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Abstract / Zusammenfassung

In this thesis I present aspects of QCD calculations, which are related to the fully numerical eval-
uation of next—to—leading order (NLO) QCD amplitudes, especially of the one-loop contributions, and
the efficient computation of associated collider observables. Two interrelated topics have thereby been
of concern to the thesis at hand, which give rise to two major parts. One large part is focused on the
general group—theoretical behavior of one-loop QCD amplitudes, with respect to the underlying SU(N,.)
theory, in order to correctly and efficiently handle the color degrees of freedom in QCD one-loop am-
plitudes. To this end a new method is introduced that can be used in order to express color—ordered
partial one—loop amplitudes with multiple quark—antiquark pairs as shuffle sums over cyclically ordered
primitive one—loop amplitudes. The other large part is focused on the local subtraction of divergences
off the one-loop integrands of primitive one—loop amplitudes. A method for local UV renormalization
has thereby been developed, which uses local UV counterterms and efficient recursive routines. Together
with suitable virtual soft and collinear subtraction terms, the subtraction method is extended to the vir-
tual contributions in the calculations of NLO observables, which enables the fully numerical evaluation
of the one-loop integrals in the virtual contributions. The method has been successfully applied to the

calculation of jet rates in electron—positron annihilation to NLO accuracy in the large—N, limit.

In dieser Arbeit stelle ich Aspekte zu QCD Berechnungen vor, welche eng verkniipft sind mit der nu-
merischen Auswertung von NLO QCD Amplituden, speziell der entsprechenden Einschleifenbeitréage, und
der effizienten Berechnung von damit verbundenen Beschleunigerobservablen. Zwei Themen haben sich
in der vorliegenden Arbeit dabei herauskristallisiert, welche den Hauptteil der Arbeit konstituieren. Ein
grofler Teil konzentriert sich dabei auf das gruppentheoretische Verhalten von Einschleifenamplituden in
QCD, um einen Weg zu finden die assoziierten Farbfreiheitsgrade korrekt und effizient zu behandeln. Zu
diesem Zweck wird eine neue Herangehensweise eingefiihrt welche benutzt werden kann, um farbgeordnete
Einschleifenpartialamplituden mit mehreren Quark—Antiquark Paaren durch Shuflesummation tiber zyk-
lisch geordnete primitive Einschleifenamplituden auszudriicken. Ein zweiter grofler Teil konzentriert sich
auf die lokale Subtraktion von zu Divergenzen fiihrenden Poltermen in primitiven Einschleifenamplituden.
Hierbei wurde im Speziellen eine Methode entwickelt, um die primitiven Einchleifenamplituden lokal zu
renormieren, welche lokale UV Counterterme und effiziente rekursive Routinen benutzt. Zusammen mit
geeigneten lokalen soften und kollinearen Subtraktionstermen wird die Subtraktionsmethode dadurch auf
den virtuellen Teil in der Berechnung von NLO Observablen erweitert, was die voll numerische Auswer-
tung der Einschleifenintegrale in den virtuellen Beitragen der NLO Observablen ermoglicht. Die Methode
wurde schliellich erfolgreich auf die Berechnung von NLO Jetraten in Elektron—Positron Annihilation im

farbfiihrenden Limes angewandt.
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Chapter 1

Introduction

High energy colliders allow us to study the fundamental forces of nature in a well-defined en-
vironment. With the start of the Large Hadron Colliders (LHC) in Geneva so far unexplored
energies of up to a design energy of 14 TeV in the center—of-mass frame of the two colliding pro-
tons are thereby now in reach. The main research program at the LHC focuses on the search for
the Higgs boson in the Standard Model (SM) and on the search for signals of new physics (NP)
beyond the Standard Model (BSM). The recent discovery of a new resonance at around 125 GeV
H, B] by both the main experiments ATLAS and CMS marks thereby a tremendous success but
also the advent of high precision measurements in high energetic hadronic scattering processes.
Since the experiments at the LHC are faced with high QCD jet rates and also a plethora of other
SM processes, it is unavoidable in any signal search to determine the associated QCD or SM
background with equally high precision. A selection of such background processes is given in
table [Tl In addition to hadron induced scattering processes also the scattering of two leptons
in the initial state can be important for QCD predictions, where jet rates in electron—positron
annihilation for example constitute rather clean observables from which the strong coupling
constant can be determined with high precision B] The development of reliable and efficient
computational tools for the automated computation of many—particle (QCD) processes at high
energies is thereby an important task, where special focus these days is given to the automated
computation of many—particle processes at the next—to-leading order (NLO) accuracy in the
perturbative expansion in the strong coupling constant. Numerical Monte Carlo methods are
thereby natural candidates for the implementation of such tools, where one has to distinguish
between parton level Monte Carlo programs and general purpose Monte Carlo event generators
like Pythia 8, Herwig++ or Sherpa Ja], which use the parton level programs to evaluate the

perturbative hard scattering processes and complement them with additional perturbative and



1.1 Processes in Hadron Colliders

Background process | Associated signal process
pp = VV + jet ttH, NP
pp — H + 2jets VBF — H
pp — ttbb ttH
pp — tt + 2jets ttH
pp — VVbb VBF — H — VV, ttH, NP
pp = VV 4 2jets VBF - H—->VV
pp — V + 3jets NP
pp — VVV NP

Table 1.1: A selection of Standard Model background processes, as given in B], on the left and the
associated signal processes on the right. Many of the background processes are associated with QCD

processes.

non—perturbative components like parton distribution functions, parton showers and hadroniza-

tion models.

1.1 Processes in Hadron Colliders

For physics predictions in hadron colliders the strategy in the development of theoretical tools
is to "divide and conquer”, whereby the scattering process at high energies is understood to
be factorizable into several contributions as depicted in figure [Tl and where the scattering
process between the initial (parent) protons is modeled to some extend by and around the
hard scattering process between their partonic (daughter) constituents, due to the property
of asymptotic freedom of QCD at high energies. The protons are defined to be color neutral.
Upon separation of the partonic constituents from the parent proton, however, we separate a
color neutral state into a color charged main constituent and a color charged remnant. Figure [Tl
depicts thereby the separation and subsequent interaction of the partonic main constituents, the
main event. The color charged remnants can of course also undergo further interactions, which
has to be modeled as part of the underlying events. The corresponding formula to calculate an

observable from the main event can, in a rather condensed notation, be written as [§]

2 1. Introduction



1.1 Processes in Hadron Colliders
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Figure 1.1: The scattering of two protons described by the PDFs f, and f,. The hard scattering process
is described by the scattering between the corresponding partonic constituents a and b respectively, with a
partonic center—of-mass energy squared §. The consecutive radiation of soft and/or collinear partons off
the partons from the hard scattering process is governed by a parton shower. The partons in the parton
shower hadronize at a certain scale AQQCD < 5 around Agcp = 1 GeV, and may subsequently decay. Not

depicted are the underlying events alongside the main event.
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X Z/d¢n_20(p1,...,pn)\An(g)R (1.1)

where the f,(x1) and f,(z2) denote the parton distribution functions or parton density functions
(PDFs) of the protons 1 and 2 to contribute the partons a and b with corresponding momen-
tum fractions x1 and zs respectively, and where we sum over the possible parton configurations.
F(3) is a typical flux factor, i.e. two times the center—of-mass energy squared of the incoming
partons 25. The averaging over the S; and C} is over the numbers of the spin and color degrees
of freedom of the incoming partons, where we have two spin degrees of freedom for (anti-)quarks
as well as gluons, and three color degrees of freedom for (anti-)quarks and eight color degrees of
freedom for gluons. The second sum is over the possible numbers of final-state particles in the

hard n—particle scattering process, where the integration is over the phase-space of the (n — 2)

1. Introduction 3



1.1 Processes in Hadron Colliders

final-state particles. |.A,(8)|? is the matrix element squared of the hard scattering process with

n particles, summed over all color and spin degrees of freedom.

The given picture portrays a ”snapshot” of the evolution of the protons during the scattering
process, where we pick an arbitrary scale ,u% to factorize off the actual hard interaction between
the partonic constituents. The hard scattering process is then described at a certain hard scale
beyond the factorization scale u%. The PDFs fi(z;, Q%) are non-perturbative objects which
describe the distributions of partons inside the protons, i.e. the probability density for a parent
proton j to contain a partonic constituent of flavor ¢ with a certain longitudinal momentum
fraction z; at a scale Q?. The partonic distribution within a proton cannot be calculated from
first principles in perturbation theory. The evolution of a specific parton to the point of the fac-
torization scale u%, i.e. the behavior of the PDFs with the variation of the scale ﬁQ can however

ﬂ] . Thus the

PDFs can be measured in experiment at a certain fixed scale Qg and can then be extrapolated

be calculated in perturbation theory, which results in the DGLAP equations

to a different scale, where the factorization scale ,u% is typically chosen to be close to a hard
scale. The corresponding scale-dependence of the PDF's is reduced if we consider higher orders
in the perturbative expansion in the strong coupling constant, where the scale-variation of the
PDFs introduces thereby poles of collinear origin, which are partly absorbed into the definition
of the PDFs.

The hard scattering process, which can be calculated completely in perturbation theory, is now
described entirely by the interaction between the partonic main constituents at a certain hard
energy scale, where the partonic center—of-mass energy squared § is determined from the initial
hadronic center—of-mass energy squared s by § = x129s. The central object in any computation
to the hard scattering process is thereby the hard scattering matrix element A, (8, ,u%, ,u%) of the
hard scattering process of n particles with a center—of-mass energy squared § and is generally
determined up to another arbitrary scale ,u%. In practical calculations the factorization scale
p2 from the PDFs and the renormalization scale ,u%% are often identified via p? = p2 = ,u%%. In
this thesis we focus upon aspects in the automatized computation of multi-particle hard matrix

elements in QCD up to NLO accuracy in the strong coupling constant.

The experiments detect events at the hadronic level. Parton showers are hereby used in the
computation in order to describe cascades of soft and/or collinear radiation, which govern the
evolution from the hard scale of the hard partonic scattering process down to a hadronization

scale Agcp ~ O(1 GeV), at which the partons in the shower are expected to recombine into

4 1. Introduction



1.1 Processes in Hadron Colliders

color neutral hadronic states. Parton showers are perturbative objects which make use of the
fact that QCD matrix elements are in general enhanced in the soft and collinear regions and
can thus be approximated accordingly by appropriately chosen splitting kernels. The Sudakov
form factors at the heart of the parton showers, whose evolution is governed by the DGLAP
equations and contain the DGLAP splitting kernels, describe thereby sequences of (no—)emission
probabilities for soft and/or collinear radiation. The subsequent hadronization cannot be calcu-
lated in perturbation theory and has to be modeled. Parton showers approximate the behavior
of matrix elements essentially up to arbitrary orders in the strong coupling constant, but are
trustworthy only in the soft and/or collinear regions. This approximation is reasonable since
matrix elements are in general enhanced in these regions, however, it is such that it is naively
only correct up to the so called leading logarithmic behavior. A more detailed overview on the

matter of parton showers and general purpose event generators can be found in ]

Accompanying the main event are the underlying events, which are soft and collinear interactions
of the proton remnants. In addition there are multiple interactions, which originate in additional
interactions between the remnants from the partonic separation off the main event, or pile up
events, which originate in the scattering between a different proton pair from the same proton
bunch in the beam. The strong model dependence in the non—perturbative parts of the main
event and in the underlying events limits the accuracy of the theoretical predictions. For a
certain class of observables, which depend not as much on showering and hadronization, we can
however still rely on the perturbative calculations. This is the class of infrared safe observables,
which means that the observables do not change in the limit in which additional soft or collinear

particles are imposed. An infrared safe observable O is thereby defined to behave as follows

On—1(p1, -+, Dis s Pn—1) = On—2(p1, .., Wi s Pn—1) if p; = 0 (1.2)
On—l(pla ~y Pisy "'7pj7 "'pn—l) — On—?(pla ~y Di + pj7 "'7pn—1) if szp] (13)
On—2(p1, ..., pn—2) = 0 if p;.p; — 0 for any ¢, j (1.4)

An important class of observables is the class of jet observables, whereby some definitions of the
corresponding jet algorithms posses the property of being infrared safe. The crude picture of a
jet is that of a more or less central parton, which radiates off additional (soft and/or collinear)
partons inside a ”cone” of a certain ”opening angle” around the central parton. Several for-
mulations to define such jet algorithms are available, where some fulfill the above criterion of
infrared safeness and some do not. The property of being an additional soft and/or collinear

parton or not is thereby governed by either residing inside or outside the cone, i.e. whether the
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1.2 Perturbative Calculations

associated jet variable is either smaller than a certain defined jet resolution parameter .,; or
gets cut away. We speak thereby of unresolved or resolved partons. A more detailed overview

on the matter of jet observables can be found in , ]

Jets can either be modeled on the partonic level or on the hadronic level after showering, or even
after hadronization, where the momenta of the jets are usually given by the sum of the momenta
of the contributing partons. At leading order (LO) in the perturbative expansion in the strong
coupling constant partonic jets are thereby modeled by only the central parton. At NLO jets
are modeled by up to two partons, i.e. up to one additional unresolved parton. At NNLO jets
are modeled by up to two additional unresolved partons, and so on. This is depicted in figure
One can now compute for example the matrix element of a hard scattering process with
two partons in the partonic final state, run the parton shower, and get a bunch of partons at the
hadronic level just before hadronization. At the partonic level of the hard scattering we can then
have two resolved LO jets or one resolved NLO jet, depending on up to which order we want to
compute the observable. At the hadronic level we can have more jets at various desired orders,
depending on the number of partons after the showering. Parton showers approximate jets up to
an arbitrary order in the strong coupling but are only correct in the soft and/or collinear regions
of phase space. These are the regions where real emission is dominant and the contributions
are approximated by (n + z)-parton tree-level matrix elements with = additional unresolved
radiated partons. Since the shower is only correct in the soft and/or collinear regions, however,
this means that any additional jets compared to the partonic level of the hard scattering do
not contribute correctly to the observable. Any additional resolved jet should thus be provided
directly from the matrix element, which explains the importance of providing multi—particle
matrix elements at higher orders. The problem of how to match a matrix element calculation
to a parton shower in order to get the best out of both, and how to do this properly at higher
orders in perturbation theory, is a topic on its own and will not be covered in this thesis. A

more detailed overview on the matter of matching and merging can be found in B, IB]

1.2 Perturbative Calculations

QCD is asymptotically free, and at high energies the strong coupling constant therefore becomes
small. The matrix element of the hard scattering process can therefore be computed in perturba-
tion theory. The one—loop renormalization group equation, which governs the scale dependence

of the strong coupling constant «g, is thereby given by
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1.2 Perturbative Calculations

Yeut Yeut Yeut

Figure 1.2: At LO jets are modeled by one parton. At NLO jets are modeled by up to two partons, i.e.
up to one additional unresolved parton. At NNLO jets are modeled by up to two additional unresolved

partons. The picture is taken from [8].

d s 1 s
i aa(5e) = —3h(52)" +0lad) (15)

where By = (Y N. — 2ny) and in QCD N, = 3. With a, = g2/4w this can also be written as

the Callan-Symanzik S—function /fifﬁ = B(gs) = — 5&9)%, which is negative for ny < 16. From

equation we can determine

1/l (z&) (1.6)

Bo In (Aéﬁ) oer

as(Q%)

with the two bounds of integration given by @Q?, an arbitrary upper scale, and AZQC p» & lower
cut—off scale at which perturbative QCD is expected to break down and non—perturbative ef-
fects start to take over. Omne notes the "running” behavior of a,(Q?), with confinement in the

non-perturbative regime and asymptotic freedom for large Q2, which is depicted on the left of

figure

The scale dependence of the strong coupling constant enters also the computation of observables,
where for example the LO prediction for the cross section to the process pp — tt + jet + X is
proportional to a3 ] and therefore highly scale dependent. The inclusion of higher orders in
the perturbative expansion in a reduces this scale dependence and enhances thus the predictive

power of the computation. This is depicted on the right of figure [[L3]

For an observable whose LO prediction is given by an n—parton tree-level amplitude the following

1. Introduction 7



1.2 Perturbative Calculations

05 April 2012 15120 '
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Figure 1.3: Left: Running of as(Q), plot taken from m] Right: Scale dependence of o(pp — tt+jet+X)
at LO and NLO, plot taken from [15].

expansions are relevant for the calculations of the NLO and NNLO predictions dg]

o2 A2 = 0272 (AP + 0, 2Re(AP*AD) + a22Re(AD AP + a2IADP ) (1L7)

o2 a2 = al 72 (@A P+ aZ2Re(ATT AL ) ) (1.8)

ol A f? = a2 2 (a2 AL ) (1.9)

where the dependence of the squared n—parton QCD amplitude on the strong coupling con-
stant at LO has been explicitly pulled out for clarification. The LO contribution in green is
simply given by the square of the tree-level matrix element with n partons ].A,(@O)P. The NLO
contributions in red originate from two different regions with respect to the phase—space: One
contribution comes from the interference term of the virtual one-loop matrix element with
the corresponding tree—level matrix element with n partons, the other comes from the squared
(n+1)-parton tree-level matrix element with one additional parton. The two NLO contributions
”live” on different phase—spaces as far as final-state phase—space integration is concerned. In
gray are the NNLO contributions. Up to NNLO we include the radiation of up to two additional
partons. For jet observables, as described above, this means that up to NNLO jets are modeled
by up to two additional partons, up to NLO they are modeled by up to one additional parton.

In this thesis we will focus entirely on the evaluation of the NLO contributions.

8 1. Introduction



1.2 Perturbative Calculations

In order to compute (QCD) matrix elements in perturbation theory one relies usually on a
Feynman diagrammatic picture, where the necessary Feynman rules are derived from the corre-

sponding Lagrangian density. The Lagrangian for QCD is thereby given by

1 .
Laop = 1 F™" (@)Fg, (x) = 3 (0" A3(@)) + 7 a(@) (i7" Dy = mg)a(@) + Lrpghost (1.10)
q

with Fj, (z) = 0, A} (z) — 0, A () + gsfabcAZ(x)A,‘i(x) and D, = 0, —igsT*Af(x). The gluon
field is hereby denoted by Aj(z) and the quark field in a short-hand notation by ¢(z), where
we sum over all quark—flavors and g(xz) denotes the corresponding conjugated spinor. The
summation over contracted color indices is usually not shown explicitly, according to Einstein’s
summation convention for repeated indices. The first and the second term cover the pure gluonic
contributions, where the first term contributes to the non—abelian gluonic three— and four—valent
interactions and together with the second term to the gluonic quadratic self-interaction, which
results in the gluon propagator. To define the generating functional properly a gauge parameter
has to be introduced in the second term. Physical observables are independent of the choice of
the gauge and we thus use the Feynman—"t Hooft gauge with £ = 1, which is to some extend
the most simple to use. For the computation of amplitudes in the Feynman gauge we have
to introduce auxiliary fields, the Faddeev—Popov ghost fields, to cancel unphysical degrees of
freedom introduced through the gluon propagator in the Feynman gauge. Their action is gov-
erned by the fourth term Lrp gpost, which is not shown explicitly. The third term governs the
quadratic contribution of the quark fields with mass m,, which leads to the (massive) quark
propagator, and the interaction between gluons and quarks through the covariant derivative
D,,

man rules in appendix [Al In equation [LI0 v* denotes the Dirac gamma matrices, which are

which leads to the quark—gluon vertex. We have collected all the necessary QCD Feyn-

four—dimensional matrices in spin—space and are for massless QCD in the high energy limit best
chosen in the Weyl representation. The matrices T} are the generators of the SU(/NV,) algebra in
the fundamental representation, carrying an adjoint index a = 1, ..., N2 — 1, a fundamental index
i =1,..., N, and an antifundamental index 7= 1..., N.. In equation [[L.T0l we have suppressed the
(anti-)fundamental indices of the color matrices as well as the spin indices on the quark fields
and the Dirac matrix. Further details can be found in any textbook on particle physics and

quantum field theory.

Multi-parton QCD calculations are in the usual Feynman diagrammatic approach complicated
by the combinatorics and the complex non—abelian structure, expressed in the algebraically

complex Feynman rules for the non—abelian vertices. In the usual Feynman diagrammatic ap-

1. Introduction 9



1.3 Divergences in Infrared Safe Observables

proach this results in a plethora of Feynman diagrams which have to be computed, where for
example for pure gluon tree-level amplitudes the number of Feynman diagrams which have to
be computed grows factorially with the number of external gluons. A large part of this thesis
is concerned with a method to get the organization of the color degrees of freedom in one—loop
amplitudes straight. Color—ordering helps therefor by exploring the general properties of the
underlying gauge theory, which will be discussed in great detail in chapter 2

1.3 Divergences in Infrared Safe Observables

Infrared safe observables constitute an important class of observables for physics predictions
in particle collider processes. The various contributions to the NLO computations of such
observables, however, are stricken by soft and collinear singularities. Consider the two—particle
scattering process 2 — (n — 2), with (n — 2) particles in the final state. In a rather condensed
notation the LO and NLO contributions to an infrared safe observable O,, with x particles in

the final state, are given by

(OYF0 = [ 0,_2do® (1.11)
J

where doP = |Ag0)|2d¢n,2 denotes the Born contribution, determined by the square of the

tree—level matrix element with n particles, and

(OYNLO / On_rdo® + / On_sdoV + / Op_2do® (1.12)
n—1 n—2 n—2

where doft = ]A;Oll\2d¢n_1 denotes the contribution from additional real emission, determined

by the square of the tree-level matrix element with (n + 1) particles. The virtual contribution

doV = 2R6(A£LO)*.A£}))d¢n_2 is determined by the interference term of the one-loop amplitude

with n particles with the corresponding n—particle tree-level matrix element. In processes with

partonic initial state particles do® denotes a collinear subtraction term to subtract remaining

initial state collinear singularities. In general dﬁ denotes the (3z — 4)—dimensional final-state
]

phase—space element for = final-state particles

Taken separately the NLO contributions are divergent, where we encounter divergences from
the soft and collinear regions of phase—space for the real emission contributions and divergences

from the soft, collinear and ultraviolet (UV) regions of loop—momentum space for the virtual

10 1. Introduction



1.3 Divergences in Infrared Safe Observables

contributions. These divergences are for example made apparent in dimensional regularization
through explicit poles in the dimensional regularization parameter €. Usually fn72 Oy —odaV
denotes the UV renormalized virtual contribution, which thus contains only soft and collinear

E, IE] the soft and

collinear poles cancel upon summation of the various contributions, where the soft and collinear

poles. According to a theorem due to Kinoshita, Lee and Nauenberg

poles of the real emission contributions, the soft and collinear poles of the virtual contributions
and the poles from the initial state collinear remainders cancel against each other. According
to this (O)N1C is thus free of any IR or UV poles. For a large number of particles, however,
analytic phase—space integration is practically impossible and one needs to resort to numerical
methods, as for example Monte Carlo integration. There are two requirements, however, which
the integrand in any numerical integration has to fulfill in order to be integrable over a finite
number of integration dimensions. Firstly, the integrand has to be free of poles in the integration
region. Secondly, the combined integration of two different integrand functions is only possible if
the integration regions are identical or can at least be continuously mapped onto each other. An
excellent introduction to Monte Carlo integration is given in [19]. Although (O)N* is free of any
IR and UV poles it cannot be trivially integrated numerically, since its separate contributions
are defined on different phase—spaces of different dimensionality. The separate contributions,
however, are not free of poles and can thus not be integrated separately. This poses a problem

for the numerical evaluation of multi—parton processes.

A popular solution to this problem is presented by the subtraction method, originally intro-
duced in the application to specific processes J;é] and later generalized by Catani and Sey-
mour through the dipole subtraction method for multi-parton amplitudes [26, ] The dipole
subtraction method has been intensively studied and extended since then @] The idea is

drafted as follows. One subtracts and adds back a suitably chosen piece do?

(OYNLO — / <On_1daR _ On_gdaA> + / (On_QdO'V + Op_2do® + 0,9 /dUA) (1.13)

n—1 n—2 1

where do? is chosen such that the subtraction term approximates the real emission contributions
locally in the soft and collinear regions of the real emission phase—space, and is proportional to
the Born level. This renders the first bracket in the above formula finite by definition, such that
(O _1do™ — O,,_odo?) is integrable over the (n — 1)-particle final-state phase-space of the real
emission contributions. On the other hand is do** chosen such that an analytical integration over

the unresolved one—particle phase—space yields a simple result that cancels the poles from the
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1.3 Divergences in Infrared Safe Observables

virtual contributions and from the initial state collinear remainder. The second bracket above
is thus integrable over the (n — 2)-particle final-state phase-space. The limit ¢ = 0 can then

safely be performed, such that

<O>NLO — /<On1d0R‘€:0 — OnfszAL::O) + /<On2do‘v + On72d0'0 + On72 /do’A> -
1

n—1 n—2

(1.14)

In the dipole subtraction method do? is given by a sum over appropriately chosen dipole terms
Dj; k(P15 -, Pn—1), which contain all singularities in the limit p;.p; = 0, i.e. i and j being collinear

or either one of them being soft. The D;;; are thereby given by

—1 0+ ~ = T T 0 - -
Dii k(P1y ooy P—1) = o p}Agf)Q(l’ sy ey kyyn — 1) T ] Vij,kA1(122(1, sy by ym — 1)
i-Pj i

(1.15)

where ij is a (pair of ) emitter parton(s) and kis a spectator parton. The (n — 1)—parton phase—
space is mapped onto the (n — 2)—parton phase—space by an appropriate choice of the combined
four-momentum Pi of the emitter parton and the four-momentum p; of the spectator parton.
The Tj and T;; are the color charge operators of the spectator and the emitter respectively
and determine the corresponding color correlation. The Vj;; are matrices in the spin/helicity
space of the emitter, which determine the corresponding spin correlation. They encode the
singularities from the splittings and are related to the D-dimensional Altarelli-Parisi splitting
functions @, ] Whenever the real emission phase—space enters a collinear or soft region
the squared matrix element of the real emission approximates continuously one of the dipole
terms and the particular set of parton momenta {pi,...,p;,...,Dj, ..., Pk, .-, Pn—1} in that region

approximates the dipole configuration {p, ..., P D -+ Pn—1}, such that in total

/ (Op_1do™ — O, _ydc™) (1.16)

n—1

is free of any collinear or soft singularities for O, an infrared safe observable with x particles in
the final state. Consider, for example, the real emission contribution only from the final state

partons, then the subtraction term is given by
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OandO-A = Z Z Dij,k(pla --"pnfl)Oan(pla ,pfj’p];;’ "'apnfl) (117)
(4.3) k7.3

On the other hand defines the integrated subtraction term the dipole insertion operator I via

/ Op_odo™t = / on_2< / daA> = / Op_2I ® do® (1.18)
n—1 1 n—2

n—2

where I contains now all the explicit poles in the dimensional regularization parameter ¢, and
when combined with the virtual part fn72 O, _2dc"" the explicit poles cancel. Further details
will follow in chapter B.11

1.4 Subtracting Virtual Divergences

In order to compute the virtual part, which has been considered a bottleneck in multi-leg cal-
culations for a long time but has witnessed tremendous progress in the past years, one usuall
relies on rather traditional methods based on Feynman graphs and/or tensor reduction J;.T],
or on more modern methods based on generalized unitarity and cut—techniques , 167, IEL
]. We will give a brief introduction in chapter [3.4] reviews can be found in E, -
In contrast to these methods we seek to compute the virtual part fully numerical, where also the
one-loop integrals are to be evaluated directly with Monte Carlo integration. These methods
have been discussed in the past B@] and also more recently MJ@? . It was thereby shown
that the direct numerical method can be efficiently applied to relevant physics processes [90,
|. We stress, however, that therefor the phase-space and loop—momentum integrations have
to be and can be performed together in one combined Monte Carlo integration. We will discuss
the basics of one-loop integration and Monte Carlo integration, and the necessary numerical
deformation of the one—loop integration contour into the complex plane, further in the chapters
3.4 and 5.2 and in appendix [Hl

To be able to perform the one-loop integral numerically, i.e. safely integrating over the physi-
cal four dimensions of loop—momentum space, we need to subtract the divergent poles off the
one—loop integrand in the virtual contributions, quite in analogy to the subtraction method for

the real emission contributions. Local virtual subtraction terms for multi-parton processes have
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1.4 Subtracting Virtual Divergences

been discussed in the past for the application on a diagrammatic level @] In contrast to this

we extend the subtraction method to the virtual contributions in a more generic framework, i.e.

on the amplitude level B, @, @]

The renormalized virtual part contains after the integration no more UV divergences. However,
locally the usual counterterms do not suffice. We thus split the renormalized virtual part into

the bare part and the corresponding counterterm. In the condensed notation from above this

/On_QdO'VE / On—Q/dO'l‘;iwe‘i‘ / On_QdO'gT (1.19)
n—2 n—2

loop n—2

reads

where do), = 2Re(A©) *Qbar .)d% d¢r,_o contains the total bare one-loop integrand, which leads
to IR as well as UV poles, and dol; = 2Re(AD* Acr)dp,_ contains the total counterterm
from UV renormalization, which leads to the corresponding UV poles. We subtract and add

back another suitably chosen piece do’ locally, i.e. on the one-loop integrand level, by

/OnQda /On 2/ dagfm—d /on ) dJCT+/d0 ) (1.20)
n—2

loop loop

where do” is chosen such that it approximates the one-loop integrand of the bare virtual part
in the soft, collinear and UV regions of loop—momentum space, and is proportional to the Born
level. This renders the first bracket in equation finite by definition, so that (do),  —do¥) is
integrable over the four-dimensional loop-momentum space. On the other hand do’ is chosen
such that analytic one-loop integration yields a simple result, which cancels the poles from the
counterterm as well as from the unresolved one—particle integrated real emission contributions
and from the initial state collinear remainder. The limit € = 0 can then again safely be performed,
such that

NLO / . 1da 0~ On_gdaAL:O) + / (On_gdal‘,gre‘ezo — On_gdaL‘€:0>

n

—_

(n—2, loop)

(1.21)

+ O,,— QdO'CT + Oph—2 / do™ + Op—2 dO’A + On_QdUC) 0
E=

n—2 loop 1

where all three brackets can now be safely integrated numerically. The local virtual subtraction
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1.4 Subtracting Virtual Divergences

method will be explained in greater detail in chapter B where we discuss the pole structure of
one-loop QCD amplitudes in chapter 3] and the necessary local virtual subtraction terms for

the soft, the collinear as well as the ultraviolet regions in loop—momentum space in chapter

The thesis at hand evolved within the framework of a more comprehensive collaborative effort
between multiple parties in order to develop a computer program for the automated and fully
numerical evaluation of NLO multi—parton processes, which resulted so far in the publication
of several articles. A general overview of the method was given in |87]. The first application to
a physics process, and proof of principle of the method, was reported on in @], followed by a
more detailed account about the necessary improvements in [91]. The method was also discussed

in several proceedings M@]

Regarding the local virtual subtraction method in chapter the author puts special focus on
the local virtual UV subtraction, to which end a local renormalization method is introduced
and local UV counterterms are derived. This constitutes a large part of the thesis and will be
explained in great detail in chapter The associated recursive constructions of the bare
one-loop integrands and the corresponding total local UV subtraction terms in the leading color
approximation are further discussed in great detail in chapter [ especially in the sections 2]
A3 and 4.4], and the associated appendices. Improvements to the numerical stability of the local
virtual subtraction terms in the UV region are discussed in chapter Il The contents in the
chapters and [4.3] and in the associated appendices, have not been published in this detailed

form. The general idea and the corresponding results, however, have been presented already in

several articles @, @, @, @]

A second major part of the thesis at hand, as already mentioned, is concerned with the color
management in one-loop QCD amplitudes, where the author puts special focus on one-loop
amplitudes with multiple external quark—antiquark pairs and an arbitrary number of external
gluons. This will be explained in great detail in chapter 2] especially in section and subsec-
tion 253l and in the associated appendices. The method which is thereby presented is new and
has not yet been published.

The remainder of the thesis at hand is structured as follows. In chapter 2 we will discuss the color
decomposition of QCD amplitudes and especially of one-loop QCD amplitudes with multiple
external quark—antiquark pairs. In chapter [3lwe will discuss the local virtual subtraction method

and especially the local virtual UV subtraction. We will also briefly introduce some basics of
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1.4 Subtracting Virtual Divergences

analytical and numerical one-loop integration in this chapter. In chapter Ml we will discuss the
recursive relations to construct QCD amplitudes and especially to construct the bare integrands
and the total local UV subtraction terms of one-loop QCD amplitudes. In chapter Bl we will
discuss the application of our numerical method to jet rates in electron—positron annihilation
and the associated methods to improve the numerical stability of the virtual subtraction terms
and in the numerical loop integration. The thesis will finally conclude with an outlook in chapter
Bl All other necessary information, which is not included in the chapters of the main body of

the thesis, is collected in several appendices followed by a list of references.
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Chapter 2
Color Management

The traditional perturbative approach in order to calculate the hard matrix element to a given
high energy scattering process is to compute the sum of all necessary Feynman diagrams, as
outlined in the introduction. The rich mathematical structure of the QCD Feynman rules leads
thereby to a proliferation of terms, especially in the computation of the square of the hard ma-
trix element, and therefore to rather lengthy and complex expressions. In pure gluon tree—level
amplitudes, for example, the number of Feynman diagrams grows factorially with the number
of external legs M, |. In addition, in order to reduce the resulting terms, one has to rely
heavily on the application of the corresponding SU(N,.) algebra relations in each Feynman dia-
gram, where in QCD N, = 3. In automated computations of multi-parton amplitudes this is
obviously not the most effective approach. In order to have a better handle on the perturbative
QCD calculations one can do better regarding the systematic organization of the corresponding

SU(N.) or color algebra by the use of color decomposition, which was initially studied for Yang—

Mills tree—level amplitudes |, also referred to as the dual expansion due to the similarity
to string amplitudes d@ |, and then extended to include additional quark—antiquark pairs

,131]. The application to one-loop amplitudes was initially introduced for the case
of external gluons only Elpj ], where the similarity to super Yang—Mills amplitudes has been
noted, before it was extended to include additional external quark—antiquark pairs , 73]

A comprehensive overview on the available methods in the one-loop case can also be found in

@, Ia], some application and further comments in M, IE, , IE]

Any SU(N,)—amplitude can be factorized or decomposed into group—theoretical (color) factors
multiplied by purely kinematical factors, called partial amplitudes. If we consider all Feynman

diagrams to a given matrix element and separate the color factors from the kinematical factors,

17



to subsequently collect all those kinematical factors which multiply the same color factor C; into

one partial amplitude A;, the amplitude reads
A=) CiA (2.1)

The C; are thereby generating vectors, in the color vector space of the amplitude, with co-
efficients A;. For pure n—gluon tree-level amplitudes the vectors that span the correspond-
ing vector space are in the so called fundamental basis for example given by all color factors
Cy = Tr(T% ™ ... T% ™)), where the elements o € S,,/Z, = S,—1 denote the (n — 1)! non-cyclic
permutations of the n elements in the set of the adjoint gluon indices. The matrices T} are the
generators of the SU(V,) algebra in the fundamental representation, carrying an adjoint index
a =1, ...,ch — 1, a fundamental index ¢ = 1,..., N, and an antifundamental index 7 = 1..., N,
and the trace T'r(...) is over the (anti-)fundamental indices, where we have neglected to write
the corresponding SU(N,) coupling constant as well as the proper normalization factor for the
moment. Another popular basis for color-decomposition is the so called color—flow basis d@,

, 131l], where summation over a repeated adjoint index is turned into summation over two
corresponding (anti-)fundamental indices and all color factors in this double-line notation are
given by products of Kronecker deltas with (anti-)fundamental indices only. The partial am-
plitudes are gauge invariant sets of diagrams, built from color—stripped Feynman rules as given
in appendix [Al All diagrams in a tree-level partial amplitude can be drawn in planar fashion
and have the same color ordering, which means that their corresponding Feynman diagrams
contribute to a common color factor, and the same cyclic ordering, which means that their ex-
ternal legs posses the same fixed order in a given cyclic, usually clock—wise, direction around the
diagrams. The whole set of diagrams to a given partial amplitude can be constructed efficiently

by the help of recurrence relations, which will be described in chapter M and especially chapter
g1l

At the one-loop level we can similarly write
AV =N"0A) =363 FyB; (2.2)
i i j

where the factors C; denote color factors again, e.g. strings and traces of fundamental color

matrices in the fundamental basis or open and closed strings of Kronecker deltas in the (dual)

)

color—flow basis respectively. The purely kinematical functions Agl are the one—loop partial
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2.1 Tree-Level Color Decomposition

amplitudes, which again only depend on the momenta and helicities of the external particles.
One-loop partial amplitudes are still gauge invariant sets of diagrams and still color—ordered by
definition. However, due to the additional degrees of freedom in the loop, not all the diagrams
in a partial one-loop amplitude need to have the same fixed cyclic ordering of the external legs.
We can, however, split the one-loop partial amplitudes further into smaller and still gauge in-
variant subsets of diagrams, i.e. the so called (one-loop) primitive amplitudes B;, where all the
diagrams in a primitive amplitude posses the same fixed cyclic ordering of the external legs. The
set of primitive amplitudes is thereby mapped onto the set of one-loop partial amplitudes by
a matrix F' and one-loop partial amplitudes are then given by linear combinations of primitive
amplitudes, where the set of linear equations is usually overcomplete and where the coefficients
F;; are simple monomials in the number of colors N, and the number of active quark flavors n ¢
in the case of closed fermion loops. Primitive amplitudes with external fermion lines can further
be distinguished by the routing of the external fermion lines through the loop, i.e. whether an
external fermion turns left or right, with respect to the fermion flow arrow, upon entering the
loop. Those sets of right—mover and left—-mover diagrams are again gauge invariant subsets. All
diagrams in a primitive amplitude can be drawn in planar fashion and be constructed efficiently
by the help of one-loop recurrence relations, which will be described in chapter The fixed
cyclic ordering of the one-loop diagrams ensures that the QCD flavor of each propagator in the
loop is uniquely determined, which leads to much more compact expressions where only subsets
of the kinematic loop—invariants play a role. The importance of this will become clear in chapter
B2 where we will derive the subtraction terms for the local virtual subtraction on the level of

the primitive amplitudes.

In order to be able to discuss the color decomposition of one-loop QCD amplitudes further we
first have to understand certain aspects of the color decomposition of tree-level QCD amplitudes
and of the corresponding color flow. This will be described in sections 2. to 2.4l before we turn

to one—loop color decomposition in section

2.1 Tree—Level Color Decomposition

2.1.1 Tree—Level Gluon Amplitudes

Using the fundamental representation of the gauge theory generators, the color decomposition
of a tree—level gauge amplitude with n external gluons in the fundamental basis follows more
closely from replacing the structure constants, which appear in every non-abelian (three— and

four—gluon) vertex, by
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2.1 Tree—Level Color Decomposition

ifee = 20r (T(T°, 7)) (2.3)

which in turn follows from the commutator relation [T T?] = i f®°T¢ of the hermitian, trace-
less fundamental generator matrices T}5. Using the Fierz identity for the fundamental SU(N,)

generator matrices
o 1 1
5Ty = 5(5zz’5kj - N—C5ij5ki) (2.4)
which is sometimes useful in the form

Tr(TX)Tr(T*Y) = = (Tr(XY) — NiTr(X)Tr(Y)) (2.5)

c

DO =

or

Tr(T°XTY) = = (Tr(X)Tr(Y) — NiTr(XY)) (2.6)

[

NN

where X and Y are strings of fundamental SU(N,) generator matrices, and the orthonormaliza-

tion condition
Tr(T°T") = 167 (2.7)

repeatedly, we finally arrive at the color decomposition for the pure gluon tree—level amplitude,

which reads

An(L,.on) =gi™2 > 2Tr(T%0..T%m) A, (o(1), ...,0(n)) (2.8)
O’GSn/Zn

where g5 denotes the SU(N,) coupling constant and the traces over the products of the fun-
damental SU(NN,) generator matrices contain all the group theoretical information. The gauge
invariant functions A, (o(1),...,0(n)) are the color-ordered partial amplitudes and contain all
the kinematical information, where the ordered lists {1,...,n} in the arguments of the partial
amplitudes serve as appropriate short—hand notation to denote the momenta and helicities of the
n external gluons in the given cyclic ordering. The sum runs over all (n — 1)! non—cyclic permu-
tations of the external gluon legs, due to cyclic invariance. The partial amplitudes are built from

color-stripped Feynman rules as given in appendix [Al and can be efficiently constructed with
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the help of recurrence relations as will be discussed chapter @ The resulting set of color—ordered
diagrams in one partial amplitude forms thereby a gauge invariant subset. We note that the
—1/N.~term from the Fierz identity vanishes in the pure gluon case at tree-level. In chapter
we will see that the color factor of the gluon propagator can be written in terms of a U(N,)—part
and a U(1)-part, where we speak of U(N,)— and U(1)-gluons, and where the U(1)—gluon carries
no color information and only couples between quark lines. The above factorization of n—gluon
tree—level amplitudes into purely group—theoretical factors Tr(7T% ®...T%x)) and purely kine-
matical functions is also know by string theorists, where the group—theory factors are known
as Chan-Paton factors @] The permutation sum is such that permutations which leave the
trace structure invariant, i.e. exactly the cyclic permutations, are not considered and only the
non—cyclic permutations are singled out. We can thus keep one external gluon leg fixed, say the

first one, and sum over all permutations of the remaining (n — 1) gluons

An(1,...,n) = g2 Z 2Ty (T T% @ . T%™) Ay (1,0(2), ...,0(n)) (2.9)
gESH—1

In a few special cases, i.e. for certain helicity combinations of the external gluons, the n—gluon

fartial amplitudes take on a particularly simple form, expressed by the Parke-Taylor formulae

Jod

A, (1t 2T . nt) =0
A, (17,27 5, ..,nT) =0
A (152 k) = (a2 IR 2.10
n( 9 9 ’.] 9 Y 9 ’n ) Z(\/_) <12><n1> ( )
or by flipping the helicities completely
A,(17,27,...,n") =0
A,(17,27, .5, .,n7) =0
(k)

A,(17,27, 5 kT 7)) = i(V2)n 2 (2.11)

[1n][n(n — 1)]...[21]
where in the equations above the superscripts denote helicities, and the amplitudes with (n —
2) gluons of one helicity and two gluons of the other helicity are known as maximal-helicity
violating (MHV) amplitudes. The sharp and square brackets denote spinor products between

two—component Weyl spinors |. In general the partial amplitudes can efficiently be
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constructed with the help of recurrence relations as will be described in chapter @l where one
can make use of certain identities in order to compute only a small set of partial amplitudes.
The A(1,2,...,n) are in general invariant under cyclic permutations of the elements in the set
{1,2,...,n} and obey further

i) the reflective property: A(n,...,2,1) = (=1)"A(1,2,...,n) and

ii) the dual Ward identity: A(1,2,3,...,n) + A(2,1,3,...,n) + ... + A(2,3,...,1,n) = 0, also

known as the photon decoupling identity or as

iii) the sub-cyclic sum: > A(L2,...,n) =0.
Zn71(27---7n)

The Kleiss—Kuijf relations M] for multi-gluon amplitudes reduce the necessary set of partial
amplitudes further to a set of (n — 2)! linearly independent partial amplitudes, which will be
described at the end of section 2.4l Upon the invent of on—shell recursion relations ] the set
of independent amplitudes has been decreased even further, which, however, is not content of
this thesis.

