
Pr♦❞✉❝t✐♦♥ ♦❢ ❆♥t✐❤②❞r♦❣❡♥

✈✐❛ ❉♦✉❜❧❡ ❈❤❛r❣❡ ❊①❝❤❛♥❣❡

❉✐ss❡rt❛t✐♦♥ ③✉r ❊r❧❛♥❣✉♥❣ ❞❡s ●r❛❞❡s

❉♦❦t♦r ❞❡r ◆❛t✉r✇✐ss❡♥s❝❤❛❢t❡♥

❛♠ ❋❛❝❤❜❡r❡✐❝❤ ✵✽✿ P❤②s✐❦✱ ▼❛t❤❡♠❛t✐❦ ✉♥❞ ■♥❢♦r♠❛t✐❦

❞❡r ❏♦❤❛♥♥❡s ●✉t❡♥❜❡r❣✲❯♥✐✈❡rs✐tät ▼❛✐♥③

✈♦♥

❆♥❞r❡❛s ▼ü❧❧❡rs

❣❡❜♦r❡♥ ✐♥ ❙✐♠♠❡r♥✱ ❍✉♥srü❝❦

▼❛✐♥③✱ ❖❦t♦❜❡r ✷✵✶✷



✶st ❛ss❡s♦r✿

✷♥❞ ❛ss❡s♦r✿

❉❛t❡ ♦❢ ❞❡❢❡♥s❡✿ ❋❡❜r✉❛r② ✶st✱ ✷✵✶✸

❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜② ❛ P❤❉ s❝❤♦❧❛rs❤✐♣ ❢r♦♠ t❤❡ ❈❛r❧ ❩❡✐ss ❋♦✉♥❞❛t✐♦♥✳



❆❜str❛❝t

❙♣❡❝tr♦s❝♦♣② ♦❢ t❤❡ 1S−2S tr❛♥s✐t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ❝♦♥✜♥❡❞ ✐♥ ❛ ♥❡✉tr❛❧ ❛t♦♠

tr❛♣ ❛♥❞ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❡q✉✐✈❛❧❡♥t s♣❡❝tr❛❧ ❧✐♥❡ ✐♥ ❤②❞r♦❣❡♥ ✇✐❧❧ ♣r♦✈✐❞❡ ❛♥

❛❝❝✉r❛t❡ t❡st ♦❢ ❈P❚ s②♠♠❡tr② ❛♥❞ t❤❡ ✜rst ♦♥❡ ✐♥ ❛ ♠✐①❡❞ ❜❛r②♦♥✲❧❡♣t♦♥ s②s✲

t❡♠✳ ❆❧s♦✱ ✇✐t❤ ♥❡✉tr❛❧ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s✱ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥

♠❛tt❡r ❛♥❞ ❛♥t✐♠❛tt❡r ❝❛♥ ❜❡ t❡st❡❞ ✉♥♣❡rt✉r❜❡❞ ❜② t❤❡ ♠✉❝❤ str♦♥❣❡r ❈♦✉❧♦♠❜

❢♦r❝❡s✳ ❆♥t✐❤②❞r♦❣❡♥ ✐s r❡❣✉❧❛r❧② ♣r♦❞✉❝❡❞ ❛t ❈❊❘◆✬s ❆♥t✐♣r♦t♦♥ ❉❡❝❡❧❡r❛t♦r ❜②

t❤r❡❡✲❜♦❞②✲r❡❝♦♠❜✐♥❛t✐♦♥ ✭❚❇❘✮ ♦❢ ♦♥❡ ❛♥t✐♣r♦t♦♥ ❛♥❞ t✇♦ ♣♦s✐tr♦♥s✳ ❚❤❡ ♠❡t❤♦❞

r❡q✉✐r❡s ✐♥❥❡❝t✐♥❣ ❛♥t✐♣r♦t♦♥s ✐♥t♦ ❛ ❝❧♦✉❞ ♦❢ ♣♦s✐tr♦♥s✱ ✇❤✐❝❤ r❛✐s❡s t❤❡ ❛✈❡r❛❣❡

t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ♣r♦❞✉❝❡❞ ✇❛② ❛❜♦✈❡ t❤❡ t②♣✐❝❛❧ 0.5K tr❛♣

❞❡♣t❤s ♦❢ ♥❡✉tr❛❧ ❛t♦♠ tr❛♣s✳ ❚❤❡r❡❢♦r❡ ♦♥❧② ✈❡r② ❢❡✇ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❝❛♥ ❜❡

❝♦♥✜♥❡❞ ❛t ❛ t✐♠❡✳ Pr❡❝✐s✐♦♥ ♠❡❛s✉r❡♠❡♥ts✱ ❧✐❦❡ ❧❛s❡r s♣❡❝tr♦s❝♦♣②✱ ✇✐❧❧ ❣r❡❛t❧②

❜❡♥❡✜t ❢r♦♠ ❧❛r❣❡r ♥✉♠❜❡rs ♦❢ s✐♠✉❧t❛♥❡♦✉s❧② tr❛♣♣❡❞ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s✳ ❚❤❡r❡✲

❢♦r❡✱ t❤❡ ❆❚❘❆P ❝♦❧❧❛❜♦r❛t✐♦♥ ❞❡✈❡❧♦♣❡❞ ❛ ❞✐✛❡r❡♥t ♣r♦❞✉❝t✐♦♥ ♠❡t❤♦❞ t❤❛t ❤❛s

t❤❡ ♣♦t❡♥t✐❛❧ t♦ ❝r❡❛t❡ ♠✉❝❤ ❧❛r❣❡r ♥✉♠❜❡rs ♦❢ ❝♦❧❞✱ tr❛♣♣❛❜❧❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s✳

P♦s✐tr♦♥s ❛♥❞ ❛♥t✐♣r♦t♦♥s ❛r❡ st♦r❡❞ ❛♥❞ ❝♦♦❧❡❞ ✐♥ ❛ P❡♥♥✐♥❣ tr❛♣ ✐♥ ❝❧♦s❡ ♣r♦①✐♠✐t②✳

▲❛s❡r ❡①❝✐t❡❞ ❝❡s✐✉♠ ❛t♦♠s ❝♦❧❧✐❞❡ ✇✐t❤ t❤❡ ♣♦s✐tr♦♥s✱ ❢♦r♠✐♥❣ ❘②❞❜❡r❣ ♣♦s✐tr♦♥✲

✐✉♠✱ ❛ ❜♦✉♥❞ st❛t❡ ♦❢ ❛♥ ❡❧❡❝tr♦♥ ❛♥❞ ❛ ♣♦s✐tr♦♥✳ ❚❤❡ ♣♦s✐tr♦♥✐✉♠ ❛t♦♠s ❛r❡ ♥♦

❧♦♥❣❡r ❝♦♥✜♥❡❞ ❜② t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧s ♦❢ t❤❡ P❡♥♥✐♥❣ tr❛♣ ❛♥❞ s♦♠❡ ❞r✐❢t ✐♥t♦ t❤❡

♥❡✐❣❤❜♦r✐♥❣ ❝❧♦✉❞ ♦❢ ❛♥t✐♣r♦t♦♥s ✇❤❡r❡✱ ✐♥ ❛ s❡❝♦♥❞ ❝❤❛r❣❡ ❡①❝❤❛♥❣❡ ❝♦❧❧✐s✐♦♥✱ t❤❡②

❢♦r♠ ❛♥t✐❤②❞r♦❣❡♥✳ ❚❤❡ ❛♥t✐♣r♦t♦♥s r❡♠❛✐♥ ❛t r❡st ❞✉r✐♥❣ t❤❡ ❡♥t✐r❡ ♣r♦❝❡ss✱ s♦

♠✉❝❤ ❧❛r❣❡r ♥✉♠❜❡rs ♦❢ tr❛♣♣❛❜❧❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❝❛♥ ❜❡ ♣r♦❞✉❝❡❞✳ ▲❛s❡r ❡①✲

❝✐t❛t✐♦♥ ✐s ♥❡❝❡ss❛r② t♦ ✐♥❝r❡❛s❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ♣r♦❝❡ss s✐♥❝❡ t❤❡ ❝r♦ss s❡❝t✐♦♥s

❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❝♦❧❧✐s✐♦♥s s❝❛❧❡ ✇✐t❤ t❤❡ ❢♦✉rt❤ ♣♦✇❡r ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ q✉❛♥✲

t✉♠ ♥✉♠❜❡r n✳ ❚❤✐s ♠❡t❤♦❞✱ ♥❛♠❡❞ ❞♦✉❜❧❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡✱ ✇❛s ❞❡♠♦♥str❛t❡❞ ❜②

✐✐✐



❆❚❘❆P ✐♥ ✷✵✵✹✳ ❙✐♥❝❡ t❤❡♥✱ ❆❚❘❆P ❝♦♥str✉❝t❡❞ ❛ ♥❡✇ ❝♦♠❜✐♥❡❞ P❡♥♥✐♥❣ ■♦✛❡

tr❛♣ ❛♥❞ ❛ ♥❡✇ ❧❛s❡r s②st❡♠✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s t❤❡s✐s ✇❛s t♦ ✐♠♣❧❡♠❡♥t t❤❡ ❞♦✉❜❧❡

❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♠❡t❤♦❞ ✐♥ t❤✐s ♥❡✇ ❛♣♣❛r❛t✉s ❛♥❞ ✐♥❝r❡❛s❡ t❤❡ ♥✉♠❜❡r ♦❢ ❛♥t✐❤②✲

❞r♦❣❡♥ ❛t♦♠s ♣r♦❞✉❝❡❞✳ ❈♦♠♣❛r❡❞ t♦ ♦✉r ♣r❡✈✐♦✉s ❡①♣❡r✐♠❡♥t✱ ✇❡ ❝♦✉❧❞ r❛✐s❡ t❤❡

♥✉♠❜❡rs ♦❢ ♣♦s✐tr♦♥✐✉♠ ❛♥❞ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ♣r♦❞✉❝❡❞ ❜② t✇♦ ♦r❞❡rs ♦❢ ♠❛❣♥✐✲

t✉❞❡✳ ▼♦st ♦❢ t❤✐s ❣❛✐♥ ✐s ❞✉❡ t♦ t❤❡ ❧❛r❣❡r ♣♦s✐tr♦♥ ❛♥❞ ❛♥t✐♣r♦t♦♥ ♣❧❛s♠❛s ❛✈❛✐❧❛❜❧❡

❜② ♥♦✇✱ ❜✉t ✇❡ ❝♦✉❧❞ ❛❧s♦ ❛❝❤✐❡✈❡ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥ts ✐♥ t❤❡ ❡✣❝✐❡♥❝✐❡s ♦❢ t❤❡

✐♥❞✐✈✐❞✉❛❧ st❡♣s✳ ❲❡ t❤❡r❡❢♦r❡ s❤♦✇❡❞ t❤❛t t❤❡ ❞♦✉❜❧❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❝❛♥ ♣r♦❞✉❝❡

❝♦♠♣❛r❛❜❧❡ ♥✉♠❜❡rs ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ❛s t❤❡ ❚❇❘ ♠❡t❤♦❞✱ ❜✉t t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❝♦❧❞✱

tr❛♣♣❛❜❧❡ ❛t♦♠s ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ♠✉❝❤ ❤✐❣❤❡r✳ ❚❤❡r❡❢♦r❡ t❤✐s ✇♦r❦ ✐s ❛♥ ✐♠♣♦rt❛♥t

st❡♣ t♦✇❛r❞s ♣r❡❝✐s✐♦♥ ♠❡❛s✉r❡♠❡♥ts ✇✐t❤ tr❛♣♣❡❞ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s✳

✐✈



❩✉s❛♠♠❡♥❢❛ss✉♥❣

❙♣❡❦tr♦s❦♦♣✐❡ ❞❡s 1S − 2S Ü❜❡r❣❛♥❣s ✈♦♥ ❣❡s♣❡✐❝❤❡rt❡♠ ❆♥t✐✇❛ss❡rst♦✛ ✇ür❞❡

❞✉r❝❤ ❱❡r❣❧❡✐❝❤ ♠✐t ❞❡r äq✉✐✈❛❧❡♥t❡♥ ▲✐♥✐❡ ✐♥ ❲❛ss❡rst♦✛ ❡✐♥❡♥ ♣rä③✐s❡♥ ❚❡st ❞❡r

❈P❚ ❙②♠♠❡tr✐❡ ❡r♠ö❣❧✐❝❤❡♥✳ ❉✐❡s ✇är❡ ❞❡r ❡rst❡ ❈P❚ ❚❡st ✐♥ ❡✐♥❡♠ ❣❡♠✐s✲

❝❤t❡♥ ❇❛r②♦♥✲▲❡♣t♦♥ ❙②st❡♠✳ ❉❡s ✇❡✐t❡r❡♥ ❧✐❡ÿ❡ s✐❝❤ ♠✐t ❡❧❡❦tr✐s❝❤ ♥❡✉tr❛❧❡♥ ❆♥✲

t✐✇❛ss❡rst♦✛❛t♦♠❡♥ ❞✐❡ ❲✐r❦✉♥❣ ❞❡r ❙❝❤✇❡r❦r❛❢t ③✇✐s❝❤❡♥ ▼❛t❡r✐❡ ✉♥❞ ❆♥t✐♠❛✲

t❡r✐❡ ✉♥t❡rs✉❝❤❡♥ ♦❤♥❡ ❞❛ss ❞✐❡ ▼❡ss✉♥❣ ✈♦♥ ❞❡r ✈✐❡❧ stär❦❡r❡♥ ❈♦✉❧♦♠❜ ❲❡❝❤s❡❧✲

✇✐r❦✉♥❣ ❣❡stört ✇✐r❞✳ ❆♥t✐✇❛ss❡rst♦✛ ✇✐r❞ ❛♥ ❈❊❘◆s ❆♥t✐♣r♦t♦♥ ❉❡❝❡❧❡r❛t♦r ❜❡r❡✲

✐ts r❡❣❡❧♠äÿ✐❣ ü❜❡r ❉r❡✐✲❑ör♣❡r✲❘❡❦♦♠❜✐♥❛t✐♦♥ ✭t❤r❡❡✲❜♦❞②✲r❡❝♦♠❜✐♥❛t✐♦♥✱ ❚❇❘✮

♣r♦❞✉③✐❡rt✳ ❋ür ❞✐❡s❡♥ Pr♦③❡ss ✇❡r❞❡♥ ❆♥t✐♣r♦t♦♥❡♥ ü❜❡r ❡✐♥❡ ❍♦❝❤❢r❡q✉❡♥③❛♥r❡✲

❣✉♥❣ ✐♥ ❡✐♥❡ ❲♦❧❦❡ ❛✉s P♦s✐tr♦♥❡♥ ❣❡tr✐❡❜❡♥✳ ❉✐❡s ❤❡✐③t ❞✐❡ ❆♥t✐♣r♦t♦♥❡♥ ❛✉❢ s♦ ❞❛ss

❞✐❡ ♠✐tt❧❡r❡ ❚❡♠♣❡r❛t✉r ❞❡r ♣r♦❞✉③✐❡rt❡♥ ❆♥t✐✇❛ss❡rst♦✛❛t♦♠❡ ✇❡✐t ü❜❡r ❞❡r t②♣✐s✲

❝❤❡♥ ❋❛❧❧❡♥t✐❡❢❡ ✈♦♥ 0, 5K ❡✐♥❡r ◆❡✉tr❛❧❛t♦♠❢❛❧❧❡ ❧✐❡❣t✳ ❉❛❤❡r ❦ö♥♥❡♥ ③✉r ❩❡✐t ♥✉r

✇❡♥✐❣❡ ❆♥t✐✇❛ss❡rst♦✛❛t♦♠❡ ❛✉❢ ❡✐♥♠❛❧ ❣❡s♣❡✐❝❤❡rt ✇❡r❞❡♥✳ Prä③✐s✐♦♥s♠❡ss✉♥❣❡♥

✇✐❡ ▲❛s❡rs♣❡❦tr♦s❦♦♣✐❡ ✇ür❞❡♥ ❛❜❡r ✈♦♥ ❡✐♥❡r ❣röÿ❡r❡♥ ❆♥③❛❤❧ ❛♥ ❣❡s♣❡✐❝❤❡rt❡♥

❆♥t✐✇❛ss❡rst♦✛❛t♦♠❡♥ ♣r♦✜t✐❡r❡♥✳ ❩✉ ❞✐❡s❡♠ ❩✇❡❝❦ ❤❛t ❞✐❡ ❆❚❘❆P ❑♦❧❧❛❜♦r❛✲

t✐♦♥ ❡✐♥❡ ❛♥❞❡r❡ Pr♦❞✉❦t✐♦♥s♠❡t❤♦❞❡ ❡♥t✇✐❝❦❡❧t✱ ❞❡♥ ③✇❡✐❢❛❝❤❡♥ ▲❛❞✉♥❣str❛♥s✲

❢❡r✳ ❈äs✐✉♠❛t♦♠❡ ✇❡r❞❡♥ ♠✐tt❡❧s ▲❛s❡r❧✐❝❤t ❛✉❢ ❘②❞❜❡r❣③✉stä♥❞❡ ❛♥❣❡r❡❣t ✉♥❞

❦♦❧❧✐❞✐❡r❡♥ ♠✐t P♦s✐tr♦♥❡♥✳ ❉❛❜❡✐ ❡♥tst❡❤t ❘②❞❜❡r❣✲P♦s✐tr♦♥✐✉♠✱ ❡✐♥ ❣❡❜✉♥❞❡♥❡s

❙②st❡♠ ❛✉s ❡✐♥❡♠ ❊❧❡❦tr♦♥ ✉♥❞ ❡✐♥❡♠ P♦s✐tr♦♥✳ ❉✐❡ P♦s✐tr♦♥✐✉♠❛t♦♠❡ ❞r✐❢t❡♥

✇✐❡❞❡r✉♠ ✐♥ ❡✐♥❡ ❜❡♥❛❝❤❜❛rt❡ ❲♦❧❦❡ ❛✉s ❆♥t✐♣r♦t♦♥❡♥ ✉♥❞ ❡r③❡✉❣❡♥ ✐♥ ❡✐♥❡r ③✇❡✐t❡♥

▲❛❞✉♥❣str❛♥s❢❡rr❡❛❦t✐♦♥ ❆♥t✐✇❛ss❡rst♦✛✳ ❉✐❡ ❆♥t✐♣r♦t♦♥❡♥ ✈❡r❜❧❡✐❜❡♥ ✇ä❤r❡♥❞ ❞❡s

❣❛♥③❡♥ Pr♦③❡ss❡s ✐♥ ❘✉❤❡✱ ❞❛❤❡r ✐st ❡✐♥ s❡❤r ✈✐❡❧ ❤ö❤❡r❡r ❆♥t❡✐❧ ❛♥ ❦❛❧t❡♥ ❆♥t✐✇❛ss❡r✲

st♦✛❛t♦♠❡♥ ③✉ ❡r✇❛rt❡♥ ❛❧s ❜❡✐ ❞❡r ❉r❡✐✲❑ör♣❡r✲❘❡❦♦♠❜✐♥❛t✐♦♥✳ ❉✐❡ ▲❛s❡r❛♥r❡✲

❣✉♥❣ ❞❡r ❈äs✐✉♠❛t♦♠❡ ✐st ♥öt✐❣ ❞❛ ❞❡r ❲✐r❦✉♥❣sq✉❡rs❝❤♥✐tt ❢ür ❞✐❡ ▲❛❞✉♥❣str❛♥s✲

✈



❢❡rr❡❛❦t✐♦♥❡♥ ♠✐t ❞❡r ✈✐❡rt❡♥ P♦t❡♥③ ❞❡r ❍❛✉♣tq✉❛♥t❡♥③❛❤❧ n ❛♥st❡✐❣t✿ σ ∝ n4✳

❉❡r ③✇❡✐❢❛❝❤❡ ▲❛❞✉♥❣str❛♥s❢❡r ✇✉r❞❡ ✷✵✵✹ ✈♦♥ ❆❚❘❆P ③✉♠ ❡rst❡♥ ▼❛❧ ❣❡t❡st❡t✳

❙❡✐t❞❡♠ ✇✉r❞❡ ❡✐♥❡ ♥❡✉❡ ❦♦♠❜✐♥✐❡rt❡ P❡♥♥✐♥❣✲■♦✛❡✲❋❛❧❧❡ ✉♥❞ ❡✐♥ ♥❡✉❡s ▲❛s❡rs②s✲

t❡♠ ❦♦♥str✉✐❡rt✳ ■♠ ❘❛❤♠❡♥ ❞✐❡s❡r ❆r❜❡✐t ✇✉r❞❡ ❞❡r ③✇❡✐❢❛❝❤❡ ▲❛❞✉♥❣str❛♥s❢❡r

✐♥ ❞✐❡s❡r ♥❡✉❡♥ ❋❛❧❧❡ ✐♠♣❧❡♠❡♥t✐❡rt✳ ■♠ ❱❡r❣❧❡✐❝❤ ③✉ ✉♥s❡r❡♠ ✈♦r❤❡r✐❣❡♠ ❊①✲

♣❡r✐♠❡♥t ✈♦♥ ✷✵✵✹ ❦♦♥♥t❡♥ ✇✐r ❞✐❡ Pr♦❞✉❦t✐♦♥ ✈♦♥ P♦s✐tr♦♥✐✉♠ ✉♥❞ ❆♥t✐✇❛ss❡r✲

st♦✛ ✉♠ ③✇❡✐ ●röÿ❡♥♦r❞♥✉♥❣❡♥ st❡✐❣❡r♥✳ ❉✐❡s ❜❡❣rü♥❞❡t s✐❝❤ ❤❛✉♣tsä❝❤❧✐❝❤ ✐♥

❞❡♥ ❣röÿ❡r❡♥ P♦s✐tr♦♥❡♥✲ ✉♥❞ ❆♥t✐♣r♦t♦♥❡♥♣❧❛s♠❡♥ ❞✐❡ ✉♥s ♠✐tt❧❡r✇❡✐❧❡ ③✉r ❱❡r✲

❢ü❣✉♥❣ st❡❤❡♥✱ ✇✐r ❦♦♥♥t❡♥ ❛❜❡r ❛✉❝❤ ❞✐❡ ❊✣③✐❡♥③ ❞❡r ❡✐♥③❡❧♥❡♥ ❙❝❤r✐tt❡ ✇❡s❡♥t❧✐❝❤

✈❡r❜❡ss❡r♥✳ Ü❜❡r ❞❡♥ ③✇❡✐❢❛❝❤❡♥ ▲❛❞✉♥❣str❛♥s❢❡r ❧❛ss❡♥ s✐❝❤ ❛❧s♦ ✈❡r❣❧❡✐❝❤❜❛r❡ ▼❡♥✲

❣❡♥ ❛♥ ❆♥t✐✇❛ss❡rst♦✛ ❤❡rst❡❧❧❡♥ ✇✐❡ ♠✐t ❞❡r ❡t❛❜❧✐❡rt❡♥ ▼❡t❤♦❞❡ ❞❡r ❉r❡✐✲❑ör♣❡r✲

❘❡❦♦♠❜✐♥❛t✐♦♥✱ ❛❧❧❡r❞✐♥❣s ✐st ❞❡r ❡r✇❛rt❡t❡ ❆♥t❡✐❧ ❛♥ ❦❛❧t❡♥ ❆♥t✐✇❛ss❡rst♦✛❛t♦♠❡♥

✇❡✐t❛✉s ❤ö❤❡r✳ ❉✐❡s❡ ❆r❜❡✐t ✐st ❞❛❤❡r ❡✐♥ ✇✐❝❤t✐❣❡r ❙❝❤r✐tt ❤✐♥ ③✉ Prä③✐s✐♦♥s♠❡s✲

s✉♥❣❡♥ ♠✐t ❣❡❢❛♥❣❡♥❡♠ ❆♥t✐✇❛ss❡rst♦✛✳

✈✐
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✶ ■♥tr♦❞✉❝t✐♦♥ ✶
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✶✳✶✳✶ ❈P❚ t❡sts ✇✐t❤ ❆♥t✐❤②❞r♦❣❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺
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✷ Pr♦❞✉❝t✐♦♥ ▼❡t❤♦❞s ❢♦r ❆♥t✐❤②❞r♦❣❡♥ ✶✶
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✷✳✸ ❈❤❛r❣❡✲❊①❝❤❛♥❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✸ ❚❤❡ ❆❚❘❆P ❊①♣❡r✐♠❡♥t ✷✸
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■♥tr♦❞✉❝t✐♦♥

■♥ ✶✾✷✽✱ P❛✉❧ ❉✐r❛❝ ♣✉❜❧✐s❤❡❞ t❤❡ ✜rst r❡❧❛t✐✈✐st✐❝ t❤❡♦r② ♦❢ t❤❡ ❤②❞r♦❣❡♥ ❛t♦♠

✐♥❝❧✉❞✐♥❣ t❤❡ ❡❧❡❝tr♦♥ s♣✐♥ ❬✹✵❪✳ ❍♦✇❡✈❡r✱ ❤✐s ❡q✉❛t✐♦♥ s❡❡♠❡❞ t♦ s✉✛❡r ❢r♦♠ ♦♥❡

✢❛✇✿ ■t ❤❛❞ s♦❧✉t✐♦♥s ✇✐t❤ ♣♦s✐t✐✈❡ ❡♥❡r❣②✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❧❡❝tr♦♥s✱ ❛s ✇❡❧❧ ❛s

st❛t❡s ✇✐t❤ ♥❡❣❛t✐✈❡ ❡♥❡r❣②✳ ❚♦ ❡①♣❧❛✐♥ t❤❡s❡ ❛♣♣❛r❡♥t❧② ✉♥♣❤②s✐❝❛❧ st❛t❡s✱ ❉✐r❛❝

✐♥tr♦❞✉❝❡❞ ❛ ❤♦❧❡ t❤❡♦r②✳ ❍❡ s✉❣❣❡st❡❞ t❤❛t t❤❡ ✈❛❝✉✉♠ ✐s ❛ ♠❛♥②✲❜♦❞② q✉❛♥t✉♠

st❛t❡ ✇✐t❤ ❛❧❧ ♦❢ t❤❡ ♥❡❣❛t✐✈❡ ❡♥❡r❣② ❡✐❣❡♥st❛t❡s ❛❧r❡❛❞② ♦❝❝✉♣✐❡❞✳ ■❢ ❛♥ ❡❧❡❝tr♦♥ ✐s

r❡♠♦✈❡❞ ❢r♦♠ ❛ ♥❡❣❛t✐✈❡ ❡♥❡r❣② st❛t❡✱ t❤❡ r❡♠❛✐♥✐♥❣ ❤♦❧❡ ✇♦✉❧❞ ❛❝t ❧✐❦❡ ❛ ♣❛rt✐❝❧❡

✇✐t❤ ♣♦s✐t✐✈❡ ❝❤❛r❣❡✱ ♠✉❝❤ ❧✐❦❡ t❤❡ ❤♦❧❡ ❧❡❢t ❜② ❛♥ ❡①❝✐t❡❞ ❡❧❡❝tr♦♥ ✐♥ t❤❡ ✈❛❧❡♥❝❡

❜❛♥❞ ♦❢ ❛ s❡♠✐❝♦♥❞✉❝t♦r✳ ❆t ✜rst✱ ❤❡ s✉❣❣❡st❡❞ t❤❛t t❤❡ ❤♦❧❡✲♣❛rt✐❝❧❡ ❝♦✉❧❞ ♣♦ss✐❜❧②

❜❡ t❤❡ ♣r♦t♦♥ ❬✹✷❪✳ ❖♥❧② ❛❢t❡r t❤✐s ✐❞❡❛ ❤❛❞ t♦ ❜❡ r❡❥❡❝t❡❞ ❬✹✶✱ ✶✵✾❪✱ ❉✐r❛❝ ❝❛♠❡ t♦

t❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❛t t❤❡ ♥❡❣❛t✐✈❡ ❡♥❡r❣② st❛t❡s ♠✉st ✐♥❞❡❡❞ ❝♦rr❡s♣♦♥❞ t♦ ❛ ♥❡✇

♣❛rt✐❝❧❡✱ s♦ ❢❛r ✉♥♦❜s❡r✈❡❞ ❬✹✸❪✳

■♥ ❢❛❝t✱ tr❛❝❡s ♦❢ t❤❡s❡ ♥❡✇ ♣❛rt✐❝❧❡s ❤❛❞ ❜❡❡♥ ♦❜s❡r✈❡❞ ❜❡❢♦r❡ ❬✶✵✶❪✱ ❜✉t t❤❡✐r

❡①♣❧✐❝✐t ❞✐s❝♦✈❡r② ✐♥ ✶✾✸✷ ✇❛s t❤❡ ❛❝❤✐❡✈❡♠❡♥t ♦❢ ❈❛r❧ ❆♥❞❡rs♦♥✳ ❆t ❈❛❧t❡❝❤✱ ❆♥✲

❞❡rs♦♥ ✇❛s st✉❞②✐♥❣ ❝♦s♠✐❝ r❛②s ✇✐t❤ ❛ ❝❧♦✉❞ ❝❤❛♠❜❡r✳ ❍❡ ❤❛❞ ♣❧❛❝❡❞ ❤✐s ❝❤❛♠❜❡r

✶
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✐♥ ❛ str♦♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞ t♦ ❜❡♥❞ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ β ♣❛rt✐❝❧❡s ❛♥❞ t❤✉s ♠❡❛s✉r❡

t❤❡✐r ♠♦♠❡♥t✉♠✳ ❍♦✇❡✈❡r✱ s♦♠❡ ♦❢ ❤✐s ♣❤♦t♦❣r❛♣❤s s❤♦✇❡❞ tr❛❝❡s t❤❛t ❝✉r✈❡❞ ✐♥

t❤❡ ✇r♦♥❣ ❞✐r❡❝t✐♦♥✳ ❆♥❞❡rs♦♥ ✜rst ❛ttr✐❜✉t❡❞ t❤❡s❡ t♦ ❡❧❡❝tr♦♥s t❤❛t ❞✐❞ ♥♦t ❝♦♠❡

❢r♦♠ ❛❜♦✈❡✱ ❜✉t ♠♦✈❡❞ ❢r♦♠ t❤❡ ❡❛rt❤ ✉♣✇❛r❞s✳ ❚❤✐s ✈✐❡✇ ✇❛s r❡❥❡❝t❡❞ ❜② ❤✐s s✉✲

♣❡r✈✐s♦r ❘♦❜❡rt ▼✐❧❧✐❦❛♥ ✇❤♦ ❜❡❧✐❡✈❡❞ t❤❡② ✇❡r❡ ❝❛✉s❡❞ ❜② ❝♦s♠✐❝ ♣r♦t♦♥s✱ ❞❡s♣✐t❡

t❤❡ ❢❛❝t t❤❛t t❤❡ tr❛❝❡s✬ ❧❡♥❣t❤s ❛♥❞ ❞❡♥s✐t✐❡s ❞✐❞ ♥♦t ♠❛t❝❤ ❤❡❛✈② ♣❛rt✐❝❧❡s✳

❚♦ r❡s♦❧✈❡ t❤❡✐r ❛r❣✉♠❡♥t✱ ❆♥❞❡rs♦♥ ♣❧❛❝❡❞ ❛ ❧❡❛❞ ♣❧❛t❡ ✐♥s✐❞❡ ❤✐s ❝❧♦✉❞ ❝❤❛♠✲

❜❡r✳ P❛rt✐❝❧❡s ❝r♦ss✐♥❣ t❤❡ ❧❡❛❞ ❧♦s❡ ❡♥❡r❣②✱ s♦ ❛❢t❡r ❡♠❡r❣✐♥❣ ❢r♦♠ t❤❡ ♣❧❛t❡✱ t❤❡✐r

tr❛❥❡❝t♦r② ✐s ❝✉r✈❡❞ ❛t ❛ s♠❛❧❧❡r r❛❞✐✉s t❤❛♥ ❜❡❢♦r❡✳ ❚❤✉s t❤❡ ♣❛rt✐❝❧❡✬s ❝♦✉rs❡

t❤r♦✉❣❤ t❤❡ ❝❤❛♠❜❡r ✐s ❦♥♦✇♥ ❛♥❞✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝

✜❡❧❞✱ t❤❡ s✐❣♥ ♦❢ ✐ts ❝❤❛r❣❡ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞✳

❙✉r♣r✐s✐♥❣❧②✱ t❤❡ ♣❤♦t♦❣r❛♣❤s s❤♦✇❡❞ tr❛❝❡s ❝❛✉s❡❞ ❜② ♣❛rt✐❝❧❡s ✇❤✐❝❤ ❤❛❞ ♣♦s✐✲

t✐✈❡ ❝❤❛r❣❡✱ ❧✐❦❡ t❤❡ ♣r♦t♦♥✱ ❜✉t ✇❡r❡ ♠✉❝❤ ❧✐❣❤t❡r ✭✜❣✉r❡ ✶✳✶✮✳ ❆♥❞❡rs♦♥ ❤❛❞ ❢♦✉♥❞

❛ ♥❡✇ ♣❛rt✐❝❧❡✱ ✇❤✐❝❤ ❤❡ ❝❛❧❧❡❞ t❤❡ ♣♦s✐t✐✈❡ ❡❧❡❝tr♦♥✱ ♦r ♣♦s✐tr♦♥ ✭e+✮ ❬✽✱ ✾❪✳

✶✳✶ ❆♥t✐♠❛tt❡r ❛♥❞ ❙②♠♠❡tr②

❚❤❡ ❞✐s❝♦✈❡r② ♦❢ ♣♦s✐tr♦♥s s❤♦✇❡❞ t❤❛t t❤❡r❡ ✐s ❛ s❡❝♦♥❞✱ ♣r❡✈✐♦✉s❧② ✉♥❦♥♦✇♥✱ t②♣❡

♦❢ ♠❛tt❡r ✐♥ t❤❡ ✉♥✐✈❡rs❡✳ ❚❤❡ ❛♥t✐♣r♦t♦♥ ✭p̄✮ ❛♥❞ ❛♥t✐♥❡✉tr♦♥ ✭n̄✮ ✇❡r❡ ❢♦✉♥❞

t✇❡♥t② ②❡❛rs ❧❛t❡r ❜② ❡①♣❡r✐♠❡♥ts ❛t t❤❡ ❇❡✈❛tr♦♥ ❛❝❝❡❧❡r❛t♦r ❬✷✺✱ ✸✹❪✳ ■t s♦♦♥

❜❡❝❛♠❡ ❝❧❡❛r t❤❛t ❡✈❡r② ♣❛rt✐❝❧❡ ❤❛s ✐ts ❛♥t✐♠❛tt❡r t✇✐♥ ❛♥❞ ✇❤❡♥ t❤❡ ✜rst q✉❛r❦

♠♦❞❡❧s ✇❡r❡ ❞❡✈❡❧♦♣❡❞ t♦ ❡①♣❧❛✐♥ t❤❡ s✉❜str✉❝t✉r❡ ♦❢ ♣r♦t♦♥s✱ ♥❡✉tr♦♥s ❛♥❞ ♦t❤❡r

❜❛r②♦♥s t❤❛t ❤❛❞ ❜❡❡♥ ❢♦✉♥❞ ✐♥ t❤❡ ♠❡❛♥t✐♠❡✱ ❛♥t✐♠❛tt❡r ✇❛s ✐♥❝❧✉❞❡❞ r✐❣❤t ❢r♦♠

t❤❡ ❜❡❣✐♥♥✐♥❣ ❬✼✷❪✳

■♥ ♠❛♥② ✇❛②s✱ ❛♥t✐♠❛tt❡r ❛♣♣❡❛rs t♦ ❜❡ ❛ ♠✐rr♦r ✐♠❛❣❡ ♦❢ t❤❡ ♣❛rt✐❝❧❡s ♦✉r ✇♦r❧❞

✐s ❜✉✐❧t ♦❢✳ ❚❤❡ ✜rst ❡①♣❡r✐♠❡♥ts s❤♦✇❡❞ ❝♦♠♣❧❡t❡ ❛❣r❡❡♠❡♥t ✐♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧

✷
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❋✐❣✉r❡ ✶✳✶✿ ❈❧♦✉❞ ❝❤❛♠❜❡r ✐♠❛❣❡ ♦❢ t❤❡ ✜rst ♣♦s✐tr♦♥ ♦❜s❡r✈❡❞ ❜② ❈❛r❧ ❆♥❞❡rs♦♥ ♦♥ ❆✉❣✉st

✷✱ ✶✾✸✷✳ ❆❢t❡r ❝r♦ss✐♥❣ t❤❡ ❧❡❛❞ ♣❧❛t❡ ✐♥ t❤❡ ❝❡♥t❡r✱ t❤❡ tr❛❥❡❝t♦r② ✐s ❝✉r✈❡❞ ❛t ❛ s♠❛❧❧❡r r❛❞✐✉s✳

❚❤❡r❡❢♦r❡ t❤❡ ♣❛rt✐❝❧❡ ♠✉st ❤❛✈❡ ♣❛ss❡❞ t❤❡ ❝❤❛♠❜❡r ❢r♦♠ ❜♦tt♦♠ t♦ t♦♣✳ ❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞

♣♦✐♥ts ✐♥t♦ t❤❡ ♣❛♣❡r ♣❧❛♥❡✱ s♦ t❤❡ ♣❛rt✐❝❧❡✬s ❝❤❛r❣❡ ✐s ♣♦s✐t✐✈❡✳ ❆ ❤❡❛✈② ♣❛rt✐❝❧❡ ❧✐❦❡ ❛ ♣r♦t♦♥

✇♦✉❧❞ ❤❛✈❡ ❝❛✉s❡❞ ❛ t❤✐❝❦❡r ❛♥❞ ♠✉❝❤ s❤♦rt❡r tr❛❝❡✳ P✐❝t✉r❡ t❛❦❡♥ ❢r♦♠ ❬✾❪✳

♣r♦♣❡rt✐❡s ♦❢ ♣❛rt✐❝❧❡s ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❛♥t✐♣❛rt✐❝❧❡s✳ ❚❤❡r❡❢♦r❡ ✐t s❡❡♠❡❞

♦❜✈✐♦✉s t♦ ❛ss✉♠❡ t❤❛t t❤❡ ✉♥✐✈❡rs❡ ❛♥❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r❝❡s ❛r❡ ❛❧s♦ ❝♦♠♣❧❡t❡❧②

s②♠♠❡tr✐❝ ✐♥ ♠❛tt❡r ❛♥❞ ❛♥t✐♠❛tt❡r✳ ■♥ t❤❡ s❛♠❡ ✇❛② t❤❛t ♦✉r ❣❛❧❛①② ✐s ♠❛❞❡

♦❢ ♠❛tt❡r✱ ✇❡ ❝♦✉❧❞ ❝♦♥str✉❝t ❛ ♠✐rr♦r ❣❛❧❛①② ❝♦♥s✐st✐♥❣ ♣✉r❡❧② ♦❢ ❛♥t✐♠❛tt❡r ❜②

r❡♣❧❛❝✐♥❣ ❡❛❝❤ ♣❛rt✐❝❧❡ ✇✐t❤ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❛♥t✐♣❛rt✐❝❧❡✳ ❚❤✐s tr❛♥s❢♦r♠❛t✐♦♥ ✐s

❝❛❧❧❡❞ ❝❤❛r❣❡ ❝♦♥❥✉❣❛t✐♦♥ ✭❈✮✳ ■t ✐s ❛ ❞✐s❝r❡t❡ s②♠♠❡tr②✱ ❧✐❦❡ t✐♠❡ r❡✈❡rs❛❧ ✭❚✮ ❛♥❞

♣❛r✐t② ✭P✮✳ ❚❤❡ ❧❛tt❡r ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣♦✐♥t r❡✢❡❝t✐♦♥ ✇❤❡r❡ ❡❛❝❤ ❝♦♦r❞✐♥❛t❡ ✐s

✐♥✈❡rt❡❞✿ xi 7→ −xi✳

✸
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❚❤❡ ♣✐❝t✉r❡ ♦❢ ❛ ♣❡r❢❡❝t ♠✐rr♦r ✐♠❛❣❡ ✐s ✈❡r② ❡❧❡❣❛♥t✱ ❜✉t ✐t t✉r♥❡❞ ♦✉t t♦ ❜❡

♥♦t ❡♥t✐r❡❧② tr✉❡✳ ■♥ ✶✾✺✻✱ ❚s✉♥❣✲❉❛♦ ▲❡❡ ❛♥❞ ❈❤❡♥ ◆✐♥❣ ❨❛♥❣ ♣♦✐♥t❡❞ ♦✉t t❤❛t✱

✐♥ ❝♦♥tr❛st t♦ t❤❡ str♦♥❣ ❛♥❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ❢♦r❝❡s✱ ♥♦ ❡①♣❡r✐♠❡♥t ♣❡r❢♦r♠❡❞ t♦

❞❛t❡ ❤❛❞ ♣r♦✈✐❞❡❞ ❛♥② ❡✈✐❞❡♥❝❡ t♦ ❡✐t❤❡r s✉♣♣♦rt ♦r r❡❢✉t❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ♣❛r✐t②

❜② t❤❡ ✇❡❛❦ ✐♥t❡r❛❝t✐♦♥ ❬✾✹❪✳ ❚❤❡② s✉❣❣❡st❡❞ s❡✈❡r❛❧ ♠❡❛s✉r❡♠❡♥ts✱ t✇♦ ♦❢ ✇❤✐❝❤

✇❡r❡ ❝❛rr✐❡❞ ♦✉t ❜② ❈❤✐❡♥✲❙❤✐✉♥❣ ❲✉ ❬✶✸✼❪ ❛♥❞ ●❛r✇✐♥ ❡t ❛❧✳ ❬✼✵❪ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

♠♦♥t❤s✳ ❇♦t❤ ❢♦✉♥❞ ♣r♦♦❢ t❤❛t t❤❡ ✇❡❛❦ ✐♥t❡r❛❝t✐♦♥ ❞♦❡s ✐♥❞❡❡❞ ✈✐♦❧❛t❡ ♣❛r✐t②✱ ♦r✱

❡q✉❛❧❧②✱ ❝❤❛r❣❡ ❝♦♥❥✉❣❛t✐♦♥✳

❚❤✐s r❡✈❡❛❧❡❞ t❤❡ ✜rst ❞✐st♦rt✐♦♥ ✐♥ t❤❡ ♠✐rr♦r ✐♠❛❣❡ ❛♥❞ t❤❡ ♥❡①t ❢♦❧❧♦✇❡❞

s❤♦rt❧② ❛❢t❡r✳ ❲❤✐❧❡ t❤❡ ✐♥❞✐✈✐❞✉❛❧ s②♠♠❡tr✐❡s ♣❛r✐t② ❛♥❞ ❝❤❛r❣❡ ❝♦♥❥✉❣❛t✐♦♥ ✇❡r❡

✈✐♦❧❛t❡❞✱ t❤❡ ❝♦♠❜✐♥❡❞ ♦♣❡r❛t✐♦♥ ❈P ✇❛s ❜❡❧✐❡✈❡❞ t♦ ❜❡ ❝♦♥s❡r✈❡❞✳ ❍♦✇❡✈❡r✱ ✐t

t♦♦❦ ❧❡ss t❤❛♥ t❡♥ ②❡❛rs ❢♦r ❈P ✈✐♦❧❛t✐♦♥ t♦ ❜❡ ❞❡♠♦♥str❛t❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② ✐♥ t❤❡

❞❡❝❛② ♦❢ ❑ ♠❡s♦♥s ❬✸✵❪✳ ◆♦✇ ♦♥❧② t❤❡ ❝♦♠❜✐♥❡❞ ♦♣❡r❛t✐♦♥ ♦❢ t❤❡ t❤r❡❡ s②♠♠❡tr✐❡s

❈P❚ ❛♣♣❡❛rs t♦ ❜❡ ❛ ❝♦♥s❡r✈❡❞ q✉❛♥t✐t②✳ ■♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ❈P ✈✐♦❧❛t✐♦♥✱ t❤✐s

✐♠♣❧✐❡s t❤❛t t✐♠❡ r❡✈❡rs❛❧ ❚ ✐s ❛❧s♦ ✈✐♦❧❛t❡❞✳

❙♦ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ♠✐rr♦r ✐♠❛❣❡ ✐s s❧✐❣❤t❧② ❞✐st♦rt❡❞✱ t❤❛t t❤❡r❡ ❛r❡ ❛s②♠♠❡✲

tr✐❡s ❜❡t✇❡❡♥ ♠❛tt❡r ❛♥❞ ❛♥t✐♠❛tt❡r✳ ❲❤✐❧❡ ❛ ♣❡r❢❡❝t ♠✐rr♦r ✉♥✐✈❡rs❡ ✐s ❛ ❢❛s❝✐♥❛t✐♥❣

✐❞❡❛✱ s❧✐❣❤t ❛s②♠♠❡tr✐❡s ♠❛② ❜❡ ❡✈❡♥ ♠♦r❡ ✐♥t❡r❡st✐♥❣✳ ❚❤❡② st✐r t❤❡ q✉❡st✐♦♥s ♦❢

✇❤② t❤❡ ♠✐rr♦r ✐s ❞✐st♦rt✐♥❣ t❤❡ ✇❛② ✐t ❞♦❡s❄ ■s t❤❡r❡ ❛ ❞❡❡♣❡r ✉♥❞❡r❧②✐♥❣ s②♠♠❡tr②

t❤❛t ✇❡ ❤❛✈❡ ♥♦t ❞✐s❝♦✈❡r❡❞ ②❡t❄ ■♥ t❤❡ ❧❛st 80 ②❡❛rs✱ ♦✉r ❦♥♦✇❧❡❞❣❡ ♦♥ ❛♥t✐♠❛tt❡r

❤❛s ❣r♦✇♥ tr❡♠❡♥❞♦✉s❧②✱ ❜✉t t❤❡r❡ ❛r❡ ❢✉♥❞❛♠❡♥t❛❧ q✉❡st✐♦♥s ✇❡ ❝❛♥♥♦t ❛♥s✇❡r

②❡t✿ ❲❤② ❞♦❡s ♦✉r ✉♥✐✈❡rs❡ s❡❡♠ t♦ ❝♦♥s✐st ❡♥t✐r❡❧② ♦❢ ♠❛tt❡r❄ ❲❤❡r❡ ✐s ❛❧❧ t❤❡

♠✐ss✐♥❣ ❛♥t✐♠❛tt❡r❄ ❚❤❡ ❞✐st♦rt✐♦♥s ✇❡ ❤❛✈❡ ❢♦✉♥❞ ✐♥ t❤❡ ♠✐rr♦r s♦ ❢❛r✱ ❈✲ ❛♥❞

❈P ✈✐♦❧❛t✐♦♥✱ ❛r❡ t♦♦ s♠❛❧❧ t♦ ❡①♣❧❛✐♥ t❤✐s ❛s②♠♠❡tr②✳ ❆❧s♦✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ❤♦✇

❣r❛✈✐t②✱ ♦♥❡ ♦❢ ♥❛t✉r❡✬s ❢♦✉r ❢✉♥❞❛♠❡♥t❛❧ ❢♦r❝❡s✱ ❛❝ts ♦♥ ❛♥t✐♠❛tt❡r✳

▼❛♥② r❡s❡❛r❝❤❡rs ❛r♦✉♥❞ t❤❡ ✇♦r❧❞ ❛r❡ ❧♦♦❦✐♥❣ ❢♦r ❛♥s✇❡rs t♦ t❤❡s❡ q✉❡st✐♦♥s✳

✹
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❚❤❡ ❡✛♦rts ♦❢ t❤❡ ❧♦✇✲❡♥❡r❣② ♣❤②s✐❝s ❝♦♠♠✉♥✐t② ❛r❡ ❝❡♥t❡r❡❞ ❛t ❈❊❘◆✬s ❆♥t✐♣r♦t♦♥

❉❡❝❡❧❡r❛t♦r ✭❆❉✮✱ ❝✉rr❡♥t❧② t❤❡ ♦♥❧② ♣❧❛❝❡ ✐♥ t❤❡ ✇♦r❧❞ t❤❛t ♣r♦✈✐❞❡s ❧♦✇ ❡♥❡r❣②

❛♥t✐♣r♦t♦♥s ✭p̄✮ ✇❤✐❝❤ ❝❛♥ ❜❡ tr❛♣♣❡❞ ❛♥❞ st✉❞✐❡❞ ❢♦r ♠❛❝r♦s❝♦♣✐❝ t✐♠❡s❝❛❧❡s✳ ❆ ♥❡✇

♠❛❝❤✐♥❡ ♥❛♠❡❞ ❋▲❆■❘ ✭❋❛❝✐❧✐t② ❢♦r ▲♦✇✲❊♥❡r❣② ❆♥t✐♣r♦t♦♥ ❛♥❞ ■♦♥ ❘❡s❡❛r❝❤✮ ✐s

♣❧❛♥♥❡❞ ❛s ♣❛rt ♦❢ ❛ ♠❛❥♦r ✉♣❣r❛❞❡ ❛t t❤❡ ❍❡❧♠❤♦❧t③ ❈❡♥t❡r ❢♦r ❍❡❛✈② ■♦♥ ❘❡s❡❛r❝❤

✭●❙■✱ ●❡r♠❛♥②✮✳ ❚❤❡ ❆❉ ❤❛❧❧ ❤♦✉s❡s s❡✈❡r❛❧ ❡①♣❡r✐♠❡♥ts ✇❤✐❝❤ ♠❛✐♥❧② ❢♦❝✉s ♦♥

t❤❡ st✉❞② ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ✭H̄✮ ❛t♦♠s✱ t❤❡ s✐♠♣❧❡st st❛❜❧❡ ❛t♦♠✐❝ s②st❡♠ ❝♦♥s✐st✐♥❣

♦❢ ❛♥t✐♠❛tt❡r✳

✶✳✶✳✶ ❈P❚ t❡sts ✇✐t❤ ❆♥t✐❤②❞r♦❣❡♥

■♥ ❣❡♥❡r❛❧✱ t❤❡ ❈P❚ t❤❡♦r❡♠ st❛t❡s t❤❛t ❛♥② ▲♦r❡♥t③ ✐♥✈❛r✐❛♥t ❧♦❝❛❧ q✉❛♥t✉♠ ✜❡❧❞

t❤❡♦r② ♠✉st ❝♦♥s❡r✈❡ t❤❡ ❝♦♠❜✐♥❡❞ ♦♣❡r❛t✐♦♥ ❈P❚ ❬✾✼❪✳ ❚❤✐s ✐♥❝❧✉❞❡s t❤❡ ❙t❛♥❞❛r❞

▼♦❞❡❧ ✭❙▼✮✳ ❚❤❡ ❙▼ ✐s t❤❡ ♠♦st ❝♦♠♣r❡❤❡♥s✐✈❡ ♣✐❝t✉r❡ ✇❡ ❤❛✈❡ ♦❢ ♣❤②s✐❝s t♦❞❛②✱

❝♦♥t❛✐♥✐♥❣ ❛❧s♦ ✈✐♦❧❛t✐♦♥ ♦❢ ❈ ❛♥❞ ❈P s②♠♠❡tr②✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t ❝♦♠♣❧❡t❡✳ ❋♦r

♦♥❡✱ ✐t ❞♦❡s ♥♦t ✐♥❝❧✉❞❡ ❣r❛✈✐t②✳ ❆❧s♦✱ ✐t ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❡①♣❧❛♥❛t✐♦♥s t♦ s♦♠❡ ✈❡r②

❢✉♥❞❛♠❡♥t❛❧ q✉❡st✐♦♥s✱ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❛s②♠♠❡tr② ✐♥ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ♠❛tt❡r ❛♥❞

❛♥t✐♠❛tt❡r✳

❆♥s✇❡rs ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ♣❤②s✐❝s ❜❡②♦♥❞ t❤❡ ❙t❛♥❞❛r❞ ▼♦❞❡❧✱ ♣♦ss✐❜❧② ❜② ❛

✈✐♦❧❛t✐♦♥ ♦❢ ❈P❚ s②♠♠❡tr②✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ❈P❚ ✈✐♦❧❛t✐♦♥ r❡q✉✐r❡s t❤❛t

▲♦r❡♥t③ s②♠♠❡tr② ✐s ❛❧s♦ ♥♦t ❝♦♥s❡r✈❡❞✱ ❜✉t ♥♦t ✈✐❝❡ ✈❡rs❛ ❬✼✼❪✳ ❆ t❤❡♦r❡t✐❝❛❧

❢r❛♠❡✇♦r❦ t♦ ❞❡s❝r✐❜❡ ✈✐♦❧❛t✐♦♥s ♦❢ ▲♦r❡♥t③✲ ❛♥❞ ❈P❚ s②♠♠❡tr② ✇❛s ❞❡✈❡❧♦♣❡❞

❜② ❑♦st❡❧❡❝❦② ❛♥❞ ❝♦❧❧❛❜♦r❛t♦rs ❬✶✻✱ ✸✷❪✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❛❞❞ ❛❧❧ ♣♦ss✐❜❧❡ ❈P❚✲

❛♥❞ ▲♦r❡♥t③ ❜r❡❛❦✐♥❣ ❝♦✉♣❧✐♥❣s t♦ t❤❡ ❙▼ ▲❛❣r❛♥❣✐❛♥ ✇✐t❤ s❝❛❧✐♥❣ ♣❛r❛♠❡t❡rs✱ t❤❡

s✐③❡ ♦❢ ✇❤✐❝❤ ♠❛② ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② ❡①♣❡r✐♠❡♥t✳ ❚❤✉s t❤❡ ♥❛♠❡ ❙t❛♥❞❛r❞ ▼♦❞❡❧

❊①t❡♥s✐♦♥ ✭❙▼❊✮✳ ❚❤❡ ❙▼❊ ❝❛♥ ♠❛❦❡ ♥♦ ♣r❡❞✐❝t✐♦♥ ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts

✺



❈❍❆P❚❊❘ ✶✳ ■◆❚❘❖❉❯❈❚■❖◆

❛♥❞ ✐♥ ✇❤✐❝❤ r❡❣✐♠❡ ❈P❚ ✈✐♦❧❛t✐♦♥s ❛r❡ ♠♦st ❧✐❦❡❧② t♦ ♦❝❝✉r✳ ❚❤❡r❡❢♦r❡ ❛ ✇✐❞❡

s❡❛r❝❤ ✐s ♥❡❝❡ss❛r② ❝♦✈❡r✐♥❣ ❛s ♠❛♥② ❛r❡❛s ❛s ♣♦ss✐❜❧❡✳

❈P❚ s②♠♠❡tr② r❡q✉✐r❡s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♣❛rt✐❝❧❡s ❛♥❞ ❛♥t✐♣❛rt✐❝❧❡s

t♦ ❡✐t❤❡r ❜❡ ✐❞❡♥t✐❝❛❧✱ ❧✐❦❡ ♠❛ss✱ ♦r ♦❢ ♦♣♣♦s✐t❡ s✐❣♥✱ ❧✐❦❡ ❝❤❛r❣❡✳ ▼❡❛s✉r✐♥❣ ❛♥❞

❝♦♠♣❛r✐♥❣ t❤❡s❡ ♣r♦♣❡rt✐❡s ✇✐t❤ ❤✐❣❤ s❡♥s✐t✐✈✐t② ✐s t❤❡r❡❢♦r❡ ❛ str❛✐❣❤t❢♦r✇❛r❞ t❡st

♦❢ ❈P❚ ✐♥✈❛r✐❛♥❝❡✳ ❚❤✐s ❤❛s ❜❡❡♥ ❞♦♥❡ ❢♦r ❡❧❡❝tr♦♥s ❛♥❞ ♣♦s✐tr♦♥s e−/e+✱ ♣r♦t♦♥s

❛♥❞ ❛♥t✐♣r♦t♦♥s p/p̄ ❛♥❞ ❢♦r ♠❡s♦♥ s②st❡♠s ❧✐❦❡ ♣✐♦♥s π± ❛♥❞ ❑❛♦♥s K0/K̄0✳ ❆♥

♦✈❡r✈✐❡✇ ♦✈❡r s♦♠❡ ♠❡❛s✉r❡♠❡♥ts ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✶✳✷✳ ❙♦ ❢❛r✱ t❤❡ ♠♦st ♣r❡❝✐s❡

t❡st ✐♥ t❤❡ ❧❡♣t♦♥ s❡❝t♦r ✐s ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ♠♦♠❡♥ts ♦❢ t❤❡ ❡❧❡❝tr♦♥

❛♥❞ t❤❡ ♣♦s✐tr♦♥ ❬✶✸✶❪✳ ❋♦r ❜❛r②♦♥s✱ ✐t ✐s t❤❡ ❝❤❛r❣❡✲t♦✲♠❛ss r❛t✐♦ ♦❢ ♣r♦t♦♥s ❛♥❞

❛♥t✐♣r♦t♦♥s ❬✻✸❪✳ ■♥ t❤❡ ♠❡s♦♥ s❡❝t♦r✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♥❡✉tr❛❧ ❑❛♦♥ ❛♥❞ ❆♥t✐✲

❑❛♦♥ ♠❛ss❡s ♣r♦✈✐❞❡s t❤❡ ❤✐❣❤❡st ❢r❛❝t✐♦♥❛❧ ♣r❡❝✐s✐♦♥ ♦❢ 5 · 10−18 ❬✷✷❪✳ ❚❤✐s s②st❡♠

✐s ❛❧s♦ ✐♠♣♦rt❛♥t s✐♥❝❡✱ ✐♥ ❝♦♥tr❛st t♦ ❧❡♣t♦♥s ❛♥❞ ❜❛r②♦♥s✱ ✐t ❛❧r❡❛❞② ✈✐♦❧❛t❡s ❈P

s②♠♠❡tr②✳

▼❡❛s✉r❡♠❡♥ts ♦♥ ❛t♦♠✐❝ s②st❡♠s ✇✐❧❧ ♦♣❡♥ ✉♣ ❛ ♥❡✇ ✜❡❧❞ ❢♦r ❈P❚ t❡sts ✉s✐♥❣

♠✐①❡❞ ❜❛r②♦♥ ❛♥❞ ❧❡♣t♦♥ s②st❡♠s ✐♥❝❧✉❞✐♥❣ t❤❡✐r ✐♥t❡r❛❝t✐♦♥s✳ ❆♥t✐❤②❞r♦❣❡♥ ✐s ❛♥

✐❞❡❛❧ ❝❛♥❞✐❞❛t❡ ❬✶✼❪✳ ■t ✐s t❤❡ s✐♠♣❧❡st st❛❜❧❡ ❛t♦♠✐❝ s②st❡♠ ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢

❤②❞r♦❣❡♥ ❤❛✈❡ ❜❡❡♥ ♠❡❛s✉r❡❞ ✇✐t❤ ❡①tr❡♠❡❧② ❤✐❣❤ ♣r❡❝✐s✐♦♥✳ ❚❤❡ 1S − 2S tr❛♥s✐✲

t✐♦♥ ❢r❡q✉❡♥❝② ✐s ♥♦✇ ❦♥♦✇♥ ✇✐t❤ ❛ ❢r❛❝t✐♦♥❛❧ ❛❝❝✉r❛❝② ♦❢ 4.2 · 10−15 ❬✶✶✶❪✳ ❚❤❡s❡

♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ❞♦♥❡ ✉s✐♥❣ ❛ ❝♦❧❞ ❛t♦♠✐❝ ❜❡❛♠✱ ❛ t❡❝❤♥✐q✉❡ t❤❛t ✐s ♥♦t ✈❡r② ❛t✲

tr❛❝t✐✈❡ ❢♦r ❛♥t✐❤②❞r♦❣❡♥✳ ❉✉❡ t♦ t❤❡ ❧♦✇ ♣r♦❞✉❝t✐♦♥ r❛t❡ ♦❢ H̄ ❛t♦♠s✱ s♣❡❝tr♦s❝♦♣②

✐♥ ❛ ♥❡✉tr❛❧ ❛t♦♠ tr❛♣ ✐s ♠♦r❡ s✉✐t❛❜❧❡✳ ❚❤✐s ❤❛s ❛❧s♦ ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ ❢♦r ❤②✲

❞r♦❣❡♥ ❬✷✹❪✱ ❤♦✇❡✈❡r ❛t ❧♦✇❡r ❛❝❝✉r❛❝②✳ ❆ s✐♠✐❧❛r ♠❡❛s✉r❡♠❡♥t ❝♦✉❧❞ ❜❡ ❞♦♥❡ ✇✐t❤

❛❜♦✉t 1000 tr❛♣♣❡❞ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❬✼✾❪✳

❆❞❞✐t✐♦♥❛❧❧②✱ ❛ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ 1S − 2S tr❛♥s✐t✐♦♥ ✇♦✉❧❞ ❛❧s♦ ❜❡ ❛ ❞✐r❡❝t

❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❘②❞❜❡r❣ ❝♦♥st❛♥ts ❢♦r H ❛♥❞ H̄ ✇❤✐❝❤ ❛r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ ❝❤❛r❣❡s

✻
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❋✐❣✉r❡ ✶✳✷✿ ❋r❛❝t✐♦♥❛❧ ♣r❡❝✐s✐♦♥ ♦❢ ❈P❚ t❡sts ♣❡r❢♦r♠❡❞ s♦ ❢❛r✱ ✐♥❝❧✉❞✐♥❣ ❛ ♣r♦❥❡❝t❡❞ ✈❛❧✉❡

❢♦r ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ 1S − 2S tr❛♥s✐t✐♦♥ ✐♥ ❤②❞r♦❣❡♥ ❛♥❞ ❛♥t✐❤②❞r♦❣❡♥ ✉s✐♥❣ t❤❡ ❛❝❝✉r❛❝②

❛❝❤✐❡✈❡❞ t♦ ❞❛t❡ ❬✶✶✶❪✳ ❱❛❧✉❡s ❛r❡ t❛❦❡♥ ❢r♦♠ t❤❡ ✷✵✶✷ t❛❜❧❡s ♦❢ t❤❡ P❛rt✐❝❧❡ ❉❛t❛ ●r♦✉♣

✭P❉●✮ ❬✷❪✳

❛♥❞ ♠❛ss❡s ♦❢ t❤❡ ❧❡♣t♦♥s ❛♥❞ ❜❛r②♦♥s✿

R∞(H̄)

R∞(H)

=

(
me+

me−

) (
1 +me+/mp̄

1 +me−/mp

) (
qe+

qe−

)2 (
qp̄
qp

)2

. ✭✶✳✶✮

❚❤❡ r❛t✐♦ ♦❢ t❤❡ ♠❛ss❡s ♦❢ ❡❧❡❝tr♦♥ ❛♥❞ ♣♦s✐tr♦♥ ✐s ❝✉rr❡♥t❧② ❦♥♦✇♥ t♦ 2 · 10−9✱

s♦ ❛ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ 1S − 2S tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝② ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ✇✐t❤ ❤✐❣❤❡r

♣r❡❝✐s✐♦♥ ❝♦✉❧❞ ❛❧s♦ ✐♠♣r♦✈❡ ❈P❚ t❡sts ✐♥ t❤❡ ❧❡♣t♦♥ ❛♥❞ ❜❛r②♦♥ s❡❝t♦r✳

❚❤❡ ✭❛♥t✐✮❤②❞r♦❣❡♥ ❛t♦♠ ♦✛❡rs ♠♦r❡ t❤❛♥ ♦♥❡ ♣♦ss✐❜✐❧✐t② t♦ t❡st ❢✉♥❞❛♠❡♥✲

✼
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t❛❧ s②♠♠❡tr✐❡s✳ ❆♣❛rt ❢r♦♠ t❤❡ 1S − 2S ♦♣t✐❝❛❧ tr❛♥s✐t✐♦♥✱ ♠❡❛s✉r✐♥❣ t❤❡ ❣r♦✉♥❞

st❛t❡ ❤②♣❡r✜♥❡ s♣❧✐tt✐♥❣ ✇✐❧❧ ❛❧s♦ ♣r♦✈✐❞❡ ❛ ❈P❚ t❡st ♦❢ ❝♦♠♣❛r❛❜❧❡ ❛❝❝✉r❛❝② ❬✶✸✺❪✳

❆❞❞✐t✐♦♥❛❧❧②✱ ❛ ♥❡✉tr❛❧ ❛t♦♠✐❝ s②st❡♠ ❛❧❧♦✇s ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧

✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ♠❛tt❡r ❛♥❞ ❛♥t✐♠❛tt❡r ✉♥❞✐st✉r❜❡❞ ❜② t❤❡ ♠✉❝❤ str♦♥❣❡r ❡❧❡❝✲

tr♦♠❛❣♥❡t✐❝ ❢♦r❝❡ ❬✷✼✱✹✽❪✳

✶✳✷ ❖✈❡r✈✐❡✇ ♦❢ t❤✐s ❚❤❡s✐s

❚❤✐s ✇♦r❦ ✇❛s ♣r❡♣❛r❡❞ ❛s ♣❛rt ♦❢ t❤❡ ❆❚❘❆P ❝♦❧❧❛❜♦r❛t✐♦♥✱ ❛♥ ✐♥t❡r♥❛t✐♦♥❛❧ ❣r♦✉♣

✇✐t❤ ♠❡♠❜❡rs ❢r♦♠ ❍❛r✈❛r❞ ❯♥✐✈❡rs✐t② ✭❯❙✮✱ ❨♦r❦ ❯♥✐✈❡rs✐t② ❚♦r♦♥t♦ ✭❈❆✮✱ t❤❡ ❘❡✲

s❡❛r❝❤ ❈❡♥t❡r ❏ü❧✐❝❤ ✭●❊❘✮ ❛♥❞ t❤❡ ❏♦❤❛♥♥❡s ●✉t❡♥❜❡r❣ ❯♥✐✈❡rs✐t② ❛♥❞ ❍❡❧♠❤♦❧t③

■♥st✐t✉t ▼❛✐♥③ ✭●❊❘✮✳ ❚❤❡ ❡①♣❡r✐♠❡♥t ✐s ❧♦❝❛t❡❞ ❛t ❈❊❘◆✬s ❆♥t✐♣r♦t♦♥ ❉❡❝❡❧✲

❡r❛t♦r ✭❆❉✮✳ ❆❚❘❆P✬s ❣♦❛❧s ❛r❡ ♣r❡❝✐s✐♦♥ ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ 1S − 2S ♦♣t✐❝❛❧

tr❛♥s✐t✐♦♥ ❛♥❞ t❤❡ ❣r♦✉♥❞ st❛t❡ ❤②♣❡r✜♥❡ s♣❧✐tt✐♥❣ ♦❢ ❛♥t✐❤②❞r♦❣❡♥✳ ❈♦♠♣❛r✐s♦♥

✇✐t❤ ❤②❞r♦❣❡♥ ✇✐❧❧ ♣r♦✈✐❞❡ ❛ ❈P❚ t❡st ✇✐t❤ ❤✐❣❤ ❛❝❝✉r❛❝② ❛♥❞ t❤❡ ✜rst ♦♥❡ t♦ ❜❡

❝♦♥❞✉❝t❡❞ ♦♥ ❛ ♠✐①❡❞ ❜❛r②♦♥ ❧❡♣t♦♥ s②st❡♠✳ ❚♦ t❤✐s ❛✐♠✱ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❛r❡

♣r♦❞✉❝❡❞ ❬✻✻❪ ❛♥❞ ❝♦♥✜♥❡❞ ❬✻✷❪ ✐♥ ❛ ♥❡✉tr❛❧ ❛t♦♠ ■♦✛❡ tr❛♣✳ ▲❛s❡r ❝♦♦❧✐♥❣ ♦❢ t❤❡

tr❛♣♣❡❞ H̄ ❛t♦♠s ✇✐❧❧ s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡ t❤❡ ♠❡❛s✉r❡♠❡♥t✬s ♣r❡❝✐s✐♦♥ ❬✽✾❪✳

Pr♦❞✉❝t✐♦♥ ♦❢ ❝♦❧❞ ❛♥t✐❤②❞r♦❣❡♥ ✇❛s ✜rst ❛❝❤✐❡✈❡❞ t❡♥ ②❡❛rs ❛❣♦ ❬✹✱ ✺✾❪ ❛♥❞ ❜②

♥♦✇ t❤♦✉s❛♥❞s ♦❢ ❛♥t✐✲❛t♦♠s ❛r❡ r❡❣✉❧❛r❧② ♠❛❞❡ ❞✉r✐♥❣ s✐♥❣❧❡ ❡①♣❡r✐♠❡♥ts✳ ❍♦✇✲

❡✈❡r✱ ❝♦♥✜♥✐♥❣ H̄ ❛t♦♠s ♦♥❧② s✉❝❝❡❡❞❡❞ r❡❝❡♥t❧② ❬✶✵✱ ✻✷❪ ❛♥❞ ♦♥❧② ✈❡r② ❢❡✇ ❛t♦♠s

❛r❡ ❝❛✉❣❤t ❛t ❛ t✐♠❡✳ ❚❤❡ ❛✈❡r❛❣❡s r❛♥❣❡ ❢r♦♠ 0.7 − 5 ❛t♦♠s ♣❡r tr✐❛❧✱ ♠✉❝❤ ❧❡ss

t❤❛♥ t❤❡ 1000 H̄ ❛t♦♠s s✉❣❣❡st❡❞ ❢♦r ♣r❡❝✐s✐♦♥ s♣❡❝tr♦s❝♦♣② ❬✼✾❪✳ ❚❤❡ r❡❛s♦♥ ❢♦r

t❤✐s r❛t❤❡r ❧♦✇ tr❛♣♣✐♥❣ r❛t❡ ✐s t❤❛t t❤❡ ❡st❛❜❧✐s❤❡❞ ♣r♦❞✉❝t✐♦♥ ♠❡t❤♦❞✱ t❤❡ t❤r❡❡✲

❜♦❞② r❡❝♦♠❜✐♥❛t✐♦♥ ✭❚❇❘✮✱ r❡❧✐❡s ♦♥ ❞r✐✈✐♥❣ ❛♥t✐♣r♦t♦♥s ✐♥t♦ ❛ ❝❧♦✉❞ ♦❢ ♣♦s✐tr♦♥s✳

❚❤✐s ❛❞❞s s✐❣♥✐✜❝❛♥t ❛♠♦✉♥ts ♦❢ ❡♥❡r❣② t♦ t❤❡ p̄ s♦ t❤❛t t❤❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s

✽
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♣r♦❞✉❝❡❞ ❛r❡ ♠♦st❧② t♦♦ ❡♥❡r❣❡t✐❝ t♦ ❜❡ ❝♦♥✜♥❡❞ ✐♥ ❛ ♥❡✉tr❛❧ ❛t♦♠ tr❛♣✳

❚❤✐s t❤❡s✐s ✐♥✈❡st✐❣❛t❡s ❛ ❞✐✛❡r❡♥t ♣r♦❞✉❝t✐♦♥ ♠❡t❤♦❞ ✇❤✐❝❤ ❞♦❡s ♥♦t s✉✛❡r ❢r♦♠

t❤✐s ❞r❛✇❜❛❝❦✱ t❤❡ ❞♦✉❜❧❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡✿ ❈❡s✐✉♠ ❛t♦♠s ❛r❡ ❧❛s❡r ❡①❝✐t❡❞ t♦ ❤✐❣❤✲

n ❘②❞❜❡r❣ st❛t❡s ❛♥❞ ✐♥t❡r❛❝t ✇✐t❤ ♣♦s✐tr♦♥s ✐♥ ❛ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ r❡❛❝t✐♦♥✳ ❚❤✐s

❢♦r♠s ♣♦s✐tr♦♥✐✉♠✱ ❛ ❜♦✉♥❞ st❛t❡ ♦❢ ❛♥ ❡❧❡❝tr♦♥ ❛♥❞ ❛ ♣♦s✐tr♦♥✳ ❚❤❡ ♣♦s✐tr♦♥✐✉♠

❛t♦♠s t❤❡♥ ✐♥t❡r❛❝t ✇✐t❤ ❛♥t✐♣r♦t♦♥s ❛♥❞ ♣r♦❞✉❝❡ ❛♥t✐❤②❞r♦❣❡♥✳ ❚❤❡ ❛♥t✐♣r♦t♦♥s

r❡♠❛✐♥ ❛t r❡st ❞✉r✐♥❣ t❤❡ ❡♥t✐r❡ ♣r♦❝❡ss✱ ✇❤✐❝❤ t❤❡r❡❢♦r❡ ♠❛② ♣r♦❞✉❝❡ ♠✉❝❤ ❧❛r❣❡r

♥✉♠❜❡rs ♦❢ ❝♦❧❞ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s✳ ▲❛s❡r ❡①❝✐t❛t✐♦♥ ✐s ❡ss❡♥t✐❛❧ s✐♥❝❡ t❤❡ ❝r♦ss

s❡❝t✐♦♥s ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❝♦❧❧✐s✐♦♥s s❝❛❧❡ ❛s σ ∝ n4✱ n ❜❡✐♥❣ t❤❡ ♣r✐♥❝✐♣❛❧ q✉❛♥✲

t✉♠ ♥✉♠❜❡r✳ ■♥ ✷✵✵✹✱ ❆❚❘❆P s❤♦✇❡❞ t❤❡ ❢❡❛s✐❜✐❧✐t② ♦❢ t❤✐s ♠❡t❤♦❞ ❜② ♣r♦❞✉❝✐♥❣

❛ ❢❡✇ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❬✶✷✻❪✳ ❙✐♥❝❡ t❤❡♥✱ ❛ ♥❡✇ ❛♣♣❛r❛t✉s ✇❛s ❝♦♥str✉❝t❡❞✳ ■t ✐s

❛ ❝♦♠❜✐♥❡❞ P❡♥♥✐♥❣✲■♦✛❡ tr❛♣ ❝❛♣❛❜❧❡ ♦❢ ❤♦❧❞✐♥❣ ❧❛r❣❡r ♣❧❛s♠❛s ♦❢ ❛♥t✐♣r♦t♦♥s ❛♥❞

♣♦s✐tr♦♥s ❛♥❞ ✇✐t❤ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ tr❛♣ t❤❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ♣r♦❞✉❝❡❞✳

❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ✇♦r❦ ✇❛s t♦ ✐♠♣❧❡♠❡♥t t❤❡ ❞♦✉❜❧❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ✐♥ t❤✐s ♥❡✇✱

♠♦r❡ ❝♦♠♣❧❡①✱ ❛♣♣❛r❛t✉s ❛♥❞ s❤♦✇ t❤❛t t❤✐s ♠❡t❤♦❞ ✐s ❛❧s♦ ❝❛♣❛❜❧❡ ♦❢ ♣r♦❞✉❝✐♥❣

♠✉❝❤ ❧❛r❣❡r ♥✉♠❜❡rs ♦❢ H̄ ❛t♦♠s t❤❛♥ ♣r❡✈✐♦✉s❧② ❞❡♠♦♥str❛t❡❞✳

❚❤✐s ❝❤❛♣t❡r ❤❛s ❛❧r❡❛❞② ✐♥tr♦❞✉❝❡❞ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❛♥t✐♠❛tt❡r ❛♥❞

❢✉♥❞❛♠❡♥t❛❧ s②♠♠❡tr✐❡s✳ ◆❡①t✱ t❤❡ ♣r♦❞✉❝t✐♦♥ ♠❡t❤♦❞s ❢♦r H̄ ❛t♦♠s ❛r❡ r❡✈✐❡✇❡❞

✐♥ ❝❤❛♣t❡r ✷✱ ✇✐t❤ ❛ ❢♦❝✉s ♦♥ t❤❡ ❞♦✉❜❧❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡✳

❚❤❡ P❡♥♥✐♥❣✲■♦✛❡ tr❛♣ ❛♥❞ t❤❡ ❝♦♠♣♦♥❡♥ts t♦ ♣r♦❞✉❝❡ ❛ str❡❛♠ ♦❢ ❝❡s✐✉♠ ❛t♦♠s

✇✐t❤✐♥ t❤❡ ❛♣♣❛r❛t✉s ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡r ✸✳ ❚❤✐s ❝❤❛♣t❡r ❛❧s♦ ❝♦♥t❛✐♥s t❤❡

♦t❤❡r ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❆❚❘❆P ❡①♣❡r✐♠❡♥t✱ ✐♥❝❧✉❞✐♥❣ t❤❡ s♦✉r❝❡s ❢♦r ❛♥t✐♠❛tt❡r

♣❛rt✐❝❧❡s ❛♥❞ t❤❡ ❞❡t❡❝t♦r s②st❡♠✳

❚❤❡ ❧❛s❡r s②st❡♠ ❢♦r ❡①❝✐t❛t✐♦♥ ♦❢ ❝❡s✐✉♠ ❛t♦♠s t♦ ❘②❞❜❡r❣ st❛t❡s ❝♦♥str✉❝t❡❞

❢♦r t❤✐s ✇♦r❦ ✐s ❞❡s❝r✐❜❡❞ s❡♣❛r❛t❡❧② ✐♥ ❝❤❛♣t❡r ✹✳ ■t ✇❛s ✐♥✐t✐❛❧❧② ❞❡s✐❣♥❡❞ ❞✉r✐♥❣ t❤❡

❛✉t❤♦r✬s ♠❛st❡r t❤❡s✐s ✭●❡r♠❛♥ ❉✐♣❧♦♠✮ ❬✶✵✺❪✳ ■t ❝♦✉❧❞ ❜❡ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡❞

✾
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✐♥ ❬✶✽❪ ❛♥❞ ❞✉r✐♥❣ t❤❡ ❝♦✉rs❡ ♦❢ t❤✐s ✇♦r❦ ❬✶✵✻❪✳

❆❢t❡r ✐♥st❛❧❧❛t✐♦♥ ❛♥❞ ❝♦♠♠✐ss✐♦♥✐♥❣ ♦❢ t❤❡ ♥❡✇ ❝♦♠♣♦♥❡♥ts ❛t ❈❊❘◆✱ ♦✉r ✜rst

t❛s❦ ✇❛s t❤❡ ❧❛s❡r ❡①❝✐t❛t✐♦♥ ♦❢ ❝❡s✐✉♠ ❛t♦♠s ✐♥ t❤❡ ❤✐❣❤ ♠❛❣♥❡t✐❝ ✜❡❧❞s ♦❢ ♦✉r

P❡♥♥✐♥❣✲■♦✛❡ tr❛♣✳ ❚❤❡s❡ ✜❡❧❞s str♦♥❣❧② ♠♦❞✐❢② t❤❡ ❝❡s✐✉♠ ❡♥❡r❣② ❧❡✈❡❧s ❛♥❞ s♦

❢❛r✱ ♥♦ ❝♦♠♣❧❡t❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❡①✐sts✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛❞ t♦ ✜♥❞ ❛♣♣r♦①✐♠❛t❡

s♦❧✉t✐♦♥s t♦ ❡st✐♠❛t❡ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s✳ ❲❡ ✉s❡❞ t✇♦ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ❛♥❞ ❝♦♠♣❛r❡❞

t❤❡ r❡s✉❧ts ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ♦❜t❛✐♥❡❞ ❞✉r✐♥❣ t❤✐s ✇♦r❦✳ ❚❤✐s ✐s t❤❡ t♦♣✐❝ ♦❢

❝❤❛♣t❡r ✺✳

❲✐t❤ ❘②❞❜❡r❣ ❝❡s✐✉♠ ❛t♦♠s ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ tr❛♣✱ ✇❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❝❤❛r❣❡✲

❡①❝❤❛♥❣❡ ♣r♦❝❡ss✳ ❚❤❡ ❡①♣❡r✐♠❡♥ts ♣❡r❢♦r♠❡❞ ❢♦r t❤✐s t❤❡s✐s ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡r

✻✳ P♦s✐tr♦♥✐✉♠ ❛t♦♠s ✇❡r❡ ❛❧r❡❛❞② ❢♦✉♥❞ ✐♥ ♦✉r ✜rst tr✐❛❧s ❛♥❞ ✇❡ ❝♦✉❧❞ ❞❡♠♦♥✲

str❛t❡ ❛ ❢❛❝t♦r ♦❢ 500 ♠♦r❡ Ps∗ t❤❛♥ ♣r❡✈✐♦✉s❧② r❡♣♦rt❡❞ ❬✶✷✷❪✳ ❚❤❡ ✈❡r✐✜❝❛t✐♦♥ ♦❢ H̄

♣r♦❞✉❝t✐♦♥ ♣r♦✈❡❞ ♠♦r❡ ❞✐✣❝✉❧t✳ ❆❢t❡r ❛ s❡r✐❡s ♦❢ ✉♥s✉❝❝❡ss❢✉❧ tr✐❛❧s✱ ✇❡ ❢♦✉♥❞ t❤❛t

t❤❡ ❞❡t❡❝t✐♦♥ ♠❡t❤♦❞ ✉s❡❞ ❞♦❡s ♥♦t ✇♦r❦ ✉♥❞❡r ♦✉r ❡①♣❡r✐♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥s✳ ❍♦✇✲

❡✈❡r✱ ✇✐t❤ ❛ ♥❡✇❧② ❞❡✈❡❧♦♣❡❞ ❞❡t❡❝t✐♦♥ s❝❤❡♠❡ ✇❡ ❝♦✉❧❞ ❞❡♠♦♥str❛t❡ t❤❡ ♣r♦❞✉❝t✐♦♥

♦❢ 2000 ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ♣❡r tr✐❛❧✱ ❛♥ ✐♥❝r❡❛s❡ ❜② t✇♦ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❝♦♠✲

♣❛r❡❞ t♦ t❤❡ ♣r❡✈✐♦✉s ❡①♣❡r✐♠❡♥t ✐♥ ✷✵✵✹ ❬✶✷✻❪✳ ❚❤✐s ✐♥❝r❡❛s❡ ✐s ♠❛✐♥❧② ❞✉❡ t♦ t❤❡

❧❛r❣❡r ♣❛rt✐❝❧❡ ♥✉♠❜❡rs ❛✈❛✐❧❛❜❧❡ ❜② ♥♦✇✱ ❜✉t ✇❡ ❝♦✉❧❞ ❛❧s♦ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡ t❤❡

❡✣❝✐❡♥❝✐❡s ♦❢ ♠♦st ♦❢ t❤❡ st❡♣s ✐♥✈♦❧✈❡❞✳ ❖✉r r❡s✉❧ts ❛♥❞ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ❢✉rt❤❡r

❡①♣❡r✐♠❡♥ts ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❝❤❛♣t❡r ✼✳

❆♣♣❡♥❞✐① ❆ ❝♦♥t❛✐♥s ❞❡t❛✐❧s ♦♥ t❤❡ ❧❛s❡r ❝♦♥tr♦❧✲ ❛♥❞ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ s♦❢t✇❛r❡

❞❡✈❡❧♦♣❡❞ ❞✉r✐♥❣ t❤❡ ❝♦✉rs❡ ♦❢ t❤✐s ✇♦r❦✳ ❙❛♠♣❧❡ ❝♦❞❡ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❘②❞❜❡r❣

❡♥❡r❣② ❧❡✈❡❧s ✐♥ str♦♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✉s✐♥❣ t❤❡ t✇♦ ♠❡t❤♦❞s ❞✐s❝✉ss❡❞ ✐♥ ❝❤❛♣t❡r

✺ ✐s ❢♦✉♥❞ ✐♥ ❛♣♣❡♥❞✐① ❇✳

✶✵



❈❤❛♣t❡r ✷

Pr♦❞✉❝t✐♦♥ ▼❡t❤♦❞s ❢♦r

❆♥t✐❤②❞r♦❣❡♥

❚❤❡ ✜rst ♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ✇❛s r❡♣♦rt❡❞ ✐♥ ✶✾✾✻ ❢r♦♠ t❤❡ P❙✷✶✵ ❡①♣❡r✲

✐♠❡♥t ❛t ❈❊❘◆✬s ▲♦✇ ❊♥❡r❣② ❆♥t✐♣r♦t♦♥ ❘✐♥❣ ✭▲❊❆❘✮ ❬✶✸❪✳ ❆♥t✐♣r♦t♦♥s ❝✐r❝❧✐♥❣

t❤r♦✉❣❤ t❤❡ r✐♥❣ ❝♦❧❧✐❞❡❞ ✇✐t❤ ①❡♥♦♥ ❛t♦♠s✳ ❚❤❡s❡ ❝♦❧❧✐s✐♦♥s ♠❛② r❡s✉❧t ✐♥ t❤❡ ♣r♦✲

❞✉❝t✐♦♥ ♦❢ ❛♥ ❡❧❡❝tr♦♥ ♣♦s✐tr♦♥ ♣❛✐r ❛♥❞ ❛ s✉❜s❡q✉❡♥t ❢♦r♠❛t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥✳

❚❤❡ ❝r♦ss s❡❝t✐♦♥ ❢♦r t❤❡ ✐♥✲✢✐❣❤t ♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥ s❝❛❧❡s ✇✐t❤ t❤❡ ❝♦❧❧✐✲

s✐♦♥ ❡♥❡r❣②✱ s♦ t❤❡ ❛♥t✐♣r♦t♦♥s ✇❡r❡ ❝✐r❝✉❧❛t✐♥❣ ❛t 1.2GeV✱ ❝❧♦s❡ t♦ t❤❡ ♠❛①✐♠✉♠

♦❢ ▲❊❆❘✳ ❊✈❡♥ ❛t t❤❡s❡ ❤✐❣❤ ❡♥❡r❣✐❡s✱ t❤❡ ♣r♦❞✉❝t✐♦♥ r❛t❡ ✐s ✈❡r② ❧♦✇✳ 11 ± 2 H̄

❛t♦♠s ✇❡r❡ ♣r♦❞✉❝❡❞ ❜② t❤✐s ✜rst ❡①♣❡r✐♠❡♥t✳ ▲❛t❡r✱ ❛ ❧❛r❣❡r s❛♠♣❧❡ ♦❢ 57 H̄ ❛t♦♠s

✇❛s r❡♣♦rt❡❞ ❢r♦♠ ❋❡r♠✐❧❛❜ ❬✶✺❪✳

Pr❡❝✐s✐♦♥ ♠❡❛s✉r❡♠❡♥ts ✇✐t❤ ❛♥t✐❤②❞r♦❣❡♥ r❡q✉✐r❡ ❡✐t❤❡r ❛ ❝♦❧❞ ❛t♦♠✐❝ ❜❡❛♠✱

❧✐❦❡ ✐t ✐s ✉s❡❞ ❢♦r ❧❛s❡r s♣❡❝tr♦s❝♦♣② ♦❢ ❤②❞r♦❣❡♥ ❬✶✶✶❪✱ ♦r H̄ ❛t♦♠s ❝♦♥✜♥❡❞ ✐♥ ❛

♥❡✉tr❛❧ ❛t♦♠ tr❛♣✳ ❚❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ✐s ❜❡tt❡r s✉✐t❡❞ t♦ t❤❡ s♠❛❧❧ ♥✉♠❜❡rs ♦❢

❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❛✈❛✐❧❛❜❧❡✳ ■t ♣r♦✈✐❞❡s ♠❛❝r♦s❝♦♣✐❝ ✐♥t❡r❛❝t✐♦♥ t✐♠❡s ❛♥❞ ❝❛♥

✶✶
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t❤✉s r❡s✉❧t ✐♥ ✈❡r② s❡♥s✐t✐✈❡ ♠❡❛s✉r❡♠❡♥ts✳ ❉✉r✐♥❣ ❛ ❝♦❧❧✐s✐♦♥ ✇✐t❤ ❛ ①❡♥♦♥ ❛t♦♠✱

♦♥❧② ❛ s♠❛❧❧ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ p̄ ❡♥❡r❣② ✐s ❧♦st✱ s♦ t❤❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❝r❡❛t❡❞

t❤✐s ✇❛② ♠♦✈❡ ❡ss❡♥t✐❛❧❧② ✇✐t❤ t❤❡ s❛♠❡ s♣❡❡❞ ❛s t❤❡ ❛♥t✐♣r♦t♦♥s✳ ❚❤❡r❡❢♦r❡ t❤❡s❡

H̄ ❛t♦♠s ❛r❡ ♠✉❝❤ t♦♦ ❢❛st t♦ ❝♦♥✜♥❡ t❤❡♠ ✐♥ ❛ ♥❡✉tr❛❧ ❛t♦♠ tr❛♣ ♦r s❤❛♣❡ t❤❡♠

✐♥t♦ ❛ ❝♦❧❞ ❜❡❛♠✳ ❙♦ ✇❤✐❧❡ t❤❡ ✜rst ♣r♦❞✉❝t✐♦♥ ♦❢ H̄ ✇❛s ❛ ✈❡r② ✐♠♣♦rt❛♥t ♠✐❧❡✲

st♦♥❡✱ t❤❡ ♣r♦❞✉❝t✐♦♥ ♠❡t❤♦❞ ✉s❡❞ ✐s ♥♦t s✉✐t❛❜❧❡ t♦ s✉♣♣❧② H̄ ❛t♦♠s ❢♦r ♣r❡❝✐s✐♦♥

♠❡❛s✉r❡♠❡♥ts✳

❈♦♦❧✐♥❣ ♦❢ ❤✐❣❤ ❡♥❡r❣② ❡❧❡❝tr✐❝❛❧❧② ♥❡✉tr❛❧ ♣❛rt✐❝❧❡s ✐s ❡①tr❡♠❡❧② ❞✐✣❝✉❧t✱ ✐❢ ♣♦s✲

s✐❜❧❡ ❛t ❛❧❧✳ ❚♦ ♦❜t❛✐♥ ❝♦❧❞ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s✱ ✐t ✐s t❤❡r❡❢♦r❡ ❢❛✈♦r❛❜❧❡ t♦ ♣r♦❞✉❝❡

t❤❡♠ ❢r♦♠ ✐♥✐t✐❛❧❧② ❝♦❧❞ ❛♥t✐♣r♦t♦♥s ❛♥❞ ♣♦s✐tr♦♥s✳ ❚❤✐s ✜rst r❡q✉✐r❡s tr❛♣♣✐♥❣ ❛♥❞

❝♦♦❧✐♥❣ ❛♥t✐♣r♦t♦♥s ❛♥❞ ♣♦s✐tr♦♥s✳ ❚❤❡ ✜rst r❡s✉❧ts ✇❡r❡ ❛❧s♦ ♦❜t❛✐♥❡❞ ❛t ▲❊❆❘

❜② t❤❡ ❚❘❆P ❝♦❧❧❛❜♦r❛t✐♦♥ ✇❤♦ ❝♦♥✜♥❡❞ ❛♥t✐♣r♦t♦♥s ✐♥ ❛ P❡♥♥✐♥❣ tr❛♣ ❬✻✵❪✳ ❚❤❡②

s❤♦✇❡❞ t❤❛t p̄ ❝❛♥ ❜❡ st♦r❡❞ ❢♦r ♠❛❝r♦s❝♦♣✐❝ t✐♠❡s❝❛❧❡s✳ ❚❘❆P ❛❧s♦ s✉❣❣❡st❡❞ t❤❡

♥❡st❡❞ ✇❡❧❧ ♣♦t❡♥t✐❛❧ str✉❝t✉r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✶ ❢♦r s✐♠✉❧t❛♥❡♦✉s ❝♦♥✜♥❡♠❡♥t ♦❢

❛♥t✐♣r♦t♦♥s ❛♥❞ ♣♦s✐tr♦♥s ✐♥ t❤❡ s❛♠❡ P❡♥♥✐♥❣ tr❛♣ ❬✻✽❪✳ ❚❤✐s s❡t✉♣ ✐s ♥♦✇ ✉s❡❞

❢♦r ♠♦st ❛♥t✐❤②❞r♦❣❡♥ ❡①♣❡r✐♠❡♥ts✳

❚r❛♣♣✐♥❣ ❛♥❞ st♦r✐♥❣ ❛♥t✐♣r♦t♦♥s ❛♥❞ ♣♦s✐tr♦♥s ✐s ❥✉st t❤❡ ✜rst st❡♣✳ ❙❡✈❡r❛❧

❢♦r♠❛t✐♦♥ ♠❡t❤♦❞s ❡①✐st t♦ ♣r♦❞✉❝❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s✳ ❚❤❡② ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡

r❡♠❛✐♥❞❡r ♦❢ t❤✐s ❝❤❛♣t❡r✱ ♠♦r❡ ❞❡t❛✐❧❡❞ r❡✈✐❡✇s ❛r❡ ❢♦✉♥❞ ✐♥ ❬✷✾✱ ✽✹❪✳ ❆ s✉✐t❛❜❧❡

♠❡t❤♦❞ s❤♦✉❧❞ ♣r♦✈✐❞❡ ❛ ❧❛r❣❡ ♣r♦❞✉❝t✐♦♥ r❛t❡ t♦ ❡✣❝✐❡♥t❧② ✉s❡ t❤❡ s♠❛❧❧ ♥✉♠❜❡rs

♦❢ ❛♥t✐♠❛tt❡r ♣❛rt✐❝❧❡s ❛✈❛✐❧❛❜❧❡✳ ❋♦r ♣r❡❝✐s✐♦♥ ❡①♣❡r✐♠❡♥ts✱ t❤❡ H̄ ❛t♦♠s ♠✉st ❜❡

♣r♦❞✉❝❡❞ ❛t ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡s✳ ❚♦ ❝❛t❝❤ H̄ ❛t♦♠s ✐♥ ❛ ♥❡✉tr❛❧ ❛t♦♠ ■♦✛❡✲

Pr✐t❝❤❛r❞ tr❛♣ ❬✶✹❪✱ t❤❡✐r t❡♠♣❡r❛t✉r❡s ♠✉st ❜❡ ❜❡❧♦✇ t❤❡ t②♣✐❝❛❧ tr❛♣ ❞❡♣t❤s ♦❢

0.5K ≡ 40µeV✳

■♥ ❛❧❧ ❝❛s❡s✱ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛♥ ❛♥t✐♣r♦t♦♥ ❛♥❞ ❛ ♣♦s✐tr♦♥ t♦ ❛ ❜♦✉♥❞ st❛t❡ ♦❢

❛♥t✐❤②❞r♦❣❡♥ r❡q✉✐r❡s ❛ t❤✐r❞ ♣❛rt✐❝❧❡ t❤❛t ❝❛rr✐❡s ❛✇❛② ❡①❝❡ss ❡♥❡r❣② ❛♥❞ ♠♦♠❡♥✲

✶✷



❋✐❣✉r❡ ✷✳✶✿ ◆❡st❡❞ ✇❡❧❧ ♣♦t❡♥t✐❛❧ ❢♦r s✐♠✉❧t❛♥❡♦✉s ❝♦♥✜♥❡♠❡♥t ♦❢ ❛♥t✐♣r♦t♦♥s ❛♥❞ ♣♦s✐tr♦♥s

✐♥ ❛ P❡♥♥✐♥❣ tr❛♣✳

t✉♠✳ ■♥ t❤❡ s✐♠♣❧❡st ❝❛s❡ ♦❢ r❛❞✐❛t✐✈❡ r❡❝♦♠❜✐♥❛t✐♦♥✱ t❤❡ t❤✐r❞ ♣❛rt✐❝❧❡ ✐s ❛ ♣❤♦t♦♥✳

❚❤✐s ♠❡t❤♦❞ s✉✛❡rs ❢r♦♠ ❛ ✈❡r② ❧♦✇ ❝r♦ss s❡❝t✐♦♥ ❛♥❞ ✐s t❤❡r❡❢♦r❡ ♦♥❧② ❜r✐❡✢② ✐♥✲

tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✶✳ ❉✉r✐♥❣ H̄ ❢♦r♠❛t✐♦♥ ❜② t❤r❡❡✲❜♦❞② r❡❝♦♠❜✐♥❛t✐♦♥ ✭❚❇❘✮✱

t❤❡ r❡q✉✐r❡❞ t❤✐r❞ ♣❛rt✐❝❧❡ ✐s ❛♥♦t❤❡r ♣♦s✐tr♦♥✳ ❚❤❡ ♣r♦❝❡ss ✐s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥

✷✳✷✳ ❯♣ t♦ ❞❛t❡✱ ♠♦st H̄ ❛t♦♠s ✇❡r❡ ♣r♦❞✉❝❡❞ ❜② t❤✐s ♠❡t❤♦❞✱ ❜✉t s♦ ❢❛r ♦♥❧② ✈❡r②

❢❡✇ ❝♦✉❧❞ ❜❡ tr❛♣♣❡❞✳ ❚❤❡ ♣r♦❝❡ss ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ ✐♥ t❤✐s t❤❡s✐s✱ t❤❡ ❞♦✉❜❧❡

❝❤❛r❣❡✲❡①❝❤❛♥❣❡✱ ✐s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✷✳✸✳ ■t ❤❛s s♦ ❢❛r ♦♥❧② ❜❡❡♥ ❞❡♠♦♥str❛t❡❞

♦♥❝❡ ❬✶✷✻❪✳ ❲❤✐❧❡ ✐t ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❛♥ t❤❡ ❚❇❘ ♠❡t❤♦❞✱ ✐t ❤❛s t❤❡ ♣♦t❡♥t✐❛❧

t♦ ♣r♦❞✉❝❡ ♠✉❝❤ ❧❛r❣❡r ♥✉♠❜❡rs ♦❢ ❝♦❧❞✱ tr❛♣♣❛❜❧❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s✳

✶✸
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✷✳✶ ❙♣♦♥t❛♥❡♦✉s ❘❛❞✐❛t✐✈❡ ❘❡❝♦♠❜✐♥❛t✐♦♥

❚❤❡ s✐♠♣❧❡st ♣r♦❝❡ss ❢♦r H̄ ❢♦r♠❛t✐♦♥ ✐s ❛ ❞✐r❡❝t r❡❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛♥ ❛♥t✐♣r♦t♦♥ ❛♥❞

❛ ♣♦s✐tr♦♥✳ ❚❤❡ ❡①❝❡ss ❡♥❡r❣② ✐s ❝❛rr✐❡❞ ❛✇❛② ❜② ❛ ♣❤♦t♦♥✿

p̄+ e+ ⇒ H̄ + hν . ✭✷✳✶✮

❋♦r t②♣✐❝❛❧ ❡①♣❡r✐♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❝♦❧❧✐s✐♦♥ t✐♠❡ ✐s ♠✉❝❤ s❤♦rt❡r t❤❛♥ t❤❡

t✐♠❡ r❡q✉✐r❡❞ t♦ r❛❞✐❛t❡ ❛ ♣❤♦t♦♥✱ s♦ t❤❡ ♦✈❡r❛❧❧ ♣r♦❞✉❝t✐♦♥ r❛t❡ ♣❡r ❛♥t✐♣r♦t♦♥ ♣❡r

s❡❝♦♥❞ ✐s ✈❡r② ❧♦✇✳ ■t ✐s ❣✐✈❡♥ ❜② ❬✷✾❪✿

ΓSRR = 3 · 10−11

√

4.2

T
ne+ , ✭✷✳✷✮

✇❤❡r❡ T ✐s t❤❡ ♣♦s✐tr♦♥ t❡♠♣❡r❛t✉r❡ ❛♥❞ ne+ ✐s t❤❡ ♣♦s✐tr♦♥ ❞❡♥s✐t② ✐♥ cm−3✳ ❋✐❧❧✐♥❣

✐♥ t②♣✐❝❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ❆❚❘❆P ❡①♣❡r✐♠❡♥t✱ T = 4.2K✱ ne+ = 4 · 108 cm−3✱ ❧❡❛❞s

t♦ ❛ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡ ♦❢ ΓSRR = 1.2 · 10−2 s−1✳ ❲✐t❤ ✶ ▼✐❧❧✐♦♥ ❛♥t✐♣r♦t♦♥s ✇❡ ❡①♣❡❝t

❛ r❛t❡ ♦❢ Np̄ · ΓSRR = 1.2 · 104 ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ♣r♦❞✉❝❡❞ ♣❡r s❡❝♦♥❞✳

❘❛❞✐❛t✐✈❡ r❡❝♦♠❜✐♥❛t✐♦♥ ❤❛s t❤❡ ❞✐st✐♥❝t ❛❞✈❛♥t❛❣❡ ♦❢ ♣r♦❞✉❝✐♥❣ ❛♥t✐❤②❞r♦❣❡♥

❛t♦♠s ♣r❡❞♦♠✐♥❛♥t❧② ✐♥ t❤❡ ❣r♦✉♥❞ st❛t❡✳ ❚❤❡ t✇♦ ♦t❤❡r ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s

❝❤❛♣t❡r ♣r♦❞✉❝❡ H̄ ❛t♦♠s ✐♥ ❡①❝✐t❡❞ ❘②❞❜❡r❣ st❛t❡s✳ ❚♦ ❝♦♥✜♥❡ t❤❡s❡ ❛t♦♠s✱ t❤❡②

♠✉st ❞❡❝❛② t♦ ❛ tr❛♣♣❛❜❧❡ ❣r♦✉♥❞ st❛t❡ ❜❡❢♦r❡ ❛♥♥✐❤✐❧❛t✐♥❣ ♦♥ t❤❡ ✇❛❧❧s ♦❢ t❤❡ tr❛♣✳

❍♦✇❡✈❡r✱ t❤❡ ♣r♦❞✉❝t✐♦♥ r❛t❡ ❢r♦♠ r❛❞✐❛t✐✈❡ r❡❝♦♠❜✐♥❛t✐♦♥ ✐s ✈❡r② ❧♦✇ ❝♦♠♣❛r❡❞

t♦ t❤❡ ♦t❤❡r t✇♦ ♠❡t❤♦❞s✳ ❚❤❡♦r❡t✐❝❛❧❧②✱ t❤❡ r❛t❡ ❝♦✉❧❞ ❜❡ ❡♥❤❛♥❝❡❞ ❜② ✐♥t❡r❛❝t✐♦♥

✇✐t❤ ❛ ❧❛s❡r t❤❛t st✐♠✉❧❛t❡s r❡❝♦♠❜✐♥❛t✐♦♥✱ ❜✉t s♦ ❢❛r ♥♦ ❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡ ❢♦r

t❤✐s ♣r♦❝❡ss ✇❛s ❢♦✉♥❞ ❬✻❪✳

✶✹



✷✳✷✳ ❚❍❘❊❊✲❇❖❉❨ ❘❊❈❖▼❇■◆❆❚■❖◆

✷✳✷ ❚❤r❡❡✲❇♦❞② ❘❡❝♦♠❜✐♥❛t✐♦♥

❲✐t❤✐♥ ❛ ❞❡♥s❡ ♣♦s✐tr♦♥ ♣❧❛s♠❛✱ t❤❡ ❡①❝❡ss ❡♥❡r❣② ❛♥❞ ♠♦♠❡♥t✉♠ ❝❛♥ ❛❧s♦ ❜❡

❝❛rr✐❡❞ ❛✇❛② ❜② ❛ s❡❝♦♥❞ ♣♦s✐tr♦♥✿

p̄+ e+ + e+ ⇒ H̄ + e+ . ✭✷✳✸✮

❚❤❡ ♣r♦❝❡ss ✐s ❝❛❧❧❡❞ t❤r❡❡✲❜♦❞② r❡❝♦♠❜✐♥❛t✐♦♥ ✭❚❇❘✮✳ ■ts ♠❛tt❡r ❡q✉✐✈❛❧❡♥t ✐s

❦♥♦✇♥ ❢r♦♠ ♣❧❛s♠❛ ♣❤②s✐❝s✳ ❯s✐♥❣ ✐t ❢♦r H̄ ❢♦r♠❛t✐♦♥ ✇❛s ✜rst s✉❣❣❡st❡❞ ❜②

●❛❜r✐❡❧s❡ ❡t ❛❧✳ ❬✻✽❪✳ ❚❤❡ ❢♦r♠❛t✐♦♥ r❛t❡ ✐s ❝❛❧❝✉❧❛t❡❞ ✐♥ ❬✶✷✺❪✿

ΓTBR = 6 · 10−12

(
4.2

T

)9/2

n2
e+ . ✭✷✳✹✮

❯s✐♥❣ t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❛s ❛❜♦✈❡✱ t❤✐s ❧❡❛❞s t♦ ΓTBR = 9.6 · 105 s−1 ❛♥❞ ❛♥

