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Abstract

Two applications of effective field theories are studied. In the
first part we discuss exclusive hadronic decays of the electroweak
bosons Z, W and the Higgs in the framework of QCD factoriza-
tion. The factorization formula is derived using Soft-Collinear
Effective Theory and then applied to the decays Z → Mγ,
W → Mγ, Z → MW , h → Mγ, h → MZ and h → MW ,
where M is a meson. We derive predictions for the radiative de-
cays at next-to-leading order in QCD and resum large logarithms
of the form αs log(µ0/v), where v denotes the electroweak scale
and µ0 is the hadronic scale. We show that power corrections
in the expansion parameter are negligible because they are effec-
tively suppressed with at least mM/v, where mM is the mass of
the final-state meson M . The analysis of the Higgs decays is per-
formed allowing for deviations from the SM couplings of the Higgs
to predict the sensitivity of the branching ratios to new-physics
effects. Due to a non-trivial interference structure of different de-
cay amplitudes we find a strong sensitivity to new physics in some
decay channels.
In the second part we study renormalization group effects on neu-
trino oscillation parameters in type-I seesaw models. Assuming
a flavor-anarchic scenario chosen at a high-scale, we estimate the
probability of the observed oscillation parameters to be the results
of a random drawing. We show how this probability changes when
renormalization group effects are carefully taken into account.
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Zusammenfassung

Diese Arbeit diskutiert zwei Anwendungen von effektiven Feldthe-
orien. Im ersten Beispiel werden die exklusiven, hadronischen Zer-
fälle von Z-, W und Higgs-bosonen unter Verwendung der QCD-
Faktorisierung diskutiert. Die Faktorisierungsformel wird zuerst
in der Sprache der “Soft-Collinear Effective Theory” hergeleitet
und dann verwendet um Vorhersagen für die Zerfälle Z → Mγ,
W → Mγ, Z → MW , h → Mγ, h → MZ und h → MW zu er-
halten, wobeiM für ein Meson steht. Die Zerfallsraten für die ra-
diativen Zerfälle werden auf nächstführender Ordnung in der QCD
bestimmt und große Logarithmen der Form αs log(µ0/v) werden
zu allen Ordnungen resummiert, wobei v hier die elektroschwache
und µ0 die hadronische Skala bezeichnet. Es wird gezeigt dass
Korrekturen von höherer Ordnung im Entwicklungsparameter der
effektiven Theorie vernachlässigbar sind, da sie mindestens durch
einen Faktor mM/v unterdrückt sind, wobei mM die Masse des
Mesons bezeichnet. In der Analyse der Higgs-Zerfälle werden Ab-
weichungen der Higgs-Kopplungen vom jeweiligen Wert im Stan-
dardmodell zugelassen um die Sensitivität der Zerfälle auf Effekte
neuer Physik zu untersuchen. Die nichtriviale Interferenzstruk-
tur der beitragenden Zerfallsamplituden führt in einigen Fällen
zu starken Abhängigkeiten der Zerfallsrate von Effekten neuer
Physik.
Der zweite Teil widmet sich einer Renormierungsgruppenanal-
yse der Neutrinomassenparameter in verschiedenen Typ 1 See-
saw Modellen. Unter der Annahme dass die Parameter rein
zufällig und frei von jeglicher Struktur sind (“Flavor Anarchie”),
kann die Wahrscheinlichkeit bestimmt werden dass ein zufällig
gewählter Satz von Parametern kompatibel mit den experimentell
bestimmtenWerten ist. In dieser Arbeit wird diskutiert, wie stabil
solche Aussagen unter Berücksichtigung von Renormierungsgrup-
peneffekten sind.
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1. Introduction

The Standard Model of particle physics is the most complete description of the
interaction between elementary particles. It is a quantum field theory capable of
describing physics across the scales, from extremely low energies like the physics
of atoms to extremely high energies, at least up to the electroweak scale that is
probed by colliders like the LHC. An important step towards securing its validity
has been achieved in 2012, when the ATLAS and CMS experiments announced the
discovery of the Higgs boson [1, 2]. The discovered boson, up to this day and in the
ways that can be tested experimentally, looks precisely like the particle predicted
in the Standard Model (SM), explaining elementary particle masses and restoring
scattering unitarity at high energies.
Although the Standard Model is said to be completed, it is clear that it is not

a complete and fundamental description of physics. One problem is the question
of what balances the electroweak scale against the Planck scale. It arises from
the renormalization group evolution of the Higgs boson mass, which receives non-
multiplicative corrections proportional to the masses of the particles it couples to.
The Higgs mass is thus driven up to the scale of the heaviest particle in the theory.
The heaviest particle in the SM, the top quark, is of a similar mass as the Higgs
boson, so it might seem natural as long as we assume the SM to be valid up to an
arbitrarily high scale. However, any new physics (NP) mediated at a scale Λ will
lead to huge corrections to the Higgs mass of O(Λ), spoiling its naturalness. This is
the famous hierarchy problem.

Electroweak symmetry breaking explains in an economic way how the SM particles
(excluding neutrinos) acquire masses without breaking gauge invariance. The Higgs
mechanism is however merely a parameterization of electroweak symmetry breaking
and does not explain why the symmetry is broken in the first place. Similarly, the
couplings of the Higgs boson to quarks determine both their mass hierarchies as well
as the CKM mixing parameters. They enter the SM Lagrangian as a priori arbitrary
numbers and it is an interesting question whether they can be predicted by a more
fundamental theory. In the lepton sector the problem is more involved since the
origin of the non-vanishing neutrino masses is unclear to this day.
These examples are of course only an excerpt of the full list of open questions. The

origin of dark matter and dark energy, the unification of quantum field theory with
general relativity and the strong CP problem are just some examples of intriguing
questions that the physics community is facing. Proposed extensions to the SM
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1. Introduction

and completely new theories solve subsets of these problems at various different
energy scales, some of them much higher than the ones typically associated with
the SM. In order to understand how we can probe these theories, a systematic way
to treat scale hierarchies is needed. The tools of the trade for this application are
collected under the term effective field theory (EFT). Effective field theories provide
a framework to cure the problem of logarithms of the large scale ratios, which can
spoil convergence of the perturbation series by overpowering the suppression of the
expansion parameter. These large logarithms play a role even well within the SM.
For example, weak decays of hadrons are mediated by physics at the electroweak
scale, but the typical momentum transfers are of the order of the hadronic scale.
Therefore, predictions in perturbation theory are plagued by logarithms of the ratio
of these two scales. Likewise, the problem can also arise in situations where the
relevant particles are light and highly energetic.
While the solutions to both of the above examples are achieved by the use of

an effective field theory, the term has to be understood as a collective one: Many
different types of effective theories exist, and the nature of the problem determines
the concrete implementation one has to use or construct. In this work, we will cover
two specific examples. In the conventional effective field theory, scales are separated
by the mass of the particles involved in a reaction. We will use this framework to
determine the probability of the neutrino oscillation parameters being the result of
a draw from a random distribution. The majority of this work however is devoted to
the study of exclusive hadronic decays of electroweak bosons. In these decays, the
relevant scales are given by the mass of the heavy decaying bosons and the hadronic
scale. Using Soft-Collinear Effective Theory (SCET), we can separate these scales
and derive the QCD factorization formula, which will allow us to deal with the non-
perturbative effects of hadronization. The results are theoretically clean and provide
interesting tests of both the QCD factorization approach as well as couplings of the
Higgs boson to other fields in the SM.
This work is structured as follows. In chapter 2, we will discuss the concept

of effective fields theories by looking at the classic example of the weak effective
Lagrangian. We will proceed to introduce the necessary ingredients of SCET in
chapter 3. In chapter 4, the QCD factorization formula is derived and applied to
the decays Z → Mγ, W → Mγ and Z → MW , where M denotes any meson
including the light pseudoscalars η(′), which are special due to their flavor-singlet
admixtures. The framework is then generalized to exclusive decays of the Higgs bo-
son, where we allow for anomalous couplings of the Higgs boson to quarks and gauge
bosons and predict the sensitivity to NP effects in chapter 5. Chapter 6 contains a
renormalization group analysis of neutrino oscillation parameters to determine the
plausibility of a flavor-anarchic scenario. Finally, in chapter 7 we will summarize
our results and conclude. Lengthy details of the calculations and numerical input
parameters along with their determinations are relegated to several appendices.
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2. Effective Field Theories
In this chapter, we will introduce the notion of effective field theories. A vast amount
of literature on the subject is available and we will closely follow the examples
commonly employed. For more complete overviews, see for example refs. [3–7].

2.1. Naive Dimensional Analysis
The idea behind effective theories is a central one in physics. The core concept
of making predictions based on mathematical formulations relies on our ability to
identify relevant properties of the problem, focusing our attention to them and
discarding the subdominant effects. This means abridging a more complete theory
for the sake of computational feasibility. For example, when asked to compute the
impact velocity of an apple falling from a tree, one would typically not include effects
from general relativity, even though we know that it is the most complete theory
of gravity. In fact, one would not even work with the full Newtonian picture but
instead just assume the gravitational force to be constant along the trajectory of
the apple. The reasoning behind this comes from naive dimensional analysis: The
Earth’s radius is large compared to the height of an apple tree.
In a quantum field theory, these arguments apply as well: Processes at an energy

scale m will only very weakly depend on physics living at scales M � m. Conse-
quently, we can introduce the small ratio λ = m/M and expand in it whenever it is
possible. As a classical example, consider the weak decay d→ u e ν̄e, mediated by a
W boson. The amplitude is given by

Ad→ueν̄e = ig2

2 [ū(pu) γµPL u(pd)] Πµν(pd − pu) [ū(pe) γνPL v(pν)] , (2.1)

where g is the weak coupling, pi denotes the momentum of the particle j and Πµν

is the propagator of the W boson in unitary gauge:

Πµν(k) = 1
k2 −m2

W

(
gµν −

kµkν
m2
W

)
. (2.2)

In β-decay, the momentum transfer k2 will typically be much smaller than m2
W , and

thus we can expand Πµν in λ = k2/m2
W , leaving us with

Πµν(k)→ − gµν
m2
W

[1 +O(λ)] . (2.3)

3



2. Effective Field Theories

Furthermore, theW cannot appear as an external particle because the energy scales
associated with the theory are too small to produce it on-shell. We can therefore
write down an effective Lagrangian, in which the W does not appear anymore, but
interactions between the remaining fields are modified such that the phenomenology
of processes with intermediate W bosons - including the decay d→ u e ν̄e - remains
unchanged. In our example, this amounts to adding new interaction operators be-
tween the four fermion fields d, u, e and νe. If we adopt the expansion in eq. (2.3),
the relevant operator for our process would be:

C(µ)
Λ2 (ūLγµdL) (ēLγµνL) . (2.4)

This effective operator comes with a yet undetermined coupling C(µ), customarily
called the Wilson coefficient, which depends on the renormalization scale µ. The
operator has a mass dimension of 4 · 3/2 = 6 and thus its coupling has to be divided
by two powers of the mass scale Λ. This scale is associated with the energy at which
the effective theory breaks down. In our example we have Λ = mW , indicating
the scale above which our approximation k2/m2

W � 1 is no longer justified. Of
course, heavy and yet unknown particles could contribute in the same way and lead
to terms where Λ is larger. This opens the possibility to study new physics effects
in a model-independent way and is the reason why Λ is very often referred to as the
new-physics scale.
At the scale mW itself, both theories must be equivalent descriptions of physics.

To ensure this, we can compute the same process in both the full theory and the
effective theory. After performing the same expansion in both results (in our case
expanding the result in k2/m2

W ), the results have to be equal. This procedure,
called matching, fixes the Wilson coefficients of the theory at the matching scale, in
our case C(mW ). Note how we went from a theory in which the W mediates the
interaction between the quarks and leptons to a theory where the quarks and leptons
interact locally in one space-time point, as represented in Fig. 2.1. Very simply put,
the approximation k2 � m2

W means that the momentum of the W is so small, it
effectively does not propagate.

2.2. The Local Operator Product Expansion

Let us be more systematic. The effective operator (2.4) is only one of many terms
that have to be added to the effective Lagrangian, since the W mediates more pro-
cesses than just the one considered above. In fact, even for d→ u eν̄e more operators
must exist, since the one we wrote down in eq. (2.4) only corresponded to the leading
term of the expansion in λ. To capture the full phenomenology of the intermediate
W boson, we would have to add an infinite series of operators, each of higher order in

4



2.2. The Local Operator Product Expansion

d u

W

νe e

ud

νe e

Fig. 2.1.: Diagrammatic representation of integrating out the W boson: The in-
termediate propagator is shrunk to a local interaction in the limit of k2 � m2

W .
Computing both diagrams and demanding the amplitude to be equal fixes the Wil-
son coefficient of the effective operator in the diagram on the right.

our power-counting and thus suppressed by more powers of Λ. The next term in the
Lagrangian would have two more powers of mW in the denominator and thus would
be of the form C8(µ)O8(µ)/Λ4. Here O8 is an operator including the field content of
the effective theory and the subscript denotes the mass dimension of the operator.
It can include more fields or derivative operators. It is not hard to imagine that at
this order in our power-counting, lots of operators can be written down. Luckily,
naive dimensional analysis tells us that they are suppressed by two more powers of
Λ, compared to the operators with mass dimension 6. This is one of the central
aspects of effective theories: Higher-dimensional operators are power-suppressed by
the expansion parameter and thus contribute less to our predictions. Therefore, af-
ter choosing a level of accuracy, we can construct the effective Lagrangian by writing
down all operators composed from the field content of our effective theory that are
consistent with the power-counting and the symmetries of the theory. This is called
operator product expansion (OPE).

In expanding the propagator in the small ratio k2/m2
W , we have replaced a non-

local interaction with a series of local ones: In the full theory, the W is created
from a fermion current at a space-time point x and then propagates to a space-time
point x+ η, where it is annihilated by another fermion current. The expansion in λ
corresponds to an expansion around η = 0, meaning that the effective operators are
functions of only one point in space-time. The coefficients then encode the details
of the short-range interactions at length scales of order η.

In full generality, the effective Lagrangian we obtain from an OPE can be written
as

Leff =
∑
d

1
Λd−4

nd∑
i=1
Cid(µ)Oid(µ) , (2.5)

where nd is the number of operators contributing at dimension d. The operators

5



2. Effective Field Theories

Oid(µ) describe the long range interactions mediated by the light fields, whereas the
Wilson coefficients Cid(µ) contain the physics at short distance scales. In this way,
the effective field theory isolates the physics at different scales from each other, with
the renormalization scale µ serving as a handle on where the section is made. As a
result, it is possible to treat each scale separately. This is what makes effective field
theories such a powerful tool when dealing with multi-scale problems, as we will see
below.
Some comments are in order: First and foremost, it is important to keep in mind

that the effective Lagrangian constructed here is merely one example: By integrating
out heavy degrees of freedom and expanding around small momenta, we arrived at a
theory made of local operators. This is not case in many other examples of effective
theories, where effective operators can be non-local under certain circumstances. We
will explore one example in chapter 3.
In our example the degrees of freedom of the effective Lagrangian and the full La-

grangian were identical up to the removedW boson: All the light fermions remained
untouched. This is not generically true. For example in chiral perturbation theory
- the effective theory of mesons - the degrees of freedom in the effective theory are
completely different from those in the full theory: In the low-energy Lagrangian, the
quarks and gluons are replaced by mesons and baryons.

2.3. Renormalization

In the last section, we saw that an effective Lagrangian separates high-energy and
low-energy physics. Which scale exactly we choose as a crossover scale is an unphys-
ical question: Predictions made by the effective theory cannot depend on this choice.
From this requirement, a set of equations can be derived, allowing us to continuously
vary this scale. With this, we can compute high- and low-energy ingredients each
at a scale where they are well-behaved and then connect them by translating each
to one single scale. This section will discuss all these parts in more detail, starting
with what is meant by “well-behaved”.

2.3.1. Radiative Corrections and Large Logarithms

When computing loop-corrections, integrals of the form∫
d4k

(2π)4 I(k, . . .) (2.6)

have to be carried out. While the integrand I(k, ...) follows from a theory that we
tested to be valid at specific energy scales, the integral extrapolates it to arbitrary
regions in phase space and it is not surprising that they diverge in extreme regions.

6



2.3. Renormalization

Fig. 2.2.: Examples of one-loop QCD corrections to four-fermion processes like
b→ uc̄s in the full theory (top) and their EFT counterparts (bottom).

The plan to remedy this problem is to first find a way of regularizing the integrals.
In dimensional regularization, divergent integrals are regularized by carrying them
out in d = 4− 2ε spacetime dimensions and expanding the result around ε = 0. The
divergences of the integrals then manifest themselves as poles in 1/εk.
As an example, let us consider the process b → uc̄s. Just like the beta decay

d→ ueν̄e, it is mediated in the SM by theW boson. In nature, this quark transition
leads to the hadronic decay B̄0 → π+D−s . Since the typical energy scale of this
process is of order O(GeV), we can again construct an EFT without the W boson
and the new-physics scale Λ = mW . The dimension six effective operators of interest
are

O1 = (s̄jγµPLcj)(ūiγµPLbi) ,
O2 = (s̄iγµPLcj)(ūjγµPLbi) ,

(2.7)

where i, j are color indices. Note that the color structure in the operator O2 can only
arise at the loop level (when the SM is assumed to be the full theory), meaning that
the Wilson coefficient starts at order O(αs), whereas a contribution from O1 exists
at tree-level. The Wilson coefficients again follow from a matching computation, as
illustrated in Fig. 2.2. They are given by [7, 8]:

C1(µ) = g2

2 V
∗
csVub

{
1− αs(µ)

4π

(
1
ε

+ log µ2

m2
W

+ 11
6

)}
,

C2(µ) = 3g2

2 V ∗csVub

{
αs(µ)

4π

(
1
ε

+ log µ2

m2
W

+ 11
6

)}
,

(2.8)

where Vij are the CKM matrix elements. The striking features of this result are
the poles in 1/ε. While the one-loop amplitude in both full and effective theories
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2. Effective Field Theories

will have divergences, not all of them survive the matching procedure: Infrared (IR)
divergences arising from massless loops will be identical in both theories since they
have the same low-energy limit. Similarly, both theories will produce ultraviolet
(UV) divergences at large energy scales Λ � mW . However, the effective theory
breaks down at scales Λ & mW and produces additional UV divergences at this
scale, whereas the full theory is still valid and produces finite results. These residual
divergences do not cancel in the matching procedure and give rise to the 1/ε-poles
in eq. (2.8). They are subtracted by introducing counterterms for O1 and O2.
As a remnant from our regularization procedure, the result depends on the renor-

malization scale µ. Perturbation theory demands that the coefficient of αs does not
become too large, otherwise the perturbation series cannot converge. Our example
b → uc̄s is a partonic contribution to the decay B̄0 → π+D−s and thus the proper
scale choice would be µ ∼ ΛQCD, with ΛQCD denoting the hadronic scale1. In cases
like this, the logarithm can become large enough to overcome the power-suppression
from the coupling constant. Therefore in our expansion in αs, the combination
αs log

(
µ2/m2

W

)
should count as O(1), as should any arbitrary power of this ex-

pression. What was the leading term in the perturbative expansion c0, is now only
one of infinitely many terms in this new power-counting scheme, where the large
logarithms should be included to all orders:

c0 → c0

1 +
∞∑
k=1

bk

(
αs log µ2

m2
W

)k . (2.9)

Our task now is to determine the series coefficients bk. As it turns out, it is possible
to do this to all orders, meaning that we can resum the series completely. We will
do so by employing the renormalization group equations for the Wilson coefficients
C1(µ) and C2(µ).

2.3.2. The Renormalization Group

We have seen that divergent corrections come with potentially large logarithms of
the renormalization scale µ. Of course, the scale µ is a remnant of our regularization
procedure and physical observables must not depend on it. An observable computed
from the effective theory, can be written in the form

A ∼ Ck(µ) 〈Ok(µ)〉 , (2.10)

1The quantity ΛQCD commonly represents the energy scale at which the renormalization group
drives the strong coupling constant αs into a non-perturbative regime, associated with the
dynamics of hadronic bound states. The numerical value thus depends on the interpretation of
this definition. Typical choices in the context of perturbation theory are O(1 GeV).
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2.3. Renormalization

where the sum over repeated indices is implicit. Now, we require scale independence:

µ
d

dµ
{Ck(µ) 〈Ok(µ)〉} != 0

⇒
(
µ
d

dµ
Ck(µ)

)
〈Ok(µ)〉+ Ck(µ)

(
µ
d

dµ
〈Ok(µ)〉

)
= 0 .

(2.11)

The second term can be rewritten: If all allowed operators are included in the
effective Lagrangian, the operator basis is complete and thus the derivative of 〈Ok〉
can be written as a linear combination of all effective matrix elements 〈Oj〉. We
define

µ
d

dµ
〈Ok(µ)〉 = −γkj(µ) 〈Oj(µ)〉 , (2.12)

and arrive at (
µ
d Cj(µ)
dµ

− Ck(µ)γkj(µ)
)
〈Oj(µ)〉 = 0

⇒ µ
d

dµ
~C(µ)− γT (µ) · ~C(µ) = 0 .

(2.13)

The γij are the components of the N×N matrix called anomalous dimension matrix,
where N is given by the number of effective operators in the EFT. Note that it is in
general not diagonal, which leads to operator mixing when we solve the above equa-
tion. To solve the equation, we first recall that we only looked at QCD-corrections
and thus the scale dependence of the anomalous dimension γ is only through the
running of αs. Consequently, we replace

µ
d

dµ
= µ

dαs(µ)
dµ

d

dαs(µ) = βαs
d

dαs(µ) , (2.14)

and obtain the renormalization group equation

d~C
dαs

= 1
βαs

(
γT · ~C

)
, (2.15)

where βαs is the β-function of QCD. It is instructive to solve this equation for a
one-loop example, where γ = αsγ0/(4π) and β = −α2

sβ0/(2π), with

β0 = 11− 2
3nF , (2.16)

and nF the number of quark flavors in the theory. The solution can be obtained by
diagonalizing γ such that γTdiag = V −1γTV . With this, the solution is:

~C(µ) = U(µ, µr)~C(µr) ,
U(µ, µr) = V diag (~u(µ, µr)) V −1 ,

ui(µ, µr) =
[
αs(µr)
αs(µ)

](γ0,diag)ii/(2β0)
.

(2.17)

9



2. Effective Field Theories

With this equation, we know how the Wilson coefficients change as functions of
the renormalization scale µ. The renormalization scale can be thought of as the
scale at which we split the theory into high and low energy part. When we lower the
renormalization scale by δµ, dynamics that previously counted as low energy physics
are shuffled into the high energy regime. Even if there is no field in the Lagrangian
with a mass between µ − δµ and µ to remove from the Lagrangian, we are still
removing high frequency modes of the light fields, hence the continuous running of
the Wilson coefficients. Note that the number nF in the QCD beta function changes
when the scale is lowered beneath the mass of a quark, since it is integrated out from
the theory.

2.3.3. Resummation of Large Logarithms

With the solution (2.17) in place, the problem with the large logarithms in the
Wilson coefficients is essentially solved. Recall that the logarithms were of the
form αs log(µ2/m2

W ) and that we wanted to know the Wilson coefficients at a scale
µ & O(ΛQCD), where they would become large. However, we can now translate the
Wilson coefficients between different scales. In our example, evaluating the Wilson
coefficients at their natural scale µ = mW yields an expression that trivially contains
any power of αs log(µ2/m2

W ). We can then use the RG equations to evolve them
down to the low scale and get a result that should still be correct to all powers
of αs log(µ2/m2

W ), since the RG evolution employs scale independence of physical
observables.

To see explicitly that the RG evolution resums the large logarithms, let us go to a
simple example and assume there is only one operator in the operator basis. With
this, the equations (2.17) simplify to:

C(µ) =
(
αs(µr)
αs(µ)

) γ0
2β0
C(µr) . (2.18)

We can now express αs(µ) through αs(µr) by the means of the β-function of QCD,

αs(µ) = αs(µr)
1 + β0

4παs(µr) log(µ2/µ2
r)
, (2.19)

and insert this into the prefactor of the Wilson coefficient on the right-hand side of
eq. (2.18). The result can be cast into the form of eq. (2.9) and we obtain the series
coefficients

bk =
(
−β0

4π

)k Γ
(
k − γ0

2β0

)
Γ (k + 1) Γ

(
− γ0

2β0

) . (2.20)
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2.4. Applications of Effective Field Theories

We have seen that the renormalization group resums the logarithms to all orders in
αs. This shows, why scale separation is desirable: If we can split up a multi-scale
problem into independent pieces that each depend on a single scale, we can evaluate
each of them at their natural scale where they are free from large logarithms. The
renormalization group evolution then resums the large logarithms and we can use it
to evolve each piece of the problem to one single scale.

2.4. Applications of Effective Field Theories

The formalism of effective field theories is used far and wide in particle physics.
There are several ways in which the EFT approach is useful, and we will briefly re-
view some of most important ones. Of course, an exhaustive discussion is impossible
due to the vast popularity of the framework.

Naturally, all applications have a common denominator: They are motivated by
some scale hierarchy being present. In flavor physics, for example, processes are typ-
ically mediated by the electroweak forces, giving rise to flavor-changing interactions.
One then studies certain hadronic observables, like radiative decays of mesons or
neutral-meson mixing. At the parton-level, these processes are governed by ampli-
tudes in which quarks undergo a transition into different flavors. Within the SM,
these transitions happen under the exchange of a W boson, beyond the SM they
can be mediated by new particles. With the typical momentum transfer scales of
such processes being in the vicinity of ΛQCD, the flavor-changing amplitudes are best
matched onto an effective operator basis, as the W (and hypothetical new physics)
are heavy and the interaction is described by a local OPE. The example discussed in
the previous section is exactly such a case. The matching is then performed at the
high scale of at least the W boson mass and large QCD logarithms are resummed
via the renormalization group, just as discussed above. A vast compilation of flavor
physics observables and the relevant effective operator bases is found in ref. [8].
Effective field theories are also commonly employed to deal with non-perturbative

phenomena in QCD. The chiral Lagrangian, for example, describes the interactions
of QCD bound states by expanding a non-linear sigma model of chiral symmetry
breaking in the small momenta of the Goldstone bosons [9]. At low momentum
transfer, chiral perturbation theory (χPT) is a tool to address the dynamics of QCD.
The inner workings of the framework are complicated and well beyond the scope of
this work. The interested reader is referred to the literature (see refs. [10, 11] for
reviews) and references therein.
When dealing with mesons containing heavy quark flavors, an additional scale

becomes relevant, given by the mass of the heavy quark. Effective theories, specifi-
cally tailored to these cases, exist: In the case of heavy quarkonia, the appropriate
theory is Non-Relativistic QCD (NRQCD), where one expands around the limit of
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2. Effective Field Theories

the two heavy quarks being at rest in the meson rest frame. Many properties of
heavy quarkonia can then be determined perturbatively, since the strong coupling
at the relevant scale αs(mQ) is reasonably small [12, 13].
Mesons containing one light and one heavy quark flavor can be addressed in Heavy-

Quark Effective Theory (HQET). Here the velocity of the heavy quark is promoted
to a conserved quantum number, since the non-perturbative physics live at much
lower scale. As a result, the theory contains new symmetries (spin and flavor of the
heavy quark), allowing one to parameterize the properties of heavy-light mesons in
an expansion in 1/mQ and infer them from other mesons to a certain extend. An
example of this the mass splitting between the D and D∗ mesons, which can be
related to the mass splitting of B and B∗: Spin symmetry tells us that the mass
difference should be scale as

mB∗ −mB =
Λ2

QCD
mb

λ+O(m−2
b ) , (2.21)

with an O(1) parameter λ. The observed difference of 44 MeV is consistent with
this estimate. Furthermore, the mass-squared difference between the mesons should
be identical up to power corrections due to flavor symmetry:

m2
B∗ −m2

B = m2
D∗ −m2

D +O(m−1
Q ) . (2.22)

This prediction is accurate at the level of 1%. The construction of the actual effective
theory is not of relevance to this work and the reader is again forwarded to the
literature [14, 15].
Another important situation is the one where the physics at high energies is not

just governed by heavy particles, but also (or exclusively) by energetic light particles.
Examples in flavor physics are decays of heavy mesons into light degrees of freedom,
like exclusive B decays B → ππ or B → φKS or inclusive decays like B → Xsγ. In
these cases, one integrates out hard modes, meaning particles that are far off-shell
with propagators ∝ 1/(k2 − m2), where k2 � m2. The resulting Soft-Collinear
Effective Theory (SCET) contains modes of fields that are approximately light-like
or off-shell with small squared momenta and is expanded in the ratio of energy
scales. Beyond flavor physics, it is also applied to jet physics. We will need SCET
to derive the QCD factorization formula. A brief overview of the theory is offered
in the following chapter.
Let us close this chapter with a popular application of a conventional EFT: Model

independent searches of new physics (NP). We know, for a number of reasons, that
the SM cannot be a complete description of physics. The number of extensions to the
SM on the market trying to mitigate its various shortcomings is overwhelming and
speaks for both the lack of concrete NP evidence and the creativity2 of the beyond-
the-SM (BSM) community. In view of the experimental situation, more analyses

2Although a pessimist might argue “despair” instead.
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2.4. Applications of Effective Field Theories

focus on parameterizing NP effects through a general effective Lagrangian under the
assumption that new particles are heavy and can be integrated out. The operator
basis most commonly used is called the “Warsaw basis” [16] and it contains all local
operators built from the SM field content up to dimension six compatible with the
symmetries of the SM. The clear benefit of this approach is the model-independence.
Results obtained in this way can be translated into concrete NP models by perform-
ing simple matching computations, as long as they new particles are heavy enough.
On the other hand, several subtleties tarnish the picture. First, one should note
that the Warsaw basis contains 59 operators, not counting different flavor combi-
nations. Depending on the process in consideration, amplitudes can depend on lots
of different Wilson coefficients. Not only can this render the computation a tedious
task but it can (and generically will) lead to encumbering results: Only rarely will a
calculated process depend on a single Wilson coefficient. When one tries to obtain
bounds on the Wilson coefficients, they will usually not be of the form Ci < ... .
Instead, bounds are placed on complicated combinations of different coefficients.
In an attempt to make these expressions less cluttered, certain coefficients are then
usually removed or equated to each other under more or less well-motivated assump-
tions, which curtail the model-independence of the analysis and can be overlooked
or simply forgotten when the results are reused later on. Another subtlety we want
to mention is the truncation of the power series: Consider an amplitude, computed
with a dimension-six Lagrangian, given as a power series in 1/Λ

iM = C4 〈O4〉+ C6
Λ2 〈O6〉+O(Λ−4) , (2.23)

where CnOn is abstract for all dimension-n operators and their couplings contributing
to the amplitude. When squaring the matrix element, the mathematically rigorous
treatment would be to also truncate the squared matrix element at O(Λ−4),

|M |2 = C2
4 |〈O4〉|2 + C4C6

Λ2 (〈O4〉† 〈O6〉+ h.c.) . (2.24)

and neglect the term ∼ |〈O6〉|2 since it is of the same order as the interference
between O4 and operators of higher dimensions, that we have not considered. How-
ever, no consensus exists on the matter. One might argue that we do know at least
the contribution ∼ |〈O6〉|2 could just as well keep it. An example is found in recent
dijet-analyses done by ATLAS and CMS [17, 18]. Note how this practice would
be completely ill-defined in regular perturbation theory, where keeping the O(α2)-
term of |1 + α c1|2 could give rise to incurable IR-divergences. Treating the |〈O6〉|2
term as an estimate for the uncertainty from higher-dimension operators would yield
considerably weaker bounds on Wilson coefficients and NP-scales, when EFT pre-
dictions are compared against experimental data [19]. The EFT approach also does
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2. Effective Field Theories

not capture NP effects from light new particles, like the typical QCD-axion. Addi-
tionally, even if the new field content is heavy, problems can arise when there is a
more complex sector of new fields in a similar mass range: Assuming a newly found
scalar resonance decaying to photons S, as LHC data suggested in late 2016, it is
tempting to write the effective Lagrangian

Leff ⊃
Cγγ
Λ SFµνF

µν + C̃γγΛ SFµνF̃
µν , (2.25)

as a model-independent parameterization. When the decay is however mediated
through heavy particles with masses similar to the one of the resonance, the frame-
work breaks down since the leading operators of higher dimension come with factors
ofmS/mX ∼ 1, spoiling the convergence of the power series: Higher power operators
could, for example, involve derivatives (like (∂2S)F ·F , for instance) and technically
have higher mass dimension. But since the momenta in the process are typically
large, the higher mass dimension does not necessarily yield a suppression [20]. The
framework of Soft-Collinear Effective Theory, introduced in the next chapter, can
be used to address this issue.
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3. Soft-Collinear Effective Theory

This chapter features a brief overview of the basic aspects of the Soft-Collinear Ef-
fective Theory (SCET). By no means is it meant to capture all details and subtleties
of the theory, but rather to introduce the necessary ingredients for the later chap-
ters of this work. Many variants of the theory exist, tailored to mitigate specific
shortcomings of the basic framework. For our purposes, the latter is sufficient and
we will skip over most of the subtleties. For a more detailed review, see for example
ref. [21] and references therein.

3.1. Strategy of Regions
In the treatment of the local OPE, we highlighted the benefit of scale separation:
Heavy fields could be integrated out and their propagator collapsed to local interac-
tions between the low-energy field content. In this way, we separated short-distance
and long-distance physics into Wilson coefficients and operator matrix elements.
This implies that all physics at the high scale is mediated by heavy particle ex-
changes which are removed from the theory. However, it is easy to imagine exam-
ples where this approach misses out important parts of the high energy interactions:
Consider the decay of a heavy particle with massM into a light final state, mediated
by loop-diagrams like the ones shown in Fig. 3.1. If we assign momenta k and q to
the final state particles, the relevant loop integral is of the form

I =
∫

ddl

(2π)d
1

l2 −m2
1

(l + k)2 −m2
1

(l − q)2 −m2 , (3.1)

where m is the mass of the particle in the loop. In general, a second integral can
contribute with an additional l2 in the numerator of the integrand. For simplicity, we

Fig. 3.1.: Examples of loop diagrams generating the decay of a heavy particle
(dashed line) into two light particles (wavy lines).
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3. Soft-Collinear Effective Theory

neglect this case and focus only on the above integral. Assumingm is large compared
to the mass M of the decaying particle, we can shrink the loop down to an effective
interaction and in this way separate the high scale (the mass of the loop particle)
from the low scale (the mass of the decaying particle). This is the approach we would
apply following the last chapter. If we assume the opposite scale hierarchy M � m,
there is no particle to integrate out from the theory according to our procedure from
the last chapter. However, there are regions where the integral I describes physics
at the high scale and should be matched onto Wilson coefficients [22]. We will now
identify these regions by looking at the different possible values of l2 and how they
influence the propagators of the virtual particles.
The first and most intuitive region is the one where every component of the loop

momentum is of the order of the high energy scale and l2 ∼ M2. In this hard
region the internal masses m are tiny power corrections, suppressed by a factor of
λ2 = m2/M2 with respect to l2 and can thus be dropped. Neglecting the masses of
the particles in the final state, we find:

Ih = µ2ε
∫

ddl

(2π)d
1
l2

1
(l + k)2

1
(l − q)2

= i

32π2M2

 1
ε2
− π2

6 +
(

1
ε

+ log µ2

M2 + iπ

)2
 .

(3.2)

The loop integral converges for ε < 0 and the 1/ε pole is thus the manifestation
of an infrared divergence. Note also that the full integral in eq. (3.1) is finite in
the limit ε → 0. Clearly, the expansion in small m and the loop integration do not
commute. Therefore, assuming l2 � m2 is a priori not justified since the integration
area includes regions where l2 . m2, which we will now identify.

In order to make the discussion more systematic, we introduce light-cone coor-
dinates. Any vector kµ can be decomposed into light-like components k± and a
residual vector k⊥. To this end, one chooses light-like reference vectors nµ and n̄µ
obeying the identities

n2 = n̄2 = 0 , n · n̄ 6= 0 . (3.3)

A common choice for these vectors is n = (1, 0, 0, 1) and n̄ = (1, 0, 0,−1). Using these
reference vectors, we can decompose any vector into its components proportional to
nµ and n̄µ and a residual component. The general form of this decomposition for a
vector kµ is

kµ = n̄ · k
n · n̄

nµ + n · k
n · n̄

n̄µ + kµ⊥ ≡ k+n
µ + k−n̄

µ + kµ⊥ , (3.4)

and it is independent on the concrete choice of nµ and n̄µ. In our example, we can
go to the rest frame of the decaying particle, where the final-state momenta can be
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chosen as kµ = nµM/2 and qµ = n̄µM/2. If we now glance back at eq. (3.1), we can
identify other relevant regions: When lµ is approximately light-like and collinear to
k, its light-cone components scale as l = (l+, l−, l⊥) ∼ M(1, λ2, λ), which is called
collinear scaling1. Oppositely, if lµ is collinear to qµ, it obeys anti-collinear scaling
with l ∼ M(λ2, 1, λ). In both these regions l2 ' 0 and we can no longer ignore the
mass terms in all three propagators.
If we now look at eq. (3.1) and consider the region where lµ is collinear, the

leading-power expression is2

Ic = −
∫

ddl

(2π)d
1

l2 −m2
1

(l + k)2 −m2
1

2 l · q , (3.5)

whereas in the anti-collinear region, it is

Ic̄ =
∫

ddl

(2π)d
1

l2 −m2
1

2 l · k
1

(l − q)2 −m2 . (3.6)

If we compare these integrals to eq. (3.2), it is now clear that the infrared diver-
gences in the hard regions come from areas in the integration where lµ becomes
(anti-)collinear. In return, we should expect the functions Ic and Ic̄ to exhibit UV
divergences in regions where lµ rather obeys hard scaling l ∼M(1, 1, 1).
The (anti-)collinear integrals are ill-defined by themselves. This manifests itself in

unregulated divergences when we try to evaluate them. We can however introduce
a new analytic regulator to make the divergences explicit by replacing

Ic → −µ2ε
∫

ddl

(2π)d
1

l2 −m2
ν2α

((l + k)2 −m2)1+α
1

2 l · q ,

Ic̄ → µ2ε
∫

ddl

(2π)d
1

l2 −m2
ν2α

(2 l · k)1+α
1

(l − q)2 −m2 ,

(3.7)

where α is the analytic regulator and ν the associated renormalization scale [23].
Evaluating the integrals yields:

Ic = − i

16π2M2

(
1
ε

+ log µ2

m2

)(
1
α

+ log ν2

M2

)
,

Ic̄ = − i

32π2M2

 1
ε2
− π2

6 +
(

1
ε

+ log µ2

m2

)2

−2
(

1
ε

+ log µ2

m2

)(
1
α

+ log ν2

m2 − iπ
)}

.

(3.8)

1The scalar quantity ł⊥ here denotes the norm of the vector lµ⊥ that we defined in eq. (3.4)
2Note that the integrals in all regions are of the same order in λ. The factors of λ−4 from the
propagators in the (anti-)collinear regions are canceled by the integral measures since they count
as λd.
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It is important to take the limit of α → 0 before taking ε → 0, because the full
integral is only independent of the regulator α for non-zero values of ε. The poles
for α→ 0 cancel in the sum of the collinear and anti-collinear integrals, but an ad-
ditional logarithm of the scale ratio λ remains. This is called collinear anomaly [23].
If we now add the hard region, we obtain a finite result:

Ih + Ic + Ic̄ = i

32π2M2

(
log m2

M2 − iπ
)2

. (3.9)

This is precisely the result that we would have found if we had evaluated the integral
in eq. (3.1) before expanding in λ. In general one can imagine contributions from
additional regions. A common example is the soft region, where the loop momentum
scales as l ∼ M(λ2, λ2, λ2). In our particular example this region happens to not
contribute at leading power.
In summary, we have identified regions where individual or all propagators in

a given one-loop diagram are far off-shell. In cases, where not all loop momenta
were hard, the residual momenta are in turn either (anti-)collinear or soft. These
regions yield important contributions to the result since the (anti-)collinear or soft
propagators are strongly enhanced when the masses are small. We can therefore
construct the effective theory by splitting up fields into the relevant modes and
integrating out the hard modes. In this way, the resulting effective theory also
accounts for light particles with very high momenta to be part of the high-scale
interactions. This is in contrast to the conventional EFT approach, where we split
up the field content by mass. Consequently, the effective theory will separate scales
more reliably, allowing us to resum logarithms like the one found in eq. (3.9).
Before we move on, it should be noted that depending on the application, other

modes might be relevant degrees of freedom to construct an effective theory. Exam-
ples are ultra-soft, collinear-soft (“coft”) [24], or ultra-collinear [25].