A simple example to see how color decomposition works is given by considering the three—gluon

vertex, where the usual Feynman rule for the three—gluon vertex is given by

a

Y
. L= s (" (k1 — ko) 4 " (kg — k3)! + g™ (ks — k1)¥]
kS/ \kz
¢ b= g f " (ke — k) + g (ks — ko) + g™ (k1 — k3)”]
= _gsfabcvfsw»\(kla ka, k3) = gs(ifabc)‘@(ggw)\(kla ka, k3) (2'12)

where we have defined the purely kinematical function Vi V)‘(k‘l, k2, ks) and subsequently the
color—stripped tree-level three-gluon vertex Vg(g;“ V/\(kl, ko, ks) = iV V/\(ktl, ko, k3). If we make
the replacement i f¢ = 2T (T“ [T°, TC]) this reads
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s (i f YV ey, oo ks)

= gs [QTr(TaTbTC)V;g;W(kl, kg, kg) — 2Tr(TPTOT)V O (ky by, kg)]

= g, [2Tr(TaTbTC)Vg<g;W(k1, ko, k) + 2T (TP T T VO (kg Ry kg)]

=gs Y 2Tr(TTO2T%) VD203 ey kg, k)

P(1,2)
=gs Y 2Tr(TTOT%) AG21 (ky kg, k) (2.13)
P(1,2)
where we used the antisymmetry of the color—stripped three—vertex %(gg“ WRHS (1 ko, k3), when

any two of the three legs are exchanged, for the second line and identified (a,b,c) = (a1, ag, as)
and (p, v, \) = (p1, to, #3) in the second-to-last line. The sum in the last two lines is over
the permutations of the first two legs, which corresponds to the two non—cyclic permutations
of the three gluon—legs. In the last line we also identified the color—stripped Feynman rule for
the color—stripped tree—level three—gluon vertex with the Born partial amplitude in three—gluon
scattering Vg(gg),“wwg (k1, ko, kg) = VI 213 (ky, ko, ks) = AE2H3 (kq, ko, k3). In a similar fashion
we can derive the color—stripped Feynman rule for the color—stripped four—gluon vertex. The
Feynman rules for the QCD propagators and the quark—gluon vertex have a simpler color struc-
ture and the respective color—stripped Feynman rules are derived by simply stripping off the

color factors. All color—stripped Feynman rules are collected in appendix [Al

An instructive example for color decomposition in a scattering process is the color decomposi-
tion of the amplitude to the process 2g — 2¢g. In the Feynman diagrammatic picture we have
four distinct diagrams that contribute here. These are the diagrams corresponding to the s—,
t— and u—channel and the direct four—gluon vertex contribution, shown in figure 2.1 However,
there are only three distinct color—stripped diagrams that contribute to a partial amplitude in
this process, which are the planar diagrams shown in figure Upon summation over the sum
of the (4 — 1)! = 6 non—cyclic permutations in four—gluon scattering, taking into account the
respective traces of color matrices, as given in equation 2.8 and the antisymmetric properties
of the color—stripped Feynman rules with respect to the exchange of any two of the three legs,
we gain back the original four full-colored Feynman diagrams upon consideration of the group—

theoretical manipulations as given above.
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Figure 2.1: The four Feynman diagrams that contribute to four—gluon scattering. In the process 2g — 2g,
for example, the particles labeled with 1 and 4 might be taken as incoming, whereas the particles labeled
with 2 and 3 might be taken as outgoing. The four diagrams correspond to the s—, t— and u—channel and

the direct four—gluon vertex contribution respectively.

g(l) o(2) o(l) o(2) o(1l) o(2)
g(4) o(3) o(4) o(3) o(4) o(3)

4 4 4
0(3) 0(2) o(1) o(3) 0(2) a(l) o(3) 0(2) o(l)

Figure 2.2: Upper row: The three color—stripped diagrams that contribute to a partial amplitude in four—
gluon scattering. Lower row: The same color—stripped diagrams depicted in a different fashion, useful for

off-shell recursion relations (chapter[{]), where we decided to keep the leg number 4 fized.

2.1.2 Tree—Level Amplitudes with Gluons and Quarks

A similar decomposition holds for n—parton tree-level amplitudes with one external quark—
antiquark pair and (n — 2) external gluons. With the same group-theoretical manipulations as
above, considering that the usual Feynman rule for the quark—gluon vertex is already propor-

tional to a fundamental color matrix (appendix [A]), we arrive at

An(q1,2,...,(n —1),7,) = gg_z Z (T“o(?)...T“U("—U)_ _ An(q1,0(2),...,0(n —1),7,)

tay Jay,
O'ESn72

(2.14)
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where the sum runs over all (n — 2)! permutations of the external gluon legs. The —1/N.~term
from the Fierz identity is still not apparent. It will become important, however, for the color
decomposition of amplitudes with more than one external quark—antiquark pairs. From the
above it is evident that we sum over all possible color antennae, which are given by all (n — 2)!
cyclically different possibilities to radiate the external gluons from the quark line. Remem-
ber that (anti-)quarks carry one (anti-)fundamental color index, their color flow is therefore
depicted by one fundamental color line, whereas gluons carry one adjoint color index. We in-
troduce the notion of a color antenna, which is a fundamental color line from which gluons can
radiate. This fundamental color line coincides in the case of only one external quark—antiquark
pair obviously with only the one quark line and has a color—flow arrow assigned, which directs

from an antifundamental color index 7 of an antiquark to a fundamental color index 7 of a quark.

It was noted that supersymmetry can be used to infer various relations for amplitudes with one
quark—antiquark pair from the pure gluon amplitudes @m, |§] From the MHV amplitude

with (n — 2) positive helicities and two negative helicities one can for example infer

_ v mne2 1) (n)?
An(qf',Tr7 s J e (n =1 ) = 2(\/5) 2m (2.15)

The color decomposition for tree—level amplitudes with n gluons and m distinguishable quark—
antiquark pairs in the fundamental basis is well known ﬂﬂ

, @, Iﬂ] and reads
-AnJer = Z Z Z C({O-}’ {a}’ {nl}) X

o€Sn {a} {ni}

X An+2m (%’17017 ceey Un17Qja1 yQigs Onq+1s -0y O'n27(jja2§ ooy Qi s Oy 1415 -0y Unm7Qjam)

(2.16)

where we have dropped the coupling constant for the moment and where the A, ;9,,(...) denote
the partial amplitudes for n gluons and m quark—antiquark pairs. The notation in the list of
arguments is thereby inferred from the corresponding color factors and we thus have a closer
look first at the color factors C({o},{a},{n;}), which are given by

C({o} {a}.{ni}) =

_1 Pa
<—> (T%1 .. T ) 5 (T2t T )0 (T mme1 1 T % ),

N im T (2.17)
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The color factors C'({o}, {a}, {n;}) encode all possibilities to distribute n gluons among m color
antennae. The sum over o is thereby over all permutations of the external gluon legs. The
sum over {n;} = {ny,...,ny}, where n,, = n, is over all partitions to distribute n gluons of a
certain permutation o among m color antennae. If there are no fundamental generator matrices
in one or more of the brackets above we put Kronecker deltas instead. The sum over {a} is over
all permutations of antiquark indices, so that each ordered set {a} is a permutation of the set
{7}. The power p, is thereby determined by the rank of the permutation {a}, where the rank
is determined in turn by the number of matches between members of the ordered set {7} and
the ordered set {a}. For the special case that {7} = {a}, pa is given by pa—; = Dmaz = m — 1.
For the cases of all (m — 1) cyclic permutations of (1,...,m), p, is given by ppin = 0, since the
number of matches is zero in these cases. In all other cases p, is given by the number of matches
between {7} and {a}, or in other words by the number of times a color antenna coincides with

a fermionic line.

The fundamental color lines of the possible antennae in the above color factor can either be
congruent with the fermion—flow line of a quark—antiquark pair, where fermionic lines or quark
lines always connect an antiquark with index 7 to the corresponding quark with index i, or it
can establish a color connection between an antiquark from one quark—antiquark pair to a quark
from another, distinguishable, quark—antiquark pair. For m > 1 this results in distinct color
disconnected pieces, so called color clusters, where two distinct color clusters are only connected
through a so called U(1)—gluon, which does not carry any color information. In that regard p,
counts the number of U(1)-gluons. The U(1)-gluons result from the SU(V,) Fierz identity and
corresponds to the subtraction of a U(1)-piece from its corresponding U(N,.)-piece in any given

SU(N.) theory.

For example denotes (7%1...7%); 5, a color antenna, where five gluons are radiated from the
fundamental color—flow line that connects the antifundamental index from the quark—antiquark
pair 1 to the corresponding fundamental index. For three quark—antiquark pairs and n gluons, as
another example, the permutations and partitions can be such that we encounter a color factor
(T ... T ),550i2750

the color flow of this particular color antenna is defined to flow from 75 to i1, and for those color

»730i37:» which indicates that all n gluons are radiated off one color antenna, where
antennae off which no gluons are radiated we put Kronecker deltas with (anti-)fundamental
indices. In the second example none of the color antennae coincide with the fermionic lines, in

which case py, = pmin = 0. We will discuss further details of color flow in the next section
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2.2 Color Flow in SU(N,) Theories

Another and maybe more natural basis to factorize QCD amplitudes into color factors and
kinematic factors is the color-flow basis @, @, Iﬂ] The color-flow decomposition is based on
treating the gluon field as a (N, x N.)-matrix (A,);; in the fundamental representation of the
corresponding color space, where 7,7 = 1,..., N, rather than in the adjoint representation as
Ay, with a = 1,.., N2 — 1. We thus trade one adjoint index for a pair of (anti-)fundamental
indices to work in a double-line formalism for color flow. The color coefficients in the color—flow
decomposition consist thereby of products of Kronecker deltas with (anti—)fundamental indices,
rather than of products of fundamental SU(N.) generator matrices. This allows for a more
efficient treatment of the color algebra and also for a more natural interpretation in terms of all

possible flows of color through a QCD amplitude. The color—flow basis relies as such on U(N,)

generator matrices rather than on SU(N,) generator matrices.

In the QCD Lagrangian, as given in the introduction, the quark fields transform under the
fundamental representation and the gluon fields under the adjoint representation of SU(N,),
such that local SU(NV,)-invariance is satisfied. The gluon field is thereby usually decomposed in

the fundamental representation via
(Ap)iz o< ALTH (2.18)

and the Lagrangian subsequently rewritten in terms of the adjoint gluon field A, which yields
the usual Feynman rules that involve the fundamental generator matrices 777 in the quark—gluon
vertex and the structure constants f%¢ in the three— and four-gluon vertices, which arises from
[T, T% = ifeTc. The QCD Feynman rules are given in appendix [Al As we saw above the
color decomposition in the fundamental basis is then gained by simply inverting this relation
to i ¢ = 2T (T*[T*,T¢]). It was however noted M], that the gluon field (A,);; can directly
be used in the fundamental representation, which subsequently yields Feynman rules that do
not contain any fundamental generator matrices and structure constants, but rather simple
Kronecker deltas with (anti-)fundamental color—flow indices. For example is the quark—gluon

vertex in this formalism given by
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where the arrows in the diagrammatic color—flow rule track the flow of color, defined to flow
from an antifundamental index 7 to a fundamental index i. The color—stripped Feynman rule is
given by —iy* and the factor g,/v/2 for the coupling constant is usually encoded in the color

decomposition formulae.

The decomposition in the color—flow basis can also be retrieved from the fundamental basis by
applying a projector P(a,) = \/ini”%z onto each fundamental color matrix 7% in the funda-
mental basis decomposition formulae, thus converting each adjoint index into a corresponding
pair of (anti-)fundamental indices. The three—gluon vertex for example contributes two color
flows, which is seen from iP(ay)P(a2)P(as)f**% = 2P(a1)P(a2)P(a3)Tr(T™[T%2,T%])
0417500275 0is71 — 0417305720107, » and the four—gluon vertex contributes six color flows. For further
reference we derive the color—stripped Feynman rules in appendix [A] together with their corre-

sponding color—flow rules in the color—flow basis.

One subtlety resides in the consequence for the gluon propagator. In the usual Feynman rules
the color part of the gluon propagator is simply given by 6%°, thereby connecting two color

indices in the adjoint representation. In the color—flow basis the corresponding color—flow rule

is given by
VT \/aTb_ ab 1 1a+j—b 11, Ty
21—;@5@ 217%‘71)6 = 6iajb6ibja - ﬁcéiajaéibjb = ']' [ _I - FC ']' >_ - - _< _I
a b a b
(2.20)

which indicates two different fundamental color flows. This somewhat more complicated color
structure for the gluon propagator, however, is a worthwhile tradeoff and is easily seen from
the SU(N,) Fierz identity in equation 2.4l The second term in equation 2201 is interpreted as
U(1)-gluon, which subtracts one degree of freedom from the U(N,) color flow in order to gain
the correct SU(N.)-behavior. We can also infer from the above that the U(1)—gluon does not

couple to pure gluon interactions but only between quark lines.
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Figure 2.3: Color flow in an n—gluon amplitude. The specific color flow corresponds to §;,7,0i,7,---0i, 7
for the fixed cyclic ordering (1,2,...,n), i.e. o =id. Fvery pair (ixJx) corresponds to an external gluon.
In such an ordered diagram color flows from an antifundamental index of one pair to the fundamental
index of the adjacent pair, i.e. all the corresponding diagrams are planar. The reading direction is always

against the color—flow arrow, which corresponds then to the clock—wise ordering of the external legs.

2.2.1 Tree—Level Gluon Amplitudes in the Color—Flow Basis

By using the projector P(a,) = \/iTz(ilj, onto each color matrix 7%, the color decomposition
for n—gluon amplitudes in the fundamental basis can be converted into the color—flow basis to

read

Js n—2
An(la ,n) = <%) Z 5@'0(1)70(2)62‘0(2)70(3)'--5ia(n)ja(1)An(U(1)a ...,J(n)) (2-21)

oSy /Zn

The graphical interpretation can be given in terms of color—flow diagrams as shown in figure
To calculate the corresponding partial amplitude A,(1,...,n), i.e. all the necessary color—
ordered diagrams, one deforms the color—flow lines in figure in all possible ways. For the case
of four gluons this yields the sum of diagrams in figure 2.4, which correspond to the diagrams
in figure In our notation color flows always from an antifundamental to a fundamental
index. For a given fermion line the direction of the color—flow arrows and the direction of the
fermion—flow arrows thus always coincide. The preferred reading direction of the color factors
from the color—flow diagrams, with respect to the fundamental color indices, is always against
the direction of the color—flow arrow. The interpretation of a tree-level partial amplitude is
then that of a set of ordered diagrams, whose corresponding Feynman diagrams contribute to a
specific color flow. Color ordering and cyclic ordering coincide therefore. The partial amplitudes
in the color-flow decomposition have been shown to be the same as in the fundamental color

decomposition [97]. The deformation of color—flow lines as shown in figure 2.4 yields exactly the
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Figure 2.4: Color flow in a four—gluon amplitude. Deforming the color—flow lines in all possible ways,
by hooking them together, yields the four color—stripped diagrams that contribute to the corresponding

partial amplitude with the fixed cyclic ordering (1,2,3,4), where color double-lines correspond to gluons.

same sum of color—stripped diagrams as we get from the corresponding Berends—Giele recursion
relations @] (see chapter M). It was also noted M, @] that the construction above is similar to

the construction of string amplitudes, or dual amplitudes, where each gluon resembles an open

string with charge (ixJx) , , IZOE]

2.2.2 Tree-Level Amplitudes with Gluons and Quarks in the Color—Flow

Basis

The color decomposition for (n — 2) external gluons and one quark—antiquark pair in the color—
flow basis can again be inferred from the fundamental basis decomposition by applying the

appropriate projectors for each adjoint gluon index, as described above, and reads

_ gs \" 2 _
An(q1,2, ..., (n —1),q,) = <\/_S§) Z 5iqua(2)6ig(2)ja(3)"'67;0-(77,71).7(777, Ap ((Ib 0(2),..,0(n —1), Qn)

UESn72
(2.22)

where the (n — 2)! permutations o € S,,_o are over the (n — 2) external gluon legs. This decom-
position resembles the (n — 1)—gluon case if we compare the (q1G,)—pair to an external gluon.
Again we sum over all possible color antennae, which are given by all (n —2)! cyclically different
possibilities to radiate the external gluons from the quark line, i.e. to attach the corresponding
gluon color—flow double-lines to the one fundamental color—flow line between the fundamental
and antifundamental indices of the quark and the antiquark respectively, just as describe in the
previous section. The U(1)—gluon does still not play a role, since it can only couple between two

quark lines.
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In the computation of amplitudes with more than one quark—antiquark pair we have to consider
the introduction of U(1)-gluons. Gluons that connect two quark lines split into a U(N,)-piece
and a U(1)-piece, as described before an in appendix [Al In the color-flow basis, where we
primarily consider U(N,.)-gluons through the double-line formalism, we thus have to introduce
with each U(NV;)-gluon that connects two quark lines an additional U(1)-gluon with an associ-
ated factor of —1/N,.. This introduces subleading terms in 1/N, in the color decomposition. As
an example the color decomposition of an amplitude with two distinguishable quark—antiquark
pairs and n gluons reads in the color—flow basis

< V2

n
g_> An+4(ﬁa 41,92, 92, 1a ey 10, )
s

n
= Z Z (5iq1§a(1)5ia(1)jo(2) 5%(»«)]’@2 5iq2]}(»«+1) 5io(T+l)jo(r+2) 5ia(n)ir71) X
r=0o0€Sn

X An+4 (q17 0(17 7”), q_27 q2, 0'(7" + 17 n)7ﬁ)
1 n
ﬁc Z Z (5iqlia(1)5ia(1)§o(2) "'5ia(r)ir71) (5iQQjo(T+l)5io(r+1)jo(7"+2) "'5io(n)qu) X

r=0 O'GSn
X An+4(q170(17r)7ﬁ; qQ7U(T+ 17“)7@) (223)

where we have introduced the shorthand notation o(a,z) = o(a),...,0(z). We note the two
different products of color antennae, indicated by the brackets in the color—flow strings of Kro-
necker deltas. In the first (leading) term we notice one connected color cluster, in the second
(subleading) term we note two color—disconnected color clusters. This coincides with the radi-
ation of the gluons from two different products of color antennae upon the permutation of the
antifundamental indices from the antiquarks, just as discussed for the decomposition in the fun-
damental basis in the previous section, and generalizes accordingly to multiple quark—antiquark
pairs. If we were to consider a pure U(N¢) theory, the second term in the above would actually
not appear, since the corresponding U(N¢) Fierz identity does not involve the subtraction of a
U(1)~term. This will be different for one-loop amplitudes, where even in a pure U(1) theory we

can have subleading terms in 1/N,.

So far we have always considered distinguishable quark—antiquark pairs. Of course, we also
have to consider amplitudes with flavor—like quark—antiquark pairs. These can, however, simply
be given by proper antisymmetrization with respect e.g. to the antiquark indices. In the case
of an amplitude with two indistinguishable quark—antiquark pairs and one gluon, for example,
we then have A(1q,,245,,34:,44,,59) = A(Llg: 245340, 442, 59) — A(Lgy, 4415342+ 265, Bg), Where we

remember that the shorthand notation of the arguments denotes external momenta and helicities.
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An efficient algorithm that implements the color decomposition for amplitudes with multiple
quark—antiquark pairs in the color—flow basis is given in H?, where the quite natural organization

in terms of all possible color clusters is used.

2.3 Squared Amplitudes and the Color Matrix

Upon calculating observables the amplitude has to be squared, i.e. multiplied by the adjoint of
itself and summed over the external color and spin degrees of freedom. Let us focus on the color
decomposition in the fundamental basis again. Upon squaring, and summation over the color
degrees of freedom, the color structure of the squared amplitude is collected in a color matrix

Cz‘j via

AP =Y AP =S al( Y cleg)a, =303 aleya; = AfcAd (2.24)
- £

color % color % J

Specifically in the case for the pure n—gluon amplitude we get

Al )P = 4g2072 37 Al (Y clc,) A (2.25)

01€Sn/Zn 02€Sn [ Zn color

=Coy0y

where Cy, 4, is a ( (n—1)Ix (n—l)!)fmatrix with each entry generally given by a polynomial in the
number of colors N, and where we have chosen a shorthand notation A,, = A,(c(1),...,0(n)).

In the case with one pair of external quarks and (n — 2) external gluons we get

An(ar, 2y (0 = D,a) 2 = g2 3" 37l (Y ¢l Coy) Ao, (2.26)

01ESn—2 02ESH_2 color

=Coy0y

with Cp, 4, a ((n—2)!x (n—2)!)—matrix and the short-hand notation A,, = A, (q1,0(2),...,0(n—
1),4,,)- The sum over colors is thereby over the contracted adjoint indices from the external
gluons and the contracted (anti-)fundamental indices from the external (anti-)quarks. A funda-
mental index in the adjoint amplitude AT turns thereby into an antifundamental index and vice
versa, and upon squaring we always contract pairs of fundamental and antifundamental indices
which are associated to the same particle ID in the list of particles. The summation over colors

can also be cast into a (color summation) projection operator P, which contains a Kronecker
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5.

iti = Oz or 055 = &;; for every contraction of (anti-)fundamental indices from external (anti-

)quarks and a Kronecker se'a = §aa for every contraction of adjoint indices from external gluons.
As a notational aid we have put daggers as superscripts on those indices that originate from the

adjoint amplitude.

Let us have a closer look at the color matrix in the case of one quark—antiquark pair and three
gluons, where we denote the fundamental and antifundamental indices of the quark—antiquark
pair by 7 and ¢ respectively and the gluon indices simply by 1 to 3. We use lexicographic ordering

for the 3! = 6 permutations and get

(123)1(123);; (123)1(132);; -+ (123)[(321);;
-'- - . .
o (132)5(123)” (227
(321)2(123)0 (321)2(321%]

where we introduce a shorthand notation (123);; for the (color antenna) string (7727 );;.
Due to the hermitian property of the fundamental color matrices we have (abc)l}(abc)ij =
(cba)jz(abe)i; = Tr(TT*TTT’T) = [cbaabc] which, considering the cyclic property of the

trace, yields

[123321] [123231] --- [123123]
e [132‘321] : (2.28)
[321.321] e e [321.123]
and in general for one quark—antiquark pair and (n — 2) gluons
[12...(n = 2)(n — 2)...21] -+ [12...(n —2)12...(n — 2)]
C = (2.29)
[(n—2)..21(n —2)..21] -+ [(n—2)...2112...(n — 2)]

where at first glance the number of traces to be calculated is (n — 2)! x (n — 2)!. There are,
however, really only (n — 2)! different traces, since due to the pairing of color indices and im-
plicit summation over colors one can always rearrange e.g. [132321] into [123231]. The trace

factors on the diagonal are for example always the same and given by [12...(n —2)(n —2)...21] =
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N.CE? = N.((N2? - 1)/2N62)n72 = Ne(3(N, — 1/Nc))n72. As we can see from equation
consists the computation of the squared matrix element more or less of the computation of the
color matrix and the computation of kinematic vectors, which contain the partial amplitudes.
The partial amplitudes have thereby to be evaluated for each phase—space point in the Monte
Carlo integration to a given process. In contrast to that it suffices to evaluate the color matrix
to a given process, since it is independent of the kinematical information, only once right at the

beginning of the corresponding computation.

In general the color matrix consists of non—vanishing diagonal and non—diagonal terms, where
each is given by a polynomial in the number of colors N.. The diagonal entries contain thereby
terms which are leading in /N, compared to the non-diagonal entries, which are subleading. The
color factors in the diagonal terms multiply the products of partial amplitudes with their adjoint
equivalents of the same cyclic ordering in the external legs. The non—diagonal terms multiply
interference terms between partial amplitudes and adjoint partial amplitudes of different cyclic
orderings in the external legs. In the large—/N, or leading color limit all non—diagonal terms vanish
and only the leading terms in the diagonal entries survive. Thus only the non—interference terms

survive and the color decomposition of the squared amplitude factorizes into a sum over squares
2 large—N,
AP = | > CAT 25 Y T GAP =) Cop AL A, (2.30)
A 7 o

Tree—-level computations for m articles in the final state can nowadays be efficiently carried
through in full color @, Iﬂ Iﬂr

putations, especially for multi—parton ﬁnal states, however, one can approximate the results by

. In order to simplify the more intense higher order com-

considering only the leading color terms, which form the dominant contributions to the final
results. For systems with a Bose symmetry we can further simplify the computational effort.
Since the phase—space integration is symmetric under permutation of the outgoing gluons we
may simply consider only one of the cyclically ordered amplitudes with a specific cyclic ordering
in the gluon legs, which reduces the set of cyclically ordered amplitudes that need to be com-
puted dramatically, and instead multiply by an appropriate factorial factor o< (n — x)!, where
(n—x) is the number of gluons, or < (n—1)!in the case of pure n—gluon amplitudes “ IE .

Upon squaring and summing over colors in the color—flow basis we would naively count for N2
color degrees of freedom per external gluon instead of (N2 — 1), since in the color-flow basis
the sum over colors is a sum over contracted (anti-)fundamental indices instead of contracted

adjoint indices. We have to correct for this, which we do by simply subtracting the —1/N.~term
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in the color summation projection operator for each external gluon

P

gk:6

6jkjk - NLcéjkikéikjk (2-31)

(%

which is easily seen from converting to the color—flow basis and subsequent use of the Fierz

identity as discussed before

1

5izﬁk - ﬁ
C

5a£ak N \/iquTﬁT-ak 5a;2ak — Q7% TO% §3kAk _ 5

Uk Jk U Jk Ik 1kJk

6j1ﬁk 6ikjk (2'32)

kJk
The second term, which corresponds to the U(1)—gluon, does not play a role in squaring pure
gluon amplitudes, since the U(1)—gluon does not couple to the gluonic interactions. This means

that we can naively sum over the U(/V)-indices in this case, i.e. Py, = 6;,3,0j,5. in the case of

Tk
amplitudes which have only gluons as external particles. This is different for squaring ampli-

tudes that involve m > 1 external quark—antiquark pairs.

In summary: For a quark with fundamental index ¢ and corresponding antifundamental index 7

from the side of the adjoint amplitude we use P, = For an antiquark with antifundamental

Il

index 7 and corresponding fundamental index j from the side of the adjoint amplitude we use

Py, = 6,5, For a gluon with indices (i) and a corresponding set of indices (j7) from the side
of the adjoint amplitude and in the case of a U(IV) theory we can use Py, = ;3,057 For a
corresponding gluon in an SU(NN) theory we use in general Py, = 0;,7,0j,7, — Nicéjkgk 03,7, The

total projector P is then given by the product of the projectors for all external particles, which
inserted yields the correct summation over colors. The color matrix, which was introduce before,

is then simply

Coy0y = O} PC,, (2.33)
where the color summation is implicit in the (color summation) projection operator. Squaring
and summing over colors in the color—flow basis will result in an expansion in the number of

colors N., where the leading terms are given by the squares of color flows of the same permutation

and lead to leading monomials in N,
f
(5i1_726i253"'5injl) 5i1j26i2j3---5inj1 = Ng (234)

and the subleading terms, interference terms of different permutations, yield monomials in
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NP=24. with a = integer, quite in contrast to the decomposition in the fundamental basis,

where we have polynomials rather than monomials.

In the application of the projection operator to project the color space of the non—adjoint matrix
element onto the color space of the adjoint matrix element and at the same time contracting the
(anti-)fundamental indices, and thereby squaring and summing over colors, we have to consider
the full SU(NN.)-projector P, =4
to an expansion in 1/N, already in the projected amplitude, dropping the factor for the coupling

ik Ojrie — N%éjkgk 04,7, for the external gluons. This will lead

constant for the moment, which reads [97]

PyPy, .. Py PyAio( 1,y @) = D Bingi1y 0o doiay Vi manAns2 (2, 0(1), ... 0 (n), )

O'ESn
1 —
+ < - F) Z 5iqj<7(l)"'5io(n—1)j§5io(n)jo(n)An+2((q’ 0'(1), veey O'(?”L — 1), q, O’(n))
¢ oESy
1,21
+ <_ F) 5 Z 5iqjo(l)"'5io(n—2)j§5io(n—1)jo(n—l)5io(n)jo(n) x
¢ oE€Sn
X An+2 (Q7 0(1)7 ) O'(?’L - 2)767 U(n - 1)7 U(n))
1 \n —
+ ... 4+ ( — F) 5iqj§5io(1)jo(l)"'5io(n)jo(n)An+2 (q, q, 0'(1)7 ceey O'(n)) (235)
C

where the partial amplitudes in the subleading terms in 1/N, can be computed as linear combi-
nations of the partial amplitudes in the leading term. These subleading tree-level amplitudes
correspond to amplitudes with (n — k) U(N.)-gluons and k£ U(1)-gluons. The different terms
contain each a factor of 1/k! because in the permutations the terms that differ only by an ex-
change of U(1)-gluons are identical. There are hence n!/k! different permutations in the terms
with k& U(1)—gluons, and thus there is also only a single term in the last line with n U(1)—gluons.
The sub-leading amplitude with one U(1)—gluon is for example given by

Apio(q,0(1),...,0(n —1),q,0(n)) = Apya(q,0(1),....,0(n —1),0(n),q)
+ Apia(q,0(1),...;0(n),o(n —1),7q)
+ ... + Apya2(q,0(n),o(1),...,0(n —1),7q) (2.36)

quite in analogy to the decoupling identity, or more generally to the Kleiss—Kuijf relations M],
for the n—gluon tree—level partial amplitudes, where two gluons are kept fix. Subleading tree—

level amplitudes with more than one U(1)-gluon can be computed via an appropriate shuffle sum
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Figure 2.5: The color-stripped diagrams to a partial amplitude with one quark—antiquark pair and two

gluons.
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Figure 2.6: The color—stripped diagrams to a subleading partial amplitude A,12(q,1,7,2) with one
quark-antiquark pair, one U(N.)-gluon and one U(1)-gluon. The U(1)-gluon is depited by a dashed line.

over two sets of gluons, one containing the U(NN.)-gluons and one containing the U(1)-gluons,
which will be explained in some more detail in the next subsection 2.4l Shuffle relations for sub-
leading amplitudes will become important in the one-loop case as well, which will be discussed
in more detail in section In @

partial amplitudes is more efficient than expressing them in terms of linear combinations of the

| it is noted that the direct computation of the subleading

leading partial amplitudes, which is done by simply replacing k of the external U(N.)-gluons
by U(1)-gluons and associated factors of —1/N,.

We show the diagrams that contribute to a partial amplitude with one quark—antiquark pair
and two gluons in figure 2.5l We also show the diagrams that contribute to a subleading partial
amplitude with one quark—antiquark pair, one U(N.)-gluon and one U(1)-gluon in figure
In figure the diagrams with the non—abelian vertex, as shown in figure 5], cancel when the
subleading partial amplitude is computed as linear combination of leading partial amplitudes,
due the antisymmetry of the color—stripped three—gluon vertex with respect to the exchange of

any two of the three legs. One notes that there is a contribution from a non-planar diagram.
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This is due to the fact that U(1)—gluons can be attached to any quark line without any effect on
the color flow, as depicted. The number of Feynman diagrams that contribute to a subleading
partial amplitude with k£ U(1)—gluons grows thus like k!. However, we can safely drop those non—
planar diagrams, only computing the planar ones, and simply dress the term with a factor k!.
The projected amplitude from above is then multiplied with the corresponding (non—projected)
adjoint amplitude. The role of the subleading terms is then simply to subtract, in each of the
external gluons, one of the nine color flows of a U(N,.)—gluon, such that the correct SU(N.)—

behavior is regained.

2.4 Gluon Amplitudes in the Adjoint Basis

Before we turn to one-loop color decomposition we want to discuss another basis for the color
decomposition of gluon amplitudes at the tree—level ] Instead of using only the generators
in the fundamental representation one uses only the generators in the adjoint representation, i.e.
matrices (F%)y, = if®¢ where the structure constants f?¢ are exactly the generators of SU(N..)

in the adjoint representation. This reads then

./4,(10) (g1, gn) = (igs)an Z fa1a(,(2):v1f:v1aa(3)mzmf:vn—sag(n—1)anA1(10) (1’ o(2),....,0(n —1), n)

0ESH_2
=gi? Y (Fe@F%e Foee-n) o A0(1,0(2),..,0(n—1),n)  (2.37)
" i AV (1,0(2), ..., : :
0ESH_2

where we have included additional superscripts (0) to the amplitudes, to denote their tree—
level nature. One notes the structural similarity to the decomposition of a tree-level amplitude
with one quark—antiquark pair and (n — 2) gluons in equation 2.14] if neglecting the different
color basis for the moment. The above decomposition in equation [Z37 uses a set of (n — 2)!
partial amplitudes, with leg 1 and n held fixed, quite in contrast to the somewhat bigger set of
(n—1)! partial amplitudes that is needed in the fundamental decomposition of n—gluon tree-level
amplitudes in equation This reduced set of partial amplitudes is the same set of linearly
independent partial amplitudes as the one which is used in the Kleiss—Kuijf relations |, which

are given by

AP (1 {a} BT = (- 1)" Y AD(1,0({a}.{8}).n) (2.38)
OP{a}{B}

where {a} = {2,...,2} and #g is the number of elements in the set {8}7 = {z +1,...,n — 1}.
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OP{a}{B} is the ordered product of {a} and {8} = {n —1,...,x + 1}, which is the set of all
permutations of the elements in the ordered list {1,2,...,z,n—1, ...,z 4+ 1,n}, with 1 and n held
fixed, that preserve the ordering of the ; € {a} within {a} and of the 5; € {5} within {8}, while
allowing for all relative orderings of the «; with respect to the f;. AS)) (1, {a},n, {ﬁ}T) denotes
the partial amplitude which multiplies the color factor T'r(T' lpo®@)  po@)pnpoletl) ‘7(”*1)).
The corresponding color flow to A1(10) (1, {a},n, {ﬁ}T) is depicted in the upper right of figure 2.71

The color factor can also be depicted as the one on the lower left in figure 2.7 by virtue of
another representation of the three—gluon vertex color—flow diagram, as given in appendix [Al
We can then associate to the same color factor a partial amplitude as the one depicted by the
multiperipheral diagram shown on the lower right in figure 27] where we have to include a rela-
tive minus sign for every gluon color—-flow double-line that is radiated to the left with respect to
the color—flow arrow in the associated color—flow diagram, just as explained in appendix [Al We
can thus express all partial amplitudes to a color factor Tr(TlT"@)...T"(m)T”T"(xH)...T"(”*l))
by an appropriate shuffle sum over partial (multiperipheral) amplitudes with gluon 1 and n held
fixed at the beginning and the end of the argument list respectively and where the gluon indices
of members in the list {o(2),...,0(x)} and members in the list {o(x + 1),...,0(n — 1)} shuffle

with respect to each other while keeping the ordering within each list fixed.

One can think of the associated amplitude to Tr(T'7T7®3) . To@rpoe+l)  7o(=1)) a5 one
where gluons of one set are radiated to one side of a uniquely given gluon—strand between
gluon 1 and n and gluons of the other set to the other side, depicted in the upper left in
figure 271 The amplitudes A1(10) (1, {a},n, {ﬂ}T) must not contain diagrams where gluons from
one set connect directly to gluons from the other set via a color—stripped tree—level three— or
four—gluon vertex, since those would contribute to a wrong color flow. In the corresponding
shuffle sums over the multiperipheral amplitudes these diagrams must therefore cancel. Upon
the antisymmetry of the color—stripped three— and four— valent vertices with respect to the
exchange of external legs we note that this is indeed the case. In the shuffle sum there is
always a diagram with a permutation of two directly connected gluon legs in the cyclic ordering
(..., 4, Bi, ...) which cancels another identical diagram but with the two gluon legs exchanged
in the cyclic ordering (..., 8;, @, ...). Similar considerations hold for diagrams with four—gluon
vertices. We elaborate on this in more detail also in chapter All the diagrams that can
be drawn for Aslo)(l, {a},n, {B}") behave then such as if the gluons in {a} and the gluons in
{8} belong to two different gauge groups, i.e. they do not couple. It was shown ] that
equation 237 yields the same result as inserting the Kleiss—Kuijf relation of equation into
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o(2) o(n-1) o(x) o(x+1)

Figure 2.7: Graphical depiction of the multiperipheral basis that can be used in the color decomposition
of gluonic amplitudes. In this basis two of the n gluons can be held fized and the permutations over gluon
indices are only over the remaining (n — 2) gluons. In the diagrams the gluons 1 and n form a distinct
pair of indices between which a unique gluon—strand can be spanned. From this gluon—strand the other

(n —2) gluons are radiated in (n — 2)! different cyclic orderings.

the fundamental basis color decomposition. Since the basis in equation 2237 relies directly on
the structure constants, which encode both color flows in a three—gluon vertex simultaneously, it
is evident that using this basis and the reduced set of associated partial amplitudes suffices for
the color decomposition of n—gluon tree-level amplitudes, or generally for any amplitude that

involves only gluonic interactions for that matter.

2.5 One-Loop Color Decomposition

After the discussion of color decomposition at the tree-level we will now turn to the discussion
of color decomposition at the one-loop level. A first suggestion towards the possible color basis
of gauge amplitudes at the one-loop level, by contracting the legs of tree-level amplitudes, was
suggested in ] In the one-loop sector the literature tells us how to perform the color de-
composition for n—gluon amplitudes m, m, IE] and for gauge amplitudes with n gluons
and m = 1 quark—antiquark pairs ], where closed formulae have been given in these cases.

For m > 1 quarkantiﬁrairs little can be found and if, then mostly in the application to
,

specific processes , 23] or in reviews B, Ia]

Any one-loop amplitude can as well be decomposed into a purely gauge theoretical part and a
purely kinematical part. The agreement between cyclic ordering and color ordering, as given
at the tree-level, is thereby not apparent anymore. The basic gauge invariant building blocks

are not the partial amplitudes anymore, which are defined to be the kinematical factors that
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multiply a specific product of color antennae, but rather the so called primitive amplitudes.
Primitive amplitudes are sets of diagrams with the same cyclic ordering of the external legs and
are usually represented by corresponding top—level or representative diagrams. The one—loop
partial amplitudes are then generically expressed as linear combinations of several primitive
amplitudes with different cyclic orderings, i.e. several primitive amplitudes with different cyclic
orderings may contribute to the same color coefficient, quite in contrast to the tree—level case.

This is naturally expressed as
AV =N"0al) =563 FyB; (2.39)
i i j

where the Agl) are one-loop partial amplitudes to specific color orderings ¢ and the B; are the
primitive amplitudes with specific cyclic orderings j. The matrix F;; states thereby the linear re-
lations, which connect several primitive amplitudes with different cyclic orderings j to a specific
color ordering i. For the case of pure n—gluon one-loop amplitudes and one-loop amplitudes
with one external quark—antiquark pair and multiple gluons, these relations are known and have

been given in closed Formulae ]

Recently there has been some development towards the decomposition of amplitudes with mul-
tiple quark—antiquark pairs ], which is the formal extension of the ideas in @, Ia] This new
method relies on the intermediate use of Feynman diagrams, to establish the relations between
one—loop partial amplitudes and primitive amplitudes, but unfortunately there are no closed
all-n formulae at the core of this new method, as in the style of M] for the m = 1 case. Nev-
ertheless is the method very applicable in multi—parton calculations at the one—loop level and

has found further application in , 173].

We would like to complement the methods for color decomposition at the one—loop level in this
regard and introduce a new method, which can be used to derive relations between the partial
amplitudes and the primitive amplitudes without the need to use Feynman diagrams and to

solve a therefrom intermediately established linear system of equations.