❡①♣❡❝t❡❞ ♣r♦❞✉❝t✐♦♥ r❛t❡ ♦❢ Np̄ · ΓTBR = 9.6 · 1011 ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ♣❡r s❡❝♦♥❞✳

■♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤✐s ♣r♦❞✉❝t✐♦♥ r❛t❡ ✐s ❞❡❝r❡❛s❡❞ ❜② ❛ ❢❛❝t♦r ♦❢ 10 ❬✼✻❪✳ ❙t✐❧❧✱ t❤✐s

r❛t❡ ✐s s❡✈❡♥ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❤✐❣❤❡r t❤❛♥ ΓSRR✱ s♦ ✉♥❞❡r t②♣✐❝❛❧ ❡①♣❡r✐♠❡♥t❛❧

❝♦♥❞✐t✐♦♥s✱ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ✇✐❧❧ ♠♦st ❧✐❦❡❧② ❢♦r♠ ❜② t❤r❡❡✲❜♦❞② r❡❝♦♠❜✐♥❛t✐♦♥✳

❚❤❡ ♣♦s✐tr♦♥ ✐s ♣r❡❞♦♠✐♥❛♥t❧② ❝❛♣t✉r❡❞ ✐♥ ✈❡r② ❤✐❣❤ n st❛t❡s ❬✶✶✵❪ ❛♥❞ t❤❡♥

❝❛s❝❛❞❡s t♦ t❤❡ ❣r♦✉♥❞ st❛t❡ ✈✐❛ s❡✈❡r❛❧ ♣r♦❝❡ss❡s ❧✐❦❡ ❞❡✲❡①❝✐t❛t✐♦♥ ❝♦❧❧✐s✐♦♥s ✇✐t❤

♦t❤❡r ♣♦s✐tr♦♥s ❛♥❞ r❡♣❧❛❝❡♠❡♥t ❝♦❧❧✐s✐♦♥s✳ ■♥ t❤❡ ❧❛tt❡r✱ ❛ s❡❝♦♥❞ ♣♦s✐tr♦♥ ❝r♦ss❡s

t❤❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠ ❛♥❞ ❜❡❝♦♠❡s ❜♦✉♥❞ ❛t ❛ ❧♦✇❡r n st❛t❡ ✇❤✐❧❡ t❤❡ ✐♥✐t✐❛❧ e+ ✐s

❢r❡❡❞ ❛❣❛✐♥✳ ❋♦r ❤✐❣❤ n st❛t❡s✱ t❤❡s❡ ♣r♦❝❡ss❡s ❤❛✈❡ ❛ ♠✉❝❤ s❤♦rt❡r t✐♠❡ ❝♦♥st❛♥t

t❤❛♥ ❡♠✐ss✐♦♥ ♦❢ ❞✐♣♦❧❡ r❛❞✐❛t✐♦♥✳ ❙♦ ❞❡✲❡①❝✐t❛t✐♦♥ ❜② s♣♦♥t❛♥❡♦✉s ❡♠✐ss✐♦♥ ♦❢

♣❤♦t♦♥s ♦♥❧② ❤❛s ❛ ♥❡❣❧✐❣✐❜❧❡ ❝♦♥tr✐❜✉t✐♦♥✳

❚❤❡ ✜rst ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ♣r♦❞✉❝❡❞ ❛t ❧♦✇ ❡♥❡r❣✐❡s ✇❡r❡ r❡♣♦rt❡❞ ✐♥ ✷✵✵✷ ❜②

t❤❡ ❆❚❍❊◆❆ ❬✹❪ ❛♥❞ ❆❚❘❆P ❝♦❧❧❛❜♦r❛t✐♦♥s ❬✺✾❪✳ P♦s✐tr♦♥s ❢r♦♠ ❛ 22 Na s♦✉r❝❡ ❛♥❞

❛♥t✐♣r♦t♦♥s ♣r♦✈✐❞❡❞ ❜② ❈❊❘◆✬s ❆♥t✐♣r♦t♦♥ ❉❡❝❡❧❡r❛t♦r ✇❡r❡ ❧♦❛❞❡❞ ✐♥ ❛ ♥❡st❡❞
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❋✐❣✉r❡ ✷✳✷✿ Pr♦❞✉❝t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ✐♥ ❛ P❡♥♥✐♥❣ tr❛♣✿ ✭❛✮ ❊♥❡r❣❡t✐❝ p̄ ♦s❝✐❧❧❛t❡ t❤r♦✉❣❤

t❤❡ e+ ❢♦r♠✐♥❣ ❤♦t ❛♥t✐❤②❞r♦❣❡♥✳ ✭❜✮ ■❢ t❤❡ p̄ ❛r❡ ❝♦❧❞✱ t❤❡② ♠✉st ❜❡ ❞r✐✈❡♥ ✐♥t♦ t❤❡ e+

♣❧❛s♠❛✳

✇❡❧❧ P❡♥♥✐♥❣ tr❛♣ ❛♥❞ ❛♥t✐❤②❞r♦❣❡♥ ✇❛s ❢♦r♠❡❞ ✇❤✐❧❡ ❡♥❡r❣❡t✐❝ p̄ ♦s❝✐❧❧❛t❡❞ t❤r♦✉❣❤

t❤❡ e+✳ ❚❤❡ ♣r♦❝❡ss ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✷✳✷✭❛✮✳ ❚❤❡ ❢♦r♠❛t✐♦♥ r❛t❡s ❛♥❞ ♣♦s✐tr♦♥

t❡♠♣❡r❛t✉r❡s s✉❣❣❡st t❤❛t t❤❡s❡ H̄ ❛t♦♠s ✇❡r❡ ❢♦r♠❡❞ ❜② t❤r❡❡✲❜♦❞② r❡❝♦♠❜✐♥❛t✐♦♥✱

❛❧t❤♦✉❣❤ ❛ ❧❛t❡r st✉❞② s❤♦✇❡❞ t❤❛t t❤❡ t❡♠♣❡r❛t✉r❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ❢♦r♠❛t✐♦♥ r❛t❡

✇❛s ♥♦t ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ∝ T−9/2 ❜❡❤❛✈✐♦r ❡①♣❡❝t❡❞ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✹✮ ❬✺❪✳

❚❤❡ ♦❜s❡r✈❡❞ t❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ✜ts ❝❧♦s❡r t♦ t❤❡ r❛❞✐❛t✐✈❡ r❡❝♦♠❜✐♥❛t✐♦♥

♣r♦❝❡ss✱ ❜✉t t❤❡ ♠❡❛s✉r❡❞ ♣r♦❞✉❝t✐♦♥ r❛t❡ ✐s ♠✉❝❤ ❤✐❣❤❡r t❤❛♥ ❡①♣❡❝t❡❞ ❢♦r r❛❞✐❛t✐✈❡

r❡❝♦♠❜✐♥❛t✐♦♥✳ ❚❤❡ ❛♥s✇❡r ✐s ♠♦st ❧✐❦❡❧② ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜♦t❤ ♣r♦❝❡ss❡s ❛♥❞ s♦♠❡

♣♦ss✐❜❧② ✉♥❝♦♥s✐❞❡r❡❞ ❢❛❝t♦rs ❧✐❦❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦r t❤❡ ✜♥✐t❡ tr❛♥s✐t t✐♠❡ ♦❢ t❤❡

❛♥t✐♣r♦t♦♥s t❤r♦✉❣❤ t❤❡ ♣♦s✐tr♦♥ ♣❧❛s♠❛ ❬✺❪✳ ❚❤❡ p̄ ✇❡r❡ ❧❛✉♥❝❤❡❞ ✐♥t♦ t❤❡ ♣♦t❡♥t✐❛❧

str✉❝t✉r❡ ✇✐t❤ s❡✈❡r❛❧ ❡❱ ♦❢ ❡♥❡r❣②✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ t❡♠♣❡r❛t✉r❡ ♦❢ ♠♦r❡

t❤❛♥ 10 000K✳ ❚❤❡r❡❢♦r❡ t❤❡s❡ ❡①♣❡r✐♠❡♥ts ❝r❡❛t❡❞ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s t❤❛t ✇❡r❡

❢❛r t♦♦ ❤♦t t♦ ❜❡ tr❛♣♣❡❞✳ ■♥ ❧❛t❡r st✉❞✐❡s✱ t❤❡ ❛♥t✐♣r♦t♦♥s ✇❡r❡ ✐♥st❡❛❞ ❝♦♦❧❡❞ t♦ ❛

❢❡✇ ❑ ✐♥t♦ ♦♥❡ ♦❢ t❤❡ s✐❞❡✲✇❡❧❧s ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ str✉❝t✉r❡ ❛♥❞ t❤❡♥ ❞r✐✈❡♥ ✐♥t♦ t❤❡

♣♦s✐tr♦♥ ❝❧♦✉❞✱ ✜❣✉r❡ ✷✳✷✭❜✮✳ ❚❤✐s t❡❝❤♥✐q✉❡ ❛❧❧♦✇❡❞ tr❛♣♣✐♥❣ ♦❢ s✐♥❣❧❡ ❛♥t✐❤②❞r♦❣❡♥
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❛t♦♠s ❢♦r t❤❡ ✜rst t✐♠❡ ❜② t❤❡ ❆▲P❍❆ ❝♦❧❧❛❜♦r❛t✐♦♥ ❬✶✵❪ ❛♥❞ t❤❡♥ ✐♥ s❧✐❣❤t❧② ❧❛r❣❡r

♥✉♠❜❡rs ❜② ❆❚❘❆P ❬✻✷❪✳

❚r②✐♥❣ t♦ ♣r♦❞✉❝❡ tr❛♣♣❛❜❧❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❜② t❤r❡❡✲❜♦❞② r❡❝♦♠❜✐♥❛t✐♦♥

s✉✛❡rs ❢r♦♠ ❛♥ ✐♥tr✐♥s✐❝ ❞r❛✇❜❛❝❦✿ ❲❤✐❧❡ t❤❡② ❛r❡ st✐❧❧ ❤♦t✱ t❤❡ ❛♥t✐♣r♦t♦♥s ♦s❝✐❧❧❛t❡

t❤r♦✉❣❤ t❤❡ ❧❛r❣❡ ♦✉t❡r ✇❡❧❧ ✐♥ ✜❣✉r❡ ✷✳✷✭❛✮✳ ❚❤❡② ❝❛♥ ❡❛s✐❧② ✐♥t❡r❛❝t ✇✐t❤ t❤❡

♣♦s✐tr♦♥s✱ ❜✉t t❤❡ r❡s✉❧t✐♥❣ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❛r❡ t♦♦ ❡♥❡r❣❡t✐❝ t♦ ❜❡ tr❛♣♣❡❞✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❛♥t✐♣r♦t♦♥s ❝❛♥ ❜❡ ❛❞✐❛❜❛t✐❝❛❧❧② ❝♦♦❧❡❞ t♦ t❡♠♣❡r❛t✉r❡s ❛s

❧♦✇ ❛s 3.5K ❬✻✹❪✱ ❜✉t t❤❡♥ t❤❡② ❛r❡ r❡str✐❝t❡❞ t♦ t❤❡ ❜♦tt♦♠ ♦❢ ♦♥❡ ♦❢ t❤❡ s✐❞❡ ✇❡❧❧s

❛♥❞ s❡♣❛r❛t❡❞ ❢r♦♠ t❤❡ ♣♦s✐tr♦♥s ❜② t❤❡ ♣♦t❡♥t✐❛❧ ❜❛rr✐❡r✳ ❖✈❡r❝♦♠✐♥❣ t❤✐s ❜❛rr✐❡r

r❡q✉✐r❡s t❤❡ ❛❞❞✐t✐♦♥ ♦❢ ❡♥❡r❣② ❛♥❞ t❤✉s ❤❡❛t✐♥❣ t❤❡ ♣❛rt✐❝❧❡s ✉♣ ❛❣❛✐♥✳ ❆❧t❤♦✉❣❤ ❛

❧♦t ♦❢ ♣r♦❣r❡ss ❤❛s ❜❡❡♥ ♠❛❞❡ ♦♥ ❞r✐✈✐♥❣ t❡❝❤♥✐q✉❡s ❬✶✶❪✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦❜❧❡♠

❛♥❞ t❤❡ ❧♦✇ tr❛♣♣✐♥❣ r❛t❡s r❡♠❛✐♥✳

✷✳✸ ❈❤❛r❣❡✲❊①❝❤❛♥❣❡

❚❤❡ ❞✐✣❝✉❧t② ♦❢ ♦✈❡r❝♦♠✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ ❜❛rr✐❡r ❝❛♥ ❜❡ ❝✐r❝✉♠✈❡♥t❡❞ ❜② s❡♥❞✐♥❣ t❤❡

♣♦s✐tr♦♥s ✐♥t♦ t❤❡ ❛♥t✐♣r♦t♦♥s ✐♥ ❛♥ ❡❧❡❝tr✐❝❛❧❧② ♥❡✉tr❛❧ ❜♦✉♥❞ st❛t❡✳ P♦s✐tr♦♥✐✉♠

✭Ps✮✱ ❛ s②st❡♠ ♦❢ ❛♥ ❡❧❡❝tr♦♥ ❛♥❞ ❛ ♣♦s✐tr♦♥✱ ✐s ❛♥ ✐❞❡❛❧ ❝❛♥❞✐❞❛t❡✳ ❲❤✐❧❡ ❜♦✉♥❞ t♦

❛♥ ❡❧❡❝tr♦♥✱ t❤❡ ♣♦s✐tr♦♥s ❝❛♥ ❡♥t❡r t❤❡ ❛♥t✐♣r♦t♦♥ tr❛♣♣✐♥❣ r❡❣✐♦♥ ✉♥❛✛❡❝t❡❞ ❜② t❤❡

❡❧❡❝tr♦st❛t✐❝ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ P❡♥♥✐♥❣ tr❛♣✳ ❖♥❝❡ ✐♥s✐❞❡ t❤❡ p̄ ❝❧♦✉❞✱ ❝♦❧❧✐s✐♦♥s ✇✐t❤

t❤❡ ❛♥t✐♣r♦t♦♥s ♦❝❝✉r✱ s♦♠❡ ♦❢ ✇❤✐❝❤ r❡s✉❧t ✐♥ ❛ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ r❡❛❝t✐♦♥ ✇❤❡r❡ t❤❡

♣♦s✐tr♦♥ ✐s ❝❛♣t✉r❡❞ ❜② t❤❡ ❛♥t✐♣r♦t♦♥✱ ♣r♦❞✉❝✐♥❣ ❛♥t✐❤②❞r♦❣❡♥ ❛♥❞ ❛ ❢r❡❡ ❡❧❡❝tr♦♥✳

❚❤❡ r❡❛❝t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

p̄+ Ps ⇒ H̄ + e− . ✭✷✳✺✮

❚❤❡ ♠❛✐♥ ❛❞✈❛♥t❛❣❡ ✐s t❤❛t ❞✉r✐♥❣ t❤❡ ❡♥t✐r❡ ♣r♦❝❡ss✱ t❤❡ ❛♥t✐♣r♦t♦♥s r❡♠❛✐♥
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❛t r❡st s♦ t❤❛t p̄ ❝♦♦❧✐♥❣ ♠❡t❤♦❞s ❬✻✹❪ ❝❛♥ ❜❡ ✉s❡❞ t♦ t❤❡✐r ❢✉❧❧ ♣♦t❡♥t✐❛❧✳ ❙✐♥❝❡ t❤❡

❦✐♥❡t✐❝ ❡♥❡r❣②✱ ♦r t❡♠♣❡r❛t✉r❡✱ ♦❢ t❤❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❝r❡❛t❡❞ ♠❛✐♥❧② ❞❡♣❡♥❞s

♦♥ t❤❡ ✐♥✐t✐❛❧ ❡♥❡r❣② ♦❢ t❤❡ ❛♥t✐♣r♦t♦♥s✱ t❤✐s ♣r♦❞✉❝t✐♦♥ ♠❡t❤♦❞ ♦✛❡rs t❤❡ ♣♦ss✐❜✐❧✐t②

t♦ ❣❡♥❡r❛t❡ ❧❛r❣❡ ♥✉♠❜❡rs ♦❢ ❝♦❧❞✱ tr❛♣♣❛❜❧❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s✳ ▼❛❦✐♥❣ H̄ ✈✐❛

❛ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ r❡❛❝t✐♦♥ ❢r♦♠ ♣♦s✐tr♦♥✐✉♠ ✇❛s ✜rst ♣r♦♣♦s❡❞ ❜② ❉❡✉t❝❤ ❬✸✾❪✳

❚❤❡ ❝❤❛r❣❡ ❝♦♥❥✉❣❛t❡ r❡❛❝t✐♦♥✱ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❤②❞r♦❣❡♥ ❢r♦♠ ♣r♦t♦♥ ✐♠♣❛❝t ♦♥

♣♦s✐tr♦♥✐✉♠✱ ✇❛s ❞❡♠♦♥str❛t❡❞ ❜② ▼❡rr✐s♦♥ ❡t ❛❧✳ ❬✶✵✷❪✳ ❚❤❡② ❢♦✉♥❞ ❝r♦ss s❡❝t✐♦♥s

♦♥ t❤❡ ♦r❞❡r ♦❢ 10−16 cm2✱ ✇❤✐❝❤ ✐s 100 t✐♠❡s ❤✐❣❤❡r t❤❛♥ ❢♦r s♣♦♥t❛♥❡♦✉s r❛❞✐❛t✐✈❡

r❡❝♦♠❜✐♥❛t✐♦♥✱ ❜✉t st✐❧❧ ♠✉❝❤ ❧♦✇❡r t❤❛♥ ❢♦r t❤❡ t❤r❡❡✲❜♦❞② ♣r♦❝❡ss✳ ❆❞❞✐t✐♦♥❛❧❧②✱

♣♦s✐tr♦♥✐✉♠✱ ❡✈❡♥ ✐♥ t❤❡ ❧♦♥❣✲❧✐✈✐♥❣ tr✐♣❧❡t st❛t❡✱ ❤❛s ❛ ❧✐❢❡t✐♠❡ ♦❢ ♦♥❧② τPs = 142 ns✳

❇♦t❤ ♣r♦❜❧❡♠s ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ✉s✐♥❣ ❤✐❣❤❧② ❡①❝✐t❡❞ st❛t❡s ♦❢ ♣♦s✐tr♦♥✐✉♠ ❬✷✽❪✳

❚❤❡ ❝r♦ss s❡❝t✐♦♥ ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❝♦❧❧✐s✐♦♥s s❝❛❧❡s ✇✐t❤ t❤❡ ❣❡♦♠❡tr✐❝ s✐③❡ ♦❢ t❤❡

❛t♦♠✱ σCE ∝ r2 ∝ n4✱ n ❜❡✐♥❣ t❤❡ ♣r✐♥❝✐♣❛❧ q✉❛♥t✉♠ ♥✉♠❜❡r✳ ❚❤❡ ❧❛r❣❡r s♣❛t✐❛❧

s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ e− ❛♥❞ t❤❡ e+ ✐♥ ❤✐❣❤❧② ❡①❝✐t❡❞ st❛t❡s ❛❧s♦ ❝❛✉s❡s ♠✉❝❤ ❧♦♥❣❡r

❧✐❢❡t✐♠❡s ❬✷✻❪✳

▲❛s❡r ❡①❝✐t❛t✐♦♥ ♦❢ ❣r♦✉♥❞ st❛t❡ ♣♦s✐tr♦♥✐✉♠ ✐s ♣♦ss✐❜❧❡ ❜✉t ♣♦s❡s s♦♠❡ t❡❝❤♥✐❝❛❧

❝❤❛❧❧❡♥❣❡s ❞✉❡ t♦ t❤❡ s❤♦rt Ps ❧✐❢❡t✐♠❡✳ ❆❧s♦✱ t❤❡ ❧♦✇ ♠❛ss ♦❢ t❤❡ Ps ❛t♦♠s ❝❛✉s❡s

❧❛r❣❡ ❉♦♣♣❧❡r ❜r♦❛❞❡♥✐♥❣s✳ ❊✈❡♥ ❛t t❡♠♣❡r❛t✉r❡s ♦❢ 4K✱ tr❛♥s✐t✐♦♥s ❢r♦♠ t❤❡ ❣r♦✉♥❞

st❛t❡ ❤❛✈❡ ❧✐♥❡✇✐❞t❤s ❜r♦❛❞❡♥❡❞ t♦ s❡✈❡r❛❧ t❡♥s ♦❢ ●❍③✳ ■♥st❡❛❞✱ ✐t ✐s ❢❛✈♦r❛❜❧❡ t♦

✜rst ❧❛s❡r ❡①❝✐t❡ ❝❡s✐✉♠ ❛t♦♠s ✭❈s✮ ❛♥❞ t❤❡♥ ✉s❡ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡

r❡❛❝t✐♦♥s t♦ ♠❛❦❡ ❛♥t✐❤②❞r♦❣❡♥✱ ❛s s✉❣❣❡st❡❞ ❜② ❍❡ss❡❧s ❬✽✷❪✳

❈s+ hν ⇒ ❈s∗ ✭✷✳✻❛✮

❈s∗ + e+ ⇒ Ps∗ + ❈s+ ✭✷✳✻❜✮

Ps∗ + p̄ ⇒ H̄∗ + e− ✭✷✳✻❝✮
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❋✐❣✉r❡ ✷✳✸✿ ❆♥t✐❤②❞r♦❣❡♥ ♣r♦❞✉❝t✐♦♥ ❜② t✇♦ st❛❣❡ ❘②❞❜❡r❣ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡✿ ❈❡s✐✉♠ ❛t♦♠s

❛r❡ ❧❛s❡r ❡①❝✐t❡❞ t♦ ❤✐❣❤ n st❛t❡s ❛♥❞ ✐♥t❡r❛❝t ✇✐t❤ ♣♦s✐tr♦♥s✱ ❢♦r♠✐♥❣ ❘②❞❜❡r❣ ♣♦s✐tr♦♥✐✉♠

✭Ps∗✮✳ ❙♦♠❡ ♦❢ t❤❡s❡ ♣♦s✐tr♦♥✐✉♠ ❛t♦♠s t❤❡♥ ❞r✐❢t ✐♥t♦ ❛ ♥❡✐❣❤❜♦r✐♥❣ ❝❧♦✉❞ ♦❢ ❛♥t✐♣r♦t♦♥s

✇❤❡r❡✱ ✐♥ ❛ s❡❝♦♥❞ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❝♦❧❧✐s✐♦♥✱ t❤❡② ❢♦r♠ ❛♥t✐❤②❞r♦❣❡♥ ✭H̄∗✮✳

❚❤❡ ♣r♦❝❡ss ✐s ✐❧❧✉str❛t❡❞ ✐♥ ✜❣✉r❡ ✷✳✸✳ ❈❡s✐✉♠ ♦r ♦t❤❡r ❛❧❦❛❧✐ ♠❡t❛❧s ❛r❡ s✉✐t✲

❛❜❧❡ ❜❡❝❛✉s❡ ♦❢ t❤❡✐r s✐♥❣❧❡ ❡❧❡❝tr♦♥ ✐♥ t❤❡ ♦✉t❡r s❤❡❧❧ ✇❤✐❝❤ ❛❧❧♦✇s ❡✣❝✐❡♥t ❧❛s❡r

❡①❝✐t❛t✐♦♥✳ ❆❧s♦✱ t❤❡② ❛r❡ ❡❛s✐❧② ❛✈❛✐❧❛❜❧❡ ❢r♦♠ ❝♦♠♠❡r❝✐❛❧ s♦✉r❝❡s✳

❚❤❡ ❝r♦ss s❡❝t✐♦♥s ❢♦r ❞♦✉❜❧❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ✇❡r❡

❞❡t❡r♠✐♥❡❞ ❜② ❝❧❛ss✐❝❛❧ tr❛❥❡❝t♦r② ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥s ✐♥ ❬✽✷❪✳ ❚❤❡② s❝❛❧❡ ✇✐t❤

n4 ❛♥❞ ❢♦r ❛ ❝❡s✐✉♠ st❛t❡ ♦❢ n = 40✱ t❤❡② ❛r❡ ❛s ❤✐❣❤ ❛s 10−9 cm2✱ s❡✈❡♥ ♦r❞❡rs

♦❢ ♠❛❣♥✐t✉❞❡ ❧❛r❣❡r t❤❛♥ ✐♥ t❤❡ ❣r♦✉♥❞ st❛t❡✳ ❚❤❡ ❜✐♥❞✐♥❣ ❡♥❡r❣② ♦❢ t❤❡ ❝❡s✐✉♠

❛t♦♠ ✐s tr❛♥s❢❡r❡❞ ❞✉r✐♥❣ t❤❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❝♦❧❧✐s✐♦♥s✱ s♦ ♣♦s✐tr♦♥✐✉♠ ✐s ❝r❡❛t❡❞ ✐♥

❘②❞❜❡r❣ st❛t❡s ✇✐t❤ ❧♦♥❣ ❧✐❢❡t✐♠❡s ❛♥❞ ❧♦ss❡s ❢r♦♠ s❡❧❢✲❛♥♥✐❤✐❧❛t✐♦♥ ❛r❡ ♥❡❣❧✐❣✐❜❧❡✳

❚❤❡ H̄ ❛t♦♠s ❛r❡ ❛❧s♦ ❝r❡❛t❡❞ ✐♥ ❛ ❤✐❣❤✲n st❛t❡ ✇❡❧❧ ❞❡✜♥❡❞ ❜② t❤❡ ✐♥✐t✐❛❧ ❧❛s❡r

❡①❝✐t❛t✐♦♥ ♦❢ t❤❡ ❝❡s✐✉♠ ❛t♦♠s✳ ■♥ ❝♦♥tr❛st✱ t❤r❡❡✲❜♦❞② r❡❝♦♠❜✐♥❛t✐♦♥ ♣♦♣✉❧❛t❡s ❛

✇✐❞❡ r❛♥❣❡ ♦❢ n st❛t❡s ✇❤✐❝❤ ❛r❡ ✇❛② ❛❜♦✈❡ t❤❡ ❧❡✈❡❧s ❝♦♥s✐❞❡r❡❞ ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡

❡①♣❡r✐♠❡♥ts✳ ❚❤❡ ❞❡❡♣❡r ❜♦✉♥❞ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❝r❡❛t❡❞ ❜② ❘②❞❜❡r❣ ❝❤❛r❣❡✲

❡①❝❤❛♥❣❡ t❤❡r❡❢♦r❡ ❤❛✈❡ ❛ ❤✐❣❤❡r ❝❤❛♥❝❡ ♦❢ s✉r✈✐✈✐♥❣ str❛② ❡❧❡❝tr✐❝ ✜❡❧❞s ❛♥❞ ✇✐❧❧
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❞❡❝❛② t♦ ❛ tr❛♣♣❛❜❧❡ ❣r♦✉♥❞ st❛t❡ ♦♥ ❛ ❢❛st❡r t✐♠❡s❝❛❧❡✳ ❇♦t❤ ❢❛❝t♦rs ❛❧s♦ ❤❡❧♣

t♦✇❛r❞s t❤❡ tr❛♣♣✐♥❣ ♦❢ ❧❛r❣❡r H̄ ♥✉♠❜❡rs✳

❈❤❛r❣❡✲❡①❝❤❛♥❣❡ ❝♦❧❧✐s✐♦♥s ❢❡❛t✉r❡ ❧❛r❣❡ ❝r♦ss s❡❝t✐♦♥s ✐❢ t❤❡ r❡❧❛t✐✈❡ s♣❡❡❞ ♦❢ t❤❡

♣❛rt✐❝❧❡s v ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ❝❧❛ss✐❝❛❧ ♦r❜✐t❛❧ s♣❡❡❞ ♦❢ t❤❡ ❧✐❣❤t ♣❛rt✐❝❧❡ ✐♥ t❤❡ ❜♦✉♥❞

s②st❡♠ vo✱ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❘②❞❜❡r❣ ❡❧❡❝tr♦♥ ✐♥ t❤❡ ❝❡s✐✉♠ ❛t♦♠✳ ❚❤❡ ❡❧❡❝tr♦♥ ✐♥

t❤❡ n = 40 st❛t❡ ♦❢ ❝❡s✐✉♠ ❤❛s ❛ ❝❧❛ss✐❝❛❧ ✈❡❧♦❝✐t② ♦❢ vo = αc/n ≃ 55000m/s✳

❈❡s✐✉♠ ❛t♦♠s ❡♠✐tt❡❞ ❢r♦♠ ❤❡❛t❡❞ ❛❧❦❛❧✐ ♠❡t❛❧ ❞✐s♣❡♥s❡rs ❤❛✈❡ ✈❡❧♦❝✐t✐❡s ♦♥ t❤❡

♦r❞❡r ♦❢ 250m/s ✇❤✐❧❡ ♣♦s✐tr♦♥s ✇✐t❤ ❛ t❤❡r♠❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ 4.2K ♠♦✈❡ ✇✐t❤ ❛

s♣❡❡❞ ♦❢ 11000m/s✳ ❚❤❡ ❝r✐t❡r✐♦♥ v/vo < 1 ✐s t❤❡r❡❢♦r❡ ❢✉❧✜❧❧❡❞ ❛s ❧♦♥❣ ❛s t❤❡ e+

t❡♠♣❡r❛t✉r❡ r❡♠❛✐♥s ❜❡❧♦✇ 100K✳

❊①❝✐t❡❞ st❛t❡s ❢❡❛t✉r❡ ❧♦♥❣ ❧✐❢❡t✐♠❡s✱ ❡s♣❡❝✐❛❧❧② ❢♦r ❤✐❣❤ ✈❛❧✉❡s ♦❢ t❤❡ ♦r❜✐t❛❧

❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ q✉❛♥t✉♠ ♥✉♠❜❡r l✳ ❚❤❡ 40D st❛t❡ ♦❢ ❝❡s✐✉♠ ❤❛s ❛ ❧✐❢❡t✐♠❡ ♦❢

40µs ❬✺✺❪✳ ❙tr♦♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s✱ ❛s ❛r❡ r❡q✉✐r❡❞ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts ❞❡s❝r✐❜❡❞

❤❡r❡✱ ♠✐① m ❛♥❞ l st❛t❡s ✭s❡❡ ❝❤❛♣t❡r ✺✮✱ ✇❤✐❝❤ ❢✉rt❤❡r ✐♥❝r❡❛s❡s t❤❡ ❧✐❢❡t✐♠❡ ♦❢

t❤❡ r❡s✉❧t✐♥❣ st❛t❡✳ ❆♥ n = 40 ❧❡✈❡❧ t❤❛t ❝♦♥s✐sts ♦❢ ❛♥ ❡q✉❛❧ ♠✐①t✉r❡ ♦❢ ❛❧❧ l ❛♥❞

m st❛t❡s ❤❛s ❛ ❧✐❢❡t✐♠❡ ♦❢ ♠♦r❡ t❤❛♥ 1ms ❬✷✻❪✱ s♦ t❤❡ ❛t♦♠ ❝❛♥ tr❛✈❡❧ ❢♦r ❛❧♠♦st

1m ❜❡❢♦r❡ ❞❡❝❛②✐♥❣✳ ❚❤❡r❡❢♦r❡ ❧❛s❡r ❡①❝✐t❛t✐♦♥ ❝❛♥ ❤❛♣♣❡♥ ❛t s♦♠❡ ❞✐st❛♥❝❡ ❛✇❛②

❢r♦♠ t❤❡ r❡❣✐♦♥ ✇❤❡r❡ ❈s∗ ❛t♦♠s ✐♥t❡r❛❝t ✇✐t❤ t❤❡ ♣♦s✐tr♦♥s✳ ❚❤✐s r❡❞✉❝❡s t❤❡

❡①♣❡r✐♠❡♥t❛❧ ❝♦♠♣❧❡①✐t② ❝♦♠♣❛r❡❞ t♦ ❞✐r❡❝t ❧❛s❡r ❡①❝✐t❛t✐♦♥ ♦❢ Ps ❛t♦♠s✳

▲❛s❡r ❡①❝✐t❛t✐♦♥ ♦❢ ♣♦s✐tr♦♥✐✉♠ ✐s ♣❧❛♥♥❡❞ ❛s ❛ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡

♣r♦❞✉❝t✐♦♥ s❝❤❡♠❡ s✉❣❣❡st❡❞ ❜② t❤❡ ❆❊ḡ■❙ ❝♦❧❧❛❜♦r❛t✐♦♥✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ❣r♦✉♣ ✐s

t♦ st✉❞② t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❬✹✻❪✳ ❲❤✐❧❡ t❤❡② ❛❧s♦

✇❛♥t t♦ ♠❛❦❡ ❛♥t✐❤②❞r♦❣❡♥ ❜② ❘②❞❜❡r❣ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡✱ t❤❡ Ps ✐s ♣r♦❞✉❝❡❞ ✐♥ ❛

❞✐✛❡r❡♥t ✇❛②✳ ■♥ r❡❝❡♥t ②❡❛rs✱ ✐t ✇❛s ❢♦✉♥❞ t❤❛t ❝❡rt❛✐♥ ♣♦r♦✉s ♠❛t❡r✐❛❧s ❝❛♥ ❛❝t ❛s

❡✣❝✐❡♥t ♣♦s✐tr♦♥✐✉♠ ❝♦♥✈❡rt❡rs ❛♥❞ t❤❡✐r ♣r♦♣❡rt✐❡s ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ❡①t❡♥s✐✈❡❧②

❬✼✺❪✳ ■❢ ♣♦s✐tr♦♥s ❛r❡ ✐♠♣❧❛♥t❡❞ ✐♥t♦ ❛ ♣♦r♦✉s t❛r❣❡t✱ t❤❡② ❝❛♥ ❛❝q✉✐r❡ ❛♥ ❡❧❡❝tr♦♥
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❢r♦♠ t❤❡ ♠❛t❡r✐❛❧ ❛♥❞ ❢♦r♠ ♣♦s✐tr♦♥✐✉♠✳ ▲❛r❣❡ ♣♦r❡s ♦♣❡♥ t♦ t❤❡ s✉r❢❛❝❡ ❛❧❧♦✇ t❤❡s❡

Ps ❛t♦♠s t♦ ❡♠❡r❣❡ ❢r♦♠ t❤❡ ♠❛t❡r✐❛❧ ❜❡❢♦r❡ ❛♥♥✐❤✐❧❛t✐♥❣✳ ❙♦♠❡ ❝♦♥✈❡rt❡rs s❤♦✇

❤✐❣❤ ❡✣❝✐❡♥❝✐❡s ♦❢ ♠♦r❡ t❤❛♥ 40% ❬✾✾❪✱ ❜✉t t❤❡② ♣r♦❞✉❝❡ t❤❡ ♣♦s✐tr♦♥✐✉♠ ❛t♦♠s ✐♥

t❤❡✐r ❣r♦✉♥❞ st❛t❡✳ ❚❤❡ Ps ♠✉st t❤❡♥ ❜❡ ❧❛s❡r ❡①❝✐t❡❞ ❜❡❢♦r❡ ✐t ❞❡❝❛②s ❬✸✶❪✳ ❚❤❡

♦✈❡r❛❧❧ ❡✣❝✐❡♥❝② ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ s❡✈❡r❛❧ ❢❛❝t♦rs ❧✐❦❡ t❤❡ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ t❛r❣❡t

♠❛t❡r✐❛❧ ✇✐t❤✐♥ ❛ ❝r②♦❣❡♥✐❝ ❛♣♣❛r❛t✉s ❛♥❞ ❤♦✇ ✇❡❧❧ t❤❡ Ps t❤❡r♠❛❧✐③❡✳ ■❢ t❤❡② ❛r❡

t♦♦ ❝♦❧❞✱ t❤❡② ✇✐❧❧ ❜❡ t♦♦ s❧♦✇ t♦ ❡♠❡r❣❡ ❢r♦♠ t❤❡ t❛r❣❡t ❜❡❢♦r❡ ❛♥♥✐❤✐❧❛t✐♥❣ ❬✹✻❪✳

❚❤❡s❡ ❛r❡ ♠♦st❧② t❡❝❤♥✐❝❛❧ ✐ss✉❡s✱ ❜✉t s♠❛❧❧ ✈❛r✐❛t✐♦♥s ♠❛② ❤❛✈❡ ❛ ❞r❛st✐❝ ❡✛❡❝t ♦♥

t❤❡ ❡✣❝✐❡♥❝②✳ ■♥ ♣r✐♥❝✐♣❧❡✱ t❤✐s ♣r♦❝❡ss ♣r♦♠✐s❡s t♦ ❜❡ ❛♥ ✐♥t❡r❡st✐♥❣ ❛❧t❡r♥❛t✐✈❡ t♦

♦❜t❛✐♥ ❘②❞❜❡r❣ ♣♦s✐tr♦♥✐✉♠✱ ❜✉t s✐♥❝❡ t❤❡ ❡①♣❡r✐♠❡♥t ✐s ❥✉st ❜❡✐♥❣ s❡t ✉♣ ❛t ❈❊❘◆✱

t❤❡r❡ ✐s ♥♦ ❞❛t❛ ②❡t t❤❛t ✇♦✉❧❞ ❛❧❧♦✇ ❛ ❞✐r❡❝t ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ t✇♦ ♠❡t❤♦❞s✳

■♥ ✷✵✵✹✱ ❆❚❘❆P ❞❡♠♦♥str❛t❡❞ t❤❡ ❞♦✉❜❧❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❞✉❝t✐♦♥ ♦❢ H̄ ❛s

s✉❣❣❡st❡❞ ❜② ❍❡ss❡❧s ❬✽✷❪✳ ❈❡s✐✉♠ ❛t♦♠s ✇❡r❡ ❧❛s❡r ❡①❝✐t❡❞ ❛♥❞ ♣♦s✐tr♦♥✐✉♠ ❬✶✷✷❪

❛♥❞ ❛♥t✐❤②❞r♦❣❡♥ ❬✶✷✻❪ ✇❛s ♣r♦❞✉❝❡❞ ❜② t✇♦ ❝♦♥s❡❝✉t✐✈❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ r❡❛❝t✐♦♥s✳

❈❡s✐✉♠ ❛♥❞ ❛ t✇♦ st❛❣❡ ❧❛s❡r ❡①❝✐t❛t✐♦♥ s❝❤❡♠❡ ✇❛s ❝❤♦s❡♥ ❞✉❡ t♦ ❛♥ ❛✈❛✐❧❛❜❧❡ ❧❛s❡r

s②st❡♠✳ ❚❤❡ ✜rst ❡①❝✐t❛t✐♦♥ st❡♣ ❢r♦♠ t❤❡ ❣r♦✉♥❞ st❛t❡ ♦❢ ❝❡s✐✉♠ 6S1/2 t♦ 6P3/2

r❡q✉✐r❡s ❧❛s❡r✲❧✐❣❤t ✇✐t❤ ❛ ✇❛✈❡❧❡♥❣t❤ ♦❢ 852 nm✳ ❚❤✐s ✇❛s ♣r♦✈✐❞❡❞ ❜② ❛ ❞✐♦❞❡ ❧❛s❡r✳

❚❤❡ tr❛♥s✐t✐♦♥ ❡♥❡r❣② ❢r♦♠ t❤✐s ✐♥t❡r♠❡❞✐❛t❡ ❧❡✈❡❧ t♦ t❤❡ ❝❧♦s❡❧② s♣❛❝❡❞ ❘②❞❜❡r❣

st❛t❡s ❝♦rr❡s♣♦♥❞s t♦ ❛ ✇❛✈❡❧❡♥❣t❤ ♦❢ 511 nm✳ ❋♦r t❤✐s st❡♣✱ ❛ ❝♦♠♠❡r❝✐❛❧ ❝♦♣♣❡r

✈❛♣♦r ❧❛s❡r ✇❛s ✉s❡❞✳ ❚❤❡ ❡①♣❡r✐♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ 1.4·106 e+ ❛♥❞ 2.4·105 p̄
❡❛❝❤ ❛♥❞ r❡s✉❧t❡❞ ✐♥ ❛♥ ❛✈❡r❛❣❡ ♦❢ ❛❜♦✉t ✶✼ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ♣r♦❞✉❝❡❞ ♣❡r tr✐❛❧✳

❙✐♥❝❡ t❤✐s ✜rst ❞❡♠♦♥str❛t✐♦♥✱ ❆❚❘❆P ❤❛s ❞❡✈❡❧♦♣❡❞ ❛ ♥❡✇ ❛♣♣❛r❛t✉s ❝❛♣❛❜❧❡ ♦❢

❧♦❛❞✐♥❣ ❛♥❞ ♠❛♥✐♣✉❧❛t✐♥❣ ♠✉❝❤ ❧❛r❣❡r ♣❛rt✐❝❧❡ ❝❧♦✉❞s✳ ❆❧s♦✱ ❛ ♥❡✇ ❧❛s❡r s②st❡♠ ❢♦r

❡①❝✐t❛t✐♦♥ ♦❢ ❝❡s✐✉♠ ❛t♦♠s t♦ ❘②❞❜❡r❣ st❛t❡s ✇❛s ❝♦♥str✉❝t❡❞✳ ❚❤❡ ♥❡✇ ❝♦♠♣♦♥❡♥ts

❛r❡ ❞❡s❝r✐❜❡❞ ♥❡①t✳ ❈❤❛♣t❡r ✸ ❝♦♥t❛✐♥s ❛♥ ♦✈❡r✈✐❡✇ ♦❢ ❆❚❘❆P✬s P❡♥♥✐♥❣✲■♦✛❡ tr❛♣

✇❤✐❧❡ t❤❡ ❧❛s❡r s②st❡♠ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❝❤❛♣t❡r ✹✳
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❈❤❛♣t❡r ✸

❚❤❡ ❆❚❘❆P ❊①♣❡r✐♠❡♥t

❚❤✐s ❝❤❛♣t❡r ❞❡s❝r✐❜❡s t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❆❚❘❆P ❛♣♣❛r❛t✉s ❛♥❞ ❈❊❘◆✬s ❆♥✲

t✐♣r♦t♦♥ ❉❡❝❡❧❡r❛t♦r ✭❆❉✮ ✇❤❡r❡ t❤❡ ❡①♣❡r✐♠❡♥t ✐s ❧♦❝❛t❡❞✳ ❚❤❡ ❆❉✱ tr❡❛t❡❞ ✐♥

s❡❝t✐♦♥ ✸✳✶✳✶✱ ✐s ❛ ✉♥✐q✉❡ ❞❡❝❡❧❡r❛t♦r r✐♥❣ ♣r♦✈✐❞✐♥❣ ❧♦✇ ❡♥❡r❣② ❛♥t✐♣r♦t♦♥s✳ ❘✐❣❤t

♥♦✇✱ ✐t ✐s t❤❡ ♦♥❧② ❢❛❝✐❧✐t② ✐♥ t❤❡ ✇♦r❧❞ ✇❤❡r❡ p̄ ❛r❡ s❧♦✇❡❞ ❞♦✇♥ ❡♥♦✉❣❤ t♦ ❜❡

tr❛♣♣❡❞ ❛♥❞ ❝♦♥✜♥❡❞ ❢♦r ♠❛❝r♦s❝♦♣✐❝ t✐♠❡ s❝❛❧❡s✳ ❋✐❣✉r❡ ✸✳✶ s❤♦✇s ❛ ❝r♦ss s❡❝t✐♦♥

♦❢ t❤❡ ❆❚❘❆P ❡①♣❡r✐♠❡♥t❛❧ ③♦♥❡ ✐♥ t❤❡ ❆❉ ❤❛❧❧✳ ❇✉♥❝❤❡s ♦❢ p̄ ❡♠✐tt❡❞ ❢r♦♠ t❤❡

❆❉ ❛r❡ ❣✉✐❞❡❞ t♦ t❤❡ ❆❚❘❆P ③♦♥❡ t❤r♦✉❣❤ ❛ ❜❡❛♠ ❧✐♥❡✳ ❇❡♥❞✐♥❣ ♠❛❣♥❡ts ❞✐r❡❝t

t❤❡ ❛♥t✐♣r♦t♦♥s ✐♥t♦ ❛ ❝♦♠❜✐♥❡❞ P❡♥♥✐♥❣✲■♦✛❡ tr❛♣ ✭s❡❝t✐♦♥ ✸✳✸✮ ❢r♦♠ ✉♥❞❡r♥❡❛t❤✳

❚❤❡ ❆❚❘❆P ♣♦s✐tr♦♥ s②st❡♠✱ tr❡❛t❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✶✳✷✱ ❛❝❝✉♠✉❧❛t❡s e+ ❢r♦♠ ❛ 22Na

s♦✉r❝❡✳ ❚❤❡ e+ ❜✉♥❝❤❡s ❛r❡ s❡♥t t❤r♦✉❣❤ ❛ 6m ❧♦♥❣ tr❛♥s❢❡r ❧✐♥❡ ❛♥❞ ❡♥t❡r t❤❡ tr❛♣

❢r♦♠ t❤❡ t♦♣✳ ❚❤❡ ♣♦s✐tr♦♥s ❛r❡ tr❛♥s❢❡r❡❞ ✇✐t❤ 63 eV ♦❢ ❡♥❡r❣② ❛♥❞ ❛r❡ t❤✉s ❡❛s✐❧②

st♦♣♣❡❞ ❜② ❛ ♣♦t❡♥t✐❛❧ ❜❛rr✐❡r ✇✐t❤✐♥ t❤❡ tr❛♣✳

■♥ ❝♦♥tr❛st✱ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ p̄ ❜✉♥❝❤❡s ❞❡❧✐✈❡r❡❞ ❢r♦♠ t❤❡ ❆❉ ✐s 5.3MeV✱ ✇❤✐❝❤

✐s t♦♦ ❤✐❣❤ t♦ st♦♣ t❤❡♠ ✇✐t❤ ❛ ❉❈ ✈♦❧t❛❣❡ ❜❛rr✐❡r✳ ❚❤❡r❡❢♦r❡ t❤❡ ❛♥t✐♣r♦t♦♥s ❛r❡

s❡♥t t❤r♦✉❣❤ ❛ ❣❛s ✜❧❧❡❞ ❡♥❡r❣② t✉♥✐♥❣ ❝❡❧❧ ❛♥❞ ❛ t❤✐♥ ❜❡r②❧❧✐✉♠ ❢♦✐❧ ❛t t❤❡ ❜♦tt♦♠
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❋✐❣✉r❡ ✸✳✶✿ ❖✈❡r✈✐❡✇ ♦❢ t❤❡ ❆❚❘❆P ❡①♣❡r✐♠❡♥t ❛t ❈❊❘◆✬s ❆♥t✐♣r♦t♦♥ ❉❡❝❡❧❡r❛t♦r✳ ❆♥✲

t✐♣r♦t♦♥s ❢r♦♠ t❤❡ ❆❉ ❛♥❞ ♣♦s✐tr♦♥s ❢r♦♠ ❆❚❘❆P✬s ♣♦s✐tr♦♥ ❛❝❝✉♠✉❧❛t♦r ❛r❡ tr❛♥s❢❡r❡❞ ✐♥t♦

❛ ❝♦♠❜✐♥❡❞ P❡♥♥✐♥❣✲■♦✛❡ tr❛♣ ❢♦r ❛♥t✐❤②❞r♦❣❡♥ ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ tr❛♣ ✐s s❤♦✇♥ ✐♥ ♠♦r❡ ❞❡t❛✐❧

✐♥ ✜❣✉r❡ ✸✳✽✳ ❋♦r t❤❡r♠❛❧ ✐s♦❧❛t✐♦♥✱ t❤❡ tr❛♣ ✐s s✉s♣❡♥❞❡❞ ❢r♦♠ t❤❡ t♦♣ ♦♥❧② ❛♥❞ ✐s ♣❧❛❝❡❞ ✐♥

❛ t❤❡r♠❛❧ ✐♥s✉❧❛t✐♦♥ ❝♦♥t❛✐♥❡r ✭✐♥s❡rt ❞❡✇❛r✮✳ ❆ s✉♣❡r❝♦♥❞✉❝t✐♥❣ s♦❧❡♥♦✐❞ ♣r♦❞✉❝❡s ❛ ✜❡❧❞ ♦❢

1T ❢♦r r❛❞✐❛❧ ❝♦♥✜♥❡♠❡♥t ♦❢ t❤❡ p̄ ❛♥❞ e+ ✐♥ t❤❡ P❡♥♥✐♥❣ tr❛♣✳ ▲❛s❡r ❧✐❣❤t ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡

♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ✐s ❣✉✐❞❡❞ ❢r♦♠ ❛ s❡♣❛r❛t❡ ❋❛r❛❞❛② ❝❛❣❡ ✭❧❛s❡r ❝❛❜✐♥✮ t♦ t❤❡ ❡①✲

♣❡r✐♠❡♥t ❜② ❛♥ ♦♣t✐❝❛❧ ✜❜❡r✳ ❋♦✉r ❧❛②❡rs ♦❢ s❝✐♥t✐❧❧❛t✐♥❣ ✜❜❡rs ❛♥❞ t✇♦ r✐♥❣s ♦❢ s❝✐♥t✐❧❧❛t✐♥❣

♣❛❞❞❧❡s ❛r❡ ✉s❡❞ t♦ ❞❡t❡❝t ❛♥t✐♠❛tt❡r ♣❛rt✐❝❧❡s ✈✐❛ t❤❡✐r ❛♥♥✐❤✐❧❛t✐♦♥ s✐❣♥❛t✉r❡s✳

♦❢ t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦✳ ❚❤✐s ❞❡❣r❛❞❡r ❢♦✐❧ r❡❞✉❝❡s t❤❡ p̄ ❡♥❡r❣② ❜② t❤r❡❡ ♦r❞❡rs ♦❢

♠❛❣♥✐t✉❞❡✱ ✉♥❢♦rt✉♥❛t❡❧② ❛t ❤✐❣❤ ❧♦ss❡s✳ ❋r♦♠ t❤❡ 107 p̄ ❡♠✐tt❡❞ ♣❡r ❆❉ s❤♦t✱ ❛❜♦✉t

105 ❛r❡ ❝❛✉❣❤t ✐♥ t❤❡ tr❛♣✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ st❛rts ✇✐t❤ ♦✉r ❛♥t✐♠❛tt❡r s♦✉r❝❡s✱ ❈❊❘◆✬s ❆♥t✐♣r♦t♦♥

❉❡❝❡❧❡r❛t♦r ❛♥❞ ❆❚❘❆P✬s ♣♦s✐tr♦♥ ❛❝❝✉♠✉❧❛t♦r✳ ▲❛r❣❡ ♥✉♠❜❡rs ♦❢ e+ ❛♥❞ p̄ ❛r❡
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❧♦❛❞❡❞ ❛♥❞ ❝♦♦❧❡❞ ✐♥ ❛ ❝r②♦❣❡♥✐❝ P❡♥♥✐♥❣ tr❛♣✳ ❯♥❞❡rst❛♥❞✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡

❛♥t✐♠❛tt❡r ♣❛rt✐❝❧❡s ✐♥ t❤✐s tr❛♣ ✐s ❛♥ ✐♠♣♦rt❛♥t ♣r❡r❡q✉✐s✐t❡ ❢♦r ❛♥t✐❤②❞r♦❣❡♥ ❢♦r✲

♠❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ✐♥ P❡♥♥✐♥❣ tr❛♣s ✐s ❜r✐❡✢②

r❡✈✐❡✇❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✷✳ ❚❤❡ ♦✈❡r✈✐❡✇ ❝♦✈❡rs t❤❡ ❡ss❡♥t✐❛❧ ♣r♦♣❡rt✐❡s ♦❢ s✐♥❣❧❡ ♣❛r✲

t✐❝❧❡s ❛s ✇❡❧❧ ❛s t❤❡ ❧❛r❣❡ ♣❧❛s♠❛s r❡q✉✐r❡❞ ❢♦r t❤✐s ✇♦r❦✳ ❘❡❢❡r❡♥❝❡s t♦ ❢✉rt❤❡r

r❡❛❞✐♥❣ ✐s ❣✐✈❡♥✳

❙❡❝t✐♦♥ ✸✳✸ ❛tt❡♥❞s t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝❡♥tr❛❧ ❆❚❘❆P ❛♣♣❛r❛t✉s ✐ts❡❧❢✳

❚❤❡ ❤❡❛rt ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t ✐s t❤❡ ❝r②♦❣❡♥✐❝ P❡♥♥✐♥❣ tr❛♣ ✭s❡❝t✐♦♥ ✸✳✸✳✶✮✳ ■t ✐s

❧♦❝❛t❡❞ ✇✐t❤✐♥ ❛ ❧❛r❣❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ s♦❧❡♥♦✐❞ t❤❛t ❝♦♥str❛✐♥s t❤❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s

r❛❞✐❛❧❧②✳ ■t ❝❛♥ ❣❡♥❡r❛t❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ♦❢ ✉♣ t♦ 3T✱ ❜✉t ✐s t②♣✐❝❛❧❧② ♦♣❡r❛t❡❞ ❛t ❛

❧♦✇❡r ✜❡❧❞ ♦❢ 1T✳ ❈♦❧❞ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❛r❡ ❝♦♥✜♥❡❞ ❜② ❛ q✉❛❞r✉♣♦❧❡ ■♦✛❡ tr❛♣

t❤❛t s✉rr♦✉♥❞s ♣❛rt ♦❢ t❤❡ P❡♥♥✐♥❣ tr❛♣✬s ❡❧❡❝tr♦❞❡ st❛❝❦ ✭s❡❝t✐♦♥ ✸✳✸✳✷✮✳ ❆♥ ❛❧❦❛❧✐

♠❡t❛❧ ❞✐s♣❡♥s❡r ✭❆▼❉✮ ❡♠✐ts ❛ ❜❡❛♠ ♦❢ ❝❡s✐✉♠ ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❞✉❝t✐♦♥ ♦❢

H̄✳ ❚❤❡ ❈s ❛t♦♠s ❛r❡ ❧❛s❡r ❡①❝✐t❡❞ ❜❡❢♦r❡ ❝r♦ss✐♥❣ t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦ ✐♥ r✐❣❤t ❛♥❣❧❡

t❤r♦✉❣❤ ❛ ♣❛✐r ♦❢ s♠❛❧❧ ❤♦❧❡s ✐♥ ♦♥❡ ♦❢ t❤❡ ❡❧❡❝tr♦❞❡s✳ ❚❤✐s s②st❡♠ ✐s ❞❡s❝r✐❜❡❞

✐♥ ❞❡t❛✐❧ ✐♥ s❡❝t✐♦♥ ✸✳✸✳✸✳ ❚❤❡ ❧❛s❡rs✱ tr❡❛t❡❞ s❡♣❛r❛t❡❧② ✐♥ ❝❤❛♣t❡r ✹✱ ❛r❡ ❧♦❝❛t❡❞

✐♥ ❛ ❋❛r❛❞❛② ❝❛❣❡ ♥❡①t t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ③♦♥❡✳ ❚❤❡ ❧❛s❡r ❧✐❣❤t ✐s ❣✉✐❞❡❞ t♦ t❤❡

❡①❝✐t❛t✐♦♥ r❡❣✐♦♥ ✇✐t❤✐♥ t❤❡ ❛♣♣❛r❛t✉s t❤r♦✉❣❤ ❛♥ ♦♣t✐❝❛❧ ✜❜❡r✳

❚❤❡ ❛♥♥✐❤✐❧❛t✐♦♥ s✐❣♥❛t✉r❡s ♦❢ ❛♥t✐♠❛tt❡r ♣❛rt✐❝❧❡s ❛r❡ ❛♥ ❡ss❡♥t✐❛❧ ❞✐❛❣♥♦st✐❝ ❢♦r

♦✉r ❡①♣❡r✐♠❡♥ts✳ ❚❤❡② ❛r❡ r❡❝♦r❞❡❞ ❜② ❛ t✇♦✲❝♦♠♣♦♥❡♥t ❞❡t❡❝t♦r s②st❡♠ ❝♦♥s✐st✐♥❣

♦❢ ❢♦✉r ❧❛②❡rs ♦❢ s❝✐♥t✐❧❧❛t✐♥❣ ✜❜❡rs ✇✐t❤✐♥ t❤❡ ❜♦r❡ ♦❢ t❤❡ s♦❧❡♥♦✐❞ ❛♥❞ t✇♦ ❧❛②❡rs

♦❢ s❝✐♥t✐❧❧❛t✐♥❣ ♣❛❞❞❧❡s ❛r♦✉♥❞ t❤❡ ♠❛❣♥❡t✳ ❚❤❡ s②st❡♠ ✐s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✹✳

❚❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❡t❡❝t♦r ❞❛t❛ ✐s ❝♦✈❡r❡❞ ❧❛t❡r ✐♥ s❡❝t✐♦♥ ✻✳✹✳✷✳
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✸✳✶ P❛rt✐❝❧❡ ❙♦✉r❝❡s

✸✳✶✳✶ ❚❤❡ ❆♥t✐♣r♦t♦♥ ❉❡❝❡❧❡r❛t♦r

❆♥t✐♣r♦t♦♥s ❤❛✈❡ t♦ ❜❡ ❣❡♥❡r❛t❡❞ ❛rt✐✜❝✐❛❧❧② ❜② ♣❛✐r ♣r♦❞✉❝t✐♦♥✳ ❚❤✐s ♣r♦❝❡ss r❡✲

q✉✐r❡s ❡♥❡r❣✐❡s ❛t ❧❡❛st ❡q✉❛❧ t♦ t❤❡ r❡st ♠❛ss ♦❢ t❤❡ ♣❛rt✐❝❧❡s✳ ❋♦r p✲p̄ ♣❛✐rs✱ t❤✐s

❝♦rr❡s♣♦♥❞s t♦ E ≥ 1.88GeV✳ ❍♦✇❡✈❡r✱ t❤❡ ❝r♦ss s❡❝t✐♦♥ ❢♦r ♣❛✐r ♣r♦❞✉❝t✐♦♥ ✇✐t❤

t❤❡ ♠✐♥✐♠✉♠ ❡♥❡r❣② ✐s ✈❡r② ❧♦✇✳ ■t s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡s ❛t ❤✐❣❤❡r ❡♥❡r❣✐❡s ✇❤✐❝❤

❛r❡ ❛✈❛✐❧❛❜❧❡ ❛t ❛❝❝❡❧❡r❛t♦r ❢❛❝✐❧✐t✐❡s✳ ❚❤❡ ❛♥t✐♣r♦t♦♥ ♣r♦❞✉❝t✐♦♥ ❛t ❈❊❘◆ ❤❛♣✲

♣❡♥s ♦♥ ✐♠♣❛❝t ♦❢ ❛ ♣r♦t♦♥ ❜❡❛♠ ✇✐t❤ ❛♥ ❡♥❡r❣② ♦❢ 25GeV ♦♥t♦ ❛♥ ✐r✐❞✐✉♠ t❛r❣❡t✳

❚❤❡ ❛♥t✐♣r♦t♦♥s ♣r♦❞✉❝❡❞ r❡t❛✐♥ ❛ s✐❣♥✐✜❝❛♥t ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♣r♦t♦♥✬s ✐♥✐t✐❛❧ ❦✐♥❡t✐❝

❡♥❡r❣②✱ ✐♥ ❝❛s❡ ♦❢ t❤❡ ❈❊❘◆ ❢❛❝✐❧✐t② 3.6GeV✳ ❚♦ st♦r❡ t❤❡♠ ✐♥ ❛ P❡♥♥✐♥❣ tr❛♣

❢♦r ❛t♦♠✐❝ ♣❤②s✐❝s ❡①♣❡r✐♠❡♥ts✱ t❤❡✐r ❡♥❡r❣② ❤❛s t♦ ❜❡ r❡❞✉❝❡❞ ❜② s✐① ♦r❞❡rs ♦❢

♠❛❣♥✐t✉❞❡✳ ❖♥❝❡ tr❛♣♣❡❞✱ t❤❡ ❛♥t✐♣r♦t♦♥s ♠✉st ❜❡ ❝♦♦❧❡❞ ❜② ❛♥♦t❤❡r s❡✈❡♥ ♦r❞❡rs

♦❢ ♠❛❣♥✐t✉❞❡ t♦ ♠❛❦❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❝♦❧❞ ❡♥♦✉❣❤ t♦ ❜❡ ❝♦♥✜♥❡❞ ✐♥ ❛ ♥❡✉tr❛❧

❛t♦♠ tr❛♣✳ ❚❤❡ ❞❡❝❡❧❡r❛t✐♦♥ ✐♥ t❤❡ ❆❉ r✐♥❣ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ♣❛rt ✇✐t❤ t❤❡ s❛♠❡ r❛❞✐♦

❢r❡q✉❡♥❝② ❝❛✈✐t✐❡s t❤❛t ❛r❡ ✉s✉❛❧❧② ✉s❡❞ t♦ ❛❝❝❡❧❡r❛t❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s✳ ❇② ❝❤❛♥❣✐♥❣

t❤❡ ♣❤❛s❡ ♠❛t❝❤✐♥❣ ❜❡t✇❡❡♥ t❤❡ r❛❞✐♦✲❢r❡q✉❡♥❝② ✭❘❋✮ ✜❡❧❞ ❛♥❞ t❤❡ ♣❛rt✐❝❧❡ ❜✉♥❝❤✱

t❤❡ ❛♥t✐♣r♦t♦♥s ❧♦s❡ ❡♥❡r❣② ✐♥st❡❛❞ ♦❢ ❣❛✐♥✐♥❣ ✐t✳ ▲✐♦✉✈✐❧❧❡✬s t❤❡♦r❡♠ st❛t❡s t❤❛t✱ ❢♦r

❛ ❝♦♥s❡r✈❛t✐✈❡ ❢♦r❝❡✱ t❤❡ ♣❤❛s❡ s♣❛❝❡ ✈♦❧✉♠❡ ✐s ❝♦♥s❡r✈❡❞✳ ❚❤❡r❡❢♦r❡ r❡❞✉❝✐♥❣ t❤❡

❡♥❡r❣② ♦❢ ❛ ♣❛rt✐❝❧❡ ❜✉♥❝❤ ✇✐❧❧ ✐♥❝r❡❛s❡ ✐ts s♣❛t✐❛❧ ❡①t❡♥t✳ ❚♦ ❛✈♦✐❞ ♣❛rt✐❝❧❡ ❧♦ss✱ t❤❡

♣❤❛s❡ s♣❛❝❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❜❡❛♠ ♠✉st ❜❡ ❝♦♠♣r❡ss❡❞ ❜② ❛ ♥♦♥✲❝♦♥s❡r✈❛t✐✈❡ ❢♦r❝❡✳

❚✇♦ ♠❡t❤♦❞s ❛♣♣❧✐❡❞ ✐♥ st♦r❛❣❡ r✐♥❣s ❛r❡ st♦❝❤❛st✐❝ ❝♦♦❧✐♥❣ ❬✶✵✸❪ ❛♥❞ ❡❧❡❝tr♦♥ ❝♦♦❧✲

✐♥❣ ❬✷✶❪✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❝♦♦❧✐♥❣ r❡❢❡rs t♦ ❛ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ♣❤❛s❡ s♣❛❝❡ ✈♦❧✉♠❡

♦♥❧② ✇❤✐❧❡ ❞❡❝❡❧❡r❛t✐♦♥ ♠❡❛♥s t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ❧♦♥❣✐t✉❞✐♥❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣②✳

❚❤❡ ❆♥t✐♣r♦t♦♥ ❉❡❝❡❧❡r❛t♦r ✐s ❛ ✉s❡r ❢❛❝✐❧✐t② t❤❛t ♣r♦✈✐❞❡s ❛♥t✐♣r♦t♦♥s ✇✐t❤
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❋✐❣✉r❡ ✸✳✷✿ ❖✈❡r✈✐❡✇ ♦❢ t❤❡ ❆❉ ❤❛❧❧✳ ❚❤❡ ❛♥t✐♣r♦t♦♥s ❛r❡ ♣r♦❞✉❝❡❞ ❥✉st ♦✉ts✐❞❡ t❤❡ t♦♣

❧❡❢t ♦❢ t❤❡ ✜❣✉r❡✳ ❚❤❡② ❛r❡ ✐♥❥❡❝t❡❞ ✐♥t♦ t❤❡ r✐♥❣ ✇✐t❤ ❛♥ ❡♥❡r❣② ♦❢ 3.6GeV ❛♥❞ ❝✐r❝✉❧❛t❡

❝❧♦❝❦✇✐s❡ ✇❤✐❧❡ ❜❡✐♥❣ ❝♦♦❧❡❞ t♦ 5.3MeV✳ ❋r♦♠ t❤❡ ❡❥❡❝t✐♦♥ ♣♦✐♥t✱ t❤❡ ❜❡❛♠ ✐s ❞✐str✐❜✉t❡❞ t♦

❢♦✉r ❡①♣❡r✐♠❡♥t❛❧ ❛r❡❛s ♦❝❝✉♣✐❡❞ ❜② ✈❛r✐♦✉s ❡①♣❡r✐♠❡♥ts✳

❡♥❡r❣✐❡s ♦❢ 5.3MeV ❢♦r s❡✈❡r❛❧ ❡①♣❡r✐♠❡♥ts ❧♦❝❛t❡❞ ✇✐t❤✐♥ t❤❡ ❆❉ ❤❛❧❧✳ ❆ ✢♦♦r

♣❧❛♥ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✷✳ ❚❤❡ ❆❉ r✐♥❣ ✇✐t❤ ❛ ❝✐r❝✉♠❢❡r❡♥❝❡ ♦❢ 188m ✐s ❧♦❝❛t❡❞

❜❡❤✐♥❞ ❝♦♥❝r❡t❡ s❤✐❡❧❞✐♥❣ ❜❧♦❝❦s ❛t t❤❡ ♦✉t❡r ❡❞❣❡ ♦❢ t❤❡ ❤❛❧❧ ✇❤✐❧❡ t❤❡ ❡①♣❡r✐♠❡♥ts

❛r❡ ♣❧❛❝❡❞ ✐♥s✐❞❡ t❤❡ r✐♥❣✳ ❚❤❡ r❡s❡❛r❝❤ ♣r♦❣r❛♠ ✐♥❝❧✉❞❡s✱ ❛♠♦♥❣ ♦t❤❡r t♦♣✐❝s✱ ❈P❚

t❡sts ✇✐t❤ ❛♥t✐♣r♦t♦♥s ❛♥❞ ❛♥t✐❤②❞r♦❣❡♥ ✭❆❚❘❆P ❬✻✷✱✻✹❪✱ ❆▲P❍❆ ❬✸✱✶✵❪✮✱ t❤❡ st✉❞②
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♦❢ ❡①♦t✐❝ ❛t♦♠s ✭❆❙❆❈❯❙❆ ❬✺✼✱ ✽✺❪✮✱ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛♥t✐♣r♦t♦♥s ✇✐t❤ ♦r❣❛♥✐❝

♠❛tt❡r ✭❆❈❊ ❬✽✽✱ ✶✶✾❪✮ ❛♥❞✱ ❝✉rr❡♥t❧② ❜❡✐♥❣ s❡t ✉♣✱ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ✐♥t❡r❛❝t✐♦♥

❜❡t✇❡❡♥ ♠❛tt❡r ❛♥❞ ❛♥t✐♠❛tt❡r ✭❆❊ḡ■❙ ❬✹✽❪✱ ❣❇❆❘ ❬✷✼❪✮✳

❚❤❡ ❆❉ st❛rt❡❞ ♦♣❡r❛t✐♦♥ ✐♥ ✷✵✵✵✳ ■t ✐s t❤❡ s✉❝❝❡ss♦r ♦❢ ❈❊❘◆✬s ❡❛r❧✐❡r ❛♥t✐♣r♦✲

t♦♥ ❝♦♠♣❧❡① ✇❤✐❝❤ ❝♦♥s✐st❡❞ ♦❢ t❤r❡❡ r✐♥❣s✳ ❚❤❡ ❆♥t✐♣r♦t♦♥ ❆❝❝✉♠✉❧❛t♦r ✭❆❆✮ ❛♥❞

t❤❡ ❆♥t✐♣r♦t♦♥ ❈♦❧❧❡❝t♦r ✭❆❈✮ ✇❡r❡ ❜✉✐❧t t♦ ♣r♦✈✐❞❡ ❤✐❣❤ ❞❡♥s✐t② ❜✉♥❝❤❡s ♦❢ ❛♥✲

t✐♣r♦t♦♥s ❢♦r p✲p̄ ❝♦❧❧✐s✐♦♥s ✐♥ t❤❡ st♦r❛❣❡ r✐♥❣s ■❙❘ ❛♥❞ ❙P❙ ❛♥❞ ❢♦r ❡①♣❡r✐♠❡♥ts ❛t

t❤❡ ▲♦✇ ❊♥❡r❣② ❆♥t✐♣r♦t♦♥ ❘✐♥❣ ✭▲❊❆❘✮✳ ▲❊❆❘ ❡♥❛❜❧❡❞ t❤❡ ✜rst ♠❡❛s✉r❡♠❡♥ts

✇✐t❤ ❧♦✇ ❡♥❡r❣② ❛♥t✐♣r♦t♦♥s ❝♦♥✜♥❡❞ ✐♥ ❛ P❡♥♥✐♥❣ tr❛♣ ❬✻✵❪ ❛♥❞ t❤❡ ✜rst ♣r♦❞✉❝✲

t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❬✶✸❪✳ ❚❤❡ ❧❛tt❡r r❡s✉❧t❡❞ ✐♥ ❛ s✉❞❞❡♥ ❛♥❞ ✉♥♣r❡❝❡❞❡♥t❡❞

♣✉❜❧✐❝ ✐♥t❡r❡st ✐♥ ❈❊❘◆ ❛♥❞ ✐ts r❡s❡❛r❝❤ ♣r♦❣r❛♠✳ ❈❊❘◆✬s ❛♥t✐♣r♦t♦♥ ❝♦♠♣❧❡① ✇❛s

❞❡❝♦♠♠✐ss✐♦♥❡❞ ✐♥ ✶✾✾✻ t♦ ❢r❡❡ r❡s♦✉r❝❡s ❢♦r t❤❡ ▲❛r❣❡ ❍❛❞r♦♥ ❈♦❧❧✐❞❡r ✭▲❍❈✮✱ ❜✉t

❞✉❡ t♦ t❤❡ ✐♠♣♦rt❛♥t ❜r❡❛❦t❤r♦✉❣❤s ❛♥❞ t❤❡ ❤✐❣❤ ❞❡♠❛♥❞ ❢♦r ❧♦✇ ❡♥❡r❣② ❛♥t✐♣r♦✲

t♦♥s ❢♦r ❢✉rt❤❡r ❡①♣❡r✐♠❡♥ts✱ ❈❊❘◆ ❞❡❝✐❞❡❞ t♦ ✉♣❣r❛❞❡ t❤❡ ❆❈ t♦ ❛ ❢❛❝✐❧✐t② t❤❛t

✐♥t❡❣r❛t❡❞ p̄ ❛❝❝✉♠✉❧❛t✐♦♥✱ ❝♦♦❧✐♥❣ ❛♥❞ ❞✐str✐❜✉t✐♦♥ ✐♥ ❛ s✐♥❣❧❡ ♠❛❝❤✐♥❡✱ ♥❛♠❡❞ t❤❡

❆♥t✐♣r♦t♦♥ ❉❡❝❡❧❡r❛t♦r✳

❆♥t✐♣r♦t♦♥ ♣r♦❞✉❝t✐♦♥ t❛❦❡s ♣❧❛❝❡ ❥✉st ❜❡❢♦r❡ t❤❡ ❆❉ ❤❛❧❧✳ ❇✉♥❝❤❡s ♦❢ 1013

♣r♦t♦♥s ✇✐t❤ ❡♥❡r❣✐❡s ♦❢ 25GeV ❢r♦♠ ❈❊❘◆✬s Pr♦t♦♥ ❙②♥❝❤r♦tr♦♥ ✭P❙✮ ❤✐t ❛♥

✐r✐❞✐✉♠ t❛r❣❡t✳ ■♥ t❤✐s ♣r♦❝❡ss✱ ❛❜♦✉t 5 · 107 ❛♥t✐♣r♦t♦♥s ❛r❡ ♣r♦❞✉❝❡❞ ✇✐t❤ ❛♥

❡♥❡r❣② ♦❢ 3.6GeV✳ ❚❤❡ p̄ ❛r❡ ❣✉✐❞❡❞ ✐♥t♦ t❤❡ ❆❉ r✐♥❣ ✇❤❡r❡ t❤❡② ❛r❡ ❝♦♦❧❡❞ ✐♥

s❡✈❡r❛❧ st❛❣❡s✳ ❊❛❝❤ ❞❡❝❡❧❡r❛t✐♦♥ st❡♣ ✐s ❢♦❧❧♦✇❡❞ ❜② st♦❝❤❛st✐❝ ♦r ❡❧❡❝tr♦♥ ❝♦♦❧✐♥❣

t♦ r❡❞✉❝❡ t❤❡ ♣❛rt✐❝❧❡s ♣❤❛s❡ s♣❛❝❡ ✈♦❧✉♠❡✳ ❚❤❡ p̄ ❜✉♥❝❤ ✐s ❞❡❝❡❧❡r❛t❡❞ t♦ ❛♥ ❡♥❡r❣②

♦❢ 5.3MeV ✇✐t❤✐♥ 90− 100 s✳ ▼♦r❡ t❤❛♥ 80% ♦❢ t❤❡ ✐♥✐t✐❛❧ ❛♥t✐♣r♦t♦♥s ❛r❡ r❡t❛✐♥❡❞

❞✉r✐♥❣ t❤❡ ♣r♦❝❡ss✳ ❚②♣✐❝❛❧❧②✱ ❛ ❜✉♥❝❤ ♦❢ ❛❜♦✉t 3·107 ❛♥t✐♣r♦t♦♥s ✐s ❞❡❧✐✈❡r❡❞ t♦ ♦♥❡

♦❢ t❤❡ ❡①♣❡r✐♠❡♥ts ❡✈❡r② 100 s ❢♦r ❛ s❤✐❢t ♦❢ ❡✐❣❤t ❤♦✉rs✳ ❙✐♥❝❡ ❛♥ ❡♥❡r❣② ♦❢ 5.3MeV

✐s st✐❧❧ t♦♦ ❤✐❣❤ t♦ ❞✐r❡❝t❧② tr❛♣ t❤❡ ❛♥t✐♣r♦t♦♥s✱ ♠♦st ❡①♣❡r✐♠❡♥ts ❢✉rt❤❡r s❧♦✇ t❤❡ p̄
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❜✉♥❝❤❡s ❜② s❡♥❞✐♥❣ t❤❡♠ t❤r♦✉❣❤ ❛ ❞❡❣r❛❞❡r ❢♦✐❧✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✉♣ t♦ 99% ♦❢ t❤❡

p̄ ❛r❡ ❧♦st ❞✉r✐♥❣ t❤✐s ♣r♦❝❡ss✳ ❙✐♥❝❡ ❛♥t✐♣r♦t♦♥s ❛r❡ ❛♥ ❡①♣❡♥s✐✈❡ r❡s♦✉r❝❡✱ t❤✐s ❤✐❣❤

❧♦ss ✐s ♥♦t s❛t✐s❢❛❝t♦r②✳ ❚♦ ✐♠♣r♦✈❡ t❤❡ s✐t✉❛t✐♦♥✱ ❈❊❘◆ ❛♣♣r♦✈❡❞ t❤❡ ✐♥st❛❧❧❛t✐♦♥

♦❢ ❛♥ ❛❞❞✐t✐♦♥❛❧ s♠❛❧❧ ❞❡❝❡❧❡r❛t✐♦♥ r✐♥❣ ✐♥ t❤❡ ❆❉ ❤❛❧❧ ✭✜❣✉r❡ ✸✳✷✮✳ ❚❤❡ ❊①tr❛ ▲♦✇

❊♥❡r❣② ❆♥t✐♣r♦t♦♥ ❘✐♥❣ ✭❊▲❊◆❆✮ ✇✐❧❧ ❢✉rt❤❡r ❞❡❝r❡❛s❡ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ p̄ ❜✉♥❝❤❡s

❞♦✇♥ t♦ 100 keV ❬✶✵✽❪✳ ❆t t❤✐s ❧♦✇❡r ❡♥❡r❣②✱ t❤✐♥♥❡r ❞❡❣r❛❞❡r ❢♦✐❧s s✉✣❝❡ t♦ st♦♣

t❤❡ ❛♥t✐♣r♦t♦♥s✱ ✇❤✐❝❤ r❡❞✉❝❡s t❤❡ ❧♦ss❡s✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ ❝❛t❝❤✐♥❣ ❡✣❝✐❡♥❝② ♦❢ ❛t

❧❡❛st ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ✐s ❡①♣❡❝t❡❞✳ ❚❤❡ ❆❉✲❊▲❊◆❆ ❢❛❝✐❧✐t② ✇✐❧❧ ❛❧s♦ ❜❡ ❛❜❧❡ t♦

s✉♣♣❧② ❛♥t✐♣r♦t♦♥s t♦ ❢♦✉r ❡①♣❡r✐♠❡♥ts s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❧♦❛❞✐♥❣

❛♥t✐♣r♦t♦♥s ✐♥t♦ ♦✉r ❛♣♣❛r❛t✉s ✐s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✶✳✸✳

✸✳✶✳✷ ❚❤❡ P♦s✐tr♦♥ ❙♦✉r❝❡

P♦s✐tr♦♥s ❝❛♥ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ♣❛✐r ♣r♦❞✉❝t✐♦♥✱ s✐♠✐❧❛r t♦ t❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞

❢♦r ❛♥t✐♣r♦t♦♥s✳ ❚❤❡ ♥❡❝❡ss❛r② ❡♥❡r❣✐❡s ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✇✐t❤ ❡✈❡♥ s♠❛❧❧ ❡❧❡❝tr♦♥

❧✐♥❡❛r ❛❝❝❡❧❡r❛t♦rs ✭▲■◆❆❈✮ ❬✶✶✷❪✳ ❙♦♠❡ ♥✉❝❧❡❛r r❡s❡❛r❝❤ r❡❛❝t♦rs✱ ❧✐❦❡ ❋❘▼ ■■ ♥❡❛r

▼✉♥✐❝❤ ✭●❊❘✮✱ ❝❛♥ ♣r♦✈✐❞❡ ♣♦s✐tr♦♥s ❛t ❤✐❣❤ r❛t❡s✱ ❜✉t t❤❡② r❡q✉✐r❡ ❡①♣❡r✐♠❡♥ts t♦

❜❡ ❧♦❝❛t❡❞ ♦♥ s✐t❡✳ ❆❞❞✐t✐♦♥❛❧❧②✱ r❛❞✐♦✐s♦t♦♣❡s t❤❛t ✉♥❞❡r❣♦ β+ ❞❡❝❛② ❛r❡ ❛ ♥❛t✉r❛❧

s♦✉r❝❡ ♦❢ ♣♦s✐tr♦♥s✳ ❈♦♠♠♦♥ ✐s♦t♦♣❡s ❛r❡ ❢♦r ✐♥st❛♥❝❡ 58Co ❛♥❞ 22Na✳

❉✉❡ t♦ t❤❡ r❡❧❛t✐✈❡❧② ❧♦✇ ❡♠✐ss✐♦♥ ❡♥❡r❣② ♦❢ 300 keV✱ 22Na ✐s ♣r❡❢❡r❛❜❧② ✉s❡❞ ❢♦r

♦❜t❛✐♥✐♥❣ ♣♦s✐tr♦♥s ❢♦r ❝♦❧❞ ♣r❡❝✐s✐♦♥ ❡①♣❡r✐♠❡♥ts✳ ❆❚❘❆P✬s ♣♦s✐tr♦♥ ❛❝❝✉♠✉❧❛t♦r

✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✸✳✸✳ ❲❤✐❧❡ t❤❡ ❆❉ ✐s ❛ ❈❊❘◆ ❢❛❝✐❧✐t② t❤❛t s✉♣♣❧✐❡s ❛♥t✐♣r♦✲

t♦♥s t♦ s❡✈❡r❛❧ ❡①♣❡r✐♠❡♥ts✱ t❤❡ ♣♦s✐tr♦♥ s♦✉r❝❡ ✐s ♣❛rt ♦❢ t❤❡ ❆❚❘❆P ❡①♣❡r✐♠❡♥t✳

❈♦❧❧❛❜♦r❛t✐♦♥ ♠❡♠❜❡rs ❢r♦♠ ❨♦r❦ ❯♥✐✈❡rs✐t② ✭❚♦r♦♥t♦✱ ❈❆✮ ❞❡s✐❣♥❡❞✱ ❝♦♥str✉❝t❡❞

❛♥❞ ♠❛✐♥t❛✐♥ t❤❡ s②st❡♠✳ ■t ❝♦♥s✐sts ♦❢ s❡✈❡r❛❧ ❝♦♠♣♦♥❡♥ts st❛rt✐♥❣ ✇✐t❤ t❤❡ ❛❝t✉❛❧

r❛❞✐♦❛❝t✐✈❡ 22Na s♦✉r❝❡✱ ❛ s♦❧✐❞ ♥❡♦♥ ♠♦❞❡r❛t♦r t♦ r❡❞✉❝❡ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡

✷✾
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❋✐❣✉r❡ ✸✳✸✿ ❙❝❤❡♠❛t✐❝ ♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❆❚❘❆P ♣♦s✐tr♦♥ ❛❝❝✉♠✉❧❛t♦r✿ e+ ❡♠✐tt❡❞ ❢r♦♠ ❛

22Na s♦✉r❝❡ ❛r❡ s❧♦✇❡❞ ❜② ❛ s♦❧✐❞ ♥❡♦♥ ♠♦❞❡r❛t♦r ❛♥❞ ❛ N2 ❣❛s ♣r❡ss✉r❡ ❣r❛❞✐❡♥t ❜❡❢♦r❡ ❜❡✐♥❣

❝❛✉❣❤t ❛♥❞ ❜✉♥❝❤❡❞ ✐♥ ❛ r♦♦♠ t❡♠♣❡r❛t✉r❡ P❡♥♥✐♥❣ tr❛♣✳ ❋r♦♠ t❤✐s ❙✉r❦♦✲t②♣❡ ❛❝❝✉♠✉❧❛t♦r✱

t❤❡② ❛r❡ tr❛♥s❢❡r❡❞ ✐♥t♦ t❤❡ ❝❡♥tr❛❧ ❛♣♣❛r❛t✉s ♦♥❝❡ ❡✈❡r② ≃ 30 s✳

♣♦s✐tr♦♥s ❡♠✐tt❡❞✱ ❛ P❡♥♥✐♥❣ tr❛♣ ❢♦r ❛❝❝✉♠✉❧❛t✐♦♥ ❛♥❞ ❜✉♥❝❤✐♥❣ ❛♥❞ ❛ tr❛♥s❢❡r ❧✐♥❡

t♦ ❣✉✐❞❡ t❤❡ e+ ❝❧♦✉❞s ✐♥t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❛♣♣❛r❛t✉s✳ ❉✉❡ t♦ s♣❛t✐❛❧ ❝♦♥str❛✐♥ts

✐♥ t❤❡ ❆❉ ❤❛❧❧✱ t❤❡ ♣♦s✐tr♦♥ s♦✉r❝❡ ✐s ❧♦❝❛t❡❞ s❡✈❡r❛❧ ♠❡t❡rs ❛✇❛② ❢r♦♠ t❤❡ ❛❝t✉❛❧

❡①♣❡r✐♠❡♥t ✭✜❣✉r❡ ✸✳✶✮✱ t❤✉s t❤❡ ♥❡❝❡ss✐t② ❢♦r t❤❡ ❧♦♥❣ tr❛♥s❢❡r ❧✐♥❡✳

❚❤❡ 22Na ❡♠✐tt❡r ✐s ❛ ❝♦♠♠❡r❝✐❛❧ s♦✉r❝❡ ✭■❚❤❡♠❛ ▲❛❜♦r❛t♦r✐❡s✮ ❝♦♥t❛✐♥✐♥❣ 22Na

s❛❧t ✇✐t❤ ❛♥ ❛❝t✐✈✐t② ♦❢ 52.6mCi ✭❖❝t✳ ✷✵✵✻✱ ❤❛❧❢✲❧✐❢❡✿ 2.6 years✮✳ ❚❤❡ ❜❛❝❦ s✐❞❡

♦❢ t❤❡ ❤♦✉s✐♥❣ ✐s ♠❛❞❡ ♦❢ t❛♥t❛❧✉♠✱ ✇❤✐❝❤ s❡r✈❡s ❛s ❛ ♣♦s✐tr♦♥ r❡✢❡❝t♦r ✇❤✐❧❡ t❤❡

❢r♦♥t ❢❛❝❡t ❝♦♥s✐sts ♦❢ ❛ 5µm t❤✐♥ t✐t❛♥✐✉♠ ❢♦✐❧ t❤r♦✉❣❤ ✇❤✐❝❤ t❤❡ e+ ❝❛♥ ♣❛ss✳ ❚❤❡

s✉rr♦✉♥❞✐♥❣ ✐s s❤✐❡❧❞❡❞ ✇✐t❤ ❧❡❛❞ ❜❧♦❝❦s t♦ r❡❞✉❝❡ t❤❡ ❛♠❜✐❡♥t r❛❞✐♦❛❝t✐✈❡ ❞♦s❛❣❡✳

❆❢t❡r ♣❛ss✐♥❣ t❤❡ t✐t❛♥✐✉♠ ❢♦✐❧✱ t❤❡ ♣♦s✐tr♦♥s ❛r❡ s❧♦✇❡❞ ✐♥ ❛ s♦❧✐❞ ♥❡♦♥ ♠♦❞✲

❡r❛t♦r✳ ❙✐♥❝❡ ♥❡♦♥ ❤❛s ❛ ♠❡❧t✐♥❣ ♣♦✐♥t ♦❢ 24.5K✱ t❤✐s ♣❛rt ♦❢ t❤❡ ❛♣♣❛r❛t✉s ✐s

❝♦♦❧❡❞ t♦ 3K ✇✐t❤ ♠❡❝❤❛♥✐❝❛❧ r❡❢r✐❣❡r❛t♦rs✳ ❚♦ ♣r❡✈❡♥t t❤❡ ♣♦s✐tr♦♥s ❢r♦♠ st♦♣♣✐♥❣

❛♥❞ ❛♥♥✐❤✐❧❛t✐♥❣ ✇✐t❤✐♥ t❤❡ ♥❡♦♥✱ ❛ ❜✐❛s ♦❢ 11.7V ✐s ❛♣♣❧✐❡❞ t❤❛t ❡❥❡❝ts t❤❡♠ ❢r♦♠

t❤❡ ♠♦❞❡r❛t♦r✳ ❆ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ 10 − 20mT ❣✉✐❞❡s t❤❡ ♣❛rt✐❝❧❡s ✐♥t♦ ❛ ❙✉r❦♦✲
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t②♣❡ ♣♦s✐tr♦♥ ❛❝❝✉♠✉❧❛t♦r ❬✶✵✼❪✳ ❚❤❡ ❛❝❝✉♠✉❧❛t♦r ❝♦♠❜✐♥❡s ❛ r♦♦♠✲t❡♠♣❡r❛t✉r❡

P❡♥♥✐♥❣ tr❛♣ ❢♦r ❝♦♥✜♥❡♠❡♥t ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ✭s❡❡ s❡❝t✐♦♥ ✸✳✷✮ ✇✐t❤ ❛♥ N2 ❣❛s

♣r❡ss✉r❡ ❣r❛❞✐❡♥t✳ ❚❤❡ ♣♦s✐tr♦♥s ❡♥t❡r ✐♥ ❛ ❤✐❣❤ ♣r❡ss✉r❡ r❡❣✐♦♥ ❛♥❞ r❛♣✐❞❧② ❧♦♦s❡

❡♥❡r❣② ❜② ❝♦❧❧✐s✐♦♥s ✇✐t❤ t❤❡ N2 ♠♦❧❡❝✉❧❡s✳ ❲❤❡♥ t❤❡✐r ❡♥❡r❣② ✐s s✉✣❝✐❡♥t❧② ❧♦✇✱

t❤❡② ❛r❡ ❝♦♥✜♥❡❞ ✐♥ ❛♥ ❡❧❡❝tr♦st❛t✐❝ ♣♦t❡♥t✐❛❧ ♠✐♥✐♠✉♠ ✐♥ t❤❡ P❡♥♥✐♥❣ tr❛♣✳ ❚♦

r❡❞✉❝❡ ❛♥♥✐❤✐❧❛t✐♦♥ ❧♦ss❡s✱ t❤❡ ❣❛s ♣r❡ss✉r❡ ✐♥ t❤❡ tr❛♣ ✐s s❡✈❡r❛❧ ♦r❞❡rs ♦❢ ♠❛❣♥✐✲

t✉❞❡ ❧♦✇❡r t❤❛♥ ✐♥ t❤❡ ❝♦❧❧✐s✐♦♥ r❡❣✐♦♥✳ ❆ s❡❣♠❡♥t❡❞ ❡❧❡❝tr♦❞❡ ❛♣♣❧✐❡s ❛ ❝♦♥st❛♥t

r♦t❛t✐♥❣ ✇❛❧❧ ❞r✐✈❡ t♦ ❝♦♠♣r❡ss t❤❡ ♣❛rt✐❝❧❡ ❝❧♦✉❞ ✭s❡❡ s❡❝t✐♦♥ ✸✳✷✳✸✮✳ ❚②♣✐❝❛❧❧②✱

♣♦s✐tr♦♥s ❛r❡ ❛❝❝✉♠✉❧❛t❡❞ ❢♦r 30 s s♦ t❤❛t ❢♦r ❡❛❝❤ ❛♥t✐♣r♦t♦♥ ♣✉❧s❡ ❢r♦♠ t❤❡ ❆❉✱

t❤r❡❡ ❜✉♥❝❤❡s ♦❢ ♣♦s✐tr♦♥s ❛r❡ s❡♥t ✐♥t♦ t❤❡ ❡①♣❡r✐♠❡♥t✳ ❚❤❡ ♣♦s✐tr♦♥s ❛r❡ ❣✉✐❞❡❞

✉♣ ❛ 15◦ ❜❡♥❞✱ ❛❧♦♥❣ ❛ 6m tr❛♥s❢❡r ❧✐♥❡✱ ❛r♦✉♥❞ ❛ 105◦ ❜❡♥❞ ❛♥❞ t❤r♦✉❣❤ ❛ 1.5mm

❞✐❛♠❡t❡r ♣✉♠♣✐♥❣ r❡str✐❝t✐♦♥ ♦❢ 20mm ❧❡♥❣t❤ ✭✜❣✉r❡ ✸✳✶✮✳ ❚❤❡ ♣✉♠♣✐♥❣ r❡str✐❝t✐♦♥

s❡♣❛r❛t❡s t❤❡ ✈❛❝✉✉♠ s♣❛❝❡ ♦❢ t❤❡ ♣♦s✐tr♦♥ ❛❝❝✉♠✉❧❛t♦r ❢r♦♠ t❤❛t ♦❢ t❤❡ tr❛♣✳ ■♥

t♦t❛❧✱ t❤❡ ♣♦s✐tr♦♥s ❤❛✈❡ t♦ tr❛✈❡❧ ❛ ❞✐st❛♥❝❡ ♦❢ 10m ❢r♦♠ t❤❡ ❛❝❝✉♠✉❧❛t♦r t♦ t❤❡

❝r②♦❣❡♥✐❝ P❡♥♥✐♥❣ tr❛♣✳ ❆ 63V ♣✉❧s❡ ❛❝❝❡❧❡r❛t❡s t❤❡ ♣❛rt✐❝❧❡s ♦✉t ♦❢ t❤❡ ❛❝❝✉♠✉❧❛✲

t♦r✳ ❚❤❡② ❛r❡ ❣✉✐❞❡❞ ❜② ♥✉♠❡r♦✉s r♦♦♠ t❡♠♣❡r❛t✉r❡ ❝♦✐❧s ❛❧♦♥❣ t❤❡ tr❛♥s❢❡r ❧✐♥❡✳

❖♥❝❡ t❤❡ ♣❛rt✐❝❧❡s r❡❛❝❤ t❤❡ 105◦ ❜❡♥❞✱ t❤❡② ❛r❡ ♠♦st❧② ❣✉✐❞❡❞ ❞♦✇♥ ❜② t❤❡ ❢r✐♥❣✐♥❣

✜❡❧❞ ♦❢ t❤❡ ❧❛r❣❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ s♦❧❡♥♦✐❞✳ ❉❡s♣✐t❡ t❤❡ ❝❤❛❧❧❡♥❣✐♥❣ ♣❛t❤ ❢r♦♠ t❤❡

❛❝❝✉♠✉❧❛t♦r t♦ t❤❡ tr❛♣✱ t❤❡ tr❛♥s❢❡r ❡✣❝✐❡♥❝② ✐♥t♦ t❤❡ tr❛♣ ✐s ❛❧♠♦st ✉♥✐t②✳ ❚❤❡

♣♦s✐tr♦♥ tr❛♥s❢❡r ❧✐♥❡ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❬✸✸❪✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ 5.3MeV p̄✱

t❤❡ e+ ❛rr✐✈❡ ✇✐t❤ ♠✉❝❤ ❧♦✇❡r ❡♥❡r❣✐❡s ♦❢ 63 eV✳ ❚❤❡② ❛r❡ s❧♦✇ ❡♥♦✉❣❤ t♦ ❞✐r❡❝t❧②

❝❛t❝❤ t❤❡♠ ✐♥ ❛♥ ❡❧❡❝tr♦st❛t✐❝ ♣♦t❡♥t✐❛❧ ✇❡❧❧ ✇✐t❤♦✉t t❤❡ ♥❡❝❡ss✐t② ♦❢ ❛ ❞❡❣r❛❞❡r

❢♦✐❧✳ ❚❤✐s ✐s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✶✳✷✳ ❆ ♣✉❜❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♣♦s✐tr♦♥ s②st❡♠ ✐s

✉♥❞❡r ♣r❡♣❛r❛t✐♦♥ ❬✺✻❪✳
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✸✳✷ ❈❤❛r❣❡❞ P❛rt✐❝❧❡s ✐♥ P❡♥♥✐♥❣ ❚r❛♣s

❆❚❘❆P ♣r♦❞✉❝❡s ❛♥t✐❤②❞r♦❣❡♥ ❢r♦♠ tr❛♣♣❡❞ ❛♥t✐♣r♦t♦♥s ❛♥❞ ♣♦s✐tr♦♥s✱ ✇❤✐❝❤ ✜rst

r❡q✉✐r❡s ❝❛t❝❤✐♥❣ ❛♥❞ st♦r✐♥❣ t❤❡ ❝❤❛r❣❡❞ ❛♥t✐♠❛tt❡r ♣❛rt✐❝❧❡s✳ ❋r♦♠ ●❛✉ss✬ ❧❛✇ ✐t

❢♦❧❧♦✇s t❤❛t ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ❝❛♥♥♦t ❜❡ ❝♦♠♣❧❡t❡❧② ❝♦♥✜♥❡❞ ✇✐t❤ ❡❧❡❝tr♦st❛t✐❝ ✜❡❧❞s

❛❧♦♥❡ s✐♥❝❡ ♥♦ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❡❧❡❝tr♦st❛t✐❝ ✜❡❧❞ ♠✐♥✐♠✉♠ ❡①✐sts✳ ■♥ ❛ P❡♥♥✐♥❣

tr❛♣✱ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ❛r❡ st♦r❡❞ ❜② s✉♣❡r✐♠♣♦s✐♥❣ ❛♥ ❡❧❡❝tr♦st❛t✐❝ q✉❛❞r✉♣♦❧❡

♣♦t❡♥t✐❛❧ ❢♦r ❛①✐❛❧ ❝♦♥✜♥❡♠❡♥t ❛♥❞ ❛ ❤♦♠♦❣❡♥❡♦✉s ♠❛❣♥❡t✐❝ ✜❡❧❞ t♦ ❝♦♥str❛✐♥ t❤❡

♣❛rt✐❝❧❡s r❛❞✐❛❧❧②✳ ◗✉❛❞r✉♣♦❧❡ ♣♦t❡♥t✐❛❧s ❛r❡ ✉s❡❞ ❜❡❝❛✉s❡ t❤❡ ♠♦t✐♦♥ ♦❢ ❛ ❝❤❛r❣❡❞

♣❛rt✐❝❧❡ ✐♥ s✉❝❤ ❛ ♣♦t❡♥t✐❛❧ ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s t❤r❡❡ ❞❡❝♦✉♣❧❡❞ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦rs

✭s❡❡ s❡❝t✐♦♥ ✸✳✷✳✶✮✳ ❆ q✉❛❞r✉♣♦❧❡ ♣♦t❡♥t✐❛❧ ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ ❜② t❤r❡❡ ❤②♣❡r❜♦❧✐❝

❡❧❡❝tr♦❞❡s✿ t✇♦ ❡♥❞ ❝❛♣s ❛♥❞ ❛ r✐♥❣✱ ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✹✭❛✮✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ✐s

❞❡s❝r✐❜❡❞ ✐♥ ❝②❧✐♥❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ❜②

Φ(r, z) =
V0

2d2

(

z2 − 1

2
r2
)

, ✭✸✳✶✮

✇✐t❤ t❤❡ tr❛♣✬s ❝❤❛r❛❝t❡r✐st✐❝ ❧❡♥❣t❤ s❝❛❧❡ d2 = 1
2

(
z20 − 1

2
r20
)
❬✷✵❪✳ ❚❤❡ t✇♦ ❧❡♥❣t❤s

r0 ❛♥❞ z0 ❛r❡ t❤❡ tr❛♣✬s ✐♥♥❡r r❛❞✐✉s ❛♥❞ ✐ts ❛①✐❛❧ ❤❛❧❢✲❧❡♥❣t❤✱ r❡s♣❡❝t✐✈❡❧②✳ V0 ✐s t❤❡

✈♦❧t❛❣❡ ❛♣♣❧✐❡❞ ❜❡t✇❡❡♥ t❤❡ ❡♥❞ ❝❛♣s ❛♥❞ t❤❡ r✐♥❣ ❡❧❡❝tr♦❞❡✳

P❡♥♥✐♥❣ tr❛♣s ✇✐t❤ ❤②♣❡r❜♦❧✐❝ ❡❧❡❝tr♦❞❡s ❛r❡ ❞✐✣❝✉❧t t♦ ♠❛❝❤✐♥❡ ✇✐t❤ ❤✐❣❤ ♣r❡✲

❝✐s✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡② ❞♦ ♥♦t ❛❧❧♦✇ ❡❛s② ❛❝❝❡ss ❢♦r ♣❛rt✐❝❧❡ ❧♦❛❞✐♥❣✳ ❆ ❣♦♦❞

❛♣♣r♦①✐♠❛t✐♦♥ t♦ ❛ q✉❛❞r✉♣♦❧❡ ♣♦t❡♥t✐❛❧ ❝❛♥ ❛❧s♦ ❜❡ ❣❡♥❡r❛t❡❞ ❜② ❛ st❛❝❦ ♦❢ ❝②❧✐♥✲

❞r✐❝❛❧ ❡❧❡❝tr♦❞❡s ❬✻✼❪✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✸✳✹✭❜✮✳ ❙✉❝❤ ❛ ❝②❧✐♥❞r✐❝❛❧ tr❛♣ ❝❛♥ ❝♦♥s✐st

♦❢ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❡❧❡❝tr♦❞❡s ✇❤✐❝❤ ❛❧❧♦✇s s✐♠✉❧t❛♥❡♦✉s ❝♦♥✜♥❡♠❡♥t ♦❢ t✇♦ ♣❛r✲

t✐❝❧❡ s♣❡❝✐❡s ♦❢ ♦♣♣♦s✐t❡ ❝❤❛r❣❡ ❧✐❦❡ p̄ ❛♥❞ e+ ✐♥ ❛ ♥❡st❡❞ ✇❡❧❧ ♣♦t❡♥t✐❛❧ ✭s❡❡ ✜❣✉r❡

✷✳✶✮✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ✐♥ ❛ st❛❝❦ ♦❢ r✐♥❣ ❡❧❡❝tr♦❞❡s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ s❡r✐❡s ❡①♣❛♥s✐♦♥
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❋✐❣✉r❡ ✸✳✹✿ ❚✇♦ t②♣❡s ♦❢ P❡♥♥✐♥❣ tr❛♣s✿ ❚r❛♣s ✇✐t❤ ❤②♣❡r❜♦❧♦✐❞ ❡❧❡❝tr♦❞❡s ✭❛✮ ♣r♦❞✉❝❡

✈❡r② ❝❧❡❛♥ q✉❛❞r✉♣♦❧❡ ♣♦t❡♥t✐❛❧s ❜✉t ❛r❡ ❞✐✣❝✉❧t t♦ ♠❛❝❤✐♥❡ ❛♥❞ ♦♥❧② ♦✛❡r ❧✐♠✐t❡❞ ❛❝❝❡ss

❢♦r ♣❛rt✐❝❧❡ ❧♦❛❞✐♥❣✳ ❆ st❛❝❦ ♦❢ r✐♥❣ ❡❧❡❝tr♦❞❡s ✭❜✮ ❝❛♥ ❛❧s♦ ♣r♦❞✉❝❡ ❛ ✈❡r② ❣♦♦❞ q✉❛❞r✉♣♦❧❡

♣♦t❡♥t✐❛❧ ❜✉t ❞♦❡s♥✬t s✉✛❡r ❢r♦♠ t❤❡s❡ ❞r❛✇❜❛❝❦s✳ ❆❧s♦✱ ❛ ❝②❧✐♥❞r✐❝❛❧ ❡❧❡❝tr♦❞❡ st❛❝❦ ❝❛♥

❣❡♥❡r❛t❡ ✈❛r✐♦✉s ♣♦t❡♥t✐❛❧ str✉❝t✉r❡s ❢♦r tr❛♣♣✐♥❣ ❛♥❞ ♠❛♥✐♣✉❧❛t✐♥❣ ❛♥t✐♣r♦t♦♥s ❛♥❞ ♣♦s✐tr♦♥s

✐♥ t❤❡ s❛♠❡ ❛♣♣❛r❛t✉s✳ ❋♦r ❡①❛♠♣❧❡s✱ s❡❡ ❝❤❛♣t❡r ✻✳

✐♥ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠✐❛❧s Pk(cosθ) ✐♥ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s

Φ(r, θ) =
1

2
V0

∞∑

k=0

Ck

(r

d

)k

Pk(cosθ) , ✭✸✳✷✮

✇✐t❤ t❤❡ ❝♦❡✣❝✐❡♥ts Ck✳ C0 ✐s ❛♥ ✉♥♦❜s❡r✈❛❜❧❡ ♦✛s❡t ❬✺✽❪✳ ❋♦r ❛ tr❛♣ s②♠♠❡tr✐❝

❛❧♦♥❣ t❤❡ ẑ ❛①✐s✱ t❤❡ ♦❞❞ ❝♦❡✣❝✐❡♥ts ✈❛♥✐s❤✳ C2 ❞❡s❝r✐❜❡s t❤❡ q✉❛❞r✉♣♦❧❡ ♣❛rt ♦❢ t❤❡

♣♦t❡♥t✐❛❧ ✇❤✐❧❡ t❤❡ ❤✐❣❤❡r ♦r❞❡r ❝♦❡✣❝✐❡♥ts q✉❛♥t✐❢② ❞❡✈✐❛t✐♦♥s ❢r♦♠ ❛♥ ✐❞❡❛❧ ❤❛r✲

♠♦♥✐❝ tr❛♣✳ ▲❛r❣❡ ❛♥❤❛r♠♦♥✐❝ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ♣♦t❡♥t✐❛❧s ❝❛♥ ❝❛✉s❡ ✉♥✇❛♥t❡❞