3.2. Construction of the Effective Theory

We now construct the effective theory by building a Lagrangian from the degrees of
freedom we identified above. For simplicity, the basic notions are first explained for
a simple scalar theory before we generalize it to QCD. We begin with the Lagrangian

L(φ) = 1
2(∂µφ)(∂µφ)− 1

2m
2φ2 − gφ3 , (3.10)

and split each field into the (anti-)collinear modes and the soft mode:

φ→ φc + φc̄ + φs . (3.11)
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3.2. Construction of the Effective Theory

Fig. 3.2.: Examples of effective interactions obtained from removing hard modes
(red, zig-zagged lines).

Up to the interaction term that couples different modes to each other, our Lagrangian
now splits up into three copies of itself with each one containing only one of the
modes, L(φ) = L(φc) + L(φc̄) + L(φs) + Lint. Special care is needed when writing
down interaction terms. First, interactions are restricted by the fact that collinear
fields can only have collinear momenta and soft fields can only have soft momenta.
Therefore, because a collinear field cannot decay into a collinear and an anti-collinear
field by momentum conservation, a term of the form φ2

cφc̄ cannot be part of our
Lagrangian. The three-point interaction in the effective Lagrangian is then of the
form [21]:

φ3(x)→ φ3
c(x) + φ3

c̄(x) + φ3
s(x) + 3φ2

c(x)φs(x+) + 3φc̄(x)φs(x−) . (3.12)

The fact that the soft fields in the soft-collinear interactions only depend on specific
light-cone components of the coordinate is a consequence of expanding the operator
around the small momentum of the soft mode, and is called multiple expansion [26].

Next we need to include effective interactions obtained from removing hard modes
from the theory, as depicted in Fig. 3.2: In our example, the hard region of the full
theory gives rise to a tree-level decay of the heavy particle to a collinear and an
anti-collinear mode in the effective theory. The collinear regions are loop diagrams
in the effective theory involving an effective operator obtained by removing one
intermediate hard mode. First and foremost however, we need to establish our
power-counting. We already anticipated that the expansion parameter is the scale
ratio λ = m/M . Since the relevance of a mode is determined by how its propagator
scales with λ, each effective degree of freedom can be assigned a scaling by looking
at its two-point correlator and counting the powers of λ appearing in the expression.

19



3. Soft-Collinear Effective Theory

For a collinear particle, we find:

〈0|T{φc(x)φc(0)} |0〉 ∼
∫
d4p e−i p·x

i

p2

∼ λ4 · λ0 · λ−2 = λ2 .

(3.13)

Here we used that a collinear momentum scales as p2 ∼ λ2 and the measure scales
as the momentum d4p ∼ (p2)2. We conclude that φ2

c ∼ λ2 and thus a collinear field
scales as one power of λ. Since a soft momentum as we defined it earlier squares to
an expression of O(λ4), the soft scalar field counts as λ2 and is of subleading power.
The power counting of an operator is done by looking at the action of each term,∫
d4xO(x). The scaling of O(x) is deduced from the fields appearing in it whereas

the scaling of the measure can be derived from the sum of the momenta in the
operator and noting that each component of x scales inversely to the corresponding
component of the momentum.
In the example of a heavy particle, here denoted by Ψ, decaying into two light

particles, denoted φ, the tree-level contribution must be generated by an effective
operator of the form

Otree
eff = Ψ(x)φc(x)X φc̄(x) , (3.14)

where X is a placeholder for any allowed structure compatible with the symmetries
of the theory. At leading power, X could simply be identity. However, a derivative
of the anti-collinear field along the direction of its large momentum component does
not yield a power-suppression. Thus, the operator

Ψ(x)φc(x)(n · ∂)
n · n̄

φc̄(x) (3.15)

is of the same order as the one where X = 1: both count as λ2. In fact, an infinite
tower of operators contributes at this order in λ and it can be written as a single
operator with a continuous parameter using the identity

φc̄(x+ tn) =
∞∑
i=0

ti

i! (n · ∂)iφc̄(x) . (3.16)

We can use this to write down the effective operator

Otree
eff = Ψ(x)φc(x+ sn̄)φc̄(x+ tn) . (3.17)

This operator is non-local along the light-like directions of the large momentum
components, a typical feature of SCET. The operator generating the second graph
in Fig. 3.2 can now be written along the same lines:

Oloop
eff = Ψ(x)φc(x+ sn̄)φc(x+ tn̄)φc̄(s+ rn) . (3.18)
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Note that this operator counts as λ3, one λ for each φ field. The usual form of the
effective Lagrangian, a sum over all effective operators and their Wilson coefficients,
has now turned into a convolution over the continuous parameters r, s and t:

Leff =
∫∫

ds dt Ctree
eff (s, t, µ)Otree

eff (s, t)

+
∫∫∫

dr ds dt Cloop
eff (r, s, t, µ)Oloop

eff (r, s, t) + . . .
(3.19)

Here we have written an explicit dependence on the renormalization scale, introduced
by quantum corrections. In momentum space, the non-locality transforms into a
dependence of the Wilson coefficients on the high energy scales. This is seen by
expressing C, φc and φc̄ through their Fourier-transformed counterparts C̃, φ̃c and
φ̃c̄ and performing the integrals over s and t:∫∫

ds dtC(s, t, µ)φc(x+ sn̄)φc̄(x+ tn)

=
∫

d4k

(2π)4

∫
d4q

(2π)4

∫∫
ds dtC(s, t, µ)e−ik·(x+sn̄)e−iq·(x+tn)φ̃c(k) φ̃c̄(q)

=
∫

d4k

(2π)4

∫
d4q

(2π)4 C̃(n̄ · k, n · q, µ)e−i(k+q)·xφ̃c(k)φ̃c̄(q) .

(3.20)

Scale separation is apparent now: The Wilson coefficients depend on the high energy
scale that we have integrated out. In contrast to the local OPE, these dependences
are not introduced by heavy particles but by light (virtual) particles carrying large
energies. This is especially important in processes, where the energy scale is large but
no heavy particles are present. An example of such a process would be e+e− → qq̄
at a high energy lepton collider, with q being a light quark flavor. QCD corrections
would yield logarithms of the form αs log(m2

q/s). These logarithms could not be
resummed using a conventional EFT since the high scale is not given by a heavy
particle mass but rather high momentum transfer.

3.3. Fermions and Gauge Fields

Let us now go to a more realistic picture that includes fermions and gauge fields,
more specifically: QCD. Again, we start by separating the fields into their modes.
This time however, things become more complicated since fermion fields and gauge
fields have multiple components and they scale differently in SCET power counting.
We start with fermions and split them up in the familiar way:

ψ → ψc + ψc̄ + ψs . (3.21)

21



3. Soft-Collinear Effective Theory

By defining projectors P+ = /n/̄n/(n · n̄) and P− = /̄n/n/(n · n̄), the (anti-)collinear
fermions can be further split into:

ξc = P+ψc , ηc = P−ψc ,

ξc̄ = P−ψc̄ , ηc̄ = P+ψc̄ .
(3.22)

The reason we do this is because the fields ξ and η have different scaling:

〈0|T{ξc(x)ξ̄c(0)} |0〉 = /n/̄n

n · n̄
〈0|T{ψc(x)ψ̄c(0)} |0〉

/̄n/n

n · n̄

∼
∫
d4k

/n/̄n /k /̄n/n

k2

∼ λ4 · λ0 · λ−2 = λ2 .

(3.23)

For the η component, the numerator has two additional powers of λ because only
the subleading component n ·k ∼ λ2 survives the projectors. For the soft field, every
momentum component scales as λ2. Thus, we obtain the scalings

ξ ∼ λ , η ∼ λ2 , ψs ∼ λ3 . (3.24)

For the gluon fields we write

〈0|T{Aµ(x)Aν(0) |0〉 ∼
∫

d4k

(2π)4
1
k2

{
−gµν + ξ

kµkν

k2

}
, (3.25)

showing that a gluon field counts as its momentum Aµ ∼ kµ, leading to

n̄ ·Ac ∼ λ0 , n ·Ac ∼ λ2 , A⊥ ∼ λ , Aµs ∼ λ2 . (3.26)

We can now construct the SCET Lagrangian of QCD. Since the η components of
the fermions are power-suppressed, they can be integrated out from the theory. To
this end, we write down the collinear quark Lagrangian:

Lc = ψ̄ci /Dψc

= ξ̄c
/̄n

2 (n · iD)ξc + ξ̄c(iD⊥)ηc + η̄c(iD⊥)ξc + η̄c
/n

2 (n̄ · iD)ηc .
(3.27)

By deriving the equations of motion from this Lagrangian and solving for ηc, we can
remove the power-suppressed component of the quark from the theory. This yields
the identities [21, 26]

ηc = −
/̄n

2n̄ · iD (i /D⊥)ξc , η̄c = −ξ̄ci
←−
/D⊥

/̄n

2n̄ · i←−D
, (3.28)
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leading to the effective collinear Lagrangian

Lc = ξ̄c
/̄n

2 (n · iD)ξc + ξ̄ci /D⊥
1

n̄ · iD
i /D⊥

/̄n

2 ξc , (3.29)

containing the gauge-kinetic terms for the leading collinear quark field. The equiv-
alent Lagrangian for the anti-collinear fermions are found from the obvious replace-
ments c → c̄ and n ↔ n̄. The kinetic terms for collinear gluons are simply given
by

Lg,kin
c = −1

4F
a
c,µνF

a,µν
c , (3.30)

where F a,µνc is the field strength tensor of the collinear gluons Aa,µc .
As noted in the previous section, interactions between the soft and collinear sectors

are more involved since we need to perform the multipole expansion, as discussed in
ref. [26] (see also the chapter 4 in the review [21]). Since soft modes are not relevant
for this work, we will skip the discussion here.

3.4. Wilson Lines
When constructing effective operators in SCET, we typically find non-local opera-
tors by the means of identity (3.16), since derivatives along the large momentum
component are not power-suppressed. However, these operators are not allowed in
a realistic model, since expressions of the form

ψ̄c(x+ sn̄)ψc(x) (3.31)

are in general not gauge-invariant by themselves. In order to restore gauge invari-
ance, we have to introduce Wilson lines, defined for collinear fields by

[x+ sn̄, x] ≡ P̂ exp
[
ig

∫ s

0
dt n̄ ·Ac(x+ tn̄)

]
. (3.32)

Here P̂ is the path ordering operator. A collinear fermion field, transforming under
the gauge symmetry according to ψc(x) → Vc(x)ψc(x), can now be dressed with a
Wilson line, which itself transforms as

[x+ sn̄, x] → Vc(x+ sn̄) [x+ sn̄, x]V †c (x) . (3.33)

Inserting now a Wilson line between the fields in eq. (3.31) yields

ψ̄c(x+ sn̄)[x+ sn̄, x]ψc(x) , (3.34)

which is gauge invariant.
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3. Soft-Collinear Effective Theory

The transformation property (3.33) can now be used to define gauge covariant
building blocks by using Wilson lines extending to infinity:

Wc(x) ≡ [x,−∞ n̄] = P̂ exp
[
ig

∫ 0

−∞
ds n̄ ·Ac(x+ sn̄)

]
. (3.35)

Assuming gauge functions vanishing at infinity, the object Wc(x) transforms as

Wc(x)→ Vc(x)Wc(x) , (3.36)

and the objects

χc(x) ≡W †c (x)ξc(x) χ̄c(x) = ξ̄c(x)Wc(x) (3.37)

are gauge invariant by themselves. Similarly, we can define the building blocks for
collinear gluons and their perpendicular components

Aµc ≡W †c (x) (iDµ
cW (x)) Aµc⊥ ≡W

†
c⊥(x)

(
iDµ

c⊥W (x)
)
, (3.38)

Together with these, one defines the covariant derivative

iDµ = i∂µ +Aµ , (3.39)

dressed with appropriate indices c and ⊥. The objects defined in (3.37) and (3.38)
can now be used to construct effective operators non-local along the direction of large
momentum. An example of such a construction is the QCD factorization formula,
which will be centrally important in the next chapter.

3.5. Concluding Remarks
When constructing the SCET Lagrangian, we have to do so with a particular kine-
matic situation in mind, since the relevant effective degrees of freedom are field
modes collinear and anti-collinear to the large momenta in the process. Depend-
ing on the process at hand, other modes can become important. In this way, the
application of SCET to a problem can require a significant amount of preparatory
work, where the relevant degrees of freedom need to be identified and the appropri-
ate Lagrangian needs to be constructed. The trade off is that SCET properly treats
multi-scale problems, allowing one to resum logarithms that could not be resummed
otherwise. Just as in a conventional EFT, this is possible because the physics as-
sociated to the different scales factorize into functions depending on a single scale.
In the simplest example where a heavy particle decays to two massless particles
and soft interactions are suppressed, these functions are called the hard functions,
encoding short distance physics, and the jet functions, which describe the physics
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associated with the collinear and anti-collinear legs of the process. Renormalizing
and scale-evolving them to a common scale then resums the large logarithms.
The emergence of factorization theorems from the effective theory are not always

as apparent as in the case of eq. (3.20). As an example, when multiple collinear
sectors are present in the theory, soft and ultra-soft particle exchanges between the
sectors can spoil the naive factorization. In this case, one needs to perform a field
redefinition of the collinear fields, called decoupling transformation to absorb the
soft exchanges into a soft function and restore factorization [27–32].
As we have seen, SCET is the appropriate effective theory for processes where

the relevant degrees of freedom are light and highly energetic. The theory was
developed for inclusive radiative decays of the B meson, in which the hard scale
is set by the heavy decaying meson [33]. Ever since then, the theory has seen
application to numerous similar decays, both inclusive and exclusive. Examples
are the above-mentioned inclusive B → Xsγ decays3, inclusive B → Xulν probing
the CKM matrix element |Vub| [43], and exclusive B decays like various B → D
decays [44, 45] and B decays into pions and kaons [46–48]. In all of these cases, the
scale separation between the hard scale and the hadronic scale is not large enough
to work at leading power and thus, power corrections need to be taken into account.
In contrast to that, SCET is also a popular choice for collider physics applications,
where light particles are produced with typically very large momenta. This includes
computations of cross sections as well as describing the dynamics of individual jets
in the final state. The list of studies using SCET here is long and growing steadily.
See the last chapter of ref. [21] for a very long compilation of relevant literature
on the subject. Further applications are exclusive hadronic decays of electroweak
bosons like W , Z and the Higgs, where the hard scale is set by the heavy mass of
the decaying bosons. We will discuss these at length in the next two chapters.

3In addition to the analysis [33], the decay has been studied in great deal including power cor-
rections [27–29, 31, 32], perturbative corrections [34–40] and non-perturbative treatment of the
soft function [41, 42].
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4. Exclusive Hadronic Decays of
Electroweak Bosons

In the next two chapters, we will discuss exclusive hadronic decays of Z, W and
Higgs bosons. These are decays where the final state contains individual hadrons. To
compute processes of this class, we need a way of dealing with the non-perturbative
dynamics of hadron formation. The reason why we can still make predictions for
the decays in question is the hierarchy between the momentum-transfer scale in the
process and the hadronization scale. If the scale separation is large enough, we can
expand in the scale ratio and obtain the QCD factorization formula, resulting in
the hadronization being parameterized by a process-universal function that can be
separated from the process-specific hard-scattering function.
We will explain the framework in the next section and then apply it to hadronic

decays of Z and W bosons. The decay channels discussed are Z →Mγ, W →Mγ,
as well as Z → MW . In the following chapter, we will extend our analysis to
exclusive decays of the Higgs boson, using the tools developed in this chapter. The
results presented in these two chapters are published in refs. [49–54].

4.1. The QCD Factorization Approach

The QCD factorization (QCDF) approach [55–59] is applicable to exclusive pro-
cesses with a large energy release to the hadrons in the final state. Amplitudes are
given as convolutions of partonic hard scattering kernels with hadronic matrix ele-
ments, called light-cone distribution amplitudes (LCDAs). The result is given as an
expansion in the scale ratio between the large energy release into the final state and
the typical energy scale of hadronization: λ ∼ ΛQCD/E. The intuitive picture as to
why the result splits into these independent parts is a consequence of the large scale
separation: While the hard-scattering (physics at high momentum transfer) happens
at very short time and distance scales, hadronization takes a longer time. Through
this, the physics of hadronization does not see the details of how the partons where
created, because it sets in at a time where the partonic scattering has already hap-
pened. In this way, the formalism is very similar to deep-inelastic scattering, where
the non-perturbative effects in the initial state hadron are described by the parton
distribution functions (PDFs).
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4. Exclusive Hadronic Decays of Electroweak Bosons

Originally developed in light-cone perturbation theory, the QCDF formalism can
be rephrased in the language of SCET, where the decay amplitude will factorize into
partonic scattering and a hadronic quantity. We will see that the partonic scattering
amplitude will become the Wilson coefficient of an effective non-local SCET operator
that, sandwiched between the QCD vacuum and the hadronic final state, becomes
the LCDA. In this way, the problem factorizes into a hard function (the Wilson
coefficient), living at the high scale, and the hadronic function, living at the low
scale. By evaluating the two parts each at their natural scale and RG-evolving them
to one common scale, large logarithms of the form αs log ΛQCD/v are resummed to
all orders.
Typical applications of QCDF in the past were exclusive decays of heavy mesons in

regions where the partonic momentum transfer allows for a perturbative treatment
[60–63]. In these applications, the high scale is of the order of the mass of the heavy
meson, meaning ∼ O(5 GeV). Due to this, these examples are plagued by the fact
that the expansion parameter λ is not very small and that power corrections become
non-negligible and hard to distinguish from hadronic uncertainties. We will see that
the latter is also a consequence of the relatively small value for the high scale.
In our case, the decays of heavy electroweak gauge bosons and the Higgs, the

high scale is very large compared to ΛQCD, as it is set by the mass of the decaying
boson. This has two benefits: Power corrections will parametrically be suppressed
by powers of mM/v where mM is the mass of the final state meson and v stands
for any weak-scale mass. Even in the worst possible case, this parameter would
be mB/mW ∼ 0.05. The second benefit comes from renormalization group effects,
which render hadronic uncertainties small as we evolve the LCDAs to the high
scale. As a result, our predictions are theoretically relatively clean. The downside
is that the decays rates are very small and are experimentally challenging. Still,
with the large number of W , Z and Higgs bosons produced at LHC and possible
next-generation particle colliders in the future, measuring exclusive hadronic W , Z
and Higgs decays can yield important information on both the validity of the QCDF
approach as well as possible new physics.

4.1.1. The Factorization Formula

We will start by deriving a factorization formula for the decay Z → Mγ and fur-
thermore assume that the meson M does not transform as a singlet under the flavor
symmetry SU(Nf ). Later on, we will generalize to the flavor-singlet case and con-
sider decays of the Higgs boson as well.
We assign the momenta k and q to the final state meson and the photon respec-

tively. In the rest frame of the decaying Z boson, the quarks inside the meson move
along the direction of the meson momentum k, with small perturbations of O(ΛQCD)
due to the dynamics of the binding force. The meson momentum obeys collinear
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4.1. The QCD Factorization Approach

scaling k ∼ mZ(1, λ2, λ), with the power-counting parameter λ ∼ ΛQCD/mZ . In
the language of SCET, we need to find operators made from collinear partons with
correct quantum numbers to excite the meson from the QCD vacuum. SCET tells
us that operators with more fields are power-suppressed, so the leading contribution
comes from operators with two collinear partons. With the help of our gauge covari-
ant building blocks defined in eq. (3.37), we can write down the decay amplitude for
Z →Mγ:

A =
∑
i

∫
dt Ci(t, µ) 〈M(k)| χ̄c(tn̄)

/̄n

2 Γi χc(0) |0〉+ subleading power . (4.1)

Here Γi ∈ {1, γ5, γµ⊥} are the possible spin structures with appropriate quantum
numbers to create the meson M . The Wilson coefficients can be determined in
a matching computation from perturbation theory and are specific to each decay.
They describe the hard scattering at the factorization scale µ. We can use the
definition of the building blocks (3.37) to rewrite the field operators in the matrix
elements into the quark fields and a Wilson line:

〈M(k)| χ̄c(tn̄)
/̄n

2 Γi χc(0) |0〉 = 〈M(k)| q̄(tn̄)
/̄n

2 Γi [tn̄, 0] q(0) |0〉 . (4.2)

These matrix elements define the LCDAs of pseudoscalar and vector mesons. For
the pseudoscalars we have

〈P (k)| q̄(tn̄)
/̄n

2 γ
5 [tn̄, 0] q(0) |0〉 = −ifP n̄ · k

∫ 1

0
dxei(xk)·(tn̄)φP (x, µ) , (4.3)

whereas for the longitudinal and transverse polarizations of the vector mesons it is

〈V‖(k)| q̄(tn̄)
/̄n

2 [tn̄, 0]q(0) |0〉 = −ifV n̄ · k
∫ 1

0
dxei(xk)·(tn̄)φV (x, µ) ,

〈V⊥(k)| q̄(tn̄)
/̄n

2 γ
µ
⊥[tn̄, 0]q(0) |0〉 = −if⊥V (µ)n̄ · k ε⊥∗µV

∫ 1

0
dxei(xk)·(tn̄)φ⊥V (x, µ) .

(4.4)

Here E is the energy of the meson, ε⊥V is the polarization vector of the transverse
vector meson and φM (x, µ) are the LCDAs and fM are the meson decay constants.
Their definition is recovered in the local limit t → 0 after using the normalization
of the LCDAs

∫ 1
0 φ(x)dx = 1. Explicitly we have:

〈P (k)|q̄1γ
µγ5q2|0〉 = −ifPkµ ,

〈V (k)|q̄1γ
µq2|0〉 = −ifVmV ε

∗µ
V ,

〈V⊥(k)|q̄1iσ
µνq2|0〉 = if⊥V (µ)(kµε∗ν − kνε∗µ) .

(4.5)
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For mesons being superpositions of multiple flavor states |M〉 =
∑
q c

M
q |q̄q〉 it is

useful to introduce flavor-specific decay constants f qM which are defined analogously
to the above equations but with respect to one flavor-specific current j(q) = q̄ Γ q.
The scale-dependence of the transverse decay constant can be understood by the
fact that it is associated with a non-conserved QCD current1. It is now clear that
the LCDAs are simply the generalization of the decay constants to the non-local
case. The variable x ∈ [0, 1] is called momentum fraction variable and the LCDA at
leading order can thus be interpreted as the probability amplitude to find a quark
with the momentum xkµ and the anti-quark with the momentum x̄kµ = (1 − x)kµ
in the meson.
We can further simplify the factorization formula by introducing the Fourier trans-

form of the Wilson coefficient∫
dt Ci(t, µ) ei(xk)·(tn̄) = Hi(x, µ) , (4.6)

which is the hard function in momentum space. Inserting this into eq. (4.1) along
with the definition of the LCDAs and using that for each meson only a single spin
structure contributes, we obtain

A = −ifM E

∫ 1

0
dxHM (x, µ)φM (x, µ) + power corrections . (4.7)

To compute the hard function systematically, one defines the so-called light-cone
projectors [63, 64]. These are applied to the partonic amplitudes with the partons
assigned momenta kµ1 = xkµ + kµ⊥ and kµ2 = x̄kµ − kµ⊥. The partonic amplitudes are
then replaced by:

ū(k1)A(q, k1, k2) v(k2)→
∫ 1

0
dxTr [MM (k, x, µ)A(q, k1, k2)]k⊥→0 . (4.8)

Here MM (k, x, µ) is the light-cone projector for the meson M . The leading-power
expressions for pseudoscalar, longitudinal vector and transverse vector mesons are:

MP (k, x, µ) = i
fP
4
/kγ5 φP (x, µ) ,

M
‖
V (k, x, µ) = −ifV4

/k φV (x, µ) ,

M⊥V (k, x, µ) = i
f⊥V (µ)

4
/k/ε⊥∗V φ⊥V (x, µ) .

(4.9)

Corrections arising at subleading power in the expansion in ΛQCD/E are discussed
in Appendix A.

1When generalizing the factorization formula to the case of flavor singlet mesons, we will see
that the pseudoscalar decay constant is also scale-dependent since the axial anomaly spoils the
conservation of the axial vector current.

30



4.1. The QCD Factorization Approach

Fig. 4.1.: Examples of one-loop QCD corrections to the LCDAs. In the second
and third graph, the gluon is emitted from the Wilson line between the fields in the
bi-local current.

4.1.2. Renormalization of the Light-Cone Distribution Amplitudes
Since we are dealing with a huge scale hierarchy, we have to worry about large
logarithms arising from radiative corrections at order O(αs). The light-cone distri-
butions are defined as matrix elements of currents between the QCD vacuum and
the hadronic final state. The resummation of large logarithms is carried out by the
renormalization of these currents. Diagrammatically, this is performed by evaluat-
ing one-loop diagrams like the ones shown in Fig. 4.1. The renormalization of the
LCDAs is multiplicative in the sense of a convolution over the momentum-fraction
variable:

φbare
M (x) =

[
Z−1
φ (µ)⊗ (fM (µ)φM (µ))

]
(x) =

∫ 1

0
dy Z−1

φ (x, y, µ) (fM (µ)φM (y, µ))

(4.10)

The renormalization kernel Zφ at one-loop order in QCD is [55, 59]:

Zφ(x, y, µ) = δ(x− y) + αs(µ)CF
4πε V0(x, y) +O(α2

s) , (4.11)

where V0(x, y) is the one-loop Brodsky-Lepage kernel, explicitly given by:

V0(x, y) =δ(x− y)− 2
y ȳ

[
x ȳ

θ(y − x)
y − x

+ y x̄
θ(x− y)
x− y

]
+

− 2cΓ

[
x

y
θ(y − x) + x̄

ȳ
θ(x− y)

]
,

(4.12)

with cΓ = 1 for pseudoscalar and longitudinal vector mesons and cΓ = 0 for trans-
verse vector mesons. The expression [...]+ denotes the symmetric plus distribution,
defined as:

[f(x, y)]+ = f(x, y)− δ(x− y)
∫ 1

0
dw f(w, y) . (4.13)

The renormalization group equation for the LCDAs follows straightforwardly from
our derivation in section 2.3.2, by demanding that the product C(µ) 〈O(µ)〉 has to be

31



4. Exclusive Hadronic Decays of Electroweak Bosons

independent of the renormalization scale µ. In the present case, the matrix element
〈O(µ)〉 is a product of the LCDA φM and the meson decay constant fM , which -
in the case of a transverse vector meson - is renormalized and thus scale dependent.
The renormalization group equation for the LCDA is

µ
d

dµ
φM (x, µ) = −

∫ 1

0
dy V (x, y, µ)φM (y, µ) . (4.14)

This integro-differential equation can be cast into an infinite set of simple differen-
tial equations. To this end, the LCDAs are expanded in the basis of Gegenbauer
polynomials according to [55, 59]

φM (x, µ) = 6x (1− x)
[
1 +

∞∑
n=1

aMn (µ)C(3/2)
n (2x− 1)

]
, (4.15)

where C(m)
n (w) are the Gegenbauer polynomials and the coefficients aMn (µ) are called

Gegenbauer moments. They contain the scale dependence of the LCDA. Combining
eqs. (4.14) and (4.15), the RG equation for the LCDA can then be turned into a set
of RG equations for the Gegenbauer moments:

µ
d

dµ
aMn (µ) = −γnm

αs(µ)
4π aMm (µ) . (4.16)

At one-loop order in QCD, the anomalous dimension is a diagonal matrix with the
diagonal entries:

γn = 2CF
(

4Hn+1 −
2

(n+ 1)(n+ 2) − 3
)
, and Hn =

n∑
k=1

1
k
. (4.17)

This is in fact the reason why the LCDAs are expanded in Gegenbauer polynomials
in the first place: They are the eigenfunctions of the Brodsky-Lepage kernel.
Note that for every n, the anomalous dimensions are positive, γn > 0. Glancing

at the leading-order solution

aMn (µ) =
(
αs(µ)
αs(µ0)

) γn
2β0

aMn (µ0) (4.18)

and noting that for µ > µ0 the ratio of strong couplings is always smaller than 1,
it can be seen that the Gegenbauer moments decrease when evolved to a high scale.
In the limit µ→∞, all moments vanish and the LCDA takes the form

φM (x, µ→∞) = 6x(1− x) , (4.19)

for any meson. This means that the influence of the Gegenbauer moments on the
final result weakens with higher renormalization scales. In Fig. 4.2, some examples
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Fig. 4.2.: LCDAs of the kaon (left), J/ψ (middle), and the B meson (right) at
the hadronic scale µ0 = 1 GeV (dashed colored lines) and the high scale µ = mZ

(solid colored lines). The gray dotted line denotes the asymptotic LCDA in the limit
µ→∞.

are shown for the LCDAs of the kaon, the J/ψ and the B, evolved from a hadronic
reference scale µ0 = 1 GeV up to the scale µ = mZ . One can see that the scale-
evolved LCDAs is considerably closer to the shown asymptotic form, rendering the
dependence of the result on the moments an small. Since these Gegenbauer moments
are usually not very well-known, this also means that the uncertainties associated
with them are weaker than in typical applications of the QCDF approach.
The solution (4.18) resums the leading large logarithms αs log(µ0/mZ). The RG

resummation of the next-to-leading logarithms requires the two-loop renormalization
of the LCDA, which is more complicated [65–70]. The anomalous dimension matrix
for this case is no longer diagonal but lower triangular, meaning that Gegenbauer
moments of order m mix under renormalization with moments of order 0 < k ≤ m.
Considering the large uncertainties in the moments aMn we neglect these effects.
When computing radiative corrections in dimensional regularization, additional

subtleties arise from the γ5 matrices in the loops, which anti-commute with the
Dirac matrices γµ only in d = 4 dimensions. As discussed in Appendix B, the axial
current jµ5 = ψ̄γµγ5ψ receives a finite renormalization to preserve the chiral Ward
identities

jµ5 = ZHV(µ) jµ5
(0) =

(
1− αs(µ)CF

π
+O(α2

s)
)
jµ5
(0) . (4.20)

In the hadronic decays of the Higgs boson, the pseudoscalar current j5 = q̄γ5q
is relevant for the Yukawa couplings of the quarks. This current receives a finite
renormalization [71]

ZPHV = 1− 2αs(µ)CF
π

+O(α2
s) . (4.21)

Similarly, a finite renormalization is needed for the non-local axial current that
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4. Exclusive Hadronic Decays of Electroweak Bosons

defines the LCDA of a pseudoscalar meson according to eq. (4.3):

φP,HV(x, µ) =
∫ 1

0
dy Z−1

HV(x, y, µ)φP (y, µ) . (4.22)

The renormalization kernel is [72]:

Z−1
HV(x, y, µ) = δ(x− y) + 2αs(µ)CF

π

[
x

y
θ(y − x) + x̄

ȳ
θ(x− y)

]
+O(α2

s) . (4.23)

This achieves the finite renormalization of φP (x, µ), as is seen by integrating φP,HV(x, µ)
over x, yielding∫ 1

0
dxφP,HV(x, µ) =

∫ 1

0
dy

(∫ 1

0
dxZ−1

HV(x, y, µ)
)
φP (y, µ)

=
(

1 + αs(µ)CF
π

)∫ 1

0
dy φP (y, µ)

= Z−1
HV(µ) ,

(4.24)

where ZHV(µ) in the last line is precisely the renormalization constant in eq. (4.20).
According to eq. (4.10), the matrix elements of the currents we are renormalizing

with diagrams like the ones shown in Fig. 4.1 define the products of the LCDAs
and the meson decay constants. In the case of transverse vector mesons, the decay
constants are scale-dependent as well, since the QCD tensor current jµνT = q̄ iσµνq
is not conserved. The scaling behavior of the transverse decay constants is governed
by the RG equation

µ
d

dµ
f⊥V (µ) = −γT (µ)f⊥V (µ) , with γT =

∞∑
k=0

γTk

(
αs(µ)

4π

)k
. (4.25)

The one- and two-loop contributions to the anomalous dimension are [73]

γT0 = 2CF , and γT1 = −19C2
F + 257

9 CF CA −
52
9 CF TFnf . (4.26)

Using the ingredients in this section, we can resum the logarithms αs log(µ0/mZ)
arising from the one-loop corrections to the hard scattering kernels.

4.1.3. Accessing the Meson LCDAs
In order to make actual predictions, we need values for the Gegenbauer moments aMn .
They are non-perturbative quantities, and therefore there is no way to predict them
from first principles in an analytic computation. Determining them numerically
using lattice gauge theory is challenging because in these frameworks one uses a
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4.1. The QCD Factorization Approach

euclidean spacetime, making light-cone kinematics hard to access. Nevertheless,
estimates for the first few Gegenbauer moments exist for light mesons from the
lattice and light-cone QCD sum rules and have been extracted from data [74–76].
The compiled list of results along with the corresponding references they were taken
from is found in Appendix C.
For mesons containing heavy quarks Q = c, b, the relatively high quark mass mQ

introduces another relevant scale to the hierarchy v > mQ > ΛQCD. Using effective
theories, estimates on the LCDA shapes can be obtained.
For heavy quarkonia M ∼ (Q̄Q), we can make several assumptions on the LCDA

shape. In the limit of mQ → ∞, the LCDA should simply be δ(x − 1/2), as both
quarks are at rest in the meson rest frame and carry exactly half of the meson
momentum. Corrections to this distribution can be estimated from non-relativistic
QCD (NRQCD), where one systematically expands in the small velocity of the heavy
quarks v ∼ αs(mQv) [12, 13]. Reference [77] quotes the relation between the LCDA
and the second moment of v:∫ 1

0
dx
φM (x, µ0)

x
=
∫ 1

0
dx
φM (x, µ0)

x̄
= 2

[
1 + 〈v

2〉M
3 +O(v4)

]
. (4.27)

As a plausible model LCDA for a heavy quarkonium, we choose a Gaussian function

φM (x, µ0) = Nσ
4xx̄√
2πσ

exp
[
−

(x− 1
2)2

2σ2

]
, (4.28)

with Nσ such that
∫ 1

0 dxφM (x, µ0) = 1 and µ0 = 1 GeV, with σ2 = 〈v2〉M /12.
For the transverse vector mesons, the relevant NRQCD relation, including one-loop
QCD corrections, is [78, 79]:

4σ2
V (µ) =

∫ 1

0
dx (2x− 1)2φ⊥V (x, µ) = 〈v

2〉V
3 + αs(µ)CF

4π

(
28
9 −

2
3 log

m2
Q

µ2

)
(4.29)

For the second moments 〈v2〉M we use the estimates

〈v2〉J/ψ ∼ 0.30± 0.15 , 〈v2〉Υ(1S) ∼ 0.10± 0.05 . (4.30)

The Gegenbauer moments of the model functions φJ/ψ and φΥ(1S) can be extracted
by inverting the expansion (4.15), giving

aMn (µ) = 2(2n+ 3)
3(n+ 1)(n+ 2)

∫ 1

0
dxC(3/2)

n (2x− 1)φM (x, µ) . (4.31)

For our numerical analysis, we keep the first 20 Gegenbauer moments obtained in
this way.
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For heavy-light mesons M ∼ (Q̄q), a similar approach is chosen. First, the LCDA
in this case should peak at a small value x ∼ ΛQCD/mM with x being the momentum
fraction of the light quark. The proper effective theory in this case is HQET. Using
HQET, one can define [61]∫ 1

0
dx
φM (x, µ0)

x
≡ mM

λM (µ0) + power corrections , (4.32)

where the hadronic parameter λM (µ0) ∼ ΛQCD does not depend onmQ and is poorly
known. For the B meson, an estimate from QCD sum rules exists: λB(1 GeV) =
(460 ± 110) MeV [80]. Since the parameter is independent of the heavy quark-
mass mQ, we use this for both B and D mesons. For Bs and Ds, we use λMs −
λM ∼ 90 MeV [81] and conservatively estimate the error to be ∆λMs = ±150 MeV.
Similarly to the heavy meson case in eq. (4.28), we use as a model LCDA [82]:

φM (x, µ0) = Nσ
xx̄

σ2 exp
(
−x
σ

)
with σ = λM (µ0)

mM
. (4.33)

Again, Nσ is a constant factor ensuring the proper normalization of the LCDA. For
mesons where the light quark is the antiquark M ∼ (q̄Q), one replaces x↔ x̄.

4.1.4. The Case of Flavor-Singlet Mesons
In section 4.1.1 we wrote down the QCD factorization formula under the assumption
that the final state meson M does not contain a flavor-singlet component. In the
naive constituent quark model, a meson state written as

|M〉 =
nf∑
i

cMqi |qiq̄i〉 , (4.34)

is a flavor-singlet if all flavor coefficients are equal cMqi = 1/√nf . In this case, the
meson can be formed not only from two collinear quarks but two collinear gluons as
well. Note that the flavor coefficients cMq for nonsinglet mesons obey

∑
i c
M
qi = 0 and

thus the gluon contribution cancels out, as gluons couple to each flavor equally. The
additional two-gluon contribution to the factorization formula makes the situation
more complicated for two reasons. First, the hadronic matrix elements defining the
two-gluon LCDA and the two-quark LCDA mix under renormalization, leading to
the fact that the flavor-singlet component of a meson behaves differently under scale
variation compared to the nonsinglet component. Furthermore, at high scales the
c and b quarks become dynamical fields, changing the number of active flavors nf
and with that the definition of a flavor singlet in eq. (4.34).
In order to establish the factorization formula, we use again the gauge-covariant

building blocks defined in (3.38) and (3.38) and write down the bilocal two-gluon

36



4.1. The QCD Factorization Approach

Fig. 4.3.: Examples of one-loop QCD corrections to the LCDAs. The first two
graphs are simple O(αs) corrections to the quark and gluon LCDAs whereas the
last two graphs are examples of corrections mixing the two LCDAs.

current
1
g2
s

〈P (k)|Tr
[
Aµc⊥(tn̄)ε⊥µνAνc⊥(0)

]
|0〉 = TF f

uds
P (µ)

∫ 1

0
dx

ei(xk)·(tn̄)

x x̄
φgP (x, µ) , (4.35)

with ε⊥µν = εµνρσ n̄
ρnσ/(n · n̄) and the trace acting in color space. We have further-

more defined the decay constant fudsP as a sum of the light-flavor decay constants:

fudsP (µ) = fuP (µ) + fdP (µ) + fsP (µ) . (4.36)

The gluon LCDA φgP is odd under the transformation x ↔ x̄ and thus the nor-
malization to fudsP is arbitrary, but will prove convenient later on. Note that the
axial anomaly spoils the conservation of the axial vector current and thus the decay
constants are renormalized at two-loop order [83]. With the identity [84]

Aµc (x) = gs

∫ 0

−∞
ds n̄α

[
W †c G

αµ
c Wc

]
(x+ sn̄) (4.37)

the right-hand side of eq. (4.35) can be written as [85–88]:

〈P (k)|n̄αn̄βGαµ,A(tn̄)[tn̄, 0]AB G̃βµB (0)|0〉 = (n̄ · k)2fudsP (µ)
∫ 1

0
dxei(xk)·(tn̄) . (4.38)

Proceeding for the gluon contribution as we did for the quarks in section 4.1.1, we
obtain the factorization formula

iAZ→Pγ = −i
∫ 1

0
dx

[∑
q

Hq(x, µ)f qP (µ)φqP (x, µ) + fudsP (µ)Hg(x, µ)φgP (x, µ)
]
,

(4.39)

The flavor-singlet quark and gluon LCDAs are renormalized beginning at O(αs) by
diagrams as the ones shown in Fig. 4.3. Note that the last two diagrams generate a
mixing the quark and gluon LCDAs. To account for this effect, we define a vector

−→
fφP (x) =

∑q f
q
Pφ

q
P

fudsP φgP (x)

 , (4.40)
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and relate bare and renormalized functions via
−→
fφbare

P (x) =
∫ 1

0
dy Z−1

fφ (x, y, µ)
−→
fφP (y, µ) , (4.41)

where Zfφ is a matrix of renormalization kernels:

Zfφ(x, y, µ) = δ(x− y) + αs(µ)
4πε

(
Vqq(x, y) Vqg(x, y)
Vgq(x, y) Vgg(x, y)

)
+O(α2

s) . (4.42)

Here Vqq(x, y) is simply the Brodsky-Lepage kernel as defined in eq. (4.12). The
kernel function Vgg(x, y) is its analog for the two-gluon case. The off-diagonal kernels
parameterize the mixing between the two LCDAs. The explicit expressions have
been derived in ref. [89–92] and are relegated to Appendix E. The eigenfunctions
of the kernel function Vgg are again Gegenbauer polynomials C(k)

n (ω) and hence the
gluon LCDA is customarily written in its Gegenbauer expansion

φgP (x, µ) = 30x2x̄2 ∑
n=2,4,...

bPn (µ)C(5/2)
n−1 (2x− 1) , (4.43)

where bPn are the Gegenbauer moments and only the polynomials odd under the
exchange x ↔ x̄ are kept because the gluon LCDA is normalized to zero. The
renormalization group equation of the object

−→
fφP can be written as

µ
d

dµ

−→
fφP (x, µ) = −

∫ 1

0
dy Γ(x, y, µ)

−→
fφP (y, µ) , (4.44)

with the anomalous dimension matrix

Γ(x, y, µ) = 2αs
∂

∂αs
Z

[1]
fφ(x, y, µ) = αs(µ)

2π

(
Vqq(x, y) Vqg(x, y)
Vgq(x, y) Vgg(x, y)

)
+O(α2

s) . (4.45)

Inserting the Gegenbauer expansion for the LCDAs, the RG equation (4.44) yields
the generalization of eq. (4.16) to the flavor-singlet case:[

µ
d

dµ
+ αs(µ)

4π

(
γqqn γqgn
γgqn γggn

)
+O(α2

s)
](∑

q f
q
P (µ) aP,qn (µ)

fudsP (µ) bPn (µ)

)
. (4.46)

The explicit expressions of the γijn are given in Appendix E.
In practice, we need to account for the fact that physical mesons are not purely

singlet or nonsinglet, but mixed states (see Appendix C for details on the parameter-
ization). Therefore, for a physical pseudoscalar meson P containing a flavor-singlet
admixture, the amplitudes need to be split up into singlet and nonsinglet contribu-
tions, where the LCDAs scale evolve differently, as we have just seen. As mentioned
above already, with higher factorization scales, the b and c quarks become dynami-
cal, reshuffling the singlet and nonsinglet combinations. Therefore, the RG running
is slightly more complicated than in the non-singlet case. We will discuss it in detail
after having derived the full decay amplitudes.
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Z0

γ

Z0

γ

Fig. 4.4.: The tree-level contribution to Z →Mγ.

