a block
diagonal operator T'(A) @ 0, where T'(\) is a bounded self-adjoint Hankel operator, for all
but at most countably many A\ € R.

If, more generally, B is compact, then we obtain that D(\) is unitarily equivalent to
T(A)+C () for all but at most countably many A € R, where T'(\) is a bounded self-adjoint
Hankel operator and C'(\) is a compact self-adjoint operator.

Let us describe the structure of the present chapter. We start by presenting the main
results, Theorems IV.1-1V.2. Next, in Section 1V.2, we show a useful block diagonal
decomposition of the operator D()) and discuss why we cannot in general set kK = 0
in the statement of Theorem IV.1. In particular, we formulate a more detailed version of
Theorem IV.1, namely Theorem IV.1’. Then, in Sections IV.3-1V.6, we investigate whether
the operator D(\) fulfills the conditions of Theorem I11.14 or Proposition I11.16. For this:

e we show that for every A € R, the dimensions of Ker(D()\) + I) do not exceed
the rank of B, where I denotes the identity operator, see Theorem IV.8;

e we prove, under suitable assumptions on A and B, that Ker D()) is either trivial
or infinite dimensional for all but at most two A € R, see Theorem 1V.13;

e we show that zero belongs to the essential spectrum of D(\) for all but at most

countably many A € R, see Theorem 1V.24.

The proofs of Theorems IV.1" and IV.2 are then performed in Subsection IV.6.3.
Moreover, it turns out that in view of Theorems II1.14 and IV.8, we can answer Ques-
tion III.1 in the affirmative whenever the kernel of D(\) is infinite dimensional. For this,
we present sufficient conditions in Propositions IV.20 and 1V.22.
In Section IV.7, we discuss some examples, including the almost Mathieu operator.

Finally, we discuss two open problems.
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IV.1. Main results

Most of the following material is taken, almost verbatim, from the author’s paper |83,
pp. 2-3|.

Throughout this chapter, A stands for a semibounded self-adjoint operator acting on a
complex separable Hilbert space $ of infinite dimension. As before, we denote the spectrum
and the essential spectrum of A by o(A) and oess(A), respectively.  Furthermore, let us
recall that span{y; € $ : j € J} is the (not necessarily closed) linear span generated by
the vectors ¢;, j € J, where J is some index set. If there exists a vector ¢ € § such that

span {Eq(A)p : Q € B(R)} =span{Eq(A)p: Q€ B(R)} =9,

then ¢ is called cyclic for A. As before, B(R) stands for the sigma-algebra of Borel sets
of R. We note that in the case when A is bounded, ¢ is cyclic for A if and only if
span {A"p :n € No} = 9.

The following theorem is the main result of this chapter.

Theorem IV.1 (see [83, Theorem 2]).

Let A and B be two self-adjoint operators acting on ), where A is semibounded and B is
of rank 1. Then there exists a number k in Ng such that for all X in R except for at most
countably many A in oess(A), the operator D(X\) on $) is unitarily equivalent to a block
diagonal operator T(\) @0 on L2(Ry) @ CF, where T()\) is a bounded self-adjoint Hankel
operator on L2(Ry.).

We emphasize that the number k in Theorem IV.1 does not depend on A. We will
discuss in Section IV.2 below why and in which situation we need to set k # 0 in Theo-
rem IV.1.

If, more generally, B is compact, then we show the following version of Theorem IV.1.

Theorem IV.2 (see [83, Theorem 3]).
Let A and B be two self-adjoint operators acting on ), where A is semibounded and B is
compact. Let 1/4 > a1 > ag > --- > 0 be an arbitrary decreasing null sequence of real
numbers. Then for all X in R except for at most countably many X in cess(A), there exist a
compact self-adjoint operator K(\) on $) and a bounded self-adjoint Hankel operator T'(\)
on L2(R.y) with the following properties:

(1) D(\) + K()\) on $ is unitarily equivalent to T(\) on L2(R4);

(2) either K(X) is a finite rank operator or vm(\)/am — 0 as m — oo, where

v1(A),va(N), ... denote the nonzero eigenvalues of K(\) ordered by decreasing

modulus (with multiplicity taken into account).

Moreover, we can always choose K () of finite rank if B is of finite rank.

Remark IV.3 (see [83, Remark 4]).
By putting C(\) = —W(A)K(A\)(W(N))", where W(A) : $§ — L%(R4) is unitary such that
WA (D) + K(X\)(W(X)" =T()), we can easily reformulate Theorem IV.2 to obtain
the assertion stated on p. 56.

In the main body of the chapter, however, we prefer to use the present formulation of

Theorem IV.2 because this is more suitable for proving.
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IV.2. On a useful block diagonal decomposition of D(A)

The following material is taken, almost verbatim, from the author’s paper [83, pp. 6-7].

In this section, we show a useful block diagonal decomposition of D(A) and discuss
why we cannot in general set k£ = 0 in the statement of Theorem IV.1 above. In particular,
we formulate a more detailed version of Theorem IV.1, namely Theorem IV.1'.

First, let us prove the announced block diagonal decomposition of D(\):

Lemma IV .4 (see [83, Lemma 3.1]).

Let A and B be two self-adjoint operators acting on $), where A is semibounded and B
is of rank N € IN. We write B = Zjvzl aj(e,vj)g pj, where v1,...,pN are pairwise
orthogonal nonzero vectors and ai,...,an are nonzero real numbers. Further, we set
N = span{Eq(A)p; : Q€ BR),j=1,...,N}. Then for all X\ € R, we can represent
D(X) as follows:

D(X) = (E(—oo,)\) (Alp 4+ Bln) = E(—oo) (A fvﬁ)> ©0 on NONL. (IV.1)
In particular, N+ is included in the kernel of D(X) for all X € R.

Proof. It is well known that 91 reduces the operator A if and only if the orthogonal
projection onto 9 commutes with the spectral projection E(_. ,(A) for every t € R,
see Lemma 1.22. By definition of 91 and the functional calculus, we thus obtain that 91
reduces A.

Obviously, B is bounded and Blyx1 = 0. Consequently, 91 reduces B and thus also
A + B. By the functional calculus, we see that (IV.1) holds. O

Remark IV.5. Let us note that the type of decomposition from Lemma IV.4 is well
known, cf. [39, § 2].

Now, let us formulate the announced more detailed version of Theorem IV.1 above.

Theorem IV.1’ (see [83, Theorem 2']).
Let A, B, and N be as in Lemma IV.4 with N =1. Then we have:
(1) if dim(MN+) = oo, then D(N) is unitarily equivalent to a bounded self-adjoint
Hankel operator with infinite dimensional kernel for all A in R;
(2) if W = {0}, then D()) is unitarily equivalent to a bounded self-adjoint Hankel
operator for all A in R except for at most countably many X\ in cess(A);
(3) if dim(N+) = k € IN, then the operator

E oo (Al + Bly) — ECoony (Alm) on M

from the block diagonal decomposition (IV.1) of D(X) is unitarily equivalent to a
bounded self-adjoint Hankel operator for all A in R except for at most countably
many A in oess(A).
In particular, we can answer Question II11.1 in the affirmative for all but at most countably
many A whenever dim(M+) € {0, co}.
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Remark IV.6 (see [83, Remark 3.2]).

(I) Obviously, Theorem IV.1" implies Theorem IV.1.
(IT) In view of Theorem IV.1’, we observe that the case when we need to set k # 0 in
Theorem IV.1 can only occur if dim(9t+) € IN.
(ITT) If A has no eigenvalues, then dim(M+) € {0,00} and thus we can put k¥ = 0 in
Theorem IV.1.

The following example illustrates that the case when we need to set k #% 0 in Theo-

rem IV.1 indeed occurs for every k € IN.

Example IV.7 (see [83, Example 3.3]).
Essentially, this is an application of M. Krein’s example (see Section I1.3).

Let 0 < A < 1. We consider the bounded self-adjoint integral operators A;, i = 0,1, on
L2(R,) with kernel functions defined as in (I1.7). We know that Ag — A; is of rank 1 and
that the difference F(_ x)(A0) — E(—so,1) (A1) is a Hankel operator with a simple purely

absolutely continuous spectrum filling in the interval [—1,1]. In particular, one has
Ker (E(_oon)(A0) = E(—oon)(41)) = {0}.
Let £k € IN. Now we consider block diagonal operators
Xi=AoM:*R)oC - L2Ry)eC* (i=0,1), (IV.2)
where M € CF*F is an arbitrary fixed self-adjoint matrix. Then one has

dim Ker (E(_x 1) (Xo) — E s (X1)) = k.

IV.3. On the dimensions of Ker(D(X) + I)

The following material is taken, almost verbatim, from the author’s paper [83, pp. 7-9].
We will show that the dimensions of Ker(D()\) +1 ) do not exceed the rank of the
perturbation B:

Theorem IV.8 (see [83, Theorem 4.1]).
Let A and B be two self-adjoint operators acting on ), where A is semibounded and B is
of rank N € N.  Then for all X in R, one has

dim Ker(D(A) £1) < N. (IV.3)
In particular, the operator D(X\) satisfies condition (C3y) of Theorem II1.18 above for all
AeR.

Remark IV.9 (see [83, Remark 4.2]).
In view of Theorems II1.18 and IV.8, D()) is unitarily equivalent to a bounded self-adjoint
Hankel operator on L2 (IRJr; cN ) whenever the kernel of D()) is infinite dimensional and B

is of rank N € IN. For this, we present sufficient conditions in Propositions IV.20 and IV.22.

First, we prove Theorem IV.8 in the case when A is bounded, see Lemma IV.10. Further
below, in Subsection IV.6.2, we will trace the case when A is semibounded and unbounded

back to the situation when A is bounded by means of resolvents.
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At the end of the present section, we give an example which shows that the following

case can OcCur:
dim Ker(D(X\) —I) =rank B and Ker(D(\) +I) = {0}

for some A € R. Then, in particular, equality holds in the inequality in condition (C3y)

of Theorem III.18 if B is of rank N € IN.

Lemma IV.10 (see [83, Lemma 4.3]).
The statement of Theorem IV.8 holds in the case when A is bounded.

Proof. Let us write P(A\) = E(_s ) (A + B) and Q(\) = E(_s 1) (A).

We only show that dim Ker(P(\) — Q(A) — I) < N; the other inequality is proved
analogously.

Let us assume for contradiction that there exists an orthonormal system
Y1, .. hyg1 in Ker(P(A\) — Q(A) — I). Then we can choose a normalized vector v in

span{vy, ..., ¥n41} N (Ran B)* # {0}.
Hence, P(A\)¢ = ¢ and Q(A)¢ = 0. This implies
(A4 B, ), <A and  (Ad,)o > A
so that
A> (A4 B, v = (A, ) > A,
which is a contradiction. O
Remark IV.11 (see [83, Remark 4.4]).

If we consider an unbounded self-adjoint operator A, then the proof of Lemma IV.10 does

not work, because 1) might not belong to the domain of A.
Here is the announced example:

Example IV.12 (see [83, Example 4.5]).
(1) We consider the bounded self-adjoint diagonal operator
A = diag(—1,—-1/2,-1/3,-1/4,...) : £2(INg) — ¢*(INo)
and, for N € IN, the self-adjoint diagonal operator
B = diag(—1,...,—1,0,...) : £2(INg) — ¢*(INo).

N times

Then B is of rank N, and we see that
dim Ker(E(_oo ) (A+ B) = E_oo ) (A) —1) =N
and  Ker(E(_oo ) (A+ B) — E(_oo n)(A4) +1) = {0}
forall A\ € (=1 —1/N,-1).
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(2) Let ap = —1 and a; = —1/2. We consider the bounded self-adjoint diagonal
operator

. 1/2 1/6 1/2 1/6 1/2
A:dlag<a0,ao+i,a1,a1+i,ao+é,a1+é,ao+é,...)

on /2(INg). Since |ag —a1| = 1/2, it follows that the compact self-adjoint diagonal
operator
, 1/2 1/6 1/2 1/6 1/2 ) ,
B=-2d 0,—,0,——,—,— —— ... ) (N (N
g (0,142,040 2 1022 ) v - o)
is such that

dim Ker (E(_oo ) (A + B) = E(_oo n)(A) — 1) = o0
and  Ker(E(_oo ) (A+ B) — E_oo ) (4) + 1) = {0}
for A € {—1,—-1/2}.

Clearly, this example can be extended such that (4) holds for all A contained
in {-1,-1/2,-1/3,... }.

(+)

IV.4. On the dimension of Ker D(}\)

Most of the following material is taken, almost verbatim, from the author’s paper |83,
pp. 9-14].

In this section, we deal with the question whether the kernel of D(A) is either trivial
or infinite dimensional (cf. condition (C1) of Theorems II1.14 and III.18). We will show:

Theorem IV.13 (see [83, Theorem 5.1]).

Let A and B be two self-adjoint operators acting on $), where A is semibounded and B is
of rank 1. We write B = (e, )¢ ¢, where o € R\ {0}, and assume that the vector ¢ € $
1s cyclic for A. Then we have:

(1) If A is bounded, then the kernel of D(\) is:
(a) infinite dimensional for all A € R\ [min oegs(A), max gess(A4)];
(b) trivial for every X\ € (min oess(A), max oess(A)).
(2) If A has a purely discrete spectrum, then the kernel of D(\) is infinite dimensional
for all X € R.
(3) If A is bounded from below and unbounded from above and if the spectrum of A is
not purely discrete, then the kernel of D()\) is:
(a) infinite dimensional for all X\ < min ess(A);
(b) trivial for every A > min cess(A).
(4) If A is bounded from above and unbounded from below and if the spectrum of A is
not purely discrete, then the kernel of D()\) is:
(a) infinite dimensional for all X > max cess(A);
(b) trivial for every A < max gess(A).
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In particular, we have
either Ker D(A\) = {0} or dim Ker D(\) =
for all A € R\ 0ess(A) and for all but at most two \ € gess(A).

Remark IV.14 (see [83, Remark 5.2]).

(I) Condition (C1) of Theorems II1.14 and III.18 always holds if A has a purely
discrete spectrum.

(IT) According to Theorem IV.13 (1), the dimension of Ker D(\) depends only on the
position of A with respect to the points min oess(A) and max oegs(A). In particular,
the dimension of Ker D(\) does not depend on whether A is a resolvent point of
A, an eigenvalue of A, etc.

(III) The points min oess(A) and max gess(A) may both exist in R even if the operator A
is semibounded and unbounded. We note that the dimension of Ker D(\) depends
only on the position of A with respect to a single point if A is semibounded and

unbounded and if the spectrum of A is not purely discrete, see Theorem IV.13 (3)
and (4).

We prove Theorem IV.13 (1) in Subsection IV.4.1. Then, we present sufficient condi-
tions such that the kernel of D(\) is infinite dimensional for all A in R, provided that the
self-adjoint operator B is of finite rank, see Propositions IV.20 and IV.22. In particular,
Proposition IV.20 implies Theorem IV.13 (2). Further below, in Subsection I1V.6.2, we will
show Theorem IV.13 (3)-(4).

IV.4.1. Proof of Theorem IV.13 (1). We start with some preparations.
We write (as in Section IV.3 above)

PA) =E_o)n(A+B) and Q(A) = E_y ) (4),

where A € R. We observe (cf. Proposition III.11) that the kernel of D(A\) = P(A) — Q())
is equal to the orthogonal sum of (Ran P(A)) N (Ran Q(A)) and (Ker P(\)) N (Ker Q(X)).
Therefore, we investigate the dimensions of (Ran P(A)) N (Ran Q(A)) and (Ker P(\)) N
(Ker Q(A)) separately.

In order to prove Theorem IV.13 (1), it suffices to show the following two lemmas.

Lemma IV.15 (see [83, Lemma 5.3]).
Let A and B be as in Theorem IV.13 (1), and let X € R\ {maxoess(A)}. Then the
dimension of (Ran P(\)) N (Ran Q(X)) is:

(1) infinite if and only if A > max oess(A);

(2) zero if and only if A < max oess(A).

Lemma IV.16 (see [83, Lemma 5.4]).
Let A and B be as in Theorem IV.13 (1), and let A € R\{min cess(A)}. Then the dimension
of (Ker P(X\)) N (Ker Q(N)) is:

(1) infinite if and only if A < min oess(A);

(2) zero if and only if X > min oegs(A).
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Lemma IV.16 can be proved analogously to Lemma IV.15, so we will only show

Lemma IV.15. For this, the following two results turn out to be very useful.

Proposition IV.17 (see [49, Theorem 2.1]).