❜❡❤❛✈✐♦r ❧✐❦❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♣❛rt✐❝❧❡s✬ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s ♦♥ t❤❡✐r ♠♦t✐♦♥❛❧ ❛♠♣❧✐✲

t✉❞❡✱ ❝♦✉♣❧✐♥❣ ♦❢ t❤❡ t❤r❡❡ ❡✐❣❡♥♠♦t✐♦♥s ✭s❡❝t✐♦♥ ✸✳✷✳✶✮ ❛♥❞ ❡①♣❛♥s✐♦♥ ♦❢ ♣❧❛s♠❛s

✭s❡❝t✐♦♥ ✸✳✷✳✷✮✳ ❉❡✈✐❛t✐♦♥s ❢r♦♠ t❤❡ ✐❞❡❛❧ q✉❛❞r✉♣♦❧❡ ♣♦t❡♥t✐❛❧ ❛r❡ ❞♦♠✐♥❛t❡❞ ❜② t❤❡

✸✸
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❝♦❡✣❝✐❡♥ts C4 ❛♥❞ C6✳ ❲❤❡♥ ❝♦♥str✉❝t✐♥❣ ❛ ❝②❧✐♥❞r✐❝❛❧ P❡♥♥✐♥❣ tr❛♣✱ t❤❡s❡ ❛♥❤❛r✲

♠♦♥✐❝ ❝♦♥tr✐❜✉t✐♦♥s ❝❛♥ ❜❡ ♠✐♥✐♠✐③❡❞ ❜② ❝❤♦♦s✐♥❣ ❛♣♣r♦♣r✐❛t❡ ❡❧❡❝tr♦❞❡ ❧❡♥❣t❤s✱ ❢♦r

✐♥st❛♥❝❡ ❛ ✜✈❡ ❡❧❡❝tr♦❞❡ st❛❝❦ ✇✐t❤ ❛ ❝❡♥t❡r r✐♥❣ ❡❧❡❝tr♦❞❡ ❛♥❞ t✇♦ ❝♦♠♣❡♥s❛t✐♦♥✲

❛♥❞ ❡♥❞❝❛♣ ❡❧❡❝tr♦❞❡s t♦ ❡✐t❤❡r s✐❞❡ ❬✻✼❪✳ ❚❤✐s ❣❡♦♠❡tr② ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✸✳✹✭❜✮✳

❆ tr❛♣ ✇❤❡r❡ ❜♦t❤ C4 ❛♥❞ C6 ❛r❡ ③❡r♦ ✐s ❝❛❧❧❡❞ ✏❝♦♠♣❡♥s❛t❡❞✑✳ ❆♥t✐❤②❞r♦❣❡♥ ❡①✲

♣❡r✐♠❡♥ts ❛t ❆❚❘❆P t❛❦❡ ♣❧❛❝❡ ✐♥ ❧❛r❣❡ st❛❝❦ ♦❢ ✐❞❡♥t✐❝❛❧ ❡❧❡❝tr♦❞❡s ✭s❡❝t✐♦♥ ✸✳✸✳✶✮✳

■♥ s✉❝❤ ❛ tr❛♣✱ ❝♦♠♣❧❡t❡ ❝♦♠♣❡♥s❛t✐♦♥ ✐s t②♣✐❝❛❧❧② ♥♦t ♣♦ss✐❜❧❡✱ ❜✉t t❤❡ ❛♥❤❛r♠♦♥✐❝

❝♦♥tr✐❜✉t✐♦♥s ❝❛♥ ❜❡ ❣r❡❛t❧② r❡❞✉❝❡❞ ❜② ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✈♦❧t❛❣❡s ❛♣♣❧✐❡❞

t♦ ❡❛❝❤ ❡❧❡❝tr♦❞❡✳

❚❤❡ t♦t❛❧ ♣♦t❡♥t✐❛❧ ❛t ❛♥② ♣♦✐♥t ✐♥ ❛ st❛❝❦ ♦❢ ❝②❧✐♥❞r✐❝❛❧ ❡❧❡❝tr♦❞❡s ❝❛♥ ❜❡ ❝❛❧✲

❝✉❧❛t❡❞ ❛s ❛ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧s ❣❡♥❡r❛t❡❞ ❢r♦♠ ❡❛❝❤ ❡❧❡❝tr♦❞❡✿

Φ(r, z) =
N∑

j=1

Φj(r, z)Vj . ✭✸✳✸✮

❚❤❡ s✉♠ r✉♥s ❛❧♦♥❣ t❤❡ st❛❝❦✱ ❛❞❞✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ ❡❛❝❤ ❡❧❡❝tr♦❞❡✳

Φj(r, z) ✐s t❤❡ ♣♦t❡♥t✐❛❧ ❣❡♥❡r❛t❡❞ ❢r♦♠ ❡❧❡❝tr♦❞❡ j ❛t t❤❡ ♣♦✐♥t (r, z)✳ ■t ❝❛♥ ❜❡

❞❡t❡r♠✐♥❡❞ ❢♦r ✐♥st❛♥❝❡ ❜② ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s✳ ❚❤❡s❡ ❛r❡ t②♣✐❝❛❧❧② ❝♦♠♣✉t❡❞

❢♦r ❛ ✜①❡❞ ✈♦❧t❛❣❡ ♦❢ 1V✱ s♦ t❤❡② ❤❛✈❡ t♦ ❜❡ s❝❛❧❡❞ ❜② t❤❡ ❛❝t✉❛❧ ✈♦❧t❛❣❡ ❛♣♣❧✐❡❞ t♦

t❤❡ ❡❧❡❝tr♦❞❡ Vj✳ ❚❤❡ ♣♦t❡♥t✐❛❧ str✉❝t✉r❡s s❤♦✇♥ ✐♥ ❝❤❛♣t❡r ✻ ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤

t❤✐s ♠❡t❤♦❞✳

✸✳✷✳✶ ❙✐♥❣❧❡ P❛rt✐❝❧❡ ▼♦t✐♦♥

❚❤✐s s❡❝t✐♦♥ ♣r♦✈✐❞❡s ❛♥ ♦✈❡r✈✐❡✇ ♦✈❡r t❤❡ ♠♦t✐♦♥ ♦❢ ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ✐♥ ❛ P❡♥♥✐♥❣

tr❛♣✳ ❆♥t✐❤②❞r♦❣❡♥ ❡①♣❡r✐♠❡♥ts ✉s❡ ❧❛r❣❡ ❝❧♦✉❞s✱ ♦r ♣❧❛s♠❛s✱ ✇❤✐❝❤ ❛r❡ t❤❡ s✉❜❥❡❝t

♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳ ❍♦✇❡✈❡r✱ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ♣❧❛s♠❛s✱

✐t ✐s ✉s❡❢✉❧ t♦ ✜rst r❡✈✐❡✇ t❤❡ ❜❡❤❛✈✐♦r ♦❢ s✐♥❣❧❡ ♣❛rt✐❝❧❡s✳ ❋♦r ❛ ♠♦r❡ ❞❡t❛✐❧❡❞
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tr❡❛t♠❡♥t s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✷✵❪✳

■♥ ❛ ❤♦♠♦❣❡♥❡♦✉s ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧♦♥❣ t❤❡ ẑ ❛①✐s✱ ~B = Bẑ✱ ❛ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡

❝✐r❝✉❧❛t❡s ❛r♦✉♥❞ t❤❡ ✜❡❧❞ ❧✐♥❡s ✇✐t❤ t❤❡ ❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝②

ωc =
q

m
B , ✭✸✳✹✮

✇❤❡r❡ q ✐s t❤❡ ♣❛rt✐❝❧❡✬s ❝❤❛r❣❡ ❛♥❞ m ✐ts ♠❛ss✳ ❆❞❞✐♥❣ t❤❡ ❡❧❡❝tr♦st❛t✐❝ q✉❛❞r✉✲

♣♦❧❡ ♣♦t❡♥t✐❛❧ ✭✸✳✶✮ ❛❧t❡rs t❤❡ ♣❛rt✐❝❧❡✬s tr❛❥❡❝t♦r②✳ ❚❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ✐♥

❝②❧✐♥❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ❛r❡ ❣✐✈❡♥ ❜②✿

mz̈ = qEz = −q
V0

d2
z , ✭✸✳✺✮

m~̈ρ = q
(

~Eρ + ~̇ρ× ~B
)

= q

(
V0

2d2
~ρ+ ~̇ρ× ~B

)

. ✭✸✳✻✮

❚❤❡ ♠♦t✐♦♥ ❛❧♦♥❣ t❤❡ tr❛♣ ❛①✐s ẑ ♣❛r❛❧❧❡❧ t♦ ~B✱ ❡q✉❛t✐♦♥ ✭✸✳✺✮✱ ✐s ♦♥❧② ❣♦✈❡r♥❡❞

❜② t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞✳ ■t ✐s ❛ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t✐♦♥ ✇✐t❤ t❤❡ ❛①✐❛❧ ❢r❡q✉❡♥❝②

ωz =

√

qV0

md2
. ✭✸✳✼✮

❚❤❡ ♠♦t✐♦♥ ✐♥ t❤❡ r❛❞✐❛❧ ♣❧❛♥❡ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❜♦t❤ t❤❡ ❡❧❡❝tr♦st❛t✐❝ ❛♥❞ t❤❡

♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✸✳✻✮ ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✷✵❪

♦r ❬✾✽❪✳ ■t ✐s ❛ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t✇♦ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦rs ✇✐t❤ t❤❡ ❢r❡q✉❡♥❝✐❡s

ω± =
ωc

2
±

√

ω2
c

4
− ω2

z

2
. ✭✸✳✽✮

❚❤❡ s✉♠ ❢r❡q✉❡♥❝② ω+ ✐s ❝❛❧❧❡❞ t❤❡ r❡❞✉❝❡❞ ♦r ♠♦❞✐✜❡❞ ❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝②✳ ■t

✐s ❛ ❢❛st r♦t❛t✐♦♥ ❛r♦✉♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s✱ s✐♠✐❧❛r t♦ t❤❡ ❝②❝❧♦tr♦♥ ♠♦t✐♦♥ ✐♥ ❛

♣✉r❡❧② ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❢r❡q✉❡♥❝② ω− ❝♦rr❡s♣♦♥❞s t♦ ❛ s❧♦✇ r♦t❛t✐♦♥ ❛t

❧❛r❣❡ r❛❞✐✐✱ ♥❛♠❡❞ t❤❡ ♠❛❣♥❡tr♦♥ ♠♦t✐♦♥✳ ■t ✐s ❛♥ ~E× ~B ❞r✐❢t ✈❡❧♦❝✐t② ✐♥❞❡♣❡♥❞❡♥t

✸✺
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♦❢ ♣❛rt✐❝❧❡ ♠❛ss✳ ❚❤❡ ❝♦♠♣❧❡t❡ tr❛❥❡❝t♦r② ♦❢ ❛ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ✐♥ ❛ P❡♥♥✐♥❣ tr❛♣ ✐s

s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✺✳ ■t ✐s ❛ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t❤❡ t❤r❡❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t✐♦♥s ❞❡s❝r✐❜❡❞

❛❜♦✈❡✳

❚❤❡ r❡❞✉❝❡❞ ❝②❝❧♦tr♦♥ ❡♥❡r❣② ✐s ♣✉r❡❧② ❦✐♥❡t✐❝✱ t❤❡ ❛①✐❛❧ ❡♥❡r❣② ♦s❝✐❧❧❛t❡s ❜❡✲

t✇❡❡♥ ♣♦t❡♥t✐❛❧ ❛♥❞ ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ■♥ ❜♦t❤ ❝❛s❡s ❛ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣②

✇✐❧❧ ❧❡❛❞ t♦ ❛ ❞❡❝r❡❛s❡ ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡s ❛♥❞ t❤❡ ♠♦t✐♦♥s ❛r❡ st❛❜❧❡✳ ❚❤✐s ✐s ♥♦t

t❤❡ ❝❛s❡ ❢♦r t❤❡ ♠❛❣♥❡tr♦♥ ♠♦t✐♦♥✳ ❆ ❞❡❝r❡❛s❡ ♦❢ ♠❛❣♥❡tr♦♥ ❡♥❡r❣② ✇✐❧❧ ✐♥❝r❡❛s❡

t❤❡ ♠❛❣♥❡tr♦♥ r❛❞✐✉s✱ ❝❛✉s✐♥❣ t❤❡ ♣❛rt✐❝❧❡ t♦ ❡✈❡♥t✉❛❧❧② ❤✐t t❤❡ ✇❛❧❧ ♦❢ t❤❡ tr❛♣✳

❋♦rt✉♥❛t❡❧②✱ t❤❡ ❞❛♠♣❡♥✐♥❣ ♦❢ t❤✐s ♠♦t✐♦♥ ❤❛s ❛ ✈❡r② ❧❛r❣❡ t✐♠❡ ❝♦♥st❛♥t s♦ ✐t ✐s

♠❡t❛st❛❜❧❡ ❛♥❞ ❝♦♥✜♥❡♠❡♥t t✐♠❡s ♦❢ ✇❡❡❦s ❛♥❞ ♠♦♥t❤s ❛r❡ ♣♦ss✐❜❧❡✳

❋r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✽✮ ❢♦❧❧♦✇s t❤❡ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥

ωc >
√

(2)ωz . ✭✸✳✾✮

■♥ t②♣✐❝❛❧ ❝❛s❡s ωc ≫ ωz s♦ t❤❛t t❤❡ r❡❞✉❝❡❞ ❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝② ω+ ✐s ♦♥❧②

s❧✐❣❤t❧② s♠❛❧❧❡r t❤❛♥ t❤❡ ❢r❡❡ ♣❛rt✐❝❧❡ ❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝② ωc✳

■♥ ❣❡♥❡r❛❧✱ t❤❡ t❤r❡❡ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s ✐♥ ❛ P❡♥♥✐♥❣ tr❛♣ ♦❜❡② t❤❡ r❡❧❛t✐♦♥s❤✐♣✿

ω+ ≫ ωz ≫ ω− . ✭✸✳✶✵✮

❋♦r ❛♥ ❡❧❡❝tr♦♥ ♦r ❛ ♣♦s✐tr♦♥ t❤❡s❡✱ ❢r❡q✉❡♥❝✐❡s t②♣✐❝❛❧❧② ❞✐✛❡r ❜② t❤r❡❡ ♦r❞❡rs ♦❢

♠❛❣♥✐t✉❞❡ ✇❤✐❧❡ ❢♦r ❤❡❛✈✐❡r ♣❛rt✐❝❧❡s ❧✐❦❡ ♣r♦t♦♥s ♦r ✐♦♥s✱ r❡❧❛t✐♦♥ ✭✸✳✶✵✮ ✐s ❧❡ss

♣r♦♥♦✉♥❝❡❞✳

P❡♥♥✐♥❣ tr❛♣s ✜♥❞ ♥✉♠❡r♦✉s ❛♣♣❧✐❝❛t✐♦♥s ❢♦r ♣r❡❝✐s✐♦♥ ❡①♣❡r✐♠❡♥ts✳ ❋♦r ✐♥✲

st❛♥❝❡✱ t❤❡ ♠♦st str✐♥❣❡♥t t❡sts ♦❢ q✉❛♥t✉♠ ❡❧❡❝tr♦❞②♥❛♠✐❝s ✇❡r❡ ❛❝❤✐❡✈❡❞ ❜② ♠❡❛✲

s✉r✐♥❣ g✲❢❛❝t♦rs ✐♥ P❡♥♥✐♥❣ tr❛♣s ❬✼✽✱ ✶✷✼❪✳ ❚❤❡ g✲❢❛❝t♦r ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠

t❤❡ r❛t✐♦ ♦❢ t❤❡ ❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝② ✭✸✳✹✮ ❛♥❞ t❤❡ ▲❛r♠♦r ❢r❡q✉❡♥❝②✱ t❤❡ ♣r❡❝❡ss✐♦♥
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❋✐❣✉r❡ ✸✳✺✿ ❈♦♠♣❧❡t❡ tr❛❥❡❝t♦r② ♦❢ ❛ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ✐♥ ❛ P❡♥♥✐♥❣ tr❛♣✳ ❚❤❡ ♣❛t❤ ✐s ❛

s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t❤r❡❡ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t✐♦♥s✿ ❆♥ ❛①✐❛❧ ♦s❝✐❧❧❛t✐♦♥ ✇✐t❤ t❤❡ ❢r❡q✉❡♥❝② ωz✱ ❛

❢❛st r♦t❛t✐♦♥ ❛r♦✉♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s ✇✐t❤ t❤❡ r❡❞✉❝❡❞ ❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝② ω+ ❛♥❞ t❤❡

s❧♦✇ ♠❛❣♥❡tr♦♥ ♠♦t✐♦♥ ✇✐t❤ t❤❡ ❢r❡q✉❡♥❝② ω−✳

❢r❡q✉❡♥❝② ♦❢ t❤❡ ♣❛rt✐❝❧❡✬s s♣✐♥ ❛r♦✉♥❞ ❛♥ ❡①t❡r♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✿

ωL =
g

2

q

m
B =

g

2
ωc , ✭✸✳✶✶✮

⇒ g = 2
ωL

ωc

. ✭✸✳✶✷✮

❚❤❡s❡ ❡①♣❡r✐♠❡♥ts ♥❡❡❞ t♦ ♠❡❛s✉r❡ ωc✱ ✇❤✐❝❤ ✐s ♥♦t ❞✐r❡❝t❧② ❛❝❝❡ss✐❜❧❡ ✐♥ ❛ P❡♥♥✐♥❣

tr❛♣ s✐♥❝❡ ✐t ✐s ♥♦t ♦♥❡ ♦❢ t❤❡ t❤r❡❡ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s✳ ❋♦rt✉♥❛t❡❧②✱ ❛ r❡❧❛t✐♦♥ ❡①✐sts
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t❤❛t ❧✐♥❦s t❤❡s❡ ❡✐❣❡♥❢r❡q✉❡♥❝✐❡s t♦ ωc ❬✷✵❪✿

ω2
c = ω2

+ + ω2
z + ω2

− . ✭✸✳✶✸✮

❚❤❡ ❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝② ωc ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② ♠❡❛s✉r✐♥❣ t❤❡ t❤r❡❡

❡✐❣❡♥❢r❡q✉❡♥❝✐❡s ✐♥ t❤❡ P❡♥♥✐♥❣ tr❛♣✳

✸✳✷✳✷ P❧❛s♠❛s

❖✉r ❛♥t✐❤②❞r♦❣❡♥ ❡①♣❡r✐♠❡♥ts ✉s❡ ❧❛r❣❡ ♥✉♠❜❡rs ♦❢ s❡✈❡r❛❧ 106 ❛♥t✐♣r♦t♦♥s ❛♥❞

108 ♣♦s✐tr♦♥s✳ ❆❧t❤♦✉❣❤ t❤❡s❡ ❝❧♦✉❞s ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ❛r❡ ❝♦♥✜♥❡❞ ❜② t❤❡ s❛♠❡

❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s✱ t❤❡✐r ❜❡❤❛✈✐♦r ❞✐✛❡rs ❢r♦♠ t❤❛t ♦❢ s✐♥❣❧❡ ♣❛rt✐❝❧❡s✳ ❙✐♥❝❡

t❤❡ ❝❧♦✉❞s ✉s❡❞ ❤❡r❡ ♠♦st❧② ❝♦♥s✐st ♦❢ ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡ s♣❡❝✐❡s ❛♥❞ t❤❡r❡❢♦r❡ ❤❛✈❡

❛ ♥❡t ❝❤❛r❣❡✱ t❤❡② ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ♥♦♥✲♥❡✉tr❛❧ ♣❧❛s♠❛s✳ ❚❤❡ ❦❡② ♣r♦♣❡rt✐❡s ♦❢

♥♦♥✲♥❡✉tr❛❧ ♣❧❛s♠❛s r❡q✉✐r❡❞ ❢♦r t❤✐s ✇♦r❦ ❛r❡ r❡✈✐❡✇❡❞ ❤❡r❡✱ ❢♦r ❢✉rt❤❡r r❡❛❞✐♥❣

s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✺✵❪ ❛♥❞ ❬✸✼❪✳

❲✐t❤✐♥ t❤❡ ❝❧♦✉❞✱ t❤❡ ♣❛rt✐❝❧❡s r❡❛rr❛♥❣❡ ❛♥❞ s❤✐❡❧❞ ♦✉t ❡❧❡❝tr✐❝ ✜❡❧❞s ♦✈❡r t❤❡

s❝❛❧❡ ♦❢ t❤❡ ❉❡❜②❡ ❧❡♥❣t❤

λD =

√

ǫ0kBT

nq2
, ✭✸✳✶✹✮

✇❤❡r❡ q ✐s t❤❡ ❝❤❛r❣❡ ♦❢ ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡✱ n ✐s t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ❝❧♦✉❞ ❛♥❞ T ✐ts

t❡♠♣❡r❛t✉r❡✳ ■♥ ❣❡♥❡r❛❧✱ ♦♥❡ r❡❢❡rs t♦ ❛ ♣❛rt✐❝❧❡ ❝❧♦✉❞ ❛s ❛ ♣❧❛s♠❛ ✐❢ ✐ts s♣❛t✐❛❧

❡①t❡♥t ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ❉❡❜②❡ ❧❡♥❣t❤✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r ♦✉r ❝❧♦✉❞s ✇✐t❤

❞✐♠❡♥s✐♦♥s ♦❢ ♠♠ t♦ ❝♠ ✇❤✐❧❡ λD ≃ 10− 100µm✳

❚❤❡ ❛❝❝✉♠✉❧❛t❡❞ ❝❤❛r❣❡ ♦❢ ❛❧❧ ♣❛rt✐❝❧❡s ❣❡♥❡r❛t❡s ❛♥ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧✱ t❤❡ s♣❛❝❡

❝❤❛r❣❡ ♦r s❡❧❢✲♣♦t❡♥t✐❛❧✳ ■t ❝❛♥ r❡❛❝❤ ♠❛❣♥✐t✉❞❡s ♦❢ s❡✈❡r❛❧ ❱✳ ❚♦ ❦❡❡♣ t❤❡ ♣❛rt✐❝❧❡s

❝♦♥✜♥❡❞✱ t❤❡ ❡①t❡r♥❛❧ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ P❡♥♥✐♥❣ tr❛♣ ♠✉st ❜❡ ❧❛r❣❡r t❤❛♥ t❤❡ s♣❛❝❡
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❋✐❣✉r❡ ✸✳✻✿ ❆ ♥♦♥✲♥❡✉tr❛❧ ♣❧❛s♠❛ ❝♦♥✜♥❡❞ ❜② ❛ ❤❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧ ✐♥ ❛ P❡♥♥✐♥❣ tr❛♣✳ ❚❤❡

♣❧❛s♠❛ t❛❦❡s t❤❡ ❢♦r♠ ♦❢ ❛ s♣❤❡r♦✐❞ ✇✐t❤ r❛❞✐✉s rP ❛♥❞ ❛①✐❛❧ ❤❛❧❢✲❧❡♥❣t❤ zP ✳

❝❤❛r❣❡ ♣♦t❡♥t✐❛❧✳ ❚❤❡ ♣❛rt✐❝❧❡s ❛✛❡❝t ❡❛❝❤ ♦t❤❡r ❜② ❈♦✉❧♦♠❜ ✐♥t❡r❛❝t✐♦♥✳ ❆t t❤❡r✲

♠❛❧ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡② r❡❛rr❛♥❣❡ t❤❡✐r ❞✐str✐❜✉t✐♦♥ t♦ ❛ ❝♦♥st❛♥t ♣❛rt✐❝❧❡ ❞❡♥s✐t② n✳

❚②♣✐❝❛❧ ✈❛❧✉❡s ❢♦r ♦✉r ♣❧❛s♠❛s ❛r❡ n = 1012−1014 m−3✳ ❉✉❡ t♦ t❤❡ ❝♦♥st❛♥t ❞❡♥s✐t②✱

t❤❡ ♣♦t❡♥t✐❛❧ ✇✐t❤✐♥ t❤❡ ♣❧❛s♠❛ ✐s ❛❧s♦ ❝♦♥st❛♥t✳ ❖✉ts✐❞❡ ✐ts ❜♦✉♥❞❛r✐❡s✱ ✐t ❢❛❧❧s t♦

③❡r♦ ✇✐t❤✐♥ s❡✈❡r❛❧ ❉❡❜②❡ ❧❡♥❣t❤s λD✳
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❲✐t❤✐♥ t❤❡ ❡❧❡❝tr♦st❛t✐❝ q✉❛❞r✉♣♦❧❡ ♣♦t❡♥t✐❛❧ ♦❢ ❛ P❡♥♥✐♥❣ tr❛♣✱ ❛ ♣❧❛s♠❛ t❛❦❡s

t❤❡ s❤❛♣❡ ♦❢ ❛ s♣❤❡r♦✐❞ ✇✐t❤ r❛❞✐✉s rP ❛♥❞ ❛①✐❛❧ ❤❛❧❢✲❧❡♥❣t❤ zP ✭✜❣✉r❡ ✸✳✻✮✳ ❚❤❡

❛s♣❡❝t r❛t✐♦

α =
zP
rP

✭✸✳✶✺✮

✐s ✉s❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡ ✐ts s❤❛♣❡✳ ■❢ α > 1✱ t❤❡ ♣❧❛s♠❛ ❤❛s ❛♥ ♦❜❧♦♥❣ s❤❛♣❡ ✭✏❝✐❣❛r✲

s❤❛♣❡✏✮ ❛♥❞ ❢♦r α < 1 ✐t ✐s ✢❛tt❡♥❡❞ ✭✏♣❛♥❝❛❦❡ s❤❛♣❡✏✮✳

❚❤❡ N ♣❛rt✐❝❧❡s ♦❢ ❛ ♣❧❛s♠❛ ❛❝t ❧✐❦❡ ❝♦✉♣❧❡❞ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦rs s❤♦✇✐♥❣ N

❝♦❧❧❡❝t✐✈❡ ♠♦❞❡s✳ ❚❤❡ ♠♦❞❡s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ s❡t ♦❢ ✐♥t❡❣❡rs (l,m) ✇✐t❤ l > 0

❛♥❞ |m| < l✳ ▼♦❞❡s ✇✐t❤ m = 0 ❛r❡ ❝②❧✐♥❞r✐❝❛❧❧② s②♠♠❡tr✐❝✳ ■♥ ❛ ❝②❧✐♥❞r✐❝❛❧ tr❛♣✱

❛s②♠♠❡tr✐❝ ♠♦❞❡s ✇✐t❤ m 6= 0 ❛r❡ t❤❡r❡❢♦r❡ s✉♣♣r❡ss❡❞✳ ❚❤❡ ♣❧❛s♠❛ ❢r❡q✉❡♥❝✐❡s

❛r❡ ❝❛❧❝✉❧❛t❡❞ ❢♦r T → 0 ✐♥ ❬✹✾❪✳ ❋♦r ❤✐❣❤❡r t❡♠♣❡r❛t✉r❡s✱ ♥✉♠❡r✐❝❛❧ ❝♦rr❡❝t✐♦♥s

❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❬✶✷✽❪✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ (1, 0) ❞❡s❝r✐❜❡s ❛♥ ♦s❝✐❧❧❛t✐♦♥ ♦❢ t❤❡

♣❧❛s♠❛✬s ❝❡♥t❡r ♦❢ ♠❛ss ❛❧♦♥❣ t❤❡ tr❛♣ ❛①✐s✳ ■♥ ❛♥ ✐❞❡❛❧ P❡♥♥✐♥❣ tr❛♣✱ ✐ts ❢r❡q✉❡♥❝②

❡q✉❛❧s t❤❡ ❛①✐❛❧ ❢r❡q✉❡♥❝② ♦❢ ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡✳ ❚❤❡ (2, 0) ♠♦❞❡✱ ♦r q✉❛❞r✉♣♦❧❡ ♠♦❞❡✱

❝♦rr❡s♣♦♥❞s t♦ ❛♥ ♦s❝✐❧❧❛t✐♦♥ ♦❢ t❤❡ ❛s♣❡❝t r❛t✐♦ α✳ ❚❤❡ ✜rst t✇♦ ♠♦❞❡s (1, 0) ❛♥❞

(2, 0) ❛r❡ ♦❢ s♣❡❝✐❛❧ ✐♥t❡r❡st✳ ❋r♦♠ ❛ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡✐r ❢r❡q✉❡♥❝✐❡s✱ t♦❣❡t❤❡r

✇✐t❤ t❤❡ ♣❛rt✐❝❧❡ ♥✉♠❜❡r N ✱ ❛❧❧ ♦t❤❡r ♣❧❛s♠❛ ♣r♦♣❡rt✐❡s ❧✐❦❡ ❛s♣❡❝t r❛t✐♦ α ❛♥❞

♣❛rt✐❝❧❡ ❞❡♥s✐t② n ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❬✺✵❪✳ ❚❤✐s ✐s ✉s❡❞ ❛t ❆❚❘❆P t♦ ❝❤❛r❛❝t❡r✐③❡

t❤❡ ♣❧❛s♠❛s ❢♦r ♦✉r ❡①♣❡r✐♠❡♥ts✳

❚❤❡ tr❛♣ ❛♥❞ t❤❡ ❝♦♥✜♥✐♥❣ ♣♦t❡♥t✐❛❧ ❛r❡ r♦t❛t✐♦♥❛❧❧② s②♠♠❡tr✐❝✱ t❤❡r❡❢♦r❡ t❤❡

❝❛♥♦♥✐❝❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ✐s ❝♦♥s❡r✈❡❞

Pθ =
N∑

i=1

(

mvθ,i pi +
q

2
B r2i

)

. ✭✸✳✶✻✮

❚❤❡ ✜rst ♣❛rt ✐♥ ✭✸✳✶✻✮ ❞❡s❝r✐❜❡s t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠✳ ❚②♣✐❝❛❧❧②✱ ✐t

✐s s❡✈❡r❛❧ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ s♠❛❧❧❡r t❤❛♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠

✹✵
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✐♥❞✉❝❡❞ ❜② t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ■t ❝❛♥ t❤❡r❡❢♦r❡ ❜❡ ♥❡❣❧❡❝t❡❞ s♦ t❤❛t

Pθ ≃
q

2
B〈r2〉 . ✭✸✳✶✼✮

❚❤✐s ✐♠♣❧✐❡s ❛ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ t❤❡ ♠❡❛♥ sq✉❛r❡ r❛❞✐✉s ✐❢ ♥♦ t♦rq✉❡ ✐s ❛♣♣❧✐❡❞✱ ✇❤✐❝❤

✐s ♦♥❧② t❤❡ ❝❛s❡ ✐♥ ❛♥ ✐❞❡❛❧ tr❛♣✳ ❙❧✐❣❤t ❛s②♠♠❡tr✐❡s ❛♥❞ ✐♠♣❡r❢❡❝t✐♦♥s ✐♥ r❡❛❧

tr❛♣s ❣❡♥❡r❛t❡ ❛ ❞r❛❣ ♦♥ t❤❡ ♣❧❛s♠❛ ✇❤✐❝❤ ❝❛✉s❡s ❡①♣❛♥s✐♦♥ ♦✈❡r ❛ ❧♦♥❣ t✐♠❡s❝❛❧❡✳

❊✈❡♥t✉❛❧❧②✱ t❤❡ ♣❛rt✐❝❧❡s ✇✐❧❧ ❤✐t t❤❡ ✇❛❧❧ ♦❢ t❤❡ tr❛♣ ❛♥❞ ❛r❡ ❧♦st✳ ■♥ ♣r❛❝t✐❝❡✱

❝♦♥✜♥❡♠❡♥t t✐♠❡s ♦♥ t❤❡ ♦r❞❡r ♦❢ ❤♦✉rs ❛r❡ ❡❛s✐❧② ❛❝❤✐❡✈❡❞✳ ❙t✐❧❧✱ ❛ ❝♦♥t✐♥✉♦✉s

❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛s ✐s ❞✐s❛❞✈❛♥t❛❣❡♦✉s ✇❤❡♥ s✐♠✐❧❛r st❛rt✐♥❣ ❝♦♥❞✐t✐♦♥s ❢♦r

❡❛❝❤ ❡①♣❡r✐♠❡♥t ❛r❡ ❞❡s✐r❡❞✳ ❚❤❡r❡❢♦r❡ ✇❡ ✉s❡ t❤❡ s♦✲❝❛❧❧❡❞ r♦t❛t✐♥❣ ✇❛❧❧ t❡❝❤♥✐q✉❡

t♦ ❝♦♥tr♦❧ t❤❡ ♣❧❛s♠❛ r❛❞✐✉s✳

✸✳✷✳✸ ❙❤❛♣✐♥❣ ❛ P❧❛s♠❛

❈♦♥tr♦❧ ♦❢ t❤❡ ♣❧❛s♠❛ s❤❛♣❡ ✐s ✐♠♣♦rt❛♥t t♦ ♣r❡♣❛r❡ ❡q✉❛❧ st❛rt✐♥❣ ❝♦♥❞✐t✐♦♥s ❢♦r

❛♥t✐❤②❞r♦❣❡♥ ❡①♣❡r✐♠❡♥ts ❛♥❞ t♦ ❝♦✉♥t❡r❛❝t t❤❡ ❡①♣❛♥s✐♦♥ ❝❛✉s❡❞ ❜② tr❛♣ ✐♠♣❡r✲

❢❡❝t✐♦♥s✳ ❈♦♠♣r❡ss✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ♠❛❣♥❡t✐❝

✜❡❧❞✳ ❋♦r t❤❡ s✐♠♣❧❡ ❝❛s❡ ♦❢ ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡ t❤✐s ❝❛♥ ❜❡ s❡❡♥ ❜② ❡q✉❛t✐♦♥ ✭✸✳✹✮✳

❙✐♥❝❡ t❤✐s ✐s r❡✈❡rs✐❜❧❡✱ t❤❡ ♣❧❛s♠❛ ✇✐❧❧ r❡✈❡rt t♦ ✐ts ♦r✐❣✐♥❛❧ s❤❛♣❡ ✐❢ t❤❡ ♠❛❣♥❡t✐❝

✜❡❧❞ ✐s ❧♦✇❡r❡❞ ❛❣❛✐♥✳

❚❤❡ ♠❡❛♥ ♣❧❛s♠❛ r❛❞✐✉s ❝❛♥ ❛❧s♦ ❜❡ ❝❤❛♥❣❡❞ ❜② ❛♣♣❧②✐♥❣ ❛ t♦rq✉❡ t❤❛t ❛✛❡❝ts

t❤❡ ♣❧❛s♠❛s ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠✳ ❋♦r ❛ ❝❧♦✉❞ ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s✱ t❤✐s ✐s ♣♦ss✐❜❧❡ ❜②

♠❡❛♥s ♦❢ ❛♥ ❛③✐♠✉t❤❛❧❧② ❛s②♠♠❡tr✐❝ r♦t❛t✐♥❣ ❡❧❡❝tr✐❝ ✜❡❧❞ ✇✐t❤ ❢r❡q✉❡♥❝② ωRW

2π
❬✽✻❪✳

■♥ ❛ P❡♥♥✐♥❣ tr❛♣✱ s✉❝❤ ❛ ✜❡❧❞ ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ ❜② ❛ r✐♥❣ ❡❧❡❝tr♦❞❡ t❤❛t ✐s s❡♣❛r❛t❡❞

✐♥t♦ ❢♦✉r s❡❣♠❡♥ts✱ ❛s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✼✳ ❆ ✈♦❧t❛❣❡ ♦❢ t❤❡ ❢♦r♠

V = V0 cos
(

ωRW t− π

2
k
)

. ✭✸✳✶✽✮
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❋✐❣✉r❡ ✸✳✼✿ ❙❡❣♠❡♥t❡❞ ❡❧❡❝tr♦❞❡ ✉s❡❞ t♦ ❛♣♣❧② ❛ r♦t❛t✐♥❣ ✇❛❧❧ ❞r✐✈❡ t♦ ❝♦♠♣r❡ss ❛ ♣❧❛s♠❛✳

❆♥ ♦s❝✐❧❧❛t✐♥❣ ✈♦❧t❛❣❡ ✐s s❡♥t t♦ ❡❛❝❤ s❡❣♠❡♥t ✇✐t❤ ♣❤❛s❡ s❤✐❢ts ♦❢ π/2 t♦ t❤❡ ♥❡✐❣❤❜♦r✐♥❣

s❡❣♠❡♥ts✳ ❚❤✐s ❣❡♥❡r❛t❡s ❛ r♦t❛t✐♥❣ ❡❧❡❝tr✐❝ ✜❡❧❞ ✇❤✐❝❤ ❡①❝✐t❡s ❛③✐♠✉t❤❛❧❧② ❛s②♠♠❡tr✐❝ ♣❧❛s♠❛

♠♦❞❡s✳ ❚❤❡s❡ ♠♦❞❡s ❝❛rr② ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ✇❤✐❝❤ ✐s tr❛♥s❢❡r❡❞ t♦ t❤❡ ♣❧❛s♠❛✳ ❚❤✉s✱ t❤❡

♣❧❛s♠❛s t♦t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♠❡❛♥ ♣❧❛s♠❛ r❛❞✐✉s ❝❛♥ ❜❡ ❝❤❛♥❣❡❞✳

✇✐t❤ k = 0, 1, 2, 3 ✐s ❛♣♣❧✐❡❞ t♦ ❡❛❝❤ ❡❧❡❝tr♦❞❡ s❡❣♠❡♥t s♦ t❤❛t t❤❡ ✜❡❧❞ ♦s❝✐❧❧❛t❡s

✇✐t❤ ❛ ♣❤❛s❡ s❤✐❢t ♦❢ π/2 ❜❡t✇❡❡♥ t✇♦ ♥❡✐❣❤❜♦r✐♥❣ s❡❣♠❡♥ts✳ ■❢ ωRW ✐s t✉♥❡❞ t♦

t❤❡ r✐❣❤t ❢r❡q✉❡♥❝②✱ t❤❡ r♦t❛t✐♥❣ ❡❧❡❝tr✐❝ ✜❡❧❞ ❡①❝✐t❡s ❛ ♣❧❛s♠❛ ♠♦❞❡ ✇✐t❤ m 6= 0✳

❚❤❡s❡ ♠♦❞❡s ❛r❡ ♥♦t ❛③✐♠✉t❤❛❧❧② s②♠♠❡tr✐❝✱ t❤❡② ❤❛✈❡ ❛♥ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ✇❤✐❝❤

✐s tr❛♥s❢❡r❡❞ t♦ t❤❡ ♣❧❛s♠❛✳ ❚❤✉s t❤❡ ♣❧❛s♠❛✬s t♦t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ❝❛♥ ❜❡

✐♥❝r❡❛s❡❞✱ ❧❡❛❞✐♥❣ t♦ ❛ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ t❤❡ ♠❡❛♥ sq✉❛r❡ r❛❞✐✉s✳ ❚❤❡ ♣❧❛s♠❛ ✐s

✑s♣✉♥ ✉♣✏✳ ■♥ t❤❡ s❛♠❡ ♠❛♥♥❡r✱ t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ❝❛♥ ❜❡ ❞❡❝r❡❛s❡❞ ♦♥ ✇❤✐❝❤

t❤❡ ♣❧❛s♠❛ ❡①♣❛♥❞s✳

❘❡❝❡♥t❧②✱ ❛ ❞✐✛❡r❡♥t r♦t❛t✐♥❣ ✇❛❧❧ r❡❣✐♠❡ ✇❛s ❢♦✉♥❞ ❢♦r str♦♥❣ ❞r✐✈❡s ❛♥❞ ♣❧❛s♠❛s

✹✷
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✇✐t❤ ❤✐❣❤ ❛s♣❡❝t r❛t✐♦s ✐♥ ❧❛r❣❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❬✸✺✱✸✻❪✳ ■♥ t❤✐s s♦ ❝❛❧❧❡❞ str♦♥❣✲❞r✐✈❡

r❡❣✐♠❡✱ ❝♦♠♣r❡ss✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛ ✐s ❛❝❤✐❡✈❡❞ ✇✐t❤♦✉t t✉♥✐♥❣ t♦ ❛♥② ♣❧❛s♠❛ ♠♦❞❡s✳

❚❤❡ t❤❡♦r❡t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥s ♦❢ t❤✐s r❡❣✐♠❡ ❛r❡ ♥♦t ❢✉❧❧② ✉♥❞❡rst♦♦❞ ②❡t✱ ❜✉t t❤❡

str♦♥❣ ❞r✐✈❡ r❡❣✐♠❡ ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ❝♦♠♣r❡ss ♣♦s✐tr♦♥ ♣❧❛s♠❛s ❞♦✇♥ t♦ ❛ r❛❞✐✉s

♦❢ 2mm ✐♥ t❤❡ ❆❚❘❆P ❛♣♣❛r❛t✉s✳

❚❤❡ r♦t❛t✐♥❣ ✇❛❧❧ t❡❝❤♥✐q✉❡ ✐s ❡ss❡♥t✐❛❧ t♦ ❧♦❛❞ t❤❡ ❧❛r❣❡ ♣❧❛s♠❛s ❢♦r ♦✉r ❡①♣❡r✲

✐♠❡♥ts✳ ❲❤✐❧❡ ❛❝❝✉♠✉❧❛t✐♥❣ ❛♥t✐♣r♦t♦♥s ❢r♦♠ t❤❡ ❆❉✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛r♦✉♥❞

t❤❡ ❝❛t❝❤✐♥❣ r❡❣✐♦♥ ✐s ✐♥❝r❡❛s❡❞ ❧♦❝❛❧❧② t♦ 3.7T ✭s❡❝t✐♦♥ ✸✳✸✮✳ ❲❤❡♥ t❤❡ ✜❡❧❞ ✐s

❧♦✇❡r❡❞ ❛❣❛✐♥ t♦ 1T✱ t❤❡ p̄ ❝❧♦✉❞ ❡①♣❛♥❞s✳ ❚♦ ♣r❡✈❡♥t ❧♦ss❡s ❢r♦♠ ♣❛rt✐❝❧❡s ❤✐tt✐♥❣

t❤❡ ✇❛❧❧ ♦❢ t❤❡ ❡❧❡❝tr♦❞❡s✱ t❤❡ ♣❧❛s♠❛ ✐s s♣✉♥ ✉♣ t♦ ❛ s♠❛❧❧ r❛❞✐✉s ❜❡❢♦r❡ ❧♦✇❡r✐♥❣

t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❯s✐♥❣ t❤✐s ♠❡t❤♦❞✱ t❤❡ r❛t❡ ❛♥❞ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❛♥t✐♣r♦t♦♥s

❛❝❝✉♠✉❧❛t❡❞ ❝♦✉❧❞ ❜❡ s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡❞✳ ❋♦r ❞❡t❛✐❧s s❡❡ s❡❝t✐♦♥ ✻✳✶✳✸✳

✸✳✸ ❚❤❡ ❇❚❘❆P P❡♥♥✐♥❣✲■♦✛❡ ❚r❛♣

❋✐❣✉r❡ ✸✳✽ s❤♦✇s ❛ ❝r♦ss s❡❝t✐♦♥ ♦❢ t❤❡ ❆❚❘❆P ❛♣♣❛r❛t✉s✱ ❛ ❝②❧✐♥❞r✐❝❛❧ ❝♦♠❜✐♥❡❞

P❡♥♥✐♥❣✲■♦✛❡ tr❛♣ ✇✐t❤ ❛ ❤❡✐❣❤t ♦❢ 2.2m✳ ■t s✐ts ✐♥s✐❞❡ ❛ t❤r❡❡ ❧❛②❡r t❤❡r♠❛❧ ✐s♦❧❛t✐♦♥

st❛❣❡ ❝❛❧❧❡❞ t❤❡ ✐♥s❡rt ❞❡✇❛r✱ ✇❤✐❝❤ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✶✳ ❋♦r ♠❛✐♥t❡♥❛♥❝❡✱ t❤❡

tr❛♣ ❝❛♥ ❜❡ ❧✐❢t❡❞ ♦✉t s❡♣❛r❛t❡❧② ♦r ✇✐t❤ t❤❡ ✐♥s❡rt ❞❡✇❛r✳ ■♥ ♣r✐♥❝✐♣❧❡✱ t❤✐s ❛❧❧♦✇s

❢❛st ❡①❝❤❛♥❣❡ ✇✐t❤ ❛♥♦t❤❡r tr❛♣ t❤❛t ❤❛s ❜❡❡♥ ♣r❡✲❝♦♦❧❡❞ ✐♥ ❛ s❡❝♦♥❞ ✐♥s❡rt ❞❡✇❛r✳

❋♦r t❤❡r♠❛❧ ✐s♦❧❛t✐♦♥✱ t❤❡ tr❛♣ ✐s s✉s♣❡♥❞❡❞ ❢r♦♠ t❤❡ t♦♣ ♦♥❧②✳ ❚❤✐s r❡q✉✐r❡s ❛❧❧

❝♦♥♥❡❝t✐♦♥s✱ ❡❧❡❝tr✐❝❛❧✱ ♦♣t✐❝❛❧ ❛♥❞ ♠❡❝❤❛♥✐❝❛❧ t♦ ❜❡ ❢❡❞ t❤r♦✉❣❤ t❤❡ t♦♣ ♣❧❛t❡✱

❝❛❧❧❡❞ t❤❡ ✑❤❛t✏✳ ❇❡♥❡❛t❤ t❤❡ ❤❛t ❛r❡ t❤r❡❡ ❝♦♣♣❡r ♣❧❛t❡s ❝♦✈❡r❡❞ ✇✐t❤ ❛❧✉♠✐♥✐③❡❞

♠②❧❛r ❢♦✐❧ t❤❛t ❛❧s♦ s❡r✈❡ t❤❡r♠❛❧ ✐s♦❧❛t✐♦♥✱ ❢♦❧❧♦✇❡❞ ❜② ❛ ❧✐q✉✐❞ ❤❡❧✐✉♠ ❞❡✇❛r ✇✐t❤ ❛

❝❛♣❛❝✐t② ♦❢ 40 l✳ ❚❤✐s ✐s ❡♥♦✉❣❤ t♦ ❡♥s✉r❡ ❝♦❧❞ ♦♣❡r❛t✐♦♥ ❢♦r ♠♦r❡ t❤❛♥ ❛ ❞❛② ❜❡❢♦r❡

t❤❡ ❞❡✇❛r ♠✉st ❜❡ r❡✜❧❧❡❞✳

✹✸
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❋✐❣✉r❡ ✸✳✽✿ ❚❤❡ ❇❚❘❆P ❝♦♠❜✐♥❡❞ P❡♥♥✐♥❣✲■♦✛❡ tr❛♣✳ ❋♦r ❞❡t❛✐❧s s❡❡ t❡①t✳

✹✹



✸✳✸✳ ❚❍❊ ❇❚❘❆P P❊◆◆■◆●✲■❖❋❋❊ ❚❘❆P

Pr❡✈✐♦✉s ❡①♣❡r✐♠❡♥ts ❛t ❆❚❘❆P ✉s❡❞ ❛ ♠✉❝❤ s♠❛❧❧❡r tr❛♣ ❬✶✷✻❪✳ ❉✉r✐♥❣ t❤❡

❈❊❘◆ s❤✉t❞♦✇♥ ♦❢ ✷✵✵✺✱ t✇♦ ❝♦♣✐❡s ♦❢ ❛ ♥❡✇ ❛♥❞ ♠✉❝❤ ❧❛r❣❡r ❛♣♣❛r❛t✉s ✇❡r❡

❜✉✐❧t ❜② ❆❚❘❆P ❝♦❧❧❛❜♦r❛t♦rs ❢r♦♠ ❍❛r✈❛r❞✳ ❚❤❡ ✐♥♥❡r ❞✐❛♠❡t❡r ♦❢ t❤❡ P❡♥♥✐♥❣

tr❛♣ ❡❧❡❝tr♦❞❡s ✐♥❝r❡❛s❡❞ ❢r♦♠ 12mm t♦ 36mm t♦ ❡♥❛❜❧❡ ❧♦❛❞✐♥❣ ❛♥❞ ♠❛♥✐♣✉❧❛t✐♦♥

♦❢ ♠✉❝❤ ❧❛r❣❡r ♣❛rt✐❝❧❡ ❝❧♦✉❞s✳ ❚❤❡ t✇♦ ♥❡✇ tr❛♣s ❛r❡ ✐♥t❡r♥❛❧❧② r❡❢❡rr❡❞ t♦ ❛s

❆❚❘❆P ❛♥❞ ❇❚❘❆P✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t s❡✈❡r❛❧ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣♦♥❡♥ts✱ ❧✐❦❡ t❤❡

q✉❛❞r✉♣♦❧❡ ■♦✛❡ tr❛♣✱ t❤❡ ✜❡❧❞✲❜♦♦st✐♥❣ s♦❧❡♥♦✐❞ ❢♦r ❛♥t✐♣r♦t♦♥ ❧♦❛❞✐♥❣ ❛♥❞ t❤❡

❝❡s✐✉♠ ❝♦♠♣♦♥❡♥ts✱ ✇❤✐❝❤ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✱ ✇❡r❡ ♦♥❧② ❜✉✐❧t

♦♥❝❡ ❛♥❞ ❛r❡ ♠♦✉♥t❡❞ t♦ ❇❚❘❆P✳ ❆❧❧ ❡①♣❡r✐♠❡♥ts ❢♦r t❤✐s ✇♦r❦ ✇❡r❡ ❝❛rr✐❡❞ ♦✉t

✇✐t❤ t❤❡ ❇❚❘❆P ❛♣♣❛r❛t✉s✳ ❆ ♥❡✇ ❛♣♣❛r❛t✉s✱ ♥❛♠❡❞ ❈❚❘❆P✱ ✇✐t❤ ❛♥ ✐♠♣r♦✈❡❞

■♦✛❡ tr❛♣ ✐s ❝✉rr❡♥t❧② ✉♥❞❡r ❝♦♥str✉❝t✐♦♥✳ ❉❡t❛✐❧s ❛r❡ ❢♦✉♥❞ ✐♥ ❬✾✵✱✶✶✻❪✳

❚❤❡ tr❛♣ ❛♥❞ t❤❡ ✐♥s❡rt ❞❡✇❛r ❛r❡ ❧♦❝❛t❡❞ ✇✐t❤✐♥ t❤❡ ❜♦r❡ ♦❢ ❛ ❧❛r❣❡ s✉♣❡r❝♦♥✲

❞✉❝t✐♥❣ s♦❧❡♥♦✐❞ ❢♦r r❛❞✐❛❧ ❝♦♥✜♥❡♠❡♥t ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ✐♥ t❤❡ P❡♥♥✐♥❣ tr❛♣✳

■t ❝❛♥ ❣❡♥❡r❛t❡ ❛ ✉♥✐❢♦r♠ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ✉♣ t♦ 3T✳ ❙✐♥❝❡ ✐ts ❤♦♠♦❣❡♥❡♦✉s ✜❡❧❞

❧♦✇❡rs t❤❡ tr❛♣♣✐♥❣ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ■♦✛❡ tr❛♣ ✭s❡❝t✐♦♥ ✸✳✸✳✷✮✱ t❤❡ ♠❛❣♥❡t ✐s ♦♣❡r❛t❡❞

❛t ❛ ❧♦✇❡r ✜❡❧❞ ♦❢ 1T✳ ❚❤❡ p̄ ❝❛t❝❤✐♥❣ ❡✣❝✐❡♥❝② ✐s ❤✐❣❤❡r ✐♥ str♦♥❣❡r ♠❛❣♥❡t✐❝ ✜❡❧❞s

s✐♥❝❡ t❤❡ ✐♥❝♦♠✐♥❣ p̄ ❜✉♥❝❤❡s ❛r❡ ❝♦♠♣r❡ss❡❞ t♦ ❛ t✐❣❤t❡r r❛❞✐✉s✳ ❚♦ ❝♦♠♣❡♥s❛t❡

❢♦r t❤❡ r❡❞✉❝❡❞ ✜❡❧❞✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ s♦❧❡♥♦✐❞ ✐s ✐♥st❛❧❧❡❞ t♦ ❜♦♦st t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞

✐♥ t❤❡ p̄ tr❛♣♣✐♥❣ r❡❣✐♦♥ t♦ 3.7T✳ ■t ✐s ♦♥❧② ❡♥❡r❣✐③❡❞ ❞✉r✐♥❣ p̄ ❧♦❛❞✐♥❣ ❛♥❞ r❛♠♣❡❞

❞♦✇♥ ❛❣❛✐♥ ❜❡❢♦r❡ ❛♥ ❡①♣❡r✐♠❡♥t t❛❦❡s ♣❧❛❝❡✳

✸✳✸✳✶ ❚❤❡ P❡♥♥✐♥❣ ❚r❛♣

❚♦ ❢♦r♠ ❛♥t✐❤②❞r♦❣❡♥✱ ♣♦s✐tr♦♥s ❛♥❞ ❛♥t✐♣r♦t♦♥s ♠✉st ❜❡ ❝❛✉❣❤t✱ ❝♦♦❧❡❞✱ ❛♥❞ ♠❛✲

♥✐♣✉❧❛t❡❞✳ ❚❤✐s r❡q✉✐r❡s ❛ tr❛♣ ✇✐t❤ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❣❡♥❡r❛t❡ ✈❛r✐♦✉s ♣♦t❡♥t✐❛❧

str✉❝t✉r❡s ❢♦r ❡❛❝❤ s♣❡❝✐✜❝ ♣✉r♣♦s❡✳ ❚♦ ♠❡❡t t❤❡s❡ r❡q✉✐r❡♠❡♥ts✱ ❛ ❧❛r❣❡ P❡♥♥✐♥❣
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tr❛♣ ❝♦♥s✐st✐♥❣ ♦❢ ✸✾ ❣♦❧❞✲♣❧❛t❡❞ ❝♦♣♣❡r ❡❧❡❝tr♦❞❡s ✇❛s ❞❡s✐❣♥❡❞✳ ❚❤❡ ❡♥t✐r❡ ❡❧❡❝✲

tr♦❞❡ st❛❝❦ ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✸✳✾✳ ❚❤❡ ❡❧❡❝tr♦❞❡s ❛r❡ s❡♣❛r❛t❡❞ ❜② ♠❛❝♦r s♣❛❝❡rs✳

❚❤❡ st❛❝❦ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♣❛rts✿ ❚❤❡ ❛♥t✐♣r♦t♦♥ ❝❛t❝❤✐♥❣ r❡❣✐♦♥✱ ♦r ❧♦✇❡r st❛❝❦✱

❛♥❞ t❤❡ ✉♣♣❡r st❛❝❦ ✇❤✐❝❤ ✐s ✉s❡❞ ❢♦r ♣♦s✐tr♦♥ ❧♦❛❞✐♥❣ ❛♥❞ ♠♦st ♦❢ ♦✉r ❡①♣❡r✐♠❡♥ts✳

❚❤❡ ✐♥♥❡r ❞✐❛♠❡t❡r ♦❢ ❛❧❧ ❡❧❡❝tr♦❞❡s ✐s 36mm✱ ❜✉t ❞✐✛❡r❡♥t ❧❡♥❣t❤s ❡①✐st✳ ▼♦st ❡❧❡❝✲

tr♦❞❡s ✐♥ t❤❡ ✉♣♣❡r st❛❝❦✱ ♥❛♠❡❞ ❯❚❘①✱ ❛r❡ r❛❞✐✉s ❧❡♥❣t❤✳ ❆ ♥✉♠❜❡r ♦❢ ❡❧❡❝tr♦❞❡s

❛r❡ ❞❡s✐❣♥❡❞ ❢♦r s♣❡❝✐✜❝ ♣✉r♣♦s❡s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❧❡♥❣t❤s ♦❢ t❤❡ t✇♦ r✐♥❣ ❡❧❡❝✲

tr♦❞❡s ❯❘■◆● ❛♥❞ ▲❘■◆● t♦❣❡t❤❡r ✇✐t❤ t❤❡✐r ♥❡✐❣❤❜♦r✐♥❣ ❝♦♠♣❡♥s❛t✐♦♥ ❡❧❡❝tr♦❞❡s

❛r❡ ♠❛t❝❤❡❞ t♦ ❣❡♥❡r❛t❡ ❛♥ ❡s♣❡❝✐❛❧❧② ❤❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧✳ ❚❤❡② ❤❛✈❡ ♠❛✐♥❧② ❜❡❡♥

✉s❡❞ ❢♦r s✐♥❣❧❡ ♣❛rt✐❝❧❡ st✉❞✐❡s ❬✾✸❪✳ ❚❤❡r❡ ❛r❡ t✇♦ s❡❣♠❡♥t❡❞ ❡❧❡❝tr♦❞❡s t♦ ❛♣♣❧②

r♦t❛t✐♥❣ ✇❛❧❧ ❞r✐✈❡s ❢♦r ♣❧❛s♠❛ ❝♦♠♣r❡ss✐♦♥ ✭s❡❡ s❡❝t✐♦♥ ✸✳✷✳✸✮✳ ▲❚❘❲ ✐♥ t❤❡ ❧♦✇❡r

st❛❝❦ ✐s ✉s❡❞ t♦ ❝♦♠♣r❡ss t❤❡ ❛♥t✐♣r♦t♦♥s ❞✉r✐♥❣ ♣❛rt✐❝❧❡ ❧♦❛❞✐♥❣ ❛♥❞ ❯❚❘❲ ✐♥ t❤❡

✉♣♣❡r st❛❝❦ ❢✉❧✜❧❧s t❤❡ s❛♠❡ t❛s❦ ❢♦r ♣♦s✐tr♦♥s✳ ❚❤❡ ❈❙ ❡❧❡❝tr♦❞❡ ❤❛s t✇♦ ❤♦❧❡s ♦♥

♦♣♣♦s✐t❡ s✐❞❡s t❤❛t ❛❧❧♦✇ ❛ ❜❡❛♠ ♦❢ ❝❡s✐✉♠ ❛t♦♠s ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥ts

t♦ ❝r♦ss t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦✳

❚❤❡ ✈♦❧t❛❣❡s ♦♥ ❡❛❝❤ ❡❧❡❝tr♦❞❡ ❝❛♥ ❜❡ s❡t ✐♥❞✐✈✐❞✉❛❧❧② ✇❤✐❝❤ ❛❧❧♦✇s ❝♦♠♣❧❡①

♣♦t❡♥t✐❛❧ str✉❝t✉r❡s ❧✐❦❡ t❤❡ ♦♥❡s ♥❡❡❞❡❞ ❢♦r ♣❛rt✐❝❧❡ ❧♦❛❞✐♥❣ ❛♥❞ ❛♥t✐❤②❞r♦❣❡♥ ♣r♦✲

❞✉❝t✐♦♥ ✭s❡❡ ❝❤❛♣t❡r ✻✮✳ ▼♦st ❡❧❡❝tr♦❞❡s ❛r❡ ❞❡s✐❣♥❡❞ ❢♦r ✈♦❧t❛❣❡s ✉♣ t♦ ±1 kV✱ ❜✉t

t✇♦ ❡❧❡❝tr♦❞❡s ❝❛♥ ❜❡ ❜✐❛s❡❞ t♦ −5 kV ❢♦r ❛♥t✐♣r♦t♦♥ ❝❛t❝❤✐♥❣✳ ❚❤❡s❡ ❛r❡ t❤❡ ❍❱

❛ss❡♠❜❧② ❛♥❞ t❤❡ ❜❡r②❧❧✐✉♠ ❞❡❣r❛❞❡r ❉❊●✱ t❤❡ t❤✐♥ ❢♦✐❧ t❤❛t s❧♦✇s ❛♥t✐♣r♦t♦♥s ❝♦♠✲

✐♥❣ ❢r♦♠ t❤❡ ❆❉ ❞♦✇♥ t♦ ❛ ❢❡✇ ❦❡❱ ♦❢ ❡♥❡r❣②✳ ❆❧❧ ❡❧❡❝tr♦❞❡s ❛r❡ ❛❧s♦ ❝❛♣❛❝✐t✐✈❡❧②

❝♦✉♣❧❡❞ t♦ ♠✐❝r♦✲❝♦❛① ❧✐♥❡s t♦ ❛♣♣❧② ❢❛st ✈♦❧t❛❣❡ ♣✉❧s❡s t♦ ❛♥② ❡❧❡❝tr♦❞❡✳ ❚❤✐s ✐s

❢♦r ✐♥st❛♥❝❡ ✉s❡❞ t♦ r❛♣✐❞❧② ❝❤❛♥❣❡ ♣♦t❡♥t✐❛❧ ❜❛rr✐❡rs ❞✉r✐♥❣ ♣❛rt✐❝❧❡ ❧♦❛❞✐♥❣ ✭s❡❡

s❡❝t✐♦♥s ✻✳✶✳✶ t♦ ✻✳✶✳✸✮✳

❚❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ t✐t❛♥✐✉♠ ✈❛❝✉✉♠ ❡♥❝❧♦s✉r❡✳ ■t ✐s ❝♦♦❧❡❞ t♦

1.3K ❜② ❛ ♣✉♠♣❡❞ ❤❡❧✐✉♠ s②st❡♠ ❬✶✸✻❪ ❢❡❞ ❢r♦♠ t❤❡ 40 l ❧✐q✉✐❞ ❤❡❧✐✉♠ ❞❡✇❛r✳
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❋✐❣✉r❡ ✸✳✾✿ ❚❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦ ♦❢ t❤❡ ❇❚❘❆P P❡♥♥✐♥❣ tr❛♣ s❤♦✇♥ ❛s ❛ s❝❤❡♠❛t✐❝ ♦✈❡r✈✐❡✇

✭❧❡❢t✮ ❛♥❞ ❛s ❛ t❡❝❤♥✐❝❛❧ ❞r❛✇✐♥❣ ✭r✐❣❤t✮✳ ❚❤❡ st❛❝❦ ❝♦♥s✐sts ♦❢ ✸✾ ❡❧❡❝tr♦❞❡s ✇✐t❤ 36mm ✐♥♥❡r

❞✐❛♠❡t❡r✳ ❚❤❡ ❝❡s✐✉♠ ❡❧❡❝tr♦❞❡ ✭❈❙✮ ✐♥ t❤❡ ✉♣♣❡r st❛❝❦ ❤❛s t✇♦ ❤♦❧❡s t♦ ❛❧❧♦✇ ❛ ❜❡❛♠ ♦❢

❝❡s✐✉♠ ❛t♦♠s ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥ts t♦ ❝r♦ss t❤❡ st❛❝❦✳
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✸✳✸✳✷ ❚❤❡ ■♦✛❡ tr❛♣

❋♦r ♣r❡❝✐s✐♦♥ ♠❡❛s✉r❡♠❡♥ts ♦✈❡r ❧♦♥❣ t✐♠❡s❝❛❧❡s✱ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❝❛♥ ❜❡ ❝♦♥✲

✜♥❡❞ ✐♥ ❛ ♠❛❣♥❡t✐❝ ❣r❛❞✐❡♥t ■♦✛❡✲Pr✐t❝❤❛r❞ tr❛♣ ❬✶✹❪✳ ❚❤❡ ❛t♦♠✐❝ ❡♥❡r❣② str✉❝t✉r❡

♦❢ ❛♥t✐❤②❞r♦❣❡♥ ✐s ♠♦❞✐✜❡❞ ✐♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❈❤❛♣t❡r ✺ tr❡❛ts t❤❡ ❛♥❛❧♦❣♦✉s ❝❛s❡

❢♦r ❝❡s✐✉♠ ❛t♦♠s ✐♥ str♦♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❙✐♥❝❡ ❝❡s✐✉♠ ✐s ❛ ❤②❞r♦❣❡♥✲❧✐❦❡ ❛t♦♠✱

t❤❡ r❡s✉❧ts ❛r❡ ✈❡r② s✐♠✐❧❛r✳ ■♥ ❢❛❝t✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❢♦r ❝❡s✐✉♠ ❛r❡ ❧❛r❣❡❧② ❜❛s❡❞ ♦♥

t❤❡ s❧✐❣❤t❧② s✐♠♣❧❡r ❝❛s❡ ♦❢ ❤②❞r♦❣❡♥✳

❚❤❡ ♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥ ♣r♦❞✉❝❡s t✇♦ ❛❞❞✐t✐♦♥❛❧ t❡r♠s ✐♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥

✭s❡❝t✐♦♥ ✺✳✶✳✷✮✳ ❋♦r ❣r♦✉♥❞ st❛t❡ ❛♥t✐❤②❞r♦❣❡♥ ✐♥ ❛ ✜❡❧❞ ♦❢ s❡✈❡r❛❧ t❡s❧❛✱ ♦♥❧② ♦♥❡✱

t❤❡ ♣❛r❛♠❛❣♥❡t✐❝ s❤✐❢t✱ ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✿

HB = −~µ · ~B . ✭✸✳✶✾✮

■♥ t❤❡ S1/2 ❣r♦✉♥❞ st❛t❡ ♦❢ ❛♥t✐❤②❞r♦❣❡♥✱ t❤❡ ♦r❜✐t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ✐s ③❡r♦

✭L = 0✮ ❛♥❞ ♦♥❧② t❤❡ ❡❧❡❝tr♦♥ s♣✐♥ ✭S = 1
2
✮ ❝♦♥tr✐❜✉t❡s ✇❤✐❝❤ ❣✐✈❡s

HB = µB
gS
~

~S · ~B , ✭✸✳✷✵✮

✇✐t❤ t❤❡ ❇♦❤r ♠❛❣♥❡t♦♥ µB ❛♥❞ t❤❡ ❡❧❡❝tr♦♥ g✲❢❛❝t♦r gS✳ ■❢ t❤❡ ❡❧❡❝tr♦♥ s♣✐♥

✐s ❛♥t✐♣❛r❛❧❧❡❧ t♦ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ HB ❞❡❝r❡❛s❡s ✐❢ t❤❡ ❛t♦♠ tr❛✈❡❧s t♦✇❛r❞s ❛

r❡❣✐♦♥ ♦❢ ❧♦✇❡r ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❆t♦♠s ✐♥ t❤❡s❡ s♦✲❝❛❧❧❡❞ ❧♦✇✲✜❡❧❞✲s❡❡❦✐♥❣ st❛t❡s ❝❛♥

t❤❡r❡❢♦r❡ ❜❡ ❝♦♥✜♥❡❞ ✐♥ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♠✐♥✐♠✉♠✳

❙✉❝❤ ❛ ✜❡❧❞ ❣❡♦♠❡tr② ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ ❜② t❤r❡❡ ♠❛❣♥❡ts✳ ❚✇♦ s♦❧❡♥♦✐❞s ✐♥❝r❡❛s❡

t❤❡ ❛①✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛t t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❡♥❞ ♦❢ t❤❡ tr❛♣ ❛♥❞ t❤❡r❡❢♦r❡ r❡str✐❝t

t❤❡ ♣❛rt✐❝❧❡ ♠♦t✐♦♥ ✐♥ t❤❡ ẑ ❛①✐s✳ ❋♦r r❛❞✐❛❧ ❝♦♥✜♥❡♠❡♥t✱ ❛ ❤✐❣❤❡r ♦r❞❡r ♠✉❧t✐♣♦❧❡

✐s r❡q✉✐r❡❞✳ ❇♦t❤ q✉❛❞r✉♣♦❧❡ ❛♥❞ ♦❝t♦♣♦❧❡ ❝♦✐❧s ❤❛✈❡ ❜❡❡♥ ✉s❡❞✳
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❋✐❣✉r❡ ✸✳✶✵✿ ❚❤❡ ❆❚❘❆P ■♦✛❡ tr❛♣✳ ❋✐❣✉r❡ ✭❛✮ ❞✐s♣❧❛②s t❤❡ ❧❛②♦✉t ♦❢ t❤❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣

❝♦✐❧s t❤❛t ♣r♦❞✉❝❡ t❤❡ ✜❡❧❞s ❢♦r ❛①✐❛❧ ✭♣✐♥❝❤✲❝♦✐❧s✮ ❛♥❞ r❛❞✐❛❧ ❝♦♥✜♥❡♠❡♥t ✭r❛❝❡tr❛❝❦ ❝♦✐❧s✮✳

■♥ ✭❜✮✱ t❤❡ ❢✉❧❧ ❛ss❡♠❜❧② ✐s s❤♦✇♥✳ ❚❤❡ ❢♦✉r ❡❧❧✐♣t✐❝❛❧ s✐❞❡ ♣♦rts ❛❧❧♦✇ ❧❛s❡r ❛❝❝❡ss t♦ t❤❡

❡❧❡❝tr♦❞❡ st❛❝❦ ❧♦❝❛t❡❞ ✐♥ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ■♦✛❡ tr❛♣ ✭♥♦t s❤♦✇♥ ✐♥ t❤❡ ✜❣✉r❡✮✳ ❚✇♦ ♦❢ t❤❡

♣♦rts ❝♦♥t❛✐♥ t❤❡ ❝♦♠♣♦♥❡♥ts ❢♦r ♣r♦❞✉❝✐♥❣ ❛ str❡❛♠ ♦❢ ❘②❞❜❡r❣ ❝❡s✐✉♠ ❛t♦♠s ❢♦r ❝❤❛r❣❡✲

❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥ts ✭s❡❡ s❡❝t✐♦♥ ✸✳✸✳✸✮✳ ❋✐❣✉r❡ t❛❦❡♥ ❢r♦♠ ❬✶✶✻❪✳
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❚❤❡ ❡♥❡r❣② s❤✐❢ts ✐♥❞✉❝❡❞ ❜② t❤❡ ♠❛❣♥❡t✐❝ ❣r❛❞✐❡♥t ✜❡❧❞s ❛r❡ ✈❡r② s♠❛❧❧✳ ❚②♣✐❝❛❧

tr❛♣ ❞❡♣t❤s ❛r❡ ♦♥ t❤❡ ♦r❞❡r ♦❢ 40µeV ≡ 0.5K✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤② ❛♥t✐❤②❞r♦❣❡♥

❛t♦♠s ♠✉st ❜❡ ♣r♦❞✉❝❡❞ ❛t ✈❡r② ❧♦✇ t❡♠♣❡r❛t✉r❡s✳

❖✉r ■♦✛❡ tr❛♣ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✶✵✳ ■t ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ s♦❧❡♥♦✐❞s✱ ❛❧s♦ ❝❛❧❧❡❞

♣✐♥❝❤ ❝♦✐❧s✱ ❛♥❞ ❛ q✉❛❞r✉♣♦❧❡ ❝♦✐❧✳ ❉✉❡ t♦ t❤❡✐r s❤❛♣❡✱ t❤❡ q✉❛❞r✉♣♦❧❡ ✇✐♥❞✐♥❣s

❛r❡ ❛❧s♦ r❡❢❡rr❡❞ t♦ ❛s r❛❝❡tr❛❝❦ ❝♦✐❧s✳ ❚❤❡ ❝♦✐❧s ❛r❡ ✇♦✉♥❞ ❢r♦♠ s✉♣❡r❝♦♥❞✉❝t✐♥❣

♥✐♦❜✐✉♠✲t✐t❛♥✐✉♠ ✭◆❜❚✐✮ ✇✐r❡ ✇❤✐❧❡ t❤❡ tr❛♣✬s ❜♦❞② ✐s ♠❛❞❡ ♦❢ t✐t❛♥✐✉♠✳ ❚❤❡ ■♦✛❡

tr❛♣ ✐s ❝♦♦❧❡❞ t♦ 4K ✇✐t❤ ❧✐q✉✐❞ ❤❡❧✐✉♠ ❢r♦♠ t❤❡ 40 l ❤❡❧✐✉♠ ❞❡✇❛r✳ ❆t ♠❛①✐♠✉♠

❝✉rr❡♥t✱ ✐t ❣❡♥❡r❛t❡s ❛ ♣♦t❡♥t✐❛❧ ✇❡❧❧ ✇✐t❤ ❛ ❞❡♣t❤ ♦❢ 650mK✳ ■♥❝❧✉❞✐♥❣ t❤❡ 1T

✜❡❧❞ r❡q✉✐r❡❞ ❢♦r t❤❡ P❡♥♥✐♥❣ tr❛♣✱ t❤✐s ✐s r❡❞✉❝❡❞ t♦ 375mK✳ ❖♣❡r❛t✐♥❣ t❤❡ ❧❛r❣❡

s♦❧❡♥♦✐❞ ❛t ✐ts ❢✉❧❧ ✜❡❧❞ ♦❢ 3T ✇♦✉❧❞ ❛❣❛✐♥ ❤❛❧❢ t❤❡ tr❛♣ ❞❡♣t❤✳

❋♦✉r ❡❧❧✐♣t✐❝❛❧ s✐❞❡ ♣♦rts ✇✐t❤ ❞✐♠❡♥s✐♦♥s 19mm× 51mm ❛❧❧♦✇ ❧❛s❡r ❛❝❝❡ss ❢♦r

❢✉t✉r❡ ❡①♣❡r✐♠❡♥ts ✐♥❝❧✉❞✐♥❣ ❧❛s❡r ❝♦♦❧✐♥❣ ❛♥❞ s♣❡❝tr♦s❝♦♣② ♦❢ ❛♥t✐❤②❞r♦❣❡♥✳ ❚✇♦ ♦❢

t❤❡s❡ ♣♦rts ❛r❡ ❛❧s♦ ✉s❡❞ ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥ts✳ ❖♥❡ ❝♦♥t❛✐♥s t❤❡ ❝❡s✐✉♠

s♦✉r❝❡ ❛♥❞ t❤❡ ❧❛s❡r ❡①❝✐t❛t✐♦♥ r❡❣✐♦♥✱ t❤❡ ♦t❤❡r ♦♥❡ ❛ ✜❡❧❞ ✐♦♥✐③❛t✐♦♥ ❞❡t❡❝t♦r✳

❚❤❡s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ❞❡s✐❣♥❡❞ t♦ ❧❡❛✈❡ s✉✣❝✐❡♥t s♣❛❝❡ ❢♦r ❧❛s❡r ❛❝❝❡ss✳ ❋♦r ❞❡t❛✐❧s

s❡❡ s❡❝t✐♦♥ ✸✳✸✳✸✳

✸✳✸✳✸ ❈s ❙♦✉r❝❡

❋✐❣✉r❡ ✸✳✶✶ s❤♦✇s t❤❡ s❡t✉♣ ❢♦r ❣❡♥❡r❛t✐♥❣ ❛ ❜❡❛♠ ♦❢ ❘②❞❜❡r❣ ❝❡s✐✉♠ ❛t♦♠s ❢♦r

❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ❧♦❝❛t❡❞ ✇✐t❤✐♥ t✇♦ ♦♣♣♦s✐t❡

s✐❞❡ ♣♦rts ♦❢ t❤❡ ■♦✛❡ tr❛♣ ✇❤✐❝❤ ♣♦s❡s str✐❝t ❝♦♥str❛✐♥ts ♦♥ t❤❡✐r ❞✐♠❡♥s✐♦♥s✳ ▼♦st

♦❢ t❤❡ ♣❛rts ❛r❡ ♠♦✉♥t❡❞ t♦ ❛ 41
2
inch ✢❛♥❣❡ t❤❛t ❝♦✈❡rs ♦♥❡ ♦❢ t❤❡ s✐❞❡ ♣♦rts✳

❚❤❡ ❝❡s✐✉♠ ❛t♦♠s ❛r❡ ❡①❝✐t❡❞ t♦ ❘②❞❜❡r❣ st❛t❡s ✐♥ t✇♦ st❡♣s✿ ❆ ❞✐♦❞❡ ❧❛s❡r ✇✐t❤

❛ ✇❛✈❡❧❡♥❣t❤ ♦❢ 852 nm ❡①❝✐t❡s t❤❡ ❛t♦♠s ❢r♦♠ t❤❡ ❣r♦✉♥❞ st❛t❡ 6S1/2 t♦ t❤❡ 6P3/2
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st❛t❡✳ ❚❤❡ s❡❝♦♥❞ st❡♣ t♦ ❤✐❣❤✲n st❛t❡s ✉s❡s ❣r❡❡♥ ❧❛s❡r ❧✐❣❤t ✇✐t❤ ❛ ✇❛✈❡❧❡♥❣t❤ ♦❢

511 nm ❢r♦♠ ❛ ❢r❡q✉❡♥❝②✲❞♦✉❜❧❡❞ s❡♠✐❝♦♥❞✉❝t♦r ❧❛s❡r✳ ❚❤❡ ❧❛s❡rs ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥

❝❤❛♣t❡r ✹ ❛♥❞ ❡①❝✐t❛t✐♦♥ ♦❢ t❤❡ ❝❡s✐✉♠ ❛t♦♠s t♦ ❘②❞❜❡r❣ st❛t❡s ✐s tr❡❛t❡❞ ✐♥ ❝❤❛♣t❡r

✺✳ ❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ t❤❡ ❧❛r❣❡ s♦❧❡♥♦✐❞ str♦♥❣❧② ♠♦❞✐✜❡s t❤❡ ❛t♦♠✐❝ ❡♥❡r❣② ❧❡✈❡❧s✳

❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ■♦✛❡ tr❛♣ ❣❡♥❡r❛t❡s ❛♥ ✐♥❤♦♠♦❣❡♥❡♦✉s ♠❛❣♥❡t✐❝ ✜❡❧❞ ✇❤✐❝❤ ❢✉rt❤❡r

❝♦♠♣❧✐❝❛t❡s t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❝❡s✐✉♠ ❡♥❡r❣② ❧❡✈❡❧s✳ ❚❤❡ ❝♦♠♣♦♥❡♥ts ✇❡r❡

❞❡s✐❣♥❡❞ s♦ t❤❛t t❤❡ ❧❛s❡r ❡①❝✐t❛t✐♦♥ r❡❣✐♦♥ ❧✐❡s ❛t ❛ ♠❛①✐♠✉♠ ♦❢ t❤❡ q✉❛❞r✉♣♦❧❡

✜❡❧❞✱ t❤✉s ♠✐♥✐♠✐③✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ❣r❛❞✐❡♥t✳ ❚❤❡ ❧❛s❡r ❧✐❣❤t ✐s ❣✉✐❞❡❞ ❞♦✇♥ ✐♥t♦

t❤❡ ❛♣♣❛r❛t✉s ❜② ❛ ♠✉❧t✐♠♦❞❡ ✜❜❡r ✇✐t❤ 62.5µm ✐♥♥❡r ❞✐❛♠❡t❡r✳ ❚❤❡ st❛♥❞❛r❞

❋❈✴P❈ ❝♦♥♥❡❝t♦r ✇❛s r❡♣❧❛❝❡❞ ✇✐t❤ ❛ ❝✉st♦♠ ♥♦♥✲♠❛❣♥❡t✐❝ ❤♦❧❞❡r t❤❛t ❝♦♥♥❡❝ts

t♦ t❤❡ ♦✉ts✐❞❡ ♦❢ t❤❡ ✢❛♥❣❡✳ ❚❤❡ ❧✐❣❤t ✐s ❝♦❧❧✐♠❛t❡❞ ✇✐t❤ ❛ 10mm ❞✐❛♠❡t❡r ❜❛❧❧ ❧❡♥s

❛♥❞ ❡♥t❡rs t❤❡ ✐♥♥❡r ✈❛❝✉✉♠ s♣❛❝❡ t❤r♦✉❣❤ ❛ 1/4 inch ✇✐♥❞♦✇✳ ❆ ♠✐rr♦r r❡❞✐r❡❝ts

t❤❡ ❧✐❣❤t t♦ ♠❡❡t t❤❡ ❜❡❛♠ ♦❢ ❝❡s✐✉♠ ❛t♦♠s✳ ❆❞❞✐t✐♦♥❛❧ ❧❡♥s❡s ❜❡t✇❡❡♥ t❤❡ ✢❛♥❣❡

❛♥❞ t❤❡ ♠✐rr♦r ❝♦❧❧✐♠❛t❡ t❤❡ ❜❡❛♠ t♦ ❛ ❞✐❛♠❡t❡r ♦❢ ❛♣♣r♦①✐♠❛t❡❧② 1.5mm ❛t t❤❡

❧❛s❡r ❡①❝✐t❛t✐♦♥ r❡❣✐♦♥✳ ❚❤✐s r❛t❤❡r ❧❛r❣❡ s♣♦t s✐③❡ ❡♥s✉r❡s t❤❛t t❤❡r♠❛❧ ❝♦♥tr❛❝t✐♦♥

❞✉r✐♥❣ ❝♦♦❧ ❞♦✇♥ ♦❢ t❤❡ ❛♣♣❛r❛t✉s ✇✐❧❧ ♥♦t ❝❛✉s❡ t❤❡ ❧❛s❡r ❜❡❛♠ t♦ ♠✐ss t❤❡ ❝❡s✐✉♠

❛t♦♠s✳ ❆❢t❡r t❤❡ ❡①❝✐t❛t✐♦♥ r❡❣✐♦♥✱ t❤❡ ❧❛s❡r ❜❡❛♠s ✐❧❧✉♠✐♥❛t❡ ❛ s✐❧✐❝♦♥ ♣❤♦t♦❞✐♦❞❡✳

■ts s✐❣♥❛❧ ✐s ✉s❡❞ t♦ ♠♦♥✐t♦r t❤❡ ❧❛s❡r ♣♦✇❡r✳ ❆❧s♦✱ ❛ ♠✐s❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❧❛s❡r

❜❡❛♠s ✇♦✉❧❞ ❜❡ ❞❡t❡❝t❛❜❧❡ ✇✐t❤ t❤✐s ❞✐♦❞❡✳ ❚❤❡ ❧❛s❡r ❧✐❣❤t ❝r♦ss❡s t❤❡ ❜❡❛♠ ♦❢

❝❡s✐✉♠ ❛t♦♠s ✐♥ r✐❣❤t ❛♥❣❧❡✳ ❚❤❡ ✢✉♦r❡s❝❡♥❝❡ ❢r♦♠ t❤❡ r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ 6P3/2

st❛t❡ ✐s r❡❝♦r❞❡❞ ✇✐t❤ ❛♥ ✐♥❞✐✉♠✲❣❛❧❧✐✉♠✲❛rs❡♥✐❞❡ ✭■♥●❛❆s✮ ♣❤♦t♦❞✐♦❞❡✳ ❆t r♦♦♠

t❡♠♣❡r❛t✉r❡✱ t❤❡ ♣❡❛❦ s❡♥s✐t✐✈✐t② ♦❢ ■♥●❛❆s ✐s ❛t ❛ ✇❛✈❡❧❡♥❣t❤ ❛❜♦✈❡ 1µm✱ ❜✉t

❛t ❝r②♦❣❡♥✐❝ t❡♠♣❡r❛t✉r❡s ✐t s❤✐❢ts t♦✇❛r❞s s❤♦rt❡r ✇❛✈❡❧❡♥❣t❤s✳ ❲✐t❤ t❤❡ s✐❣♥❛❧

❢r♦♠ t❤✐s ♣❤♦t♦❞✐♦❞❡✱ t❤❡ 852 nm ❧❛s❡r ✐s t✉♥❡❞ t♦ r❡s♦♥❛♥❝❡ ❜② ♠❛①✐♠✐③✐♥❣ t❤❡

✢✉♦r❡s❝❡♥❝❡ s✐❣♥❛❧✳ ❚♦ ❞❡t❡❝t ❡①❝✐t❛t✐♦♥ t♦ ❘②❞❜❡r❣ st❛t❡s✱ ❛ ✜❡❧❞ ✐♦♥✐③❛t✐♦♥ s❡t✉♣

✐s ✉s❡❞✳ ❆♥ ❡❧❡❝tr✐❝ ✜❡❧❞ str♦♥❣ ❡♥♦✉❣❤ t♦ ✐♦♥✐③❡ ❤✐❣❤✲n st❛t❡s ✐s ❣❡♥❡r❛t❡❞ ❜② ❛
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❋✐❣✉r❡ ✸✳✶✶✿ ❙❝❤❡♠❛t✐❝ ❞r❛✇✐♥❣ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ❢♦r ♣r♦❞✉❝✐♥❣ ❛ ❜❡❛♠ ♦❢ ❘②❞❜❡r❣ ❝❡s✐✉♠

❛t♦♠s ✐♥ t❤❡ ❆❚❘❆P ❛♣♣❛r❛t✉s✳ ❈❡s✐✉♠ ❛t♦♠s ❢r♦♠ ❛♥ ❛❧❦❛❧✐ ♠❡t❛❧ ❞✐s♣❡♥s❡r ✭❆▼❉✮ ❛r❡

❝♦❧❧✐♠❛t❡❞ t♦ ❛ t❤✐♥ ❜❡❛♠ ❛♥❞ ❧❛s❡r ❡①❝✐t❡❞ ❜❡❢♦r❡ ❡♥t❡r✐♥❣ t❤❡ P❡♥♥✐♥❣ tr❛♣ t❤r♦✉❣❤ ❛ s♠❛❧❧

❤♦❧❡ ✐♥ ♦♥❡ ♦❢ t❤❡ ❡❧❡❝tr♦❞❡s✳ ❚❤❡ 852 nm ❧❛s❡r ✐s t✉♥❡❞ t♦ r❡s♦♥❛♥❝❡ ❜② ♠❛①✐♠✐③✐♥❣ t❤❡

✢✉♦r❡s❝❡♥❝❡ ❧✐❣❤t r❡❝♦r❞❡❞ ✇✐t❤ ❛♥ ■♥●❛❆s ♣❤♦t♦❞✐♦❞❡✳ ❚❤❡ ❡①❝✐t❛t✐♦♥ t♦ ❘②❞❜❡r❣ st❛t❡s ✐s

❞❡t❡❝t❡❞ ❛♥❞ ♠❛①✐♠✐③❡❞ ✇✐t❤ ❛ ✜❡❧❞ ✐♦♥✐③❛t✐♦♥ ❞❡t❡❝t♦r✳ ❙❡✈❡r❛❧ r❛❞✐❛t✐♦♥ s❤✐❡❧❞ ❡♥s✉r❡ t❤❛t

t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦ ❦❡❡♣s ❝♦❧❞ ✇❤✐❧❡ t❤❡ ❝❡s✐✉♠ ♦✈❡♥ ✐s ♦♣❡r❛t❡❞ ❛t 600K✳

✈♦❧t❛❣❡ ♦♥ ♦♥❡ ♦❢ t✇♦ ❝♦♥❞✉❝t✐♥❣ ♣❧❛t❡s ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❝✉rr❡♥t ♦♥t♦ t❤❡ ♦t❤❡r

♣❧❛t❡ ✐s ♠❡❛s✉r❡❞✳ ❆ s❡❝♦♥❞ ✜❡❧❞ ✐♦♥✐③❛t✐♦♥ s❡t✉♣ ✐s ❧♦❝❛t❡❞ ❛t t❤❡ ❢❛r s✐❞❡ ♦❢ t❤❡

❡❧❡❝tr♦❞❡ st❛❝❦✳ ■t ❞❡t❡❝ts ❘②❞❜❡r❣ ❝❡s✐✉♠ ❛t♦♠s t❤❛t ❧❡❛✈❡ t❤❡ ❡❧❡❝tr♦❞❡ ❛♥❞ t❤✉s

✈❡r✐✜❡s t❤❛t ❈s ❛t♦♠s ❛r❡ ❝r♦ss✐♥❣ t❤r♦✉❣❤ t❤❡ ♣♦s✐tr♦♥ ❝❧♦✉❞✳
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❚❤❡ ♣r❡✈✐♦✉s ❡①♣❡r✐♠❡♥t ✉s❡❞ ❛ ❝♦♣♣❡r ✈❛♣♦r ❧❛s❡r ✇❤✐❝❤ ♦♣❡r❛t❡s ❛t ❛ ✜①❡❞

❢r❡q✉❡♥❝② ❬✶✷✻❪✳ ❚❤❡ ❡♥❡r❣② ❧❡✈❡❧s ♦❢ t❤❡ ❝❡s✐✉♠ ❛t♦♠s ✇❡r❡ t✉♥❡❞ t♦ r❡s♦♥❛♥❝❡

✇✐t❤ t❤❡ ❧❛s❡r ❜② ❛ ♣❛✐r ♦❢ ❙t❛r❦ s❤✐❢t ♣❧❛t❡s✳ ❚❤❡ ❝♦♣♣❡r ✈❛♣♦r ❧❛s❡r ✇❛s ❦❡♣t ❛s ❛

❜❛❝❦✉♣ ❞❡✈✐❝❡✱ s♦ t❤❡ ❝✉rr❡♥t s②st❡♠ ❛❧s♦ ✐♥❝❧✉❞❡s ❛ ♣❛✐r ♦❢ ❙t❛r❦ s❤✐❢t ♣❧❛t❡s✳ ❚❤❡②

❛r❡ ❧♦❝❛t❡❞ ❛r♦✉♥❞ t❤❡ ❧❛s❡r ❡①❝✐t❛t✐♦♥ r❡❣✐♦♥✱ ♣❛r❛❧❧❡❧ t♦ t❤❡ ♣❛♣❡r ♣❧❛♥❡✳ ❉✉❡ t♦

r❡❧✐❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♥❡✇ ❧❛s❡r s②st❡♠ ✭s❡❡ ❝❤❛♣t❡r ✹✮ t❤❡ ❙t❛r❦ s❤✐❢t ♣❧❛t❡s

✇❡r❡ ♥♦t ♥❡❡❞❡❞✳ ❙t✐❧❧✱ t❤❡② ❝♦✉❧❞ ♣♦t❡♥t✐❛❧❧② ❜❡ ✉s❡❞ ❢♦r ❧✐❢❡t✐♠❡ ❡♥❤❛♥❝❡♠❡♥t ♦❢ t❤❡

❘②❞❜❡r❣ st❛t❡s ❜② ♠♦❞✐❢②✐♥❣ t❤❡✐r ❧❡✈❡❧ str✉❝t✉r❡ ✐♥ ❝r♦ss❡❞ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝

✜❡❧❞s ❬✽✼❪✳

❈❡s✐✉♠ ❛t♦♠s ❛r❡ ❡♠✐tt❡❞ ❢r♦♠ ❛ ❝♦♠♠❡r❝✐❛❧ ❛❧❦❛❧✐✲♠❡t❛❧✲❞✐s♣❡♥s❡r ✭❆▲❱❆❚❊❈

❆❙✲✸✲❈s✲✶✺✵✲❱ ✮✳ ■t ❝♦♥t❛✐♥s ❝❡s✐✉♠ ✐♥ ❛ ❜✐✲♠❡t❛❧❧✐❝ ❝♦♠♣♦✉♥❞ ✭❇✐2❈s✮ s✉rr♦✉♥❞❡❞

❜② ❛ ♥♦♥ ♠❛❣♥❡t✐❝ st❛✐♥❧❡ss st❡❡❧ ❤♦✉s✐♥❣✳ ❚❤❡ s♦✉r❝❡ r❡❧❡❛s❡s ❝❡s✐✉♠ ✇❤❡♥ ✐t ✐s

❤❡❛t❡❞ t♦ ❛♣♣r♦①✐♠❛t❡❧② 600K ❜② ❛ ❝✉rr❡♥t ♦❢ 4 t♦ 5A t❤r♦✉❣❤ t❤❡ ❤♦✉s✐♥❣✳ ❖♣✲

❡r❛t✐♥❣ t❤✐s s♦✉r❝❡ ♦♥❧② ❛ ❢❡✇ ❝❡♥t✐♠❡t❡rs ❛✇❛② ❢r♦♠ t❤❡ ❝r②♦❣❡♥✐❝ ❡❧❡❝tr♦❞❡ st❛❝❦

r❡q✉✐r❡s ❝❛r❡❢✉❧ t❤❡r♠❛❧ s❤✐❡❧❞✐♥❣✳ ❚❤❡ ❝❡s✐✉♠ s♦✉r❝❡ ✐s ✐♥st❛❧❧❡❞ ✐♥ ❛♥ ❛❧✉♠✐♥✉♠

❜♦① t❤❛t ✐s ❤❡❧❞ ❜② ❝❡r❛♠✐❝ r♦❞s ✇✐t❤ ❧♦✇ t❤❡r♠❛❧ ❝♦♥❞✉❝t✐✈✐t②✳ ❙❡✈❡r❛❧ ❛❞❞✐t✐♦♥❛❧

r❛❞✐❛t✐♦♥ s❤✐❡❧❞s ❛r❡ ✐♥st❛❧❧❡❞ ❜❡t✇❡❡♥ t❤❡ s♦✉r❝❡ ❛♥❞ t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦✳ ❆♣❛rt

❢r♦♠ ❛ t❤✐♥ ❝♦♥st❛♥t❛♥ ✇✐r❡ t♦ ♠❡❛s✉r❡ t❤❡ ✜❡❧❞ ✐♦♥✐③❛t✐♦♥ ❝✉rr❡♥t✱ ♥♦ ❞✐r❡❝t ♠❡✲

❝❤❛♥✐❝❛❧ ❝♦♥♥❡❝t✐♦♥ ❡①✐sts ❜❡t✇❡❡♥ t❤❡ ❝❡s✐✉♠ ♦✈❡♥ ❛♥❞ t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦✳ ❚❤❡

❝♦♠♣♦♥❡♥ts t♦ t❤❡ ❧❡❢t ✐♥ ✜❣✉r❡ ✸✳✶✶✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❝❡s✐✉♠ ♦✈❡♥ ❛♥❞ t❤❡ ❧❛s❡r ♦♣t✐❝s✱

❛r❡ ♠♦✉♥t❡❞ t♦ t❤❡ ✢❛♥❣❡ ❝♦✈❡r✐♥❣ t❤❡ ■♦✛❡ tr❛♣ s✐❞❡ ♣♦rt ✇❤✐❧❡ t❤❡ r❛❞✐❛t✐♦♥ s❤✐❡❧❞s

❛♥❞ t❤❡ ✜❡❧❞ ✐♦♥✐③❛t✐♦♥ ❞❡t❡❝t♦r ♠♦✉♥t ♦✛ t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦✳ ❚❤❡s❡ ♠❡❛s✉r❡s ❧❡❛❞

t♦ ❛ ✈❡r② ❣♦♦❞ t❤❡r♠❛❧ ❞❡❝♦✉♣❧✐♥❣✳ ❚❤❡ ❤❡❛t ❧♦❛❞ ♦♥ t❤❡ ❝r②♦❣❡♥✐❝ s②st❡♠ ✐s ♦♥ t❤❡

♦r❞❡r ♦❢ ❛ ❢❡✇ ❲✱ ❜✉t ❡✈❡♥ ❞✉r✐♥❣ ❧♦♥❣ ❡①♣❡r✐♠❡♥ts ✇✐t❤ t❤❡ ❝❡s✐✉♠ s♦✉r❝❡ r✉♥♥✐♥❣

❢♦r ♦✈❡r ❛♥ ❤♦✉r✱ t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦ ♦♥❧② ❤❡❛ts ✉♣ ❜② ❛❜♦✉t 0.5K ✭s❡❡ ✜❣✉r❡ ✸✳✶✷✮✳

❲❤❡♥ t❤❡ ♦✈❡♥ ✐s t✉r♥❡❞ ♦✛✱ t❤❡ st❛❝❦ s❧♦✇❧② r❡t✉r♥s t♦ ✐ts ❜❛s❡ t❡♠♣❡r❛t✉r❡✳
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❋✐❣✉r❡ ✸✳✶✷✿ ❲❛r♠ ✉♣ ♦❢ t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦ ✇❤✐❧❡ t❤❡ ❝❡s✐✉♠ ♦✈❡♥ ✐s ♦♣❡r❛t❡❞ ❛t 600K

❞✉r✐♥❣ ❛ ❧♦♥❣ ❡①♣❡r✐♠❡♥t✳ ❚❤❡ ♦✈❡♥ ✐s ♣r❡✲❤❡❛t❡❞ t♦ ❛❝❝❡❧❡r❛t❡ ✐ts ✇❛r♠ ✉♣ t♦ ❛♥ ❡q✉✐❧✐❜r✐✉♠

t❡♠♣❡r❛t✉r❡ ✭s❡❡ t❡①t✮✳ ❆❢t❡r 6minutes✱ t❤❡ ❝✉rr❡♥t ✐s r❡❞✉❝❡❞ ❜② 0.25A✳ ❚❤❡ st❛❝❦ ✇❛r♠s

✉♣ t♦ 1.7K ❢r♦♠ ✐ts ❜❛s❡ t❡♠♣❡r❛t✉r❡ ♦❢ ❛❜♦✉t 1.3K✳ ❆❢t❡r t❤❡ ♦✈❡♥ ✐s t✉r♥❡❞ ♦✛✱ ✐t s❧♦✇❧②

❝♦♦❧s ❞♦✇♥ ❛❣❛✐♥✳

❆ ♥✉♠❜❡r ♦❢ ❝♦❧❧✐♠❛t✐♥❣ ❤♦❧❡s ✐♥ t❤❡ r❛❞✐❛t✐♦♥ ❜❛✤❡s ❡♥s✉r❡ t❤❛t ❛❧❧ ❝❡s✐✉♠

❛t♦♠s t❤❛t ❡♥t❡r t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦ t❤r♦✉❣❤ ❛ 0.8mm ❞✐❛♠❡t❡r ❤♦❧❡ ✇✐❧❧ ❧❡❛✈❡

❛❣❛✐♥ t❤r♦✉❣❤ ❛ s❡❝♦♥❞ ❤♦❧❡ ♦❢ 2.5mm ❞✐❛♠❡t❡r ♦♥ t❤❡ ♦♣♣♦s✐t❡ s✐❞❡✳ ❚❤✐s ♣r❡✈❡♥ts

t❤❡ ❜✉✐❧❞✉♣ ♦❢ ❝❡s✐✉♠ ✐♥s✐❞❡ t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦ ✇❤✐❝❤ ❝♦✉❧❞ s❤♦rt t✇♦ ❡❧❡❝tr♦❞❡s

t♦❣❡t❤❡r ♦r ❞✐st✉r❜ t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧s✳

❚❤❡ ❜✐♠❡t❛❧❧✐❝ ❝♦♠♣♦✉♥❞ ✭❇✐2❈s✮ ✐♥ t❤❡ ❝❡s✐✉♠ s♦✉r❝❡ r❡❛❝ts ✇✐t❤ ♦①②❣❡♥ ❢r♦♠

t❤❡ ❛t♠♦s♣❤❡r❡✳ ❚❤❡r❡❢♦r❡ t❤❡ ❤♦✉s✐♥❣ ♦❢ t❤❡ s♦✉r❝❡ ✐s ✜❧❧❡❞ ✇✐t❤ ❛r❣♦♥ ❛♥❞ t❤❡

♦♣❡♥✐♥❣ ✐s ❝♦✈❡r❡❞ ✇✐t❤ ❛♥ ✐♥❞✐✉♠ s❡❛❧✳ ❙✐♥❝❡ ✐♥❞✐✉♠ ❤❛s ❛ ❧♦✇ ♠❡❧t✐♥❣ ♣♦✐♥t✱ t❤❡

s❡❛❧ ❧✐q✉❡✜❡s ✇❤❡♥ t❤❡ s♦✉r❝❡ ✐s t✉r♥❡❞ ♦♥ ❢♦r t❤❡ ✜rst t✐♠❡✳ ❲❡ ❢♦✉♥❞ t❤❛t ✐♥

s♦♠❡ ❝❛s❡s✱ t❤❡ ✐♥❞✐✉♠ ✇♦✉❧❞ ♥♦t ❢✉❧❧② r❡tr❛❝t✱ ❡✈❡♥ ❞✉r✐♥❣ s❡✈❡r❛❧ ❤❡❛t✐♥❣ ❝②❝❧❡s✳

✺✹
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❋✐❣✉r❡ ✸✳✶✸✿ ❋r♦♥t ✈✐❡✇ ♦♥t♦ t❤r❡❡ ❝❡s✐✉♠ ♦✈❡♥s s❤♦✇✐♥❣ ❛ ♥❡✇ s♦✉r❝❡ ✇✐t❤ ❛♥ ✐♥t❛❝t ✐♥❞✐✉♠

s❡❛❧ ✭❛✮✱ ❛ ❢✉❧❧② ♦♣❡♥ s♦✉r❝❡ ✭❜✮ ❛♥❞ ❛ t②♣✐❝❛❧ ❝❛s❡ ✇❤❡r❡ t❤❡ ✐♥❞✐✉♠ ♦♥❧② r❡tr❛❝t❡❞ ♣❛rt✐❛❧❧②

✭❝✮✳ ❙✐♥❝❡ t❤❡ r❡♠❛✐♥✐♥❣ ✐♥❞✐✉♠ ♠❛② ♣r❡✈❡♥t ❝❡s✐✉♠ ❛t♦♠s ❢r♦♠ r❡❛❝❤✐♥❣ t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦✱

t❤❡ s❡❛❧s ❛r❡ r❡♠♦✈❡❞ ♠❛♥✉❛❧❧② ✉♥❞❡r ♥✐tr♦❣❡♥ ❛t♠♦s♣❤❡r❡ ❞✉r✐♥❣ ✐♥st❛❧❧❛t✐♦♥✳

❋✐❣✉r❡ ✸✳✶✸ s❤♦✇s t❤❡ ❢r♦♥t ✈✐❡✇ ♦♥t♦ ❛ ♥❡✇ ❝❡s✐✉♠ ♦✈❡♥ ✇✐t❤ ❛♥ ✐♥t❛❝t ✐♥❞✐✉♠ s❡❛❧

✭❛✮✱ ❛ ❢✉❧❧② ♦♣❡♥ s♦✉r❝❡ ✭❜✮ ❛♥❞ ❛ t②♣✐❝❛❧ ❝❛s❡ ✇❤❡r❡ s♦♠❡ ✐♥❞✐✉♠ r❡♠❛✐♥❡❞ ✭❝✮✳

❚❤❡ r❡♠❛✐♥✐♥❣ ✐♥❞✐✉♠ ♠❛② ❜❧♦❝❦ t❤❡ ❡♠✐ss✐♦♥ ♦❢ ❝❡s✐✉♠ ❛t♦♠s ♦♥ ❛①✐s ❛♥❞✱ ❞✉❡ t♦

t❤❡ str✐❝t ❝♦❧❧✐♠❛t✐♦♥✱ ♣r❡✈❡♥t ❛t♦♠s ❢r♦♠ r❡❛❝❤✐♥❣ t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦✳ ❚❤❡r❡❢♦r❡

✇❡ ♠❛♥✉❛❧❧② r❡♠♦✈❡ t❤❡ ✐♥❞✐✉♠ s❡❛❧ ❜❡❢♦r❡ ✐♥st❛❧❧❛t✐♦♥✳ ❚♦ ♣r❡✈❡♥t ♦①✐❞❛t✐♦♥✱ ❛

❣❧♦✈❡✲❜❛❣ ✐s ✜tt❡❞ t♦ t❤❡ s✐❞❡ ♦❢ t❤❡ tr❛♣ ❛♥❞ t❤❡ ✇❤♦❧❡ s②st❡♠ ✐s ✜❧❧❡❞ ✇✐t❤ ♥✐tr♦❣❡♥

s❧✐❣❤t❧② ❛❜♦✈❡ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳ ❚❤❡ ✐♥❞✐✉♠ s❡❛❧ ✐s t❤❡♥ r❡♠♦✈❡❞ ✇✐t❤✐♥ t❤❡

❣❧♦✈❡ ❜❛❣✳ ❆❢t❡r ✐♥st❛❧❧❛t✐♦♥ ♦❢ t❤❡ s♦✉r❝❡ ❛♥❞ ❛ss❡♠❜❧② ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❝♦♠♣♦✲