4.2. Radiative Z-Boson Decays

We have now gathered the ingredients to compute the decay rates Z → Mγ,
W →Mγ and Z → WM . Let us start by analyzing the structure of the contri-
butions to the decay amplitude of Z →Mγ. The tree-level contribution is depicted
in Fig. 4.4. We assign momenta kµ1 = xkµ to the collinear quark and kµ2 = x̄kµ to
the collinear antiquark, neglecting the small transverse momentum components kµ⊥.
The intermediate quark propagator is always hard, since it carries both a collinear
momentum (from the final state meson) and an anti-collinear momentum (from the
photon). In the language of SCET, the intermediate quark can be integrated out
and the process is mediated by a tree-level effective operator.
When evaluated, the two partonic graphs yield

iAZ→qq̄γ = eg Qq
cWm2

Z

ū(xk)
{[

/εZ(x/k + /q)/ε∗γ
x

−
/ε∗γ(x̄/k + /q)/εZ

x̄

]
(vq − aqγ5)

}
v(x̄k) .

(4.47)

Note that the spin chains contain three Dirac matrices in the partonic amplitude.
The replacement rule (4.8) tells us to drop the spinors, multiply the amplitude
with the light-cone projectors (4.9) and take the trace over the Dirac matrices.
Since traces with an odd number of Dirac matrices vanish, only pseudoscalar and
longitudinal vector mesons can be produced at leading power. By including the
quark mass in the intermediate propagator, contributions to the partonic spin chain
are introduced with an even number of Dirac matrices, allowing for projections onto
the transverse vector meson. Since we would be trading a large momentum for a
small mass, this contribution is of subleading power. Another way of obtaining non-
zero traces is by using light-cone projectors of higher twist (see Appendix A), which
have different numbers of Dirac matrices, as well. These corrections however also
come with small parameters and are thus power-suppressed.
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Fig. 4.5.: One-loop corrections to the decay amplitudes Z → Mγ. In the fourth
graph the meson is formed from gluons and contributes only for mesons with flavor-
singlet components.

4.2.1. Computation of the Hard Scattering Kernels
After applying the light-cone projectors, the amplitude for Z →Mγ can be written
in a form factor decomposition:

iA = ± eg

2cW

[
iεµναβ

kµqνεαZε
∗β
γ

k · q
FM1 −

(
ε⊥Z · ε∗⊥γ

)
FM2

]
, (4.48)

where the positive sign holds for pseudoscalar mesons and the negative sign for
longitudinal vector mesons. The product ε⊥Z · ε∗⊥γ expresses the fact that both the
photon and the Z boson are transversely polarized. It is given by the more explicit
expression

ε⊥Z · ε∗⊥γ = εZ · ε∗γ −
q · εZ k · ε∗γ

k · q
. (4.49)

For neutral mesons that are eigenstates of charge-conjugation, the form factor FM2
vanishes [93]. The case of FM2 6= 0 is here only relevant for mesons that are flavor-
nondiagonal. The corresponding diagrams arise in the SM through one-loop elec-
troweak corrections, which are tiny. Beyond the SM, they can be generated through
effective operators. These couplings would however generate neutral meson mixing
through tree-level Z-boson exchange and are thus heavily constrained by experi-
mental data, as we will revisit in section 4.6.2. At next-to-leading order in QCD,
the amplitude receives two kinds of corrections, displayed in Fig. 4.5. First, simple
QCD corrections to the tree-level diagrams exist. Second, box graphs generating
Zggγ at the parton level contribute for flavor-singlet mesons.
Evaluating the quark diagrams, we find for the form factors

FM1 =
(∑

q

f qMQ
q
M

)[
IM+ (mZ) + ĪM+ (mZ)

]
,

FM2 =
(∑

q

f qMQ
′q
M

)[
IM− (mZ)− ĪM− (mZ)

]
,

(4.50)
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where we defined the effective couplings

QqP = Qqvq , QqV = Qqaq . (4.51)

Their primed counterparts Q′M are obtained by exchanging vq ↔ aq. The integrals
IM± are convolutions of the hard scattering kernels with the LCDAs,

IM± (mV ) =
∫ 1

0
dxH±(x,mV , µ)φM (x, µ) ,

ĪM± (mV ) =
∫ 1

0
dxH±(x̄,mV , µ)φM (x, µ) ,

(4.52)

where

H±(x,mV , µ) = 1
x

[
1 + αs(µ)CF

4π h±(x,mV , µ) +O(α2
s)
]
, (4.53)

and

h±(x,mV , µ) = (2 log x+ 3)
(

log m
2
V

µ2 − iπ
)

+ log2 x− 9 + (±1− 2)x log x
x̄

.

(4.54)

The convolutions (4.52) can be written as sums over the Gegenbauer moments
weighted by a closed-form coefficient C(±)

n by using a technique explained in Ap-
pendix F. The results we find are:

IM± (mV ) = 3
∞∑
n=0

(−1)nC(±)
n (mV , µ) aMn (µ) , (4.55)

ĪM± (mV ) = 3
∞∑
n=0

C(±)
n (mV , µ) aMn (µ) , (4.56)

with

C(±)
n (mV , µ) = 1 + αs(µ)CF

4π c(±)
n

(
mV

µ

)
+O(α2

s) , (4.57)

and

c(±)
n

(
mV

µ

)
=
[ 2

(n+ 1)(n+ 2) − 4Hn+1 + 3
](

log m
2
V

µ2 − iπ
)

+ 4H2
n+1 −

4(Hn+1 − 1)± 1
(n+ 1)(n+ 2) + 2

(n+ 1)2(n+ 2)2 − 9 .
(4.58)
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The partonic Z → ggγ diagrams like the fourth diagram in Fig. 4.5 give an additional
contribution to FP1 :

δFP1 = Q(nf )
S fudsP (µ)

∫ 1

0
dxHg(x, µ)φgP (x, µ) , (4.59)

with Q(nf )
S =

∑
q Qqvq/nf . The hard scattering kernel at the high scale (for nf = 5)

is

Hg(x, µ) = αs(µ)TF
4π

[
5hg(x, µ) + Qtvt

Q(5)
S

h(t)
g (x)− (x→ x̄)

]
+O(α2

s) , (4.60)

and

hg(x, µ) = −8 log x
x̄2

[(
log m

2
Z

µ2 )− iπ
)

+ log x
2 + 1

x
− 3

]
,

h(t)
g (x) =

(
2r3
t

315 + r4
t

504

)
(x̄− x) +O(r5

t ) , rt = m2
Z

m2
t

.

(4.61)

The function h(t)
g (x) is the contribution from the massive top quark in the loop and

is numerically insignificant. The functions hg and h(t)
g can be compared to literature

results for γγ∗ → η(′) [87, 88], we find complete agreement. Using the technique
explained in Appendix F, we can write the form factor as a sum over the gluon
LCDA Gegenbauer moments bPn :

δFP1 = 6Q(5)
S fudsP (µ)

∑
n

Dn(µ)bPn (µ) , (4.62)

with

Dn (mV , µ) = αs(µ)TF
4π

[
5dn

(
mV

µ

)
+ Qtvt

Q(5)
S

d(t)
n

]
+O(α2

s) , (4.63)

and

dn

(
mV

µ

)
= 20n(n+ 3)

3(n+ 1)(n+ 2)

[(
log m

2
V

µ2 − iπ
)
− 2Hn+1 − 1 + 1

(n+ 1)(n+ 2)

]
,

d(t)
n = −

(
2r3
t

1323 + 5r4
t

10584

)
δn2 +O(r5

t ) .

(4.64)
Note that the loop corrections from diagrams like the ones shown in Fig 4.5 are
in general divergent, leading to the logµ terms in the hard scattering functions at
O(αs). The 1/ε poles originally accompanying these logarithms are removed by the
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nf Q(nf )
S Up-type quarks Down-type quarks

5 7
60 −

11
45 sin2 θW ≈ 0.0601 c

(5)
u,c = 3

5 c
(5)
d,s,b = −2

5

4 1
8 −

5
18 sin2 θW ≈ 0.0608 c

(4)
u,c = 1

2 c
(4)
d,s = −1

2

3 1
9 −

2
9 sin2 θW ≈ 0.0597 c

(3)
u = 2

3 c
(3)
d,s = −1

3

Tab. 4.1.: Flavor-number dependent coefficients entering the factorization formula.

renormalizations (4.10) and (4.41). The cancellation of the poles is demonstrated
explicitly in Appendix D.

Since the physical η and η′ mesons are not pure flavor-singlets, the full form
factors FP1 for P = η(′) consist of both flavor-singlet and nonsinglet pieces. The full
factorization formula at the high scale in this case is

FP1 =6Q(5)
S

[∑
n

CSn (µ)
∑
q

f qPa
P,q
n +

∑
n

Dn(µ)fudsP (µ)bPn (µ)
]

+ 6(Quvu −Qdvd)
∑
n

Cn(µ)
∑
q

c(5)
q f qP (µ)aP,qn (µ) ,

(4.65)

where the first line governs the flavor-singlet component of the pseudoscalar meson P
and the second line the nonsinglet one. The coefficients Q(nf )

S and c(nf )
q are compiled

in Tab. 4.1.
Radiative decays of the Z boson into a transversely polarized meson are of sub-

leading power, as follows directly from counting the number of gamma matrices in
the partonic amplitude and the light-cone projectors. The two ways of obtaining a
non-vanishing result for the amplitude are either including the quark mass in the
hard propagator x/k + /q → x/k + /q + m or employing subleading-power projectors.
In the first case, corrections suppressed by a factor of mq/mZ are introduced. Less
trivial are the corrections from higher-power projectors, which are discussed in de-
tail in Appendix A. When effects from the quark masses are neglected, the decay
amplitude can be decomposed into form factors according to

iA(Z → V⊥γ) = − eg

2cW
mV

mZ

(
iεµναβ

kµqνε∗αV ε
∗β
γ

k · q
F⊥1 − ε⊥∗V · ε⊥∗γ F⊥2

)
. (4.66)

Since both the vector meson and the photon are transversely polarized, the Z boson
must be longitudinally polarized, allowing us to write its polarization vector as
εµZ = (q − k)µ/mZ . From the twist-3 projectors we get the suppression factor
mV /mZ , which shows explicitly how strongly these modes are suppressed. Using

43



4. Exclusive Hadronic Decays of Electroweak Bosons

the relations given in Appendix A, the form factors are:

F⊥1 = −2
∑
q

f qVQqaq

∫ 1

0
dx

( log x
x̄

+ log x̄
x

)
φV (x, µ) ,

F⊥2 = −2
∑
q

f qVQqvq

∫ 1

0
dx

( log x
x̄
− log x̄

x

)
φV (x, µ) .

(4.67)

We use the technique from Appendix F to rewrite the form factors into sums:

F⊥1 = 6
∑
q

f qVQqvq

[
1 +

∞∑
n=1

aV2n(µ)
(n+ 1)(2n+ 1)

]
,

F⊥2 = 6
∑
q

f qVQqvq

[
1 +

∞∑
n=0

aV2n+1(µ)
(n+ 1)(2n+ 3)

]
.

(4.68)

Note that neutral meson LCDAs are symmetric under the exchange x ↔ x̄. This
means that the moments an for odd n - and with that F⊥2 - vanish. When squaring
the amplitude and comparing it to the leading contribution Z → V‖γ, we find that

Γ(Z → V⊥γ)
Γ(Z → V‖γ) ≈

m2
V

m2
Z

, (4.69)

meaning that power corrections are suppressed by four orders of magnitude, making
them fully negligible for any practical purpose.

4.2.2. Resummation of Large Logarithms
To resum the large logarithms αs log(µ2

0/m
2
Z) we now apply the evolution equa-

tions (4.16) and (4.46). First, note that these equations, in the language of sec-
tion 2.3.2, are renormalizations of the operator matrix elements:

µ
d

dµ
〈O(µ)〉 = −γ(µ) 〈O(µ)〉 . (4.70)

For our case it is more practical to perform the running of the Wilson coefficients
instead of the matrix elements. Their evolution equation is of course identical up to
a relative sign, as is explicitly seen by multiplying both sides of the above equation
with the Wilson coefficients and using d/dµ (C 〈O〉) = 0:

µ
d

dµ
C(µ) = γ(µ) C(µ) . (4.71)

For the flavor-nonsinglet contributions this is a simple equation and will just rescale
the hard scattering coefficients C(±)

n (mZ):

C(±)
n (µ0) = Un(µ0, µ1)C(±)

n (µ1) , (4.72)
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4.2. Radiative Z-Boson Decays

Fig. 4.6.: Scale dependence of the combinations C(±)
n (mZ , µ) aMn (µ)/aMn (µ0) for

the first two Gegenbauer moments (n = 1, 2). The red dashed lines show the results
at leading-order, where C(±)

n (mZ , µ) = 1. The blue and yellow lines show the results
at next-to-leading order obtained when the one-loop expressions in (4.57) are used.

with the evolution factors Un(µ1, µ2) given in Appendix E. The form factors ex-
pressed through the Gegenbauer moments at different scales are

ReFM1 = QM
[
0.94 + 1.05 aM2 (mZ) + 1.15 aM4 (mZ) + 1.22 aM6 (mZ) + . . .

]
= QM

[
0.94 + 0.41 aM2 (µ0) + 0.29 aM4 (µ0) + 0.23 aM6 (µ0) + . . .

]
,

(4.73)

where µ0 = 1 GeV. This equation clearly reflects the fact that the LCDAs approach
their asymptotic form at high scales, meaning that the dependence of the form factor
on the Gegenbauer moments an for n > 0 is decreased after RG running. By virtue
of the renormalization group, the combinations C(±)

n (µ)aMn (µ) are scale-dependent
up to O(α2

s), as can be appreciated in Fig. 4.6: When the one-loop corrections are
used, the scale dependence is only very weak, suggesting corrections of O(α2

s) to be
small.
For the flavor-singlet case we need to carefully match singlet and nonsinglet form

factors at each quark scale. The running of the singlet hard-scattering coefficients
CSn and Dn is obtained in the same manner as the nonsinglet running, only this
time starting from the matrix evolution equation (4.46) and transforming it into an
evolution equation for CSn and Dn. The solution is of the form(

CSn (µ1)
Dn(µ1)

)
= US

n (µ1, µ2)
(
CSn (µ2)
Dn(µ2)

)
, (4.74)

where the explicit expression for US
n is again given in Appendix E. At the scale

of the b-quark mass, the b-quark decouples. The sum in the first line of eq. (4.65)
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4. Exclusive Hadronic Decays of Electroweak Bosons

now only runs over the quarks q ∈ u, d, s, c. In the four-flavor theory, the singlet
contribution is matched onto the proper admixture of singlet and nonsinglet and
evolved to the c-quark mass, where the procedure is repeated until we arrive at the
hadronic scale µ0 ∼ 1 GeV. At the scale µb ∼ mb, the relevant matching conditions
are

CSn (µb)
∣∣
nf=4 = Q

(5)
S

Q(4)
S

CSn (µb)
∣∣
nf=5 +

(
1− Q

(5)
S

Q(4)
S

)
Cn(µb)

∣∣
nf=5 ,

Dn(µb)
∣∣
nf=4 = Q

(5)
S

Q(4)
S

Dn(µb)
∣∣
nf=5 , Cn(µb)

∣∣
nf=4 = Cn(µb)

∣∣
nf=5 ,

Cbn(µb) = Cn(µb)
∣∣
nf=5 + Q

(5)
S

Qbvb

[
CSn (µb)− Cn(µb)

] ∣∣
nf=5 .

(4.75)

Similarly, at the threshold scale µc ∼ mc we find

CSn (µc)
∣∣
nf=3 = Q

(4)
S

Q(3)
S

CSn (µc)
∣∣
nf=4 +

(
1− Q

(4)
S

Q(3)
S

)
Cn(µc)

∣∣
nf=4 ,

Dn(µc)
∣∣
nf=3 = Q

(4)
S

Q(3)
S

Dn(µc)
∣∣
nf=4 , Cn(µc)

∣∣
nf=3 = Cn(µc)

∣∣
nf=4 ,

Ccn(µc) = Cn(µc)
∣∣
nf=4 + Q

(4)
S

Qcvc

[
CSn (µc)− Cn(µc)

] ∣∣
nf=4 .

(4.76)

Finally, this leads to the factorization formula at the low scale:

FP1 = 6Q(3)
S

∑
n

CSn (µ0)
∑

q=u,d,s
f qP (µ0) aP,qn (µ0) +

∑
n

Dn(µ0) fudsP (µ0) bPn (µ0)


+ 6

(
Quvu −Qdvd

)∑
n

Cn(µ0)
∑

q=u,d,s
c(3)
q f qP (µ0) aP,qn (µ0)

+ 6Qbvb
∑
n

Cbn(µb) f bP (µb) aP,bn (µb) + 6Qcvc
∑
n

Ccn(µc) f cP (µc) aP,cn (µc) .

(4.77)
The numerical values for the hard scattering coefficients entering here are given in
Tab. 4.2 for the first 6 moments in the Gegenbauer expansion. It should be noted
that Cn andDn are of similar size except for n = 0, despite the fact that the Cn starts
at tree-level whereas Dn starts at one loop. Furthermore, the singlet coefficients CSn
and the nonsinglet coefficients Cn are numerically almost equal, meaning that the
mixing between quark and gluon LCDAs is a small effect.
At two-loop order, the renormalization running becomes more involved since the

Gegenbauer polynomials are only the eigenfunctions of the one-loop renormalization
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4.3. Radiative W-Boson Decays

n 0 2 4 6
CSn (µ0) 0.937 0.413 + 0.063i 0.291 + 0.061i 0.233 + 0.055i
Cn(µ0) 0.937 0.409 + 0.064i 0.290 + 0.061i 0.232 + 0.055i
Cbn(µb) 0.937 0.658 + 0.101i 0.579 + 0.121i 0.535 + 0.127i
Ccn(µc) 0.937 0.464 + 0.071i 0.346 + 0.072i 0.287 + 0.068i
Dn(µ0) 0 0.430 + 0.024i 0.265 + 0.043i 0.192 + 0.040i

Tab. 4.2.: Short-distance coefficients entering the factorization formula (4.77) eval-
uated at the low scale µ0 = 1 GeV. We use µZ = mZ , as well as µb = mb = 4.163 GeV
and µc = mc = 1.279 GeV for the heavy-flavor thresholds.

W+

γ

W+

γ

W+

γ

Fig. 4.7.: The tree-level contribution to W+ → M+γ. The third diagram involves
the local hadronic matrix element that defines the meson decay constant. The
computation of the first two graphs is in complete analogy to the computation of
Z →Mγ in the last section.

kernels and thus moments of different rank mix starting at two-loop. The two-
loop kernels have been derived in refs. [94, 95] and have been compiled in ref. [88].
Instead of performing a detailed study of the two-loop running here, we assume a
global factor κNLO, estimated from the two-loop running of the flavor-singlet decay
constant [83]:

κNLO = 1 + 30
23

αs(µZ)
π

− 198
575

αs(µb)
π

− 22
75

αs(µc)
π

− 2
3
αs(µ0)
π

≈ 0.89 . (4.78)

and apply this to all our form factors for the mesons containing flavor-singlets
P = η(′) in our phenomenological analysis.

4.3. Radiative W-Boson Decays
Let us now proceed to radiative decays of the W boson. The tree-level diagrams
contributing to this decay are depicted in Fig. 4.7. These decays are similar in
nature to the Z decays. However, an additional diagram involving the triple gauge
vertex exists, where the W first radiates off a photon and then converts into the
charged final state meson. Graphs of this type are computed using the definition of
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4. Exclusive Hadronic Decays of Electroweak Bosons

the decay constants (4.5), which leads to the Feynman rule

W+ ui

d̄j

M+

= gfM√
2
Vij

{
kµ ; M+ = P+ ,

mV ε
∗µ ; M+ = V +

‖ ,
(4.79)

where Vij is the relevant CKM matrix element. The decay constant is per definition
exact to all orders in QCD and thus no higher-order corrections exist to this graph
in QCD. The amplitude of what we will call the indirect contribution is then:

iAind(W+ → P+γ) = egfP

2
√

2
Vij εW · ε∗γ ,

iAind(W+ → V +γ) = −egfV
2
√

2
Vij

2mV

m2
W −m2

V

(
(q · ε∗V )(εW · ε∗γ)− (q · εW )(ε∗γ · ε∗V )

)
.

(4.80)
Here the second amplitude can be further simplified by discriminating between trans-
verse and longitudinal vector mesons in the final state. The polarization vector of
the longitudinal vector meson can be constructed from

ε
‖µ
V = αkµ + β qµ with

(
ε
‖
V

)2
= −1 and k · ε‖V = 0 . (4.81)

From these equations α and β can be determined to give

ε
‖µ
V = 1

mV

(
kµ − 2m2

V

m2
W −m2

V

qµ
)
. (4.82)

The same decomposition can be done for the W when it is longitudinally polarized,
as it is the case for a transverse vector meson in the final state. We can then write

iAind(W+ → V +γ) = −egfV
2
√

2
Vij


εW · ε∗γ +O

(
m2
V

m2
W

)
; V = V‖ ,

mV
mW

ε⊥∗γ · ε⊥∗V ; V = V⊥ .
(4.83)

The computation of the direct amplitude, corresponding to the first two graphs in
Fig 4.7, is completely analogous to the computation of Z →Mγ and the results are
obtained by replacing

vq, aq →
cW

2
√

2
Vij . (4.84)

We can write the amplitude in our familiar form factor decomposition:

iA = ±egfM
4
√

2
Vij

(
iεµναβ

kµqνεαW ε
∗β
γ

k · q
FM1 − ε⊥W · ε⊥∗γ FM2

)
, (4.85)
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where the upper sign holds in caseM = P and the lower sign forM = V‖. The form
factors are

FM1 =
∞∑
n=0

[
C

(+)
2n (mW , µ)aM2n(µ)− 3δQC(+)

2n+1(mW , µ)aM2n+1(µ)
]
,

FM2 =
∞∑
n=0

[
3δQC(−)

2n (mW , µ)aM2n(µ)− C(−)
2n+1(mW , µ)aM2n+1(µ)

]
− 2δQ ,

(4.86)

The constant term in FM2 independent of the LCDA shape parameters originates
from the indirect contribution. The quantity δQ = Qu − Qd changes sign when
decays W− →M−γ are considered. Furthermore, for these opposite sign decays the
replacement Vij → V ∗ij has to be made. Note also that odd Gegenbauer moments
change sign under M+ →M−. From the form factors we can read off that FM1 then
stays invariant whereas FM2 changes its overall sign. The square of the amplitude,
and with that the decay rate, will be the same for both signs W± →M±γ.
The resummation of large logarithms proceeds exactly the same as for Z →Mγ.

In analogy to eq. (4.73), the form factors are:

ReFM1 = 0.94− 2.98 aM1 (mW ) + 1.05 aM2 (mW )− 3.31 aM3 (mW )∓ . . .
= 0.94− 1.65 aM1 (µ0) + 0.42 aM2 (µ0)− 1.03 aM3 (µ0)∓ . . . ,

ReFM2 = 0.85− 1.00 aM1 (mW ) + 3.16 aM2 (mW )− 1.11 aM3 (mW )∓ . . .
= 0.85− 0.55 aM1 (µ0) + 1.25 aM2 (µ0)− 0.34 aM3 (µ0)∓ . . . .

(4.87)

Like in the previous section, after RG evolution the dependence on the shape pa-
rameters decreases.
Decays into transverse vector mesons are power-suppressed. The amplitude in

form factor decomposition is

iA(W+
‖ → V +

⊥ γ) = −egfV
4
√

2
Vij

mV

mW

(
iεµναβ

kµqνε∗αV ε
∗β
γ

k · q
F⊥1 − ε⊥∗V · ε⊥∗γ F⊥2

)
, (4.88)

with the transverse form factors

F⊥1 = −2
∫ 1

0
dx

(
Qu log x

x̄
+ Qd log(x̄)

x

)
φV (x, µ) ,

F⊥2 = −4 (Qu −Qd)− 2
∫ 1

0
dx

(
Qu log x

x̄
− Qd log(x̄)

x

)
φV (x, µ) ,

(4.89)

where we have again ignored the quark masses. In the Gegenbauer expansion the
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γ

Z0

k

γ

Z0

k

Fig. 4.8.: One-loop triangle graphs giving rise to the axial anomaly. The dot
represents the axial-vector current jµ5

q .

form factors become:

F⊥1 = 1 +
∞∑
n=1

aV2n(µ)
(n+ 1)(2n+ 1) −

∞∑
n=0

3aV2n+1(µ)
(n+ 1)(2n+ 3) ,

F⊥2 = −1 +
∞∑
n=1

3aV2n(µ)
(n+ 1)(2n+ 1) −

∞∑
n=0

aV2n+1(µ)
(n+ 1)(2n+ 3) .

(4.90)

The rates are power-suppressed by m2
V /m

2
W with respect to the longitudinal mesons

and are thus negligible.

4.4. Absence of an Axial-Anomaly Contribution
It has been suggested in the past, that the decays Z → Pγ and W → Pγ could re-
ceive potentially large enhancements from an analog of the axial anomaly, as it is the
case for the decay π0 → γγ [96–98]. In this section we show that this enhancement
does not exist.
To do so, we first evaluate the triangle diagrams in Fig. 4.8, where the black dot

represents the axial-vector current jµ5
q = q̄γµγ5q. Taking the divergence corresponds

to contracting the amplitude with −ikµ. The amplitude only gives a non-vanishing
result if one uses a consistent treatment of the γ5 matrix, like the HV scheme (see
App. B). In the limit mq → 0, one finds:

∂µ j
µ5
q = −αNc

2π
Qqvq
sW cW

Fµνεµναβ Z
αβ . (4.91)

Analogous terms exist for two photons (which is the famous ABJ-anomaly [99, 100])
and other gauge bosons, that we did not write down since they are irrelevant to this
discussion. Similarly, for charged currents jµ5

ij = d̄jγ
µγ5ui we find:

∂µ j
µ5
ij = −Nc α

4π
Vij

3
√

2 sin θW
εµναβ F

µνW+αβ , (4.92)
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Z0

γ

k

Z0

γ

k

Fig. 4.9.: Left: One-loop diagram contributing to the amplitudeMµαβ describing
the decay of a Z boson into a photon and an axial current Aµq . Right: A hypothetical
anomaly-mediated contribution to the Z0 → Pγ decay amplitude. The crossed
circle represents the decay amplitude in (4.93); the double line shows the meson
propagator.

where again we dropped terms irrelevant to our discussion. x In order to show
that no anomaly-enhancement exists for Z → Pγ, we parameterize the hypothetical
contribution by:

iA(Z → Pγ) = iλεµναβk
µqνεαZε

β
γ . (4.93)

Similarly, we parametrize the amplitude of an initial-state Z boson to the current
jµ5
q and a photon as:

iMµ(k, q) = iMµαβ(k, q)εαZε∗βγ . (4.94)

This amplitude is obtained from the left diagram in Fig. 4.9. Next, we insert a
complete set of hadron states, interpolated by the axial-vector current and sum over
the quarks flavors q. We see from the second diagram in Fig. 4.9 that iMµαβ in the
limit of mP → 0 contains

iMµαβ(k, q) 3
∑
q

cPq (−ifPkµ) i

k2 −m2
P

iλ ερσαβ k
ρqσ → i

∑
q

cPq
fPλ

k2 kµερσαβ k
ρqσ.

(4.95)
If such an anomalous contribution would be generated by the left digram in Fig. 4.9,
it would need to have a pole in 1/k2 to match onto the above amplitude. When eval-
uating the triangle graph (and its mirrored counterpart), we find that the relevant
tensor structure is proportional to

Γ(1 + ε) Γ2(1− ε)
Γ(2− 2ε)

µ2ε

(p2 − k2)2

[
p2
(
−p2)−ε − (−k2)−ε

ε
+
(
−k2)1−ε − (−p2)1−ε

1− ε

]
,

(4.96)
with p2 = m2

Z and k2 = m2
P . Clearly, this reproduces the amplitude for the π0 → γγ

decay, where p2 = 0. In our case, however, the amplitude is rather proportional to
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Z0

W−

Z0

W−

Z0

W−

Fig. 4.10.: Tree level diagrams governing the Z →M+W− decays. As was the case
for the radiative W boson decays, we find both direct (first two graphs) and indi-
rect (third graph) contributions, where the latter involves the local matrix element
defining the decay constant of the meson M+.

1/m2
Z and hence does not match onto eq. (4.95). Therefore, no enhancement from

the anomaly exists for Z → Pγ.

4.5. Weak Radiative Z-Boson Decays

The last class of decays we discuss here are the channels Z →M+W−. Kinematics
dictate that the final state meson must not be heavier than mZ −mW ∼ 10.8 GeV.
Furthermore, the QCD factorization approach is only valid if the meson momentum
is considerably larger than its mass. This is the case if

λ(m2
Z ,m

2
W ,m

2
M )

2m2
Z

� mM , where λ(x, y, z) =
√

(x− y − z)2 − 4yz . (4.97)

This condition is satisfied for meson masses mM � (m2
Z −m2

W )/(2mZ) ≈ 10.2 GeV,
and the factorization approach can therefore be used for light mesons, but not for
heavy B mesons. Note also that in this case the expansion parameter is λ =
(ΛQCDmZ)/(m2

Z − m2
W ) rather than ΛQCD/mZ . This leads to a much lower fac-

torization scale then in the previous sections, giving an opportunity to study the
QCDF approach at an intermediate scale - higher than in the case of exclusive B
meson decays but considerably lower than for the Z/W →Mγ.

The diagrams contributing to the decay amplitude are shown in Fig. 4.10. The
occurring topologies are similar to the W+ → M+γ channels: There exist direct
contributions where the ingoing Z decays to the constituent quarks of the meson,
computable using QCD factorization and the indirect contribution involving the
trilinear ZZW gauge vertex. The computation proceeds analogously to the W
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decays and we find for the indirect amplitude:

iAind(Z → P+W−) = −g
2 cos θW fP

2
√

2
Vij

m2
Z −m2

W

m2
W

εZ · ε∗W ,

iAind(Z → V +W−) = g2 cos θW fV
2
√

2
Vij

2mV

m2
W −m2

V

×
(
q · ε∗V εZ · ε∗W − k · ε∗W εZ · ε∗V + k · εZ ε∗W · ε∗V

)
.

(4.98)

This result can again be simplified by considering the different polarization states
of the meson separately. The longitudinal polarization vector can be written as

ε
‖µ
V = 1

mV

m2
Z −m2

W −m2
V

λ(m2
Z ,m

2
W ,m

2
V )

(
kµ − 2m2

V

m2
Z −m2

W −m2
V

qµ
)
, (4.99)

and thus the indirect amplitude for Z → V +
‖ W

− is:

iAind = g2 cos θW fV
2
√

2
Vij

m2
Z −m2

W

m2
W

εZ · ε∗W

[
1 +O

(
m2
Vm

2
Z(

m2
Z −m2

W

)2
)]

. (4.100)

By decomposing the different polarization vectors for W and Z, we can study the
amplitudes for Z‖ → V +

⊥W
−
⊥ and Z⊥ → V +

⊥W
−
‖ and find that they are power-

suppressed by mV /mZ and mV /mW . We will ignore these amplitudes in the fol-
lowing and consequently, the indirect amplitudes both for pseudoscalar and vector
mesons are identical up to tiny corrections.
The full decay amplitude can be decomposed into form factors again:

iA(Z →M+W−) = ± g2fM

4
√

2 cos θW
Vij

(
1− m2

W

m2
Z

)

×
(
iεµναβ

kµqνεαZ ε
∗β
W

k · q
FM1 − εZ · ε∗W FM2 + q · εZ k · ε∗W

k · q
FM3

)
.

(4.101)
The form factor FM3 did not exist for the radiative decays. It is associated with
the final state W boson being longitudinally polarized and therefore no analog term
exists for Z/W →Mγ.
The direct contributions to these form factors are once again easily evaluated

using the leading-twist light cone projectors. We find:

FM1 =
∫ 1

0
dxφM (x, µ)

[
Zd

x+ x̄ r
+ Zu
x̄+ x r

]
,

FM2 =
∫ 1

0
dxφM (x, µ)

[
Zd

x+ x̄ r
− Zu
x̄+ x r

]
+ 2,

FM3 =
∫ 1

0
dxφM (x, µ)

[
Zd

x+ x̄ r
+ Zu
x̄+ x r

]
(x̄− x),

(4.102)
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where Zq = vq + aq and r = m2
W /m

2
Z . Observe that with r being close to 1 and

x+x̄ = 1, the expressions in the brackets are almost independent of x. We could now
rewrite these convolution integrals into sums over Gegenbauer moments, as we did
in the previous sections. However, the presence of r in the denominators gives rise to
complicated results for the integrals over the generating function ((1+ t)2−4xt)−3/2

and we therefore evaluate the integrals numerically for our phenomenological results.
We can still demonstrate the weak dependence on the LCDAs by expanding around
r ≈ 1 to first order, which yields:

FM1 = 3− r
2 (Zu + Zd) + 3(1− r)

10 (Zu − Zd) aM1 (µ) + O(r − 1)2 ,

FM2 = 2− 3− r
2 (Zu − Zd)−

3(1− r)
10 (Zu + Zd) aM1 (µ) + O(r − 1)2 ,

FM3 = r − 1
10 (Zu − Zd)−

3(r − 3)
10 (Zu − Zd) aM1 (µ)

+ 6(r − 1)
36 (Zu − Zd)aM2 (µ) + O(r − 1)2 .

(4.103)

Gegenbauer moments of higher rank do not contribute at this order in r and enter
our predictions with tiny coefficients. From the above set of equations, it might look
like the form factor FM3 contributes a term proportional to the first Gegenbauer
moment but when squaring the amplitude, FM3 enters with an additional factor of
1− r, further suppressing the term. The scale dependence of this result is mild: In
eq. (4.101), the only quantities affected by QCD running at leading order are the
Gegenbauer moments. However, as we saw just now, they enter the result with small
coefficients. How this picture changes when QCD loop corrections are included is
an interesting question that we leave for future projects.

4.6. Phenomenological Analysis

This section is devoted to our phenomenological analysis. In the first part, we
derive numerical predictions for the branching ratios Z →Mγ, W →Mγ and Z →
M+W−, and compare them to existing predictions in the literature. In the second
part, we will briefly comment on the possibility to measure Z-couplings to quarks
using Z → Mγ. The final part will discuss the experimental situation. A detailed
discussion of the various hadronic input parameters is provided in Appendix C. If
not explicitly stated otherwise, numerical parameters like masses of SM particles
and SM couplings are taken from ref. [101].
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4.6.1. Numerical Predictions
We will start with the radiative Z-boson decays. Squaring the amplitude in eq. (4.48),
we find the expression for the decay rates into nonsinglet mesons M :

Γ(Z →Mγ) = αmZ

6v2

(∣∣∣FM1 ∣∣∣2 +
∣∣∣FM2 ∣∣∣2) , (4.104)

where α = 1/137.036 is the fine-structure constant, evaluated at q2 = 0 [101]. The
Higgs vacuum expectation value v is evaluated at the scale µ = mZ , according to

v(mZ) = mZ
sW cW√
π α(mZ)

= 245.36 GeV , (4.105)

where α(mZ) = 1/127.940 ± 0.014, s2
W = 0.23126 ± 0.00005 [102] and mZ =

(91.1876 ± 0.0021) GeV [101]. For the strong coupling constant we use αs(mZ) =
0.1185 and scale-evolve it using three-loop running provided by the RunDec pack-
age [103]. By normalizing the rates to the total Z-boson width ΓZ = (2.4955 ±
0.0009) GeV [101], we obtain the branching ratios given in Table 4.3. We include
error estimates from varying the scale between mZ/2 and 2mZ , the error of the
decay constants and the Gegenbauer moments (see Appendix C for more details on
the error budgets of the last two). The branching ratios are generically small, as one
would expect: The Z boson needs to decay into two quarks and a photon, with the
two quarks being collinear to each other. This condition selects a tiny amount of the
phase space and thus the branching ratios scale roughly with ∼ m−1

Z . The smallness
of the neutral pion mode Z → π0γ owes to the fact that the form factors (4.50) are
proportional to fπ(1 − 4s2

w), which enters in quadrature and is coincidentally very
small. In the last row of the table, the Υ(nS) is the sum of the branching ratios into
the first three states n = 1, 2, 3. The largest errors are typically the ones associated
with the shape of the meson LCDA, with the exception of the Υ channels, where
the relation (4.27) constrains the relevant convolution integral [77].