Let A = My be the multiplication operator by the independent variable on L*(R, ), where
is a Borel probability measure on R. For p(t) =1 on R and o € R\ {0}, we consider the

perturbed operator A + B, = M; + a(o,gp)Lz(R’ )yp on L2(R, ) and the Borel probability

measure

a(Q) = <EQ(A + Ba)gpa 90>L2(]R, ) (Q € B(R))

Then A+ By, is unitarily equivalent to the multiplication operator by the independent vari-
able on L2(R, o), My = Vo (A + Bo)VY, where Vo, : L2(R, ) — L2(R, ) is given by

(a) @)= o) ~a [ T 0a (1v.4)

on the dense subspace of continuously differentiable functions f : R — C with compact

support.

Proposition IV.18 (see [38, Proposition 2.2]).
Let 1 be a finite Borel measure on R and let f be a real-valued function that belongs to

LYR, 1). We set 2(Q) = [ f(t)d 1(t) for every @ € B(R). Then we have
lim P27 1)
eNOp (T + i)
where the Poisson transform p , of 4 is given by

porrie)=e [ L0

R (T —1)2 + &2

= f(r) for 1-almost all T € R,

(TeR, e>0,=1,2).

Let us now show Lemma IV.15.

Proof of Lemma IV.15. The idea of this proof is essentially due to the author’s
supervisor, Vadim Kostrykin.

It will be useful to represent the rank one operator B = a(e, )¢ ¢ such that the vector
@ is normalized. This determines « uniquely since B is fixed. However, for consistency
with the notation below ( o, Us, Va), let us write B, instead of B for the rest of this
proof. Further, we will write L?( ) in place of L2(R, ).

We show Lemma IV.15 in two steps. First, we follow Liaw and Treil [49, pp. 1948
1949| to represent the operators A and A + B, such that Proposition IV.17 is applicable.
Then, using the representations from Step 1 and some results from harmonic analysis, we
can perform the main part of the proof of Lemma IV.15.

Step 1. We define the Borel probability measures and  on R by

(Q) = (Ea(A)p, @)y and  o(Q) = (Ea(A+ Ba)p,¢)y (2 € B(R)),

respectively. It is well known (see, e.g., |75, Proposition 5.18]) that there exist unitary
operators U : §§ — L2( ) and U, :  — L?( ) such that UAU* = M; is the multiplication
operator by the independent variable on L2( ), U, (A + B,)UZ = M, is the multiplication
operator by the independent variable on L?( ,), and one has both (U¢)(t) = 1 on R and
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(Uap)(z) = 1 on R. Clearly, U and U, are uniquely determined by these properties. By
Proposition IV.17, the unitary operator V,, = U,U* : L2( ) — L?( 4) is given by

Vo) (@) = @) —a [ L=

for all continuously differentiable functions f : R — C with compact support (see (IV.4)).
Without loss of generality, we may assume that A is already the multiplication operator
by the independent variable on L2( ), i.e., we identify $ with L?( ), A with UAU*, as
well as A + B, with U(A + B,)U*.

Step 2. The well-known fact (see, e.g., [75, Example 5.4]) that

supp o = 0(A+ By)

implies that the cardinality of (\,00) Nsupp  is infinite [resp. finite| if and only if
A < max gess(A) [resp. A > max oegs(A)].

Case 1. The cardinality of (\,00) Nsupp  is finite.
Since A > max 0egs(A), it follows that

dim Ran Ejy .y(A + B,) <oo and dim Ran Ejp )(4) < oo.

Therefore, Ran E(_ y)(A + Ba) NRan E(_ y)(A) is infinite dimensional.

Case 2. The cardinality of (A, 00) Nsupp  is infinite.
If A <mino(A) or A <mino(A+ B,), then (Ran P(\)) N (Ran Q(A\)) = {0}, as claimed.
Now we suppose that A > mino(A) and A > mino(A + B,).

Let f € (Ran P(\)) N (Ran Q(A)). Then one has

f(t) =0for -almostallt> A and (V,f)(z)=0for ,-almost all z> A.

We would like to show that f = 0. This is done in three steps.
Step 2.1. We choose a representative f in the equivalence class of f such that f (t)=0
for all t > X\. Let r € (0, WUP‘%MH)

know that the set of continuously differentiable scalar-valued functions on R with compact

Since is a finite Borel measure on R, we

support is dense in L?( ) with respect to [|e || 2( . Thus, a standard mollification argument
shows that we can choose continuously differentiable functions fn : R — C with compact

support such that
an — fHLQ( ) < 1/n and f,(t)=0forallt>X+r, nel.

In particular, we may insert f, into formula (IV.4) and obtain

<Vafn> (x) = a/( . fL(t)d (t) forall x > X+ 2r.

T —t

It is readily seen that

sow=[  Maw @z

r—t

defines a bounded operator S : L2 (]l(_oo)\_w)d ) — L2 (]l[/\+2noo)d a) with operator norm

at most 1/7.
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It is now easy to show that

/ /() d (1) =0 for y-almostall z > A+ 2r. (IV.5)
(7

Oo’)\] x—t

Asre (O, %W) in (IV.5) was arbitrary, we obtain that

/ 1) d (t)=0 for ,-almost all z > A.
(—00,M] T —1

From now on, we may assume without loss of generality that f is real-valued.
Step 2.2. Let us consider the holomorphic function from C\ (—oo, A] to C defined by

f®)
zr—>/(oo’)\] z—td (t).

Since A < max 0egs(A), the identity theorem for holomorphic functions implies that

/ @d (t) =0 forall ze C\ (—o0, . (IV.6)
(—oc0,A] z—1

In particular, the imaginary part of the left hand side of (IV.6) vanishes for every z = 7—i¢,
where 7 € R and € > 0. This yields

f _
E/(oo,/\] CImEpn €2d (t)=0 forallTeR, €>0. (IV.7)

Step 2.3. We define the finite positive Borel measure ;1 : B(R) — [0,00) and the
finite signed Borel measure 5 : B(R) — R by

= aw =] o

note that f belongs to L'( ). Let us denote the Poisson transform of , by p o

p[(T—FiE):E/ d «(t)

—_— t=1,2).
AT (reR, >0, ,2)

By (IV.7), we know that
p,(r+ie) =0 forallT€R, >0.
Furthermore, since 1 is not the trivial measure, one has
p (T+1ie) >0 forevery 7 € R, € > 0.
Now Proposition IV.18 implies that

0=1lim=—2——2 = f(r) for -almost all 7 < \.

Hence, f(7) = 0 for -almost all 7 € R. We conclude that (Ran P()\)) N (Ran Q())) is
trivial. This shows Lemma IV.15. O

Remark IV.19 (see [83, Remark 5.5]).
The proof of Lemma IV.15 only works if the self-adjoint operator A is bounded, because
we use that the spectra of A and A + B are sequentially compact to ensure that every
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subset of infinite cardinality has an accumulation point. Subsequently, we can apply the

identity theorem for holomorphic functions.
Proof of Theorem IV.13 (1). We combine Lemmas IV.15 and IV.16. O
IV.4.2. Sufficient conditions such that dim Ker D()\) = oo. Let us first show:

Proposition IV.20 (see [83, Proposition 5.6]).

Let A and B be two self-adjoint operators acting on $), where A is semibounded with a
purely discrete spectrum and B is of rank N € IN.  Then the range of D(\) is finite
dimensional for all X € R. In particular, the statement of Theorem IV.13 (2) holds.

Remark IV.21 (see [83, Remark 5.7]).

In view of Theorem IV.8 (whose proof will be completed in Subsection IV.6.2 below),
Proposition IV.20 and Theorem III.18 imply that D()\) is then unitarily equivalent to a
finite rank self-adjoint Hankel operator on L? (IR+; cN ) for all X € R.

Proof of Proposition IV.20. We need to show that the range of
D(A) = E—oo ) (A+ B) — E(_co2)(4) (Iv.8)
= E[)\7OO)(A) — E[)\’OO) (A + B) (IV.9)

is finite dimensional for all A € R.

First, we assume that A is bounded from below. By the invariance of the essential
spectrum under compact perturbations, it is clear that the operator A + B also has a
purely discrete spectrum. Moreover, A 4+ B is bounded from below as well. Consequently,
by (IV.8), the range of D()) is finite dimensional for all A € R.

In the case when A is bounded from above, the proof runs analogously, except that we
now use (IV.9) instead of (IV.8). This shows Proposition IV.20. O

The following result provides more sufficient conditions such that the kernel of D()) is

infinite dimensional.

Proposition IV.22 (see [83, Proposition 5.8]).

Let A and B be two self-adjoint operators acting on £, where A is semibounded and B is
of rank N € IN. Then the kernel of D(\) is infinite dimensional for all X\ € R whenever at
least one of the following three cases occurs for X = A or for X = A+ B:

(1) The spectrum of X contains an eigenvalue of infinite multiplicity. In particular,
this pertains to the case when the range of X is finite dimensional.

(2) The spectrum of X contains infinitely many eigenvalues with multiplicity at least
N +1.

(3) The spectrum of the restricted operator X|g. has multiplicity at least N + 1

(not necessarily uniform), where € is the set of all eigenvectors of X.

Remark IV.23 (see [83, Remark 5.9]).
In view of Theorem IV.8 (whose proof will be completed in Subsection IV.6.2 below),
Proposition 1V.22 and Theorem III1.18 imply that D()\) is then unitarily equivalent to a
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bounded self-adjoint Hankel operator on L2 (IR+; cN ) with infinite dimensional kernel for
all A € R.

Proof of Proposition IV.22. First, we suppose that there exists an eigenvalue Ay of
X = A with multiplicity m > N+ 1,i.e, me{N+1,N+2,...}U{oc}. We set

M = (Ker(A — \oI)) N (Ran B)* # {0}.

It is easy to show that 9 is a closed subspace of $ such that dim 9t > m — N.

It is well known that 97 reduces the operator A if and only if the orthogonal projection
onto M commutes with the spectral projection E(_ 4(A) for all ¢ € R, see Lemma 1.22.
By definition of 9 and the functional calculus, we thus obtain that 9t reduces A.

Obviously, B is bounded and Blgy; = 0. Consequently, 9 reduces B and thus also
A+ B. By the functional calculus, we see that 91 is included in the kernel of D(\) for all
AeR.

It follows that the kernel of D(\) is infinite dimensional for all A € R whenever
cases (1) or (2) occur for the operator X = A; if X = A + B, then the proof runs
analogously.

Now, we suppose that case (3) occurs for X = A. Let us write

N
B=>) aje,0)s0;: 99,
j=1

where 1, ..., N form an orthonormal system in $) and «;,...,ayN are nonzero real num-
bers. We set
N =span{ELq(A)p; : Qe BR),j=1,....,.N} C 9.

By Lemma IV.4, we know that the closed subspace 91+ is included in the kernel of D())
for all A € R. A standard proof using the theory of von Neumann direct integrals (see Sec-
tion 1.4, see in particular Theorem 1.92) shows that 9+ is infinite dimensional.

If case (3) occurs for X = A + B, then one can proceed analogously. This completes
the proof of Proposition 1V.22. U

IV.5. On invertibility of D(X)

The following material is taken, almost verbatim, from the author’s paper |[83,
pp. 14-20].
We will prove that for all but at most countably many A € R, the operator D()\) is

not boundedly invertible:

Theorem IV.24 (see [83, Theorem 6.1]).
Let A and B be two self-adjoint operators acting on $), where A is semibounded and B is

compact. Then the following assertions hold:

(1) If X € R\ 0ess(A), then D(X) is a compact operator. In particular, zero belongs
to the essential spectrum of D(X).

(2) Zero belongs to the essential spectrum of D(X) for all but at most countably many
A in Oess(A).
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Note that we cannot exclude the case that the exceptional set is dense in gegs(A).

Remark IV.25 (see [83, Remark 6.2]).

(I) Martinez-Avendano and Treil showed “that given any compact subset of the complex
plane containing zero, there exists a Hankel operator having this set as its spectrum”
(see |53, p. 83|). Thus, Theorem IV.24 and [53, Theorem 1.1] lead to the following
result: For all X in R except for at most countably many X in oess(A), there exists a
Hankel operator T(X) such that o(T(X)) = o(D(X)).

(IT) Radjavi showed in [73, Theorem 6] that every bounded self-adjoint operator Y (acting
on a complex separable Hilbert space) with zero in the essential spectrum is a self-
commutator, i.e., one has Y = X*X — X X* for some bounded operator X. In view of
Theorem IV.24, the difference D()) is therefore a self-commutator for all but at most

countably many A in oess(A).

In this section, we prove Theorem IV.24 in the case when the operator A is bounded.
Further below, in Subsection 1V.6.2, we will trace the case when A is semibounded and
unbounded back to the situation when A is bounded by means of resolvents.

Clearly, in order to prove that Theorem IV.24 holds in the case when A is bounded, it

suffices to show the following result:

Proposition IV.26 (see [83, Proposition 6.3]).
Let A and B be two self-adjoint operators acting on ), where A is bounded and B is
compact. Then the following assertions hold:
(1) if N € R\ 0ess(A), then D(X) is a compact operator;
(2') zero belongs to the essential spectrum of D(N) for all but at most countably many
Ain R.

In Subsection 1V.5.1, we show Proposition IV.26 in the case when the range of B is
finite dimensional. Then, if B is compact with infinite dimensional range, we modify the
proof.

Under additional assumptions (see Subsection 11.4.3), we can deduce from results due
to Pushnitski and Yafaev that D(\) is not boundedly invertible.

IV.5.1. The case when the range of B is finite dimensional. Throughout this

subsection, we consider a self-adjoint finite rank operator
N
B=> aj(e,¢))ap;:H—=H (NeN),
j=1

where 1, ...,y form an orthonormal system in $) and a1, ..., oy are nonzero real num-
bers.

For X = A or X = A+ B, we define the sets M(X) and M_(X) by:
M(X) = {\ € 0ess(X) : there exist ¥ # X in o(X) such that A, /A, AF N\, A},
M_(X) = {X € 0egs(X) : there exist A\, # X in o(X) such that A, 7 A} \ M(X).

The following well-known result (cf. the formulation of [83, Lemma 6.4]) shows that these
sets do not depend on whether X = Aor X = A+ B.
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Lemma IV.27 (see [3, Proposition 2.1]; see also [5, p. 83]).
Let A and B be bounded self-adjoint operators acting on $. If N = dim Ran B is in N
and J C R is a nonempty interval included in the resolvent set of Z, then J contains no

more than N eigenvalues of the operator A+ B (taking into account their multiplicities).

In view of this lemma and the fact that the essential spectrum is invariant under
compact perturbations, we will write M instead of M(X) and M_ instead of M_(X),
where X = Aor X = A+ B.

We have:

Lemma IV.28 (see [83, Lemma 6.5]).
Let A\ € R\ MM UM_). Then D(N) is a trace class operator. In particular, Proposi-
tion IV.26 (1) holds in the case when the range of B is finite dimensional.

Proof. Since A € R\ (MUM_), there exists an infinitely differentiable function f : R — R
with compact support such that

E_oo(A+ B) = E_sn)(A) = f(A+B) — f(A).

In particular, we have f € B ;(R) (cf. Definition I1.8). Combining Proposition I11.26 (1)
with Theorem I1.25, it follows that D()\) is a trace class operator. O

An analogous proof shows that D()\) is a trace class operator for A\ in M_, provided
that Ey) (A + B) — Eqyy(A) is of trace class.

Let us now prove:

Proposition IV.29 (see [83, Proposition 6.6]).
Assertion (2') of Proposition 1V.26 holds in the case when the range of B is finite dimen-
sional, 1. e., zero belongs to the essential spectrum of D(\) for all but at most countably

many A in R.

In the proof of Proposition IV.29, we will use the notion of weak convergence for

sequences of probability measures.

Definition IV.30 (see [83, Definition 6.7]; cf. also [42, Definition 13.12]).
Let X be a metric space. A sequence 1, o,... of Borel probability measures on X is said

to converge weakly to a Borel probability measure on X if

n—oo

lim [ fd , = / fd  for every bounded continuous function f: X — R.

If 1, 2,... converges weakly to , then we write , — , n — 0.

In the proof of Proposition IV.29, we will also use the following equivalent formulation

of weak convergence for sequences of probability measures.

Proposition IV.31 (see [42, Theorem 13.16 (Portmanteau)]).

Let X be a metric space, and let , 1, 2,... be Borel probability measures on X. Then
n—  asn — oo if and only if lim,_eo [ fd n=[fd for every bounded Borel function
[:X = R with (Up) =0, where Uy denotes the set of points of discontinuity of f.
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Proof of Proposition IV.29. First, we note that if A\ < min (6(A4) Uo(A + B)) or
A > max (6(A)Uo(A+ B)), then D()) is the zero operator, and there is nothing to show.
So let us henceforth assume that A > min (0(A)Us(A+B)) and A < max (o(A)Us(A+B)).