♥❡♥ts✱ t❤❡ tr❛♣ ✐s s❡❛❧❡❞ ✇✐t❤ t❤❡ ❈s ✢❛♥❣❡ ❛♥❞ t❤❡ ❣❧♦✈❡ ❜❛❣ r❡♠♦✈❡❞✳ ❆❢t❡r✇❛r❞s✱

t❤❡ tr❛♣ ✐s ♣✉♠♣❡❞ ♦✉t ❛♥❞ ❧♦✇❡r❡❞ ✐♥t♦ t❤❡ ✐♥s❡rt ❞❡✇❛r✳ ❚❤✐s ♣r♦❝❡❞✉r❡ r❡q✉✐r❡s

t❤❛t t❤❡ ✐♥st❛❧❧❛t✐♦♥ ♦❢ t❤❡ ❝❡s✐✉♠ ♦✈❡♥ ✐s t❤❡ ❧❛st st❡♣ ❜❡❢♦r❡ t❤❡ tr❛♣ ✐s s❡❛❧❡❞ ❛♥❞

r❡❛❞✐❡❞ ❢♦r ❛ ❜❡❛♠ r✉♥✳

✺✺
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✸✳✹ ❉❡t❡❝t♦r ❙②st❡♠

❚❤❡ ❛♥♥✐❤✐❧❛t✐♦♥ ♦❢ ❛♥ ❛♥t✐♠❛tt❡r ♣❛rt✐❝❧❡ ✇✐t❤ ✐ts ♠❛tt❡r t✇✐♥ ❣❡♥❡r❛t❡s ❛ t②♣✐❝❛❧

s✐❣♥❛t✉r❡ ♦❢ s❡❝♦♥❞❛r② ♣❛rt✐❝❧❡s ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ t♦ ✐❞❡♥t✐❢② ❡✈❡♥ s♠❛❧❧ ❛♠♦✉♥ts ♦❢

❛♥t✐♠❛tt❡r✱ ❞♦✇♥ t♦ s✐♥❣❧❡ ♣❛rt✐❝❧❡s✳ ❆♥ ❡❧❡❝tr♦♥ ♣♦s✐tr♦♥ ♣❛✐r ♣r♦❞✉❝❡s t✇♦ 511 keV

γ q✉❛♥ts ✇❤✐❧❡ ❛ p✲p̄ ❛♥♥✐❤✐❧❛t✐♦♥ ❝r❡❛t❡s ❛♥ ❛✈❡r❛❣❡ ♦❢ t❤r❡❡ ❝❤❛r❣❡❞ ❛♥❞ t✇♦ ♥❡✉tr❛❧

♣✐♦♥s ❬✼❪✳ ❖t❤❡r ❞❡❝❛② ❝❤❛♥♥❡❧s ❡①✐st✱ ❜✉t ♠♦st ♦❢ t❤❡♠ ✇✐t❤ ✈❡r② ❧♦✇ ❜r❛♥❝❤✐♥❣

r❛t✐♦s✳ ❚♦ ❞❡t❡❝t ❛♥t✐❤②❞r♦❣❡♥✱ ♦♥❡ ✇♦✉❧❞ ✐❞❡❛❧❧② ❧♦♦❦ ❢♦r ❛ p✲p̄ ❛♥♥✐❤✐❧❛t✐♦♥ ✐♥

❝♦✐♥❝✐❞❡♥❝❡ ✇✐t❤ 511 keV ♣❤♦t♦♥s✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❞❡❝❛② ♦r ❡♥❡r❣② ❞❡♣♦s✐t✐♦♥

❢r♦♠ t❤❡ ♣✐♦♥s ❧❡❛❞s t♦ ♣r♦❞✉❝t✐♦♥ ❛♥❞ ❛♥♥✐❤✐❧❛t✐♦♥ ♦❢ e−✲e+ ♣❛✐rs✱ ✇❤✐❝❤ ❣❡♥❡r❛t❡

t❤❡ s❛♠❡ s✐❣♥❛t✉r❡ ❛s t❤❡ ♣♦s✐tr♦♥ ❢r♦♠ ❛♥ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠✳ ❚❤❡r❡❢♦r❡ ♦♥❡ ❤❛s

t♦ r❡❧② ♦♥ t❤❡ ❞❡t❡❝t✐♦♥ ♦❢ p̄ ❛♥♥✐❤✐❧❛t✐♦♥s ❛♥❞ ✜♥❞ ♦t❤❡r ♠❡t❤♦❞s t♦ ❞✐s❝r✐♠✐♥❛t❡

❜❡t✇❡❡♥ ❛♥t✐♣r♦t♦♥s ❛♥❞ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s✳ ❚❤✐s ❛♥❛❧②s✐s ✐s t❤❡ s✉❜❥❡❝t ♦❢ ❝❤❛♣t❡r

✻✳✹✳✷✳

❚❤❡ ❆❚❘❆P ❞❡t❡❝t♦r s②st❡♠✱ ❜✉✐❧t ❜② ❝♦❧❧❛❜♦r❛t✐♦♥ ♠❡♠❜❡rs ❢r♦♠ t❤❡ ❏ü❧✐❝❤

r❡s❡❛r❝❤ ❝❡♥t❡r✱ ❝♦♥s✐sts ♦❢ t✇♦ ❝②❧✐♥❞r✐❝❛❧ ♠♦❞✉❧❡s ❝♦❛①✐❛❧ ✇✐t❤ t❤❡ P❡♥♥✐♥❣ tr❛♣✳

❆ s❝❤❡♠❛t✐❝ ✈✐❡✇ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✶✹✳ ❚❤❡ ✐♥♥❡r ❝♦♠♣♦♥❡♥t ✐s ❛ r✐♥❣ ♦❢ ✼✽✹

s❝✐♥t✐❧❧❛t✐♥❣ ✜❜❡rs ♣❧❛❝❡❞ ✇✐t❤✐♥ t❤❡ ❧❛r❣❡ s♦❧❡♥♦✐❞✳ ❖✉ts✐❞❡ ♦❢ t❤❡ ♠❛❣♥❡t✱ t✇♦

r✐♥❣s ♦❢ s❝✐♥t✐❧❧❛t✐♥❣ ♣❛❞❞❧❡s ❛r❡ ❧♦❝❛t❡❞✳ ❚❤❡ ♣✐♦♥s ❛r❡ ♠✐♥✐♠✉♠ ✐♦♥✐③✐♥❣ ♣❛rt✐❝❧❡s✱

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡② ❞❡♣♦s✐t ♦♥❧② s♠❛❧❧ ❛♠♦✉♥ts ♦❢ ❡♥❡r❣② ✇❤✐❧❡ ♣❛ss✐♥❣ t❤r♦✉❣❤

t❤❡ s✉rr♦✉♥❞✐♥❣ ♠❛t❡r✐❛❧✳ ❚❤❡r❡❢♦r❡ t❤❡ ❞❡t❡❝t✐♦♥ ❡✣❝✐❡♥❝② ✐s t❤❡ ❝❤✐❡❢ ❝♦♥❝❡r♥ ❢♦r

❝❤♦♦s✐♥❣ t❤❡ s❝✐♥t✐❧❧❛t✐♥❣ ♠❛t❡r✐❛❧✳ ❋♦r t❤❡ ✜❜❡rs✱ ❇■❈❘❖◆ ❇❈❋✲✶✷ ✇❛s s❡❧❡❝t❡❞

❛♥❞ t❤❡ ♣❛❞❞❧❡s ❝♦♥s✐st ♦❢ ❇❈✹✵✹✳ ❆❧t❤♦✉❣❤ t❤❡ s②st❡♠ ✐s ♦♣t✐♠✐③❡❞ t♦ ❞❡t❡❝t

p̄ ❛♥♥✐❤✐❧❛t✐♦♥s✱ t❤❡ 511 keV ❣❛♠♠❛ q✉❛♥ts ❢r♦♠ e−✲e+ ♣❛✐rs ❛r❡ ❛❧s♦ ♦❜s❡r✈❛❜❧❡

✇✐t❤ t❤❡ ✜❜❡rs✳ ❚❤❡ ❡✣❝✐❡♥❝② ♦❢ ≃ 0.5% ✐s r❛t❤❡r ❧♦✇✱ ❜✉t s✐♥❝❡ ✇❡ t②♣✐❝❛❧❧② ✉s❡

♣♦s✐tr♦♥s ✐♥ ❧❛r❣❡ ♥✉♠❜❡rs ♦❢ s❡✈❡r❛❧ 107 t♦ 108✱ ✇❡ st✐❧❧ ❣❡t ❛ ✈❡r② ❝❧❡❛r s✐❣♥❛❧✳
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✸✳✹✳ ❉❊❚❊❈❚❖❘ ❙❨❙❚❊▼

❋✐❣✉r❡ ✸✳✶✹✿ ❚♦♣ ✈✐❡✇ s❤♦✇✐♥❣ ❛ ❝r♦ss s❡❝t✐♦♥ ♦❢ t❤❡ ❆❚❘❆P ❞❡t❡❝t♦r s②st❡♠✳ ❋♦✉r ❧❛②❡rs

♦❢ s❝✐♥t✐❧❧❛t✐♥❣ ✜❜❡rs ❛r❡ ✐♥st❛❧❧❡❞ ✇✐t❤✐♥ t❤❡ ❧❛r❣❡ s✉♣❡r❝♦♥❞✉❝t✐♥❣ s♦❧❡♥♦✐❞✱ ❥✉st ❛r♦✉♥❞ t❤❡

tr❛♣✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t✇♦ ❧❛②❡rs ♦❢ s❝✐♥t✐❧❧❛t✐♥❣ ♣❛❞❞❧❡s ❛r❡ ❧♦❝❛t❡❞ ♦✉ts✐❞❡ ♦❢ t❤❡ s♦❧❡♥♦✐❞✳

✸✳✹✳✶ ❋✐❜❡r ❉❡t❡❝t♦r

❚❤❡ ✜❜❡rs ❛r❡ ❛rr❛♥❣❡❞ ✐♥ ❢♦✉r ❧❛②❡rs✱ ❡❛❝❤ ❣❧✉❡❞ t♦ ❛ ❜❧❛❝❦ P❧❡①✐❣❧❛s t✉❜❡ ✇✐t❤

❣r♦♦✈❡s ♠✐❧❧❡❞ ✐♥t♦ t❤❡✐r s✉r❢❛❝❡s ❢♦r ♠❡❝❤❛♥✐❝❛❧ st❛❜✐❧✐t②✳ ❚✇♦ ❧❛②❡rs ❝♦♥s✐sts ♦❢

224 str❛✐❣❤t ✜❜❡rs ❡❛❝❤ ❛♥❞ t❤❡ ♦t❤❡r t✇♦ ❧❛②❡rs ❛r❡ ❡❛❝❤ ❝♦♠♣r✐s❡❞ ♦❢ 168 ❤❡❧✐❝❛❧

✜❜❡rs ❝♦✈❡r✐♥❣ ❛♥ ❛r❝ ♦❢ 153◦✳ ❊❛❝❤ ✜❜❡r ✐s ❣❧✉❡❞ t♦ ❛ s❡♣❛r❛t❡ ❧✐❣❤t ❣✉✐❞❡ ❝♦♥♥❡❝t❡❞

t♦ ✐ts ♦✇♥ ❝❤❛♥♥❡❧ ♦❢ ❛ ♠✉❧t✐✲❛♥♦❞❡ ♣❤♦t♦♠✉❧t✐♣❧✐❡r ✭❍❛♠❛♠❛ts✉ ❍✻✺✻✽ ✮✳ ❊✈❡r②

♣❤♦t♦♠✉❧t✐♣❧✐❡r r❡❛❞s ♦✉t ✉♣ t♦ 16 ✜❜❡rs✳ ❚❤❡ ✜❜❡r r✐♥❣ ❤❛s ❛♥ ✐♥♥❡r ❞✐❛♠❡t❡r ♦❢

✺✼



❈❍❆P❚❊❘ ✸✳ ❚❍❊ ❆❚❘❆P ❊❳P❊❘■▼❊◆❚

388mm ❛♥❞ ❛ ❤❡✐❣❤t ♦❢ 523mm✳ ❚❤❡ P❧❡①✐❣❧❛s t✉❜❡s ❡①t❡♥❞ ❛ ❜✐t ❢✉rt❤❡r t♦ s✉♣♣♦rt

t❤❡ ❧✐❣❤t ❣✉✐❞❡s✳ ❚❤❡ ✜❜❡r ❞✐❛♠❡t❡r ✐s 3.8mm✳ ❚❤❡ s②st❡♠ ✇❛s ♦r✐❣✐♥❛❧❧② ❞❡s✐❣♥❡❞

❛♥❞ ❜✉✐❧t ✇✐t❤ ❛ t♦t❛❧ ♦❢ t❡♥ ❧❛②❡rs ♦❢ s❝✐♥t✐❧❧❛t✐♥❣ ✜❜❡rs ❣r♦✉♣❡❞ ✐♥ t❤r❡❡ r✐♥❣s✱ ❜✉t

✐♥ ♦r❞❡r t♦ ♠❛❦❡ s♣❛❝❡ ❢♦r ❤❡ ■♦✛❡ tr❛♣✱ t❤❡ t✇♦ ✐♥♥❡r r✐♥❣s ❤❛❞ t♦ ❜❡ r❡♠♦✈❡❞✳

✸✳✹✳✷ ❙❝✐♥t✐❧❧❛t✐♥❣ P❛❞❞❧❡s

❚❤❡ s❝✐♥t✐❧❧❛t✐♥❣ ♣❛❞❞❧❡s ❛r❡ ❛rr❛♥❣❡❞ ✐♥ t✇♦ ♦❝t❛❣♦♥❛❧ r✐♥❣s✳ ❆♥ ✐♥♥❡r r✐♥❣ ♦❢

16 s♠❛❧❧ ♣❛❞❞❧❡s ✐s s✉rr♦✉♥❞❡❞ ❜② ❛♥ ♦✉t❡r r✐♥❣ ♦❢ ❡✐❣❤t ❧❛r❣❡r ♣❛❞❞❧❡s✳ ❚❤❡② ❛r❡

❛rr❛♥❣❡❞ s♦ t❤❛t ❡❛❝❤ ♦❢ t❤❡ ❧❛r❣❡ ♣❛❞❞❧❡s ✐s ❝♦✈❡r❡❞ ❜② t✇♦ ♦❢ t❤❡ s♠❛❧❧❡r ♦♥❡s

✭✜❣✉r❡ ✸✳✶✹✮✳ ❆❧❧ ♣❛❞❞❧❡s ❛r❡ ❡♥❝❧♦s❡❞ ✐♥ ❧✐❣❤t t✐❣❤t ♣❛❝❦❛❣❡s ❛♥❞ ❡❛❝❤ ✐s ❝♦✉♣❧❡❞

t♦ ❛ ❧✐❣❤t ❣✉✐❞❡ t❤❛t ❝♦♥♥❡❝ts t♦ ❛ ❍❛♠♠❛♠❛ts✉ ❘✷✷✸✽ ♣❤♦t♦♠✉❧t✐♣❧✐❡r t✉❜❡✳ ❚❤❡

♣❛❞❞❧❡s ❛r❡ ♦♣❡r❛t❡❞ ✐♥ ❝♦✐♥❝✐❞❡♥❝❡ ♠♦❞❡✳ ❆♥ ❡✈❡♥t ✐s ♦♥❧② r❡❣✐st❡r❡❞ ✇❤❡♥ ❛ s✐❣♥❛❧

❢r♦♠ ❛♥ ✐♥♥❡r ♣❛❞❞❧❡ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦✉t❡r ♣❛❞❞❧❡ ✐s r❡❝❡✐✈❡❞ ✇✐t❤✐♥ ❛ 40 ns

t✐♠❡ ✇✐♥❞♦✇✳

✸✳✹✳✸ ❉❛t❛ ❆❝q✉✐s✐t✐♦♥ ❙②st❡♠

❋♦r ❡❛❝❤ ♣❛❞❞❧❡ ❡✈❡♥t✱ t❤❡ s✐❣♥❛❧✱ t✐♠❡ ❛♥❞ ❛♠♣❧✐t✉❞❡ ❛r❡ r❡❝♦r❞❡❞✳ ❋♦r t❤❡ ✜❜❡rs✱

♦♥❧② ❛ ❧♦❣✐❝ s✐❣♥❛❧ ✐s r❡❣✐st❡r❡❞ ❢♦r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ♦♥❡✳ ❚❤❡ s✉♠ ♦❢ ❛❧❧ ❛♠♣❧✐t✉❞❡s✱

❛ ♠✉❧t✐♣❧✐❝✐t② ❛♥❞ ❛ t✐♠✐♥❣ s✐❣♥❛❧ ✐s t❛❦❡♥ ❢♦r ❡❛❝❤ ♦❢ t❤❡ ✶✻✲❢♦❧❞ ♣❤♦t♦♠✉❧t✐♣❧✐❡rs✳

❚❤❡ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ s②st❡♠ ❝❛♥ r❡❝♦r❞ ❡✈❡♥ts ✇✐t❤ ❛ r❛t❡ ♦❢ ✉♣ t♦ 1000Hz ✇✐t❤

❛ ❞❡❛❞ t✐♠❡ ♦❢ ❧❡ss t❤❛♥ 20%✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❢✉❧❧ ❡✈❡♥t r❡❛❞♦✉t✱ t✇❡❧✈❡ s✐❣♥❛❧

❝♦♠❜✐♥❛t✐♦♥s ❧✐❦❡ t❤❡ ♠✉❧t✐♣❧✐❝✐t✐❡s ✐♥ ✐♥❞✐✈✐❞✉❛❧ ✜❜❡r ❧❛②❡rs ♦r s❡✈❡r❛❧ ❝♦✐♥❝✐❞❡♥❝❡

❡✈❡♥ts ✭tr✐❣❣❡rs✮ ❛r❡ ❛✈❛✐❧❛❜❧❡ ✈✐❛ ❛♥ ♦♥❧✐♥❡ r❡❛❞♦✉t✳ ❚❤✐s ❛❧❧♦✇s ✐♠♠❡❞✐❛t❡ ❞✐❛❣✲

♥♦st✐❝ ❞✉r✐♥❣ ❛♥ ❡①♣❡r✐♠❡♥t t♦ ♥♦t✐❝❡ ❢♦r ✐♥st❛♥❝❡ ♣❛rt✐❝❧❡ ❧♦ss❡s✳ ❚❤❡ tr✐❣❣❡r ♠♦st

❝♦♠♠♦♥❧② ✉s❡❞ ❢♦r ♦♥❧✐♥❡ r❡❛❞♦✉t ✐s r❡❢❡rr❡❞ t♦ ❛s ✑❚r✐❣❣❡r ✶✏✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ✐s ❛

✺✽



✸✳✹✳ ❉❊❚❊❈❚❖❘ ❙❨❙❚❊▼

✜❜❡r ♠✉❧t✐♣❧✐❝✐t② ♦❢ t✇♦ ♦r ❣r❡❛t❡r ❛♥❞ ❛t ❧❡❛st ♦♥❡ ♣❛❞❞❧❡ ❝♦✐♥❝✐❞❡♥❝❡ ❡✈❡♥t✳ ❆♣✲

♣❧②✐♥❣ t❤✐s ❝♦♥❞✐t✐♦♥ r❡❞✉❝❡s t❤❡ ❜❛❝❦❣r♦✉♥❞ r❛t❡ ❢r♦♠ s❡✈❡r❛❧ ❤✉♥❞r❡❞ ❍③ t♦ ❛❜♦✉t

40Hz ✇❤✐❧❡ st✐❧❧ ❞❡t❡❝t✐♥❣ p̄ ❛♥♥✐❤✐❧❛t✐♦♥s ✇✐t❤ ❛♥ ❡✣❝✐❡♥❝② ♦❢ 54%✳

❚❤❡ ❢✉❧❧ s②st❡♠ ✇✐t❤ ❛❧❧ t❤r❡❡ ✜❜❡r r✐♥❣s ✐♥st❛❧❧❡❞ ✇♦✉❧❞ ❛❧s♦ ❛❧❧♦✇ ✈❡rt❡① r❡❝♦♥✲

str✉❝t✐♦♥ ✇❤✐❝❤ ❝♦✉❧❞ ❢✉rt❤❡r ❞❡❝r❡❛s❡ t❤❡ ❜❛❝❦❣r♦✉♥❞✳ ❚❤❡ s✐♥❣❧❡ r✐♥❣ ♦♥❧② ❛❧❧♦✇s

❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥ts ✇❤✐❝❤ ✐s st✐❧❧ s✉✣❝✐❡♥t t♦ ❞✐✈✐❞❡ t❤❡ ❡✈❡♥ts

✐♥t♦ ❝❧❛ss❡s ❛♥❞ ❞✐s❝❛r❞ t❤♦s❡ t❤❛t ♠♦st ❧✐❦❡❧② ♦r✐❣✐♥❛t❡❞ ❢r♦♠ ❝♦s♠✐❝ ❜❛❝❦❣r♦✉♥❞✳

❈♦s♠✐❝ ♣❛rt✐❝❧❡s t②♣✐❝❛❧❧② tr❛✈❡❧ ♦♥ ❛ str❛✐❣❤t ❧✐♥❡ ✇❤✐❧❡ t❤❡ ♣✐♦♥s ❣❡♥❡r❛t❡❞ ❢r♦♠

❛♥t✐♣r♦t♦♥ ❛♥♥✐❤✐❧❛t✐♦♥s ✇✐❧❧ ❢♦❧❧♦✇ r❛♥❞♦♠❧② ❞✐str✐❜✉t❡❞ tr❛❝❦s✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢

t❤❡ ❞❡t❡❝t♦r ❞❛t❛ ✐s tr❡❛t❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✹✳✷✳

✺✾





❈❤❛♣t❡r ✹

❚❤❡ ▲❛s❡r ❙②st❡♠

❉✉❡ t♦ t❤❡ n4 ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝r♦ss s❡❝t✐♦♥ ❬✽✷❪✱ ❧❛s❡r ❡①❝✐t❛t✐♦♥ ♦❢ t❤❡ ❝❡s✐✉♠

❛t♦♠s ✐s ❡ss❡♥t✐❛❧ t♦ ✐♥❝r❡❛s❡ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❝❡ss✳ ❆ ❘②❞✲

❜❡r❣ st❛t❡ ❛r♦✉♥❞ n ≃ 40 ✐s ❢❛✈♦r❛❜❧❡ ✭s❡❡ s❡❝t✐♦♥ ✻✳✷✮ ❛♥❞ s❡✈❡r❛❧ ♣♦ss✐❜✐❧✐t✐❡s ❡①✐st

t♦ ❡①❝✐t❡ t♦ t❤✐s st❛t❡✳

❆ ❢❡✇ ❡①❝✐t❛t✐♦♥ s❝❤❡♠❡s ✇❡r❡ r❡✈✐❡✇❡❞ ✐♥ ❬✽✶❪✳ ❆ ❞✐r❡❝t ❡①❝✐t❛t✐♦♥ t♦ ❘②❞❜❡r❣

st❛t❡s r❡q✉✐r❡s ❛ ❯❱ ❧❛s❡r ♦♣❡r❛t✐♥❣ ❛t 320 nm✳ ❉✉❡ t♦ t❤❡ ❧♦✇ ♦s❝✐❧❧❛t♦r str❡♥❣t❤s✱

❛ ❤✐❣❤ ♣♦✇❡r ❧❛s❡r ✐s r❡q✉✐r❡❞✳ ❲✐t❤ ❛ ❢r❡q✉❡♥❝② ❞♦✉❜❧❡❞ ♣✉❧s❡❞ ❞②❡ ❧❛s❡r✱ ❛ ♠❡❛♥

❡①❝✐t❛t✐♦♥ ❡✣❝✐❡♥❝② ♦❢ ♦♥❧② 1.5% ✇❛s ❡st✐♠❛t❡❞ ❬✽✶❪✳ ❊①❝✐t✐♥❣ t❤❡ ❛t♦♠ ✐♥ s❡✈✲

❡r❛❧ st❡♣s ✐♥❝r❡❛s❡s t❤❡ ❡✣❝✐❡♥❝②✱ ❜✉t ❛❞❞✐t✐♦♥❛❧ ❧❛s❡rs ❛❧s♦ ❛❞❞ t♦ t❤❡ t❡❝❤♥✐❝❛❧

❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t✳

❋♦r ❆❚❘❆P✬s ✜rst ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥t✱ t❤❡ t✇♦ st❛❣❡ ❡①❝✐t❛t✐♦♥ s❝❤❡♠❡

❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✶ ✇❛s ❝❤♦s❡♥ ❞✉❡ t♦ ❛♥ ❛✈❛✐❧❛❜❧❡ ❝♦♣♣❡r ✈❛♣♦r ❧❛s❡r ❬✶✷✻❪✳ ❈♦♣♣❡r

✈❛♣♦r ❧❛s❡rs ❡♠✐t ❧✐❣❤t ❛t t✇♦ ✇❛✈❡❧❡♥❣t❤s✱ 578 nm ❛♥❞ 511 nm✳ ❚❤❡ ❧❛tt❡r ❝♦rr❡✲

s♣♦♥❞s t♦ t❤❡ ❡♥❡r❣② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡①❝✐t❡❞ 6P3/2 st❛t❡ ♦❢ ❝❡s✐✉♠ ❛♥❞ t❤❡

37D ❘②❞❜❡r❣ st❛t❡✳ ❋♦r t❤❡ ✜rst tr❛♥s✐t✐♦♥ ❢r♦♠ t❤❡ ❣r♦✉♥❞ st❛t❡ ♦❢ ❝❡s✐✉♠ 6S1/2
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❋✐❣✉r❡ ✹✳✶✿ ❆t♦♠✐❝ ❡♥❡r❣② ❧❡✈❡❧s ♦❢ ❝❡s✐✉♠ ❛♥❞ ❡①❝✐t❛t✐♦♥ s❝❤❡♠❡ ✉s❡❞✳

t♦ t❤❡ 6P3/2 ❧❡✈❡❧✱ ❛ ❞✐♦❞❡ ❧❛s❡r ✇✐t❤ ❛ ✇❛✈❡❧❡♥❣t❤ ♦❢ 852 nm ✇❛s ❜✉✐❧t✳ ❉❡t❛✐❧s ♦♥

t❤✐s ❧❛s❡r s②st❡♠ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✽✶✱ ✶✶✸✱ ✶✷✶❪✳ ❚❤❡ ❝❡s✐✉♠ ❡♥❡r❣② ❧❡✈❡❧s s❤♦✇♥ ✐♥

✜❣✉r❡ ✹✳✶ ❛r❡ str♦♥❣❧② ♠♦❞✐✜❡❞ ❜② t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s r❡q✉✐r❡❞ ❢♦r ♦✉r ❡①♣❡r✐♠❡♥t✳

❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡s❡ ♠♦❞✐✜❡❞ ❡♥❡r❣② ❧❡✈❡❧s ✐s t❤❡ s✉❜❥❡❝t ♦❢ ❝❤❛♣t❡r ✺✱ ❢♦r t❤❡

❝♦♥s✐❞❡r❛t✐♦♥s ♠❛❞❡ ❤❡r❡✱ t❤❡ ❧❡✈❡❧ s❝❤❡♠❡ ✐♥ ✜❣✉r❡ ✹✳✶ ✐s s✉✣❝✐❡♥t✳

❆❧❧ ❢❛❝t♦rs ❝♦♥s✐❞❡r❡❞✱ t❤❡ t✇♦ st❛❣❡ s❝❤❡♠❡ ❝❤♦s❡♥ ♣r❡✈✐♦✉s❧② ✐s ❛ ❣♦♦❞ ❝♦♠♣r♦✲

♠✐s❡✳ ❚❤❡ ✜rst tr❛♥s✐t✐♦♥ ❝❛♥ ❜❡ ❞r✐✈❡♥ ❜② ❞✐♦❞❡ ❧❛s❡rs ✇❤✐❝❤ ❛r❡ r❡❛❞✐❧② ❛✈❛✐❧❛❜❧❡

✇✐t❤ ✇❛✈❡❧❡♥❣t❤s ♦❢ 852 nm ❛♥❞ t②♣✐❝❛❧❧② ♣r♦✈✐❞❡ r❡❧✐❛❜❧❡ ♦♣❡r❛t✐♦♥ ✇❤✐❧❡ r❡q✉✐r✐♥❣

✻✷



❧✐tt❧❡ ♠❛✐♥t❡♥❛♥❝❡✳ ❋♦r t❤❡ ❡①♣❡r✐♠❡♥ts ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ✇♦r❦✱ ✇❡ t❤❡r❡❢♦r❡ ❞❡❝✐❞❡❞

t♦ ❤♦❧❞ ♦♥ t♦ t❤❡ ❡①❝✐t❛t✐♦♥ s❝❤❡♠❡ ♣r❡✈✐♦✉s❧② ✉s❡❞✳

❚❤❡ ❝♦♣♣❡r ✈❛♣♦r ❧❛s❡r ♣r♦✈❡❞ t♦ ❜❡ ❛ ✉s❡❢✉❧ t♦♦❧✱ ❜✉t ❛❧s♦ ❤❛s s♦♠❡ ❧✐♠✐t❛t✐♦♥s✿

❉✉❡ t♦ ✐ts ♣✉❧s❡❞ ♦♣❡r❛t✐♦♥ ✭20 ns ❞✉r❛t✐♦♥ ❡✈❡r② 50µs✮✱ ✐t s❛t✉r❛t❡s t❤❡ tr❛♥s✐t✐♦♥

❢♦r ❛ ❜r✐❡❢ t✐♠❡ ✇❤✐❧❡ ♥♦ ❡①❝✐t❛t✐♦♥ ❤❛♣♣❡♥s ❜❡t✇❡❡♥ ♣✉❧s❡s✳ ▲❛s❡r ❡①❝✐t❛t✐♦♥ ❤❛s t♦

t❛❦❡ ♣❧❛❝❡ ✇✐t❤✐♥ t❤❡ ❛♣♣❛r❛t✉s✱ ❝❧♦s❡ t♦ t❤❡ ♣♦s✐tr♦♥s✳ ❚♦ ❧✐♠✐t t❤❡ ❤❡❛t ❧♦❛❞ ♦♥ t❤❡

❝r②♦❣❡♥✐❝ tr❛♣✱ t❤❡ ♣✉❧s❡ ❡♥❡r❣② ❤❛❞ t♦ ❜❡ ❧✐♠✐t❡❞ t♦ 0.025mJ ✐♥ ❬✶✷✻❪✱ ❛❜♦✉t 15%

♦❢ t❤❡ ❧❛s❡r✬s ♠❛①✐♠✉♠ ✈❛❧✉❡✳ ❚❤❡ ❧❛s❡r ❧✐❣❤t ❝r♦ss❡s ❛ ❝♦❧❧✐♠❛t❡❞ ❜❡❛♠ ♦❢ ❝❡s✐✉♠

❛t♦♠s ✐♥ r✐❣❤t ❛♥❣❧❡ ✭✜❣✉r❡ ✸✳✶✶✮✳ ❚❤❡ ❛t♦♠s ❤❛✈❡ t♦ tr❛✈❡❧ s❡✈❡r❛❧ ❝❡♥t✐♠❡t❡rs ❢r♦♠

t❤❡✐r s♦✉r❝❡ t♦ t❤❡ ❧❛s❡r ❡①❝✐t❛t✐♦♥ r❡❣✐♦♥ ❛♥❞ ♦♥ t♦ t❤❡ ♣♦s✐tr♦♥s✳ ❖♥❧② ❛t♦♠s ✇✐t❤

❧♦✇ tr❛♥s✈❡rs❛❧ ✈❡❧♦❝✐t✐❡s ✇✐❧❧ ♣❛ss t❤r♦✉❣❤ t❤❡ s❡r✐❡s ♦❢ ❝♦❧❧✐♠❛t✐♥❣ ❛♣❡rt✉r❡s ♦♥ t❤✐s

♣❛t❤✳ ❚❤❡ ❉♦♣♣❧❡r✲✇✐❞t❤ ❢♦r ❛t♦♠s t❤❛t r❡❛❝❤ t❤❡ ✐♥s✐❞❡ ♦❢ t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦ ✐s

❛♣♣r♦①✐♠❛t❡❧② 12MHz✳ ❙✐♥❝❡ t❤❡ ❝♦♣♣❡r ✈❛♣♦r ❧❛s❡r ❤❛s ❛ s♣❡❝tr❛❧ ✇✐❞t❤ ♦❢ 6GHz✱

♦♥❧② ❛ s♠❛❧❧ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❛✈❛✐❧❛❜❧❡ ❧❛s❡r ♣♦✇❡r ❛❝t✉❛❧❧② ❡①❝✐t❡s ❝❡s✐✉♠ ❛t♦♠s

✇❤✐❝❤ ❛r❡ ✉s❛❜❧❡ ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥ts✳ ▼♦st ♦❢ t❤❡ ❧✐❣❤t s❡♥t ✐♥t♦ t❤❡

❛♣♣❛r❛t✉s ♦♥❧② ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❤❡❛t ❧♦❛❞ ♦♥ t❤❡ ❝r②♦❣❡♥✐❝ s②st❡♠✳ ❋✉rt❤❡r♠♦r❡✱

t❤❡ ❧❛s❡r ✐s ♥♦t t✉♥❛❜❧❡✱ s♦ ♦♥❧② ❛ s✐♥❣❧❡ ❘②❞❜❡r❣ st❛t❡ ✭37D✮ ✐s ❛❝❝❡ss✐❜❧❡✳ ❍✐❣❤❡r

n✲st❛t❡s ❤❛✈❡ ❛ ♠✉❝❤ ❧❛r❣❡r ❝r♦ss s❡❝t✐♦♥ ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❝♦❧❧✐s✐♦♥s ❛♥❞ ❧♦♥❣❡r

❧✐❢❡t✐♠❡s ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ ♥✉♠❜❡r ♦❢ ♣♦s✐tr♦♥✐✉♠ ❛♥❞ ❛♥t✐❤②❞r♦❣❡♥ ♣r♦❞✉❝❡❞✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡①❝✐t❛t✐♦♥ ❡✣❝✐❡♥❝② ❞❡❝r❡❛s❡s ✇✐t❤ ✐♥❝r❡❛s✐♥❣ n ❛♥❞ t❤❡ ❘②❞❜❡r❣

❛t♦♠s ❛r❡ ❙t❛r❦ ✐♦♥✐③❡❞ ❜② ✇❡❛❦❡r ❡❧❡❝tr✐❝ ✜❡❧❞s✳ ❉✉❡ t♦ t❤❡✐r s♣❛❝❡ ❝❤❛r❣❡✱ t❤✐s

❧✐♠✐ts t❤❡ ♥✉♠❜❡r ♦❢ ♣♦s✐tr♦♥s t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ♣❡r ❡①♣❡r✐♠❡♥t✳ ❊✈❛❧✉❛t✐♥❣ t❤❡s❡

❢❛❝t♦rs t♦ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ st❛t❡ t♦ ✉s❡ ✐s s✉❜❥❡❝t ♦❢ ❝❤❛♣t❡r ✻✳✷✳ ❚❤✐s s❡❝t✐♦♥ s❤♦✇s

t❤❛t t❤❡ ❛❜✐❧✐t② t♦ ❝❤♦♦s❡ ❛♥ ♦♣t✐♠✉♠ ❘②❞❜❡r❣ st❛t❡ ✇✐t❤ ❛ t✉♥❛❜❧❡ ❧❛s❡r ✐s ❛ ❣r❡❛t

❛❞✈❛♥t❛❣❡✳

❲❡ t❤❡r❡❢♦r❡ ❞❡❝✐❞❡❞ t♦ r❡♣❧❛❝❡ t❤❡ ❝♦♣♣❡r ✈❛♣♦r ❧❛s❡r ✇✐t❤ ❛ t✉♥❛❜❧❡✱ ♥❛rr♦✇✲
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❈❍❆P❚❊❘ ✹✳ ❚❍❊ ▲❆❙❊❘ ❙❨❙❚❊▼

❧✐♥❡✇✐❞t❤ ❝♦♥t✐♥✉♦✉s✲✇❛✈❡ ✭❝✇✮ ❧❛s❡r s②st❡♠✳ ❋♦r ♦♣❡r❛t✐♦♥ ❛t ❛♥ ❛❝❝❡❧❡r❛t♦r ❢❛✲

❝✐❧✐t②✱ ❛ ❝♦♠♣❛❝t✱ r❡❧✐❛❜❧❡✱ ❧♦✇✲♠❛✐♥t❡♥❛♥❝❡ s②st❡♠ ✐s ❡s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t✳ ❚❤❡r❡✲

❢♦r❡ ✇❡ ❝❤♦s❡ ❛ ❢r❡q✉❡♥❝②✲❞♦✉❜❧❡❞ s❡♠✐❝♦♥❞✉❝t♦r ♠❛st❡r✲♦s❝✐❧❧❛t♦r ♣♦✇❡r✲❛♠♣❧✐✜❡r

✭▼❖P❆✮ ❧❛s❡r s②st❡♠✳ ■t ✇❛s ✐♥✐t✐❛❧❧② ❞❡s✐❣♥❡❞ ❛♥❞ ❝♦♥str✉❝t❡❞ ✐♥ ❬✶✵✺❪✳ ❙❡✈❡r❛❧

✐♠♣r♦✈❡♠❡♥ts ✇❡r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❬✶✽❪ ❛♥❞ ❞✉r✐♥❣ t❤❡ ❝♦✉rs❡ ♦❢ t❤✐s ✇♦r❦ ❬✶✵✻❪✳

❚❤❡r❡ ✐s ❡①t❡♥s✐✈❡ ❧✐t❡r❛t✉r❡ ♦♥ s❡♠✐❝♦♥❞✉❝t♦r ❧❛s❡rs✱ s♦ ❛ r❡✈✐❡✇ ✐s ♦♠✐tt❡❞ ❤❡r❡✳

❋♦r ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❞✐♦❞❡ ❧❛s❡rs s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✸✽❪✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❛♣❡r❡❞

❛♠♣❧✐✜❡rs ✐s ❢♦✉♥❞ ✐♥ ❬✶✸✸❪✳ ❚❤❡ t❡❝❤♥✐q✉❡ ♦❢ s❡❝♦♥❞ ❤❛r♠♦♥✐❝ ❣❡♥❡r❛t✐♦♥ ✐s ❛❧s♦

❞❡s❝r✐❜❡❞ ✐♥ ❧✐t❡r❛t✉r❡✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✾❪✳

❙❡❝t✐♦♥ ✹✳✶ st❛rts ✇✐t❤ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ 852 nm ❞✐♦❞❡ ❧❛s❡r ❢♦r ❡①❝✐t❛t✐♦♥

♦❢ t❤❡ ✜rst tr❛♥s✐t✐♦♥✳ ❚❤❡ ❧❛s❡r ❜✉✐❧t ✐♥ ❬✽✶❪ ✇❛s r❡♣❧❛❝❡❞ ✇✐t❤ ❛ ♥❡✇ s❡t✉♣✳ ❚❤❡

❢r❡q✉❡♥❝② ❞♦✉❜❧❡❞ ▼❖P❆ s②st❡♠ t❤❛t r❡♣❧❛❝❡s t❤❡ ❝♦♣♣❡r ✈❛♣♦r ❧❛s❡r ❢♦r ❡①❝✐t❛t✐♦♥

♦❢ t❤❡ s❡❝♦♥❞ tr❛♥s✐t✐♦♥ ✐s tr❡❛t❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✷✳ ❇♦t❤ ❧❛s❡rs ❛r❡ st❛❜✐❧✐③❡❞ t♦ ❛

✇❛✈❡♠❡t❡r ❜② ❛ ❝♦♥tr♦❧ s♦❢t✇❛r❡ ❞❡✈❡❧♦♣❡❞ ❞✉r✐♥❣ t❤✐s ✇♦r❦✳ ❚❤✐s ✐s t❤❡ s✉❜❥❡❝t ♦❢

s❡❝t✐♦♥ ✹✳✸✳

✹✳✶ ❚❤❡ ✽✺✷ ♥♠ ❧❛s❡r s②st❡♠

❚❤❡ ❧❛s❡r s②st❡♠ ✉s❡❞ t♦ ❡①❝✐t❡ t❤❡ ✜rst tr❛♥s✐t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❛♥ ❡①t❡r♥❛❧ ❝❛✈✐t②

❞✐♦❞❡ ❧❛s❡r ✭❊❈❉▲✮✱ s✐♠✐❧❛r t♦ ❬✶✶✺❪✳ ❚❤❡ s❡t✉♣ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✷✳ ❚❤❡ ❧❛s❡r

❞✐♦❞❡ ✐s ❛ ❋r❛♥❦❢✉rt ▲❛s❡r ❈♦♠♣❛♥② ❋■❉▲✲✷✵✵❙✲✽✺✵❳ ✇✐t❤ ❛ ❝❡♥t❡r ✇❛✈❡❧❡♥❣t❤ ♦❢

850 nm✳ ❲❤❡♥ ❤❡❛t❡❞ t♦ ❛ ❢❡✇ ❞❡❣r❡❡s ❛❜♦✈❡ r♦♦♠ t❡♠♣❡r❛t✉r❡✱ t❤❡ ❝❡♥t❡r ✇❛✈❡✲

❧❡♥❣t❤s s❤✐❢ts t♦✇❛r❞s t❤❡ 852 nm ♥❡❡❞❡❞✳ ❚❤❡ ♠❛①✐♠✉♠ ♦✉t♣✉t ♣♦✇❡r ✐s 200mW✳

❚❤❡ ❧✐❣❤t ✐s ❝♦❧❧✐♠❛t❡❞ ✇✐t❤ ❛♥ ❛s♣❤❡r✐❝ ❧❡♥s ♦❢ s❤♦rt ❢♦❝❛❧ ❧❡♥❣t❤ ✭f = 4.5mm✮✳

❚❤❡ ❡♠✐tt❡❞ ❧❛s❡r ❧✐❣❤t ✐❧❧✉♠✐♥❛t❡s ❛ ❞✐✛r❛❝t✐♦♥ ❣r❛t✐♥❣ ✐♥ ▲✐ttr♦✇ ❝♦♥✜❣✉r❛t✐♦♥✳

■t ✐s ❛❧✐❣♥❡❞ s♦ t❤❛t t❤❡ ❧✐❣❤t r❡❢r❛❝t❡❞ ✐♥ ✜rst ♦r❞❡r ✐s s❡♥t ❜❛❝❦ ✐♥t♦ t❤❡ ❧❛s❡r
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❋✐❣✉r❡ ✹✳✷✿ ❙❡t✉♣ ♦❢ ❛♥ ❡①t❡r♥❛❧ ❝❛✈✐t② ❞✐♦❞❡ ❧❛s❡r ✭❊❈❉▲✮✳ ❚❤❡ ❧✐❣❤t ❡♠✐tt❡❞ ❢r♦♠ t❤❡ ❧❛s❡r

❞✐♦❞❡ ✐s ❝♦❧❧✐♠❛t❡❞ ❛♥❞ ✐❧❧✉♠✐♥❛t❡s ❛ ❞✐✛r❛❝t✐♦♥ ❣r❛t✐♥❣ ✐♥ ▲✐ttr♦✇ ❝♦♥✜❣✉r❛t✐♦♥✳ ■t r❡✢❡❝ts

❛❜♦✉t 20 − 30% ♦❢ t❤❡ ❧✐❣❤t ❜❛❝❦ ✐♥t♦ t❤❡ ❧❛s❡r ❞✐♦❞❡✱ ❢♦r♠✐♥❣ ❛♥ ❡①t❡r♥❛❧ r❡s♦♥❛t♦r✳ ❚❤❡

✇❛✈❡❧❡♥❣t❤ ✐s ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❣r❛t✐♥❣ ❛♥❣❧❡ ✇❤✐❝❤ ❝❛♥ ❜❡ t✉♥❡❞ ♠❛♥✉❛❧❧② ❜② ❛ ✜♥❡ t❤r❡❛❞❡❞

s❝r❡✇ ♦r ❡❧❡❝tr♦♥✐❝❛❧❧② ❜② ❛ ♣✐❡③♦ ❛❝t✉❛t♦r✳ ❚❤❡ ❧❛s❡r✬s t❡♠♣❡r❛t✉r❡ ✐s st❛❜✐❧✐③❡❞ ❜② ❛♥ ❡①t❡r♥❛❧

❤❛r❞✇❛r❡ ❝♦♥tr♦❧❧❡r ✭♥♦t s❤♦✇♥✮✳ ■t r❡❛❞s ❛♥ ❆❉✺✾✵ t❡♠♣❡r❛t✉r❡ s❡♥s♦r ♠♦✉♥t❡❞ ❝❧♦s❡ t♦

t❤❡ ❧❛s❡r ❞✐♦❞❡ ❛♥❞ s✉♣♣❧✐❡s ❛ ❝✉rr❡♥t t♦ ❛ t❤❡r♠♦❡❧❡❝tr✐❝ ❝♦♦❧❡r ✭❚❊❈✮ ❧♦❝❛t❡❞ ❜❡t✇❡❡♥ t❤❡

♠♦✉♥t✐♥❣ ❜❧♦❝❦ ❢♦r t❤❡ ❧❛s❡r ❝♦♠♣♦♥❡♥ts ❛♥❞ ❛ ❝♦♣♣❡r ❤❡❛t s✐♥❦✳

❞✐♦❞❡ t♦ ♣r♦✈✐❞❡ ♦♣t✐❝❛❧ ❢❡❡❞❜❛❝❦✳ ❚❤✐s ❢♦r♠s ❛♥ ❡①t❡r♥❛❧ ❝❛✈✐t② ✇✐t❤ t❤❡ r❡s♦♥❛♥t

✇❛✈❡❧❡♥❣t❤

λ = 2d/k sinα , ✭✹✳✶✮

✇❤❡r❡ k ✐s t❤❡ r❡❢r❛❝t✐✈❡ ♦r❞❡r✱ d ✐s t❤❡ ❣r♦♦✈❡ s♣❛❝✐♥❣ ✭✐♥✈❡rs❡ ❣r❛t✐♥❣ ❝♦♥st❛♥t✮

❛♥❞ α ✐s t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ❣r❛t✐♥❣ ♥♦r♠❛❧ ❛♥❞ t❤❡ ✐♥❝✐❞❡♥t ❧✐❣❤t✳ ■❢ t❤❡ ❢❡❡❞❜❛❝❦
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✐s str♦♥❣ ❡♥♦✉❣❤ ✲ t②♣✐❝❛❧❧② 20−30% ♦❢ t❤❡ ✐♥❝✐❞❡♥t ❧✐❣❤t ♥❡❡❞s t♦ ❜❡ r❡✢❡❝t❡❞ ❜❛❝❦

✐♥t♦ t❤❡ ❞✐♦❞❡ ✲ t❤❡ ✇❛✈❡❧❡♥❣t❤ ♦❢ t❤❡ ❧❛s❡r ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ ❣r❛t✐♥❣ ❛♥❣❧❡✳

❈♦❛rs❡ t✉♥✐♥❣ ✐s ❞♦♥❡ ✇✐t❤ ❛ ✜♥❡ t❤r❡❛❞❡❞ s❝r❡✇ t❤❛t ❜❡♥❞s t❤❡ ❣r❛t✐♥❣✬s ♠♦✉♥t✳

❋♦r ✜♥❡ t✉♥✐♥❣ ❛♥❞ ❢r❡q✉❡♥❝② st❛❜✐❧✐③❛t✐♦♥✱ ❛ ♣✐❡③♦ ❛❝t✉❛t♦r ♠♦✉♥t❡❞ ✐♥ t❤❡ s❛♠❡

❜♦r❡ ❛s t❤❡ s❝r❡✇ ✐s ✉s❡❞ ✭s❡❡ ✜❣✉r❡ ✹✳✷✮✳ ❚❤❡ ✈♦❧t❛❣❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ♣✐❡③♦ ✐s ❛❧s♦

❢❡❞ ✐♥t♦ ❛ ♠♦❞✉❧❛t✐♦♥ ✐♥♣✉t ♦❢ t❤❡ ❧❛s❡r ❞✐♦❞❡✬s ❝✉rr❡♥t ❞r✐✈❡r ✭❢❡❡❞✲❢♦r✇❛r❞✮✳ ❲✐t❤

t❤✐s s❡t✉♣✱ ❛ ♠♦❞❡✲❥✉♠♣ ❢r❡❡ t✉♥❛❜✐❧✐t② ♦❢ ✉♣ t♦ 50GHz ✐s ❛❝❤✐❡✈❡❞✳ ❚❤❡ ❣r❛t✐♥❣

❢❡❡❞❜❛❝❦ r❡❞✉❝❡s t❤❡ ❛✈❛✐❧❛❜❧❡ ♣♦✇❡r ♦❢ t❤❡ ❧❛s❡r✱ ✐♥ t❤✐s ❝❛s❡ t♦ ❛❜♦✉t 160mW✳

❙✐♥❝❡ t❤❡ 6S1/2 − 6P3/2 tr❛♥s✐t✐♦♥ ✐s ❡❛s✐❧② s❛t✉r❛t❡❞✱ t❤✐s ✐s st✐❧❧ ❢❛r ♠♦r❡ t❤❛♥

♥❡❡❞❡❞✳

❆♥ ❡❧❡❝tr♦♥✐❝ ❝♦♥tr♦❧❧❡r st❛❜✐❧✐③❡s t❤❡ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ ❧❛s❡r✳ ■t r❡❛❞s ❛ t❡♠♣❡r✲

❛t✉r❡ s❡♥s♦r ✭❆❉✺✾✵ ✮ ❛♥❞ ❛♣♣❧✐❡s ❛ ❝✉rr❡♥t t❤r♦✉❣❤ ❛ t❤❡r♠♦❡❧❡❝tr✐❝ ❝♦♦❧❡r ✭❚❊❈✮

t♦ ❡✐t❤❡r ❤❡❛t ♦r ❝♦♦❧ t❤❡ ❧❛s❡r✳

❚❤❡ ❡♥t✐r❡ ❧❛s❡r s②st❡♠ ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✸✳ ❚❤❡ ❜❡❛♠ ❡♠✐tt❡❞ ❢r♦♠ t❤❡

❊❈❉▲ ♣❛ss❡s ❛ t✇♦ st❛❣❡ ❋❛r❛❞❛② ✐s♦❧❛t♦r ✇✐t❤ 60 dB ❛tt❡♥✉❛t✐♦♥ t♦ ♣r❡✈❡♥t ❜❛❝❦

r❡✢❡❝t✐♦♥s ✐♥t♦ t❤❡ ❧❛s❡r ❞✐♦❞❡✳ ❚✇♦ ❜❡❛♠ s❛♠♣❧❡rs s♣❧✐t ♦✛ s♠❛❧❧ ❢r❛❝t✐♦♥s ♦❢ t❤❡

❧❛s❡r ❧✐❣❤t✳ ❚❤❡ ✜rst s❛♠♣❧❡❞ ❜❡❛♠ ✐s ❞✐✈✐❞❡❞ ❜❡t✇❡❡♥ ❛ ♣❤♦t♦❞✐♦❞❡ t❤❛t ♠♦♥✐t♦rs

t❤❡ ❧❛s❡r ♣♦✇❡r ❛♥❞ ❛ ✜❜❡r ❝♦✉♣❧❡r✳ ❚❤❡ ❧✐❣❤t ❝♦✉♣❧❡❞ ✐♥t♦ t❤✐s ✜❜❡r ✐s s❡♥t t♦ ❛

✇❛✈❡♠❡t❡r ✭❍✐❣❤❋✐♥❡ss❡ ❲❙✼ ✮ t♦ ♠♦♥✐t♦r t❤❡ ❧❛s❡r ❢r❡q✉❡♥❝② ✭s❡❡ s❡❝t✐♦♥ ✹✳✸✮✳

❚❤❡ s❡❝♦♥❞ s❛♠♣❧❡❞ ❜❡❛♠ ✐s s❡♥t ✐♥t♦ ❛ s❡t✉♣ ❢♦r ❉♦♣♣❧❡r✲❢r❡❡ s❛t✉r❛t✐♦♥ s♣❡❝✲

tr♦s❝♦♣② ♦❢ t❤❡ 6S1/2 − 6P3/2 tr❛♥s✐t✐♦♥ ✭❈s D2 ❧✐♥❡✮ ✐♥ ❛ ❝❡s✐✉♠ ✈❛♣♦r ❝❡❧❧✳ ❚❤❡

♠❡t❤♦❞ ✐s ✇❡❧❧ ❞❡s❝r✐❜❡❞ ✐♥ ❧✐t❡r❛t✉r❡✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✸✽❪✳ ■♥st❡❛❞ ♦❢ ❛ ❝❤♦♣♣❡r✲

✇❤❡❡❧ ❛♥❞ ❛ ❧♦❝❦✲✐♥ ❛♠♣❧✐✜❡r✱ ✇❡ ✉s❡ ❛ s❡❝♦♥❞ ♣r♦❜❡✲❜❡❛♠ ❛♥❞ ❛ ❞✐✛❡r❡♥t✐❛❧ ♣❤♦t♦✲

❞✐♦❞❡ t♦ s✉❜tr❛❝t t❤❡ ❉♦♣♣❧❡r✲❜r♦❛❞❡♥❡❞ ❜❛❝❦❣r♦✉♥❞✳ ❚❤✐s ❛ss❡♠❜❧② r❡q✉✐r❡s ❧❡ss

❤❛r❞✇❛r❡✳ ❚❤❡ ❝❡s✐✉♠ ❡♥❡r❣② ❧❡✈❡❧s ❛♥❞ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s ❤❛✈❡ ❜❡❡♥ ♠❡❛s✉r❡❞

✇✐t❤ ❛❝❝✉r❛❝✐❡s ♠✉❝❤ ❤✐❣❤❡r t❤❛♥ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ✇❛✈❡♠❡t❡r ❬✼✹✱✶✷✾❪✳ ❚❤❡r❡✲
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❋✐❣✉r❡ ✹✳✸✿ ❚❤❡ 852 nm ❧❛s❡r s②st❡♠ ❢♦r t❤❡ ✜rst ❡①❝✐t❛t✐♦♥ st❡♣ ♦❢ ❝❡s✐✉♠ ❢r♦♠ t❤❡ ❣r♦✉♥❞

st❛t❡ 6S1/2 t♦ t❤❡ 6P3/2 st❛t❡✳ ❊❈❉▲✿ ❡①t❡r♥❛❧ ❝❛✈✐t② ❞✐♦❞❡ ❧❛s❡r✱ ❋■✿ ❋❛r❛❞❛② ✐s♦❧❛t♦r✱ ❇❙✿

❜❡❛♠ s♣❧✐tt❡r✱ P❉✿ ♣❤♦t♦❞✐♦❞❡✱ ❋❈✿ ✜❜❡r ❝♦✉♣❧❡r✱ ◆❉❆✿ ♥❡✉tr❛❧✲❞❡♥s✐t② ❛tt❡♥✉❛t♦r✱ ❈s✿

❝❡s✐✉♠ ✈❛♣♦r ❝❡❧❧✱ ❇❙❈✿ ♥♦♥✲♣♦❧❛r✐③✐♥❣ ❜❡❛♠ s♣❧✐tt❡r ❝✉❜❡✳

❢♦r❡ ♦✉r s♣❡❝tr♦s❝♦♣② s❡t✉♣ ✐s s✉✐t❛❜❧❡ ❛s ❛ ❢r❡q✉❡♥❝② r❡❢❡r❡♥❝❡ ❢♦r t❤❡ ✇❛✈❡♠❡t❡r✳

❈❡s✐✉♠ ✐♥ ✐ts ❣r♦✉♥❞ st❛t❡ ❤❛s ❛ s✐♥❣❧❡ ❡❧❡❝tr♦♥ ✐♥ ❛♥ s✲♦r❜✐t❛❧✿ S = 1
2
✱ L = 0

❛♥❞ J = 1
2
✳ ❚❤❡ ♥✉❝❧❡❛r ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ♦❢ ❝❡s✐✉♠ ✐s ICs =

7
2
s♦ t❤❛t F = 3 ♦r

4✳ ■♥ t❤❡ 6P3/2 st❛t❡✱ t❤❡ ❡❧❡❝tr♦♥ ✐s ❡❧❡✈❛t❡❞ t♦ ❛ p✲♦r❜✐t❛❧ ✇❤✐❝❤ ✐♥❝r❡♠❡♥ts L ❛♥❞

J ❜② 1✳ ❚❤❡r❡❢♦r❡ F = 2 . . . 5✳ ❚❤❡ s♣❡❝tr✉♠ ♦❢ t❤❡ ❝❡s✐✉♠ D2 ❧✐♥❡ ❝♦♥s✐sts ♦❢ t✇♦

❣r♦✉♣s ♦❢ t❤r❡❡ ❤②♣❡r✜♥❡ tr❛♥s✐t✐♦♥s ❡❛❝❤✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ tr❛♥s✐t✐♦♥s ❢r♦♠
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t❤❡ ❣r♦✉♥❞ st❛t❡s ✇✐t❤ F = 3 ❛♥❞ F = 4 ✇✐t❤ ∆F = 0,±1 ✭s❡❡ ✜❣✉r❡ ✹✳✶✮✳ ❚❤❡

s♣❡❝tr✉♠ r❡❝♦r❞❡❞ ❢r♦♠ t❤❡ ✈❛♣♦r ❝❡❧❧ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✹✳✹✳ ❚❤❡ ♣❡❛❦s ❧❛❜❡❧❡❞

✇✐t❤ t✇♦ ♥✉♠❜❡rs ❛r❡ ❛rt✐❢❛❝ts t❤❛t ♦r✐❣✐♥❛t❡ ❢r♦♠ t❤❡ s♣❡❝tr♦s❝♦♣✐❝ ♠❡t❤♦❞ ✉s❡❞✳

❚❤❡② ❛♣♣❡❛r ✐♥ t❤❡ ❝❡♥t❡r ❜❡t✇❡❡♥ t✇♦ r❡❛❧ r❡s♦♥❛♥❝❡s✳ ❚❤❡ ❞♦✇♥✇❛r❞ ♣❡❛❦s ❛r❡

❡①♣❧❛✐♥❡❞ ✐♥ ❬✶✶✽❪✳

❋✐❣✉r❡ ✹✳✹✿ ❚❤❡ t✇♦ ❤②♣❡r✜♥❡ ❣r♦✉♣s ♦❢ t❤❡ ❝❡s✐✉♠ D2 ❧✐♥❡ r❡❝♦r❞❡❞ ✇✐t❤ t❤❡ s❡t✉♣ ✐♥ ✜❣✉r❡

✹✳✸✳ ❚❤❡ x✲❛①✐s s❤♦✇s t❤❡ ❢r❡q✉❡♥❝② r❡❧❛t✐✈❡ t♦ t❤❡ ❧✐♥❡ ❝❡♥tr♦✐❞ νc = 351.72571850(11)THz

❬✶✷✾❪✳ ❚❤❡ ❋❲❍▼ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣❡❛❦s ✐s ♦♥ t❤❡ ♦r❞❡r ♦❢ 30MHz✳ ❚❤❡s❡ s♣❡❝tr❛ ❛r❡

r❡❝♦r❞❡❞ r❡❣✉❧❛r❧② ❛s ❢r❡q✉❡♥❝② r❡❢❡r❡♥❝❡s ❢♦r t❤❡ ✇❛✈❡♠❡t❡r✳

✹✳✷ ❚❤❡ ✺✶✶ ♥♠ ❧❛s❡r s②st❡♠

❋♦r t❤❡ s❡❝♦♥❞ tr❛♥s✐t✐♦♥ ❢r♦♠ t❤❡ 6P3/2 ❧❡✈❡❧ t♦ ❘②❞❜❡r❣ st❛t❡s✱ ✇❡ r❡♣❧❛❝❡❞ t❤❡

♣✉❧s❡❞ ❝♦♣♣❡r ✈❛♣♦r ❧❛s❡r ✇✐t❤ ❛ t✉♥❛❜❧❡ ❝♦♥t✐♥✉♦✉s✲✇❛✈❡ ❧❛s❡r✳ ❲❡ ❞❡s✐❣♥❡❞ ❛

♠❛st❡r✲♦s❝✐❧❧❛t♦r ♣♦✇❡r✲❛♠♣❧✐✜❡r s②st❡♠ ❜❛s❡❞ ♦♥ s❡♠✐❝♦♥❞✉❝t♦r ❧❛s❡rs ♦♣❡r❛t✐♥❣

❛t ❛ ✇❛✈❡❧❡♥❣t❤ ♦❢ 1022 nm ❛♥❞ ❛ ❢r❡q✉❡♥❝②✲❞♦✉❜❧✐♥❣ r❡s♦♥❛t♦r t♦ ❝♦♥✈❡rt t❤✐s ❧✐❣❤t

t♦ t❤❡ r❡q✉✐r❡❞ ✇❛✈❡❧❡♥❣t❤ ♦❢ 511 nm✳ ❚❤❡ s②st❡♠ ✐s ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✺✳ ❚❤❡
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❋✐❣✉r❡ ✹✳✺✿ ❚❤❡ 511 nm ❧❛s❡r s②st❡♠ ❢♦r t❤❡ s❡❝♦♥❞ ❡①❝✐t❛t✐♦♥ st❡♣ ❢r♦♠ t❤❡ 6P3/2 ✐♥t❡r♠❡✲

❞✐❛t❡ ❧❡✈❡❧ t♦ ❘②❞❜❡r❣ st❛t❡s✳ ❊❈❉▲✿ ❡①t❡r♥❛❧ ❝❛✈✐t② ❞✐♦❞❡ ❧❛s❡r✱ ❋■✿ ❋❛r❛❞❛② ✐s♦❧❛t♦r✱ ❇❙

❜❡❛♠ s♣❧✐tt❡r✱ ❋❈✿ ✜❜❡r ❝♦✉♣❧❡r✱ ❚❆✿ t❛♣❡r❡❞ ❛♠♣❧✐✜❡r✱ ❈▲✿ ❝②❧✐♥❞r✐❝❛❧ ❧❡♥s✱ P❉✿ ♣❤♦t♦✲

❞✐♦❞❡✱ ▼▲✿ ♠♦✈❛❜❧❡ ❧❡♥s✱ ❈▼✿ ❝❛✈✐t② ♠✐rr♦r✱ P❩❚✿ ♣✐❡③♦ ❛❝t✉❛t♦r✱ ❍✳❈✳✿ ❝♦♠♣♦♥❡♥ts ❢♦r

❍ä♥s❝❤ ❈♦✉✐❧❧❡❛✉❞ ❧♦❝❦✳

✜rst ❝♦♠♣♦♥❡♥t ✐s ❛❣❛✐♥ ❛♥ ❊❈❉▲ ✐♥ ▲✐ttr♦✇ ❝♦♥✜❣✉r❛t✐♦♥✳ ❚❤❡ ❧❛s❡r ❞✐♦❞❡ ✉s❡❞

✐s ❛♥ ❊❛❣❧❡②❛r❞ ❊❨P✲❘❲❊✲✶✵✻✵ ✇✐t❤ ❛ ♠❛①✐♠✉♠ ♦✉t♣✉t ♣♦✇❡r ♦❢ 100mW✳ ❲✐t❤

❣r❛t✐♥❣ ❢❡❡❞❜❛❝❦✱ ❛❜♦✉t 75mW r❡♠❛✐♥✳ ❚❤❡ ❞✐♦❞❡✬s ❢r♦♥t ❢❛❝❡t ✐s ❛♥t✐r❡✢❡❝t✐♦♥

❝♦❛t❡❞ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❧❛s❡r ♠♦❞❡s ❛♥❞ ♣r♦✈✐❞❡s ❜❡tt❡r t✉♥❛❜✐❧✐t②✳

❚❤❡ ❞✐♦❞❡✬s ❝❡♥t❡r ✇❛✈❡❧❡♥❣t❤ ✐s 1060 nm✱ ❜✉t ✐t ❝❛♥ ❜❡ ♦♣❡r❛t❡❞ ❜❡t✇❡❡♥ 980 nm
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❋✐❣✉r❡ ✹✳✻✿ ❖✉t♣✉t ♣♦✇❡r ♦❢ t❤❡ t❛♣❡r❡❞ ❛♠♣❧✐✜❡r ✐♥ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝✉rr❡♥t t❤r♦✉❣❤ t❤❡

❝❤✐♣✳ ❚❤❡ ❚❆ s✉r♣❛ss❡s ✐ts s♣❡❝✐✜❡❞ ✈❛❧✉❡ ♦❢ 1W ❛t ❛ ❝✉rr❡♥t ♦❢ 2.3A✳

❛♥❞ 1080 nm✳ ❆ t✇♦ st❛❣❡ ❋❛r❛❞❛② ✐s♦❧❛t♦r ✇✐t❤ 60 dB ❛tt❡♥✉❛t✐♦♥ ✭▲✐♥♦s ❋■✲

✶✵✻✵✲❚■ ✮ ♣r♦t❡❝ts t❤❡ ❞✐♦❞❡ ❛❣❛✐♥st ❜❛❝❦ r❡✢❡❝t✐♦♥s✳ P❛rt ♦❢ t❤❡ ❜❡❛♠ ✐s s♣❧✐t

♦✛ t♦ ♠♦♥✐t♦r t❤❡ ✇❛✈❡❧❡♥❣t❤✳ ❆❜♦✉t 20mW ♦❢ ❧❛s❡r ♣♦✇❡r ✐s ✉s❡❞ t♦ s❡❡❞ ❛

t❛♣❡r❡❞ ❛♠♣❧✐✜❡r ✭♠✷❦ ❚❆✲✶✵✸✵✲✶✵✵✵ ✮✳ ■ts ♦✉t♣✉t ♣♦✇❡r ✐s s♣❡❝✐✜❡❞ t♦ 1W ❛t ❛♥

♦♣❡r❛t✐♥❣ ❝✉rr❡♥t ♦❢ 2.3A✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ ✜❣✉r❡ ✹✳✻✱ t❤❡ ❚❆ s✉r♣❛ss❡s t❤❡s❡

s♣❡❝✐✜❝❛t✐♦♥s✳ ▼♦r❡ ♣♦✇❡r ✐s ♦❢ ❝♦✉rs❡ ❜❡♥❡✜❝✐❛❧ ❢♦r ❢r❡q✉❡♥❝② ❞♦✉❜❧✐♥❣✱ ❤♦✇❡✈❡r

✇❡ ❞❡❝✐❞❡❞ ♥♦t t♦ r✉♥ t❤❡ ❚❆ ❝❤✐♣ ❛❜♦✈❡ ✐ts s♣❡❝✐✜❡❞ ♦✉t♣✉t ♣♦✇❡r✳ ❚❤❡r❡❢♦r❡ ✐t

✐s t②♣✐❝❛❧❧② ♦♣❡r❛t❡❞ ❛t ❛ ❝✉rr❡♥t ❜❡t✇❡❡♥ 1.9A ❛♥❞ 2A✳ ■♥✲ ❛♥❞ ♦✉t❝♦✉♣❧✐♥❣ ♦❢

t❤❡ ❜❡❛♠ ✐s ❞♦♥❡ ✇✐t❤ t✇♦ f = 3.7mm ❧❡♥s❡s ♠♦✉♥t❡❞ ♦♥ t❤r❡❡✲❛①✐s tr❛♥s❧❛t✐♦♥

st❛❣❡s ✭◆❡✇♣♦rt ▼✲❉❙✲✷✺✲❳❨❩✮✳ ❆ ❝②❧✐♥❞r✐❝❛❧ ❧❡♥s ❝♦rr❡❝ts t❤❡ ❛st✐❣♠❛t✐s♠ ♦❢ t❤❡

❛♠♣❧✐✜❡r✬s ♦✉t♣✉t ❜❡❛♠ ❛♥❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ t❡❧❡s❝♦♣❡ r❡❞✉❝❡s t❤❡ ❜❡❛♠ ❞✐❛♠❡t❡r t♦

✐♥❝r❡❛s❡ tr❛♥s♠✐ss✐♦♥ t❤r♦✉❣❤ ❛ s❡❝♦♥❞ ❋❛r❛❞❛② ✐s♦❧❛t♦r ✭s❛♠❡ t②♣❡ ❛s ❛❜♦✈❡✮✳ ❚❤✐s
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✐s♦❧❛t♦r ✐s ❡s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t s✐♥❝❡ str❛② ❧✐❣❤t t❤❛t ✐s r❡✢❡❝t❡❞ ❜❛❝❦ ✐♥t♦ t❤❡ ❝❤✐♣ ✐s

❛♠♣❧✐✜❡❞ t♦♦ ✇❤✐❧❡ ♣r♦♣❛❣❛t✐♥❣ t♦✇❛r❞s t❤❡ ♥❛rr♦✇ ❝r♦ss s❡❝t✐♦♥ ❛r❡❛ ♦❢ t❤❡ t❛♣❡r✳

❚❤✐s ❝❛♥ r❡s✉❧t ✐♥ ❛ ♣♦✇❡r ❞❡♥s✐t② ❤✐❣❤ ❡♥♦✉❣❤ t♦ ❞❡str♦② t❤❡ ❛♠♣❧✐✜❡r✬s ✐♥♣✉t ❢❛❝❡t✳

❚❤❡ ❧✐❣❤t r❡✢❡❝t❡❞ ❢r♦♠ t❤✐s ✐s♦❧❛t♦r✬s ✐♥♣✉t ♣♦❧❛r✐③❛t✐♦♥ ✜❧t❡r ✐s r❡❝♦r❞❡❞ ✇✐t❤ ❛

♣❤♦t♦❞✐♦❞❡✳ ❚❤✐s s❡t✉♣ ❛❧❧♦✇s ♠♦♥✐t♦r✐♥❣ ♦❢ t❤❡ ❚❆ ♣♦✇❡r ✇✐t❤♦✉t ❞❡❧✐❜❡r❛t❡❧②

s♣❧✐tt✐♥❣ ♦✛ ❛ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ♠❛✐♥ ❜❡❛♠✳

❚✇♦ ❧❡♥s❡s ♦♥ tr❛♥s❧❛t✐♦♥ st❛❣❡s ♠❛t❝❤ t❤❡ ❜❡❛♠✬s ❢♦❝✉s s✐③❡ ❛♥❞ ❞✐✈❡r❣❡♥❝❡

t♦ ❛ ❝♦♠♣❛❝t r❡s♦♥❛t♦r ❢♦r ❢r❡q✉❡♥❝②✲❞♦✉❜❧✐♥❣✳ ■t ❝♦♥s✐sts ♦❢ t✇♦ ❝✉r✈❡❞ 1/2 inch

♠✐rr♦rs ✭r = 38mm✮ ❢♦r ✐♥✲ ❛♥❞ ♦✉t❝♦✉♣❧✐♥❣✱ ❛ ♥♦♥❧✐♥❡❛r ❝r②st❛❧ ❛♥❞ ❛ ♣r✐s♠ ❬✶✸✾❪✳

❚❤❡ ♣r✐s♠ r❡♣❧❛❝❡s t✇♦ ♦❢ t❤❡ ♠✐rr♦rs ✐♥ t❤❡ ❝♦♠♠♦♥ ❜♦✇✲t✐❡ r❡s♦♥❛t♦r ❞❡s✐❣♥✳

❚❤✐s tr✐❛♥❣✉❧❛r ❣❡♦♠❡tr② ❛❧❧♦✇s ❛ s❤♦rt r♦✉♥❞ tr✐♣ ♣❛t❤ ❧❡♥❣t❤ ♦❢ ♦♥❧② 16 cm✳ ❙❤♦rt

❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ♦♣t✐❝❛❧ ❡❧❡♠❡♥ts r❡❞✉❝❡ ❜❡❛♠✲♣♦✐♥t✐♥❣ ❢r♦♠ ✈✐❜r❛t✐♦♥s ❛♥❞ ♦t❤❡r

❞✐st♦rt✐♦♥s ❛♥❞ t❤❡r❡❢♦r❡ ✐♥❝r❡❛s❡ t❤❡ r❡s♦♥❛t♦r✬s st❛❜✐❧✐t②✳

❚❤❡ ♣r✐s♠ ✐s ♠♦✉♥t❡❞ ♦♥ ❛ ♣✐❡③♦ ❛❝t✉❛t♦r ✇❤✐❝❤ ✐s ✉s❡❞ t♦ st❛❜✐❧✐③❡ t❤❡ ❝❛✈✐t②

❧❡♥❣t❤ t♦ ❜❡ r❡s♦♥❛♥t ✇✐t❤ t❤❡ ✇❛✈❡❧❡♥❣t❤ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❜❡❛♠✳ ❲❡ ✉s❡ ❛

❍ä♥s❝❤✲❈♦✉✐❧❧❡❛✉❞ t②♣❡ ❧♦❝❦ ❬✽✵❪✳ ❆❜♦✉t 60% ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❧✐❣❤t ✐s ❝♦✉♣❧❡❞

✐♥t♦ t❤❡ ❝❛✈✐t②✳ ❚❤✐s ✈❛❧✉❡ ✐s ❧✐♠✐t❡❞ ❜② t❤❡ t❛♣❡r❡❞ ❛♠♣❧✐✜❡r✬s ❜❡❛♠ q✉❛❧✐t②✳ ❚❤❡

r❡s♦♥❛t♦r ❝❛♥ ♦♥❧② ❡♥❤❛♥❝❡ t❤❡ ♣❛rt ♦❢ t❤❡ ❧❛s❡r ❜❡❛♠ t❤❛t ♣r♦♣❛❣❛t❡s ✐♥ t❤❡ ❢✉♥✲

❞❛♠❡♥t❛❧ TEM00 ♦r ●❛✉ss✐❛♥ ♠♦❞❡✳ ❉✉❡ t♦ ✐ts r❡❝t❛♥❣✉❧❛r ❝r♦ss s❡❝t✐♦♥✱ t❤❡ ❜❡❛♠

♣r♦✜❧❡ ♦❢ ❛ t❛♣❡r❡❞ ❛♠♣❧✐✜❡r ❞❡✈✐❛t❡s ❢r♦♠ t❤✐s ✐❞❡❛❧ s❤❛♣❡ ✭s❡❡ ✜❣✉r❡ ✹✳✼✮✳ ◗✉❛♥✲

t✐t❛t✐✈❡❧②✱ t❤✐s ✐s ❣✐✈❡♥ ❜② t❤❡ M2 ✈❛❧✉❡ ✇❤✐❝❤ ✐s ❛ ♠❡❛s✉r❡ ❢♦r t❤❡ ❜❡❛♠ q✉❛❧✐t② ✐♥

r❡❧❛t✐♦♥ t♦ ❛♥ ✐❞❡❛❧ ●❛✉ss✐❛♥ ❜❡❛♠ ✭M2 = 1✮✳ ❚❤❡ ♠❛♥✉❢❛❝t✉r❡r ♦❢ t❤❡ ❚❆ ❝❤✐♣

❧✐sts ❛ ✈❛❧✉❡ ♦❢ M2 < 1.7 ✐♥ t❤❡ ❞❛t❛s❤❡❡t✱ ❜✉t ❛ ♠❡❛s✉r❡♠❡♥t ✉s✐♥❣ t❤❡ ❦♥✐❢❡✲❡❞❣❡

t❡❝❤♥✐q✉❡ ❬✶✷✵❪ r❡s✉❧t❡❞ ✐♥ ❛ ✈❛❧✉❡ ♦❢ M2 = 2.9✳ ❚❤❡ ❝❛✉s❡ ❢♦r t❤✐s ❧❛r❣❡ ✈❛❧✉❡ ✐s ♥♦t

❝❧❡❛r✳ ❆ ♣♦ss✐❜❧❡ r❡❛s♦♥ ✐s ✐♥s✉✣❝✐❡♥t ❛❧✐❣♥♠❡♥t ♦❢ t❤❡ s❡❡❞ ❧❛s❡r ❜❡❛♠✱ ❜✉t s✐♥❝❡

t❤❡ ❚❆ ❡①❝❡❡❞s ✐ts s♣❡❝✐✜❡❞ ♦✉t♣✉t ♣♦✇❡r✱ t❤✐s ✐s ✉♥❧✐❦❡❧②✳ ❋✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥s
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❋✐❣✉r❡ ✹✳✼✿ ❇❡❛♠ ♣r♦✜❧❡ ♦❢ t❤❡ t❛♣❡r❡❞ ❛♠♣❧✐✜❡r r❡❝♦r❞❡❞ ✇✐t❤ ❛ ❈❈❉ ❝❛♠❡r❛ ✭❛✮✳ ❚❤❡

✐♠❛❣❡ ✐s ❝♦❧♦r ❝♦❞❡❞✱ ❜❧✉❡ ❝♦rr❡s♣♦♥❞s t♦ ❧♦✇✱ ♣✐♥❦ t♦ ❤✐❣❤ ✐♥t❡♥s✐t✐❡s✳ ❚❤❡ s❤❛♣❡ ♦❢ t❤❡ ❜❡❛♠

✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r❡❝t❛♥❣✉❧❛r ❝r♦ss s❡❝t✐♦♥ ♦❢ t❤❡ ❝❤✐♣ ✇❤✐❝❤ s✐❣♥✐✜❝❛♥t❧② ❞❡✈✐❛t❡s ❢r♦♠ ❛♥

✐❞❡❛❧ ●❛✉ss✐❛♥ ❜❡❛♠✳ ❋♦r ❝♦♠♣❛r✐s♦♥✱ ✭❜✮ s❤♦✇s t❤❡ ❜❡❛♠ ♣r♦✜❧❡ ♦❢ ❛ ❤❡❧✐✉♠ ♥❡♦♥ ❧❛s❡r✳

✇♦✉❧❞ r❡q✉✐r❡ t❤❡ ❧❛s❡r t♦ ❜❡ ❞✐s❛ss❡♠❜❧❡❞ ❛♥❞ t❤❡ ❚❆ ❝❤✐♣ r❡t✉r♥❡❞ t♦ t❤❡ ♠❛♥✉✲

❢❛❝t✉r❡r✱ ❜✉t s✐♥❝❡ t❤❡ ♦✈❡r❛❧❧ ♣❡r❢♦r♠❛♥❝❡ ✐s ✈❡r② ❣♦♦❞✱ ✇❡ ❝❤♦s❡ t♦ ❦❡❡♣ t❤❡ ❧❛s❡r

♦♣❡r❛t✐♦♥❛❧✳

❚❤❡ ♥♦♥❧✐♥❡❛r ❝r②st❛❧ ✐s ❝✉t ❛t ❇r❡✇st❡r✬s ❛♥❣❧❡ ❢♦r t②♣❡ ■ ❝r✐t✐❝❛❧ ♣❤❛s❡ ♠❛t❝❤✐♥❣✳

■t ✐s ❤❡❛t❡❞ t♦ T = 40➦C t♦ ♣r❡✈❡♥t ❞❡♣♦s✐t✐♦♥ ♦❢ ❛t♠♦s♣❤❡r✐❝ ✇❛t❡r ✈❛♣♦r ♦♥ ✐ts

s✉r❢❛❝❡s✳ ❋♦r t❤❡ ♥♦♥❧✐♥❡❛r ♠❡❞✐✉♠✱ ✇❡ ❝♦♠♣❛r❡❞ ❧✐t❤✐✉♠ tr✐❜♦r❛t❡ ✭▲❇❖✮ ❛♥❞

❜✐s♠✉t❤ ❜♦r♦♥ ♦①✐❞❡ ✭❇✐❇♦✮✳ ❇✐❇♦ ❤❛s ❛ ❢♦✉r t✐♠❡s ❤✐❣❤❡r ♥♦♥❧✐♥❡❛r ❝♦❡✣❝✐❡♥t

t❤❛♥ ▲❇❖ ❜✉t ❛❧s♦ s✉✛❡rs ❢r♦♠ ❛ ❧❛r❣❡r ✇❛❧❦✲♦✛ ❛♥❣❧❡✳ ■♥ ❜✐r❡❢r✐♥❣❡♥t ❝r②st❛❧s✱

t❤❡ P♦②♥t✐♥❣ ✈❡❝t♦r ~S ❛♥❞ t❤❡ ✇❛✈❡ ✈❡❝t♦r ~k ♠❛② ❞✐✈❡r❣❡ ❛t t❤❡ ❛♥❣❧❡ ρ ❬✶✾❪✳

❋♦r ❢r❡q✉❡♥❝② ❞♦✉❜❧✐♥❣✱ t❤✐s ❤❛s t❤❡ ♥❡❣❛t✐✈❡ ❡✛❡❝t t❤❛t t❤❡ s♣❛t✐❛❧ ♦✈❡r❧❛♣ ♦❢ t❤❡

❢✉♥❞❛♠❡♥t❛❧ ❛♥❞ t❤❡ ❤❛r♠♦♥✐❝ ❜❡❛♠ ❞❡❝r❡❛s❡s ✇❤✐❧❡ t❤❡② ♣r♦♣❛❣❛t❡ t❤r♦✉❣❤ t❤❡

❝r②st❛❧✳
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❋✐❣✉r❡ ✹✳✽✿ ●r❡❡♥ ♣♦✇❡r ❣❡♥❡r❛t❡❞ ✇✐t❤ t❤❡ ❇✐❇♦ ❝r②st❛❧ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧

♣♦✇❡r ✭❢✉❧❧ ❝✐r❝❧❡s✮ ❝♦♠♣❛r❡❞ t♦ ❛ t❤❡♦r❡t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ✭♦♣❡♥ ❝✐r❝❧❡s✮✳ ❲❡ ❛❝❤✐❡✈❡ ❛❜♦✉t

75% ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧❧② ♣r❡❞✐❝t❡❞ ✈❛❧✉❡✳ ❚❤❡ x✲❛①✐s s❤♦✇s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣♦✇❡r ❝♦rr❡❝t❡❞

❢♦r t❤❡ ✐♥❝♦✉♣❧✐♥❣ ❡✣❝✐❡♥❝②✳ ❋♦r ❝♦♠♣❛r✐s♦♥✱ t❤❡ ♠❛①✐♠✉♠ ♣♦✇❡r r❡❛❝❤❡❞ ✇✐t❤ t❤❡ ▲❇❖

❝r②st❛❧ ✐s ❛❜♦✉t 50mW✳

❲✐t❤ ❛♥ ▲❇❖ ❝r②st❛❧ ♦❢ 10mm ❧❡♥❣t❤✱ ✇❡ ❣❡♥❡r❛t❡❞ ❛❜♦✉t 50mW ♦❢ ♦✉t♣✉t

♣♦✇❡r ❛t ❛ ✇❛✈❡❧❡♥❣t❤ ♦❢ 511 nm✳ ■♥st❛❧❧✐♥❣ ❛♥ 8mm ❇✐❇♦ ❝r②st❛❧ ✐♥st❡❛❞ ✐♥❝r❡❛s❡❞

t❤❡ ♦✉t♣✉t ♣♦✇❡r t♦ 200mW✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ ❝♦♥✈❡rs✐♦♥ ❡✣❝✐❡♥❝② ♦❢ 39%✱

✐♥❝♦✉♣❧✐♥❣ ❡✣❝✐❡♥❝② ✐♥❝❧✉❞❡❞✳ ❚❤❡ ❤❛r♠♦♥✐❝ ♣♦✇❡r ❣❡♥❡r❛t❡❞ ✇✐t❤ t❤❡ ❇✐❇♦ ❝r②st❛❧

❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣♦✇❡r ✐s ♣❧♦tt❡❞ ✐♥ ✜❣✉r❡ ✹✳✽✳ ❚❤❡ ♦✉t♣✉t ♣♦✇❡r

❝♦♠❡s ❝❧♦s❡ t♦ ❛ t❤❡♦r❡t✐❝❛❧ ❝✉r✈❡✱ ❛❜♦✉t 75% ♦❢ t❤❡ ❝❛❧❝✉❧❛t❡❞ ✈❛❧✉❡ ✐s r❡❛❝❤❡❞✳

❲❡ ❛❝❤✐❡✈❡ ❛ ♠♦❞❡✲❥✉♠♣ ❢r❡❡ t✉♥❛❜✐❧✐t② ♦❢ ♠♦r❡ t❤❛♥ 20GHz ❛t ❛ ✇❛✈❡❧❡♥❣t❤ ♦❢

511 nm✳ ❚❤❡ ♦✈❡r❛❧❧ t✉♥✐♥❣ r❛♥❣❡ ✐s ❧✐♠✐t❡❞ ❜② t❤❡ t❛♣❡r❡❞ ❛♠♣❧✐✜❡r✬s ❣❛✐♥ r❡❣✐♦♥

❢r♦♠ 1000 nm t♦ 1040 nm✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❛❝❝❡ss ❛❧❧ ❝❡s✐✉♠ st❛t❡s ❢r♦♠ n = 20

✭520 nm✮ ✉♣ t♦ t❤❡ ✐♦♥✐③❛t✐♦♥ ❧✐♠✐t ✭≃ 508 nm✮✳
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✹✳✸ ❋r❡q✉❡♥❝② ❙t❛❜✐❧✐③❛t✐♦♥

❲✐t❤♦✉t st❛❜✐❧✐③❛t✐♦♥✱ ❛ ❞✐♦❞❡ ❧❛s❡r✬s ❢r❡q✉❡♥❝② ❞r✐❢ts✳ ❚❤✐s ✐s ❝❛✉s❡❞ ❢♦r ✐♥st❛♥❝❡

❜② t❤❡r♠❛❧ ❝♦♥tr❛❝t✐♦♥ ♦r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ s❡♠✐❝♦♥❞✉❝t♦r ❝❤✐♣ ✇❤✐❝❤ ❛r❡ t♦♦ s♠❛❧❧

t♦ ❜❡ ❝♦♠♣❡♥s❛t❡❞ ❜② t❤❡ t❡♠♣❡r❛t✉r❡ st❛❜✐❧✐③❛t✐♦♥✳ ❚♦ ❝♦✉♥t❡r❛❝t t❤❡s❡ ❞r✐❢ts✱ ❛♥

❡①t❡r♥❛❧ ❢❡❡❞❜❛❝❦ ❧♦♦♣ ✐s ❛♣♣❧✐❡❞✳ ❚❤❡ ❧❛s❡r✬s ❢r❡q✉❡♥❝② ♣r✐♠❛r✐❧② ❞❡♣❡♥❞s ♦♥ t❤❡

❝✉rr❡♥t r✉♥♥✐♥❣ t❤r♦✉❣❤ t❤❡ ❝❤✐♣✳ ❆❧s♦✱ t❤❡ t❡♠♣❡r❛t✉r❡ ❤❛s ❛♥ ❡✛❡❝t s✐♥❝❡ t❤❡r♠❛❧

❡①♣❛♥s✐♦♥ ♦r ❝♦♥tr❛❝t✐♦♥ ❝❤❛♥❣❡s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ r❡s♦♥❛t♦r✳ ❚❤❡ t✇♦ ❢❛❝t♦rs ❛r❡

❝♦♥♥❡❝t❡❞ s✐♥❝❡ ❛ ❤✐❣❤❡r ❝✉rr❡♥t ✇✐❧❧ ❛❧s♦ ❤❡❛t t❤❡ ❞✐♦❞❡✳ ❚❤❡ ❣r❛t✐♥❣ ❢❡❡❞❜❛❝❦

♣r♦✈✐❞❡s ❛ t❤✐r❞ ✇❛② t♦ ♠♦❞✐❢② t❤❡ ❧❛s❡r ❢r❡q✉❡♥❝②✳ ❚❤❡ ❝✉rr❡♥t ❛♥❞ t❤❡ ❣r❛t✐♥❣

❛♥❣❧❡ ❝❛♥ ❜❡ ❝❤❛♥❣❡❞ ♠✉❝❤ ❢❛st❡r t❤❛♥ t❤❡ t❡♠♣❡r❛t✉r❡✱ s♦ ✇❡ ✉s❡ t❤❡s❡ t✇♦ t♦

st❛❜✐❧✐③❡ t❤❡ ❧❛s❡r✬s ❢r❡q✉❡♥❝②✳ ❲❡ ❛♣♣❧② ❛ ❢❡❡❞❜❛❝❦ s✐❣♥❛❧ t♦ ❜♦t❤ s✐♠✉❧t❛♥❡♦✉s❧②

✭❢❡❡❞ ❢♦r✇❛r❞✮✳

❚❤❡ ❧❛s❡r ❡①❝✐t❛t✐♦♥ r❡❣✐♦♥ ❧✐❡s ✇✐t❤✐♥ str♦♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s t❤❛t ✐♥✢✉❡♥❝❡ t❤❡

❛t♦♠✐❝ ❡♥❡r❣② ❧❡✈❡❧s ✭s❡❡ s❡❝t✐♦♥ ✺✳✶✮✳ ❙✐♥❝❡ s✉❝❤ str♦♥❣ ✜❡❧❞s ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡ ♦♥

♦✉r ❧❛s❡r t❛❜❧❡✱ ✇❡ ❝❛♥♥♦t ✉s❡ ❛ ❝❡s✐✉♠ ✈❛♣♦r ❝❡❧❧ ❛s ❛ ❢r❡q✉❡♥❝② r❡❢❡r❡♥❝❡ ❢♦r ❧❛s❡r

❡①❝✐t❛t✐♦♥ ✇✐t❤✐♥ t❤❡ ❛♣♣❛r❛t✉s✳ ■♥st❡❛❞✱ ✇❡ ❧♦❝❦ ❜♦t❤ ❧❛s❡rs ❞✐r❡❝t❧② t♦ ❛ ✇❛✈❡♠❡t❡r

✭❍✐❣❤❋✐♥❡ss❡ ❲❙✼ ✮ ✉s✐♥❣ ❛ ❝♦♥tr♦❧ s♦❢t✇❛r❡ ✭s❡❡ s❡❝t✐♦♥ ✹✳✹✮✳ ❆♥ ♦♣t✐❝❛❧ s✇✐t❝❤❡r

❝♦♥♥❡❝t❡❞ t♦ t❤❡ ✇❛✈❡♠❡t❡r ❛❧❧♦✇s ❜♦t❤ ❧❛s❡rs t♦ ❜❡ ❧♦❝❦❡❞ s✐♠✉❧t❛♥❡♦✉s❧②✳

❲❤❡♥ ✜rst ♠❡❛s✉r✐♥❣ ❝❡s✐✉♠ r❡s♦♥❛♥❝❡s✱ ✇❡ ♦❜s❡r✈❡❞ ❞❛②✲t♦✲❞❛② ✢✉❝t✉❛t✐♦♥s ♦❢

t❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢ 100MHz ❛♥❞ ❛❜♦✈❡✱ ♣❛rt ♦❢ ✇❤✐❝❤ s❡❡♠❡❞ t♦ ❜❡ ❞✉❡ t♦ ❝❤❛♥❣❡s ♦❢

t❤❡ r♦♦♠ t❡♠♣❡r❛t✉r❡✳ ❚♦ q✉❛♥t✐❢② t❤✐s ❡✛❡❝t✱ ✇❡ r❡❝♦r❞❡❞ ❛ ♥✉♠❜❡r ♦❢ s♣❡❝tr❛ ✉s✐♥❣

t❤❡ ❉♦♣♣❧❡r✲❢r❡❡ s♣❡❝tr♦s❝♦♣② ♦❢ t❤❡ ❝❡s✐✉♠ D2 ❧✐♥❡ ✭✜❣✉r❡ ✹✳✹✮ ❛t ❞✐✛❡r❡♥t ❛♠❜✐❡♥t

t❡♠♣❡r❛t✉r❡s ♠❡❛s✉r❡❞ ✇✐t❤ t❤❡ ✐♥t❡r♥❛❧ t❡♠♣❡r❛t✉r❡ s❡♥s♦r ♦❢ t❤❡ ✇❛✈❡♠❡t❡r✳ ❚❤❡

❞❛t❛ ✇❛s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ✈❛❧✉❡s ❢r♦♠ ❧✐t❡r❛t✉r❡ ❬✶✷✾❪✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥

✜❣✉r❡ ✹✳✾✳ ❚❤❡ ♣♦✐♥ts ✇❡r❡ t❛❦❡♥ ♦✈❡r s❡✈❡r❛❧ ❞❛②s✱ s♦ t❤❡r❡ ✐s s♦♠❡ ✢✉❝t✉❛t✐♦♥ ❞✉❡
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❋✐❣✉r❡ ✹✳✾✿ ❚❡♠♣❡r❛t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♠❡❛s✉r❡❞ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ✇❛✈❡♠❡t❡r✳ ❋♦r

❡❛❝❤ ♣♦✐♥t✱ ❛ s♣❡❝tr✉♠ ✐s r❡❝♦r❞❡❞ ❢r♦♠ t❤❡ ❝❡s✐✉♠ ✈❛♣♦r ❝❡❧❧ ✭✜❣✉r❡ ✹✳✹✮ ❛♥❞ ❝♦♠♣❛r❡❞ ✇✐t❤

❧✐t❡r❛t✉r❡ ❬✶✷✾❪✳ ❚❤❡ ♣❧♦t s❤♦✇s t❤❡ ❞✐✛❡r❡♥❝❡ ∆ν = νmeas − νlit✳ ❚❤❡ ❡rr♦r ❜❛rs ❛r❡ ❣✐✈❡♥

❜② t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠♣❛r✐s♦♥✳ ❚❤❡ ♠✉❝❤ ❧❛r❣❡r s♣r❡❛❞ ♦❢ t❤❡ ♣♦✐♥ts ♦r✐❣✐♥❛t❡s ❢r♦♠

t❤❡ ✇❛✈❡♠❡t❡r✬s ❛❝❝✉r❛❝②✳ ❚❤❡ ♦✛s❡t ❢r♦♠ ∆ν = 0 ❝❛♥ ❜❡ ❝♦♠♣❡♥s❛t❡❞ ❜② r❡❝❛❧✐❜r❛t✐♥❣

t❤❡ ❞❡✈✐❝❡ ✇✐t❤ ❛ ❢r❡q✉❡♥❝②✲st❛❜✐❧✐③❡❞ ❧❛s❡r✳ ❆ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ♠❡❛s✉r❡❞ ❢r❡q✉❡♥❝② ♦♥

t❤❡ t❡♠♣❡r❛t✉r❡ r❡❝♦r❞❡❞ ✇✐t❤ t❤❡ ✇❛✈❡♠❡t❡r✬s ✐♥t❡r♥❛❧ t❡♠♣❡r❛t✉r❡ s❡♥s♦r ♦❢ −12MHz/K ✐s

♦❜s❡r✈❡❞✳

t♦ t❤❡ ❧✐♠✐t❡❞ ❛❜s♦❧✉t❡ ❛❝❝✉r❛❝② ♦❢ 60MHz ♦❢ t❤❡ ✇❛✈❡♠❡t❡r✱ ❜✉t ❛ t❡♠♣❡r❛t✉r❡

❞❡♣❡♥❞❡♥❝❡ ✐s ♦❜s❡r✈❛❜❧❡✳ ❚❤❡ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t ❜❡t✇❡❡♥ T ❛♥❞∆ν ✐s ρ = −0.85

❛♥❞ ❛ ❧✐♥❡❛r ✜t r❡s✉❧ts ✐♥ ❛ s❧♦♣❡ ♦❢ −12MHz/K✳ ❚❤❡ ♦✛s❡t ❢r♦♠ ∆ν = 0 ❝❛♥ ❜❡

❝♦♠♣❡♥s❛t❡❞ ❜② r❡❝❛❧✐❜r❛t✐♥❣ t❤❡ ✇❛✈❡♠❡t❡r ✇✐t❤ ❛ ❢r❡q✉❡♥❝② st❛❜✐❧✐③❡❞ ❧❛s❡r✳

❋✐❣✉r❡ ✹✳✶✵✭❛✮ s❤♦✇s t❤❡ t❡♠♣❡r❛t✉r❡ ❞r✐❢t ♦❢ t❤❡ ✇❛✈❡♠❡t❡r ❞✉r✐♥❣ ❛ ❞❛②

r❡❝♦r❞❡❞ ✇✐t❤ t❤❡ ❞❡✈✐❝❡✬s ✐♥t❡r♥❛❧ t❡♠♣❡r❛t✉r❡ s❡♥s♦r✳ ❚❤❡ ❧❛s❡r ❝❛❜✐♥ ❛t t❤❡
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❋✐❣✉r❡ ✹✳✶✵✿ ✭❛✮ ❚❡♠♣❡r❛t✉r❡ ❞r✐❢t ♦❢ t❤❡ ✇❛✈❡♠❡t❡r ❞✉r✐♥❣ ❛ ❞❛② ✇✐t❤♦✉t t❡♠♣❡r❛t✉r❡

st❛❜✐❧✐③❛t✐♦♥✳ ❚❤❡ ♠❡❛s✉r❡❞ ❢r❡q✉❡♥❝② ✈❛r✐❡s ♦✈❡r ❛ r❛♥❣❡ ♦❢ s❡✈❡r❛❧ t❡♥s ♦❢ ❍③ ✇✐t❤✐♥ ❛

❝♦✉♣❧❡ ♦❢ ❤♦✉rs✳ ✭❜✮ ❲❤❡♥ t❤❡ ❞❡✈✐❝❡ ✐s ♣❧❛❝❡❞ ✐♥t♦ ❛ t❡♠♣❡r❛t✉r❡ st❛❜✐❧✐③❡❞ ❤♦✉s✐♥❣✱ t❤❡

❞r✐❢t ✐s r❡❞✉❝❡❞ ❜② ❛ ❢❛❝t♦r ♦❢ 25 t♦ ❜❡❧♦✇ 0.2K✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ ❢r❡q✉❡♥❝② ❞r✐❢t ♦❢

2.4MHz✳

❆❚❘❆P ❡①♣❡r✐♠❡♥t ✐s ♥♦t t❡♠♣❡r❛t✉r❡ st❛❜✐❧✐③❡❞ ❛♥❞ t❤❡ ✇❛✈❡♠❡t❡r ❡①♣❡r✐❡♥❝❡s

❞✐✛❡r❡♥❝❡s ♦❢ ✉♣ t♦ 5K ❞✉r✐♥❣ ❛ ❞❛②✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ ❢r❡q✉❡♥❝② ❡rr♦r ♦❢

60MHz✳ ❚❤❡ ❉♦♣♣❧❡r✲✇✐❞t❤ ❢♦r ❝❡s✐✉♠ ❛t♦♠s t❤❛t ♠❛❦❡ ✐t ✐♥t♦ t❤❡ ❝❡♥t❡r ♦❢ t❤❡

tr❛♣ ✐s ❛❜♦✉t 12MHz ❛♥❞ t❤❡ t✐♠❡ ❜❡t✇❡❡♥ ❛ ❢r❡q✉❡♥❝② ❝❛❧✐❜r❛t✐♦♥ ❛♥❞ ❛♥ ❛❝t✉❛❧

❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥t ❝❛♥ s♣❛♥ ❛ ❝♦✉♣❧❡ ♦❢ ❤♦✉rs✱ s♦ t❤❡ ❧❛s❡r ❢r❡q✉❡♥❝✐❡s ❝❛♥
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❡❛s✐❧② ❞r✐❢t ♦✛ r❡s♦♥❛♥❝❡ ✐♥ t❤❡ ♠❡❛♥t✐♠❡✳ ❚♦ ❝♦✉♥t❡r❛❝t t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ♣❧❛❝❡❞

t❤❡ ✇❛✈❡♠❡t❡r ✐♥t♦ ❛ t❡♠♣❡r❛t✉r❡ st❛❜✐❧✐③❡❞ ❜♦①✳ ❚❤❡ ❤♦✉s✐♥❣ ✐s ♠❛❞❡ ♦❢ 1 cm t❤✐❝❦

❛❧✉♠✐♥✉♠ ♣❧❛t❡s ❛♥❞ ❝♦♥t❛✐♥s ❢♦✉r ❤❡❛t✐♥❣ r❡s✐st♦rs✳ ❚❤❡ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ ❤♦✉s✲

✐♥❣ ✐s ♠❡❛s✉r❡❞ ✇✐t❤ ❛ P❚✶✵✵ s❡♥s♦r ❛♥❞ t❤❡ ❝✉rr❡♥t t❤r♦✉❣❤ t❤❡ r❡s✐st♦rs ✐s s❡t ❜②

❛ ❤❛r❞✇❛r❡ ❝♦♥tr♦❧❧❡r✳ ❚❤❡ ❜♦① ✐s st❛❜✐❧✐③❡❞ t♦ ❛ ❢❡✇ ❞❡❣r❡❡s ❛❜♦✈❡ r♦♦♠ t❡♠♣❡r❛✲

t✉r❡✳ ❚❤❡ st❛❜✐❧✐③❛t✐♦♥ r❡❞✉❝❡s t❤❡ ✇❛✈❡♠❡t❡r✬s t❡♠♣❡r❛t✉r❡ ❞r✐❢t ❢r♦♠ 5K t♦ ❜❡❧♦✇

0.2K ✭✜❣✉r❡ ✹✳✶✵✭❜✮✮✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ ❢r❡q✉❡♥❝② ✉♥❝❡rt❛✐♥t② ♦❢ 2.4MHz✱ ♦♥❧②

❛❜♦✉t t✇✐❝❡ t❤❡ ❧❛s❡r ❧✐♥❡✇✐❞t❤✳

❲❡ st✐❧❧ ♦❜s❡r✈❡ ❛ ❞❛② t♦ ❞❛② ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❝❡s✐✉♠ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s ♦♥ t❤❡

♦r❞❡r ♦❢ 10− 20MHz✳ ❚❤✐s ♠❛② ❜❡ ❝❛✉s❡❞ ❡✐t❤❡r ❜② t❤❡ r❡s✐❞✉❛❧ ✐♥❛❝❝✉r❛❝② ♦❢ t❤❡

✇❛✈❡♠❡t❡r ♦r ❜② ❤②st❡r❡s✐s ❡✛❡❝ts ❢r♦♠ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❆❧t❤♦✉❣❤ ❣r❡❛t ❝❛r❡ ✇❛s

t❛❦❡♥ ♥♦t t♦ ✐♥❝❧✉❞❡ ❛♥② ♠❛❣♥❡t✐❝ ♠❛t❡r✐❛❧s ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❛♣♣❛r❛t✉s✱

s♦♠❡ ❤②st❡r❡s✐s ❡✛❡❝ts ❛♣♣❡❛r ✇❤❡♥ r❛♠♣✐♥❣ t❤❡ ♠❛❣♥❡ts✳ ❙♦♠❡ ♦❢ ♦✉r ♠❛❣♥❡ts✱

❧✐❦❡ t❤❡ ✜❡❧❞✲❜♦♦st✐♥❣ s♦❧❡♥♦✐❞ ✭s❡❝t✐♦♥ ✸✳✸✮ ❛♥❞ t❤❡ q✉❛❞r✉♣♦❧❡ ■♦✛❡ tr❛♣ ✭s❡❝t✐♦♥

✸✳✸✳✷✮✱ ♠❛② ❜❡ r❛♠♣❡❞ ✉♣ ❛♥❞ ❞♦✇♥ s❡✈❡r❛❧ t✐♠❡s ♣❡r ❜❡❛♠ s❤✐❢t✳ ❚❤✐s ♠❡❛♥s ✇❡

st✐❧❧ ❤❛✈❡ t♦ t✉♥❡ t❤❡ ❧❛s❡rs t♦ t❤❡ ❝❡s✐✉♠ r❡s♦♥❛♥❝❡s ❜❡❢♦r❡ ❡❛❝❤ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡

❡①♣❡r✐♠❡♥t✱ ❜✉t ♦♥❝❡ t❤✐s ✐s ❞♦♥❡✱ t❤❡② r❡❧✐❛❜❧② r❡♠❛✐♥ ♦♥ r❡s♦♥❛♥❝❡ ❢♦r ❤♦✉rs✳

✹✳✹ ❈♦♥tr♦❧ ❙♦❢t✇❛r❡

❉✉❡ t♦ t❤❡ ✈❛r②✐♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s ♣r❡s❡♥t ❛t t❤❡ ❧❛s❡r ❡①❝✐t❛t✐♦♥ r❡❣✐♦♥✱ ✇❡ ♠✉st