In order to become familiar with one-loop color decomposition we would like to comment on
one—loop color decomposition in the case of gluon one-loop amplitudes and one—loop amplitudes
with one external quark—antiquark pair and multiple gluons first, in the next two subsections

251 and 2521 For a more intuitive presentation we will thereby use the expansion in the
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Figure 2.8: The left-most color—stripped diagram represents the top—level or representative diagram to
the pure gluonic [1]-part of a one-loop gluon primitive amplitude with two external gluons. We can pinch
gluon propagators in the loop in two possible ways in order to get the two color—stripped diagrams on the

right. The corresponding primitive amplitude includes then all three color—stripped diagrams.

fundamental basis for the decomposition formulae. To translate this into the color—flow basis,
however, one has simply to apply the rules discussed in section Subsequently we would like
to comment on the method in , 73] to color decompose amplitudes with multiple quark—

antiquark pairs before we introduce our new method in subsection 2.5.3]

To this end we want to note two things. Firstly: Any one-loop amplitude can generically be
separated into a ny-part, which contains a closed fermion loop, and a mixed part, where the

loop contains gluons as well as fermions
AL — 4@ L A(1).[1/2] (2.40)

Here we have chosen a common convention which denotes the ny—part by a superscript [1/2]
and the parts with pure gluonic or mixed particle content in the loop by [1]. In a theory which
contains also a scalar particle, we can have pure scalar-loops as well. In the following we will
not consider any scalar contributions and we will drop the superscripts (1), denoting the explicit

one—loop contribution, for notational simplicity.

Secondly: Each primitive amplitude can be represented uniquely by a respective top—level or
representative diagram, with the maximum possible number of propagators in the loop and
only three—valent vertices , , ] All other diagrams that contribute to a given primitive
amplitude can be constructed from the respective top-level diagram by pinching propagators
from the loop and pulling out trees whenever necessary. This is exemplarily shown in figures
2.8 and The whole set of diagrams to a primitive amplitude can again be constructed very

efficiently with the help of recurrence relations, which will be discussed in chapter [
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Figure 2.9: The left—-most color—stripped diagram represents the top—level or representative diagram to
the pure gluonic [1]-part of a one—loop gluon primitive amplitude with three external gluons. In a first
step we can pinch gluon propagators in the loop in three possible ways in order to get the three color—
stripped diagrams on the right. In subsequent steps each of those three diagrams on the right can further
be pinched, which yields diagrams with bubbles and tadpoles on the three legs. The corresponding primitive

amplitude includes then all those color—stripped diagrams.

2.5.1 One-Loop Gluon Amplitudes

One-loop color decomposition was first discussed in the context of pure unbroken Yang—Mills
theories m |, where the connection to super Yang—Mills amplitudes and string amplitudes
has been noted. The color decomposition for the n—gluon amplitudes in the fundamental basis,

without the ny—part, is given by

Al = gn S Tr(T% T Tr (1%, 7% ) AL (o(1), ..., o(n))
c=1 o€Sy/Snic
=gy N, Z Tr(T%W ...T“U(’U)Ai]l (o(1),...;0(n))
0ESK/Zn
[2]-1
+gr Yo Tr(T%w . 1) Ty (T T% ) AL (0(1), ..., o (n))
c=2 0€Sp/Sn;c

(2.41)

Here we have used Tr(1) = N, in the second line, which yields the leading color contributions
to the n—gluon amplitude for ¢ = 1. The subleading parts are given for ¢ > 2. The sums are
over all partitions to distribute an ordered set of n gluons among the two traces and for each
partition over all permutations S,, of the members of the ordered set of n gluons, without the
subset Sy,.. C S, of those permutations that leave the trace structure invariant for that partic-

ular partition. This double sum generates clearly all possible distinguishable color flows. The
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sum over the possible partitions is up to [ 5| — 1, where |z denotes the greatest integer less or

equal to x, and ¢ = |5 ],...,n would only generate the same double-trace structure again.

The possible color flows can graphically be depicted by annulus or ring diagrams as shown in
figure 2.10] where our convention is such that the inner ring in the color—flow double-ring dia-
gram depicts the first trace and the outer ring the second trace. These double-ring diagrams are
gained from tree-level multiperipheral diagrams, described in section 2.2 if we sew together the
two gluons 1 and n, which are held fixed in the multiperipheral diagrams, via 6“**" or d;,3,d;, 7,
in the double-line formalism of the color—flow basis, where the —1/N.~terms from the Fierz
identity cancels for pure gluon interactions. The various partitions and permutations of the
double-ring diagram reflect the simple fact that every three—gluon vertex in the respective Feyn-
man diagram contributes with two different color flows (see appendix [Al), which has of course

to be attributed for in the color decomposition formula.

Just as in the case of the multiperipheral diagrams at tree-level, we can also associate at the
one—loop level representative diagrams of primitive amplitudes with a certain cyclic ordering to
any given color—flow double-ring diagram, by flipping the gluon color double-lines in color—flow
double-ring diagrams from the inside to the outside. If we flip the inner gluon color double-lines
in the color—flow double-ring diagram on the left of figure to the outside and define the first
particle in the cyclic ordering to be the gluon with number 1, then this can be related for exam-
ple to the primitive amplitude Ag;}c(l, ¢, (e=1),(e+1),3,(c+2),2,n) represented by the diagram
with the cyclic ordering (1,¢, (¢ —1),(c+1),3, (¢ +2),2,n) on the right of figure 2101 However,
we also have to take into account all other cyclic orderings that contribute to this color flow.
These are given by all permutations of the members of the set {1,¢, (c—1), (c+1),3, (c+2),2,n},
with e.g. gluon n held fixed, that preserve the cyclic ordering between the members of the set
{c—1,...,3,2,1} and between the members of the set {c,c+ 1,c¢ + 2,...,n}, while allowing for
all relative orderings of the members of one set with respect to the members of the other set. In
other words in the color—flow double-ring diagram we can revolve the external gluons associated
to the inner ring and the external gluons associated to the outer ring independently as long as
we keep the ordering of the gluons within each of the rings fixed. Since the reading direction is
always against the color—flow arrow this yields a reversed cyclic ordering of the gluons on the
inner ring, if flipped to the outside, with respect to the gluons on the outer ring, as depicted in

figure 2,101

Consider the case for n = 4 and ¢ = 1, which describes the leading color contribution to AP.
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Figure 2.10: Left: Color—flow double-ring diagram associated to T'r (Ta“U) ...Ta“@*l))Tr(T“U(C) ...Ta“W)
m a purely gluonic one—loop amplitude. The two color rings can be revolved with respect to each other.
If we hold gluon n fized we can revolve or cyclically shuffle the gluon color double-lines on the inner
ring with respect to the gluon color double-lines on the outer ring in such a way that each relative
position of the gluons from the inner ring with respect to the gluons from the outer ring is generated,
while respecting the ordering of the gluons within each ring. If flipped to the outside there are ¢ — 1
gluon color double-lines on the closed inmer ring which emanate to the left with respect to the color—flow
line and generate each a relative minus sign. Right: If we take the specifically depicted ordering of the
gluon legs in the left diagram with respect to each other seriously and flip the gluon legs on the inner
color ring to the outside, then we can relate this to the top—level representative diagram for the primitive
amplitude A%;]C(l, ¢, (c—1),(c+1),3,(c+2),2,n). In order to generate all possible diagrams associated to
TT(T“°<1)...T“G(C*I))TT(T“U@)...T“°<">) we have to draw the top-level diagrams for every allowed ordered

set of gluon permutations that can be generated from the color—flow double-ring diagram on the left.
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In this case the color flow is such that in the double-ring color—flow diagram all four gluons
are on the outer ring. The inner ring is given by a closed color—flow line, which generates a
factor Tr(1) = N.. With gluon n = 4 held fixed all the possible distinguishable color flows that
can be generated in the leading color contribution are given by the (n — 1)! = 3! non—cyclic
permutations of the external gluon legs. To each of those permutations there exists exactly one
primitive amplitude, with a specific cyclic ordering that corresponds exactly to the given color
ordering. All diagrams that can be generated by pinching from the associated representative
diagram have the same cyclic ordering and contribute to the same color flow. This is different

for the subleading contributions for ¢ > 2.

Assume n = 4 and ¢ = 2. In that case there is one gluon associated with the inner ring in
the color—flow double-ring diagram in figure .10] and three gluons associated with the outer
ring. Let us assume o = id, then the gluon 1 is associated with the inner ring and the gluons
2,...,4 are associated with the outer ring. Although Tr(7T%) = 0 this will be a worthwhile ex-
ample to study. One primitive amplitude that corresponds to this color flow is AE](L 2,3,4),
however, with a relative minus sign due to the ”flipped” color-flow as explained in appendix
[Al Our convention will be that every gluon color double-line, if all are flipped to the outside
in the respective color—flow double-ring diagram, which is directly radiated to the left with
respect to a fundamental color—flow arrow receives a relative minus sign. If we look now at
all the diagrams that are generated from the respective top—level diagram we discover for ex-
ample one diagram, where gluon 1 is directly connected to gluon 4 through a color—stripped
tree—level three—gluon vertex in the cyclic order (...,4,1,...). This diagram has obviously the
wrong color flow and must be absent from the set of diagrams that multiply the specific color
factor at hand. There are two options to exclude this diagram. One option is to explicitly
veto the said diagram, which however would leave behind a set of diagrams that is no longer
gauge invariant. The other option is to add to the primitive amplitude Agl](l, 2,3,4) another
primitive amplitude AE](Q, 3,1,4) with a different cyclic ordering. If we look at all the diagrams
of the other set then, there is one where gluon 1 is again directly connected to gluon 4, this
time in the cyclic ordering (...,1,4,...) but otherwise identical. The two diagrams cancel due
to the antisymmetry of the color—stripped three—gluon tree—level vertex upon permutation of
any two of the three legs. Through the pinching process there might also be a diagram where
for example the gluons 1, 2 and 3 are connected via a color—stripped four—gluon vertex in the
cyclic ordering (...,1,2,3,...). These also yield a wrong color flow and need to be canceled by
similar diagrams with the cyclic orderings (...,2,1,3,...) and (...,2,3,1,...) as seen from the an-

tisymmetry properties of the color-stripped four—gluon vertex (appendix[A]). If we consider the
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sum AE]Q(L273,4) = AL11(1,2,3,4) + AL}}(Q,L?)A) + AL”(Q,?), 1,4) we note that all diagrams
that contribute to a wrong color flow cancel and we are left with exactly all the diagrams that

contribute exclusively to the subleading color factor Tr(TH)Tr(T*T3T?).

This behavior generalizes trivially in the case of n gluons, where the leading contributions are

given by
Al 1,2, 000) = A1, 2, .n) (2.42)
and the subleading contributions by

A2 e Lieet 1, n) = (-1t Y All1,2,.n) (2.43)
COP{a}{B}

with {a} = {c—1,...,2,1} and {8} = {¢,c+ 1,...,n}. COP{a}{S} is the cyclic ordered prod-
uct between {a} and {3}, also called merging or shuffle, which denotes all permutations of the
members in the ordered list {1,2,...,n}, with n held fixed, that preserve the cyclic ordering of
the o; € {a} within {a} and the cyclic order of the §; € {5} within {5}, while allowing for
all relative orderings of the «; with respect to the ;. This is the one-loop equivalent to the
Kleiss—Kuijf relations at tree-level. The general rule for diagrams which are not allowed due to
wrong color assignment is that members of the set {«} and members of the set {3} may never
be directly connected through a color—stripped three— or four—valent vertex. These diagrams
cancel exactly in the shuffle sum as described above, since there are always combinations which

fulfill the necessary antisymmetry relations of the three— and four—valent vertices.

The subleading part for ¢ = 2 can be set to zero due to Tr(T%) = 0, which leads subsequently

to

0=Alm23,.n)= - Y Al@2..n)
COP{1}{2,3,...n}
=—All,2,..n)—All2,1,3,....n) — AlV(2,3,1,....,n) — ... — Al(2,3, ... 1,n)  (244)

This is just the photon decoupling identity for one-loop n—gluon primitive amplitudes A[n1 }, which

reads
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A 2 n) =—Al©2,1,3,..,n) — AlN©2,3,1,4....n) — ... — AN(2,3,4,...n—1,1,n)
(2.45)

Thus, we can express one of the (n—1) primitive amplitudes for a certain gluon permutation o as

linear combination of the other (n —2) primitive amplitudes for that specific gluon permutation.

In order to complete the color decomposition for n—gluon amplitudes we have to consider the

ny—part as well, which is given by

AVE = grny ST (100 T@) AL (0 (1), ... 0(n)) (2.46)
UGSn/Zn

where Ag;/f} (0(1), s a(n)) contains all diagrams with a closed fermion loop and a cyclic order-
ing (0(1), ceey U(n)) of the external gluon legs, and S,,/Z,, denotes all non—cyclic permutations
of n gluons that leave the trace invariant. The color flow for the ny—part is the same as for
the leading color part, which can be seen from the fact that only U(N.)-gluons can couple to

the fermion loop. The ny—part is thus usually accounted for together with the leading color part.

Last but not least we note that the adjoint basis introduced at the end of section [2.4] has also
been used for the decomposition of one-loop gluon amplitudes, however only for the non-n;

part @] .

2.5.2 One-Loop Amplitudes with Gluons and One Quark—Antiquark Pair

The color decomposition for QCD amplitudes with one quark—antiquark pair and multiple gluons
has been know for a while by now ] In contrast to the n—gluon case one of the trace factors,
or closed color strings, from the double—trace structure is basically replaced by a color antenna,
or open color string, where gluons are radiated between the (anti-)fundamental indices of the
external quark—antiquark pair. In | the various color factors and associated combinations of
primitive amplitudes have been derived by studying the similarities to super Yang—Mills ampli-
tudes with two gluinos and (n —2) gluons. Adjoint representation gluinos, which carry naturally
two fundamental color—flow lines can thereby be turned into fundamental representation quarks

upon the appropriate removal of one of the color—flow lines. In the process one of the traces

cuts open, simply speaking, and the color decomposition is subsequently derived to read
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n—1
An(@1,02, 93 90) = 95> D> Grue(0(3),.,0(n)) Ane (1,243 0(3), ...y o(n))  (2.47)

c=1 0E€Sn_2/Sn;c

where

. — A5 (3) A5 (c+1) Ao (c+2) Ao (n)

Grpe(0(3),...,0(n)) = Tr(T%® ..T )T L], (2.48)
and o denotes again all permutations of gluon indices such that the trace is left invariant.
We normalize again to Tr(1) = N, and whenever there is no fundamental generator matrix
between the fundamental indices of an open color string we put a Kronecker delta instead. For

clarification we note the special cases

Grua (0(3), . 0(n)) = N [T T%w],

Grn2(0(3),...,0(n)) =0, dueto Tr(T*) =0
Grpm-1(0(3),...;0(n)) = Tr(T%® .. T%™ ), (2.49)

In contrast to the n—gluon case we can now have contributions from U(1)-gluons, if the two
ends of a gluon propagator in the loop connect to the same quark line. The partial amplitudes
for the leading case (¢ = 1) and the subleading cases (¢ > 2), including the ns-parts, are then

for a specific gluon permutation given by

1
Anit (13,2433, n) = A0W (1,24, 3,..om) = <5 AT (15,24, 3,..m) + %Aﬁ’w(lq’ 203 wm)
(2.50)
and
Apes2(15,2433, e+ e+ 2,.,n) = (1)1 Z Apt(1g,24,3,...,m)
COP{a}{8}
O S (A2
COP{a}{8} ¢
(2.51)

with {a} = {c+1,...,4,3} and {f} = {1,2,¢ +2,¢+ 3,...,n}. COP{a}{B} is the cyclic or-
dered product between {a} and {8}, which denotes all permutations of the members of the
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list {1,2,...,n} with 1 held fixed, that preserve the cyclic ordering of the «; € {a} within {a}
and the cyclic order of the ; € {8} within {3}, while allowing for all relative orderings of the
a; with respect to the ;. Note that in equation 2.50] which constitutes the leading part, we
also find contributions that are formally subleading in 1/N.. Since they multiply to the same
color—flow string, however, they are usually accounted for together with the real leading color

contribution.

Figure 2.11: Left: Color—flow double—ring diagram associated to
TT(T“"(3>...T“U(C+1>) [T“"(C“)...T%WJLZﬁ i a one—loop amplitude with one quark—antiquark pair.
The closed and the open ring can be revolved with respect to each other. If we hold the antiquark 1 fized
we can revolve or shuffle the gluon color double—lines on the inner closed ring with respect to the gluon
color double-lines on the outer open arc in such a way that each relative position of the gluons from
the closed ring with respect to the gluons from the open arc is generated, while respecting the ordering
of the gluons within the closed ring and the ordering of the fermions and the gluons within the arc. If
flipped to the outside there are (c — 1) gluon color double-lines on the closed ring which emanate to the
left with respect to the color—flow line and generate each a relative minus sign. Right: If we take the
specifically depicted ordering of the gluon legs in the left diagram with respect to each other seriously
and flip the gluon color double-lines on the inner color ring to the outside, then we can relate this to
the representative diagram for the primitive amplitude Aﬁ’m(l,él, 2,3,(c+2),(c+1),n,5). In order to
generate all possible representative diagrams associated to TT(T%(S)...T“U(C“)) [T“U@*?)...T“f’(")]izjl we
have to draw the top—level diagrams for every allowed ordered set of permutations that can be generated

from the color—flow double-ring diagram on the left.

It is instructive again to look at the associated color—-flow double-ring diagram for the mixed

contribution, which will be somewhat different from the one for the n—gluon case but works
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essentially in the same way and is shown in figure 2111 We note that the fermion line which
connects q; and g9 turns left with respect to the fermion—flow arrow upon entering the loop. A
left-router primitive amplitude, denoted by A%l contains thereby all diagrams of the same
cyclic ordering where the quark line turns left upon entering the loop, which yields a gauge
invariant subset of diagrams. Correspondingly are right-router primitive amplitudes defined as
gauge invariant subsets of all the diagrams with a specific cyclic ordering of the external legs
and where the fermion lines turn right upon entering the loop. The superscript [j] denotes again
the particle content in the loop, where [1/2] denotes the gauge invariant subset of diagrams with
a closed fermion loop and [1] denotes the subset of diagrams with only gluons or mixed particle
content in the loop, for which we have just described the additional property of fermion-routing.
We can have diagrams, where the fermion line is attached to the loop via a tree-level like sub—
diagram. In this case we denote the fermion line with routing L if it passes to the left of the
loop and with routing R if it passes to the right of the loop with respect to its fermion—flow
arrow. In general the primitive amplitudes of different routing information are related to each

other by a reflection identity

ARILUN (15,84, ..,24,on — 1,n) = (1) 2AL/BUl(n n — 1, .. 2,,...,4,3,15)
= (=1)"2AL BN (1 nn —1,..,2,, ..., 4,3) (2.52)

where cyclic invariance has been used in order to keep the antiquark 1 at the first position in

the list of arguments.

Concentrating on the non-n; contribution we can see from figure 211 how the leading and the
subleading parts come about. The leading contribution for ¢ = 1 is given by all those primitive
amplitudes that contribute to the color flow string [T““(3>...T“f’(">]i2jl, where in the associated
color—flow double-ring diagrams no gluon color double-line is attached to the closed ring. For
a certain gluon permutation o we have thereby on the one hand the left—router primitive am-
plitude Aﬁ’m(l,Q,?), ...,n), where the factor Tr(1) = N, is generated explicitely through the
closed fundamental color line of the inner ring. On the other hand, however, there is another
class of diagrams which can contribute to the same color—flow string, which is given by the

[1](

primitive amplitude Aﬁ’ 1,n,n—1,...,4,3,2), where the fermion line is still left-routing upon
entering the loop but all gluons are now radiated to the left and in reversed order from the
fermion line in the corresponding representative diagram. We note that this generates a relative
minus sign (—1)"2. If we look at the color flow of this diagram upon replacing the one gluon

propagator in the loop by a U(1)-gluon we note that this also generates the color—flow string
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[T 4o (3) ...T“U(M] .- but with a factor —1/N, instead of a factor N, in front. Upon factoring out
an overall factor N, and using the reflection identity in equation 2.52] this leads to the contribu-
tion proportional to —1/N? in equation 250l Similar considerations lead to the n f—contribution

in equation [2.50)

The subleading contribution is similarly explained as in the n—gluon case. Imagine n = 4 and
c =2, and o0 = id. Then there are three primitive amplitudes that contribute in general to the
subleading color factor Tr(T3)[T%;,5,, ie. AXM(1,3,2,4) + ALM(1,2,3,4) + AR(1,2,4,3).

Looking at Ai’[l](l, 3,2,4) we note that the corresponding set of diagrams contains for example

12715

a diagram where the gluon 3 is directly connected to the quark 2 via a color—stripped quark—
gluon vertex in the cyclic order (...,3,2,...). This diagram contributes obviously to the wrong
color flow and needs to be canceled. The cancellation occurs if we add the primitive amplitude
Af’[l](l, 2,3,4), which contains a diagram where again the gluon 3 is directly connected to the
quark 2, this time in the cyclic order (..., 2, 3, ...) but otherwise identical. Upon the antisymmetry
of the color—stripped quark—gluon vertex with respect to the exchange of any two of the legs, as
explained in appendix[A] as well as of the corresponding color—flow rule the two diagrams cancel.
In general the same rule holds as does for the n—gluon case, i.e. all diagrams need to cancel
that connect members from a set {a} and members from a set {5} directly through a three— or
four—valent color—stripped tree—level vertex, where the two sets are simply determined from the
closed ring and the open arc respectively. This is exactly fulfilled by the sum Ai’m(l, 3,2,4) +
Ai’[l] (1,2,3,4) —i—Af’m (1,2,4,3), where all the unwanted diagrams cancel and we are left exactly
with all the diagrams that contribute exclusively to the subleading color factor Tr(T3)[T%);,7.
The generalization for arbitrary n and ¢ > 2 leads again to the Kleiss—Kuijf type relations
of equation 251l which expresses one-loop partial amplitudes to specific subleading color—flow
strings as linear combinations of several primitive amplitudes with different cyclic orderings. In
the case of ¢ = 2 we can thereby again derive a decoupling equation, which reads
AR 32 4, n) = —ARY 2,84, n) — AR 2,43, n) — . — ARY 2,4, 0, 3)
(2.53)

2.5.3 One-Loop Amplitudes with Gluons and Multiple Quark—Antiquark

Pairs

The color decomposition for more than one quark—antiquark pair and multiple gluons is rather
involved and there is no corresponding closed formula in the modern literature that establishes

relations between partial and primitive amplitudes in the style of the above given formulas for
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the cases of external gluons only or with one external quark—antiquark pair.

Methods to find relations between cyclically ordered primitive amplitudes and color—ordered
one—loop partial amplitudes have been devised by taking the detour of establishing the desired
inverted relations for a fixed number of particles by exploring the color factors of appropriately
chosen Feynman diagrams and subsequently inverting these relations @, B, , , é} We
will briefly discuss these methods and then continue to describe an alternative method that
comes about without taking this detour via Feynman diagrams and rather relies on classes of
double-ring type diagrams and appropriately chosen shuffle relations in each class. The method
can be used to establish closed formulae for fixed numbers of distinguishable quark—antiquark
pairs but for an arbitrary number of gluons in each case. The case for flavor—like quark—antiquark

pairs can be retrieved by proper antisymmetrization as described in chapter

First we note that the general color decomposition formula in terms of partial amplitudes is

trivially generalized for multiple quark—antiquark pairs, where we can write

Ag1>(1ql,2q1,3@,4q2, L (2m=1)g,,, (2m)g,; (2m+1), n) _

qr ZTT <Taa(2m+l),Tao(cl+2m—1)> |:Tao(c1+2m),Taa(cl+cg+2m—2):| < ...

i7\'(2)jl
X |:Tao(cl+m+cm+(2m—(m—1)) , Tao(n)] X
Lr(2m)J(2m-1)
1
X Aﬁz;)(cl,cm) <U(2m+1, c1+2m—1);7(2q,),0(c1+2m, c1+ca+2m—2),14,; ...

o m((2m)g,,), o (et Cmt (2m— (m—1)), n), (2m—1)qm)

(2.54)

and where

>

> > > (2.55)

c1=1,n—(2m-1) T€EPm O’ESnfzm/S(n_gm;q)
ca=1,n~(c1+2m—2)

em=1,n—c1+. ..+cm_ 1H+2m—m)

The indices on the (anti-)quarks denote quark lines between specific quark—antiquark pairs,

2. Color Management 53



2.5 One-Loop Color Decomposition

which we take as being all distinct for the moment. The shorthand notation (a,z) denotes the
list (a,b, ..., z). The sums above simply generate all possible distinct products of color antennae
that can occur in one—-loop QCD amplitudes multiplied by the respective partial amplitudes.
The partial amplitudes are again the sets of all those color—stripped diagrams whose correspond-
ing Feynman diagrams give rise to the same color flows or products of color antennae, i.e. all

diagrams of the same color ordering. The notation in the list of arguments inside a partial
(1
n;(jlvj’m
that it multiplies.

amplitude A )() is thereby inferred from the corresponding product of color antennae

Due to the additional internal degrees of freedom, introduced by the loop, several primitive am-
plitudes with different cyclic orderings of the external legs may contribute to the same product
of color antennae, as we saw for the leading as well as subleading contributions in the case of
one quark—antiquark pair or in general for the subleading contributions already in the case of
external gluons only. And as in the case for m = 0 and m = 1 quark—antiquark pairs we want
to express the color—ordered partial amplitudes in the case of m = 2 quark—antiquark pairs as
linear combinations of cyclically ordered one-loop primitive amplitudes. However, for multiple
quark—antiquark pairs closed formulae, as in the case for m = 0 and m = 1 quark—antiquark

pairs, have not been given so far in the modern literature.

The primitive amplitudes in this case can be similarly classified by the cyclic ordering of the
external legs and the routing information of each fermion line with respect to the loop, i.e. also
in the case for multiple quark—antiquark pairs all the diagrams that contribute to a specific prim-
itive amplitude form a gauge invariant subset and have again the same cyclic ordering in the
external legs and the same routing of the external fermions with respect to the loop. Primitive
amplitudes in this case can again be represented by top—level or representative diagrams, where
all external particles are directly attached to the loop and only via three-valent vertices. All
other diagrams can then be generated from the representative diagrams by a continuous pinching
process and pulling out trees, as described in the introduction to this chapter. In problems with
more than one quark—antiquark pair, however, there exist primitive amplitudes, where tree—level
parts are branched off at the level of the representative diagram already. These are primitive
amplitudes with a representative diagram, where an external fermion line in a specific cyclic
ordering and with a specific routing is not allowed to enter the loop and is therefore branched
off via a gluon that connects this tree-level part to a fermion line in the loop. In the literature
@, E, | these situations are usually represented by effective ”dummy” propagators in those

places where no fundamental vertex—propagator combination can be inserted to form a top—level
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diagram, such that all the external particles can again directly be attached to the loop through
three—valent vertices. We find it useful, however, to resolve the tree-level like sub—diagrams
directly and will thus in the following exclusively use the term "representative” diagram instead

of "top-level” diagram, due to the misleading nature of the latter.

In one-loop computations it is desirable to use the cyclically ordered primitive amplitudes,
because they are gauge invariant and only a subset of the kinematical loop—invariants plays a
role. This will be clarified further in chapter One thus wants to establish the relations
between the one—loop partial amplitudes and the primitive amplitudes. The method which was
originally introduced in @, E} and later formalized in M] works thereby as follows. For a
specific n—parton one—loop amplitude, with a certain number of distinguishable quark—antiquark

(1)

pairs, one can generate the set of all one-loop Feynman diagrams D; "’ by using ones favorite

Feynman diagram generator. The respective amplitude can then be written as

AP =5 pY (2.56)

and upon collecting all the diagrams that give rise to a specific product of color antennae this

is further written in the familiar form

1 1 1
A%)=ZD§):ZCJ‘A§ (2.57)
i J

The partial amplitudes Agl) collect thereby all those color—stripped one-loop diagrams dg) whose

corresponding Feynman diagrams contribute to the color factors C';, which reads

1 1
AW =5 Kjpd! (2.58)
k

where K is determined by construction. More closely, since the diagrams with four—valent

)

vertices can always be reproduced by pinching from diagrams with three—valent vertices, A§»1
may contain only those diagrams dl(j) with only three—valent vertices. In a different step one
considers all possible primitive amplitudes, i.e. all possible cyclic orderings. Upon collecting this

time all the diagrams to a specific cyclic ordering one can also express the primitive amplitudes

)

B; in terms of the color—stripped one-loop diagrams dg»l , which reads
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B =Y Lyd" (2.59)
l

where L is again determined by construction. The partial amplitudes can then be related to the

primitive amplitudes by an ansatz
AW =378 =33 Z;Lad” (2.60)
i i1

and since Ag»l) = ZKjldl(l) one can finally establish the relations between the partial and the
l

primitive amplitudes by solving the set of linear equations
Kj = Z Z;iLi (2.61)
i

for the coefficients Z;;. In general the set of linear equations is overcomplete and only a subset
of diagrams is needed in order to establish the desired relations. To determine the relations
between the primitive and the partial amplitudes in a given process can be done once right at
the beginning of the corresponding computation. Nevertheless one needs to establish, revert and

solve a process—dependent set of linear equations.
In contrast to this we would like to introduce a method that does not rely on such a procedure.

The method generates first, for a given set of distinguishable quark—antiquark pairs and no ex-
ternal gluons, the set of all the possible cyclic orderings. These are basically all cyclic orderings
where we can draw planar diagrams without any fermion lines crossing each other. This set is
overcomplete in the sense that it contains diagrams, which are directly related to each other by a
relative sign. Upon removal of those double—copies we gain a set of distinct primitive amplitudes,
which we call henceforth cyclic classes, following thereby the already established nomenclature
of classes in @, IE] Each of these cyclic classes can be represented uniquely by a representative
diagram, containing only the external quark—antiquark pairs. By looking at the corresponding
color—flow diagrams we note that each of these cyclic classes can thereby contribute to various
color flows, which we call color sub—classes henceforth and which is seen by simply considering
all possibilities of the internal gluons to be either U(N.) or U(1). For each such color sub—class
in a certain cyclic class we can draw a unique color—-flow diagram that, upon potential dressing

with external gluon color double-lines, is used in a similar fashion as the color—flow double-ring
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diagrams introduced in the subsections 2.5.1] and above, namely to determine all the pos-
sible primitive amplitudes that contribute to a specific product of color antennae by observing
all the possible ways that the gluons can "move” on the fundamental color lines in such a dia-
gram. This generates automatically all the needed diagrams to a specific color sub—class, while

canceling all other diagrams that would contribute to a wrong color flow.

We give a set of rules to generate the cyclic classes in appendix [Bl and continue right away
with an example. Consider a process with two distinct quark—antiquark pairs, (g, ¢) and (Q, Q),
with associated particle numbers (14,2,) and (35, 4¢) respectively. The set of cyclic classes that
we choose is thereby depicted by the representative diagrams shown in figure Instead of
the cyclic classes depicted in b) and ¢) we could have equally chosen cyclic classes, which are
represented by diagrams where the order of the fermions in the tree—part is flipped. These yield
the same diagrams up to a sign, due to the antisymmetry of the color—stripped quark—gluon
vertex. Upon this observation we could have also chosen cyclic classes where the antiquark 1
is exclusively left-routing with respect to the loop. We decide, however, on the depicted cyclic

classes in order to compare some of the results which we will derive with our method to known

results in @, E}

To each of the cyclic classes in figure 2.12] we can now assign the corresponding color sub—classes
represented by color—flow diagrams, where we can assign four color sub—classes to each cyclic
class. The color—flow diagrams for the color sub—classes to cyclic class a) and cyclic class a*)

are shown in figure 213 for cyclic class b) and cyclic class ¢) in figure [Z14]

For the cyclic class that is needed for the my—contribution we choose the one represented by
diagram d) in figure 2.I5] which has the four associated color sub—classes depicted in the same

figure in diagrams I) through IV).

Each QCD one-loop amplitude with n external partons can, as we already noted, be separated

according to
_Agll) - Ag),[l] _,_Agl),[l/?] (2.62)

where now
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2 3 2 4
L / R
1 4 1 3
a) ax*)
4 o 3 4 ;3
17 ¢ 2 1 R 2
b) c)

Figure 2.12: Representative color—stripped diagrams to the four different cyclic classes of a one—loop
amplitude with two distinguishable quark—antiquark pairs and mixed particle content in the loop. The
routing labels of the external fermion lines are made explicit. In class b) and c¢) we note that one of the
fermion lines is connected to the fermion in the loop via a gluon through a tree—like sub—diagram. For
the respective cyclic orderings there is no other way to draw planar diagrams without crossing fermion

lines, except for double copies where for example the tree—parts are flipped and which only differ then by
a relative minus sign.

o8
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I) II)

| [

N

I "y
I17) Iv) II7) V)

Figure 2.13: Representative color—flow diagrams to the color sub—classes of the cyclic classes a) (on the

left) and a*) (on the right). We note the non—planar color flow in the first three representative diagrams
to the color sub—classes of cyclic class a*).

I) 1I)

I7I7) V) I111)

Figure 2.14: Representative color—flow diagrams to the color sub—classes of the cyclic classes b) (on the
left) and ¢) (on the right). The cyclic classes are best chosen such that the respective color sub—classes

do not contain non—planar color flows in those gluons that connect the tree—like sub—diagrams, although
it would not make any fundamental difference.
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; N

(

R
1 2 /
d) I)

SN

\/\6\“
R4 c
S

I77)

Figure 2.15: Left: Representative color—stripped diagram to the cyclic class of the ng—contribution of
a one—loop amplitude with two distinguishable quark—antiquark pairs. Right: Representative color—flow
diagrams to the color sub—classes of the cyclic class d). For simplicity is the cyclic class chosen such that
the respective color sub—classes do mot contain non—planar color flows in those gluons that connect the

tree—like sub—diagrams, although it would not make any fundamental difference to the color decomposition.

AW = gn Z AW lile (2.63)
clhsacs

and where we will drop the superscript (1) from now on again. Further

A[ﬂvc — Z A[ﬂ,cs (2.64)

cu € colpr b=
where ¢ is an element in the set of all color sub—classes to the cyclic class ¢. Let us now
assume that we want to add a gluon to the two quark—antiquark pairs, in order to derive the
color decomposition for A(q,q,Q,Q, g), where we assign specific particle labels to each of the
partons via (1g, 2, 35:4Q, 54). The cyclic classes that we need are again the ones depicted by the
diagrams in figure and for the ny—part by the first diagram in figure The associated
color sub-classes are again the ones depicted by the diagrams in figures 2.13] and 2214] and on
the right of figure Upon dressing the color sub—classes with the one gluon we note six

different color—flow strings that may appear, which are

C, = [T%]iﬂl 5i2737 Cy = [Ta5]i2515i4j37
Cs = 6i471 [Tas]izjsv Cy = 6i271 [Ta5]i4737
05 == 6i4jl 5i2j37 06 == 62‘2]*1 51'4_73 (265)
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For the start we consider the most simple cyclic class in this case, which is the cyclic class a).
The color sub—classes to the cyclic class a) are depicted by the left four color—flow diagrams in

figure P.13] and for each we can associate containers of color antennae products, namely

ar — T?“() [---]i4j1[---]izj3

armg — (_ NLC) ['-']i471['-']i273
am —» (- N%) [Jiaza -
arv — (- NiC)Q [ Jiag [ Jias (2.66)

Upon filling the containers in all possible ways with the one gluon 5, i.e. considering all possible
partitions, we can associate to each of the color sub—classes a; through ary specific products of

color antennae times factors in NV, via

ar —r T’I“(Tas)05, T’I“(]].)Cl = NcCl, TT’(]].)C3 = N003

1 1
arp — (—F)Ch (_F)C?’
1 1
arp — (—F)Ch (_F)C?’
1 1
ary — (— F)QC% (- F)QQ (2.67)

Of course Tr(T%) = 0, but it will be instructive and useful not to drop it for the moment.
If we now look at the representative color—flow diagram to the color sub—class a; we can infer
four possible cyclic orderings in which we can insert a gluon color double-line in order to con-
tribute to the subleading color factor T'r(75)C5. These are (1, 54,24, 35, 4q), (13,24, 5¢, 3, 4q);
(17,2453, 54,4q) and (13,24, 30,4qQ, 5y), where we have revolved the gluon color double-line on
the closed color—flow line quite in analogy to the double-ring diagram in figure 2111 If flipped
to the outside the gluon color double-line is always radiated to the left with respect to the color—
flow arrow on the fundamental color—flow line off which it radiates. The associated primitive
amplitudes are therefore included with a relative minus sign. The sum of primitive amplitudes
that multiplies the color factor T'r(7'%)C5 is therefore

TrHT™)Cs  x — A(1E.54,24.35.40) — AQE.2,,5,,35,40)

— AL, 24,35,55,4q) — A(1%,24,35,40,5,) (2.68)
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where we have included the routing information for each fermion line as superscripts to the
antiquark indices. Remember that each primitive amplitude in the above represents a set of
color—stripped diagrams, which is obtained by pinching from the respective representative dia-
gram. In each of those sets, however, there are diagrams which do not contribute to the correct
color flow. From the representative of A(lé, S, 2q,3é,4Q), for example, we can generate a di-
agram where the gluon 5 is directly attached to the quark 2 in the cyclic ordering (..., 5,2, ...)
via a color—stripped quark—gluon tree—level vertex, which looking at the color—flow diagram of
color sub—class aj contributes obviously not to Tr(7%)Cs. There is, however, a corresponding
diagram in A(1§,2q,5g,3é,4Q), but where the gluon 5 is directly attached to the quark 2 in
the cyclic ordering (...,2,5,...), which can also never contribute to Tr(7%)C5. Due to the an-
tisymmetric property of the color stripped quark—gluon vertex with respect to the exchange of
any two of the legs, however, this color—stripped diagram cancels the unwanted diagram from
A(1§,59,2q,3é,4Q). Thus we need A(lq@,2q,5g,35,4Q) and A(lqg,Qq,3é,4Q,5g) in order to
cancel all unwanted diagrams in A(1§,5g,2q,3é,4Q) and A(lé,Qq,3é,5g,4Q). The remaining
diagrams in A(lé, 24,5, 35, 4¢) and A(qu, 24, 35, 40, 54) contribute to the correct color flow by
virtue of one of the two color flows associated to each tree-level three-gluon Feynman vertex. All
vertices and propagators, together with their color—stripped as well as color—flow contributions,
are given in appendix [Al Note that upon Tr(7%) = 0 we can infer an identity from equation

[2.68] which reads

A(1§a2q,3é,4Q,5g) = _A(1§’59’2q’35a4Q) - A(1§,2q,5g,3é,4Q) - A(lqga2Qa3é’5g’4Q)
(2.69)

and which can be used if one wants to minimize the set of primitive amplitudes that have to be
computed. The generalization of this to multiple gluons is given by summing over appropriately
chosen shuffles of the external partons in the primitive amplitudes, similar to the ones described
in equation .51 We will give all the necessary relations for m = 2 quark—antiquark pairs and

an arbitrary number of gluons collectively at the end of this section.