In the last two columns of Table 4.3, we show how the predictions change under
various approximations: The results in the column “asym.” are obtained by using
the one-loop expressions for the hard-scattering coefficients, but only employing the
asymptotic form of the LCDA φ(x, µ → ∞), where all moments an = 0. The rates
in this approximation read:

Γ(Z0 →M0γ)
∣∣∣
asym

= αmZ

6v2

(∑
q

f qMQ
q
M

)2 [
1− 10

3
αs(mZ)

π

]
. (4.106)

In the last column we show results obtained including the Gegenbauer moments
but using only tree-level hard scattering coefficients. Generically, the asymptotic
result does well in approximating the branching ratios whereas using only leading-
order hard-scattering coefficients results in branching ratios typically overshooting
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Z0

γ∗

γ

Z0
W

W

γ

Z0

γ

W

Fig. 4.11.: Examples of QED (left) and electroweak radiative corrections (center
and right) to the Z → Mγ decay amplitudes. The last two diagrams can give rise
to flavor-violating decays in the Standard Model.

the NLO results. This is just a consequence of the high factorization scale, which
leads to the weak sensitivity of the rates to the LCDA shape. For mesons with heavy
quarks, the LCDA has a more pronounced peak structure because of the new scale
the heavy quark introduces. Even at the high factorization scales we are assuming,
the LCDAs are relatively far away from their asymptotic form (see Fig. 4.2). As
a result, the branching ratios in the asymptotic approximation differ more strongly
from the full result. The expression (4.106) is consistent with the corresponding
tree-level expressions in ref. [93]. The author of ref. [104] quotes a rate for Z → π0γ
that is lower than ours by a factor of 4/9. In this paper, the theoretical framework is
set up using a local operator-product expansion for the exclusive decays Z → Wπ,
with a power-counting parameter ω0 = 2(m2

Z −m2
W )/(m2

Z +m2
W ). For the radiative

decays, the W is then replaced by the photon, leading to ω0 = 2, which is not an
appropriate expansion parameter. The discrepancy of a factor 4/9 can be traced
back to this.
Corrections to our predictions arise at two-loop order in QCD and one-loop order

in the electroweak theory. We estimate that the uncertainties from higher order
QCD corrections should be covered by the scale variation errors that we include.
Electroweak corrections are assumed to be small, with the potentially most danger-
ous diagram being the first one in Fig 4.11: Here the photon propagator 1/k2 could
give a large enhancement. However, the Zγγ∗ is proportional to k2, canceling the
enhancement [105]. The diagram is thus suppressed by a standard loop factor and
negligible. A detailed study of these contributions to Z → J/ψγ has been done by
the authors of ref. [106], confirming the insignificance of these corrections. Further-
more, the authors have derived predictions for various other channels of the type
Z → V γ, finding

Br(Z → φγ) = (11.7± 0.8) · 10−9 ,

Br(Z → J/ψ γ) = (9.96± 1.86) · 10−8 ,

Br(Z → Υ(1S) γ) = (4.93± 0.51) · 10−8 ,

(4.107)
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Decay mode Branching ratio asym. LO
Z → π0γ (9.80 + 0.09

− 0.14 µ ± 0.03f ± 0.61a2 ± 0.82a4) · 10−12 7.71 14.67
Z → ρ0γ (4.19 + 0.04

− 0.06 µ ± 0.16f ± 0.24a2 ± 0.37a4) · 10−9 3.63 5.68
Z → ωγ (2.82 + 0.03

− 0.04 µ ± 0.15f ± 0.28a2 ± 0.25a4) · 10−8 2.48 3.76
Z → φγ (1.04 + 0.01

− 0.02 µ ± 0.05f ± 0.07a2 ± 0.09a4) · 10−8 0.86 1.49
Z → J/ψ γ (8.02 + 0.14

− 0.15 µ ± 0.20f + 0.39
− 0.36 σ) · 10−8 10.48 6.55

Z → Υ(1S) γ (5.39 + 0.10
− 0.10 µ ± 0.08f + 0.11

− 0.08 σ) · 10−8 7.55 4.11
Z → Υ(4S) γ (1.22 + 0.02

− 0.02 µ ± 0.13f + 0.02
− 0.02 σ) · 10−8 1.71 0.93

Z → Υ(nS) γ (9.96 + 0.18
− 0.19 µ ± 0.09f + 0.20

− 0.15 σ) · 10−8 13.96 7.59

Tab. 4.3.: Predicted branching fractions for various Z → Mγ decays, including
error estimates due to scale dependence (subscript “µ”) and the uncertainties in the
meson decay constants (“f”), the Gegenbauer moments of light mesons (“an”), and
the width parameters of heavy mesons (“σ”). See text for further explanations.

with the last two being in good agreement with our predictions within the quoted
uncertainties. The discrepancy in the φ channel presumably originates from the
authors only including leading logarithmic QCD corrections. We find that the non-
logarithmic corrections at O(αs) reduce the branching ratio. Furthermore, we find
that the LCDA shape uncertainty amounts to a larger uncertainty than quoted by
the authors.
The form factor of the Z → η(′)γ decays exhibits a strong dependence on the

parameterization of the mixing between η and η′. The details of the parameterization
are discussed in Appendix C. We use two different sets of mixing parameters, given
in eqs. (C.13) and (C.14). For the first set of mixing parameters, the form factors
entering the Z → η(′)γ rates are:

F η1
κNLO

= 16.3MeV
(
1 + 1.41aq2 − 0.97as2 + 0.40b2 + 0.99aq4 − 0.68as4 + 0.25b4 + ...

)
,

F η
′

1
κNLO

= 86.5MeV
(
1 + 0.22aq2 + 0.22as2 + 0.46b2 + 0.15aq4 + 0.16as4 + 0.29b4 + ...

)
.

(4.108)
Not displayed are small corrections δP = 0.36f cP +0.32f bP to these expressions arising
from the intrinsic charm and bottom contents of the mesons. The explicit values are
δη ≈ −0.45 MeV and δη′ = −1.2 MeV, using the decay constants given in eq. (C.24).
We also ignore the tiny imaginary parts which do not contribute to the rates at
O(αs). The hadronic parameters entering the form factors are afflicted by uncer-
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tainties not displayed in the above expression. We demonstrate them by showing
the uncertainties on the leading term, arising from the FKS mixing parameters:

F η1 = κNLO
(
16.3± 1.5ϕ ± 1.0fq ± 1.6fs

)
MeV + . . . ,

F η
′

1 = κNLO
(
86.5± 0.3ϕ ± 0.8fq ± 2.0fs

)
MeV + . . . .

(4.109)

Using the second set of FKS parameters (C.14), we find:

F η1
κNLO

= 6.3MeV
(
1 + 3.64aq2 − 3.20as2 + 0.27b2 + 2.56aq4 − 2.25as4 + 0.17b4 + ...

)
,

F η
′

1
κNLO

= 98.0MeV
(
1 + 0.20aq2 + 0.24as2 + 0.46b2 + 0.14aq4 + 0.17as4 + 0.29b4 + ...

)
,

(4.110)
with the uncertainties on the leading term as follows:

F η1 = κNLO
(
6.3± 2.4ϕ ± 1.4fq ± 1.7fs

)
MeV + . . . ,

F η
′

1 = κNLO
(
98.0 +0.1

−0.2 ϕ ± 1.2fq ± 1.9fs
)
MeV + . . . .

(4.111)

Comparing the results (4.108) and (4.110) as well as eqs. (4.109) and (4.111) shows
just how strongly the form factor F η1 depends on the set of employed mixing pa-
rameters. While the form factor F η

′

1 seems more stable, the difference between the
results for the different parameter sets is still larger than the uncertainties within
each set. The reason for this behavior can be understood from the fact that the
dominant contributions to the form factors are proportional to the decay constant
fudsP , defined in eq. (4.36). At mixing angles around ϕ ∼ 40◦, the combination fudsη

is close to zero, making it very sensitive to small changes in ϕ. As a result, F η1
changes strongly with different mixing parameters and is also smaller by around an
order of magnitude compared to F η

′

1 .
The contributions from the gluon contribution are important, especially for the

η′: Here the contributions from the gluon LCDA are much larger than the ones
from the quark LCDA at equal order in the Gegenbauer expansion, even though the
hard-scattering coefficients for the gluon diagrams start at one loop. In the form
factor of the η meson, the quark Gegenbauer moments have larger coefficients but
there are strong cancellations between the terms proportional to aqn and asn.

Compared with the large uncertainties from the hadronic input parameters, scale
variations have generally only tiny effects. We demonstrate this by showing the form
factors as functions of the Gegenbauer moments and their coefficients when the scale
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Model (i) (ii) (iii)
Br(Z → ηγ) 0.16± 0.05 0.17± 0.05 0.16± 0.05
Br(Z → η′γ) 4.70± 0.23 4.77± 0.24 4.73± 0.24

Model (iv) (v) (vi)
Br(Z → ηγ) 0.11± 0.03 0.10± 0.03 0.010 +0.014

−0.010
Br(Z → η′γ) 3.43± 0.17 3.08± 0.15 4.84± 0.23

Tab. 4.4.: Central values of the Z → η(′)γ branching ratios in units of 10−9,
obtained using six different models of hadronic input parameters, see Table C.5.
Models (i)–(v) use the mixing parameters in (C.13), while model (vi) uses those in
(C.14). We take κNLO = 0.89 to account for NLO evolution effects.

is varied between the mZ/2 and 2mZ . We find:

ReF η1
κNLO

= 16.3MeV
[
(1± 0.01) +

(
1.41+0.01

−0.02

)
aq2 − (0.97± 0.01) as2 +

(
0.40+0.00

−0.02

)
b2
]
,

ReF η
′

1
κNLO

= 86.5MeV
[
(1± 0.01) +

(
0.22+0.00

−0.01

)
aq2 − (0.22± 0.00) as2 +

(
0.46+0.00

−0.02

)
b2
]
.

(4.112)
Table 4.4 compiles the results for the branching ratios Br(Z → η(′)γ), when the

different parameter sets compiled in Tab. C.5 are used and κNLO = 0.89. The
strong dependence of the branching ratios on the input parameters is apparent from
the spread between the numerical predictions. Remarkably, the different LCDA
parameters were all obtained from fits to the same low-energy data. We conclude
that a measurement of Z → η(′)γ with high statistics could prove useful towards a
better determination of the hadronic parameters. This is especially true since the
uncertainties due to power corrections or higher-order perturbative corrections are
much smaller than for the low-energy γγ∗ → η(′) experiments.
The decay rates of the radiative W boson decays are given by

Γ(W+ →M+γ) = αmW

48v2

(∣∣∣FM1 ∣∣∣2 +
∣∣∣FM2 ∣∣∣2) , (4.113)

with mW = (80.385 ± 0.015) GeV. The branching ratios are then obtained by nor-
malizing the rate to the total width of the W boson, given by ΓW = (2.0897 ±
0.0008) GeV. We also need the relevant entries of the CKM matrix. We use:

|Vud| = 0.97425± 0.00022 , |Vus| = 0.2253± 0.0008 ,
|Vcs| = 0.986± 0.016 , |Vcd| = 0.225± 0.008 ,
|Vcb| = (41.1± 1.3) · 10−3 , |Vub| = (4.13± 0.49) · 10−3 .

(4.114)
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W → Branching ratio asym. LO
π±γ (4.00 + 0.06

− 0.11 µ ± 0.01f ± 0.49a2 ± 0.66a4) · 10−9 2.45 8.09
ρ±γ (8.74 + 0.17

− 0.26 µ ± 0.33f ± 1.02a2 ± 1.57a4) · 10−9 6.48 15.12
K±γ (3.25 + 0.05

− 0.09 µ ± 0.03f ± 0.24a1 ± 0.38a2 ± 0.51a4) · 10−10 1.88 6.38
K∗±γ (4.78 + 0.09

− 0.14 µ ± 0.28f ± 0.39a1 ± 0.66a2 ± 0.80a4) · 10−10 3.18 8.47
Dsγ (3.66 + 0.02

− 0.07 µ ± 0.12CKM ± 0.13f + 1.47
− 0.82 σ) · 10−8 0.98 8.59

D±γ (1.38 + 0.01
− 0.02 µ ± 0.10CKM ± 0.07f + 0.50

− 0.30 σ) · 10−9 0.32 3.42
B±γ (1.55 + 0.00

− 0.03 µ ± 0.37CKM ± 0.15f + 0.68
− 0.45 σ) · 10−12 0.09 6.44

Tab. 4.5.: Predicted branching fractions for various W → Mγ decays, including
error estimates due to scale dependence and the uncertainties in the CKM matrix
elements, the meson decay constants and the LCDAs. The notation is the same as
in Table 4.3. See text for further explanations.

We then obtain the branching ratios listed in Table 4.5. The decays into π, ρ and
Ds mesons involve the diagonal CKM matrix elements and are the largest. On the
other hand, the modesW → K(∗)γ andW → Bγ are strongly CKM-suppressed and
therefore smaller by a few orders of magnitude.

As we did for the Z decays, we also give predictions in the asymptotic approxima-
tion (labeled “asym.” in the table) as well as for tree-level hard functions (labeled
“LO”). The rates in the asymptotic approximation read:

Γ(W± →M±γ)
∣∣
asym = αmW f

2
M

24v2 |Vij |2
[
1− 17

3
αs(mW )

π

]
. (4.115)

The rate corresponding rateW± → π±γ was computed in ref. [98] using the approach
put forward in ref. [104]. For the same reasons that in ref. [104] the Z → πγ rate
was too small by a factor of 4/9, the rates for W± → π±γ were too small by factor
of 2/9 in ref. [98].

The emergent picture is consistent with the Z decays: For light mesons, the
asymptotic approximation lies reasonably close to our full result, whereas the tree-
level approximation does not. For mesons containing heavy quarks, the asymptotic
approximation does not so well since the heavy quark introduces an additional scale
and with that a more distinct shape of the LCDA.
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For the decay rates of the weak radiative decays Z →M+W− we find:

Γ(Z →M+W−) =α(mZ)mZf
2
M

48v2 |Vij |2 (1− r)2

×
[∣∣∣FM1 ∣∣∣2 +

∣∣∣FM2 ∣∣∣2 + 1
2r

∣∣∣∣1 + r

2 FM2 −
1− r

2 FM3

∣∣∣∣2
]
,

(4.116)

where we used r = m2
W /m

2
Z = c2

W . As discussed in the previous section, the rates
are only mildly sensitive to the shape parameter of the meson LCDA because the
hard-scattering functions vary slowly with x. Additionally, the combination

1 + r

2 FM2 −
1− r

2 FM3 = 1 (4.117)

is completely independent of the LCDA shape. Evaluating the convolution integrals
numerically, we obtain for the expression in the square brackets in eq. (4.116) the
result:∣∣∣FM1 ∣∣∣2 +

∣∣∣FM2 ∣∣∣2 + 1
2r = 1.911 + 0.003 aM1 (µ)− 0.011 aM2 (µ) + ... . (4.118)

The appropriate factorization scale in this case is lower than for the decays into
a photon. Instead of the mass of the decaying Z boson, two possible choices are
either the typical momentum transfer µ2 ∼ 2k · q = (m2

Z − m2
W ) ≈ (43 GeV)2 or

twice the energy of the final state meson in the rest frame of the Z boson, leading
to µ ∼ (m2

Z − m2
W )/mZ ≈ 20 GeV. Due to the insensitivity of the rates on the

Gegenbauer moments, the exact scale choice does not noticeably change the final
result.
The numerical predictions for the various Z →M±W∓ branching ratios are listed

in Table 4.6. They are generically smaller than the corresponding W → Mγ rates.
Note that the branching ratio Z → π±W∓ is about 15 times larger than Z → π0γ,
due to the fact of the latter being proportional to (1− 4s2

W )2, while Z → π±W∓ is
not. The only significant uncertainties are the ones from the meson decay constants
and in some cases the CKM matrix elements. For the reasons we dwelt upon in the
last paragraph, scale uncertainties are negligible in all cases. Whether these tiny
uncertainties cover perturbative uncertainties from higher order QCD corrections or
not is an open question that we leave for future work.
The results we obtained for this class of decays are numerically consistent with

those found in ref. [104]. As explained earlier, this work relies on a framework
tailored for the Z → π±W∓ channel. It exploits the fact that the intermediate
propagator, which gives rise to our form factors FMi , depend only weakly on x. The
expansion around the parameter ω0/2 = (m2

Z −m2
W )/(m2

Z +m2
W ) used in this work

is similar to the expansion around r = 1 performed in eqs. (4.103).
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Decay mode Branching ratio
Z0 → π±W∓ (1.51± 0.005f ) · 10−10

Z0 → ρ±W∓ (4.00± 0.15f ) · 10−10

Z0 → K±W∓ (1.16± 0.01f ) · 10−11

Z0 → K∗±W∓ (1.96± 0.12f ) · 10−11

Z0 → D±s W
∓ (6.04± 0.20CKM ± 0.22f ) · 10−10

Z0 → D±W∓ (1.99± 0.14CKM ± 0.10f ) · 10−11

Tab. 4.6.: Predicted branching fractions for various Z → MW decays, including
error estimates due to the uncertainties in the CKM matrix elements and the meson
decay constants. Uncertainties in the shapes of the LCDAs have a negligible impact
at tree level. Not shown are perturbative uncertainties due to the neglect of O(αs)
corrections.

4.6.2. Probing Quark Couplings to Z Bosons

Possible future precision measurements of the exclusive Z →Mγ decays can serve as
powerful probes of the QCD factorization approach in a theoretically clean environ-
ment. Since the decay rates into vector mesons Z → V γ depend on the axial-vector
couplings aq, one could use a precision measurement of these rates to determine
these couplings. At LEP, the couplings |ab| and |ac| have been measured with an ac-
curacy of around 1% [107]. Using our predictions, a measurement with an accuracy
of ∼ 6% could be done for the axial-vector couplings of light quarks.
Our results can also straightforwardly be generalized to include effects from flavor-

changing neutral currents (FCNCs), which arise in many new-physics models. If such
couplings are present, then they would allow decays Z →Mγ into flavor-nondiagonal
mesons at the tree level, likeK0, D0, B0 and Bs. Parameterizing the flavor-changing
couplings through the interaction

LFCNC ⊃
g

cW
Zµ q̄i

[
γµ (vij − aijγ5)

]
qj , (4.119)

we find the predictions listed in Table 4.7. In the SM, some graphs (like the last
two shown in Fig. 4.11) contribute to these modes at the loop-level. We estimate
their importance by using naive dimensional analysis and assume that they scale like
(α/π)|VikV ∗kj |/s2

W . Expressing the CKM matrix elements through the Wolfenstein
parameter λ ∼ 0.2, we find the rough estimates given in the last column of the
table. These backgrounds pose a limit on how accurately one can probe the FCNC
couplings vij and aij .
In addition to this, possible FCNC couplings of the Z boson would lead to tree-

level neutral meson mixing. Precision flavor physics experiments impose stringent
constraints on these ∆F = 2 amplitudes. Matching the tree-level mixing amplitudes
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Channel Branching ratio SM background
Z0 → K0γ

[
(7.70± 0.83) |vsd|2 + (0.01± 0.01) |asd|2

]
· 10−8 λ

s2W

α
π ∼ 2 · 10−3

Z0 → D0γ
[
(5.30 + 0.67

− 0.43) |vcu|2 + (0.62 + 0.36
− 0.23) |acu|2

]
· 10−7 λ

s2W

α
π ∼ 2 · 10−3

Z0 → B0γ
[
(2.08 + 0.59

− 0.41) |vbd|2 + (0.77 + 0.38
− 0.26) |abd|2

]
· 10−7 λ3

s2W

α
π ∼ 8 · 10−5

Z0 → Bsγ
[
(2.64 + 0.82

− 0.52) |vbs|2 + (0.87 + 0.51
− 0.33) |abs|2

]
· 10−7 λ2

s2W

α
π ∼ 4 · 10−4

Tab. 4.7.: Branching fractions for FCNC transitions Z → Mγ, which could arise
from physics beyond the Standard Model. The different theoretical uncertainties
have been added in quadrature. The last column shows our estimates for the irre-
ducible Standard Model background up to which one can probe the flavor-changing
couplings vij and aij . Here λ ≈ 0.2 is the Wolfenstein parameter.

generated by the interaction terms (4.119) onto the effective operator basis defined
in ref. [108], the only non-zero coefficients are:

C1 = 4GF√
2

(vij + aij)2 , C̃1 = 4GF√
2

(vij − aij)2 , C5 = −4GF√
2

(v2
ij − a2

ij) . (4.120)

Using the bounds reported in refs. [108–110], we find the upper bounds on various
combinations of vij and aij listed in Table 4.8. We find particularly strong bounds for
the coefficients C5, corresponding to the right column in the table. In models with
exclusively chirality-preserving flavor-changing couplings, these bounds are avoided,
since this amounts to vij = ±aij . In this particular scenario, the limits on the
couplings are |vsd| < 8.5·10−5, |vcu| < 7.4·10−5, |vbd| < 1.0·10−4 and |vbs| < 3.7·10−4,
with identical constraints on the corresponding axial-vector couplings. If we assume
these bounds to be maximally saturated, we can give the maximal branching ratios
by inserting the couplings into the expressions in Table 4.7. The resulting branching
ratios are of order 10−15, with the largest one being the Z0 → Bsγ rate at ∼ 10−14.
Consequently, these modes are unobservable at the LHC and every future machine
currently conceivable. The concept is still interesting for several reasons. First, the
bounds on the ∆F = 2 meson mixing processes (K− K̄), (D− D̄) and (Bd,s− B̄d,s)
are not completely model-independent since the interaction does not have to be
mediated by a Z boson: Additional heavy particles with tree-level FCNC couplings
could be responsible for generating the mixing amplitudes and could in principle
also (at least partially) cancel out the contributions from a possible FCNC coupling
of the Z boson. Additionally, in the derivation of bounds on one Wilson coefficient,
one assumes the other coefficients to be zero. A method like the one presented here,
on the other hand, would allow to prove for flavor-changing Z couplings in a direct
and model-independent way. Barring large cancellations between flavor-changing
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∣∣Re[(vsd ± asd)2]∣∣ < 2.9 · 10−8 ∣∣Re[(vsd)2 − (asd)2]∣∣ < 3.0 · 10−10∣∣Im[(vsd ± asd)2]∣∣ < 1.0 · 10−10 ∣∣Im[(vsd)2 − (asd)2]∣∣ < 4.3 · 10−13∣∣(vcu ± acu)2∣∣ < 2.2 · 10−8 ∣∣(vcu)2 − (acu)2∣∣ < 1.5 · 10−8∣∣(vbd ± abd)2∣∣ < 4.3 · 10−8 ∣∣(vbd)2 − (abd)2∣∣ < 8.2 · 10−9∣∣(vbs ± abs)2∣∣ < 5.5 · 10−7 ∣∣(vbs)2 − (abs)2∣∣ < 1.4 · 10−7

Tab. 4.8.: Indirect constraints on the flavor-changing Z-boson couplings vij and
aij (at 95% confidence level) derived from neutral-meson mixing [108–110].

Z-boson couplings and other new physics effects in ∆F = 2 processes, the Z →Mγ
decays are unsuitable to look for these couplings. As we will see later however, the
method can in principle be used to search for anomalous Higgs boson couplings.

4.6.3. Experimental Accessibility of the Decays

With all the results gathered in the previous section, we can now discuss estimates
for event numbers and reconstruction efficiencies to get an understanding of how
feasible measurements of the various decays modes are.
After the high-luminosity run of the LHC (assuming an integrated luminosity of

3000 fb−1), the LHC will have produced around 1011 Z bosons ans 5·1011 W bosons.
Future lepton colliders like FCCee, could produce 1012 Z bosons per year running
at the Z pole and 107 W bosons at the WW threshold [111]. Due to the large
branching fraction of t → Wb, many W bosons could also produced above the tt̄
threshold.
For the Z →Mγ decays, one could trigger on photons, and muons if the final state

meson decays to muons. The most promising modes in that regard are Z → J/ψ γ
and Z → Υ(nS)γ, where the vector meson decays leptonically. The rates for these
decay chains are small: The branching ratios Z → (V → µ+µ−)γ are of order
5 · 10−9 for V = J/ψ and 1.5 · 10−9 for V = Υ(1S). Still, several hundred J/ψ
events and up to one hundred Υ(1S) events could be observed at the LHC by
the end of the high-luminosity phase. The ATLAS collaboration uses exactly this
decay chain to identify the modes Z → J/ψ γ and Z → Υ(nS)γ [112], and the
current upper bounds (at 95% CL) on the branching fractions are Br(Z → J/ψ γ) <
2.6 · 10−6, Br(Z → Υ(1S) γ) < 3.4 · 10−6, Br(Z → Υ(2S) γ) < 6.5 · 10−6, and
Br(Z → Υ(3S) γ) < 5.4 · 10−6. For decays into φ and ρ mesons, one uses their
decays to oppositely charged pairs of kaons and pions, respectively [113]. The upper
bounds quoted by ATLAS are Br(Z → φγ) < 0.9·10−6 and Br(Z → ρ γ) < 25·10−6.
For light mesons decaying into two photons, like π0 and η, the reconstruction could
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be possible when one of the photons converts into an e+e− pair.
For W → Mγ, the situation seems worse. The charged hadron in the final state

is challenging to reconstruct, given the large hadronic background at the LHC. The
decayW → Dsγ should yield around 10000 events under the above assumptions and
might be the most promising mode, assuming the Ds can be identified. The large
tt̄ production cross section could be used to identify W boson events: Since both t
quarks practically always decay into bW , one has an event with two W bosons and
two b quarks. One then requires one W to decay leptonically and identify the b-jets
to identify a W boson event [98].

A much more promising possibility of searching for Z →Mγ would be a possible
future lepton collider. With a dedicated run at the Z pole, the currently envisioned
machines could produce 1012 Z bosons every year in a very clean environment.
This opens up the possibility of dedicated precision studies for many decay channels
studied here. Except for Z → π0γ, all modes should be accessible, and in the
channels with the largest rates, percent-level accuracy should be achievable. Some
of the Z → WM modes might also be observable, depending on the reconstruction
efficiencies. Dedicated runs at the WW or tt̄ thresholds should allow for a study of
the larger W →Mγ decay modes.
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With the discovery of the Higgs boson at the LHC, the field of high energy physics
has advanced into the era of Higgs physics: While the Higgs discovery put an end
to the question whether or not the particle exists, many of its properties are still in
the dark and many questions still remain for particle physics.
The hierarchy problem, for instance, denotes the question of what stabilizes the

Higgs mass against quantum corrections that lead to non-multiplicative renormal-
ization. As a consequence, the renormalization group running of the Higgs mass
picks up large contributions when heavy degrees of freedom, that couple to the
Higgs, enter the theory at their threshold. This naturalness problem is a challenge
to beyond-the-SM (BSM) physics, since every theory involving new heavy particles
needs to compensate these corrections or change the fundamental of the Higgs boson.
The Higgs could be involved in the generation of neutrino masses through a see-saw

scenario, where the Higgs couples to heavy sterile neutrinos and generates a mass-
mixing between them and the light neutrinos after electroweak symmetry breaking
(EWSB).
As another major aspect, the flavor structure of the standard model is completely

determined by the anatomy of Higgs boson couplings to the fermions. In the stan-
dard model, these couplings enter the Lagrangian as completely arbitrary parame-
ters:

Lyuk = −Q̄Lφ̃ YuuR −QLφYddR − ĒLφYeeR , (5.1)

where the three Yukawa matrices are non-diagonal 3 × 3 matrices in flavor-space.
After EWSB, the mass basis and the interaction basis are misaligned and charged
current gauge interactions become flavor-violating, a phenomenon parameterized by
the CKM matrix. Its entries, and with that the flavor structure of the SM, are
determined by the Yukawa couplings Yi with i = u, d. It remains to be seen, if
the structure of the Yukawa matrices are really random free parameters or whether
they follow a more fundamental mechanism, as is suggested by the hierarchy of the
fermion masses and the close-to-symmetric nature of the CKM matrix. For instance,
models exist where the couplings of light quarks depend non-trivially on the Higgs
field, leading to these hierarchies in a natural way [114, 115]. Measurements of Higgs
couplings exist for the heavier end of the SM particle spectrum like W , Z and third-
generation fermions [116–118], but not for light quarks. Therefore, models predicting
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significantly different Higgs couplings for light particles are still compatible with
observation [119].
This (not exhaustive) list clearly shows how the Higgs boson’s nature ties into

many open questions of our understanding of the universe. It is therefore imperative
to measure every accessible property of the Higgs in as many ways as possible. In this
section, we will advocate the case for exclusive Higgs decays of the classes h→ V γ,
h → ZM and h → W±M∓, some of which have been explored in the literature
already [120–124]. When the final state meson can be identified, the branching
ratio allows for the determination of the Yukawa couplings of the associated valence
quarks in a novel way. Furthermore, the intricate interplay between different diagram
topologies will allow us to extract more information on a measurement than just the
branching ratio of h→ qq̄.
With the theoretical framework set up in the previous section, we can swiftly

derive predictions for the various branching ratios. While the technicalities of the
computation are very similar to the previous section, the phenomenology is richer
as the Higgs sector allows more room for modifications to the SM.

5.1. Effective Lagrangian and Bounds
In order to perform a model-independent analysis, we employ the effective La-
grangian

Leff = κW
2m2

W

v
hW+

µ W
−µ + κZ

m2
Z

v
hZµZ

µ − h√
2

∑
f=u,d,e

(
f̄LYffR + h.c.

)
+ α

4πv

(
κγγ hFµνF

µν − κ̃γγ hFµνF̃µν + 2κγZ
sW cW

hFµνZ
µν − 2κ̃γZ

sW cW
hFµνZ̃

µν
)
.

(5.2)
The first line of this Lagrangian contains SM operators supplemented with pa-
rameters that can depart from their SM value. That means in the SM, we have
κW = κZ = 1 and the 3 × 3 Yukawa matrices Y are diagonal matrices with the
entries proportional to the fermion masses. We normalize the diagonal entries of the
Yukawa matrices to their SM couplings and define rescaling parameters κf and κ̃f
according to

(Yf )ii = (κfi + iκ̃fi)
√

2mfi

v
. (5.3)

In the SM, κfi = 1 and κ̃fi = 0. In our notation we use the indices fi and the names
of the fermions interchangeably for a more compact notation. For later convenience,
we also introduce rescaled parameters

κ̄q = κq
mq

mb
, ¯̃κq = κ̃q

mq

mb
, (5.4)
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normalized to the mass of the b quark. Bounds on these parameters have been
derived from a global fit to the measured Higgs rates [122, 125], yielding

√
|κu|2 + |κ̃u|2 < 3000 ,

√
|κd|2 + |κ̃d|2 < 1500 ,√

|κs|2 + |κ̃s|2 < 75 ,
√
|κc|2 + |κ̃c|2 < 6.2 .

(5.5)

at 95% CL.
The CP-odd couplings of third generation quarks can be constrained by their

impact on electric dipole moments (EDMs) [126]. Assuming SM-like couplings of
the Higgs to the electron, the strongest constraints come from the the electron
EDM, originating from two-loop Barr-Zee graphs such as the one shown on the left
in Fig. 5.1. The obtained bounds are |κ̃t| < 0.01, |κ̃b| < 1.9 and |κ̃τ | < 2.4 at 90%
CL. The neutron EDM poses weaker constraints, but they are less model-dependent
as they do not rely on κe = 1, κ̃e = 0. From measurements of h→ bb̄ and h→ τ+τ−

at the LHC, upper limits on the combinations |κb,τ |2 + |κ̃b,τ |2 can be obtained. At
95% CL the bounds are |κ̃b| < 1.44 and |κ̃τ | < 1.24 from CMS [116], and |κ̃b| < 1.3
and |κ̃τ | < 1.5 from ATLAS [117].

For flavor-violating Higgs couplings a global analysis of indirect constraints for
qi, qj 6= t quotes the bounds [122]

|(Yq)ij | < 10−5 − 10−3 , (5.6)

which makes these couplings irrelevant to our analysis. Flavor-changing Higgs cou-
plings involving the top quark are constrained by LHC measurements of the t→ qh
branching ratios for q = c, u. The current 95% C.L. bounds are [127]

√
|Ytc|2 + |Yct|2 < 0.18 ,

√
|Ytu|2 + |Yut|2 < 0.17 , (5.7)

evaluated at the scale µ = mh. The bounds are expected to tighten to 0.04 after an
integrated luminosity of 3000 fb−1 has been collected at the LHC [128].

The effective operators in the second line of the Lagrangian (5.2) are absent in
the SM and typically arise from loop-diagrams with heavy NP degrees of freedom.
Note that we did not include all possible operators in this Lagrangian. For example,
we did not include operators of the form hWµνW

µν and hWµνW̃
µν , on which strong

bounds exist. They enter our analysis through the one-loop amplitudes h → γγ∗,
h → Zγ∗ and h → Z∗γ, and can be absorbed into κγγ , κγZ and their CP-odd
counterparts. Bounds on these operators come from the electron EDM, arising from
loop diagrams like the one on the right in Fig. 5.1 [129]. Evaluating this graph, we
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5. Exclusive Higgs Decays

Fig. 5.1.: Two-loop Barr-Zee diagram (left) and effective one-loop contribution
(right) to the EDM of the electron arising from the CP-odd couplings κ̃f , κ̃γγ and
κ̃γZ in the effective Lagrangian (5.2).

find

de
e

= − α

16π3
me

v2

[(
log µ2

m2
h

+ 3
2

)
(κ̃γγκe + κγγ + κ̃e)

+1− 4s2
W

4s2
W c

2
W

(
log µ2

m2
h

+ 3
2 + ξZ log ξZ

1− ξZ

)
(κ̃γZκe + κγZ κ̃e)

]
,

(5.8)

with ξZ = m2
Z/m

2
h. The expression is logarithmically UV divergent since it involves

an effective operator of dimension greater than four. The term proportional to κ̃γγκe
agrees with the analysis in ref. [130]. The renormalization scale µ should be set to
the scale at which new physics are integrated out and the inner structure of effective
vertex is resolved. Setting this scale to Λ = 1 TeV for an estimate, choosing κe = 1
and κ̃e = 0, and comparing the result to the present bound |de| < 8.7 · 10−29e cm
(at 90% CL), the constraint is:

|κ̃γγ + 0.09κ̃γZ | < 0.006 . (5.9)

Assuming no cancellations between the two terms, this implies |κ̃γγ | < 0.006 and
|κ̃γZ | < 0.07.

5.2. Radiative Decays
In this section, we discuss the decays of the type h → Mγ. At leading power,
the meson M can only be a transversely polarized vector meson. Starting from
our effective Lagrangian (5.2), we find two different diagram topologies, similar to
the radiative W decays W → Mγ and the weak radiative Z decays Z → MW ,
discussed in the previous chapter. We will name them “direct” and “indirect” con-
tributions. We refer to contributions from the first two diagrams in Fig. 5.2 as direct
contributions, since the Higgs couples directly to the quarks forming the final state
meson V [91, 131]. These contributions are computed using the QCD factorization
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h

γ

h

γ

h

γ

γ/Z

Fig. 5.2.: Direct (left and center) and indirect (right) contributions to the h→ V γ
decay amplitude. The crossed circle in the third diagram denotes the off-shell h→
γγ∗ and h→ γZ∗ amplitudes, which in the SM arise first at one-loop order.

approach, described in Chapter 4. In the indirect contributions, the Higgs boson
decays to a photon and an off-shell vector boson V ∗ = γ∗, Z∗, which subsequently
converts into the meson [120]. The hγV ∗ coupling is generated from the effective
operators in our effective Lagrangian and from loop diagrams in the SM.
In the SM, the indirect and direct amplitudes interfere destructively. Since the

direct amplitudes are proportional to the Yukawa couplings of the quark in the
meson, they are most important for heavy mesons. For the Υ(1S), the indirect and
direct contributions are of similar size and largely cancel against each other. For
light mesons, the indirect contribution will be dominant whereas the direct one will
be a small correction.
As in the previous chapter, we present the amplitude in its form factor decompo-

sition:

iA(h→ V γ) = −efV2

[(
ε∗V · ε∗γ −

(q · ε∗V )(k · ε∗γ)
k · q

)
F V1 − iεµνρσ

kµqνε∗ρV ε
∗σ
γ

k · q
F V2

]
.

(5.10)

The decay constants fV are defined as superpositions of the flavor-specific decay
constants f qV , as we defined them earlier in Chapter 4. For neutral flavor-diagonal
mesons, mixing effects lead to complicated relations between them. The combina-
tions we denote by fV can be related to the electromagnetic decay rate V → e+e−

of the meson V . We define

QV fV ≡
∑
q

Qqf
q
V , where QV =

∑
q

cVq Qq , (5.11)

where cVq are the flavor coefficients in the naive constituent-quark model. We then
have

fρ0
√

2
=
∑
q

Qqf
q
ρ0 ,

fω

3
√

2
=
∑
q

Qqf
q
ω , −fφ3 =

∑
q

Qqf
q
φ . (5.12)
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Fig. 5.3.: One-loop QCD corrections to the first diagram in Figure 5.2. Analogous
corrections exist for the second diagram.

This leads to the decay rate defined in eq. (C.18), from which the values for fV are
determined, see Appendix C.

5.2.1. Direct Contributions
We start our analysis by computing the direct contributions to the decay amplitude,
using the QCD factorization approach described in Chapter 4. The relevant light-
cone projector M⊥V , defined in eq. (4.9), is proportional to the transverse decay
constant of the meson f⊥V . As we did for the decay constants fV , we relate the
flavor-specific transverse decay constants to f⊥V through f⊥V = (

∑
q Qqf

q⊥
V )/QV .

The fact that f⊥V is scale-dependent is due to the tensor current not being conserved
in QCD, as explained in section 4.1.2. Note that we should in principle also define
flavor-specific LCDAs, however since these functions are generically not well-known,
we employ SU(3) symmetry and set φq⊥V (x, µ)→ φ⊥V (x, µ).

We find the direct contributions to the form factors in eq. (5.10) to be

F V1,direct = κ̄VQV FV , F V2,direct = i¯̃κVQV FV , (5.13)

with

κ̄V = 1
QV

∑
q

κ̄q Qq
f q⊥V
f⊥V

, ¯̃κV = 1
QV

∑
q

¯̃κq Qq
f q⊥V
f⊥V

, (5.14)

and

FV = mb(µ)
v

f⊥V (µ)
fV

∫ 1

0
dx
φ⊥V (x, µ)
xx̄

[
1 + CFαs(µ)

4π h(x,mh, µ) +O(α2
s)
]
. (5.15)

The one-loop hard scattering kernel is given by:

h(x,mh, µ) = 2 log(xx̄)
(

log m
2
h

µ2 − iπ
)

+ log2 x+ log2 x̄− 3 . (5.16)

Up to a typographical error, this result agrees with a computation done in ref. [79].
The function is logarithmically UV-divergent, see Appendix D for details on the
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removal of the poles. The Yukawa couplings have been written in terms of the
running b-quark mass in the above expressions. They are scale-evolved using the
RG equations

µ
d

dµ
mq(µ) = γm(µ)mq(µ) , (5.17)

which, at two-loop order, were obtained in ref. [132]. The solution to the RG equa-
tion is:

mq(µ) =
(
αs(µ)
αs(µ0)

)− γm02β0
[
1− γm1 β0 − β1γ

m
0

2β2
0

αs(µ)− αs(µ0)
4π + . . .

]
mq(µ0) , (5.18)

where the relevant one- and two-loop anomalous dimensions are:

γm0 = −6CF , γm1 = −3C2
F −

97
3 CFCA + 20

3 CFTFnf . (5.19)

With the Gegenbauer expansion of the LCDA

φ⊥V (x, µ) = 6xx̄
[
1 +

∞∑
n=1

aV⊥n (µ)C(3/2)
n (2x− 1)

]
, (5.20)

and using the method explained in Appendix F, we can rewrite the form factor as:

FV = 6mb(µ)
v

f⊥V (µ)
fV

[
1− CFαs(µ)

π
log m

2
h

µ2

]
IV (mh) , (5.21)

where

IV (mh) =
∞∑
n=0

C2n(mh, µ)aV⊥2n . (5.22)

The hard scattering coefficients Cn at O(αs) are given by:

Cn(mh, µ) = 1 + CFαs(µ)
4π

[
−4(Hn+1 − 1)

(
log m

2
h

µ2 − iπ
)

+ 4H2
n+1 − 3 + 4iπ

]
.

(5.23)

Evaluating the hard scattering function at the factorization scale µ = mh and evolv-
ing it down to the hadronic reference scale µ0 resums the large logarithms of the
form αs log(µ2

0/m
2
h) to all orders. The scaling relation for the Gegenbauer moments

is (see Section 4.1.2 for details):

aV⊥n (µ) =
(
αs(µ)
αs(µ0)

) γ⊥n
2β0

aV⊥n (µ0) , with γ⊥n = 8CF (Hn+1 − 1) . (5.24)
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Meson Form factor with errors [%] Combined [%]
Fρ0 4.30 + 0.04

− 0.05 µ ± 0.03mb ± 0.24f ± 0.12a2 ± 0.22a4 (4.30± 0.35)
+i
(
0.67 + 0.14

− 0.10 µ ± 0.00mb ± 0.04f ± 0.03a2 ± 0.06a4

)
+i(0.67± 0.14)

Fω 4.26 + 0.04
− 0.05 µ ± 0.03mb ± 0.30f ± 0.14a2 ± 0.21a4 (4.26± 0.40)

+i
(
0.66 + 0.14

− 0.10 µ ± 0.00mb ± 0.05f ± 0.03a2 ± 0.06a4

)
+i(0.66± 0.14)

Fφ 4.53 + 0.04
− 0.05 µ ± 0.03mb ± 0.24f ± 0.15a2 ± 0.23a4 (4.53± 0.37)

+i
(
0.70 + 0.14

− 0.10 µ ± 0.01mb ± 0.04f ± 0.04a2 ± 0.06a4

)
+i(0.70± 0.15)

FJ/ψ 4.54 + 0.02
− 0.04 µ ± 0.03mb ± 0.70f + 0.13

− 0.17 σV (4.54± 0.72)
+i
(
0.63 + 0.11

− 0.08 µ ± 0.00mb ± 0.10f + 0.03
− 0.04 σV

)
+i(0.63± 0.14)

FΥ(1S) 5.04 + 0.02
− 0.03 µ ± 0.04mb ± 0.18f + 0.09

− 0.07 σV (5.04± 0.21)
+i
(
0.66 + 0.12

− 0.08 µ ± 0.00mb ± 0.02f + 0.02
− 0.01 σV

)
+i(0.66± 0.10)

FΥ(2S) 5.09 + 0.02
− 0.04 µ ± 0.04mb ± 0.24f + 0.13

− 0.12 σV (5.09± 0.27)
+i
(
0.68 + 0.12

− 0.09 µ ± 0.00mb ± 0.03f + 0.03
− 0.02 σV

)
+i(0.68± 0.11)

FΥ(3S) 5.11 + 0.02
− 0.04 µ ± 0.04mb ± 0.24f + 0.15

− 0.14 σV (5.11± 0.29)
+i
(
0.69 + 0.12

− 0.09 µ ± 0.00mb ± 0.03f + 0.04
− 0.03 σV

)
+i(0.69± 0.12)

Tab. 5.1.: Theory predictions for the reduced form factors FV including error esti-
mates.