❜❡ ❛❜❧❡ t♦ ❧♦❝❦ ❜♦t❤ ❧❛s❡rs t♦ ❛♥② ♣♦✐♥t ✇✐t❤✐♥ ❛ ❢r❡q✉❡♥❝② r❛♥❣❡ ♦❢ s❡✈❡r❛❧ ❚❍③✳

❯s✐♥❣ ❛ ✇❛✈❡♠❡t❡r ❛s ❛ ❢r❡q✉❡♥❝② r❡❢❡r❡♥❝❡ ❛♥❞ ❛ ❝♦♥tr♦❧❧❡r ❧♦♦♣ ✐♠♣❧❡♠❡♥t❡❞ ✐♥

s♦❢t✇❛r❡ ♦✛❡rs t❤❡ ❤✐❣❤❡st ✢❡①✐❜✐❧✐t②✳ ❆ ♣r♦t♦t②♣❡ ♣r♦❣r❛♠ ✇❛s ✇r✐tt❡♥ ✐♥ ❬✶✵✺❪✳

❋♦r t❤✐s ✇♦r❦✱ t❤❡ ✜♥❛❧ s♦❢t✇❛r❡ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ♦❜❥❡❝t ♦r✐❡♥t❡❞ ❱✐s✉❛❧ ❈✰✰✳

❚❤❡ ♣r♦❣r❛♠ ✐s ❝♦♥str✉❝t❡❞ ♦❢ s❡❧❢✲❝♦♥s✐st❡♥t ♠♦❞✉❧❡s✳ ❚❤❡ ❛r❝❤✐t❡❝t✉r❡ ✐s ❞❡✲

✼✼



❈❍❆P❚❊❘ ✹✳ ❚❍❊ ▲❆❙❊❘ ❙❨❙❚❊▼

❋✐❣✉r❡ ✹✳✶✶✿ ❙tr✉❝t✉r❡ ♦❢ t❤❡ s♦❢t✇❛r❡ ✇r✐tt❡♥ t♦ st❛❜✐❧✐③❡ t❤❡ ❧❛s❡r ❢r❡q✉❡♥❝✐❡s ❛♥❞ ❢♦r ❞❛t❛

❛❝q✉✐s✐t✐♦♥✳ ❋♦r ❞❡t❛✐❧s s❡❡ t❡①t✳

♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✹✳✶✶✳ ❆ ❝♦r❡ ♠♦❞✉❧❡ ❝♦♥tr♦❧s t❤❡ ♠❛✐♥ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ s♦❢t✇❛r❡

❧✐❦❡ t❤❡ st❛rt✲✉♣ ❜❡❤❛✈✐♦r ❛♥❞ t✐♠✐♥❣✳ ❚❤❡ ❤❡❛rt ♦❢ t❤❡ s♦❢t✇❛r❡ ❛r❡ ♣r♦♣♦rt✐♦♥❛❧

✭P✮✱ ✐♥t❡❣r❛❧ ✭■✮✱ ❞❡r✐✈❛t✐✈❡ ✭❉✮ ❝♦♥tr♦❧❧❡r ❧♦♦♣s✳ ❚❤❡ P■❉ ❝♦♥tr♦❧❧❡rs ❛r❡ s❡♣❛r❛t❡

♦❜❥❡❝ts✳ ❊❛❝❤ ❝♦♥t❛✐♥s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❢♦r ❛ s♣❡❝✐✜❝ ❝♦♥tr♦❧❧❡r ❧♦♦♣✱ ❧✐❦❡ t❛r❣❡t

✈❛❧✉❡ ❛♥❞ ❣❛✐♥ s❡tt✐♥❣s✳ ❚❤❡② ♦♥❧② r❡q✉✐r❡ ❡①t❡r♥❛❧ tr✐❣❣❡r✐♥❣ ✇❤✐❝❤ ✐s ♣r♦✈✐❞❡❞ ❜②

❛ t✐♠❡r ❢r♦♠ t❤❡ ❝♦r❡ ♠♦❞✉❧❡✳ ❈✉rr❡♥t❧②✱ t✇♦ P■❉ ♠♦❞✉❧❡s ❡①✐st✱ ♦♥❡ ❢♦r ❡❛❝❤ ❧❛s❡r✱

❜✉t t❤❡ s♦❢t✇❛r❡ ❝❛♥ ❡❛s✐❧② ❜❡ ❡①t❡♥❞❡❞✳ ❚❤❡ ❤❛r❞✇❛r❡ ❝♦♥♥❡❝t✐♦♥s ❛r❡ ❛❣❛✐♥ ❡♥❝❛♣✲

✼✽



✹✳✹✳ ❈❖◆❚❘❖▲ ❙❖❋❚❲❆❘❊

s✉❧❛t❡❞ ✐♥ s❡♣❛r❛t❡ ♠♦❞✉❧❡s ❧✐♥❦❡❞ t♦ t❤❡ P■❉ ♦❜❥❡❝ts✳ ❙❡✈❡r❛❧ ❞✐✛❡r❡♥t ❤❛r❞✇❛r❡

❝♦♠♣♦♥❡♥ts ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ P❈✳ ❆♣❛rt ❢r♦♠ t❤❡ ✇❛✈❡♠❡t❡r✱ ❛ ♠✉❧t✐♣✉r♣♦s❡

♠❡❛s✉r❡♠❡♥t ❝❛r❞ ✭▼❡✐❧❤❛✉s ▼❡✹✻✻✵ t✇♦ ❛♥❛❧♦❣ ♦✉t♣✉ts✱ ✶✻ ❛♥❛❧♦❣ ✐♥♣✉ts✮ ✐s ✉s❡❞

t♦ s✉♣♣❧② t❤❡ ❝♦♥tr♦❧ s✐❣♥❛❧s t♦ t❤❡ ❧❛s❡rs ❛♥❞ t♦ ❧♦❣ ✐♥❢♦r♠❛t✐♦♥ ❧✐❦❡ t❤❡ ❧❛s❡r ♣♦✇✲

❡rs✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t✇♦ ❞✐✛❡r❡♥t t❛❜❧❡t♦♣ ♠✉❧t✐♠❡t❡rs ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ t❤❡ P❈ ✈✐❛

●P■❇✶✳ ❚❤❡s❡ ❛r❡ ✉s❡❞ t♦ r❡❝♦r❞ ❞❛t❛ ❢r♦♠ t❤❡ ■♥●❛❆s ♣❤♦t♦❞✐♦❞❡ ❛♥❞ t❤❡ ✜❡❧❞

✐♦♥✐③❛t✐♦♥ ❞❡t❡❝t♦r ✭s❡❝t✐♦♥ ✸✳✸✳✸✮✳ ❆❧s♦✱ ❚❈P✴■P ♥❡t✇♦r❦ str❡❛♠s t♦ ❛♥❞ ❢r♦♠ t❤❡

❝♦♠♣✉t❡r ❛r❡ ✐♠♣❧❡♠❡♥t❡❞✳ ❆❧❧ ♦❢ t❤❡s❡ ❡①t❡r♥❛❧ ❝♦♥♥❡❝t✐♦♥s ❛r❡ ♦r❣❛♥✐③❡❞ ✉s✐♥❣

t✇♦ t❡♠♣❧❛t❡ ❝❧❛ss❡s✱ ✐♥♣✉t ❛♥❞ ♦✉t♣✉t✳ ❆ t❡♠♣❧❛t❡✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r♦❣r❛♠✲

♠✐♥❣ ❧❛♥❣✉❛❣❡ ❛❧s♦ ♥❛♠❡❞ ✐♥t❡r❢❛❝❡ ♦r ❛❜str❛❝t ❝❧❛ss✱ ❞❡✜♥❡s t❤❡ ❢✉♥❝t✐♦♥❛❧✐t② ❛♥

♦❜❥❡❝t ❤❛s t♦ ♣r♦✈✐❞❡✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❛❝t✉❛❧ ❤❛r❞✇❛r❡✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ✉s✐♥❣

t❡♠♣❧❛t❡s ✐s t❤❛t t❤❡ ❤❛r❞✇❛r❡ ❝♦♥♥❡❝t✐♦♥s ❜❡❝♦♠❡ ❡❛s✐❧② ✐♥t❡r❝❤❛♥❣❡❛❜❧❡✳ ❊❛❝❤

P■❉ ♦❜❥❡❝t r❡q✉✐r❡s ♦♥❡ ✐♥♣✉t✲♦❜❥❡❝t✱ ✇❤❡t❤❡r ✐t r❡❝❡✐✈❡s ✐ts ❞❛t❛ ❢r♦♠ t❤❡ ✇❛✈❡♠❡✲

t❡r ❞✐r❡❝t❧②✱ ✈✐❛ ❛ ♥❡t✇♦r❦ str❡❛♠ ♦r ❛♥② ♦t❤❡r ❞❡✈✐❝❡ ❞♦❡s ♥♦t ♠❛tt❡r✳ ❚❤❡ s❛♠❡

❤♦❧❞s tr✉❡ ❢♦r t❤❡ ♦✉t♣✉t ♠♦❞✉❧❡s✳ ❚❤✐s ❞❡s✐❣♥ ♠❛❦❡s ✐t ✈❡r② ❡❛s② t♦ ❝♦♥♥❡❝t ♥❡✇

❤❛r❞✇❛r❡✱ t♦ ❡①t❡♥❞ t❤❡ s②st❡♠ ♦r t♦ ✉s❡ ✐t ❢♦r ❛ ❞✐✛❡r❡♥t ♣✉r♣♦s❡✳

❆❧❧ P■❉ ♠♦❞✉❧❡s ❛r❡ s❡t ✉♣ ❛s ❛ ❧✐♥❦❡❞ ❧✐st ♦❢ ♦❜❥❡❝ts ✭✜❣✉r❡ ✹✳✶✶✮✳ ❚❤❡ ❝♦r❡

♠♦❞✉❧❡ r✉♥s ❛❧♦♥❣ t❤✐s ❧✐st ❛t ❛ s❡t ✐♥t❡r✈❛❧ ❛♥❞ tr✐❣❣❡rs ♦♥❡ ❝♦♥tr♦❧ st❡♣ ❢♦r ❡❛❝❤

P■❉ ♦❜❥❡❝t t❤❛t ✐s s❡t ❛❝t✐✈❡✳ ❚❤❡ tr✐❣❣❡r❡❞ P■❉ ❝♦♥tr♦❧❧❡rs t❤❡♥ r❡❛❞ ❛ ❞❛t❛♣♦✐♥t

❢r♦♠ t❤❡✐r ✐♥♣✉t ♠♦❞✉❧❡✱ ❝❛❧❝✉❧❛t❡ ❛ ♥❡✇ ❡rr♦r s✐❣♥❛❧ ❛♥❞ s❡♥❞ ✐t t♦ t❤❡✐r ♦✉t♣✉t

♠♦❞✉❧❡✳ ❚♦ ❡①t❡♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥tr♦❧ ❧♦♦♣s✱ ❛❞❞✐t✐♦♥❛❧ P■❉ ♦❜❥❡❝ts ♦♥❧② ❤❛✈❡

t♦ ❜❡ s❡t ✉♣ ❛♥❞ ❛♣♣❡♥❞❡❞ t♦ t❤✐s ❧✐st✳ Pr♦✈✐❞❡❞ t❤❛t t❤❡ r❡q✉✐r❡❞ ❤❛r❞✇❛r❡ ✐s

❝♦♥♥❡❝t❡❞✱ ♦♥❧② ❛ s✐♥❣❧❡ ❝♦♥st❛♥t ❤❛s t♦ ❜❡ ❝❤❛♥❣❡❞ ✐♥ t❤❡ s♦✉r❝❡ ❝♦❞❡✳

❋♦r ❞❛t❛✲❧♦❣❣✐♥❣✱ t❤❡ ✐♥♣✉t ❝❤❛♥♥❡❧s ❛r❡ ❛❧s♦ ❧✐♥❦❡❞ ✐♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r✳ ❆t ❛

✶●❡♥❡r❛❧ P✉r♣♦s❡ ■♥t❡r❢❛❝❡ ❇✉s✱ ■❊❊❊✲✹✽✽
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❈❍❆P❚❊❘ ✹✳ ❚❍❊ ▲❆❙❊❘ ❙❨❙❚❊▼

❝♦♥✜❣✉r❛❜❧❡ ✐♥t❡r✈❛❧✱ t❤❡ s♦❢t✇❛r❡ r✉♥s ❛❧♦♥❣ t❤❡ ❧✐st ♦❢ ✐♥♣✉t ♠♦❞✉❧❡s ❛♥❞ r❡❛❞s

❞❛t❛ ❢r♦♠ ❡❛❝❤ ❛❝t✐✈❡ ❝❤❛♥♥❡❧✳ ❚❤✐s ✐s ❝♦♥tr♦❧❧❡❞ ❜② ❛ s❡♣❛r❛t❡ ♠♦❞✉❧❡✳ ■t ❝❛♥ ❛❧s♦

❜❡ r✉♥ ♦♥ ✐ts ♦✇♥ ✇✐t❤♦✉t t❤❡ ❝♦r❡ ❛♣♣❧✐❝❛t✐♦♥ ❛s ❛ st❛♥❞ ❛❧♦♥❡ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥

s②st❡♠✳ ❚❤❡ ❛❝q✉✐r❡❞ ❞❛t❛ ✐s ✐♠♠❡❞✐❛t❡❧② ✇r✐tt❡♥ t♦ t❤❡ ❝♦♠♣✉t❡r✬s ❤❛r❞ ❞r✐✈❡✱

s♦ ✐♥ ❝❛s❡ ♦❢ ❛ ♣♦✇❡r ❢❛✐❧✉r❡ ♦♥❧② t❤❡ ✈❡r② ❧❛st ❞❛t❛ ♣♦✐♥ts ❛r❡ ❧♦st✳ ❆ t✐♠❡ st❛♠♣

❢♦r ❡❛❝❤ ❞❛t❛ ✜❧❡ ✐s ❛✉t♦♠❛t✐❝❛❧❧② ❣❡♥❡r❛t❡❞✳ ❚❤❡ ❞❛t❛ ❧♦❣❣✐♥❣ ♠♦❞✉❧❡ ❝❛♥ ♣❡r❢♦r♠

❧♦❝❦❡❞ s❝❛♥s ✉s✐♥❣ ♦♥❡ ♦❢ t❤❡ P■❉ ❝♦♥tr♦❧❧❡rs✳ ❋♦r ✐♥st❛♥❝❡✱ ✐t ❝❛♥ r❛♠♣ t❤❡ ❧❛s❡r

❢r❡q✉❡♥❝② ❜❡t✇❡❡♥ t✇♦ ❣✐✈❡♥ ♣♦✐♥ts ❛♥❞ r❡❝♦r❞ ❞❛t❛ ❢♦r s♣❡❝tr♦s❝♦♣②✳ ❚❤❡ ❢✉❧❧

❢✉♥❝t✐♦♥❛❧✐t② ♦❢ t❤❡ ♣r♦❣r❛♠ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❛♣♣❡♥❞✐① ❆✳
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❈❤❛♣t❡r ✺

▲❛s❡r ❊①❝✐t❛t✐♦♥ ♦❢ ❈❡s✐✉♠ ✐♥

▼❛❣♥❡t✐❝ ✜❡❧❞s

❚❤❡ ❧❛s❡r ❡①❝✐t❛t✐♦♥ s❝❤❡♠❡ ✉s❡❞ ❢♦r t❤✐s ✇♦r❦ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✶✳ ❚♦ t✉♥❡ t❤❡

❧❛s❡rs t♦ t❤❡ r✐❣❤t ❢r❡q✉❡♥❝✐❡s✱ t❤❡ ❛t♦♠✐❝ ❡♥❡r❣② ❧❡✈❡❧s ♠✉st ❜❡ ❦♥♦✇♥✳ ❚❤❡ ❧♦✇

❧②✐♥❣ st❛t❡s ♦❢ ❝❡s✐✉♠✱ 6S1/2 ❛♥❞ 6P3/2✱ ❛r❡ ✇❡❧❧ ❞♦❝✉♠❡♥t❡❞ ❬✶✷✾✱✶✸✵❪ ❛♥❞ t❤❡ ❤✐❣❤

n✲st❛t❡s ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ q✉❛♥t✉♠ ❞❡❢❡❝t t❤❡♦r② ❬✾✻✱ ✶✸✹❪ ✇✐t❤ ✉♥❝❡rt❛✐♥t✐❡s

♦❢ ❛ ❢❡✇ ▼❍③ ♦r ❜❡❧♦✇✳

❍♦✇❡✈❡r✱ t❤❡ ❧❛r❣❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ♦❢ ♦✉r tr❛♣ str♦♥❣❧② ♠♦❞✐❢② t❤❡ ❛t♦♠✐❝ ❡♥❡r❣②

❧❡✈❡❧s✳ ❆♥t✐♣r♦t♦♥s ❛♥❞ ♣♦s✐tr♦♥s ❛r❡ r❛❞✐❛❧❧② ❝♦♥✜♥❡❞ ❜② t❤❡ 1T ✜❡❧❞ ♦❢ t❤❡ ❧❛r❣❡

s✉♣❡r❝♦♥❞✉❝t✐♥❣ s♦❧❡♥♦✐❞✳ ❚♦ ❝❛t❝❤ H̄ ❛t♦♠s ♣r♦❞✉❝❡❞✱ t❤❡ ■♦✛❡ tr❛♣ ♠✉st ❜❡ ❡♥❡r✲

❣✐③❡❞ ✐♥ ❛❞❞✐t✐♦♥✳ ❆t ❢✉❧❧ ❝✉rr❡♥t✱ ✐t r❛✐s❡s t❤❡ ✜❡❧❞ t♦ 3.6T✱ ✐♥❝❧✉❞✐♥❣ ✐♥❤♦♠♦❣❡♥✐❝

❝♦♥tr✐❜✉t✐♦♥s ❢r♦♠ t❤❡ q✉❛❞r✉♣♦❧❡ ❛♥❞ t❤❡ ♣✐♥❝❤ ❝♦✐❧ ❣r❛❞✐❡♥ts✳ ❚❤❡ ✜rst ❤❛❧❢ ♦❢

t❤✐s ❝❤❛♣t❡r t❤❡r❡❢♦r❡ ♣r♦✈✐❞❡s ❛ ❜r✐❡❢ r❡✈✐❡✇ ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ❜❛s✐s ♦❢ t❤❡ ❡♥❡r❣②

❧❡✈❡❧s ♦❢ ❛t♦♠s ✐♥ str♦♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s✳

❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦❜❧❡♠ ❢♦r ❛ t❤❡♦r❡t✐❝❛❧ tr❡❛t♠❡♥t ✐s t❤❛t t❤❡ r❛❞✐❛❧ s②♠♠❡✲
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❈❍❆P❚❊❘ ✺✳ ▲❆❙❊❘ ❊❳❈■❚❆❚■❖◆ ❖❋ ❈❊❙■❯▼ ■◆ ▼❆●◆❊❚■❈ ❋■❊▲❉❙

❋✐❣✉r❡ ✺✳✶✿ ❈❡s✐✉♠ ❡♥❡r❣② ❧❡✈❡❧s ❛t ③❡r♦ ✜❡❧❞ ✭❧❡❢t✮ ❛♥❞ ✐♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ 1T ✭r✐❣❤t✮✳

tr② ♦❢ t❤❡ ❛t♦♠✐❝ ❈♦✉❧♦♠❜ ♣♦t❡♥t✐❛❧ ✐s s✉♣❡r✐♠♣♦s❡❞ ❜② ❛ ❝②❧✐♥❞r✐❝❛❧❧② s②♠♠❡tr✐❝

♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ r❡❧❛t❡❞ ❝❛s❡ ♦❢ ❛t♦♠s ✐♥ ❡❧❡❝tr✐❝ ✜❡❧❞s ❝❛♥ ❜❡ s♦❧✈❡❞ ❛♥❛❧②t✐❝❛❧❧②✳

❲❤❡♥ tr❛♥s❢♦r♠❡❞ t♦ ♣❛r❛❜♦❧✐❝ ❝♦♦r❞✐♥❛t❡s✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s s❡♣❛r❛❜❧❡✳ ❚❤❡ s♦✲

❧✉t✐♦♥ ✐s ❢♦✉♥❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✻✾❪✳ ❍♦✇❡✈❡r✱ t❤❡ ♠❛❣♥❡t✐❝ ❍❛♠✐❧t♦♥✐❛♥ s❤♦✇s ❛
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❞✐✛❡r❡♥t ❝♦♦r❞✐♥❛t❡ ❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ❛♥ ❛♥❛❧♦❣♦✉s tr❡❛t♠❡♥t ❞♦❡s ♥♦t r❡s✉❧t ✐♥ ❛

s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ✈❛r✐❛❜❧❡s✳ ■♥ ❢❛❝t✱ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❍❛♠✐❧t♦♥✐❛♥ ✐s ♥♦t s❡♣❛r❛❜❧❡

❛♥❞ ✉♣ t♦ ♥♦✇✱ ♥♦ ❝♦♠♣❧❡t❡ t❤❡♦r❡t✐❝❛❧ tr❡❛t♠❡♥t ❡①✐sts t❤❛t ♣r♦✈✐❞❡s ❛ s♦❧✉t✐♦♥

❢♦r ❛❧❧ ❡♥❡r❣② ❧❡✈❡❧s ❛t ❛r❜✐tr❛r② ♠❛❣♥❡t✐❝ ✜❡❧❞s✱ ♥♦t ❡✈❡♥ ❢♦r ❤②❞r♦❣❡♥✳

❚❤❡ ❍❛♠✐❧t♦♥✐❛♥✱ ✐♥tr♦❞✉❝❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✶✳✷✱ ❝♦♥t❛✐♥s t✇♦ ❛❞❞✐t✐♦♥❛❧ t❡r♠s✿ ❚❤❡

♣❛r❛♠❛❣♥❡t✐❝✲ ❛♥❞ t❤❡ ❞✐❛♠❛❣♥❡t✐❝ t❡r♠✳ ❋♦r ❛t♦♠s ✐♥ ❧♦✇✲❧②✐♥❣ st❛t❡s ❛♥❞ t②♣✐❝❛❧

❧❛❜♦r❛t♦r② ✜❡❧❞s✱ t❤❡ ❞✐❛♠❛❣♥❡t✐❝ t❡r♠ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳ ❚❤✐s r❡❣✐♠❡ ✐s ❞❡s❝r✐❜❡❞

✐♥ s❡❝t✐♦♥ ✺✳✶✳✸✳ ❚❤❡ ♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥ ✐s s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛t♦♠✐❝ ❈♦✉❧♦♠❜

t❡r♠ ❛♥❞ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r②✳ ■❢ t❤❡ ♥✉❝❧❡❛r

❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ I ✐s ③❡r♦ ♦r ♥❡❣❧❡❝t❡❞✱ t❤❡ r❡s✉❧t ✐s t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❩❡❡♠❛♥✲ ♦r✱

❢♦r str♦♥❣❡r ✜❡❧❞s✱ P❛s❝❤❡♥✲❇❛❝❦ ❡✛❡❝t✳ ❋♦r t❤❡ ❝❛s❡ ♦❢ I 6= 0✱ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s

❧✐❦❡ t❤❡ ❇r❡✐t✲❘❛❜✐ ❢♦r♠✉❧❛ ♣r♦✈✐❞❡ ❣♦♦❞ ❡st✐♠❛t❡s✳

■♥ ❤✐❣❤✲n ❘②❞❜❡r❣ st❛t❡s✱ t❤❡ ❞✐❛♠❛❣♥❡t✐❝ t❡r♠ ♠✉st ❜❡ ✐♥❝❧✉❞❡❞✳ ■t ✐♥tr♦❞✉❝❡s

♦✛✲❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ✐♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥✳ ❚❤❡ ♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥ ✐s ❝♦♠♣❛r❛❜❧❡

t♦ t❤❡ ❡♥❡r❣② s♣❛❝✐♥❣ ❜❡t✇❡❡♥ t✇♦ n✲st❛t❡s✳ P❡rt✉r❜❛t✐♦♥ t❤❡♦r② ✐s t❤❡r❡❢♦r❡ ♥♦t

❛♣♣❧✐❝❛❜❧❡ ❛♥② ♠♦r❡✳ ❚✇♦ ♠❡t❤♦❞s t♦ ❡st✐♠❛t❡ ❘②❞❜❡r❣ ❡♥❡r❣② ❧❡✈❡❧s ✐♥ t❤✐s r❡❣✐♠❡

❛r❡ ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✶✳✹✳

❚❤❡s❡ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ♦♥❧② ❝♦♥s✐❞❡r ❤♦♠♦❣❡♥❡♦✉s ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❚❤❡

■♦✛❡ tr❛♣ r❡q✉✐r❡s ❛ str♦♥❣ ♠❛❣♥❡t✐❝ ❣r❛❞✐❡♥t t♦ ❝♦♥✜♥❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s✳ ❖✉r

❛♣♣❛r❛t✉s ✐s ❞❡s✐❣♥❡❞ t♦ ♣❧❛❝❡ t❤❡ ❧❛s❡r ❡①❝✐t❛t✐♦♥ r❡❣✐♦♥ ❛t ❛ ♠❛①✐♠✉♠ ♦❢ t❤❡

q✉❛❞r✉♣♦❧❡ ■♦✛❡ ✜❡❧❞✱ t❤✉s ♠✐♥✐♠✐③✐♥❣ t❤❡ ❣r❛❞✐❡♥t✳ ❲❡ ❛ss✉♠❡ t❤❡ ❣r❛❞✐❡♥t t♦ ❜❡

s♠❛❧❧ ❛♥❞ ❛♣♣r♦①✐♠❛t❡ t❤❡ ■♦✛❡ tr❛♣ ✜❡❧❞ ❛s ❤♦♠♦❣❡♥❡♦✉s✳

❙❡❝t✐♦♥ ✺✳✶✳✺ ❜r✐❡✢② ♠❡♥t✐♦♥s t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❛t♦♠ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ♠❛❣✲

♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r n✲st❛t❡s ❡✈❡♥ ❤✐❣❤❡r t❤❛♥ t❤❡ ♦♥❡s ❝♦♥s✐❞❡r❡❞

❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❞✉❝t✐♦♥ ♦❢ H̄✳ ❚❤❡ s♣❡❝tr✉♠ s❤♦✇s ❛ s❡r✐❡s ♦❢ ❛❧♠♦st ❡q✉❛❧❧②

s♣❛❝❡❞ r❡s♦♥❛♥❝❡s t❤❛t ❡①t❡♥❞s ❛❜♦✈❡ t❤❡ ③❡r♦ ✜❡❧❞ ✐♦♥✐③❛t✐♦♥ ❧✐♠✐t✳
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❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r ❞❡s❝r✐❜❡s t❤❡ r❡s✉❧ts ❢r♦♠ t✇♦ st❛❣❡ ❧❛s❡r ❡①❝✐t❛✲

t✐♦♥ ♦❢ ❝❡s✐✉♠ ❛t♦♠s t♦ ✈❛r✐♦✉s ❘②❞❜❡r❣ st❛t❡s ❢r♦♠ n = 37 t♦ n = 50 ✐♥ ♠❛❣♥❡t✐❝

✜❡❧❞s r❛♥❣✐♥❣ ❢r♦♠ 1T t♦ 3.6T✳ ❖✉r ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ ♠❡❛✲

s✉r❡❞ ❢r❡q✉❡♥❝✐❡s✱ ✐♥ t❤❡ P❡♥♥✐♥❣ tr❛♣ ✜❡❧❞ ❛s ✇❡❧❧ ❛s ✐♥ t❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ■♦✛❡

tr❛♣ ✜❡❧❞✳ ❲❡ ❞♦✱ ❤♦✇❡✈❡r✱ ♦❜s❡r✈❡ ❛ s✐❣♥✐✜❝❛♥t ❜r♦❛❞❡♥✐♥❣ ♦❢ ❡❛❝❤ tr❛♥s✐t✐♦♥ ❧✐♥❡

❛s ❛ r❡s✉❧t ♦❢ t❤❡ ■♦✛❡ tr❛♣✬s ✜❡❧❞ ❣r❛❞✐❡♥t✳

✺✳✶ ❚❤❡♦r②

❚❤❡ t♦♣✐❝ ♦❢ ❛t♦♠s ✐♥ str♦♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✐s ♦❢ ❣r❡❛t ✐♥t❡r❡st ✐♥ ✐ts ♦✇♥ r✐❣❤t✳

❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡❧❛t✐✈❡ str❡♥❣t❤ ♦❢ t❤❡ ✜❡❧❞✱ ❞✐✛❡r❡♥t s♣❡❝tr❛ ❛r❡ ❢♦✉♥❞ r❛♥❣✐♥❣

❢r♦♠ s♠❛❧❧ s❤✐❢ts ♦❢ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ❧✐❦❡ t❤❡ ❩❡❡♠❛♥ ❡✛❡❝t ✉♣ t♦ ❛ r❡❣✐♠❡ ✇❤❡r❡

t❤❡ ❛t♦♠ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥✳ ❚❤❡ ❞✐❛♠❛❣♥❡t✐❝ t❡r♠ ✐s ❡s♣❡✲

❝✐❛❧❧② ✐♥t❡r❡st✐♥❣✳ ■t s❝❛❧❡s ✇✐t❤ n4B2✱ n ❜❡✐♥❣ t❤❡ ♣r✐♥❝✐♣❛❧ q✉❛♥t✉♠ ♥✉♠❜❡r✳ ❋♦r

❣r♦✉♥❞ st❛t❡ ❛t♦♠s ✐♥ t②♣✐❝❛❧ ❧❛❜♦r❛t♦r② ✜❡❧❞s✱ ✐t ❝❛♥ ❜❡ ❝♦♠♣❧❡t❡❧② ♥❡❣❧❡❝t❡❞✱ ❜✉t

✐t ❜❡❝♦♠❡s t❤❡ ❞♦♠✐♥❛♥t t❡r♠ ✐❢ t❤❡ ❛t♦♠ ✐s ❡①❝✐t❡❞ t♦ ❤✐❣❤ n✲st❛t❡s ❝❧♦s❡ t♦ t❤❡

❝♦♥t✐♥✉✉♠✳ ❚♦ ♦❜s❡r✈❡ t❤❡ s❛♠❡ ❡✛❡❝t ✐♥ ❧♦✇ ❧②✐♥❣ st❛t❡s r❡q✉✐r❡s ❡①tr❡♠❡❧② str♦♥❣

♠❛❣♥❡t✐❝ ✜❡❧❞s ♦♥ t❤❡ ♦r❞❡r ♦❢ 105 T✳ ❙✉❝❤ ✜❡❧❞s ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❧❛❜♦r❛t♦r②

❜✉t ❡①✐st ✐♥ st❡❧❧❛r ♦❜❥❡❝ts ❧✐❦❡ ♥❡✉tr♦♥ st❛rs✳ ❙❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✺✶✱ ✾✶❪✳ ❆❧s♦✱ t❤❡

♠♦t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ✐♥ s♦❧✐❞s ❝❛♥ ♦❢t❡♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② r❡♣❧❛❝✐♥❣ t❤❡✐r ♠❛ss me ❜②

❛♥ ❡✛❡❝t✐✈❡ ♠❛ss m′
e ≪ me✳ ❚❤✐s ✐♥❝r❡❛s❡s t❤❡ r❡❧❛t✐✈❡ str❡♥❣t❤ ♦❢ t❤❡ ♠❛❣♥❡t✐❝

✐♥t❡r❛❝t✐♦♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❈♦✉❧♦♠❜ ❢♦r❝❡✳ ❚❤❡ s♣❡❝tr❛ ✉♥❞❡r s✉❝❤ ❝♦♥❞✐t✐♦♥s ❝❛♥

❜❡ ❡①❛♠✐♥❡❞ ✉s✐♥❣ ❘②❞❜❡r❣ ❛t♦♠s✳
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✺✳✶✳✶ ❆t♦♠✐❝ ❯♥✐ts

❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✱ t❤❡ ✉s❡ ♦❢ ❛t♦♠✐❝ ✉♥✐ts ✐s ♠♦st ❝♦♥✈❡♥✐❡♥t✳ ❆ s✉♠♠❛r②

✐s ❧✐st❡❞ ✐♥ t❛❜❧❡ ✺✳✶✳ ❆t♦♠✐❝ ✉♥✐ts ❛r❡ ❞❡✜♥❡❞ ❜② s❡tt✐♥❣ t❤❡ ❡❧❡❝tr♦♥✬s ♠❛ss me✱ ✐ts

❝❤❛r❣❡ e ❛♥❞ t❤❡ r❡❞✉❝❡❞ P❧❛♥❝❦ ❝♦♥st❛♥t ~ t♦ ✉♥✐t②✳ ❆❧s♦✱ t❤❡ ❈♦✉❧♦♠❜ ❝♦♥st❛♥t

ke = 1
4πǫ0

≡ 1✳ ▲❡♥❣t❤s ❛r❡ ♠❡❛s✉r❡❞ ✐♥ ✉♥✐ts ♦❢ t❤❡ ❇♦❤r r❛❞✐✉s a0✳ ❋♦r ❡♥❡r❣②

s❝❛❧❡s✱ t❤❡ ❣r♦✉♥❞ st❛t❡ ❡♥❡r❣② ♦❢ t❤❡ ❤②❞r♦❣❡♥ ❛t♦♠ ✐s ✉s❡❞ ❛s ❛ r❡❢❡r❡♥❝❡✳ ■t

✐s ❡q✉❛❧ t♦ 1Rydberg ♦r 1
2
Hartree✳ ❚❤❡ ✜♥❡✲str✉❝t✉r❡ ❝♦♥st❛♥t α ✐s ✉♥✐t❧❡ss ❛♥❞

t❤❡r❡❢♦r❡ ✉♥❝❤❛♥❣❡❞✱ ✇❤✐❝❤ t❤❡♥ ❞❡✜♥❡s t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t t♦

c =
e2

4π ǫ0 ~α
=

1

α
≃ 137 a.u . ✭✺✳✶✮

❋♦r t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ t✇♦ ❝♦♥✈❡♥t✐♦♥s ❡①✐st✳ ❖♥❡ ❞❡r✐✈❡❞ ❢r♦♠ ❙✳■✳ ✉♥✐ts ✇❤❡r❡ t❤❡

✉♥✐t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s 2.35 · 105 T ❛♥❞ ♦♥❡ ❜❛s❡❞ ♦♥ ●❛✉ss✐❛♥ ✉♥✐ts ✇❤❡r❡ ✐t

✐s 1.72 · 103 T✳ ❚❤❡② ❞✐✛❡r ❜② ❛ ❢❛❝t♦r ♦❢ α✳ ❚❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r q✉❛♥t✐t✐❡s ❧✐❦❡ t❤❡

❇♦❤r ♠❛❣♥❡t♦♥ ✇❤✐❝❤ ❡✈❛❧✉❛t❡s t♦ µB = 1
2
✐❢ ❞❡r✐✈❡❞ ❢r♦♠ ❙✳■✳ ✉♥✐ts ♦r t♦ µB = α

2

✐❢ ●❛✉ss✐❛♥ ✉♥✐ts ❛r❡ ✉s❡❞ ❛s ❛ ❜❛s✐s✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ❛♣♣❧② t❤❡ ✉♥✐ts ❞❡r✐✈❡❞ ❢r♦♠

❙✳■✳ ❝♦♥✈❡♥t✐♦♥s✳

✺✳✶✳✷ ❍❛♠✐❧t♦♥✐❛♥

■❢ ✇❡ ❛ss✉♠❡ ❛ ✉♥✐❢♦r♠ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛❧♦♥❣ t❤❡ ẑ✲❛①✐s✱ ~B = Bẑ✱ ❛♥❞ ✉s❡ t❤❡

❈♦✉❧♦♠❜ ●❛✉❣❡✱ ~∇× ~A = 0✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ t❛❦❡s t❤❡ ❢♦r♠✿

H = H0 +

HFS
︷ ︸︸ ︷

ζ(r)~L · ~S +

HHFS
︷ ︸︸ ︷

a
(

~I · ~J
)

✭✺✳✷✮

+
1

2
α
(

~L+ ge~S + gI~I
)

· ~B
︸ ︷︷ ︸

Hpara

+
1

8
α2 r2sin2θ B2

︸ ︷︷ ︸

Hdia

.
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❈♦♥st❛♥ts

r❡❞✉❝❡❞ P❧❛♥❝❦ ❝♦♥st❛♥t ~ 1

❡❧❡❝tr♦♥ ♠❛ss me 1

❡❧❡♠❡♥t❛r② ❝❤❛r❣❡ e 1

❈♦✉❧♦♠❜ ❝♦♥st❛♥t ke 1

❞✐❡❧❡❝tr✐❝ ❝♦♥st❛♥t ǫ0 1/4π

s♣❡❡❞ ♦❢ ❧✐❣❤t c 1/α = 137.035999074(44)

❇♦❤r ♠❛❣♥❡t♦♥ µB
1
2
✭❞❡r✐✈❡❞ ❢r♦♠ ❙✳■✳✮

❯♥✐ts

❧❡♥❣t❤s ❬▲❪ 1 a0 = 0.52917721092(17) · 10−10 m

❡♥❡r❣② ❬❊❪ 1Hartree = 2Rydberg = 27.21138505(60) eV

♠❛❣♥❡t✐❝ ✜❡❧❞ ❬❇❪ 2.350517464(52) · 105 T ✭❞❡r✐✈❡❞ ❢r♦♠ ❙✳■✳✮

❚❛❜❧❡ ✺✳✶✿ ❋✉♥❞❛♠❡♥t❛❧ ❝♦♥st❛♥ts ❛♥❞ ✉♥✐ts r❡❧❡✈❛♥t t♦ t❤✐s ✇♦r❦ ✐♥ ❛t♦♠✐❝ ✉♥✐ts✳ ❚❤❡

✈❛❧✉❡s ❛r❡ t❛❦❡♥ ❢r♦♠ t❤❡ ❈❖❉❆❚❆ t❛❜❧❡s ❬✶✵✹❪✳

H0 ✐s t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❢♦r t❤❡ ❢r❡❡ ❛t♦♠ ✇❤✐❧❡ HFS ❞❡s❝r✐❜❡s t❤❡ ✜♥❡✲str✉❝t✉r❡

♦r s♣✐♥ ♦r❜✐t ❝♦✉♣❧✐♥❣✳ ❚❤❡ ❢✉♥❝t✐♦♥ ζ(r) ❡♥❝❛♣s✉❧❛t❡s t❤❡ r❛❞✐❛❧ ❞❡♣❡♥❞❡♥❝❡✳ HHFS

❝♦♥t❛✐♥s t❤❡ ❤②♣❡r✜♥❡ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡ ❤②♣❡r✜♥❡ ❝♦♥st❛♥t a✳ ❚❤❡ ♠❛❣♥❡t✐❝

✐♥t❡r❛❝t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② t✇♦ t❡r♠s✱ t❤❡ ♣❛r❛♠❛❣♥❡t✐❝ Hpara✱ ❧✐♥❡❛r ✐♥ B✱ ❛♥❞

t❤❡ ❞✐❛♠❛❣♥❡t✐❝ t❡r♠ Hdia✳ ■t s❝❛❧❡s ❛s r2B2 ♦r✱ s✐♥❝❡ t❤❡ ❝❧❛ss✐❝❛❧ ❡❧❡❝tr♦♥ r❛❞✐✉s

✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ n2✱ Hdia ∝ r2B2 ∝ n4B2✳ ❲❤❡♥ ❡✈❛❧✉❛t❡❞ ❜❡t✇❡❡♥ s♣❤❡r✐❝❛❧

❤❛r♠♦♥✐❝s✱ t❤❡ sin2θ t❡r♠ ✐♥ Hdia ✐♥tr♦❞✉❝❡s ♦✛✲❞✐❛❣♦♥❛❧ t❡r♠s ✐♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥

✇✐t❤ ∆l = ±2✳ ❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝❛♥❝❡❧s t❤❡ r❛❞✐❛❧ s②♠♠❡tr② ♦❢ t❤❡ ❈♦✉❧♦♠❜

♣♦t❡♥t✐❛❧ ❛♥❞ ❛ s❡♣❛r❛t✐♦♥ ❆♥s❛t③ ✐s ♥♦t ❛♣♣❧✐❝❛❜❧❡✳

❙✐♥❝❡ ♥♦ ❝♦♠♣❧❡t❡ t❤❡♦r❡t✐❝❛❧ tr❡❛t♠❡♥t ❡①✐sts✱ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ♠✉st ❜❡
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✉s❡❞ ✇❤✐❝❤ ❛r❡ ♦♥❧② ❝♦rr❡❝t ✐♥ ❝❡rt❛✐♥ r❡❣✐♠❡s✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✜❡❧❞ str❡♥❣t❤s

❛♥❞ t❤❡ st❛t❡ ♦❢ t❤❡ ❛t♦♠✱ ♦♥❡ ✜rst ❤❛s t♦ ❞❡t❡r♠✐♥❡ ✇❤✐❝❤ t❡r♠s ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t

❝♦♥tr✐❜✉t✐♦♥ ❛♥❞ ✇❤✐❝❤ ❝❛♥ ❜❡ s❛❢❡❧② ♥❡❣❧❡❝t❡❞✳ ❚❤❡ ❡❧❡❝tr♦♥ s♣✐♥ S ❢♦r ✐♥st❛♥❝❡

❞✐st✐♥❣✉✐s❤❡s ❜❡t✇❡❡♥ t❤❡ ♥♦r♠❛❧ ❛♥❞ ❛♥♦♠❛❧♦✉s ❩❡❡♠❛♥ r❡❣✐♠❡ ✐♥ ✇❡❛❦ ♠❛❣♥❡t✐❝

✜❡❧❞s✳ ❆t s❧✐❣❤t❧② ❧❛r❣❡r ✜❡❧❞s ❤♦✇❡✈❡r✱ t❤❡ ♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥ ❡①❝❡❡❞s t❤❡ s♣✐♥✲

♦r❜✐t ❝♦✉♣❧✐♥❣ ❛♥❞ ~J = ~L + ~S ✐s ❞❡❝♦✉♣❧❡❞✳ ❋♦r ❛ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ tr❛♥s✐t✐♦♥

❢r❡q✉❡♥❝✐❡s✱ t❤❡ s♣✐♥ ❝❛♥ ♥♦✇ ❜❡ ♥❡❣❧❡❝t❡❞ s✐♥❝❡ ❧❛s❡r ❧✐❣❤t ❝❛♥♥♦t ❝❤❛♥❣❡ t❤❡ s♣✐♥

st❛t❡✳ ❲❤❡t❤❡r t❤❡ ❞✐❛♠❛❣♥❡t✐❝ t❡r♠ ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜②

t❛❦✐♥❣ t❤❡ r❛t✐♦ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ t❡r♠s

Hpara

Hdia

∝ n4B . ✭✺✳✸✮

■♥ t❤❡ ❣r♦✉♥❞ st❛t❡ ♦❢ ❤②❞r♦❣❡♥✱ ❛ ✜❡❧❞ ♦❢ 2.35 ·105 T ✐s r❡q✉✐r❡❞ ❢♦r t❤❡ ❞✐❛♠❛❣♥❡t✐❝

❝♦♥tr✐❜✉t✐♦♥ t♦ ❡q✉❛❧ t❤❡ ♣❛r❛♠❛❣♥❡t✐❝ t❡r♠✳ ❙✉❝❤ str♦♥❣ ✜❡❧❞s ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡

✐♥ t❤❡ ❧❛❜♦r❛t♦r②✱ ❜✉t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ st❡❧❧❛r ♦❜❥❡❝ts ❧✐❦❡ ♥❡✉tr♦♥ st❛rs✳ ❉✉❡ t♦ t❤❡

str♦♥❣ n ❞❡♣❡♥❞❡♥❝❡✱ t❤❡ ❝r✐t✐❝❛❧ ✜❡❧❞ ✐s ♠✉❝❤ ❧♦✇❡r ❢♦r ❤✐❣❤❡r st❛t❡s✳ ■♥ ❛ 1T ✜❡❧❞✱

❢♦r ✐♥st❛♥❝❡✱ ❜♦t❤ t❡r♠s ❛r❡ ❡q✉❛❧ ❛t n = 22✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ❞❡s❝r✐❜❡ t❤❡ t❤❡♦r❡t✐❝❛❧ tr❡❛t♠❡♥t ♦❢ ❛t♦♠s ✐♥ ♠❛❣♥❡t✐❝

✜❡❧❞s ✐♥ t❤r❡❡ ❞✐✛❡r❡♥t r❡❣✐♠❡s✳ ❋♦r ❧♦✇ ✜❡❧❞ str❡♥❣t❤s tr❡❛t❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✶✳✸✱

t❤❡ ❞✐❛♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥ ❝❛♥ ❜❡ s❛❢❡❧② ♥❡❣❧❡❝t❡❞✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r

♠❛❣♥❡t✐❝ t❡r♠ Hpara ✇✐t❤ t❤❡ ♦r❜✐t❛❧ ❛♥❞ ♥✉❝❧❡❛r ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ L ✭♦r J✮ ❛♥❞

I r❡s✉❧ts ✐♥ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❩❡❡♠❛♥✲✱ P❛s❝❤❡♥✲❇❛❝❦✲ ❛♥❞ ❇r❡✐t✲❘❛❜✐✲r❡❣✐♠❡s✳ ❚❤❡

❧❛tt❡r ❝♦♥t❛✐♥s t❤❡ ✜rst t✇♦ st❛t❡s 6S1/2 ❛♥❞ 6P3/2 r❡❧❡✈❛♥t ❢♦r ♦✉r ❧❛s❡r ❡①❝✐t❛t✐♦♥

s❝❤❡♠❡✳

❚❤❡ ✜♥❛❧ ❘②❞❜❡r❣ st❛t❡s ❧✐❡ ✐♥ ❛ r❡❣✐♠❡ ✇❤❡r❡ t❤❡ ❞✐❛♠❛❣♥❡t✐❝ t❡r♠ ♠✉st ❜❡ ❝♦♥✲

s✐❞❡r❡❞ ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥ ✐s ♦❢ t❤❡ s❛♠❡ ♠❛❣♥✐t✉❞❡ ❛s t❤❡ ❡♥❡r❣② s♣❛❝✐♥❣

❜❡t✇❡❡♥ t✇♦ n✲st❛t❡s✳ ❚✇♦ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ❢♦r t❤✐s r❡❣✐♠❡ ❛r❡ ❞✐s❝✉ss❡❞ ✐♥
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s❡❝t✐♦♥ ✺✳✶✳✹✳

❋♦r s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ s❡❝t✐♦♥ ✺✳✶✳✺ ❜r✐❡✢② ♠❡♥t✐♦♥s t❤❡ ❝❛s❡ ♦❢ ❡①tr❡♠❡❧②

str♦♥❣ ✜❡❧❞s ✇❤❡r❡ t❤❡ ❛t♦♠ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ ♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥✳

✺✳✶✳✸ ▲♦✇ ❋✐❡❧❞s

■♥ t❤❡ ❝❛s❡ ♦❢ ✇❡❛❦ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✇❡❧❧ ❜❡❧♦✇ 1T✱ t❤❡ ❞✐❛♠❛❣♥❡t✐❝ t❡r♠ Hdia ✐♥

❡q✉❛t✐♦♥ ✭✺✳✷✮ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳ ❚❤❡ s✐♠♣❧❡st ❝❛s❡ ✐s t❤❛t ♦❢ ❛♥ ❛t♦♠ ✐♥ ❛ s✐♥❣❧❡t

st❛t❡ ✭~S = 0✮✳ ■❢ t❤❡ ♥✉❝❧❡❛r ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ✐s ③❡r♦✱ ♦r ♥❡❣❧❡❝t❡❞ ❞✉❡ t♦ ✐ts s♠❛❧❧

s✐③❡ ✭~I = 0✮✱ ❡❛❝❤ ❡♥❡r❣② ❧❡✈❡❧ ✐s s♣❧✐t ✐♥t♦ ❛ s❡r✐❡s ♦❢ (2l + 1) ♠❛❣♥❡t✐❝ s✉❜❧❡✈❡❧s

✇✐t❤ ❡♥❡r❣② s❤✐❢ts

∆E = µBmlB . ✭✺✳✹✮

❚❤❡s❡ ❡♥❡r❣② ❧❡✈❡❧s ❛r❡ ❡q✉✐❞✐st❛♥t✳ ❉✉❡ t♦ t❤❡ s❡❧❡❝t✐♦♥ r✉❧❡s ❢♦r ♦♣t✐❝❛❧ tr❛♥s✐t✐♦♥s✱

∆ml = 0,±1✱ t❤r❡❡ tr❛♥s✐t✐♦♥ ❧✐♥❡s ❛♣♣❡❛r ✐♥ t❤❡ s♣❡❝tr✉♠✳ ❚❤✐s ❜❡❤❛✈✐♦r ✐s ❢♦✉♥❞

✐♥ t❡①t❜♦♦❦s ❛s t❤❡ ♥♦r♠❛❧ ❩❡❡♠❛♥ ❡✛❡❝t✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✹✼❪✳

❚❤❡ ♠♦r❡ ❝♦♠♠♦♥ ❝❛s❡ ✇❤❡r❡ t❤❡ ❛t♦♠ ❛❧s♦ ❝❛rr✐❡s ❛ ♥♦♥✲✈❛♥✐s❤✐♥❣ s♣✐♥ ~S 6= 0

✐s✱ ❢♦r ❤✐st♦r✐❝❛❧ r❡❛s♦♥s✱ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❛♥♦♠❛❧♦✉s ❩❡❡♠❛♥ ❡✛❡❝t✳ ❚❤❡ ♦r❜✐t❛❧

❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ~L ❛♥❞ t❤❡ s♣✐♥ ~S ❝♦✉♣❧❡ t♦ t❤❡ t♦t❛❧ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ~J =

~L+ ~S✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ♠♦r❡ ❝♦♠♣❧❡① ✐♥t❡r❛❝t✐♦♥ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❧❡✈❡❧ s♣❧✐tt✐♥❣ ✐s

❣✐✈❡♥ ❜②

∆E = µBmJgJB , ✭✺✳✺✮

✇✐t❤ t❤❡ ▲❛♥❞é ❢❛❝t♦r

gJ = 1 +
J(J + 1) + S(S + 1)− L(L+ 1)

2J(J + 1)
. ✭✺✳✻✮

❚❤❡s❡ ❡♥❡r❣② s❤✐❢ts ❛r❡ ♥♦t ❡q✉✐❞✐st❛♥t ❛♥② ♠♦r❡✱ s♦✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛t♦♠✐❝ st❛t❡s

✐♥✈♦❧✈❡❞✱ ♠♦r❡ t❤❛♥ t❤r❡❡ tr❛♥s✐t✐♦♥ ❧✐♥❡s ❛♣♣❡❛r ✐♥ t❤❡ s♣❡❝tr✉♠✳
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✐♥t❡r❛❝t✐♦♥ ❝♦❡✣❝✐❡♥t ✈❛❧✉❡ r❡❢❡r❡♥❝❡

A62S1/2
h · 2.2981579425GHz ❬✶✷❪

♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ A62P1/2
h · 291.9201(75)MHz ❬✶✶✹✱✶✸✵❪

A62P3/2
h · 50.28827(23)MHz ❬✼✸❪

❡❧❡❝tr✐❝ q✉❛❞r✉♣♦❧❡ B62P3/2
−h · 0.4934(17)MHz ❬✼✸❪

❚❛❜❧❡ ✺✳✷✿ ▼❛❣♥❡t✐❝ ❞✐♣♦❧❡ ❛♥❞ ❡❧❡❝tr✐❝ q✉❛❞r✉♣♦❧❡ ❝♦♥st❛♥ts ❢♦r t❤❡ ❣r♦✉♥❞ st❛t❡ ❛♥❞ 6P3/2

st❛t❡s ✐♥ ❝❡s✐✉♠✳

■❢ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❡①❝❡❡❞s t❤❡ s♣✐♥✲♦r❜✐t ✐♥t❡r❛❝t✐♦♥✱ t❤❡

▲❙ ❝♦✉♣❧✐♥❣ ✐s ❜r♦❦❡♥✳ ❖♣t✐❝❛❧ ❞✐♣♦❧❡ tr❛♥s✐t✐♦♥s ♦♥❧② ❝♦✉♣❧❡ t♦ t❤❡ ♦r❜✐t❛❧ ❛♥❣✉❧❛r

♠♦♠❡♥t✉♠✱ s♦ t❤❡ s♣❡❝tr✉♠ r❡✈❡rts ❜❛❝❦ t♦ t❤❡ s✐♠♣❧❡r ❝❛s❡ ♦❢ t❤❡ ♥♦r♠❛❧ ❩❡❡♠❛♥

❡✛❡❝t✿ ❆ ✉♥✐❢♦r♠ ❧❡✈❡❧ s♣❧✐tt✐♥❣ ✇✐t❤ t❤r❡❡ tr❛♥s✐t✐♦♥ ❧✐♥❡s✳ ❚❤✐s ✐s r❡❢❡rr❡❞ t♦ ❛s

t❤❡ P❛s❝❤❡♥✲❇❛❝❦ r❡❣✐♠❡✳

❯♣ t♦ ♥♦✇✱ t❤❡ ♥✉❝❧❡❛r ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ I ❤❛s ❜❡❡♥ ♥❡❣❧❡❝t❡❞✳ ■❢ ✐♥❝❧✉❞❡❞ ❛s

❛ ♣❡rt✉r❜❛t✐♦♥✱ ✐t ❝❛♥❝❡❧s t❤❡ ✉♥✐❢♦r♠✐t② ♦❢ t❤❡ ❧❡✈❡❧ s♣❧✐tt✐♥❣ ✐♥ t❤❡ P❛s❝❤❡♥ ❇❛❝❦

r❡❣✐♠❡✳ ❚❤❡ ❡♥❡r❣② ❧❡✈❡❧s ❛r❡ t❤❡♥ ❣✐✈❡♥ t♦ ❧♦✇❡st ♦r❞❡r ❜② ❬✶✷✹❪

E|J mJ I mI〉 = AHFS mJmI

+BHFS

3(mJmI)
2 + 3

2
mJmI − I(I + 1)J(J + 1)

2J(2J − 1)I(2I − 1)

+ µB(gJmJ + gImI)B . ✭✺✳✼✮

AHFS ❛♥❞ BHFS ❛r❡ t❤❡ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ ❛♥❞ ❡❧❡❝tr✐❝ q✉❛❞r✉♣♦❧❡ ❝♦♥st❛♥ts✳ ❚❤❡✐r

✈❛❧✉❡s ❛r❡ ❧✐st❡❞ ✐♥ t❛❜❧❡ ✺✳✷✳

❊q✉❛t✐♦♥ ✭✺✳✼✮ ❞♦❡s ♥♦t r❡♣r♦❞✉❝❡ t❤❡ ❜❡❤❛✈✐♦r ✐♥ t❤❡ tr❛♥s✐t✐♦♥ r❡❣✐♦♥ ❢r♦♠

t❤❡ ❩❡❡♠❛♥ t♦ t❤❡ P❛s❝❤❡♥✲❇❛❝❦ r❡❣✐♠❡✳ ❆ tr❡❛t♠❡♥t ✐♥ t❤✐s r❡❣✐♦♥ ✐♥❝❧✉❞✐♥❣ t❤❡

✽✾
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❤②♣❡r✜♥❡ str✉❝t✉r❡ t②♣✐❝❛❧❧② r❡q✉✐r❡s ❛ ♥✉♠❡r✐❝❛❧ ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♦❢ HHFS +Hpara✳

❆♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ♦♥❧② ❡①✐sts ❢♦r st❛t❡s ✇❤❡r❡ ❡✐t❤❡r J = 1/2 ♦r I = 1/2✿

E|J=1/2mJ I mI〉 =− AHFS
I + 1/2

2(2I + 1)
+ gIµB(mI ±mJ)B

± AHFS
I + 1/2

2

(

1 +
4(mI ±mJ)x

2I + 1
+ x2

)1/2

, ✭✺✳✽✮

with x =
1

AHFS

(gJ − gI)µBB

I + 1/2
. ✭✺✳✾✮

❚❤✐s ❡q✉❛t✐♦♥ ✐s ❦♥♦✇♥ ❛s t❤❡ ❇r❡✐t✲❘❛❜✐ ❢♦r♠✉❧❛✳ ■t ✐s ❡①❛❝t ❢♦r ✜❡❧❞s r❛♥❣✐♥❣ ❢r♦♠

③❡r♦ ✉♣ t♦ ❛ ♠❛❣♥✐t✉❞❡ ✇❤❡r❡ t❤❡ ❞✐❛♠❛❣♥❡t✐❝ t❡r♠ ❤❛s t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳

✺✳✶✳✹ ■♥t❡r♠❡❞✐❛t❡ ❋✐❡❧❞s

❋♦r ❧❛❜♦r❛t♦r② ✜❡❧❞s✱ ♥❡❣❧❡❝t✐♥❣ t❤❡ ❞✐❛♠❛❣♥❡t✐❝ t❡r♠ ✐s ♦♥❧② ✈❛❧✐❞ ❢♦r ❧♦✇ ❧②✐♥❣

❡♥❡r❣② st❛t❡s✳ ❉✉❡ t♦ ✐ts str♦♥❣ n4 ❞❡♣❡♥❞❡♥❝❡✱ Hdia ❜❡❝♦♠❡s ✐♠♣♦rt❛♥t ❢♦r ❘②❞❜❡r❣

st❛t❡s✳ ❋♦r t❤✐s ✇♦r❦✱ t✇♦ ♠❡t❤♦❞s ✇❡r❡ ✉s❡❞ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❜✐♥❞✐♥❣ ❡♥❡r❣✐❡s

♦❢ ❤✐❣❤✲n✲st❛t❡s✿ ❆ ❞✐r❡❝t ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞ ❛ s❡♠✐❝❧❛ss✐❝❛❧

❛♣♣r♦①✐♠❛t✐♦♥✳ ❇♦t❤ ❝❛s❡s ✉s❡ ❤②❞r♦❣❡♥ ✇❛✈❡ ❢✉♥❝t✐♦♥s ❛♥❞ q✉❛♥t✉♠ ❞❡❢❡❝ts ❛r❡

✐♥❝❧✉❞❡❞ t♦ ❡①t❡♥❞ t❤❡ tr❡❛t♠❡♥t t♦ ❛❧❦❛❧✐ ♠❡t❛❧ ❛t♦♠s ❧✐❦❡ ❝❡s✐✉♠✳

▼❛tr✐① ❉✐❛❣♦♥❛❧✐③❛t✐♦♥

❚❤❡ ❞✐✣❝✉❧t② ✇✐t❤ tr❡❛t✐♥❣ Hdia ✐s t❤❛t ✐t ✐♥tr♦❞✉❝❡s ♦✛✲❞✐❛❣♦♥❛❧ ♠❛tr✐① ❡❧❡♠❡♥ts

✐♥ t❤❡ ❜❛s✐s ♦❢ ❤②❞r♦❣❡♥ ✇❛✈❡ ❢✉♥❝t✐♦♥s✳ ❊①♣❧✐❝✐t❧②✱ t❤❡ sin2θ t❡r♠ ✐♥ ❡q✉❛t✐♦♥ ✭✺✳✷✮

❧❡❛❞s t♦ ♥♦♥✲✈❛♥✐s❤✐♥❣ t❡r♠s ❢♦r ∆l = 0,±2 ✇❤❡♥ ❡✈❛❧✉❛t❡❞ ❜❡t✇❡❡♥ t❤❡ s♣❤❡r✐❝❛❧

❤❛r♠♦♥✐❝s Y m
l ✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♠✐①❡s ❛❧❧ ♦❞❞ l✲st❛t❡s ❛♥❞ ❛❧❧ ❡✈❡♥

l✲st❛t❡s✱ r❡❣❛r❞❧❡ss ♦❢ n✳ ❉✉❡ t♦ t❤✐s ♠✐①✐♥❣✱ l ✐s ♥♦t ❛ ❣♦♦❞ q✉❛♥t✉♠ ♥✉♠❜❡r ❛♥②

✾✵



✺✳✶✳ ❚❍❊❖❘❨

♠♦r❡✳ ■♥ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❘②❞❜❡r❣ st❛t❡s ✐♥ ❤✐❣❤ ✜❡❧❞s✱ l ✐s t❤❡r❡❢♦r❡ ♦♠✐tt❡❞ ✐♥ t❤✐s

t❡①t✳ ❆ s❡t ♦❢ ❞✐❛❣♦♥❛❧ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❤❛s ♥♦t ❜❡❡♥ ❢♦✉♥❞ ②❡t✱ s♦ t❤❡ ❍❛♠✐❧t♦♥✐❛♥

❤❛s t♦ ❜❡ ❞✐❛❣♦♥❛❧✐③❡❞ ❞✐r❡❝t❧②✳ ❙✐♥❝❡ ♦❞❞✲ ❛♥❞ ❡✈❡♥✲l st❛t❡s ❞♦ ♥♦t ♠✐①✱ ♦♥❧② ♦♥❡

s❡t ❤❛s t♦ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥✳ ■♥ ♦✉r ❝❛s❡✱ t❤❡s❡ ❛r❡ t❤❡ ❡✈❡♥ l✲st❛t❡s

s✐♥❝❡ ✇❡ ❡①❝✐t❡ ❢r♦♠ ❛ P ✲❧❡✈❡❧✳

❚❤r❡❡ ❝♦♥tr✐❜✉t✐♦♥s ❤❛✈❡ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✿ ❚❤❡ ③❡r♦ ✜❡❧❞ ❡✐❣❡♥st❛t❡s ❛♥❞ t❤❡

♣❛r❛♠❛❣♥❡t✐❝ s❤✐❢t✱ ❜♦t❤ ♦❢ ✇❤✐❝❤ ♦♥❧② ❤❛✈❡ ❡♥tr✐❡s ❛❧♦♥❣ t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ t❤❡ ♠❛tr✐①✱

❛♥❞ t❤❡ ❞✐❛♠❛❣♥❡t✐❝ t❡r♠ t❤❛t ❛❞❞s ♦✛✲❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts✳ ❚❤❡ ✜rst t❡r♠✱ t❤❡ ③❡r♦

✜❡❧❞ ❡♥❡r❣② ❧❡✈❡❧s ♦❢ ❝❡s✐✉♠✱ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡ ❡①t❡♥❞❡❞ ❘✐t③ ❢♦r♠✉❧❛ ❬✶✸✹❪✿

En = E∞ − R

(n− µn)2
, ✭✺✳✶✵✮

µn = A+
B

(n− A)2
+

C

(n− A)4
+ . . . . ✭✺✳✶✶✮

E∞ = 3.893905 eV ✐s t❤❡ ✐♦♥✐③❛t✐♦♥ ❡♥❡r❣② ❛♥❞ R = 13.60563631 eV t❤❡ ❘②❞❜❡r❣

❝♦♥st❛♥t ❢♦r ❝❡s✐✉♠ ✭❜♦t❤ ❢r♦♠ ❬✶✸✹❪✮✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts A✱ B✱ . . . ❝♦♥t❛✐♥ t❤❡ q✉❛♥✲

t✉♠ ❞❡❢❡❝ts ❢♦r ❝❡s✐✉♠✳ ❚❤❡② ❛r❡ ❧✐st❡❞ ✐♥ t❛❜❧❡ ✺✳✸ ❢♦r t❤❡ ❡✈❡♥ l✲st❛t❡s r❡❧❡✈❛♥t ❢♦r

t❤✐s ✇♦r❦✳ ❚❤❡ q✉❛♥t✉♠ ❞❡❢❡❝ts t②♣✐❝❛❧❧② ❞❡❝r❡❛s❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ l✱ s♦ ❢♦r l ≥ 6 ✐t

✐s s✉✣❝✐❡♥t t♦ s❡t t❤❡♠ t♦ 0✳ ❆♥ ❡①❝❡♣t✐♦♥ ✐s F (D5/2) ✐♥ t❛❜❧❡ ✺✳✸✱ ❜✉t t❤❡ ❧❛r❣❡r

✈❛❧✉❡ ✐s str♦♥❣❧② s✉♣♣r❡ss❡❞ ❜② t❤❡ ♣♦✇❡r s❡r✐❡s✱ ❡q✉❛t✐♦♥ ✭✺✳✶✶✮✳ ❚❤❡ ❧✐♥❡❛r s❤✐❢t

✐♥tr♦❞✉❝❡❞ ❜② Hpara ✐s ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥ ✭✺✳✺✮✳

❋♦r t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ♦❢ Hdia ❤❛s t♦ ❜❡ ❝❛❧❝✉❧❛t❡❞

✐♥ t❤❡ ❜❛s✐s ♦❢ ❤②❞r♦❣❡♥ ✇❛✈❡ ❢✉♥❝t✐♦♥s✿

〈Hdia〉 =
1

8
α2B2 〈n lm|r2sin2θ|n′ l +∆l m〉 , ✭✺✳✶✷✮

✇❤❡r❡ ∆l = 0,±2✳

✾✶
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S D G

❆ 4.04935665(38) 2.46631524(63) 0.00703865(70)

❇ 0.2377037 0.013577 −0.049252

❈ 0.255401 −0.37457 0.01291

❉ 0.00378 −2.1867

❊ 0.25486 −1.5532

❋ −56.6739

❚❛❜❧❡ ✺✳✸✿ ❈♦❡✣❝✐❡♥ts ❢♦r ❝❛❧❝✉❧❛t✐♥❣ q✉❛♥t✉♠ ❞❡❢❡❝ts ✇✐t❤ t❤❡ ❡①t❡♥❞❡❞ ❘✐t③ ❢♦r♠✉❧❛

✭✺✳✶✵✮✳ ❖♥❧② t❤❡ ✈❛❧✉❡s ❢♦r ❡✈❡♥ l st❛t❡s ♥❡❡❞❡❞ ❢♦r t❤✐s ✇♦r❦ ❛r❡ ❧✐st❡❞ ❤❡r❡✱ t❤❡ r❡st ✐s ❢♦✉♥❞

✐♥ ❬✶✸✹❪✳

❚❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ s♣❤❡r✐❝❛❧ t❡r♠ ✐s ♥♦ ❝❤❛❧❧❡♥❣❡ ❢♦r st❛♥❞❛r❞ ❝♦♠♣✉t❡rs

t♦❞❛②✳ ❚❤❡ r❛❞✐❛❧ ✇❛✈❡ ❢✉♥❝t✐♦♥s Rnl(r) ❤♦✇❡✈❡r ❜❡❝♦♠❡ ❤✐❣❤❧② ♦s❝✐❧❧❛t♦r② ❢♦r ❤✐❣❤

♥✉♠❜❡rs ♦❢ n ❛♥❞ l✱ ✇❤✐❝❤ ♠❛❦❡s ✐♥t❡❣r❛t✐♦♥ ✈❡r② t✐♠❡ ❝♦♥s✉♠✐♥❣✱ ✐❢ ♣♦ss✐❜❧❡ ❛t ❛❧❧✳

❋♦rt✉♥❛t❡❧②✱ t❤❡ r❛❞✐❛❧ ♠❛tr✐① ❡❧❡♠❡♥ts ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❜② ❛♥❛❧②t✐❝❛❧ ❢♦r♠✉❧❛s ✐♥

❛ r❡❝✉rs✐✈❡ ✇❛② ❬✺✹✱✽✸❪✳ ❲✐t❤ ❛❧❧ ❡♥tr✐❡s ✐♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ s❡t✱ st❛♥❞❛r❞ ❛❧❣♦r✐t❤♠s

❝❛♥ ❜❡ ✉s❡❞ t♦ ❞✐❛❣♦♥❛❧✐③❡ ✐t✳ ❋♦r t❤✐s ✇♦r❦✱ t❤❡ t♦♦❧s ♣r♦✈✐❞❡❞ ❜② ▼❛t❤❡♠❛t✐❝❛

❛♥❞ t❤❡ ●♥✉ ❙❝✐❡♥t✐✜❝ ▲✐❜r❛r② ✭●❙▲✮ ❬✶❪ ❛r❡ ✉s❡❞✳

❙✐♠✐❧❛r ❝❛❧❝✉❧❛t✐♦♥s ✇❡r❡ ♣❡r❢♦r♠❡❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬✶✹✵❪ ❢♦r t❤❡ st❛t❡s n = 25−31

♦❢ s♦❞✐✉♠ ✐♥ ❛ 6T ✜❡❧❞✳ ●♦♦❞ ❛❣r❡❡♠❡♥t ✇❛s ❢♦✉♥❞ ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts ✇✐t❤✐♥

❛ r❡s♦❧✉t✐♦♥ ♦❢ 0.15 cm−1 ≡ 4.5GHz✳ ❲✐t❤ ♠♦r❡ ♣♦✇❡r❢✉❧ ❝♦♠♣✉t❡rs ❛✈❛✐❧❛❜❧❡ t♦❞❛②✱

✇❡ ❛r❡ ❛❜❧❡ t♦ ♣❡r❢♦r♠ ❝❛❧❝✉❧❛t✐♦♥s ❢♦r ❝❡s✐✉♠ ✐♥❝❧✉❞✐♥❣ ❛❧❧ ❡♥❡r❣② ❧❡✈❡❧s ❢r♦♠ n = 10

t♦ n = 60✳ ❚❤❡ s♦✉r❝❡ ❝♦❞❡ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s ❢♦✉♥❞ ✐♥ ❛♣♣❡♥❞✐① ❇✳✶✳

✾✷



✺✳✶✳ ❚❍❊❖❘❨

❙❡♠✐❝❧❛ss✐❝❛❧ ❆♣♣r♦①✐♠❛t✐♦♥

❆ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ t♦ ❡st✐♠❛t❡ t❤❡ ❛t♦♠✐❝ ❡♥❡r❣② ❧❡✈❡❧s ✐s ❛ s❡♠✐✲❝❧❛ss✐❝❛❧ ❛♣♣r♦①✲

✐♠❛t✐♦♥ ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ❊❞♠♦♥❞s ❬✺✸❪ ❛♥❞ ❙t❛r❛❝❡ ❬✶✷✸❪ ❢♦r ❤②❞r♦❣❡♥✳ ❙✐♥❝❡

t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦♥❧② ❛❝ts ✐♥ t❤❡ ❛③✐♠✉t❤❛❧ ♣❧❛♥❡✱ t❤❡ z✲❛①✐s ✐s ✐❣♥♦r❡❞ ❛♥❞ t❤❡

♣r♦❜❧❡♠ ✐s tr❡❛t❡❞ ❛s t✇♦✲❞✐♠❡♥s✐♦♥❛❧✳ ■♥ t❤❡ z = 0 ♣❧❛♥❡✱ t❤❡ ✐ss✉❡ ♦❢ ❞✐✛❡r❡♥t

s②♠♠❡tr✐❡s ♦❢ t❤❡ ❈♦✉❧♦♠❜✲ ❛♥❞ ♠❛❣♥❡t✐❝ ✐♥t❡r❛❝t✐♦♥s ❞♦❡s ♥♦t ❛r✐s❡✳ ❚❤✐s ♠❡t❤♦❞

✇❛s ❧❛t❡r ❛♣♣❧✐❡❞ t♦ ❘✉❜✐❞✐✉♠ ❜② ❊❝♦♥♦♠♦✉ ❡t ❛❧✳ ❬✺✷❪ ✇❤♦ ❢♦✉♥❞ ❣♦♦❞ ❛❣r❡❡♠❡♥t

✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✇✐t❤✐♥ t❤❡✐r r❡s♦❧✉t✐♦♥ ♦❢ 0.1 cm−1 ≡ 3GHz✳ ❯s✐♥❣ t❤❡

❇♦❤r✲❙♦♠♠❡r❢❡❧❞ q✉❛♥t✐③❛t✐♦♥ ❝♦♥❞✐t✐♦♥✱ t❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

∫ ρ2

ρ1

(2 (E − Veff ))
1/2 dρ =

(

n+
1

2

)

π , ✭✺✳✶✸✮

Veff =
1

2

(
ml +

1
2

)2

ρ2
− 1

ρ
− αmlH0 +

1

8
α2ρ2H0

2 . ✭✺✳✶✹✮

❚❤❡ ✐♥t❡❣r❛t✐♦♥ r✉♥s ❜❡t✇❡❡♥ t❤❡ ❝❧❛ss✐❝❛❧ t✉r♥✐♥❣ ♣♦✐♥ts ρ1 ❛♥❞ ρ2✱ Veff ✐s ❛♥

❡✛❡❝t✐✈❡ ♣♦t❡♥t✐❛❧✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s ❛❣❛✐♥ ❡①t❡♥❞❡❞ t♦ ❝❡s✐✉♠ ❛t♦♠s ❜② ✐♥tr♦❞✉❝✐♥❣

q✉❛♥t✉♠ ❞❡❢❡❝ts t♦ n ❛♥❞ E✳ ❆ s❛♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s ❧✐st❡❞ ✐♥ ❛♣♣❡♥❞✐① ❇✳✷✳

✺✳✶✳✺ ❙tr♦♥❣ ❋✐❡❧❞s

❋♦r ❡①tr❡♠❡❧② str♦♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s✱ ♦r ❡❧❡❝tr♦♥s ❡①❝✐t❡❞ t♦ ✈❡r② ❤✐❣❤ n✲st❛t❡s✱

t❤❡ ❞✐❛♠❛❣♥❡t✐❝ t❡r♠ ❜❡❝♦♠❡s ❞♦♠✐♥❛♥t ❛♥❞ t❤❡ ❈♦✉❧♦♠❜ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡

❡❧❡❝tr♦♥ ❛♥❞ t❤❡ ❛t♦♠✐❝ ❝♦r❡ ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s ❛ ♣❡rt✉r❜❛t✐♦♥✳ ❚❤❡ r❡s✉❧t ✐s ❛

s♣❡❝tr✉♠ ♦❢ r❡s♦♥❛♥❝❡s t❤❛t ❡①t❡♥❞s ❛❜♦✈❡ t❤❡ ③❡r♦✲✜❡❧❞ ✐♦♥✐③❛t✐♦♥ ❧✐♠✐t✳ ❋♦r st❛t❡s

❛r♦✉♥❞ E∞✱ t❤❡ ❧❡✈❡❧ s♣❛❝✐♥❣ ✐s 3
2
~ωc✱ ✇✐t❤ t❤❡ ❝②❝❧♦tr♦♥ ❢r❡q✉❡♥❝② ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥

✭✸✳✹✮✳ ❋♦r st❛t❡s ❤✐❣❤ ❛❜♦✈❡ t❤❡ ✐♦♥✐③❛t✐♦♥ ❧✐♠✐t✱ t❤❡ s♣❛❝✐♥❣ ❛♣♣r♦❛❝❤❡s ~ωc✱ t❤❡

✾✸
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❧❡✈❡❧ s♣❛❝✐♥❣ ♦❢ ❛ ❢r❡❡ ❡❧❡❝tr♦♥ ✐♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❛ ❢r❡❡ ❡❧❡❝tr♦♥ ✐♥ ❛

♠❛❣♥❡t✐❝ ✜❡❧❞ ✇❛s ✜rst ❝❛❧❝✉❧❛t❡❞ ❜② ▲❡✈ ▲❛♥❞❛✉✱ t❤❡r❡❢♦r❡ t❤❡s❡ st❛t❡s ❛r❡ r❡❢❡rr❡❞

t♦ ❛s q✉❛s✐ ▲❛♥❞❛✉ ❧❡✈❡❧s✳ ❊①❛♠♣❧❡ ❢♦r ❛t♦♠s ✐♥ t❤✐s r❡❣✐♠❡ ❛r❡ ❢♦✉♥❞ ✐♥ ❬✷✸❪ ❛♥❞ ❬✼✶❪

✇❤❡r❡ t❤❡ s♣❡❝tr❛ ♦❢ s♦❞✐✉♠ ❛♥❞ ❝❡s✐✉♠ ✇❡r❡ ♠❡❛s✉r❡❞✳ ❚❤❡ ❘②❞❜❡r❣ st❛t❡s ✉s❡❞

❢♦r ♦✉r ❡①♣❡r✐♠❡♥ts ❛r❡ ✇❡❧❧ ❜❡❧♦✇ t❤✐s r❡❣✐♠❡✳

✺✳✷ ▲❛s❡r ❡①❝✐t❛t✐♦♥

❚❤❡ r❡❧❡✈❛♥t ❝❡s✐✉♠ ❡♥❡r❣② ❧❡✈❡❧s ❢♦r t❤✐s ✇♦r❦ ❛r❡ t❤❡ ❣r♦✉♥❞ st❛t❡ 6S1/2✱ t❤❡

✐♥t❡r♠❡❞✐❛t❡ 6P3/2 ❧❡✈❡❧ ❛♥❞ ❘②❞❜❡r❣ st❛t❡s ❛r♦✉♥❞ n = 40✳ ❋♦r t❤❡ t✇♦ ❧♦✇✲❧②✐♥❣

❧❡✈❡❧s✱ t❤❡ ❞✐❛♠❛❣♥❡t✐❝ t❡r♠ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞✳ ❚❤❡ ❣r♦✉♥❞ st❛t❡ ❤❛s J = 1
2
s♦ ✐ts

❡♥❡r❣② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ t❤❡ ❇r❡✐t✲❘❛❜✐ ❢♦r♠✉❧❛ ✭✺✳✽✮✳ ❋♦r t❤❡ 6P3/2 st❛t❡

❡q✉❛t✐♦♥ ✭✺✳✼✮ ✐s ✈❛❧✐❞ ❢♦r ✜❡❧❞s ❧❛r❣❡r t❤❛♥ 20mT✳ ❋♦r t❤❡ ❤✐❣❤✲n st❛t❡s✱ ❜♦t❤

♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✶✳✹ ❛r❡ ❛♣♣❧✐❡❞✳

✺✳✷✳✶ ❋✐rst ❚r❛♥s✐t✐♦♥

❲✐t❤♦✉t ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤❡ tr❛♥s✐t✐♦♥ 6S1/2 → 6P3/2 ❝♦♥s✐sts ♦❢ t✇♦ ❣r♦✉♣s ♦❢

t❤r❡❡ ❤②♣❡r✜♥❡ tr❛♥s✐t✐♦♥s ❡❛❝❤ ✭❝♦♠♣❛r❡ ✜❣✉r❡s ✹✳✶ ❛♥❞ ✹✳✹✮✳ ❈❡s✐✉♠ ❤❛s ❛ ♥✉❝❧❡❛r

❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ ♦❢ ICs = 7/2 s♦ ❡❛❝❤ ❣r♦✉♥❞ st❛t❡ ❤❛s ❡✐❣❤t ❞❡❣❡♥❡r❛t❡ s✉❜❧❡✈❡❧s

❝♦rr❡s♣♦♥❞✐♥❣ t♦ mI = −7/2,−5/2, . . . , 7/2✳ ■♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ t❤✐s ❞❡❣❡♥❡r❛❝② ✐s

❝❛♥❝❡❧❡❞✳ ❚❤❡ ✈❛❧✉❡ ♦❢ mI ❝❛♥♥♦t ❜❡ ❝❤❛♥❣❡❞ ❜② ❧❛s❡r ❧✐❣❤t✱ t❤❡r❡❢♦r❡ ❡❛❝❤ ♦❢ t❤❡

s✐① ③❡r♦✲✜❡❧❞ ❤②♣❡r✜♥❡ tr❛♥s✐t✐♦♥ s♣❧✐ts ✉♣ ✐♥t♦ ❡✐❣❤t ♠❛❣♥❡t✐❝ s✉❜❧✐♥❡s✳ ❚❤❡② ❛r❡

s❡♣❛r❛t❡❞ ❜② ❛❜♦✉t 1GHz✳ ❚❤✐s s♣❛❝✐♥❣ ✐s ♥♦t ✉♥✐❢♦r♠ ❛♥❞ ✐t s❧♦✇❧② ✐♥❝r❡❛s❡s ✇✐t❤

❤✐❣❤❡r ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❚❤❡ ❝❛❧❝✉❧❛t❡❞ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s ✐♥ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡

♠❛❣♥❡t✐❝ ✜❡❧❞ ❛r❡ ♣❧♦tt❡❞ ✐♥ ✜❣✉r❡ ✺✳✷✳ ❖♥❧② ♦♥❡ mI st❛t❡ ❝❛♥ ❜❡ ❛❞❞r❡ss❡❞ ✇✐t❤ ❛
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♥❛rr♦✇ ❧✐♥❡✇✐❞t❤ ❧❛s❡r ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ s✐❣♥❛❧ r❡❞✉❝t✐♦♥ t♦ 1/8✳

❋✐❣✉r❡ ✺✳✷✿ ❚r❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s ♦❢ t❤❡ ❝❡s✐✉♠ D2 ❧✐♥❡ ✐♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ y✲❛①✐s ③❡r♦

❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧✐♥❡✲❝❡♥t❡r ❛t 351.7257185THz ❬✶✷✾❪✳

❆❧t❤♦✉❣❤ ❛ t♦t❛❧ ♦❢ 64 tr❛♥s✐t✐♦♥s ❡①✐st✱ ♦♥❧② t✇♦ ❣r♦✉♣s ❛r❡ ❝❧♦s❡❞✲❝②❝❧❡ ❛♥❞

❝❛♥ ❜❡ ✉s❡❞ ✇✐t❤♦✉t r❛♣✐❞❧② ❞❡♣♦♣✉❧❛t✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❣r♦✉♥❞ st❛t❡✳ ■♥ t❤❡ ❜❛s✐s ♦❢

|J,mJ〉✱ t❤❡② ❛r❡✿
∣
∣
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∣
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2
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2

〉
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2
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2

〉

, ✭✺✳✶✺✮

∣
∣
∣
∣

1

2
,+

1

2

〉

→
∣
∣
∣
∣

3

2
,+

3

2

〉

, ✭✺✳✶✻✮

✇✐t❤ mI ✉♥❝❤❛♥❣❡❞ ❢r♦♠ ✐♥✐t✐❛❧ t♦ ✜♥❛❧ st❛t❡✳

❋✐❣✉r❡ ✺✳✸ s❤♦✇s ❢r❡q✉❡♥❝② s❝❛♥s ♦✈❡r t❤❡ ❣r♦✉♣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣♦s✐t✐✈❡

s✐❣♥ ✭✺✳✶✻✮ ❛t ❞✐✛❡r❡♥t ♠❛❣♥❡t✐❝ ✜❡❧❞s✳ ❚❤❡ ♣❧♦ts s❤♦✇ t❤❡ ✢✉♦r❡s❝❡♥❝❡ s✐❣♥❛❧
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❋✐❣✉r❡ ✺✳✸✿ ❋❧✉♦r❡s❝❡♥❝❡ s✐❣♥❛❧ r❡❝♦r❞❡❞ ❢r♦♠ t❤❡ ❣r♦✉♣ ♦❢ ❝❧♦s❡❞ ❝②❝❧❡ tr❛♥s✐t✐♦♥s |J =

1/2,mJ = +1/2〉 → |J ′ = 3/2,mJ
′ = +3/2〉 ✐♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ 1T ✭❛✮ ❛♥❞ ❛ s✉♣❡r✐♠♣♦s❡❞

■♦✛❡ ✜❡❧❞ ♦❢ 3.6T ✭❜✮✳ ❚❤❡ ❣r♦✉♣ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❜❧✉❡ ❧✐♥❡s ❢r♦♠ Fground = 3 ✐♥ ✜❣✉r❡

✺✳✷✳ ❚❤❡ ❞✐❛♠♦♥❞s s❤♦✇ t❤❡ ❝❛❧❝✉❧❛t❡❞ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s ✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✺✳✼✮ ❛♥❞ ✭✺✳✽✮✳

❚❤❡ ❞♦✉❜❧❡ s❧❛s❤❡s ✐♥❞✐❝❛t❡ ✇❤❡r❡ t❤❡ ❧❛s❡r ❤❛❞ t♦ ❜❡ r❡t✉♥❡❞ t♦ ❝♦✈❡r t❤❡ ❡♥t✐r❡ ❣r♦✉♣✳ ❚❤❡

❜❛❝❦❣r♦✉♥❞ s✐❣♥❛❧ ✐s ❝❛✉s❡❞ ❜② s❝❛tt❡r❡❞ ❧✐❣❤t ❢r♦♠ t❤❡ ❧❛s❡r✳ ❋✐❣✉r❡s ✭❝✮ ❛♥❞ ✭❞✮ s❤♦✇ ❛

♠❛❣♥✐✜❡❞ ✈✐❡✇ ♦❢ t❤❡ ✜rst ♣❡❛❦ ❢♦r ❜♦t❤ ✜❡❧❞s✳ ❚❤❡ ❜r♦❛❞❡♥✐♥❣ ♦❢ t❤❡ ❧✐♥❡ ✐♥ t❤❡ ✐♥❤♦♠♦❣❡♥✐❝

■♦✛❡ ✜❡❧❞ ✐s ❝❧❡❛r❧② ✈✐s✐❜❧❡✳ ❚❤❡ ❋❲❍▼ ❢r♦♠ ❛ ●❛✉ss✐❛♥ ✜t ✭s♦❧✐❞ ❧✐♥❡✮ ✐s t✇✐❝❡ ❛s ❧❛r❣❡ ✐♥

t❤❡ s❡❝♦♥❞ ❝❛s❡✳ ❚❤❡ x ❛♥❞ y ❛①✐s ✐♥ ✜❣✉r❡s ✭❝✮ ❛♥❞ ✭❞✮ s♣❛♥ ♦✈❡r t❤❡ s❛♠❡ r❛♥❣❡ ❢♦r ❜❡tt❡r

❝♦♠♣❛r✐s♦♥✳
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r❡❝♦r❞❡❞ ✇✐t❤ t❤❡ ■♥●❛❆s ♣❤♦t♦❞✐♦❞❡ ✭✜❣✉r❡ ✸✳✶✶✮✳ ❙✉❜✜❣✉r❡ ✺✳✸✭❛✮ ✐s ✐♥ t❤❡ 1T

✜❡❧❞ ♦❢ ♦✉r P❡♥♥✐♥❣ tr❛♣ ❛♥❞ ✭❜✮ ✇✐t❤ t❤❡ ■♦✛❡ tr❛♣ ❡♥❡r❣✐③❡❞ ✐♥ ❛❞❞✐t✐♦♥ ❣❡♥❡r✲

❛t✐♥❣ ❛ t♦t❛❧ ✜❡❧❞ ♦❢ 3.6T✳ ❚❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ q✉❛❞r✉♣♦❧❡ ✜❡❧❞

❝❛✉s❡s ❛ ❜r♦❛❞❡♥✐♥❣ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❧✐♥❡s ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✳ ❚❤✐s ❝❛♥ ❜❡ ❝❧❡❛r❧②

s❡❡♥ ✐♥ t❤❡ ♠❛❣♥✐✜❡❞ ✈✐❡✇s ✭❝✮ ❛♥❞ ✭❞✮✱ ✇❤✐❝❤ s❤♦✇ ❛ s✐♥❣❧❡ ♣❡❛❦ ❢r♦♠ ❡❛❝❤ ♠❛♥✐✲

❢♦❧❞✳ ❋♦r t❤❡s❡ ❧♦✇ ❧②✐♥❣ st❛t❡s✱ ♥♦ ❞✐s❝r❡♣❛♥❝② ✐♥ t❤❡ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝② ❜❡t✇❡❡♥

❝❛❧❝✉❧❛t✐♦♥ ❛♥❞ ♠❡❛s✉r❡♠❡♥t ✐s ♦❜s❡r✈❡❞✳ ❚❤❡r❡❢♦r❡ s✉❝❤ s❝❛♥s ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞

t♦ ❞❡t❡r♠✐♥❡ t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✇✐t❤ ❛♥ ❛❝❝✉r❛❝② ♦❢ ❛❜♦✉t 1mT

✭≡ 10−3✮✳ ▼❡❛s✉r✐♥❣ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✈✐❛ ❝②❝❧♦tr♦♥ r❡s♦♥❛♥❝❡s ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐✲

❝❧❡s t②♣✐❝❛❧❧② ♣r♦✈✐❞❡s ❜❡tt❡r ❛❝❝✉r❛❝②✱ ❜✉t t❤❡ ♥❡❝❡ss❛r② ❛♠♣❧✐✜❡rs ✇❡r❡ ♥♦t ❛❧✇❛②s

✐♥st❛❧❧❡❞ ✐♥ t❤❡ ❛♣♣❛r❛t✉s✳

✺✳✷✳✷ ❙❡❝♦♥❞ ❚r❛♥s✐t✐♦♥

❚♦ ❡st✐♠❛t❡ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ♦❢ t❤❡ ❘②❞❜❡r❣ st❛t❡s✱ ✇❡ ✉s❡❞ ❜♦t❤ ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞

✐♥ s❡❝t✐♦♥ ✺✳✶✳✹✳ ❊❛r❧✐❡r ❡①♣❡r✐♠❡♥ts ✉s❡❞ ❧❛s❡rs ✇✐t❤ s♣❡❝tr❛❧ r❡s♦❧✉t✐♦♥s ♦❢ s❡✈❡r❛❧

●❍③ ❬✺✷❪✱ 103 ❤✐❣❤❡r t❤❛♥ ♦✉r s②st❡♠✱ ♦r ❢♦❝✉ss❡❞ ♦♥ t❤❡ q✉❛s✐ ▲❛♥❞❛✉ r❡❣✐♠❡ ❬✼✶❪✳

❋✐❣✉r❡ ✺✳✹ s❤♦✇s t❤❡ ❞❡✈✐❛t✐♦♥ ♦❢ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ♠❡❛s✉r❡❞ ❢r❡q✉❡♥❝✐❡s ∆ν =

νcalc − νmeas ❢♦r ❛ ♥✉♠❜❡r ♦❢ ❝❡s✐✉♠ ❘②❞❜❡r❣ st❛t❡s ❜❡t✇❡❡♥ n = 37 ❛♥❞ n = 50

✐♥ ❛ 1T ✜❡❧❞✳ ❚❤❡ ❡♥❡r❣② ❧❡✈❡❧s r❛♥❣❡ ❢r♦♠ ❛❜♦✉t 2.7THz ✭n = 37✮ t♦ 1.2THz

✭n = 50✮ ❜❡❧♦✇ t❤❡ ③❡r♦✲✜❡❧❞ ✐♦♥✐③❛t✐♦♥ ❧✐♠✐t ✭941.5THz✮✳ ❋♦r ♠♦st st❛t❡s✱ ❜♦t❤

♠❡t❤♦❞s ②✐❡❧❞ ❣♦♦❞ r❡s✉❧ts ✇✐t❤ ❛♥ ✉♥❝❡rt❛✐♥t② ♦❢ 5GHz ♦r ❜❡❧♦✇✳ ❚❤❡ ♠❛tr✐①

❞✐❛❣♦♥❛❧✐③❛t✐♦♥ s❡❡♠s ❜❡tt❡r s✉✐t❡❞ t♦ t❤❡ ❧♦✇❡r n✲st❛t❡s✳ ❚❤❡ ♦✛s❡t ❢♦r t❤❡ n = 37

st❛t❡ ✐s s✐❣♥✐✜❝❛♥t❧② s♠❛❧❧❡r t❤❛♥ t❤❡ ♦♥❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ s❡♠✐❝❧❛ss✐❝❛❧ ♠❡t❤♦❞✳

❋♦r n = 50 ❤♦✇❡✈❡r✱ ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ r❡s✉❧ts ✐♥ ❛♥ ❡rr♦r ♦❢ ❛❧♠♦st

90GHz✱ ♣r❡s✉♠❛❜❧② ❜❡❝❛✉s❡ ♥♦t ❡♥♦✉❣❤ ③❡r♦✲✜❡❧❞ st❛t❡s ✇❡r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❝❛❧✲
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❋✐❣✉r❡ ✺✳✹✿ ❉❡✈✐❛t✐♦♥ ♦❢ t❤❡ ❢r❡q✉❡♥❝✐❡s ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡ t✇♦ ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥

✺✳✶✳✹ ❢r♦♠ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ∆ν = νcalc−νmeas ❢♦r ❛ ♥✉♠❜❡r ♦❢ ❘②❞❜❡r❣ st❛t❡s ✐♥ ❛ 1T ✜❡❧❞✳

❝✉❧❛t✐♦♥✳ ❆❞❞✐♥❣ ❛❞❞✐t✐♦♥❛❧ st❛t❡s ✇♦✉❧❞ ❣r❡❛t❧② ✐♥❝r❡❛s❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡

r❡q✉✐r❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s❡♠✐❝❧❛ss✐❝❛❧ ♠❡t❤♦❞ ②✐❡❧❞s ❛❝❝✉r❛t❡ ❡st✐♠❛t❡s

✐♥ t❤✐s r❡❣✐♠❡ ❛♥❞ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❞♦❡s ♥♦t ✐♥❝r❡❛s❡ ❢♦r ❤✐❣❤❡r

n st❛t❡s✳ ❲❤② t❤❡ ❞❡✈✐❛t✐♦♥ ❢♦r t❤❡ n = 46 st❛t❡ ✐s s❧✐❣❤t❧② ❧❛r❣❡r t❤❛♥ ❢♦r t❤❡

s✉rr♦✉♥❞✐♥❣ st❛t❡s ✐s ♥♦t ❝❧❡❛r✳

❯s✐♥❣ ♦♥❡ ♦❢ t❤❡ t✇♦ ♠❡t❤♦❞s✱ ✇❡ ✇❡r❡ ❛❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ❛♥❞

t❤❡r❡❢♦r❡ t❤❡ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s ✇✐t❤ ❛♥ ✉♥❝❡rt❛✐♥t② ♦❢ ❛ ❢❡✇ ●❍③ ❢♦r ✈❛r✐♦✉s

st❛t❡s ✐♥ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ♦❢ ♦✉r P❡♥♥✐♥❣✲tr❛♣✳ ■♥ t❤❡ ♠✉❝❤ ❤✐❣❤❡r ✜❡❧❞ ♦❢ t❤❡

■♦✛❡ tr❛♣✱ t♦♦ ♠❛♥② st❛t❡s ❤❛✈❡ t♦ ❜❡ ✐♥❝❧✉❞❡❞ ❢♦r ❛ ❞✐r❡❝t ♠❛tr✐① ❞✐❛❣♦♥❛❧✐③❛t✐♦♥✳

❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ♦♥❧② ✉s❡ t❤❡ s❡♠✐❝❧❛ss✐❝❛❧ ♠❡t❤♦❞ ✐♥ t❤✐s ❝❛s❡✳ ❍♦✇❡✈❡r✱ t❤❡

✉♥❝❡rt❛✐♥t② ✐s st✐❧❧ ✐♥ t❤❡ r❛♥❣❡ ♦❢ ♦♥❧② ❛ ❢❡✇ ●❍③✳ ❙✐♥❝❡ t❤✐s ✐s ✇❡❧❧ ✇✐t❤✐♥ t❤❡

t✉♥✐♥❣ r❛♥❣❡ ♦❢ ♦✉r 511 nm ❧❛s❡r✱ ✇❡ ❝❛♥ ❡❛s✐❧② ✜♥❞ t❤❡ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s ♦♥❝❡

t❤❡② ❛r❡ ❝❛❧❝✉❧❛t❡❞✳

✾✽
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❚✇♦ ♦❢ t❤❡ r❡s♦♥❛♥❝❡s ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✺✿ ❚❤❡ tr❛♥s✐t✐♦♥s t♦ t❤❡ n = 42 st❛t❡

✐♥ ❛ 1T ✜❡❧❞ ✭❛✮ ❛♥❞ t♦ t❤❡ n = 38 st❛t❡ ✐♥ ❛ ✜❡❧❞ ♦❢ 3.1T✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡

■♦✛❡ tr❛♣ r❛♠♣❡❞ ✉♣ t♦ 80% ♦❢ ✐ts ♠❛①✐♠✉♠ ❝✉rr❡♥t✳ ❚❤❡s❡ ❛r❡ t❤❡ st❛t❡s ♣r✐♠❛r✐❧②

✉s❡❞ ❢♦r ♦✉r ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ s✐❣♥❛❧ r❡❝♦r❞❡❞ ✐s t❤❡ ✜❡❧❞ ✐♦♥✐③❛t✐♦♥ ❝✉rr❡♥t ✇✐t❤ ❛

str✐♣♣✐♥❣ ✜❡❧❞ ♦❢ 300V/cm ❛♣♣❧✐❡❞ ✭s❡❝t✐♦♥ ✸✳✸✳✸✮ ✇❤✐❧❡ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❣r❡❡♥

❧❛s❡r ✐s s✇❡♣t ❛❝r♦ss r❡s♦♥❛♥❝❡✳ ❙✐♠✐❧❛r t♦ t❤❡ ✜rst tr❛♥s✐t✐♦♥✱ ❛ ❧✐♥❡ ❜r♦❛❞❡♥✐♥❣ ✐s

♦❜s❡r✈❡❞ ✐♥ t❤❡ ■♦✛❡ ✜❡❧❞✱ ❜✉t ✐♥ t❤✐s ❝❛s❡ ❡✈❡♥ ♠♦r❡ ♣r♦♥♦✉♥❝❡❞✳ ❋✐❣✉r❡s ✭❝✮ ❛♥❞

✭❞✮ s❤♦✇ t❤❡ ✜❡❧❞ ✐♦♥✐③❛t✐♦♥ ❝✉rr❡♥t ✇❤❡♥ s✇❡❡♣✐♥❣ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝

✜❡❧❞ ❢r♦♠ −300V/cm t♦ +300V/cm ✇❤✐❧❡ t❤❡ ❧❛s❡rs ❛r❡ ❧♦❝❦❡❞ t♦ t❤❡ r❡s♦♥❛♥❝❡

❢r❡q✉❡♥❝✐❡s✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♣♣❧✐❡❞✱ ✇❡ ❝♦❧❧❡❝t

❡✐t❤❡r ♥❡❣❛t✐✈❡ ❡❧❡❝tr♦♥s ♦r ♣♦s✐t✐✈❡ ❝❡s✐✉♠ ✐♦♥s✳ ❚❤❡ st❛t❡s ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥

✜❣✉r❡s ✭❛✮ ❛♥❞ ✭❜✮✳ ❆♥ ❛♠♣❧✐t✉❞❡ ♦❢ 300V/cm ✐s s✉✣❝✐❡♥t t♦ ✐♦♥✐③❡ ❛❧❧ ❘②❞❜❡r❣

❛t♦♠s✳ ■♦♥✐③❛t✐♦♥ st❛rts ❛r♦✉♥❞ ❛♥ ❛♠♣❧✐t✉❞❡ ♦❢ 100V/cm✳ ❚❤✐s s❡ts ❛ ❧✐♠✐t t♦ t❤❡

❛❝❝❡♣t❛❜❧❡ ♠❛❣♥✐t✉❞❡ ♦❢ str❛② ✜❡❧❞s✳ ❚♦ ❛✈♦✐❞ ❙t❛r❦✲✐♦♥✐③❛t✐♦♥ ♦❢ ❘②❞❜❡r❣ ❝❡s✐✉♠✱

♣♦s✐tr♦♥✐✉♠ ♦r ❛♥t✐❤②❞r♦❣❡♥✱ t❤❡ ❛♠♣❧✐t✉❞❡s ♦❢ ❛❧❧ ✜❡❧❞s ✇✐t❤✐♥ t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦

♠✉st ❜❡ ❦❡♣t ✇❡❧❧ ❜❡❧♦✇ t❤✐s ✈❛❧✉❡✳

❚❤❡ ❝✉r✈❡s ✭❝✮ ❛♥❞ ✭❞✮ s❤♦✇ ❛ s♠❛❧❧ ♦✛s❡t ❛t ③❡r♦ ❡❧❡❝tr✐❝ ✜❡❧❞✳ ❲❡ s❡❡♠ t♦

❝♦❧❧❡❝t s♦♠❡ ♣♦s✐t✐✈❡ ❝❡s✐✉♠ ✐♦♥s ✇❤✐❧❡ t❤❡ ❧✐❣❤t❡r ❡❧❡❝tr♦♥s ❡s❝❛♣❡✳ ❲❡ t♦♦❦ ❣r❡❛t

❝❛r❡ ♥♦t t♦ ❡①♣♦s❡ ❛♥② ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s t♦ t❤❡ ❝❡s✐✉♠ ❜❡❛♠ ❛♥❞ t♦ ❣r♦✉♥❞ ❛❧❧

❝♦♥❞✉❝t✐♥❣ ❝♦♠♣♦♥❡♥ts t♦ ♣r❡✈❡♥t t❤❡ ❜✉✐❧❞✲✉♣ ♦❢ ❡❧❡❝tr✐❝ ❝❤❛r❣❡s t❤❛t ❝♦✉❧❞ ✐♦♥✐③❡

❘②❞❜❡r❣ ❛t♦♠s✳ ■♥st❡❛❞✱ t❤✐s ❡✛❡❝t ♠❛② ♦r✐❣✐♥❛t❡ ❢r♦♠ ❛♥ ✐♠♣❡r❢❡❝t ❝♦❧❧✐♠❛t✐♦♥ ♦❢

t❤❡ ❝❡s✐✉♠ ❜❡❛♠ ♦r ❛ s❧✐❣❤t ♠✐s❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ✜❡❧❞✲✐♦♥✐③❛t✐♦♥ ❝♦♠♣♦♥❡♥ts✳ ■❢ ❈s∗

❛t♦♠s ❤✐t ❛♥ ❡❞❣❡ ♦❢ ♦♥❡ ♦❢ t❤❡ ♣❧❛t❡s✱ t❤❡② ♠❛② ✐♦♥✐③❡ ♦♥ ❝♦❧❧✐s✐♦♥✳ ❚❤✐s s❤♦✉❧❞ ❧❡❛❞

t♦ ❛ ❞❡♣♦s✐t✐♦♥ ♦❢ ❝❡s✐✉♠ ♦♥ t❤❡ ♣❧❛t❡✱ ❤♦✇❡✈❡r ✐♥ ✈❡r② s♠❛❧❧ q✉❛♥t✐t✐❡s✳ ❆❝t✉❛❧❧②

♥♦ ❞❡♣♦s✐t✐♦♥ ♦❢ ❝❡s✐✉♠ ✐s ♥♦t✐❝❡❛❜❧❡ ❜❡❤✐♥❞ t❤❡ ✜rst ❝♦❧❧✐♠❛t✐♦♥ ❜❛✤❡ ✭✜❣✉r❡ ✸✳✶✶✮✱

s♦ t❤✐s ❤②♣♦t❤❡s✐s ❝❛♥♥♦t ❜❡ t❡st❡❞ ✇✐t❤♦✉t ❛ ♠✉❝❤ ♠♦r❡ ❞❡t❛✐❧❡❞ ❡①❛♠✐♥❛t✐♦♥✳

✾✾
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❋✐❣✉r❡ ✺✳✺✿ ❋✐❡❧❞ ✐♦♥✐③❛t✐♦♥ ❝✉rr❡♥t r❡❝♦r❞❡❞ ❢r♦♠ str✐♣♣✐♥❣ ❝❡s✐✉♠ ❛t♦♠s ❧❛s❡r ❡①❝✐t❛t❡❞

t♦ ❘②❞❜❡r❣ st❛t❡s✳ ❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛r❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s 1T ✜❡❧❞ ❢r♦♠ t❤❡ ❧❛r❣❡ s♦❧❡♥♦✐❞

✭❧❡❢t ❝♦❧♦✉♠♥✱ ✭❛✱ ❝✮✮ ❛♥❞ ❛ ■♦✛❡ tr❛♣ ✜❡❧❞ ♦❢ 3.1T ✭r✐❣❤t ❝♦❧✉♠♥✱ ✭❜✱ ❞✮✮✳ ❲✐t❤♦✉t ❛ ♠❛❣♥❡t✐❝

✜❡❧❞✱ t❤❡ st❛t❡s ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ 42D5/2 ✭❧❡❢t✮ ❛♥❞ 38D5/2 ✭r✐❣❤t✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❋✐❣✉r❡s