The primitive amplitudes that multiply the other two (leading) color factors in the color sub—
class ar are trivial. For each possibility there is only one meaningful cyclic ordering to attach

the gluon 5, which is

Tr(1)Cy(+ A(1L, 2, 35, 4,54)) = N.C1(+ A(1%, 2, 35, 40,54)) (2.70)
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and
Tr(1)Cs(+ A(1L, 2, 59735,4@) = N.Cs(+ A(1k,2,,5,, 35,4Q)) (2.71)
In total we can then write

Alla = NOy(+ A(LE 24,35, 4.5,))
—{—NCC3(+A(1§,2Q?59?3554Q)) (2'72)

We proceed in a similar fashion for all the gluon—dressed color sub—classes to the cyclic class a),

where for a; we get

1

Althanr — _ ﬁcl( — A(17,54,24,35,40) — A(17,24,54,35,40) — A(15,24,35,54,4¢))
(&
1
_ FC?’( +A(1§,2q,5g,35,4Q)) (2.73)
(&

for arp we get

1
Allhann = — = Cy(+ A(17, 24,35, 40, 59)

C

1
- FCZS( - A(lqga 59a 2Qa 3554Q) - A(lg’ 2(]’3%’ 5954Q) - A(lg’ 2(]’3%’4Qa 59))

C

(2.74)
and for ary we get
1
Allbary — (- E)ch( — A(17,54,24,35,4q))
1
+ (- E)Qal( — A(11,24,38,54,4q)) (2.75)

The general strategy should be obvious: Gluon color double-lines can revolve freely on closed
fundamental color—flow lines in order to generate combinations of cyclic orderings or are bounded
to move between the (anti-)fundamental indices of open fundamental color—flow lines. They
cannot move on U(1)-lines. We continue with the cyclic class a*), depicted in figure
Looking at the respective color sub—classes on the right in figure we note that this specific
cyclic ordering leads to a twisted color—flow of the gluon propagators in the loop. Nevertheless,

by inspecting how a gluon color double-line can move in the associated color—flow diagrams, we
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can determine the necessary linear combinations of primitive amplitudes to each color flow that

can be assigned by adding a gluon. This leads then to

At — o (+ A(1,2,5,4,3) + A(1,2,4,5,3) + A(1,2,4,3,5))
+ Cy(— A(1,5,2,4,3) — A(1,2,5,4,3) — A(1,2,4,3,5)) (2.76)

Albein — — Nicl( — A(1,5,2,4,3) — A(1,2,5,4,3))

Cc

— Nicg(+A(1,2,5,4, 3) + A(1,2,4,5,3)) (2.77)

C

* 1
AMain — _ FCl( + A(1,2,4,5,3) + A(1,2,4,3,5))

C

- Nicgs( — A(1,5,2,4,3) — A(1,2,4,3,5)) (2.78)
A[l}’afv = ( - NL)QCQ( - A(l? 55 2’45 3))
1
+ (= 77) O+ A(1,2,4,5,3)) (2.79)

C

with associated routing labels 1q4 and 35 in the cyclic class a*). For the cyclic class c¢) we

determine

Alber — ¢y (= A(1,5,4,3,2) — A(1,4,5,3,2) — A(1,4,3,5,2))
+ Ca(+ A(1,4,5,3,2)) (2.80)

Alllenr — _ NLTT(]]_)CQ( + A(1,4,3,2,5))

1
N
=—Cy(+ A(1,4,3,2,5))

— Oy + A(1,4,5,3,2)) (2.81)

Tr(1)Cy( + A(1,4,5,3,2))
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A[l],CIH — Nicl( — A(1,5,4,3,2))

C

- Nicg( — A(1,4,3,5,2)) (2.82)

C

A[l]chV = ( — Ni)202( + A(1747 37 27 5))

+ (- Nic)204( — A(1,5,4,3,2) — A(1,4,3,5,2) — A(1,4,3,2,5)) (2.83)

with associated routing labels 1? and 35. In ¢qr we have already omitted the part with T (7% )Cg
due to Tr(T%) = 0. Looking at the corresponding linear combination of primitive amplitudes,

however, we can again read off the identity
0=-A4(1,5,4,3,2) — A(1,4,5,3,2) — A(1,4,3,5,2) — A(1,4,3,2,5) (2.84)

One notes that in Al and Al we have not included the cyclic orderings where the gluon
5 is radiated in cyclic order between 2, and 15. The respective diagrams are already included
in the sets of diagrams that are generated by pinching from the representative diagrams of
A(1,5,4,3,2) and A(1,4,3,5,2) respectively. The one-gluon results for the cyclic class b) are
derived similarly and since there is no further instructive gain, and we will present the all-n
formulae in the case of m = 2 quark—antiquark pairs at the end of this section anyway, we will
not repeat it here. The ny-part is derived similarly, by dressing the color-flow representatives

of the color sub—classes to the cyclic class d) in figure I8 with a gluon, and reads

A — Oy (— A(1,5,4,3,2))
+nyCs( — A(1,4,3,5,2)) (2.85)

Aldn _ ng(— NL)CQ( — A(1,5,4,3,2) — A(1,4,3,5,2) — A(1,4,5,3,2))
1
+ny( = 77)Ca(+A(1,4,5,3,2)) (2.86)

C
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Al — o (— —)Cy(+ A(1,4,3,2,5))

s

1
+ng(— E)al( — A(1,5,4,3,2) — A(1,4,3,5,2) — A(1,4,3,2,5)) (2.87)

Al — g (— )QTT(]I)CQ( + A(1,4,3,2,5))

+np(— =) Tr(1)Cy(+ A(1,4,5,3,2))

+np(— ) Tr(T%)Co( - A(1,5,4,3,2) — A(1,4,5,3,2)

Ut illatilie

— A(1,4,3,5,2) — A(1,4,3,2,5) )

1
= nf(ﬁc)cz( + A(1,4,3,2,5))

+nf(Nic)C4( + A(1,4,5,3,2)) (2.88)

with associated routing labels 1? and 35. Also in this case we find — A(1, 5,4, 3,2)—A(1,4,5,3,2)—
A(1,4,3,5,2) — A(1,4,3,2,5) = 0 again, with which we can rewrite the terms proportional to
C5 and proportional to Cy in the equations and 2.87 respectively, in order to compare to

69, 73,

the corresponding results in

We can generalize the above to the case of (n — 2m) gluons. In the following we will give the
corresponding expressions for the color sub—classes in the case of the two distinguishable quark—

antiquark pairs and (n — 4) gluons.
For Al we write

Al = S~ STy (o@®) o)) [peleth po)] [pern pem] glla o gg)

1471 273" (032,y)
r=4,...,
x

g = n
Y=,...,n

where
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[1}70'1 _
(@)

—4
(-1)" ZA(1§,x9,(x—1)g,...,5g,2q,(y+1)g,(y+2)g,...,ng,3g,4Q,(x+1)g,(m+2)g,...,yg)
SCOP{a}{B}

{list}
(2.90)

with a; € {a} ={z,z—1,...,6} and §; € {8} ={1,2,y+ L,y +2,....,n,3, 4,z + 1,2+ 2,....,y}.
Here o denotes the set of all permutations of gluon indices without those that leave the trace
structure invariant. SCOP{a}{8} denotes the semi-cyclic ordered product of {a} and {8},
which is the set of all permutations of the members in the ordered list {list} with 1 held fixed
that preserve the cyclic ordering of the «; within {a} and the ordering of the g; within {38},

while allowing for all possible relative orderings of the «; with respect to the g;.

In the large—NN. limit of all the terms to the amplitude for m = 2 quark—antiquark pairs and
(n —2m) gluons the above with x = 4 is the only one that contributes. We will comment on this

type of contributions for arbitrary m in more detail at the end of this section.

The sum is in general over all possibilities, according to the desired product of color antennae, to
move the external gluon color double-lines in the color—flow representatives between the ends of
the associated open or closed fundamental color lines. The ordering between those gluons that
are attached to one fundamental color line has thereby to be kept, while gluons of different fun-
damental color lines may shuffle. External quark and/or antiquarks may not be shuffled within
one cyclic class. If we flip in a color—flow representative diagram all gluon color double—lines
to the outside there are those double lines that are radiated to the right, with respect to the
fundamental color line that they radiate from, and those which are radiated to the left. Our
convention of assigning the necessary relative signs between primitive amplitudes is such that we
add a primitive amplitude with a plus sign if it is included on the basis of a color right-radiator
and with a minus sign if it is included on the basis of a color left—radiator. The diagrams within
the primitive amplitudes are built from color—stripped Feynman rules, which themselves are
defined to be antisymmetric with respect to the exchange of any two legs. In combination this
leads then to the necessary cancellations of diagrams that contribute to a wrong color flow for a
certain color sub—class and to the inclusion of exactly those diagrams that contribute exclusively
to the correct color flow for this specific color sub—class. The color—stripped Feynman rules as

well as the corresponding color—flow rules are derived in detail in appendix [Al
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We continue with A1 and write

Alhan = 3™ 5™ z“’<5>...T"<i'f>]W,1 ol poem] gk (2.91)
o x=4,..,n
where
A&];&H: ) 4ZA 1 2gs (£=1) g, Bg, 2, (T+1) g, (2+2)g, 0, 3554 ) (2.92)
OP{a}{ﬁ} o)

with o; € {a} = {z,z —1,...,5} and B; € {f} ={1,2,z + 1,2 + 2,...,n,3,4}. Here o denotes
the set of all permutations of gluon indices. OP{a}{/} denotes the ordered product of {a} and
{8}, which is the set of all permutations of the members in the ordered list {list} with 1 and 4
held fixed that preserve the ordering of the a; within {«} and the ordering of the ; within {3},

while allowing for all possible relative orderings of the «; with respect to the ;.

Allant jg given by

Al — Z Z To(5) .Ta(x)]ml [TU(”D---TU(")]i2j3AE£7§§H (2.93)
o x=4,.
where
A (1) A3 (1D (54 D) A5 Oy 1E,2,) (200)
OP(a}{5) e ’

with oy € {a} ={n,n—1,...,2 + 1} and §; € {B} = {3,4,5,6,...,x,1,2}. Here o denotes the
set of all permutations of gluon indices. OP{a}{3} denotes the ordered product of {a} and
{#}, which is the set of all permutations of the members in the ordered list {list} with 3 and
2 held fixed that preserve the ordering of the a; within {a} and the ordering of the j; within
{8}, while allowing for all possible relative orderings of the «; with respect to the ;. After
the evaluation of ), p (o} {8} the argument list of each primitive amplitude in the above may be

cyclically rotated in order to have 1qL at the first position again.

The evaluation of A1V does not involve a non—trivial shuffle and reads
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Al =57 ST (= PO [ o] Al (20

473" " (03T)
where

1], —4
AU;SV = (=1)" AL 2y, (3—1)g, ..,y 29,35, mg, (n—1)g, ..., 74, 4g) (2.96)
This ends the evaluation of the cyclic class a). We will now turn to the cyclic class a*), where

Albat is given by

af o o(x o(r on [1],af
A= S [ [ A e

where

A = (<) YT A(1E g, (0 1)gs o (24 1), 2,40, 5y, Oy - 74, 38 ) (2.98)

OP{a}{s}H{~}

(list}

with oy € {a} ={1,2,5,6,....,z}, 8; € {8} ={n,n—1,...,2+1,4,3} and ; € {7} = {1,2,4, 3}
Here o denotes the set of all permutations of gluon indices. OP{a}{5}{~} denotes the set of
all shuffles between the members in the ordered list {list} that preserve the ordering of the
within {a}, the ordering of the 8; within {8} and the ordering of the ~; within {~}. This is
the set of all permutations of the members in the ordered list {list}, such that the ordering of
the fermion indices in the ordered list {1,2,4,3} is kept fixed and such that the gluon indices
(n,n —1,...,2 + 1) get not shuffled between 4 and 3, but between all other indices, and such
that the gluon indices (5,6, ..., ) get not shuffled between 1 and 2, but between all other indices.

Altbain is given by

* 1 at
Alein =37 37 (=[], [T o] Al (2.99)

o xz=4,...n

where

1],a r—4
A = (<1)" ST A(1E 2y, (1 1)g, .5y 294, (24 1)y, (242)g, 1,38 ) (2.200)
OP{a}{B}H~}

{list}
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with o; € {a} = {1,2,2+ 1L,z + 2,....,n}, f; € {f} = {z,z — 1,..,5,4,3} and v; € {7} =
{1,2,4,3}. Here o denotes the set of all permutations of gluon indices. OP{a}{8}{v} denotes
the set of all shuffles between the members in the ordered list {list} with 1 and 3 held fixed that
preserve the ordering of the «; within {a}, the ordering of the 3; within {8} and the ordering
of the ; within {y}. Al is given by

* 1 a¥
Al =37 7 (= ) [0 ot o] Al (2.101)

o z=4,.n

where

A — (1) ST A(4QuBgs By, g 35 1L g, (n—1)g, ooy (241)g,2,) (2.102)

(o51) Q7
OP{a}{BHn} (list}

with o; € {a} ={4,3,n,n —1,..., 2+ 1}, 5; € {8} ={5,6,....,2,1,2} and ; € {7} ={1,2,4,3}.
Here o denotes the set of all permutations of gluon indices. OP{a}{5}{~} denotes the set of
all shuffles between the members in the ordered list {list} with 4 and 2 held fixed that preserve
the ordering of the a; within {«}, the ordering of the 8; within {3} and the ordering of the ~;
within {7}. After the evaluation of }°5pry¢4) the argument list of each primitive amplitude in

the above may be cyclically rotated in order to have 1§ at the first position again.

Allaiv is given by

* 1 ar
Aty = 37 N (= )T @] el o] A (2.103)
o x=4,...n ¢
where
Ag;gv = (1) AL zg, (1=1)g. ., Bgs 29, 4g. (2 +1)g, (1+2)g, ... g, 35) (2.104)

This ends the evaluation of the cyclic class a*) and we can turn to the cyclic class b). Al is

thereby given by

loa g\xr g\xr agln 7b
ALY S L (e ] Al o

where
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b n—x
AR = (1) A3 ng, (=1)g, s (24 1)y, 24, 5, 6, - 79, 1,4 ) (2.106)
OP{aHs} e

with o; € {a} = {n,n—1,...,2 4+ 1} and 5; € {B} = {3,2,5,6,...,2,1,4}. Here o denotes the
set of all permutations of gluon indices. OP{a}{5} denotes the set of all permutations of the
members in the ordered list {list} with 3 and 4 held fixed that preserve the ordering of the
a; within {a} and the ordering of the f; within {3}, while allowing for all possible relative
orderings of the a; with respect to the 3;. After the evaluation of ) ,p {015} the argument list
of each primitive amplitude in the above may be cyclically rotated in order to have 1q4 at the

first position again.

AL g given by

Al Z Z _ = TT To(5) To(zv)) [To(mﬂ) To®) . . [T"(y“)...T"(")]im AE?-’?L :
=
(2.107)
where
(1brr
(<7 z,y)
x ! Z A xga T— 1) 55g’4Q?(y+1)ga(y+2)g,"'anga3ga2qa(x_i_l)g?(:U+2)g?"'ayg)
SCOP{a}{ﬁ} e
(2.108)

with o; € {a} = {z,z —1,...,5} and 5; € {f} ={l, 4,y + 1L,y +2,...n,3,2,x + L,z +2,...,y}.
Here o denotes the set of all permutations of gluon indices without those that leave the trace
structure invariant. SCOP{a}{8} denotes the semi-cyclic ordered product of {a} and {8},
which is the set of all permutations of the members in the ordered list {list} with 1 held fixed
that preserve the cyclic ordering of the «; within {a} and the ordering of the g; within {3},

while allowing for all possible relative orderings of the «; with respect to the ;.

Al g given by
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A= 5 (- T L I S ) VL Y C T)
where
AR = (1) AQLE, 3y, (2=1)g, - By, g, B35, g, (n— 1), (341, 2,) (2.110)
ALY g given by
ALY =35 (- Ni)2 [To®) pr@], ottt pet] - Afky (2.111)

where

A&]zw: m4ZA gy (T=1)g, 00, Bg, 4q, (T4+1)g, (2+2)g, . 1g,35,2)  (2112)
OP{a}{s} s

{list}

with o; € {a} = {z,z —1,...,5} and B; € {f} = {1,4,2 + 1,2 + 2,...,n,3,2}. Here o denotes
the set of all permutations of gluon indices. OP{a}{5} denotes the set of all permutations of
the members in the ordered list {list} with 1 and 2 held fixed that preserve the ordering of
the a; within {a} and the ordering of the ; within {8}, while allowing for all possible relative
orderings of the a; with respect to the ;.

This ends the evaluation of the cyclic class b) and we can turn to the cyclic class ¢). Al ig
thereby given by
Alter = Z ; [ro®). o], [rresh pee] o agka (2.113)
where
AE} A= (=) A 29, (2=1)g, - 59, 4, (24 1), (142)g, 019,35, 2)  (2114)

/

OP{a}{ﬁ} (list)

with «; € {a} = {z,z —1,...,5} and B; € {f} = {1,4,2 + 1,2 + 2,...,n,3,2}. Here o denotes
the set of all permutations of gluon indices. OP{a}{f} denotes the set of all permutations of
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the members in the ordered list {list} with 1 and 2 held fixed that preserve the ordering of
the a; within {a} and the ordering of the ; within {8}, while allowing for all possible relative
orderings of the a; with respect to the ;.

Allen i given by

1 crr o - 0(5) o(z) o(z+1) o(y) o(y+1) o(n) [1],c
Mo =3~ ; Tr oG 7@ [T LW et e A
7 y=elin
(2.115)
where
[serr
(o5,y)
r—4
(_1) Z A(lgaxga(x_l)g’"',5ga4Q’(y+1)g?(y+2)ga""ng,3é’2(b(:C+1)ga(x+2)g""’yg)
SCOP{a}{B} e
(2.116)

with a; € {a} ={z,z—1,...,6} and §; € {8} = {1, 4,y + L,y +2,...n,3,2, 2+ 1,2+ 2,....,y}.
Here o denotes the set of all permutations of gluon indices without those that leave the trace
structure invariant. SCOP{a}{8} denotes the semi-cyclic ordered product of {a} and {8},
which is the set of all permutations of the members in the ordered list {list} with 1 held fixed
that preserve the cyclic ordering of the «; within {a} and the ordering of the g; within {3},

while allowing for all possible relative orderings of the «; with respect to the ;.
Albent i given by

At = §™ ™ () [T o] o) o]l (2.117)

where

1],c z—4
AR = (=1)" T AQE 2y, (0-1)g, 59, 40, (341)g, (342), -0y, 35, 29) (2.118)

Allerv i given by
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A[l},clv _ Z Z ( _ NL)Q |:T0'(5)T0'(:L'):|12jl [TU(JB+1)TJ(H)] o A[H,CIV (2119)

473" " (03T)
where

1],c n—x
AEU];;)V = (=1)"Y A(35, g, (n=1)g, e, (341)g, 24, 5y, 6, -, g, 15,4 ) (2.120)
OP{a}{s} e s

with oy € {a} ={n,n—1,...,x+ 1} and §; € {B} = {3,2,5,6,...,x,1,4}. Here o denotes the
set of all permutations of gluon indices. OP{a}{3} denotes the set of all permutations of the
members in the ordered list {list} with 3 and 4 held fixed that preserve the ordering of the
a; within {a} and the ordering of the f; within {3}, while allowing for all possible relative
orderings of the a; with respect to the ;. After the evaluation of ), p {015} the argument list
of each primitive amplitude in the above may be cyclically rotated in order to have 1? at the

first position again.

We can also derive the formula for the n;-contribution to the amplitude with m = 2 quark-

antiquark pairs and (n — 4) gluons, where Al1/2h41 is given by

AR NN [ @) @] [peesh) g an2d (2.121)

(o)
o xz=4,...n

with
Al1/2dn 1\t 4R 1 5 4.38 -1 1),,2 2.122
(o3z) ( ) (q7xg7($ )gs - Dg,4Q Q,ng,(n )gs s (T+1)g, Q) (2.122)

Al/2Ldu ig given by

AL = 5™ SN (L[, o) [Ta(x+1>”'Ta(n>]i4],3,4gla/,§)’dﬂ (2.123)
o z=4,.n
where
AR = (1) A(1E g, (2= 1)g, 05y, A, (@ 1)g, (242)g, i1, 30,24)  (2124)
OP{a}{ﬁ} o
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with o; € {a} = {z,x —1,...,5} and B; € {f} = {1,4,2 + 1,2 + 2,...,n,3,2}. Here o denotes
the set of all permutations of gluon indices. OP{a}{5} denotes the set of all permutations of
the members in the ordered list {list} with 1 and 2 held fixed that preserve the ordering of
the a; within {a} and the ordering of the ; within {8}, while allowing for all possible relative
orderings of the a; with respect to the ;.

Al/2ldun i given by

AR = NN nf(—Ni)[T"(E’)...T"(m)]iﬁl[TU(Hl)...T”(")]Mk Al (o 195)

o z=4,.n

where

A&/;]),dm _ (_1)n7wz,4(3g,ng,(n—l)g,...,(x+1)g,2q,5g,69,...,;cg,1§,4Q) (2.126)
OP{a}{B}

{list}

with ; € {a} = {n,n—1,...,z 4+ 1} and 5; € {B} = {3,2,5,6,...,2,1,4}. Here o denotes the
set of all permutations of gluon indices. OP{a}{5} denotes the set of all permutations of the
members in the ordered list {list} with 3 and 4 held fixed that preserve the ordering of the
a; within {a} and the ordering of the f; within {3}, while allowing for all possible relative
orderings of the «; with respect to the ;.

Al/2dv ig given by

Al/2Ldiv —

1 2 g o\x o\xr g g o(n 7d
3 ; ng( - E) Tr(170)...77@) [pole+D) o] ottt ol >]i4j3Ag},{§{y;v

Y=T,...,n
(2.127)
where
[1/2],drv _
(o32,y)
—4
(_1)x Z A( 1?5 xga (x_l)g’ AR 5ga 4Q’ (y+1)g, (y+2)ga AR ng’ 35’ 26]? (:U+1)ga (w+2)g’ AR yg)
SCOP{a}{B} e
(2.128)
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i, 1;

-jl 14

-IZm jS
(2m-1)* 6 TN
9y 95 Yo Ts

Figure 2.16: Graphical representation of the dominant contribution in an n—parton amplitude with m
distinguishable quark—antiquark pairs and (n — 2m) gluons. We show the representative diagram to the
corresponding cyclic class on the left and the color—flow representative diagram to the associated color

sub—class on the right.

with a; € {a} ={z,z—1,...,6} and §; € {8} = {L, 4,y + L,y +2,....n,3,2, 2+ 1,2+ 2,....,y}.
Here o denotes the set of all permutations of gluon indices without those that leave the trace
structure invariant. SCOP{a}{8} denotes the semi-cyclic ordered product of {a} and {8},
which is the set of all permutations of the members in the ordered list {list} with 1 held fixed
that preserve the cyclic ordering of the «; within {«a} and the ordering of the S3; within {3},

while allowing for all possible relative orderings of the «; with respect to the g;.

Before we end this chapter we would like to stress one particular contribution that can easily be
given in closed form for an n—parton amplitude with m distinguishable quark—antiquark pairs
and (n — 2m) gluons, i.e. the leading contribution in the large-N, limit. The representative
diagrams to the respective cyclic class and the associated particular color sub—class that yields

the dominant contribution in the large—N. limit in this amplitude are shown in figure 2.16]

If we dress the color—flow representative diagram on the right in figure 2216 with (n —2m) gluons
we can easily read off the shuffle relation that yields the correct linear combination of primitive
amplitudes. The permutation 7 in equation [Z54] is thereby such that 7(2) = 2m,nw(4) =

2,7(6) =4,...,m(2m) = 2m — 2 and the color factor which is correspondingly multiplied reads
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Tr <Tacr(2m+l) , Tao(cl+2m—1)> |:Tao(cl+2m) , Tao(cl+c2+2m—2):| X ...

12mJ1
X |:Tao'(cl+.4.+cm+(2m7(mfl)) , Ta'o'(n):| X
12m—2J2m—1
1
X Aﬁz;zchcm) <J(2m—|—1, c1+2m—1); (2m)g,,, o(c1+2m, c1+ca+2m—2),14,; ...

---;(2m—2)qm,1,a(c1+...+cm+(2m—(m—1)),n),(2m—1)qm> (2.129)

Here o denotes an element in the set of all permutations of gluon indices without those that

leave the trace structure invariant. For notational simplicity we choose a particular permutation,

say o = id, and give the corresponding expression for AS)(CI cm)(...) by

)

(1) _
AL o) =
{list}
(-t 7 AR (e +2m = 1)y, (1 + 2m = 2)g, o (2m 4 1)g, 24, (1 + €2+ 2m — 1),
SCOP{a}{B}
e+ eotes+2m—3)g, 3% 44, ... ,2m=3)k (2m —-2),,_,,

(cr+...+cm+2m—(m—1))g,....,ng,(2m — 1)§m, (2m)g,,, (c1 +2m),, ..

(014 2+ 2m — 2)g) (2.130)

with a; € {a} = {1 +2m —1,c1 +2m —2,....2m + 1} and B; € {8} = {1,2,¢1 + co + 2m —
1,e,c1+cet+es+2m—3,3,4,....2m—3,2m—2,¢c1 +...+ ¢ +2m—(m—1),...,n,2m—1,2m, c; +
2m,...,c1 + ca + 2m — 2}. SCOP{a}{5} denotes the semi-cyclic ordered product of {a} and
{8}, which is the set of all permutations of the members in the ordered list {list} with 1 held
fixed that preserve the cyclic ordering of the «; within {a} and the ordering of the ; within
{8}, while allowing for all possible relative orderings of the «; with respect to the f;.

From figure 2.16] it is obvious that the contributions in equation 2130 if taken into account for
every possible gluon permutation in o, are the dominant contributions for an amplitude with
m quark—antiquark pairs and (n —2m) gluons due to the explicit factor N, that is generated in

only those contributions.
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Chapter 3

Virtual Subtraction Method

As discussed in the introduction, in section [[L4], the computation of perturbative higher—order
effects to the hard scattering matrix elements involves the complication of divergent contribu-
tions. The subtraction method can thereby be used to handle these divergent contributions
properly in the computation of infrared safe observables. In Catani-Seymour dipole subtraction
an insertion operator I is thereby defined, which contains all the explicit poles in the dimensional
regularization parameter e, and when combined with the virtual part [ Oy —_2do" the explicit
poles cancel. As was further discussed can this procedure as well be extended to the virtual
part, which enables therefore the numerical evaluation of [ O,,_2dc"", quite in contrast to the
commonly used methods which rely on rather traditional methods based on Feynman diagrams
or on more modern methods based on generalized unitarity and cut—techniques. The numerical
method presents thereby an efficient way to evaluate one-loop contributions with a rather large
number of external particles. We will briefly introduce the commonly used methods, and also
give an introduction to the numerical approach, in the section .4l More details on the direct
numerical contour deformation for the computation of jet rates in electron—positron annihilation

will be given in chapter

It was already discussed in section [L4] that, in order to be able to perform the one-loop integral
numerically, i.e. safely integrating over the physical four dimensions of loop—momentum space,
we need to subtract any existing divergences locally off the one—loop integrand of the virtual
contributions. We therefor extend the subtraction method for many-leg calculations to the
virtual contributions by introducing local virtual subtraction terms on the level of the one-loop
integrand. The local virtual subtraction terms are thereby practically derived on the amplitude

level, where
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do” = 2Re(AV* AN dgp,,_y and AL = Abare + Acr = /

@) + Acr (3.1)

and thus the subtraction terms are introduced on the level of the bare one-loop integrand Qé;)"e

via

'ASLl) - / (2 ) [gbare - g((fl gSOft gcoll:| |:ACT + A(lv - 'ASOft + ACO” (32)

with Ag;l S [ (le% @ ), where x = soft, coll,UV and D = 4 —2¢ in dimensional regular-
ization. S. = (4m)%e 7% is the typical volume factor in dimensional regularization, with g the
Fuler—-Mascheroni constant, and u the typical mass scale in dimensional regularization. Further
details on the integration are given in appendix [El We define the three finite contributions in

equation [L21] by

(0)¥H0 = (O)E0 + (ONE + O)NEQ (33

insertion

where the various terms are given by

010 = [ (Onado™ - 0,20 3.9
-1

n

and

4
(Ot =2 [ don-atie [ (G 5[ AP @40, - 6% - 6l) o] owe 35)
which is free of IR and UV poles and can be integrated in four dimensions. The integration over
the loop momentum £ can thereby be performed together with the phase—space integration in
one single (3n—6)-dimensional Monte Carlo integration at (d¢,,_2,d*k), where we have (3n—10)
integration dimensions from the (n — 2)—particle final-state phase-space integration and four
integration dimensions from the one—loop integration. Since in any Monte Carlo integration the
error scales like 1/v/N, where N is the number of Monte Carlo evaluations, but regardless of
the dimensionality of the integration region, this can be done efficiently and there is no need to
evaluate the one-loop integral separately for each phase-space point. We will further discuss the
numerical one-loop integration and the Monte Carlo method in section [3.4] as well as in chapter
and appendix [Hl
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Further

(OYNED o = / Oz (dotiy + / do™ + do® + / do*) = / d6n-20n2(L+ 1+ K +P) @ do”

n—2 loop 1

(3.6)

where all the IR poles from the integrated real emission contributions and the initial state
collinear subtraction term are contained in the dipole insertion operator I. The dipole insertion
Iﬁera‘cors K and P do not have any poles and pose no problem in the numerical integration [27,

|. We further defined a new insertion operator L by
L ® do? = 2Re[AD* (Acr + Ay, + AL, + AL dn— (3.7)

which is UV finite and cancels the IR poles of the dipole insertion operator I. We will further
comment on the dipole insertion operator and on the one—loop insertion operator in the next
section B.Il Our local virtual subtraction terms will be derived on the level of primitive one—loop
amplitudes, which have been discussed in chapter B, where the soft and collinear subtraction
terms can be defined directly on the primitive amplitude level, which will be discussed in section
B.21] and the UV subtraction term is derived via local counterterms to ordered color—stripped
propagator and vertex corrections, and subsequent use of recurrence relations, which will be

discussed in section [3.2.2] and chapter respectively.

3.1 Pole Structure of QCD Amplitudes

For QCD amplitudes the pole structure in the dimensional regularization parameter e is well
known. The poles are either of IR or of UV origin. In massless QCD for example the poles of a
bare one—loop n—parton amplitude are after integration given by , ,

Apare = Z—;F(TV_EE) [ n—2) ﬁo - ZZT T, ( lé) <%)E]Ag> +LOE) (38)

where a denotes the strong coupling constant, v the Euler-Mascheroni constant, p the mass
scale in dimensional regularization, I'(...) the Euler Gamma function and ¢ the dimensional reg-
ularization parameter. As given in the introduction fy = (HN n ), where ny is the number

of active quark flavors in the fundamental representation and Nc the number of colors in the
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underlying SU(N,) gauge theory, i.e. N, = 3 for QCD. The constants ~; are determined by
either v, = v = 3Cp, with Cp = (N2 —1)/2N, = $(N. — 1/N.), or 74 = 30. The color charge
operators T; are essentially either given in their adjoint representation if®* if i is a gluon or
in their fundamental representation T} if i is a (anti-)quark [26]. Therefore T? = Cy = N, if

i =gluon and T? = Cp if i =(anti-)quark.

The poles in the bare one-loop parton amplitude are either canceled by the one-loop counterterm

ACT, which is for the massless one—loop n—parton amplitude generically given by

W __as_ " (n=2)F 40

Acr = 4AnT(1—eps) 2 e " (39)

or by the real emission contributions integrated over the unresolved one—particle phase—space,

which is given in massless QCD by the dipole insertion operator |26, [87]

vl 7wy K (2pip\ e
47Tr1_eps ST (- - e+ g ) () 06 )
i i#£] 1 7 7

with K, = Kj CF — —C'F and K, = gCA — %QCA — 8”]”' These poles, as discussed before,
will cancel when combined with the insertion operator L from the integrated virtual subtraction
terms. Remember that in the virtual insertion operator L the UV poles between the counterterm
from usual UV renormalization and the integrated total UV subtraction term are canceled, and
the remaining pole structure is only due to the integrated soft and collinear virtual subtraction

terms.

We note that after integration, the soft and colhnef@poles of a bare primitive one-loop amplitude

with massless partons are given by B IE IE

1 _ as eE 2N\ (—2pipit1\ = | 2 (0) 0
Abare - Er(l _ 8) Z [<€_2> ( /1'2 ) + E(Sz + SlJrl)}Az + 0(8 ) (311)
where the set I, contains the gluon propagators in the loop and symmetry factors have been in-
troduced, with §; = §; = Sz = 1 for external (anti-)quarks and S; = S, = % for external gluons.
AZ(O) is a Born partial amplitude, whose corresponding set of tree-level diagrams is gained upon

removing the gluon propagator 7 from the set of diagrams in A®). This will be further discussed

in section 3211
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Let us focus a little more on the pole structure due to UV contributions. In the limit of large loop—
momentum & the one-loop integral is generically proportional to [ d*k|k|?=2". The integrated
result will thus be of order O(|k|*T*~2"), which is formally UV divergent for (a + 4 — 2n) > 0
and in turn determines the local degree of divergence. In QCD we encounter only logarithmic
(a —2n = —4), linear (a — 2n = —3) and quadratic (a — 2n = —2) local UV divergences at the
one-loop level, which correspond to propagator and vertex corrections. After integration we
are left with the logarithmic UV divergences, i.e. in dimensional regularization in the form of a
pole factor which is proportional to a single logarithm of mass scales, while the terms that cause
higher divergent powers cancel. In analytic computations usually only the leading logarithmic
UV divergent terms are thus taken care of, where renormalization tells us that this can be done

by subtracting appropriately chosen counterterms. Further details can be found in standard

textbooks and lecture notes, for example , , Ia]

The one—loop UV counterterm to renormalize the massive quark propagator is thereby derived

from the quark self-energy diagram to be

. i 1
—zE(p)%T = 2g§CF6ijW (- 4mt)g (3.12)

where p is the momentum and m; the mass of the quark. The explicit pole factor in the
dimensional regularization parameter € originates thereby from the UV singular regions. If we

remove the color part, where Cpd;; = 5(N.— N%)(Sij and thus —iE(p)%T = g?(N.— N%)‘Siiﬁ (p—

4mt)%, this leaves the one-loop counterterm to renormalize the massive color—stripped quark

propagator, according to chapter @ and appendix [Al to be

1

. 1
=iS(p)T = g (4 (3.13)

Our interest in the color—stripped renormalized Born propagators and vertices originates in the
fact that we will derive the subtraction terms and perform the numerical integration on the level

of color—stripped primitive amplitudes, which will become more apparent in the next section

The one-loop UV counterterm to renormalize the gluon propagator is derived from the gluon
self-energy diagram with a gluon loop, including the necessary ghost contributions, and from
the gluon self-energy diagram with a quark loop. The gluonic contribution is thereby given
through
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CT,ab 2 pacd pbed_+ (10 2 1
ZH}W lg (p) = g2 facd pbe )2 <§) (guup - p,upz/)g (3.14)
and the fermionic contribution through
CT,ab 2 arpby b 4 9 1
G b (p) = 2g2Tr(T°T )(47T)2 ( - g)(g,u,p — D)~ (3.15)

where p is the momentum of the gluon. If we remove the color parts this leaves us again with

the respective color—stripped counterterms

er i /10 1
ZH“y,lc(p) = (47‘(‘)2 < 3 )(gw/p p,upl/)g (3.16)
and
. CT o 7 4 2 1
ZHuy,nf(p) - (47T)2 ( - §>(gﬂVp - pupu)g (317)

The one-loop UV counterterm to renormalize the quark—gluon vertex is derived from two con-
tributions, the leading color vertex correction which involves a three-gluon coupling and the

subleading color vertex correction. The leading color contributions is thereby given through

' 1 1
CT, 2 _ 2
Fij,lca‘u - 81—13( 7'(') (3014)’7“_ - gsNC,I% (47‘(’)2 Mg (318)
the subleading color contribution through
rCTon _ era ' (_0ypa0pit = g2 Lre L (1)l (3.19)
7 (47)? € N, Y (4m) €

If we remove the color parts this leaves us again with the respective color—stripped counterterms

CTu 7 1
and
CT,p i ul
Fee ™ = (47T)2(_1)’Y e (3:21)
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The computation of the quark and gluon self energies defines as usual also the one-loop quark
field renormalization constant Z2 =1+ 0 4 )2 Cr(— E) and the one—loop gluon field renormal-
ization constant Z3 = 1 + (4 ) 5 (4Cy — Qﬁo)(—g), where 4Cy — 26y = —%Nc + %nf. The
one— 100p renormalization constant for the strong coupling parameter is usually given by Z,, =

1+ gz (= Bo)z.

The counterterms to the vertex corrections can now also be derived from the renormaliza-

tion constants. The one—loop counterterm to the quark— gluon vertex can thereby be derived

from (1 — Z, Zl/QZQ)(T%ify“) = (THiv") iz (BNe — )% The one-loop counterterm to

the three-gluon vertex can be derived from (1 — Z, Z3/2)Vg(gg W)"abc(pl,p%p?)) = (zlng)?(%nf —
(0),uv X abe

) Vagd’ (p1,p2,p3). The onefloop counterterm to the four—gluon vertex can be derived

_ Z2 4/2)%%9#”” sabed (4g7rs)2( ny+ 2 Ne)+ Vg(ggg‘“”\p abed 16 e again separate off the

(47r)

from (1
color degrees of freedom, as described in appendix [Al we are left with the counterterms to the

color—stripped three— and four—gluon vertices, which read

)
CT A VI (p1, p2, p3) 4N 1
Viagie (P1:p2,13) = (4m)? (— §>g (3.22)
. VA
CT,pwA iV (p1,p2,p3) 4\ 1
Viaang (01 p2p3) = =55 (5)- (3.23)
and
Y SHVAD
CT,uvp Z‘/4 g)l
Vysasic” = (i <3 - (3.24)
CT, v ’LV“V 4N\ 1
ggggfzjfp: n 2 <_)_ (3.25)
(4m)? \3/ ¢
respectively.

In our direct numerical approach we are interested, however, in the local UV behaviour of
the integrand. We need to consider all terms that behave locally like O(1/]k|?), O(1/|k|?) and
O(1/|k|*), which correspond to quadratic, linear and logarithmic divergences respectively. These
terms need to be taken care of on the level of the integrand already, in order to enable the nu-

mercial evaluation. What we thus aim for is a method for local one-loop renormalization, which
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can be used in numerical approaches to one-loop integration. As described above, we will devise
UV subtraction terms that subtract the divergent terms locally off the bare integrand, so that
all the terms of order O(1/k?), O(1/k?) and O(1/k*) will be absent in the subtracted integrand
and it will locally behave at worst as O(1/|k|?) for |k| — oco. To this end we derive local UV
counterterms for the color—stripped QCD vertex and propagator corrections. Upon integration
these local counterterms yield the same results as the counterterms for the color-stripped QCD
vertex and propagator corrections that we have just discussed. Since these are all proportional
to their respective Born level counterparts, the sum of all integrated local UV counterterms will
be proportional to the corresponding Born amplitude. This means in turn that the total local

UV subtraction term will yield the same pole structure upon integration as A(c}gp

The totally subtracted integrand [gb e g ol g soft g ] includes no terms anymore which
give rise to IR or UV divergences and starts with O(1/|k[®) for |k| — oo. When we add back
the integrated subtraction terms, on the other hand, the one—loop insertion operator L, which
is defined by

AO*LAO = 2Re A0 (AL + AL, + AL) + AT (3.26)

coll

and in massless QCD for example given by @]

2

o exp( eWE <—2Pi-pj>_5 Vi (,UUV>_8 (n _ :“UV
= - —— E E T, T; — g — ==~ —

T 2r (1 —e) [ Te2 2 —~ e\ 3 2

~ 11 112

3.27)

which is free of any UV poles, yields in combination with the dipole insertion operator I @]

Og |2plp_]| L
I+L=2 EETT( ——92-»)
+ 27TR [ - ,UUV 5 (pzp])
)
2 n—2 2
7 S

which is completely free of any IR or UV poles and can thus be integrated numerically over the
(n—2)—particle final-state phase—space in the insertion part. The numerical one-loop integration
of [gé(ﬁe - ggll gwﬁ - gl(}‘),] will be performed in combination with the (n — 2)-particle
final-state phase—space integration in the virtual part. The necessary numerical deformation

of the loop—integration contour into the complex space, in order to escape the remaining on-—
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shell poles of the loop—propagators, will be discussed in section B.4] chapter The recursive
construction of the integrand to the bare primitive amplitude and the corresponding total local

UV subtraction term will be discussed in chapter @l

3.2 Virtual Subtraction Terms

Remember from chapter 2], especially chapter 23] that any QCD one-loop amplitude can be

decomposed into color factors multiplying kinematical factors, which can be written as
AD =5 A =563 Ry By (3.29)
i i j

where the factors C; denote the color factors and the purely kinematical functions AZ(-l) are
the one-loop partial amplitudes, which are further expressed as linear combination of cyclically
ordered one-loop primitive ampltiudes B;. The primitive amplitudes are defined to be gauge
invariant sets of diagrams, built from color—stripped Feynman rules, with a fixed cyclic ordering
in the external legs and a definite routing of the external fermion legs through the loop. We
further separated the contributions with a mixed particle content, i.e. fermions and gluons, or

only gluons in the loop from the contributions with closed fermion loops.

Our subtraction terms will be derived on the level of the primitive amplitudes. The cyclic order-
ing ensures thereby that the QCD flavour of each propagator in the loop is uniquely determined,
which leads to a much more compact expression where only a subset of the kinematic loop—
invariants plays a role. We stress that using gauge invariant primitive amplitudes is crucial to
our method, since gauge invariance and the fixed cyclic ordering of the corresponding sets of
diagrams are necessary ingredients in the determination of the local virtual subtraction terms.
Furthermore suffer gauge invariant terms less from numerical instabilities. Remember that each
primitive amplitude can be represented uniquely by a representative diagram, as discussed in
chapter 2.5 and that all other diagrams which contribute to a primitive amplitude can be gen-
erated from the representative diagrams by pinching propagators and pulling out trees. Such a
representative diagram to a generic primitive amplitude is shown in figure 3.1l The correspond-
ing one—loop integral to such a generic bare primitive amplitude, with n external legs, is written

as
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Figure 3.1: Representative diagram to a generic bare primitive one—loop intgerand. All external four—
momenta are defined as outgoing and the internal loop—momentum is defined in clock—wise direction,

where k; = k — Z{lel. The cyclic ordering is defined in clock—wise direction as well.

4 n
m _ [ 4k 1  _ A
Abare - / (27‘(‘)4 Gbare ’ with Gbare - Pa(kv {p]}7 {m]} J];Il + 5 (330)

where we use k; = k — Z{Zl p; and the +id—prescription tells us in which direction to deform
the integration contour. We will drop the +id from now on. P,(k,{p;},{m;}) is a polynomial
of degree @ in the loop momentum k, which generally depends on the external momenta {p;}

and on the masses {m;} of the particles in the loop.

The integral becomes singular for |k| — oo if (4 +a —2n) > 0. In QCD the corresponding UV
divergent diagrams are in general those which correspond to one—loop propagator or vertex cor-
rections. In order to perform the necessary one—loop integration by numerical means we need to
subtract those terms which are the source to the UV divergences on the level of the integrand, as
discussed in the last section. This can be done by simply expanding the corresponding integrand
in the limit of large loop—momentum and subsequently considering only those terms which are
locally UV divergent. This has been done before on a Feynman diagrammatic basis @] We
introduce a method to devise local UV counterterms to propagator and vertex corrections, which
can be used to recursively construct a total local UV subtraction term, such that they can be
used together with a suitable method to deform the loop integration contour in the numerical

one—loop integration. This will be discussed in great detail in subsection [3.2.2]

There are soft divergences for k ~ ¢; (or equivallently for k; ~ 0), where ¢; = Zlepl, if

p? = m%_l, m; = 0 and p?_H = m?_H, which we infer from
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1 kr~~q; 1

(kzz—l - m?—1)(ki2 - m?)(kzzﬂ - m%—i—l) (PZZ - m?—1)(—m%)(1%2+1 - m12+1)

(3.31)

where all three denominators in the above become singular simultaneously for the given kine-
matical setup. There are collinear divergences for k ~ ¢; —xp; = gi—1+ (1 —2)p; (or equivallently

for k; ~ —xp; or ki1 ~ (1 —x)p;) if p? =0, m;_1 = 0 and m; = 0, which we infer from

1 ki—1||killpi 1
(K2, —m? )k} —m}) (1= 2)2p2 — m2_,) (22p? — m?)