We show Proposition 1V.29 in four steps. The idea is to apply Weyl’s criterion (see,
e.g., [75, Proposition 8.11]) to a suitable sequence of normalized vectors. In this proof, we
denote by |[|g]/oo, % the supremum norm of a function g : X — R, where X is a compact
subset of R, and by || e ||op the usual operator norm on .

Step 1. We choose a sequence (¢, )nen of normalized vectors in $ such that

77/}1 iR {(pj :j:1,...,N}, ¢2 1 {wla@j;A(Pj :j:1,...,N}, ey
Un L {¢1,...,wn_l,goj,Acpj,...,A"ilgoj D= 1,...,]\7},
For every n € IN, let us now define the Borel probability measures , and 7, on R by
TL(Q) = <EQ(A)wm'¢n>ﬁ> ~n(Q) = <EQ(A + B)wmwn>ﬁ (Q S B(R))

It is easy to see that by Prohorov’s theorem (see, e. g., [59, Proposition 7.2.3|), there exist a

subsubsequence (dJnkg) of (¢n)nen and Borel probability measures and ~ with support

LeIN
included in o(A) and o(A + B), respectively, such that

w ~ W o~
g, and ng, a8 { — oo.

In order to simplify our notation, let us denote the subsubsequences (wnk[) e’

( nke)ee]l\w and (Nnkl)ge]N again by (wn)nelNy ( n)nE]N; and (~n)ne]N-
Step 2. We put

Na={peR: ({p}) >0} and Naip={neR: ({u}) >0}

Then the set N4UN 44 p is at most countable. We henceforth assume that A does not belong
to NoaUNa4B.

Step 3. Let us put s = min (o(A)Uo(A+B))—1. We consider the bounded continuous
functions f, : R = R, m € N, defined by

fm(t) = (1 + m(t - 8)) ]l[s—l/m,s](t) + ]l(s,)\)(t) + (1 - m(t - )‘)) ]l[)\,)\—l—l/m](t)'

The figure below shows (qualitatively) the graph of f,,.

FIGURE 1. The graph of f,, (see |83, figure 1]).

For all m € IN, we can choose polynomials py, ;, & € IN, such that

[ fm = Pmklloc,c = 0 as k — oo, (IV.10)
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where X = [min (¢(4) Uo(A+ B)) — 10, max (o(A) Uo(A + B)) + 10]. By construction
of (¥ )nen in Step 1, one has

Pmk(A+ B)y, = ppm i (A)py,  for all n > degree of p, k. (IV.11)

Let us note that [1(_, x) — fm|? is a bounded Borel function which is continuous except
for the set {\} with ({A}) = “({A\}) =0, for every m € IN.

Step 4. Taken together, equation (IV.11) and the Portmanteau theorem (see, e.g.,
Proposition IV.31) imply

lim sup || (E(_oon) (A + B) — E(_oo)(A)) |,

n—oo

< ([ 1w <>rd<>)m
(] s <t>|2d~<t>)1/2

1 Fn(A) = P (A,
(A + B) = pmi(A+ B,

for all m € IN and all k£ € IN. First, we send k — oo and then we take the limit m — oco. As
m — 00, the sequence (|]1(_oo,>\) — fml?)men converges to 0 pointwise almost everywhere
with respect to both and ~. Therefore, (IV.10) and the dominated convergence theorem
imply that

lim sup || (B(-o0,(4 + B) = B(—o0,0)(4)) ¥n 5 <0

n—oo
and thus
lim H( 7/\)(A—l-B)—E'(,oo,)\)(A)) I/JnHﬁ = 0.

n—oo

Recall that (¢)nen is an orthonormal sequence. Thus, an application of Weyl’s crite-
rion (see, e.g., [75, Proposition 8.11]) yields that 0 € oess(D(A)). This shows Proposi-
tion IV.29. O

Remark IV.32 (see [83, Remark 6.8]).

The proof of Proposition IV.29 only works if the self-adjoint operator A is bounded. For

instance, we use the compactness of o(A) to uniformly approximate f,, by polynomials.
Moreover, if we consider an unbounded self-adjoint operator A, then it is unclear

whether an orthonormal sequence (¢, )nen as in Step 1 can be found in the domain of A.

IV.5.2. The case when the range of B is infinite dimensional. Throughout this
subsection, we assume that B is a compact self-adjoint operator with infinite dimensional

range.

Lemma IV.33 (see [83, Lemma 6.9]).
Assertion (1) of Proposition IV.26 holds in the case when B is compact with infinite di-
mensional range, i. e., if A € R\ 0ess(A), then D(X) is compact.
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Proof. Since D(A) = 0 for all A < (o = min (0(A)Uc(A+ B)), we will henceforth assume
that A > (p. As A ¢ 0ess(A), we can choose € > 0 such that:

ery=A—(p—¢e>0;

o (A —2e, A+ 2¢) \ {\} is included in the resolvent sets of A and A + B.
Then we represent D(A) as follows:

DO\ = % f [(CT— A~ B)™" — (CT— A)1de, (IV.12)
[¢—Col=rx

where we integrate counterclockwise around the circle centered at (o with radius ry > 0.
Recall that we can approximate the integral in (IV.12) by Riemann-Stieltjes sums (in the
operator norm).

By the second resolvent equation, we have
((I—A=B)' —((I—A)" = ((I—A—B)'B(I - A)~"

for every ¢ € C with |( — (p| = 7. Since the compact operators form a closed ideal (with
respect to the operator norm) in the algebra of bounded operators, it thus follows that

D()) is compact, as claimed. O

Remark IV.34. We note that the result of Lemma IV.33 is well known, see [70, Proof of

Proposition 2.1] for (almost) the same proof.
Let us now prove:

Proposition IV.35 (see [83, Proposition 6.10]).
Assertion (2) of Proposition IV.26 holds in the case when B is compact with infinite
dimensional range, i. e., zero belongs to the essential spectrum of D(\) for all but at most

countably many A in R.

Proof. Let us write B = Z‘;‘;l aj(e, ;) pj, where @1, s, ... is an orthonormal system
in $ and a1,as,... are nonzero real numbers with a; — 0 as j — oco. Since it might
happen that {1, @s,...}" is trivial, we need to modify the proof of Proposition IV.29
above. However, we can show the present proposition similarly to Proposition 1V.29, so
we will focus on the differences.

Difference 1. We choose an orthonormal sequence (1, )nen in $ as follows:

Y1 L1, 2 L {1, 01,00, Ap1, Apa}, ..,
Uvn L {?l)h-..,wn,l,apj,Agpj,...,A"_lcpj cj=1,....n}, ...
By construction, we have
p(A+ Fyp)p, = p(A)p,  for all n > max(¢, degree of p), (IV.11")

where p is a polynomial, £ € IN, and F; = 22:1 a;(®, Qi) ).
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Difference 2. Now we continue as in the proof of Proposition IV.29 and estimate as
follows, using (IV.11") instead of (IV.11):

ligisip H (E(foo,)\) (A + B) - E(foo,)\) (A)) T/Jan)

< <A‘1(W,A)(t) ~ fa(t)2d (t)>1/2

1/2
n ( JA—E fm<t>|2d*<t>)
1l A) = k(A
+ [ fm(A+ B) = pmg(A+ B)l,,
+ ”pm,k(A + B) - pm,k(A + FE)

||0p

for all k,¢,m € N, where [ ® [|op, denotes the operator norm. Clearly, ||B — Fyl|,, — 0 as
¢ — oo. Therefore, |[pm k(A + B) — pmi(A+ Fio)l,,
Thus, analogously to the proof of Proposition 1V.29, it follows that

lim ||(E(—oo ) (A + B) = E(_so ) (A)) wnHﬁ =0.

n—oo

— 0 as ¥ — oo.

Hence, an application of Weyl’s criterion (see, e.g., [75, Proposition 8.11|) yields that
0 € Oess (D()\)) This completes the proof. O

IV.5.3. The smooth situation. Theorem IV.24 (whose proof will be completed in
Subsection IV.6.2 below) ensures that, in the general situation, D(\) is not boundedly
invertible, for all but at most countably many A in oes(A). Under certain additional
assumptions (see Hypothesis 11.49), we may deduce from Theorem II.51 that D()) is
not boundedly invertible.

Example IV.36 (see [83, Example 6.12]).
Again, let us consider M. Krein’s example (see Section I1.3). That is, § = L%(R.),
the initial operator A = A; is the integral operator with kernel function a; defined as
in (IL7), and B = —(&, )| 2R, )¢ With ¢(x) = e™®. Put 6 = (0,1). Then Pushnitski
showed (see [67, pp. 229-230]) that, by Theorem IL.51, one has oess(D(N)) = [—1,1] for
all0 <A< 1.

In particular, the operator D(\) fulfills condition (C2) of Theorem III.14 for every
0< A<l

IV.6. Proofs of the main results

The following material is taken, almost verbatim, from the author’s paper |[83,
pp. 20-25].

This section is devoted to the proofs of Theorems IV.1’ and IV.2. As we noted in
Remark IV.6 above, Theorem IV.1” immediately implies Theorem IV.1.

First, we observe that our key results (that we have shown so far) still hold if we consider
E_oo(A) = E(_so,(A+ B), the difference of the spectral projections associated with the
closed interval (—oo, A] instead of the open interval (—oo, \), see Subsection IV.6.1. Then,
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we complete the proofs of Theorems IV.8, IV.13, and IV.24. Finally, in Subsection IV.6.3,
we show Theorems IV.1" and IV .2.

IV.6.1. An important remark.

Remark IV.37 (see [83, Remark 7.1]).

If we consider E(_q \/(A) — E(_oo (A + B), the difference of the spectral projections
associated with the closed interval (—oo, A] instead of the open interval (—oo, A), then all
assertions in Lemma IV.10, Theorem IV.13 (1), and Propositions V.20, IV.22, and IV.26
remain true. All proofs can easily be modified.

IV.6.2. Completion of the proofs of Theorems IV.8, IV.13, and IV.24. In
this subsection, we assume that the self-adjoint operator A is semibounded and unbounded.
As before, we write

D(A) = E(—eon)(A+ B) = B0 (A)
if B is a compact self-adjoint operator and A € R. In the following, we use M. Krein’s
approach from [44, pp. 622-623] to trace the case when A is semibounded and
unbounded back to the situation when A is bounded by means of resolvents.

First, let us consider the case when A is bounded from below. Then we can choose
c € R such that

A4+cl >0 and A+ B+cl >0. (IV.13)
We hayve:

Lemma IV.38 (see [83, Lemma 7.2]).
Let A be a self-adjoint operator which is bounded from below and unbounded from above,
let B be a compact self-adjoint operator, and let ¢ € R be such that (IV.13) holds. Then
D(N) =0 for all \ < —c and

D()\) = E(—oo,,u(A)} (A/) — E(—oo,u(A)] (A/ + B/) fO’/’ all N > —c. (IV.14)

Here p(\) = ﬁ, Al=(A+(1 +C)I)_1

, and
B'=—(A+B+(1+oI) 'B(A+(1+)I) "
Moreover, we have rank B’ = rank B.
Proof. Clearly, D(A) =0 for all A < —c. Now let A > —c. We compute
D(X) = Ejy o0)(A) — By o0y (A + B)
= Ecoopu)(A+ 1+ D)) = Boopu) (A+ B+ (1+ 1) 7).
By the second resolvent equation, one has
1

(A+B+ (140 ' = (A+ 1+ ' = (A+B+(1+)I) 'B(A+(1+)I) "

Therefore, (IV.14) holds.
Obviously, the operator B’ is compact and self-adjoint with rank B’ < rank B. Let us
show that also rank B’ > rank B. Since the operators (A + B + (1 + c)I)_1 and Blg 5
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are one-to-one, it suffices to prove that

rank(Pm(A +(1+ C)I)_1> > rank B, (IV.15)
where P is the orthogonal projection of § onto Ran B. Assume for contradiction
that rank( rampA+ (1 + c)I)_l) < rank B. Then we can choose a nonzero vector

in Ran B that is orthogonal to Ran( Pe—ps(A+ 1+ o)) 1) and thus also orthogonal

to Ran(A4 + (1 + C)I)i , contradicting the fact that Ran(A + (1 + c)[)f1 is dense in ).
Therefore, (IV.15) holds. This completes the proof of the lemma. O

Combining Lemma IV.38 with Remark IV.37 above, we obtain:

Lemma IV.39 (see [83, Lemma 7.3]).
The statement of Theorem IV.8 holds in the case when A is bounded from below and

unbounded from above.
We will need the following auxiliary result:

Lemma IV.40 (see [83, Lemma 7.4]).
Let A be a self-adjoint operator which is bounded from below and unbounded from above,
and let ¢ € R be such that A+ cl > 0. We write A’ = (A+ (1 + C)I)_l. Then we have:
(1) the function t — t+1+c is one-to-one from oess(A) onto oess(A') \ {0};
(2) if a vector ¢ is cyclic for A, then the vector A'e is cyclic for A’

Proof. Standard arguments from spectral theory (see Section 1.4) show that:
e 0 € 0es(A’) is not an eigenvalue of A’;
is one-to-one from o(A) onto o(A") \ {0};
is one-to-one from oess(A) onto oess(A’) \ {0}, i.e., (1)

e the function ¢t — t+1+

e the function ¢ — t+1+c

holds.

Consequently, we have
span { Eq/(A)A'p : ' € B(R)} = span { A'Egn (01 (A)p : @' € B(R)}
= span {A'Eq(A)p: 2 € B(R)}
= A'(span {Eq(A)¢ : Q € B(R)}).
Since A" = (A+ (1 + ¢)I )_1 is a bounded operator with dense range, it follows that

span{Eq/ (A)A'p : Q' € B(R)} is dense in 9 if span {Eq(A)p : 2 € B(R)} is dense in $,
i.e., (2) holds. This completes the proof of the lemma. O

We can now show:

Lemma IV .41 (see [83, Lemma 7.5]).
The statements of Theorem IV.13 (3) hold.

Proof. Let ¢ be such that (IV.13) holds. By Lemma IV.40 (1), we know that the function

t t+1+ is one-to-one from oess(A) onto oess((A+ (1 +¢)I)~1) \ {0}.
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We have min oess((A + (1 + ¢)I)~!) = 0 and, since the spectrum of A is not purely
discrete, maxaess((A + (14 c)[)*l) = ﬁ > 0, where Ao = min oess(A). Therefore,

() L_ helongs to the open interval (O if and only if A > ).

_ 1
- Al+c ’ )\0+1+c)
By assumption of Theorem IV.13 (3), the vector ¢ is cyclic for A. It follows from
Lemma IV.40 (2) that (A + (14 ¢)I)" Ly is cyclic for (A+ (1 +¢))~ 1.

In view of Lemma IV.38 and Remark IV.37, the claim follows. O
Combining Lemma V.38, Remark IV.37, and Lemma IV.40 (1), we obtain:

Lemma IV.42 (see [83, Lemma 7.6]).
The statements of Theorem IV.24 hold in the case when A is bounded from below and
unbounded from above.

Now, we consider the case when A is bounded from above. Then we can choose ¢ € R
such that

A—clI <0 and A+ B-—cl <.
It suffices to consider D(A) for A < ¢. We compute
D()\) = E(y()\),oo)((A + B — (1 + C)I)_l) — E(#()\),OO)((A — (1 + C)I)_l)
= E—oou) (A= 1+ D)) = Bloe o) (A + B = (1+0)D)7),

where p(A) = ﬁ

Fk By the second resolvent equation, one has

(A+B—(14+0) ' =(A-=(1+I) ' = (A+B-(1+I) 'B(A-(1+)I) "

The operator B” = —(A+ B — (1+ c)I)_lB(A -1+ c)I)_1 is compact and self-adjoint

with rank B” = rank B. We can now proceed analogously to the case when A is bounded
from below to obtain the following three lemmas:

Lemma IV.43 (see [83, Lemma 7.7]).
The statement of Theorem IV.8 holds in the case when A is bounded from above and

unbounded from below.

Lemma IV.44 (see [83, Lemma 7.8]).
The statements of Theorem IV.13 (4) hold.

Lemma IV.45 (see [83, Lemma 7.9]).
The statements of Theorem IV.24 hold in the case when A is bounded from above and
unbounded from below.

IV.6.3. Proofs of Theorems IV.1’ and IV.2. Let us first show Theorem IV.1’.

Proof of Theorem IV.1'. Let us recall that B = a(e, ¢)g ¢, where a € R\ {0} and
o€ 5\ {0}, and N = span {Fa(A)p : © € B(R)}.