✭❛✮ ❛♥❞ ✭❜✮ s❤♦✇ ❢r❡q✉❡♥❝② s❝❛♥s ♦❢ t❤❡ ❣r❡❡♥ ❧❛s❡r✳ ❚❤❡ r❡❞ ❞✐❛♠♦♥❞s ❛r❡ ❞❛t❛ ♣♦✐♥ts ✇❤✐❧❡

t❤❡ s♦❧✐❞ ❧✐♥❡ ✐s ❛ ●❛✉ss✐❛♥ ✜t t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✇✐❞t❤s ♦❢ t❤❡ ♣❡❛❦s✳ ❆s ❢♦r t❤❡ ✜rst tr❛♥s✐t✐♦♥✱

✜❣✉r❡ ✺✳✸✱ t❤❡ ❧✐♥❡ ✐s ❜r♦❛❞❡♥❡❞ ✐♥ t❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s ■♦✛❡ ✜❡❧❞✳ ❋✐❣✉r❡s ✭❝✮ ❛♥❞ ✭❞✮ s❤♦✇

s✇❡❡♣s ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♣♣❧✐❡❞ t♦ ✐♦♥✐③❡ t❤❡ ❘②❞❜❡r❣ ❛t♦♠s ✇✐t❤ t❤❡ ❧❛s❡rs ❧♦❝❦❡❞ t♦

r❡s♦♥❛♥❝❡✳ ■♦♥✐③❛t✐♦♥ st❛rts ❛r♦✉♥❞ ❛ ✜❡❧❞ ❛♠♣❧✐t✉❞❡ ♦❢ 100V/cm ❛♥❞ 300V/cm ✐s s✉✣❝✐❡♥t

t♦ ✐♦♥✐③❡ ❛❧❧ ❡①❝✐t❡❞ ❛t♦♠s✳

✶✵✵
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❙✐♠✐❧❛r ❞❛t❛ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❝♦♣♣❡r ✈❛♣♦r ❧❛s❡r ✐s ❢♦✉♥❞ ✐♥ ❬✶✷✷❪ ✇❤❡r❡ ❛

♠❛①✐♠✉♠ ✐♦♥ ❝✉rr❡♥t ♦❢ 40 fA ✇❛s ♠❡❛s✉r❡❞ ❢r♦♠ t❤❡ n = 37 st❛t❡ ✐♥ ❛ ✉♥✐❢♦r♠

4.9T ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❲✐t❤ ♦✉r ♥❡✇ ❧❛s❡r s②st❡♠✱ ✇❡ ❛❝❤✐❡✈❡ ❛ ✈❛❧✉❡ 15 t✐♠❡s ❤✐❣❤❡r

✐♥ ♦✉r P❡♥♥✐♥❣ tr❛♣ ✜❡❧❞✱ ✜❣✉r❡ ✺✳✺✭❛✮✱ ❛♥❞ t❤r❡❡ t✐♠❡s ❤✐❣❤❡r ✐♥ t❤❡ ■♦✛❡ ✜❡❧❞

✭❜✮✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ s❤♦✉❧❞ ❜❡ ♥♦t❡❞✳ ❆ ❧❛r❣❡r ✜❡❧❞

❝❛✉s❡s str♦♥❣❡r ♠✐①✐♥❣ ♦❢ ❞✐✛❡r❡♥t l st❛t❡s ✇❤✐❝❤ r❡❞✉❝❡s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ S

❛♥❞ D ♦r❜✐t❛❧s t♦ t❤❡ ✜♥❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ st❛t❡✳ ❚❤❡r❡❢♦r❡ t❤❡ ❡①❝✐t❛t✐♦♥ ❡✣❝✐❡♥❝②

❞❡❝r❡❛s❡s ❛♥❞ t❤❡ ❢❛❝t♦r ♦❢ 15 ❢r♦♠ ✜❣✉r❡ ✺✳✺✭❛✮ ✇♦✉❧❞ ❜❡ s♦♠❡✇❤❛t r❡❞✉❝❡❞ ✐♥ ❛

str♦♥❣❡r ✜❡❧❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✐♥❤♦♠♦❣❡♥❡♦✉s q✉❛❞r✉♣♦❧❡ ✜❡❧❞ ♦❢ ♦✉r ■♦✛❡

tr❛♣ ❝❛✉s❡s ❛❞❞✐t✐♦♥❛❧ ❜r♦❛❞❡♥✐♥❣ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❧✐♥❡s✱ s♦ ✐♥ ❛ ❤♦♠♦❣❡♥❡♦✉s ✜❡❧❞

♦❢ s✐♠✐❧❛r ♠❛❣♥✐t✉❞❡ ✇❡ ✇♦✉❧❞ ♦❜s❡r✈❡ ❛ str♦♥❣❡r s✐❣♥❛❧ t❤❛♥ ✐♥ ✜❣✉r❡ ✺✳✺✭❜✮✳ ❆❧s♦✱

t❤❡ ♦❜s❡r✈❡❞ ✐♦♥ ❝✉rr❡♥t ❞❡♣❡♥❞s ♦♥ t❤❡ ❛♠♦✉♥t ♦❢ ❣r♦✉♥❞ st❛t❡ ❝❡s✐✉♠ ❝r♦ss✐♥❣

t❤❡ ❧❛s❡r ❜❡❛♠s✳

❚❤❡ ❧❛s❡r ♣♦✇❡rs t②♣✐❝❛❧❧② ✉s❡❞ ❢♦r ❛♥ ❡①♣❡r✐♠❡♥t ❛r❡ 5mW ❢r♦♠ t❤❡ ✐♥❢r❛r❡❞

❛♥❞ 175mW ❢r♦♠ t❤❡ ❣r❡❡♥ ❧❛s❡r✳ ❲❡ ❛❝❤✐❡✈❡ ❛♥ ✐♥❝♦✉♣❧✐♥❣ ❡✣❝✐❡♥❝② ✐♥t♦ t❤❡

✜❜❡r ♦❢ 75% ❢♦r ❜♦t❤ ❧❛s❡rs s✐♠✉❧t❛♥❡♦✉s❧②✳ ❚❤❡ ✜❜❡r ❢❡❡❞t❤r♦✉❣❤ ✐♥t♦ t❤❡ P❡♥♥✐♥❣

tr❛♣ ❛♥❞ s❡✈❡r❛❧ ♦♣t✐❝❛❧ ❡❧❡♠❡♥ts ✇✐t❤✐♥ t❤❡ ❛♣♣❛r❛t✉s ❝❛✉s❡ ❢✉rt❤❡r ❧♦ss❡s s♦ t❤❛t

❛❜♦✉t 55% ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣♦✇❡r ✐s ❛✈❛✐❧❛❜❧❡ ❢♦r ❧❛s❡r ❡①❝✐t❛t✐♦♥ ✐♥ t❤❡ tr❛♣✳ ❆t t❤❡

❡①❝✐t❛t✐♦♥ r❡❣✐♦♥✱ t❤❡ ❧❛s❡rs ❛r❡ ❝♦❧❧✐♠❛t❡❞ t♦ ❛ ❜❡❛♠ ♦❢ 1.5mm ❞✐❛♠❡t❡r✳

❚❤❡ ✜rst tr❛♥s✐t✐♦♥ t♦ t❤❡ 6P3/2 st❛t❡ ✐s ❡❛s✐❧② s❛t✉r❛t❡❞ ❜② t❤❡ 5mW ❡♠✐tt❡❞

❢r♦♠ t❤❡ ✐♥❢r❛r❡❞ ❧❛s❡r✳ ❚❤❡ ❡①♣❡❝t❡❞ ❡①❝✐t❛t✐♦♥ ❡✣❝✐❡♥❝② t♦ ❘②❞❜❡r❣ st❛t❡s ❝❛♥

❜❡ ❝❛❧❝✉❧❛t❡❞ ❜② ❛ r❛t❡ ❡q✉❛t✐♦♥ ♠♦❞❡❧ ✉s✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ❛❜♦✈❡ ❛♥❞ t❤❡ ❝❡s✐✉♠

♦s❝✐❧❧❛t♦r str❡♥❣t❤s ❬✾✷❪✳ ❙✉❝❤ ❛ ❝❛❧❝✉❧❛t✐♦♥ ✇❛s ♣❡r❢♦r♠❡❞ ✐♥ ❬✽✶❪ ❢♦r t❤❡ ♣r❡✈✐♦✉s

❡①❝✐t❛t✐♦♥ s❝❤❡♠❡ ✉s✐♥❣ t❤❡ ♣✉❧s❡❞ ❝♦♣♣❡r ✈❛♣♦r ❧❛s❡r✳ ❚❤❡ r❡s✉❧t ✇❛s ❛♥ ❡①♣❡❝t❡❞

❡①❝✐t❛t✐♦♥ ❡✣❝✐❡♥❝② ♦❢ ❝❧♦s❡ t♦ 24% ✇✐t❤ t❤❡ ❢✉❧❧ ♣♦✇❡r ♦❢ t❤❡ ❝♦♣♣❡r ✈❛♣♦r ❧❛s❡r✳

❚❤❡ ♦✉t♣✉t ♣♦✇❡r ❤❛❞ t♦ ❜❡ r❡str✐❝t❡❞ t♦ 15% t♦ ❧✐♠✐t t❤❡ ❤❡❛t ❧♦❛❞ ♦♥ t❤❡ ❝r②♦✲
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❣❡♥✐❝ s②st❡♠✳ ❚❤✐s r❡❞✉❝❡s t❤❡ ❡①♣❡❝t❡❞ ❡✣❝✐❡♥❝② t♦ ❛❜♦✉t 11%✳ ❆❞❛♣t✐♥❣ t❤❡

❝♦♠♣✉t❛t✐♦♥ t♦ ♦✉r ♥❡✇ ❧❛s❡r s②st❡♠ ❣✐✈❡s ❛♥ ❡✣❝✐❡♥❝② ♦❢ 48% ❢♦r t❤❡ n = 42

st❛t❡✳ ❚❤✐s ✈❛❧✉❡ ✐s ❢♦✉r t✐♠❡s ❤✐❣❤❡r ❛♥❞ ❝♦♠❡s ✈❡r② ❝❧♦s❡ t♦ s❛t✉r❛t✐♦♥✳ ■t s❤♦✉❧❞

❜❡ ♥♦t❡❞ t❤❛t t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ♥❡❣❧❡❝t t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✇❤✐❝❤ ♠✐①❡s

❞✐✛❡r❡♥t l✲st❛t❡s ❛♥❞ t❤✉s r❡❞✉❝❡s t❤❡ ❡①❝✐t❛t✐♦♥ ❡✣❝✐❡♥❝②✳ ❚❤✐s ✐s ❞✐s❝✉ss❡❞ ✐♥ ♠♦r❡

❞❡t❛✐❧ ✐♥ s❡❝t✐♦♥ ✻✳✷✳ ❍♦✇❡✈❡r✱ t❤❡ ♣♦✇❡r ❛✈❛✐❧❛❜❧❡ ❢r♦♠ ♦✉r ♥❡✇ ❧❛s❡r ♠❛② ♣❛rt❧②

❝♦♠♣❡♥s❛t❡ ❢♦r t❤✐s ❡✛❡❝t✳ ■❢✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ l✲♠✐①❡❞ ❘②❞❜❡r❣ st❛t❡s r❡t❛✐♥s 1
3
♦❢

✐ts D ❝❤❛r❛❝t❡r✱ t❤❡ ❡①❝✐t❛t✐♦♥ ❡✣❝✐❡♥❝② ✐s st✐❧❧ ❛s ❤✐❣❤ ❛s 44%✳

❋r♦♠ t❤❡ ♠❛♥✉❢❛❝t✉r❡r✬s ❞❛t❛s❤❡❡t✱ ✇❡ ❡①♣❡❝t ❛ str❡❛♠ ♦♥ t❤❡ ♦r❞❡r ♦❢ ≃ 1012

❣r♦✉♥❞ st❛t❡ ❝❡s✐✉♠ ❛t♦♠s ♣❡r s❡❝♦♥❞ ❢r♦♠ t❤❡ ❛❧❦❛❧✐ ♠❡t❛❧ ❞✐s♣❡♥s❡r✳ ❆❜♦✉t

3·108/s s❤♦✉❧❞ ♣❛ss t❤❡ ❝♦❧❧✐♠❛t✐♦♥ ❜❛✤❡s ❛♥❞ r❡❛❝❤ t❤❡ ✜❡❧❞ ✐♦♥✐③❛t✐♦♥ ♣❧❛t❡s ✭✜❣✉r❡
✸✳✶✶✮✳ ❚❤❡ ❛✈❡r❛❣❡ ✜❡❧❞ ✐♦♥✐③❛t✐♦♥ ❝✉rr❡♥t ♦❢ 600 fA ❢r♦♠ ✜❣✉r❡ ✺✳✺✭❝✮ ❝♦rr❡s♣♦♥❞s

t♦ 4 · 106 ❘②❞❜❡r❣ ❝❡s✐✉♠ ❛t♦♠s ♣❡r s❡❝♦♥❞✳ ❲❡ ❝❛♥ ♦♥❧② ❡①❝✐t❡ ♦♥❡ ♦❢ t❤❡ 16

♠❛❣♥❡t✐❝ ✜❡❧❞ ❣r♦✉♥❞ st❛t❡s ❛♥❞ s♦♠❡ ❘②❞❜❡r❣ ❛t♦♠s ❞❡❝❛② ❞✉r✐♥❣ t❤❡ ✢✐❣❤t ❢r♦♠

t❤❡ ❧❛s❡r ❡①❝✐t❛t✐♦♥ r❡❣✐♦♥ t♦ t❤❡ ✜❡❧❞ ✐♦♥✐③❛t✐♦♥ ♣❧❛t❡s✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡s❡ ❢❛❝t♦rs

❣✐✈❡s ❛♥ ❡①❝✐t❛t✐♦♥ ❡✣❝✐❡♥❝② ♦❢ 33%✳ ❲❤✐❧❡ t❤✐s ♥✉♠❜❡r ❝♦♠❡s ❝❧♦s❡ t♦ t❤❡ ✈❛❧✉❡

❝❛❧❝✉❧❛t❡❞ ❛❜♦✈❡✱ ✐t s❤♦✉❧❞ ❜❡ t❛❦❡♥ ✇✐t❤ ❝❛r❡✳ ❚❤❡ ❞❛t❛s❤❡❡t ♦♥❧② ♣r♦✈✐❞❡s ✈❛❧✉❡s

❢r♦♠ ❛ r♦♦♠ t❡♠♣❡r❛t✉r❡ ❡♥✈✐r♦♥♠❡♥t ✇❤✐❧❡ ♦✉r ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ❞♦♥❡ ✇✐t❤ t❤❡

❛♣♣❛r❛t✉s ❝♦♦❧❡❞ t♦ 4K ❛♥❞ t❤❡ ❡①❛❝t ♦✉t♣✉t ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ s♦✉r❝❡ ✐s ♥♦t

❦♥♦✇♥✳

❉✉❡ t♦ t❤❡ ❤✐❣❤❡r ♦s❝✐❧❧❛t♦r str❡♥❣t❤✱ ❧❛s❡r ❡①❝✐t❛t✐♦♥ t♦ t❤❡ 37D st❛t❡ s❤♦✉❧❞

❜❡ ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ t♦ t❤❡ 42D st❛t❡✳ ❚❤✐s ✐s ✐♥ ❝❧❡❛r ❞✐s❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❞❛t❛

❢r♦♠ ✜❣✉r❡ ✺✳✺✭❞✮ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ 7% ❡①❝✐t❛t✐♦♥ ❡✣❝✐❡♥❝②✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐s

❞✉❡ t♦ t❤❡ ❛❧♠♦st ❢♦✉r t✐♠❡s ❧❛r❣❡r ♠❛❣♥❡t✐❝ ✜❡❧❞ ✇❤✐❝❤ ❤❛s ❛ ♠✉❝❤ str♦♥❣❡r ❡✛❡❝t

♦♥ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s✳ ❊s♣❡❝✐❛❧❧② t❤❡ l✲♠✐①✐♥❣ ✐s ✐♠♣♦rt❛♥t s✐♥❝❡ ✐t ❞r❛st✐❝❛❧❧② r❡❞✉❝❡s

t❤❡ ❡✛❡❝t✐✈❡ ❞✐♣♦❧❡ ♠❛tr✐① ❡❧❡♠❡♥t ♦❢ t❤❡ ✜♥❛❧ st❛t❡✳
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❋✐❣✉r❡ ✺✳✻✿ Pr❡✲❤❡❛t✐♥❣ ❝②❝❧❡ t♦ ♣r♦✈✐❞❡ ❛ st❡❛❞② str❡❛♠ ♦❢ ❘②❞❜❡r❣ ❛t♦♠s✳ ❆❢t❡r ❛ ✇❛r♠

✉♣ t✐♠❡ ♦❢ 360 s✱ t❤❡ ❝✉rr❡♥t t❤r♦✉❣❤ t❤❡ ❝❡s✐✉♠ ♦✈❡♥ ✐s r❡❞✉❝❡❞✳ ❆♥♦t❤❡r 30 s ❧❛t❡r✱ t❤❡ ✢✉①

♦❢ ❝❡s✐✉♠ ❛t♦♠s ❤❛s r❡❛❝❤❡❞ ❛ st❡❛❞② ✈❛❧✉❡✳ ❆t t❤✐s ♣♦✐♥t✱ t❤❡ ❧❛s❡rs ❛r❡ ✉♥❜❧♦❝❦❡❞✱ ♠❛r❦✐♥❣

t❤❡ st❛rt ♦❢ ❛♥ ❡①♣❡r✐♠❡♥t✳

❚❤❡s❡ ❝❛❧❝✉❧❛t✐♦♥s ❛♥❞ ♠❡❛s✉r❡♠❡♥ts s❤♦✇ t❤❛t ♦✉r ♥❡✇ ❧❛s❡r s②st❡♠ ♣r♦✈✐❞❡s

❛ s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r ❡①❝✐t❛t✐♦♥ ❡✣❝✐❡♥❝② t❤❛♥ t❤❡ ❝♦♣♣❡r ✈❛♣♦r ❧❛s❡r✳ ❉✉❡ t♦ t❤✐s

✐♠♣r♦✈❡♠❡♥t✱ ✇❡ ❛❝❤✐❡✈❡ ❛ ❧❛r❣❡r str❡❛♠ ♦❢ ❘②❞❜❡r❣ ❛t♦♠s ❛t ❛ ♠✉❝❤ ❧♦✇❡r ✉s❛❣❡

♦❢ ❝❡s✐✉♠✳ ❚❤✐s r❡❞✉❝❡s t❤❡ ❤❡❛t ❧♦❛❞ ♦♥ t❤❡ ❝r②♦❣❡♥✐❝ s②st❡♠ ❛♥❞ t❤❡ ❞❡♣♦s✐t ♦❢

❝❡s✐✉♠ ♦♥ t❤❡ ❝♦❧❧✐♠❛t✐♦♥ ❜❛✤❡s✳ ■♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ t❤❡ ❧❛r❣❡r ❝❡s✐✉♠ s♦✉r❝❡s✱

♦✉r ♥❡✇ ❧❛s❡r s②st❡♠ ❛❧❧♦✇s ♦♣❡r❛t✐♦♥ ♦❢ t❤❡ tr❛♣ ❢♦r ❛♥ ❡♥t✐r❡ ❆❉ ❜❡❛♠ r✉♥ ♦❢

s❡✈❡r❛❧ ♠♦♥t❤s ✇✐t❤♦✉t t❤❡ ♥❡❡❞ t♦ ✇❛r♠ ✉♣ t❤❡ ❛♣♣❛r❛t✉s ❛♥❞ ❜r❡❛❦ ✈❛❝✉✉♠ t♦

❡①❝❤❛♥❣❡ t❤❡ ❝❡s✐✉♠ s♦✉r❝❡✳

❚❤❡ s♦✉r❝❡ r❡q✉✐r❡s s❡✈❡r❛❧ ♠✐♥✉t❡s t♦ r❡❛❝❤ ❛♥ ❡q✉✐❧✐❜r✐✉♠ t❡♠♣❡r❛t✉r❡✳ ❉✉r✐♥❣

t❤✐s t✐♠❡✱ t❤❡ ♦✉t♣✉t ♦❢ ❈s ✐s s❧♦✇❧② ✐♥❝r❡❛s✐♥❣ t♦✇❛r❞s ❛ st❡❛❞② st❛t❡ ✈❛❧✉❡✳ ❚♦

r❡❞✉❝❡ t❤❡ ✇❛✐t✐♥❣ t✐♠❡ ✉♥t✐❧ ❛ ❝♦♥st❛♥t ✢✉① ♦❢ ❝❡s✐✉♠ ❛t♦♠s ✐s r❡❛❝❤❡❞✱ t❤❡ s♦✉r❝❡

✶✵✸
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✐s ♣r❡✲❤❡❛t❡❞ ❢♦r ❡❛❝❤ ❡①♣❡r✐♠❡♥t✳ ❋✐❣✉r❡ ✺✳✻ s❤♦✇s t❤❡ ✜❡❧❞ ✐♦♥✐③❛t✐♦♥ s✐❣♥❛❧ ❢♦r

s✉❝❤ ❛ ♣r❡✲❤❡❛t✐♥❣ ❝②❝❧❡✳ ❯s✉❛❧❧② t❤❡ ❣r❡❡♥ ❧❛s❡r ✐s ❜❧♦❝❦❡❞ ❞✉r✐♥❣ t❤❡ ✇❛r♠ ✉♣ t♦

❛❝❤✐❡✈❡ ✇❡❧❧✲❞❡✜♥❡❞ st❛rt✐♥❣ ♣♦✐♥ts ❢♦r ❡❛❝❤ r✉♥✳ ❚❤❡ ♣r❡✲❤❡❛t✐♥❣ ❝✉rr❡♥t ✐s ❝❤♦s❡♥

0.25− 0.3A ❤✐❣❤❡r t❤❛♥ t❤❡ st❡❛❞② st❛t❡ ✈❛❧✉❡ ♦❢ 4.2− 4.8A✳ ❆❢t❡r 360 s ✇❛r♠✲✉♣

t✐♠❡✱ t❤❡ ❝✉rr❡♥t ✐s r❡❞✉❝❡❞ ❛♥❞ ❛♥♦t❤❡r 30 s ❧❛t❡r✱ t❤❡ ✢✉① ♦❢ ❘②❞❜❡r❣ ❝❡s✐✉♠ ❛t♦♠s

❤❛s r❡❛❝❤❡❞ ❛ ❝♦♥st❛♥t ❧❡✈❡❧✳ ❆t t❤✐s ♣♦✐♥t✱ t❤❡ ❣r❡❡♥ ❧❛s❡r ✐s ✉♥❜❧♦❝❦❡❞ ♠❛r❦✐♥❣

t❤❡ st❛rt ♦❢ ❛♥ ❡①♣❡r✐♠❡♥t✳ ❖♥❝❡ t❤❡ ♦✈❡♥ ✐s t✉r♥❡❞ ♦✛✱ t❤❡ str❡❛♠ ♦❢ ❝❡s✐✉♠ ❛t♦♠s

st♦♣s ❛❧♠♦st ✐♥st❛♥t❧②✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s t✇♦ ❝✉r✈❡s✱ ♦♥❡ ❢♦r t❤❡ ✷✵✶✵ ❜❡❛♠ r✉♥ ❛♥❞

♦♥❡ ❢r♦♠ t❤❡ ✷✵✶✶ ❜❡❛♠ r✉♥✳ ❚❤❡ ❝✉rr❡♥t t❤r♦✉❣❤ t❤❡ ❝❡s✐✉♠ ♦✈❡♥ ❞✐✛❡rs ❜② ❛❜♦✉t

0.25A ✐♥ t❤❡ t✇♦ ❝❛s❡s✱ ❜✉t ✇❡ ❛r❡ ❛❜❧❡ t♦ r❡♣r♦❞✉❝❡ ❛♥ ✐❞❡♥t✐❝❛❧ ✢✉① ♦❢ ❘②❞❜❡r❣

❝❡s✐✉♠ ❛t♦♠s ❢r♦♠ ♦♥❡ ②❡❛r t♦ ❛♥♦t❤❡r✳
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❈❤❛♣t❡r ✻

❈❤❛r❣❡✲❊①❝❤❛♥❣❡ ❊①♣❡r✐♠❡♥ts

❈❤❛♣t❡rs ✸ ❛♥❞ ✹ ❞❡s❝r✐❜❡❞ t❤❡ ❆❚❘❆P ❛♣♣❛r❛t✉s ❛♥❞ t❤❡ ❧❛s❡r s②st❡♠✳ ▲❛s❡r

❡①❝✐t❛t✐♦♥ ♦❢ ❝❡s✐✉♠ ❛t♦♠s t♦ ❤✐❣❤ n ❘②❞❜❡r❣ st❛t❡s ✐♥ str♦♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✇❛s

t❤❡ s✉❜❥❡❝t ♦❢ ❝❤❛♣t❡r ✺✳ ❙♦ ✇✐t❤ t❤❡ t♦♦❧s ❛♥❞ ♠❡t❤♦❞s ❝♦✈❡r❡❞✱ t❤✐s ❝❤❛♣t❡r

❝♦♥t❛✐♥s ♦✉r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥ts✳ ■t st❛rts ✐♥ s❡❝t✐♦♥ ✻✳✶ ✇✐t❤ ❛ ❜r✐❡❢

❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ r❡q✉✐r❡❞ t❡❝❤♥✐q✉❡s t♦ ❧♦❛❞ ❛♥❞ ♠❡❛s✉r❡ t❤❡ ❧❛r❣❡ ❛♥t✐♠❛tt❡r

♣❧❛s♠❛s ✇❡ ✉s❡ ❢♦r t❤❡s❡ ❡①♣❡r✐♠❡♥ts✳

❈❤❛♣t❡r ✺ s❤♦✇❡❞ ❧❛s❡r ❡①❝✐t❛t✐♦♥ t♦ ✈❛r✐♦✉s ❤✐❣❤✲n st❛t❡s✱ ❤♦✇❡✈❡r ✐t ✐s ♥♦t

♦❜✈✐♦✉s ✇❤✐❝❤ ♦❢ t❤❡s❡ st❛t❡s ✐s ♠♦st s✉✐t❡❞ ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥✲

t✐❤②❞r♦❣❡♥✳ ❖✉r ♥❡✇ t✉♥❛❜❧❡ ❧❛s❡r ❛❧❧♦✇s s❡❧❡❝t✐♦♥ ♦❢ ❛♥ ♦♣t✐♠✐③❡❞ ❘②❞❜❡r❣ st❛t❡

❛♥❞ t❤❡ ♥❡❝❡ss❛r② ❝♦♥s✐❞❡r❛t✐♦♥s ❛r❡ s✉❜❥❡❝t ♦❢ s❡❝t✐♦♥ ✻✳✷✳

❲✐t❤ ❛❧❧ t❤❡ ♣r❡r❡q✉✐s✐t❡s ❛tt❡♥❞❡❞ t♦✱ s❡❝t✐♦♥ ✻✳✸ ❞❡s❝r✐❜❡s ❡①♣❡r✐♠❡♥ts t♦ ✐♥✲

✈❡st✐❣❛t❡ t❤❡ ✜rst ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ r❡❛❝t✐♦♥✱ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ♣♦s✐tr♦♥✐✉♠✳ ❚❤❡

✜♥❛❧ st❡♣✱ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥✱ ✐s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✹✳
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✻✳✶ P❛rt✐❝❧❡ ▲♦❛❞✐♥❣ ❛♥❞ ❈♦✉♥t✐♥❣

❙❡❝t✐♦♥ ✸✳✶ ❞❡s❝r✐❜❡❞ ♦✉r s♦✉r❝❡s ❢♦r ❝❤❛r❣❡❞ ❛♥t✐♠❛tt❡r ♣❛rt✐❝❧❡s✱ ❈❊❘◆✬s ❆♥✲

t✐♣r♦t♦♥ ❉❡❝❡❧❡r❛t♦r ❛♥❞ t❤❡ ❨♦r❦ ♣♦s✐tr♦♥ ❛❝❝✉♠✉❧❛t♦r✳ ❚❤❡② ❡❥❡❝t ❜✉♥❝❤❡s ♦❢

❛♥t✐♣r♦t♦♥s ❛♥❞ ♣♦s✐tr♦♥s ❛❜♦✉t ❡✈❡r② 100 s ❛♥❞ 30 s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣

s❡❝t✐♦♥ ❞❡s❝r✐❜❡s ❤♦✇ t❤❡s❡ ❜✉♥❝❤❡s ❛r❡ ❝❛✉❣❤t ✐♥ ♦✉r P❡♥♥✐♥❣ tr❛♣✳ ▼✉❧t✐♣❧❡ s❤♦ts

❛r❡ ❛❝❝✉♠✉❧❛t❡❞ t♦ ❧♦❛❞ ❧❛r❣❡ ♣❧❛s♠❛s ♦❢ s❡✈❡r❛❧ 106 ❛♥t✐♣r♦t♦♥s ❛♥❞ ✉♣ t♦ 4 · 109

♣♦s✐tr♦♥s✳ ■♥ ❛❞❞✐t✐♦♥ t♦ ❛♥t✐♠❛tt❡r ♣❛rt✐❝❧❡s✱ ❡❧❡❝tr♦♥s ❛r❡ ✉s❡❞ ❢♦r ❞✐❛❣♥♦st✐❝s ❛♥❞

❝♦♦❧✐♥❣ ♦❢ ❛♥t✐♣r♦t♦♥s ❛♥❞ ♣♦s✐tr♦♥s✳ ❚❤❡② ❛r❡ ❧✐❜❡r❛t❡❞ ❜② ♣❤♦t♦✲❡♠✐ss✐♦♥ ❢r♦♠

❯❱ ❧❛s❡r ♣✉❧s❡s ✇✐t❤✐♥ t❤❡ tr❛♣✳ ❚❤❡ ✜♥❛❧ ♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥s ❛tt❡♥❞s t♦ t❤❡ t✇♦

♠❡t❤♦❞s ✉s❡❞ t♦ ❝♦✉♥t t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ ♦✉r ♣❧❛s♠❛s✳

✻✳✶✳✶ ❊❧❡❝tr♦♥s

❆❧t❤♦✉❣❤ ♦✉r ❡①♣❡r✐♠❡♥ts ❛r❡ ❝♦♥❞✉❝t❡❞ ✇✐t❤ ❛♥t✐♠❛tt❡r ♣❛rt✐❝❧❡s✱ ❡❧❡❝tr♦♥s ❛r❡

r❡q✉✐r❡❞ ❢♦r t✇♦ r❡❛s♦♥s✿ ❚❤❡② ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❣r❡❛t❡r ♥✉♠❜❡rs✱ ❛t ❤✐❣❤❡r r❛t❡s

❛♥❞ ❛t ♠✉❝❤ ❧❡ss ❝♦st ♣❡r ♣❛rt✐❝❧❡ t❤❛♥ ♣♦s✐tr♦♥s ♦r ❛♥t✐♣r♦t♦♥s✳ ❙♦ ♠❛♥② ♦❢ t❤❡

t❡❝❤♥✐q✉❡s t♦ ❜❡ ✉s❡❞ ✇✐t❤ ❛♥t✐♠❛tt❡r ♣❛rt✐❝❧❡s ❛r❡ ✜rst t❡st❡❞ ✇✐t❤ ❡❧❡❝tr♦♥s✳

❊❧❡❝tr♦♥s ❛r❡ ❛❧s♦ ❡ss❡♥t✐❛❧ t♦ ❝♦♦❧ ❛♥t✐♣r♦t♦♥s✳ ❚❤❡ 5.3MeV p̄ ❛rr✐✈✐♥❣ ❢r♦♠

t❤❡ ❆❉ ❛r❡ s❧♦✇❡❞ ❞♦✇♥ ❜② ❛ ❣❛s✲✜❧❧❡❞ t✉♥✐♥❣ ❝❡❧❧ ❛♥❞ t❤❡ ❞❡❣r❛❞❡r ❢♦✐❧ ✭s❡❝t✐♦♥

✸✳✸✳✶✮ t♦ ❡♥❡r❣✐❡s ♦❢ ❛ ❢❡✇ ❦❡❱✳ ❚❤❡ ❡❧❡❝tr♦❞❡ ❍❱ ❛♥❞ t❤❡ ❞❡❣r❛❞❡r ❉❊● ❝❛♥ ❜♦t❤

❜❡ ❜✐❛s❡❞ t♦ −5 kV✱ s♦ t❤❡② ❝❛♥ ❝♦♥✜♥❡ ❦❡❱ p̄ ✐♥ t❤❡ P❡♥♥✐♥❣ tr❛♣✳ ❍♦✇❡✈❡r✱ t❤✐s

❡♥❡r❣② ✐s st✐❧❧ ❢❛r t♦♦ ❤✐❣❤ ❢♦r ♣r♦❞✉❝t✐♦♥ ♦❢ ❝♦❧❞ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ✇❤✐❝❤ r❡q✉✐r❡s

❛♥t✐♣r♦t♦♥s ✇✐t❤ ❡♥❡r❣✐❡s ❜❡❧♦✇ 1meV✳

❈❤❛r❣❡❞ ♣❛rt✐❝❧❡s ❝✐r❝✉❧❛t✐♥❣ ✐♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♥st❛♥t❧② ❝♦♦❧ ❜② s②♥❝❤r♦tr♦♥

r❛❞✐❛t✐♦♥✳ ❚❤❡ ❡♥❡r❣② r❛❞✐❛t❡❞ ❜② ❛♥ ❛❝❝❡❧❡r❛t❡❞ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ✐s ❣✐✈❡♥ ❜② t❤❡
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▲❛r♠♦r ❢♦r♠✉❧❛ ✭ ❬✾✽❪✱ ❝❤❛♣t❡r ✶✶✮✿

dE

dt
= − q2

6π ǫ0 c3
|~̈r|2 . ✭✻✳✶✮

■♥ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ ❛ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ ✐s s✉❜❥❡❝t t♦ t❤❡ ▲♦r❡♥t③ ❢♦r❝❡

~FL = m~̈r = q~̇r × ~B . ✭✻✳✷✮

❙✉❜st✐t✉t✐♥❣ ❡q✉❛t✐♦♥ ✭✻✳✷✮ ✐♥t♦ ✭✻✳✶✮ ✇✐t❤ ~̇r = vφφ̂ ❛♥❞ t❤❡ ❝②❝❧♦tr♦♥ ❡♥❡r❣②

E = 1
2
mv2φ ❧❡❛❞s t♦✿

dE

dt
= − E

τD
. ✭✻✳✸✮

❚❤❡ s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✻✳✸✮ ✐s ❛ s✐♠♣❧❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ t❤❡ ❢♦r♠

E(t) = E0e
−t/τD , ✭✻✳✹✮

✇✐t❤ t❤❡ ❞❛♠♣✐♥❣ t✐♠❡

τD =
3πǫ0c

3m3

q4B2
. ✭✻✳✺✮

❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ t❤❡ ❛♥t✐♣r♦t♦♥ ❝❛t❝❤✐♥❣ r❡❣✐♦♥ ✐s ❧♦❝❛❧❧② r❛✐s❡❞ ❜② ❛ ✜❡❧❞✲

❜♦♦st✐♥❣ s♦❧❡♥♦✐❞ t♦ 3.7T✳ ❚❤❡ ❞❛♠♣❡♥✐♥❣ t✐♠❡ ✭✻✳✺✮ ❢♦r ❛♥ ❛♥t✐♣r♦t♦♥ ✐♥ t❤✐s ✜❡❧❞

✐s τD(p̄) = 1.2 · 109 s ≃ 37 years✳ ❙♦ ♦♥ t❤❡✐r ♦✇♥ ❛❝❝♦✉♥t✱ t❤❡ p̄ ✇✐❧❧ ♥❡❡❞ ❢❛r t♦♦

❧♦♥❣ t♦ ❝♦♦❧✳ ❚❤❡ t✐♠❡ ❝♦♥st❛♥t ❢♦r t❤❡ ❡♥❡r❣② ❧♦ss ❢r♦♠ s②♥❝❤r♦tr♦♥ r❛❞✐❛t✐♦♥ s❝❛❧❡s

✇✐t❤ m3✱ s♦ ❛♥ ❡❧❡❝tr♦♥ ❝♦♦❧s ❜② ❛ ❢❛❝t♦r 18363 = 6.2 · 109 t✐♠❡s ❢❛st❡r ✇❤✐❝❤ ❣✐✈❡s

τD(e
−) = 0.19 s✳ ❙✐♥❝❡ e− ❛♥❞ p̄ ❤❛✈❡ ✐❞❡♥t✐❝❛❧ ❝❤❛r❣❡✱ t❤❡② ❝❛♥ ❜❡ ❝♦♥✜♥❡❞ ✐♥ t❤❡

s❛♠❡ ♣♦t❡♥t✐❛❧ ✇❡❧❧✳ ❚❤❡ ❛♥t✐♣r♦t♦♥s tr❛♥s❢❡r ❡♥❡r❣② t♦ t❤❡ ❡❧❡❝tr♦♥s ❜② ❝♦❧❧✐s✐♦♥s✱

✇❤✐❝❤ t❤❡♥ q✉✐❝❦❧② ❧♦♦s❡ ✐t ✈✐❛ s②♥❝❤r♦tr♦♥ r❛❞✐❛t✐♦♥✳ ❚❤❡ ❛♥t✐♣r♦t♦♥s t❤❡r♠❛❧✐③❡

✇✐t❤ t❤❡ ❡❧❡❝tr♦♥s ♦♥ ❛ ❢❛st t✐♠❡ s❝❛❧❡✱ s♦ t❤❡ t✐♠❡ ❝♦♥st❛♥t ❢♦r ❡❧❡❝tr♦♥ ❝♦♦❧✐♥❣ ✐s

❞♦♠✐♥❛t❡❞ ❜② t❤❡ t✐♠❡ ✐t t❛❦❡s t❤❡ ❡❧❡❝tr♦♥s t♦ r❛❞✐❛t❡ ❡♥❡r❣②✳ ❊❧❡❝tr♦♥ ❝♦♦❧✐♥❣
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✐s ❛ ✈✐t❛❧ t❡❝❤♥✐q✉❡ t♦ ♦❜t❛✐♥ ❝♦❧❞ ❛♥t✐♣r♦t♦♥s✳ ■t ✐s ❞✐s❝✉ss❡❞ ✐♥ ❬✶✶✼❪ ❛♥❞ ✇❛s

✜rst ❞❡♠♦♥str❛t❡❞ ✐♥ ❬✻✶❪✳ ■t ✐s ♥♦✇ ✇✐❞❡❧② ✉s❡❞✱ ❛❧s♦ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ♦t❤❡r

t❡❝❤♥✐q✉❡s ❧✐❦❡ ❛❞✐❛❜❛t✐❝ ❝♦♦❧✐♥❣ ❬✻✹❪✳ ■♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r✱ ❛ ❝❧♦✉❞ ♦❢ ❡❧❡❝tr♦♥s ❝❛♥

❛❧s♦ ❜❡ ✉s❡❞ t♦ ✐♥❝r❡❛s❡ t❤❡ ❝♦♦❧✐♥❣ r❛t❡ ♦❢ ♣♦s✐tr♦♥s ❞✉r✐♥❣ ❧♦❛❞✐♥❣ ❛♥❞ st❛❝❦✐♥❣

✭s❡❝t✐♦♥ ✻✳✶✳✷✮✳

❊❧❡❝tr♦♥s ❛r❡ ❧✐❜❡r❛t❡❞ ❢r♦♠ t❤❡ ❇❡ ❞❡❣r❛❞❡r ❢♦✐❧ ❛t t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ P❡♥♥✐♥❣

tr❛♣ ❜② ♣❤♦t♦ ❡♠✐ss✐♦♥ ❢r♦♠ ❯❱ ❧❛s❡r ♣✉❧s❡s ❬✾✺❪✳ ❚❤❡ ❧❛s❡r ❧✐❣❤t ✐s ❣❡♥❡r❛t❡❞

❜② ❛ ❑r❋ ❡①❝✐♠❡r ❧❛s❡r ✭●❆▼ ▲❛s❡rs ❊❳✺✮✳ ■t ❡♠✐ts ♣✉❧s❡s ♦❢ 10 ns ❞✉r❛t✐♦♥ ✇✐t❤

❡♥❡r❣✐❡s ♦❢ 20mJ ❛♥❞ ❛ ✇❛✈❡❧❡♥❣t❤ ♦❢ 248 nm✳ ■ts ♠❛①✐♠✉♠ r❡♣❡t✐t✐♦♥ r❛t❡ ✐s 1 kHz✱

❜✉t ❢♦r ❡❧❡❝tr♦♥ ❧♦❛❞✐♥❣ ✐t ✐s ♦♣❡r❛t❡❞ ❛t ❛ ♠✉❝❤ ❧♦✇❡r r❛t❡ ♦❢ 1Hz t♦ ❛❧❧♦✇ tr❛♣♣✐♥❣

❛♥❞ ❝♦♦❧✐♥❣ ♦❢ ❡❧❡❝tr♦♥s ❜❡t✇❡❡♥ s✉❜s❡q✉❡♥t ♣✉❧s❡s✳ ❚❤❡ ❧❛s❡r ✐s ❧♦❝❛t❡❞ ♥❡❛r t❤❡

t♦♣ ❤❛t ♦❢ t❤❡ P❡♥♥✐♥❣✲■♦✛❡ tr❛♣✱ ♦✉ts✐❞❡ ♦❢ t❤❡ ✈❛❝✉✉♠ s♣❛❝❡ ✭✜❣✉r❡ ✸✳✽✮✳ ❋♦✉r

♠✐rr♦rs ❛❧❧♦✇ ❛❧✐❣♥♠❡♥t ♦❢ t❤❡ ❜❡❛♠ ✇❤✐❝❤ t❤❡♥ ❡♥t❡rs t❤❡ ❛♣♣❛r❛t✉s t❤r♦✉❣❤ ❛

✇✐♥❞♦✇ ✐♥ ❛ r♦♦♠✲t❡♠♣❡r❛t✉r❡ s❡❝t✐♦♥ ❛❜♦✈❡ t❤❡ t♦♣✲❤❛t✳ ■♥s✐❞❡ t❤❡ ✈❛❝✉✉♠ s♣❛❝❡✱

✐t ✐s ❞✐r❡❝t❡❞ ❞♦✇♥✇❛r❞ ❛❧♦♥❣ t❤❡ tr❛♣ ❛①✐s ❜② ❛ 45 ➦ ♠✐rr♦r✳ ❇❡❝❛✉s❡ ♣♦s✐tr♦♥s

❛r❡ ❛❧s♦ ❧♦❛❞❡❞ ❛❧♦♥❣ t❤❡ s❛♠❡ ♣❛t❤✱ t❤❡ ♠✐rr♦r ✐s ♠♦✉♥t❡❞ ♦♥ ❛ ♠♦t♦r✐③❡❞ st❛❣❡

✇❤✐❝❤ ✐s r❡tr❛❝t❡❞ ❢♦r e+ ❧♦❛❞✐♥❣✳ ❚❤❡ ❧❛s❡r ♣✉❧s❡s tr❛✈❡❧ ❞♦✇♥✇❛r❞s ❢♦r ❛ ❞✐st❛♥❝❡

♦❢ ♠♦r❡ t❤❛♥ 2m ❜❡❢♦r❡ t❤❡② ❤✐t t❤❡ ❇❡ ❞❡❣r❛❞❡r ❢♦✐❧✳ ❚❤❡ ✇♦r❦ ❢✉♥❝t✐♦♥ ♦❢ ✈❛❝✉✉♠

❞❡♣♦s✐t❡❞ ❜❡r②❧❧✐✉♠ ✐s 5.08 eV✱ s❧✐❣❤t❧② ❤✐❣❤❡r t❤❛♥ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ❯❱ ♣❤♦t♦♥s

♦❢ E = hc/λ = 5 eV✳ ❍♦✇❡✈❡r✱ ♦♥❝❡ ❜❡r②❧❧✐✉♠ ❤❛s ❜❡❡♥ ❡①♣♦s❡❞ t♦ ♦①②❣❡♥✱ ✐ts

✇♦r❦ ❢✉♥❝t✐♦♥ r❡❞✉❝❡s t♦ 3.6 eV✱ ✇❤✐❝❤ ❡♥❛❜❧❡s t❤❡ ❯❱ ♣❤♦t♦♥s t♦ ❧✐❜❡r❛t❡ ♣❤♦t♦

❡❧❡❝tr♦♥s ❢r♦♠ t❤❡ ❞❡❣r❛❞❡r ❢♦✐❧ ❬✹✹❪✳

❚♦ ❝❛t❝❤ t❤❡ e−✱ t❤❡ ♣♦t❡♥t✐❛❧ str✉❝t✉r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✶ ✐s ❛♣♣❧✐❡❞ t♦ t❤❡

❡❧❡❝tr♦❞❡s ✐♥ t❤❡ ❧♦✇❡r st❛❝❦✳ ❚❤❡ ❡❧❡❝tr♦♥s ❛r❡ ❛❝❝❡❧❡r❛t❡❞ ❛✇❛② ❢r♦♠ t❤❡ ❞❡❣r❛❞❡r

❜② ❛ ♣♦s✐t✐✈❡ ✈♦❧t❛❣❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❚❯❇❊ ❡❧❡❝tr♦❞❡✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ❜❛rr✐❡r ♦♥

▲❇❊✶ ✐s ♣✉❧s❡❞ ✉♣ s❤♦rt❧② ❛❢t❡r t❤❡ ❡①❝✐♠❡r ❧❛s❡r ✜r❡s✱ ❛❧❧♦✇✐♥❣ ❡❧❡❝tr♦♥s t♦ ♣❛ss✳
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❋✐❣✉r❡ ✻✳✶✿ ❆❝❝✉♠✉❧❛t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s✿ ❚❤❡ e− ❛r❡ ❧✐❜❡r❛t❡❞ ❢r♦♠ t❤❡ ❞❡❣r❛❞❡r ❢♦✐❧ ❜②

❯❱ ♣❤♦t♦♥s ❢r♦♠ ❛♥ ❡①❝✐♠❡r ❧❛s❡r✳ ❚❤❡ ♣♦t❡♥t✐❛❧ ✇❡❧❧ ♦♥ ▲❇❊✶ ✐s ♣✉❧s❡❞ ✉♣ ✭❞❛s❤❡❞ ❧✐♥❡✮✱

❛❧❧♦✇✐♥❣ t❤❡ e− t♦ ❡♥t❡r t❤❡ ♣♦t❡♥t✐❛❧ str✉❝t✉r❡ ❜❡t✇❡❡♥ ❡❧❡❝tr♦❞❡s ▲❚❊✹ ❛♥❞ ▲❇❊✶✳ ❖♥❝❡

tr❛♣♣❡❞ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❡❧❡❝tr♦❞❡s✱ t❤❡② ❧♦s❡ ❡♥❡r❣② ❜② s②♥❝❤r♦tr♦♥ r❛❞✐❛t✐♦♥ ❛♥❞ ❝♦♦❧ ✐♥t♦

t❤❡ ✇❡❧❧ ♦♥ ▲❚❊✸ ❜❡❢♦r❡ t❤❡ ♥❡①t ❧❛s❡r ♣✉❧s❡ ❛rr✐✈❡s✳

❖♥❝❡ t❤❡ ❜❛rr✐❡r ✐s r❡st♦r❡❞✱ t❤❡ e− ❛r❡ tr❛♣♣❡❞ ❜❡t✇❡❡♥ t❤❡ ❡❧❡❝tr♦❞❡s ▲❚❊✹ ❛♥❞

▲❇❊✶✳ ❚❤❡② q✉✐❝❦❧② ❧♦s❡ ❡♥❡r❣② ❜② s②♥❝❤r♦tr♦♥ r❛❞✐❛t✐♦♥ ❛♥❞ ❝♦♦❧ ✐♥t♦ t❤❡ 80V

❞❡❡♣ ✇❡❧❧ ♦♥ ▲❚❊✸✳ ❚❤❡ ❡①❝✐♠❡r ❧❛s❡r ✐s ✜r❡❞ ♦♥❝❡ ♣❡r s❡❝♦♥❞✳ ❇② t❤✐s t✐♠❡✱ t❤❡

❡❧❡❝tr♦♥s ❛r❡ ❞❡❡♣❧② ❝♦♥✜♥❡❞ ✇✐t❤✐♥ t❤❡ ✇❡❧❧ s♦ t❤❛t t❤❡② ❝❛♥♥♦t ❡s❝❛♣❡ ✇❤❡♥ t❤❡

❜❛rr✐❡r ✐s ♣✉❧s❡❞ ✉♣ ❛❣❛✐♥ t♦ ❧❡t t❤❡ ♥❡①t ❜✉♥❝❤ ✐♥✳ ■♥ t❤✐s ♠❛♥♥❡r✱ ❧❛r❣❡ ♥✉♠❜❡rs

♦❢ ❡❧❡❝tr♦♥s ❢r♦♠ s✉❜s❡q✉❡♥t ❧❛s❡r ♣✉❧s❡s ❛r❡ ❛❝❝✉♠✉❧❛t❡❞✳ ❖♥ ❛✈❡r❛❣❡✱ s❡✈❡r❛❧ 108

e− ❛r❡ ❧♦❛❞❡❞ ✇✐t❤✐♥ 30 s✳ ❲❤❡♥ t❤❡ ❡❧❡❝tr♦♥s ❢❛❧❧ ✐♥t♦ ❛ ❞❡❡♣ ♣♦t❡♥t✐❛❧ ✇❡❧❧✱ t❤❡②

❣❛✐♥ ❦✐♥❡t✐❝ ❡♥❡r❣② ✇❤✐❝❤ t❤❡② ❤❛✈❡ t♦ r❛❞✐❛t❡ ❛✇❛② ❛❣❛✐♥✳ ❚♦ r❡❞✉❝❡ t❤❡ ❝♦♦❧✐♥❣
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t✐♠❡✱ t❤❡ ✇❡❧❧ ❞❡♣t❤ ♦♥ ▲❚❊✸ ✐s ✐♥✐t✐❛❧❧② s❡t t♦ 1V ❛♥❞ ❛❢t❡r ❡❛❝❤ ❧❛s❡r ♣✉❧s❡✱ ✐t ✐s

✐♥❝r❡❛s❡❞ ❜② 1V✳

✻✳✶✳✷ P♦s✐tr♦♥s

❇✉♥❝❤❡s ♦❢ 107 ♣♦s✐tr♦♥s ❛r❡ ❡❥❡❝t❡❞ ❢r♦♠ t❤❡ ♣♦s✐tr♦♥ ❛❝❝✉♠✉❧❛t♦r t❤r❡❡ t✐♠❡s ♣❡r

❆❉ ❝②❝❧❡ ♦r ❛❜♦✉t ❡✈❡r② 30 s ✭s❡❡ s❡❝t✐♦♥ ✸✳✶✳✷✮✳ ❚❤❡② ❛r❡ ❣✉✐❞❡❞ ✐♥t♦ ♦✉r P❡♥♥✐♥❣

tr❛♣ ✈✐❛ ❛ s❡✈❡r❛❧ ♠❡t❡r ❧♦♥❣ tr❛♥s❢❡r ❧✐♥❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✸✳✶✳ ❚❤❡ tr❛♥s❢❡r ❧✐♥❡ ❛♥❞

st❡❡r✐♥❣ ♦❢ t❤❡ e+ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❬✸✸❪✳ ❚❤❡ ♣♦s✐tr♦♥ ❜✉♥❝❤❡s ❛r❡ ❝❛✉❣❤t

❛♥❞ ❛❝❝✉♠✉❧❛t❡❞ ✐♥ t❤❡ P❡♥♥✐♥❣ tr❛♣ ✉s✐♥❣ t❤❡ ❧♦♥❣ ❝❛t❝❤✐♥❣ ✇❡❧❧ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡

✻✳✷✳ ❖♥ ❛rr✐✈❛❧ ♦❢ ❛ e+ ❜✉♥❝❤✱ t❤❡ ♣♦t❡♥t✐❛❧ ❜❛rr✐❡r ♦♥ ❡❧❡❝tr♦❞❡ ❯❚❊✶ ✐s ♣✉❧s❡❞

❞♦✇♥ t♦ ❧❡t t❤❡ e+ ❡♥t❡r ✭❞❛s❤❡❞ ❧✐♥❡ ✐♥ ✜❣✉r❡ ✻✳✷✮✳ ❚❤❡ ❜❛rr✐❡r ✐s r❡st♦r❡❞ ❜❡❢♦r❡

❛♥② ♦❢ t❤❡ e+ r❡✢❡❝t❡❞ ❢r♦♠ ❯❇❘✹ ❝❛♥ ❧❡❛✈❡ ❛❣❛✐♥✳ ❚❤❡ ♣♦s✐tr♦♥s ❛r❡ ❡❥❡❝t❡❞ ❢r♦♠

t❤❡ ❛❝❝✉♠✉❧❛t♦r ✇✐t❤ ❛ ♣✉❧s❡ ♦❢ 63V✳ ❚❤❡② ❧♦s❡ ♠♦st ♦❢ t❤❡✐r ❦✐♥❡t✐❝ ❡♥❡r❣② ❜②

❝❧✐♠❜✐♥❣ t❤❡ 58V ♣♦t❡♥t✐❛❧ ♣❧❛t❡❛✉ ❜❡t✇❡❡♥ ❯❚❘✶✺ ❛♥❞ ❯❇❘✷✳ ❚♦ s❤♦rt❡♥ t❤❡ e+

❝♦♦❧✐♥❣ t✐♠❡✱ ❡❧❡❝tr♦♥s ❛r❡ ♣r❡✲❧♦❛❞❡❞ ❛♥❞ st♦r❡❞ ✐♥ ❛ ♥❡st❡❞ ✇❡❧❧ ♣♦t❡♥t✐❛❧ ❝❡♥t❡r❡❞

♦♥ ❯❚❘✽✳ ❚❤❡ ♣♦s✐tr♦♥s ❧♦s❡ ❡♥❡r❣② ❜② s✉❜s❡q✉❡♥t ❝♦❧❧✐s✐♦♥s ✇✐t❤ t❤❡ e− ❛♥❞

❝♦♦❧ ✐♥t♦ ♦♥❡ ♦❢ t❤❡ ❞❡❡♣ ✇❡❧❧s ♦♥ ❯❚❘✼ ❛♥❞ ❯❚❘❲ ❜❡❢♦r❡ t❤❡ ♥❡①t ❜✉♥❝❤ ♦❢ e+

❛rr✐✈❡s✳ ❙✐♥❝❡ t❤❡ ✐♥t❡r❛❝t✐♦♥ t✐♠❡ ✇✐t❤ t❤❡ ❡❧❡❝tr♦♥s ✐s s❤♦rt ❛♥❞ t❤❡ ♣♦s✐tr♦♥s ❝♦♦❧

✐♥t♦ s❡♣❛r❛t❡ ✇❡❧❧s✱ ❧♦ss❡s ❢r♦♠ ❛♥♥✐❤✐❧❛t✐♦♥ ❛r❡ ♥❡❣❧✐❣✐❜❧❡✳ ❯♣ t♦ 2 · 108 ♣♦s✐tr♦♥s

❛r❡ ❧♦❛❞❡❞ ❜❡❢♦r❡ t❤❡ tr❛♣♣✐♥❣ ❡✣❝✐❡♥❝② ❞❡❝r❡❛s❡s✳ ❆t t❤✐s ♣♦✐♥t✱ t❤❡ ❡❧❡❝tr♦♥s ❛r❡

❡❥❡❝t❡❞ ❜② ❧♦✇❡r✐♥❣ t❤❡ ✈♦❧t❛❣❡ ♦♥ ❡❧❡❝tr♦❞❡ ❯❚❘✽✳ ❚❤✐s ♠❡r❣❡s t❤❡ t✇♦ ♣♦s✐tr♦♥

✇❡❧❧s✳ ❙✐♥❝❡ t❤❡ e+ ❤❛✈❡ ❝♦♦❧❡❞ t♦ t❤❡ ❜♦tt♦♠ ♦❢ t❤❡✐r ✇❡❧❧s✱ ♥♦ ❧♦ss❡s ❛r❡ ♦❜s❡r✈❡❞

❛t t❤✐s st❛❣❡✳

❚❤❡ ♣♦s✐tr♦♥ ❝❧♦✉❞ ✐s t❤❡♥ ❝♦♠♣r❡ss❡❞ t♦ ❛ r❛❞✐✉s ♦❢ 2mm ❜② ❛ r♦t❛t✐♥❣ ✇❛❧❧

❞r✐✈❡ ✭s❡❝t✐♦♥ ✸✳✷✳✸✮ ❛♣♣❧✐❡❞ t♦ t❤❡ s❡❣♠❡♥t❡❞ ❡❧❡❝tr♦❞❡ ❯❚❘❲✳ ❚❤❡ ♣❧❛s♠❛ ✐s ♥♦✇
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❋✐❣✉r❡ ✻✳✷✿ P♦t❡♥t✐❛❧ str✉❝t✉r❡ ❢♦r ❧♦❛❞✐♥❣ ♣♦s✐tr♦♥s✳ ❖♥ ❛rr✐✈❛❧ ♦❢ ❛ e+ ❜✉♥❝❤✱ t❤❡ ❜❛rr✐❡r

♦♥ ❡❧❡❝tr♦❞❡ ❯❚❊✶ ✐s ♣✉❧s❡❞ ❞♦✇♥ ✭❞❛s❤❡❞ ❧✐♥❡✮✳ ❚❤❡ e+ ❧♦s❡ ❡♥❡r❣② ❜② ❝❧✐♠❜✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧

♣❧❛t❡❛✉ ❛♥❞ ❜② ❝♦❧❧✐s✐♦♥s ✇✐t❤ ♣r❡✲❧♦❛❞❡❞ ❡❧❡❝tr♦♥s✳ ❇② ♣❡r✐♦❞✐❝ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ r♦t❛t✐♥❣ ✇❛❧❧

❞r✐✈❡✱ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ✉♣ t♦ 4 · 109 ♣♦s✐tr♦♥s ✐s ♣♦ss✐❜❧❡✱ ♠❛♥② ♠♦r❡ t❤❛♥ ♥❡❡❞❡❞ ❢♦r ♦✉r

❡①♣❡r✐♠❡♥ts✳

❡✐t❤❡r ✉s❡❞ ❢♦r ❡①♣❡r✐♠❡♥ts ♦r t♦ ❝♦♦❧ ❛❞❞✐t✐♦♥❛❧ ❜✉♥❝❤❡s ♦❢ ♣♦s✐tr♦♥s t♦ ❛❝❝✉♠✉❧❛t❡

❡✈❡♥ ❧❛r❣❡r ♥✉♠❜❡rs✳ ❇② ❛♣♣❧②✐♥❣ ❛ r♦t❛t✐♥❣ ✇❛❧❧ ❞r✐✈❡ ❡✈❡r② ❤❛❧❢ ❤♦✉r t♦ ❝♦✉♥t❡r❛❝t

♣❧❛s♠❛ ❡①♣❛♥s✐♦♥✱ ✉♣ t♦ 4 · 109 ♣♦s✐tr♦♥s ❛r❡ ❧♦❛❞❡❞✳ ❚❤✐s ♥✉♠❜❡r ✐s ♠✉❝❤ ❧❛r❣❡r

t❤❛♥ ♥❡❡❞❡❞ ❢♦r ❛♥② ♦❢ ♦✉r ❡①♣❡r✐♠❡♥ts✳ ❋♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❞✉❝t✐♦♥ ♦❢ H̄✱ ✇❡

t②♣✐❝❛❧❧② ✉s❡ 3 ·108 e+ ♣❡r tr✐❛❧✳ ❯♥❧✐❦❡ ♣r❡✈✐♦✉s ❡①♣❡r✐♠❡♥ts ❬✶✷✷❪✱ ✇❡ ❛r❡ t❤❡r❡❢♦r❡

♥♦t ❧✐♠✐t❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ ♣♦s✐tr♦♥s ❛✈❛✐❧❛❜❧❡✳
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✻✳✶✳✸ ❆♥t✐♣r♦t♦♥s

❚❤❡ ❛♥t✐♣r♦t♦♥s ❡♥t❡r t❤❡ P❡♥♥✐♥❣ tr❛♣ ✇✐t❤ ❛♥ ❡♥❡r❣② ♦❢ 5.3MeV✱ 105 t✐♠❡s ♠♦r❡

t❤❛♥ t❤❡ ♣♦s✐tr♦♥s✳ ❚❤✐s r❡q✉✐r❡s ❛ ♠✉❧t✐✲st❛❣❡ ♣r♦❝❡ss ❢♦r p̄ ❧♦❛❞✐♥❣✱ st❛rt✐♥❣ ✇✐t❤

st❡❡r✐♥❣ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ❜❡❛♠ ✐♥t♦ t❤❡ tr❛♣ ❛♥❞ r❡❞✉❝✐♥❣ t❤❡ p̄ ❡♥❡r❣② ❜② t❤r❡❡

♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✳ ■♥s✐❞❡ t❤❡ tr❛♣✱ t❤❡ ❛♥t✐♣r♦t♦♥s ❛r❡ ❝❛✉❣❤t ✐♥ ❛ ❤✐❣❤✲✈♦❧t❛❣❡

♣♦t❡♥t✐❛❧ ✇❡❧❧ ❛♥❞ r❛♣✐❞❧② ❝♦♦❧❡❞ ❜② ❝♦❧❧✐s✐♦♥s ✇✐t❤ ❛ ♣r❡❧♦❛❞❡❞ ❡❧❡❝tr♦♥ ♣❧❛s♠❛✳

❆❢t❡r p̄ ❧♦❛❞✐♥❣✱ t❤❡ e− ♠✉st ❜❡ ❡❥❡❝t❡❞ s✐♥❝❡ t❤❡② ✇♦✉❧❞ str♦♥❣❧② ✐♥t❡r❢❡r❡ ✇✐t❤

❛♥t✐❤②❞r♦❣❡♥ ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ ❝❛t❝❤✐♥❣ ❡✣❝✐❡♥❝② ✐s ❣r❡❛t❧② ❡♥❤❛♥❝❡❞ ❜② t❤❡ ✜❡❧❞

❜♦♦st✐♥❣ s♦❧❡♥♦✐❞ t❤❛t ✐♥❝r❡❛s❡s t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ t❤❡ tr❛♣♣✐♥❣ r❡❣✐♦♥ ❞✉r✐♥❣ p̄

❧♦❛❞✐♥❣✳ ❚♦ ♣r❡✈❡♥t ❧♦ss❡s ❢r♦♠ ♣❧❛s♠❛ ❡①♣❛♥s✐♦♥✱ ❛ r♦t❛t✐♥❣ ✇❛❧❧ ❞r✐✈❡ ❝♦♠♣r❡ss❡s

t❤❡ r❛❞✐✉s ♦❢ t❤❡ p̄ ❝❧♦✉❞ ❜❡❢♦r❡ t❤❡ ✜❡❧❞ ❜♦♦st✐♥❣ s♦❧❡♥♦✐❞ ✐s r❛♠♣❡❞ ❞♦✇♥ ❛❣❛✐♥✳

❇❡❛♠ ❙t❡❡r✐♥❣

❆♥t✐♣r♦t♦♥s ❛r❡ ❡❥❡❝t❡❞ ❢r♦♠ ❈❊❘◆✬s ❆❉ ✐♥ ❜✉♥❝❤❡s ♦❢ 3 · 107 ♦♥❝❡ ❡✈❡r② ∼ 100 s✳

❚❤❡② ❛r❡ s❡♥t t❤r♦✉❣❤ ❛ ❜❡❛♠ ❧✐♥❡ ❛❧♦♥❣ t❤❡ ✢♦♦r ♦❢ t❤❡ ❆❉ ❤❛❧❧ ❛♥❞ ❜❡♥t ✉♣✇❛r❞s

✐♥t♦ t❤❡ P❡♥♥✐♥❣ tr❛♣ ❜② st❡❡r✐♥❣ ♠❛❣♥❡ts ✭s❡❡ ✜❣✉r❡ ✸✳✶✮✳ ❋♦r ❡✣❝✐❡♥t ❝❛t❝❤✐♥❣✱

t❤❡ p̄ ♠✉st ❡♥t❡r t❤❡ tr❛♣ ♦♥ ❛①✐s✳ ❍②st❡r❡s✐s ❡✛❡❝ts ✐♥ t❤❡ r♦♦♠ t❡♠♣❡r❛t✉r❡

❡❧❡❝tr♦✲♠❛❣♥❡ts ❛♥❞ t❤❡ ♥✉♠❡r♦✉s ♠❛❣♥❡t✐❝ ✜❡❧❞s ❢r♦♠ s❡✈❡r❛❧ ❡①♣❡r✐♠❡♥ts ✐♥ t❤❡

❆❉ ❤❛❧❧ r❡q✉✐r❡ ✜♥❡ t✉♥✐♥❣ ♦❢ t❤❡ ❝✉rr❡♥ts t❤r♦✉❣❤ t❤❡ st❡❡r✐♥❣ ♠❛❣♥❡ts ❛t t❤❡

❜❡❣✐♥♥✐♥❣ ♦❢ ❡❛❝❤ ❜❡❛♠ s❤✐❢t✳ ❚✇♦ ❞❡t❡❝t♦rs ❧♦❝❛t❡❞ ✉♥❞❡r♥❡❛t❤ t❤❡ P❡♥♥✐♥❣ tr❛♣

❛❧❧♦✇ ♠❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ✐♥❝✐❞❡♥t ❜❡❛♠✬s tr❛❥❡❝t♦r②✳ ❚❤❡ ❛♥t✐♣r♦t♦♥s ✜rst ♣❛ss

t❤r♦✉❣❤ ❛ s❡❣♠❡♥t❡❞ s✐❧✐❝♦♥ ❞❡t❡❝t♦r ❧♦❝❛t❡❞ ≃ 1m ❜❡❧♦✇ t❤❡ tr❛♣✳ ❚❤❡ ❜❡❛♠

✐s ❝❡♥t❡r❡❞ ♦♥ t❤✐s ❞❡t❡❝t♦r ❜② t✉♥✐♥❣ t❤❡ ❝✉rr❡♥ts t❤r♦✉❣❤ t❤❡ st❡❡r✐♥❣ ♠❛❣♥❡ts✳

❚❤❡ s✐❧✐❝♦♥ ❞❡t❡❝t♦r ✐s ♠♦✉♥t❡❞ ♦♥ ❛ r♦t❛t❛❜❧❡ ❝✉❜❡✳ ❚✉r♥✐♥❣ ✐t ❜② 90◦ ♠♦✈❡s t❤❡

❞❡t❡❝t♦r ♦✉t ♦❢ t❤❡ ♣❛t❤ ♦❢ t❤❡ ❜❡❛♠ ❛♥❞ ❧❡ts t❤❡ p̄ ♣❛ss ✐♥t♦ t❤❡ tr❛♣ t❤r♦✉❣❤ ❛♥
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❛♣❡rt✉r❡✳ ❚❤❡ s✐❧✐❝♦♥ ❞❡t❡❝t♦r ✐s ✉s❡❞ ❢♦r r♦✉❣❤ st❡❡r✐♥❣ ♦❢ t❤❡ ❛♥t✐♣r♦t♦♥ ❜❡❛♠✳

❋♦r ✜♥❡ t✉♥✐♥❣✱ ❛ ♣❛r❛❧❧❡❧ ♣❧❛t❡ ❛✈❛❧❛♥❝❤❡ ❝♦✉♥t❡r ✭PP❆❈✮ ✐s ✐♥st❛❧❧❡❞ ❥✉st ❜❡❧♦✇

t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ P❡♥♥✐♥❣ tr❛♣✳ ■t ❝♦♥s✐sts ♦❢ t✇♦ ❛♥♦❞❡s ❛♥❞ ❛ ❝♦♠♠♦♥ ❝❛t❤♦❞❡

♦r✐❡♥t❡❞ ✐♥ t❤❡ ♣❧❛♥❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❜❡❛♠✳ ❊❛❝❤ ❛♥♦❞❡ ❤❛s ✜✈❡ 2mm ✇✐❞❡

str✐♣s ♦❢ ❛❧✉♠✐♥✉♠ ❢♦✐❧ ❡✈❛♣♦r❛t❡❞ ♦♥ ▼②❧❛r✳ ❚❤❡② ❛r❡ s❡♣❛r❛t❡❞ ❜② 0.5mm✳ ❚❤❡

❝❛t❤♦❞❡ ✐s ♠❛❞❡ ♦❢ ❛❧✉♠✐♥✐③❡❞ ♠②❧❛r ❢♦✐❧✳ ❚❤❡ str✐♣s ♦❢ t❤❡ t✇♦ ❛♥♦❞❡s ❛r❡ ♦r✐❡♥t❡❞

✐♥ r✐❣❤t ❛♥❣❧❡✱ s♦ t❤❛t ♦♥❡ s❡r✈❡s ❛s ❞✐❛❣♥♦st✐❝ ❢♦r t❤❡ x ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ❢♦r t❤❡

y ❞✐r❡❝t✐♦♥✳ ❚❤❡ s♣❛❝❡ ❜❡t✇❡❡♥ t❤❡ ❛♥♦❞❡s ❛♥❞ ❝❛t❤♦❞❡s ✐s ✜❧❧❡❞ ✇✐t❤ ❛r❣♦♥ ❣❛s ❛t

❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✳ ❆♥t✐♣r♦t♦♥s ♣❛ss✐♥❣ t❤r♦✉❣❤ t❤❡ ❝❡❧❧ ✐♦♥✐③❡ ❣❛s ❛t♦♠s✳ ❚❤❡

❧✐❜❡r❛t❡❞ ❡❧❡❝tr♦♥s ❛r❡ ❛❝❝❡❧❡r❛t❡❞ t♦✇❛r❞s t❤❡ ❛♥♦❞❡s ❜② ✈♦❧t❛❣❡s ♦❢ 150V ❛♣♣❧✐❡❞

t♦ t❤❡ str✐♣s✳ ❚❤❡ ❞❡✈✐❝❡ ✐s ♦♣❡r❛t❡❞ ✐♥ ❧✐♥❡❛r ♠♦❞❡ s♦ t❤❛t t❤❡ ❝❤❛r❣❡ ❝♦❧❧❡❝t❡❞

❢r♦♠ ❡❛❝❤ str✐♣ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ p̄ t❤❛t ❤❛✈❡ ♣❛ss❡❞ t❤r♦✉❣❤ ✐t✳ ❚❤❡

PP❆❈ ❞❡t❡❝t♦r ❛❧❧♦✇s r❡❧✐❛❜❧❡ ✜♥❡ t✉♥✐♥❣ ♦❢ t❤❡ ❜❡❛♠ ♣♦s✐t✐♦♥ t♦ ❛❝❤✐❡✈❡ r❡♣❡❛t❛❜❧❡

❛♥t✐♣r♦t♦♥ ❝❛t❝❤✐♥❣ ❝♦♥❞✐t✐♦♥s ❢♦r ❡❛❝❤ ❜❡❛♠ s❤✐❢t✳

❘❡❞✉❝t✐♦♥ ♦❢ ❇❡❛♠ ❊♥❡r❣②

❚❤❡ ❆❉ ❞❡❝❡❧❡r❛t❡s t❤❡ ❛♥t✐♣r♦t♦♥s ❜② t❤r❡❡ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❢r♦♠ 3.6GeV

❞♦✇♥ t♦ ❛♥ ❡♥❡r❣② ♦❢ 5.3MeV✳ ❚❤✐s ✐s st✐❧❧ t♦♦ ❤✐❣❤ t♦ tr❛♣ t❤❡♠ ✇✐t❤ ❡❧❡❝tr♦st❛t✐❝

♣♦t❡♥t✐❛❧s✱ s♦ ❢✉rt❤❡r r❡❞✉❝t✐♦♥ ♦❢ t❤❡✐r ❡♥❡r❣② ✐s r❡q✉✐r❡❞✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ❛

❜❡r②❧❧✐✉♠ ❞❡❣r❛❞❡r ❢♦✐❧ ❛♥❞ ❛ ❣❛s ✜❧❧❡❞ ❡♥❡r❣② t✉♥✐♥❣ ❝❡❧❧ ❛r❡ ✐♥st❛❧❧❡❞ ✐♥ t❤❡ ❜❡❛♠

♣❛t❤✳ ❚❤❡ t✇♦ 10µm t❤✐❝❦ t✐t❛♥✐✉♠ ❢♦✐❧s t❤❛t s❡♣❛r❛t❡ t❤❡ P❡♥♥✐♥❣ tr❛♣✬s ✈❛❝✉✉♠

s♣❛❝❡ ❢r♦♠ t❤❛t ♦❢ t❤❡ ❆❉ ❛♥❞ t❤❡ t❤✐♥ ♠②❧❛r ❢♦✐❧s ♦❢ t❤❡ PP❆❈ ❛❧s♦ s❧♦✇ t❤❡

❛♥t✐♣r♦t♦♥s✱ ❜✉t ♠♦st ♦❢ t❤❡ p̄ ❡♥❡r❣② ✐s ❞❡♣♦s✐t❡❞ ✐♥ t❤❡ 100µm t❤✐❝❦ ❇❡ ❞❡❣r❛❞❡r✳

❚❤❡ ❣❛s t✉♥✐♥❣ ❝❡❧❧ ✐♥st❛❧❧❡❞ ❜❡t✇❡❡♥ t❤❡ PP❆❈ ❛♥❞ t❤❡ ❞❡❣r❛❞❡r ❛❧❧♦✇s ❛❝t✐✈❡

❝♦♥tr♦❧ ♦❢ t❤❡ p̄ ❡♥❡r❣② ❧♦ss✳ ■t ✐s ✜❧❧❡❞ ✇✐t❤ ❛ ✈❛r✐❛❜❧❡ ♠✐①t✉r❡ ♦❢ ❍❡ ❛♥❞ SF6✳ ❆
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❧❛r❣❡r ❢r❛❝t✐♦♥ ♦❢ SF6 ❝♦rr❡s♣♦♥❞s t♦ ❛ ❤✐❣❤❡r ❡♥❡r❣② ❧♦ss✳ ❯♥❞❡r t②♣✐❝❛❧ ♦♣❡r❛t✐♦♥

❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❆❉✱ t❤❡ p̄ ❝❛t❝❤✐♥❣ ❡✣❝✐❡♥❝② ✐s ❤✐❣❤❡st ✇✐t❤ ❛ ❣❛s ♠✐①t✉r❡ ♦❢

✭❜② ♥✉♠❜❡r✮ 80% ❍❡ ❛♥❞ 20% SF6✳ ❖♥❧② ❛❜♦✉t 0.5% ♦❢ t❤❡ ❛♥t✐♣r♦t♦♥s ♣❛ss✐♥❣

t❤r♦✉❣❤ t❤❡ ❣❛s ❝❡❧❧ ❛♥❞ t❤❡ ❢♦✐❧s ❡♠❡r❣❡ ✇✐t❤ ❛♥ ❡♥❡r❣② ❧♦✇ ❡♥♦✉❣❤ t♦ ❜❡ ❝❛✉❣❤t

❜② t❤❡ 5 keV ♣♦t❡♥t✐❛❧ ❜❛rr✐❡rs ✐♥ t❤❡ P❡♥♥✐♥❣ tr❛♣✳

■♥st❛❧❧❛t✐♦♥ ♦❢ t❤❡ ♥❡✇ ❊▲❊◆❆ r✐♥❣ ✇✐❧❧ s✐❣♥✐✜❝❛♥t❧② ✐♠♣r♦✈❡ t❤✐s s✐t✉❛t✐♦♥ ❬✶✵✽❪✳

❊▲❊◆❆ ✇✐❧❧ ❢✉rt❤❡r ❞❡❝❡❧❡r❛t❡ t❤❡ p̄ ❞♦✇♥ t♦ 100 keV s♦ t❤❛t t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡

❞❡❣r❛❞❡r ❢♦✐❧ ❝❛♥ ❜❡ r❡❞✉❝❡❞✱ ✐♠♣r♦✈✐♥❣ t❤❡ tr❛♣♣✐♥❣ ❡✣❝✐❡♥❝② ❜② ❛t ❧❡❛st ❛♥ ♦r❞❡r

♦❢ ♠❛❣♥✐t✉❞❡✳ ❘✐❣❤t ♥♦✇✱ ✇❡ ♥❡❡❞ ❛❜♦✉t ❛♥ ❤♦✉r ♦❢ ❜❡❛♠ t✐♠❡ t♦ ❛❝❝✉♠✉❧❛t❡ t❤❡

s❡✈❡r❛❧ 106 ❛♥t✐♣r♦t♦♥s ✇❡ ♥❡❡❞ ♣❡r ❡①♣❡r✐♠❡♥t✳ ❲✐t❤ ❛ ❤✐❣❤❡r tr❛♣♣✐♥❣ ❡✣❝✐❡♥❝②✱

t❤✐s t✐♠❡ ✇✐❧❧ ❜❡ ♠✉❝❤ s❤♦rt❡r✳

❈❛t❝❤✐♥❣ ❛♥❞ ❆❝❝✉♠✉❧❛t✐♦♥

❚r❛♣♣✐♥❣ ❛♥❞ ❛❝❝✉♠✉❧❛t✐♥❣ ❛♥t✐♣r♦t♦♥s ✐s ❞♦♥❡ ✐♥ ❛ s✐♠✐❧❛r ♠❛♥♥❡r ❛s ♣♦s✐tr♦♥

❧♦❛❞✐♥❣✳ ❚❤❡ s✐❣♥s ♦❢ t❤❡ ♣♦t❡♥t✐❛❧s ♠✉st ❜❡ ✐♥✈❡rt❡❞ ❛♥❞ ❧❛r❣❡r ❛♠♣❧✐t✉❞❡s ♦❢ t❤❡

❝♦♥✜♥✐♥❣ ❜❛rr✐❡rs ❛r❡ r❡q✉✐r❡❞ t♦ ❝❛t❝❤ t❤❡ ❛♥t✐♣r♦t♦♥s t❤❛t st✐❧❧ ❛rr✐✈❡ ✇✐t❤ ❡♥❡r❣✐❡s

♦❢ s❡✈❡r❛❧ ❦❡❱✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ t✇♦ ❡❧❡❝tr♦❞❡s✱ ❍❱ ❛♥❞ t❤❡ ❞❡❣r❛❞❡r ❢♦✐❧ ❉❊●✱

❝❛♥ ❜❡ ❜✐❛s❡❞ t♦ −5 keV✳ ❆s ♠❡♥t✐♦♥❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✶✳✶✱ ❛♥t✐♣r♦t♦♥s r❡q✉✐r❡ ❛ ✈❡r②

❧♦♥❣ t✐♠❡ t♦ ❧♦s❡ ❡♥❡r❣② ❜② s②♥❝❤r♦tr♦♥ r❛❞✐❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ ❝♦♦❧✐♥❣ ✇✐t❤ ❡❧❡❝tr♦♥s

✐s ❡ss❡♥t✐❛❧✳ ❆❜♦✉t 108 e− ❛r❡ ♣r❡✲❧♦❛❞❡❞✱ s♣✉♥ ✉♣ t♦ ❛ r❛❞✐✉s ♦❢ 6mm ❛♥❞ ♣❧❛❝❡❞

✐♥t♦ t❤❡ ♣♦t❡♥t✐❛❧ str✉❝t✉r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✸✳ ❲❤❡♥ ❛ p̄ s❤♦t ❛rr✐✈❡s ❢r♦♠ t❤❡

❆❉✱ t❤❡ ♣♦t❡♥t✐❛❧ ❜❛rr✐❡r ♦♥ t❤❡ ❞❡❣r❛❞❡r ❢♦✐❧ ❉❊● ✐s r❛✐s❡❞ ❢r♦♠ −5000V ✉♣ t♦

+600V ✭❞❛s❤❡❞ ❧✐♥❡✮ t♦ ❧❡t t❤❡ p̄ ✐♥✳ ❚❤❡ ❜❛rr✐❡r ✐s r❡st♦r❡❞ t♦ ✐ts ♥❡❣❛t✐✈❡ ✈❛❧✉❡

300 ns ❛❢t❡r t❤❡ p̄ ❛r❡ ❡❥❡❝t❡❞ ❢r♦♠ t❤❡ ❆❉✳ ❚❤✐s ♣r❡✈❡♥ts t❤❡ ❛♥t✐♣r♦t♦♥s r❡✢❡❝t❡❞

❢r♦♠ t❤❡ s❡❝♦♥❞ ❜❛rr✐❡r ♦♥ ❍❱ t♦ ❡s❝❛♣❡ ❛❣❛✐♥✳ ❖♥❝❡ ❝♦♥✜♥❡❞✱ t❤❡ p̄ ❧♦s❡ ❡♥❡r❣②
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❋✐❣✉r❡ ✻✳✸✿ P♦t❡♥t✐❛❧ str✉❝t✉r❡ ❢♦r tr❛♣♣✐♥❣ ❛♥❞ ❛❝❝✉♠✉❧❛t✐♥❣ ❛♥t✐♣r♦t♦♥s✳ ❚❤❡ ❡❧❡❝tr♦❞❡s

❍❱ ❛♥❞ ❉❊● ❛r❡ ❜✐❛s❡❞ t♦ −5 kV ❛♥❞ ❢♦r♠ ❛ ❝♦♥✜♥✐♥❣ ✇❡❧❧ ❢♦r ❤✐❣❤ ❡♥❡r❣② p̄✳ ❖♥ ❛rr✐✈❛❧ ♦❢

❛ p̄ ❜✉♥❝❤ ❢r♦♠ t❤❡ ❆❉✱ t❤❡ ❜❛rr✐❡r ♦♥ ❉❊● ✐s ♣✉❧s❡❞ ✉♣ t♦ ❧❡t t❤❡ p̄ ✐♥✳ ❖♥❝❡ tr❛♣♣❡❞✱ t❤❡ p̄

❧♦s❡ ❡♥❡r❣② ❜② ❝♦❧❧✐s✐♦♥s ✇✐t❤ ♣r❡✲❧♦❛❞❡❞ ❡❧❡❝tr♦♥s ❛♥❞ ❝♦♦❧ ✐♥t♦ t❤❡ e− ✇❡❧❧ ♦♥ ▲❚❊✸ ❜❡❢♦r❡

t❤❡ ♥❡①t s❤♦t ♦❢ ❛♥t✐♣r♦t♦♥ ❛rr✐✈❡s ❢r♦♠ t❤❡ ❆❉✳

❜② ❝♦❧❧✐s✐♦♥s ✇✐t❤ t❤❡ ❡❧❡❝tr♦♥s st♦r❡❞ ♦♥ ❡❧❡❝tr♦❞❡ ▲❚❊✸ ❛♥❞ ❝♦♦❧ ✐♥t♦ t❤❡ e− ✇❡❧❧

❜❡❢♦r❡ t❤❡ ♥❡①t s❤♦t ❢r♦♠ t❤❡ ❆❉ ❛rr✐✈❡s✳

❚❤❡ ✜❡❧❞ ❜♦♦st✐♥❣ s♦❧❡♥♦✐❞ ✐♥❝r❡❛s❡s t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛r♦✉♥❞ t❤❡ p̄ tr❛♣♣✐♥❣

r❡❣✐♦♥ t♦ 3.7T✳ ❘❛✐s✐♥❣ t❤❡ ✜❡❧❞ ❝♦♠♣r❡ss❡s t❤❡ ❛♥t✐♣r♦t♦♥ ❜✉♥❝❤❡s t♦ ❛ s♠❛❧❧❡r

r❛❞✐✉s✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ ❢r❛❝t✐♦♥ ♦❢ p̄ t❤❛t ❝❛♥ ❜❡ r❡t❛✐♥❡❞✳ ■♥ t❤❡ 1T ✜❡❧❞ ♦❢

t❤❡ ❧❛r❣❡ s♦❧❡♥♦✐❞✱ ❛❜♦✉t 3 · 104 p̄ ❛r❡ ❝❛✉❣❤t ♣❡r ❆❉ s❤♦t✳ ❲✐t❤ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞

✐♥❝r❡❛s❡❞ t♦ 3.7T✱ t❤✐s ♥✉♠❜❡r ✐♥❝r❡❛s❡s ❜② ❛ ❢❛❝t♦r ♦❢ ✜✈❡ t♦ 1.6 ·105✳ ❋✉rt❤❡r♠♦r❡✱
t❤❡ str♦♥❣❡r ✜❡❧❞ r❡❞✉❝❡s t❤❡ t✐♠❡ t❤❡ ❡❧❡❝tr♦♥s r❡q✉✐r❡ t♦ ❝♦♦❧ ❜② s②♥❝❤r♦tr♦♥
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r❛❞✐❛t✐♦♥✱ ❡q✉❛t✐♦♥ ✭✻✳✺✮✳ ❚❤❡ ❞❛♠♣❡♥✐♥❣ t✐♠❡ ✐s r❡❞✉❝❡❞ t♦ 0.19 s ❝♦♠♣❛r❡❞ t♦

2.6 s ✐♥ ❛ 1T ✜❡❧❞✳

❲❤❡♥ t❤❡ ✐♥t❡♥❞❡❞ ♥✉♠❜❡r ♦❢ p̄ ❤❛s ❜❡❡♥ ❛❝❝✉♠✉❧❛t❡❞✱ t❤❡ ♠✐①❡❞ ❡❧❡❝tr♦♥ ❛♥✲

t✐♣r♦t♦♥ ♣❧❛s♠❛ ✐s s♣✉♥ ✉♣ t♦ ❛ r❛❞✐✉s ♦❢ r ≃ 2mm ❜② ❛ r♦t❛t✐♥❣ ✇❛❧❧ ❞r✐✈❡ ❛♣♣❧✐❡❞

t♦ t❤❡ s❡❣♠❡♥t❡❞ ❡❧❡❝tr♦❞❡ ▲❚❘❲✳ ❆❢t❡r✇❛r❞s✱ t❤❡ ♣❧❛s♠❛ ✐s st♦r❡❞ ✐♥ ❛ 80V ❞❡❡♣

✇❡❧❧ ♦♥ ▲❚❊✸ ❛♥❞ t❤❡ ❡❧❡❝tr♦♥s ❛r❡ r❡♠♦✈❡❞ ❜② ❛ s❡r✐❡s ♦❢ ❢❛st ✈♦❧t❛❣❡ ♣✉❧s❡s✳ ❚❤❡

❝♦♥✜♥✐♥❣ ♣♦t❡♥t✐❛❧ ✇❡❧❧ ✐s ♣✉❧s❡❞ t♦ ③❡r♦ ❢♦r 75 ns✳ ❚❤✐s ✐s s❤♦rt ❡♥♦✉❣❤ t♦ ❛❧❧♦✇

❛ ❧❛r❣❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❧✐❣❤t ❡❧❡❝tr♦♥s t♦ ❡s❝❛♣❡ ✇❤✐❧❡ t❤❡ ♠✉❝❤ ❤❡❛✈✐❡r ❛♥t✐♣r♦t♦♥s

r❡♠❛✐♥ tr❛♣♣❡❞✳ ❚②♣✐❝❛❧❧②✱ t❤r❡❡ ♦r ❢♦✉r ♣✉❧s❡s ❛r❡ ❛♣♣❧✐❡❞ ✇❤✐❝❤ ❧❡❛✈❡s ❛ s♠❛❧❧

♥✉♠❜❡r ♦❢ ❡❧❡❝tr♦♥s ✐♥ t❤❡ p̄✳ ❋r♦♠ t❤❡ ✐♥✐t✐❛❧ 108 e−✱ ❛❜♦✉t 6 · 103 ♦r 9 · 102 ❛r❡

r❡t❛✐♥❡❞ ❢r♦♠ t❤r❡❡ ♦r ❢♦✉r ♣✉❧s❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡s❡ ♥✉♠❜❡rs ❛r❡ s♠❛❧❧ ❡♥♦✉❣❤

s♦ t❤❛t t❤❡② ❞♦ ♥♦t ❛✛❡❝t ❛♥t✐❤②❞r♦❣❡♥ ❡①♣❡r✐♠❡♥ts✱ ❜✉t t❤❡② st✐❧❧ ♣r♦✈✐❞❡ ❝♦♦❧✐♥❣

❢♦r t❤❡ p̄ ❬✻✹❪✳ ❚❤❡ r❛♣✐❞ ✈♦❧t❛❣❡ ♣✉❧s❡s ❤❡❛t t❤❡ p̄✱ s♦ t❤❡ ♣❧❛s♠❛ ✐s ❧❡❢t t♦ ❝♦♦❧ ❢♦r

10minutes✳

❆❢t❡r✇❛r❞s✱ t❤❡ ✜❡❧❞ ❜♦♦st✐♥❣ s♦❧❡♥♦✐❞ ✐s r❛♠♣❡❞ ❞♦✇♥✳ ❉✉r✐♥❣ t❤❡ r❛♠♣✱ t❤❡

r❛❞✐✉s ♦❢ t❤❡ p̄ ♣❧❛s♠❛ ❡①♣❛♥❞s t♦ ❛❧♠♦st t✇✐❝❡ ✐ts ♦r✐❣✐♥❛❧ ✈❛❧✉❡✳ ❲✐t❤♦✉t ❝♦♠♣r❡s✲

s✐♦♥ ❢r♦♠ t❤❡ r♦t❛t✐♥❣✲✇❛❧❧ ❞r✐✈❡✱ ❛ ❧❛r❣❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ p̄ ✇♦✉❧❞ ❤✐t t❤❡ ❡❧❡❝tr♦❞❡

✇❛❧❧s ❞✉r✐♥❣ ❡①♣❛♥s✐♦♥ ❛♥❞ ❛♥♥✐❤✐❧❛t❡✳ ❲✐t❤ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧♦✇❡r❡❞ t♦ 1T✱ t❤❡

❛♥t✐♣r♦t♦♥s ❛r❡ tr❛♥s❢❡r❡❞ t♦ t❤❡ ✉♣♣❡r ♣❛rt ♦❢ t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦ ✇❤❡r❡ t❤❡② ❝❛♥

❜❡ ✉s❡❞ ❢♦r ❛♥t✐❤②❞r♦❣❡♥ ❡①♣❡r✐♠❡♥ts✳

❆❜♦✉t 1.6 · 105 t♦ 2 · 105 ❛♥t✐♣r♦t♦♥s ❛r❡ ❝❛✉❣❤t ♣❡r s❤♦t✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❡r✲

❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❆❉✳ ❚❤❡ ✜❡❧❞ ❜♦♦st✐♥❣ s♦❧❡♥♦✐❞ ❛♥❞ r♦t❛t✐♥❣✲✇❛❧❧ ❞r✐✈❡ ❛❧❧♦✇ ❧✐♥❡❛r

❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ ✉♣ t♦ 107 ❛♥t✐♣r♦t♦♥s ✐♥ ❛ t✐♠❡ ♦❢ 90minutes✳ ❚❤✐s ✐s ❛♥ ✐♠♣r♦✈❡✲

♠❡♥t ❜② ❛ ❢❛❝t♦r ♦❢ 14 ❝♦♠♣❛r❡❞ t♦ t❤❡ 7 · 105 p̄ t❤❛t ✇❡r❡ ♣r❡✈✐♦✉s❧② ❛❝❝✉♠✉❧❛t❡❞

✐♥ t❤❡ 1T ✜❡❧❞✳ ❯♣ t♦ 106 p̄ ❛r❡ ❧♦❛❞❡❞ ❧♦ss✲❢r❡❡✳ ❋♦r ❧❛r❣❡r ♣❧❛s♠❛s✱ ❛ ❢❡✇ ♣❡r❝❡♥t

♦❢ t❤❡ ❛♥t✐♣r♦t♦♥s ❛r❡ ❧♦st ❞✉r✐♥❣ t❤❡ r♦t❛t✐♥❣ ✇❛❧❧ ❞r✐✈❡ ❛♥❞ t❤❡ s♦❧❡♥♦✐❞ r❛♠♣
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❞♦✇♥✳ ▼♦st ♦❢ ♦✉r ❝✉rr❡♥t ❡①♣❡r✐♠❡♥ts t❤❛t ♣r♦❞✉❝❡ ❛♥t✐❤②❞r♦❣❡♥ ❜② t❤r❡❡✲❜♦❞②

r❡❝♦♠❜✐♥❛t✐♦♥ ✉s❡ 106 p̄ ♣❡r tr✐❛❧✳ ❋♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥ts✱ ✇❡ t②♣✐❝❛❧❧②

✉s❡ ❧❛r❣❡r ♣❧❛s♠❛s ♦❢ 5 · 106 ❛♥t✐♣r♦t♦♥s✳

✻✳✶✳✹ ❈♦✉♥t✐♥❣ P❛rt✐❝❧❡s

❲❡❧❧ ❝♦♥tr♦❧❧❡❞ ❡①♣❡r✐♠❡♥ts r❡q✉✐r❡ t❤❡ ✉s❡ ♦❢ ✐❞❡♥t✐❝❛❧ ♣❛rt✐❝❧❡ ♥✉♠❜❡rs ❢♦r ❡❛❝❤

tr✐❛❧✳ ❆t ❆❚❘❆P✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ ♦✉r ❧❛r❣❡ ♣❧❛s♠❛s ✐s ❞❡t❡r♠✐♥❡❞ ❜②

♦♥❡ ♦❢ t✇♦ ♠❡t❤♦❞s✿ ❈❤❛r❣❡ ❝♦✉♥t✐♥❣ ❛♥❞ ❛♥♥✐❤✐❧❛t✐♦♥ ❞❡t❡❝t✐♦♥✳ ❖♥❧② ♣♦s✐tr♦♥s

❝❛♥ ❜❡ ❝♦✉♥t❡❞ ❜② ❜♦t❤ ♠❡t❤♦❞s✳ ❖✉r t②♣✐❝❛❧ ❛♥t✐♣r♦t♦♥ ♣❧❛s♠❛s ❛r❡ t♦♦ s♠❛❧❧

t♦ ❛❝❝✉r❛t❡❧② ♠❡❛s✉r❡ t❤❡✐r ❝❤❛r❣❡ ✇❤✐❧❡ ❛♥♥✐❤✐❧❛t✐♦♥ ❞❡t❡❝t✐♦♥ ♦❢ ❡❧❡❝tr♦♥s ✇♦✉❧❞

r❡q✉✐r❡ ❛♥ ❛♥t✐♠❛tt❡r t❛r❣❡t✳ ❚❤❡ t✇♦ ♠❡t❤♦❞s ❛r❡ ❞❡str✉❝t✐✈❡✱ s♦ ✇❡ ❤❛✈❡ t♦ r❡❧②

♦♥ r❡♣r♦❞✉❝✐❜❧❡ ❧♦❛❞✐♥❣ t❡❝❤♥✐q✉❡s✳ ❋♦r ❡❛❝❤ ♣❛rt✐❝❧❡ s♣❡❝✐❡s✱ ❡❧❡❝tr♦♥s✱ ♣♦s✐tr♦♥s

❛♥❞ ❛♥t✐♣r♦t♦♥s✱ t❤❡ ♥✉♠❜❡r ❛❝q✉✐r❡❞ ♣❡r ♣✉❧s❡ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ s♦✉r❝❡✱ t❤❡ ❡①❝✐♠❡r ❧❛s❡r✱ t❤❡ ♣♦s✐tr♦♥ ❛❝❝✉♠✉❧❛t♦r ❛♥❞ t❤❡ ❆❉✳ ❙✐♥❝❡

t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡s❡ ♠❛❝❤✐♥❡s ♠❛② ✈❛r②✱ ❝❛❧✐❜r❛t✐♦♥s ❛r❡ r✉♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢

❡❛❝❤ s❡r✐❡s ♦❢ ❡①♣❡r✐♠❡♥ts✳

❈❤❛r❣❡ ❈♦✉♥t✐♥❣

❖✉r ♣❧❛s♠❛s ❝♦♥s✐st s♦❧❡❧② ♦❢ s✐♥❣❧② ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s✱ t❤❡r❡❢♦r❡ t❤❡ t♦t❛❧ ❝❤❛r❣❡

♦❢ t❤❡ ❝❧♦✉❞ Q ✐s ❞✐r❡❝t❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝❧❡s ✐♥ t❤❡ ♣❧❛s♠❛✳

❚♦ ♠❡❛s✉r❡ Q✱ t❤❡ ♣❛rt✐❝❧❡s ❛r❡ s❡♥t ♦♥t♦ ❛ ❋❛r❛❞❛② ❝✉♣ ❝♦✉♣❧❡❞ t♦ ❛ ❝❤❛r❣❡✲

s❡♥s✐t✐✈❡ ♣r❡❛♠♣❧✐✜❡r✳ ■♥ t❤❡ ❇❚❘❆P P❡♥♥✐♥❣ tr❛♣✱ t❤❡ ❞❡❣r❛❞❡r ❢♦✐❧ ✉s❡❞ t♦ s❧♦✇

❛♥t✐♣r♦t♦♥s ❛❧s♦ s❡r✈❡s ❛s ❛ ❋❛r❛❞❛② ❝✉♣✳ ❋✐❣✉r❡ ✻✳✹ s❤♦✇s t❤❡ ♣♦t❡♥t✐❛❧ ❢♦r ❝♦✉♥t✐♥❣

❛♥ ❡❧❡❝tr♦♥ ❝❧♦✉❞✳ ❚❤❡ ♣❛rt✐❝❧❡s ❛r❡ ❤❡❧❞ ✐♥ ❛ ✇❡❧❧ ♦♥ ❡❧❡❝tr♦❞❡ ▲❚❊✸ ❛♥❞ ❛ ✈♦❧t❛❣❡

r❛♠♣ t♦✇❛r❞s t❤❡ ❞❡❣r❛❞❡r ✐s s❡t ✉♣✳ ❚❤❡ ❞❡❣r❛❞❡r ✐ts❡❧❢ ✐s ❜✐❛s❡❞ t♦ ❛ ♣♦s✐t✐✈❡
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❋✐❣✉r❡ ✻✳✹✿ P♦t❡♥t✐❛❧ str✉❝t✉r❡ ❢♦r ❝❤❛r❣❡✲❝♦✉♥t✐♥❣ ❡❧❡❝tr♦♥s✳ ❚❤❡ e− ❛r❡ ❤❡❧❞ ✐♥ t❤❡ ✇❡❧❧

♦♥ ▲❚❊✸ ❛♥❞ ❛r❡ ♣✉❧s❡❞ ♦♥t♦ t❤❡ ❇❡ ❞❡❣r❛❞❡r ❢♦✐❧✳ ❚❤❡ ✇❡❧❧ ❞❡♣t❤ ✐s ❣r❛❞✉❛❧❧② r❡❞✉❝❡❞✱ ❛♥❞

❛❢t❡r ❡❛❝❤ st❡♣✱ t❤❡ ❜❛rr✐❡r ✐s ♣✉❧s❡❞ ✉♣ ✭❞❛s❤❡❞ ❧✐♥❡✮ ❛❧❧♦✇✐♥❣ t❤❡ ♠♦st ❡♥❡r❣❡t✐❝ ♣❛rt✐❝❧❡s

t♦ ❡s❝❛♣❡ ❛♥❞ ❤✐t t❤❡ ❞❡❣r❛❞❡r✳ ❚❤❡ ❞❡❣r❛❞❡r ✐s ❝♦♥♥❡❝t❡❞ t♦ ❛ ❝❤❛r❣❡✲s❡♥s✐t✐✈❡ ♣r❡❛♠♣❧✐✜❡r✳

❋♦r e+ ❝♦✉♥t✐♥❣✱ t❤❡ s✐❣♥ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧s ♠✉st ❜❡ ✐♥✈❡rt❡❞✳

✈♦❧t❛❣❡ t♦ s✉♣♣r❡ss ❡♠✐ss✐♦♥ ♦❢ s❡❝♦♥❞❛r② ❡❧❡❝tr♦♥s✳ ❊❛❝❤ ❡❧❡❝tr♦♥ ❡❥❡❝t❡❞ ❢r♦♠

t❤❡ ❢♦✐❧ ✇♦✉❧❞ ❜❡ ❝♦✉♥t❡❞ ❛s ❛ ♣♦s✐t✐✈❡ ❝❤❛r❣❡ ❤✐tt✐♥❣ t❤❡ ❞❡❣r❛❞❡r ❛♥❞ ✇♦✉❧❞ t❤✉s

✐♥✢✉❡♥❝❡ t❤❡ r❡s✉❧t✳ ❚♦ ❛✈♦✐❞ s❛t✉r❛t✐♦♥ ♦❢ t❤❡ ♣r❡❛♠♣❧✐✜❡r✱ t❤❡ ❡❧❡❝tr♦♥s ❛r❡ ❡❥❡❝t❡❞

t♦ t❤❡ ❞❡❣r❛❞❡r ✐♥ s❡✈❡r❛❧ st❡♣s ♦❢ 1 s ❞✉r❛t✐♦♥✳ ■♥ ❡❛❝❤ st❡♣✱ t❤❡ ❜❛rr✐❡r ♦♥ ▲❚❊✷ ✐s

♣✉❧s❡❞ ✉♣ ❢♦r 75 ns ❛❧❧♦✇✐♥❣ t❤❡ ♣❛rt✐❝❧❡s ✇✐t❤ ❤✐❣❤❡st ❡♥❡r❣② t♦ ❡s❝❛♣❡✳ ❆❢t❡r✇❛r❞s✱

t❤❡ ✇❡❧❧ ❞❡♣t❤ ✐s ❧♦✇❡r❡❞ ❜② 2.5V ✉♥t✐❧ t❤❡ ✇❡❧❧ ✐s ✐♥✈❡rt❡❞✳ ❚❤❡ ♠❡❛s✉r❡♠❡♥t ❛❧s♦

❞❡t❡r♠✐♥❡s t❤❡ ❡♥❡r❣② ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛✿ ❍✐❣❤ ❡♥❡r❣② ♣❛rt✐❝❧❡s ❛r❡ ♣✉❧s❡❞

♦✉t ✜rst ✇❤✐❧❡ t❤❡ ❝♦❧❞❡st ♦♥❡s ❛r❡ ❞❡❡♣❧② ❝♦♥✜♥❡❞ ✐♥ t❤❡ ✇❡❧❧ ❛♥❞ ❝❛♥ ♦♥❧② ❧❡❛✈❡
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✇❤❡♥ ✐ts ❜♦✉♥❞❛r② ✐s s✉✣❝✐❡♥t❧② ❧♦✇❡r❡❞✳

❊❛❝❤ ♣✉❧s❡ ✐♥❞✉❝❡s ❛ ♥♦✐s❡ ✐♥ t❤❡ ❝❤❛r❣❡ s❡♥s✐t✐✈❡ ♣r❡❛♠♣❧✐✜❡r ❝♦rr❡s♣♦♥❞✐♥❣ t♦

❛♥ ✐♠♣❛❝t ♦❢ ❛❜♦✉t 100 000 ❝❤❛r❣❡s ♦♥ t❤❡ ❞❡❣r❛❞❡r✳ ❚❤❡r❡❢♦r❡ ❝❤❛r❣❡ ❝♦✉♥t✐♥❣ ✐s

♦♥❧② s✉✐t❛❜❧❡ ❢♦r ♦✉r ❧❛r❣❡ ❧❡♣t♦♥ ♣❧❛s♠❛s ✇✐t❤N = 107−108✳ ❋♦r ♣♦s✐tr♦♥s✱ t❤❡ s✐❣♥

♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ✇❡❧❧ ❛♥❞ t❤❡ r❛♠♣ ✐♥ ✜❣✉r❡ ✻✳✹ ❤❛s t♦ ❜❡ ✐♥✈❡rt❡❞✳ ❚❤❡ ❞❡❣r❛❞❡r ♠✉st

st✐❧❧ ❜❡ ❜✐❛s❡❞ t♦ ❛ ❧♦✇ ♣♦s✐t✐✈❡ ✈♦❧t❛❣❡ t♦ s✉♣♣r❡ss ❡♠✐ss✐♦♥ ♦❢ s❡❝♦♥❞❛r② ❡❧❡❝tr♦♥s✳