(3.32)

where the two denominators in the above become singular simultaneously for the given kinemat-
ical setup. In order to perform the necessary one-loop integration by numerical means, we also
need to subtract the terms, which are the source to the soft and collinear divergences, locally
on the level of the integrand. The corresponding local soft and collinear subtraction terms will

be given in the following subsection B.2.1]

3.2.1 Local Soft and Collinear Subtraction Terms

The thesis at hand has not been concerned with the derivation of the soft and collinear sub-
traction terms. We will therefore only discuss the necessary basics in this section and refer the
reader to @, @] for further details.

The soft singular structures, as mentioned above, arise in a setup where a massless particle is
exchanged between two on-shell particles. The corresponding diagrammatic setup is depicted
in figure The collinear singular structures, as mentioned above, arise in a setup where a
massless on-shell particle is attached between two massless propagators. The corresponding

diagrams are depicted in figure

To build the respective soft and collinear subtraction terms to the bare primitive one-loop
integrand we have to consider all those diagrams with a gluon at position 7 and sum over all
conceivable positions i. This has been done on a Feynman diagrammatic basis in @] It has
been shown, however, that one can formulate the subtraction terms for the soft and collinear
singularities in a generic multi—parton amplitude directly on the level of the primitive amplitudes

], which opened the door to the efficient direct numerical implementation based on recurrence

relations. The expressions for the soft and collinear subtraction terms are thereby given by
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pi+1

i+1

Figure 3.2: Diagrammatic setup, which leads to soft singularities. The two on-shell particles are either

v k.
N i-1
A pi
/‘/025660\
//
’, ki

Figure 3.3: Diagrammatic setup, which leads potentially to collinear singularities. The g — ghost ghost

gluons, (massive) quarks or both.

and the g — qq splittings, however, vanish in the collinear limit. Only the ¢ — qg and the g — gg

splittings have a non—vanishing contribution in the collinear limit.

soft =4 Z kaﬂZ‘]Q;§+1 A(O) (3'33)
ety 3%
and
iguv (k2 k2) 5,7'+1va(]€ k2 1) (0)
coll =—2 ;( k‘2 sz . + k?k$+1 4 >AJ (334)
J&lg

where the set I, contains the gluon propagators in the loop and symmetry factors have been
introduced, with S; = §; = S; = 1 if the outgoing line i corresponds to a (anti-)quark and

S =8, = % if the outgoing line corresponds to a gluon. A§0)

is a Born partial amplitude,
whose corresponding set of tree-level diagrams is gained upon removing the gluon propagator
j from the diagrams in the one-loop primitive amplitude. More explicitly, if we take the set of
diagrams which have the gluon propagator j and if we remove from each diagram of this set the
said propagator, we obtain a set of diagrams which, after removing multiple copies of identical
diagrams, forms the Born partial amplitude Ago) @] In some cases the removal of such gluons j

can give rise to subleading tree-level partial amplitudes, which we will discuss briefly in section
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3. Ol

We further introduce the function gyy to regularize artificially introduced UV divergences

through the O(1/|k|*)-behavior in G')) This function has to suppress the collinear subtraction

coll*

term in the UV region at least by

hrﬂk guv (k2 1, k%) =1 and hm ng(k, Lk2) = O/|k|) (3.35)
ki—1

L
(k_Q)2_N%]V ’
In section B.J] we introduce suppression functions ggy, which contain an even higher power in

There are many possible choices, of which one is given through ng(k, 1 k:f) =1-

((k— Q)% — u#y,) " and lead to a better dampening in UV critical regions. The four-vector Q
and the mass scale MQUV are arbitrary parameters for the moment, which can be chosen such as

to improve the numerical stability upon integration.

The given virtual soft and collinear subtraction terms are formulated directly on the amplitude
level, where they match the soft and collinear limits of the corresponding bare primitive one—loop
integrand and are proportional to the corresponding Born level amplitude. They are simple and
therefore ideally suited for a numerical implementation. They further yield simple results upon

analytic integration, which are again proportional to the corresponding Born level amplitude

and read
- d’k —1 exp(eyp) 2 —2DiPiti\—c (0
jEl, 5
and
-1, 2 dPk (1) -1 exp eyE 12, 40
Ss s (27T)D Gcoll = (4 2 :[1 1— 5 Z S +SJ+1 ( IU,2 ) j + 0(8) (337)
€ly s

which match the pole structure of the dipole insertion term in the dimensional regularization
parameter ¢ for a primitive amplitude in massless QCD (see equation BI1]). The IR subtraction
terms for the massive case m; # 0 have also been derived, where the soft subtraction term for

massive QCD reads

G, = 4i Pibid1 AL (3.38)
e ]ezlg (@271 - m )kQ(kJQH ?H) ’
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Figure 3.4: Representative diagrams to the various color—stripped ordered propagator corrections.

which integrates to

_ dPk —1 exp(evg)

1,2 1 _ P\EVE , N2 2 2 2y 4(0)

Se MSE/ (27T)DGsoft - (471.)2ij6[ C((pj +p]+1) ) M1, M1, 1 )Aj + O(e)
g

(3.39)

The functions C(s,m?,m3, 1) are given in @, @] and will not be repeated here. There is no

collinear singularity in the case of a massive external (anti-)quark. For a massive modification
of GS}%Z it is therefore sufficient to set S; = S; = Sz = 0 in this case. A proof for the soft and
collinear subtraction terms on the amplitude level has been given in |93, @] and will also not

be repeated here.

3.2.2 Local UV Subtraction Terms / Local UV Renormalization

We also need to find a subtraction term in order to subtract the UV divergences locally off the
integrand to our bare primitive one—loop amplitude. In contrast to the soft and collinear sub-
traction terms, which are defined directly on the level of the primitive amplitude, the derivation
of the UV subtraction term is twofold. We repeat that in QCD the UV divergent one-loop
diagrams are exactly those which correspond to propagator and vertex corrections. These are
one—loop corrections to the quark and gluon propagators as well as to the quark—gluon, three—
gluon and four—gluon vertices. The representative diagrams to the corresponding color—stripped

ordered propagator and vertex corrections are shown in figure B.4] and respectively.

For those representative diagrams we can derive local counterterms in the UV limit. These local
counterterms are calculated once, i.e. they are process independent and can then be used, in
a second step, to recursively build a total local UV subtraction term, which approximates the
bare primitive one—loop amplitude in the UV regions of loop—-momentum space. The recursive

construction of the total UV subtraction term will be discussed in chapter In the following
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Figure 3.5: Representative diagrams to the various color—stripped ordered vertex corrections.
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kl
ok
. kK b,

Figure 3.6: One-loop diagram to the color—stripped ordered quark propagator correction.

we will discuss how to explicitly derive all the local UV counterterms to the color—stripped or-

dered one-loop propagator and vertex corrections.

Each local counterterm, to a given propagator or vertex correction, may consist of several parts,
depending whether there are contributions which are leading or subleading in the number of
colors N, or whether there are contributions from closed fermion loops, generally denoted as
ny—contributions. We will briefly describe the various contributions. A more detailed account

is given in appendix [C]

There is only one diagram that contributes to the quark propagator correction, which is shown
in figure For the gluon propagator correction we have to consider the diagrams of figure
B7Z Here we note one diagram with a closed fermion loop, which contributes to the n;—part
of the gluon propagator correction and is gauge independent from the other diagrams, which
contribute to the leading color part of the gluon propagator correction and consist of the repre-
sentative gluon ”bubble” diagram, the corresponding ghost ”bubble” diagrams, and also those
diagrams which are allowed by one—time pinching gluon propagators from the representative

gluon "bubble” diagram in all possible ways.

The inclusion of the pinched diagrams at this point in the derivation of the UV counterterms
ensures that all UV divergent contributions are correctly taken into account in the recursive

construction of the total UV subtraction term to the bare primitive one-loop amplitude.

The correction to the quark—gluon vertex consists of two diagrams, where the first is leading in

color and the second is subleading in color. These are shown in figure

All necessary diagrams to derive the local UV counterterms to the three— and four—gluon vertices
are shown in the figures and [3.10] respectively, where we distinguish again the diagrams that

contribute to the respective ny—parts from all the necessary diagrams that contribute to the
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Figure 3.7: One-loop diagrams to the ordered color—stripped gluon propagator correction. The first

diagram contributes to the ny-part, all other diagrams contribute to the leading color part.

Figure 3.8: One-loop diagrams to the ordered color—stripped quark—gluon vertex correction. The first

diagram contributes to the leading color part and the second diagram to the subleading color part.
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Figure 3.9: One-loop diagrams to the ordered color—stripped three—gluon vertex correction. The first

diagram contributes to the ny—part, all other diagrams contribute to the leading color part.

respective leading color parts.

We will call the collection of all diagrams to a given propagator or vertex correction, as discussed
above, a graph G. The integrand of such an ordered bare one-loop graph G with ng external
legs, and therefore a set of ng outgoing four—-momenta, and n¢ internal masses in the loop on

the representative level, is written as

06l (03} ) = PEG A} D ] (o (3.40)
j=1 "7 J

where we dropped the +id—prescription in the denominator and used k; = k — Z{Zl p;. Here
PS(k,{p;},{m;}) is a polynomial of degree a in the loop momentum k, which differs somewhat
from the notation for the one-loop integrals in appendix [El and which generally depends on
the external momenta {p;} and on the masses {m;} of the particles in the loop, subject to the
given graph G. The algebraic reductions to simplify P (k, {p;}, {m;}) are done in general D
dimensions, where the four—dimensional trace for the Dirac gamma matrices is used as com-
monly accepted. The integrand g5 ,(k, {p;},{m;}) is therefore of degree (a — 2n¢) in the loop
momentum k. Depending on G, i.e. which type of correction is given, we are faced with different
(leading) local degrees of UV divergence. Simple power counting in k yields a local quadratic
UV divergence for the gluon self-energy, local linear UV divergences for the quark self-energy

and the three—gluon vertex correction, and local logarithmic UV divergences for the quark—gluon
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Figure 3.10: One—loop diagrams to the ordered color—stripped four—gluon vertex correction. The first

diagram contributes to the ny-part, all other diagrams contribute to the leading color part.

and the four—gluon vertex corrections. The integrands are built from color—stripped Feynman

rules, as given in appendix [A] and the corresponding expressions are given in appendix [C|

As discussed before, the strategy is now to devise a set of local UV counterterms that match the
UV behaviour of these UV divergent graphs locally, in order to carry out the UV subtraction
already at the level of the integrand. To this end we expand the integrand g5 , (k. {p;},{m;}) in
the limit of large loop-momentum k and subsequently only keep those terms that are of O(1/|k|?),
O(1/|k|?) and O(1/|k|*). More precisely, we shift the loop-momentum k — k = k — @, where Q
is an arbitrary four-vector, and expand around a new UV propagator of the form (k? — M%V)*l,
where we introduce a new additional mass scale puyy. The expansion for a single propagator

reads thereby

1 _ 1 2k (p—Q) (p—QPF-m*+upy | 2k(p—Q))*
T T R
+O(1/[k]%) (3.41)

After the expansion the singularities of every integrand g& .k {pj}, {m;}) will then be deter-
mined only by powers of the one UV propagator (k? — ,u?]v)_l, i.e. they will be located on the
surface of a single cone described by k2 — ,uzUV = 0. The integration of the associated terms will

thus be simplified. In general we get
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(i N Lty (&2 2 N L
ok, Q {ps}, {my}) = Pk, @ dps b § J}){ 3 Uk, @, py} § ]})} (3.42)

(k% — gy )e 0 (k2 — pry )™
where PE(k,Q, {p;}, {m;}) is now a polynomial of degree a in the shifted loop-momentum k and
Un(k, Q,{p;}, {m;}) a polynomial of degree m in k. The arbitrary four-vector @ and the newly
introduced mass scale :“2UV can be chosen to our will, even complex valued, since the outcome
of the computation will not depend on one or the other. We will choose those parameters such
as to enhance the numerical stability of our one-loop integral, which will be discussed further
in section B.4] and especially in chapter The local UV counterterms will be chosen such that
the integrated results are independent of Q). Every summand is now of degree (a — 2ng —m) in

k. We define the truncated expansion by

G(T ta A
i (k, Q, {pj}, {my}) = i ((]Z?% ‘/{j'%j‘}/’)izl]}) { mzz:o Um(féfi{iét)im]})} (3.43)
and choose the expansion limit g such that (4 +a —2n—m) > 0,ie. (4+a—2n—4g) =0
or (4 —{lg =2n —a). We note that g depends as such on the local degree of UV divergence of
G. If we want to truncate the expansion such that the result only subtracts terms of O(1/|k[?),
O(1/|k[3) and O(1/|k|*) we can choose ¢ = 0 if G is (locally) logarithmic divergent, /g = 1 if
G is linearly divergent and {5 = 2 if GG is quadratically divergent.

The UV divergent parts of gﬁc’:{g(lz:, Q,{p;},{m;}) match now exactly the UV divergent parts
of g5 . (k,{p;},{m;}). Integration of g,?c’fﬁ (k,Q,{p;},{m;}) in dimensional regularization thus

yields in general

571 2e dDE Gla E . . —CG7(O) . : 1 | 'u?w
S | gyp i (@ sk imj}) = ({ps} Amy}) (2 —loa (U37)

+ R ({p;},{m;}) + O(e) (3.44)
where C%©)({p;},{m;}) takes on the typical form of the corresponding renormalized color—
ordered Born level propagator or vertex function and R%‘¢({p;}, {m;}) is a finite remainder,

which depends on G and the truncation of the UV expansion. The explicit pole factors in 1/e

are the typical pole factors of one—loop integrals which originate in the UV singular regions.

We would like to choose our local UV counterterms, as mentioned before, such that after
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the integration the pole part and the finite part have the same factor of proportionality, i.e.
OO ({p;},{m;}), and the additional finite remainder R*¢({p;}, {m;}) vanishes. This en-
sures that the sum of all integrated local counterterms to the bare primitive one-loop amplitude
is proportional to the corresponding color-ordered Born level amplitude, which is important for
the recursive construction of a total (local) UV subtraction term from the local UV counterterms.
To this end we subtract a locally finite version of R%¢ ({p;}, {m;}) from gﬁé{%ﬁ(%, Q. {pj},{m;})
and define

—2ury R ({p)}, {m;})
(k?Q - M%}V)g

g5tV (k, Q. {p;}, {m;}) = 9546 (k, Q. {p;}. {m;}) —

(3.45)

We note that S % [dPk(k* — u2,y,) 3 = —ﬁ(l +O(e)) = finite, which finally leads upon
uv

integration to

T dD];: G ; : . lu’zzw
Sem /(2 )Dggc{ UV (&, Q. {p;}. {m;}) = OO ({p;}, {m]})< 1og(u )) +0(e)
(3.46)

where we observe that the only finite part in the integrated result is now proportional to the

pole part, with C%O) ({p;},{m;}) as factor of proportionality.

In practice the expansion for large k follows from

IngalkoAps} Amg}) = By (k {ps}, {ms}) H TS

b

_ (k? Q, {p]} {m l—GI 1 (3.47)

(k _MUV nG _ (Q2 )JHU'UV 2k.Q
=\ Tz, teay !

where ka =(k+Q;)?and Q; =Q —q; = Q — (p1 + ... + pj), and from the expansion

1

—ajx2+bjx+1 =1+ ' (=b)) + 2*(—a; + b3) + 2°(2a;b; — b?) + 2 (a] — 3a;b7 + b))

2°(—3a3b; + 4a;b? — b2) + 2%(—al + 64567 — 5a;bj +b5) + O(z7)  (3.48)

W an m. In the practical application we expand the integrand
Hov uv

with a; =
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95 o(k, {p;},{m;}) up to a high enough power in k and throw away every term that is of order

O(k~"im) for n gy, > 5.

As an example consider the self-energy correction to the massless quark propagator. Here we
have PE (k, {p;},{m;}) = (=1)v*}v, = 2 K(1—¢), with D = 4—2¢ in dimensional regularization
and where we have performed the algebraic reduction in general D dimensions. In this case a = 1
and {m;} = (m1,ms = mg = m) = (0,0). The product of denominators is simply 1/(k*k?),
with ko = kg = k, so n = 2. This yields for the integrand

PaG(l_i’Q’{pj}’{mj}) i 1

(k2 = pgpy)me o2 ((Qf;mi)ﬂ%v 2h.Q; )
=\ ey Ty

- 2
(k2 — p2,)2 AL (@ -mdH+udy | 2kQ;
L) (M w1

(3.49)

(0(1/k3)+0(1/k4))

where we note that we need the expansion of the product function only up to order O(1/|k|) if
we want to match only up to the singular O(1/|k|*)-behavior. So, using the above expansion in
equation 348 each bracket in the denominator of the product function has to be expanded up

to order O(z), which corresponds to order O(1/|k|). In total the expansion yields

2(f+ @)1 — <)

(14 z(=by — by) + O(z?))

(];72 - M%]V)Q
2(%"" @)(1_ ) k.Qq k.Q2 7
G u%}v); (1+ (_<E§ﬁz?%m> - (/’ﬁz?%m) +O(1/k))
209 @), 40 -9+ R F , 41 -2) @0 +EQ)
(kQ - ,UzUv)2 B (kQ - M%}V)S (kQ - ,UzUv)3
O(1/k3)+0(1/F4) O(1/k4) O(1/k5)

20 -g)(f+ @) | 40 —e)(kQ+kQ)) ¥ _
(k2 - pdy)? + 2 — 2y, )3 +O(1/F) (3.50)

with by = by = b and Q2 = Qp = ). We also see that even if we had considered the massive
case it would have made no difference in the expansion since the dependence on the masses only

enters with the coefficients a; in equation B.48, which does not play a role if we expand only up
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to order O(z). Hence, we can also use the approximate initial expression in equation [C3 in

appendix[C] for the massive case in this expansion. Integration upon S:!u% f D, where the
necessary integral equations can be found in appendix [E] yields

i

) st o] 010 ot

and we note the additional finite remainder to be R%*¢({p;},{m;}) = —p{. Further, the local
form of the corresponding counterterm to the massive quark propagator with mas my, already

subtracting the additional finite remainder, is for example given by

—A(1 — &)(k.Q + k.QU)K + 213, (—pf + 2my)

Lqq=1,UV
ggq1 “ (k? Q, plamt) [

(k2 = ugry)?
2(1 —e)(f + @) —2(2 — e)my

and upon integration this yields

P gt
—infl) = 52 [ et (. Quprm)

_ ﬁ [(p,{ — 4my) e ~log ’ZJV) +0(e) (3.53)

where from equation B.I3lin section [3.Jlwe know that this is the correct expression for the renor-

malized massive color—ordered Born level quark propagator.

The results, local as well as integrated, for all other local UV counterterms to the color—stripped

ordered propagator and vertex corrections are given in appendix The individual local UV

counterterms gG Lo UV(E Q, {p;},{m;},¢), for propagators and vertices, can now be used to re-
(1) (1)

cursively construct a total local UV subtraction term Gy, to the bare primitive integrand G, .

of a given primitive one-loop amplitude, which will be further discussed in chapter [£.31

The summation limits ¢, as chosen above, yield a situation where Géi)re - GS‘)/ o O(1/|k]?).
However, our experience shows that, in order to further improve the numerical stability in the
UV, it is worthwhile to choose the summation limits (¢ such that G\ — GS‘)/ oc O(1/|K|7).

bare
This will be further discussed in the chapter (.11
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4

Figure 3.11: Left: Representative diagram to a four—parton primitive amplitude with one quark—
antiquark pair and the cyclic ordering (1,24,34,44). Right: Removing for example the gluon loop—
propagator ki in all the diagrams in the set A(l)(lq, 24,34,44), subsequently removing double—copies,

leads to the two depicted tree—level diagrams.

3.3 Remarks

Remember that in the formula for the infrared subtraction terms we sum over all indices j € I,
where the set I, denotes the set of indices j, for which the propagator j in the loop corresponds
to a gluon. In other words, a primitive amplitude which has soft or collinear divergences must
have at least one loop propagator which corresponds to a gluon. If we take the subset of dia-
grams which have the loop propagator j and if we remove from each diagram of this subset said
propagator, we then obtain a set of tree-level diagrams which form the Born partial amplitude
A§O). Equations and B.34] approximate the integrand of a primitive one-loop QCD ampli-

tude in all soft and collinear limits, where the approximation is given by simple scalar two— and
(0)

three—point functions, multiplied by the corresponding Born partial amplitude Aj .
Consider now the following situation in figure 311}, where we have one external quark—antiquark
pair and n = 2 external gluons. In all the pinched diagrams to the representative one—loop
diagram on the left of figure B.I1] we can remove for example the propagator ki, which in the
representative diagram connects between the external partons 1 and 2. This leaves us with a
set of tree—level diagrams, and upon the removal of identical diagrams this leaves us with the
two diagrams on the right of figure B.IIl If we look closer we note that these diagrams do
not contain a three—gluon vertex. The associated tree—level partial amplitude is a subleading
tree—level partial amplitude A(O)(lq, 24,3¢,44) with the same cyclic order (1g,24,3,,44) as the

corresponding primitive one—loop amplitude.

If we add the leading partial amplitudes A(O)(lq,2g,4g,3q) and A(O)(lq,4g,2g,3q) we are also
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Figure 3.12: Diagrams contributing to the leading partial amplitude A(O)(lq, 24,44,34).
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Figure 3.13: Due to the antisymmetric nature of the color—stripped three— and four-valent vertices

certain combinations of diagrams cancel each other.

left with the diagrams on the right in figure B.11l Due to the antisymmetric nature of the color—
stripped three—gluon vertex, with respect to exchange of any two of the three legs, the diagrams
which contain a three—gluon vertex cancel, since in one the three—gluon vertex appears in the
ordering (...,2,4,...) and in the other in the ordering (...,4,2,...). We have to consider, though,
that in each of the tree-level diagrams in figure B.I1] one of the gluons is radiated to the left
with respect to the fermion flow, so A(O)(lq, 29,3¢,44) = —A(O)(lq, 24,44,3q) — A(O)(lq, 44,24,34)-
The appropriate generalization to one quark—antiquark pair and (n — 2) gluons is simply given
by the Kleiss—Kuijf relations in equation 2.38] if we replace the gluon 1 and the gluon n with ¢
and g respectively, which was also noted towards equation

Let us examine the general case for the above a little closer. As we infer from chapter 2.4] the

subleading partial amplitudes can be written in terms of leading partial amplitudes, which reads
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A(O)(q_agla---agm,Q?ngrla"',gn72) = (_1)#B Z A(O)(q_agly""gm7gn72a---,gm+1a(l)

{a} (8T OP{a}{B} (list}

(3.54)

where {a} = {g1,...,9m}, {6} = {9n—2,--, gm+1} and #g denotes the number of elements in
the set {8}. OP{a}{B} denotes the ordered product, also shuffle, between {«} and {8}, which
is the set of all permutations of the members in the ordered list {list}, with ¢ held fixed, that
preserve the ordering of the «; € {a} within {a} and the ordering of the 5; € {5} within {3},

while allowing for all relative orderings of the a; with respect to the ;.

In the shuffle sum each diagram of A(®) (G, ..., a,b,...,q) with a three—valent vertex in the cyclic
ordering (..., a,b,...) has an identical counterpart from the amplitude A (g, ...,b,a,...,q) with
the reversed ordering (...,b,a,...). However, these counterparts cancel each other due to the
antisymmetric nature of the color—stripped three—valent vertex. For the four—valent vertices
that appear we have a similar situation. In the sum over shuffles the four—valent vertices appear
always in combinations (...,c,a,b,...), (...,a,¢,b,...) and (...,a,b,c,...). Also these combinations
cancel each other due to the antisymmetric nature of the color-stripped four—valent vertex. A
representation of contributions that cancel each other is shown in figure B.I3], where the gray
”blobs” represent further underlying arbitrary interactions, but the same for all contributions
that cancel each other. The contributions that cancel each other are thereby figuratively clus-
tered. Considering all the possible shuffles for a given subleading tree-level partial amplitude
in equation [3:54] and summing them up we are left only with non—abelian interactions between
gluons of the same sets, but all non—abelian interactions between gluons from different sets are
absent. In a sense the gluons from the two sets behave as if they belonged to different gauge

groups respectively.

As we saw in chapter 25.3] for problems with more than one quark—antiquark pair we can
have primitive amplitudes, whose representative diagrams contain tree—level like sub—diagrams.
These are diagrams where for a specific cyclic ordering one of the fermion lines is not allowed
to enter the loop. Such a situation is depicted if we pinch from the diagram in figure B3] for
example the loop—propagator k,. This leaves a tree-level like sub—diagram where the fermion
line between p; and p,, is attached to the loop via a branch, which is attached itself between
the loop—propagators k,_1 and k;. We note that the subtraction terms for the corresponding

primitive amplitude can nevertheless be applied, where we simply remove the propagator k,
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from the set I, of gluon propagators in the loop.

Further remarks concerning the renormalization scheme independence and the locality of the

soft and collinear subtraction terms have been given in [87].

3.4 One—Loop Integration

We want to give a brief overview on one—loop techniques. Except for the integrals that are needed
for the analytical integration of the local UV counterterms, this thesis was not concerned with the
matter of the actual (numerical) one—loop integration. We will thus only give a short overview
on the standard techniques. Plenty of references can be found in the literature ﬂg and @f
IE, E, Iﬁua] Further comprehensive overviews can be found in E, @H] We w111 also ﬁe
]

a brief introduction to the numerical method, which was elaborated on in more detail in

In appendix [E] we have explained how to solve scalar integrals of the generic form I, ,(A) =
[dPk(k?)*(k* — A +i6)™", where Feynman’s +id-prescription tells us how to regulate the on-
shell poles at k*> = A, by deforming the integration contour into complex space. Considering

a = 0 for the moment, we have in general however scalar integrals of the form

Lno({pi}, {mi}) = /deH R +z<5) (3.55)

with k; = k—q;, where ¢; = p1+...+p;, and k,, = k due to momentum conservation of the outgoing
external four—-momenta p;. These are the scalar one-loop n—point functions with arbitrary
masses m; in each one—loop propagator. For n = 1, n = 2 or n = 3 we have for example a scalar
tadpole, bubble or triangle diagram respectively with arbitrary masses. The +id-regulators in
the denominator tell us in which direction the poles in the complex ky—plane have to be shifted,
or equivalently in which direction the integration contour has to be deformed, in order for the
integral to be well-defined. In contrast to the example in appendix [E] however, we have now
multiple poles in different locations in the complex ky—plane, since for n > 1 the denominators
are not given in a quadratic form in the integration variable anymore. This is usually solved by
introducing Feynman parameters, where we turn the product over denominators into a sum at

the cost of introducing additional integrals by using the identity
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where the z; are the Feynman parameters and v = v; + ... + v,. We have dropped the +id—
prescription for the moment. In the case of the massless three—point function for example,

already evaluating one integral by the delta—function, this results in

1
1‘1/?% + 1‘2/?% + (1 — T — 1‘2)/?%)3

(3.57)

o\é
&

1
kj2k:2k‘2 = Q/d.%'l
0

Quadratic completion in the denominator and interchanging the integrals leads finally to

dPk !

1370({]%‘}, {0}) =2 / 1‘1/§?2 + 1.2]{;2 (1 — ] — 1‘2)/{:§ + i5/)3

1—x1

1
=2 [ dr; drolso (A (21, 22))
k:’2 aie)y® T

(3.58)

with ¥ = k —z1q1 — x2¢g2 and A" = (z1¢1 + x2q2)2 — xlq% — :qu%. We see that we have now only
one common pole in the complex k{—plane which is regulated by a +id’—prescription. We note

also, however, that this pole comes with a power of 3 in the denominator.

An alternative parametrization is the introduction of Schwinger parameters. In this approach

every propagator is replaced by the identity

ly_ (_1)V I xwuflexP
5 =t 0/ d (3.59)

where x is now a Schwinger parameter. For the example of the denominator in the massless
= [ [ [ derdwades explaik? + wok3 + 25k3), with

the three integration boundaries € (0,00). In general we can have tensor integrals of the form

three—point integrals this means (k:%k:%k%)
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kot .. k2

o fma}) 2 = [ %% (5.60)

3

(k2 —m? +i6)"
1=1

where the numerator of the integrand is of tensor rank 2a in the loop-momentum k. With-
out going into further details it can be shown by algebraic reduction, by virtue of Lorentz
invariance and by the symmetry properties of the integrals in the algebraically reduced system,
that these tensor integrals can always be related to linear combinations of the scalar integrals
I o({pi}, {m;}), which is formally known by the terminus ”tensor reduction”. It turns out fur-
ther that scalar integrals with more than four external legs can actually be expresses by linear
combinations of scalar integrals with no more than four external legs, which means in total that
all appearing one—loop integrals can be calculated through algebraic reduction and knowledge
of an integral basis with only up to four different types of scalar integrals. The price which one
has to pay upon using tensor reduction, however, are the introduction of inverse Gram deter-
minants. Gram determinants are the determinants of the Gram matrices G;; = 2¢;q;, where g;
has been defined above. In the tensor reduction of the tensor three—point integral with rank
two, for example, we encounter the Gram determinant |G| oc p?p2 — (p1.p2)2, which tends to
zero in a phase—space region where p; and po become collinear. The inverse Gram determinants
thus lead to a singular behavior in such phase—space regions, and this problem becomes more
annoying with larger numbers of external legs. Several solutions based on different reduction
schemes or expansion around small Gram determinants in critical regions have been proposed.
One solution, which falls in a different class, is the direct numerical integration. We will discuss
this method in a bit.

First we would like to turn to another method, which is based on unitarity and has been used
quite successfully throughout the last years in the computation of many cutting—edge processes,
and we only want to give a brief overview on the general strategy. As we discussed above we
can reduce all appearing one—loop integrals to a linear combination of a basis set of four scalar
integrals. This means that in a massless theory, for example, a one-loop amplitude can also be

written as

AP =% eIy + > ci 57 + > cily”” + R (3.61)
i i, 0,5,k

where the Is, I3 and I4 are the scalar two—, three— and four—point integrals respectively. The

scalar one—point integral would appear in addition if we would consider a massive theory. R is

3. Virtual Subtraction Method 107



3.4 One-Loop Integration

a so called rational term, which is a finite remainder that appears in dimensional regularization
when poles of order O(1/¢) or O(1/¢?) in the dimensional regularization parameter ¢ hit terms
of order O(¢) or O(g?). The rational terms cannot be determined naively in four-dimensional
calculations. The basis set of all integrals {IQ(i),I?Eij ),I fj k)} is obtained from pinching and is
known in advance. All that is left is to determine the coefficients ¢;, ¢;;, ¢;jx and the rational
term R. Cut techniques are thereby based on the unitarity of the S—matrix and relate with the
help of the Cutkosky rules the imaginary part of a one-loop amplitude to the imaginary part
of a phase—space integral over the product of tree-level amplitudes and propagators associated
with the cuts between the tree—level amplitudes. One can then reconstruct a one-loop amplitude
uniquely by knowing only its imaginary parts and thereby cut-construct a one-loop amplitude
by all possible ways that the associated one-loop diagram can be cut into tree—level parts, ex-
cept for the so called cut—free pieces. These cannot be detected by cut—techniques and have
to be determined by an expansion in the dimensional regularization parameter €. The cut—free
piece corresponds then to the rational term at order O(¢”). Upon evaluation of the cuts one

determines the coefficients ¢;  in equation B.G11

Let us now turn to the numerical method. In the previous sections we have determined local
subtraction terms, which ensure that the integration over the loop—momentum yields a finite
result and can therefore be performed in finite four dimension. There is, however, still the
possibility that some of the loop—propagators can go on—shell for certain real values of the loop—
momentum, which leads to a complex pole structure in the complex kg—plane. As we have seen
in the above and in the simple example in appendix [E] this can be regulated by deforming the
integration contour into the complex plane, which works fine if the contour is not too tightly
pinched between the poles and may thus not be deformed. This implies that the integration

should be done over a region of real dimension four in complex space C*.

There are many possibilities to deform the integration contour correctly into complex space, such
that the poles are avoided, but only a few are suited for an efficient Monte Carlo integration
such that the resulting contours are constructed algorithmically in a process—independent way
and lead to small Monte Carlo errors. Many techniques have been studied during the past years,
where basically three methods became apparent. One is to introduce a Feynman or Schwinger
parametrization, solve the integral over the loop—momentum analytically, and only compute
the remaining Feynman or Schwinger parameter integrals numerically by complex deformation.
Another one is to introduce a Feynman or Schwinger parametrization and then solve all the

resulting integrals numerically by complex contour deformation. Within these methods the defi-
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nition of the integration contours is straightforward, even for the massive case, since as we have
seen after the Feynman parametrization the singularities are for fixed external momenta and
Feynman parameters localized only on a single cone. However, as we have also seen this single
pole is raised to a high power in the denominator, which grows with the number of external legs
and is an artifact of the Feynman parametrization. After an analytic Feynman parameter inte-
gration this high power will be lowered down, however, since we resort to numerical integration

can be a source for large Monte Carlo errors [87].

The third option is to consider the direct deformation of the loop integration contour, without the
additional introduction of Feynman or Schwinger parametrization. This method yields smaller
Monte Carlo errors, the definition of the integration contour however is not as straightforward
anymore, which prevented the application to the massive case for some time. The method was
initially studied in multi-photon amplitudes @] and then extended to be used in more sophis-
ticated processes [91]. Only recently it has become clear that the direct contour deformation
can also be applied efficiently to the massive case @] and even to multi-loop problems @] We
want to introduce the direct contour deformation here briefly, while discussing some efficiency

improvements in the application to the process ete™ — jets in chapter

The integral over the subtracted integrand looks roughly as follows

Ak 1) A0 o) &k R(E)
I = / (27T)4 [Gl()a)re - Ggo?ft - Gﬁogl - G%/v‘)/] = / (27’1’)4 n ) ) (362)
]1;[1 (K} —m3)

. Pov (k n S
with R(k) = P(k)— W j];[l (k:j2 —mf) P(k) and Pyy (k) are polynomials in k, whereby
the second term proportional to Pyy (k) results from the UV subtraction term and parts of the
collinear subtraction term and P(k) from the soft subtraction term and parts of the collinear
subtraction term. In an improved version of the subtraction terms, which we will discuss in the
application to the process ete™ — jets in chapter [(.2] also parts of the soft subtraction term
will contribute to Prry (k). R(k) is thus a rational function in k& with poles that are only localized
on the surface of a single cone with (k% — p#,,)"vv = 0. For the part proportional to Pyy (k) it
suffices to choose ,MQUV large enough on the negative imaginary axis, such that Re(,u?]v) =0 and
Im(p?y,) < 0, which thus always ensures (k% — p2,,)"0V # 0. We are left with all the poles on
2

the surfaces of the cones j with (kj2 - mj) = 0. To this end we promote the loop-momentum to

a complex four—vector by setting
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>
>

K3

Figure 3.14: The plane with zero— and three—component of loop—momentum space. Depicted are the
origins of the light cones q; and the forward light cone which originates in q1. The external four—-momenta
connect thereby the origins of the light cones via p; = q; — ¢;—1. The deformation vector k is chosen such
that it directs towards the interior of a light cones whenever the loop—momentum comes close to a singular
point on the surface of this light cone. Whenever the loop—momentum hits one of the lines p; = q; — gi—1

the singularity is pinched and a deformation is impossible.

k=k+in(k) (3.63)

where k* contains only the real components and R“(E) only the imaginary components. The
fkv:fdepending choice of the deformation vector k is thereby crucial to the numerical efficiency.

The integral assumes then the form

A Okt R(k(E))
I= det | = | — (3.64)
/ 4 o) [T (B2 — m2 — (k)2 + 2%;.5(F))
j=1

where we note the imaginary part in the denominator. Feynman’s 4+id—prescription instructs us
now to construct the deformation vector s such that

ki —mi=0 — kr(k)>0 (3.65)
where the equal sign holds if the singularities are pinched. We consider the massless case, where
the singularities lie on the surfaces of the cones described by %f = (% —q;)? = 0, with origins at

q1, .-, Gn- Such a situation is depicted in figure B.14] for n = 6.
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%j.lﬁi(%) > 0 can be interpreted as s pointing towards the interior of the cone j. To see this one
defines a set of points k+ Ak, with 0 < A < 1. Points inside the light cone are time-like, i.e.

(k — q; + Ak)? > 0. Expansion to first order in A and setting (k — ¢;)? = 0 yields

2Mk.(k —q5) >0 (3.66)

Note that ,];jﬂ = 0 corresponds to k being tangential to the light cone. We can parametrize the
connecting line segments, corresponding to p; = ¢; — gj—1, between the points ¢; by ¢; — xp;
for 0 < z < 1. If we introduce this parametrization to the deformed denominator in equation
[3.64] we note that no deformation is possible for k being on such a line segment. These pinch
singularities coincide with the soft (z = 0,1) and collinear (0 < z < 1) singularities and are
already taken care of by our local soft and collinear subtraction terms. The construction of
the deformation vector has been outline in great detail in @, Iﬂ] for massless amplitudes and
will not be given here. A construction of the deformation vector for the massive case has also
recently been given in [88]. We will elaborate a bit more on the construction of the deformation
vector for the application to the process ete™ — jets in chapter [£.2] where we will discuss how
to extend the construction in the massless case and how to choose the arbitrary four—vector @

and the UV mass u%ﬂ, in order to enhance the numerical efficiency.
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Chapter 4

Recursive Relations

The sets of diagrams to cyclically ordered color-stripped amplitudes, as described in chapter [2],
can be constructed efficiently with the help of recurrence relations. For our purposes we use
Berends—Giele type recursions on ordered color—stripped off-shell currents, first discussed for
tree—level amplitudes @, @, Iﬂ, IE, Iih and later extended to the one-loop case @, B, Iﬂ]
Off—shell recursion relations relate thereby currents with one off-shell leg and multiple on—shell

legs to "smaller” off—shell currents with fewer on—shell legs.

Other recursive techniques have been studied in the literature, which either use a color—dressed
version of the Berends—Giele relations M, @] or are based on on-shell amplitudes M, IE]
For practical purposes the Berends—Giele type off-shell recursion relations offer a good agree-

ment between speed and applicability .

The idea is best illustrated with a brief example for a vectorial three—valent toy model, where
the tree-level recursion can be depicted graphically as in figure [l The off-shell leg is hereby
denoted by the label (n + 1) on both sides of the equation and a specific cyclic ordering
(m,...,n,n+ 1) is noted. On the left hand side we note the (n + 1 —m) on—shell legs connected
to the shaded blob, whereas on the right hand side we resolve the shaded blob by following the
off-shell leg into the blob and accounting for all possibilities to connect the (n+1—m) on-shell
legs via smaller off—shell currents to the remaining two legs of the three—valent vertex. If we start
for m = 1 and follow through with the recursion until it terminates we get a set of diagrams,
which contains exactly all those diagrams that contribute to the associated partial amplitude

with the given cyclic ordering of the external (n + 1) legs. In formula it reads
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Figure 4.1: Recursive tree—level relation for a vectorial three—valent toy model. Straight lines denote

vector bosons.

(0) ( Am Ay — 7(0) __ ~'9op
TO@N i) = T (ms ) = B
n—1
x > VO (— P(m,....,n), P(m,....i), P(i + 1,...;0)) IS (m, .y i) SO (i + 1, .0n)  (41)

where momentum conservation is understood and P(i,...,j) = Z{:Z pi, for i < j, or P(m,m —

1) = 0. If not stated otherwise the external momenta p; are always directed outwards and the

color—stripped three—valent vertex V;(gg“ " is given in appendix [Al The number of arguments
of a given off-shell current JP(LO) (i,...,7) accounts for the number of connected on—shell legs, the

argument list itself is an appropriate shorthand notation for the set of the associated external mo-
menta and helicities. The recursion terminates with the off-shell one—current Jﬁo) () =eulp,q)
which has one on-shell leg I, where €,(p;, ) is the polarization vector of particle [ with momen-

tum p; and an arbitrary light—like reference momentum gq.

The associated (n+ 1)—particle partial tree-level amplitude is obtained from the off—shell current
with n on—shell legs, by putting the (n+ 1)th leg on—shell, which is formally done by multiplying
with the inverse of the off-shell propagator and contracting with the respective polarization
vector, which reads

A(O)(17 ey + 1) = &‘M(pn+17 q)ZP(l, ceey n)QJ;(LO)(L (42)

Y n) | P(17"'7n):_pn+1
Since for massless on—shell particles pl2 = 0 we have also P(1,...,n)? = 0. To prevent division by
zero the propagator P(1,...,n)? in equation E2land for m = 1 in equation E1lis simply dropped

for practical purposes in the numerical implementation.
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Figure 4.2: Recursive tree-level relation for a pure gluon off-shell current. Curly lines denote gluons.

We will briefly discuss the recursive relations for QCD tree-level off-shell currents in section E.1]
before we continue with the one-loop recursions in section The total UV subtraction term
to a given primitive one—loop amplitude can also be constructed by recursive means, which will
be discussed in section We will conclude this chapter, by discussing some numerical checks

regarding the recursive interplay between the one-loop construction and the UV construction,

in section [Z41

4.1 Tree—Level Recurrence Relations

The recursion relation for pure gluon tree-level off-shell currents are depicted in figure[d.2] where

the label (n 4 1) denotes the off-shell leg again and in formula it reads

—igap

(]C(YO)(m, 7n) = W

[Z VOme(—p(m,...,n), P(m, ...,i), P(i + 1,..,n))J5 (m, ..., i) JO (i + 1, ...,n)

n—2 n—1
+ >0 viomeer 5O (m, i) TG+ 1 )TV G+ 1) (4.3)
i=m j=1+1

where the color-stripped three— and four—gluon vertices, Vg(gg),”yp and Vg(gg),gyp 7 respectively, are
given in appendix [Al Except for the additional part with the color—stripped four—gluon vertex

this corresponds to the case of the three—valent toy model above, where the recursion terminates

again with J,SO) ) =eulpr,q).