As we can by now expect from what we have seen in the last chapter, the form
factors depend only weakly on the shape parameter after these RG effects have been
taken into account. From eq. (5.22) we obtain for the first five terms in the sum:

Re IV (mh) = 1.01 + 1.13aV⊥2 (mh) + 1.21aV⊥4 (mh) + 1.29aV⊥6 (mh) + 1.35aV⊥8 (mh)
≈ 1.01 + 0.51aV⊥2 (µ0) + 0.36aV⊥4 (µ0) + 0.29aV⊥6 (µ0) + 0.24aV⊥8 (µ0) ,

(5.25)
demonstrating this point once again. As in the previous chapter, we have used
µ0 = 1 GeV as the hadronic reference scale.
The effective couplings κ̄V for the heavy quarkonia J/ψ and Υ(nS) are, to a very

good approximation, given by κ̄J/ψ ≈ κ̄c and κ̄Υ(nS) ≈ κ̄b, and analogously for
the CP-odd parameters ¯̃κV . For light vector mesons, flavor-mixing effects have in
general non-negligible impacts on these relations: Even for the mesons ρ0 and ω,
tiny admixtures of a flavor state |ss̄〉 can be important since the s-quark Yukawa
coupling is much larger than the one to u and d. For the ρ0 meson, this flavor-mixing
can only happen through electromagnetic or isospin-violating effects in QCD, both
of which are estimated to be tiny and we employ the naive relation

κ̄ρ0 ≈
2κ̄u + κ̄d

3
SM→ 6.1 · 10−4 . (5.26)

74



5.2. Radiative Decays

For ω and φ mesons, the situation is different, and we discuss the details of the
parameterization in Appendix C. Assuming |κ̄s| � |κ̄u,d| and working in the SU(3)
limit we obtain to first order in the mixing angle θωφ:

κ̄ω ≈ 2κ̄u − κ̄d +
√

2 κ̄s θωφ(m2
ω) SM→

(
− 0.08 + 26.8 θωφ

)
· 10−3 ,

κ̄φ ≈ κ̄s

[
1 +

θωφ(m2
φ)

√
2

]
SM→ 0.019 + 0.013 θωφ .

(5.27)

We can see that for the ω meson, the contributions of u and d cancel almost pre-
cisely, leaving the mixing contribution to be the dominant term. Estimates for the
mixing angle θωφ derived from mass-independent analyses are θωφ ≈ 0.05 [133] and
θωφ ≈ 0.06 [134, 135]. A more recent, mass-dependent analysis yielded θωφ(m2

ω) ≈
0.008 and θωφ(m2

φ) ≈ 0.081 [136]. Consequently, we assume κ̄φ ≈ κ̄s to be good
approximation, whereas interpreting κ̄ω in terms of quark Yukawa couplings would
require a better description of the relevant flavor-mixing effects.
In Table 5.1, we present our numerical predictions for the direct form factors

FV , defined in eq. (5.21). Along with the central values, we include detailed error
estimates: The subscript “µ” denotes the scale uncertainty from varying the factor-
ization scale between mh/2 and 2mh, and the subscript “mb” marks the uncertainty
from the b-quark mass. Hadronic uncertainties come from the decay constants fV ,
the ratio f⊥V /fV (denoted by “fV ”), and finally from the LCDA shape parameters
(denoted by the subscript an for light mesons and σV for heavy quarkonia). These
uncertainties dominate the combined errors, seen in the last column of the table.
The uncertainties are between 4% and 9%, with the exception of the J/ψ where the
decay constant is afflicted with a larger uncertainty coming from the ratio f⊥V /fV
(around 16%). Note that the spread between the numerical values of FV for different
mesons is small.
As we have seen in the previous chapter, power corrections to these results start

at O(Λ2
QCD/m

2
H) for light mesons and O(m2

V /m
2
H) for heavy mesons. Due to the

smallness of these suppression factors, we ignore them and work with the leading
projections. Electroweak loop corrections and two-loop QCD corrections, like the
ones shown in Fig. 5.4, can contribute without being proportional to the Yukawa
coupling of the valence quark in the meson. The first diagram can be proportional
to the top-quark Yukawa and a loop factor ytα/π ∼ 2 · 10−3 whereas the second
one consists of purely gauge interactions and comes with mWα/(vπ) ∼ 0.7 · 10−3.
The corrections are thus of the order of the strange-quark Yukawa and smaller
than the charm-quark Yukawa by roughly a factor of 10. Consequently, in order to
measure the strange-quark Yukawa in the SM, these corrections need to be taken
into account. These levels of sensitivity are however unrealistic for the LHC. The
third and fourth diagram of Fig. 5.4 shows neglected QCD corrections. The third
diagram is the equivalent of the gluon contribution contributing at leading twist to

75



5. Exclusive Higgs Decays

h

γ

W h
W

W

γ

h

γ

t

h

γ

t

Fig. 5.4.: Examples of electroweak radiative corrections (top row) and higher-order
QCD radiative corrections (bottom row) to the h→ V γ decay amplitudes.

the decays Z → η(′)γ. For vector mesons, the two-gluon LCDA does not exist at
leading twist and thus such a contribution is suppressed. The last diagram shows a
higher-order QCD correction in which the Higgs also couples to the top-quark. We
estimate these contributions to be negligible.

5.2.2. Indirect Contributions

The indirect contributions arise from diagrams where the Higgs couples to γZ or
γγ and either the Z or one of the photons convert into the final state meson, see
the third diagram in Fig. 5.2. These couplings are generated in the SM beginning
at one-loop order by diagrams like the ones shown in Fig. 5.5. Due to the smallness
of the Yukawa couplings entering the direct contributions, the indirect amplitudes
typically dominate over the direct ones, despite starting at one-loop order. We
therefore keep the effect of the meson mass and the off-shellness of the intermediate
gauge boson.
The one-loop expressions for the h → γγ∗ and h → γZ∗ vertices have been

=

Fig. 5.5.: One-loop SM contributions to the effective hγγ and hγZ vertices.
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obtained in ref. [137]. We find for the indirect form factors:

F V1,indirect = α(mV )
π

m2
h −m2

V

mV v

[
QV Cγγ(xV )− vV

(sW cW )2
m2
V

m2
Z −m2

V

CγZ(xV )
]
,

F V2,indirect = i
α(mV )
π

m2
h −m2

V

mV v

[
QV C̃γγ(xV )− vV

(sW cW )2
m2
V

m2
Z −m2

V

C̃γZ(xV )
]
,

(5.28)
with xV = m2

V /m
2
h and vV ≡

∑
q c

V
q vq, analogously to the couplings defined in

eq. (5.11). Here vq are the vector couplings of the Z boson to fermions. We neglect
flavor-mixing effects in the h→ γZ∗ → γV amplitude. The loop functions entering
the form factors are:

Cγγ(xV ) =
∑
q

κq
2NcQ

2
q

3 Af (τq, xV ) +
∑
l

κl
2Q2

l

3 Af (τl, xV )

− κW
2 AγγW (τW , xV ) + κγγ ,

CγZ(xV ) =
∑
q

κq
2NcQqvq

3 Af (τq, xV ) +
∑
l

κl
2Qlvl

3 Af (τl, xV )

− κW
2 AγZW (τW , xV ) + κγZ ,

(5.29)

and

C̃γγ(xV ) =
∑
q

κ̃qNcQ
2
q Bf (τq, xV ) +

∑
l

κ̃lQ
2
l Bf (τl, xV ) + κ̃γγ ,

C̃γZ(xV ) =
∑
q

κ̃qNcQqvq Bf (τq, xV ) +
∑
l

κ̃lQlvlBf (τl, xV ) + κ̃γZ .
(5.30)

Here the first two terms in each expression represent the quarks and leptons in the
loop, the third terms are the gauge-boson loops and the last terms are the tree-level
contributions from the Lagrangian (5.2). The loop functions Af , AγVW and Bf , given
explicitly in Appendix G, depend on the variables τX = 4m2

X/m
2
h with X = q, l,W .

When evaluating the variables τq, we use the running quark masses at the scale mh,
using eq. (5.18).
The dominant contributions to the form factors are the ones where the interme-

diate gauge-boson is a photon: Since it is off-shell only by the mass of the meson,
the photon propagator enhances the amplitude. The contributions CγZ on the other
hand are suppressed by a factorm2

V /(m2
Z−m2

V ). The off-shellness, parameterized by
the variable xV is tiny. Evaluating the functions Cγγ and CγZ at xV = 0 numerically,
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we find:

Cγγ(0) = κγγ − 4.164κW + 0.920κt − (0.012− 0.011i)κτ − (0.007− 0.008i)κb
− (0.015− 0.010i)κ̄c − 0.001κ̄s + . . . ,

CγZ(0) = κγZ − 2.173κW + 0.132κt − (0.004− 0.004i)κb
− (0.002− 0.001i)κ̄c + . . . ,

(5.31)
and similar expressions for their CP-odd counterparts. Note that the coupling pa-
rameters κ̄q for the quarks are normalized to the b-quark mass. This means that
contributions from second-generation fermions would be small even if their Yukawa
couplings would be as large as the b-quark Yukawa, meaning κ̄q = 1. In the SM, we
find Cγγ(0) = −3.266 + 0.21i and CγZ(0) = −2.046 + 0.005i, whereas C̃γγ and C̃γZ
vanish. The leading term in the form factor is proportional to 1/mV , leading to an
enhancement of the indirect contribution for lighter mesons.
Two-loop corrections to these results exist both from QCD and the electroweak

theory. Radiative corrections between the quarks forming the final-state meson are
by definition included in the decay constant. Loops between the effective hγγ and
hγZ vertices and the quarks in the meson lead to amplitudes that do not receive
the enhancement from the almost on-shell photon propagator and also need at least
two gluons to be exchanged for color conservation. They can therefore be neglected.
QCD-corrections to the effective hγγ and hγZ vertices arise from gluon exchanges
inside the quark loops. They have been calculated numerically in ref. [138] and
analytically in ref. [139]. These corrections are only relevant for the top-quark
contribution and they enhance the decay amplitude by a few percent. Two-loop
electroweak corrections to the h → γγ amplitude in the SM have been computed
in refs. [140–142]. They are small and numerically negative. For a Higgs mass of
mh = 125.09GeV, the effects of QCD and electroweak corrections almost cancel each
other, leaving a total correction of about −0.2% [141]. We therefore ignore these
corrections.

5.2.3. Building the Observable

Assuming the electron Yukawa coupling to be close to the SM prediction, the CP-
odd form factor F V2 is tiny compared to F V1 . We therefore focus our discussion here
on the CP-even F V1 . For the significant terms, we find numerically:

F
Υ(1S)
1 = 0.022κW − 0.005κt − 0.005κγγ − (0.017± 0.001)κb + . . . ,

F
J/ψ
1 = −0.137κW + 0.030κt + 0.033κγγ + (0.030± 0.005)κ̄c + . . . ,

F φ1 = 0.206κW − 0.045κt − 0.049κγγ − (0.015± 0.001)κ̄φ + . . . .

(5.32)
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Recall that we wanted to probe the Yukawa couplings associated with the final
state meson, meaning for instance that we wanted to probe κb through F

Υ(1S)
1 and

κc from F
J/ψ
1 . We observe, however, that the parameters of interest only have a

subdominant effect on the form factors F V1 . Instead, there are larger contributions
from other terms, all of which can be altered beyond the SM. Clearly, we need to
find a way to remove the dependence on the parameters we are not interested in
without making model-dependent assumptions.
The proper observable to consider in this case is thus not simply the branching

ratio h → V γ. Instead, we normalize it to the branching ratio of h → γγ: The
parameters κW , κt, κγγ in the above form factors all enter through the loop functions
of the effective h → γγ∗ and h → γZ∗ vertices. Since the photon in the first case
is only off-shell by a small amount k2 = m2

V and the h → γZ∗ amplitude is a
small effect, the effects of the “unwanted” κi largely cancel out. Furthermore, in the
ratio of the two branching fractions, the total Higgs width cancels out, removing yet
another theoretical uncertainty. We find:

Br(h→ V γ)
Br(h→ γγ) = 8πα2(mV )

α

Q2
V f

2
V

m2
V

(
1− m2

V

m2
h

)2 ∣∣1−∆V

∣∣2 +
∣∣rCP − ∆̃V

∣∣2
1 + |rCP|2

, (5.33)

where rCP = C̃γγ(0)/Cγγ(0). We can also eliminate the sensitivity to the decay
constant, by multiplying the above ratio by mV /Γ(V → e+e−), yielding

mV

Γ(V → e+e−)
Br(h→ V γ)
Br(h→ γγ) = 6

α

(
1− m2

V

m2
h

)2 ∣∣1−∆V

∣∣2 +
∣∣rCP − ∆̃V

∣∣2
1 + |rCP|2

, (5.34)

which has the advantage of further reducing hadronic uncertainties.
The quantities we need to explore now are the ∆V and ∆̃V . We will discuss the

CP-even quantities ∆V here at length and relegate the CP-odd ones to Appendix H
(along with more explicit expressions for the CP-even quantities). The functions are
given by:

∆V = −κ̄V
FV

Cγγ(0)
πmV v

α(mV )m2
h

− Cγγ(xV )− Cγγ(0)
Cγγ(0) + m2

V

m2
Z

vV
QV s2

W c
2
W

CγZ(0)
Cγγ(0) ,

∆̃V = −¯̃κV
FV

Cγγ(0)
πmV v

α(mV )m2
h

− C̃γγ(xV )− C̃γγ(0)
Cγγ(0) + m2

V

m2
Z

vV
QV (sW cW )2

C̃γZ(0)
Cγγ(0) ,

(5.35)
where we expanded in m2

V /m
2
Z and xV = m2

V /m
2
h. Since every term is normalized

to Cγγ(0), we define an effective parameter κeff
γγ , given by:

κeff
γγ = Cγγ(0)[

Cγγ(0)
]
SM

=
[
1.275κW − 0.282κt + (0.004− 0.003i)κτ + (0.002− 0.002i)κb

+ (0.004− 0.003i)κ̄c − 0.306κγγ
]
/(1− 0.006i) .

(5.36)
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Since the Higgs couplings toW bosons and third-generation fermions agree with the
SM predictions within errors, the only considerable departure from the SM value of
κeff
γγ can originate from κγγ . The tiny imaginary parts, arising from light fermions

in the loops, have no noticeable impact on our analysis. The quantity rCP is zero in
the SM and is given exclusively by the CP-odd coupling parameters:

rCP = −(0.429 + 0.003i)κ̃t + (0.004− 0.003i)κ̃τ + (0.002− 0.002i)κ̃b
κeff
γγ

+ (0.005− 0.003i)¯̃κc − (0.306 + 0.002i)κ̃γγ
κeff
γγ

.

(5.37)

Clearly, the parameters with the largest impact on this quantity are κ̃t and κ̃γγ .
The strong bounds discussed in section. 5.1 however imply that, assuming the Higgs
couplings to electrons do not greatly depart from the SM values, rCP must be of the
order 1% and is thus not important. In principle, the parameter could be directly
probed through h→ γγ, where both photons convert to e+-e− pairs in the detector,
although this appears to be challenging [143].
We can now discuss the numerical results for the ∆V and ∆̃V . The explicit

dependence on all significant κi parameters is given in Appendix H. Here, we only
display the direct contribution and evaluate the indirect one assuming SM values
for all κi. We find

∆ρ0 =
[
(0.068± 0.006) + i(0.011± 0.002)

] κ̄ρ0

κeff
γγ

+ 0.00002 ,

∆ω =
[
(0.068± 0.006) + i(0.011± 0.002)

] κ̄ω
κeff
γγ

− 0.00011 ,

∆φ =
[
(0.093± 0.008) + i(0.015± 0.003)

] κ̄φ
κeff
γγ

+ 0.00014 ,

∆J/ψ =
[
(0.281± 0.045) + i(0.040± 0.009)

] κ̄c
κeff
γγ

+ 0.00005 ,

(5.38)

and

∆Υ(1S) =
[
(0.948± 0.040) + i(0.130± 0.019)

] κb
κeff
γγ

+ 0.0184− 0.0015i ,

∆Υ(2S) =
[
(1.014± 0.054) + i(0.141± 0.022)

] κb
κeff
γγ

+ 0.0207− 0.0015i ,

∆Υ(3S) =
[
(1.052± 0.060) + i(0.148± 0.025)

] κb
κeff
γγ

+ 0.0221− 0.0015i .

(5.39)

We see that the power corrections from the indirect amplitudes, represented by the
constant terms, are tiny, and only reach the percent level for the Υ(nS) mesons.
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For the CP-odd coefficients ∆̃V , the direct terms are identical, with the obvious
replacement κi → κ̃i and κ̄i → ¯̃κi. The indirect power corrections come with larger
coefficients but are most-likely negligible in view of the strong bounds on the relevant
κ̃i, see Appendix H.
The parameters ∆V can be compared to the literature by converting the respective

results to our notation. From ref. [122] we find ∆ρ0 = (0.095± 0.020) (2κ̄u + κ̄d)/3,
∆ω = (0.092± 0.021) (2κ̄u + κ̄d) and ∆φ = (0.130± 0.027)κ̄s, while from [77] we get
∆J/ψ = (0.392 ± 0.053)κ̄c, ∆Υ(1S) = (1.048 ± 0.046)κb, ∆Υ(2S) = (1.138 ± 0.053)κb
and ∆Υ(3S) = (1.175± 0.056)κb. The values found in the literature are consistently
higher than ours, owing to the fact that the authors have not completely included
QCD corrections and RG effects in the direct contributions. In the case of the
Υ(nS) channels, the small imaginary part is crucial because the direct and indirect
contributions almost exactly cancel. In ref. [122], the result for ∆ω misses the
important contribution from ω − φ mixing and has a sign mistake in front of κ̄d.
Additionally, we find that our uncertainties are significantly smaller.

5.2.4. Phenomenology
Let us now put together the predictions for the various branching ratios. We will
start the discussion by giving the SM predictions and then explore the new physics
reach. Using the Higgs mass mh = 125.09 GeV, the SM branching ratio prediction
Br(h→ γγ) = (2.28±0.11)·10−3 [144] and multiplying it with the quantity eq. (5.33)
we obtain the SM predictions:

Br(h→ ρ0γ) = (1.68± 0.02fρ ± 0.08h→γγ) · 10−5 ,

Br(h→ ωγ) = (1.48± 0.03fω ± 0.07h→γγ) · 10−6 ,

Br(h→ φγ) = (2.31± 0.03fφ ± 0.11h→γγ) · 10−6 .

(5.40)

The main uncertainties are the ones from the decay constants fV and the from
the h → γγ branching ratio, with the latter being dominant. The results obtained
here are lower and have a smaller uncertainty than the ones presented in ref. [122],
where Br(h → ρ0γ) = (1.9 ± 0.15) · 10−5, Br(h → ωγ) = (1.6 ± 0.17) · 10−6 and
Br(h→ φγ) = (3.0± 0.13) · 10−6. For the heavy mesons, we find:

Br(h→ J/ψ γ) = (2.95± 0.07fJ/ψ ± 0.06direct ± 0.14h→γγ) · 10−6 ,

Br(h→ Υ(1S) γ) = (4.61± 0.06fΥ(1S)
+ 1.75
− 1.21 direct ± 0.22h→γγ) · 10−9 ,

Br(h→ Υ(2S) γ) = (2.34± 0.04fΥ(2S)
+ 0.75
− 0.99 direct ± 0.11h→γγ) · 10−9 ,

Br(h→ Υ(3S) γ) = (2.13± 0.04fΥ(3S)
+ 0.75
− 1.12 direct ± 0.10h→γγ) · 10−9 .

(5.41)

In these channels, the relevant Yukawa couplings are large enough so that the un-
certainties from the direct contribution become significant. Note the smallness of
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Fig. 5.6.: Predictions (central values) for the ratios of the h → V γ and h → γγ
branching fractions with V = φ, J/ψ and Υ(1S) as functions of the rescaled Yukawa
couplings normalized to the parameter κeff

γγ defined in (5.36). The black dots indicate
the SM values. Coupling parameters between the dashed white circles in the third
plot are preferred by the current ATLAS result on h→ bb̄ [113], assuming a SM-like
h→ γγ branching ratio [145]. See text for further details.

the branching ratios to Υ mesons due to the larger Yukawa coupling of the b-quark
leading to a strong cancellation between direct and indirect contributions. The
authors of ref. [77] find (2.79 + 0.16

− 0.15) · 10−6 for J/ψ, (0.61 + 1.74
− 0.61) · 10−9 for Υ(1S),

(2.02 + 1.86
− 1.28) · 10−9 for Υ(2S) and (2.44 + 1.75

− 1.30) · 10−9 for Υ(3S). We find good agree-
ment except for the Υ(1S), where the small imaginary part in eq. (5.39), that was
neglected by the authors, becomes important.
Despite the small branching fractions, first experimental studies have been per-

formed by the ATLAS Collaboration. For decays into heavy mesons, the reported
upper bounds are Br(h → J/ψ γ) < 1.5 · 10−3, Br(h → Υ(1S) γ) < 1.3 · 10−3,
Br(h→ Υ(2S) γ) < 1.9 ·10−3 and Br(h→ Υ(3S) γ) < 1.3 ·10−3, all at 95% CL [112].
The expected results are smaller by a factor of 500 for J/ψ, whereas the Υ modes
are out of reach for the LHC within the SM. We will see later, that this can change
drastically when new physics effects are allowed. With an integrated luminosity of
3 ab−1, the LHC will have produced around 1.7 · 108 Higgs bosons per experiment
at the end of the high-luminosity phase [146]. Reconstructing the J/ψ using its lep-
tonic decays into muons, one can expect around 30 events per experiment, with an
estimated effective branching ratio Br(h→ J/ψ γ → µ+µ−γ) = 1.8·10−7. Assuming
one can also use the decays into electrons, then the total number of expected events
increases to 120. See ref. [120] for more details on reconstruction and background.
In a recent conference note, ATLAS also reports upper bounds on the decays into
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Fig. 5.7.: Predictions for the h→ ργ and h→ φγ branching ratios, normalized to
the h → γγ branching fraction, as functions of κ̄ρ0 ≈ (2κ̄u + κ̄d)/3 and κ̄φ ≈ κ̄s,
respectively, normalized to κeff

γγ . The SM values are indicated by the red arrows.

light mesons h→ ρ0γ and h→ φγ [113]. At 95% CL, they report the upper bounds
Br(h→ φγ) < 4.8 · 10−4 and Br(h→ ργ) < 8.8 · 10−4, meaning they are larger than
our predictions by a factor of 200 and 500, respectively. The authors of ref. [122] as-
sume an efficiency of εφγ = 0.75, which is significantly higher than the current value
reported by ATLAS, εφγ = 0.17. For the ρ0 channel, the efficiency reported is even
lower, ερ0γ = 0.10. In the SM one can expect a total number of events of 400εφγ and
2900ερ0γ for the two channels, respectively. Assuming that the current efficiencies
do not dramatically increase, this corresponds to ∼ 80 events in the h→ φγ channel
and ∼ 300 events in h→ ρ0γ.
We can now discuss implications of new physics effects on our predictions. In

Fig. 5.6 we show how the branching ratio varies when the effective couplings κ̄i and
¯̃κi governing the direct contributions, are varied. The black dots represent the SM
prediction. We do not show plots for ρ0 and ω mesons, as they are qualitatively
the same as the one for the φ. Similarly, the Υ(nS) with n > 1 are not shown
since they are similar to the 1S case. In the plots, a value of 0.4 corresponds
to a branching ratio of Br(h → V γ) ∼ 10−6, assuming that the h → γγ is SM-
like. If not, the numbers must be rescaled by Br(h → γγ)/Br(h → γγ)SM. This
holds for all numbers given in the following discussion. Furthermore, the relevant
quark-Yukawa rescaling parameters κi enter the predictions always normalized to
the effective parameter κeff

γγ , meaning that new physics effects can enter through each
of these parameters. However, the effects entering via κeff

γγ would uniformly enter all
branching ratios.
Let us further study the branching ratios under the assumption that the CP-

odd Yukawa couplings vanish. In Fig. 5.7, we show the dependence of the branching
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Fig. 5.8.: Predictions for the h → J/ψ γ and h → Υ(1S) γ branching ratios, nor-
malized to the h → γγ branching fraction, as functions of κc and κb, respectively,
normalized to κeff

γγ . The SM values are indicated by the red arrows.

ratios h→ ρ0γ and h→ φγ of the CP-even parameters κρ0 and κφ. The uncertainties
of our predictions are indicated by the width of the colored band. The plot for
h→ ωγ would look identical to the one for the ρ0 with a different vertical scaling. All
three channels exhibit only weak dependences on the Yukawa couplings of interest.
A measurement of the h → ρ0γ branching ratio with an accuracy of 10% would
only yield the bound κ̄ρ0/κeff

γγ < 0.8, which means that a combination of u- and
d-quark Yukawas could not be larger than 80% of the b-quark Yukawa. Even a 1%
measurement would yield an upper bound of only κ̄ρ0/κeff

γγ < 0.08, which is still larger
than the SM prediction by a factor of more than 100. For the φ meson, the situation
is similar: A 10% measurement of h → φγ would yield −0.55 < κ̄φ/κ

eff
γγ < 0.62. A

measurement at 1% accuracy would yield −0.04 < κ̄φ/κ
eff
γγ < 0.08, which is closer to

the SM value of κ̄φ ≈ 0.02, but is completely out of reach at the LHC. The situation
is much different for the heavy quarkonia. Fig. 5.8 displays the dependences of
the branching ratios h → J/ψγ and h → Υ(1S)γ of the CP-even quark Yukawa
couplings. Measuring the branching ratio in the J/ψ channel at an accuracy of
20% would yield the constraint −0.51 < κc/κ

eff
γγ < 3.07. With a 10% measurement,

we obtain 0.32 < κc/κ
eff
γγ < 1.53, and with a 5% measurement one could reach

0.75 < κc/κ
eff
γγ < 1.19. At a future 100 TeV collider, these measurements could

be done and provide important insights on the CP-even c-quark Yukawa coupling.
For the Υ(1S), the dependence on the b-quark Yukawa coupling is quite dramatic:
The coefficient function ∆Υ(1S) ≈ 1 to a good approximation due to the large b-
quark Yukawa coupling in the SM. Consequently, the direct and indirect amplitudes
cancel almost exactly, as the diagram on the right in Fig. 5.8 shows. A departure
from κb = 1 strongly influences the branching fraction. An especially interesting
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case is κb = −1, which boosts the prediction by a factor of ∼ 220 over the SM value
and would still be compatible with a SM-like observation of h→ bb̄, which is entirely
insensitive to the sign (and in fact the CP-phase, see below).
The dependence of the results on the CP-odd parameters κ̃V is virtually non-

existent for the light mesons and only small for the J/ψ. We conclude that only the
Υ(nS) channels can probe CP-odd Yukawa couplings. In the previous paragraph, we
already saw the strong dependence of the branching ratio on the CP-even Yukawa
coupling. We now generalize the discussion to the case of κ̃b 6= 0. First, note in the
right plot of Fig. 5.6, that the SM value lies almost exactly in the center of the colored
circles in the κ-κ̃ plane. A measurement of the branching ratio Br(h → Υ(1S)γ)
therefore constrains the allowed couplings to a circular band centered around the
point (1, 0). On the other hand, a measurement of h→ bb̄, normalized to h→ γγ is
only sensitive to

λbγ ≡

√√√√∣∣∣∣∣ κbκeff
γγ

∣∣∣∣∣
2

+
∣∣∣∣∣ κ̃bκeff
γγ

∣∣∣∣∣
2

. (5.42)

Recent measurements by the ATLAS collaboration are in support of both SM-like
rates for h → γγ and h → bb̄ [118, 145]. Combining the reported results µh→bb̄ =
0.90± 0.27 and κeff

γγ = 0.93+0.09
−0.08, we find:

λbγ = 1.02 +0.19
−0.25 b

+0.10
−0.11 γ , (5.43)

where uncertainties from h→ bb̄ and h→ γγ are displayed separately. These values
lead to the dashed white circles in Fig. 5.6. Therefore, combining h → bb̄ and
h → Υ(1S)γ can have a greater benefit for our knowledge of κb and κ̃b than just
shrinking the error bars. To demonstrate this point, we consider two hypothetical
future scenarios:

(I) λbγ = 1.0± 0.15 , Br(h→ Υ(1S)γ)
Br(h→ γγ) < 0.2 · 10−3 ,

(II) λbγ = 0.65± 0.10 , Br(h→ Υ(1S)γ)
Br(h→ γγ) = (0.4± 0.2) · 10−3 .

(5.44)

The corresponding exclusion plots are displayed in Fig. 5.9. In scenario (I), the
ratio Br(h → bb̄)/Br(h → γγ) is measured to be its SM value and an upper bound
0.5 · 10−6 is obtained on the h → Υ(1S)γ branching ratio. This scenario produces
the left plot. Even without an observation of the exclusive decay, one can now
constrain the parameters κb and κ̃b to a non-trivial region, namely the overlap of
the regions extracted from the two measurements. This scenario is compatible with
the SM expectation. However, the allowed region also includes the case where the
b-quark Yukawa coupling is completely CP-odd, with a phase of up to ±π/2. The
value κb/κeff

γγ = −1, which would have been compatible with the measurement of λbγ
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Fig. 5.9.: Constraints on the effective coupling strengths κb/κeff
γγ and κ̃b/κeff

γγ derived
in two possible scenarios for future measurements of the ratios Br(h→ bb̄)/Br(h→
γγ) (light blue) and Br(h→ Υ(1S) γ)/Br(h→ γγ) (orange). The allowed parameter
space is given by the red-shaded intersection of the two rings. The black dot indicates
the SM value.

alone, is then ruled out by the exclusive hadronic decay. The second plot in Fig. 5.9
shows the allowed regions for scenario (II). Here, measurements for both λbγ and
the exclusive decay exist and their overlap excludes the SM point completely due to
the observation of the h→ Υ(1S)γ decay. This would be a spectacular sign of new
physics. In conclusion, we see that the exclusive hadronic decay combined with the
more direct searches can yield interesting results in that they do not only enhance
the statistics, but also reveal more information. If one combines the various Υ(nS)
channels, one can double the statistics of the exclusive search.
We note in passing, that at a future 100 TeV hadron collider one could measure the

h → V γ → l+l−γ to such good accuracy, that the possibility of observing even the
polarization of the final state photon and meson might open up. This could be done
by looking at events where the photon converts into an e+-e− pair, as was proposed
for h → γγ and B → K∗γ [143, 147]. This way, one could differentiate between
the different Lorentz structures in the amplitude and thus obtain information on
the sign of the ratio κ̃q/κq and discriminate between upper and lower half-planes in
Fig. 5.9.

86



5.3. Weak Radiative Neutral Current Decays

5.3. Weak Radiative Neutral Current Decays

In this section, we discuss the weak radiative decays h → MZ. They are similar
to the h → V γ decays, however the Z boson can be longitudinally polarized and
therefore, both vector mesons and a pseudoscalar mesons can be produced. This
leads to a different helicity structure of the amplitude and could give interesting
new information on the couplings entering the prediction. Similar to the Z →MW
decays, the factorization scale is lower than mh. We use the value µhZ = (m2

h −
m2
Z)/mh ≈ 58.6 GeV in our analysis. To capture NP effects as model-independently

as possible we will again use the effective Lagrangian (5.2).
For pseudoscalar mesons in the final state, the amplitude is given by

iA(h→ PZ) = 2g
cW v

k · ε∗Z FPZ . (5.45)

Here, the Z boson must be longitudinally polarized. For vector mesons we can write

iA(h→ V Z) = −2gmV

cW v

[
ε
‖∗
V · ε

‖∗
Z F V Z‖ + ε⊥∗V · ε⊥∗Z F V Z⊥ + εµναβ k

µqνε∗αV ε
∗β
Z√

(k · q)2 − k2q2 F̃
V Z
⊥

]
.

(5.46)
The longitudinal and transverse polarization vectors of the meson are given by

ε
‖µ
V = 1

mV

k · q
[(k · q)2 − k2q2]1/2

(
kµ − k2

k · q
qµ
)
, ε⊥µV = εµV − ε

‖µ
V . (5.47)

ReplacingmV → mZ and k ↔ q yields the corresponding expressions for the Z boson
polarization vector. Squaring the amplitudes and integrating over phase-space we
obtain the rates:

Γ(h→ PZ) = m3
h

4πv4 λ
3/2(1, rZ , rP )

∣∣FPZ ∣∣2 ,
Γ(h→ V Z) = m3

h

4πv4 λ
1/2(1, rZ , rV ) (1− rZ − rV )2

×
[∣∣F V Z‖ ∣∣2 + 8rV rZ

(1− rZ − rV )2

(∣∣F V Z⊥ ∣∣2 +
∣∣F̃ V Z⊥ ∣∣2)] ,

(5.48)

with λ(x, y, z) = (x − y − z)2 − 4yz and rX = m2
X/m

2
h. The decay rates into

transverse vector mesons are suppressed, as can be read off from the coefficient of
the transverse form factors. The form factors are obtained from the diagrams in
Fig. 5.10. We split them up into the direct (graphs like the first two) and indirect
contributions (third and fourth graph), just like we did for h→ V γ.
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h

Z

h

Z

h

Z

Z

h

Z

γ

Fig. 5.10.: Leading-order diagrams contributing to the decays h → MZ. The
crossed circle in the last graph denotes contributions from one-loop SM diagrams to
h → Zγ∗ as well as tree-level effective vertices. This last graph only contributes if
M = V⊥.

5.3.1. Indirect Contributions

The indirect contributions are again dominant and we will start our discussion here.
For the corresponding form factors we find:

FPZindirect = κZ
∑
q

f qP aq ,

F V Z‖ indirect = κZ
1− rV /rZ

∑
q

f qV vq + CγZ
α(mV )

4π
4rZ

1− rZ − rV

∑
q

f qV Qq ,

F V Z⊥ indirect = κZ
1− rV /rZ

∑
q

f qV vq + CγZ
α(mV )

4π
1− rZ − rV

rV

∑
q

f qV Qq ,

F̃ V Z⊥ indirect = C̃γZ
α(mV )

4π
λ1/2(1, rZ , rV )

rV

∑
q

f qV Qq .

(5.49)

The functions CγZ and C̃γZ were defined in eqs. (5.29) and (5.30). The terms
proportional to κZ originate from the the third diagram in Fig. 5.10 while the terms
proportional to CγZ and C̃γZ come from the fourth diagram. Naively, one would
expect the third diagram to be the dominant one, since it is a tree-level graph,
whereas the fourth diagram starts at one-loop (or through the effective hγZ vertex).
However, the last contribution is enhanced by the photon propagator being almost
on-shell. The two effects cancel and thus both contributions are important. For
light vector mesons, the photon-pole graph is the leading contribution, whereas for
heavy vector mesons it is subdominant. This agrees with the findings of ref. [123].
The importance of the photon-pole graph was overlooked in refs. [121, 148].
To evaluate the loop functions numerically, we use the running quark masses at
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the hard scale µhZ whereas for the top quark, the pole mass is used. We find:

CγZ = κγZ − 2.53κW + 0.135κt − (1.66− 0.83 i) · 10−3 κb − (1.35− 0.46 i) · 10−4 κc

− (7.45− 3.21 i) · 10−5 κτ − (1.35− 0.30 i) · 10−6 κs + . . .

SM−→ −2.395 + 0.001 i ,
C̃γZ = κ̃γZ + 0.206 κ̃t − (1.90− 0.83 i) · 10−3 κ̃b − (1.48− 0.46 i) · 10−4 κ̃c

− (8.36− 3.21 i) · 10−5 κ̃τ − (1.43− 0.30 i) · 10−6 κ̃s + . . .

SM−→ 0 .
(5.50)

Note that the light quarks and leptons contribute weakly to the result, even if we
allow for large rescaling of their SM Yukawa couplings. Within the current bounds
on these parameters, however, they cannot noticeably influence our result and we
will therefore use the values

CγZ = −2.395 + κeff
γZ , C̃γZ = κ̃eff

γZ , (5.51)

in our analysis, where κeff
γZ and κ̃eff

γZ parameterize NP effects in the hγZ coupling.
They vanish in the SM and are approximately given by κeff

γZ ≈ κγZ−2.53(κW − 1) +
0.135(κt−1) and κ̃eff

γZ ≈ κ̃γZ+0.206 κ̃t. Current upper bounds on κγZ and κ̃γZ come
from the search for h → γZ decay at the LHC. The upper limit on this branching
ratio, reported by ATLAS [149], implies:√∣∣∣κeff

γZ − 2.395
∣∣∣2 +

∣∣∣κ̃eff
γZ

∣∣∣2 < 5.1 . (5.52)

As discussed in section 5.1, the CP-odd parameter κ̃eff
γZ also receives a strong bound

from the electron EDM. This bound can be avoided in models where the Higgs does
not couple to electrons. We therefore do not impose these bounds.

5.3.2. Direct Contributions
The direct contributions are once again computed in the QCDF framework. The
form factors for M = V‖, P arise from subleading-twist projections. We discuss the
details of these projections in Appendix A. Neglecting three-particle LCDAs and
using the asymptotic form φP (x) = 6xx̄, we obtain the form factor:

FPZdirect =
∑
q

f qP aq κq
mq

m2
h

(2µP − 3mq)
1− r2

Z + 2rZ log rZ
(1− rZ)3 , (5.53)

with µP = m2
P /(mq1 +mq2). Note that this contribution is suppressed by µPmq/m

2
h

relative to the indirect form factors in eq. (5.49). It is therefore negligible. The same
holds for the longitudinal vector meson form factor F V Z‖direct.
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For transversely polarized vector mesons, the direct contributions to the form
factors arise from leading-twist projections. We find

F V Z⊥direct = 1− rZ
4

∑
q

mqf
q⊥
V

mV

∫ 1

0
dx

(
vqκq + iaqκ̃q
x+ rZ x̄

+ vqκq − iaqκ̃q
x̄+ rZx

)
φ⊥V (x) ,

F̃ V Z⊥ direct = 1− rZ
4

∑
q

mqf
q⊥
V

mV

∫ 1

0
dx

(
vqκ̃q − iaqκq
x+ rZ x̄

+ vqκ̃q + iaqκq
x̄+ rZx

)
φ⊥V (x) ,

(5.54)

which, when the asymptotic form of the LCDA is used, become:

F V Z⊥ direct =
∑
q

f q⊥V vq κq
3mq

2mV

1− r2
Z + 2rZ log rZ
(1− rZ)2 ,

F̃ V Z⊥,direct =
∑
q

f q⊥V vq κ̃q
3mq

2mV

1− r2
Z + 2rZ log rZ
(1− rZ)2 .

(5.55)

While these form factor are parametrically of the same order as the indirect one,
they happens to be numerically small.

5.3.3. Numerical Evaluation of the Form Factors
We now present the numerical results for the form factors to demonstrate their
dependence on the various coupling parameters in the Lagrangian (5.2). For pseu-
doscalar mesons we find :

F π
0Z ≈ 46.1κZ MeV ,

F ηZ ≈ 27.7κZ MeV ,

F η
′Z ≈ −33.8κZ MeV .

(5.56)

Numerically, only the indirect contributions are relevant. The direct contributions
are numerically suppressed by roughly seven orders of magnitude and can thus be
ignored to excellent precision. For vector mesons, the direct contributions are mostly
negligible, as well. However, several of the κi parameters enter through the photon-
pole graph:

F ρ
0Z
‖ ≈ 41.11κZ − 0.98 + 0.41κeff

γZ ,

F ρ
0Z
⊥ ≈ −2640 + 1102κeff

γZ + 41.11κZ + 0.018κd + 0.005κu ,
FωZ‖ ≈ −7.14κZ − 0.29 + 0.12κeff

γZ ,

FωZ⊥ ≈ −775.4 + 323.7κeff
γZ − 7.14κZ + 0.032κs − 0.014κd + 0.004κu ,

F φZ‖ ≈ −40.41κZ + 0.48− 0.20κeff
γZ ,

F φZ⊥ ≈ 744.1− 310.7κeff
γZ − 40.41κZ − 0.43κs − 0.0007κd + 0.0002κu ,
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F
J/ψ Z
‖ ≈ 38.69κZ − 1.75 + 0.73κeff

γZ ,

F
J/ψ Z
⊥ ≈ −294.8 + 123.1κeff

γZ + 38.69κZ + 1.95κc ,

F
Υ(1S)Z
‖ ≈ −119.63κZ + 1.52− 0.64κeff

γZ ,

F
Υ(1S)Z
⊥ ≈ 26.83− 11.20κeff

γZ − 119.62κZ − 10.47κb .