❖✉r ❛♥t✐♣r♦t♦♥ ❝❧♦✉❞s t②♣✐❝❛❧❧② ♦♥❧② ❝♦♥t❛✐♥ N = 106 ♣❛rt✐❝❧❡s✱ s♦ ❝♦✉♥t✐♥❣ t❤❡ p̄

✈✐❛ t❤❡✐r ❛♥♥✐❤✐❧❛t✐♦♥ s✐❣♥❛t✉r❡ ✐s ♠✉❝❤ ♠♦r❡ ❛❝❝✉r❛t❡✳

❆♥♥✐❤✐❧❛t✐♦♥ ❈♦✉♥t✐♥❣

P❛rt✐❝❧❡ ❝♦✉♥t✐♥❣ ✈✐❛ ❛♥♥✐❤✐❧❛t✐♦♥ ❞❡t❡❝t✐♦♥ ❡ss❡♥t✐❛❧❧② ✇♦r❦s ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r

❛s ❝❤❛r❣❡ ❝♦✉♥t✐♥❣✳ ❚❤❡ ♣❛rt✐❝❧❡s ❛r❡ ❤❡❧❞ ✐♥ ❛ ♣♦t❡♥t✐❛❧ ✇❡❧❧ ❛♥❞ ❛r❡ ❣r❛❞✉❛❧❧②

♣✉❧s❡❞ ♦♥t♦ t❤❡ ❞❡❣r❛❞❡r✳ ❚❤✐s ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♣r♦❝❡❞✉r❡ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✻✳✹✳

■♥st❡❛❞ ♦❢ t❤❡ ❝❤❛r❣❡s✱ t❤❡ ❛♥♥✐❤✐❧❛t✐♦♥ ❡✈❡♥ts r❡❣✐st❡r❡❞ ❜② ♦✉r ❞❡t❡❝t♦r s②st❡♠

❛r❡ ✉s❡❞ t♦ ❝♦✉♥t t❤❡ ♣❛rt✐❝❧❡s✳ ❚❤❡ s❝✐♥t✐❧❧❛t✐♥❣ ♣❛❞❞❧❡s ❛♥❞ ✜❜❡rs ❛r❡ s♣❡❝✐✜❝❛❧❧②

❞❡s✐❣♥❡❞ ❢♦r ❞❡t❡❝t✐♦♥ ♦❢ ❛♥t✐♣r♦t♦♥ ❛♥♥✐❤✐❧❛t✐♦♥s✱ s❡❡ s❡❝t✐♦♥ ✻✳✹✳✷✳ ❚❤❡r❡❢♦r❡ t❤✐s

♠❡t❤♦❞ ✐s ♠♦st s✉✐t❡❞ ❢♦r ❝♦✉♥t✐♥❣ ❛♥t✐♣r♦t♦♥s✳ ❚❤❡ 511 keV γ q✉❛♥ts ❢r♦♠ ♣♦s✐tr♦♥

❛♥♥✐❤✐❧❛t✐♦♥s ❛r❡ ❛❧s♦ r❡❣✐st❡r❡❞ ❜② t❤❡ s❝✐♥t✐❧❧❛t✐♥❣ ✜❜❡rs✱ ❜✉t ♦♥❧② ✇✐t❤ ❛ ❧♦✇

❡✣❝✐❡♥❝② ♦❢ 0.5%✳ ❚❤❡ s❝✐♥t✐❧❧❛t✐♥❣ ♣❛❞❞❧❡s ❛r❡ ♥♦t s❡♥s✐t✐✈❡ t♦ t❤❡ γ ♣❛rt✐❝❧❡s✳

❙t✐❧❧✱ t❤❡ e+ ♣❧❛s♠❛s ✉s❡❞ ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤ s♦ t❤❛t ❛♥♥✐❤✐❧❛t✐♦♥ ❝♦✉♥t✐♥❣ ♦❢ ♣♦s✐tr♦♥s

✐s ❛❧s♦ ❛ ✈❛❧✉❛❜❧❡ ❛♥❞ ❢r❡q✉❡♥t❧② ✉s❡❞ ♠❡t❤♦❞✳

✶✶✾
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✻✳✷ ❈❤♦✐❝❡ ♦❢ ❘②❞❜❡r❣ ❙t❛t❡

❖✉r ♥❡✇ ❧❛s❡r s②st❡♠ ❛❧❧♦✇s ✉s t♦ ❛❝❝❡ss ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❘②❞❜❡r❣ st❛t❡s ✭❝❤❛♣t❡r

✺✮✳ ■♥ ♣r✐♥❝✐♣❧❡✱ ❛❧❧ ♦❢ t❤❡s❡ st❛t❡s ❛r❡ ✉s❛❜❧❡ ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❞✉❝t✐♦♥ ♦❢

❛♥t✐❤②❞r♦❣❡♥✱ ❜✉t ✐♥ ♣r❛❝t✐❝❡ ❛ ♥✉♠❜❡r ♦❢ ❢❛❝t♦rs s❡✈❡r❡❧② ❧✐♠✐t t❤❡ ❡✛❡❝t✐✈✐t② ♦❢

♠♦st st❛t❡s✳ ▲♦✇ ❧❡✈❡❧s ❛r❡ ♥♦t s✉✐t❡❞ ❜❡❝❛✉s❡ ♦❢ t❤❡✐r s♠❛❧❧ ❝r♦ss s❡❝t✐♦♥s ✇❤✐❧❡

❢♦r ❤✐❣❤ st❛t❡s✱ t❤❡ ❡①❝✐t❛t✐♦♥ ❡✣❝✐❡♥❝② str♦♥❣❧② ❞❡❝r❡❛s❡s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱

t❤❡ r❡❧❡✈❛♥t ❢❛❝t♦rs ❛r❡ ❞✐s❝✉ss❡❞ ❛♥❞ ❡✈❛❧✉❛t❡❞ t♦ ✜♥❞ ❛♥ ♦♣t✐♠✉♠ ❘②❞❜❡r❣ st❛t❡✳

❚❤❡ ❝r♦ss s❡❝t✐♦♥s ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❝♦❧❧✐s✐♦♥s ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ✐♥ ❬✽✷❪ ❜② ❝❧❛s✲

s✐❝❛❧ tr❛❥❡❝t♦r② ▼♦♥t❡ ❈❛r❧♦ ✭❈❚▼❈✮ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡② ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❣❡✲

♦♠❡tr✐❝ s✐③❡ ♦❢ t❤❡ ❛t♦♠ ❛♥❞ t❤❡r❡❢♦r❡ s❝❛❧❡ ✇✐t❤ r2 ∝ n4✳ ❋♦r t❤❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡

♣r♦❞✉❝t✐♦♥ ♦❢ ♣♦s✐tr♦♥✐✉♠ ❛♥❞ ❛♥t✐❤②❞r♦❣❡♥✱ t❤❡ s✐♠✉❧❛t✐♦♥s r❡s✉❧t❡❞ ✐♥

σPs = 9.7n4
Cs πa

2
0 , ✭✻✳✻✮

σH̄ = 58n4
Ps πa

2
0 , ✭✻✳✼✮

✇❤❡r❡ a0 ✐s t❤❡ ❇♦❤r r❛❞✐✉s ❛♥❞ nCs ❛♥❞ nPs ❛r❡ t❤❡ ♣r✐♥❝✐♣❛❧ q✉❛♥t✉♠ ♥✉♠❜❡rs ♦❢

t❤❡ ❝❡s✐✉♠ ❛♥❞ ♣♦s✐tr♦♥✐✉♠ ❛t♦♠s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❜✐♥❞✐♥❣ ❡♥❡r❣② ✐s tr❛♥s❢❡r❡❞

✐♥ t❤❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❝♦❧❧✐s✐♦♥s✱ ❜✉t ❞✉❡ t♦ t❤❡ ❞✐✛❡r❡♥t r❡❞✉❝❡❞ ♠❛ss❡s ✐♥ t❤❡

t✇♦ s②st❡♠s✱ µCs ≃ me ❛♥❞ µPs = 1/2me✱ t❤❡ s❛♠❡ ❜✐♥❞✐♥❣ ❡♥❡r❣② ❝♦rr❡s♣♦♥❞s

t♦ ❛ ❞✐✛❡r❡♥t n st❛t❡✱ ♥❛♠❡❧② nPs = nCs/
√
2 ❬✽✷❪✳ ❋♦r nCs = 40✱ t❤❡ ❝r♦ss s❡❝t✐♦♥

✈❛❧✉❡s ❛r❡ σPs = 2.2 · 10−9 cm2 ❛♥❞ σH̄ = 3.3 · 10−9 cm2✳ ❚❤❡s❡ ❝r♦ss s❡❝t✐♦♥s ✇❡r❡

♦r✐❣✐♥❛❧❧② ❝❛❧❝✉❧❛t❡❞ ✐♥ ❛❜s❡♥❝❡ ♦❢ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❍♦✇❡✈❡r✱ ❧❛t❡r s✐♠✉❧❛t✐♦♥s s❤♦✇

♦♥❧② s♠❛❧❧ ❞❡✈✐❛t✐♦♥s ✐❢ ❛ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s ✐♥❝❧✉❞❡❞ ❬✹✺✱✶✸✷❪✳

❚❤❡ ❘②❞❜❡r❣ ❝❡s✐✉♠ ❛t♦♠s ♠✉st ❝♦✈❡r ❛ ❞✐st❛♥❝❡ ♦❢ 6 cm ❢r♦♠ t❤❡ ❧❛s❡r ❡①❝✐t❛✲

t✐♦♥ r❡❣✐♦♥ t♦ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ tr❛♣✱ ✇❤❡r❡ t❤❡ ♣♦s✐tr♦♥s ❛r❡ st♦r❡❞ ✭✜❣✉r❡ ✸✳✶✶✮✳ ❆t

✶✷✵
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t❤❡r♠❛❧ ✈❡❧♦❝✐t✐❡s✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ t✐♠❡ ♦❢ ✢✐❣❤t ♦❢ 220µs✳ ❲✐t❤♦✉t ❛ ♠❛❣♥❡t✐❝

✜❡❧❞✱ t❤❡ ❧✐❢❡t✐♠❡ ♦❢ t❤❡ 40D st❛t❡ ✐s ≃ 38µs ❬✺✺❪ s♦ t❤❛t ♠♦st ❘②❞❜❡r❣ ❛t♦♠s ✇♦✉❧❞

❞❡❝❛② ❜❡❢♦r❡ r❡❛❝❤✐♥❣ t❤❡ ♣♦s✐tr♦♥s✳ ❲❤✐❧❡ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❝♦♠♣❧✐❝❛t❡s ❧❛s❡r ❡①✲

❝✐t❛t✐♦♥✱ ✐t ❤❛s ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❧✐❢❡t✐♠❡s ♦❢ t❤❡ ❘②❞❜❡r❣ st❛t❡s✿ ❚❤❡ ✜❡❧❞

♠✐①❡s t❤❡ D st❛t❡ ✇✐t❤ ❤✐❣❤❡r l ♦r❜✐t❛❧s ✇❤✐❝❤ ❤❛✈❡ ♠✉❝❤ ❧♦♥❣❡r ❧✐❢❡t✐♠❡s✳ ❚❤✉s✱

t❤❡ ❧✐❢❡t✐♠❡ ♦❢ t❤❡ r❡s✉❧t✐♥❣ st❛t❡ ✐s s✐❣♥✐✜❝❛♥t❧② ❧❛r❣❡r t❤❛♥ t❤❡ ③❡r♦✲✜❡❧❞ D st❛t❡✳

❚❤❡ ❛♠♦✉♥t ♦❢ l✲♠✐①✐♥❣ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r❡❧❛t✐✈❡ str❡♥❣t❤ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳

■t ✐♥❝r❡❛s❡s ❢♦r ❤✐❣❤❡r n✲st❛t❡s ♦r str♦♥❣❡r ✜❡❧❞s✳ ■❢ t❤❡ ✜♥❛❧ n✲st❛t❡ ✐s ❛♥ ❡q✉❛❧

♠✐①t✉r❡ ♦❢ ❛❧❧ l✲ ❛♥❞ m✲❧❡✈❡❧s✱ ✐ts ❧✐❢❡t✐♠❡ ✐s ❣✐✈❡♥ ❜② ❬✷✻❪

τ =
3

4

(n

α

)5 ~

µc2
(ln(2n− 1)− 0.365)−1 . ✭✻✳✽✮

❆ ❢✉❧❧② ♠✐①❡❞ n = 40 ❘②❞❜❡r❣ st❛t❡ ✐♥ ❝❡s✐✉♠ ❛❧r❡❛❞② ❤❛s ❛ ❧✐❢❡t✐♠❡ ♦❢ ♠♦r❡

t❤❛♥ 1ms✱ s♦ ♣r❛❝t✐❝❛❧❧② ❛❧❧ ❘②❞❜❡r❣ ❛t♦♠s s✉r✈✐✈❡ ✉♥t✐❧ t❤❡② r❡❛❝❤ t❤❡ ♣♦s✐tr♦♥s✳

▼❡❛s✉r❡♠❡♥ts ✇✐t❤ t❤❡ ❢r♦♥t✲ ❛♥❞ r❡❛r s✐❞❡ ✜❡❧❞ ✐♦♥✐③❛t✐♦♥ ❞❡t❡❝t♦rs ✭s❡❡ ✜❣✉r❡ ✸✳✶✶✮

✐♥❞✐❝❛t❡ t❤❛t ❢♦r n = 40 ❛♥❞ B = 1T✱ ✇❡ ❛r❡ ♥♦t ✐♥ t❤❡ ❢✉❧❧② ♠✐①❡❞ r❡❣✐♠❡✱ ②❡t✳

❆ r♦✉❣❤ ❡st✐♠❛t❡ ✉s✐♥❣ t❤❡ s✐❣♥❛❧ ❛♠♣❧✐t✉❞❡s ❢r♦♠ ❢r♦♥t✲ ❛♥❞ r❡❛r✲s✐❞❡ ❞❡t❡❝t♦rs

❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ❧♦ss ❢r♦♠ ❣❡♦♠❡tr✐❝ ❢❛❝t♦rs ❣✐✈❡s ❛ ❧✐❢❡t✐♠❡ ♦❢ ❛❜♦✉t 170µs ❢♦r t❤❡

n = 40 st❛t❡✳ ❚❤❡ ❧✐❢❡t✐♠❡ ✐s t❤❡r❡❢♦r❡ s✐❣♥✐✜❝❛♥t❧② ♣r♦❧♦♥❣❡❞ ❜② l✲♠✐①✐♥❣✱ ❜✉t t❤❡

❧♦ss❡s ❢r♦♠ ❞❡❝❛② ♦❢ t❤❡ ❡①❝✐t❡❞ st❛t❡ ❛r❡ ♥♦t ♥❡❣❧✐❣✐❜❧❡✳ ❲✐t❤ ❛ ❧✐❢❡t✐♠❡ ♦❢ 170µs✱

❧❡ss t❤❛♥ 30% ♦❢ t❤❡ ❝❡s✐✉♠ ❛t♦♠s ❛r❡ st✐❧❧ ✐♥ ❛♥ ❡①❝✐t❡❞ st❛t❡ ✇❤❡♥ r❡❛❝❤✐♥❣ t❤❡

♣♦s✐tr♦♥s✳

❚❤❡ ❝r♦ss s❡❝t✐♦♥s ❛♥❞ ❧✐❢❡t✐♠❡ ❢❛✈♦r ✉s✐♥❣ st❛t❡s ❛s ❤✐❣❤ ❛s ♣♦ss✐❜❧❡✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ t❤❡ l✲♠✐①✐♥❣ t❤❛t ✐♥❝r❡❛s❡s t❤❡ ❧✐❢❡t✐♠❡ ❛❧s♦ ❞❡❝r❡❛s❡s t❤❡ ❡✣❝✐❡♥❝②

❢♦r ❧❛s❡r ❡①❝✐t❛t✐♦♥✳ ❋r♦♠ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ 6P3/2 ❧❡✈❡❧✱ ♦♣t✐❝❛❧ ❞✐♣♦❧❡ tr❛♥s✐t✐♦♥s

❛r❡ ♦♥❧② ♣♦ss✐❜❧❡ t♦ ❛♥ S ♦r D st❛t❡✳ ❚❤❡ ♠♦r❡ l✲♠✐①✐♥❣ ♦❝❝✉rs✱ t❤❡ ❧❡ss S ♦r

✶✷✶
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D ❝❤❛r❛❝t❡r ✐s ♣r❡s❡r✈❡❞ ✐♥ t❤❡ ✜♥❛❧ st❛t❡✱ t❤✉s r❡❞✉❝✐♥❣ t❤❡ ❡✣❝✐❡♥❝② ❢♦r ❧❛s❡r

❡①❝✐t❛t✐♦♥✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ♦s❝✐❧❧❛t♦r str❡♥❣t❤s ❛❧s♦ ❞❡❝r❡❛s❡ ❢♦r ❧❛r❣❡r ✈❛❧✉❡s ♦❢ n✳

❚❤❡ ❧♦✇❡r ❜✐♥❞✐♥❣ ❡♥❡r❣② ♦❢ ❤✐❣❤❡r n✲st❛t❡s ✐s ❛❧s♦ ❛♥ ✐♠♣♦rt❛♥t ❢❛❝t♦r✳ ❚❤❡

❡❧❡❝tr✐❝ ✜❡❧❞ ❛♠♣❧✐t✉❞❡ r❡q✉✐r❡❞ t♦ ✜❡❧❞✲✐♦♥✐③❡ ❛ ❘②❞❜❡r❣ ❛t♦♠ s❝❛❧❡s ✇✐t❤ n−4 ❬✻✾❪

EFI =

(
µ

me

)2

3 · 108 1

n4
V/cm . ✭✻✳✾✮

■♥ ❤✐❣❤❡r n✲st❛t❡s✱ t❤❡ ❛t♦♠s ❛r❡ t❤❡r❡❢♦r❡ ❡❛s✐❡r str✐♣♣❡❞ ❜② str❛② ✜❡❧❞s ♦r t❤❡

s♣❛❝❡ ❝❤❛r❣❡ ♣♦t❡♥t✐❛❧ ♦❢ t❤❡ ♣♦s✐tr♦♥ ❝❧♦✉❞✳ ❚❤✐s ❧✐♠✐ts t❤❡ ♥✉♠❜❡r ♦❢ ♣♦s✐tr♦♥s

t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ♣❡r ❡①♣❡r✐♠❡♥t✳

❆s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✺✭❛✮✱ t❤❡s❡ ❢❛❝t♦rs s❝❛❧❡ ♦✈❡r s❡✈❡r❛❧ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❢♦r

t❤❡ ❝❡s✐✉♠ st❛t❡s ♦❢ ✐♥t❡r❡st✳ ❚♦ ✜♥❞ t❤❡ ♦♣t✐♠✉♠ ❘②❞❜❡r❣ st❛t❡✱ ❛❧❧ t❤❡ r❡❧❡✈❛♥t

❢❛❝t♦rs ♠✉st ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❋✐rst ♦❢ ❛❧❧✱ t❤❡ ❝❡s✐✉♠ ❛t♦♠s ❛r❡ ❧❛s❡r ❡①❝✐t❡❞✳

■♥ ❣❡♥❡r❛❧✱ t❤❡ ♦s❝✐❧❧❛t♦r str❡♥❣t❤s s❝❛❧❡ ❛s n−3 ❬✻✾❪✳ ❚❤❡ l✲♠✐①✐♥❣ ❢r♦♠ t❤❡ ♠❛❣♥❡t✐❝

✜❡❧❞ ❢✉rt❤❡r r❡❞✉❝❡s t❤❡ ❡①❝✐t❛t✐♦♥ ❡✣❝✐❡♥❝②✳ ■❢ t❤❡ ❧✐❢❡t✐♠❡ ♦❢ t❤❡ n✲st❛t❡ ✐s t♦♦ ❧♦✇✱

❛ s✐❣♥✐✜❝❛♥t ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❘②❞❜❡r❣ ❛t♦♠s ✇✐❧❧ ❞❡❝❛② ✐♥ ✢✐❣❤t✳ ❋♦r s✉✣❝✐❡♥t❧② ❤✐❣❤

st❛t❡s✱ ♣r❛❝t✐❝❛❧❧② ❛❧❧ ❘②❞❜❡r❣ ❛t♦♠s r❡❛❝❤ t❤❡ ♣♦s✐tr♦♥s ❛♥❞ ❛♥ ❡①❝✐t❛t✐♦♥ t♦ st✐❧❧

❤✐❣❤❡r n✲st❛t❡s ♦♥❧② r❡s✉❧ts ✐♥ ❛ ♠✐♥✐♠❛❧ ❣❛✐♥✳ ❚❤❡s❡ ❢❛❝t♦rs ❞❡t❡r♠✐♥❡ t❤❡ ❢r❛❝t✐♦♥

♦❢ ❝❡s✐✉♠ ❛t♦♠s t❤❛t r❡❛❝❤ t❤❡ ♣♦s✐tr♦♥s ✐♥ ❛ ❘②❞❜❡r❣ st❛t❡✳ ❚❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡

❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❝❡ss ✐ts❡❧❢ ✐s t❤❡♥ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝r♦ss s❡❝t✐♦♥s✱ ❡q✉❛t✐♦♥s

✭✻✳✻✮ ❛♥❞ ✭✻✳✼✮✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦s✐tr♦♥s ❛♥❞ ❛♥t✐♣r♦t♦♥s✳ ❚❤❡ ♥✉♠❜❡r ♦❢ e+ ✐s

❧✐♠✐t❡❞ ❜② t❤❡✐r s♣❛❝❡✲❝❤❛r❣❡ ♣♦t❡♥t✐❛❧✳ ❚❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❣❡♥❡r❛t❡❞ ♠✉st ❜❡ ❦❡♣t

❜❡❧♦✇ t❤❡ ✜❡❧❞ r❡q✉✐r❡❞ t♦ ❙t❛r❦✲✐♦♥✐③❡ t❤❡ ❘②❞❜❡r❣ st❛t❡s✱ ❡q✉❛t✐♦♥ ✭✻✳✾✮✳ ❚❤❡

♥✉♠❜❡r ♦❢ ❛♥t✐♣r♦t♦♥s ✉s❡❞ ✐s t②♣✐❝❛❧❧② t✇♦ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ s♠❛❧❧❡r✱ s♦ t❤❡✐r

s♣❛❝❡ ❝❤❛r❣❡ ♣♦t❡♥t✐❛❧ ❝❛♥ ❜❡ ♥❡❣❧❡❝t❡❞ ❤❡r❡✳

❚❤❡ r❡s✉❧t ♦❢ t❤✐s ♦♣t✐♠✐③❛t✐♦♥✱ t❤❡ ♥♦r♠❛❧✐③❡❞ ❝r♦ss s❡❝t✐♦♥ ❢♦r ❛♥t✐❤②❞r♦❣❡♥

♣r♦❞✉❝t✐♦♥ ♣❡r ❈s ❛t♦♠✱ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✺✭❜✮✳ ❚❤❡ st❡❡♣ ✐♥❝r❡❛s❡ ♦♥ t❤❡ ❧❡❢t

✶✷✷
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❋✐❣✉r❡ ✻✳✺✿ ❙❡❧❡❝t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠✉♠ ❘②❞❜❡r❣ st❛t❡✳ ✭❛✮ ❋❛❝t♦rs t❤❛t ❝♦♥tr✐❜✉t❡ t♦ t❤❡

❛♥t✐❤②❞r♦❣❡♥ ♣r♦❞✉❝t✐♦♥ ❡✣❝✐❡♥❝② s❝❛❧❡ ♦✈❡r s❡✈❡r❛❧ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✳ ◆❛♠❡❧②✱ t❤❡② ❛r❡

t❤❡ ❝r♦ss s❡❝t✐♦♥s ❢♦r Ps ❛♥❞ H̄ ♣r♦❞✉❝t✐♦♥ σPs ❛♥❞ σH̄ ✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❧✐❢❡t✐♠❡ ♦❢ t❤❡

❘②❞❜❡r❣ st❛t❡ τ ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♠♣❧✐t✉❞❡ EFI ♥❡❝❡ss❛r② t♦ ❙t❛r❦✲✐♦♥✐③❡ t❤❡ ❘②❞❜❡r❣

❛t♦♠s✳ ✭❜✮ ❚❤❡ ♥♦r♠❛❧✐③❡❞ ❝r♦ss s❡❝t✐♦♥ ❢♦r ❛♥t✐❤②❞r♦❣❡♥ ♣r♦❞✉❝t✐♦♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡s❡ ❢❛❝t♦rs

s❤♦✇s ❛ ♥❛rr♦✇ ♠❛①✐♠✉♠ ❛r♦✉♥❞ t❤❡ s❡❧❡❝t❡❞ n = 42 st❛t❡✳ ❚❤❡ ❧❡✈❡❧ ❛❝❝❡ss✐❜❧❡ ✇✐t❤ t❤❡

✜①❡❞✲❢r❡q✉❡♥❝② ❝♦♣♣❡r ✈❛♣♦r ❧❛s❡r ✐s ❛❧s♦ ✐♥❞✐❝❛t❡❞✳

❤❛♥❞ s✐❞❡ ✐s ❞✉❡ t♦ t❤❡ n4✲❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝r♦ss s❡❝t✐♦♥s ❛♥❞ t❤❡ ✐♥❝r❡❛s✐♥❣

❧✐❢❡t✐♠❡s ♦❢ t❤❡ ❘②❞❜❡r❣ st❛t❡s✳ ❚❤❡ ❣❛✐♥ ❢r♦♠ ❧♦♥❣❡r ❧✐❢❡t✐♠❡s ❧❡✈❡❧s ♦✛ ❛❜♦✈❡

n ≃ 40✳ ❚❤❡ l✲♠✐①✐♥❣ ❜❡❝♦♠❡s ♠♦r❡ ♣r♦♠✐♥❡♥t ✐♥ t❤✐s r❡❣✐♠❡ ❛s t❤❡ s♣❛❝✐♥❣ ❜❡t✇❡❡♥

♥❡✐❣❤❜♦r✐♥❣ ❡♥❡r❣② ❧❡✈❡❧s ❞❡❝r❡❛s❡s ❛♥❞ t❤❡ ♦✈❡r❛❧❧ ❞❡❝❧✐♥❡ ✐♥ ❡①❝✐t❛t✐♦♥ ❡✣❝✐❡♥❝②

❝❛✉s❡s t❤❡ ❞r♦♣ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣❧♦t✳ ❚❤❡ ❝✉r✈❡ ❤❛s ❛ ♥❛rr♦✇ ♠❛①✐♠✉♠

❝❡♥t❡r❡❞ ❛r♦✉♥❞ n = 42✱ ✇❤✐❝❤ ✐s t❤❡ st❛t❡ ✇❡ s❡❧❡❝t t♦ ✉s❡✳ ❈❡s✐✉♠ ❛t♦♠s ✐♥ t❤✐s

st❛t❡ s✉r✈✐✈❡ ❡❧❡❝tr✐❝ ✜❡❧❞s ✉♣ t♦ ≃ 100V/cm ✭s❡❡ ✜❣✉r❡ ✺✳✺✭❝✮✮✱ ✇❤✐❝❤ ✐s s✉✣❝✐❡♥t❧②

❧❛r❣❡ t♦ ❛✈♦✐❞ ✐♦♥✐③❛t✐♦♥ ❜② str❛② ✜❡❧❞s ✇✐t❤✐♥ t❤❡ tr❛♣✳ ■t ❛❧❧♦✇s ✉s t♦ ✉s❡ ♣❧❛s♠❛s

✇✐t❤ ✉♣ t♦ 3 · 108 ♣♦s✐tr♦♥s✳

❆s ✐♥❞✐❝❛t❡❞ ✐♥ ✜❣✉r❡ ✻✳✺✭❜✮✱ t❤❡ n = 37 ❧❡✈❡❧ ✉s❡❞ ✐♥ ❆❚❘❆P✬s ❡❛r❧✐❡r ❡①♣❡r✲

✐♠❡♥t ✐♥ ✷✵✵✹ ❬✶✷✻❪ ❤❛s ❛ ♠✉❝❤ ❧♦✇❡r ❡✣❝✐❡♥❝②✳ ❚❤✐s st❛t❡ ✇❛s s❡t ❜② t❤❡ ✜①❡❞
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❢r❡q✉❡♥❝② ♦❢ t❤❡ ❝♦♣♣❡r ✈❛♣♦r ❧❛s❡r✳ ❚❤❡ ✷✵✵✹ ❡①♣❡r✐♠❡♥t ✉s❡❞ ❛ ✜✈❡ t✐♠❡s ❧❛r❣❡r

♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ 5.3T✳ ❙✐♥❝❡ t❤✐s ❝❛✉s❡s str♦♥❣❡r l✲♠✐①✐♥❣ ❛t ❧♦✇❡r n✲st❛t❡s✱ t❤❡

♠❛①✐♠✉♠ ✐♥ ✜❣✉r❡ ✻✳✺✭❜✮ ✐s s❤✐❢t❡❞ t♦✇❛r❞s ❧♦✇❡r ❘②❞❜❡r❣ st❛t❡s ✐♥ t❤✐s ❝❛s❡✳ ❍♦✇✲

❡✈❡r✱ ✉s✐♥❣ t❤❡ ❝♦♣♣❡r ✈❛♣♦r ❧❛s❡r ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ n = 37 st❛t❡ ✐♥ t❤❡ 1T ✜❡❧❞ ♦❢

♦✉r ❝✉rr❡♥t ❛♣♣❛r❛t✉s ✇♦✉❧❞ ❞❡❝r❡❛s❡ t❤❡ ♣r♦❞✉❝t✐♦♥ ❡✣❝✐❡♥❝② ❢♦r ❛♥t✐❤②❞r♦❣❡♥ ❜②

❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡✳

❚❤❡ q✉❛❞r✉♣♦❧❡ ■♦✛❡ tr❛♣ ✐♥❝r❡❛s❡s t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛t t❤❡ ❧❛s❡r ❡①❝✐t❛t✐♦♥

r❡❣✐♦♥ t♦ 3.6T✳ ❚❤❡ s❛♠❡ ♦♣t✐♠✐③❛t✐♦♥ ❝♦✉❧❞ ♥♦t ❜❡ ❞♦♥❡ ✐♥ t❤✐s str♦♥❣❡r ✜❡❧❞ s✐♥❝❡

t♦♦ ♠❛♥② st❛t❡s ✇♦✉❧❞ ❤❛✈❡ t♦ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ S

❛♥❞ D ❝❤❛r❛❝t❡r ✭s❡❡ s❡❝t✐♦♥ ✺✳✶✳✹✮✳ ■♥st❡❛❞✱ ✇❡ ❝❤♦s❡ n = 38✱ ♦♥❡ ❧❡✈❡❧ ❛❜♦✈❡ t❤❡

n = 37 st❛t❡ ✉s❡❞ ✐♥ t❤❡ 5.3T ✜❡❧❞✳

❚❤❡ ✇✐❞❡ t✉♥❛❜✐❧✐t② ♦❢ ♦✉r ♥❡✇ ❧❛s❡r s②st❡♠ ♣r♦✈❡❞ t♦ ❜❡ ❛♥ ✐♠♣♦rt❛♥t ❛❞✈❛♥❝❡✲

♠❡♥t✳ ❙✐♥❝❡ ✐t ♦✛❡rs ❛❝❝❡ss t♦ ❛❧❧ ❘②❞❜❡r❣ st❛t❡s ❛❜♦✈❡ n = 20✱ ✐t ❛❧❧♦✇s ✉s t♦ s❡❧❡❝t

t❤❡ st❛t❡ ♠♦st ✜tt✐♥❣ t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥s✳

✻✳✸ P♦s✐tr♦♥✐✉♠

❲✐t❤ t❤❡ ♣r❡r❡q✉✐s✐t❡s ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥ts ❛tt❡♥❞❡❞ t♦✱ t❤❡ ♥❡①t st❡♣

✐s t♦ ❡①❛♠✐♥❡ t❤❡ ✜rst ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ r❡❛❝t✐♦♥✿ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❘②❞❜❡r❣ ♣♦s✐tr♦✲

♥✐✉♠✳ ❆s ❢♦r ♦t❤❡r ❛♥t✐❤②❞r♦❣❡♥ ❡①♣❡r✐♠❡♥ts✱ t❤❡ ✈♦❧t❛❣❡s ❛♣♣❧✐❡❞ t♦ t❤❡ P❡♥♥✐♥❣

tr❛♣ ❡❧❡❝tr♦❞❡s ♠✉st ❜❡ t❤♦r♦✉❣❤❧② ❝❤♦s❡♥✳ ❚❤❡ ♣♦t❡♥t✐❛❧ str✉❝t✉r❡ ✉s❡❞ ❢♦r P♦s✐tr♦✲

♥✐✉♠ ♣r♦❞✉❝t✐♦♥ ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✻✳ ❲❤❡♥ ❞❡s✐❣♥✐♥❣ s✉❝❤ ❛ str✉❝t✉r❡✱ ❛ ♥✉♠❜❡r

♦❢ ♣♦ss✐❜❧❡ ✐ss✉❡s ♠✉st ❜❡ ❛✈♦✐❞❡❞✳ ❆♥② ✈♦❧t❛❣❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❝❡s✐✉♠ ❡❧❡❝tr♦❞❡ ❈❙

♣r♦❞✉❝❡s ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ✇❤✐❝❤ ❛❞❞s t♦ t❤❛t ❣❡♥❡r❛t❡❞ ❜② t❤❡ s♣❛❝❡ ❝❤❛r❣❡ ♦❢ t❤❡

♣♦s✐tr♦♥s✳ ❚♦ ❛✈♦✐❞ ✐♦♥✐③❛t✐♦♥ ♦❢ ✐♥❝♦♠✐♥❣ ❘②❞❜❡r❣ ❝❡s✐✉♠ ❛t♦♠s ❛♥❞ t♦ ♠❛①✐♠✐③❡

t❤❡ ♥✉♠❜❡r ♦❢ e+✱ t❤❡ ✈♦❧t❛❣❡ ♦♥ ❈❙ ✐s s❡t t♦ 0V ❢♦r ❛❧❧ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❡①♣❡r✐✲
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❋✐❣✉r❡ ✻✳✻✿ P♦t❡♥t✐❛❧ str✉❝t✉r❡ ❢♦r P♦s✐tr♦♥✐✉♠ ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ s♦❧✐❞ ❜❧✉❡ ❧✐♥❡ s❤♦✇s t❤❡

♣♦t❡♥t✐❛❧ ❛❧♦♥❣ t❤❡ tr❛♣ ❛①✐s✱ t❤❡ ❞❛s❤❡❞ r❡❞ ❧✐♥❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♠♣❧✐t✉❞❡✳

❚❤❡ e+ ❛r❡ ✐♥✐t✐❛❧❧② ♣❧❛❝❡❞ ✐♥t♦ ❛ s❤❛❧❧♦✇ ❤❛r♠♦♥✐❝ ✇❡❧❧ ❝❡♥t❡r❡❞ ♦♥ t❤❡ ❈❙ ❡❧❡❝tr♦❞❡✳ ❲❤❡♥

Ps∗ ❛r❡ ♠❛❞❡✱ t❤❡② ❧❡❛✈❡ t❤✐s ✇❡❧❧ ❛♥❞ s♦♠❡ ✇✐❧❧ ❡♥t❡r t❤❡ ❞❡❡♣ ❞❡t❡❝t✐♦♥ ✇❡❧❧ t♦ t❤❡ ❧❡❢t

✇❤✐❝❤ ✐♦♥✐③❡s t❤❡ Ps∗ ❛♥❞ tr❛♣s t❤❡ e+✳ ❚❤❡ ❧♦✇❡r ❡♥❞ ♦❢ t❤❡ tr❛♣ ✐s t♦✇❛r❞s t❤❡ r✐❣❤t ❤❛♥❞

s✐❞❡ ♦❢ t❤❡ ✜❣✉r❡✳

♠❡♥ts✳ ❚❤❡ ♣♦s✐tr♦♥s ♠✉st ❜❡ ❤❡❧❞ ✐♥ ❛ ❤❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧ t♦ ❛✈♦✐❞ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡

♣❧❛s♠❛✳ ▼✐♥✐♠✐③✐♥❣ t❤❡ ❛♥❤❛r♠♦♥✐❝ ❝♦❡✣❝✐❡♥ts C4 ❛♥❞ C6 ✭s❡❝t✐♦♥ ✸✳✷✮ ❝♦♥str❛✐♥s

t❤❡ ✈♦❧t❛❣❡s ♦♥ t❤❡ ❡❧❡❝tr♦❞❡s ♥❡✐❣❤❜♦r✐♥❣ ❈❙✳

❚♦ ✈❡r✐❢② t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ P♦s✐tr♦♥✐✉♠✱ ❛ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ✐s s❡t ✉♣ ♦♥ ❡❧❡❝tr♦❞❡

❯❚❘✶✵✳ ❚❤✐s t❡❝❤♥✐q✉❡ ✇❛s ✜rst ❞❡✈❡❧♦♣❡❞ t♦ ❞❡t❡❝t ❛♥t✐❤②❞r♦❣❡♥ ♣r♦❞✉❝❡❞ ❜②
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t❤r❡❡✲❜♦❞② r❡❝♦♠❜✐♥❛t✐♦♥ ❬✺✾❪✱ ❜✉t ✐t ✐s ❛❧s♦ ❛♣♣❧✐❝❛❜❧❡ t♦ s✐♠✐❧❛r ❡①❝✐t❡❞ ❛t♦♠✐❝

s②st❡♠s ❧✐❦❡ P♦s✐tr♦♥✐✉♠✳ ❆ ✈♦❧t❛❣❡ ♦❢ 1000V ✐s ❛♣♣❧✐❡❞ t♦ ❛♥ ❡❧❡❝tr♦❞❡ ❝❧♦s❡ t♦

t❤❡ ♣♦s✐tr♦♥s✱ ✇❤✐❝❤ ❣❡♥❡r❛t❡s ❛ ❞❡❡♣ ♣♦t❡♥t✐❛❧ ✇❡❧❧✳ P♦s✐tr♦♥✐✉♠ ❛t♦♠s t❤❛t ❢♦r♠

❜② ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❝♦❧❧✐s✐♦♥s ✐♥ t❤❡ ♣♦s✐tr♦♥ ♣❧❛s♠❛ ❛r❡ ❡❧❡❝tr✐❝❛❧❧② ♥❡✉tr❛❧ ❛♥❞

t❤❡r❡❢♦r❡ ♥♦t ❝♦♥✜♥❡❞ ❜② t❤❡ P❡♥♥✐♥❣ tr❛♣✳ ❚❤❡② ❡♠❡r❣❡ ✇✐t❤ ❛ r♦✉❣❤❧② ✐s♦tr♦♣✐❝

❞✐str✐❜✉t✐♦♥ ❛♥❞ s♦♠❡ ❡♥t❡r t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧✳ ❚❤❡ str♦♥❣ ❡❧❡❝tr✐❝ ✜❡❧❞ ❙t❛r❦✲✐♦♥✐③❡s

t❤❡ ♣♦s✐tr♦♥✐✉♠ ❛t♦♠s ♦♥ ❡♥tr② ❛♥❞ t❤❡ ♣♦s✐tr♦♥s ❛r❡ ❝♦♥✜♥❡❞ ✐♥ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧✳

❚❤❡ ✇❡❧❧ ❝❛♥ tr❛♣ ♣♦s✐tr♦♥s ❢r♦♠ Ps∗ t❤❛t ✐♦♥✐③❡ ❜❡t✇❡❡♥ 50V/cm ❛♥❞ 300V/cm✳

❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ✐s ❣✐✈❡♥ ❜② t❤❡ ♠❛①✐♠✉♠ ✈♦❧t❛❣❡ ♦❢ 1000V t❤❛t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞

t♦ t❤❡ ❡❧❡❝tr♦❞❡ ❯❚❘✶✵✳ ❋✐❣✉r❡ ✺✳✺✭❝✮ s❤♦✇s t❤❛t ❛ ✜❡❧❞ ♦❢ 300V/cm ✐s s✉✣❝✐❡♥t

t♦ ✐♦♥✐③❡ ❛❧❧ ❝❡s✐✉♠ ❛t♦♠s ✐♥ t❤❡ n = 42 st❛t❡✳ ❚❤❡ ❜✐♥❞✐♥❣ ❡♥❡r❣② ♦❢ t❤❡ ❘②❞❜❡r❣

❈s∗ ✐s tr❛♥s❢❡r❡❞ ✐♥ t❤❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❝♦❧❧✐s✐♦♥s ✜rst t♦ ♣♦s✐tr♦♥✐✉♠ ❛♥❞ t❤❡♥ t♦

t❤❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s✳ ❚❤❡s❡ ❛r❡ t❤❡r❡❢♦r❡ ❙t❛r❦✲✐♦♥✐③❡❞ ❜② t❤❡ s❛♠❡ ❡❧❡❝tr✐❝ ✜❡❧❞

❛♠♣❧✐t✉❞❡✳ ❆ ✜❡❧❞ ♦❢ 300V/cm ❙t❛r❦✲✐♦♥✐③❡s ❝❡s✐✉♠ ❛t♦♠s ✐♥ st❛t❡s ❢r♦♠ n = 32

✉♣✇❛r❞s✱ ❡q✉❛t✐♦♥ ✭✻✳✾✮✳ ❲❤✐❧❡ s♦♠❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❈s∗ ❛t♦♠s ✇✐❧❧ ❞❡❝❛② ✐♥ ✢✐❣❤t

✭❝♦♠♣❛r❡ s❡❝t✐♦♥ ✻✳✷✮✱ t❤✐s ✐s ♥♦ ✐ss✉❡ ❢♦r t❤❡ ♣♦s✐tr♦♥✐✉♠✳ ❋♦r ❛ s✉✣❝✐❡♥t❧② ❝♦❧❞

♣♦s✐tr♦♥ ♣❧❛s♠❛✱ t❤❡✐r ✈❡❧♦❝✐t② ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❝❧❛ss✐❝❛❧ s♣❡❡❞ ♦❢ t❤❡ ❘②❞❜❡r❣

❡❧❡❝tr♦♥ ✐♥ t❤❡ ❝❡s✐✉♠ ❛t♦♠✿

v =
e2

4πǫ0n~
. ✭✻✳✶✵✮

❋♦r n = 42 t❤✐s ❡q✉❛t❡s t♦ v = 52000m/s ❛♥❞ t❤❡ Ps∗ ✇✐❧❧ r❡❛❝❤ t❤❡ ❞❡t❡❝t✐♦♥

✇❡❧❧ ✇✐t❤✐♥ 1µs✳ P♦s✐tr♦♥✐✉♠ ❢♦r♠s ✐♥ ❛ st❛t❡ ✇✐t❤ nPs ≃ nCs/
√
2 ≃ 30 ❬✽✷❪✳

❋r♦♠ ❡q✉❛t✐♦♥ ✭✻✳✽✮✱ ❛ ❧✐❢❡t✐♠❡ ❧❛r❣❡r t❤❛♥ 600µs ✐s ❡①♣❡❝t❡❞✱ s♦ ♣r❛❝t✐❝❛❧❧② ♥♦ Ps∗

✇✐❧❧ ❞❡❝❛② ♦♥ ✐ts ✇❛② t♦ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧✳ ❚❤❡ e+ ❢r♦♠ Ps∗ t❤❛t ✐♦♥✐③❡s ❜❡❧♦✇

50V/cm ❝❛♥♥♦t ❜❡ ❝♦♥✜♥❡❞✳ ❚❤❡s❡ ❛t♦♠s ❛r❡ str✐♣♣❡❞ ❤✐❣❤ ✉♣ ✐♥ t❤❡ s❤♦✉❧❞❡r ♦❢
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t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ❜❡t✇❡❡♥ ❡❧❡❝tr♦❞❡s ❯❚❘✽ ❛♥❞ ❯❚❘❲ ❛♥❞ s✐♥❝❡ t❤❡ ❜❛rr✐❡r ♦♥

t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✇❡❧❧ ♠✉st ❜❡ ❧♦✇❡r ✭s❡❡ ❜❡❧♦✇✮✱ t❤❡ ♣♦s✐tr♦♥s ❣❛✐♥ ❡♥♦✉❣❤

❡♥❡r❣② t♦ ♣❛ss t❤r♦✉❣❤ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ❛♥❞ ❧❡❛✈❡ ♦♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡✳ ❆ str✐♣♣✐♥❣

✜❡❧❞ ♦❢ 50V/cm ❝❛♥ ♦♥❧② ✐♦♥✐③❡ st❛t❡s ✇✐t❤ nPs ≥ 35✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ nPs ❢r♦♠

n = 42 ❝❡s✐✉♠ ❛t♦♠s ✐s s❤❛r♣❧② ♣❡❛❦❡❞ ❛r♦✉♥❞ nPs = 30✳ ❚❤❡r❡❢♦r❡ ✇❡ ❡①♣❡❝t t♦

❝❛t❝❤ t❤❡ ♠❛❥♦r✐t② ♦❢ t❤❡ Ps∗ ❛t♦♠s ♣r♦❞✉❝❡❞ ✐♥ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧✳

❆❢t❡r ❛♥ ❡①♣❡r✐♠❡♥t✱ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rt✐❝❧❡s ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ♣♦s✐tr♦♥ ✇❡❧❧ ❛r❡

❡❥❡❝t❡❞✳ ❚❤❡ ♣❛rt✐❝❧❡s ✐♥ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ❛r❡ t❤❡♥ ❝♦✉♥t❡❞ ❜② t❤❡ ♠❡t❤♦❞s ❞❡✲

s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✶✳✹✳ ❊❛❝❤ ♣♦s✐tr♦♥ ❢♦✉♥❞ ✐♥ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ❝♦rr❡s♣♦♥❞s t♦

❛ P♦s✐tr♦♥✐✉♠ ❛t♦♠✳ ❚♦ ♣r❡✈❡♥t ❢❛❧s❡ ❝♦✉♥ts✱ t❤❡ ♣♦t❡♥t✐❛❧s ♠✉st ❜❡ ❞❡s✐❣♥❡❞ s♦

t❤❛t ❛❧❧ ♣♦s✐tr♦♥s ✇❤✐❝❤ ❡s❝❛♣❡ ❢r♦♠ t❤❡✐r ✐♥✐t✐❛❧ ✇❡❧❧ ❜② s♦♠❡ ♠❡❛♥ ♣❛ss t❤r♦✉❣❤

t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ✇✐t❤♦✉t ❜❡✐♥❣ ❝♦♥✜♥❡❞✳ ❚♦ t❤✐s ♣✉r♣♦s❡✱ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢

t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ✐s s❧✐❣❤t❧② ❧♦✇❡r s♦ t❤❛t ❛❧❧ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s t❤❛t ❝r♦ss t❤❡ r✐❣❤t

❤❛♥❞ s✐❞❡ ❜❛rr✐❡r ❤❛✈❡ s✉✣❝✐❡♥t ❡♥❡r❣② t♦ ❡①✐t t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ❛❣❛✐♥✳ ❚❤❡ s❧♦♣❡

♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣♦s✐tr♦♥ ✇❡❧❧ ✐s ❞❡s✐❣♥❡❞ t♦ ❣✉✐❞❡ ❡❧❡❝tr♦♥s t♦✇❛r❞s t❤❡

❞❡❣r❛❞❡r✳ ❆ ♣♦t❡♥t✐❛❧ str✉❝t✉r❡ ✇✐t❤ ❛ s❡❝♦♥❞ ❞❡t❡❝t✐♦♥ ✇❡❧❧✱ ❛s ✐t ✇❛s ✉s❡❞ ♣r❡✈✐✲

♦✉s❧② ❬✶✷✷❪✱ ❝♦✉❧❞ tr❛♣ ❡❧❡❝tr♦♥s ✇✐t❤ ❤✐❣❤ ❡♥❡r❣✐❡s t❤❛t ✇♦✉❧❞ ♦s❝✐❧❧❛t❡ t❤r♦✉❣❤ t❤❡

♣♦s✐tr♦♥s✱ ❤❡❛t✐♥❣ t❤❡♠ ✉♣ ❛♥❞ r❡❞✉❝✐♥❣ t❤❡ ♣r♦❞✉❝t✐♦♥ ❡✣❝✐❡♥❝②✳ ❚❤❡ ♣♦t❡♥t✐❛❧

str✉❝t✉r❡ ✉s❡❞ ♥♦✇ ✐s ❞❡s✐❣♥❡❞ t♦ ❣✉✐❞❡ ❡✈❡r② ❢r❡❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡ t♦ t❤❡ ✉♣♣❡r ♦r

❧♦✇❡r ❡♥❞ ♦❢ t❤❡ tr❛♣ ✐♥ ❛ s✐♥❣❧❡ ♣❛ss✳

❇❡❢♦r❡ ❡❛❝❤ ❡①♣❡r✐♠❡♥t✱ t❤❡ ❝❡s✐✉♠ ♦✈❡♥ ✐s ♣r❡✲❤❡❛t❡❞ ✇✐t❤ t❤❡ ❧❛s❡rs ❜❧♦❝❦❡❞

✭s❡❡ s❡❝t✐♦♥ ✸✳✸✳✸✮✳ ❲❤❡♥ t❤❡ ❜❡❛♠ ❜❧♦❝❦❡r ✐s ♦♣❡♥❡❞✱ ✇❡ s❡❡ ❛♥ ✐♠♠❡❞✐❛t❡ r✐s❡ ✐♥

t❤❡ ❡✈❡♥t r❛t❡ ♦❢ t❤❡ s❝✐♥t✐❧❧❛t✐♥❣ ✜❜❡rs ❝❛✉s❡❞ ❜② ♣♦s✐tr♦♥✐✉♠ ❛t♦♠s t❤❛t ❧❡❛✈❡ t❤❡

e+ ✇❡❧❧ ❛♥❞ ❛♥♥✐❤✐❧❛t❡ ♦♥ t❤❡ ❡❧❡❝tr♦❞❡s✱ s❡❡ ✜❣✉r❡ ✻✳✼✳ ❲❤❡♥ t❤❡ ❧❛s❡r ✐s ❜❧♦❝❦❡❞

❛❣❛✐♥✱ ♦♥❧② ❣r♦✉♥❞ st❛t❡ ❝❡s✐✉♠ ✐s s❡♥t ✐♥t♦ t❤❡ ♣♦s✐tr♦♥ ❝❧♦✉❞ ❛♥❞ ❞✉❡ t♦ t❤❡

♠✉❝❤ ❧♦✇❡r ❝r♦ss s❡❝t✐♦♥✱ ♥♦ ♣♦s✐tr♦♥✐✉♠ ✐s ♠❛❞❡ ❛♥❞ t❤❡ ❞❡t❡❝t♦r s✐❣♥❛❧ r❡❞✉❝❡s t♦
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❋✐❣✉r❡ ✻✳✼✿ ❙✐❣♥❛❧ ❢r♦♠ t❤❡ s❝✐♥t✐❧❧❛t✐♥❣ ✜❜❡rs ❞✉r✐♥❣ ❛ ♣♦s✐tr♦♥✐✉♠ ❡①♣❡r✐♠❡♥t✳ ❚❤❡ ❧❛s❡rs

❛r❡ s❡♥t ✐♥t♦ t❤❡ ❛♣♣❛r❛t✉s ❢♦r 10 s ✐♥t❡r✈❛❧s ✇✐t❤ 30 s ♣❛✉s❡s ✐♥ ❜❡t✇❡❡♥✳ ❚❤❡ ❧❛s❡r ❡①❝✐t❡❞

❝❡s✐✉♠ ❛t♦♠s ✐♥t❡r❛❝t ✇✐t❤ t❤❡ e+✱ ❢♦r♠✐♥❣ ♣♦s✐tr♦♥✐✉♠ ✇❤✐❝❤ t❤❡♥ ❡♠❡r❣❡s ❢r♦♠ t❤❡ tr❛♣

❛♥❞ ❛♥♥✐❤✐❧❛t❡s ♦♥ t❤❡ ✇❛❧❧s✳ ❉✉❡ t♦ t❤❡ n4 ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝r♦ss s❡❝t✐♦♥✱ ♥♦ ♣♦s✐tr♦♥✐✉♠ ✐s

♣r♦❞✉❝❡❞ ✇❤❡♥ t❤❡ ❧❛s❡rs ❛r❡ ❜❧♦❝❦❡❞ ❛♥❞ t❤❡ ❝♦✉♥t r❛t❡ ❢r♦♠ t❤❡ ✜❜❡rs ❞r♦♣s t♦ ❜❛❝❦❣r♦✉♥❞✳

❜❛❝❦❣r♦✉♥❞✳ ❋✐❣✉r❡ ✻✳✼ s❤♦✇s t❤❡ s✐❣♥❛❧ ❢r♦♠ t❤❡ s❝✐♥t✐❧❧❛t✐♥❣ ✜❜❡rs ✇❤❡♥ t❤❡ ❧❛s❡rs

❛r❡ s❡♥t ✐♥t♦ t❤❡ tr❛♣ ❢♦r 10 s ✐♥t❡r✈❛❧s✱ s❡♣❛r❛t❡❞ ❜② 30 s✳ ❚❤✐s s♣❡❝✐✜❝ ♠❡❛s✉r❡♠❡♥t

✇❛s st❛rt❡❞ ✇✐t❤ t❤❡ ❝❡s✐✉♠ ♦✈❡♥ st✐❧❧ ✐♥ ✐ts ✇❛r♠✲✉♣ ♣❤❛s❡✱ t❤❡r❡❢♦r❡ t❤❡ s❡❝♦♥❞

♣❧❛t❡❛✉ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ ✜rst ♦♥❡✳ ■t ❛❧s♦ ✉s❡❞ ❛ ❤✐❣❤❡r ✢✉① ♦❢ ❈s∗ t❤❛♥ ♠♦st

♦t❤❡r ❡①♣❡r✐♠❡♥ts✱ t❤❡r❡❢♦r❡ t❤❡ e+ ❛r❡ ✉s❡❞ ✉♣ ✐♥ ❛ s❤♦rt t✐♠❡ ❝❛✉s✐♥❣ t❤❡ ❞❡❝r❡❛s❡

✐♥ s✐❣♥❛❧ ❛♠♣❧✐t✉❞❡✳ ◆♦ ❞✐✛❡r❡♥❝❡ ✐s ♦❜s❡r✈❡❞ ✇❤❡t❤❡r ❜♦t❤ ❧❛s❡rs ❛r❡ ❜❧♦❝❦❡❞ ♦r

♦♥❧② ♦♥❡ ❛t ❛ t✐♠❡✳ ❚❛❦✐♥❣ t❤❡ ❞❡t❡❝t♦r ❡✣❝✐❡♥❝② ♦❢ 0.5% ❢♦r ♣♦s✐tr♦♥ ❛♥♥✐❤✐❧❛t✐♦♥s

✐♥t♦ ❛❝❝♦✉♥t✱ t❤❡ tr❛❝❡ ✐♥ ✜❣✉r❡ ✻✳✼ ❝♦rr❡s♣♦♥❞s t♦ ❛❜♦✉t 6 ·106 Ps∗ ♣r♦❞✉❝❡❞ ✐♥ t❤❡

✜✈❡ ✏❧❛s❡r✲♦♥✑ ❝②❝❧❡s✳

❋♦r ❛ ♠♦r❡ t❤♦r♦✉❣❤ s❡r✐❡s ♦❢ P♦s✐tr♦♥✐✉♠ ❡①♣❡r✐♠❡♥ts✱ ❝❧♦✉❞s ♦❢ 30million e+

✇✐t❤ ❛ r❛❞✐✉s ♦❢ 4.5± 0.5mm ❛r❡ ❧♦❛❞❡❞ ❛♥❞ ♣❧❛❝❡❞ ✐♥t♦ t❤❡ ♣♦t❡♥t✐❛❧ str✉❝t✉r❡ ♦❢

✜❣✉r❡ ✻✳✻✳ ❚❤❡ ❝❡s✐✉♠ s♦✉r❝❡ ✐s ♣r❡✲❤❡❛t❡❞ ❢♦r 360 s✳ ❚❤❡ ❜❡❛♠ st♦♣♣❡r ✐s ♦♣❡♥❡❞

❛❢t❡r 390 s ❢♦r ❛ t✐♠❡ ✇✐♥❞♦✇ r❛♥❣✐♥❣ ❢r♦♠ 225 s t♦ ♦✈❡r ❛♥ ❤♦✉r✳ ❆❢t❡r t❤❡ r✉♥✱
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❋✐❣✉r❡ ✻✳✽✿ ◆✉♠❜❡r ♦❢ ♣♦s✐tr♦♥s ❢♦✉♥❞ ✐♥ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ❢♦r ❞✐✛❡r❡♥t r✉♥t✐♠❡s ♦❢ t❤❡

❝❡s✐✉♠ ♦✈❡♥✳ ❊❛❝❤ e+ ❝♦rr❡s♣♦♥❞s t♦ ❛ P♦s✐tr♦♥✐✉♠ ❛t♦♠ ❡♠❡r❣✐♥❣ ❢r♦♠ t❤❡ e+ ✇❡❧❧ ♦♥✲❛①✐s✳

❚❤❡ ♥✉♠❜❡r s❛t✉r❛t❡s ❛r♦✉♥❞ 750 000Ps∗ ✇❤❡♥ ❛❧❧ ♦❢ t❤❡ 30Million e+ ❛r❡ ✉s❡❞ ✉♣✳ ■♥ ❝♦♥tr♦❧

tr✐❛❧s ✇✐t❤ t❤❡ ✐♥❢r❛r❡❞ ❧❛s❡r ❞❡t✉♥❡❞✱ ♥♦ e+ ❛r❡ ❢♦✉♥❞ ✐♥ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧✳

t❤❡ r❡♠❛✐♥✐♥❣ e+ ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ✇❡❧❧ ❛r❡ ❡❥❡❝t❡❞ ❛♥❞ ✜♥❛❧❧②✱ t❤❡ ♣♦s✐tr♦♥s ❢r♦♠ t❤❡

❞❡t❡❝t✐♦♥ ✇❡❧❧ ❛r❡ ♣✉❧s❡❞ t♦ t❤❡ ❞❡❣r❛❞❡r ❛♥❞ ❝♦✉♥t❡❞ ✉s✐♥❣ t❤❡ s❝✐♥t✐❧❧❛t✐♥❣ ✜❜❡rs

✭s❡❝t✐♦♥ ✻✳✶✳✹✮✳

❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✽ ❢♦r t❤❡ ❝❛s❡s ♦❢ t❤❡ ❧❛s❡rs t✉♥❡❞ t♦ t❤❡

❝❡s✐✉♠ r❡s♦♥❛♥❝❡s ✭❜❧✉❡ ❝✐r❝❧❡s✮ ❛♥❞ t❤❡ ✐♥❢r❛r❡❞ ❧❛s❡r ❞❡t✉♥❡❞ ✭r❡❞ ❝r♦ss❡s✮✳ ■♥

t❤❡ ✜rst ❝❛s❡✱ ✇❡ ✜♥❞ r❡♣r♦❞✉❝✐❜❧❡ ♥✉♠❜❡rs ♦❢ ♣♦s✐tr♦♥s ✐♥ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ t❤❛t

✐♥❝r❡❛s❡ ✇✐t❤ r✉♥t✐♠❡✳ ❊❛❝❤ e+ ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣♦s✐tr♦♥✐✉♠ ❛t♦♠ t❤❛t ❡♠❡r❣❡❞

❢r♦♠ t❤❡ ♣♦s✐tr♦♥ ✇❡❧❧ ♦♥ ❛①✐s✳ ❖♥❧② t❤♦s❡ ✇✐❧❧ r❡❛❝❤ t❤❡ p̄ ❛♥❞ ❛r❡ t❤✉s ✉s❛❜❧❡

❢♦r ❛♥t✐❤②❞r♦❣❡♥ ♣r♦❞✉❝t✐♦♥✳ ❚❤❡ ❡rr♦r ❜❛rs ✐♥ ✜❣✉r❡ ✻✳✽ ♦r✐❣✐♥❛t❡ ❢r♦♠ ❛✈❡r❛❣✐♥❣

♦✈❡r s❡✈❡r❛❧ tr✐❛❧s ❢♦r ❡❛❝❤ r✉♥t✐♠❡✳ ❚❤❡ ♥✉♠❜❡r ♦❢ e+ ❢♦✉♥❞ ✜rst ✐♥❝r❡❛s❡s ❛❧♠♦st

❧✐♥❡❛r❧② ❛♥❞ t❤❡♥ s❛t✉r❛t❡s ❛r♦✉♥❞ 750 000 ✇❤❡♥ ❛❧❧ ♣♦s✐tr♦♥s ✐♥ t❤❡ ✐♥✐t✐❛❧ ✇❡❧❧

✶✷✾
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❛r❡ ✉s❡❞ ✉♣✳ ■♥ ❧❛t❡r ❛♥t✐❤②❞r♦❣❡♥ ❡①♣❡r✐♠❡♥ts ✉s✐♥❣ ❧❛r❣❡r ♣♦s✐tr♦♥ ❝❧♦✉❞s✱ ♦✈❡r

1million ♣♦s✐tr♦♥✐✉♠ ❛t♦♠s ✇❡r❡ ❞❡t❡❝t❡❞ ❜② ❝❤❛r❣❡ ❝♦✉♥t✐♥❣ ❡❧❡❝tr♦♥s ❝♦♥✜♥❡❞

✐♥ ❛♥ ❛♥t✐❤②❞r♦❣❡♥ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ✭s❡❡ s❡❝t✐♦♥ ✻✳✹✮✳ ■❢ t❤❡ 852 nm ❧❛s❡r ✐s ❞❡t✉♥❡❞

❢r♦♠ r❡s♦♥❛♥❝❡✱ t❤❡ ♣♦s✐tr♦♥s ♦♥❧② ✐♥t❡r❛❝t ✇✐t❤ ❣r♦✉♥❞ st❛t❡ ❝❡s✐✉♠ ❛♥❞ ❞✉❡ t♦

t❤❡ ♠✉❝❤ ❧♦✇❡r ❝r♦ss s❡❝t✐♦♥✱ ♥♦ ♣♦s✐tr♦♥✐✉♠ ❛t♦♠s ❛r❡ ♣r♦❞✉❝❡❞✳ ❆❧❧ ❞❛t❛ ♣♦✐♥ts

❢r♦♠ t❤❡s❡ ❝♦♥tr♦❧ tr✐❛❧s ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ③❡r♦✳

❚❤❡ ♥✉♠❜❡rs ❢r♦♠ ♦✉r ❧♦♥❣❡st tr✐❛❧s ❝♦rr❡s♣♦♥❞ t♦ ❛ ♦♥ ❛①✐s ❛♥❣✉❧❛r ♣r♦❞✉❝t✐♦♥

❡✣❝✐❡♥❝② ♦❢
dNPs

dΩ
= 2.1 · 106 atoms/sr , ✭✻✳✶✶✮

✇❤✐❝❤ ✐s ❛♥ ✐♥❝r❡❛s❡ ❜② ❛ ❢❛❝t♦r ♦❢ 520 ❝♦♠♣❛r❡❞ t♦ ♣r❡✈✐♦✉s r❡s✉❧ts ❬✶✷✷❪✳ ▼♦st ♦❢

t❤✐s ✐s ❞✉❡ t♦ t❤❡ ❧❛r❣❡r ♣❛rt✐❝❧❡ ❝❧♦✉❞s t❤❛t ❛r❡ ♥♦✇ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ♥❡✇ ❛♣♣❛r❛t✉s✳

❚❤❡ ❡❛r❧✐❡r ❡①♣❡r✐♠❡♥ts ✇❡r❡ ❧✐♠✐t❡❞ ❜② t❤❡✐r ♣♦s✐tr♦♥ s♦✉r❝❡ t♦ 2 ·105 e+ ♣❡r tr✐❛❧✱ ❛

❢❛❝t♦r ♦❢ 150 ❧❡ss✳ ◆♦r♠❛❧✐③❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦s✐tr♦♥s✱ ♦✉r ❡✣❝✐❡♥❝② ✐s st✐❧❧ ❧❛r❣❡r

❜② ❛ ❢❛❝t♦r ♦❢ t❤r❡❡✳ ❚❤✐s ✐s ♠♦st ❧✐❦❡❧② ❞✉❡ t♦ ❡❧✐♠✐♥❛t✐♥❣ t❤❡ s❡❝♦♥❞ ❞❡t❡❝t✐♦♥ ✇❡❧❧

✉s❡❞ ✐♥ ❬✶✷✷❪ ✇❤✐❝❤ ❢♦r♠❡❞ ❛ ❧❛r❣❡ tr❛♣♣✐♥❣ ✇❡❧❧ ❢♦r ❡❧❡❝tr♦♥s ✇✐t❤ t❤❡ ♣♦s✐tr♦♥s

❧♦❝❛t❡❞ ✐♥ ✐ts ❝❡♥t❡r s♦ t❤❛t t❤❡ e− ❝♦✉❧❞ ♦s❝✐❧❧❛t❡ t❤r♦✉❣❤ t❤❡ ♣♦s✐tr♦♥s ❛♥❞ ❤❡❛t

t❤❡♠✳

✻✳✹ ❆♥t✐❤②❞r♦❣❡♥

❲✐t❤ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❘②❞❜❡r❣ ♣♦s✐tr♦♥✐✉♠ ✇❡❧❧ ✉♥❞❡r ❝♦♥tr♦❧✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝✲

t✐♦♥ ❢♦❝✉s❡s ♦♥ ❛♥t✐❤②❞r♦❣❡♥ ❡①♣❡r✐♠❡♥ts✳ ❚❤❡ ✜rst ♣❛rt✱ s❡❝t✐♦♥ ✻✳✹✳✶ ❞❡s❝r✐❜❡s t❤❡

s❡r✐❡s ♦❢ ♠❡❛s✉r❡♠❡♥ts ♣❡r❢♦r♠❡❞ ❛♥❞ ❛ ♥❡✇ ❞❡t❡❝t✐♦♥ ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ t♦ ✈❡r✐❢②

♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s✳ ❚❤✐s ♠❡t❤♦❞ r❡q✉✐r❡s ❛ ♠♦r❡ ❡❧❛❜♦r❛t❡ ❛♥❛❧②s✐s

♦❢ t❤❡ ❞❛t❛ ❣❛t❤❡r❡❞ ❢r♦♠ t❤❡ ❞❡t❡❝t♦r s②st❡♠✱ ✇❤✐❝❤ ✐s s✉❜❥❡❝t ♦❢ s❡❝t✐♦♥ ✻✳✹✳✷✳
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❚❤❡ ✜♥❛❧ r❡s✉❧ts ❛r❡ t❤❡♥ ♣r❡s❡♥t❡❞ ✐♥ s❡❝t✐♦♥ ✻✳✹✳✸✳

✻✳✹✳✶ ❊①♣❡r✐♠❡♥ts

❚❤❡ ♣♦t❡♥t✐❛❧ str✉❝t✉r❡ ❢♦r ❛♥t✐❤②❞r♦❣❡♥ ♣r♦❞✉❝t✐♦♥ ❤❛s t♦ ♠❡❡t t❤❡ s❛♠❡ r❡q✉✐r❡✲

♠❡♥ts t❤❛♥ t❤❡ ♦♥❡ ❢♦r t❤❡ ♣♦s✐tr♦♥✐✉♠ ❡①♣❡r✐♠❡♥ts✱ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣❧✐❝❛✲

t✐♦♥ t❤❛t ❛ s❡❝♦♥❞ ❤❛r♠♦♥✐❝ ♣♦t❡♥t✐❛❧ ✇❡❧❧ ♠✉st ❜❡ ✐♥❝❧✉❞❡❞ t♦ ❤♦❧❞ t❤❡ ❛♥t✐♣r♦t♦♥s✳

❚❤❡ ♣♦s✐tr♦♥✐✉♠ ❛t♦♠s ❡♠❡r❣❡ ❢r♦♠ t❤❡ e+ ❝❧♦✉❞ ✇✐t❤ ❛♥ ❛❧♠♦st ✉♥✐❢♦r♠ ❞✐str✐❜✉✲

t✐♦♥ ❬✹✺❪✳ ❚♦ ♠❛①✐♠✐③❡ t❤❡ ♥✉♠❜❡r ♦❢ Ps∗ t❤❛t ✐♥t❡r❛❝t ✇✐t❤ t❤❡ ❛♥t✐♣r♦t♦♥s✱ t❤❡ p̄

♠✉st ❜❡ ♣❧❛❝❡❞ ❛s ❝❧♦s❡ t♦ t❤❡ e+ ❛s ♣♦ss✐❜❧❡✳ ■❞❡❛❧❧②✱ ❜♦t❤ ♣❛rt✐❝❧❡ ❝❧♦✉❞s ❛r❡ ❤❡❧❞

♦♥ ♥❡✐❣❤❜♦r✐♥❣ ❡❧❡❝tr♦❞❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❤❛r♠♦♥✐❝ ✇❡❧❧s ❛r❡ ♥❡❝❡ss❛r② t♦ ❧✐♠✐t

❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ♣❧❛s♠❛s✳ ■♥ ♦✉r st❛❝❦ ♦❢ r❛❞✐✉s ❧❡♥❣t❤ ❡❧❡❝tr♦❞❡s✱ t❤✐s r❡q✉✐r❡s

✇❡❧❧s t❤❛t s♣❛♥ ♦✈❡r s❡✈❡r❛❧ ❡❧❡❝tr♦❞❡s✳

❚❤❡ ✜♥❛❧ ♣♦t❡♥t✐❛❧ str✉❝t✉r❡ ✐s ❛ ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❝♦♥✢✐❝t✐♥❣ r❡✲

q✉✐r❡♠❡♥ts✳ ■t ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✻✳✾✳ ❚❤❡ ♣♦s✐tr♦♥ ✇❡❧❧ ✐s s✐♠✐❧❛r t♦ t❤❡ str✉❝t✉r❡

✉s❡❞ ❢♦r ♣♦s✐tr♦♥✐✉♠ ❡①♣❡r✐♠❡♥ts✱ ✜❣✉r❡ ✻✳✻✳ ❚❤❡ ❛♥t✐♣r♦t♦♥s ❛r❡ ❧♦❝❛t❡❞ ✐♥ ❛

s❤❛❧❧♦✇ ✇❡❧❧ ♦♥ ❡❧❡❝tr♦❞❡s ❯❚❘✸ ❛♥❞ ❯❚❘✹✳

❚❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♣♦s✐tr♦♥ ✇❡❧❧ t♦ t❤❡ ❛♥t✐♣r♦t♦♥s ✐s ❛❜♦✉t t❤❡ s❛♠❡ t❤❛♥

t♦ t❤❡ ♣♦s✐tr♦♥✐✉♠ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ✐♥ ✜❣✉r❡ ✻✳✻✳ ❚❤❡r❡❢♦r❡ t❤❡ s❛♠❡ ❢r❛❝t✐♦♥ ♦❢

♣♦s✐tr♦♥✐✉♠ ❛t♦♠s t❤❛t r❡❛❝❤ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ✐s ❛❧s♦ ❛✈❛✐❧❛❜❧❡ ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡

♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥✳ ❚❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ♦♥ ❯❘■◆● ❛♥❞ ✐ts ♥❡✐❣❤❜♦r✐♥❣

❡❧❡❝tr♦❞❡s ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♦♥❡ ✉s❡❞ ❢♦r t❤❡ P♦s✐tr♦♥✐✉♠ ❡①♣❡r✐♠❡♥ts✱ ♦♥❧② ✐ts s✐❣♥

✐s ✐♥✈❡rt❡❞ t♦ ❝♦♥✜♥❡ ❛♥t✐♣r♦t♦♥s ✐♥st❡❛❞ ♦❢ ♣♦s✐tr♦♥s✳ ❆s ❜❡❢♦r❡✱ ♣♦t❡♥t✐❛❧ r❛♠♣s

❣✉✐❞❡ ❡❧❡❝tr♦♥s ♦♥t♦ t❤❡ ❞❡❣r❛❞❡r ❛♥❞ ✉♥❜♦✉♥❞ ♣♦s✐tr♦♥s t♦✇❛r❞s t❤❡ ✉♣♣❡r ❡♥❞ ♦❢

t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦✳ ❚❤✐s ❡♥s✉r❡s t❤❛t ♥♦ ❢r❡❡ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ♦s❝✐❧❧❛t❡ t❤r♦✉❣❤

t❤❡ tr❛♣ ❤❡❛t✐♥❣ t❤❡ e+ ♦r p̄ ♣❧❛s♠❛s✳

✶✸✶
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❋✐❣✉r❡ ✻✳✾✿ P♦t❡♥t✐❛❧ str✉❝t✉r❡ ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥✳ ❈♦♠♣❛r❡❞

t♦ t❤❡ str✉❝t✉r❡ ❢♦r Ps∗ ♣r♦❞✉❝t✐♦♥✱ ✜❣✉r❡ ✻✳✻✱ ✐t ❤❛s ❛♥ ❛❞❞✐t✐♦♥❛❧ ✇❡❧❧ ❝♦♥t❛✐♥✐♥❣ ❛♥t✐♣r♦t♦♥s

❛♥❞ t❤❡ s✐❣♥ ♦❢ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ✐s ✐♥✈❡rt❡❞ t♦ ❝♦♥✜♥❡ ❛♥t✐♣r♦t♦♥s ❢r♦♠ str✐♣♣❡❞ H̄✳ ❚❤❡

②✲❛①✐s ♦❢ t❤❡ ✐♥s❡t ✐s ♠❛❣♥✐✜❡❞ ❜② ❛ ❢❛❝t♦r ♦❢ 10✳ ❆s ❜❡❢♦r❡✱ t❤❡ ❧♦✇❡r ❡♥❞ ♦❢ t❤❡ tr❛♣ ✐s

t♦✇❛r❞s t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✜❣✉r❡✳

❚❤❡ ♥✉♠❜❡r ♦❢ ♣♦s✐tr♦♥s ✉s❡❞ ♣❡r ❡①♣❡r✐♠❡♥t ✐s ❧✐♠✐t❡❞ ❜② t❤❡ ♣❛rt✐❝❧❡✬s s♣❛❝❡✲

❝❤❛r❣❡ ♣♦t❡♥t✐❛❧✳ ❈❡s✐✉♠ ❛t♦♠s ✐♥ t❤❡ n = 42 st❛t❡ ✐♦♥✐③❡ ❛t ✜❡❧❞s ♦❢ ❛❜♦✉t

100V/cm ❛♥❞ ❛❜♦✈❡✱ ✜❣✉r❡ ✺✳✺✭❝✮✳ ❲❡ s❡t ❛ ❢❛❝t♦r ♦❢ t✇♦ s❛❢❡t② ♠❛r❣✐♥ ✐♥ t❤❡

❛❝❝❡♣t❛❜❧❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♠♣❧✐t✉❞❡✱ ❧✐♠✐t✐♥❣ ✐t t♦ 50V/cm✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛

♠❛①✐♠✉♠ ♦❢ 3 · 108 ♣♦s✐tr♦♥s ♣❡r ❡①♣❡r✐♠❡♥t✱ t❡♥ t✐♠❡s ♠♦r❡ t❤❛♥ ❢♦r t❤❡ ♣♦s✐tr♦✲
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♥✐✉♠ tr✐❛❧s ✐♥ s❡❝t✐♦♥ ✻✳✸ ❛♥❞ 200 t✐♠❡s ♠♦r❡ t❤❛♥ ✉s❡❞ ✐♥ ❆❚❘❆P✬s ✜rst ❝❤❛r❣❡✲

❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥t ❬✶✷✻❪✳ ❚❤❡ ❛♥t✐♣r♦t♦♥ ♣❧❛s♠❛s t②♣✐❝❛❧❧② ✉s❡❞ ❛t ❆❚❘❆P ❛r❡

t✇♦ ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ s♠❛❧❧❡r✱ s♦ t❤❡✐r s♣❛❝❡✲❝❤❛r❣❡ ✐s ♥♦ ✐ss✉❡✳ ❋♦r ♦✉r ❝❤❛r❣❡✲

❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ✉s❡ ♦♥ ❛✈❡r❛❣❡ 5 ·106 ❛♥t✐♣r♦t♦♥s ♣❡r tr✐❛❧✱ 20 t✐♠❡s ♠♦r❡

t❤❛♥ ❜❡❢♦r❡✳

❆s ❜❡❢♦r❡✱ t❤❡ ❝❡s✐✉♠ ♦✈❡♥ ✐s ♣r❡✲❤❡❛t❡❞ ❢♦r 360 s✳ ❲❤❡♥ t❤❡ ❧❛s❡r ❜❡❛♠ ❜❧♦❝❦❡r

✐s ♦♣❡♥❡❞✱ ✇❡ ♦❜s❡r✈❡ t❤❡ s❛♠❡ ✐♥❝r❡❛s❡❞ ❡✈❡♥t r❛t❡ ❢r♦♠ t❤❡ ✜❜❡r ❞❡t❡❝t♦rs ❛s ✐♥ ♦✉r

♣♦s✐tr♦♥✐✉♠ ❡①♣❡r✐♠❡♥ts ✭✜❣✉r❡ ✻✳✼✮✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t Ps∗ ❛t♦♠s ❛r❡ ♣r♦❞✉❝❡❞ ❛s

❜❡❢♦r❡✳ ❉✉r✐♥❣ ❛ r✉♥t✐♠❡ ♦❢ ♦♥❡ ❤♦✉r✱ ❛❧♠♦st ❛❧❧ ♦❢ t❤❡ ♣♦s✐tr♦♥s ❛r❡ ✉s❡❞ ✉♣✱ ✇❤✐❧❡ ❛

❧❛r❣❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ❛♥t✐♣r♦t♦♥s ✐s r❡t❛✐♥❡❞✳ ❋r♦♠ t❤❡ ❝r♦ss s❡❝t✐♦♥s✱ ❡q✉❛t✐♦♥s ✭✻✳✻✮

❛♥❞ ✭✻✳✼✮✱ ❛♥❞ t❤❡ ✐♥✐t✐❛❧ ♥✉♠❜❡rs ✇❡ ❡①♣❡❝t ♣r♦❞✉❝t✐♦♥ ♦❢ s❡✈❡r❛❧ 103 ❛♥t✐❤②❞r♦❣❡♥

❛t♦♠s✱ s♦ ♠♦st ♦❢ t❤❡ p̄ s❤♦✉❧❞ ❜❡ ❧❡❢t ✐♥ t❤❡✐r ✇❡❧❧✳

❉❡s♣✐t❡ t❤❡s❡ ♣r♦♠✐s✐♥❣ ✐♥❞✐❝❛t✐♦♥s✱ ✇❡ ❞✐❞ ♥♦t ✜♥❞ ❛♥② ❛♥t✐♣r♦t♦♥s ✐♥ t❤❡

❞❡t❡❝t✐♦♥ ✇❡❧❧ ✐♥ ❛♥② ♦❢ ♦✉r tr✐❛❧s✳ ❚❤✐s ♠❡❛♥s t❤❛t ❡✐t❤❡r ♥♦ H̄ ❛r❡ ♣r♦❞✉❝❡❞✱

♦r t❤❡② ❛r❡ ♠❛❞❡✱ ❜✉t ♥♦t ❞❡t❡❝t❡❞✳ ■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ✇♦✉❧❞

❡✐t❤❡r ❜❡ ✉♥❛❜❧❡ t♦ str✐♣ t❤❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ♦r t♦ ❝♦♥✜♥❡ t❤❡ ❛♥t✐♣r♦t♦♥s✳

❚♦ ✐♥✈❡st✐❣❛t❡ t❤✐s✱ ✇❡ ♣❡r❢♦r♠❡❞ ❛ s❡r✐❡s ♦❢ t❡sts✳ ❋✐rst✱ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t

❛ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ❢♦r ❛♥t✐❤②❞r♦❣❡♥ ✇✐❧❧ ❛❧s♦ ✐♦♥✐③❡ P♦s✐tr♦♥✐✉♠ ❛t♦♠s ❛♥❞ tr❛♣ t❤❡

❡❧❡❝tr♦♥s✳ ❲❡ t❤❡r❡❢♦r❡ ❝❤❛r❣❡✲❝♦✉♥t❡❞ t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ❛t t❤❡

❡♥❞ ♦❢ ❛ r✉♥ ✭s❡❝t✐♦♥ ✻✳✶✳✹✮✳ ■♥ t✇♦ tr✐❛❧s✱ ✇❡ ❢♦✉♥❞ ❛♥ ❛✈❡r❛❣❡ ♦❢ 1.0 ± 0.28 · 106

♥❡❣❛t✐✈❡ ❝❤❛r❣❡ ❝♦✉♥ts ✇❤❡♥ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ✇❛s ♣✉❧s❡❞ ♦✉t✳ ❚❤❡ ❞❡t❡❝t♦r s②st❡♠

s❤♦✇❡❞ ♥♦ ❡✈❡♥ts ❛❜♦✈❡ ❜❛❝❦❣r♦✉♥❞ ❞✉r✐♥❣ t❤❡ ♣✉❧s✐♥❣✱ t❤❡r❡❢♦r❡ t❤❡ ❝❤❛r❣❡s ♠✉st

♦r✐❣✐♥❛t❡ ❢r♦♠ ❡❧❡❝tr♦♥s ❛♥❞ ♥♦t ❢r♦♠ ❛♥t✐♣r♦t♦♥s✳ ■♥ ❝♦♥tr♦❧ r✉♥s ✇✐t❤ t❤❡ ✐♥❢r❛r❡❞

❧❛s❡r ❞❡t✉♥❡❞✱ ♥♦ ❡❧❡❝tr♦♥s ✇❡r❡ ❢♦✉♥❞ ✐♥ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧✳ ❚❤❡s❡ r✉♥s s❤♦✇ t❤❛t✿

❼ ❲❡ ❛r❡ ♠❛❦✐♥❣ P♦s✐tr♦♥✐✉♠ ❛t♦♠s ❞✉r✐♥❣ ♦✉r ❛♥t✐❤②❞r♦❣❡♥ ❡①♣❡r✐♠❡♥ts✳

✶✸✸



❈❍❆P❚❊❘ ✻✳ ❈❍❆❘●❊✲❊❳❈❍❆◆●❊ ❊❳P❊❘■▼❊◆❚❙

❼ ❙✐♥❝❡ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ✐s ❜❡❤✐♥❞ t❤❡ p̄ ♣❧❛s♠❛ ✭✜❣✉r❡ ✻✳✾✮✱ ❛t ❧❡❛st 106 Ps∗

❛t♦♠s ♠✉st ❤❛✈❡ ❝r♦ss❡❞ t❤❡ ❛♥t✐♣r♦t♦♥s ❛♥❞ t❤✉s ❤❛✈❡ ❤❛❞ t❤❡ ♣♦ss✐❜✐❧✐t② t♦

❢♦r♠ ❛♥t✐❤②❞r♦❣❡♥✳

❼ ❚❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ✉s❡❞ ✐s ❝❛♣❛❜❧❡ ♦❢ str✐♣♣✐♥❣ ❛t♦♠s ✇✐t❤ t❤❡ s❛♠❡ ❜✐♥❞✐♥❣

❡♥❡r❣② t❤❛♥ t❤❡ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s t❤❛t s❤♦✉❧❞ ❜❡ ♣r♦❞✉❝❡❞✳ ■t ❝❛♥ ❛❧s♦

❝♦♥✜♥❡ ❧✐❣❤t ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s✳

❚❤✐s t❡st r✉❧❡s ♦✉t ❛ ❝♦✉♣❧❡ ♦❢ ♣♦ss✐❜❧❡ ❡rr♦rs ❜✉t ❞♦❡s ♥♦t ❞❡✜♥✐t❡❧② ❛♥s✇❡r

t❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r ❛♥t✐❤②❞r♦❣❡♥ ✐s ♥♦t ♣r♦❞✉❝❡❞ ♦r ♥♦t ❞❡t❡❝t❡❞✳ ❚❤❡r❡❢♦r❡ ✇❡

s✐♠✉❧❛t❡❞ ❛♥t✐♣r♦t♦♥ ❝❛♣t✉r❡ ❜② ❞r♦♣♣✐♥❣ ❛ s♠❛❧❧ ❛♠♦✉♥t ♦❢ p̄ ✐♥ ❛ ❞❡t❡❝t✐♦♥ ✇❡❧❧✳

❆ ❝❧♦✉❞ ♦❢ ❛❜♦✉t 90 000 p̄ ✐s ♣❧❛❝❡❞ ✐♥ ❛ s❤❛❧❧♦✇ ✇❡❧❧ ♥❡①t t♦ ❛ ❞❡❡♣ ❞❡t❡❝t✐♦♥ ✇❡❧❧✳

❚❤❡ s♠❛❧❧ ❜❛rr✐❡r ❜❡t✇❡❡♥ t❤❡ t✇♦ ✐s ❡✐t❤❡r ♣✉❧s❡❞ ❞♦✇♥ ♦r s❧♦✇❧② ❧♦✇❡r❡❞✳ ❆ s❡r✐❡s

♦❢ r✉♥s ✇❛s ❞♦♥❡ ❢♦r ❞✐✛❡r❡♥t ❞❡♣t❤s ♦❢ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧✳ ❲❡ ✜♥❞ t❤❛t ❢♦r ♦♥ ❛①✐s

✇❡❧❧ ❞❡♣t❤s ❜❡❧♦✇ 200V✱ ♦♥❧② ❛❜♦✉t ❤❛❧❢ ♦❢ t❤❡ ❛♥t✐♣r♦t♦♥s ❛r❡ r❡t❛✐♥❡❞✳ ❋♦r ❞❡♣t❤s

❛❜♦✈❡ 500V✱ ❛❧♠♦st ♥♦ p̄ r❡♠❛✐♥ ✐♥ t❤❡ ✇❡❧❧✳ ❚❤✐s ✐♥❝❧✉❞❡s t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ✉s❡❞

❢♦r ♦✉r H̄ tr✐❛❧s✳ ❚❤❡ 1000V ❛♣♣❧✐❡❞ t♦ t❤❡ ❡❧❡❝tr♦❞❡ ❯❘■◆● ❝♦rr❡s♣♦♥❞s t♦ ❛♥

♦♥✲❛①✐s ✇❡❧❧ ❞❡♣t❤ ♦❢ 760V✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❧❛r❣❡❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❤♦✇ t❤❡ t❤❡

❜❛rr✐❡r ✐s ❧♦✇❡r❡❞ ❛♥❞ t❤❡ ❡①❛❝t s❤❛♣❡ ♦❢ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧✳ ❆❧s♦✱ ♣❧❛❝✐♥❣ t❤❡ ✇❡❧❧

♦♥ ❞✐✛❡r❡♥t ❡❧❡❝tr♦❞❡s ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ♦✉t❝♦♠❡✳ ❲❡ s✉s♣❡❝t❡❞ t❤❛t t❤❡ ❡❧❡❝tr♦♥s

❢r♦♠ str✐♣♣❡❞ Ps∗ ♠✐❣❤t ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ p̄✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❝❡♥tr✐❢✉❣❛❧

s❡♣❛r❛t✐♦♥ ♦❢ t❤❡ t✇♦ ♣❛rt✐❝❧❡ s♣❡❝✐❡s ♦❜s❡r✈❡❞ ✐♥ ❞✐✛❡r❡♥t ❡①♣❡r✐♠❡♥ts ❬✻✺❪ ♠❛②

❞r✐✈❡ t❤❡ p̄ ♦✉t ♦❢ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ r❛❞✐❛❧❧②✳ ❚❤✐s✱ ❤♦✇❡✈❡r✱ ✐s ❛ ♣❧❛s♠❛ ❡✛❡❝t

✇❤✐❝❤ s❤♦✉❧❞ ♥♦t ♦❝❝✉r ❛t t❤❡ ❧♦✇ ♣❛rt✐❝❧❡ ❞❡♥s✐t✐❡s ✇❡ ❡①♣❡❝t ✐♥ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❡❧❡❝tr♦♥s ♠❛② ❝♦♦❧ t❤❡ ❛♥t✐♣r♦t♦♥s ❛♥❞ t❤✉s ❤❡❧♣ t♦ st❛❜✐❧✐③❡

t❤❡ p̄ ✐♥ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧✳ ❚♦ ❞❡t❡r♠✐♥❡ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❡❧❡❝tr♦♥s✱ ❛ ♥✉♠❜❡r ♦❢

r✉♥s ✇❡r❡ r❡♣❡❛t❡❞ ✇✐t❤ e− ♣r❡❧♦❛❞❡❞ ✐♥t♦ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧✳ ❍♦✇❡✈❡r✱ ♥♦ ❡✛❡❝t
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❢r♦♠ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❡❧❡❝tr♦♥s ✐s ♦❜s❡r✈❡❞✳

■❢ ❛♥t✐♣r♦t♦♥s ❛r❡ ❧♦❛❞❡❞ ✐♥t♦ ❛ s❤❛❧❧♦✇ ✇❡❧❧ ✇❤✐❝❤ ✐s t❤❡♥ ❞❡❡♣❡♥❡❞ t♦ 1000V✱

❛❧❧ ♦❢ t❤❡♠ ❛r❡ r❡t❛✐♥❡❞✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ❧✐❣❤t❡r ❡❧❡❝tr♦♥s

❛♥❞ ♣♦s✐tr♦♥s✱ t❤❡ ❛♥t✐♣r♦t♦♥s ❛r❡ ♥♦t tr❛♣♣❡❞ ✇❤❡♥ t❤❡② ❢❛❧❧ ✐♥t♦ t❤❡ 1000V ❞❡❡♣

❞❡t❡❝t✐♦♥ ✇❡❧❧✳ ❙♦ ❢❛r✱ t❤❡ r❡❛s♦♥ ❢♦r t❤❡ ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦r ❤❛s ♥♦t ❜❡❡♥ ✐❞❡♥t✐✲

✜❡❞✳ Pr❡✈✐♦✉s ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥ts s✉❝❝❡ss❢✉❧❧② ✉s❡❞ ❞❡t❡❝t✐♦♥ ✇❡❧❧s✱ ❜✉t

r❡q✉✐r❡❞ ♠✉❝❤ ❧♦✇❡r ✈♦❧t❛❣❡s ❞✉❡ t♦ ❛ s♠❛❧❧❡r r❛❞✐✉s ♦❢ t❤❡ tr❛♣ ❡❧❡❝tr♦❞❡s ❬✶✷✻❪✳

■♥st❡❛❞ ♦❢ 760V✱ t❤❡ ♦♥ ❛①✐s ✇❡❧❧ ❞❡♣t❤ ✇❛s ♦♥❧② 250V✳ ❚❤❡s❡ ❡①♣❡r✐♠❡♥ts ❞✐❢✲

❢❡r❡❞ ✐♥ ❛ s❡❝♦♥❞ ✐♠♣♦rt❛♥t ❛s♣❡❝t ✇❤✐❝❤ ♠❛② ❛❧s♦ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ p̄ ❜❡❤❛✈✐♦r✱

t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❚❤❡ ♣r❡✈✐♦✉s ❡①♣❡r✐♠❡♥ts ♦❢ ✷✵✵✹ ✉s❡❞ ❛ ✜❡❧❞ ♦❢

5.3T✱ ♠♦r❡ t❤❛♥ ✜✈❡ t✐♠❡s ❧❛r❣❡r t❤❛♥ t❤❡ 1T ✜❡❧❞ ✐♥ ♦✉r ❝✉rr❡♥t s❡t✉♣✳

❚❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ✇❛s ✐♥✐t✐❛❧❧② ❞❡✈❡❧♦♣❡❞ t♦ ❝♦✉♥t ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ♣r♦❞✉❝❡❞

❜② t❤r❡❡✲❜♦❞② r❡❝♦♠❜✐♥❛t✐♦♥ ❬✺✾❪✳ ❚❤❡ ❚❇❘ ♣r♦❝❡ss ❢♦r♠s H̄ ✐♥ ✈❡r② ❤✐❣❤ n st❛t❡s✱

✇❡❧❧ ❛❜♦✈❡ t❤❡ ❘②❞❜❡r❣ st❛t❡s ✉s❡❞ ❢♦r ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥ts✳ ❚❤❡r❡❢♦r❡ t❤❡

✇❡❧❧ ❞❡♣t❤s r❡q✉✐r❡❞ ❛r❡ ❛❧s♦ ♠✉❝❤ ❧♦✇❡r✱ ♦♥ t❤❡ ♦r❞❡r ♦❢ 200V✱ ❛♥❞ ❞❡t❡❝t✐♦♥ ✇❡❧❧s

❤❛✈❡ ❜❡❡♥ s✉❝❝❡ss❢✉❧❧② ✉s❡❞ ❢♦r ✈❛r✐♦✉s ❡①♣❡r✐♠❡♥ts✳ ❙✐♥❝❡ ❛ s❤❛❧❧♦✇ ✇❡❧❧ ♠❛② ❜❡

❛❜❧❡ t♦ r❡t❛✐♥ p̄✱ ✇❡ r❡❞✉❝❡❞ t❤❡ ✇❡❧❧ ❞❡♣t❤ ❢r♦♠ 1000V t♦ 450V✳ ❚❤✐s ❛❧s♦ r❡❞✉❝❡s

t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ str✐♣♣✐♥❣ ✜❡❧❞✱ s♦ ✇❡ ❤❛❞ t♦ ❡①❝✐t❡ t♦ ❛ ❤✐❣❤❡r ❝❡s✐✉♠ ❘②❞❜❡r❣

st❛t❡ ♦❢ n = 50 ✐♥st❡❛❞ ♦❢ n = 42✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ♦✈❡r❛❧❧ ❡✣❝✐❡♥❝② ❛t t❤✐s

❤✐❣❤ n st❛t❡ ✐s ❣r❡❛t❧② r❡❞✉❝❡❞ ✭❝♦♠♣❛r❡ ✜❣✉r❡ ✻✳✺✮✳ ❚❤❡ ♣r♦❞✉❝t✐♦♥ ❡✣❝✐❡♥❝② ❢♦r

♣♦s✐tr♦♥✐✉♠ ❛❧r❡❛❞② ❞r♦♣♣❡❞ t♦ 1/6✱ ❞❡s♣✐t❡ r✉♥♥✐♥❣ t❤❡ ❝❡s✐✉♠ ♦✈❡♥ ❛t ❛ ❤✐❣❤❡r

❝✉rr❡♥t ❛♥❞ ✇❡ ✇❡r❡ ✉♥❛❜❧❡ t♦ s❡❡ ❛ s✐❣♥❛❧ ❢r♦♠ t❤❡ H̄ ❞❡t❡❝t✐♦♥ ✇❡❧❧✳

❆❧t❤♦✉❣❤ t❤❡ r❡❛s♦♥ r❡♠❛✐♥s ✉♥❝❧❡❛r✱ t❤❡s❡ t❡st s❤♦✇ t❤❛t✱ ✉♥❞❡r ♦✉r ❡①♣❡r✲

✐♠❡♥t❛❧ ❝♦♥❞✐t✐♦♥s✱ ❛ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ✐s ♥♦t ❛ s✉✐t❛❜❧❡ t♦♦❧ t♦ ✈❡r✐❢② ❛♥t✐❤②❞r♦❣❡♥

♣r♦❞✉❝t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✇❡ ❞❡✈❡❧♦♣❡❞ ❛ ❞✐✛❡r❡♥t ♠❡t❤♦❞ ❞❡♣✐❝t❡❞ ✐♥ ✜❣✉r❡ ✻✳✶✵✳ ❚❤❡

✐♥❢r❛r❡❞ ❧❛s❡r ✐s ♠♦❞✉❧❛t❡❞ ✇✐t❤ ❛ ♠❡❝❤❛♥✐❝❛❧ ❝❤♦♣♣❡r ✇❤❡❡❧✱ t❤✉s s✇✐t❝❤✐♥❣ ❜❡t✇❡❡♥
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❋✐❣✉r❡ ✻✳✶✵✿ ◆❡✇ ❞❡t❡❝t✐♦♥ ♠❡t❤♦❞ t♦ ✈❡r✐❢② t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥✿ ❚❤❡ 852 nm

❧❛s❡r ✐s ♠♦❞✉❧❛t❡❞ ✇✐t❤ ❛ ❝❤♦♣♣❡r ✇❤❡❡❧✳ H̄ ♣r♦❞✉❝t✐♦♥ ♦♥❧② ❤❛♣♣❡♥s ✇❤❡♥ t❤❡ ❧❛s❡r ❧✐❣❤t

r❡❛❝❤❡s t❤❡ ❡①❝✐t❛t✐♦♥ r❡❣✐♦♥ ❛♥❞ ❝❛♥ ❜❡ s❡❡♥ ❛s ❡①❝❡ss p̄ ❛♥♥✐❤✐❧❛t✐♦♥s ❞✉r✐♥❣ t❤❡s❡ t✐♠❡

✇✐♥❞♦✇s✳
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❣r♦✉♥❞✲st❛t❡ ❛♥❞ ❘②❞❜❡r❣ ❝❡s✐✉♠ ❛t♦♠s✳ ❚♦ ❦❡❡♣ t❤❡ ❝❤❛♥❣❡s ❛s ♠✐♥✐♠❛❧ ❛s ♣♦ss✐✲

❜❧❡✱ ♦♥❧② t❤❡ ❧♦✇ ♣♦✇❡r ✐♥❢r❛r❡❞ ❧❛s❡r ✐s ♠♦❞✉❧❛t❡❞ ✇❤✐❧❡ t❤❡ ♠✉❝❤ str♦♥❣❡r ❣r❡❡♥

❧❛s❡r ✐s s❡♥t ✐♥ ❝♦♥t✐♥✉♦✉s❧②✳ ■♥ t❤❡ t✐♠❡ ✇✐♥❞♦✇s ✇❤❡♥ ❜♦t❤ ❧❛s❡rs ❛r❡ s❡♥t ✐♥t♦ t❤❡

tr❛♣✱ ❝❡s✐✉♠ ❛t♦♠s ❛r❡ ❡①❝✐t❡❞ t♦ ❘②❞❜❡r❣ st❛t❡s✱ ❢♦❧❧♦✇❡❞ ❜② ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦✲

❞✉❝t✐♦♥ ♦❢ ♣♦s✐tr♦♥✐✉♠ ❛♥❞ t❤❡♥ ❛♥t✐❤②❞r♦❣❡♥✳ ▲✐❦❡ ♣♦s✐tr♦♥✐✉♠✱ t❤❡ ❛♥t✐❤②❞r♦❣❡♥

❛t♦♠s ❛r❡ ♥♦t ❝♦♥✜♥❡❞ ❜② t❤❡ P❡♥♥✐♥❣ tr❛♣ ❛♥❞ ❞r✐❢t t♦ t❤❡ ✇❛❧❧s ♦❢ t❤❡ ❡❧❡❝tr♦❞❡s

✇❤❡r❡ t❤❡② ❛♥♥✐❤✐❧❛t❡✳ ■♥ t❤❡ t✐♠❡ s❧♦ts ✇❤❡♥ t❤❡ ✐♥❢r❛r❡❞ ❧❛s❡r ✐s ❜❧♦❝❦❡❞✱ ♦♥❧②

❣r♦✉♥❞ st❛t❡ ❝❡s✐✉♠ ✐s s❡♥t ✐♥t♦ t❤❡ tr❛♣ ❛♥❞ ❞✉❡ t♦ t❤❡ ♠✉❝❤ ❧♦✇❡r ❝r♦ss s❡❝t✐♦♥✱

♥♦ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ r❡❛❝t✐♦♥s ♦❝❝✉r✳

❆♥ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❛t❛ ❝♦❧❧❡❝t❡❞ ❢r♦♠ ♦✉r ❞❡t❡❝t♦r s②st❡♠ s❤♦✉❧❞ t❤❡r❡❢♦r❡ s❤♦✇

❛♥ ❡①❝❡ss ♦❢ ❛♥t✐♣r♦t♦♥ ❛♥♥✐❤✐❧❛t✐♦♥s ✐♥ t❤❡ t✐♠❡ s❧♦ts ✇❤❡♥ t❤❡ ✐♥❢r❛r❡❞ ❧❛s❡r ✐s s❡♥t

✐♥t♦ t❤❡ tr❛♣✳ ❚♦ ❞❡t❡r♠✐♥❡ t❤❡s❡ t✐♠❡ ✇✐♥❞♦✇s ❛❝❝✉r❛t❡❧②✱ ❛ s♠❛❧❧ ❢r❛❝t✐♦♥ ♦❢ t❤❡

✐♥❢r❛r❡❞ ❧✐❣❤t ✐s s♣❧✐t ♦✛ ❛❢t❡r t❤❡ ❝❤♦♣♣❡r ✇❤❡❡❧ ❛♥❞ r❡❝♦r❞❡❞ ✇✐t❤ ❛ ♣❤♦t♦❞✐♦❞❡✳

❚❤✐s s✐❣♥❛❧ ✐s ❞✐r❡❝t❧② ❢❡❞ ✐♥t♦ ❛♥ ✐♥♣✉t ❝❤❛♥♥❡❧ ♦❢ t❤❡ ❞❡t❡❝t♦r✬s ❞❛t❛ ❛❝q✉✐s✐t✐♦♥

s②st❡♠✳ ❋♦r ❝♦♥s✐st❡♥❝②✱ t❤❡ ♣♦t❡♥t✐❛❧ str✉❝t✉r❡ ♦❢ ✜❣✉r❡ ✻✳✾✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❞❡t❡❝t✐♦♥

✇❡❧❧✱ ✐s ✉s❡❞ ❢♦r t❤❡s❡ tr✐❛❧s✱ t♦♦✳ ❲❡ ♣❡r❢♦r♠❡❞ ❛ s❡r✐❡s ♦❢ ❡①♣❡r✐♠❡♥ts ✇✐t❤ t❤✐s ♥❡✇

❞❡t❡❝t✐♦♥ t❡❝❤♥✐q✉❡✱ ❜✉t ❜❡❢♦r❡ ♣r❡s❡♥t✐♥❣ t❤❡ r❡s✉❧ts✱ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❞❡t❡❝t♦r

❞❛t❛ ✐s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳

✻✳✹✳✷ ❉❛t❛ ❆♥❛❧②s✐s

❚❤❡ ❞❡t❡❝t♦r s②st❡♠ ✐s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✸✳✹✳ ■t ❝♦♥s✐sts ♦❢ t✇♦ r✐♥❣s ♦❢ s❝✐♥✲

t✐❧❧❛t✐♥❣ ♣❛❞❞❧❡s ❛♥❞ ❢♦✉r ❧❛②❡rs ♦❢ s❝✐♥t✐❧❧❛t✐♥❣ ✜❜❡rs✱ t✇♦ ✈❡rt✐❝❛❧ str❛✐❣❤t ❧❛②❡rs

❛♥❞ t✇♦ ❤❡❧✐❝❛❧ ❧❛②❡rs✳ ❚❤❡ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ s②st❡♠ ✭❉❆◗✮ ♦✛❡rs t✇♦ ♠♦♥✐t♦r✐♥❣

♠♦❞❡s✿ ❆♥ ♦♥❧✐♥❡ r❡❛❞♦✉t ♣r♦✈✐❞✐♥❣ ❡ss❡♥t✐❛❧ ✐♥❢♦r♠❛t✐♦♥s ✐♥ r❡❛❧ t✐♠❡ ❛♥❞ t❤❡ ❢✉❧❧

❛❝q✉✐s✐t✐♦♥ s②st❡♠ ❣❛t❤❡r✐♥❣ ♠♦r❡ ❞❡t❛✐❧❡❞ ❞❛t❛ ❛t ❛ ❤✐❣❤❡r r❛t❡ ❢♦r ❛ ❧❛t❡r ❛♥❛❧②s✐s✳
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❡✈❡♥t t②♣❡ ✜❜❡rs ✜r✐♥❣ ♣❛❞❞❧❡s ✜r✐♥❣ ❡✣❝✐❡♥❝② ❜❣ r❛t❡ ❬❍③❪