(1) Let dim(M*) = oco. Then, by Lemma IV.4, dim Ker D(\) = oo for all A in
R. Consequently, Theorems IV.8 and III.14 imply that D()) is unitarily equivalent to a
bounded self-adjoint Hankel operator with infinite dimensional kernel for all A in IR.
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(2) In the case when M+ = {0}, we know that ¢ is cyclic for A. Consequently, The-
orems IV.8, IV.13, IV.24, and II1.14 imply that D(\) is unitarily equivalent to a bounded
self-adjoint Hankel operator for all A in R except for at most countably many A in oess(A).

(3) Let dim(9) = k € IN. Clearly, D is a separable Hilbert space of infinite dimension,
and ¢ is cyclic for Aly. By (IV.1), we know that

D(A) = (E(_OO,A) (Aly + Blg) — E(—oon) (A rm)) ®0 on MNoNt

for all A € R. Analogously to the preceding case, Theorems IV.8, IV.13, IV.24, and I1I1.14
imply that E_. ) (A[m + B[m) —E s (A [m) is unitarily equivalent to a bounded self-
adjoint Hankel operator for all A in R except for at most countably many A in oess(Alg) C
Oess(A). This completes the proof. O

Let us now show Theorem IV.2.

Proof of Theorem IV.2. Let A € R. We rewrite the orthogonal decomposition of
from the Halmos’ decomposition theorem (see, e. g., Proposition II1.11) with respect to the
difference D()) of E(_ ») (A + B) and E(_ ) (A):

H= (Ker D()\)) ® (Ker(D(A) - 1)) ® (Ker(D()\) + I)) ® Hg(N). (IV.16)

Here $,(A) is the orthogonal complement of

5\ = (Ker DY) @ (Ker(D(\) — 1)) @ (Kex(D() +1) )

in $. Clearly, $,(A) is reducing for the operator D(\).
Subclaim. For every A € R, there exists a compact self-adjoint block diagonal oper-
ator K(\) = K(\) @0 on H(N) & $g(A) with the following properties:

(a) K(\) satisfies assertion (2) of Theorem IV.2;

)
(b) o (D) +E(2)) ¢ [11]'
)

(¢) we have either Ker(D( K(X)) = {0} or dim Ker(D(\) + K(\)) = o0, i.e.,
D(\) + K () fulfills condltlon (Cl) of Proposition II1.16;
(d) the dimensions of Ker(D()\) + K(\) — tI) and Ker(D()) G0y T+ K(X) +tI)

differ by at most one for every 0 t <1, 1i.e., condition (C3') of Proposition I11.16
is satisfied;
(e) if B of finite rank, then K ()) is of finite rank.

We continue with the proof of Theorem IV.2 and show the subclaim further below.

The block diagonal operator K () @ 0 serves as a correction term for D()). In partic-
ular, no correction term is needed if $H(\) = {0}.

Theorem IV.24 and the invariance of the essential spectrum under compact pertur-
bations imply that zero belongs to the essential spectrum of D(A) + K (A) for all A in R
except for at most countably many A in oess(A). Consequently, in view of the subclaim,
an application of Proposition III.16 yields that D(X) + K(\) is unitarily equivalent to a
bounded self-adjoint Hankel operator T'(\) on L2(R,) for all X in R except for at most
countably many A in oegs(A). Thus, Theorem IV.2 is proved when we show the subclaim

above.
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Proof of the subclaim. K()) will be the sum of two operators Ko(\) and Ki(\).
Before we construct these operators, let us introduce some notation: We write

ng(A\) = dim Ker(D(X) — BI), where g € {-1,0,1}, and

no(A) if 0 < np(A) < oo
ro(A) = )
0 otherwise
Let 1/4 > a; > ag > --- > 0 be a decreasing null sequence of real numbers.
Construction of Kg(A). If 0 < ng(\) < oo, then we choose an orthonormal basis

P1(A); s Ung(a)(A) of Ker D(A) and set

o(N)

Ko(\) = = D am{®9m (V) I ¥m(N);
m=1

3

otherwise we put Ko(\) = 0.
Construction of Ki(A). In the case when n_i(\) and nq()) differ by at most one
(i.e., D()) fulfills condition (C3) of Theorem I11.14), we set K (A) = 0.
Let us now suppose that n_;(\) and ni(A) differ by at least two. Without loss of
generality, let n1(A) > n_1(\) (in particular, n_j(\) is then finite). We set
n1(A)—n—_1(A)

= m~+ro(A
K== > e o0 ) 0 T 0 (V)

m=1
where {1,,(A) : m € [1,n1(\))} is an orthonormal basis of Ker (D(X) —I).

Finally, we put K (\) = Ko(A\)+K;()\). Since o(D(X)) C [-1,1], it follows from (IV.16)
and the construction of K(\) = K(\) & 0 that parts (a)—(d) of the subclaim hold. In the
case when B is of finite rank, Theorem IV.8 implies that ni1(\) < 0o, so by construction,
K (M) is of finite rank. This concludes the proof of the subclaim and thus, as noted above,

of Theorem IV.2. O

IV.7. Some examples

The following material is taken, almost verbatim, from the author’s paper |[83,
pp. 25-28|.

In this section, we apply the above theory in the context of operators that are of
particular interest in various fields of (applied) mathematics, such as Schrédinger operators.

In any of the following examples, there exists an N € IN such that D()) is unitarily
equivalent to a bounded self-adjoint Hankel operator on L2 (]R+; cN ) for all A in R.

First, we consider the case when A has a purely discrete spectrum.

Example IV.46 (see [83, Example 8.1]).

Let $ = L?(R") and suppose that V > 0 is in L\ (R") such that Lebesgue measure of
{z e R" : 0 < V(z) < M} is finite for all M > 0. Then the self-adjoint Schrédinger
operator A > 0 defined by the form sum of —A and V has a purely discrete spectrum,
see [84, Example 4.1]; see also [77, Theorem 1]. Therefore, if B is any self-adjoint op-

erator of rank N € IN, Proposition IV.20 implies that D(A) is of finite rank and thus,
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by Remark IV.9, unitarily equivalent to a (finite rank) self-adjoint Hankel operator on
L2 (IR+; CN) for all A € R.

Next, we consider the case when B = a(e, p)q ¢ is of rank 1, where o € R\ {0} and
@ is cyclic for A.

Example IV.47 (see [83, Example 8.2]).
Once again, let us consider M. Krein’s example (see Section II.3).

The operators A = A; and A+ B = Ap, where B = —(e, )2, )y with ¢(x) =
e~ ? from Section II.3 both have a simple purely absolutely continuous spectrum filling in
the interval [0, 1]. Therefore, D(A) =0 for all A € R\ (0,1).

Claim (¥)  The vector ¢ € L(R.) is cyclic for 4;, i =0, 1.

Hence, Theorem IV.13 (1) implies that the kernel of D()) is trivial for all 0 < A < 1.

Furthermore, an application of Theorem IV.1" (2) yields that D(\) is unitarily
equivalent to a bounded self-adjoint Hankel operator for all A in R except for at most
countably many A in [0, 1].

Let us note that, in this example, explicit computations show that there are no excep-
tional points (see Section II.3).

Proof of Claim (x). Let n € INy. We denote the nth Laguerre polynomial by L,, i.e.,
Ln(z) = ¢ L (27e™®). Let us define 1, on Ry by t,(x) = 2"e™*. A straightforward

n! dzn

computation shows that

1 xn-i—l

. 1 n—1 . n
(Ambn)(x) =—e {n+ 1 + W(Z_;@x) ¢ M}

2

By induction on n € Ny, it easily follows that p - ¢ belongs to the linear span of Afy,
{ € Ny, ¢ < n, for all polynomials p of degree < n.

In particular, the functions 7, defined on R by n,,(z) = 2'/2 L,,(2z)e™* are elements
of span{Aggp : £ € Ng,t < n} for all m € INg with m < n. Since (9m)men, 1S an
orthonormal basis of L2(R.), it follows that ¢ is cyclic for Ay (and hence for Ay). O

Example V.47 suggests the conjecture that Theorem IV.1" (2) can be strengthened to
hold up to a finite exceptional set.
Next, let us consider different examples where the multiplicity in the spectrum of A is

such that, for suitable B, we can apply Proposition IV.22.

Example IV.48 (see [83, Example 8.3]).
(1) Let A be an arbitrary orthogonal projection on $), and let B be a self-adjoint

operator of rank N € IN. Then zero or one is an eigenvalue of A with infinite
multiplicity. Consequently, Proposition IV.22 (1) implies that D()\) has infinite
dimensional kernel and is thus, by Remark IV.9, unitarily equivalent to a self-
adjoint Hankel operator on L2 (R+; (DN) for all A € R.
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(2) Set § = L%(R.). Let A be the Carleman operator, i.e., the bounded self-adjoint
Hankel operator on L%(R. ) defined by

(av)x) = [ YWy,

R, TtY

for all continuous functions ¢ : Ry — C with compact support. Since it is well
known (see, e.g., [62, Chapter 10, Theorem 2.3]) that the Carleman operator
has a purely absolutely continuous spectrum of uniform multiplicity two filling in
the interval [0, 7], we obtain: If B is any self-adjoint operator of rank one, then
Proposition 1V.22 (3) implies that D(\) has infinite dimensional kernel and is
thus, by Remark IV.9, unitarily equivalent to a self-adjoint Hankel operator for
all A e R.

Jacobi operators. Set $ = (2(Z). So far, we have often denoted vectors in §) by 9 or
1, Y2, etc. In order to avoid ambiguities, we will write

EQ(Z) 3P = (Wn)nez-

Let us consider a bounded self-adjoint Jacobi operator H acting on ¢?(Z). More precisely,
we suppose that there exist bounded real-valued sequences a = (ap)nez and b = (by)nez
with a, > 0 for all n € Z such that

H(Wn)nEZ - (anwn—H + an_1Wp—1 + b”w”)neZ7

cf. [79, Theorem 1.5 and Lemma 1.6]. The following result is well known (cf. the formula-
tion of [83, Lemma 8.4]).

Lemma IV.49 (see [79, Lemma 3.6]).
Let H be a bounded self-adjoint Jacobi operator on £2(Z)). Then the singular spectrum of H
has spectral multiplicity one, and the absolutely continuous spectrum of H has multiplicity

at most two.

In the case where H has a simple spectrum, we can choose a cyclic vector ¢ for H. We
set A = H and consider the rank one perturbation B = a(e, ) sz ¢ for any a € R\ {0}.
Then, by Theorem IV.1’ (2), D()) is unitarily equivalent to a bounded self-adjoint Hankel
operator for all A in R except for at most countably many \ in gegs(A).

Now, let us consider an example where the absolutely continuous spectrum of the

Jacobi operator has multiplicity two.

Example IV.50 (see [83, Example 8.5]).
Let Hy be the discrete Schrédinger operator on £2(7Z) with bounded potential V : Z — R,

HV(Wn)nGZ = (WnJrl + wp—1+ Vnwn)nez-

If the spectrum of Hy contains only finitely many points outside of the interval [—2,2],
then |20, Theorem 2| implies that Hy has a purely absolutely continuous spectrum of
multiplicity two on [—2,2]. (In particular, it is well known that the free Jacobi operator
Hy with V = 0 has a purely absolutely continuous spectrum of multiplicity two filling in
the interval [—2,2].) In this case, we set A = Hy. Then if B is any self-adjoint operator
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of rank one, Proposition IV.22 (3) implies that D(\) has infinite dimensional kernel and is
thus, by Remark IV.9, unitarily equivalent to a self-adjoint Hankel operator for all A € R.

Last, let us consider the almost Mathieu operator H, g : £*(Z) — ¢*(Z) defined by
H, po(wn)nez = (wn+1 + wp_1 + 2k cos(27'r(9 + nﬂ))wn) <z
n
where k € R\ {0} and 8,6 € R. In fact, it suffices to consider 5,0 € R/Z.
The almost Mathieu operator plays an important role in solid state physics, see, e. g.,
the review [48] and the references therein.
Here, we are interested in cases where Proposition IV.22 can be applied to the
almost Mathieu operator with an arbitrary self-adjoint rank one perturbation, see Ex-
ample IV.53 below. Sufficient conditions for this purpose are provided by the following

lemma.

Lemma IV.51 (cf. the formulation of [83, Lemma 8.6]).
(1) If B is rational, then for all k and 6 the almost Mathieu operator Hy g ¢ is periodic

and has a purely absolutely continuous spectrum of uniform multiplicity two.
(2) If 8 is irrational and |k| < 1, then for all 0 the almost Mathieu operator H, g

has a purely absolutely continuous spectrum of uniform multiplicity two.

Proof. (1) If 3 is rational, then H, gg is a periodic Jacobi operator. Hence, it is well
known (see, e.g., [79, p. 122|) that the spectrum of Hy, g ¢ is purely absolutely continuous.
According to [22, Theorem 9.1|, we know that the absolutely continuous spectrum of H,, g ¢
is uniformly of multiplicity two. This proves (1).

(2) Suppose that 3 is irrational. Avila showed (see [4, Main Theorem|) that the almost
Mathieu operator Hy, g ¢ has a purely absolutely continuous spectrum if and only if |s| < 1.
Again, [22, Theorem 9.1| implies that the absolutely continuous spectrum of H, gg is
uniformly of multiplicity two. This completes the proof. O

Remark IV.52 (see [83, Remark 8.7]).
Problems 4-6 of Simon’s list [76] are concerned with the almost Mathieu operator. Avila’s

result [4, Main Theorem|, which we used in the above proof, is a solution for Problem 6
in [76].

Here is the announced example.

Example IV.53 (see [83, Example 8.8]).

Assume that the parameters k, 3, and 6 are such that Lemma IV.51 is applicable to the
almost Mathieu operator A = H,; g9. Then if B is any self-adjoint operator of rank one,
Proposition IV.22 (3) implies that D(\) has infinite dimensional kernel and is thus, by
Remark IV.9, unitarily equivalent to a self-adjoint Hankel operator for all A € R.

IV.8. Two open problems
We start with

Open problem IV.54. Describe the asymptotical behaviour of the function Ry 3 y —
k(y) € R defined in (II1.13) as y — oo.
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Remark IV.55 (to Open problem 1V.54).
As noted in Remark II1.28, x defined in (II1.13) is continuous,

yl_lg%lJr k(y) exists in R, and ylingo k(y) = 0.

On the other hand, it is well known (see, e.g., [62, Corollary 8.11, p. 54|) that the Hankel
operator T, on L2(R) is compact if x belongs to L'(R4 ). So if we had

1+e
Yy

lim sup | (y) | < oo for some & > 0,

Yy—0o0

then we would know that T}, is compact.
Next, we consider

Open problem IV.56. Prove a result similar to Theorem IV.13 in the case when the
perturbation B is of rank N > 2.

IV.8.1. Discussion of Open problem I'V.56. The idea is to use a result like Propo-
sition IV.17 (see [49, Theorem 2.1]) in the case when rank B = N > 2. Recently, in [50],
Liaw and Treil generalized their result [49, Theorem 2.1|; for simplicity, we describe [50,
Theorem 6.1] (see Proposition IV.69 below) in the following special situation.

Hypothesis IV.57. Let A be a bounded self-adjoint operator on a complex separable
Hilbert space §), and let By = GYG* on $ be of finite rank N > 2, where G : CY — §
satisfies Ran(By) = Ran(G) and Y is a self-adjoint N x N matrix. We set (cf. [50, p. 4|)
g1 =G(1,0,...,0), ..., gy = G(0,...,0,1).
Remark IV.58. Since G is of rank N, the vectors g1, ..., gn are linearly independent.
We need the following notion (see |50, p. 5|; cf. also [26, Definition 12, p. 1349|):

Definition IV.59 (Positive matrix measure).
Let J C R be a nonempty bounded open interval. Given complex Borel measures (™)

m,n=1,...,N, on Jsuch that each (™™ m =1,... N, is positive, we call
M:B(J) = CVN o M(A) = (™A,

c CNXN

a matriz measure on J. If, moreover, M[(A) is self-adjoint and positive semidefinite

for every A € B(J), then we say that M is a positive matriz measure on J.

Example IV.60. Let A and By be as in Hypothesis IV.57. We choose a bounded open
interval J C R that includes 0(A) U o (A + By) and define (cf. [50, formula (2.3)])

M : B(J) — CV*N | M(A) = G*EA(A)G, (IV.17)
as well as (cf. [50, p. 7])
My : B(J) = CV*N My (A) = G*Ea(A + By)G. (IV.18)
It is easy to verify that M and My are positive matrix measures on J.
Next, let us recall some facts taken from [29, Section I1.6] (cf. also [26, pp. 1349-1350]

and [50, p. 5]). Let M be a positive matrix measure on J. Using the representation
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M(A) = M(A)Y/2M(A)'/? and the Cauchy-Schwarz inequality, we obtain

| (m(A)| < %( mm)(A)+ ™M(A)) (A€ BI); mn=1,...,N). (IV.19)

Let us fix m,n = 1,..., N. It follows from (IV.19) that (™" is absolutely continuous
with respect to

(A) = trace M(A) (A € B(I));

we note that is a positive finite scalar measure. By the Radon—Nikodym theorem, there
exists a -measurable complex-valued function w(™ such that

(mn)(A) = / w™ () d (t) (A e B(I)). (IV.20)
A
One can show:

Lemma IV.61 (see [29, Lemma 6-1, p. 107]).
Let W = (w(m”))mn:1 s where w™) m,n = 1,....N, are as in (IV.20). Then
W(t) € CN*N s positive semidefinite for -almost every t € J.