(5.57)

The results for the CP-odd form factors F̃ V Z⊥ are obtained from F V Z⊥ by omitting the
constant terms, and setting κZ → 0 and κeff

γZ → κ̃eff
γZ and κq → κ̃q. In these results,

terms proportional to κZ come from the third graph in Fig. 5.10, whereas constant
terms and terms proportional to κeff

γZ arise from the photon-pole graph. Direct
contributions from the quark Yukawa couplings are displayed in cases where they
are numerically significant. Even in the Υ(nS) channels, they enter with relatively
small coefficients.

5.3.4. Standard Model Results

The branching ratios within the SM are computed by normalizing the expressions
in eq. (5.48) to the total Higgs width Γh = (4.08± 0.16) MeV [144]. The numerical
results are presented in Tab. 5.2, with dominant uncertainties stemming from the
meson decay constants and the theory estimate for the Higgs width. The branching
ratios range from 6 · 10−7 for the decay h → ωZ up to 1.5 · 10−5 for the decay
h→ Υ(1S)Z.

Since some of the modes have been considered in the literature, it is worthwhile
to compare the results. Ref. [121] reported the branching ratios (in units of 10−6)
Br(π0Z) = 3.0, Br(φZ) = 2.2, Br(ρ0Z) = 1.2 and Br(J/ψ Z) = 2.2, while the
authors of ref. [148] obtained Br(J/ψ Z) = 1.7 and Br(Υ(1S)Z) = 16. In these
papers the indirect contributions to the h → V Z modes involving the hγZ vertex
have not been taken into account. As a result, the rate for h → ρ0Z decay in
particular is much too small. In ref. [123], the branching ratios Br(J/ψ Z) = 3.2
and Br(Υ(1S)Z) = 17 were presented, whereas the authors of ref. [124] found
Br(J/ψ Z) = 3.6 and Br(Υ(1S)Z) = 22. While we find a negative sign for the
interference term between the third and fourth graph in Fig. 5.10, these two studies
report a positive sign, explaining their higher branching ratios.

5.3.5. Sensitivity to New Physics

Recall that in the case of h → V γ, we found an interesting dependence on the
Yukawa couplings of the valence quarks in some cases. The weak decays h → MZ
do not exhibit this property. Instead, the leading terms are proportional to κZ , κeff

γZ

and κ̃eff
γZ . Since κZ is tightly constrained to being close to 1 by LHC data [150], the

only viable application is a search for NP in the effective hγZ vertex. Note that
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Decay mode Branching ratio [10−6] Decay constant [MeV]
h→ π0Z 2.30± 0.01f ± 0.09Γh 130.4± 0.2
h→ ηZ 0.83± 0.08f ± 0.03Γh f sη = −110.7± 5.5
h→ η′Z 1.24± 0.12f ± 0.05Γh fsη′ = 135.2± 6.4
h→ ρ0Z 7.19± 0.09f ± 0.28Γh 216.3± 1.3
h→ ωZ 0.56± 0.01f ± 0.02Γh fω = 194.2± 2.1 , fsω = −13.8± 4.8
h→ φZ 2.42± 0.05f ± 0.09Γh fφ = 223.0± 1.4 , fsφ = 230.4± 2.6

h→ J/ψ Z 2.30± 0.06f ± 0.09Γh 403.3± 5.1
h→ Υ(1S)Z 15.38± 0.21f ± 0.60Γh 684.4± 4.6
h→ Υ(2S)Z 7.50± 0.14f ± 0.29Γh 475.8± 4.3
h→ Υ(3S)Z 5.63± 0.10f ± 0.22Γh 411.3± 3.7

Tab. 5.2.: SM predictions for the branching ratios of the rare exclusive decays
h → MZ for a variety of pseudoscalar and vector mesons. The decay rates are
normalized to the SM prediction for the total Higgs width. The quoted errors show
the uncertainties related to the decay constants and the total width.

the pseudoscalar modes depend solely on κZ and are thus highly model-independent
predictions.
The four diagrams in Fig. 5.11 demonstrate the values of the various branching

ratios when the parameters κeff
γZ and κ̃eff

γZ are varied. For each value of κeff
γZ , the

branching ratio can take a range of values depending on the respective value of
κ̃eff
γZ . The lower edge of the region corresponds to κ̃eff

γZ = 0, whereas the upper
edge corresponds to the maximum value allowed for κ̃eff

γZ according to the bound
in eq. (5.52). The black dots denote the SM parameter point κeff

γZ = κ̃eff
γZ = 0.

We find that the branching ratios can be significantly enhanced or slightly reduced
with respect to their SM expectation, see the numbers compiled in Tab. 5.3. While
this seems like the h → MZ channels have the promising potential to probe NP
in the hγZ coupling, it should be noted that by the time they are experimentally
accessible they will probably also be measurable directly through h→ γZ. However,
combining the results for h→ γZ and h→MZ could help to further constrain the
parameter space, since h → γZ only puts one a circular band in the (κeff

γZ , κ̃
eff
γZ)

plane, centered around (2.395, 0). On the other hand, the decay h → Υ(1S)Z is
almost independent of κ̃eff

γZ and probes κeff
γZ directly, as can be appreciated in the

fourth diagram in Fig. 5.11.
Before we proceed to the last class of decays, we quickly discuss the possibility of

probing flavor-changing Yukawa couplings. In this case, the indirect contributions
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Fig. 5.11.: Allowed regions for four of the h→ V Z branching ratios in the presence
of new-physics contributions to the effective hγZ vertices. The parameters κeff

γZ and
κ̃eff
γZ are varied in the range allowed by the constraint (5.52) derived from the h→ γZ

decay rate. The black dots show the SM values.

vanish and the only contribution comes from the generalization of the direct form
factors in eq. (5.54). The full expression is for the decay rate is:

Γ(h→ Vqq′Z) = mh(f⊥V )2

64πv2 rZ(1− rZ)3
{∣∣∣∣∫ 1

0
dx
(
H⊥1 (x) +H⊥2 (x)

)
φ⊥V (x)

∣∣∣∣2

+
∣∣∣∣∫ 1

0
dx
(
H̃⊥1 (x) + H̃⊥2 (x)

)
φ⊥V (x)

∣∣∣∣2
}
,

(5.58)
with the various hard scattering kernels:

H⊥1 (x) =
vq(Yqq′ + Y ∗q′q) + aq(Yqq′ − Y ∗q′q)

x+ rZ x̄
,

H⊥2 (x) =
vq′(Yqq′ + Y ∗q′q)− aq′(Yqq′ − Y ∗q′q)

x̄+ rZx
,

(5.59)
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Decay mode SM branching ratio [10−6] Range with new physics [10−6]
h→ ρ0Z 7.19± 0.29 1.83− 53.3
h→ ωZ 0.56± 0.02 0.06− 4.56
h→ φZ 2.42± 0.10 1.77− 9.12

h→ J/ψ Z 2.30± 0.11 1.59− 13.1
h→ Υ(1S)Z 15.38± 0.64 13.7− 20.8

Tab. 5.3.: Allowed ranges for the h → V Z branching ratios in the presence of
new-physics contributions to the effective hγZ vertices. Only central values are
shown.

and
H̃⊥1 (x) =

vq(Yqq′ − Y ∗q′q) + aq(Yqq′ + Y ∗q′q)
x+ rZ x̄

,

H̃⊥2 (x) =
vq′(Yqq′ − Y ∗q′q)− aq′(Yqq′ + Y ∗q′q)

x̄+ rZx
.

(5.60)

This result reduces to

Γ(h→ Vqq′Z) = 9mh(f⊥V )2

8πv2 v2
q

(
|Yqq′ |2 + |Yq′q|2

) rZ
(1− rZ)3

(
1− r2

Z + 2rZ ln rZ
)2
,

(5.61)
when the asymptotic form φ⊥V (x) = 6x(1−x) is employed. Flavor-changing Yukawa
couplings not involving the top-quark are constrained by neutral meson mixing. The
weakest bound is on Ybs and Ysb, extracted from the measurement of Bs−B̄s mixing.
At 95% CL, it is

|Ybs|2 + |Ysb|2 < 7 · 10−6 . (5.62)

Using a typical estimate for fB∗s ≈ 0.2 GeV, we obtain the branching ratio

Br(h→ B∗sZ) ≈ 2.3 · 10−11 × |Ybs|
2 + |Ysb|2

10−5 , (5.63)

which is too small to observe it at the LHC or any other future machine under
consideration. Backgrounds in these channels exist from one-loop electroweak am-
plitudes. For the specific decay at hand, we estimate the form factors to be of order
FB

(∗)
s Z ∼ α |VtbV ∗ts| /(4πs2

W ), which leaves us with branching ratios of order 4 ·10−13.
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5.4. Weak Radiative Charged Current Decays

We now move on to the decays h→M+W−. They are interesting by the fact that
the final-state meson can be flavor non-diagonal. Just like in the previous cases,
we find direct and indirect contributions. In contrast to h → MZ, no photon-pole
graph exists and thus the indirect contribution is given exclusively by the tree-level
hW+W− vertex. The direct contributions once again involve the Yukawa couplings
and the charged-current interaction of theW and the quarks. An interesting scenario
arises when we allow flavor-changing Yukawa couplings, since the indirect and direct
amplitudes can the depend on different CKM matrix elements. Before we explore
this possibility, we will discuss the simpler case of flavor-diagonal Yukawa couplings.

5.4.1. Decay Rates for Flavor-Diagonal Higgs Couplings

The decay amplitudes decomposed into form factors are given by

iA(h→ P+W−) = g√
2v
k · ε∗W FMW , (5.64)

for pseudoscalar mesons in close analogy to (5.45), and

iA(h→ V +W−) = −gmV√
2v

[
ε
‖∗
V · ε

‖∗
W F VW‖ + ε⊥∗V · ε⊥∗W F VW⊥

+εµναβ k
µqνε∗αV ε

∗β
W√

(k · q)2 − k2q2 F̃
VW
⊥

]
,

(5.65)

where we used the longitudinal and transverse polarization vectors, defined in (5.47).
With rW = m2

W /m
2
h we can write the decay rates as

Γ(h→ P+W−) = m3
h

32πv4 λ
3/2(1, rW , rP )

∣∣∣FMW
∣∣∣2 , (5.66)

h

W

h

W

h

W

W

Fig. 5.12.: Leading-order diagrams contributing to the decays h→M+W−.
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Decay mode Branching ratio [10−6] Decay constant [MeV]
h→ π+W− 4.30± 0.01f ± 0.00CKM ± 0.17Γh 130.4± 0.2
h→ ρ+W− 10.92± 0.15f ± 0.00CKM ± 0.43Γh 207.8± 1.4
h→ K+W− 0.33± 0.00f ± 0.00CKM ± 0.01Γh 156.2± 0.7
h→ K∗+W− 0.56± 0.03f ± 0.00CKM ± 0.02Γh 203.2± 5.9
h→ D+W− 0.56± 0.03f ± 0.04CKM ± 0.02Γh 204.6± 5.0
h→ D∗+W− 1.04± 0.12f ± 0.07CKM ± 0.04Γh 278± 16
h→ D+

s W
− 17.12± 0.61f ± 0.56CKM ± 0.67Γh 257.5± 4.6

h→ D∗+s W− 25.10± 1.45f ± 0.81CKM ± 0.98Γh 311± 9
h→ B+W− (1.54± 0.15f ± 0.36CKM ± 0.06Γh) · 10−4 186± 9
h→ B∗+W− (1.41± 0.10f ± 0.34CKM ± 0.06Γh) · 10−4 175± 6
h→ B+

c W
− (8.21± 0.57f ± 0.52CKM ± 0.32Γh) · 10−2 434± 15

Tab. 5.4.: SM predictions for the branching ratios of the rare exclusive decays
h → M+W− for a variety of pseudoscalar and vector mesons. The decay rates are
normalized to the SM prediction for the total Higgs width. The quoted errors show
the uncertainties related to the decay constants, the relevant CKM matrix elements
and the total width.

for pseudoscalar mesons and

Γ(h→ V +W−) = m3
h

32πv4 λ
1/2(1, rW , rV ) (1− rW − rV )2

×
[∣∣F VW‖ ∣∣2 + 8rV rW

(1− rW − rV )2

(∣∣F VW⊥ ∣∣2 +
∣∣F̃ VW⊥ ∣∣2)] . (5.67)

Similar to the results (5.49), the indirect contributions to the form factors arising
from the last diagram in Fig. 5.12 are

FPWindirect = κW fPVij , F VW‖ indirect = F VW⊥ indirect = κW fV Vij
1− rV /rW

, F̃ VW⊥ indirect = 0 ,

(5.68)

where Vij is the relevant CKM matrix element. Just as with the h → MZ decays,
the direct contributions arise from subleading-twist projections and are completely
negligible in this case - a fact that will change drastically when we allow flavor-
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changing Higgs couplings. The decay rates now take the compact forms:

Γ(h→ P+W−) = κ2
W |Vij |

2 m
3
h f

2
P

32πv4 λ
3/2(1, rW , rP ) ,

Γ(h→ V +W−) = κ2
W |Vij |

2 m
3
h f

2
V

32πv4
λ1/2(1, rW , rV )
(1− rV /rW )2

[
λ(1, rW , rV ) + 12rV rW

]
.

(5.69)
The numerical results for the SM branching ratios are given in Tab. 5.4 along with the
relevant uncertainties arising from decay constants, the CKM matrix elements and
the Higgs width. Since the only coupling parameter entering our prediction is κW ,
there is no room for NP effects here. Some of the modes have been analyzed in the
literature: Ref. [121] obtains the branching ratios (in units of 10−6) Br(π+W−) =
6, Br(ρ+W−) = 8, Br(K+W−) = 0.4, Br(D+W−) = 0.7, Br(D∗+W−) = 1.2,
Br(D+

s W
−) = 21 and Br(D∗+s W−) = 35. The results deviate slightly from ours for

reasons that we could not trace.

5.4.2. Effects of Flavor-Changing Higgs Couplings

When we allow flavor-changing Higgs couplings, the structure of our results changes
due to the possible interplay of the Higgs andW couplings: The intermediate quarks
in the direct amplitudes can now be top quarks, lifting the mq suppression we
previously found. In these direct amplitudes with a final-state meson Mij , the
relevant CKM matrix will always be Vt(i/j). The relevant Yukawa couplings are then
Yt(j/i). The indirect amplitude however will simply contain Vij . It is then possible
to have cases where the indirect amplitude is heavily CKM-suppressed whereas the
direct amplitude is enhanced by the top-quark mass and thus it is possible to probe
the corresponding Yukawa coupling.
Ignoring terms not enhanced by mt, we find the form factors for pseudoscalar and

longitudinal vector mesons to be:

FMW
direct = v

2
√

2
fM mt

m2
h

Yit Vtj

∫ 1

0
dx

φM (x)
rt − x̄− rWx

, (5.70)

with rt = m2
t /m

2
h. For transversely polarized vector mesons, we find

F VW⊥ direct = − v

4
√

2
f⊥V
mV

(1− rW )
∫ 1

0
dxφ⊥V (x)

∑
k

(
(Yu)∗ki Vkj

rt δk3 − x̄− rWx
−
Vik (Yd)kj
x+ rW x̄

)

≈ − v

4
√

2
f⊥V
mV

Y ∗ti Vtj (1− rW )
∫ 1

0
dx

φ⊥V (x)
rt − x̄− rWx

,

(5.71)
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Fig. 5.13.: Predictions for the branching ratios Br(h→ B+W−) (left) and Br(h→
B+
c W

−) (right) as functions of yqt = Re(Yqt). The red bands indicate the exclusion
bounds from (5.7) when Ytq = 0 (dark red) and |Ytq| = |Yqt| (bright red).

and

F̃ VW⊥ direct = −i v

4
√

2
f⊥V
mV

(1− rW )
∫ 1

0
dxφ⊥V (x)

∑
k

(
(Yu)∗ki Vkj

rt δk3 − x̄− rWx
+
Vik (Yd)kj
x+ rW x̄

)

≈ −i v

4
√

2
f⊥V
mV

Y ∗ti Vtj (1− rW )
∫ 1

0
dx

φ⊥V (x)
rt − x̄− rWx

,

(5.72)
where in the last step we have only kept the terms involving the top quark. Terms
proportional to other quarks are bounded to be small by the constraints reviewed
in section 5.1. Although there is no enhancement from mt in the transverse form
factors, there is an enhancement factor of v/mV , which can potentially boost this
form factor into a regime where it becomes numerically relevant.
We find the largest effects to be the channels involving B mesons. Here, the CKM

matrix element entering the direct amplitude is Vtb ≈ 1, while the one entering
the indirect amplitude is generally small. In a lack of input parameters for the B∗
LCDA, we use the LCDA of the B meson as an approximation valid in the heavy-
quark limit. Similarly, we use heavy-quark spin symmetry to estimate f⊥B∗/fB∗ ≈ 1
at the low scale. Setting Yukawa couplings not involving the top quark to zero, we
find:

Br(h→ B+W−) = 1.54 · 10−10
(
κ2
W + 427κW ReYut + 45615 |Yut|2

)
,

Br(h→ B∗+W−) = 1.41 · 10−10 (0.98κ2
W + 0.02 + 417κW ReYut − 27 ReYtu

+ 44296 |Yut|2 + 25833 |Ytu|2
)
,

Br(h→ B+
c W

−) = 8.21 · 10−8
(
κ2
W + 41κW ReYct + 413 |Yct|2

)
.

(5.73)
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5.4. Weak Radiative Charged Current Decays

The branching ratio Br(h→ B∗+W−) has also been computed in ref. [122]. While we
agree with their result for the term not involving the off-diagonal Yukawa couplings,
we find large deviations in the other terms. Translated into their notation, we find
a correction factor

[
0.98κ2

W + 0.02 + 7.01κW Re κ̄ut − 0.45Re κ̄tu + 12.53 |κ̄ut|2 +
5.89 |κ̄tu|2

]
with respect to the SM, where the authors obtain

[
κ2
W + 26 κ̄2

ut+ 22 κ̄2
tu

]
.

Note the dramatic sensitivity of the branching ratios to the Yukawa couplings,
leading to potentially strong enhancements. In Fig. 5.13, we demonstrate this de-
pendence under the assumptions that the Yukawa couplings Yij are real and that all
other couplings are SM-like. The bright red band indicates the bound from (5.7) one
obtains when |Ytq| = |Yqt|, while the dark red band corresponds to the assumption
that Ytq = 0. In this most extreme scenario, the h → B+W− and h → B∗+W−

branching ratios can be enhanced by up to three orders of magnitude with respect
to the SM. The enhancement of the h→ B+

c W
− branching fraction is less dramatic.

Unfortunately, even under the most optimistic assumptions the resulting rates are
still predicted to be very small.
We show the full dependence of the ratios Br(h→ B+

(c)W
−) in the complex plane of

Yqt in Fig. 5.14. The results are similar to the purely real case. For h→ B+W−, the
circles representing the bounds on Yut and the ones representing different values for
the branching ratios are almost concentric since the SM piece is strongly suppressed
by Vub. For the decay into charmed B mesons, the circles have a very slight offset.
We cannot think of a realistic scenario where this could be used as an advantage
even if this decay could be observed.
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Fig. 5.14.: Enhancement of the branching ratios Br(h→ B+W−) (left) and Br(h→
B+
c W

−) (right) over the SM prediction as functions of the couplings Yqt = yqt+ iỹqt.
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red) and |Ytq| = |Yqt| (bright red). The SM value is given by the black dot, while
the blue dot denotes the point where the branching ratio vanishes.
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6. Renormalization Group Evolution of
Neutrino Masses

As a different example of an EFT application, this chapter describes an analysis
using renormalization group techniques to evaluate the plausibility of flavor anarchic
neutrino mass models. We will first (briefly) review the aspect of neutrino masses
and some popular models to generate them beyond the SM. After this, the actual
analysis is presented [151].

6.1. Neutrino Oscillations

It is well-established that the elusive neutrinos have non-vanishing, albeit tiny
masses. When electron neutrinos are produced in nuclear reactions, their flux can
be measured at different distances from the source. When this is done, the mea-
surement shows that neutrinos seem to have “disappeared”, as the flux is lower than
expected. This was first observed when the neutrino flux produced by the sun was
measured [152–154]. These fluctuations can be explained by assigning masses to
neutrinos: A neutrino is produced in the flavor eigenstate |νi〉, which is a superposi-
tion of the mass eigenstates. If these mass eigenstates have small masses and small
mass differences compared to their kinetic energies, they will propagate with prac-
tically identical velocities relative to each other and thus remain in coherence even
after traveling long distances, where we can still observe the interference between
the different mass eigenstates. As an instructive example, we can go to a two-flavor
case with the flavor eigenstates |νe〉 and |νµ〉, related to the mass eigenstates through
a basis transformation: (

|νe〉
|νµ〉

)
=
(

cos θ sin θ
− sin θ cos θ

)(
|ν1〉
|ν2〉

)
. (6.1)

The time-evolution operator in the mass basis is then given by the diagonal matrix

[U(t)]ii = exp
{
− it

2|~p |
(
m2
i + 2~p 2 +O(m3/|~p |3)

)}
, (6.2)
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6. Renormalization Group Evolution of Neutrino Masses

where ~p is the spatial momentum vector of the neutrino mass eigenstate. The
oscillation probabilities Pa→b = |〈a|b〉|2 are then given by:

Pνe→νe(t) = 1− sin2 2θ sin2
(
L

4E (m2
2 −m2

1)
)
,

Pνe→νµ(t) = sin2 2θ sin2
(
L

4E (m2
2 −m2

1)
)
,

(6.3)

where L is the distance from the source (or baseline) and E is the kinetic energy of
the neutrino.
The SM features three generations of leptons and the generalization of the above

steps to three flavors of neutrinos is straightforward. The matrix transforming flavor
eigenstates into the mass basis is defined in analogy to the CKM matrix with three
mixing angles and a CP-phase,

UPMNS =

1 0 0
0 c23 s23
0 −s23 c23


 c13 0 s13e

−iδCP

0 1 0
−s13e

iδCP 0 c13


 c12 s12 0
−s12 c12 0

0 0 1


=

 c12c13 s12c13 s13e
−iδCP

−s12c23 − c12s23s13e
iδCP c12c23 − s12s23s13e

iδCP s23c13
s12s23 − c12c23s13e

iδCP −c12s23 − s12c23s13e
iδCP c23c13

 ,

(6.4)
and is called Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [155, 156]. We
used the standard notation where sij and cij are the sine and cosine of the mixing
angle θij and δ is the CP-phase. In the basis where the charged-lepton mass matrix
is diagonal, the PMNS-matrix transitions between the flavor- and mass-bases: νe

νµ
νt

 = UPMNS ·

 ν1
ν2
ν3

 . (6.5)

It follows that, within the SM, all parameters in the above matrix are unphysical,
since the neutrinos are massless and the rotation just leads to a relabeling of the
mass-degenerate fields νiL. We can therefore choose UPMNS = 1, which makes lepton-
flavor conservation in the SM explicit.
The expressions in eq. (6.3) and the corresponding three-flavor generalization show

how to measure the angles θij : One uses a neutrino source and measures the flavor
composition of the neutrino flux at different baselines L, at obtains the value of
∆m2

ijL/(4E) from the oscillation frequency. The amplitude of the oscillation then
directly probes the neutrino mixing angle. Of course, this requires that the process
of neutrino generation in the source is sufficiently well-understood.
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6.2. Neutrino Mass Generation

For the values of the oscillation parameters, we will use the results provided in a
fit from 2014 [157]. The mass-squared differences ∆m2

ij =
∣∣∣m2

i −m2
j

∣∣∣ are
∆m2

12 = (7.5± 0.2) · 10−5eV2 , ∆m2
3l = (2.5± 0.1) · 10−3eV2 , (6.6)

where the index l depends on the mass hierarchy of the neutrinos. In the normal
hierarchy (NH), the mass ordering is m1 < m2 � m3 while in the inverted hierarchy
(IH), it is m3 � m1 < m2. The index l is thus l = 1 for normal hierarchy and l = 2
for inverted1. The mixing angles extracted from the fit are then:

sin2 θ12 = 0.304 , sin2 θ23 =
{

0.452 (NH)
0.579 (IH)

and sin2 θ13 = 0.0218 , (6.7)

where the value for θ23 also depends on the choice of mass ordering.

6.2. Neutrino Mass Generation

In the SM, neutrinos are massless and no right-handed gauge-singlet fermions exist to
form Dirac mass terms. The evidence of neutrinos not being massless is thus a clear
indication of physics beyond the SM. An extension to the SM generating neutrino
masses must then contain a mechanism to explain the unnaturally small masses. In
this work, we focus on the most popular of them, the seesaw mechanism [158, 159],
specifically the type-I seesaw model. In this model, one supplements the SM with
right-handed neutrinos that transform as full singlets under the SM gauge group.
They have Majorana masses, which are assumed to be large, since they are not
protected by any symmetry. The right-handed neutrinos couple to the SM field
content via Yukawa couplings to the left-handed neutrinos. The Lagrangian reads

Ltype−I = LSM − Y ij
ν N̄ i

R φ̃
†Lj − 1

2m
ij
N N̄

i
(
N j
)c

+ h.c. , (6.8)

where Li denotes the three left-handed lepton doublets, N i
R the right-handed neu-

trinos and φ̃ = iσ2φ
∗ is the conjugate Higgs doublet. At low energies, the heavy

neutrinos decouple and can be integrated out. After electroweak symmetry breaking
(EWSB) the Lagrangian can be written as

Ltype−I ⊃ −
(
νcL, N̄R

)( 0 Y T
ν v/
√

2
Yν v/

√
2 mN

)(
νL
N c
R

)
. (6.9)

1The fit actually yields slightly different values for the mass splittings depending on the hierarchy
scenario, see the paper for reference.
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6. Renormalization Group Evolution of Neutrino Masses

When the heavy right-handed neutrinos are integrated out, the left-handed neutrinos
obtain effective mass terms:

Leff
type−I = LSM −

1
2m

ij
ν (νiL)c νjL + h.c. , (6.10)

where the effective mass matrix mν is given by the celebrated seesaw formula:

mν = −v
2

2

{
Y T
ν m

−1
N Yν +O

(
v2

m2
N

)}
. (6.11)

This formula holds at the matching scale where the heavy fields are removed. Since
the Majorana mass matrix mN enters with inverse power, the model naturally ac-
commodates very small neutrino masses. The matrix mν is diagonalized by the
field transformation νiL → V ij

ν ν
j
L. If we assume the charged-lepton mass matrix to

be diagonal, then Vν = UPMNS. In a general basis, the charged-lepton mass ma-
trix me = Yev/

√
2 is diagonalized by eiL → V ij

e e
j
L and the PMNS matrix is given

by UPMNS = V †e Vν . Note that while the mass term for the νL fields looks like a
dimension-four operator in the broken phase, it is actually of dimension five: In the
unbroken phase, it involves two Higgs doublets and is in fact the only dimension-five
operator consistent with the gauge symmetries of the SM [160]:

Ld=5 = C5(µ)
Λ L̄cφ̃∗φ̃†L . (6.12)

The standard seesaw mechanism generates the neutrino masses at tree-level, but
there are also models where the neutrino masses are generated radiatively. In these
models, the new particles do not need to be as heavy as in the tree-level case, since
the masses are naturally loop-suppressed.
In our analysis, we will also consider a variant of the type-I seesaw model, the

inverse seesaw model [161, 162] (see also refs. [163–167] for completions giving rise
to a model of this kind). In this model, the right-handed neutrinos do not have
a Majorana mass matrix but acquire their mass by forming pseudo-Dirac terms
together with a second type of singlet fields, called S. The latter have Majorana
masses. The Lagrangian is:

LISS = LSM − (Y †ν )ijL̄iφ̃N j
R −M

ij
D S̄

i(N j
R)c − 1

2m
ij
S S̄

i(Sj)c + h.c. . (6.13)

When nS generations of S fields and nN generations of NR fields are added, the ma-
trices Yν ,MD andmS have the dimensions nN×3, nS×nN and nS×nS respectively.
After EWSB, the mass Lagrangian is

LISS ⊃ −
(
νcL, N̄R, S̄

) 0 Y T
ν v/
√

2 0
Yνv/

√
2 0 MT

D

0 MD mS


 νLN c

R

Sc

 . (6.14)
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6.2. Neutrino Mass Generation

The effective Majorana mass matrix for the left-handed neutrinos at the low scale
is then:

mν = v2

2

{
Y T
ν M

−1
D mSM

−1
D Yν +O

(
v2

M2
D

)}
. (6.15)

One finds the correct ranges of masses for the left-handed neutrinos mν . O(eV)
when MD ∼ O(TeV) and mS ∼ O(keV). Comparing this to eq. (6.11) makes
apparent that the inverse seesaw model is simply a type-I seesaw model with a
specific structure of the mass- and Yukawa-matrices. While the pseudo-Dirac masses
mD are large and the Majorana masses mS are small, a field redefinition can be
performed such that the picture becomes the opposite, with large Majorana masses.
Since nS 6= nN in general, (nS−nN ) fields remain light with masses of O(mS ∼ keV)
after this field rotation if there are more generations of S than there are NR. The
residual light fields could act as candidates for keV-mass dark matter.
We will also study one possible completion of the ISS model, where the difference

between baryon and lepton number is gauged [164]. The gauge boson of the imposed
U(1)B−L, which we will call Z ′, is assumed to have a mass of O(100 TeV) after the
symmetry is broken. The scalar associated with the breaking of the U(1)B−L will
be called χ and its quantum numbers under the extended gauge group SU(3)c ×
SU(2)L × U(1)Y × U(1)B−L are (1, 1, 0,−1). Like in the previously discussed ISS
model, we introduce the fermions S and NR, where the numbers of generations are
nS and nN respectively. These new fermions now carry charge under the new gauge
group according to Tab. 6.1. In order to ensure anomaly cancellation, we need to
add nS generations of n′S oppositely charged under the new U(1)B−L with respect
to the S fields. We furthermore assume the couplings to the other fields (except the
Z ′) to be forbidden by a discrete symmetry. The details of such a symmetry are
not relevant to this analysis and we will ignore S′ in the rest of the analysis except
for its contribution to the RG evolution of the new gauge coupling. Finally, the
Lagrangian is:

L ⊃ −1
4Z
′
µνZ

′µν +
∑
ψ

i ψ̄ /Dψ + (Dµχ)(Dµχ)†

−
[
(Y †ν )ij L̄iL H̃ N j

R + λijS S̄
i χ† (N j

R)c + h.c.
]

+ µ2 χ
†χ+ λ2 (χ†χ)(H†H) + λ3 (χ†χ)2 + 1

Λ3S
cχ4S , (6.16)

where the sum in the first lines runs over ψ = NR, S, S
′ and the covariant derivative

acting on the new fields is Dµ = ∂µ− igB−LQB−L Z ′µ. The dimension-seven term in
the last row generates the otherwise forbidden Majorana masses for the S fermions
after the scalar χ acquires its vacuum expectation value 〈χ〉. After the breaking,
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6. Renormalization Group Evolution of Neutrino Masses

fields χ NR S S′ Z ′µ
spin 0 1/2 1/2 1/2 1
QB−L -1 -1 +2 -2 0

Tab. 6.1.: The new field content of the inverse seesaw model with gauged U(1)B−L.
All listed fields are SM singlets. As usual, standard model leptons have B−L charge
−1, while quarks have B − L charges of 1/3.

the Z ′ picks up the mass m′Z =
√

2gB−L 〈χ〉. Furthermore, the second term in the
square brackets becomes a pseudo-Dirac mass term, generating the effective mass
mixing between S and NR.

6.3. Flavor Anarchy
The matrices entering the Lagrangians (6.8), (6.16) and (6.13) determine the flavor
structure of the respective model. They are a priori filled with arbitrary complex
numbers. One now has the option of either introducing additional flavor symmetries
to constrain the structure of these matrices or simply assigning random numbers
to them. We pursue the latter option, a scenario called flavor anarchy [168, 169].
It is motivated by the idea that the entries could have been chosen similar to a
quantum mechanic measurement, at random. It is also a viable assumption for a
low-energy theory if the UV completion has a sufficiently complicated structure.
The idea of flavor anarchy also exists in the context of other models, not connected
to neutrino masses, like sterile neutrinos [170, 171], extra-dimensions [172], grand
unified theories [173–175] and string theory [176, 177].
The entries of the matrices are chosen randomly and independently from a sta-

tistical distribution. In order not to introduce a preferred basis, the requirement of
basis independence is imposed, meaning that the distributions are invariant under
unitary field rotations. It has been shown that this requirement implies that the
parameters of UPMNS have a flat distribution in the Haar measure [169]. For the
PMNS-Matrix, it reads:

dUPMNS = d(sin2 θ12) d(sin2 θ23) d(cos4 θ13) dδCP dφ1 dφ2 dδe dδµ dδτ , (6.17)

where we have included the Majorana phases φ1 and φ2 and the unphysical phases
δl with l = e, µ, τ following the convention of [178]. We call a distribution flat
in the Haar measure when the parameters d(...) are flat within their physically
allowed ranges [179]. To obtain a Haar-flat PMNS matrix, the elements of the
neutrino Yukawa coupling matrices need to be drawn from a Gaussian distribution
∝ exp(−|Y αβ

ν |2), while the entries for the Majorana mass matrices of the sterile
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6.3. Flavor Anarchy

neutrinos must be drawn from ∝ exp(−|Mαα|2/M2) for the diagonal entries and
∝ exp(−2|Mαβ|2/M2) for the others [180]. The parameter M sets the absolute
mass scale of the right-handed neutrinos.
The knowledge about the Haar measure now allows us to use a statistical test,

from which p-values can be assigned to the measured values of the neutrino os-
cillation parameters [169, 181–183]. In this way, one can quantify the likeliness
of a random parameter choice to be close to the ones observed in nature. We em-
ploy the multidimensional Kolmogorov-Smirnov (KS) test for this purpose, following
refs. [181, 183]2. The test for a parameter x is defined by:

DKS(x0) ≡ sup
x′

∣∣θ(x′ − x0)− F (x′)
∣∣ , (6.18)

where x0 is the observed value, F (x′) is the theoretically predicted cumulative distri-
bution function (CDF) and θ(x′−x0) is the experimentally observed approximation
to the CDF. Since we only have one measurement, it is simply given by a step
function. The test statistics function measures maximum the distance between the
two CDFs F (x′) and θ(x′ − x0) and provides a measure for the compatibility of the
anarchy hypothesis and the measured values. The parameter x in our case is one
of the parameters appearing in the Haar measure. Their predicted PDFs are flat,
hence F (x) = x and for a single parameter the test statistics function reduces to

DKS(x0) = 1
2 +

∣∣∣∣12 − x0

∣∣∣∣ . (6.19)

The p-value, defined by

pKS(x0) = 2[1−DKS(x0)] = 1− |1− 2x0| , (6.20)

then gives the probability to find a randomly drawn value x′ for which the test
statistics is DKS(x′) ≥ DKS(x0). Simply put, it measures the likeliness of x0 being
the result of a random draw from the underlying distribution. Small values thus
mean that data does not support the hypothesis. Since the anarchy hypothesis makes
statements about more than just one parameter, we need to test the likeliness of all
mixing parameters to be the result of a random draw. We define the probability as:

PKS ≡
∫ 1

0
ds2

12 ds
2
23 dc

4
13 θ

[
pKS(s2, obs

12 ) pKS(s2, obs
23 ) pKS(c4, obs

13 )

−pKS(s2
12) pKS(s2

23) pKS(c4
13)
]
, (6.21)

2In the publication corresponding to this chapter, we also explore other statistical tests. Since this
was work mainly done by my collaborators and does not significantly add to the discussion, it
is skipped here [151].
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where we do not include unphysical phases for obvious reasons and δCP because no
conclusive measurement has been achieved. Since the parameters are statistically
independent, the generalization to the case including it is straightforward. The ob-
served values for the mixing parameters (6.7) depend on the mass ordering, therefore
we have to define a hierarchy-weighted probability of the data under the anarchy
hypothesis:

P̃KS = pNH PKS,NH + pIH PKS,IH , (6.22)

where for the weight factors we use the estimates pNH ∼ 0.95 and pIH ∼ 0.0.5 from
numerically sampling a large number of parameter points. We find:

P̃KS = 0.411 , (6.23)

meaning that in 41.1% of random draws, we obtain a set of parameters that fit the
anarchy hypothesis worse than the observed ones. This is of course less than 50%,
but given that we only have one real data point to compare to, we can still conclude
that anarchy is a viable hypothesis.

6.4. Renormalization Group Evolution and Anarchy

The neutrino oscillation parameters are functions of the Yukawa couplings and mass
terms in the Lagrangian of the theory. As such, they are subject to renormalization
group running. It is reasonable to assume that the random drawing of the parameters
is associated to a very high energy scale. For the statistical test of anarchy this
means that we are comparing parameters observed at low energies to a distribution
predicted at high energies. Therefore, in order to obtain consistent p-values for
the anarchy hypothesis, we need to connect the observed values and the predicted
distributions using the renormalization group. In this work we will assume that the
parameters are drawn at a scale MGUT ∼ 1016 GeV, motivated by grand unification
theories, although the choice is ad-hoc.
In the following, we will be looking at the RG running of oscillation parameters in

three different variants of type-I seesaw models, discussed in Sec. 6.2. Our general
procedure is as follows: For a given model, we generate a large number of randomly
drawn parameter points. Each parameter point is then RG evolved down to the
electroweak scale using the appropriate RG equations. At the low scale, we then
extract the distributions of the parameters from a polynomial fit and perform the
KS test with the RG-improved distributions. In a sense, the final goal is to compute
the RG running of the test parameter P̃KS.
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6.4.1. The Technical Aspect
While conceptionally easy enough, the analysis is technically involved, because the
different entries of the mass and Yukawa matrices all mix under renormalization.
An exact analytical solution of the RG equations is not feasible. We thus carry out
the analysis purely using numerical methods. Although for some models, programs
exist and are discussed in the literature, we found that they have several technical
shortcomings forcing us to develop our own implementation3.
In our numerical implementation, the quantities that are evolved to the low scale

are the entries of the mass and coupling matrices in the models. In order to correctly
remove heavy particles from the effective theory, we need to keep track of the mass
eigenvalues to obtain the correct matching scales. To find these matching scales,
we look for the scale µi, at which the highest mass eigenvalue in the mass matrix
Mi is equal to the renormalization scale µi = Mi. At this scale, the theory is
transformed into the mass basis. By definition no mass-mixing terms are present
in this basis and thus we can simply drop the row and column associated with the
heaviest field. Therefore, at each matching scale, the number of running parameters
decreases. After removing the last heavy neutrino from the theory, the neutrino mass
matrix will be a 3× 3 complex symmetric matrix, that we evolve to the weak scale
mZ = 91.19 GeV and extract the oscillation parameters for the statistical analysis.

In order to numerically find the thresholds, one could simply scan across the scales
covered by the RG running and look for the scales that satisfy the requirement
µi = Mi. In practice this turns out to be rather slow since the mass matrix needs
to be diagonalized at every point. To approximate the procedure, we first estimate
the thresholds from the input parameters at the high scale and apply a correction
factor κM to them. We typically use κM = 0.9 as a first guess and then refine the
parameter each time we find the correct scale. We then use the numerical solutions
to the RG equations to sample the mass eigenvalues at O(10) chosen values for the
scales around the guessed value and fit it to a function of the form

Mfit(µ) = a0 + a1/2
√
µ+ a1µ+ al log(µ) . (6.24)

After this is done, the matching scale is extracted from equating Mfit(µ) = µ. We
find excellent agreement between this methods and the scanning one, with the im-
portant difference of the fit method being computationally much cheaper, making
the numerical analysis a lot faster.
After each parameter point is evolved to the low scale, we obtain distributions of

the mixing parameters, that we fit using cubic polynomials p(x). In order to apply
the KS test, it is important that the parameters are statistically independent. This

3One example of an existing implementation is the REAP package [184]. While it was not feasi-
ble to use the package for the actual analysis, it still provided numerous cross-checks for our
implementation.
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check is performed numerically by extracting the Pearson correlation coefficients for
the different parameter pairs, defined for two parameters x and y as:

ρx,y =
∣∣∣∣ 〈x · y〉〈x〉 〈y〉

∣∣∣∣ . (6.25)

One could imagine the RG evolution to generate correlations between the parame-
ters, as they effectively all mix under renormalization. Fortunately, we find values
ρx,y ≤ 0.02 for all combinations of parameters and conclude that the parameters
are still uncorrelated, as they were at the high scale. In order to reuse the test
statistic function in eq. (6.21), we rescale the parameters to obtain flat distributions
by rescaling the fit-polynomials such that the integrals over the physical range of
each x are

∫ x1
x0
dxf(x) = 1. After this, we define new variables x′ =

∫ x
0 dx̃f(x̃), in

which the distributions are flat by construction. Using these new variables x′, we
can simply reuse formula (6.21) to obtain the RG-improved test-statistics.