The associated (n+1)—gluon partial tree-level amplitude is retrieved from the n—gluon tree—level

off—shell current again by putting the off-shell leg on—shell and contracting with the respective
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4.1 Tree-Level Recurrence Relations

polarization vector

A(O)(17 R + 1) = &‘u(pn+17 q)ZP(l, ceey n)2‘];(1,0)(17 (44)

|P(1,...,n):—pn+1

We can infer certain symmetry properties for the ordered gluon off-shell currents from the
symmetry properties of the associated partial amplitudes as given in chapter 2.1l Although
the off—shell current with n on—shell legs is thereby not invariant under cyclic permutations of

(1,2,...,n) anymore, we can infer

i) from the reflective property that Jﬁo)(l, 2,..,n) = (—1)"+1J£0) (n,...,2,1), and
ii) from the dual Ward identity that
01,23, n) + J0(2,1,3,n) + o+ J0(2,3, 01, 0) + I (2,3, .m,1) =0,

iii) which can be recast in the form of the sub—cyclic identity as

v J91,2,..,n) =0.
Zn(1,2,...,n)

Similar recurrence relations hold for the case of one quark—antiquark pair, where we distinguish
between quark and antiquark off-shell currents. Pictorially these are given in figure and in

formula they read

U(O)(mq,m +1,...,n) =

nfl_ 7 m + m—i—l,...,n
Fd [pmq —|-P(m—|—17,n)]
V(O)(m’ N 1,nq) -
il — m,..,n—1)+ e
[ (( Pny) 1 [ZF(O #J(O .,z’)V(O)(i-i-l,...,n— 1,ng) (4.6)
[P(m, vy — 1) +pnq

where T”) (mg,m+1,...,n) and VO (m, ...,n — 1,n;) denote the tree-level recursions for quark
and antiquark off—shell currents respectively, and the recursions terminate with J,SO) () = eulpi, q)
and with T (mgq) = @(pm,) or VO (ng) = v(pn,) respectively, where u(p,,) and v(pp,) repre-
sent quark and antiquark spinors respectively. The color—stripped tree-level quark—gluon vertex
IOk where the gluon is radiated to the right with respect to the fermion flow, is given in

appendix [Al Note that in tree-level problems we can arrange the cyclic ordering always such
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4.1 Tree—Level Recurrence Relations

Figure 4.83: Recursive relations for tree-level quark (top) and antiquark (bottom) off-shell currents
respectively. Curly lines denote gluons, straight lines with a fermion arrow denote fermions. In the quark

current the on—shell fermion is a quark, in the antiquark current the on—shell fermion is an antiquark.

that gluons are radiated off quark lines to the right with respect to the fermion flow arrow.
This infers especially that in the cyclic ordering in clock—wise direction an antiquark is always

followed directly by its corresponding quark.

Note that in the above U(O) and V) are matrices in Dirac space, which means that their position
with respect to the quark—gluon vertex and the quark or antiquark propagators matters. The

corresponding partial amplitudes are recovered from the quark or antiquark off-shell currents
by

AQ (1,2, .0 —1,ng)
0 .
( )(1qa 27 ey — 1)(_1) [ﬁlq + E(2> sy TV 1)}v(pnq)|p1q+P(2,...,n71):7an (47)

= a(pr,) ()~ (P2 n = D)+ B )]IVOQR e = L)l pn g, (48)

I
al

We can use the above building blocks in order to construct the tree-level amplitude for the

te~ = 4q,9,...,9,4, i.e. for the process ete™ — jets in the leading color approximation.

process €
For #jets = (n — 2) the amplitudes for the respective photon or Z-boson channels are thereby

given by
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4.2 One-loop Recurrence Relations

Figure 4.4: Tree-level amplitude to eTe™ — (n —2) jets in the leading color approzimation. We choose

the leptons as incoming.

0
A’(y/)Z(lq, 29, ceey (TL - 3)9? (’I’L - 2)@5 (TL - 1)la nf) =
n—3 ©)
— 10 .

STV (14,2, )V VO 41, (0= 3), (0= 2)0) O (0= 1)1,mp) (4.9)

i=1
where Vq’f} )7 denotes the electroweak quark—photon or quark—Z-boson vertex, which can be
found in many textbooks, and JL(LO)EW((n —1);,nj) is the electroweak off-shell current, where the

off-shell leg is chosen to be the appropriate photon/Z-boson off-shell propagator. If we choose
the center—of-mass energy to be m2Z, with mz the mass of the Z-boson, we have to use the ap-
propriate propagator for an unstable particle with a denominator of the form p? — mQZ +imzl,
which can be found as well in many textbooks. We choose the leptons as incoming. The process
is depicted in figure 4.4l

The recursion relations for multiple quark—antiquark pairs are a little bit more involved. An
efficient algorithm to generate all possible color—ordered tree—level diagrams for processes with
multiple quark—antiquark pairs, in conjunction with color decomposition in the color—flow basis,

has been described in [31].

4.2 One-loop Recurrence Relations

Algorithms for the recursive construction of one-loop amplitudes have been discussed on several
occasions |51, 50], where we make use of Berends—Giele type recursion relations for ordered one—
loop off—shell currents M] These yield sets of diagrams, which are exactly the sets of cyclically
ordered diagrams to the corresponding primitive amplitudes. In one—loop recursions one can

make use of tree—level recursions with two off—shell legs by means of cutting open one propaga-
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Figure 4.5: Recursive one—loop relation for a vectorial three—valent toy model. Straight lines denote

vector bosons. In the third term we note the direct one—loop contribution.

tor in the loop M] In this regard should tree—level currents with two off—shell legs essentially

behave as tree—level currents with one off—shell leg and one additional on—shell leg. We thus

expect the scaling behavior in CPU time with respect to the number of legs for the one-loo

recursions to behave essentially as for the tree-level recursions, which was indeed observed @]3

The concept of cutting open loropagators has also recently been discussed by others, in the
147]

context of Feynman diagrams

The idea is again drafted best for a toy model with a single vector field and a single three—
valent vertex. We can work out the recursive relations for the unintegrated off—shell currents
of cyclically ordered primitive one—loop amplitudes in this toy model, where the recursion is
depicted graphically in figure and the label (n + 1) denotes the off-shell leg again. In the
first two terms on the right hand side we follow the off-shell leg, in tree-level like fashion,
into the blob and account for all possibilities to connect the (n —m) on—shell legs via smaller
unintegrated one-loop off—shell currents to the remaining two legs of the color—stripped three—
valent tree—level vertex. In the third term on the right, which we call the direct one-loop

contribution, the three—valent vertex connects to the two adjacent edges of a loop. In formula

this reads
(1) __ —9op
Ja (’I’I’L, ,TL) P(’I’I’L, ,n)Q

n—1
X { Z VOre(—p(m,....,n), P(m, ...,i), P(i + 1,...,n)) JY (m, ..., i) ] (i + 1, ..., n)
+ Z VOme(—P(m,....,n), P(m,...,i), P(i + 1,..,n))J (m, .., i) IV (i + 1, ..., n)

+ Vg(gg)HVp(—P(m, ey TL), kjmfl, —k:n)K,,p(m, ey T k‘mfl) (410)
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n+2 m n+2 m
Y \

| )

Y z : 1

.: . 0

L] . I
i i=m—1

. 1 i+\1

n+1 n n+ \
n'l

Figure 4.6: Recursive tree—level relation for an off-shell current with two off-shell legs in a vectorial
three—valent toy model. Straight lines denote vector bosons and the labels (n + 1) and (n + 2) denote the
two off-shell legs.

where k; = k— Zli:1 p; and with kg = k, according to the conventions in chapter K,, in the
third term on the right hand side denotes an auxiliary ordered tree—level off-shell current with
two off—shell legs, where the upper off-shell leg carries the loop momentum k,,,_1 according to our
convention. We will discuss this term further below. Except for the direct one-loop contribution,
the recursion terminates with the unintegrated one—loop one—current Jﬁl)(l), which corresponds
to a self-energy correction on an external leg and is thus set to zero, or with the usual tree—level
one—current J,SO) (1) = €u(p1,q). The integrand to the associated primitive one-loop amplitude

is then retrieved in the same way as in the tree—level case by

Ghre (Lo + 1) = & (D1, @)iP(1, o) IO (1, g

bare

(4.11)

=—Pn+1

Here we put the off—shell leg on—shell again. Care has thus to be taken when a self-energy

correction appears on this off-shell leg, which has then to be set to zero as well.

The recursion relation for the auxiliary tree—level off-shell current with two off-shell legs is
graphically depicted in figure In formula the recursion relation for the tree-level two—leg
off—shell current reads

_igau

Kua(m,...,n;q) = @ Plm, )] X

XZ K x(m, ... q)‘/;g)g”)‘“(q — P(m,....,n),—q+ P(m,....,i), P(i +1,..n))JO (i + 1,....,n)

(4.12)
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Figure 4.7: Direct one—loop contribution to the recursive one—loop off-shell current in a vectorial three—
valent toy model. Straight lines denote vector bosons and the label (n + 1) denotes the off-shell leg of the

one—loop off-shell current. Lorentz indices are explicitely shown.

where ¢ denotes the incoming off-shell four-momentum on the off-shell leg with label (n + 2)
and the outgoing off-shell four-momentum on leg (n + 1) is fixed by ¢ — P(m, ...,n). The recur-

sion of K, terminates with the two-leg off-shell current K, (m,m — 1;¢) with no additional

on-shell leg, which is just an off-shell propagator given by K,,(m,m —1;q) = ﬂ'qgg““, and with

the tree-level one—currents J,SO)(Z).

In the third term on the right hand side of equation above we notice the contraction of the
auxiliary two—leg off—shell current with two legs of the three—valent vertex, which describes the
connection of the three—valent vertex to two adjacent edges of the loop in the direct one—loop
contribution as shown in figure[£7 One could in principle define the two legs on the right of the
three—valent vertex as one tensorial object, in which case the coupling of the three—valent vertex
to the two—leg off—shell current would be given by a tensor product on the corresponding Lorentz
indices. This is numerically cumbersome and we seek for a more efficient way, which is given
by simply cutting open one propagator in the loop. We thereby use an explicit decomposition
of the metric tensor gg, in the upper loop-propagator in figure .7 into two sets of four—vectors
{al} and {pl1}, such that gz, = 3, ag} b[yl], where [ runs from 1 to 4 and the indices 5 and v on
(1

the four—vectors a 3 and bl[,l] denote their four components respectively.

We thus split the upper off-shell leg in figure @7 into a part that couples to the Lorentz index
[ of the three—valent vertex and a part that couples to the Lorentz index v of the two-leg
offshell current. This will translate %(ggaﬁﬁ/K By = g(ggaﬁﬁ/ggygw\K YA into a sum over vector
multiplications ), Vg[é]ga VKL” = %(ggaﬁ 7a,g] b[yl] gK” A or in simple terms will cut open the loop.
The third term on the right hand side of equation .10l can then be rewritten into
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n+1

Figure 4.8: Cutting a gluon propagator in the loop. One replaces the tensor structure of the upper gluon

leg by a sum over four (pseudo-)polarizations.

—iga
—— [Z Ve (—P(m, ...;n), k1, —kn) K (m, o105 K1) (4.13)

where Vg[é];p( P(m,...n),kym_1,—ky,) = Vg(ggwp(—P(m, ), k1, —kn)a,[,” and the associated
two—leg off—shell current K g} (m,...,n; kyn—1) can be recursively calculated via

Kl i) = I

(qg— P(m,...,n))?

XZ VOrT (g — P(m,...,n), —q + P(m, ...,;i), P(i + 1,..,n)) KX (m, ..., i) J- (i + 1, ...,n)

i=m—1

(4.14)

_ a2l
L For the two four—vectors one can

where the recursion terminates with K, 3 (m,m—1;q) =
simply choose g, = S [l]b[l] S sl[f]s[ul], with the four standard (pseudo-)polarizations
SLH = (1,0,0,0), s [2] = (0,—14,0,0), s [3] = (0,0,—1,0) and 5[4} (0,0,0,—7). An alternative set
of four—vectors is given in appendix IEl This cut—prescription is of course used as well if we cut

open a gluon propagator in the loop, as depicted in figure 48l

If, on the other hand, the propagator we wish to cut open corresponds to a massless quark
line, as it appears in one-loop quark or antiquark off—shell currents, we have to replace the
momentum ¥ in the numerator of the quark or antiquark propagator by

k‘2

k2
b ; b _
K=K + Qk.qﬁ’ with & k 2% (4.15)

122 4. Recursive Relations



4.3 UV Recurrence Relations

Figure 4.9: Cutting a quark propagator in the loop. One replaces the tensor structure of the quark leg

by a sum over polarizations.

where ¢ is a light-like reference momentum and & is light-like by construction. The light-like

momenta k” and ¢ can then be replaced by a sum over polarizations

K= ull, Nak’,\) and ¢ =" u(g,N)u(q,\) (4.16)
A=+

A==+

which is depicted schematically in figure The extension to massive propagators is straight-

forward and further details are given in [91, .

We also have to cut open ghost—loops, as they appear in the gluon one-loop off-shell currents,
which is rather simple since the ghosts are scalar particles and the corresponding propagators do
not contain any non—trivial tensor structures that need to be replaced by any polarization sums.
A complete collection of recursive relations to compute the integrand Géi)r . of QCD one-loop
primitive amplitudes in the leading color approximation is given in appendix [El We shall stop
the discussion at this point and turn to the recursive construction of the total UV subtraction

term GS‘)/

4.3 UV Recurrence Relations

1)

The recursive construction of Gl(mr .

ensures the correct incorporation of all necessary one-loop
diagrams in the integrand of a given bare primitive amplitude. Similarly ensures the recursive
)

construction of GSV the correct incorporation of all necessary local UV counterterms to a given

primitive amplitude on the integrand level.

We will again draft the idea with the help of the three—valent toy model from before. The

recursion relation that generates the total unintegrated UV subtraction term to a given primitive
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Figure 4.10: Recursive UV relation for a vectorial three—valent toy model. Straight lines denote vector

bosons. Crosses denote local UV counterterms.

amplitude, in the three—valent toy model, from the local UV counterterms is depicted in figure
IO In the first two terms on the right hand side we follow the off-shell leg, in tree-level like
fashion, into the blob and account for all possibilities to connect the (n — m) on—shell legs via
smaller unintegrated UV off-shell currents to the remaining two legs of the three—valent vertex.
In the third and fourth term on the right, which we call the direct UV contributions, we replace
the vector propagator and the three—valent vertex in the toy model by their corresponding local

UV counterterms respectively. In formula this reads

TV () = (;?afn)z
[Z VOre(—P(m,....n), P(m,...,i), P(i + 1,..,n)) JOY (m, .. 0) S (i + 1, ..., n)
Z Ouee(—P(m, ...,n), P(m, ...,i), P(i + 1,...,n))J (m, ..., i) SOV (i + 1, .., n)
5 Qi Pl o). ) e
x S VOwe(—p(m,...,n), P(m, ...,i), P(i + 1,...,n)) J (m, ..., i) J (i + 1, ...,n)

UVilggq v, . . . .
+ Z g 2" (B, Qmuy, P(m, ..., ), P(i + 1, ...om), poy ) IS (m, i) O (i 4 1, .. )

(4.17)
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where gggv,égg ’“6(...) in the third term on the right hand side and ggg‘;’gl}’{}’ HP(...) in the fourth

term on the right hand side denote the local (unintegrated) UV counterterms to the vector prop-
agator and the three—valent vertex respectively. Those correspond to the local UV counterterms
for the leading color gluon propagator and leading color three—gluon vertex as given in appendix
Di

Regarding the dependence of gggv’egg G (...) and ggg‘;’fjf/g HPP(.) on the arbitrary four-vector Q:
As we saw in the construction of the one-loop recursion, the general dependence on the loop—
momentum is on the shifted loop-momentum k,, 1 = k — ¢,,_1, with ¢; = Zlepl. In the
computation of the local UV counterterms, however, we expanded around the UV propagator
(k— p3)~! with k = k — Q. Since the integrated results are independent of the arbitrary four—
vector () we can choose to keep the momentum £ fixed upon shifting of the loop—momentum
km—1 =k — ¢m—1 by simply balancing the shift through the arbitrary four—vector ) and thus
have k =k — Q = k1 — Qm—1, with Qm_1 = Q — gm_1.

A complete collection of UV recursion relations in QCD and for the process eTe™ — jets, for

usage in the leading color approximation, is given in appendix [Gl

4.4 Cross—Checking the Recursive Interplay

We need to check whether the implemented recursive constructions of the bare one-loop inte-

grand and the total unintegrated UV subtraction term play along well.

In the figures [4.11] and we plot |2Re(AD*GW)| vs. a UV scaling parameter Ay,
where the summation over helicities has been performed and where we scale a fixed value for the
loop—momentum according to k = k—Q fized = Auvk fized- Lhe plots are for the processes 0 — n
gluons, eTe™ — 3 jets and eTe” — 4 jets respectively, for a fixed region in the final-state

phase—space. A description of the necessary phase-space sampling is included in appendix [Hl

For the processes ee™ — 3 and 4 jets we use the leading color approximation, i.e. eTe™ —
qq + 1 and 2 gluons respectively, where the kinematical setup has been described in appendix
[[] and appendix The unsubtracted total integrands in gray show all a local UV divergent
behavior. The UV subtracted total integrands in red/blue, however, fall off like 1/|k|?, which is
clearly UV finite.
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Figure 4.11: Helicity summed integrand for a 7—gluon one—loop amplitude. The unsubtracted total
integrand in gray falls off like 1/|k|?, which leads to UV divergences upon integration. The UV subtracted
total integrand in red/blue, however, falls off like 1/|k|°, which is clearly UV finite.

Looking more closely on these plots, we notice that the unsubtracted integrand for the pro-
cess ete”™ — q@ + 2 gluons falls off like 1/|k|?, whereas the unsubtracted integrand for the
process ete™ — q¢ + 1 gluon falls off like 1/|k|3. This reflects the fact that in the process
ete™ — q¢ + 2 gluons the UV behavior is dominated by the quadratic UV behavior of the
one-loop correction to the gluon propagator. In the process e™e™ — qq + 1 gluon the one-loop
correction to the gluon propagator is not expected to appear and the UV behavior is dominated

by a linear UV behavior.

In anticipation of chapter B.Ilwe can use improved UV counterterms in the recursive construction
as well, where improved means that these local UV counterterms also subtract out the local
1/|k|>— and 1/|k|%~behavior from some parts of the integrand in order to have a better numerical
behavior in phase—space regions with small two—particle invariants. We can then perform similar
checks, of which one is shown in figure E14] for the process eTe™ — 3 jets in the leading color
approximation. Here we have chosen a final-state phase-space point, where the first and the
second jet have a small two—particle invariant. A brief description of how to generate such a

phase-space point is given in appendix [Hl
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Figure 4.12: Helicity summed integrand for the one—loop QCD correction to the process ete™ — qq + 1
gluons. The unsubtracted total integrand in gray falls off like 1/|k|3, which leads to UV divergences upon
integration. The UV subtracted total integrand in red/blue, however, falls off like 1/|k|>, which is clearly
UV finite.
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Figure 4.13: Helicity summed integrand for the one—loop QCD correction to the process ete™ — q7 + 2
gluons. The unsubtracted total integrand in gray falls off like 1/|k|?, which leads to UV divergences upon
integration. The UV subtracted total integrand in red/blue, however, falls off like 1/|k|>, which is clearly
UV finite.
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Figure 4.14: The plot shows the helicity summed |2Re(A*GMW)| vs. a UV scaling parameter \yyv
for ete™ — 3 jets, in leading color approzimation, where we scale a fized value for the loop-momentum
according to k = k — Q fized = )\UVEfixed' The unsubtracted total integrand (upper fit in gray) grows
locally like 1/|k|®, which leads to UV divergences upon integration. The (standard) UV subtracted total
integrand (middle fit in blue) grows like 1/|k|°, which is clearly UV finite. The (improved) UV subtracted
total integrand (lower fit in pink), which contains those local UV counterterms that also subtract the
1/|k]>~ and 1/|k|®-behavior, grows like 1/|k|".
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Chapter 5

Application to Jet Rates in

Electron—Positron Annihilation

Before we comment on the explicit results for the jet rates in electron—positron annihilation in
section (.3l we want to discuss further optimizations to the subtraction terms and the numerical

integration in the sections (5.1l and respectively.

5.1 Optimization of the Virtual Subtraction Terms in the UV

Up to now we have subtracted only those terms from our integrand which show a O(1/|k|*)-
behavior at maximum. This leaves us with a UV subtracted integrand that shows a leading
O(1/|k|?)-behavior for large loop-momentum, which leads formally to a UV finite integral. It
turns out, however, that the UV regions contribute significantly to the overall numerical error,
where we encounter large oscillations in our integrand in those UV regions where it is likely to

have small two-particle invariants. The leading O(1/|k|?)-terms are of the generic form

d*k kX
| o B (51)

where X is a four—vector independent of k. This term integrates formally to zero between
|k| - —oo and |k| — +o00. At the level of the integrand, however, the term is oscillating,
where the integrand changes sign under k <+ —k. As long as the magnitudes of such oscillations
are small, compared to the finite terms after the integration, they pose no threat in a Monte
Carlo integration. Our experience shows, unfortunately, that the terms of order O(1/|k[°) and

O(1/|k[%) in our integrands are not small though. Their magnitude is enhanced whenever an
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external invariant approaches the jet resolution, which is most likely the case for two—particle

invariants.

For a better dampening in the UV critical regions we thus need to have a look at the UV coun-
terterms for the propagators and the three—valent vertices, and modify them such that the UV
subtracted integrand shows a leading O(1/|k|”)-behavior in the corresponding terms. To this
end we extend the local UV counterterms for the propagators and the three—valent vertices to
include also terms of order O(1/|k|?) and O(1/|k|%).

We are not aiming for a leading behavior of order O(1/|k|”) of the complete integrand, since for
one this is not necessary to achieve the sufficient numerical stability, and for the second if one
would like to do that consequently one would not only have to improve the four—valent vertex
in that regards but also introduce new local UV counterterms to effective five- and six—valent
vertices as shown in figure Bl From a certain point of view this is not a problem, one would,

however, also have to modify the respective recursion relations in chapter 4 accordingly.

We have already discussed the general strategy of the UV expansion in the previous section.
However, instead of throwing away every term in the expanded integrands to the propagators
and the three-valent vertices that is of order O(1/|k|?) and higher, we keep terms of order
O(1/|k[°) and O(1/|k|%) and throw away every term of the order O(1/]k|") and higher for large

loop—momentum in the expanded integrands to the propagators and the three—valent vertices.

One notes that, since we are only adding terms here that lead to finite results after the integra-
tion the actual pole parts after the integration will not change. The integrated result is thus
only afflicted by a change in the finite remainder R*¢({p;},{m;}). As we have stated above
the finite remainder depends for every graph G on the truncation limit ¢g, or in other words
on the local degree of divergence, but for the two— and three—point functions we now choose £«
basically to be larger by a value of 2 compared to before. In order not to spoil our improvements
he ﬁ% and not with %, where
S7tp®e [dPk(K? — p2y) ™t i—(1+ O(e)) = finite. The resulting expressions for the modi-

- 61y
fied local UV counterterms to the propagators and three—valent vertices have been implemented

we absorb the finite remainder by dressing it with

in a C++ library. They are rather long and will not be stated here, but can be obtained by
systematically following the above introduced method in chapter B.2.2l Further are all needed in-

tegral identities, to calculate the resulting higher rank integrals analytically, given in appendix [El
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Figure 5.1: Shown are all the ordered one—loop diagrams up to a leading local behavior of order 1/|k|°
for |k| = oco. The columns show thereby all diagrams with the same number x of external particles, the
rows show all diagrams with the same leading behavior in |k|Y from |k|=2 down to |k|=C. The figure is
taken from [91].
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We need to remark though, that the UV improved n;—part of the local UV counterterm to the
gluon propagator acquires a mass dependence at the higher order in 1/|k|, compared to the non—
improved version in appendix The same holds for the n;—part of the local UV counterterm
to the three—gluon vertex. The UV improved local UV counterterm to the quark—gluon vertex
acquires a mass dependence and additional dependences on the external momenta. Remember

that the local UV counterterm to the four—gluon vertex does not receive an improvement.

We also need to dress the two— and three-point functions of the soft and collinear subtraction
terms respectively with an additional suppressions in the UV region. This is done by expanding
the typical soft and collinear denominators around the UV propagator in the same manner as

described in section B.2.2l The modified soft subtraction term reads thereby

1 1 0)
Gop=i> 4p;p +1[ = AS
e ]ezlq T k_]2 1kg2k]2+1 (k?Q—N(QJv)?’ !
. 4p;-pj+1 0
=iy # g (K2 k2 k2 ) A (5.2)
jel, =1+l
where
G (3 k2 k) = |1 - % (5.3)
ol s (7 = 4 )?
with
llHl gsoft(kz k2 k]+1) 1? |k1\1£>n gsoft(k2 lak ijrl) (1/|k|) (54)
This yields upon integration
dPk 1 esVE
—1,2 wn _ -
Sem /(QW)DGsoft - (47)2 F(l—g)x
2 (—2pjpjs1\ * 2 20\ °
jel, € H MUV K ) !

)

where we see that, as expected, nothing changed in the pole parts and only finite terms are

added. The modified collinear subtraction term reads
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2 2
(1) chdl(k 1K) Sivgen (K7 K7 ) (0)
Gcoll =1 Z |: jka - + kak?jl z Aj (56)
Jely

where

k2 k2
gcoll(k2 ka) = <1 - (2]72]>

k% — pigry)?
n (k‘2 k‘z) < B 2];5.}7];1 + 2]2:.(}1' q_]z,{+ qJQ + 2:“(2]\/
! (7]52 - ,uzUv)3 B (kQ - ,uzUv)3 B
_ (2k.g—1)* + (2k.g))* + (Qk-qj—l)(%-q]')) (5.7)
(kQ - MQUV)4
with
hﬁn gcoll(k2 k]2) - 17 It 1|1m gcoll(k2 kJQ) - O(l/’k‘g) (58)
] ]

This yields upon integration

dPk 1 evE
—1, 2 L _
B n / 2np el = T = e)

ARG

J€l,
+2T(1—e)(1+¢) S-<1+ o )+S+1<1+ Py ) Hiv ) 40
’ 6MQUV ’ 6 2 !

mlw

MUV 2
1 eVE 1 M2 —
= PTa g & HE LA -ora 52) (S + Sj1) (%) }Aﬁ-o’ (5.9)
Jj€ly 1+(7)r(52) - L

1+0(e)

for p? = p? 41 = 0 and where we note again that only finite terms have been added. As usual k =

E—=Q,q=q;—Q, kj=k—gqj, ¢ = szandD_ll 2e with |e] < 1. S; = (47)%e =7, where
=1
v denotes the Euler—-Mascheroni constant and p denotes the typical mass scale in dimensional

regularization.
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dn—1
q1 q1

q1

qo qj q0 qo

(a) (b) (c)

Figure 5.2: The plane with time— and one space—component of the loop-momentum space. Depicted are
the origins of the light cones q;. The external four—-momenta connect thereby the origins of the light cones
via p; = ¢; — qi—1. Diagram (a) shows the setup in a generic primitive amplitude with n external legs.
Diagram (b) depicts a situation where the two incoming particles are adjacent. Diagram (c¢) draws the

picture for electron—positron annihilation, where the poles due to q,_1 are absent. The figures are taken

from J’ﬂ/

5.2 Direct One—Loop Contour Deformation for the Process ete™ —

jets

As we discussed at the end of chapter 4] we have to deform the loop-momentum into complex
space in order to be able to integrate the finite subtracted integrand. The situation in the loop—

momentum space is depicted again in figure

We want to elaborate a little bit more on the direct contour deformation for the case of ete™ —
jets. The thesis at hand has not been concerned directly with the corresponding algorithm,
which is why we only comment on those parts which are necessary to understand the actual
optimization for this process. We refer to the discussion in [91] for any further details that are
not mentioned here. The situation corresponds to the case shown in diagram (c) of figure (.2
where the particles n and (n — 1) couple through an intermediate photon or Z-boson to the loop
and we are left with a single strand in loop—momentum space. We define thereby an interior
region by the intersection of the interior of the backward light cone from ¢, _o with the interior
of the forward light cone from ¢y and an exterior region, which is simply the complement to the

interior region. Our integral looks in this case as follows
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d*k d*k R(k d*k
I= / L [Ghre = Gl — Gl — G ] = / B E— / LG(k) (5.10)
(2) (2m) ) ) (2)
Il)(kh —m3)
J:

We can split the integral into an exterior and an interior part

4 4
I =Tyt + Iing = / %fUV(k)G(k) + / %(1 - fUV(k))G(k)
d*k d*k
- / WGext(k) + / WGmt(k) (511)
where we choose
n—2 k2 _ m2
fov(k) = jl_[o 7]%2]_ M2U]V (5.12)

Since fry/ (k) is a meromorphic function of k, with poles only at (k? — u%]v) = 0, this splitting is
clearly holomorphic in k£ and we can evaluate I.,; and I;,; along different contours. For I.,; we
note, as mentioned before, that setting u%ﬂ, large enough on the imaginary axis suffices already
to ensure (k% — ,u(zjv) = 0. However to improve the numerical stability we choose a simple contour

deformation for I..;, where
k=k+in(k) (5.13)
with

K(k) = g (K — QY) (5.14)

We thus have k% — p?,, = 2k — Q) o (k— Q) — 3, where a o b denotes the Euclidean scalar
product between the four—vectors a and b, which is always positive. Choosing ,uzUV purely imag-
inary with [ m(,uZUV) < 0 and without further deformation ensures that the imaginary part of
(k? — ,uzUV) is always positive but constant along the cone k> = 0. Choosing the additional
deformation in equation [5.I4] though we make sure that the UV propagator (k% — ,ulzjv)’1 falls
always off like 1/|k|? for |k| — oo, which enhances the numerical stability in the exterior region

further. The Jacobian of the deformation is simply given by det [Bk“ / kY ] = —44.
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Regarding the interior region we note that
_ 2\n—2 2n—4
(1= fov(k) = W{ (k)" %2k Zq] (n—1)Q] + O(k )} (5.15)

Choosing the arbitrary four—vector @ such that @ = n—l) Z;L;Oz q; cancels the leading order
in k in equation BI85 and Gy (k) will drop with two additional powers of 1/|k| for |k| — oo.
Gint(k) show thus a good ultraviolet behavior but has a more complicated infrared structure.

For the contour deformation for I;,; we have to consider the poles around

k:]z—m?:OforOSan—Q (5.16)
or in the massless case around k‘JQ =0 for 0 < 57 < n — 2. The contour deformation along the
lines of B} is therefor chosen, with additional modifications to protect the UV behavior. A

more detailed account of the parameters of the deformation for I;;,; is given in |91]].

In combination with the improvements to the subtraction terms we can summarize that the
integrand G, (k) falls off like |k|~7 in terms corresponding to n—point functions with n < 3 and
like |k|~5 in terms corresponding to n—point functions with n > 4. The integrand Gj,;(k) falls
off like |k|~ in terms corresponding to n-point functions with n < 3 and like |k|~" in terms
corresponding to n—point functions with n > 4. In addition we can further improve the leading
UV behavior of all those terms with an odd power in |k|~!, by the method of antithetic variates,
by always sampling —k and k together, which reduces the leading behavior down to the next

lower even power in |k| L.
Even though we will not give a detailed account of the parameters of the deformation of I,
here we want to discuss briefly a further technique, which enhances the Monte Carlo efficiency

through a dedicated sampling and is based on the division of the interior region into sub—channels.

Consider our integral in the interior region after deformation, which can simply be written as

d4
Imt:/( )4f( ) (5.17)

and the line segments in loop—momentum space, which are parametrized by

E:qj%—x(qjﬂ—qj)forngglandOSjgn—?) (5.18)
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Figure 5.3: The plane with time— and one space—component of the loop-momentum space. Depicted are
the origins of the light cones q;. The external four—-momenta connect thereby the origins of the light cones
via p; = ¢; — gi—1. Diagram (a) draws the picture for electron—positron annihilation, where the poles due
to gn—1 are absent. For the interior region we divide the integral into (n — 2) sub—channels, such that
each line segment i corresponds to a specific sub—channel. Diagram (b) shows this situation, where we

have picked out the specific line segment from q1 to qa. The figures are taken from [91].

which is depicted in diagram (a) of figure 53] We can now split the integral into several sub—

channels, such that each line segment corresponds to a separate channel, which reads

k) f (k) (5.19)

Iint =

n—3
where we choose the weights, such that w; > 0 and )  w; = 1, by
=0

%1

> (k2[K2,, )
0

(5.20)
—2

This division into sub—channels is not holomorphic in k£ and we use the same contour deformation

for all channels. However, the weights behave such that

limw;, =1 if k— ¢ + 2pip (5.21)

limw; =0 if k- qj+apji, i (5.22)

which ensures that in each sub—channel there is only one critical line segment as depicted in

diagram (b) of figure (3l This means that we can parametrize each sub—channel differently,
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X

Figure 5.4: We can parametrize each sub—channel by a generalization of elliptical coordinates to four
dimensions. Shown is the situation for the jth sub—channel in the t-x—plane of the loop—momentum space.

The line segment corresponds to a zero value for the general elliptic radial coordinate. The figure is taken

from @/

where we choose the generalization of elliptical coordinates to four dimensions. The coordinate
system of each sub—channel j is thereby chosen such that the origin of this coordinate system
corresponds to the line segment that connects ¢; and ¢;41. This is depicted in figure (.4l for the

sub—channel j.

We can put such an elliptical coordinate system in R* around each critical line segment such

that for each sub—channel j

k= q; + §pj+1 + Rs - Ry - Ry K (5.23)
where
cosh(p) cos(§)
S | sinh(p) sin(&) cos(#
¥ =2l (0)sin(&) cos(0) (5.24)

sinh(p) sin(&) sin(6) cos(¢)
sinh(p) sin(&) sin(6) sin(¢)

with p € [0,00[, £ and € € [0,7] and ¢ € [0,27] the parameters of the elliptical coordinate
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system. Rz, Ro and R; are appropriately chosen rotation matrices in four dimensions to orient
the elliptical coordinate system correctly around the chosen critical line segment. A more com-

prehensive account on the loop—momentum sampling for I.,; and I, is given in [91].

For the moment we only want to stress that we can reduce the Monte Carlo error in each sub—
channel drastically with the method of antithetic variates and upon the following observations:
The integrand has a periodic behavior in ¢. Combining the evaluations at ¢ and (¢+m) mod(2m)
therefore averages out these oscillations. In addition, the integrand is for p — 0 strongly peaked
and antisymmetric around 6 = /2. Evaluating the integrand at 6 and (7 — ) averages out this
behavior. Furthermore we evaluate the integrand always with the values K and (—/;:’ ), which

improves the UV behavior.

5.3 Jet Rates in Electron—Positron Annihilation in the Leading
Color Approximation

As a proof of concept we applied our method to the computation of jet rates in electron—positron

annihilation @], where we use the exclusive Durham jet algorithm M] to define the jets. A

comprehensive overview on jet algorithms in electron—positron annihilation can be found in ]

The corresponding clustering algorithm is thereby defined as follows
i) To start with a value for the resolution parameter y.,; is assigned.

ii) For each pair (pg,p;) of final-state particles the corresponding resolution parameter yy; is

computed according to

2min(E7, E?)(1 — cos )
Ykl = 0?

(5.25)

where E), and Ej are the energies of the particles £ and [, and 0y; is the angle between pj,

and p;. @ is the center—of-mass energy.

ili) For all yy; the smallest value y;; = min{yy;} is considered. If y;; < ycus then the associated
pair (p;,p;) is combined into a jet, which has a combined momentum p,,, = p;; according
to the F—scheme:

Ej=Ei+E; and  pjj=p;+pj (5.26)

which conserves energy and momentum, but p?j = 0 for massless particles i and j.
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iv) Repeat steps ii) and iii) until all pairs fulfill Y., > Yeur-

The production rate for n—jet events, or short jet rate, in electron—positron annihilation is defined

as the ratio between the n—jet cross section and the total hadronic cross section oy @]

Ru) = 220 () A0+ (52) B 0@ 620)

where p is the renormalization scale and we have given the perturbative expansion of the jet

rate in «g. In practice we compute the ratio with respect to the LO hadronic cross section oy

() = 2= ()", 0+ (52) " Bt + O (5.28)

The relations between A,,, B,, and A,,, B, are then obtained from the perturbative expansion of

the total hadronic cross section
3, O 9
Tron(1) = Uo(u)<1 +5Crg=+ (’)(as)) (5.29)
and read
_ 3
A,=A4, and B,=B,— §C'FAn (5.30)

where it is sufficient to calculate A,, and B,, at a fixed scale jug, which we can take to be the center—
of-mass energy po = @, and the scale variation can be determined from the renormalization

group equation, as given in equation in the introduction, to read

_ _ _ _ n — 2
Ao(p) = An(io)  and  Bo(u) = Bo(pio) + )ﬁo In (Z )A (t10) (5.31)
0
The computation of the amplitudes in the leading color approximation is thereby reflected in an
expansion of A, and B, in the number of colors N, by
N .\n—2 N.\n—1
A, = N(7) <Anvlc n O(l/Nc)) and B, = N(7) <anlc + O(l/Nc)) (5.32)
The NLO jet rate coefficients in the leading color approximation B, ;. for two, three and four
jets are compared to known analytic results . which is shown in figures 5.5 (5.6] and (.71

where excellent agreement is observed. Results for five, six and seven jets have been calculated
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Figure 5.5: NLO leading color jet rate coefficient vs. yeyut. Comparison of the numerically computed
two—jet rate for selected values of yeur (red) to known analytic results (blue). The Monte Carlo errors are

almost invisible. The figure is taken from [90].

and are given for several values of 7., in table B.Il The results for six and seven jets are new
| and involve for the first time the computation of a one-loop eight—point integral in the
determination of a physics observable. We choose the center—of-mass energy to be equal to the

mass of the Z-boson @ = myz and use five massless quark flavors ny = 5 in the computation.

Regarding the computational performance we have plotted the CPU time which is needed for
one evaluation of the Born contribution, the insertion contribution and the virtual contribution
(see chapter B]) as a function of the number n of jets. We note that the insertion contribution is
almost as fast as the Born contribution, which is to be expected since the insertion contribution
includes only Born amplitudes times some logarithms. For all contributions, including the virtual
contribution, the scaling behavior with the number of legs behaves very moderate and scales

asymptotically as n?, which is shown in figure 5.8 More details can be found in @, Iﬂ]
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Figure 5.6: NLO leading color jet rate coefficient vs. yeyut- Comparison of the numerically computed
three—jet rate for selected values of yeur (red) to known analytic results (blue). The Monte Carlo errors

are almost invisible. The figure is taken from [90].
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Figure 5.7: NLO leading color jet rate coefficient vs. yeyut- Comparison of the numerically computed
four—jet rate for selected values of yeur (red) to known analytic results (blue). The Monte Carlo errors

are almost invisible. The figure is taken from [90].
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N2 N2
Yeut ?CAE),IC 1_§B5,lc

0.002 | (5.0529 4+ 0.0004) - 10> | (4.275 £ 0.006) - 10°
0.001 | (1.3291 £ 0.0001) - 10* | (1.050 % 0.026) - 10°
0.0006 | (2.4764 +0.0002) - 10* | (1.84 £0.15) - 10°

N3 NS
Yeut 1_§A6,lc 3_26B6,1c

0.001 | (1.1470 £ 0.0002) - 10° | (1.46 +0.04) - 107
0.0006 | (2.874 +0.002) - 10° (3.88 4+ 0.18) - 107

6 7
Yeut %A'Y,lc %BZIC
0.0006 (2.49 £+ 0.08) - 106 (5.4+£0.3) - 108

Table 5.1: NLO leading color jet rate coefficients to the five—, six— and seven—jet rates for selected
values of Yyt The relative Monte Carlo errors for the seven—jet rate results are comparatively small if

one considers that the evaluation took about five days on a cluster with about 200 standard CPU cores.

The table is taken from [90].
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Figure 5.8: CPU time which is required for one evaluation of the Born contribution (cyan), the insertion
contribution (pink) and the virtual contribution (blue) as a function of the number n of jets. The times

are measured on one standard CPU core. The figure is taken from [90].
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Chapter 6

Conclusions and Outlook

In the era of LHC physics it is important to have fast and accurate tools to carry out high
precision QCD calculations. Since experiments at the LHC are faced with high QCD jet rates,
one needs to be able to predict this large QCD background with the utmost accuracy in or-
der to be able to find new physics on top of it. The large number on radiated partons, to
be expected at energies typical for the LHC, calls for fast and reliable techniques to compute
higher-than—leading order processes with many particles in the final state. Numerical Monte
Carlo calculations are natural candidates to implement such techniques, where of special interest

these days are numerical calculations at the NLO level.