Following |29, p. 107| and |50, p. 5|, we define:

(1) by LZ(J, M; CY) the set of all N-tuples f = (f1,..., fn) of Borel functions such
that

111> = £<W(t)f(t)7f(t)>cwd (t) < oo;

(2) by L2(3,M; CV) the set of all equivalence classes in L3(J, M; C%) modulo functions
f € L3(7,M;CY) for which || f|| = 0.
As usual, one can show that L2(J, M; CV) endowed with the inner product

(01D neny = [WOSV0O. W) exd (0 (Iv.21)

is a pre-Hilbert space. Moreover, we have:

Proposition IV.62 (see [29, Theorem 6-4, p. 111]).
Let M be a positive matriz measure on J. Then the pre-Hilbert space L>(M) = L2(J,M; C")
endowed with the inner product given by (IV.21) is complete and thus a Hilbert space.

Remark IV.63 (to Proposition IV.62).
Let f € L*(M). It is easy to see that (f, f)izqmy = O if and only if W(t)f(t) = 0 for
-almost every t. Therefore, we can naturally define the vector-valued integral

[1am7 = [worsaa o,
J J

of. [50, p. 5.
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One has the following (abstract) spectral representation result.

Proposition IV.64 (see [29, Theorem 6-5, p. 111]).
Let A be a bounded self-adjoint operator on $) such that there exist linearly independent
vectors by, ...,bx with

span {A"b; :n € Ng,i=1,...,N} = 9.

Then A is unitarily equivalent to the multiplication operator by the independent variable on
an L2(M) = L2(J,M; C") space for some positive matriz measure M on a bounded open

interval J that includes the spectrum of A.

Remark IV.65. Let A and By be as in Hypothesis IV.57. In [50, Theorem 6.1] (see
Proposition 1V.69 below), Liaw and Treil found a formula for the spectral representation of

A+ By . In view of Lemma IV .4, we can assume without loss of generality that (cf. [50, p. 4])
span{A"gi:neNg,i=1,...,N} =9, (Iv.22)

where we recall that the vectors g1, ..., gy defined in Hypothesis IV.57 are linearly inde-
pendent and generate Ran(By) = Ran(G). In this situation, one also has (see, e.g., [50,
Lemma 2.5|)

Span{(A—l—By)ngi :n € Ng, 1= 1,...,N} = 9.
We conclude from Proposition 1V.64:

Corollary IV.66. Let A and By from Hypothesis IV.57 be such that (IV.22) holds. Then

there exist positive matriz measures M and My as well as unitary operators
ViH—L2M) and Vi :$H— L*(My)
such that
VAV*=M, on L*M) and Vy(A+By)Vy =M, on L*(My).

Remark IV.67. Let A and By from Hypothesis IV.57 be such that (IV.22) holds. With-
out loss of generality, we assume that A acts by multiplication by the independent variable
on a von Neumann direct integral of separable Hilbert spaces (cf. Theorem 1.92). We
define M as in (IV.17) and My as in (IV.18). Then the unitary operator V' from Corol-
lary IV.66 can be chosen such that VG : CV — L2(M) is given by (VGc)(t) = c for all ¢,
see |50, pp. 6 and 17|. As noted in [50, p. 17|, the adjoint operator G*V* then acts as

follows:

(G'V*)f = / [AM@]f(E)  (f € L2(M)).

Hypothesis IV.68. We henceforth assume that the operator A is given in its spectral
representation described in Remark IV.67 (cf. [50, p. 17]). That is, we identify $ with
L2(M), A with M;, G with VG, and G* with G*V'*.
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The announced recent result of Liaw and Treil reads as follows.

Proposition IV.69 (see [50, Theorem 6.1]).
Let us assume Hypotheses IV.57 and IV.68. Then A + By is unitarily equivalent to the
maultiplication operator by the independent variable on L2 (My), M, = V(A + By)V{,
where Vy : L2(M) — L?(My') is given by
h(t)—h
(Vo)) @) = e — v [Tamn =1
for all ¢ € CN and all continuously differentiable functions h : R — C with compact

support.

Maybe one can use Proposition IV.69 to solve Open problem IV.56.
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CHAPTER V

On a generalization of M. Krein’s example

This chapter is based on the paper [66] which is a joint work of Olaf Post and the author
of the present thesis (CU); please note that the contribution of CU to [66] is declared on
p. 113. It is to emphasize that the results of [66| constitute the second pillar of the research
of the present thesis.

Notation V.1. In this chapter, we index all sequences by the set IN of natural numbers

and therefore write (u,,) in place of (tm)menN-

The following material is taken, almost verbatim, from the paper [66, pp. 292-294] by
Olaf Post and the present author.

In this chapter, we generalize M. Krein’s example (see Section II.3) by considering
operators of the type

dz\N b d2\D 5
H= (—@) ©I+1@Land HP = (—@) @l+IoL in LXR)e6, (V.1)
where & # {0} is a complex separable Hilbert space and L is a self-adjoint nonnegative
operator on & (precise definitions are given in Section V.3). We call H resp. HP the

(abstract) Neumann resp. Dirichlet operator. In particular, this framework includes:

(1) M. Krein’s example of the half-line Ry with L =0 and & = C;

(2) the example of the classical half-space Ry x R"~! with L = —Agn-1 and n > 2;

(3) the case when L is (minus) the Laplacian on a generally noncompact manifold Y,
e.g., on the cylinder Ry x Y with Neumann resp. Dirichlet boundary conditions

on {0} x Y.

We consider the resolvents
Ag=HP +1)™" and A =(H+1)™! (V.2)

of the operators HP and H defined in (V.1) at the spectral point —1. The difference
Aq — Ag of the resolvents will be computed with the help of an M. Krein-type resolvent
formula from the theory of boundary pairs [65].

Next, we would like to calculate the difference E(_n, 9)(A0) — E(—oc,9)(A1) of the spec-
tral projections for all 0 < ¢ < 1. It is generally hard to compute differences of spectral
projections explicitly. In our example, however, the computation can be performed, using
the transformation formula for spectral measures (this idea is borrowed from M. Krein’s
example) and a convolution-type formula from [85].

We give a full description of the unitary invariants of the resolvent difference and of
the difference of the spectral projections. Moreover, the spectral properties establish a link
between the difference of the spectral projections and Hankel operators.
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Operators of the type (V.1) have been studied before; criteria for self-adjointness (see,
e.g., Schmiidgen’s monograph [75]), the spectrum (see, e.g., [75] or Weidmann’s mono-
graph [85]), and a convolution-type formula for the spectral projection (see [85]) are known
and will be very useful in this chapter. We present these results in Subsection V.2.2.

There are classical works on spectral theory of self-adjoint boundary value problems
with operator-valued potential as in (V.1), see, e.g., Gorbachuk and Kutovoi [32,33, 35,
36,46| and the monograph [34].

Remark V.2. Gorbachuk and Kutovoi showed in [35] that A; — Ay is trace class if and only
if (in the present notation) (L+ 1)~ is trace class. Sufficient criteria for A; — Ap to belong
to Schatten classes can be found in [36]. The proofs rely on the resolvent identities and
the ideal properties of Schatten classes; the resolvent difference is not computed explicitly
in [35,36].

Abstract boundary value problems have often been treated using operator theory. A
boundary triplet for the Schréodinger operator on the semi-axis with operator-valued poten-
tial was constructed in [24, Section 9.6] for the first time; note that the boundary operators
of this boundary triplet depend on rational powers of the potential. We refer to the review
article |23| for an overview on boundary triplets and also to [65] for the concept of bound-
ary pairs, see also the references therein. Such concepts allow for example to calculate
differences of resolvents of operators with different boundary conditions. There are related
works by Boitsev, Neidhardt, and Popov [13] on tensor products of boundary triplets (with
bounded operator L), Malamud and Neidhardt [52| for unitary equivalence and regularity
properties of different self-adjoint realizations, Gesztesy, Weikard, and Zinchenko [30, 31]
for a general spectral theory of Schrodinger operators with bounded operator potentials,
and Mogilevskii [58], see also the references therein. Moreover, when finishing the pa-
per [66], Olaf Post and the author of the present thesis have learned about the recent
paper [12] in which Boitsev, Brasche, Malamud, Neidhardt, and Popov construct a bound-
ary triplet for the adjoint of the symmetric operator T'® I + I ® L, where T is symmetric
and L is self-adjoint. This generalizes the situation of (V.1), where T = —d?/dt? on
L2(R+). The focus in [12] is on self-adjoint extensions which do not respect the tensor
structure (V.1) as models for quantum systems coupled to a reservoir. Note that in [12,52]
one has to “regularize” the boundary triplet (i.e., one has to modify the boundary map and
spectrally decompose L into bounded operators) in order to treat also unbounded opera-
tors L. In our approach, we can directly treat unbounded operators L without changing
the boundary map or decomposing L. The special case of operators L with purely dis-
crete spectrum has been treated, e. g., in [65, Section 6.4] or, in a slightly different setting,
in [64, Section 3.5.1].

V.1. Main results

The following material is taken, almost verbatim, from the paper |66, pp. 294-296| by
Olaf Post and the present author.

Let Ap and A; be the resolvents defined in (V.2) of the (abstract) Dirichlet and
Neumann operators given in (V.1) above.
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Theorem V.3 (see [66, Theorem 1.1]).

(1) The resolvent difference Ay — Ay acts on elementary tensors 1 ® x as follows:

([A1 AU](@ZJ@X / (T exp( (L+I)1/2(t+7'))(L+I) 12y ar

for ally € C.(Ry) and all x € 6.
(2) Let0 <9 < 1 and let a(¥9) = 3 —1 > 0. Then the difference of the spectral projec-
tions of Ay and A1 associated with the open interval (—oo, ) acts on elementary

tensors ¢ @ x as follows:

([B(o00)(A0) = B (AD] (@ ) ) (1

sin((a(9)] — L)YYV2(t + 7))

2
= ”/1R+ (7)) Ejo,a()) (L) P xdr

for all ¢ € C.(R4) and all x € &.

Consequently, the operators A1 — Ag and E(_ 9)(A0) — E(_o9)(A1) can be evaluated
explicitly on the dense subspace of L2(Ry) ® & that is given by the linear hull of all
elementary tensors of the type ¢ ® x with ¢ € C.(R4) and x € .

If we represent L as multiplication operator by the independent variable on a von
Neumann direct integral (see Section 1.4), then a scaling transformation yields the following

beautiful representation with separated variables for the resolvent difference A; — Ay:

Theorem V.4 (see [66, Theorem 1.2]).

The resolvent difference A1 — Ag is unitarily equivalent to

([(_jé)N ; z] o [(—j;)D . f} _l> ©L+D)™" on AR 96,

For brevity, let us write 0 = o(L) for the spectrum of L. By Theorem 1.92, we know
that L is unitarily equivalent to the multiplication operator by the independent variable
on a von Neumann direct integral fa@ &(A)d (N). Moreover, the first factor (the difference
of the Neumann and Dirichlet resolvents) in the previous theorem is a rank 1 operator
with eigenvalue 0 of infinite multiplicity and simple eigenvalue 1/2, see (I1.8). Hence, we

conclude:

Corollary V.5 (see [66, Corollary 1.3]).
One has

o(Ar — A0) = (0} U {5 (Alﬂ) reoh,

and the spectral decomposition of Ay — Ag is as follows:
(1) 0 is an eigenvalue of infinite multiplicity;
(2) for e € {p,ac, sc} one has o4(A1 — Ap) \ {0} = {m : XA € 0o}, and the
multiplicity of 5 >\+1 (with respect to A1 — Ag) coincides with the multiplicity of

A (with respect to L) for e-almost all \.

In particular, Ay — Ag is compact if and only if L has a purely discrete spectrum.!

IThis is equivalent to (L + I)~" being compact, cf. Remark V.2.
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The spectral decomposition of the difference of the spectral projections looks as follows:

Theorem V.6 (see [66, Theorem 1.4]).
Let 0 <9 <1 and let o) = § — 1> 0. Then one has:

[-1,1] if (on[0,a(d))) >0
0 i (enD.a)) =0
0 if (oNa(d),00)) =0
{0} if (onNa(v),o0)) > 0.
If (oNa(d),00)) >0, then the multiplicity of the eigenvalue 0 is infinite.
[—1,1] if (on[0,(¥))) >0
0 if (oN[0,a(¥))) =0.
If (oN[0,(V))) > 0, then the (uniform) multiplicity of the absolutely con-
tinuous spectrum equals the dimension of fa@ 0,0(9)) SN d (V).

N
(4) The singular continuous spectrum is empty.

(1) 0(E(—s0,9)(A0) = E(—00)(A1)) = Z;

(2) 0p(E(—co,9)(A0) = E(—o0,9)(A1)) =

(3) Tac (E(—Oo,ﬂ) (AO) - E(—oo,ﬁ) (Al)) =

Let us close this section with a remark and an example.

Remark V.7 (Link to Hankel operators; see [66, Remark 1.5]).

We observe that E(_. 9)(A0) — E(—s,9)(A1) is unitarily equivalent to its negative, that
its kernel is either trivial or infinite dimensional, and that 0 belongs to its spectrum, for
all 0 < ¥ < 1. Consequently, the characterization theorem for bounded self-adjoint Hankel
operators (see Theorem I11.4) implies that F(_ 9)(A0) — E(_oo9)(A1) is always unitarily

equivalent to a Hankel integral operator on L2(R).

Example V.8 (Classical half-space; see [66, Example 1.6]).
If L is the free Laplacian on R™™! for some n > 2, then the difference of the spectral
projections associated with (—oo, ) has infinite dimensional kernel, and its (absolutely

continuous) spectrum equals [—1, 1] and is of infinite multiplicity, for all 0 < ¢ < 1.

The further structure of this chapter is as follows. First, we briefly present the main
tool of our analysis, namely the concept of boundary pairs and some facts on the tensor
product of operators as well as the von Neumann direct integral decomposition of a self-
adjoint operator (for a theoretical background, we refer to Section 1.4). In Section V.3,
we apply the theory of boundary pairs to our example and calculate the related objects
explicitly. In particular, we establish Theorem V.3 (1). Section V.4 contains the proof of
Theorem V.4. In Section V.5, we establish Theorem V.3 (2) and Theorem V.6. Finally,
we discuss two ideas for further research.

V.2. Tools

Most of the following material is taken, almost verbatim, from the paper [66,
pp. 296-298| by Olaf Post and the present author.

V.2.1. Boundary pairs. Let us briefly explain the concept of boundary pairs which
is used to solve certain abstract boundary value problems for operators via their associated
forms. Details can be found in [65].
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Let $) # {0} be a complex Hilbert space and h a closed and densely defined nonnegative
form on $) with domain Dom(f) = $'. In particular, ' with its intrinsic norm defined by
||u||g = b(u) + [|ul[§ is complete. Further, let & # {0} be another complex Hilbert space
and I' : H' — & a bounded operator.

Definition V.9 (Boundary pair/operator; see [65, Definition 2.1]).
We say that (I, ®) is a boundary pair (associated with b) if the kernel of I' is dense in $
with respect to the norm || e ||¢ and if the range Ran(I') = &'/2 is dense in @.

In this case, we call I' a boundary operator (or boundary map).

Given a boundary pair (I', 8), we can define the following objects:

e the (abstract) Neumann operator H as the self-adjoint nonnegative operator as-
sociated with b;

e the (abstract) Dirichlet operator HP as the self-adjoint nonnegative operator as-
sociated with hlgeyr) (note that Ker(I') is a closed subspace of ab);

o the space of weak solutions in z € C,
N(z) ={h e H' : h(h,u) = 2(h,u)g for all u € Ker(T') = H'P}.
One has:

Lemma V.10 (see [65, Proposition 2.9]).
Let z € C\ o(HP).
(1) If hy, ho € MY (2) satisfy Thy = Tha, then hy = ha.
(2) We have $H' = H5P + N (2) (direct sum with closed subspaces); the sum is or-
thogonal if z = —1.