6.4.2. Results for the Type-I Seesaw Model
We can now quote our results for the type-I seesaw models. The Lagrangian is given
by 6.8. The renormalization group equations for the type-I seesaw model have been
studied in great detail in refs. [184–188]. They are given in Appendix I for reference.
To investigate the effect of RG evolution on neutrino anarchy in this model, we have
randomly generated 105 sets of parameters, defined by the Yukawa matrices Yν and
the right-handed neutrino mass matrices M . We assume these randomly generated
matrices to enter the Lagrangian at the high scale MGUT = 1016 GeV. As explained
earlier, to ensure basis invariance of the probability distributions and statistical in-
dependence of different mass matrix elements, the elements of Y αβ

ν must follow a
Gaussian distribution ∝ exp[−|Y αβ

ν |2/Y]. The diagonal elements Mαα of the right-
handed Majorana mass matrix follow a similar distribution ∝ exp[−|Mαα|2/M],
while the distribution of the off-diagonal elements Mαβ is ∝ exp[−2|Mαβ|2/M].
Here Y is a dimensionless parameter which we choose to be one, whileM is dimen-
sionful, and we chooseM = 1014 GeV to reproduce the correct order of magnitude
for the light neutrino masses. We will shortly discuss the effects of varyingM after
presenting the results.
For the parameters of the standard model at the high scale we have chosen a set

of values used by the REAP package [184]:

Yu(MGUT) =

5.4039 · 10−6 0 0
0 1.5637 · 10−3 0
0 0 0.4829

 ,

Yd(MGUT) = 10−5 ×

 2.1176 4.5697 + 0.0112i 2.1367 + 0.2581i
4.5697− 0.0112i 22.3698 25.7097− 0.0019i
2.1367− 0.2571i 25.7097 + 0.0019i 614.0010

 ,
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Fig. 6.1.: A parameter point of the type-I seesaw model with large running effects in
the neutrino mixing angles. The vertical dotted lines show the decoupling thresholds
of the heavy singlet neutrinos, M1 = 2.9 · 1013 GeV, M2 = 9.2 · 1013 GeV and
M3 = 1.67 · 1014 GeV . Note how RG running ceases after the last heavy neutrino is
integrated out. The masses of the active neutrinos at the low scale arem1 = 0.02 eV,
m2 = 0.32 eV and m3 = 0.36 eV.

Ye(MGUT) =

2.8370 · 10−6 0 0
0 0.5988 · 10−3 0
0 0 10.1789 · 10−3

 . (6.26)

Of course the exact low-scale values of the quark and charged lepton Yukawa ma-
trices depend on the additional field content beyond the SM and on the values of
the new parameters introduced. Therefore, we typically cannot reproduce the SM
Yukawa couplings exactly, with deviations being of order 10%. Nevertheless, since
our interest here is in the running of the neutrino masses and mixing parameters,
these small deviations are negligible for our purposes.
We evolve each parameter point down to the electroweak scale, which we represent

by mZ = 91.19 GeV. In principle, we should evolve the mixing parameters down to
an even lower scale, integrating out SM particles at their respective thresholds.
However, as we will see, the running of the mixing parameters dominantly happens
at scales � mZ and thus it is justified to stop the RG evolution at mZ . Both
at MGUT and at mZ , we extract the values of the physical mixing parameters by
diagonalizing the mass matrices and using the prescriptions given in Appendix A of
ref. [178]. When diagonalizing mν , we have to specify a convention for the ordering
of the mass eigenvalues. We choose them to be in ascending order (corresponding
to scenario called A3 in section II.B of ref. [179]). Note that we should in principle
decouple the Higgs boson and the top quark below their threshold scale, which has
non-negligible effects on the running of the neutrino mass eigenvalues [189]. It does
however not affect the mixing parameters and phases, so we neglect these effects (see
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e.g. Fig. 6.1).
We show the distributions of the mixing parameters θij , δCP and the Majorana

phases φ1 and φ2 in Fig. 6.2. By construction, the distributions are flat at the high
scale up to statistical fluctuations. At the low scale, we find a slight bias for smaller
mixing angles. This can also be seen in the distributions of the RG-induced shifts
∆x = x(mZ)− x(MGUT), shown in Fig. 6.3. Included in the graphics are also plots
of Gaussian fits

f(x) = 1√
2πσ(x)

exp
[
− (x− x)2

2[σ(x)]2
]
, (6.27)

to the distributions, along with their central values x and the widths σ(x). We find
a slight preference for the mixing angles to decrease by 1 - 2◦ after running them to
mZ . The distributions of ∆θij are all peaked at small negative values. The Dirac CP
phases δCP in Fig. 6.2 (d) show a slight preference to be close to zero after running,
while the distributions of the Majorana phases φ1 and φ2 in Fig. 6.2 (e), (f) stay flat
both after running them from MGUT to mZ . Note that these distributions can only
make statements about the average behavior of large samples of parameter points.
Individual points can exhibit much stronger running effects. It is known that points
with at least two neutrino masses being close to each other can potentially have very
pronounced RG running for he mixing angles [184].
The parameter point on which the graphs in Fig. 6.1 are based is an example of

such a point. We observe that even points showing significant RG running, only
do so at scales above the masses of the heavy singlet neutrinos. Whenever a heavy
neutrino is removed from the theory, we find the running of angles and phases to
grow weaker, stopping completely after the last heavy neutrino has been integrated
out. From this we can deduce how the choice of the heavy neutrino mass scaleM
affects the RG evolution of the mixing parameters: For larger values of M heavy
neutrinos are removed from the theory at a higher scale, stopping the running of the
mixing parameters sooner. Consequently, for larger values ofM, the running is less
pronounced and vice versa. We have confirmed this behavior in a numerical study.
While it seems peculiar that the angles have a preferred direction of running, a

simple explanation exists. The leptonic mixing matrix depends on the matrix Vν
that diagonalizes mν as well as on the matrix Ve that diagonalizes Y †e Ye according
to VeY †e YeV †e = D, where D is diagonal. The flavor non-trivial terms in the beta
functions for the mass and Yukawa matrices (see App. I) are dominated by the O(1)
terms containing Yν , subdominant terms involving Ye are negligible. Recall that Yν
is randomly chosen and hence cannot lead to a preference for the direction of the
running. The only possible source of such a preference can come from the lepton
Yukawa matrices Ye, for which the beta function is dominated by

16π2βYe = −3
2Ye

(
Y †ν Yν

)
+ . . . . (6.28)

112



6.4. Renormalization Group Evolution and Anarchy

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

sin2(θ12)

Type-I Seesaw

orange: MGUT, blue: MZ

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

sin2(θ23)

Type-I Seesaw

orange: MGUT, blue: MZ

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2
cos4(θ13)

Type-I Seesaw

orange: MGUT, blue: MZ

(a) Distribution of sin2 θ12 (b) Distribution of sin2 θ23 (c) Distribution of cos4 θ13

-180 -90 0 90 180

0.001

0.002

0.003
δCP

Type-I Seesaw

orange: MGUT, blue: MZ

0 45 90 135 180

0.001

0.003

0.005

ϕ1

Type-I Seesaw

orange: MGUT, blue: MZ

0 45 90 135 180

0.001

0.003

0.005

ϕ2

Type-I Seesaw

orange: MGUT, blue: MZ

(d) Distribution of δCP [◦] (e) Distribution of φ1 [◦] (f) Distribution of φ2 [◦]

Fig. 6.2.: Distributions of the three mixing angles, the Dirac CP phase δCP and the
two Majorana CP phases φ1 and φ2 before and after renormalization group running
in the type-I seesaw model. Orange regions correspond to parameters atMGUT, blue
regions to parameters at mZ . Note that the physical range for δCP is [−180◦, 180◦),
while the physical ranges for φ1 and φ2 are only [0, 180◦) [179].
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Fig. 6.3.: Distributions of the RG-induced shifts in the mixing parameters, ∆x ≡
x(mZ) − x(MGUT) in the type-I seesaw model. Also shown are the central values
∆x and the widths σ(x) of Gaussian fits to the distributions.
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The dots indicate the subdominant and flavor-trivial terms, which we can ignore
for the purpose of this argument. The high-scale value of Ye(MGUT) is a diagonal
matrix (see eq. (6.26)), with its strongly hierarchical eigenvalues sorted in ascending
order. The structure of eq. (6.28) shows that after RG running, the elements in the
k-th row of Ye will change by an amount proportional to the element Y kk

e (MGUT).
If we consider a two-flavor scenario for simplicity, it can easily be shown that the
mixing angle parameterizing Ve is positive. Since Ve enters the PMNS matrix as its
hermitian conjugate, UPMNS = V †e Vν and Vν cannot introduce any preference, the
mixing angle describing UPMNS prefers a negative value. This whole argument only
holds for the model in consideration here, since the sign in front of the dominant
term in eq. (6.28) can be different. The type-II seesaw model is an example of such
a case [190].
Using the test procedure explained in the previous section, we find the RG-

improved statistics P̃RG
KS to be:

P̃RG
KS = 0.477 . (6.29)

This is a slight improvement over the value obtained without RG effects, which was
P̃KS = 0.411. In the next section, we will explore whether the inverse seesaw model
exhibits stronger RG effects.
Before we proceed however, we comment on the running of the absolute neutrino

masses. We can approximate their RG evolution by dm/d logµ = γm. Averaging
over the generated events, we find a mean value of γ ' 0.027. This implies that the
neutrino masses decrease by 60% when evolved from MGUT to mZ .

6.4.3. Results for the Inverse Seesaw Model

We now demonstrate the results for the inverse seesaw model, discussed in sec-
tion 6.2. The corresponding RG equations are found in App. I, they agree with the
ones given in [191].
The analysis is done in complete analogy to the one for the type-I seesaw model:

A sample of 105 parameter points is generated and evolved from MGUT = 1016 GeV
to mZ = 91.19 GeV. The distributions of the oscillation parameters are shown in
Fig. 6.4. Qualitatively, our findings are very similar to the type-I seesaw model:
Mixing angles preferentially decrease whereas δCP slightly peaks around zero. The
distributions of Majorana phases are unaffected by the running. In contrast to the
type-I model, we find the shifts of the mixing parameters to be larger, with average
shifts between −4◦ and −5.5◦. Note also that the widths are significantly larger than
in the type-I seesaw model, meaning a larger spread in the magnitude of the running
between individual parameter points. We also find a more pronounced running
of the neutrino mass eigenvalues, where the approximate anomalous dimension is
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0.037, corresponding to an average of 70% decrease when evolved from MGUT to
mZ . Finally, the test-statistics with and without RG evolution yields:

P̃KS = 0.411 RGE−→ P̃KS = 0.593 , (6.30)

meaning that RG effects significantly improve the support of the anarchy hypothesis.

6.4.4. Results for the Gauged Baryon-Lepton Model

We now proceed with the analysis of the U(1)B−L model to see whether the different
structure above the breaking scale, compared to the ISS model, changes the RG
evolution of the model. In this model additional parameter choices need to be made
other than the random choice of the mass matrix. Furthermore, to make the analysis
more feasible, a number of simplifying assumptions are made.
In order to avoid having to deal with the multitude of different effective theories

that can arise depending on where B−L is broken relative to the masses of the heavy
O(TeV) neutrinos, we always fix the U(1)B−L breaking scale at fB−L = 100 TeV, well
above the heavy neutrino masses. Moreover, we assume for simplicity that the B−L
breaking scale fB−L, the vev 〈χ〉, and the mass mχ of χ are identical, so that we do
not need to consider running between these scales. We choose the numerical value of
gB−L such that it unifies to the extent possible at the GUT scale with the SM gauge
couplings, see 6.6. We find that a reasonable choice is gB−L = 0.58 at the GUT scale.
By demanding that the running Z ′ mass parameterMZ′(µ) ≡

√
2gB−L(µ) 〈χ〉 equals

the scale µ, we find the threshold massMZ′ ≈ 39 TeV. Since this is sufficiently close
to fB−L = 100 TeV on a logarithmic scale, we integrate out χ and Z ′ simultaneously.
As a further simplification, we ignore renormalization group effects on the quadratic
terms in the scalar potential, and consequently the scale dependence of the scalar
vevs. Since the scalar quartic couplings do not affect the flavor structure, their
only influence on the neutrino mixing parameter can be indirect, by changing the
various mass scales of the theory. Finally, we neglect kinetic mixing between the Z ′
and the standard model hypercharge gauge boson B, which would be allowed by the
symmetries. Kinetic mixing is in general absent at the grand unification scale, where
we assume that U(1)B−L emerges from a larger, non-Abelian gauge group. Even
though kinetic mixing does get induced in the renormalization group evolution to
lower scales at one loop level, its effect on other running parameters is suppressed by
two loop factors and therefore negligible compared to other parameters appearing in
the RG equations. In the same spirit we will also assume the Higgs portal coupling
λ2 to be strongly suppressed.

With these simplifications, the effective theory valid at scales µ < fB−L is simply
the ISS model. We thus only need to evolve the parameters of the full model from
MGUT to fB−L and then feed them into the previously discussed evolution equations

115



6. Renormalization Group Evolution of Neutrino Masses

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

sin2(θ12)

Inverse Seesaw

orange: MGUT, blue: MZ

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4
sin2(θ23)

Inverse Seesaw

orange: MGUT, blue: MZ

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0

1.5

cos4(θ13)

Inverse Seesaw

orange: MGUT, blue: MZ

(a) Distribution of sin2 θ12 (b) Distribution of sin2 θ23 (c) Distribution of cos4 θ13

-180 -90 0 90 180

0.001

0.002

0.003

δCP

Inverse Seesaw

orange: MGUT, blue: MZ

0 45 90 135 180

0.001

0.003

0.005

ϕ1

Inverse Seesaw

orange: MGUT, blue: MZ

0 45 90 135 180

0.001

0.003

0.005

ϕ2

Inverse Seesaw

orange: MGUT, blue: MZ

(d) Distribution of δCP [◦] (e) Distribution of φ1 [◦] (f) Distribution of φ2 [◦]

Fig. 6.4.: Distributions of the mixing angles and physical CP phases before and
after renormalization group running in the inverse seesaw model. The orange regions
correspond to the parameters at MGUT, the blue regions to the parameters at mZ .
For the mixing angles and the Dirac CP phase, the running is much stronger than
in the type-I seesaw case.
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Fig. 6.5.: Shift in the mixing angles and the CP phases during RG evolution form
MGUT to mZ in the inverse seesaw model, obtained from 105 randomly generated
mass matrices. We use the notation ∆x ≡ x(mZ) − x(MGUT), where x stands for
any of the mixing angles or complex phases. Also shown are Gaussian fits with
central values ∆x and widths σ(∆x).
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for the phenomenological inverse seesaw model. The renormalization group equa-
tions for the inverse seesaw model with gauged B − L are given in App. I.2. While
their form is independent of the number of generations of singlet fields introduced,
we implement three NR fields and four S fields, yielding one O(keV) mass-eigenstate
as a possible DM candidate.
The distributions of the mixing parameters at different scales are shown in Fig. 6.7,

the distributions of the shifts in Fig. 6.8. We find that the distributions look prac-
tically identical to the ones from the phenomenological ISS model discussed in the
previous section. The RG-improved statistics P̃RG

KS is now

P̃RG
KS = 0.604 , (6.31)

which is also an improvement over P̃KS = 0.411, but almost the same value as for
the ISS model.
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Fig. 6.7.: Distributions of the mixing angles and physical CP phases before and
after renormalization group running in the inverse seesaw model with gauged B−L.
The orange regions correspond to the parameters at MGUT, the blue regions to
the parameters at mZ . The distributions are practically identical to those in the
phenomenological ISS model, see Fig. 6.4.
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Fig. 6.8.: RG-Shifts ∆x ≡ x(MZ) − x(MGUT) in mixing angles and phases in the
inverse seesaw model with gauged B − L, obtained from 105 randomly generated
mass matrices. Also shown are Gaussian fits with central values ∆x and widths
σ(∆x). The distributions are practically identical to those in the phenomenological
ISS model, see Fig. 6.5.
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7. Summary and Conclusions

In this work we have demonstrated several applications of effective field theories.
The QCD factorization formula for exclusive hadronic decays was derived using
Soft-Collinear Effective Theory. In this framework, the decay amplitude is given
as an expansion in the ratio of the two scales in the process, given by the mass
of the decaying boson and the scale associated with the non-perturbative effects of
hadronization. We have shown that it suffices to keep only the leading term in this
expansion and that power corrections are tiny and mostly negligible. The factor-
ization formula separates the amplitudes into hard scattering kernels, that can be
computed using perturbation theory, and process-universal non-local hadronic ma-
trix elements called light-cone distribution amplitudes. Using the renormalization
group evolution of these quantities, we were able to resum the large QCD logarithms
of the scale ratio αs log(ΛQCD/mB), where mB is the mass of the decaying boson.
We have seen that the presence of the huge scale hierarchy greatly suppresses the
dependence on the exact shape of the LCDAs, decreasing the hadronic uncertainties
entering our predictions for the decay rates. We have included next-to-leading order
QCD corrections and carefully accounted for the effects of flavor-singlet admixtures
in the final state meson. In this way, the decays Z → Mγ and W → Mγ are theo-
retically clean probes of the QCD factorization approach, with the major drawback
being the very small rates making experimental observations rather challenging.
We have also presented an exploratory study of the channels Z →WM , where the

factorization scale is no longer given by the mass of the Z boson but still higher than
in previous applications of the QCDF approach. In this case we found the impact
of the LCDA shape to be tiny for the additional reason that the hard-scattering
kernel varied slowly with the relevant convolution variable leading to the rates being
mostly governed by the normalization of the LCDAs.
Following this analysis, we generalized the framework to exclusive hadronic Higgs

decays. The study was performed with a phenomenological Lagrangian allowing
for deviations of the Higgs couplings from their respective SM values. We have
seen that an observation of some channels of the class h → Mγ can be used as
an interesting probe of anomalous quark Yukawa couplings due to a non-trivial
interference structure of different diagram topologies. Predictions were also derived
for the weak decays h → MZ and h → MW . The h → MZ decays are largely
governed by the coupling of the Higgs boson to two Z bosons or a Z boson and a
photon, the latter being generated at the loop level within the SM or by effective
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7. Summary and Conclusions

operators of higher mass dimension. For the final state meson being a vector meson,
we find the decays to be potentially useful in probing this effective hγZ-coupling,
whereas the pseudoscalar channel only involves the gauge coupling of the Higgs boson
and is not expected to show any new physics effects. In the case of h → WM , we
find potentially large enhancements in some channels when allowing flavor-changing
Yukawa couplings. In all channels however, the rates are small and only some
of them become accessible at the LHC in its high-luminosity run. Current upper
bounds from the ATLAS and CMS collaborations are several orders of magnitudes
above our predicted rates. More channels are believed to be accessible at a possible
future hadron collider serving as a Higgs factory.
Finally, we have performed a study of neutrino oscillation parameters in the con-

text of a selection of flavor-anarchic seesaw models and tested the stability of the
anarchy hypothesis under renormalization group evolution. We found that the prob-
ability of a random draw yielding the observed parameters increases when RG effects
are taken into account, at least in the models considered. This can be understood
from the fact that the neutrino mixing angles have a tendency to decrease when
scale-evolved from a high scale down to the electroweak scale due to the charged
lepton masses. We noted that this most-likely does not hold for other models of
neutrino mass generation (like type-II seesaw models, for example), where the beta
functions of the neutrino masses have a different flavor structure.
In conclusion, we have seen several examples of how effective field theories can

be used to treat problems in which multiple distinct scales are present. The list
of possible applications is virtually endless and the examples covered here do not
come close to covering the vast variety of usages. A search on inspirehep.net for
“effective field theory” currently yields over 55,000 search results. With or without
the discovery of physics beyond the Standard Model, the framework will clearly
continue to be an indispensable tool for a wide range of analyses of multi-scale
problems.
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A. Subleading Twist Projections
The light-cone projector for pseudoscalar mesons at next-to-leading power is given
by [63, 64]

MP (k, x, µ) = ifP
4

{
/kγ5 φP (x, µ)− µP (µ) γ5

[
φp(x, µ)− iσµν

kµ n̄ν

k · n̄
φ′σ(x, µ)

6

+ iσµνk
µ φσ(x, µ)

6
∂

∂k⊥ν

]
+ 3-particle LCDAs

}
.

(A.1)

The functions φp and φσ are two-particle LCDAs at twist-3 order1. We did not
explicitly write down terms involving the three-particle LCDAs, where the meson can
be formed from two quarks and a gluon. We will neglect three-particle contributions,
which is referred to as the Wandzura-Wilczek approximation (WWA) [192], in which
the QCD equations of motion fix the twist-3 LCDAs to [193]

φp(x, µ)|WWA = 1 ,
φσ(x, µ)|WWA = 6xx̄ .

(A.2)

The light-cone projector at leading and subleading power for a longitudinally polar-
ized vector meson is given by [64, 74–76]

MV‖(k, x, µ) = − ifV4 /k φV (x, µ)− if⊥V (µ)mV

4

{
h
′ (s)
‖ (x, µ)

2 − iσµν
kµ n̄ν

k · n̄
h

(t)
‖ (x, µ)

− iσµνkµ
∫ x

0
dy
[
φ⊥V (y, µ)− h(t)

‖ (y, µ)
] ∂

∂k⊥ν
+ 3-particle LCDAs

}
.

(A.3)
In the WWA, the QCD equations of motion imply the relations [64, 76]

h
(t)
‖ (x, µ)

∣∣
WWA = (2x− 1) Φv(x, µ) , h

′ (s)
‖ (x, µ)

∣∣
WWA = −2Φv(x, µ) ,∫ x

0
dy
[
φ⊥V (y, µ)− h(t)

‖ (y, µ)
]

WWA
= x(1− x) Φv(x, µ) ,

(A.4)

with
Φv(x, µ) =

∫ x

0
dy

φ⊥V (y, µ)
1− y −

∫ 1

x
dy

φ⊥V (y, µ)
y

. (A.5)

1The quantity twist is defined by the dimension of an operator minus the spin.
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In this approximation, the twist-3 two-particle amplitudes can be expressed in terms
of the twist-2 LCDA φ⊥V .

For a transversely polarized vector meson the projector is [64]:

MV⊥(k, x, µ) = if⊥V (µ)
4 /k /ε⊥∗V φ⊥V (x, µ)− ifVmV

4

{
/ε⊥∗V g

(v)
⊥ (x, µ)

− i

4 εµναβ γ
µγ5 ε

⊥∗ν
V kα

(
n̄β

k · n̄
g
′ (a)
⊥ (x, µ)− g(a)

⊥ (x, µ) ∂

∂k⊥β

)

− /k ε⊥∗V µ
∫ x

0
dy
[
φV (y, µ)− g(v)

⊥ (y, µ)
] ∂

∂k⊥µ
+ 3-particle LCDAs

}
.

(A.6)
Again using the WWA, one obtains from the QCD equations of motion [64, 75, 76]

g
(v)
⊥ (x, µ)

∣∣
WWA = 1

2

[∫ x

0
dy

φV (y, µ)
1− y +

∫ 1

x
dy

φV (y, µ)
y

]
,

g
(a)
⊥ (x, µ)

∣∣
WWA = 2

[
(1− x)

∫ x

0
dy

φV (y, µ)
1− y + x

∫ 1

x
dy

φV (y, µ)
y

]
,

g
′ (a)
⊥ (x, µ)

∣∣
WWA = −2

[∫ x

0
dy

φV (y, µ)
1− y −

∫ 1

x
dy

φV (y, µ)
y

]
,∫ x

0
dy
[
φV (y, µ)− g(v)

⊥ (y, µ)
]

= 1
2

[
(1− x)

∫ x

0
dy

φV (y, µ)
1− y − x

∫ 1

x
dy

φV (y, µ)
y

]
.

(A.7)
The form factors governing the decay amplitudes Z → V⊥γ and W → V⊥γ are then

F⊥1 = QV6

{∫ 1

0
dx

(1 + x

x
+ 1 + x̄

x̄

)
g

(v)
⊥ (x)−

∫ 1

0
dx

(1− x
x
− 1− x̄

x̄

)
g
′ (a)
⊥ (x)

4

+
∫ 1

0
dx

(1
x

+ 1
x̄

)
g

(a)
⊥ (x)

4 +
∫ 1

0
dx

(1
x
− 1
x̄

)∫ x

0
dy
[
φV (y)− g(v)

⊥ (y)
]}

,

(A.8)
and

F⊥2 = Q
′
V

6

{∫ 1

0
dx

(1− x
x
− 1− x̄

x̄

)
g

(v)
⊥ (x)−

∫ 1

0
dx

(1 + x

x
+ 1 + x̄

x̄

)
g
′ (a)
⊥ (x)

4

+
∫ 1

0
dx

(1
x
− 1
x̄

)
g

(a)
⊥ (x)

4 +
∫ 1

0
dx

(1
x

+ 1
x̄

)∫ x

0
dy
[
φV (y)− g(v)

⊥ (y)
]}

.

(A.9)
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For h → MZ, the leading projections arise at subleading twist. For pseudoscalar
mesons we find:

FPZdirect = −
∑
q

f qP
mq

2m2
h

∫ 1

0
dx

{
1

x+ rZ x̄

[
(aqκq − ivqκ̃q)mq φP (x)

− (aqκq + ivqκ̃q)µP
(
xφp(x) + φσ(x)

3 −
[
x+ 2rZ

1− rZ

] φ′σ(x)
6

)]
+ 1
x̄+ rZx

[
(aqκq + ivqκ̃q)mq φP (x)

− (aqκq − ivqκ̃q)µP
(
x̄ φp(x) + φσ(x)

3 +
[
x̄+ 2rZ

1− rZ

] φ′σ(x)
6

)]
+ terms involving 3-particle LCDAs

}
,

(A.10)

which can be simplified by the means of eq. (A.2). For flavor-diagonal mesons, the
LCDAs φP (x), φp(x) and φσ(x) are symmetric under x ↔ (1 − x), and only the
terms proportional to aqκq survive. The simplified result is then the one given in
eq. (5.53).
The direct contributions to the form factors F V Z‖direct for a longitudinal vector

meson are obtained from (A.10) by replacing f qP → f qV , vq ↔ aq, φP (x) → φV (x),
µP → mV f

q⊥
V /f qV , and

φp(x)→ ∓1
2 h
′ (s)
‖ (x) , φσ(x)

3 → ±2
∫ x

0
dy
[
φ⊥V (y)− h(t)

‖ (y)
]
,

φ′σ(x)
6 → ∓h(t)

‖ (x) .
(A.11)

Here the upper (lower) signs refer to the contributions from the first (second) dia-
gram in Figure 5.10, which can be identified by the different denominator structures
in (A.10). For flavor-diagonal final-state mesons, the LCDAs φV (x) and h(t)

‖ (x) are
symmetric under the exchange x↔ (1−x), while h′ (s)‖ (x) and

∫ x
0 dy

[
φ⊥V (y)−h(t)

‖ (y)
]

is anti-symmetric. In this case only the terms proportional to vqκq survive.
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B. The Fifth Gamma Matrix

When evaluating loop amplitudes in d = 4 − 2ε dimensional regularization, an im-
portant issue is the fact that γ5 is ill-defined in this framework. The definitions

γ5 = i

4!ε
µνρσγµγνγργσ and {γµ, γ5} = 0 (B.1)

are algebraically inconsistent, since the Levi-Civita symbol, and with that γ5, is an
intrinsically four-dimensional object, whereas the Lorentz indices run from 1 to d.
Several possible solutions have been proposed, the simplest one being naive dimen-
sional regularization (NDR), where we simply assume a vanishing anti-commutator
between γ5 and the other Dirac matrices. However, it is known that this prescription
does not always reproduce correct results [194].
In this work we will use the scheme proposed by ’t Hooft and Veltman [195]. In

the HV scheme, one splits the Dirac matrices γµ into a four-dimensional piece γ̂µ
that anticommutes with γ5, and a (d− 4)-dimensional piece γµ⊥ that commutes with
γ5. These two pieces can be combined to form the d = (4 − 2ε)-dimensional Dirac
matrix γµ as well as a d̄ = (4 + 2ε)-dimensional Dirac matrix1:

γµ = γ̂µ + γµ⊥ , γ̄µ = γ̂µ − γµ⊥ . (B.2)

Moving a γ5 past one of these Dirac matrices changes it from γ to γ̄ and vice versa:

γ5γµ = −γ̄µγ5 and γ5γ̄µ = −γµγ5 . (B.3)

When evaluating expressions with these γ̄, we simply convert them to regular Dirac
matrices by splitting up four-vectors and metric tensors in the same way as in
eq. (B.2) and employing the identities:

γ̄µ = ḡµνγ
ν , p̄µ = gµνp

ν , p̄µ = pµ (for external momenta p) ,
ḡµµ = d̄ , ḡµνgνρ = ḡµρ , ḡµν ḡνρ = gµρ .

(B.4)

Traces involving γ5 will now receive corrections at O(ε) and higher. Combined
with the divergent pieces of loop integrals, these corrections can give rise to finite
shifts in loop amplitudes. Problematically, the shifts can generate so-called spurious

1This differs from the usual convention found in the literature but has the benefit of not generating
extra terms whenever an expression containing a γ5 is manipulated.
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B. The Fifth Gamma Matrix

anomalies [196, 197], spoiling gauge invariance. For example, when renormalizing
(V −A) currents

jµV−A = jµ − jµ5 = ψ̄γµψ − ψ̄γµγ5ψ , (B.5)

at one-loop order in QCD, we do not only obtain a radiative correction propor-
tional to jµV−A but an additional (finite) piece proportional only to jµA. Thus, the
renormalization of the (V −A)-current has to be done according to

jµV−A = ZV−A
(
jµ(0) − ZHV j

µ5
(0)

)
, (B.6)

where ZHV is the finite counterterm arising from the γ5 in the loop. It is obtained
most easily by computing the one-loop correction first in the NDR scheme, then in
the HV scheme, and subtracting the results. This isolates the finite shift that we
need to remove to multiplicatively renormalize jµV−A. We find for the shift in the
vertex function:

Γµ5
HV−NDR = ū(p)γµγ5 v(k)

{
1 + αsCF

π
K
(
µ, (p+ k)2

)}
K(µ, q2) =

√
π

4 (16π)ε
(
−
µMS

q2

)ε ε(2− ε)
(1− ε)

Γ(1− ε)Γ(ε)
Γ
(

3
2 − ε

) = 1 +O(ε) .
(B.7)

From this we can easily determine ZHV = 1− αsCF /π.
Finally, it should be noted that other solutions to the γ5-problem exist. Espe-

cially in multi-loop computations involving electroweak corrections, disentangling
the spurious anomalies generated by schemes like the HV scheme, is difficult. To
this end, one can employ non-cyclic regularization procedures, where one gives up
the cyclicity of the trace in order to allow for an algebraically consistent treatment
of the fifth Dirac matrix [198, 199].
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C. Hadronic Input Parameters

In this section, we discuss the relevant hadronic input parameters. We start by
parameterizing neutral meson mixing and discuss decay constants and LCDA shape
parameters later on.

Parameterizing Meson Mixing
In our phenomenological analyses of the exclusive hadronic decays we frequently deal
with neutral mesons whose physical state differs from the naive flavor eigenstates.
This state mixing can have sizable effects on our predictions and needs to be taken
into account. The mixing between flavor eigenstates and physical eigenstates arises
from non-perturbative effects that cannot be accessed from first principles in an
analytic way. Rather we will make simplifying assumptions and parameterize the
mixing through phenomenological quantities that can be extracted from data.

Mixing between ω and φ

The flavor eigenstates of ω and φ are defined as |ωI〉 = (|uū〉+ |dd̄〉 /
√

2 and |φI〉 =
|ss̄〉 and we relate them to the physical states according to(

|ω〉
|φ〉

)
=
(

cos θωφ − sin θωφ
sin θωφ cos θωφ

)(
|ωI〉
|φI〉

)
. (C.1)

For the radiative Higgs decays, we need the corrections from mixing effects on the
transverse decay constants, that we defined as flavor-specific matrix elements:

〈V (k, ε)| q̄ iσµνq |0〉 = if q⊥V (µ) (kµε∗ν − kνε∗µ) . (C.2)

We neglect contributions to the mixing violating the OZI-rule1, allowing us to relate
the flavor specific decay constant to matrix elements

〈ωI(k, ε)|
ūiσµνu+ d̄iσµνd√

2
|0〉 = if⊥ωI (k

µε∗ν − kνε∗µ) ,

〈φI(k, ε)| s̄iσµνs |0〉 = if⊥φI (k
µε∗ν − kνε∗µ) .

(C.3)

1The OZI-rule states that contributions mediated purely by gluons are suppressed because the
gluons are off-shell by the meson mass and thus hard.
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C. Hadronic Input Parameters

Under the assumption of isospin symmetry, the decay constants for the u-quark and
d-quark currents are equal, yielding:

fu⊥ω = fd⊥ω = cos θωφ√
2

f⊥ωI , fs⊥ω = − sin θωφf⊥φI , (C.4)

fs⊥φ = cos θωφf⊥φI fu⊥φ = fd⊥φ = sin θωφ√
2

f⊥ωI (C.5)

The relevant decay constants are combinations of these flavor-specific decay con-
stants, weighted by charge factors:

f⊥V =
∑
q Qqf

q⊥
V∑

q c
V
q Qq

, (C.6)

where cVq are the flavor coefficients of the vector meson V and Qq are the electric
charges of the quarks q. It follows now that the relevant decay constants for ω and
φ are:

f⊥ω = cos θωφf⊥ωI +
√

2 sin θωφf⊥φI ,

f⊥φ = cos θωφf⊥φI −
sin θωφ√

2
f⊥ωI .

(C.7)

The quantities κ̄ω and κ̄φ, as defined in eq. (5.14), are then

κ̄ω = 2κ̄u − κ̄d +
√

2δω
1 +
√

2δω
(κ̄s + κ̄d − 2κ̄u) , κ̄φ = κ̄s + δφ√

2− δφ
(κ̄s + κ̄d − 2κ̄u) ,

(C.8)
with

δω =
f⊥φI
f⊥ωI

tan θωφ , δφ =
f⊥ωI
f⊥φI

tan θωφ , (C.9)

where all parameters must be evaluated at k2 = m2
V . The ratio of decay constants

is 1 in the limit of SU(3) flavor symmetry.

Mixing between η and η′

We proceed similarly for the mixing of the η-η′ system. We will assume isospin
symmetry of all hadronic matrix elements [85] but differentiate between s quarks
and the quarks u and d. When an SU(3) flavor-symmetry is assumed, the η and
η′ would be flavor singlets and octets respectively. From phenomenological data
it is known that this is not a good assumption. We will therefore use the FKS
scheme [200, 201], where one assumes that the flavor states |ηq〉 = (|uū〉+ |dd̄〉)/

√
2
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and |ηs〉 = |ss̄〉 mix only through the axial U(1) anomaly. The FKS scheme allows
to relate the physical states to the flavor states with a single mixing parameter:(

|η〉
|η〉′

)
=
(

cosϕ − sinϕ
sinϕ cosϕ

)(
|ηq〉
|ηs〉

)
. (C.10)

One now introduces decay constants and LCDAs for these flavor states fq, fs,
φq(x, µ) and φs(x, µ) [85]. The flavor-specific decay constants under these assump-
tions are then

fuη = fdη = fq√
2

cosϕ , fsη = −fs sinϕ ,

fuη′ = fdη′ = fq√
2

sinϕ , fsη′ = fs cosϕ ,
(C.11)

and similarly

fuη φ
u
η = fdηφ

d
η = fqφq√

2
cosϕ , f sηφ

s
η = −fsφs sinϕ ,

fuη′φ
u
η′ = fdη′φ

d
η′ = fqφq√

2
sinϕ , fsη′φ

s
η′ = fsφs cosϕ .

(C.12)

The gluon LCDAs are assumed to be equal for η and η′, meaning φgη = φgη′ ≡
φg [85, 86, 88]. The three FKS parameters fq, fs and ϕ have been determined from
experimental data, with two fits available. Ref. [200] quotes

fq = (1.07± 0.02)fπ , fs = (1.34± 0.06)fπ , ϕ = 39.3◦ ± 1.0◦ , (C.13)

whereas a more recent analysis finds [202]

fq = (1.09± 0.03)fπ , fs = (1.66± 0.06)fπ , ϕ = 40.7◦ ± 1.4◦ . (C.14)

This second set uses more recent data but only a subset of the processes considered
in ref. [200]. The flavor-singlet decay constants fudsη′ as defined in eq. (4.36) are then
fudsη = 42.0 MeV and fudsη′ = 260.2 MeV in the first set of mixing parameters and
fudsη = 11.2 MeV and fudsη′ = 295.2 MeV in the second.

C.1. Meson Decay Constants

The meson decay constants can be extracted from experimental data [205]. For
charged pseudoscalar mesons, the semileptonic decays P− → l−ν̄l(γ) can be used,
leading to the values for fπ, fK , fD and fDs shown in the tables below [101].
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For light charged mesons, the decay constants can also be extracted from hadronic
decays of the τ , with the rates given by

Γ(τ− →M−ντ ) = SEW
G2
Fm

3
τ

16π |Vij |
2f2
M

(
1− m2

M

m2
τ

)2(
1 + bM

m2
M

m2
τ

)
, (C.15)

with bP = 0 and bV = 2 for pseudoscalar mesons P and vector mesons V . The
factor SEW is a correction factor including leading-logarithmic [206, 207] and non-
logarithmic electroweak corrections [208]. The measured branching ratios are [101]:

Br(π−) = (10.83± 0.06)% , Br(K−) = (0.70± 0.01)% ,

Br(ρ−) = (25.22± 0.33)% , Br(K∗−) = (1.20± 0.07)% ,
(C.16)

with the lifetime of the τ being ττ = (290.3± 0.5) · 10−15s. For the decay constants
we then find

fπ = (130.3± 0.4) MeV , fK = (154.3± 1.1) MeV ,

fρ = (207.8± 1.4) MeV , fK∗ = (203.2± 5.9) MeV .
(C.17)

Since fπ and fK can be more reliably extracted from semileptonic decays, we use
these values in our analyses.

The decay constants of neutral vector mesons are obtained from electromagnetic
decays V → l+l−, where l = e, µ. The rates are given by

Γ(V → l+l−) = 4π
3mV

f2
V α

2
EM(mV )cV . (C.18)

Here cV = (
∑
q c

V
q Qq)2 are the relevant electromagnetic charges of the quarks in the

meson V , as defined in ref. [205], with cρ = 1/2, cω = 1/18, cφ = 1/9, cJ/ψ = 4/9
and cΥ = 1/9. Leading logarithmic corrections are included by evaluating αEM at
the scale of the meson mass, using αEM(mZ) = 127.94−1 [101] and the running
described in ref. [102]. We average over the modes V → e+e− and V → µ+µ−. The
branching ratios obtained this way along with the total decay widths are [101]:

Br(ρ0) = (4.715± 0.049) · 10−5 , Γ(ρ0) = (147.8± 0.9) MeV ,

Br(ω) = (7.284± 0.140) · 10−5 , Γ(ω) = (8.49± 0.08) MeV ,

Br(φ) = (2.952± 0.030) · 10−4 , Γ(φ) = (4.266± 0.031) MeV .

(C.19)

This leaves us with

fρ = (216.3± 1.3) MeV , fω = (194.2± 2.1) MeV , fφ = (223.0± 1.4) MeV .
(C.20)
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C.1. Meson Decay Constants

The effects of ρ− ω and ω − φ mixing raise fω by 9.5 MeV and fφ by 7.6 MeV [81].
We extract the heavy quarkonium decay constants directly form their electromag-

netic decays M → e+e−. The widths are [101]

Γee(J/ψ) = (5.55± 0.14) keV ,

Γee(Υ(1S)) = (1.340± 0.018) keV , Γee(Υ(2S)) = (0.612± 0.011) keV ,

Γee(Υ(3S)) = (0.443± 0.008) keV , Γee(Υ(4S)) = (0.272± 0.029) keV ,

(C.21)

from which we extract

fJ/ψ = (403.3± 5.1) MeV ,

fΥ(1S) = (684.4± 4.6) MeV , fΥ(2S) = (475.8± 4.3) MeV ,

fΥ(3S) = (411.3± 3.7) MeV , fΥ(4S) = (325.7± 17.4) MeV .