One approach to the automated evaluation of collider observables at NLO has been presented
here, which puts focus especially on the numerical evaluation of the virtual part of the calcula-
tion, i.e. integrating the one-loop integrals by means of Monte Carlo integration, and on the
efficient construction of the necessary ingredients by recursive off—shell relations. The numerical
integration is thereby only possible if the integrand is locally free of any terms that lead to soft,
collinear or UV poles. Regarding this matter we have concentrated especially on the development
of a local UV renormalization, with local UV counterterms to QCD propagators and vertices
at its heart. Together with the associated recursive UV relations they yield a powerful tool
to renormalize any QCD one-loop integrand on a local level, which is important in numerical
approaches to one—loop integration. We have further devised recursive one—loop relations, based
on cutting open loop—propagators and tree-level off-shell currents with two off-shell legs. We
have shown that the recursive UV construction and the recursive one-loop construction behave
as expected. We have further shown that the numerical method, including all subtraction terms,

recursive components and a direct numerical deformation of the one-loop integration contour
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in complex space can be used efficiently in the calculation of a physics observable, where we
calculated the NLO coefficients to jet rates in electron—positron annihilation, in the large-N,
limit. The development of the local virtual soft and collinear subtraction terms and the direct
numerical deformation of the one-loop integration contour have thereby not been part of this

thesis, but have been discussed as well in order to complete the picture.

It has been shown recently, that the direct contour deformation can also be used in the massive
case and even be applied to multi-loop problems. In this regard we want to stress, that one
might want to extend the local UV subtraction to higher—loop integrands as well. The adopted
strategy in the development of the local one-loop UV subtraction could therefore in principle
be extrapolated to the pure UV divergences in the two-loop case for a start. The deduction of

the associated recursive constructions should be straightforward.

In order to apply the technique further and finally to hadron induced processes we note that we
can in principle use the existing components of the calculation for the process ete™ — jets in
leading color approximation in order to calculate observables for the process pp — Z + jets in
leading color approximation, by applying simple crossing relations. The inclusion of initial-state
radiation should not pose a threat concerning the pole cancellation, since our subtraction terms
are formulated such that they generically approximate the soft and collinear behavior of any
one—loop QCD amplitude locally, and the integrated soft and collinear subtraction terms always
cancel the explicit soft and collinear poles from the corresponding dipole insertion operator. One
has to think, however, of an efficient way to generate the necessary phase—space in this case,

where many solutions exist already in the literature.

The second—to—next step would be to implement the existing calculations also for the full color
case. In this regard the thesis at hand was greatly concerned with the associated matter of color
management in one-loop QCD amplitudes, especially for multiple external quark—antiquark
pairs and an arbitrary number of gluons. We have thereby introduced a new method which
can be used to find closed formulae that express color—ordered partial one-loop amplitudes as
linear combinations of cyclically ordered one-loop primitive amplitudes, without using Feynman
diagrams in an intermediate step. It was realized that we can use the information about the
color antennae structure of certain classes to determine the content of primitive amplitudes to
a specific partial amplitude. Up to now the method can be used to determine the appropriate
shuffle sums over the primitive amplitudes for a specific number of quark—antiquark pairs and

an arbitrary number of gluons, i.e. to determine the all-n formula for a specific m, where n
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denotes the number of gluons and m the number of quark—antiquark pairs. The formalization to
a more algorithmic language will be the content of a future publication. We have studied those
contributions which dominate QCD amplitudes in the large—N, limit for an arbitrary number of
quark—antiquark pairs and and an arbitrary number of gluons and have derived a closed all-n—
all-m formula for this special case. The extension of this case to higher-loop QCD amplitudes

should be possible.

As a last outlook we would like to mention that it was thought about an extension of the Les
Houches Event file format, which can be used as interface of the output of a hard matrix element
calculation to a parton shower, to our NLO calculations. A first output of our calculation of
NLO jet rates in electron—positron annihilation has been written to Les Houches Event files and
is ready to be used. A more comprehensive approach, however, would be to directly interface or
include our numerical routines into existing general purpose Monte Carlo event generators. We

will leave a corresponding investigation for future discussion.
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Appendix A

QCD Feynman Rules

In this appendix we collect the necessary Feynman rules that are needed in the computation of
one—loop QCD amplitudes. We present them in their full color-dressed form, in Feynman gauge,
as well as in a factorized form, where the separation between color and kinematic degrees of free-
dom becomes apparent. For the color parts we also state the representation in the double-line

formalism.

If not stated otherwise all external four-momenta are defined to be outgoing. Energy and mo-
mentum conservation are understood. Hence ), p; = 0, where the sum runs over all outgoing
external four-momenta p;. Incoming and outgoing external lines in a Feynman diagram are
as usual given by the polarization vectors and spinors of the respective incoming and outgoing

partons, as can be found in any standard textbook.

Upon the calculation of one—loop diagrams we perform an additional integration over the loop—
momentum via f 4, Where we choose dimensional regularization in order to regularize the
integral via S-1 25 f D, where D = 4 — 2¢ with |¢] < 1 and p the typical regularization
(mass) scale in dlmenmonal regularization. For every closed fermion loop we thereby need to

include an additional minus sign, due to Fermion statistics.

A.1 Propagators

The gluon propagator is given by
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A.1 Propagators

—1Gu 1

m@\ — _7 X (5ab = ka X (5iajb5ibja - ﬁéiaja(sibjb)
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= 00000000 ><< ja+>-ib —E-]-a}————{ib (A1)

where we have dropped the +id—prescription in the denominator of the propagator, and where
we have applied the projector \/iTzC; Ta ‘/iTiijb onto 6*° and subsequently used the Fierz identity,
which has a normalization of % in our convention, in order to convert the color part to the
color—flow double-line notation as described in chapter The second part in the color—flow
rules is interpreted as U(1)—gluon, which vanishes in purely gluonic interactions and only couples

between quark lines.

The quark propagator is given by

i j F4m i ]
—4;_— = Zm X 5Zj = —<<k_— X _— (AQ)

where m denotes the mass of the quark. For massless quark—flavors, in the high—energy limit,

we simply set m = 0.

The ghost propagator is given by

b iocab o O 1
Sl o= ﬁxéb = px(5iajb5ibja—ﬁc5zaja5z’bjb)
K
1 Ty 1 Ty
a a
S s L Y
k a b a b

The second term in the color—flow rule actually vanishes because there exists no quark—ghost
interaction. Since we are working in Feynman gauge, we need to include ghost loops in our
one-loop calculations. Just as for closed fermion loops we need to include an additional minus

sign for every ghost loop.
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A.2 Vertices

The quark—gluon vertex is given by

= g = (i) x (+9T5)

N . gs
= (=ir") x (+—25ija5z'a7) = X

V2 u

s
1

where gs; denotes the QCD coupling constant, v* the Dirac matrices and T3 the generators
of SU(N,) in the fundamental representation, where in QCD N, = 3. We have again used a
projector \/§TZ“; 5, onto T}% and the Fierz identity in order to convert to the color—flow formalism,
the —1/N.~term is thereby not taken into account but has to be remembered either in an internal
gluon propagator upon connecting two quark lines or in squaring the amplitude if the depicted
gluon is an external one, as described in chapter The color—stripped quark—gluon vertex
is thereby defined by IO = —jy#. Although we depict the color—flow rule in the double-line
notation we also provide for the gluon the corresponding index in the adjoint representation
within the color—flow vertex diagram. For our purposes, i.e. to track the flow of color within
one—loop diagrams, it is useful to also have another factorization of the quark—gluon vertex into

the color—stripped and color—flow contributions

= —ig'T; = (+int) x (—gsT33)

A . Js Js
= H X (———= 62‘* 62 7 - X ]
(+Z’7 ) ( \/5 Ja a]) I \/5 i )

—

and we have thus defined the difference between left— and right-radiating gluons, in the color—
stripped rule with respect to the fermion—flow arrow, as well as in the color—flow rule with respect

to the color-flow arrow on the single fundamental line. We have therefore antisymmetrized the
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A.2 Vertices

color—stripped rule, which is now —I'©# as well as the color—flow rule of the quark—gluon ver-
tex with respect to the exchange of any two of the three legs. Note that in the color—flow rules

external gluons are depicted by color double—lines, as described in chapter

The three-gluon vertex is given by

Pk
X = o[ (k= k)t + g (ke — s) 4 g™ (ks — k)]
ksl Nk
c b

= —gs [ [g" (ko — k1) + ¢" (ks — k2)! + g™ (k1 — k3)" ]

= — g fVI Nk, ko, kz) = g5 (19%) (V"M (K, ez, K3) (A.6)

where we have defined the purely kinematical function V' V)‘(k‘l, ko, k3). If we make the replace-
ment if?¢ = 2Tr (T[T, T¢]) this reads

Th
i = g5 [2Tr (T T TV (kKo k) — 2T (TOT TP )iV (e, ko, k)
ky/ Nk
c b

= g5 [2Tr(TOT TV k1, ka, k3) + 2T (T TT )iV (ky, ks, k2)]

=g, Z AT (T T2T5) x VI W2H (kg ko, k3)

P(2,3)
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(2,3)
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V2 u)/\gjb sy e V2 wh)/\ch o NS
¢ 3. v b b 3, i ¢
(A7)

where we used the antisymmetry of the function VI"*?#3(ky, ko, k3), when any two of the three
legs are exchanged, and identified (a,b,c) = (a1, a2,a3) and (u,v, \) = (p1, p2, 43). The sum
in the last two lines is over the two non—cyclic permutations of the three gluon—legs. In the

last line we defined the color—stripped three—gluon vertex rule, for example in the first depicted

color—stripped vertex diagram through
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Vo tH2Hs (er g, k) = V1289 (R g, eg) (A.8)

as well as the color—flow rule. We note that the color—stripped three—gluon vertex is thus also
antisymmetric in the exchange of any two of the three legs. For our purposes to track the flow of
color within one-loop diagrams it is useful again to have another factorization of the three—gluon

vertex into the color—stripped and color—flow contributions.

3&'\“35%%\” jbb

(A.9)

[a—T]
©

In the above we kept the cyclic order of the three legs fixed, compared to the previous formula,
but therefore defined an antisymmetric color—flow rule, were we define the difference in the
three—gluon color—flow vertex for one of the gluon color double-lines to be radiated from either
one of the color—flow lines in the respectively remaining color—flow between the other two gluons.
In accordance with the similar redefinition for the quark-gluon vertex, we assign a relative minus
sign if the one gluon color double-line is radiated to the left with respect to the single color—flow

line that it originates from.

The four—gluon vertex is given by

_ —Zgg [ fabefcde(gu)\gup _ gupgl/)\) + facefbde(guugp)\ _ gupgl/)\)

+ fadefbce(g,ul/gp)\ . g,u)\gl/p) ]

= g3 (if™)Gf*)i(g" g — 9" g") + (G f*) (i f*P)i(g" 97 — 9" g"*)
TN — ) )] (A10)
Using i fo¢ = 2T'r (T o[t T c]) and the Fierz identity again, noting that all —1/N.~terms cancel,

we can express the products of structure constants as
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(if*e)(ife%) = 2[Tr(T°T°T°T?) — Tr(T°T°TT°) — Tr(T*TTT) + Tr(T°TTT°)]
(A.11)

which can be used to rewrite the four—gluon vertex, upon sorting for the various traces of gen-
erator matrices and identification of (a, b, c,d) = (a1, a2, as,aq) and (u,v, A, p) = (u1, 2, 13, fa),

into

P(2,3,4)
34 _j4 jl a]
2 1, \\/ i
= g—s E ! X
2 - .
P(2,3,4) i i,
a, i, 3, a,

where we have defined the color—flow rule and the color—stripped four—gluon vertex is defined as

(A.12)

= Vi = v =290 - gV - g0y

(A.13)

We do not need to rewrite the color—flow rule in the four—gluon vertex for the purpose of tracking
the flow of color in one-loop diagrams, since color—stripped as well as color—flow representative
(top—level) diagrams, which are thereby used, are defined to include only the three—valent ver-

tices.

It remains the ghost—gluon vertex, which we need in the calculation of ghost loops and which is

given by
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which resembles of course the decomposition of the three—gluon vertex with respect to the
permutation of two of the three legs. In order to have the same symmetric form in the sum, we
had to shift the minus sign in the second term into the kinematic part, which thus defines also
here the difference in the color—stripped Feynman rule of the ghost—gluon vertex depending on
whether the gluon is radiated to the left or to the right with respect to the fermion flow arrow,
quite in analogy to the quark—gluon vertex. The right-radiating type contributes thereby with
Vg(,?;“(k) = —ikH, the left-radiating type with —Vg(}?;“ (k) = +ik,. In the last line we have again
converted to the double-line formalism by applying the necessary projector to each generator
matrix 7% and using the Fierz identity. The —1/N.~terms vanish here for the same reason as

already explained for the ghost propagator.
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Appendix B

Generating Cyclic Classes

In this appendix we give a prescription how to generate all cyclic classes that are needed in
the color decomposition of QCD n—parton one-loop amplitudes with m distinguishable quark—
antiquark pairs and (2m — n) gluons. The cyclic classes consist thereby of all possible cyclic

orderings of the fermion indices.

Consider the ordered list of particle numbers {1g,,2¢,,3, 4, - --,(2m—1)g,.,(2m)g,. }, with
distinguishable quark—antiquark pairs (g, qx) for k& = 1,...,m, which only contains quark la-
bels. Each quark line £ has in addition an associated routing label L for left-routing or R for
right-routing. We also assign to each quark line k an additional auxiliary loopness label that
indicates whether the quark line k participates in the loop or is attached in a tree—like sub—
diagram to another quark line in the loop. The loopness label takes on values in the set {0,1}
or {tree,loop} and helps us to create a set of rules in order to generate all cyclic classes. Each
fermion has thus assigned a specific particle type of a certain flavor, routing and loopness, for

example Télwp for an antiquark with particle number 1 of a distinct flavor k, routing label L

and loopness label loop. So, routing and loopness are properties assigned to specific quark lines.

In order to find all possible cyclic orderings or cyclic classes we first permute all particles in the
given list of particle numbers, which consists of the quark labels only. To prevent double—copies
due to cyclic invariance we decide to hold the particle number 15 fixed in its position in the
ordered list of particle numbers. This generates all non-cyclic (2m — 1)! permutations of the 2m
fermions. To prevent double copies due to flipping over the diagrams, which would also flip over
all routing labels, we also keep the routing of particle 14, fixed as 1q91, so that quark 151 is held is
fixed in position and routing. All other fermions can be of routing L and R, where quarks and
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antiquarks of the same quark line have of course the same routing label. For every permutation

of the non-cyclic (2m — 1)! permutations of the 2m fermions there are thus 2! possibilities to

assign combinations of routing labels. In addition, for each of those, there are 2" possibilities

to assign different combinations of loopness labels. This generates (2m — 1)! x 22m~1 different

proto—cyclic classes. Now we have to figure out which of those proto—cyclic classes are actually

allowed, and then which of the allowed ones can be dropped because they are double—copies.

This will then generate the set of cyclic classes.

Let us state a set of rules that can generate the set of allowed proto—cyclic classes. For each

of the (2m — 1)! x 22m~1 different proto-cyclic classes we have to go through the following

considerations:

a)

Sequences with alternating quark line labels are not allowed, since crossing quark lines
are not allowed. A sequence (...,%g,, g2+ kq»lgo, ---) Would thus be not be allowed. Also a
sequence (...,1,2,1,2,3,3,...), where the numbers give quark-line labels for the moment,
is not allowed. However, (...,1,2,2,1,3,3,...) would be allowed. Which means that en-
capsulated quark line combinations are in principal allowed, depending however on the

preceding and/or following particle type, its quark-line label and its routing label.

We may devise a set of further rules, that helps us in determining which specific particle
combinations, considering all the given properties, are allowed and which are not. In
principle, looking only at particle type, quark—line label and routing label, it is possible
to determine whether a certain cyclic ordering is allowed or not, and which of the quark
lines participate in tree-like sub—diagrams in the respective representative diagram. We
introduce the auxiliary loopness label to each of the particles, since this allows us to devise
such a set of rules in such a fashion that it is applicable to two successive fermions in the
cyclic ordering, where we choose clock—wise reading direction, in the sense that by stating
that a certain fermion of specific particle type, and with specific quark-line label, routing
label and loopness label is allowed to follow another fermion of specific particle type, quark
line label, routing label and loopness label. Such a sequential set of rules can then easily
be implemented in a computer program. We have collected such a set of rules in table
Bl where green checkmarks denote allowed possibilities for the successive fermion and
red crosses denote non—allowed possibilities. If at one point for example we have a quark
with quark-line label k£ at hand, which is left—routing and participating in the loop, then
the successive fermion may not be a left—routing quark with a different quark-line label,

no matter whether it participates in the loop or not. The first particle in the list, which
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Fermion at hand
qlg loop q]% loop ql? loop (715 loop qlg tree q]% tree ql? tree (715 tree
Possibly successive fermions (v' = allowed, x = not allowed)

q]% loop v’ ql% loop v’ q]lj loop v/ qllj loop v’ q]% tree X ql% tree v’ q]lj tree v’ qllj tree X
I loop X I loop X L loop X L loop X loop v L loop X L loop % loop \/:
ql;ﬁk tree X ql;ﬁk tree X ql;ﬁk tree X ql;ﬁk tree X ql;ﬁk tree v’ ql;ﬁk tree X ql;ﬁk tree X ql;ﬁk tree v
_ loop v _ loop % _I, loop % _ loop v _ loop v _ loop X _I, loop % _ loop v’
ql#k‘ tree v ql#k‘ tree v’ ql#k tree v’ ql#k tree v’ ql#k‘ tree v ql#k‘ tree v’ ql#k tree v’ ql#k tree v’
loop v R loop % R loop % loop v loop v R loop X R loop X loop v’
ql;ﬁk tree v ql;ﬁk tree v’ ql;ék tree v’ ql;ék tree v ql;ﬁk tree v ql;ﬁk tree v ql;ék tree v’ ql;ék tree v
loop X loop X loop X loop X loop v loop X loop X loop v
R R R R - R R - ,
ql;ﬁk tree X ql;ﬁk tree X ql;ﬁk tree X ql;ﬁk tree X ql;ﬁk tree v’ ql;ﬁk tree X ql;ﬁk tree X ql;ﬁk tree v

Table B.1: Sequential set of rules, which allows the determination of the allowed proto—cyclic classes
for one—loop amplitudes with m quark—antiquark pairs. Green checkmarks denote allowed possibilities for

the successive fermion and red crosses denote non—allowed possibilities.

is always 151 has of course to be compatible as successor of the last particle in the list. A
certain permutation is only accepted if all successions in its list of particles are allowed.
We order the assignment of the loopness labels thereby such that for a specific permutation
of particle types, with specific quark—line and routing labels, we always start to read the
one assignment with the maximal number of particles participating in the loop. If this one
is accepted than we have found the (top—level) representative to a cyclic class where all
particles participate in the loop and we can stop. If it is not accepted then we probe all the
possibilities where one quark—antiquark pair has a loopness label tree. If one of those is
accepted than we have found the representative to a cyclic class where all particles but one
quark—antiquark pair participate in the loop. Etc. This eliminates particle configurations
as given in diagram a) of figure [B.J] which can be generated, however, from pinching

representative diagrams as the one shown in diagram b) of figure [B.1l

These rules for example disallow configurations like the one shown in diagram a) and b) of figure
[B.2l They also give us the correct cyclic class representatives in the case that one fermion line

does not enter the loop because it is "blocked” by another, as shown in diagram a) of figure [B.3
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a) b)

Figure B.1: The diagram on the left can be generated by pinching of the diagram on the right. With
our ordering in the assignment of the loopness label the diagram on the right is always generated first and
the cyclic class therefore found.

- Lloop
L 2 ll

A
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loop
4 L

§ Lloop
a) 2 b) 2

Figure B.2: Depiction of cyclic configurations which are not allowed.

- Lloop
1 1

a) 2 b) 4 Ltree

Figure B.3: Color—stripped diagrams that represent cyclic orderings with a tree—part in the representative

diagrams, where a) and b) are equal up to a relative sign due to the antisymmetry of the color—stripped
quark—gluon vertex.
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loop
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- Ltree

a) 1

Figure B.4: Color—stripped diagrams that represent cyclic orderings with a tree—part in the representative

diagrams, where a) and b) are equal up to a relative sign due to the antisymmetry of the color—stripped

quark—gluon vertex.

Now we have to remove those allowed proto—cyclic classes which are double—copies of others.
In those representatives with tree—level like sub—diagrams the tree—parts may be flipped with
respect to the loop—part. Up to a sign the color—stripped diagrams a) and b) in figure for
example are the same. Exploring diagram b) in figure [B.3] we note that the corresponding color—
flow representative would have a twisted gluon color double-line if the tree—connecting gluon
would be assigned U(N,) in its color flow, as explained in the caption to figure 214 We thus
always exclude such diagrams. Another identity of diagrams that arises if we flip the tree—parts
with respect to the loop—part is shown in figure [B:4] where the color-stripped diagrams a) and

b) are again the same up to a sign.

There can also be tree—parts inside tree—parts with respect to the cyclic ordering, as depicted
by the color—stripped diagrams in figure These present double—copies of each other if the
gluon that connects from the loop—part to the tree—part and the gluon that connects between
the two tree—parts are assigned U(IV.) in one of the corresponding color sub—classes, since the
respective diagrams to the specific color assignment can be produced by pinching representatives
of the sorts as shown in al) and bl) in figure [B.6] which produce the pinched diagrams shown
in a2) and b2) in the same figure respectively. If the gluon that connects between the loop—part
and the tree—part is assigned U(1) in another of the corresponding color sub—classes, however,

we need to keep this particular cyclic ordering.
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a a
X X
a) z 7 b) z Ny

Figure B.5: Cyclic ordering where a quark—antiquark pair is enclosed within another distinguishable

quark—antiquark pair with respect to the cyclic direction. The two diagrams can be generated from each
other by pinching.

X X
Y Y Y
a a a
al) z az) z z
a a a
Z Zz

z
b1) v X p2) ¥y X y X

Figure B.6: When the two tree—connecting gluons in figure are assigned U(N.) in color then the

corresponding diagrams can be generated by pinching from the diagrams in al) and b1). The resulting
diagrams are shown in a2) and b2) respectively.
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Appendix C

UV Divergent Ordered One—Loop
Diagrams in QCD

In this appendix we collect the integrand expressions for those ordered one-loop diagrams in
QCD from which the local UV counterterms to the bare primitive integrands are derived. The
integrands are built from the color—stripped Feynman rules as given in appendix [A] and have
to be expanded around the UV propagator (k% — u?,,)~!, as discussed in chapter The
one-loop integrals are written as D—dimensional integrals in dimensional regularization, where
the necessary rules and conventions are given in appendix[El Factors of (—1) and i have already

been factored out.

The ordered one-loop self-energy correction to the quark propagator, which is linearly UV

divergent, is given by

A

D H
_ix® = ﬁ - s—l,ﬂa/ A7k 2 H (C.1)
1

— €

Py k P,

If we take the quark to be massive the self-energy correction is given by

A

_Zz(l) — ﬁ — S—luzf;‘/ de (_1),.}/#(% + mQ)PYM (C 2)
— (2m)D (k2 — m2)k? '

If we consider to expand the corresponding local UV counterterm only up to O(1/|k|*) the

following expression suffices
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k
—X

Y (E + mg) v

D
—iz(l)Eﬁ:S€1M2€/ d k‘(

—_— —_— —_— - )
P, k P, (27T)D

C.3
PR (©3)

The ny-—part of the ordered one-loop self-energy correction to the gluon propagator, which is

quadratically UV divergent, is given by

a 5 )
(D M v 1 92 d=k T?"[’y”]@{’y kj]
My = =S m / -1 (CA
e e N LA )
kl
and the leading color part by
(C.5)
where
L
@%@ — s dPk V47 o (=p1k, =k Vi ¥k, =k, p1) o)
— - UF D 21.2 .
pl ) pl (27T) k kl
kl
X
N N A Y . kF kY
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K N de kuku
doos  hodd = Sgl,ﬂf/ 1)L (C.8)
P, \‘;’// P,

(2m)P (= )ka%

dPr v
-1, 2 4 g
=Sy e/WT (C.9)
de ‘/v4/,111 K
K 1
| G w (C.10)

The subleading color part of the ordered one—loop correction to the quark—gluon vertex, which

is logarithmically UV divergent, is given by

_ dPk 7“}67)‘%7
1, 2% 1 p 11
LT / (2m)P ) kzk%k% (C.11)

de ’}/Mk?ir}/y%l/)\p(—k2a b3, k:)

C.12
2m)D PR (612)

AN

The ny—part of the ordered one-loop correction to the three-gluon vertex, which is linearly UV

divergent, is given by
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Dpuv
Vg(gg)lfizf (p1,p2,p3) =

_ " dPk TT[’Y“%’YA%'WM]
1,2
lkl = Sg 1% 5/ (27T)D ka%k% (013)

1uvA
Vg(g;f;Z (p1,p2,p3) =

(C.14)
where
P,
7
- FTe B emp K2k2k3 '
vV
AN
Py
o
A - © APk kPRKY
ooooox Alk, = 8§71 25/ 21 C.16
o =S | e e 0
2 XQQQV
Py
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k

A
A A dPr kP EARY
o< vk, = St 25/ S T2 C.17
E kv\\\:l g lu' (27T)D ka%k% ( )

_ S—l 2e de VleBaVBBAa(—k%PBak) C.18
= M (27T)D ka% ( . )
SN b,
dPk VMY s(—ky, po, k2)
k2< >kl zsllﬁe/ 4 @ Rk (C.19)
c (2m)P k2 k2
pzl v
dPk VI (py, ky, —k)Via”
_ q—1,2 3 ) 3 o
=5 p ‘5/(%)1} ey (C.20)

Remember that every left-radiator ghost—gluon vertex receives a relative minus sign, as describe
in appendix [Al In diagrams with an odd number of such vertices this makes of course a differ-
ence. A relative minus sign in the second ghost—loop diagram in equation relative to the

first ghost—loop diagram in equation [C.16] has therefore to be considered.

The n y—part of the ordered one-loop correction to the four-gluon vertex, which is logarithmically

UV divergent, is given by

D K A v
(s _ el 2 d”k Ty Ey" kg k" k]
Vogagns = 1 P =Scm 6/ (ZW)D(_I) k2kiksk3 (C.21)
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and the leading color part by

(C.22)
where
g1 2 / dPk Vg“ad)(l)bkl,*k)Vwm(k?*k3’p4)‘/éaé)‘(k37*k27p3)V36a”(k27*k1>P2) (C.23)
e M | em)D K22k k2 '
X,
oy, ko $%
o APk KM kY kA ke
Ky 4 Y1k, S‘”‘f/ —1)-+27 24
oo = | @op Y e (C.24)

p ity
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— Py
T dPk kY ket et
Y K — g-1,2 _\F1ka ks
3T‘:' ;‘l 1 Se /(QW)D( )ka:%k:%kzg (C.25)
P, sl
/ééé’ kz \%
2 AN
/‘ dPk Vi (p1, k1, —k)Vir" Vs, ¥ (K2, — k1, p2) (C.26)
(2m)D K212 K3 '
:S—l 25/' dPk Vg“aT(phkh—k)V4aVMVE’wHT(_k3’p4’k) (C 27)
e 1 ] @mnD K2k2H2 '
dPk V[P Vag P (—ka, p3, k3)Vap®  (—ks, pa, k) (C.28)
(2m)D K22K3 ‘
/ APk VIO Vi " (<1, pa, ko) Vay (—ka, p3, k) (C.29)
(2m)D k2 k3k3 ’
/ dPk VPOV, 50 (C.30)
(2m)P k2k2 )
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de VM“P”VaVA
/( 4 (C.31)

2m)P k2k3

For those cases where we want the local UV counterterms to subtract only terms up to O(1/|k|?)
we give the series expansions for the corresponding denominators according to the required local

degrees of UV divergence, which are reflected in the truncation parameter ¢ respectively

_ - - C.32
k?low=2) (k%2 — MQUV) ( )
1 ¢=1 1 ( —2k.Q )
— - 1+ — (C.33)
k*loa=3) (k2 — pgry) (k% — ufry)
£=2 1 ( —2k.Q —uty —Q.Q 4(k.Q)? )

— = 1+ —= + = + —= C.34
K2 loa=4 (K2 = ify) (K — uiry) ( (K — piry) (K2 — u?}v)Q) (€30
1 ¢=0 1
il - - C.35
k¥ log-2 (k2 — M%]V) ( )
1 |t=1 1 —2k.Q1 >
— = — 1+ — C.36
kElow= (K2 = py) ( (K — pry) (€:50)
1 =2 1 —2k.Q1 —uty — Q1.Q1 4(k.Q1)? )
il S 14 — + L + — C.37
kilow  (k? = pgry) ( (k? = ugry) ( (k2 —pgry) (K2 = M%]V)Q) (©30)

1 =0 1
— “E e C.38
K2k log-+ (K2 — qu (C.38)

1 =1 —2kQ—2sz1)
— _ 1 C.39
k¢ log—o) (k2 — :“Uv ( TR 1v) (€59

1 =2 <1+2kQ2kQ1
k22 oG8 — pdy)? k% — p3y)

n ( 2uty —Q.Q — Q1. Ql 4(k.Q)* + 4@-@1)2 + 4(k-Q)(k-Q1)))
(k2 - MUV) (k2 — NQUV)Q
(C.40)
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1 ‘H _ 1 (C.41)
k:Qk‘g o™ (/;:2 — M%JV)Q .
1 ‘621 1 < —2/;?@ — 2kQ2>
[ = — 1 + = (0’42)
kg loa=s) (k2 — pgyy)? (K = pgry)
1 ‘4:0 1
_ (C.43)
k%k% o4 (k% — M%JV)Q
1 ‘5:1 1 < —2k.Q1 — 2k-Q2>
- = — 1 + = (0’44)
Kk loas) ~ (2 — ji2,)? & — 1)
1 ‘Z:O 1
R (C.45)
ka%k% o6 (k% — ,u%]v)?’
1 ‘521 1 < —2k.Q — 2k.Qq — 21<:.Q2>
o - 1+ _ (C.46)
Bhikiloa=n (k2 — gy )? (k2 = ugry)
1 £=0 1
- = - C.47
k:Qk%kg ‘O(E_S) (k% — ,uQUV)3 ( )
1 ‘4:1 1 ( —2k.Q — 2k.Q1 — 2]<:.Q3>
- = — 1+ — (C.48)
K2E2RZ log-7) (K2 — pdy)? (k% — ugry)
1 £=0 1
- - - C.49
ka%k?Q’ ‘O(E_S) (k% — ,uQUV)3 ( )
1 ‘4:1 1 ( —2k.Q — 2k.Qq — 2E.Q3>
- - 1+ _ (C.50)
K2k3k2 lowT) (k2 — pidy)3 (k2 = pgry)
1 4=0 1
- e C.51
ki k3k3 ‘O@“% (k2 = piyy)? o
1 ‘4:1 1 ( —2k.Q1 — 2k.Qo — 2E.Q3>
- = — 1+ = (C.52)
k%k%k% o (k% — ngv)g (k2 — ngv)
1 =0 1
- - - - C.53
k2 kik3k3 ‘O<E‘8> (K = pgry ) o
1 ‘4:1 1 ( —2EQ — 2];5@1 — 2]23@2 — 2EQ3>
B S : (C.54)
K2R2K3RZ log—9) (k% — p2y)* (k? = ugry)
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where k=k—Q, k; =k — Z;lej and Q; = Q — 22:1 pj. Expansion is around small m,
where the general prescription has been given in chapter .22 After applying the expansions
to equations C.1 through C.31 and power counting in k only the non-finite terms, i.e. terms of
up to order O(1/|k|*), are being kept.

For diagrams that are logarithmic UV divergent the expansions of the form m\fj@?—%)
1°"n
suffice in order to cancel the UV divergences. For diagrams that are linear UV divergent the

1 /=1

expansions of the form PR o2y

suffice in order to cancel the UV divergences. For
1 |€:2

diagrams that are quadratic UV divergent the expansions of the form R log-2n-2)
1R

suffice

in order to cancel the UV divergences.
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Appendix D

Local UV Counterterms to Ordered
One—Loop QCD Corrections

In this appendix we collect the expressions for the unintegrated local UV counterterms as well
as the corresponding analytically integrated results. The analytic one-loop integration is per-
formed in dimensional regularization. The given results for the local UV counterterms are for
the case when we only want to subtract terms up to a local O(1/|k|*)-behavior. These results
have been obtained by the methods described in chapter The expressions in appendix
have been expanded, algebraically reduced and subsequently integrated by an implementation
of the algebraic and integral identities in appendix [E] in the algebraic manipulation program

FORM [149].

The result for the local counterterm to the quark propagator correction with quark—mass m;

reads
g3tV (R, Qupr e, puv) = ggg T (R, Qp1ym, poy) =
1 _ _ _
TR 2 [ —4(1 — &) (k.Q + k.Q1) + 2uiry (—pf + 2my)
(k* = uiry)
1 _
b | 20— )+ @) — 22— &)y 0.1)
(k:2 _ M%]V)Q

wherein we note the subtraction to avoid the additional finite remainder as described in chapter
322, which reads in this case
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UV lgq=
Rgg ™™ 1(101,mt) = —pf + 2my (D-2)

Upon integration this yields

_ _ APk uvia,=
_Zz(l)UV(phmtnuUV/M) - SE 1M26/ (27T)ngq o 1(k7Q7p17mt7/j/UV) (D3)

_ b [(pi—llmt)(é—log%—zv)

o +0(e) (D.4)

The result for the local counterterm to the ny—part of the gluon propagator correction reads

gg;qézgg:27UV7nf(k7 Q7p17 ,LLUV) = gUg‘;ffggzz,uy(ka Qa b1, MUV) =
n ﬁ 32K R (RQ) + (£Qu)* + <E.@><E.@1>)]
vv)T |
| R (0 S+ 0+ )|
ov)” |
+ m +8(EJ.Q+E.Q1)(E“(EV—|—QU+Q11/) +EU(E“+Q“+Q?))]
uv
1 LKL (T.V v v v
* (k2 — M%JV)Q _[ a 4(1{:#(1‘3 +Q"+ Q) + QHQ1)] + Lu > 1/]
1 o -
+ (k2 — 12,2 _ +4¢"(Q.Q1 — Q* — Q1 — k.Q — k.Q1 — NzUv)]
, -
_ Aot D.5
i (k? = ugry) i (D.5)
wherein
Ry’ =0 (D.6)

2
In the above expression there exists a local term, though, which is also proportional to @227““7’]2‘/)3
uv
This term is not of the type that leads to an additional finite remainder, since it also comes

with a local factor of 8k#k” in the numerator and hence does not lead to a finite integrated term.

Upon integration this yields
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T (OUV o102 [ A7E uviegge=2u
AL (py, puv /) = 52 /(%)Dggg,nfg (k, Q. p1, puv)

7

= e [( —3) (9" pi = PipY) (é — log ‘%—zv) +0(e) (D.7)

The result for the local counterterm to the leading color part of the gluon propagator correction

reads

gg;qézgg:ZUV’lc(]%? Q7p17 /’LUV) = ggUg‘jlvvfgg:Zl“’(E’ Q7p17 MUV) -
G| 320 - R (RQF + (R Qi)+ <z%.@><fe.@1>>]
- MUv) i
+ %23 —8(1 — )k k¥ (2uiry + 2k.Q + 2k.Q1 + Q% + QF)
(k? — NUv) i
) -
Ry _ + 2utry (5(9"P7 - p’fpﬁ))]
b i | [~ 80 - (@ + QRQ + R Q)]+ [u o u]]
- MUv) i
1 | v{((1. 2 1. 2
- e _— 8(1 —e)g" ((k.Q)* + (k.Q1) )]
e T 40 - 4 R + Q)] + [ ]
(k? — NUv) i
T ﬁ —2(1+e)(Q"Q" + QYQ7) + (6 — 2¢)(Q"QY + Q" QY)
(K2 = nirv)? |
- m +4(1 = )g" (upry +k.Q + k.Q1) + (6 — 22)g" (Q° + QF) — 89“”@@1]
1
= | — 41 —e)g"” D.8
IREET [ 4= ] (D-8)
wherein
Royic =" (p1) = 3 (o™ 9t — pipY) (D.9)

Upon integration this yields
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D7
Z-HZ(I)UV,;W( -1 25/ d”k UV lgg=2,pv
c

pl,MUV/M) :Se 1% (27T)D gg,lc (E’QaplaMUV)

7

= e [(13—0) (¢"pi — ppY) (é — log ‘%—QV) +0(e) (D.10)

The result for the local counterterm to the subleading color part of the quark—gluon vertex

correction reads

T 2 A A
449,Laqa=0,UV,s¢ 7 _ UVilgge=0\ /7 41 = e)fEN + 2ugyy . —2(1 =)y
93,2 (k, Luv) = gaqg)se (k, pov) = = =
(K2 — pry)? (k2 = ugry)?
(D.11)
wherein
UV l4q=0,\
Ryqgsc” = (D.12)

Upon integration this yields

_ APk uvie,,,—on - i 1 2
Fg?UV’A(MU\//N) =5 1M2€ / quqgﬁ%qg (k) = 2 ( - 1) (7)\) (g —log M;ZJ—QV) +0(e)

(D.13)

The result for the local counterterm to the leading color part of the quark—gluon vertex correction

reads

TTA 2 A A

449,8gqq=0,UV lc 7 _ UVilggy=O\ 7 A1 — e)kk™ = 2ugryy 2y

93,2 (k,pov) =g ! (k,puv) = = + =
qqg,lc (&2 — 12y )? (K2 —1i2,)°
(D.14)

wherein

UV, lgq=0,\
Roggic” =7 (D.15)

Upon integration this yields
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DUV . APk UVitgee=0 7 i 1 2
L G ) = 5. 1”26/ Gplmeie” Rauov) = s [(3) () (= —log L) | +O(e)

(D.16)
The result for the local counterterm to the ny-part of the three-gluon vertex correction reads

999,Lgg9=1,UV,nf (7. UV lggg=1,u /7,

93,3 (k, Q,p1, D2, V) = G0 0f (k, Q. p1,p2, puv) =
1 o B B
+ | = 32kHEENE.Q + E.Q1 + k.Q2)
(k? = pry)* i
1 o B B
+ | + 16K RV RN + 8UM A (K, Q, Q1, Q2) + 8T (k, Q, Q1, Q2)
(kQ - /‘UV)3
1 [ _
o | [ 4" (P + Q@+ QT+ QY)] + [ v A
(kQ_MQUV)Q _[ 1 2 ] [ ]
1 I v 12 1z
T T QY +9"Q" +g AQS‘)] (D.17)
v |
wherein
UV Aggg=1,uv
Roggmt =0 (D.18)
and where
UMk, Q,Q1,Q2) = ¢k k.(Q + Q2) + ¢" k" k.(Q1 + Q2) + ¢ k"k.(Q + Q1) (D.19)
TNk, Q, Q1,Q2) = k'EY (Q* + Q3) + KENQY + Q8) + KENQ" + QF) (D.20)

Upon integration this yields

D7
I AAT _ A7k UVigye=1,u0A 7
Vg(g;nfuy (pl’anp?)uuUV/;UJ) = Se 1N2€/ (27T)Dgggg,rf}]g e (k?,Q,PI,P%,UUV)
i 4 D\ 1 PLQ

The result for the local counterterm to the leading color part of the three—gluon vertex correction
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reads

999.Lg99=1,UV,lc UVilggg=1,uv /7

93,3 (E,Q,PI,P%NU\/) Egggch (k,Q,PI,P2aNUV) =
1 [ o B )
+ =5 | +32(1 — )"k kN k.Q + k.Q1 + £.Q2)
(k _MUv) i
1 [ o )
+ 55 | — 16(1 — )k*k"EN = 8(1 — &) T" (k, Q, Q1, Q2)
(k _MUv) i
1 | 1N
+ k2 — 2, )3 + 2pry (= VI (p1, p2. p3))
1 [ B
+ 55| — 81 =) Uk, Q,Q1, Q)
R 12 P |
1 [ B
+ 220 [4(1 —e)g™ (B* + Q* + QY + Q)] + [ ¢ v+ A]
( - MUv) i
X -
+ o | — 42 - (¢ QY + ¢ QY + g7 QY)
(k _MUv) i
1 | v
+ g |+ 22HN(Q,Q1,Q2) (D.22)
( - MUv) i
wherein
Ry~ (01 p2.ps) = =34 (p1.p2.p3) (D.23)
and where
HYNQ,Q1,Q2) = ¢"(QY + Q2) + ¢" QY + Q%) + ¢ (Q" + Q1) (D.24)

Upon integration this yields

UV lggq=1,uv
(OUV pwA 799

_ dPk _
Vgg%lc (p17p27p37MUV//1/) = Se 1//526/ )D (k7Q7p17p27MUV)
g99lc

o
3

- ﬁ [( - %) (V:%W)\(pl,PQ,PB)) (% — log ’if—gf) + O(e) (D.25)

The result for the local counterterm to the ny-part of the four-gluon vertex correction reads
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N4 =0,UV, 7 _ uvye =0,uvk /7
gigfg 9999 nf(k,,,qu) = ggggg,grffgg 224 H(kaMUV) _
CSRRURRRE SR a(V g D.26)
(k% — M2Uv)4 (k2 — :uQUv)3 (k2 — :uQUv)2
wherein
Uuvyie =0,uvAk
Rygggfrfjg”g =0 (D.27)
and where
W (R = gV IR + gh RV + gARIRS + PRI (D.28)
Upon integration this yields
P
DUV, A _ A7k UVitgge=0,1wk 7
Vg(gs)vgmfu v /) = 5 1,u2€/ (2m)P A A U )
=ty oy (L g bty o D.29
= a2 (5) (VI"™) (2 —log 5) | +O(e) (D.29)

The result for the local counterterm to the leading color part of the four—gluon vertex correction

reads

gggg,fggggio,UV,lc

- UV,Lygga=0,pAk 7
944 (k,pov) = gggggiigg K H(k,,uUV) =
1 [ o
+ =5 | +32(1 — )R K EME"
(kQ - M%]Vyl i
1 i 1. VA
+ m — 8(1 — €)W(k)wj>"w” — %M%/szlu K
uv)T |
1 | wy AR WK VA
e T 2(1 = e)(g" g™ +9""g"") (D.30)
uv)T |
wherein
o (D.31)

Upon integration this yields
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VUV, uv Ak - dDE Uvye =0,uVAK /7
Vg(g;ch“ (Hov/p) = S2 1:[‘28/ (2m)P ggggjigg HO (ky pov)
{ VAR 1 2

In the above [ <> v] or [ <> v <> A] denotes the remaining sum of terms of all possible permuta-

tions on the indices compared to the term in front. As before k = k—Q, k; = k—(p1+p2+...+p;),
Qi=Q—(p1+p2+...+p)

The unintegrated local UV counterterms have been implemented in a set of C++ libraries, where

)

we use them in the limit € = 0 in the recursive construction of GSV.