In view of Lemma V.10, the (Dirichlet) solution operator
S(2) = (Plgn(,y) " : Ran(l) = &1/2 = N (2) € '
is well-defined.

Remark V.11. Let us note that &'/2 endowed with the inner product XsMer/2 =
b(S(=1)x, S(—1)n) +(S(—1)x, S(—1)n)s and the induced norm ||x||1/2 is a Hilbert space,
see [65, p. 1062]

Let us recall some notions; we follow Kato [40].

Definition V.12 (Accretive operators; see [40, p. 279]).
An operator A on & with domain Dom(A) is called accretive if Re ((Ax,x)s) > 0 for
all x € Dom(A).

Definition V.13 (m-accretive operators; see [40, p. 279]; cf. also [57, Thm. 2.3.2]).
An operator A on & with domain Dom(A) is said to be m-accretive if for every ¢ € C with

Re( <0,

A — (I is boundedly invertible and (A — CI)_1||0P < M'
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Remark V.14 (to Definition V.13).
Every m-accretive operator is closed, accretive, and densely defined, see [40, p. 279];
cf. also Miklav¢i¢ [57, p. 58|.

Definition V.15 (Quasi-m-accretive operators; see [40, p. 279]).
An operator A on & with domain Dom(A) is called quasi-m-accretive if there exists an

« € C such that A 4+ ol is m-accretive.

Definition V.16 (Sectorial operators; see [40, p. 280]; cf. also [75, Definition 3.7]).
An operator A on & with domain Dom(A) is said to be sectorial if there exist ¥ € [0,7/2)
and v € R such that the numerical range of A,

O(A) = {{Ax,x)s : x € Dom(A), [Ix]le = 1},

is included in a sector
849 ={C€C:Re(C—7) >0, |arg(¢ —7)| <} (V.3)
Remark V.17. In (V.3), —mt < arg(¢ — ) < 7 denotes the angle of { — .

Definition V.18 (m-sectorial operators; see [40, p. 280]).

An operator on & is called m-sectorial if it is sectorial and quasi-m-accretive.
Before we can define “sectorial forms,” we need to recall some more terminology.
Definition V.19 (see [40, pp. 309-310]).
Let [ be a form on & with domain Dom([).
(1) The adjoint I* of [is given by

“(x,n) = Un,x) for all x,n € Dom(l*) = Dom(I).

(2) The real part of I is defined by

Rﬂ0:30+ﬂ.

Definition V.20 (Sectorial forms; see [40, p. 310]).
A form [ on & with domain Dom() is called sectorial if there exist ¥ € [0,71/2) and v € R
such that the numerical range of [,

{1(x) : x € Dom(1), [xlle =1},

is included in a sector

{C€C:Re(¢—7) >0, |arg(¢ — ) < 9} (V.4)

Remark V.21.

(I) In (V.4), —t < arg(¢ — ) < 7 denotes the angle of { — .
(IT) A sectorial form [ is said to be closed if Re ([) is closed (cf. [40, p. 313]).

The following representation theorem holds.
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Proposition V.22 (see [40, Theorem 2.1, p. 322]; cf. also [75, Theorem 11.8]).
Let [ be a densely defined closed sectorial form on & with domain Dom(l). Then there

exists a unique associated m-sectorial operator Ay with domain
Dom (A;) = {x € Dom(I) : 3p € &VYn € Dom(1), [(x,n) = (¢, n)e }
and Ax = .
Furthermore, Dom(Ay) is a dense subspace of the Hilbert space (Dom(l), || ® [[ger))-
We even have:

Corollary V.23 (see [40, Theorem 2.7, p. 323]; see also [75, Corollary 11.9]).
The map [ — Ay gives a one-to-one correspondence between densely defined closed sectorial

forms and m-sectorial operators on &.
Let us now continue with the theory of boundary pairs.

Proposition V.24 (see [65, Theorem 2.12]).
Let (T, &) be a boundary pair associated with b, and let z € C\ o(HP). Then

&2 x&2 5 € Lion) =b(S()x,S(=1)n) — 2(S(2)x, S(~1)n)s,
is a well-defined bounded form (with respect to the norm || ® ||g1/2).
We call [, from Proposition V.24 the Dirichlet-to-Neumann form.
Notation V.25. For brevity, we will often write S in place of S(—1).

Definition V.26 (Elliptic regularity; see [65, Definition 3.1]).
We say that a boundary pair (I', &) is elliptically reqular if there exists a constant ¢ > 0
such that

I1Sxlls < clixlle for all x € &'/,

Let us note:

Remark V.27 (to Definition V.26; cf. [66, p. 297]).
A boundary pair (I', 8) is elliptically regular if and only if the associated solution operator
S 612 5 §l extends to a bounded operator S : & — §.

In this case, we call S the extended solution operator.

One has:

Proposition V.28 (see [65, Theorem 3.8]).

Let (T',®) be an elliptically reqular boundary pair, and let z € C\ o(HP). Then the
Dirichlet-to-Neumann form |, is closed, densely defined, and sectorial (as form on & with
Dom(l,) = &2). Moreover, the domain of the associated m-sectorial operator Ay, s

independent of z.

Notation V.29. We will write A(z) in place of A;, and call it the Dirichlet-to-Neumann

operator.
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The main example is the following;:

Example V.30 (see [66, p. 297]).

Let X be an open subset of R™ with smooth boundary Y = 0X. Let § = L%(X), h(u) =
JIVu(z)|* dz, Dom(h) = WH2(X). Moreover, let T'u = uly, i.e., I' is the (Sobolev) trace
map. Under suitable conditions (e.g., Y is compact or some curvature assumptions of
Y), T : Wh2(X) — L%(Y) is bounded, where we consider Y as Riemannian manifold with
its natural (n — 1)-dimensional measure. In our example above, we have X = R and
Y = {0} x R""!. Then H resp. HP is the Neumann resp. Dirichlet Laplacian; 9'(2) the
space of weak solutions of (—A —zI)h = 0 with h € WH2(X); S(z) is the solution operator,
associating to x € Ran(I") the weak solution h with I'h = x. Moreover, A(z) is the classical
Dirichlet-to-Neumann operator (see, e. g., Lassas, Cheney, and Uhlmann [47]), associating
to a boundary function y : Y — C the normal derivative of the function h € 9!(z) with
I'h = .

One of the main results of [65] is the following.

Theorem V.31 (An M. Krein-type formula; see [65, Theorem 1.2]).

Let (T',®) be an elliptically reqular boundary pair, and let z € C\ (c(HP) Uo(H)). Then
the Dirichlet-to-Neumann operator A(z) has a bounded inverse A(z)™' : & — &, and the
following M. Krein-type formula holds:

(H— 27— (HP — 2I)7' = S(2)A(2)"15(z)".

V.2.2. Tensor product of operators. In this subsection, we fix some notation and
briefly discuss how a result from [75] about cores for certain self-adjoint product type
operators carries over to the forms associated with these operators; furthermore, we present
three facts on operators of this product type.

We start with some preparations.

Remark V.32 (Tensor product of operators).
Let T; be a densely defined and closable operator on a complex separable Hilbert space &;
with domain Dom(7;), where ¢ = 1,2. We write &; ® & for the usual Hilbert space tensor
product and &1 ® &, for the algebraic tensor product of &1 and &,. In this situation, one
has (see |75, Proposition 7.20 (i)]):

T T

(T & ) (ZX?) . ng)> -y (T1x§j)> - (sz(”) (x? € Dom(Ty), r € )
Jj=1 Jj=1

is a well-defined operator on &; ® &5 with domain
Dom(T; © Ts) = {ZX ®X2 : (])eDom(T), TGIN}.

Moreover, 11 ® T3 is also densely defined and closable (see |75, Lemma 7.21]). Its closure
is denoted by 17 ® Ty and called the tensor product of T7 and T.

If, in addition, T} and T5 are symmetric and nonnegative (i.e., (Tix, x)s, > 0 for all x €
Dom(T3)), then Th ® T is also symmetric and nonnegative, see [75, Proposition 7.20 (iii)].
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Let us note that in the case when T and 75 from Remark V.32 are bounded with
Dom(T7) = &; and Dom(7») = &g, then T1 ® T» clearly coincides with the tensor product
of bounded operators discussed in Remark II.61 above.

In the following, we will assume that the operators 17 and T5 are self-adjoint and non-
negative. Let T' € {11, T>}. We recall (see |75, p.145]) that a vector x € (),-_; Dom(7T™)
is called bounded for T if there exists a constant B, > 0 such that |[T™x| < B for every
m € IN. In this case, we write x € D"(T'). The following result will be very useful.

Proposition V.33. Let T; > 0 be a self-adjoint operator on &;, where i = 1,2. Then the
operators Ty @ To, Th @ I, I @ Ts, and T1 ® I + I ® Ty are nonnegative and self-adjoint.

The dense subspace
Dy, = span{x1 ® x2 : x1 € D"(T1), x2 € D"(T2)} (V.5)
of 1 ® By is an invariant core for each of these four operators.
Proposition V.33 is a consequence of the following two lemmas.

Lemma V.34 (see [75, Theorem 7.23]).
Let T; > 0 be a self-adjoint operator on &;, where i = 1,2. Then the operators T1 ® 15,
Ti®1, and IRT, are self-adjoint and nonnegative; Ty @ I+ 1®Ts is essentially self-adjoint
and nonnegative. The dense subspace

Dy =span{x1 ® x2: X1 € Qb(T1)>X2 € Qb(T2)}
of 1 ® By is an invariant core for each of these four operators.

Lemma V.35 (see [75, Exercise 17.a, p. 163]).
The operator Th @ I + I ® Ty from Lemma V.34 is closed and hence self-adjoint.

Proof. Qualitatively, the assertion is a consequence of the first binomial formula.
For brevity, let us write H =T1 ® [ + I @715 and ) = 81 ® &4. Let (u,,) be a sequence
in ®y, such that

umnH—oo>u€Y) and Hum"H—OOH)Eﬁ.

Then, on one hand,
| Hup — Hug)2 22225 0.
On the other hand, as T} ® T» > 0 (see Lemma V.34), we have
[ Hupn — Hum”.% =Ty & Dup — (T @ I)“m”% + (1L @ To)un — (I ® T2)umH.26
+2((T1 @ Ta) (U, — U, U — Um) 5

> [[(T1 ® Dun = (T1 ® Dl + (1@ Tao)un — (I @ Ta)um|s.

Since T1 ® I and I ® T5 are self-adjoint (hence closed), we thus obtain

u € Dom(Ty ® I) and w € Dom(I ® Tz), 1i.e., wu € Dom(H).
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We conclude that
[Hu —v|lg < [[(T1 @ Du — (T1 @ Dum||g
+[|( @ To)u — (I @ Ta)umlls + [[Hum — v|lg

m—00 O‘
It follows that H is closed. ]
Proof of Proposition V.33. We combine Lemmas V.34 and V.35. O

The following result is an easy consequence of Proposition V.33 and will be very useful.

Proposition V.36 (see [66, Proposition 2.1]).
The subspace Dy, of &1 @ Bq defined in (V.5) is a core for the form associated with the
operator Ty @ I + 1 ® Th.

Proof. For brevity, let us write H =T/ ® I + I ® 15 and $ = &1 ® Bo. It suffices to show
that Dy, is a core for the self-adjoint operator H/2, see [75, Proposition 10.5].

It is well known (see, e.g., [75, Corollary 4.14]) that the domain of H is a core for
H'Y?. Let u € Dom(H). Since Dy, is a core for H (see Proposition V.33), we can choose a
sequence () C Dy, such that u,, — v in $ and Hu,, — Hu in $ as m — oco. It follows
directly from the functional calculus for self-adjoint operators and the obvious inequality
A <14 A2 for all A € R that HY?u,, — HY?u in § as m — oo. Consequently, ©y, is a
core for HY/2, as claimed. ]

Here are three more facts on operators of the type 71 @ I + I ® Tb.

Proposition V.37 (cf. the formulation of [66, Proposition 2.2]).

Let, as above, T1 and T be nonnegative self-adjoint operators.

(1) O‘(T1®I+I®T2) :{tl—l—tgiti EO‘(Ti), i:1,2}.
(2) For every a € R, all v, p € &1, and all x,n € By, one has

(Bl (1@ T+ 1RT2) (Y ®X), p O N)e106,
- /R (B ) (T 10 pho AEA(T2) . ).

(8) The operator Ty @ I + I ® Ty has a purely absolutely continuous spectrum if Ty
has a purely absolutely continuous spectrum.

Proof. (1) In view of [75, Corollary 7.25] and the fact that T} ® I + I ® T; is self-adjoint,

we have

O'(T1®I—|—I®T2)Z{t1—|—t2 ZtiGO'(TZ'), i:1,2}.

It only remains to show that {t; +t2 : t; € o(T;), i = 1,2} is a closed subset of R
(cf. [75, Exercise 18.a, p. 163]). This follows easily from the Bolzano—Weierstraf theorem.
For part (2), see |85, Theorem 8.34] and for part (3), see [52, Proposition A.2 (iv)]. O
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V.2.3. The von Neumann direct integral. The theory of von Neumann direct
integrals is one of the main tools in this chapter; for a theoretical background, we refer to
Section [.4. In the present subsection, we recall some notation and discuss how the theory
of von Neumann direct integrals can be applied in our example.

Let be a finite Borel measure on R. We denote the von Neumann direct integral
of complex separable Hilbert spaces B(\) by & = f]ff B(A)d (N). Any element x € &
corresponds to the values x(A) € B()), defined for -almost all A € R. We will use the
notation x = f]lgj x(A)d (A). The von Neumann direct integral & together with the inner
product

(x1, X2)o = /R N eMewd () (u.xz € ©)

is a Hilbert space. The induced norm is denoted by [e|lz. We assume without loss
of generality that &(\) # {0} for -almost every A. Further, we identify the Hilbert
spaces flgf &(N\)d (M) and ;Epp( )(’5(/\) d (XA), where supp( ) denotes the support of the
measure . We will make use of the well-known fact that every self-adjoint operator on a
complex separable Hilbert space is unitarily equivalent to the multiplication operator by the
independent variable on a von Neumann direct integral (see Theorem 1.92).

Except for Subsection V.3.7, we will suppose in Sections V.3-V.5:

Assumption V.38 (see [66, Assumption 2.4]).
The operator L in (V.1) acts by multiplication by the independent variable on a von
Neumann direct integral & = fg &(N)d (M) #{0}.

Remark V.39 (see [66, Remark 2.5]).

With this assumption, we do not forfeit generality. This is clear in view of Theorem V.4,
Corollary V.5, and Theorem V.6. In view of Theorem V.3, we will show in Subsections V.3.7
and V.5.1 below that the corresponding results from Proposition V.59 and Lemma V.65

naturally carry over to the situation when L is not necessarily a multiplication operator.

V.3. The boundary pair of the generalized half-space problem

The following material is taken, almost verbatim, from the paper [66, pp. 299-308| by
Olaf Post and the present author.

Let & # {0} be a complex separable Hilbert space and $ = L2(Ry;®). As $ and
L2(R,) ® & are naturally isometrically isomorphic, we will very often identify 1/(e)y with
Y ® x for all ¥ € L2(R,) and x € &.

V.3.1. The form and its associated operator. Let us consider the nonnegative
form b on §, with domain $' = W2(R,; &) N L%(R. ; Dom(L'/?)), defined by

b0) = [ (G0 0000 + (L2 (u(t). L2 (0(1) )

where Dom(L'/?) is equipped with the graph norm of L'/2; see Section 1.3 for a brief
introduction to Sobolev spaces on an interval. It is easy to see that b is closed and densely
defined.
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Let H be the self-adjoint nonnegative operator

2

42 \N ,
H-(—@> ©I+I®L onl%(R.)® 6.

Using the above-mentioned identification of $§ = L%(R,;®) with L?2(R;) ® &, one can
show:

Proposition V.40 (see [52, Proposition 5.2 (iii)]).
The domain of H is given by

Dom(H) = {u € W**(R; &) N L*(Ry; Dom(L)) : 4(0) = 0},
where Dom(L) is equipped with the graph norm of L.
We conclude:

Lemma V.41 (see [66, Lemma 3.1]).
The operator H is associated with the form b.

Proof. For all u € Dom(H) and all v € $*, we have

bu,) = [ (0,50 + (L), L0 (0))s ) di
= [ ((=0.00) + (L) v0)s) i = (Huv)s,

where we used integration by parts and the self-adjointness of L'/2. Since H is self-adjoint,
the claim follows. 0
Let us recall that
Dy, =span{y @ x : ¢ € D°((—= d?/dt*)N), x e D*(L)} C L’ (Ry) @ &

is a core for H as well as for h by Subsection V.2.2, where the functions xy = ffa x(A)d (A)
are -measurable and satisfy [ (x(A), x(A\))spyd (A) < oo.