(C.22)

For η and η′ mesons, the values are obtained from the FKS-scheme, as discussed
in the previous section. The intrinsic charm and bottom contents of η and η′ can
be estimated using relations between FKS parameters mediated by the U(1) axial
anomaly, giving [85]

f cP (µc) ≈ −
m2
P

12m2
c

fuP , f bP (µb) ≈ −
m2
P

12m2
b

fuP , (C.23)

which numerically becomes

f cη = −1.2 MeV , f bη = −0.1 MeV ,

f cη′ = −2.9 MeV , f bη′ = −0.3 MeV .
(C.24)

Similar values are found in refs. [111, 200, 209–211].
For h → MW , we need the decay constants of the heavy mesons D∗(s), B

∗ and
Bc, for which we adopt the values obtained from lattice calculations [203, 204]:

fD∗ = (278± 16) MeV , fD∗s = (311± 9) MeV ,

fB∗ = (175± 6) MeV , fBc = (434± 15) MeV .
(C.25)

The analyses discussed in this work where done using different combinations of the
decay constants. In the summary tables below, where we compile decay constants
and LCDA shape parameters, we indicate which analysis they enter.

Transverse vector-meson decay constants
For the exclusive Higgs decays, we need the ratios f⊥V /fV . Rather than computing
the decay constants individually and taking the ratio, the ratio can directly be
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C. Hadronic Input Parameters

Meson V f⊥V (2 GeV)/fV Method Reference
ρ 0.76± 0.04 lattice (unquenched) [212]

0.687± 0.027 lattice (unquenched) [213]
0.742± 0.014 lattice (quenched) [214]

0.72± 0.02 +0.02
−0.00 lattice (quenched) [215]

0.70± 0.04 light-cone sum rules [81]
0.72 ± 0.04 our combination

ω 0.707± 0.046 light-cone sum rules† [81]
0.71 ± 0.05 our combination

φ 0.750± 0.008 lattice (unquenched) [213]
0.780± 0.008 lattice (quenched) [214]
0.76± 0.01 lattice (quenched) [215]

0.763± 0.041 light-cone sum rules† [81]
0.76 ± 0.04 our combination

Tab. C.1.: Compilation of theoretical predictions for the ratio f⊥V (µ)/fV at µ =
2GeV for light vector mesons. Values marked with a dagger are obtained by taking
ratios of individual results for the two decay constants. In our combinations we
adopt more conservative error estimates than in some of the original references.

obtained from lattice QCD and light-cone sum rules [81, 212–215] for light mesons.
The values obtained in various studies along with our combinations are compiled in
Tab. C.1.
For heavy quarkonia, the ratio has been computed in NRQCD, including both

leading relativistic [77] and one-loop QCD corrections [79], yielding:

f⊥V (µ)
fV

= mV

2mQ

{
1− 2

3 〈v
2〉V + αs(µ)CF

4π log
m2
Q

µ2

}
, (C.26)

with mQ being the pole mass of the heavy quark. The NRQCD matrix elements
〈v2〉V have been extracted from electromagnetic decays V → e+e− including both
corrections from O(αs) in QCD as well as relativistic effects [216, 217], they are com-
piled in Tab. C.2. Since the concept of a pole mass is ill-defined beyond perturbation
theory [218, 219] and the rates Γ(V → e+e−) in NRQCD receive large corrections
at two-loop and three-loop [220], we increase the errors on mQ and 〈v2〉V for Υ(nS)
in our analysis.

C.2. Gegenbauer Moments
As mentioned in the main text, the LCDA shape parameters are in general poorly
known. Estimates for the first few Gegenbauer moments exist for light mesons from
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C.2. Gegenbauer Moments

Meson V mQ [GeV] 〈v2〉V f⊥V (2 GeV)/fV
J/ψ 1.4± 0.2 0.225 + 0.106

− 0.088 [216] 0.91± 0.14
Υ(1S) 4.6± 0.1 −0.009± 0.003 [217] 1.09± 0.02
Υ(2S) 4.6± 0.1 0.090± 0.011 [217] 1.08± 0.02
Υ(3S) 4.6± 0.1 0.155± 0.018 [217] 1.07± 0.03

Tab. C.2.: NRQCD parameters for heavy quarkonia extracted from their electronic
decay widths Γ(V → e+e−), and resulting values for the ratio of decay constants.

Meson M fM [MeV] aM1 (µ0) aM2 (µ0)
π 130.4± 0.2 0 0.29± 0.08
K 156.2± 0.7 −0.07± 0.04 0.24± 0.08
ρ 212± 4 0 0.17± 0.07
ω 187± 5 0 0.15± 0.12
K∗ 203± 6 −0.06± 0.04 0.16± 0.09
φ 210± 5 0 0.23± 0.08

Tab. C.3.: Hadronic input parameters for light pseudoscalar and vector mesons,
with scale-dependent quantities defined at µ0 = 1GeV. We assume isospin symmetry
and use the same values for charged and neutral mesons. The values for fπ and fK
are taken from [101]. The other decay constants are extracted from τ− →M−ντ and
V 0 → l+l− decays [205], as discussed above. For all other parameters we adopt the
values compiled in [231] from a combination of results obtained using lattice QCD
[221] and light-cone QCD sum rules (see e.g. [75, 222–225]), including conservative
error estimates. These values were used in the analyses Z → Mγ, W → Mγ and
Z →MW [49].

the lattice [221] and light-cone QCD sum rules [75, 222–225]. Higher moments of
the pion have been estimated from sum rules in refs. [226, 227] and extracted from
the π0γ∗γ form factor, measured by BaBar and Belle [228, 229], in ref. [230]. In
Tab. C.3, we gather the hadronic input parameters for light pseudoscalar and vector
mesons, used for the hadronic Z and W decays, excluding the η and η′. The decay
constants and shape parameter used in the methods explained in the main text (see
section 4.1.3) are gathered in Tab. C.4.
The LCDA shape parameters for the η(′) have been extracted from fits to γγ∗η(′)

transition form factor, measured at CLEO [234] and BaBar [235]. The authors of
ref. [88] have estimated the LCDAs of the flavor states ηq and ηs according to QCD
sum-rule calculations for the pion and fitted the first gluon Gegenbauer moment to
the data. In ref. [86], the Gegenbauer moments of quark and gluon LCDAs have
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C. Hadronic Input Parameters

Meson M fM [MeV] λM [MeV] 〈v2〉 σ

D 204.6± 5.0 460± 110 – 0.246± 0.059
Ds 257.5± 4.6 550± 150 – 0.279± 0.076
B 186± 9 460± 110 – 0.087± 0.021
Bs 224± 10 550± 150 – 0.102± 0.028
Bc 434± 15 – – 0.305± 0.150
J/ψ 403± 5 – 0.30± 0.15 0.158± 0.040

Υ(1S) 684± 5 – 0.10± 0.05 0.091± 0.023
Υ(4S) 326± 17 – 0.10± 0.05 0.091± 0.023

Tab. C.4.: Hadronic input parameters for pseudoscalar and vector mesons contain-
ing heavy quarks, used in the analysis of Z → Mγ, W → Mγ and Z → WM [49].
Scale-dependent quantities are defined at µ0 = 1GeV. The values for fD and fDs are
taken from [101]. The values for fB and fB are taken from two recent, unquenched
lattice calculations [232, 233], which obtain identical central values but quote very
different error estimates. We quote the averages of the uncertainties given by the
two groups. The values of the J/ψ and Υ(nS) decay constants have been derived
from data, as explained above.

Model aq2 aq4 as2 as4 b2 FKS pars.
(i) 0.10 0.10 0.10 0.10 −0.06 (C.13)
(ii) 0.20 0.00 0.20 0.00 −0.07 (C.13)
(iii) 0.25 −0.10 0.25 −0.10 −0.06 (C.13)
(iv) −0.10 −0.07 −0.14 (C.13)
(v) −0.10 −0.07 −0.24 (C.13)
(vi) −0.09 −0.02 −0.08 (C.14)

Tab. C.5.: Gegenbauer moments of quark and gluon LCDAs at the scale µ0 = 1 GeV
in different benchmark models obtained from analyses of the γ∗γ → η(′) transition
form factors. Models (i)–(iii) correspond to the models in Table 2 of [88], while
models (iv)–(vi) refer to the first, third and sixth model in Table 2 of [86].
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C.2. Gegenbauer Moments

Meson V fV [MeV] f⊥V (2 GeV)/fV aV⊥2 (µ0) QV vV

ρ0 216.3± 1.3 0.72± 0.04 0.14± 0.06 1√
2

1√
2

(
1
2 − s

2
W

)
ω 194.2± 2.1 0.71± 0.05 0.15± 0.07 1

3
√

2 − s2W
3
√

2

φ 223.0± 1.4 0.76± 0.04 0.14± 0.07 −1
3 −1

4 + s2W
3

Tab. C.6.: Hadronic input parameters for light vector mesons, used in the analysis
of h → V γ [50]. The decay constants fV are extracted from data on the decays
V → l+l− [49], while the ratios f⊥V /fV are derived from a compilation of theoretical
predictions. The Gegenbauer moments at the scale µ0 = 1GeV are taken from
[81, 222]. The last two columns show the effective charges QV and vV defined in
(5.11) and below (5.28).

Meson V fV [MeV] f⊥V (2 GeV)/fV σV (µ0) QV vV

J/ψ 403.3± 5.1 0.91± 0.14 0.228± 0.005± 0.057 2
3

1
4 −

2s2W
3

Υ(1S) 684.4± 4.6 1.09± 0.04 0.112± 0.004± 0.028 −1
3 −1

4 + s2W
3

Υ(2S) 475.8± 4.3 1.08± 0.05 0.144± 0.007± 0.036 −1
3 −1

4 + s2W
3

Υ(3S) 411.3± 3.7 1.07± 0.05 0.162± 0.010± 0.041 −1
3 −1

4 + s2W
3

Tab. C.7.: Hadronic input parameters for heavy quarkonium states, used in the
analysis h → V γ [50]. The decay constants fV are extracted from the decays
V → l+l−, while the f⊥V /fV are derived from NRQCD scaling relations. The widths
σV are obtained from (4.29), with errors from parametric origin and higher-order
corrections. The last two columns show the effective charges QV and vV .

been extracted from a fit. Both studies provide several different sets of parameters
and we will use a selection of them, compiled in Tab. C.5.
For the radiative Higgs decays h → V γ, the final state vector meson is trans-

versely polarized and the relevant input parameters are the ratios f⊥V /fV and the
transverse Gegenbauer moments aV⊥n . For light vector mesons, the relevant param-
eters are compiled in Tab. C.6. We list the decay constants, the transverse decay
constants and the Gegenbauer moment aV⊥2 . Higher moments are unknown and we
encode shape uncertainties in aV⊥4 = ±0.15. For heavy quarkonia, the input pa-
rameters are listed in Tab. C.7. The shape parameters σV can be translated into
Gegenbauer moments using the model LCDA (4.28) and the inverted Gegenbauer
expansion (4.31). For our numerical analysis, we use the first 20 Gegenbauer mo-
ments obtained in this way.
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D. Cancellation of Poles in the Hard
Scattering Kernels

The one-loop corrections to the hard-scattering kernels of the exclusive decays Z →
Mγ, W → Mγ and h → Mγ are divergent in the limit of ε → 0. These poles are
removed by the renormalization of the LCDA, as explained in section 4.1.2. In this
appendix we briefly demonstrate how this cancellation occurs explicitly.
For Z →Mγ, the nonsinglet hard-scattering kernel is

H(x) = 1
x

[
1− αsCF

4π

(2 log x+ 3
ε

+ finite
)]

. (D.1)

From eq. (4.10) we can derive the counterterm for the Wilson coefficient:∫ 1

0
dx Cbare(x) 〈Obare(x)〉 =

∫ 1

0
dx

∫ 1

0
dy Cbare(x)Z−1(x, y, µ) 〈Oren(x, µ)〉 (D.2)

=
∫ 1

0
dx Cren(x, µ) 〈Oren(x, µ)〉 , (D.3)

from which it follows that the renormalized Wilson coefficient is

Cren(x, µ) =
∫ 1

0
dy Cbare(y)Z−1(y, x, µ) . (D.4)

The tree-level Wilson coefficient for Z/W → Mγ is the leading term in eq. (4.53),
given by Cbare = 1/y. We then evaluate the integral over the Brodsky-Lepage kernel:

Cren(x, µ) =
∫ 1

0
dy

1
y

{
δ(x− y)− αs(µ)CF

4πε

(
δ(x− y)

−2cΓ

[
y

x
θ(x− y − η) + ȳ

x̄
θ(y − x− η)

]
− 2
xx̄

[
yx̄

x− y
θ(x− y − η) + xȳ

y − x
θ(y − x− η)

]
+

)}
.

(D.5)

Here η is introduced to regulate the divergences of the integrals when x = y and can
be set to zero after summing the terms. Evaluating the integrals we find:

Cren(x, µ) = 1
x

[
1 + CFαs

4πε

{
2 log x+ 3 ; cΓ = 1
2 log x
x̄ + 3 ; cΓ = 0

}]
. (D.6)
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D. Cancellation of Poles in the Hard Scattering Kernels

Since for Z → Mγ, the meson M can either be a pseudoscalar or a longitudinal
vector meson, cΓ = 1. We see that the corresponding counterterm is precisely what
we need to cancel the pole in eq. (D.1).

In the flavor-singlet case, there is an additional divergent contribution coming from
the partonic Z → ggγ graphs. Since these graphs start at O(αs), their counterterm
must be of a different origin. The two-gluon hard function is

Hg(x, µ) = 2αs(µ)nfTF
πε

( log x
x̄2 −

log x̄
x2

)
+ finite (D.7)

If we allow for flavor-singlet mesons, the relation (D.4) changes into a matrix equa-
tion with a vector ~C = (Cqq, Cgg)T :C(qq)

ren (x, µ)

C(gg)
ren (x, µ)

 =
∫ 1

0
dy (Z−1)T (y, x)

C(qq)
bare(y, µ)

C(gg)
bare(y, µ)

 (D.8)

with

Z(x, y, µ) = 1δ(x− y) + αs
4πε

(
Vqq(x, y) Vqg(x, y)
Vgq(x, y) Vgg(x, y)

)
, (D.9)

and the kernel functions defined in eqs. (E.1). When expanded, we see that the
combination of the tree-level coefficient C(qq)

bare with the off-diagonal kernel Vqg(x, y)
generates a counterterm for the two-gluon contribution. It is given by the integral

δC(gg)(x, µ) = −2αs(µ)nfTF
πε

∫ 1

0
dy C(qq)

bare(y)
[
y

x2 θ(x− y)− ȳ

x̄2 θ(y − x)
]
. (D.10)

Inserting the bare Wilson coefficients from the quark contribution and the reversed
diagram C(qq)

bare = 1/y + 1/ȳ, we obtain:

C(gg)
ren (x, µ) = C(gg)

bare(x) + 2αs(µ)nfTF
πε

( log x̄
x2 −

log x
x̄2

)
, (D.11)

which cancels the pole in the hard function (D.7).
For the decays h→ V γ, the hard scattering kernel was:

H(x) = 1
xx̄

[
1− αsCF

4π

(2 log(xx̄)
ε

+ finite
)]

(D.12)

The renormalization is then performed by integrating the leading term 1/(xx̄) =
1/x + 1/x̄ over the Brodsky-Lepage kernel with cΓ = 0. The result for the part
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1/x is given in the second line of eq. (D.6), and the one for 1/x̄ is obtained by the
obvious replacement, yielding the renormalized tree-level function:

Htree
ren (x) = 1

x

[
1 + αsCF

4πε

(2 log x
x̄

+ 3
)]

+ 1
x̄

[
1 + αsCF

4πε

(2 log x̄
x

+ 3
)]

. (D.13)

Supplementing the tree-level terms in eq. (D.12) with the counterterms, we find that
the poles cancel up to a remainder

Hren(x) = 1
xx̄

[
1 + αsCF

4π

(3
ε

+ finite
)]

, (D.14)

which is canceled by the counterterm for the Yukawa coupling,

Zy = 1− 3αsCF
4πε . (D.15)
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E. RG Evolution for Flavor-Singlets
The renormalization kernels defined in eq. (4.42) are [89–92]

Vqq(x, y) = −2CF

[
x

y

(
1 + 1

y − x

)
θ(y − x) +

(
x→ x̄
y → ȳ

)]
+
,

Vqg(x, y) = 8TFnf

[
x

y2 θ(y − x)−
(
x→ x̄
y → ȳ

)]
,

Vgq(x, y) = −CF

[
x2

y
θ(y − x)−

(
x→ x̄
y → ȳ

)]
,

Vgg(x, y) = −β0 δ(x− y)

− 2CA

{
x

y

[(
θ(y − x)
y − x

)
+

+ 2x− 1
y

θ(y − x)
]

+
(
x→ x̄
y → ȳ

)}
.

(E.1)

After inserting the Gegenbauer expansion for the LCDAs, we obtain anomalous
dimensions for the individual Gegenbauer moments aPn and bPn , defined in eq. (4.46).
The explicit expression for the γijn are [89–92]

γqqn = 2CF
[
4Hn+1 − 3− 2

(n+ 1)(n+ 2)

]
,

γqgn = −TFnf
40n(n+ 3)

3(n+ 1)(n+ 2) , γgqn = −CF
12

5(n+ 1)(n+ 2) ,

γggn = 2CA
[
4Hn+1 −

8
(n+ 1)(n+ 2)

]
− 2β0 .

(E.2)
At leading order in RG-improved perturbation theory, the explicit solution for the
evolution matrix US

n (µ1, µ2) in (4.74) is given by [89–92]

US
n (µ1, µ2) = exp

[
− 1

2β0
log αs(µ1)

αs(µ2)

(
γqqn γqgn
γgqn γggn

)T ]

=


1+rn

2

(
αs(µ2)
αs(µ1)

) γ+
n

2β0 + 1−rn
2

(
αs(µ2)
αs(µ1)

) γ−n
2β0 γgqn

γ+
n−γ−n

[(
αs(µ2)
αs(µ1)

) γ+
n

2β0 −
(
αs(µ2)
αs(µ1)

) γ−n
2β0
]

γqgn
γ+
n−γ−n

[(
αs(µ2)
αs(µ1)

) γ+
n

2β0 −
(
αs(µ2)
αs(µ1)

) γ−n
2β0
]

1−rn
2

(
αs(µ2)
αs(µ1)

) γ+
n

2β0 + 1+rn
2

(
αs(µ2)
αs(µ1)

) γ−n
2β0

 ,
(E.3)
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E. RG Evolution for Flavor-Singlets

where

rn = γqqn − γggn
γ+
n − γ−n

, γ±n = 1
2

(
γqqn + γggn ±

√(
γqqn − γggn

)2 + 4γqgn γgqn
)
. (E.4)

Here γ±n are the eigenvalues of the one-loop anomalous-dimension matrix. The
corresponding solution of the evolution function Un(µ1, µ2) is much simpler and
reads

Un(µ1, µ2) = exp
[
− γqqn

2β0
log αs(µ1)

αs(µ2)

]
=
(
αs(µ2)
αs(µ1)

) γ
qq
n

2β0
. (E.5)
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F. Convolution Integrals over
Gegenbauer Polynomials

The Gegenbauer polynomials can be defined through their generating function

1
(1− 2ωt+ t2)α =

∞∑
n=0

C(α)
n (ω)tn . (F.1)

The convolution integrals of a function f(x) with a Gegenbauer polynomial can then
be extracted by multiplying both sides of eq. (F.1) with f(x) and integrating over x:

∫ b

a
dx

f(x)
(1− 2ω(x)t+ t2)α =

∞∑
n=0

[∫ b

a
dxC(α)

n (ω(x)) f(x)
]
tn . (F.2)

From this equation we can directly read off, that the convolution of f(x) with the
n-th Gegenbauer polynomial is given by the tn series coefficient of the integral on
the left-hand side.
In the example of our hard functions, the function ω(x) = 2x − 1 and the in-

tegration boundaries are a = 0, b = 1. We can then evaluate the convolutions in
eq. (4.52) by inserting them in the above equation, yielding:∫ 1

0
dx

6xx̄H±(x,mV , µ)
((1 + t)2 − 4xt)3/2 = 3

1 + t
+ 3αsCF

4π h±(t) ,

∫ 1

0
dx

6xx̄H±(x̄,mV , µ)
((1 + t)2 − 4xt)3/2 = 3

1− t + 3αsCF
4π h±(−t) ,

(F.3)

with

h±(t) =
[

3
1 + t

− 2
t

+ 2(1 + t2)
t2(1 + t) log(1 + t)

]
(log m

2
V

µ2 − iπ)

+ 2
t
− 9

1 + t
±
[1
t
− (1 + t)

t2
log(1 + t)

]
+ 2(1 + t2)
t2(1 + t)

[
log2(1 + t) + Li2 (−t)

]
.

(F.4)

From this, the hard scattering coefficients C(±)
n in (4.57) can be extracted.
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F. Convolution Integrals over Gegenbauer Polynomials

For the two-gluon contributions the relevant integrals are∫ 1

0
dx

30x2x̄2Hg(x)
((1 + t)2 − 4xt)5/2 = 5αsTF

π
g(t) , (F.5)

with
g(t) = 3 + t

t2(t2 − 1) −
6
t2
− 2(1 + t)

t3

[
log2(1 + t) + Li2 (−t)

]
+
[

1 + t2

t3(1 + t) + 6 (1 + t)
t3

]
log(1 + t)

+
[ 2− t

(1− t)t2 −
2(1 + t)
t3

log(1 + t)
]

(log m
2
Z

µ2 − iπ)

(F.6)

Extracting the tn coefficient in the expansion around t = 0 gives us the hard scat-
tering coefficients Dn in (4.63).
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G. Loop functions for Higgs Decays
The loop functions describing the off-shell h→ γV ∗ decay amplitudes with V = γ, Z
have been derived first in [137]. In our notation, they read1

Af (τ, x) = 3τ
2(1− x)

{
1− 2x

1− x

[
g(τ)− g

(τ
x

)]
+
(

1− τ

1− x

)[
f(τ)− f

(τ
x

)]}
,

Bf (τ, x) = τ

1− x

[
f(τ)− f

(τ
x

)]
,

AγγW (τ, x) = 2 + 3τ
1− x

{
1− 2x

1− x

[
g(τ)− g

(τ
x

)]}
+ 3τ

(1− x)2

(
2− τ − 8x

3

)[
f(τ)− f

(τ
x

)]
,

AγZW (τ, x) = 1
1− x

[
1− 2s2

W +
(

5
2 − 3s2

W

)
τ

]{
1− 2x

1− x

[
g(τ)− g

(τ
x

)]}
+ τ

(1− x)2

[(
5
2 − 3s2

W

)
(2− τ)− 2x

(
3− 4s2

W

)] [
f(τ)− f

(τ
x

)]
,

(G.1)
where

f(τ) =


arcsin2 1√

τ
; τ ≥ 1 ,

−1
4

(
ln 1 +

√
1− τ

1−
√

1− τ
− iπ

)2

; τ < 1 ,
(G.2)

and g(τ) = τ(1 − τ) f ′(τ). In the limit τ → ∞ they simplify to Af (τ, x) → 1,
Bf (τ, x)→ 1, AγγW (τ, x)→ 7 and AγZW (τ, x)→ 31

6 − 7s2
W .

1The function Af (τ, x) in eq. (4) of ref. [137] contains a typographical error, that we corrected.
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H. Coefficient functions of Higgs Decays

In this Appendix, we tabulate the complete expressions for the CP-even coefficients
∆V and the CP-odd coefficients ∆̃V defined in eq. (5.35). We find for the CP-even
quantities:

∆ρ0 =
[
(0.068± 0.006) + i(0.011± 0.002)

]
κ̄ρ0 + 0.0001κW − 0.0001κ̄c

κeff
γγ

,

∆ω =
[
(0.068± 0.006) + i(0.011± 0.002)

]
κ̄ω − 0.0001κW − 0.0001κ̄c

κeff
γγ

,

∆φ =
[
(0.093± 0.008) + i(0.015± 0.003)

]
κ̄φ

κeff
γγ

+ 0.0002κW − 0.0002κ̄c − 0.0001κγZ
κeff
γγ

,

∆J/ψ =
[
(0.281± 0.045) + i(0.040± 0.009)

]
κ̄c

κeff
γγ

+ 0.0004κW − 0.0003κτ − 0.0001κb + 0.0001κ̄s − 0.0003κγZ
κeff
γγ

,

∆Υ(1S) =
[
(0.948± 0.040) + i(0.130± 0.019)

]
κb

κeff
γγ

+ 0.019κW − 0.001κt − 0.001iκτ + (0.001− 0.002i)κ̄c − 0.010κγZ
κeff
γγ

,

(H.1)
where the parameters κ̄V for light mesons are defined in eq. (5.14). We omit the
results for the other Υ(nS) states, since they are very similar to the 1S-state result,
see eq. (5.38). The first term in each expression shows the direct contribution,
whereas the remaining terms arise from the power-suppressed h → γZ∗ → γV
amplitude and the off-shellness of the photon in the h → γγ∗ → γV amplitude.
Both of these effects are generically smaller than the uncertainties in the leading
terms.

147



H. Coefficient functions of Higgs Decays

The CP-odd coefficients ∆̃V are:

∆̃ρ0 − rCP =
[
(0.068± 0.006) + i(0.011± 0.002)

]¯̃κρ0

κeff
γγ

+ (0.429 + 0.003i)κ̃t + (0.306 + 0.002i)κ̃γγ
κeff
γγ

− (0.004− 0.003i)κ̃τ + (0.002− 0.002i)κ̃b + (0.005− 0.003i)¯̃κc
κeff
γγ

,

∆̃ω − rCP =
[
(0.068± 0.006) + i(0.011± 0.002)

]¯̃κω
κeff
γγ

+ (0.429 + 0.003i)κ̃t + (0.306 + 0.002i)κ̃γγ
κeff
γγ

− (0.004− 0.003i)κ̃τ + (0.002− 0.002i)κ̃b + (0.005− 0.003i)¯̃κc
κeff
γγ

,

∆̃φ − rCP =
[
(0.093± 0.008) + i(0.015± 0.003)

]¯̃κφ
κeff
γγ

+ (0.429 + 0.003i)κ̃t + (0.306 + 0.002i)κ̃γγ
κeff
γγ

− (0.004− 0.003i)κ̃τ + (0.002− 0.002i)κ̃b + (0.005− 0.003i)¯̃κc
κeff
γγ

,

∆̃J/ψ − rCP =
[
(0.277± 0.045) + i(0.043± 0.009)

]¯̃κc
κeff
γγ

+ (0.429 + 0.003i)κ̃t + (0.306 + 0.002i)κ̃γγ
κeff
γγ

− (0.004− 0.003i)κ̃τ + (0.003− 0.002i)κ̃b
κeff
γγ

,

∆̃Υ(1S) − rCP =
[
(0.945± 0.040) + i(0.132± 0.019)

]
κ̃b

κeff
γγ

+ (0.427 + 0.003i)κ̃t + (0.306 + 0.002i)κ̃γγ
κeff
γγ

− (0.004− 0.002i)κ̃τ + (0.004− 0.001i)¯̃κc + 0.010κ̃γZ
κeff
γγ

.

(H.2)

While we find large contributions proportional to κ̃t and κ̃γγ , the bounds on these
parameters still imply that the direct contribution should give the leading effect.
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I. Beta Functions for Neutrino Mass
Models

Here we list the relevant one-loop beta functions for the various neutrino mass
models, discussed in Chapter 6. We will first discuss the inverse seesaw model. The
beta functions for the type-I seesaw model can readily be retrieved from simple
replacements.

I.1. Inverse Seesaw Model
I.1.1. Structure of the Mass Matrix
We start from the mass matrix of the inverse seesaw model, eq. (6.14), which we
repeat here:

Mν ≡

 0 Y T
ν v/
√

2 0
Yνv/

√
2 0 MT

D

0 MD ms

 . (I.1)

For 3 generations of active neutrinos, nN generations of heavy NR fields, and nS
generations of S fields, Yν is an nN × 3 matrix, MD is an nS × nN matrix, and ms

is an nS × nS matrix. We assume ‖Yν‖ ∼ O(1), ‖MD‖ ∼ TeV and ‖ms‖ ∼ keV. We
moreover assume nS > nN so thatMν has at least one O(keV) eigenvalue, providing
a dark matter candidate.
For the RG analysis, it is more convenient to work with a matrix which has

diagonal elements much larger than the off-diagonal ones. Moreover, it is convenient
to group the elements of this matrix by their typical scale. We therefore apply a
unitary transformation V to Mν to bring it to the form

M̃ν ≡ V TMνV =

 0 Ŷ T
ν v/
√

2 Ỹ T
ν v/
√

2
Ŷνv/

√
2 MN mT

D

Ỹνv/
√

2 mD m̂s

 . (I.2)

V is chosen such that ‖MN‖ � ‖mD‖, ‖m̂s ∼ keV‖ and ‖Ŷν‖ ∼ ‖Yν‖ � ‖Ỹν‖.
Thus, MN is a 2nN × 2nN matrix with eigenvalues of order TeV and m̂s is an
(nS − nN )× (nS − nN ) matrix.
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To construct V explicitly, we first consider the unitary nS×nS matrix uL and the
unitary nN × nN matrix uR which diagonalize MD according to

Mdiag
D = u†LMDuR . (I.3)

Here Mdiag
D means the diagonal matrix of eigenvalues, ordered in descending order.

From uL and uR, we construct

UL =
(

13+nN 0
0 uL

)
UR =

13 0 0
0 uR 0
0 0 1nS

 W = URU
∗
L . (I.4)

Then, the transformation

W TMνW (I.5)

will diagonalize the MD blocks in mν , putting the largest mass eigenvalues on top.
After this, we perform a rotation by π/4 in the singlet block, given by:

X =

13 0 0
0 rnN×nN rnN×nS
0 −rnS×nN rnS×nS

 , (I.6)

where

rn×m ≡
1√
2

1 · · · 0 0 · · · 0
... . . . ...

... . . . ...
0 · · · 1 0 · · · 0

 (I.7)

is the n× n identity matrix (multiplied by 1/
√

2), padded with zeros to turn it into
an n×m matrix. After applying the full rotation

V ≡ URU∗LX (I.8)

to Mν , we obtain M̃ν in the form given in eq. (I.2). We summarize the dimensions
and the mass scales for the different blocks of Mν and M̃ν in I.1. The 2nN × 2nN
matrix MN has nN pairs of eigenvalues that differ only by ∆M ∼ O(keV), much
less than the absolute scale of the eigenvalues of order TeV. The eigenstates in each
pair couple to the active neutrinos via Yukawa couplings that are equal (up to a
factor of i). Their contributions to the light neutrino masses therefore cancel up to
terms of order ∆M/‖MN‖. This explains the smallness of the active neutrino masses
despite the fact that Ŷν is O(1) and MN is O(TeV). Another small contribution to
the active neutrino masses comes from the O(keV) mass eigenstate mixing with the
active fields through the strongly suppressed Ỹν . We can also understand why Mν

has nS − nN eigenvalues of order keV: the off-diagonal elements in the last nS − nN
rows and columns of X are zero and thus we get nS − nN keV states that do not
mix with the NR or νL fields.
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Original basis Rotated basis
matrix dimensions matrix dimensions scale
Yν nN × 3 Ŷν 2nN × 3 O(Yν)
MD nS × nN Ỹν (nS − nN )× 3 O(Yνms/MD)
ms nS × nS MN 2nN × 2nN O(MD)

mD (nS − nN )× 2nN O(ms)
m̂s (nS − nN )× (nS − nN ) O(ms)

Tab. I.1.: Dimensions of the submatrices forming the mass matrices Mν and M̃ν in
the inverse seesaw model (see eqs. (I.1) and (I.2)). In the last column, we indicate
the typical mass scale of the matrices in the rotated basis, (I.2).

I.1.2. Beta Functions for the Inverse Seesaw Model
We derive the RG equation for the mass matrix M̃ν given in I.2 by using the fact
that M̃ν has exactly the same structure as the mass matrix of a type-I seesaw model.
Whenever the renormalization scale µ crosses the mass scale of one of the heavy

sterile neutrinos as it is evolved from MGUT to mZ , the corresponding row and
column is removed from the mass matrix M̃ν . Moreover the remaining rows and
columns are modified to include the effect of integrating out one neutrino state.
This in particular implies that the upper 3× 3 block of M̃ν , which is zero initially,
becomes a nonzero matrix κ. (We follow the notation of ref. [184] here.) If we did
run down to sub-keV scales and integrated out all sterile states, κ would eventually
coincide with mν = v2

2 Y
T
ν M

−1
D msM

−1
D Yν .

For the beta functions of a parameter x, we use the convention

βx = µ
d

dµ
x . (I.9)

The evolution equations read

16π2βMN
=
(
Ŷν Ŷ

†
ν

)
MN +MN

(
Ŷν Ŷ

†
ν

)T +
(
Ŷν Ỹ

†
ν

)
mD +mT

D

(
Ŷν Ỹ

†
ν

)T
16π2βm̂s =

(
Ỹν Ỹ

†
ν

)
m̂s + m̂s

(
Ỹν Ỹ

†
ν

)T +
(
Ỹν Ŷ

†
ν

)
mT
D +mD

(
Ỹν Ŷ

†
ν

)T
16π2βmD =

(
Ỹν Ỹ

†
ν

)
mD +mD

(
Ŷν Ŷ

†
ν

)T +
(
Ỹν Ŷ

†
ν

)
M + m̂s

(
Ŷν Ỹ

†
ν

)T
16π2βκ = −3

2
(
Y †e Ye

)T
κ− 3

2κ
(
Y †e Ye

)
+ 1

2
(
Ŷ †ν Ŷν

)T
κ+ 1

2κ
(
Ŷ †ν Ŷν

)
+ 2 tr

(
Y †e Ye

)
κ+ 2 tr

(
Y †ν Yν

)
κ+ 6 tr

(
Y †uYu

)
κ

+ 6 tr
(
Y †d Yd

)
κ− 3g2

2κ+ λκ
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16π2βŶν = Ŷν

[3
2
(
Ỹ †ν Ỹν + Ŷ †ν Ŷν

)
− 3

2
(
Y †e Ye

)
+ tr

(
Ŷ †ν Ŷν + Ỹ †ν Ỹν

)
+ tr

(
Y †e Ye

)
+ 3 tr

(
Y †uYu

)
+ 3 tr

(
Y †d Yd

)
− 9

20g
2
1 −

9
4g

2
2

]
16π2βỸν = Ỹν

[3
2
(
Ỹ †ν Ỹν + Ŷ †ν Ŷν

)
− 3

2
(
Y †e Ye

)
+ tr

(
Ŷ †ν Ŷν + Ỹ †ν Ỹν

)
+ tr

(
Y †e Ye

)
+ 3 tr

(
Y †uYu

)
+ 3 tr

(
Y †d Yd

)
− 9

20g
2
1 −

9
4g

2
2

]
16π2βYe = Ye

[3
2Y
†
e Ye −

3
2
(
Ŷ †ν Ŷν + Ỹ †ν Ỹν

)
− 9

4g
2
1 −

9
4g

2
2

+ tr
[
Y †e Ye + Ŷ †ν Ŷν + Ỹ †ν Ỹν + 3Y †d Yd + 3Y †uYu

]]
16π2βYd = Yd

[3
2Y
†
d Yd −

3
2Y
†
uYu −

1
4g

2
1 −

9
4g

2
2 − 8g2

3

+ tr
[
Y †e Ye + Ŷ †ν Ŷν + Ỹ †ν Ỹν + 3Y †d Yd + 3Y †uYu

]]
16π2βYu = Yu

[3
2Y
†
uYu −

3
2Y
†
d Yd −

17
20g

2
1 −

9
4g

2
2 − 8g2

3

+ tr
[
Y †e Ye + Ŷ †ν Ŷν + Ỹ †ν Ỹν + 3Y †d Yd + 3Y †uYu

]]
16π2βλ = 6λ2 − 3λ

(
3g2

2 + 3
5g

2
1

)
+ 3g4

2 + 3
2

(3
5g

2
1 + g2

2

)2

+ 4λ tr
[
Y †e Ye + Ŷ †ν Ŷν + Ỹ †ν Ỹν + 3Y †d Yd + 3Y †uYu

]
− 8 tr

[
Y †e YeY

†
e Ye +

(
Ŷ †ν Ŷν + Ỹ †ν Ỹν

)(
Ŷ †ν Ŷν + Ỹ †ν Ỹν

)
+ 3Y †d YdY

†
d Yd + 3Y †uYuY †uYu

]

(I.10)

Note that the new fields introduced in the inverse seesaw model are all singlets under
the SM gauge group. Therefore, the one-loop running of the SU(3)c × SU(2)L ×
U(1)Y gauge couplings is described by the SM expressions

g−2
1 (µ) = g−2

1 (mZ)− 41
80π2 log

(
µ

mZ

)
,

g−2
2 (µ) = g−2

2 (mZ) + 19
48π2 log

(
µ

mZ

)
,

g−2
3 (µ) = g−2

3 (mZ) + 7
8π2 log

(
µ

mZ

)
.

(I.11)
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I.2. Inverse Seesaw Model with Gauged Baryon-Lepton Number

I.1.3. Beta Functions for the Type-I Seesaw Model

By comparing the mass matrix of the inverse seesaw model in eq. (I.2), to the mass
matrix of the type-I seesaw model

Mν,type-I ≡
(

0 Y T
ν v/
√

2
Yνv/

√
2 M

)
, (I.12)

we can immediately read off that the RGEs for the type-I seesaw model are obtained
from eqs. (I.10) by setting Ŷν = Yν , MN = M , Ỹν = 0, mD = 0, and m̂s = 0. The
resulting equations agree with the ones found in the literature [184–188].

I.2. Inverse Seesaw Model with Gauged Baryon-Lepton
Number

For the model with the gauged U(1)B−L symmetry, described in section 6.2, we find
the following evolution equations:

16π2βYν = Yν

[1
2λ

T
Sλ
∗
S

]
+ Yν

[3
2Y
†
ν Yν −

3
2Y
†
e Ye + tr(Y †e Ye) + tr(Y †ν Yν)

+ 3 tr(Y †d Yd) + 3 tr(Y †uYu)− 9
20g

2
1 −

9
4g

2
2 − 6g′2

]

16π2βYe = Ye

[3
2Y
†
e Ye −

3
2Y
†
ν Yν + tr(Y †e Ye) + tr(Y †ν Yν) + 3 tr(Y †d Yd)

+ 3 tr(Y †uYu)− 9
4g

2
1 −

9
4g

2
2 − 6g′2

]

16π2βλS = λS

[
tr(λ†SλS) + Y ∗ν Y

T
ν + λ†SλS − 15g′2

]

16π2βYu = Yu

[3
2Y
†
uYu −

3
2Y
†
d Yd −

17
20g

2
1 −

9
4g

2
2 − 8g2

3 −
2
3g
′2

+ tr(Y †e Ye) + tr(Y †ν Yν) + 3 tr(Y †d Yd) + 3 tr(Y †uYu)
]

16π2βYd = Yd

[3
2Y
†
d Yd −

3
2Y
†
uYu −

1
4g

2
1 −

9
4g

2
2 − 8g2

3 −
2
3g
′2

+ tr(Y †e Ye) + tr(Y †ν Yν) + 3 tr(Y †d Yd) + 3 tr(Y †uYu)
]

16π2βg′ = Cg′3

(I.13)
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The numerical coefficient C in the beta function for the U(1)B−L coupling constant
g′ in the last line of (I.13) depends on the number of fields in the model and is given
by

C = 2
3

∑
fermions

Q2
B−L + 1

3
∑

scalars
Q2
B−L . (I.14)

In our specific model, including four generations of S and S′ each, we find C = 97
3 .

For only three generations of S and S′ fields, we would have found C = 27 instead.
The running of the quartic Higgs coupling λ and of the SM gauge couplings is
the same as in the phenomenological inverse seesaw model at one-loop level, see
the previous section. Note that we neglect the running of all parameters in the
scalar sector other than the quartic Higgs coupling. The running of these couplings
influences the evolution of the mixing parameters only indirectly by modifying the
U(1)B−L breaking scale.
Where possible, we have checked that we reproduce the applicable terms in the

renormalization group equations presented in ref. [236] for a U(1)B−L extension of
the SM with three right-handed neutrinos, but without an inverse seesaw mechanism.
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