The integrated results can easily be cross—checked against the counterterms for the color—stripped

propagators and vertices in chapter 3.1
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Appendix E

One—Loop Integrals to Integrate the

Local UV Counterterms

In this appendix we collect those integral identities which are needed to analytically integrate the
local UV counterterms in appendix [D] but also those local UV counterterms to the propagators
and three—valent vertices which one gets upon the further expansion to include also terms of the
orders O(1/|k[?) and O(1/|k|®). For a more elaborate discussion about the subject of one-loo

inteéjation we refer the reader to the literature, where a selection can be found in , , Ij,

[, s, s, s, ad, Fsa.

For the algebraic reductions in D dimensions we use ¢"” g, = D, vy, = D, v*4"v, = (2—D)v",
VIV Py = 4g7P — (4= D)y yP, Ay Py = —2979Py + (4= D)y"vP~7. The Clifford algebra
for the Dirac gamma matrices reads {y*,y"} = y#~" +~4"y* = 2¢g"” and for the trace over Dirac

gamma matrices we use the four—dimensional trace Tr(1) = 4, Tr(odd # of v matrices ) = 0,
Tr(yy") = 4g™, Tr(y"y"7™y7) = 49" 97 — g"7 9" + "7 g"").

We perform the analytical one-loop integrals in dimensional regularization, where [ (347])“4 —

Sl [ (g:)kD, with D = 4 — 2¢ for |e] < 1. S: = (47)%e 7% is hereby the typical volume

factor in dimensional regularization, with vg the Euler-Mascheroni constant, and p the typical

mass scale in dimensional regularization. Multiplication by the factor S=! yields thereby directly
the results in the MS-scheme. The combination of terms + log(47) — v, which always appears
in the expansion in the dimensional regularization parameter e together with the pole term %,

is thereby dropped.
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After replacing k — k+ Q in the integrands in appendix[Cland carrying out the series expansion

and power counting in k as described in chapter B.2}, we are left with tensor integrals of the type

Pk o o i SoL(2mp)
IUV 2 A1...Q02q — —1 26/ _ = £ Ina 2 a7 ...002q E1
n,a (IUUV) Ss H (27T)D (k2 — M%]V)n (47‘1’)2 ) ) (MUV) ( )
and further
_ ko ko2
I35 = D)o = [ aPk o (B2)
’ (kQ - N%}V)n

where the numerator of the integrand is of tensor rank 2a in k. The symmetry of the denominator

in these tensor integrals allows us to relate them to the corresponding scalar integrals I,, , via

1
I%L-02 — [ R§1@2a E.3
e DD +2) (D +4)..(D+2a—-2) % (E-3)

where

Rg;---aza — Z o2 gP2a-102 (E.4)

S(aq...02q)

and the sum runs over all possible totally symmetric combinations of Lorentz indices on the
given products of the Minkowski metric ¢g"¥, without those that leave the Minkowski metric

invariant g"¥ = g"#. For our purposes the following three are sufficient

1
1057 — ] RGPHro E.5
n,3 n73D(D—|—2)(D+4) 6 ( )
1

i S — - E.6
n,2 n72D(D—|—2) 4 ( )
1°% = 1,, - RS’ (E.7)

n,1 n71D 2 .

with
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Rgﬁul/po _ gaﬁ g g7 + gaﬁ g g7 + gaﬁ g"? g¥P
+g™ g PG 4 g gPP g 4 gt g P gP?
+g° gﬁu g°7 + g™ ghe ng + g gPH 905
+gOP g 905 + g gVB gH 4 goP gﬁu ik

+g°7 g% " + g7 g% gt + g7 gPP g (E.8)
REPH — goBgiw o gongBy L gav g (E.9)
RSP = ¢of (E.10)

The scalar integrals are thereby analytically known and given by

B k2 a
In,a = n,a(:U'IQJV) - /dem
_ n+a 7TD/2 a—nP(D/2+a)F(n_D/2_a)

where the numerator is of degree a in k2, or 2a in |k|. To obtain the above solution for these
scalar integrals we have to introduce an infinitesimal regulator which shifts the pole in the time—
component kg of the Minkowski four-vector k into complex space. This is usually done by virtue

of Feynman’s +id—prescription, with § > 0 and |§| < 1. The integral then acquires the form

Ina = n,a(:uzUV) :/dDE = (&%) (E.12)

which develops now a pole around ky = +4/ k2 + Py —i6 = £/ k2 + p3 Fi6’. This shifts

the poles into complex space by +id’ for the negative branch —4/ k2 4 p3 and by —id’ for the
positive branch +4/ k2 + :“IQJV’ as shown in figure [E.T] We can thus close the integration contour

in the complex kg-plane without enclosing a pole and Cauchy’s integral theorem tells us then
that § dko(k*)*(k*—pug,, +id)~" = 0. It can be shown that the contributions of the arcs actually

vanish at infinity, thus we have
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Im(k,)

Re (k,)

Figure E.1: Complex ko-plane. Upon shifting the poles we can close the integration contour (red)

without enclosing a pole (black crosses).

+o00 +i00
/dko...: /dk:o... (E.13)

and if we convert from Minkowskian to Euclidean coordinates via kg = i/;?E,o and k = kg, which

yields k% = —l?:%;, we have further

+00 +00

/ dko... =1 / dkg g... (E.14)
and thus

®y
(K% + piry — o)

Ina = Lna(uiy) = z'/de:E(—l)"+“ (E.15)

This D—dimensional integral in Fuclidean space can be solved with the use of D—dimensional

polar coordinates, where the D—dimensional solid angle is given by Qp = FQ(”TD//; with T'(...)

Euler’s Gamma function, to read
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' 1 xD/QJrafl
Ina = In,a(NQUV) =i(=1)"""-Qp / dD:C(

2 T+ pdy, —i6)"
“+oo
' 1 . B yD/2+a—1
_ Z(_l)nJra_QD(lﬁ o Z5)D/2+0L n / dDy :
2 vV ) (1 + pdy, — o)™
1
= z’(—l)"+“§QD(u?N —i6)P/2 " B(D/2 + a,n — D/2 — a) (E.16)

L'(@)I'(y)
T'(z+y)

[E. 11l The scalar integrals I, ,(A) with @ > 0 can also be written in terms of the corresponding

with z = p#y = k% and B(z,y) =

Euler’s Beta function. This leads finally to equation

scalar integrals with a = 0 via

(D/2)(D/2 +1)(D/2 +2)..(D/2 + (a — 1))
(n—D/2) — 1)((n — D/2) — 2)-..((n — D/2) - a)

Ina(A) = (=1)* AL, 0(A) (E.17)

We can further express the scalar integrals I, ,(A) with ¢ > 0 in terms of linear combinations
of the corresponding scalar integrals of lower denominator degree n’ < n and a = 0, where the

following identities are sufficient for our purposes

Img(A) = n,370(A) + 3AIn,2,0(A) + 3A21n,170(14) + A3In70(A) (E18)
In,Q(A) = n,Q,O(A) + 2AIn,170(A) + AQIn,O(A) (E19)
In,l(A) = nfl,O(A) + AIn,O(A) (E20)

Odd powers of k in the numerator lead to an antisymmetric integrand, which integrates to
zero between k — —oo and k — oo. Integrals with half-integer values in a thus vanish. For
the expansion of the propagator and three—valent vertex correction to higher orders in k, as
discussed in chapter B.2] the scalar integrals I¢ 3, I52, 142, 141, L1, I31, 13,0, 12,1, 12,0 and I o
are sufficient. These can be expressed in terms of I g and I o via

e(e—2)(e—=3)(e—4)

I3 = Lo (E.21)
(12007.)
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e(e —2)(e —3)

I50 = — I (E.22)
(24ugy)
4—2e)(4—2c+42
Lo = ( i ) Ir0 (E.23)
24
(e —2)
Iny = —5— 120 (E.24)
(61ty)
e(1+¢)
Lo =—F—I20 (E.25)
(61ry)
4 —2¢
I3 = ( 1 ) LX) (E.26)
5
I3o=———=5—1I20 (E.27)
2uty)
L =T+ pivlzp (E.28)

We finally need the expansions of I and I g around |¢| < 1 up to finite order in €, which read

B 271.”)25 3 MQ B 1 MQ

51( Lo=S"1 (")) == —logPY 1 O E.29

€ in2 2,0 € (47TM2) (5) - 0g Mg + (5) ( )
_ (271'/1,)26 -~ :U'Q . 1 MZ

S —ho = —upvS: 1(473/;) T(e—1) = piy(C —log % +1)+0(e)  (E.30)

where the following expansions around |e| < 1 are helpful

2

1 1
F(e—l):—g+7E—1—6(1—7E+37%+%)5+(952 (E.31)
1 1, o =2 )
I'(e) = - T E + 6(3’7E + E)E +O(e%) (E.32)
I(14¢)=el(e) =1—eyp + O(E?) (E.33)
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1

O e+ ype® + O(e?) (E.34)
1 C(e—-1)
Fc—1) TI(e) (e = D(e + e’ + O%) (E.35)
7'1'252

PA-ell+e) =14 ——+ O(") (E.36)

e€VE e 5
o ' 12" 0= (E.37)
()7 = 1108 ()= + 5log? (5)2 + O (B39

p) T pET e e ¢ :
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Appendix F

One—Loop Recurrence Relations in

Leading Color Approximation

In this appendix we give all the recursive relations that are needed to construct the bare primitive
gluon one—loop amplitudes, the bare primitive quark and antiquark one-loop amplitudes and
the bare primitive one-loop amplitude to the process eTe™ — n jets, in the leading color

approximation.

F.1 Ordered One—Loop Gluon Currents

The recursive relation for the unintegrated ordered one—-loop gluon off—shell current is depicted
in figure [E.1] where only the parts for the leading color approximation are accounted for, i.e.
gluonic and ghost—gluon interactions but no closed fermion—loops. This is the recursive relation
to construct the set of color—stripped diagrams for the leading color part A[T};}l(l,Q,...,n) in
equation for the n—gluon amplitude in equation 2.41] in chapter In formula it reads
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F.1 Ordered One-Loop Gluon Currents

(1) __ “9op
Ja ' (m, ) P(m,...,n)?
n—1
X { - VOme(—p(m,...,n), P(m, ...,i), P(i + 1,...,n))J (m, ..., i) T (i + 1, ...,n)
net
+ > VI (=P (m, i), P(my i), PG+ 1, ) TS (my o, 6) T (41, ,m)

_|_
M-
g

Vm'up(_P(ma ey n)? km—la _kn)K[[)l] (m7 = T km—l)

=1
n—2 n—1
+3°% Ve j 0 (m, 1) IO 1y ) IO (G 4 L, )
i=m j=i+1
n—2 n—1
+3°% Ve jO i, )T 4 1y ) IO (G 4 L, )
i=m j=i+1
n—2 n—1
+3°% Ve jO i, )T (4 1y §) TP (G 4 L )
i=m j=i+1
n—1 4
+ 3N velleer ki m, i b 1) IO+ 1, )
i=m =1
n—1 4
+ 3N vRllere JO (m, i) KP G+ 1, s k)
i=m =1
0)p - 0
+ (=D (=) i 1) L (o ms bi1) + (=1 (D) VS (— i) L) (0, 5 1)
(F.1)
where Vg[g}gp has been given in chapter [£2] and
1l ppo __ O pvpo 1
Vagas”” = Vign " al) (F.2)
and
2l lpvo O uvpo 1
‘/;79[915 = Vg(g)g g a[p} (F.3)

The two—leg off—shell current K E], as described in chapter 2] receives an additional term in its
recursive construction, via the four—gluon interaction. This is shown in figure and reads in

formula
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F.1 Ordered One-Loop Gluon Currents

6@6*”‘\
; !
n—2 n—1 =i

—I— Z 6@”1
U\J
1=m j—H—l b::lnl

n—1 km‘1/ m\ n+1
+Zn+1 _+_Z .k,
1=m )

i+1
A\

n’

n/

Figure F.1: Recursion relation for the one—loop gluon off-shell current in the leading color approxima-

tion. Wiggly lines denote gluons, dashed lines denote ghosts.

(1 1q) = i
Kp (m’...,n, Q) (q_P(m,...,n))Qx

[ Z Vg(gg)‘m (g—P(m,...n),—q+ P(m,...,i), P(i +1,...,n))x

i=m—1

X K[l](m i) O (i +1,..,n)

+ Z Z VO KW (im, b5 0) T (0 41, e ) IO (41, o) (F.4)
i=m—1j=1+1

The termination conditions and the retrieval of the integrand to the bare primitive amplitude

are the same as given in chapter

G 1oL+ 1) = & (payr, @)iP(1, ... n)2 D (1,

‘P(lv“‘vn)zipn"’l (F.5)
The last two terms in equation [E. Il represent the contributions of closed ghost loops, which have
to be inserted because we use the gluon propagator in the Feynman gauge. A minus sign in both

terms has to be inlcuded due to fermion statistics. Since we are dealing with ordered amplitudes
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F.1 Ordered One-Loop Gluon Currents

Figure F.2: Recursion relation for the two-leg gluon off-shell current. Wiggly lines denote gluons.

k m K m
m—1/1/ \\ m-1 ‘/ \\
n+1 / n+1 ,
~+ oooO%, | + oooo™ |
X / 3 /
A\ ’ N\ ’
n

Figure F.3: Ghost loop contributions to the gluonic one—loop recursion. Wiggly lines denote gluons,

dashed lines denote ghosts. In ordered diagrams we have to consider both fermionic directions.

here, we have to consider both fermionic directions of the ghost propagators in the loop, as
shown in figure [F.Il In the next—to-last term in equation [E.J] we need an additional minus sign,
since the off-shell gluon is a left-radiator, as described in appendix[Al The additional two terms
are shown in figure [F.3l They can be recursively computed by cutting the ghost propagators in
the loop, where we choose to cut the upper propagator. The recursive relations are depicted in

figure [F.4] and are given in formula by

LS (m, . onzq) =
. n—1
T () ©0)(; -) :
(G Plm. o)) Lm_l(—l)Vghg (kn)J, (i +1,...,n) LY (m, .45 q)
L®(m, ...,n:q) =
. n—1
+ w0 ¢ ) -
G POnn))? Lzml(—i—l)vghg (ki) (i +1,..,n) LY (m, ..., 35 q) (F.6)
where the right-radiating ghost—gluon vertex in L(*) is given by Vg(,?;“ (k) = —ik* and we in-
clude this vertex as left-radiator with an extra minus sign (—1)Vg(£;“ (k) in L(-). The recursions

terminate with L(F) (m,m — 1;¢) = ;r—zi and the tree-level one—currents J,SO)(Z).
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F.2 Ordered One-Loop Quark and Antiquark Currents

n+2 m m
_— —_ N —— *—
> 0 7’7/—1 \\
L= /
P i

- Soa=m—1 &

n+l n - - - i+1
n+1 Y
n"
n+2
n+2 m m
- - - -
-« . n_l ‘Oi \‘
N 1
L= /
o i
L So1=m—1 hd )
n+1 n i i+1
n+1 Y
1
nl

Figure F.}: Recursion relation for the two-leg ghost off-shell currents L") (m,...,n;q) (top) and

L) (m, ...,n;q) (bottom). Wiggly lines denote gluons, dashed lines denote ghosts.

This ends the discussion of the one-loop gluon recursions. We turn to the one-loop quark and

antiquark currents in the next section.

F.2 Ordered One—-Loop Quark and Antiquark Currents

The recursion for the unintegrated ordered one—loop off-shell quark current with one quark—
antiquark pair in leading color approximation is depicted in figure[EL5l This is the recursive rela-
tion to construct the set of color—stripped diagrams for the leading color part Aﬁ’[l] (13,24,3,...,n)
in equation for the amplitude with one quark—antiquark pair and multiple gluons in equa-
tion 247 in chapter

To compute the direct one-loop contribution one could cut the upper gluon line and state the
recursion for the two-leg tree—level current, where the two off—shell legs are given by a gluon
and a quark line. In the leading color approximation we are able to recursively construct the
direct one—loop contribution by the means of only using the two—leg off—shell gluon current, as

shon in figure [FL6l The recursion formula then reads
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F.2 Ordered One-Loop Quark and Antiquark Currents

m
k
m-1 m+1
n+1 / \
+ |
]
/
n

Figure F.5: Recursion relation for the ordered one—loop off-shell quark current in leading color approx-
imation. Wiggly lines denote gluons, straight lines with fermion arrows denote fermions.

Figure F.6: The direct one—loop contribution in the one—loop off-shell quark current can in the leading

color approzimation be described with the two-leg tree-level off-shell gluon current. Wiggly lines denote
gluons, straight lines with fermion arrows denote fermions.
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F.2 Ordered One-Loop Quark and Antiquark Currents

+ 3T (mg,m + 1, ...,i)I‘(O)“ﬁ”—II‘(O)”KHV{i P ki)| x

m—1

y z[ﬁmq +P(m+1,..,n)
[pmq + P(m+ 1,...,n)]2

(F.7)

Similar considerations lead to the recursion for the unintegrated ordered one—loop off—shell
antiquark current with one quark—antiquark pair in leading color approximation, depicted in
figure [F.7] and figure This is the recursive relation to construct the set of color—stripped
diagrams for the leading color part Aﬁ’m(lq, 24,3, ...,n) in equation for the amplitude with
one quark—antiquark pair and multiple gluons in equation 247 in chapter In formula it

reads

il = (P(m,on = 1) +3,)] y

[P(m, wyn —1) —|—pn§]2

V(l)(m, an—1,ng) =

n—1
X [ Z PO JO (m, i) VI (i +1, .0 — 1,ng)

n—1
+ Z F(O)u‘]#(tl)(m’ cey Z)V(O) (Z + 1’ sy TV 1? n@)

n—1 .
+ > F(O)“Zé—;F(O)VKW(m, sk VO 1,0 — 1,ng) (F.8)
i=m—1 n

The one-loop quark and antiquark off-shell currents terminate with U(l)(mq) and V(M (ny),
which describe self-energies on external quark lines and are therefore dropped. Just as in the
tree—level case, U(l) and V) are matrices in Dirac space, which means that their position
with respect to the quark—gluon vertex and the quark and antiquark propagators matter. The
integrand to the corresponding one-loop primitive amplitude is recovered from the quark or

antiquark currents by
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F.2 Ordered One-Loop Quark and Antiquark Currents

Figure F.7: Recursion relation for the ordered one—loop off-shell antiquark current in leading color

approzimation. Wiggly lines denote gluons, straight lines with fermion arrows denote fermions.

m

km—]_ \ km—l m\
n+1 \ n—1 P |
I = n+1 |

n—/l i=m—1 i !

i+1
n \|
n-1

n

Figure F.8: The direct one—loop contribution in the one—loop off-shell antiquark current can in the

leading color approximation be described with the two-leg tree—level off—shell gluon current. Wiggly lines
denote gluons, straight lines with fermion arrows denote fermions.
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F.3 One-Loop Recursion for ete™ — (n — 2) jets

(1)
Gbare,lc(lm 2,..,n—1, nq)

= U(l)(lq7 2,..,n—1)(—i) [yﬁlq + P(2,....,n — 1)}U(pnq)]pqurp(z,___,n,l):,an
’U(plq)(—i) [ - (3(2’ sy — 1) +]‘6n§)] V(l)(2’ sy TV 1? nﬂ)|P(2,...,n71)+pn?=fp1q (FQ)

Just as in the case of the one-loop gluon currents, attention has to be paid when self-energies
appear on the off-shell legs of ﬁ(l)(lq, 2,..,n—1)or V(2 ...,n— 1,ng), since these off-shell
legs are put on—shell in the end.

F.3 One-Loop Recursion for e"e™ — (n — 2) jets

The process eTe™ — (n — 2) jets in the leading color approximation is shown in figure [[L9l The

integrand to the corresponding primitive amplitude reads

G(l)bare = G(l)(lq, 2ga ey (’I’L - 3)9, (’I’L - 2)(7’ (’I’L B 1)1’ n[)

ete~—(n—2)jets,lc
Qstart( q» 7"'7 n-— 37 (n - Q)Q)J;(LO)EW((TL - 1)17 ni) (FlO)

with J(O)EW((TL —1),n7) = 0(—pn— 1)1/”(?/)/Ozéu( pn)P%Z and where the recursion start for the

corresponding unintegrated one-loop current Qstart(lq, 2,..,n—3,(n—2)g) is given by
Qgtirt(lm 2, =3,(n—2)g) =
1) 0)p .
ZU( 19,2, s NV V(i + 1, m = 3, (0 — 2))
0 .
+ZU 022 WV VD41, =3, (n = 2)g)
g 3U O)QZkov(O an 2 O)ﬁ
+ZZ 1,2, ...,4 /<:2 a9v/Z /<:2 x
=1 j=1i
X Kog(i+ 1, i k)V (G +1,.00m — 3, (n — 2)5) (F.11)

with Vlgo)/é and V(qo)7z the appropriate «/Z—fermion vertices and PJ,{Z the appropriate v/Z
propagator, as they can be found in every standard textbook. We drop the propagator in the
start routine Qstart(lq, 2,...,n —3,(n — 2)g) since it is included already in J(O) W((n — 1)1, n7),

as explained at the end of chapter [l The electron and positron are taken to be as incoming

F. One-Loop Recurrence Relations in Leading Color Approximation 199



F.3 One-Loop Recursion for ete™ — (n — 2) jets

Figure F.9: One-loop amplitude to ete™ — (n —2) jets in leading color approzimation. We choose the

leptons as incoming.

n-3
n-2

(Lp

start

Figure F.10: Recursion start Q (14,2,...,n — 3,(n — 2)7) to the unintegrated one-loop current in

ete™ — (n — 2) jets in leading color approzimation. Wiggly lines denote gluons, straight lines with

fermion arrows denote fermions.

particles, where we have an incoming electron with momentum plgﬁ = —p, and an incoming
positron with momentum pg}r = —pn_1. The recursions are depicted in figure [F.10] and figure
.11l We note that in figure [F.10] we could have cut one of the quark lines in the loop in the
direct one—loop contribution. In the leading color approximation, however, it is sufficient to use

the two—leg gluon off-shell currents as shown in figure [F.11]
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F.3 One-Loop Recursion for ete™ — (n — 2) jets

Figure F.11: The direct one-loop contribution in Qg,)#t(lq, 2,..,n—3,(n—2)z) can in the leading color

approzimation be described with the two-leg tree—level off-shell gluon current. Wiggly lines denote gluons,

straight lines with fermion arrows denote fermions.
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Appendix G

UV Recurrence Relations in Leading

Color Approximation

In this appendix we give all the recursive relations that are needed to compute the total local
UV subtraction terms to the bare primitive gluon one-loop amplitudes, the bare primitive quark
and antiquark one—loop amplitudes and the bare primitive one—loop amplitude to the process
ete” — n jets, in the leading color approximation from the local UV counterterms. The local

UV counterterms have been discussed in chapter and are given in appendix

G.1 Ordered One—Loop Gluon Currents

The contributions from closed ghost-loops have been included in the derivation of the local UV
counterterms. Whenever we place a local UV counterterm regarding a gluon propagator or a
three— or four—gluon vertex, in our recursive construction, this will automatically also incorporate
the necessary degrees of freedom from the respective ghost contributions. The UV recursion to
the one—-loop gluon currents in the leading color approximation are depicted in figure In

formula it reads
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G.1 Ordered One-Loop Gluon Currents

MUV _ "o
e (i) = P(m,...,n)2X
[Z VO# (—P(m, ccoon), P(m, ooy ), P(i 4 L, ooy ) T () JO (6 4 1, )
Z Ve (—P(m, ....n), P(m, ....i), P(i + 1,..;n)) IS (m, . ) J7Y (i 4 1, o m)
T Qvﬂﬁ(k Q P(m ) )ﬂx
ggglc m—1, m,....n), hUv P(m, ,n)2

X Z VOwe(—P(m,....,n), P(m, ...,i), P(i + 1,...,n)) J" (m, ..., i) ] (i + 1,...,n)

n—1
UVggg=1,uvp 7 . . . .
+ Z gggg7lzgg g p(ka mel,P(m, "'al)a P(Z + 1’ ...,’I’L),MUV)JIEO) (’I’I’L, --"Z)J[()O) (Z + 15 ,TL)

n—2 n—1
vpo 71UV . : : 4
+ Z Z V}gg’g‘ P Jl(c}/ (m,...,z)JéO)(z+1,...,j)J§O)(] +1,..,n)
i=m j=i+1
n—2 n—1
vV po 1 . .
+ 5757 vOmere g0 i) S D7V (4 1, IO G+ 1, )
i=m j=i+1
n—2 n—1 oV
vpo . . . 1 .
+ 505 Ve 1O i) SO (4 1 e )T (41 )
i=m j=it1
UV,lgg=2,uf3 —igpy
+9ggrc” " (ky Qu1, P(m, -,n),MUv)mX
n—2 n—1
x Y v Oer JO (m, i) IO 41, )T G+ L)
i=m j=1t+1
2 UVitageg=0yun o
F 3D Gag 2T ey v ) TS (s e )T (i 4 1, )TV (G4 1) (G.1)
i=m j=i+1

with Q; = Q— P(1,...,7) and the relation between k, k and @ is in the above given by k; = k+Q);.
UVlgg=2,153 UVilggg=1,uvp UVlyg99=0,uvAs

gg,le () g99,le 9999;lc

in the above are the leading color contributions of the local UV counterterms to the color—

The local UV counterterms g and ¢ (...) that appear
stripped gluon propagator, three—gluon vertex and four—gluon vertex respectively, as given in
appendix [Dl The recursion terminates with the unintegrated UV one-current Jl(clLUV (1), which
corresponds to a counterterm for a self-energy correction on an external leg and is thus set to

zero, or with the usual tree-level one—current J,(I) = ¢, (p1, ).
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Figure G.1: UV recursion relation to the one—loop gluon off-shell current. Wiggly lines denote gluons.

Crosses denote local UV counterterms. In leading color approzimation we need to use the leading color

parts of the local UV counterterms.
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The total unintegrated UV subtraction term to the associated bare primitive one-loop amplitude
is then retrieved similarly as before by

Juv

1 )
G%]\)/,lc(L won+1)=e"(ppt1,9)iP(1, ..., n)2 lei (1,..., n”P(l,...,n):—an (G.2)

Since we put the off-shell leg on—shell here again, care has to be taken when a the local UV
counterterms to a self-energy correction appears on the off—shell leg. These terms also have to

be set to zero.

G.2 Ordered One-Loop Quark and Antiquark Currents

The UV recursion to the quark current for one quark—antiquark pair is depicted in figlG.2l In
formula it reads

Ul(cl)UV(mq,m—i—l,...,n) = ! X

[pmq +P(m+1,.., n)] 2

X [ ST (mgem 1, OTOR IO 4 1, n)

le

ot
+ ZU(O)(mq,m +1, ...,i)F(O)“Jl(;LUV(i +1,...,n)

ol i +P(m+1,...,n
+ 3 T (mgym 41,0, OEORTO (i 4 1,..m) Py + B )]2 X

i=m [pmq +P(m+1,,n)}

g — —
% gag 7 (B, Qu1, P(m, ...n), purv)
n—1
(0 . = T .

+ Z ' )(mq,m +1, ...,z)gé{l‘;:légqg O’A(k,qu)JfLO) (t+1,..,n) []zﬁmq +P(m+1,...,n)]

(G.3)

UV l4q=1 UV L4q9=0,\
The local UV counterterms ggq "** " (...) and g 2%

leading color contributions of the local UV counterterms to the quark propagator and to the

(...) that appear in the above are the

quark—gluon vertex respectively, as given in appendix[Dl The recursion terminates with the UV
LUV

e (mg), which corresponds to a counterterm for a self-energy correction on an

external leg and is thus set to zero, or with the usual tree-level one—currents JL(LO) (1) or g (myg).

one—current U

The unintegrated total local UV subtraction term to the corresponding one-loop primitive am-
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Figure G.2: UV recursion relation to the one—loop quark off-shell current. Wiggly lines denote gluons,

straight lines with fermion arrows denote fermions. Crosses denote local UV counterterms. In leading

color approximation we need to use the leading color parts of the local UV counterterms.
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plitude is recovered from the quark currents by

(1)
Gutre(1g:2, i — 1,mg)

nHuv .
=T (19,2, = 1)(=0) [y, + P20t = D00l + P2 1)=—p, (GA)

Since we put the off-shell leg on—shell here again, care has to be taken when a the local UV
counterterms to a self-energy correction appears on the off—shell leg. These terms also have to

be set to zero.

The UV recursion to the antiquark current for one quark—antiquark pair is depicted in figlG.3l

In formula it reads

o L= (Bl on = 1) + )]

, m,...,n—1,ng) = 5
¢ [P(m,...n — 1)+ py,]

n—1
« [ Zr(ow,gm(m,...,Z-)vlgUUV(i F1n— 1,ng)
+ZP WO (m, )WV O>i 41, n — 1,ng)

d k i[_(E(m"“’n_l)_{_]én—)]
n Z/ 4 ngqq 1(k‘ Qn, P(m,...,n), puv) [P( D+ ]gq X
—~ My .oy — Dng
« F(O)“Jﬁo)(m, ,,,,@')V(O)(z’ +1,...,n—1,ng)
n—1

'k UVitgee=0n , _
T Z/(Q )4gqquzqg (k, wr )Jﬁo)(m,--.,Z)V(O)(z—|—1,...,n—1,nq) (G.5)

i=m

In appendix [C] we defined in i2™) the loop momentum & to sit on the quark line in the loop.
For the recursion this means that we have to shift the arbitrary four—vector @, as described in
chapter 3], in the definition of gUngq_l( ..) to be @, instead of @,,—1. The recursion termi-
nates with the UV one—current Vli v (ngq), which corresponds to a counterterm for a self-energy

correction on an external leg and is thus set to zero, or with the usual tree-level one-currents
T 1) or VO (my).

The unintegrated total local UV subtraction term to the corresponding one—loop primitive am-

plitude is recovered from the antiquark currents by
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Figure G.3: UV recursion relation to the one-loop antiquark off-shell current.

Wiggly lines denote
gluons, straight lines with fermion arrows denote fermions. Crosses denote local UV counterterms. In
leading color approximation we need to use the leading color parts of the local UV counterterms.
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G.3 UV Recursion for eTe™ — (n — 2) jets

GS\)/,IC(LI’ 2,..,n — 1,71@)
U ' uv
= u(plq)(_z) [ - (3(2; -.-,n - 1) +¢n§)j| ‘/221) (2; -.-,n - 1;nq)|P(2,...,n*1)+pnngplq (G6)

Since we put the off-shell leg on—shell here again, care has to be taken when a the local UV
counterterms to a self-energy correction appears on the off—shell leg. These terms also have to

be set to zero.

G.3 UV Recursion for ete” — (n —2) jets

The kinematics of the incoming e™e™—pair have been described above, where the electron and
positron are taken to be as incoming particles with an incoming electron momentum pi’i = —Dn
and an incoming positron momentum p’erfr = —pn—1. The UV subtraction term to this process
is depicted in figure [G.4] the corresponding recursion start in figure The integrand to the

corresponding primitive amplitude reads

qWvV _ G(l)UV(l 9

ete~—(n—2)jets,lc

gs (n - 3)97 (n - 2)67 (n - 1)lanf)
= Qi1 2, =3, (n = 2)) TOPW (0 = Lymp)  (G.7)

q»

with J,SO)EW((n —1),np) = @(—pn_l)V”(?/)/OZ‘u(—pn)Pg,éz and where the recursion start for the

corresponding unintegrated UV current QS‘)/“Start(lq, 2,...,n —3,(n—2)g) is given by
ok (1,2 —3,(n—2);) =
UV, start\~q> yeeey 1 y (T q)

n—3
—=(LHUV . 0 .
ST (10,2, VO VO 41,0 =3, (n - 2))
i=1

n—3

—(0 . 0 nov,.

+ 30012 VI VIV (1,0 =3, (0 - 2)g)
=1

n—3
—=(0 . = T .
+)° T (14,2, .0y i)gollass =0 L WO+ 1,00 n — 3, (n — 2)) (G.8)
i=1

with VEE,OY)/’; and Vq(qo,%‘z the appropriate ~/Z—fermion vertices and PJV/Z the appropriate /7

propagator. We drop the propagator in the start routine QS‘)/“ start(1g> 2, ...,n =3, (n —2)g) since

it is included already in JﬁO)EW((n — 1)1, mp).
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Figure G.4: UV subtraction term to ete™ — (n — 2) jets in leading color approzimation. We choose

the leptons as incoming.

2.\

A

n—3 )
i=1 (sc) i+1 \
n-3/

n-2

Figure G.5: Recursion start Q;}‘)}fsm”(lq, 2,...,n—3,(n — 2)3) to the unintegrated UV counterterm
in ete™ — (n — 2) jets in leading color approximation. Wiggly lines denote gluons, straight lines with

fermion arrows denote fermions.

In the third term in equation[G.8 above we use g%‘g/ﬁ‘é‘” =0k, uyy ) instead of g;{]‘;’légqg =Mk, puy).

The subleading color term (sc) is the one that has to be used here in the start routine, since
the leading color term (lc) does not contain a tree-level quark-boson vertex on the side of the

external boson.
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Appendix H

Monte Carlo Integration and
Phase—Space Points for Small

Two—Particle Invariants

In this appendix we want to give a brief overview on Monte Carlo integration and on the
generation of phase—space points with small two—particle invariants, as used for the UV scaling
plot at the end of chapter @4l Most of the contents below can be found in @] and we introduce

them here only in order have a certain complete picture at hand.

H.1 Monte Carlo Integration

The Monte Carlo estimate for an integral of a function f(uq,...,uq), depending on the variables

U1, ..., ug, over the unit hypercube [0, 1]¢

I= /d:nf(:n) = /dduf(ul,...,ud) (H.1)

is given by
1 N
n=1

Due to the law of large numbers the Monte Carlo estimate converges to the true value of the

integral
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H.1 Monte Carlo Integration

1
lim N nz:lf(xn) =1 (H.3)

N—oo

With the variance o2(f) of the function f(z) given by o?(f) = [dz(f(z) — 1)2 we can show
that

/dwl.../dwN<% if(xn) - [) - ”?Eff) (H.4)

which tells us that the error in the Monte Carlo estimate is on average o(f)/v N and shows
essentially that the error in a Monte Carlo scales like 1/v/N, independent of the integration
dimension d. In practice we can only have a finite number of Monte Carlo evaluations NV, where

one uses the Monte Carlo estimate

9 1 N 2 1 ol 2 2
ST = N_1 E (f(CUN) - E) - N E (f(»’UN)) - L (H.5)
n=1 n=1

Although we have he advantage that the Monte Carlo error is independent of the integration
dimension d, we have the disadvantage that the integral converges relatively slow to the true
value. In order to enhance the behavior compared to the crude Monte Carlo there are several

techniques, of which two important ones are stratified sampling and importance sampling.

In stratified sampling the integration space is divided into several subspaces, where in each a
Monte Carlo integration is performed. Therefor one splits the integration region M = [0,1]% into
k subregions M;, where j = 1,...,k and performs in each subregion a Monte Carlo integration

with N; points. One then obtains the estimate

N;

-y o > Sem (H.6)

and instead of the variance o(f)/v/ N one has then the expression
k

3 Lﬂfﬂ ( / dof(z)? — W ( / d:vf(:v)>2> (H.7)
M.

—
J j M;
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H.1 Monte Carlo Integration

If the subspaces and the corresponding numbers of points are chosen carefully, this can lead to

a significant reduction in the variance, compared to the crude Monte Carlo.

Importance sampling corresponds to a change of integration variables according to

/ dof(z) = / %p(aﬁ)dm = / 1@ () (HL.8)

p(x p(z)

with p(z) = %P(x). If p(z) is chosen as positive-valued and normalized to [ dzp(z) =1
then p(x) may be interpreted as probability density function. If one further has a random
number generator for the distribution P(x) then the integral may be estimated from a therefrom

generated sample x1, ..., xn of random numbers by

(H.9)

_i al f(5'3n)
E= 5§ 2 o

p

The statistical error of the Monte Carlo integration is then given by o(f/p)/v/N and an estimator
for the variance o%(f/p) by

N
1 fn)\2 2
S=x>(Z5) - E H.10
N;;M%) (EL10)
The relevant quantity is now f(x)/p(x) and one tries to choose p(z) as close in shape as possible
to f(x), where in practice one chooses p(x) such that it approximates |f(x)| reasonably well in

shape and such that one can generate random points according to P(x). It is, however, danger-

ous to choose functions p(x) that become zero or approach zero too quickly.

In many cases it is quite difficult to estimate the behavior of the functions to be integrated. In
particle physics for example the integrands to the phase—space integrals for a large number of
particles posses a quite complicated peak structure, which is usually not known apriori. One
prefers adaptive techniques in these cases, where e.g. the VEGAS algorithm | combines
the basic ideas of stratified sampling and importance sampling in an iterative algorithm which
learns about the function as it proceeds. VEGAS concentrates most on those regions where
the integrand has the largest contribution. The strategy is thereby to subdivide the integration
space into a rectangular grid and to perform integrations in each subspace on the grid. The

results of this first iterative step are then used to adjust the grid for the next iteration, according
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H.2 Generating Phase-Space Points for Small Two—Particle Invariants

to the information about the dominant contributions gained from the first step. VEGAS tries

therefore to approximate the optimal density function

__f@)
popt(x) - fd$|f($)| (Hll)

by a step function. Due to storage requirements one has to use separable density function in d
dimensions p(u1, ..., ug) = p1(u1)-...-pq(uq). Further details about the various variance reduction

techniques and about VEGAS can be found in [19], from where the above excerpt is taken.

H.2 Generating Phase—Space Points for Small Two—Particle In-

variants

In this section we want to give a prescription of how to produce specific phase—space points with
a small two—particle invariant, for the usage in the UV scaling plot which has been shown at
then end of chapter B4l There are more efficient ways in order to generate such phase-space
configurations, and we stress that the following is only used in the generation of the aforemen-

tioned plot, where essentially the ideas in ] have been used.

In order to generate a phase—space point where two particles give rise to a small two—particle
invariant we consider first a phase-space point for (n — 1) massless particles, with p? = ... =
p%_l = 0 and a center—of-mass energy p{+...+ pg_l = (. The p; are the external four-momenta

of the massless particles and p? denotes their time—components respectively.

Now we take on the following equation
n—1
FO=Q=) \/mi+&()? =0 (H.12)

=1

for my = Aoy and m; = 0 if 4 > 1, which leads to

n—1
F6) = Q= A%y + €2 =D/ =0 (H.13)
1=2

and solve (numerically) for £. It actually suffices to find one & which satisfies the equation. We

consider then the following transformation
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B =/mi+ () and p, =¢Ep; (H.14)
for my1 = Aoy and m; = 0 if ¢ > 1, which leads to

Pl = /A2, +€2@))2 and p;=¢&pp for =1 (H.15)

= /e@)? and p; =& for i=2,..,n—1 (H.16)

We have thus obtained a phase—space point for (n — 1) particles, where one particle is massive
and (n — 2) particles are massless, with p? = A2, and p3 = ... = p2_; = 0 respectively, and the

center—of-mass energy is still given by p{ + ... +p0_; = Q.

We go on and determine further the parameters of a Lorentz transformation A, which transforms
a four—vector with center—of-mass energy A., from its rest—frame to (p? ,’ﬁl), via (ﬁ?,ﬁl) =
A()‘COlla 0)

In a subsequent step we define two massless four—vectors with back—to—back spatial components
via pg = (%, a) and pp = (%, —@) respectively. Upon pg = p? = 0 we see that the absolute

2 -
value of @ is then determined by @2 = % and we can for example choose @ such that a 1 p;

and |d@| = %

We now boost the vectors pg and p1, according to the Lorentz transformation A whose parameters

we just have determined, to gain two new vectors

po = A(po) and  py = A(p1) (H.17)

Upon collecting the set of four—vectors {p(, p}, P2, ..., Pn—1} we have thus created an n—particle
phase-space point with n massless particles, where two of the four—vectors, namely pj and p},
have a common invariant mass A.,; which can be varied to our will. If we choose to gradu-
ally decrease the value of A\, to a small value )\ig}ﬂ”, we subsequently generate an n—particle
phase—space point for n massless particles at a certain center—of—mass energy (), where the two

four—vectors pj, and p) give rise to a small two—particle invariant )\ig}l‘lll

Further details of how to generate an initial (n — 1)—particle phasesEace in the first place and

how to parametrize the Lorentz transformation A can be found in , 19]. Therein given is
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for example an algorithm which generates phase—space configurations according to the collinear
and soft regions of the matrix elements and is ideally suited for the generation of final-state
phase-space configurations for the process eTe™ — jets and subsequent Monte Carlo integration
with VEGAS.
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