Notation V.42. We denote by /2 the branch of the square root defined on the plane cut
along the positive half-axis.

Functions of the type
(&3]
hiRy >,  teh(t) = / exp(iva = X)x()d (M), (V.6)

will play an important role in this chapter. First of all, we have to check that h is in § for
all z € C\ [mino, o) and all y € &.

Lemma V.43 (see [66, Lemma 3.2]).
Let z € C\ [mino,00) and let x € &. Then the function h : Ry — & defined in (V.6) is
continuous and h € .
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Proof. For every t € R, one has ||h(t)|le < ||x|le < oo so h is ®-valued. By the domi-
nated convergence theorem, we see that R4 3t — h(t) € & is continuous. Consequently,

h is measurable and we compute

7115 < / at / Nexp (<22 (j2] = Re ()2 ) XM 3y (V1)
21/2 (‘Z‘—R ( ))1/2“XHQS <0 ifze@\]R
as well as
Il < / dt/ N exp (=2 (mine = )12 ) [N g (V.8)
- Q(mma )12 IxlIE < oo if z € (—oo, mino). 0

Next, we show:

Lemma V.44 (see [66, Lemma 3.3]).
Let z € C\ [mino,c0) and let x € Dom(L'*). Then the function h : Ry — & defined
in (V.6) is also in H'.

Proof. First, we consider the case when y € Dom(L). By Lemma V.43, we know that
h € §, and it is straightforward to show that » € $'; note that h exists in the strong sense.

Now we consider the case when x € Dom(L1/4). Again, Lemma V.43 shows that h
is in $. Since Dom(L) is a core for LY/*, we can approximate X by a sequence (x,) C
Dom(L) with respect to the graph norm of L'4. Straightforward computations show that
1h=humllg == 0 and (kg —hp) =22%% 0, where hy, = [2 exp(ivz — Ae)xm(A)d (V)
for all m € IN. Consequently, the closedness of § yields:

hes' and ||k — hplly 2= 0. (V.9)

This completes the proof of the lemma. ([

V.3.2. The boundary operator. As boundary operator, we will choose the restric-
tion to $' of the usual boundary operator on the Sobolev space W'2(R; &) that evaluates
a given function at zero, i.e., we define I : §* — & by I'u = u(0). The next two lemmas

show that I' is indeed a boundary operator in the sense of Definition V.9.

Lemma V.45 (see [66, Lemma 3.4]).
One has [|T']|op < 2.

Proof. Let u € H'. We define the Lipschitz continuous function f : [0,00) — [0,1] by
fO)=1-tif0<t<1 and f(t)=0ift>1.

Then one has
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The result now follows from

1
wl|? . u o 2
IPul3 <2 /0 IFtu®) + Feyac)|] at
1

<4 / (lu()lI3 + [[a)3) dt
0
< 4fulf2. -

The proof of the following lemma is straightforward:

Lemma V.46 (see [66, Lemma 3.5]).
The kernel of T is dense in $) with respect to the norm | e||s, and the range of T is dense
m 8.

Next, we define the form hP = fHls1.o on the closed subspace HbP = Ker(T) of H'.
Then hP is densely defined, closed, and nonnegative (as form on $) with domain $HP). We
call HP| the self-adjoint nonnegative operator associated with h°, the Dirichlet operator.
We will show (see Lemma V.47) that the Dirichlet operator coincides with

2

d2 \D ,
(—45) @I+19L onl}(Ry)20.

We know (see Subsection V.2.2 above) that
DP = span{y) ® x : ¢ € D ((—d?/dt*)P),x e D(L)} C L*(Ry) @ &

is an invariant core for (—j—;)D ®I+1® L. Let us note that @E C Ker(I"). We have the

following expected result:

Lemma V.47 (see [66, Lemma 3.6]; cf. also [12, Proposition 5.6]).
The Dirichlet operator is given by

2.\D
HP = (—%) ®I+I®lL.

Proof. For brevity, we write HP = (—(j‘l—;)D ®I+1® L. We will show that HP is
associated with hP. This is proved in three steps:
Step 1. Integration by parts yields hP (u,v) = <fIDu, U>y) for all u,v € DP.

Step 2. Let u € DD and let ¢ € Ker(I'). We choose (v;) C Dy, with ||T — vy P 0.
6= (I'(), T'vg) e, where I'(4) € Dom(L) C
®. As k — oo we obtain that, on one hand, h(u,vx) — bh(u,?) = hP(u,?) and, on the
other hand, <ﬁDu,vk>ﬁ —(T(1), Tvg)e — <I;TDu,f1>5 —(T'(0), ) = <I§Du,f1>ﬁ.

Step 3. Let @ € Dom(fID) and let & € Ker(I'). We choose (u,,) C D with
1% — um|| go — 0. Then, by Step 1 and the positivity of HP, one has

Integration by parts yields b(u, vg) = <ﬁDu, vk>

62 (upy — wp) = ‘<fID(uk — Up), U — um>ﬁ| < g — umH%D for all k,m € IN

s0 (u,) is Cauchy with respect to [|e|[yp. Since hP is closed, it follows that @ € Ker(T)
and [|@ — up|l[jp —— 0. As m — oo we obtain that, on one hand, b (up, 0) — b (i, 0)
m—00
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and, on the other hand, <f~IDum,z7>53 — <f~ID12,27>5. Consequently,
b° (i, o) = (H 4, )

and thus HP ¢ HP. Since HP and HP are both self-adjoint, we conclude that HD =
HP. O

Lemma V.48 (see [66, Lemma 3.7]).

(1) The operators H and H D are unitarily equivalent.
(2) The spectrum of H is purely absolutely continuous filling in the interval [min o, 00);

the same is true for HP.

Proof. (1) Since the Neumann and Dirichlet Laplacians on L?(R,) are unitarily equiva-
lent, it follows that H and HP are also unitarily equivalent. Part (2) is a consequence of
Proposition V.37. U

Remark V.49 (A regularity result; cf. the formulation of [66, Remark 3.8]).
One can actually show that the domain of HP is given by (see [52, Proposition 5.2 (ii)])

Dom(HP) = {u € W»*(R,; &) N L*(R,; Dom(L)) : u(0) = 0},

where Dom(L) is equipped with the graph norm of L.

V.3.3. The solution operator and the range of the boundary operator. Let
z € C\ [mino, 00). We define

N (2) = {h € H':h(h,u) = z(h,u)s for all u € Ker(I')}.

The solution operator S(z) = (T fml(z))_l associates to a boundary value x € Ran(I') the
unique element h € 9t!(z) such that I'h = x (see Lemma V.10).

Lemma V.50 (see [66, Lemma 3.9]).
One has Dom(LY*) ¢ Ran(T") and, for every z € €\ [min o, c0),
52
S(2) pom(L1/4)X —/ exp(ivz — Ae)x(A)d (). (V.10)
Proof. The lemma is proved in two steps. First, we show that Dom(L) C Ran(T)
and (V.10) holds on Dom(L). Then, by approximation, we obtain that Dom(L'/*) c
Ran(T") and (V.10) holds on Dom(L'/%).

Step 1. Let x € Dom(L) and let h = [ exp (ivz — X o) x(A\)d (A). By Lemma V.44,
we know that h € ! and hence I'h = x. It remains to show that h € 9t!(z). This is
proved as follows:

Let v € ®y. A straightforward computation shows that

h(h,v) = <h,v>ﬁ+/ (L(h(t)),v(t))s dt

Ry

— =)~ [ (VEm I ) W)erd ()
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m— 00

Now let u € Ker(I'). We choose a sequence (vp,) C Dy, with ||u — vp ||y —— 0. Clearly,
B(h, vm) == b(h,u) and z (h, vp)s —5 z(h,u)s, and an easy computation shows
that |[—i [ (Vz = Ax(A), Tom)(A)soyd (V)] D72 0. Tt follows that A is in M (2).
Step 2. Let x € Dom(LY*) and let h = fa@ exp (ivVz— X o )x(A)d (X). Again, we
know by Lemma V.44 that h € $' and hence Th = .
Now we choose a sequence (xy,) C Dom(L) with ||x — Xm|;1/4 7% 0. By Step 1,
we know that hm = [ exp (ivz — X @ )xm(N)d (A) € 9N(2) for all m € N, and (V.9)
m—o0

implies that ||h — hy|ly —— 0. Consequently, h € 91'(z). This completes the proof of
the lemma. O

The following proposition shows that Ran(I') ¢ Dom(LY*) so, in fact, S(z) IDom(r1/4) =
S(z).

Proposition V.51 (see [66, Proposition 3.10]).
One has Ran(T") € Dom(L'/%).

Proof. We decompose $! into the orthogonal sum of 9! = 91!(—1) and Ker(I'). Since T
is linear, it suffices to show that I'h € Dom(L'/*) for all h € M'. This is proved in four

steps:
m—r0o0

Step 1. Let h € M!. We choose a sequence (hy,) C Dy, with ||k — hy,|ly ——s 0. Put
Bom = Pyphy  (m e IN),

where Py denotes the orthogonal projection of $' onto 91t
Step 2. Let m € N and set x,, = ['h;,. Then one has:

Xm = TPy = T Pyt hun, + T Pey(ry tm = Thim € Dom(L),

where Pyey(r) denotes the orthogonal projection of $! onto Ker(T'). By Lemma V.50, we
know that

/@exp (—(1+)\)l/20)xm()\)d (\) et and

&
F(/ exp (—(1 + /\)1/2 . )Xm()\) d (/\)) = Xm-
Since I'[¢y1 is injective, we thus obtain:

hpy = /EB exp (—(1 + )\)1/2 Q)Xm()\)d (N).

m—r0o0

Step 3. Clearly, [|h — humlly = | Pot (h = han)lly < b = Banlly ——— 0. Tt follows that
ITh = xXmlle = [[Th — Thyle m—_m: 0.

Step 4. We already know that (h,,) is a Cauchy sequence with respect to ||e||y. A
straightforward computation shows that

= bl > [ A = gy [ e (220426 ded ()

.
1 A o\ 1/2
:2/ (m) A2 () = Xm Wy d ()

101



Chapter V: On a generalization of M. Krein’s example

for all k,m € IN. Choosing Ao > 0 so large that (A/(1 + A))'/2 > 1/2 for all A > \g, we
thus obtain:

9 km—oo

1/2
Ik = xoml2170 < (140 Ik = Xl + 4l — B[ 2225 0.

Since Dom(L/*) is complete with respect to [|e|| 14, there exists x € Dom(LY*) such
that [[x — xml/1/4 %% 0. Consequently, one has ['h = y € Dom(L'*), as claimed. O

Remark V.52 (see [66, Remark 3.11]).
I' is surjective if and only if L is bounded.

We have thus computed the solution operator S(z) at every point z € C \ [min o, 00).
In particular, if z = —1 and y € Dom(L'/%), then (V.8) tells us that

1
IS(=1)xl1§ < 5lIxll-

This inequality proves (recall Definition V.26):

Lemma V.53 (see [66, Lemma 3.12]).
The boundary pair (I', &) is elliptically reqular.

V.3.4. The extended solution operator and its adjoint. Let z € C\ [min o, 00).
According to (V.7) and (V.8), we know that

&> x— /@exp(i\/z —Ae)x(\)d (M) eH

defines a bounded operator. In the preceding subsection, we have shown that the solution
operator S(z) : Ran(T') — H! C § is given by S(z)x = f(je exp(ivz — Ae)x(A)d (A). As,
by Lemma V.46, Ran(I") is dense in & we can extend this formula to all of &:

Lemma V.54 (see [66, Lemma 3.13]).
If z € C\ [mino, ), then the unique bounded extension of S(z) to & is given by
o

S(z): 6 — 9, 5’(2:))(:/ exp(ivz — de)x(A\)d (N).

o

Next, we compute the adjoint of the extended solution operator.

Lemma V.55 (see [66, Lemma 3.14]).
If z € C\[min 0, 0), then the bounded operator (S(2))*: $ — & acts on elementary tensors

as follows:

— * @
(5(2))" (v ®n) —/ ( X ¥(t) exp(ivz — At) dt)n()\)d (\)

(e

for all € C.(Ry) and alln € &. Consequently, (S(2))* can be evaluated explicitly on the
dense subspace C.(R4) ©® & of $.

Proof. Standard arguments show that

/@< ; U(t) exp(ivz — At) dt)n()\) d (\) € 6. (V.11)
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Chapter V: On a generalization of M. Krein’s example

Let x € &. By Fubini’s theorem,
((SE) W an),x)s = (¥on5=)x),

//}R+ B exp(ivz = 30 1(A), x(A )>w) dtd (V).
It is easily seen that exp( iv/Z — At) = exp(ivz — At). Therefore, (V.11) implies
o ®
(SE) e ={ [ ( /R () exp(ivz —At) dt)n(N)d (A).x) -

Since y € & was arbitrary, this proves the lemma. O

V.3.5. The Dirichlet-to-Neumann operator. We can think of the Dirichlet-to-
Neumann operator A(z) as follows (see [65, top of p.1053|): it maps certain boundary
values x € Dom(A(z)) C Dom (L1/4) to the “normal” derivative dyh of the corresponding
Dirichlet solution h = S(z)x. In our situation, this means:

AGIx = — o (5()

t=0

_ / TVETR exp(iVE AN d ()

t=0
- —/691\/2 Xy d ).

As we will show in Lemmas V.57-V.58 below, this formal computation indeed gives us the
correct result.
Let z € C\ [mino, c0). Then the Dirichlet-to-Neumann form

[, : Dom (L'Y*) x Dom (LY*) — €, L(x,n) = h(S(2)x, S(—=1)n) — 2(S(2)x, S(—1)n)s,

is well-defined (and bounded with respect to the norm || ®||y1/2), see Proposition V.24 (and
Remark V.11). One has:

Lemma V.56 (see [66, Lemma 3.15]).
If z € C\ [mino, o), then [, is given by
0o = [ (FVE=R) N sy d ) (V.12)

for all x,n € Dom(LY*).

Proof. The lemma is proved in two steps. First, we show (V.12) for x,n € Dom(L), and
then we complete the proof by approximation.
Step 1. Let x,n € Dom(L). Using Lemmas V.44 and V.50 and Fubini’s theorem, we

compute:

0o = [ G ey
: /R exp (( ivVze—A—(1+ )\)1/2)t> dt (iM(—(l +F Y - z) d (N
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Step 2. Let x,n € Dom(LY*). We choose two sequences (xn,) C Dom(L) and (7,,) C

m— 00 m—o0

Dom(L) such that ||x — xmll 174 —— 0 and || — 9| ;14 —— 0. By (V.9), we know
that

m—o0 m—00

15(2)x = S(2)xmlly =——=0 and [|S(z)n = S(z)nmlly —— 0.
Consequently,

b(S(2)xm: S(=1)nm) — 2(S(2)Xm» S(—=1)Nm) s
2225 h(S(2)x, S(=1)n) — 2(S(2)x, S(—1)n)s.

Furthermore, a straightforward computation shows that

[ EVER Nt ey d ) 2 [ (-VZ= O 10 e d. V)

g

Thus, (V.12) holds and the lemma is proved. O

As the boundary pair (I', ®) is elliptically regular, it follows from Proposition V.28 that
the Dirichlet-to-Neumann form is (as form on & with domain e/ 2) closed, densely defined,
and sectorial for all z € C\ [min o, 00). Consequently, the associated Dirichlet-to-Neumann

operator A(z) is m-sectorial (see Proposition V.22). We know that
Dom(A(z)) = {x € Dom(LY*) : 3p € &V € Dom(LY*), L.(x,n) = (,me} (V.13)
and A(z)x = ¢. One has:

Lemma V.57 (see [66, Lemma 3.16]).
If z € C\ [mino, c0), then Dom(A(z)) > Dom(L'Y?) and
52

A() Tpom(z1/2)X = / (—ivz = () d (V).

o

Proof. Let x € Dom(L'/2). Then
@
w= / (—ivz—=A)x(A)d (N) isin &.

Therefore, Lemma V.56 implies that [, (x,n) = (p,n)e for all n € Dom(LY/*). This proves
the lemma. g

Furthermore, it follows from Proposition V.28 that Dom(A(z)) = Dom(A(—1)) is
independent of z € C\ [min o, 00). The next lemma shows that Dom(A(—1)) C Dom(L/2)
so, in fact, A(2)[pom(g1/2) = A(2).

Lemma V.58 (see [66, Lemma 3.17]).
One has Dom(A(—1)) C Dom(L'/?).

Proof. First, we observe that for all € Dom(L*), we have
@
/‘Q+M”MMMd(MeDmMHM)

Now let y € Dom(A(—1)). We choose ¢ € & according to (V.13). Then clearly
2
[ aenmd wee
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and, since Dom(A(—1)) C Dom(L/4),
7]
/(1+nﬂagy1u)e®
Consequently, for all € Dom(L'/*), Lemma V.56 implies:

o=ta(x [ N ) - (e / ST d ()

~([aenrma - [

As Dom(L'*4) is dense in &, we obtain that, for -almost all \ in o,

(L+ )Y = 1+ 1) ().

(o)

L+ d (),n). .

Therefore, fa@(l +0)Y2x(\)d (\) = ¢ € & and thus x € Dom(L'/?), as claimed. O

In particular, for all z € C\ [min o, c0), the Neumann-to-Dirichlet operator

i
AL B 6, Mwu:/ Y d (V) (V.14)
is bounded.

V.3.6. An M. Krein-type resolvent formula. We have now computed the ex-
tended solution operator as well as its adjoint and the Neumann-to-Dirichlet operator.
Putting these results together, we obtain, since the boundary pair (I, ®) is elliptically
regular, the following M. Krein-type resolvent formula for (H — zI)~t — (HP — 21)~L.

Proposition V.59 (see [66, Proposition 3.18]).
Let z € C\ [mino,o0). Then (H —zI)™' — (HP — 21)~! : §§ — § satisfies

(H—2I)"' = (HP - 2I)"' = 5(2)A(2) "1 (S(2))". (V.15)
This operator acts on elementary tensors as follows:

(3041 (3) (@ @ x)) 1)

© g
= X(A) P(1)exp(iVe —A(t+71))drd (N)
| = [ vmepivE=aes )
forally € C.(R4) and all x € &. Consequently, the difference of the resolvents from (V.15)
can be evaluated explicitly on the dense subspace C.(Ry) ® & of 9.

Proof. By Lemma V.53, we know that the boundary pair (I',®) is elliptically regular.
Hence, Theorem V.31 implies (V.15). The explicit representation of (V.15) on C.(R4)® &
follows directly from Lemma V.54, (V.14), and Lemma V.55. O

V.3.7. Explicit formulas for the boundary pair of the generalized half-space
problem. Let us summarize the explicit formulas we have found for the boundary pair of
the generalized half-space problem, written in a more handy version without referring to

the direct integral representation of L:
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Proposition V.60 (see [66, Proposition 3.19]).
Let z € C\ [mino,00). One has:

(1) The solution operator S(z) : Dom(L'Y/*) — $' is given by
(S(2)x)(t) = exp(ivzl — Lt)x. (V.16)
In particular, |S(=1)x|I3 < SIx|I% for every x € Dom(LY*) so (T, ®) is an

elliptically reqular boundary pair.
(2) The Dirichlet-to-Neumann operator A(z) : Dom(L'/?) — & is given by

A(z)x =ivzl — L. (V.17)

(3) The difference of the resolvents of H and HP acts on elementary tensors as fol-
lows:

([t = =Dt = (HP = 2D @ 2 X)) (1)
=i (r)exp(iVzl — L(t + 7)) (Vzl — L) 'xdr

Ry
for allp € C.(R4) and all x € &.

Remark V.61 (to Proposition V.60 (1)—(2)).
In the case when L is bounded, cf. (V.16) with [52, equation (4.3)] as well as (V.17)
with |52, equation (4.5)].

Proof of Proposition V.60. The results from Lemma V.50, Proposition V.51,
Lemma V.53, Lemma V.57, Lemma V.58, and Proposition V.59 carry over to the situ-
ation when L is not necessarily a multiplication operator, using Theorem [.92 and the

functional calculus. ([l

Proof of Theorem V.3 (1). Set z = —1 in Proposition V.60 (3). O

V.4. A formula with separated variables for the difference of the resolvents

The following material is taken, almost verbatim, from the paper [66, pp. 309-311] by
Olaf Post and the present author.

In this section, we establish Theorem V.4 and Corollary V.5.

The outline of the proof of Theorem V.4 is as follows:

Step 1. We change the order of evaluation with respect to the variables t € Ry and
A € o in the representation formula from Proposition V.59. Then, for -almost all A in o,
we will obtain a vector-valued Hankel-type integral operator.

Step 2. The application of a scaling transformation will lead to a unitarily equivalent
representation of (V.15) with separated variables, as claimed.

We perform Step 1 in Subsection V.4.1 and Step 2 in Subsection V.4.2. Finally, we
deduce Corollary V.5 from Theorem V .4.

V.4.1. Proof of Theorem V.4. Step 1. First, we observe that

D (&)
W:Q(M)@@cm/ 2R, © 6(\)d (A, W<w®x>=/ v x(N)d (),
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defines an isometric operator with dense range. We denote the unique bounded extension
of W to $) by the same symbol W. Obviously, W is a unitary operator from $ onto
fo@ L2(R4)®®(A)d (A). The similarity transformation with respect to the natural unitary
operator W leads to the expected result:

Lemma V.62 (see [66, Lemma 4.1]).
If z € C\ [mino, 00), then, for all ¢ € C.(R4) and all x € &, one has

(WS’(z)A(z)*l (5’(2))*(w ® X)) (N (1) exp (i\/z — Ao+ T)) dr @ x(A)

_\/zf)\ Ry

for -almost every X in o.
Proof. This is a consequence of Proposition V.59 and Fubini’s theorem. O

In particular, Lemma V.62 shows that

2
W[H -2 —(HP -z W ! = / TN d (N,

(e

where for every fixed A € ¢ outside a set of -measure 0,

TN (¥ @x(\) =

i

W(T) exp(i\/z —A(e+ 7')) dr ®@ x(\) (V.18)

2= ANJR,
for all ¥ € C.(R4) and all x(\) € &(X). We will write T' = fa@ T\ d ().

Remark V.63 (see [66, Remark 4.2]).

T(\) defined in (V.18) is a vector-valued Hankel-type integral operator, as the first factor
is an integral operator on L?(R, ) with kernel function depending only on the sum ¢ + 7 of
the variables ¢, 7 € R..

V.4.2. Proof of Theorem V.4. Step 2. For the rest of this subsection, we assume
that
z € (—oo, mino).

It is then clear that A — z > 0 and hence iv/z — A = —(\ — 2)'/2 for all X\ € . Therefore,
U PR 8(0) = (R 8(0N),  (UNF)E) = (=) F(A=2)"21),

is unitary for every fixed A outside a set of -measure 0, and U = fa@ UN)d (N) de-
fines a unitary operator on fg@ L2(R4;6(N\))d (A). Note that U depends on z, but we
will suppress this dependency in our notation (as we already did for 7" in the previous
subsection).

Let us now perform the scaling transformation of T° with respect to U. As both

operators are fibered with respect to the direct integral over A\, we have
)
UMTU = / UNITT)UN) A (V).
g
Moreover, for every fixed A € o outside a set of -measure 0, we calculate

(U(A)_IT()‘)U()\)) (v x(\) = / exp(—(o + 7)) ¢(r) dr ® X(A)

Ry A—z

for all ¢ € C.(R4) and all x(A) € &(N).
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Let ¢ : R4 — R be the function defined by ¢(t) = exp(—t). By (I1.8), we know that
the difference of the resolvents (at —1) of the Neumann and Dirichlet Laplacians on the

semi-axis is given by
-1

[(—§;>N+I} —[(—;;)DJJ] = (o, P)L2(r) - (V.19)

Since L is the multiplication operator by the independent variable on &, one has

-1

—zI)”
(L-2 )\—z

We have thus shown Theorem V.4 (set z = —1). g

V.4.3. The spectral properties of the difference of the resolvents. Theo-
rem V.4 allows us to determine the spectral properties of the difference of the resolvents

as stated in Corollary V.5.

Proof of Corollary V.5. We denote by B, the self-adjoint rank one operator on L2(Ry)
from equation (V.19), where ¢(t) = exp(—t). By Theorem V.4, we know that the resolvent
difference (H + I)~ — (HP 4 I)~! on $ is unitarily equivalent to

B, @ (L+1)"' onL*(Ry)® 8. (V.20)

Let us denote by {¢}+ the orthogonal complement of C¢ in L2(R,). Then the operator
from (V.20) is unitarily equivalent to the block diagonal operator

0@[ (L+D7] on[fpt eeloe,

because the range of By, is spanned by ¢ and (¢, cp)L2(R+) = % Now, standard arguments
from spectral theory (see Section 1.4) complete the proof. U

V.5. The difference of the spectral projections

The following material is taken, almost verbatim, from the paper [66, pp. 311-313] by
Olaf Post and the present author.

In this section, we establish Theorem V.3 (2) and Theorem V.6. First, we use Proposi-
tion V.37 to compute the difference E(_ o o)(H) — E(_ o0 ,a)(HP) of the spectral projections
for every a > 0. Then, we can prove Theorem V.3 (2). In Subsections V.5.2 and V.5.3,
we show Theorem V.6 in two steps. The outline of the proof of Theorem V.6 is as follows:

Step 1. We change the order of evaluation with respect to the variables t € R4+ and
A € o in the formula for E(_ o)(H) — E(_coo)(H"). We will obtain, for -almost all A
in o, a vector-valued Hankel-type integral operator.

Step 2. We will see that these vector-valued Hankel-type integral operators are closely
related to the Hankel integral operator from (I1.9). After this observation, we will be able
to complete the proof of Theorem V.6, using the result of Kostrykin and Makarov [43|
formulated in Theorem I1.29.
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V.5.1. Proof of Theorem V.3 (2). Since H > 0 and H® > 0 both have a purely
absolutely continuous spectrum, we may, without loss of generality, assume that a > 0.
By Proposition V.37 (2), formula (I1.9), and Fubini’s theorem, we obtain that

<(E(—oo,a)(H) - E(—oo,a) (HD))("?Z} ® X)v P& 77>g]

sin((a — \)/2 -
= i/}m dt/a d (A) /]R+ A7 (P (7)T1g,0) (M) X(A), p(E)1(A)) s\ (( t)\—)i_T (t+7))

for all ¥, p € C.(R4) and all x € &, n € Dom(L).

Remark V.64 (see [66, Remark 5.1]).
Alternatively, this can also be computed using Proposition V.59 and Stone’s formula for

spectral projections.

Further, one proves for all ¢ in R4 that

© sin((a — \)V2(t 47
= i/g R, 7/](7—)1[0,&)()\) (( t)\—')_T (t+ )) dTX()\)d ()\) c®. (V.Ql)

By the dominated convergence theorem, we obtain that Ry > ¢ +— h(t) € & is continuous.
Consequently, h is measurable and we compute

1
17l < lixlle —75 max [4(7)] dr < oo,
To supp(¢)

where 79 = min(supp(w)) > 0. We have shown that

((E(—oo,0)(H) = E(_oo,0)(H)) (¥ ® X), )0 @) = (h,p @)

for all p € C.(R4) and all n € Dom(L). Since C.(R4) ® Dom(L) is dense in §, we have
established the following result:

Lemma V.65 (see [66, Lemma 5.2]).
If a > 0, then (E(_Ooﬂ)(H) —E(_Oo@)(HD))(l/J@X) = h for ally € Cc(Ry) and all x € &,
where h € §) is defined as in (V.21) above.

We can now prove Theorem V.3 (2).

Proof of Theorem V.3 (2). The result from Lemma V.65 carries over to the situation

when L is not necessarily a multiplication operator, using Theorem 1.92 and the functional

calculus:
([0, () = Bty (HP) (6 © X)) (1)
sin((a _T)1/2 .
= % R, Y(7) Ejg a9y (L) (( (ﬁ)It +LT) (t + ))qu-

for all ¢ € Co(Ry) and all y € &, where 0 < ¥ < 1 and () = 5 — 1. Last, we observe
that

E(—ooa)(H) = E(_oo,a9))(H") = E(_oo,9)(A0) — E(_oo9)(A1). (V.22)

Now the proof of Theorem V.3 (2) is complete. O
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V.5.2. Proof of Theorem V.6. Step 1. Analogously to Lemma V.62, one shows:

Lemma V.66 (see [66, Lemma 5.3]).
Let a > 0 and let ¢ € C.(Ry), x € &. Then one has

(W (B (H) = (o) (HP)) (6@ X)) (V)

2 sin((a—/\)1/2(0+7))

= 2 o Tomue) T dr e x)

for -almost all \ in o, where W : § — f:B L2(Ry) @ &(\)d ()) is the unitary operator
defined in Subsection V.4.1 above.

V.5.3. Proof of Theorem V.6. Step 2. Lemma V.65 shows that if (aﬂ[O, a)) =0,
then B o)(H) — E(_oo’a)(HD) = 0. Let us now consider the more interesting case when
(6n0,a)) > 0. Lemma V.66 implies in this case that E(_ o) (H) — E(_co ) (HP) is

unitarily equivalent to the block diagonal operator

[/:9 T()d ()] 20

n[0,a)
on [/j{oa) L2(R.; B()))d (A)} ® [/

oN[a,00)

@
(R 6()d (V).

where for every fixed A € 0 N[0, o) outside a set of -measure 0,

sin((a — A\)Y2 (e + 7))
o+ T

T (e xW) == [ v ar @ x(\

for all ¢ € Ce(R.4) and all vectors x(X) € &(X). We will write T = [[7  T(A)d (A).
Next, we define the unitary operator

2 @

(7:/ UN)d () on / L2(Ro;B(N)d (N),

N[0,c) N[0,a)

where U (A) is the unitary scaling operator on L?(R4; &())) given by
TOHE) = (=N F((@=2)1)

for -almost all A € 0 N[0, «). Note that U depends also on «, but as before for U, we
suppress this dependency. Again, both operators U and T are fibered with respect to
the direct integral over A, hence U~1TU = fﬁw[o,a) UN)"'T(A\)U)d (N). Moreover, for
every fixed A € 0 N[0, @) outside a set of -measure 0, we compute

2

(TN TOTW) (@@ x() = /R sine + 1)

o+ T
= Ky o x(A)
for all v € C.(R4) and all x(\) € &(\), where

woe =2 [ Dy

- Y(7)dr @ x(N)
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By Theorem I1.29, we know that K has a simple and purely absolutely continuous spectrum

filling in the interval [—1, 1]. Consequently, the operator

- - D
U'TU on /[O )LQ(IR+;Q§()\))d (\)
oN|0,a

is unitarily equivalent to the multiplication operator by the independent variable on
®

L2([—1,1];/m[0a)05(>\)d (A)).

Now, an application of the transformation rule for spectral measures (see (V.22) above)
completes the proof of Theorem V.6. g

Remark V.67 (see [66, Remark 5.4]).
Let us note that K defined above is the Hankel integral operator on L2(R.y) from M. Krein’s
example with parameter 1/2, see (I1.10).

V.6. Two ideas for further research

We would like to find other interesting examples such that the resolvent difference as
well as the difference of the spectral projections can be computed explicitly. Let us discuss

two ideas.

(1) We “deform the half-space.” Let 4l # {0} be a complex vector space, and let &(0) =
(4, (o, @)g) be a separable Hilbert space. Following |64, Appendix A.2|, we assume
that

H= &(t)dt
R4
is a von Neumann direct integral of separable Hilbert spaces &(t) = (4, (e, ®);) that
are defined for almost every ¢ € Ry (with respect to Lebesgue measure). Further,
we suppose that there exists a measurable function p : Ry — R4 (in particular, p is
strictly positive) such that for almost all ¢ € Ry and for every u € 4,

(u,u); = p(t){u, u)g.

In this situation, $) is called a warped product with distortion function p, see (64,
Definition A.2.2].

Now we would like to construct closed and densely defined nonnegative forms b
and hP with associated self-adjoint nonnegative operators H and HP that generalize
the setting from (V.1) and then compute the resolvent difference (at the spectral
point —1) as well as the difference of the spectral projections explicitly.

(2) In (V.1), we can replace the differential expression —d?/dt? by (—d?/dt?)™ for some
m > 2 or by a Sturm-Liouville differential expression (with suitable boundary condi-
tions).
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Who is who in the bibliography?

Some authors published under different spellings of their name. In the bibliography
of the present thesis, we have used the spelling from the English version of the quote (if
available). Here is a list of the authors in question, cf. the category “published as” at

MathSciNet. Please note that the spellings used in the present thesis are typeset bold.

e M.Birman = M. Sh. Birman = M. S. Birman
e Yu. L. Daletskii = Ju. L. Daleckii

e Yu. B. Farforovskaya = Ju. B. Farforovskaja
e M.L. Gorbachuk = M. L. Gorba¢uk

e M. Krein = M. G. Krein = M. G. Krein

e S. Krein = S. G. Kreln

e M. Malamud = M. M. Malamud

e M. Solomyak = M. Z. Solomjak
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