✜❜❡r ≥ 1 ✲ ✷✳✶ ✷✺✵✵

♣❛❞❞❧❡ ✲ ≥ 1 ✵✳✼✺ ✹✺✵

❚r✐❣❣❡r ✶ ≥ 2 ≥ 1 ✵✳✹✽ ✸✵

❚r✐❣❣❡r ✷ ≥ 2 ≥ 2 ✵✳✶✻ ✹

❚❛❜❧❡ ✻✳✶✿ ❈r✐t❡r✐❛✱ ❡✣❝✐❡♥❝✐❡s ❛♥❞ ❜❛❝❦❣r♦✉♥❞ r❛t❡s ❢♦r t❤❡ ❢♦✉r ❡✈❡♥t t②♣❡s ❝♦♠♠♦♥❧② ✉s❡❞

✇✐t❤ t❤❡ ♦♥❧✐♥❡ ❞❡t❡❝t♦r r❡❛❞♦✉t✳ ❚❤❡ ❡✣❝✐❡♥❝✐❡s ❛r❡ ❢♦r ❛♥♥✐❤✐❧❛t✐♦♥s ♦❢ p̄ ♦♥ t❤❡ ❞❡❣r❛❞❡r

❢♦✐❧✱ ❛s ✉s❡❞ ❢♦r ♣❛rt✐❝❧❡ ❝♦✉♥t✐♥❣ ✭s❡❝t✐♦♥ ✻✳✶✳✹✮✳ ❙✐♥❝❡ t❤❡ ❢♦✐❧ ✐s ❜❡❧♦✇ t❤❡ ✜❜❡r r✐♥❣✱ t❤❡

❡✣❝✐❡♥❝✐❡s ❢♦r ❞❡t❡❝t✐♦♥ p̄ t❤❛t ❛♥♥✐❤✐❧❛t❡ ✐♥ t❤❡ tr❛♣ ❛r❡ ❤✐❣❤❡r✳

❚❤❡ ❉❆◗ r❡❣✐st❡rs ❢♦✉r ❞✐✛❡r❡♥t ❡✈❡♥t t②♣❡s ✇❤✐❝❤ ❞✐✛❡r ✐♥ ❜❛❝❦❣r♦✉♥❞ r❛t❡s ❛♥❞

❡✣❝✐❡♥❝② t♦ ❞❡t❡❝t p✲p̄ ❛♥♥✐❤✐❧❛t✐♦♥s✳ ❚❤❡② ❛r❡ ❧✐st❡❞ ✐♥ t❛❜❧❡ ✻✳✶✳ ❚❤❡ s✐♠♣❧❡st

❝❛s❡ ✐s ❛ ✜❜❡r ❝♦✉♥t✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ s✐❣♥❛❧ ❢r♦♠ ❛ s✐♥❣❧❡ ✜❜❡r✳ ■t ❤❛s t❤❡

❤✐❣❤❡st s❡♥s✐t✐✈✐t②✱ ❜✉t ❛❧s♦ t❤❡ ❤✐❣❤❡st ❜❛❝❦❣r♦✉♥❞ r❛t❡ ✇❤✐❝❤ ✐s ❝❛✉s❡❞ ❜② ❝♦s♠✐❝

♣❛rt✐❝❧❡s t❤❛t ❝♦♥st❛♥t❧② ❤✐t t❤❡ ❞❡t❡❝t♦rs✳ ❚❤❡ s❝✐♥t✐❧❧❛t✐♥❣ ♣❛❞❞❧❡s ❛r❡ ♦♣❡r❛t❡❞ ✐♥

❝♦✐♥❝✐❞❡♥❝❡ ♠♦❞❡✳ ❆ ✏♣❛❞❞❧❡ ❝♦✉♥t✑ ✐s r❡❣✐st❡r❡❞ ✇❤❡♥ ♦♥❡ ♦❢ t❤❡ ✶✻ ✐♥♥❡r ♣❛❞❞❧❡s

❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦✉t❡r ♣❛❞❞❧❡ ✜r❡ ✇✐t❤✐♥ ❛ 40 ns t✐♠❡ ✇✐♥❞♦✇✳ ❆❞❞✐t✐♦♥❛❧❧②✱

t✇♦ ❝♦♠❜✐♥❡❞ ❡✈❡♥t t②♣❡s ❛r❡ ❞❡✜♥❡❞✿ ❆ ✏❚r✐❣❣❡r ✶✑ ❡✈❡♥t ❝♦rr❡s♣♦♥❞s t♦ ❛t ❧❡❛st

t✇♦ ✜❜❡r ❝♦✉♥ts ✐♥ ❝♦✐♥❝✐❞❡♥❝❡ ✇✐t❤ ♦♥❡ ♣❛❞❞❧❡ ❝♦✉♥t✳ ❚❤❡ ♠♦r❡ str✐❝t ✏❚r✐❣❣❡r ✷✑

❡✈❡♥t r❡q✉✐r❡s t✇♦ ✜❜❡r ❝♦✉♥ts ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ t✇♦ ♣❛❞❞❧❡ ❝♦✉♥ts✳ ❚❤❡s❡ ❡✈❡♥t

t②♣❡s ❛r❡ ♠♦st❧② ✉s❡❞ ✇✐t❤ t❤❡ ♦♥❧✐♥❡ r❡❛❞♦✉t✳

❚❤❡ ♦♥❧✐♥❡ s②st❡♠ ♣r♦✈✐❞❡s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ st❛t✉s ♦❢ ❛♥ ❡①♣❡r✐♠❡♥t ✐♥ r❡❛❧✲

t✐♠❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❛♥t✐♣r♦t♦♥ s❤♦ts ❢r♦♠ t❤❡ ❆❉ ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❞✉r✐♥❣ p̄ ❧♦❛❞✐♥❣

♦r ❧♦ss❡s ❢r♦♠ ❛♥t✐♠❛tt❡r ♣❧❛s♠❛s ❛r❡ ✐♥st❛♥t❧② ❞❡t❡❝t❛❜❧❡✳ ❚❤❡ ♦♥❧✐♥❡ r❡❛❞♦✉t ❤❛s

❛ ♠❛①✐♠✉♠ t✐♠❡ r❡s♦❧✉t✐♦♥ ♦❢ 0.1 s✳ ❚❤✐s ✐s s✉✣❝✐❡♥t ❢♦r r❡❛❧✲t✐♠❡ ♠♦♥✐t♦r✐♥❣✱ t②♣✲
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✐❝❛❧❧② ✐t ✐s r✉♥ ✇✐t❤ 1 s r❡s♦❧✉t✐♦♥✱ ❜✉t ❢♦r ❛ ♠♦r❡ s♦♣❤✐st✐❝❛t❡❞ ❛♥❛❧②s✐s✱ ❛ ❤✐❣❤❡r

t✐♠❡ r❡s♦❧✉t✐♦♥ ✐s r❡q✉✐r❡❞✳ ❆❧s♦✱ t❤❡ ♦♥❧✐♥❡ r❡❛❞♦✉t ♦♥❧② ❝♦✉♥ts ❤♦✇ ♠❛♥② s❝✐♥t✐❧✲

❧❛t✐♥❣ ✜❜❡rs ✜r❡❞✱ ❜✉t ✐t ❞♦❡s ♥♦t r❡❝♦r❞ s♣❡❝✐✜❝❛❧❧② ✇❤✐❝❤ ✜❜❡rs r❡❣✐st❡r❡❞ ❛ s✐❣♥❛❧✳

❍♦✇❡✈❡r✱ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s ✈❛❧✉❛❜❧❡ t♦ ❞✐s❝r✐♠✐♥❛t❡ ❜❡t✇❡❡♥ ❛♥t✐♣r♦t♦♥ ❛♥♥✐❤✐❧❛✲

t✐♦♥s ❛♥❞ ❡✈❡♥ts ❝❛✉s❡❞ ❜② ❝♦s♠✐❝ ♣❛rt✐❝❧❡s✳ ❆♥ ❛♥t✐♣r♦t♦♥ ❛♥♥✐❤✐❧❛t✐♥❣ ✇✐t❤ ✐ts

♠❛tt❡r t✇✐♥ t②♣✐❝❛❧❧② ❣❡♥❡r❛t❡s s❡✈❡r❛❧ ♣✐♦♥s t❤❛t ❧❡❛✈❡ ♦♥ r❛♥❞♦♠❧② ❞✐str✐❜✉t❡❞

tr❛❥❡❝t♦r✐❡s✳ ❆ ❝♦s♠✐❝ ♣❛rt✐❝❧❡ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❝r♦ss❡s t❤❡ ❞❡t❡❝t♦r s②st❡♠ ✐♥ ❛

str❛✐❣❤t ❧✐♥❡✳ ■❢ ❛❧❧ ✜❜❡rs ❛♥❞ ♣❛❞❞❧❡s t❤❛t ✜r❡ ❞✉r✐♥❣ ❛♥ ❡✈❡♥t ❛r❡ ❧♦❝❛t❡❞ ♦♥ ❛

str❛✐❣❤t ❧✐♥❡✱ t❤❡ ❡✈❡♥t ✐s ♠♦st ❧✐❦❡❧② ♣r♦❞✉❝❡❞ ❜② ❛ ❝♦s♠✐❝ ♣❛rt✐❝❧❡ ❛♥❞ ✐s t❤❡r❡❢♦r❡

❞✐s❝❛r❞❡❞✳ ❚❤❡ ♣♦s✐t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ✐s ♦♥❧② r❡❝♦r❞❡❞ ❜② t❤❡ ❢✉❧❧ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥

s②st❡♠✳ ❚❤✐s s②st❡♠ ❛❧s♦ ♣r♦✈✐❞❡s ❛ ❤✐❣❤❡r t✐♠❡ r❡s♦❧✉t✐♦♥ ♦❢ ✉♣ t♦ 1000 ❡✈❡♥ts

♣❡r s❡❝♦♥❞ ✇✐t❤ ❛ ❞❡❛❞ t✐♠❡ ♦❢ ❧❡ss t❤❛♥ 20%✳ ❙✐♥❝❡ ✐t ❣❡♥❡r❛t❡s ❧❛r❣❡ ❛♠♦✉♥ts ♦❢

❞❛t❛✱ ✐t ✐s ♦♥❧② ✉s❡❞ ✇❤❡♥ ✐ts ❤✐❣❤ s❡♥s✐t✐✈✐t② ✐s ♥❡❡❞❡❞✱ ❢♦r ✐♥st❛♥❝❡ ✇❤❡♥ ❧♦♦❦✐♥❣

❢♦r tr❛♣♣❡❞ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❬✻✷❪ ♦r ❞✉r✐♥❣ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❞✉❝t✐♦♥ ♦❢ H̄✳

❊❛❝❤ s❝✐♥t✐❧❧❛t✐♥❣ ✜❜❡r ❛♥❞ ❡s♣❡❝✐❛❧❧② ❡❛❝❤ ♣❛❞❞❧❡ ❤❛s ❛ s✐❣♥✐✜❝❛♥t ✈♦❧✉♠❡✳ ■t

✐s ♥♦t tr❛❝❡❛❜❧❡ ❡①❛❝t❧② ✇❤❡r❡ ✇✐t❤✐♥ t❤✐s ✈♦❧✉♠❡ t❤❡ ❞❡t❡❝t♦r ✇❛s ❤✐t ❜② ❛ ❝r♦ss✲

✐♥❣ ♣❛rt✐❝❧❡✳ ❚❤❡r❡❢♦r❡ ✐❞❡♥t✐❢②✐♥❣ str❛✐❣❤t ❧✐♥❡ tr❛❥❡❝t♦r✐❡s ❛♥❞ ❡❧✐♠✐♥❛t✐♥❣ ❡✈❡♥ts

❝❛✉s❡❞ ❜② ❝♦s♠✐❝ ♣❛rt✐❝❧❡s r❡q✉✐r❡s ❛ t❤♦r♦✉❣❤ ❛♥❛❧②s✐s ❛❢t❡r ❛♥ ❡①♣❡r✐♠❡♥t✳ ❊❛❝❤

❡✈❡♥t ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐ts ♥✉♠❜❡r ♦❢ ✜❜❡r✲ ❛♥❞ ♣❛❞❞❧❡ ❝♦✉♥ts✱ t❤❡ s♣❛t✐❛❧ ❞✐s✲

tr✐❜✉t✐♦♥ ♦❢ t❤❡s❡ ❤✐ts ❛♥❞ ❤♦✇ ♠❛♥② ❛❞❥❛❝❡♥t ✜❜❡rs ❛♥❞ ♣❛❞❞❧❡s ✇❡r❡ tr✐❣❣❡r❡❞✳

❚❤❡ ✜rst st❡♣ ✐♥ t❤❡ ❛♥❛❧②s✐s ✐s t♦ ❣r♦✉♣ ❛❧❧ str❛✐❣❤t ✜❜❡rs t❤❛t ✜r❡❞ ❞✉r✐♥❣ ❛♥

❡✈❡♥t ✐♥t♦ ❝❧✉st❡rs✳ ❆ ♣❛ss✐♥❣ ♣❛rt✐❝❧❡ ♠❛② str✐❦❡ s❡✈❡r❛❧ ✜❜❡rs✱ t❤❡r❡❢♦r❡ ❝❧✉st❡rs

❝❛♥ ❝♦♥t❛✐♥ ♦♥❡ ♦r ♠♦r❡ ✜❜❡rs✳ ❆ ❝❧✉st❡r ✇✐t❤ ❛t ❧❡❛st t✇♦ ✜❜❡rs ✐s r❡❢❡rr❡❞ t♦ ❛s

✏♠✉❧t✐♣❧✐❝✐t②✲✷✑✳ ❚❤✐s ❞✐st✐♥❝t✐♦♥ ✐s ♠❛❞❡ s✐♥❝❡ ❛ s✐♥❣❧❡ tr✐❣❣❡r❡❞ ✜❜❡r ♠❛② ❛❧s♦ ❜❡

❞✉❡ t♦ ❡❧❡❝tr✐❝❛❧ ♥♦✐s❡✳ ❚❤❡ ❡♥❡r❣② ❞❡♣♦s✐t❡❞ ✐♥ ❛ ✜❜❡r ❢r♦♠ ❛ ❣r❛③✐♥❣ ♣❛rt✐❝❧❡ ♠❛②

❜❡ t♦♦ ❧♦✇ t♦ tr✐❣❣❡r ✐t✱ t❤❡r❡❢♦r❡ s✐♥❣❧❡ ✏❞❛r❦✑ ✜❜❡rs ❛r❡ ❛❝❝❡♣t❡❞ ✇✐t❤✐♥ ❛ ❝❧✉st❡r
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❛♥❞ ❛ ❞✐st❛♥❝❡ ♦❢ ❛t ❧❡❛st t✇♦ ❞❛r❦ ✜❜❡rs ✐s r❡q✉✐r❡❞ ❜❡t✇❡❡♥ t✇♦ ❝❧✉st❡rs✳ ◆❡①t✱

t❤❡ ♥✉♠❜❡r ♦❢ ❝❧✉st❡rs s❡♣❛r❛t❡❞ ❜② ❛♥ ❛♥❣❧❡ ♦❢ ❛t ❧❡❛st π/8 r❛❞✐❛♥s ✐s ❝♦✉♥t❡❞✳

❚❤❡ ❛♥❣❧❡✱ ❛❧t❤♦✉❣❤ s♦♠❡✇❤❛t ❛r❜✐tr❛r②✱ ✐s ❝❤♦s❡♥ ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❡♥s✉r❡ t❤❛t t❤❡

t✇♦ ❝❧✉st❡rs ❛r❡ ❝❧❡❛r❧② s❡♣❛r❛t❡❞✳ ❚❤❡ s❛♠❡ ❛♥❛❧②s✐s ✐s ❞♦♥❡ ❢♦r t❤❡ ❤❡❧✐❝❛❧ ✜❜❡rs✳

❋♦r t❤❡ s❝✐♥t✐❧❧❛t✐♥❣ ♣❛❞❞❧❡s✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦✐♥❝✐❞❡♥❝❡ ❝♦✉♥ts ❛♥❞ ♥♦♥✲♥❡✐❣❤❜♦r✐♥❣

❝♦✐♥❝✐❞❡♥❝❡ ❝♦✉♥ts ✐s ❞❡t❡r♠✐♥❡❞✳

❲❡ t❤❡♥ t❡st ✇❤❡t❤❡r t❤❡ ❡✈❡♥ts ❢✉❧✜❧❧ t✇❡❧✈❡ ❝r✐t❡r✐❛ ♦r✐❣✐♥❛❧❧②✱ ❞❡✈❡❧♦♣❡❞ ✐♥

❬✶✵✵❪✳ ❚❤❡ t❡st ❝❤❡❝❦s ✇❤❡t❤❡r t❤❡ ❡✈❡♥t ❝♦♥t❛✐♥s✿

✶✳ ≥ 1 ♣❛❞❞❧❡ ❝♦✐♥❝✐❞❡♥❝❡✳

✷✳ ≥ 3 ❤❡❧✐❝❛❧ ✜❜❡r ❝❧✉st❡rs✳

✸✳ ≥ 3 str❛✐❣❤t ✜❜❡r ❝❧✉st❡rs✳

✹✳ ≥ 3 ♥♦♥✲♥❡✐❣❤❜♦r✐♥❣ ♣❛❞❞❧❡ ❝♦✐♥❝✐❞❡♥❝❡s✳

✺✳ ≥ 5 ✜❜❡r ❝❧✉st❡rs✱ ❤❡❧✐❝❛❧ ♦r str❛✐❣❤t✳

✻✳ ≥ 5 ❤❡❧✐❝❛❧ ✜❜❡r ❝❧✉st❡rs ❖❘

≥ 4 ♠✉❧t✐♣❧✐❝✐t②✲✷ ❤❡❧✐❝❛❧ ✜❜❡r ❝❧✉st❡rs ❖❘

≥ 4 ❤❡❧✐❝❛❧ ✜❜❡r ❝❧✉st❡rs s❡♣❛r❛t❡❞ ❜② ♠♦r❡ t❤❛♥ π/8 ❖❘

≥ 3 ♠✉❧t✐♣❧✐❝✐t②✲✷ ❤❡❧✐❝❛❧ ✜❜❡r ❝❧✉st❡rs s❡♣❛r❛t❡❞ ❜② ♠♦r❡ t❤❛♥ π/8

✼✳ ≥ 5 str❛✐❣❤t ✜❜❡r ❝❧✉st❡rs ❖❘

≥ 4 ♠✉❧t✐♣❧✐❝✐t②✲✷ str❛✐❣❤t ✜❜❡r ❝❧✉st❡rs ❖❘

≥ 4 str❛✐❣❤t ✜❜❡r ❝❧✉st❡rs s❡♣❛r❛t❡❞ ❜② ♠♦r❡ t❤❛♥ π/8 ❖❘

≥ 3 ♠✉❧t✐♣❧✐❝✐t②✲✷ str❛✐❣❤t ✜❜❡r ❝❧✉st❡rs s❡♣❛r❛t❡❞ ❜② ♠♦r❡ t❤❛♥ π/8
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✽✳ ≥ 2 ❤❡❧✐❝❛❧ ✜❜❡r ❝❧✉st❡rs ❆◆❉ ≥ 1 str❛✐❣❤t ✜❜❡r ❝❧✉st❡r ♦r ♣❛❞❞❧❡ ❝♦✐♥❝✐❞❡♥❝❡✳

❆ str❛✐❣❤t ❧✐♥❡ t❤r♦✉❣❤ t❤❡ ❤❡❧✐❝❛❧ ✜❜❡r ❝❧✉st❡rs ♠❛② ♥♦t ♣❛ss t❤r♦✉❣❤ t❤❡

str❛✐❣❤t ✜❜❡r ❝❧✉st❡r ♦r ♣❛❞❞❧❡✳

✾✳ ≥ 2 str❛✐❣❤t ✜❜❡r ❝❧✉st❡rs ❆◆❉ ≥ 1 ❤❡❧✐❝❛❧ ✜❜❡r ❝❧✉st❡r ♦r ♣❛❞❞❧❡ ❝♦✐♥❝✐❞❡♥❝❡✳

❆ str❛✐❣❤t ❧✐♥❡ t❤r♦✉❣❤ t❤❡ str❛✐❣❤t ✜❜❡r ❝❧✉st❡rs ♠❛② ♥♦t ♣❛ss t❤r♦✉❣❤ t❤❡

❤❡❧✐❝❛❧ ✜❜❡r ❝❧✉st❡r ♦r ♣❛❞❞❧❡✳

✶✵✳ ≥ 2 ♣❛❞❞❧❡ ❝♦✐♥❝✐❞❡♥❝❡s ❆◆❉ ≥ 1 ✜❜❡r ❝❧✉st❡r✱ ❤❡❧✐❝❛❧ ♦r str❛✐❣❤t✳

❆ str❛✐❣❤t ❧✐♥❡ t❤r♦✉❣❤ t❤❡ ♣❛❞❞❧❡s ♠❛② ♥♦t ♣❛ss t❤r♦✉❣❤ t❤❡ ✜❜❡r ❝❧✉st❡r✳

✶✶✳ ≥ 2 ♠✉❧t✐♣❧✐❝✐t②✲✷ ❤❡❧✐❝❛❧ ✜❜❡r ❝❧✉st❡rs s❡♣❛r❛t❡❞ ❜② ♠♦r❡ t❤❛♥ π/8

❆◆❉ ≥ 1 ♣❛❞❞❧❡ ❝♦✐♥❝✐❞❡♥❝❡ ♦r ≥ 2 str❛✐❣❤t ✜❜❡r ❝❧✉st❡rs✳

❆ str❛✐❣❤t ❧✐♥❡ t❤r♦✉❣❤ t❤❡ ❤❡❧✐❝❛❧ ✜❜❡r ❝❧✉st❡rs ♠✉st ♠✐ss t❤❡ ♣❛❞❞❧❡ ♦r

str❛✐❣❤t ✜❜❡r ❝❧✉st❡rs ❜② ❛t ❧❡❛st π/8✳

✶✷✳ ≥ 2 ♠✉❧t✐♣❧✐❝✐t②✲✷ str❛✐❣❤t ✜❜❡r ❝❧✉st❡rs s❡♣❛r❛t❡❞ ❜② ♠♦r❡ t❤❛♥ π/8

❆◆❉ ≥ 1 ♣❛❞❞❧❡ ❝♦✐♥❝✐❞❡♥❝❡ ♦r ≥ 2 ❤❡❧✐❝❛❧ ✜❜❡r ❝❧✉st❡rs✳

❆ str❛✐❣❤t ❧✐♥❡ t❤r♦✉❣❤ t❤❡ str❛✐❣❤t ✜❜❡r ❝❧✉st❡rs ♠✉st ♠✐ss t❤❡ ♣❛❞❞❧❡ ♦r

❤❡❧✐❝❛❧ ✜❜❡r ❝❧✉st❡rs ❜② ❛t ❧❡❛st π/8✳

❆♥ ❡✈❡♥t ♠❛② ♦r ♠❛② ♥♦t ❢✉❧✜❧❧ ❡❛❝❤ ♦❢ t❤❡s❡ ❝r✐t❡r✐❛✱ r❡s✉❧t✐♥❣ ✐♥ 212 = 4096

♠✉t✉❛❧❧② ❡①❝❧✉s✐✈❡ ❝❧❛ss❡s✳ ❚❤❡s❡ ❝❧❛ss❡s ❛r❡ t❤❡♥ t❡st❡❞ ✇✐t❤ t✇♦ s❡ts ♦❢ ❞❛t❛✱

♦♥❡ ❝♦♥t❛✐♥✐♥❣ ♦♥❧② ❡✈❡♥ts ❢r♦♠ ❝♦s♠✐❝ ❜❛❝❦❣r♦✉♥❞ ❛♥❞ ♦♥❡ ❣❡♥❡r❛t❡❞ ❜② ❧❡tt✐♥❣ ❛

❦♥♦✇♥ ♥✉♠❜❡r ♦❢ ❛♥t✐♣r♦t♦♥s ❛♥♥✐❤✐❧❛t❡ ✐♥ t❤❡ tr❛♣✳ ❚♦ ❡❛❝❤ ❝❧❛ss✱ ❛ ♠❡r✐t r❛t✐♥❣ ✐s

❛ss✐❣♥❡❞ ❜❛s❡❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ p✲p̄ ❛♥♥✐❤✐❧❛t✐♦♥s ❝♦♠♣❛r❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦s♠✐❝

❡✈❡♥ts ❢❛❧❧✐♥❣ ✐♥t♦ t❤✐s ❝❧❛ss✳ ❈❧❛ss❡s ✇✐t❤ ❤✐❣❤ ♠❡r✐t r❛t✐♥❣s ❛r❡ ♠♦st❧② ♣♦♣✉❧❛t❡❞ ❜②

p✲p̄ ❛♥♥✐❤✐❧❛t✐♦♥ ❡✈❡♥ts ✇❤✐❧❡ ❝❧❛ss❡s ✇✐t❤ ❧♦✇ ♠❡r✐t r❛t✐♥❣s ❛r❡ ♠♦st❧② ♣♦♣✉❧❛t❡❞ ❜②
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❝♦s♠✐❝ ❡✈❡♥ts✳ ❆ ❤✐❣❤ ♠❡r✐t r❛t✐♥❣ t❤❡r❡❢♦r❡ ❣r❡❛t❧② r❡❞✉❝❡s t❤❡ ❝♦s♠✐❝ ❜❛❝❦❣r♦✉♥❞

r❛t❡✱ ❜✉t ❛❧s♦ ❞✐s❝❛r❞s ❛ s✐❣♥✐✜❝❛♥t ❛♠♦✉♥t ♦❢ t❤❡ p✲p̄ ❛♥♥✐❤✐❧❛t✐♦♥s ✇❤✐❝❤ ♠❛② ❧♦♦❦

s✐♠✐❧❛r t♦ ❝♦s♠✐❝ ♣❛rt✐❝❧❡s✳ ❆r❜✐tr❛r② t❤r❡s❤♦❧❞s✱ ♦r ✏❝✉ts✑✱ ❛r❡ t❤❡♥ ❛♣♣❧✐❡❞✳ ❆❧❧

❡✈❡♥ts ✐♥ ❝❧❛ss❡s ✇✐t❤ ♠❡r✐t r❛t✐♥❣s ❤✐❣❤❡r t❤❛♥ t❤❡ t❤r❡s❤♦❧❞ ❛r❡ ❛❝❝❡♣t❡❞✱ t❤❡ r❡st ✐s

❞✐s❝❛r❞❡❞✳ ❚❤❡ ♦✈❡r❛❧❧ ❞❡t❡❝t✐♦♥ ❡✣❝✐❡♥❝✐❡s ✈❡rs✉s ❜❛❝❦❣r♦✉♥❞ r❛t❡s ❛r❡ ♣❧♦tt❡❞ ❢♦r

❛ ♥✉♠❜❡r ♦❢ ❝✉ts ✐♥ ✜❣✉r❡ ✻✳✶✶✳ ❈✉t ♥✉♠❜❡r ✶ ✐s t❤❡ str✐❝t❡st✱ ✐t ♣r♦✈✐❞❡s t❤❡ ❧♦✇❡st

❜❛❝❦❣r♦✉♥❞ r❛t❡ ❜✉t ❛❧s♦ ❞✐s❝❛r❞s ♠♦r❡ t❤❛♥ 90% ♦❢ t❤❡ p✲p̄ ❛♥♥✐❤✐❧❛t✐♦♥ ❡✈❡♥ts✳

❚❤❡r❡❢♦r❡ str✐❝t ❝✉ts ❛r❡ ♥♦t s✉✐t❛❜❧❡ ✇❤❡♥ s❡❛r❝❤✐♥❣ ❢♦r ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ ❡✈❡♥ts✱

❢♦r ✐♥st❛♥❝❡ ❢r♦♠ tr❛♣♣❡❞ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛❝❝❡♣t✐♥❣ t♦♦

♠❛♥② ❡✈❡♥ts ✇✐❧❧ str♦♥❣❧② ✐♥❝r❡❛s❡ t❤❡ ❜❛❝❦❣r♦✉♥❞ r❛t❡✳ ❈✉t ♥✉♠❜❡r ✶✻ ❢♦r ✐♥st❛♥❝❡

❤❛s ❛ ❞❡t❡❝t✐♦♥ ❡✣❝✐❡♥❝② ❛❜♦✉t 14% ❤✐❣❤❡r t❤❛♥ ❝✉t ♥✉♠❜❡r ✶✸ ✭0.46 ❝♦♠♣❛r❡❞ t♦

0.32✮✱ ❜✉t ✐ts ❜❛❝❦❣r♦✉♥❞ r❛t❡ ✐s s✐① t✐♠❡s ❧❛r❣❡r✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ✉s✐♥❣ ♣♦s✐t✐♦♥

✐♥❢♦r♠❛t✐♦♥ t♦ ❞✐s❝❛r❞ ❡✈❡♥ts ❝❛✉s❡❞ ❜② ❝♦s♠✐❝ ♣❛rt✐❝❧❡s ❜❡❝♦♠❡s ♦❜✈✐♦✉s ✇❤❡♥

❝♦♠♣❛r✐♥❣ t❤❡ ❝✉ts t♦ t❤❡ ❚r✐❣❣❡r ✶ ❛♥❞ ❚r✐❣❣❡r ✷ ❡✈❡♥t t②♣❡s ❛❧s♦ s❤♦✇♥ ✐♥ ✜❣✉r❡

✻✳✶✶✳ ❚❤❡ ❝✉ts ❛❝❤✐❡✈❡ t❤❡ s❛♠❡ ❞❡t❡❝t✐♦♥ ❡✣❝✐❡♥❝✐❡s ❛t ♠✉❝❤ ❧♦✇❡r ❜❛❝❦❣r♦✉♥❞

r❛t❡s✳

✻✳✹✳✸ ❘❡s✉❧ts

❉✉r✐♥❣ t❤❡ ❆❉ ❜❡❛♠ r✉♥s ♦❢ ✷✵✶✵ ❛♥❞ ✷✵✶✶✱ ✇❡ ♣❡r❢♦r♠❡❞ ❛ t♦t❛❧ ♦❢ ✶✶ ❛♥t✐❤②❞r♦❣❡♥

♣r♦❞✉❝t✐♦♥ ❡①♣❡r✐♠❡♥ts ✇✐t❤ t❤❡ ✐♥❢r❛r❡❞ ❧❛s❡r ♠♦❞✉❧❛t❡❞ ❜② t❤❡ ❝❤♦♣♣❡r ✇❤❡❡❧✳

❚❤❡ ♣❛rt✐❝❧❡ ♥✉♠❜❡rs ❛r❡ ✐❞❡♥t✐❝❛❧ t♦ ♣r❡✈✐♦✉s ❡①♣❡r✐♠❡♥ts✱ 5 · 106 p̄ ❛♥❞ 3 · 108 e+

❛r❡ ✉s❡❞ ♣❡r tr✐❛❧✳ ❋✐✈❡ ♦❢ t❤❡s❡ r✉♥s ❛r❡ ❝♦♥tr♦❧ tr✐❛❧s ✇❤❡r❡ t❤❡ ✐♥❢r❛r❡❞ ❧❛s❡r ✐s

❞❡t✉♥❡❞ ❢r♦♠ r❡s♦♥❛♥❝❡✳ ❚✇♦ ❞✐✛❡r❡♥t ❛r❜✐tr❛r② ♠♦❞✉❧❛t✐♦♥ ❢r❡q✉❡♥❝✐❡s ❛r❡ ✉s❡❞✱

9.3Hz ❛♥❞ 117Hz✳ ❚❤❡ ❧♦♥❣❡st t✐♠❡ ✐♥ t❤❡ H̄ ❢♦r♠❛t✐♦♥ ❝❤❛✐♥ ✐s t❤❡ 220µs t❤❡

❝❡s✐✉♠ ❛t♦♠s ♥❡❡❞ t♦ tr❛✈❡❧ ❢r♦♠ t❤❡ ❧❛s❡r ❡①❝✐t❛t✐♦♥ r❡❣✐♦♥ t♦ t❤❡ ❝❡♥t❡r ♦❢ t❤❡
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❋✐❣✉r❡ ✻✳✶✶✿ ❆♥t✐♣r♦t♦♥ ❞❡t❡❝t✐♦♥ ❡✣❝✐❡♥❝② ✈❡rs✉s ❜❛❝❦❣r♦✉♥❞ r❛t❡ ❢♦r ❛ ♥✉♠❜❡r ♦❢ ❝✉ts✳

❋♦r r❡❢❡r❡♥❝❡✱ t❤❡ ❚r✐❣❣❡r ✶ ❛♥❞ ✲✷ ❡✈❡♥t t②♣❡s t❤❛t ✉s❡ ♥♦ ♣♦s✐t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ❛r❡ ❛❧s♦ s❤♦✇♥✳

tr❛♣✳ ❚❤❡ ♠♦❞✉❧❛t✐♦♥ ❢r❡q✉❡♥❝✐❡s ♠✉st ❜❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ✈❛❧✉❡ ❞❡✜♥❡❞ ❜② t❤✐s

t✐♠❡✿ (220µs)−1 = 4.5 kHz✳ ❚❤❡ r✉♥t✐♠❡s ❛r❡ ✉♣ t♦ ♦♥❡ ❤♦✉r ✇✐t❤ t❤❡ ❢✉❧❧ ❞❛t❛

❛❝q✉✐s✐t✐♦♥ s②st❡♠ r✉♥♥✐♥❣ t❤❡ ❡♥t✐r❡ t✐♠❡✳ ❲❤❡♥ ❤♦❧❞✐♥❣ ❧❛r❣❡ ♣❛rt✐❝❧❡ ❝❧♦✉❞s

♦❢ s❡✈❡r❛❧ 106 p̄ ❢♦r s✉❝❤ ❧♦♥❣ t✐♠❡s✱ ✇❡ ❛❧✇❛②s ♦❜s❡r✈❡ s♦♠❡ ❧♦ss❡s✳ ❉✉r✐♥❣ ❛♥

❡①♣❡r✐♠❡♥t✱ ♦♥ ❛✈❡r❛❣❡ 10% ♦❢ t❤❡ 5 · 106 p̄ ❛♥♥✐❤✐❧❛t❡ ♦♥ t❤❡ ❡❧❡❝tr♦❞❡s✳ ❲❤❡♥

s❡❛r❝❤✐♥❣ ❢♦r ❛♥t✐♣r♦t♦♥ ❛♥♥✐❤✐❧❛t✐♦♥s ✐♥ ❝♦✐♥❝✐❞❡♥❝❡ ✇✐t❤ t❤❡ ✏❧❛s❡r✲✐♥✑ t✐♠❡ s❧♦ts✱

t❤❡s❡ ❧♦ss❡s ❝❛✉s❡ t❤❡ ❧❛r❣❡st ♣❛rt ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞ s✐❣♥❛❧✳ ❆❞❞✐t✐♦♥❛❧ ❜❛❝❦❣r♦✉♥❞

❢r♦♠ ❝♦s♠✐❝ ❡✈❡♥ts ✐s s♠❛❧❧ ✐♥ ❝♦♠♣❛r✐s♦♥✳ ❚❤❡r❡❢♦r❡✱ ❛ ❝✉t ✇✐t❤ ❛ ❣♦♦❞ ❞❡t❡❝t✐♦♥

❡✣❝✐❡♥❝② ❛♥❞ ❛ r❡❧❛t✐✈❡❧② ❤✐❣❤ r❛t❡ ❢♦r ❝♦s♠✐❝ ❡✈❡♥ts ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✳ ❲❡ ✉s❡ ❝✉t

♥✉♠❜❡r ✶✹ ✇❤✐❝❤ ❤❛s ❛ ❞❡t❡❝t✐♦♥ ❡✣❝✐❡♥❝② ❢♦r p✲p̄ ❛♥♥✐❤✐❧❛t✐♦♥s ♦❢ ❝❧♦s❡ t♦ 40% ❛♥❞

❛ ❝♦s♠✐❝ ❜❛❝❦❣r♦✉♥❞ r❛t❡ ♦❢ 2Hz✳

❆❢t❡r ❛♣♣❧②✐♥❣ t❤❡ ❝✉t✱ t❤❡ r❡♠❛✐♥✐♥❣ ❡✈❡♥ts ❛r❡ s♦rt❡❞ ✐♥t♦ t✇♦ ❣r♦✉♣s✱ ❞❡♣❡♥❞✲
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✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡ ✐♥❢r❛r❡❞ ❧❛s❡r ✇❛s ❜❧♦❝❦❡❞ ❛t t❤❡ t✐♠❡ ♦❢ t❤❡ ❡✈❡♥t ♦r ♥♦t✳ ❚❤❡

♣❤♦t♦❞✐♦❞❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡s❡ t✐♠❡ ✇✐♥❞♦✇s ✭✜❣✉r❡ ✻✳✶✵✮ ❤❛s ❛ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡

r✐s❡ t✐♠❡✳ ❉❛t❛ ♣♦✐♥ts r❡❝♦r❞❡❞ ✇❤✐❧❡ ✐ts s✐❣♥❛❧ ✐s ❡✐t❤❡r r✐s✐♥❣ ♦r ❢❛❧❧✐♥❣✱ ♣❧✉s ❛ s♠❛❧❧

❛❞❞✐t✐♦♥❛❧ s❛❢❡t② ♠❛r❣✐♥✱ ❛r❡ ❞✐s❝❛r❞❡❞✳ ❋✐♥❛❧❧②✱ t❤❡ ♥✉♠❜❡r ♦❢ ❛♥t✐♣r♦t♦♥ ❛♥♥✐❤✐✲

❧❛t✐♦♥s ✐♥ ❛❧❧ ✏❧❛s❡r✲♦♥✑ t✐♠❡ ❢r❛♠❡s ✐s s✉♠♠❡❞ ✉♣ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥✉♠❜❡r

❢r♦♠ t❤❡ ✏❧❛s❡r✲♦✛✑ t✐♠❡ ❢r❛♠❡s ✐s s✉❜tr❛❝t❡❞✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❡①❝❡ss ❛♥t✐♣r♦t♦♥

❛♥♥✐❤✐❧❛t✐♦♥s ❝♦rr❡s♣♦♥❞s t♦ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ♣r♦❞✉❝❡❞✳

❚❤❡ r❡s✉❧ts ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ✜❣✉r❡ ✻✳✶✷✳ ❚❤❡ ✐♥❞✐✈✐❞✉❛❧ r✉♥s ❛r❡ s❤♦✇♥ ✐♥ s✉❜✜❣✲

✉r❡ ✭❛✮✱ ❣r♦✉♣❡❞ ❜② ♠♦❞✉❧❛t✐♦♥ ❢r❡q✉❡♥❝②✳ ❙✉❜✜❣✉r❡ ✭❜✮ s❤♦✇s ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡s

♣❡r ♠♦❞✉❧❛t✐♦♥ ❢r❡q✉❡♥❝② ❛♥❞ ❢♦r ❛❧❧ ❞❛t❛ ♣♦✐♥ts✳ ❚❤❡ ❛✈❡r❛❣❡s ❢♦r ❜♦t❤ ❢r❡q✉❡♥❝✐❡s

❞♦ ♥♦t q✉✐t❡ ❛❣r❡❡✱ ❜✉t ❣✐✈❡♥ t❤❡ s❝❛tt❡r ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❞❛t❛ ♣♦✐♥ts✱ t❤✐s ♠❛② ❛s

✇❡❧❧ ❜❡ ❛ ❝❤❛♥❝❡ ❡✛❡❝t✳ ❚❤❡ t♦t❛❧ ❛✈❡r❛❣❡ s❤♦✇s ❥✉st ❛❜♦✈❡ 2000 ❡①❝❡ss ❛♥t✐♣r♦t♦♥

❛♥♥✐❤✐❧❛t✐♦♥s ✐♥ ❝♦✐♥❝✐❞❡♥❝❡ ✇✐t❤ t❤❡ ✐♥❢r❛r❡❞ ❧❛s❡r ❣♦✐♥❣ ✐♥t♦ t❤❡ tr❛♣✳ ❋♦r t❤❡

❝♦♥tr♦❧ tr✐❛❧s✱ ♦♥❧② t❤❡ ✐♥❢r❛r❡❞ ❧❛s❡r ✐s ❞❡t✉♥❡❞ ❢r♦♠ r❡s♦♥❛♥❝❡ ✇❤✐❧❡ ❡✈❡r② ♦t❤❡r

♣❛r❛♠❡t❡r ✐s ✉♥❝❤❛♥❣❡❞✳ ❚❤✐s ✐♥❝❧✉❞❡s ♦♣❡r❛t✐♦♥ ♦❢ t❤❡ ❝❡s✐✉♠ ♦✈❡♥ ❛♥❞ ♠♦❞✉❧❛t✐♦♥

♦❢ t❤❡ ❧❛s❡rs✳ ■❢ t❤❡ ✐♥❢r❛r❡❞ ❧❛s❡r ✐s ❞❡t✉♥❡❞✱ ♥♦ ❘②❞❜❡r❣ ❡①❝✐t❛t✐♦♥ ❝❛♥ t❛❦❡ ♣❧❛❝❡

❛♥❞ ♦♥❧② ❣r♦✉♥❞ st❛t❡ ❝❡s✐✉♠ ❛t♦♠s ❡♥t❡r t❤❡ tr❛♣ r❡❣❛r❞❧❡ss ♦❢ ✇❤❡t❤❡r t❤❡ ❧❛s❡r

✐s ❜❧♦❝❦❡❞ ♦r ♥♦t✳ ❚❤❡r❡❢♦r❡ ♥♦ ❡①❝❡ss p̄ ❛♥♥✐❤✐❧❛t✐♦♥s s❤♦✉❧❞ ❜❡ ♦❜s❡r✈❡❞✳ ❚❤✐s ✐s

t❤❡ ❝❛s❡ ❢♦r ❛❧❧ ❝♦♥tr♦❧ tr✐❛❧s✱ ❛❧❧ ♦❢ t❤❡ ♣♦✐♥ts ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ③❡r♦✳

❚❤❡ ❡rr♦r ❜❛rs ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ t♦t❛❧ ❝♦✉♥ts ♣❡r t✐♠❡

❜✐♥✳ ❚❤✐s ❜❛❝❦❣r♦✉♥❞ ✐s ❝❛✉s❡❞ ❜② ❛♥t✐♣r♦t♦♥s ❜❡✐♥❣ ❧♦st ❢r♦♠ t❤❡✐r ✇❡❧❧✳ ❚❤❡

r❛t❡ ♦❢ t❤✐s ❧♦ss ♣r♦❝❡ss ✈❛r✐❡s ❢r♦♠ tr✐❛❧ t♦ tr✐❛❧✱ t❤❡r❡❢♦r❡ t❤❡ ❡rr♦r ❜❛rs ❛r❡ ❛❧s♦

❞✐✛❡r❡♥t✳ ■♥ s♦♠❡ ❝❛s❡s✱ t❤❡ ❛♥t✐♣r♦t♦♥ ❧♦ss❡s ❣r❡✇ ✈❡r② ❧❛r❣❡ ❛❢t❡r 20− 30minutes✳

❚❤✐s ✇❛s ♦❢t❡♥ t❤❡ ❝❛s❡ ✇❤❡♥ ❡①♣❡r✐♠❡♥ts ❤❛❞ t♦ ❜❡ r✉♥ ❛❢t❡r t❤❡ ■♦✛❡ tr❛♣ ❤❛❞

❜❡❡♥ q✉❡♥❝❤❡❞ t♦ ❧♦♦❦ ❢♦r tr❛♣♣❡❞ H̄ ❛t♦♠s ❢r♦♠ ❚❇❘ tr✐❛❧s ❬✻✷❪✳ ❚❤❡r❡❢♦r❡ ♦♥❧②

t❤❡ ✜rst ✷✵ ♠✐♥✉t❡s ♦❢ ❡❛❝❤ r✉♥ ✇❤✐❝❤ s❤♦✇ ❝♦♠♣❛r❛❜❧❡ ♣❧❛s♠❛ ❜❡❤❛✈✐♦r ❛r❡ ✉s❡❞
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❢♦r ✜❣✉r❡ ✻✳✶✷✳ ❚❤♦s❡ r✉♥s ✇❤❡r❡ t❤❡ ♣❧❛s♠❛ r❡♠❛✐♥❡❞ st❛❜❧❡ ❢♦r ❧♦♥❣❡r t✐♠❡s s❤♦✇

❛❧♠♦st t✇✐❝❡ ❛s ♠❛♥② ❡①❝❡ss p̄✳

❋✐❣✉r❡ ✻✳✶✷✿ ❘❡s✉❧ts ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ❡①♣❡r✐♠❡♥ts ✉s✐♥❣ t❤❡ ♠♦❞✉❧❛t❡❞ ❧❛s❡r ❞❡t❡❝t✐♦♥ ✭✜❣✉r❡

✻✳✶✵✮✳ ❚❤❡ r✉♥t✐♠❡ ❢♦r ❡❛❝❤ ♣♦✐♥t ✐s 20minutes✳ ❚✇♦ ♠♦❞✉❧❛t✐♦♥ ❢r❡q✉❡♥❝✐❡s ❛r❡ ✉s❡❞✿ 9.3Hz

✭❣r❡❡♥ ❝✐r❝❧❡s✮ ❛♥❞ 117Hz ✭❜❧✉❡ ❞✐❛♠♦♥❞s✮✳ ❋✉❧❧ s②♠❜♦❧s ✐♥❞✐❝❛t❡ ❡①♣❡r✐♠❡♥ts ✇✐t❤ ❜♦t❤ ❧❛s❡rs

♦♥ r❡s♦♥❛♥❝❡✱ ✇❤✐❧❡ ♦♣❡♥ s②♠❜♦❧s ❝♦rr❡s♣♦♥❞ t♦ ❝♦♥tr♦❧ tr✐❛❧s ✇✐t❤ t❤❡ ✐♥❢r❛r❡❞ ❧❛s❡r ❞❡t✉♥❡❞

❢r♦♠ r❡s♦♥❛♥❝❡✳ ●r❛♣❤ ✭❛✮ s❤♦✇s t❤❡ ✐♥❞✐✈✐❞✉❛❧ r✉♥s ✇❤✐❧❡ ❣r❛♣❤ ✭❜✮ ❞✐s♣❧❛②s ✇❡✐❣❤t❡❞

❛✈❡r❛❣❡s ❢♦r ❜♦t❤ ♠♦❞✉❧❛t✐♦♥ ❢r❡q✉❡♥❝✐❡s ❛♥❞ ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ ❛❧❧ ❞❛t❛ ♣♦✐♥ts ✭r❡❞

sq✉❛r❡s✮✳ ❚❤❡ ♦✈❡r❛❧❧ ❛✈❡r❛❣❡ ❝♦rr❡s♣♦♥❞s t♦ ❥✉st ♦✈❡r 2000 ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ♣r♦❞✉❝❡❞✳

❚❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t❤❡ ❝r♦ss

s❡❝t✐♦♥✱ ❡q✉❛t✐♦♥ ✭✻✳✻✮✱ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ p̄ ♣❧❛s♠❛s✱ ✐ts ❞✐❛♠❡t❡r ❛♥❞ t❤❡ ♥✉♠❜❡r

♦❢ ♣♦s✐tr♦♥✐✉♠ ❛t♦♠s t❤❛t ✐♥t❡r❛❝t ✇✐t❤ t❤❡ ❛♥t✐♣r♦t♦♥s✿

NH̄ = σH̄ np̄ dp̄ NPs∗ . ✭✻✳✶✷✮
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❚②♣✐❝❛❧ ♣❧❛s♠❛ ❞❡♥s✐t✐❡s ❛♥❞ ❞✐❛♠❡t❡rs ❛r❡ np̄ = 1012 m−3 ❛♥❞ dp̄ = 10mm✱

r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♣♦s✐tr♦♥✐✉♠ tr✐❛❧s ❢♦✉♥❞ 4 · 105 Ps∗ ✐♥ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ ❛❢t❡r

20minutes✳ ❚❤❡ ❛♥t✐❤②❞r♦❣❡♥ ❡①♣❡r✐♠❡♥ts ✉s❡ ❛ ❢❛❝t♦r ♦❢ t❡♥ ♠♦r❡ ♣♦s✐tr♦♥s ❛♥❞

❛ t❤r❡❡ t✐♠❡s ❤✐❣❤❡r ✢✉① ♦❢ ❝❡s✐✉♠ ❛t♦♠s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ Ps∗ s❤♦✉❧❞ s❝❛❧❡

❛♣♣r♦♣r✐❛t❡❧②✳ ❆ ❝♦rr❡❝t✐♦♥ ❤❛s t♦ ❜❡ ❛♣♣❧✐❡❞ ❞✉❡ t♦ t❤❡ ❞✐✛❡r❡♥t ❝r♦ss s❡❝t✐♦♥❛❧

❛r❡❛s✿ ❚❤❡ ♣❧❛s♠❛ r❛❞✐✉s ✐s 5mm ✇❤✐❧❡ t❤❡ ❞❡t❡❝t✐♦♥ ✇❡❧❧ str✐♣s Ps∗ ❛t♦♠s ✉♣ t♦ ❛

r❛❞✐✉s ♦❢ 16mm✳

■♥s❡rt✐♥❣ t❤❡ ♥✉♠❜❡rs ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ ❛ ❞✉t② ❝②❝❧❡ ♦❢ 50% ❞✉❡ t♦ t❤❡ ❝❤♦♣♣❡r

✇❤❡❡❧ ❣✐✈❡s ❛♥ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ≃ 2400 H̄ ❛t♦♠s✱ ✇❤✐❝❤ ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡

♥✉♠❜❡r ♦❜s❡r✈❡❞✳ ❍♦✇❡✈❡r✱ s♦♠❡ ❡st✐♠❛t❡s ❤❛❞ t♦ ❣♦ ✐♥t♦ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ s♦ t❤❡

❛❣r❡❡♠❡♥t s❤♦✉❧❞ ♥♦t ❜❡ ♦✈❡rr❛t❡❞✳

❚❤❡ ❞❡t❡❝t✐♦♥ ♠❡t❤♦❞ ❛ss✉♠❡s t❤❛t ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦✲

❣❡♥ ✐s t❤❡ ♦♥❧② ♠❡❝❤❛♥✐s♠ t❤❛t ♣r♦❞✉❝❡s ❛♥t✐♣r♦t♦♥ ❧♦ss❡s ✐♥ ❝♦✐♥❝✐❞❡♥❝❡ ✇✐t❤ t❤❡

❧❛s❡r ♠♦❞✉❧❛t✐♦♥✳ ❆♥② ♦t❤❡r ♣r♦❝❡ss t❤❛t ✇♦✉❧❞ ❣❡♥❡r❛t❡ t❤❡ s❛♠❡ s✐❣♥❛t✉r❡ ♠✉st

❤❛✈❡ ❛ t✉r♥✲♦♥ t✐♠❡ τon ❛♥❞ t✉r♥✲♦✛ t✐♠❡ τoff ❢❛st❡r t❤❛♥ t❤❡ t✐♠❡ ❝♦♥st❛♥t ♦❢ t❤❡

♠♦❞✉❧❛t✐♦♥ ❢r❡q✉❡♥❝②✿ τon/off ≪ (117Hz)−1 = 8.5ms✳ ❆❧s♦✱ t♦ ❢♦❧❧♦✇ t❤❡ s❛♠❡

♣❛tt❡r♥✱ s✉❝❤ ❛ ♣r♦❝❡ss ♠✉st ❜❡ tr✐❣❣❡r❡❞ ❜② t❤❡ 852 nm ❧❛s❡r✳ ❚❤❡r♠❛❧ ❡✛❡❝ts ❛❝t

♦♥ t✐♠❡ s❝❛❧❡s ♠✉❝❤ ❧♦♥❣❡r t❤❛♥ ❛ ❢❡✇ ♠s✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❢♦r ✐♥st❛♥❝❡ ❢r♦♠ t❤❡

❤❡❛t✐♥❣ ❝✉r✈❡ ♦❢ t❤❡ ❡❧❡❝tr♦❞❡ st❛❝❦ ❜② t❤❡ ❝❡s✐✉♠ ♦✈❡♥✱ ✜❣✉r❡ ✸✳✶✷✳ ❚❤❡ ❧❛s❡rs

❞♦ ♥♦t ❤❛✈❡ ❛ ❞✐r❡❝t ❧✐♥❡ ♦❢ s✐❣❤t t♦ t❤❡ ❡❧❡❝tr♦❞❡s ✭s❡❡ ✜❣✉r❡ ✸✳✶✶✮ ❛♥❞ ♥♦ ❤❡❛t✐♥❣

♦❢ t❤❡ st❛❝❦ ✐s ♦❜s❡r✈❡❞ ❡✈❡♥ ❢r♦♠ t❤❡ 200mW ❣r❡❡♥ ❧❛s❡r✳ ❚❤❡ ✐♥❢r❛r❡❞ ❧❛s❡r ✐s

♦♣❡r❛t❡❞ ❛t 5mW✱ s♦ ❛ t❤❡r♠❛❧ ❡✛❡❝t ❢r♦♠ s✇✐t❝❤✐♥❣ t❤✐s ♣♦✇❡r ♦♥ ❛♥❞ ♦✛ ❝❛♥ ❜❡

s❛❢❡❧② ❡①❝❧✉❞❡❞✳ ❆ s❡❝♦♥❞ ♣♦ss✐❜❧❡ ❡✛❡❝t ✐s ❤❡❛t✐♥❣ ♦❢ t❤❡ p̄ ♣❧❛s♠❛ ❢r♦♠ s❡❝♦♥❞❛r②

♣❛rt✐❝❧❡s✳ P♦s✐tr♦♥✐✉♠ ❛t♦♠s t❤❛t ❢♦r♠ ❛♥t✐❤②❞r♦❣❡♥ ❜② ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❝♦❧❧✐s✐♦♥s

❞❡♣♦s✐t ❡❧❡❝tr♦♥s ✐♥ t❤❡ p̄ ♣❧❛s♠❛✳ ■❢ t❤❡s❡ ❡❧❡❝tr♦♥s ❛❝q✉✐r❡ ❤✐❣❤ ❡♥❡r❣✐❡s✱ t❤❡②

❝♦✉❧❞ tr❛♥s❢❡r ✐t t♦ t❤❡ ❛♥t✐♣r♦t♦♥s ✈✐❛ ❝♦❧❧✐s✐♦♥s✳ ❚❤✐s t❤❡r♠❛❧✐③❛t✐♦♥ ♠❛② ❤❛♣♣❡♥
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♦♥ ❛ ❢❛st t✐♠❡ s❝❛❧❡ ❬✻✹❪✱ s♦ ✐t ❝♦✉❧❞ ❡①♣❧❛✐♥ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤❡ p̄ ❧♦ss r❛t❡✳ ❇✉t

✐♥ ♦r❞❡r t♦ ♠✐♠✐❝ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❞✉❝t✐♦♥ ♦❢ H̄✱ t❤❡ ❧♦ss r❛t❡ ♠✉st r❡✈❡rt t♦

❜❛❝❦❣r♦✉♥❞ ♦♥❝❡ t❤❡ ❧❛s❡r ✐s ❜❧♦❝❦❡❞✳ ❚❤✉s t❤❡ ❡♥❡r❣② ❛❞❞❡❞ ❜② t❤❡ ❡❧❡❝tr♦♥s ♠✉st

❛❧s♦ ❜❡ r❡♠♦✈❡❞ ♦♥ t❤❡ s❛♠❡ t✐♠❡ s❝❛❧❡✳ ❚❤❡ ❢❛st❡st ♣r♦❝❡ss ❢♦r ❡♥❡r❣② ❧♦ss ♦❢ ❛

♠✐①❡❞ p̄✲e− ♣❧❛s♠❛ ✐s s②♥❝❤r♦tr♦♥ r❛❞✐❛t✐♦♥ ❢r♦♠ t❤❡ ❡❧❡❝tr♦♥s✱ ✇❤✐❝❤✱ ✐♥ ❛ 1T ✜❡❧❞

❤❛s ❛ t✐♠❡ ❝♦♥st❛♥t ♦❢ 2.6 s✱ ❡q✉❛t✐♦♥ ✭✻✳✺✮✱ ♠✉❝❤ ❧♦♥❣❡r t❤❛♥ t❤❡ t✐♠❡ s❝❛❧❡ ♦❢ t❤❡

❧❛s❡r ♠♦❞✉❧❛t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✐♥s❡rt✐♦♥ ♦❢ ❡♥❡r❣❡t✐❝ ❡❧❡❝tr♦♥s ❝♦✉❧❞ ❝♦♥t✐♥✉♦✉s❧② ❤❡❛t

t❤❡ p̄ ♣❧❛s♠❛✱ ❜✉t ✐t ❝❛♥♥♦t ♠✐♠✐❝ ♠♦❞✉❧❛t❡❞ ❛♥t✐❤②❞r♦❣❡♥ ♣r♦❞✉❝t✐♦♥ ✇✐t❤ ❛ ♠s

t✐♠❡ ❝♦♥st❛♥t✳

❲❡ t❤❡r❡❢♦r❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❞❛t❛ ♦❢ ✜❣✉r❡ ✻✳✶✷ s❤♦✇s t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥

❛✈❡r❛❣❡ ♦❢ 2000 ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ✐♥ 20minute tr✐❛❧s✳ ■♥ s✐♥❣❧❡ ❧♦♥❣❡r r✉♥s✱ ✉♣

t♦ t✇✐❝❡ ❛s ♠❛♥② H̄ ✇❡r❡ ♦❜s❡r✈❡❞✳ ❆❧s♦✱ s✐♥❝❡ ♠♦st ♦❢ t❤❡ ✐♥✐t✐❛❧ ♣❛rt✐❝❧❡s ❛r❡

r❡t❛✐♥❡❞ ✐♥ t❤❡ ✜rst 20minutes ♦❢ ❡❛❝❤ tr✐❛❧✱ ✐t s❡❡♠s s❛❢❡ t♦ ❛ss✉♠❡ t❤❛t r❡♠♦✈✐♥❣

t❤❡ ❝❤♦♣♣❡r ✇❤❡❡❧ ❛♥❞ s❡♥❞✐♥❣ t❤❡ ❧❛s❡rs ✐♥ ❝♦♥t✐♥✉♦✉s❧② ✇♦✉❧❞ ❛❣❛✐♥ ❞♦✉❜❧❡ t❤❡s❡

♥✉♠❜❡rs✳ ❍♦✇❡✈❡r✱ ✈❡r✐✜❝❛t✐♦♥ r❡q✉✐r❡s ❛♥ ❛❧t❡r♥❛t✐✈❡ ❞❡t❡❝t✐♦♥ ♠❡t❤♦❞✳ ❚❤❡ ❞♦✉✲

❜❧❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ✐s t❤✉s s✉✐t❛❜❧❡ t♦ ♣r♦❞✉❝❡ ❝♦♠♣❛r❛❜❧❡ ♥✉♠❜❡rs ♦❢ H̄ ❛s t❤❡

♦♥❧② ♣r♦❞✉❝t✐♦♥ ♠❡t❤♦❞ ❡st❛❜❧✐s❤❡❞ s♦ ❢❛r✱ t❤❡ t❤r❡❡✲❜♦❞② r❡❝♦♠❜✐♥❛t✐♦♥✳

✶✹✼





❈❤❛♣t❡r ✼

❈♦♥❝❧✉s✐♦♥

❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s ✇♦r❦✱ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ❤❛❞

♦♥❧② ❜❡❡♥ ❞❡♠♦♥str❛t❡❞ ♦♥❝❡ ✇✐t❤ ❧❡ss t❤❛♥ 20 H̄ ❛t♦♠s ♣r♦❞✉❝❡❞ ♣❡r tr✐❛❧ ❬✶✷✻❪✳

❉✉r✐♥❣ t❤✐s t❤❡s✐s✱ ✇❡ ❝♦✉❧❞ ❞❡♠♦♥str❛t❡ ❛♥ ✐♥❝r❡❛s❡ ♦❢ t❤✐s ♥✉♠❜❡r ❜② t✇♦ ♦r❞❡rs

♦❢ ♠❛❣♥✐t✉❞❡✱ ❛♥ ❛✈❡r❛❣❡ ♦❢ 2000 ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s ❛r❡ ♣r♦❞✉❝❡❞ ♣❡r ❡①♣❡r✐♠❡♥t✳

❘❡♠♦✈✐♥❣ t❤❡ ❝❤♦♣♣❡r ✇❤❡❡❧ ♥❡❡❞❡❞ ❢♦r ❞❡t❡❝t✐♦♥ ✇♦✉❧❞ ❧✐❦❡❧② ❞♦✉❜❧❡ t❤✐s ♥✉♠❜❡r

❛❣❛✐♥✳ ❚❤✐s ✇♦r❦ t❤❡r❡❢♦r❡ s❤♦✇s t❤❛t t❤❡ ❞♦✉❜❧❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ✐s ❝❛♣❛❜❧❡ ♦❢

♣r♦❞✉❝✐♥❣ t❤❡ s❛♠❡ q✉❛♥t✐t✐❡s ♦❢ ❛♥t✐❤②❞r♦❣❡♥ t❤❛♥ t❤❡ ❡st❛❜❧✐s❤❡❞ ♠❡t❤♦❞ ♦❢ t❤r❡❡✲

❜♦❞② r❡❝♦♠❜✐♥❛t✐♦♥✳ ■♥ ❝♦♥tr❛st t♦ t❤❡ ❚❇❘ ♣r♦❞✉❝t✐♦♥ ♦❢ H̄✱ t❤❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡

♠❡t❤♦❞ ❞♦❡s ♥♦t r❡q✉✐r❡ ❛♥② ❞r✐✈❡s ♦r ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ str✉❝t✉r❡s t❤❛t

✇♦✉❧❞ ❤❡❛t t❤❡ ♣❛rt✐❝❧❡s✳ ❊s♣❡❝✐❛❧❧② t❤❡ ❤❡❛✈② ❛♥t✐♣r♦t♦♥s r❡♠❛✐♥ ❛t r❡st t❤❡ ❡♥t✐r❡

t✐♠❡✳ ❚❤❡r❡❢♦r❡ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ❝♦❧❞✱ tr❛♣♣❛❜❧❡ H̄ ❛t♦♠s ✐s ❡①♣❡❝t❡❞ t♦ ❜❡ ♠✉❝❤

❧❛r❣❡r✳

❚❤❡ ✐♥❝r❡❛s❡❞ ♥✉♠❜❡r ✇❛s ♠❛❞❡ ♣♦ss✐❜❧❡ ❜② ♥✉♠❡r♦✉s ❛❞✈❛♥❝❡♠❡♥ts ✐♥ t❤❡ t♦♦❧s

❛♥❞ ♠❡t❤♦❞s ❛✈❛✐❧❛❜❧❡✳ ❆❚❘❆P✬s s❡❝♦♥❞ ❣❡♥❡r❛t✐♦♥ ❝♦♠❜✐♥❡❞ P❡♥♥✐♥❣✲■♦✛❡ tr❛♣

❛❧❧♦✇s ❧♦❛❞✐♥❣ ❛♥❞ ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ ♠✉❝❤ ❧❛r❣❡r ❛♥t✐♠❛tt❡r ♣❧❛s♠❛s t❤❛♥ ❜❡❢♦r❡✳

✶✹✾



❈❍❆P❚❊❘ ✼✳ ❈❖◆❈▲❯❙■❖◆

❯♣ t♦ 107 ❛♥t✐♣r♦t♦♥s ❛♥❞ 4 · 109 ♣♦s✐tr♦♥s ❝❛♥ ❜❡ ❧♦❛❞❡❞ ❛t ❛ t✐♠❡✳ ❯s✐♥❣ t❤❡

✜❡❧❞ ❜♦♦st✐♥❣ s♦❧❡♥♦✐❞ ❛♥❞ t❤❡ r♦t❛t✐♥❣ ✇❛❧❧ t❡❝❤♥✐q✉❡✱ t❤❡s❡ ♣❛rt✐❝❧❡ ❝❧♦✉❞s ❛r❡

❛❝❝✉♠✉❧❛t❡❞ ♦♥ r❡❛s♦♥❛❜❧❡ t✐♠❡ s❝❛❧❡s ♦♥ t❤❡ ♦r❞❡r ♦❢ ❤♦✉rs ♦r ❜❡❧♦✇✳ ❚❤❡ ❧❛r❣❡

❝❛♣❛❝✐t② ❝❡s✐✉♠ s♦✉r❝❡s ✉s❡❞ ✐♥ t❤✐s ♥❡✇ ❛♣♣❛r❛t✉s ❛♥❞ t❤❡ ❣r❡❛t❧② ✐♠♣r♦✈❡❞ ❧❛s❡r

❡①❝✐t❛t✐♦♥ ❡✣❝✐❡♥❝② ❛❧❧♦✇❡❞ ✉s t♦ ♣❡r❢♦r♠ ❡①♣❡r✐♠❡♥ts ❢♦r ♠♦♥t❤s ❛t ❛ t✐♠❡ ✇✐t❤♦✉t

✇❛r♠✐♥❣ ✉♣ t❤❡ tr❛♣ ❛♥❞ ❜r❡❛❦✐♥❣ ✈❛❝✉✉♠✳ ❚❤❡ t❤♦r♦✉❣❤ t❤❡r♠❛❧ ✐♥s✉❧❛t✐♦♥ ♦❢ t❤❡

❝❡s✐✉♠ ♦✈❡♥ ♠✐♥✐♠✐③❡❞ t❤❡ ❤❡❛t ❧♦❛❞ ♦♥ t❤❡ ❝r②♦❣❡♥✐❝ ❡❧❡❝tr♦❞❡ st❛❝❦ ❛♥❞ ❡♥❛❜❧❡❞

❡①♣❡r✐♠❡♥ts ✇✐t❤ r✉♥t✐♠❡s ♦❢ ♠♦r❡ t❤❛♥ ♦♥❡ ❤♦✉r✳

❚❤❡ ♥❡✇ 511 nm ❧❛s❡r s②st❡♠ ❞❡✈❡❧♦♣❡❞ ❢♦r t❤✐s ✇♦r❦ ♣r♦✈✐❞❡s s❡✈❡r❛❧ ♠❛❥♦r

✐♠♣r♦✈❡♠❡♥ts✳ ■ts ❝♦♥t✐♥✉♦✉s✲✇❛✈❡ ♦♣❡r❛t✐♦♥ ♣r♦❞✉❝❡s ❛ st❡❛❞② str❡❛♠ ♦❢ ❘②❞❜❡r❣

❝❡s✐✉♠ ❛t♦♠s✳ ❉✉❡ t♦ t❤❡ ♥❛rr♦✇ ❧✐♥❡✇✐❞t❤✱ ❛❧❧ ♦❢ ✐ts ♦✉t♣✉t ♣♦✇❡r ✐s ✉s❛❜❧❡ ❢♦r ❧❛s❡r

❡①❝✐t❛t✐♦♥✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ❤♦✇❡✈❡r ✐s t❤❡ ❧❛s❡r✬s ✇✐❞❡ t✉♥❛❜✐❧✐t②✳ ❚❤❡

✈❛r✐♦✉s ❢❛❝t♦rs ❝♦♥tr✐❜✉t✐♥❣ t♦ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ♣r♦❝❡ss ✇❡r❡

✜rst ✐♥✈❡st✐❣❛t❡❞ ❞✉r✐♥❣ t❤✐s ✇♦r❦✳ ❲❡ ❢♦✉♥❞ t❤❛t t❤❡ ♦✈❡r❛❧❧ ❡✣❝✐❡♥❝② str♦♥❣❧②

❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❘②❞❜❡r❣ st❛t❡ ❛♥❞ ❛ t✉♥❛❜❧❡ ❧❛s❡r ❛❧❧♦✇s ✉s t♦ ❡①❝✐t❡

t♦ t❤❡ ♦♣t✐♠✉♠ st❛t❡✳ ❚❤❡ ❧❛s❡r✬s ♠♦❞❡✲❥✉♠♣ ❢r❡❡ s❝❛♥ r❛♥❣❡ ♦❢ 20GHz ❡♥❛❜❧❡s ✉s

t♦ ❡❛s✐❧② ✜♥❞ t❤❡ tr❛♥s✐t✐♦♥ ❢r❡q✉❡♥❝✐❡s ♦♥❝❡ t❤❡✐r ❛♣♣r♦①✐♠❛t❡ ❧♦❝❛t✐♦♥ ✐s ❝❛❧❝✉❧❛t❡❞✳

❲❡ ✉s❡❞ t✇♦ ❞✐✛❡r❡♥t ♠❡t❤♦❞s t♦ ❡st✐♠❛t❡ t❤❡ ❝❡s✐✉♠ ❡♥❡r❣② ❧❡✈❡❧s ✐♥ t❤❡ str♦♥❣

♠❛❣♥❡t✐❝ ✜❡❧❞s ♦❢ ♦✉r tr❛♣✱ ❜♦t❤ ♦❢ ✇❤✐❝❤ ②✐❡❧❞ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ ❡①♣❡r✐♠❡♥✲

t❛❧ ❞❛t❛✳ ❚❤❡ t✇♦ ♠❡t❤♦❞s ❝♦♠♣❧❡♠❡♥t ❡❛❝❤ ♦t❤❡r✳ ❋♦r ❧♦✇❡r ♠❛❣♥❡t✐❝ ✜❡❧❞s✱ ♦r

❧♦✇❡r n✲st❛t❡s✱ ❛ ❞✐r❡❝t ❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s ♠♦r❡ ❛❝❝✉r❛t❡ ✇❤✐❧❡

❢♦r str♦♥❣❡r ✜❡❧❞s ♦r ❤✐❣❤❡r n✲st❛t❡s✱ ❛ s❡♠✐✲❝❧❛ss✐❝❛❧ ❡st✐♠❛t❡ ✐s ♠♦r❡ ❛♣♣r♦♣r✐✲

❛t❡✳ Pr❡✈✐♦✉s ✇♦r❦ ♦♥ ❆❧❦❛❧✐ ❘②❞❜❡r❣ ❛t♦♠s ✐♥ str♦♥❣ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❞❛t❡s ❜❛❝❦

30 ②❡❛rs ❛♥❞ ✉s❡❞ ♣✉❧s❡❞ ❧❛s❡r ✇✐t❤ ●❍③ r❡s♦❧✉t✐♦♥✳ ❉✉r✐♥❣ t❤✐s ✇♦r❦✱ ✇❡ ❝♦✉❧❞

❛❝❝✉r❛t❡❧② ♠❡❛s✉r❡ t❤❡ ❝❡s✐✉♠ ❡♥❡r❣② ❧❡✈❡❧s✱ ❜✉t ❢♦❝✉s✐♥❣ ♦♥ H̄ ❡①♣❡r✐♠❡♥ts ♦♥❧②

❛❧❧♦✇❡❞ ✉s t♦ ♣r♦❜❡ ❛ s♠❛❧❧ r❛♥❣❡ ♦❢ t❤❡ s♣❡❝tr✉♠✳ ❚❤❡ ❧❛s❡r s②st❡♠ ❤❛s s❤♦✇♥

✶✺✵



r❡❧✐❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡ ♦✈❡r t❤❡ ❧❛st ②❡❛rs ❛♥❞ t❤❡ ❣r❡❡♥ ❧❛s❡r✬s ♦✉t♣✉t ♣♦✇❡r ❝♦✉❧❞ ❜❡

s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s❡❞ ❞✉r✐♥❣ t❤✐s t✐♠❡✳

❲❡ ❛❝❤✐❡✈❡❞ ❛ ❣❛✐♥ ❜② ❛ ❢❛❝t♦r ♦❢ 500 ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ♣♦s✐tr♦♥✐✉♠✳ ▼♦st

♦❢ t❤✐s ✐s ❞✉❡ t♦ t❤❡ ❧❛r❣❡r ♥✉♠❜❡r ♦❢ ♣♦s✐tr♦♥s ❛✈❛✐❧❛❜❧❡ ♥♦✇✱ ❜✉t ✇❡ ❝♦✉❧❞ ❛❧s♦

✐♥❝r❡❛s❡ t❤❡ ❡✣❝✐❡♥❝② ❜② ❛ ❢❛❝t♦r ♦❢ t❤r❡❡✳ ❯s✐♥❣ ❧❛s❡r ♠♦❞✉❧❛t✐♦♥ t♦ ♠♦♥✐t♦r t❤❡

♣r♦❞✉❝t✐♦♥ ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ❛❧❧♦✇❡❞ ✉s t♦ ❞❡t❡❝t t❤❡ ❧❛r❣❡r ♥✉♠❜❡rs ♦❢ H̄ ❛t♦♠s

♣r♦❞✉❝❡❞ ❞✉r✐♥❣ t❤✐s ✇♦r❦✳

❚❤❡ ♥❡①t st❡♣s ✇✐❧❧ ❜❡ t♦ ✐♥❝❧✉❞❡ ❆❚❘❆P✬s ❛❞✐❛❜❛t✐❝ ❝♦♦❧✐♥❣ t❡❝❤♥✐q✉❡ t♦ r❡❞✉❝❡

t❤❡ p̄ t❡♠♣❡r❛t✉r❡ ❛♥❞ t♦ r❡♣❡❛t t❤❡s❡ ❡①♣❡r✐♠❡♥ts ✇✐t❤✐♥ t❤❡ ✜❡❧❞ ♦❢ ❛ ■♦✛❡ t❛♣ t♦

❝♦♥✜♥❡ t❤❡ H̄ ❛t♦♠s ♣r♦❞✉❝❡❞✳ ❙♦♠❡ ♦❢ t❤❡ ❣r♦✉♥❞ ✇♦r❦ ❝♦✉❧❞ ❛❧r❡❛❞② ❜❡ ♣r❡♣❛r❡❞

❞✉r✐♥❣ t❤✐s t❤❡s✐s✳ ❲❡ ❞❡♠♦♥str❛t❡❞ ❧❛s❡r ❡①❝✐t❛t✐♦♥ ♦❢ ❝❡s✐✉♠ ❛t♦♠s ✇✐t❤✐♥ t❤❡

✐♥❤♦♠♦❣❡♥❡♦✉s ♠❛❣♥❡t✐❝ ✜❡❧❞ ♦❢ ❛ ♥❡✉tr❛❧ ❛t♦♠ ■♦✛❡ tr❛♣✳ ❚❤❡ ♠❛❣♥❡t✐❝ ❣r❛❞✐❡♥t

❝❛✉s❡s ❛ ❜r♦❛❞❡♥✐♥❣ ♦❢ t❤❡ tr❛♥s✐t✐♦♥ ❧✐♥❡s✱ ❜✉t ❝❛✉s❡s ♥♦ ❢✉rt❤❡r ❝♦♠♣❧✐❝❛t✐♦♥s✳ ❚❤❡

❝❛❧❝✉❧❛t✐♦♥s t♦ ❡st✐♠❛t❡ t❤❡ ❝❡s✐✉♠ ❡♥❡r❣② ❧❡✈❡❧s ❛r❡ ❛❧s♦ ❛♣♣❧✐❝❛❜❧❡ ✐♥ t❤✐s ❝❛s❡✳ ❲❡

❛❧r❡❛❞② ♣❡r❢♦r♠❡❞ s❡✈❡r❛❧ tr✐❛❧ ❡①♣❡r✐♠❡♥ts ❢♦r Ps ❛♥❞ H̄ ❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ■♦✛❡ ✜❡❧❞✱

❜✉t ❞✉❡ t♦ t✐♠❡ ❝♦♥str❛✐♥ts✱ t❤❡s❡ ❝♦✉❧❞ ♥♦t ❛❞✈❛♥❝❡ ❡♥♦✉❣❤ t♦ ❞❡❧✐✈❡r r❡s✉❧ts✳

❲✐t❤ ❛❞✐❛❜❛t✐❝❛❧❧② ❝♦♦❧❡❞ p̄ ❛t 3.5K✱ ❛❜♦✉t 150 H̄ ❛t♦♠s s❤♦✉❧❞ ❜❡ tr❛♣♣❡❞ ♣❡r

tr✐❛❧✳ ❚❤✐s ✇♦✉❧❞ ❝♦rr❡s♣♦♥❞ t♦ ❛♥ ✐♥❝r❡❛s❡ ❜② ❛ ❢❛❝t♦r ♦❢ 30 ❝♦♠♣❛r❡❞ t♦ ♥✉♠❜❡rs

♦❜t❛✐♥❡❞ ❜② t❤❡ ❚❇❘ ♠❡t❤♦❞ s♦ ❢❛r✳ ❚❤✐s ✇♦✉❧❞ ❜❡ ❛♥ ✐♠♣♦rt❛♥t st❡♣ t♦✇❛r❞s t❤❡

1000 tr❛♣♣❡❞ H̄ ❛t♦♠s s✉❣❣❡st❡❞ ❢♦r s♣❡❝tr♦s❝♦♣② ❬✼✾❪✳

❆❚❘❆P ✐s ❝✉rr❡♥t❧② ❝♦♠♠✐ss✐♦♥✐♥❣ ❛ ♥❡✇ ❛♣♣❛r❛t✉s ♥❛♠❡❞ ❈❚❘❆P✳ ■t ❢❡❛t✉r❡s

❛ ❝♦♠❜✐♥❡❞ q✉❛❞r✉♣♦❧❡✲♦❝t♦♣♦❧❡ ■♦✛❡ tr❛♣ ✇✐t❤ ❛ ♠✉❝❤ s❤♦rt❡r t✉r♥✲♦✛ t✐♠❡✳ ❚❤✐s

✇✐❧❧ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡ t❤❡ ❜❛❝❦❣r♦✉♥❞ s✐❣♥❛❧ ✇❤❡♥ ❧♦♦❦✐♥❣ ❢♦r tr❛♣♣❡❞ ❛♥t✐❤②❞r♦✲

❣❡♥ ❛t♦♠s✳ ❚❤❡ ♥❡✇ tr❛♣ r❡q✉✐r❡❞ ❛ r❡✲❞❡s✐❣♥ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ❢♦r ♣r♦❞✉❝✐♥❣ ❛

❝❡s✐✉♠ ❜❡❛♠ ✐♥ t❤❡ ❛♣♣❛r❛t✉s✳ ❙♦ ❛❢t❡r ❝♦♠♠✐ss✐♦♥✐♥❣ ♦❢ t❤❡ ♥❡✇ ❛♣♣❛r❛t✉s✱ t❤❡

❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥ts ✇✐❧❧ ❜❡ ❝♦♥t✐♥✉❡❞✳

✶✺✶





❆♣♣❡♥❞✐① ❆

▲❛s❡r ❈♦♥tr♦❧ ❙♦❢t✇❛r❡

❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❧❛s❡r ❝♦♥tr♦❧ s♦❢t✇❛r❡ ✐s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✹✳ ■t ✐s ❛♥ ♦❜❥❡❝t

♦r✐❡♥t❡❞ ❞❡s✐❣♥ ✇❤❡r❡ ❡❛❝❤ ♠♦❞✉❧❡ ✐s ❧❛r❣❡❧② ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤✐s ❛❧❧♦✇s ❢❛st ❡①t❡♥s✐♦♥

t♦ ✐♥❝❧✉❞❡ ❛❞❞✐t✐♦♥❛❧ ❧❛s❡rs ❛♥❞ ❡❛s② ❛❞❛♣t✐♦♥ ♦❢ ♥❡✇ ❤❛r❞✇❛r❡ ❝♦♠♣♦♥❡♥ts✳ ❚❤✐s

s❡❝t✐♦♥ ❡①♣❧❛✐♥s t❤❡ ❢✉♥❝t✐♦♥❛❧✐t② ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ s❝r❡❡♥s❤♦ts ♦❢ t❤❡ ❣r❛♣❤✐❝❛❧ ✉s❡r

✐♥t❡r❢❛❝❡ ✭●❯■✮✳

❋✐❣✉r❡ ❆✳✶ s❤♦✇s ❛ s❝r❡❡♥s❤♦t ♦❢ t❤❡ ♠❛✐♥ ✇✐♥❞♦✇✳ ❈✉rr❡♥t❧②✱ t❤❡ ♣r♦❣r❛♠ ✐s

❝♦♠♣✐❧❡❞ ✇✐t❤ t✇♦ P■❉ ♠♦❞✉❧❡s ❧❛❜❡❧❡❞ ✏▲❛s❡r ✶✑ ❛♥❞ ✏▲❛s❡r ✷✑✳ ❋♦✉r ✐♥♣✉t ✜❡❧❞s

❢♦r ❡❛❝❤ P■❉ ❝♦♥tr♦❧❧❡r ❛❧❧♦✇ t❤❡ ✉s❡r t♦ ❡♥t❡r t❤❡ ❣❛✐♥ ♣❛r❛♠❡t❡rs✱ ♣r♦♣♦rt✐♦♥❛❧

✭P✮✱ ✐♥t❡❣r❛❧ ✭■✮ ❛♥❞ ❞✐✛❡r❡♥t✐❛❧ ✭❉✮ ❛♥❞ t❤❡ t❛r❣❡t ❢r❡q✉❡♥❝② ❢♦r t❤❡ ❧❛s❡r ✐♥ ❚❍③✳

❆❧❧ ✈❛❧✉❡s ❛r❡ ❝❤❛♥❣❡❛❜❧❡ ❞✉r✐♥❣ ♦♣❡r❛t✐♦♥✳ ❚❤❡ ✈❛❧✉❡s ❛r❡ ❛✉t♦♠❛t✐❝❛❧❧② s❛✈❡❞

✇❤❡♥ t❤❡ ♣r♦❣r❛♠ ✐s t❡r♠✐♥❛t❡❞ ❛♥❞ r❡st♦r❡❞ ❛t t❤❡ ♥❡①t ❧❛✉♥❝❤✳ ❚❤❡ t✇♦ ❧♦✇❡r

✜❡❧❞s ❞✐s♣❧❛② ✐♥❢♦r♠❛t✐♦♥ ❣❛t❤❡r❡❞ ❛♥❞ ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡ ♣r♦❣r❛♠✳ ❚❤❡ ♦♥❡ ❧❛❜❡❧❡❞

✏❆❝t✉❛❧✑ ❞✐s♣❧❛②s t❤❡ ✈❛❧✉❡ ❝✉rr❡♥t❧② r❡❛❞ ❜② t❤❡ P■❉ ❝♦♥tr♦❧❧❡rs ■♥♣✉t ♠♦❞✉❧❡s✱ ✐♥

t❤✐s ❝❛s❡ t❤❡ ❧❛s❡r ❢r❡q✉❡♥❝✐❡s ♠❡❛s✉r❡❞ ❜② t❤❡ ✇❛✈❡♠❡t❡r✳ ❚❤❡ ✜❡❧❞ ✏❖✉t♣✉t✑ s❤♦✇s

t❤❡ ❝♦rr❡❝t✐♦♥ s✐❣♥❛❧ ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡ ❝♦♥tr♦❧❧❡r ❛♥❞ s❡♥t t♦ ✐ts ❖✉t♣✉t ♠♦❞✉❧❡✳ ■♥

✶✺✸



❆PP❊◆❉■❳ ❆✳ ▲❆❙❊❘ ❈❖◆❚❘❖▲ ❙❖❋❚❲❆❘❊

❋✐❣✉r❡ ❆✳✶✿ ▼❛✐♥ ✇✐♥❞♦✇ ♦❢ t❤❡ ❧❛s❡r ❝♦♥tr♦❧ s♦❢t✇❛r❡✳

t❤❡ ❝✉rr❡♥t ❝♦♥✜❣✉r❛t✐♦♥ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✈♦❧t❛❣❡ s✉♣♣❧✐❡❞ ❜② t❤❡ ❛♥❛❧♦❣

♦✉t♣✉t ❝❤❛♥♥❡❧ ♦❢ t❤❡ ♠✉❧t✐♣✉r♣♦s❡ ♠❡❛s✉r❡♠❡♥t ❝❛r❞✳

❚❤❡ ❝❤❡❝❦❜♦① ✏❆❝t✐✈❡✑ ❛❧❧♦✇s t♦ ✭❞❡✮❛❝t✐✈❛t❡ ❡❛❝❤ ❝♦♥tr♦❧❧❡r s❡♣❛r❛t❡❧② ✇✐t❤♦✉t

❞✐st✉r❜❛♥❝❡ t♦ t❤❡ ♦t❤❡r ♦♥❡✳ ❚❤❡ ❣r❡❡♥ sq✉❛r❡ ♣r♦✈✐❞❡s ♦♣t✐❝❛❧ ❢❡❡❞❜❛❝❦ t♦ t❤❡

✉s❡r✳ ■❢ t❤❡ ❧❛s❡r ❢r❡q✉❡♥❝② ❞❡✈✐❛t❡s t♦♦ ♠✉❝❤ ❢r♦♠ t❤❡ t❛r❣❡t ✈❛❧✉❡✱ ❢♦r ✐♥st❛♥❝❡

❜❡❝❛✉s❡ ❛ ♠♦❞❡ ❥✉♠♣ ♦❝❝✉rr❡❞✱ t❤❡ sq✉❛r❡ t✉r♥s r❡❞✳

❚❤❡ ✏❙t❛rt✑ ❜✉tt♦♥ ♦♥ t❤❡ ❧❡❢t ✐♥✐t✐❛t❡s ❛♥ ✐♥t❡r♥❛❧ t✐♠❡r ✇❤✐❝❤ tr✐❣❣❡rs ❡✈❡r②

❛❝t✐✈❡ P■❉ ❝♦♥tr♦❧❧❡r ♦♥❝❡ ❡✈❡r② 100ms✳ ❚❤❡ ✏❙t♦♣✑ ❜✉tt♦♥ ✐♥t❡rr✉♣ts t❤✐s t✐♠❡r✳

❚❤❡ ❜✉tt♦♥ ❧❛❜❡❧❡❞ ✏❙❝❛♥✑ ♦♣❡♥s t❤❡ s❝❛♥✲✇✐♥❞♦✇ s❤♦✇♥ ✐♥ ✜❣✉r❡ ❆✳✷✳

❚❤❡ s❝❛♥✲✇✐♥❞♦✇ ✐s ❛❧r❡❛❞② ✐♥✐t✐❛t❡❞ ✇❤❡♥ t❤❡ ♣r♦❣r❛♠ st❛rts ❜✉t r❡♠❛✐♥s ✐♥✲

✈✐s✐❜❧❡ ✉♥t✐❧ ❛❝t✐✈❛t❡❞✳ ■t ♣r♦✈✐❞❡s s❡✈❡r❛❧ ♠♦❞❡s ♦❢ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥✳ ❚❤❡ s✐♠♣❧❡st

♦♥❡ ✐s ❝❤♦s❡♥ ❜② s❡❧❡❝t✐♥❣ ✏❊①t❡r♥❛❧ ❘❛♠♣✑✳ ■♥ t❤✐s ♠♦❞❡✱ t❤❡ ♣r♦❣r❛♠ r❡❝♦r❞s ❞❛t❛

❢r♦♠ ❛❧❧ ❛❝t✐✈❡ ❝❤❛♥♥❡❧s ❛t t❤❡ ❣✐✈❡♥ ✐♥t❡r✈❛❧✳ ❚❤✐s ✐s ✉s❡❞ ❢♦r ✐♥st❛♥❝❡ t♦ ❧♦❣ t❤❡

❧❛s❡r ♣❛r❛♠❡t❡rs ❞✉r✐♥❣ ❝❤❛r❣❡✲❡①❝❤❛♥❣❡ ❡①♣❡r✐♠❡♥ts ✇❤❡♥ t❤❡ ❧❛s❡r ❢r❡q✉❡♥❝✐❡s ❛r❡

❧♦❝❦❡❞ t♦ t❤❡ ❝❡s✐✉♠ r❡s♦♥❛♥❝❡s✳ ■❢ t❤❡ ❧❛s❡r ❢r❡q✉❡♥❝② ✐s r❛♠♣❡❞ ❜② ❛♥ ❡①t❡r♥❛❧

❢✉♥❝t✐♦♥ ❣❡♥❡r❛t♦r✱ t❤✐s ♠♦❞❡ ✐s ❛❧s♦ s✉✐t❛❜❧❡ t♦ ❣❛t❤❡r ❞❛t❛ ❢r♦♠ s♣❡❝tr♦s❝♦♣②✳ ❚❤❡

✶✺✹



♣r♦❣r❛♠ ❝❛♥ ❛❧s♦ ❡♠✉❧❛t❡ ✐ts ♦✇♥ ❢✉♥❝t✐♦♥ ❣❡♥❡r❛t♦r✳ ❚❤❡ ♠♦❞❡ ✏▲♦❝❦❡❞ ❙❝❛♥✑ ✉s❡s

♦♥❡ ♦❢ t❤❡ P■❉ r❡❣✉❧❛t♦rs t♦ r❛♠♣ ❛ ❧❛s❡r✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ❝♦♠♣❛r❡❞ t♦ ❛ ❢✉♥❝t✐♦♥

❣❡♥❡r❛t♦r ✐s t❤❛t t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❢r❡q✉❡♥❝✐❡s ❝❛♥ ❜❡ ❞✐r❡❝t❧② s❡t ✐♥ t❤❡ ♣r♦❣r❛♠✳

❇♦t❤ ♠♦❞❡s ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ✏❚r✐❣❣❡r✑ ♦♣t✐♦♥✳ ■❢ ❛❝t✐✈❛t❡❞✱ t❤❡ ♣r♦❣r❛♠

✇❛✐ts ✉♥t✐❧ t❤❡ s✐❣♥❛❧ ♦❢ t❤❡ s❡❧❡❝t❡❞ ❝❤❛♥♥❡❧ r✐s❡s ❛❜♦✈❡ ❛ s❡t t❤r❡s❤♦❧❞ ❜❡❢♦r❡

st❛rt✐♥❣ t♦ r❡❝♦r❞✳ ❚❤✐s ♦♣t✐♦♥ ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ❢♦r ❧♦♥❣ ❛✉t♦♠❛t❡❞ ♠❡❛s✉r❡♠❡♥ts

t❡st✐♥❣ t❤❡ ❝❛♣❛❝✐t② ♦❢ ♦✉r ❝❡s✐✉♠ ♦✈❡♥s✳ ❆ ❢✉♥❝t✐♦♥ ❣❡♥❡r❛t♦r ♣❡r✐♦❞✐❝❛❧❧② t✉r♥❡❞

♦♥ t❤❡ ❝✉rr❡♥t t❤r♦✉❣❤ ❛ ❈s ♦✈❡♥ ✐♥st❛❧❧❡❞ ✐♥ ❛ t❡st ❝❤❛♠❜❡r ❢♦r s❡✈❡r❛❧ ♠✐♥✉t❡s ❛t

❛ t✐♠❡ ✇✐t❤ ❧♦♥❣ ❝♦♦❧❞♦✇♥ ❝②❝❧❡s ✐♥ ❜❡t✇❡❡♥✳ ❚❤❡ ✢✉♦r❡s❝❡♥❝❡ ❢r♦♠ t❤❡ ✐♥❢r❛r❡❞

❧❛s❡r ✇❛s r❡❝♦r❞❡❞ t♦ ♠❡❛s✉r❡ ❤♦✇ ♠✉❝❤ ❝❡s✐✉♠ t❤❡ ♦✈❡♥ ✇❛s ❡♠✐tt✐♥❣ ❛♥❞ ❜② ❤♦✇

♠✉❝❤ t❤❡ ❛♠♦✉♥t ❞❡❝r❡❛s❡❞ ♦✈❡r s❡✈❡r❛❧ ❤✉♥❞r❡❞ ❝②❝❧❡s✳ ❚❤❡s❡ ♠❡❛s✉r❡♠❡♥ts t♦♦❦

❛ ❢❡✇ ❞❛②s ❛♥❞ ✉s✐♥❣ t❤❡ tr✐❣❣❡r✲❢✉♥❝t✐♦♥ ❛❧❧♦✇❡❞ ✉s t♦ ❝♦♠♣❧❡t❡❧② ❛✉t♦♠❛t❡ t❤❡♠

❛♥❞ ♦♥❧② r❡❝♦r❞ ❞❛t❛ ✇❤✐❧❡ t❤❡ ♦✈❡♥ ✇❛s r✉♥♥✐♥❣✳

❯s✉❛❧❧②✱ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ ♠✉st ❜❡ st♦♣♣❡❞ ♠❛♥✉❛❧❧②✳ ❚❤❡ ✜❡❧❞ ✏❘✉♥t✐♠❡✑ ❛❧s♦

❛❧❧♦✇s t♦ s❡t ❛ t✐♠❡ ❛❢t❡r ✇❤✐❝❤ t❤❡ r❡❝♦r❞✐♥❣ t❡r♠✐♥❛t❡s ❛✉t♦♠❛t✐❝❛❧❧②✳ ❆ ✈❛❧✉❡ ♦❢

③❡r♦ ✐s ✐♥t❡r♣r❡t❡❞ ❛s ✐♥✜♥✐t②✳

❈✉rr❡♥t❧②✱ t❤❡ ♣r♦❣r❛♠ r❡❛❞s ♠♦r❡ t❤❛♥ ✷✵ ✐♥♣✉t ❝❤❛♥♥❡❧s✳ ❙✐♥❝❡ ♠❛♥② ♦❢ t❤❡♠

❛r❡ ♥♦t ♥❡❡❞❡❞ ❢♦r ❡✈❡r② r✉♥✱ t❤❡② ❝❛♥ ❜❡ ✭❞❡✮❛❝t✐✈❛t❡❞ ✐♥❞✐✈✐❞✉❛❧❧②✳ ❆❧s♦✱ ❛ ♥❛♠❡

❝❛♥ ❜❡ ❛ss✐❣♥❡❞ t♦ ❡❛❝❤ ❝❤❛♥♥❡❧ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❛❞❞❡❞ t♦ t❤❡ t♦♣ ♦❢ ❡❛❝❤ ❞❛t❛ ❝♦❧✉♠♥✳

❲❤❡♥ ❛ r❡❝♦r❞✐♥❣ ✐s st❛rt❡❞✱ t❤❡ ❞❛t❛ ❢r♦♠ ❡❛❝❤ ❛❝t✐✈❡ ❝❤❛♥♥❡❧ ✐s ✇r✐tt❡♥ t♦ t❤❡

❧❛r❣❡ t❡①t ❜♦① ❛♥❞✱ ✐❢ ✏❙❛✈❡ t♦ ❋✐❧❡✑ ✐s s❡❧❡❝t❡❞✱ t♦ t❤❡ ❤❛r❞ ❞r✐✈❡✳ ❚❤❡ ❞❛t❛ ✐s

✇r✐tt❡♥ ❝♦♥t✐♥✉♦✉s❧② s♦ ✐♥ ❝❛s❡ ♦❢ ❛ ♣♦✇❡r ❢❛✐❧✉r❡ ♦r ❛ ❝♦♠♣✉t❡r ❝r❛s❤ ♦♥❧② t❤❡ ❧❛st

s❡t ♦❢ ✈❛❧✉❡s ✐s ❧♦st✳ ❚❤❡ ✜❧❡♥❛♠❡ ✐s ❛✉t♦♠❛t✐❝❛❧❧② ❣❡♥❡r❛t❡❞✳ ❚❤❡ ✜rst ♣❛rt ✐s t❤❡

❞❛t❡ ❛♥❞ t✐♠❡ ✇❤❡♥ t❤❡ ♠❡❛s✉r❡♠❡♥t ✇❛s st❛rt❡❞✳ ■❢ ❛ ❝✉st♦♠ ♥❛♠❡ ✐s ❡♥t❡r❡❞ ✐♥

t❤❡ ✏❋✐❧❡♥❛♠❡✑ ✜❡❧❞✱ ✐t ✐s ❛♣♣❡♥❞❡❞ t♦ t❤❡ t✐♠❡ st❛♠♣✳

❚❤❡ ❜✉tt♦♥ ✏❉♦♥❡✑ ❤✐❞❡s t❤❡ s❝❛♥ ✇✐♥❞♦✇ ❢r♦♠ ✈✐❡✇ ✐❢ ✐t ✐s♥✬t ♥❡❡❞❡❞ ❛♥② ♠♦r❡✳

✶✺✺



❆PP❊◆❉■❳ ❆✳ ▲❆❙❊❘ ❈❖◆❚❘❖▲ ❙❖❋❚❲❆❘❊

❋✐❣✉r❡ ❆✳✷✿ ❚❤❡ ❞❛t❛ ❛❝q✉✐s✐t✐♦♥ ♠♦❞✉❧❡✳

✶✺✻



❆♣♣❡♥❞✐① ❇

❈❛❧❝✉❧❛t✐♦♥ ♦❢ ❘②❞❜❡r❣ ❊♥❡r❣②

▲❡✈❡❧s

❚❤✐s ❝❤❛♣t❡r ❝♦♥t❛✐♥s t❤❡ s♦✉r❝❡ ❝♦❞❡ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❘②❞❜❡r❣ ❡♥❡r❣② ❧❡✈❡❧s ❜②

t❤❡ t✇♦ ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✶✳✹✳ ❙❡❝t✐♦♥ ❇✳✶ ❧✐sts t❤❡ ❝♦❞❡ ❢♦r t❤❡ ♠❛tr✐①

❞✐❛❣♦♥❛❧✐③❛t✐♦♥ ✇❤✐❧❡ s❡❝t✐♦♥ ❇✳✷ ❝♦♥t❛✐♥s ❛ ▼❛t❤❡♠❛t✐❝❛ ✜❧❡ t❤❛t ✐♠♣❧❡♠❡♥ts t❤❡

s❡♠✐❝❧❛ss✐❝❛❧ ♠❡t❤♦❞✳

❇✳✶ ▼❛tr✐① ❉✐❛❣♦♥❛❧✐③❛t✐♦♥

❚❤❡ ♣r♦❣r❛♠ ✐s ✇r✐tt❡♥ ✐♥ ❈✰✰ ❛♥❞ r❡q✉✐r❡s t❤❡ ●♥✉ ❙❝✐❡♥t✐✜❝ ▲✐❜r❛r② ✭❣s❧✮ ❬✶❪✳

❚❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✜❧❡ ♠❛✐♥✳❝♣♣✳ ❲❛✈❡❋✉♥❝t✐♦♥s✳❝♣♣ ♣r♦✈✐❞❡s

♥✉♠❡r✐❝❛❧❧② ❝❛❧❝✉❧❛t❡❞ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡s ❢♦r t❤❡ s♣❤❡r✐❝❛❧ ❤❛r♠♦♥✐❝s Y m
l (θ, φ) ❛♥❞

t❤❡ r❛❞✐❛❧ ❤②❞r♦❣❡♥ ✇❛✈❡ ❢✉♥❝t✐♦♥s Rnl(r)✳ ◆✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ r❛❞✐❛❧ t❡r♠

❢♦r ❤✐❣❤ ✈❛❧✉❡s ♦❢ n ❛♥❞ l ❢❛✐❧s ❞✉❡ t♦ t❤❡✐r ♦s❝✐❧❧❛t♦r② ❜❡❤❛✈✐♦r✱ ❜✉t t❤❡② ❝❛♥ ❜❡

❝❛❧❝✉❧❛t❡❞ ❢r♦♠ ❛♥❛❧②t✐❝❛❧ ❢♦r♠✉❧❛s ❬✺✹✱✽✸❪✳ ❚❤✐s ✐s ❞♦♥❡ ✐♥ ❘❛❞✐❛❧❆♥❛❧②t✐❝s✳❝♣♣✳

✶✺✼



❆PP❊◆❉■❳ ❇✳ ❈❆▲❈❯▲❆❚■❖◆ ❖❋ ❘❨❉❇❊❘● ❊◆❊❘●❨ ▲❊❱❊▲❙

♠❛✐♥✳❝♣♣

✶ ✴✴ ❘❨❉❇❊❘● ❊◆❊❘●❨ ▲❊❱❊▲❙

✷ ✴✴

✸ ✴✴ ❈r❡❛t❡❞ ♦♥ ✿ ❙❡♣ ✷✻ ✱ ✷✵✶✵

✹ ✴✴ ❆✉t❤♦r ✿ ❆♥❞r❡❛s ▼✉❡❧❧❡rs

✺ ✴✴

✻ ✴✴ Pr♦❣r❛♠♠ t♦ ❡st✐♠❛t❡ ❝❡s✐✉♠ ❘②❞❜❡r❣ ❡♥❡r❣② ❧ ❡ ✈ ❡ ❧ s ✐♥ ❛ ♠❛❣♥❡t✐❝ ❢ ✐ ❡ ❧ ❞ ✳ ❆

✼ ✴✴ ❍❛♠✐❧t♦♥✐❛♥ ✐ s s❡t ✉s✐♥❣ ❡♥❡r❣② ❧ ❡ ✈ ❡ ❧ s ❢r♦♠ q✉❛♥t✉♠ ❞❡❢❡❝ t t❤❡♦r② ❛♥❞ t❤❡

✽ ✴✴ ♦♣❡r❛t♦rs ❢♦r ❞✐❛− ❛♥❞ ♣❛r❛♠❛❣♥❡t✐❝ s ❤ ✐ ❢ t s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❍②❞r♦❣❡♥ ✇❛✈❡−

✾ ✴✴ ❢✉♥❝t✐♦♥s ✳ ❙♣✐♥−❖r❜✐t ❝♦✉♣❧✐♥❣ ✐ s ♥❡❣❧❡❝t❡❞ ✳ ❊✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs ♦❢

✶✵ ✴✴ t❤ ✐ s ❍❛♠✐❧t♦♥✐❛♥ ❛r❡ ❝❛ ❧❝✉ ❧❛t❡❞ ✳

✶✶ ✴✴ ❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❝♦♥s✐s ts ♦❢ t❤r❡❡ ♣❛rts ✿ ❍ ❂ ❍❴✵ ✰ ❍❴P❛r❛ ✰ ❍❴❉✐❛

✶✷ ✴✴ ❍❴✵ ❞❡ ❧ ✐ ✈❡ r s ❦♥♦✇ ❡♥❡r❣② ✈❛❧✉❡s ✭q✉❛♥t✉♠−❞❡❢❡❝t−t❤❡♦r② ✮ ❛♥❞ ❍❴P❛r❛ ❝❛✉s❡s ❛

✶✸ ✴✴ s ❤ ✐ ❢ t ✐♥ t❤❡ ❡♥❡r❣② ❧ ❡ ✈ ❡ ❧ s ♣r♦♣♦rt✐♦♥❛❧ t♦ ❇✳ ❚❤❡s❡ t✇♦ t❡r♠s ❤❛✈❡ ❞✐❛❣♦♥❛❧

✶✹ ✴✴ ❝♦♥tr✐❜✉t ✐♦♥s ♦♥❧② ✇❤❡r❡❛s ❍❴❉✐❛ ❛❞❞s t♦ ♦❢❢−❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts t♦♦ ✱ s✐♥❝❡ t❤❡

✶✺ ✴✴ ♠❛❣♥❡t✐❝ ❢ ✐ ❡ ❧ ❞ ♠✐①❡s s t❛ t❡s ♦❢ ⑤ ❧✶−❧✷ ⑤ ❂ ✷✳ ❚❤❡ ❞✐❛♠❛❣♥❡t✐❝ t❡r♠ r❡q✉✐r❡s t❤❡

✶✻ ✴✴ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ❁♥✶ ✱ ❧ ✱♠✶⑤ r❫✷ s✐♥❫✷✭❭ t❤❡t❛ ✮ ⑤♥✷ ✱ ❧✷ ✱♠✷❃✱ ✇❤✐❝❤ s❡♣❛r❛t❡s ✐♥t♦

✶✼ ✴✴ ❛ r❛❞✐❛ ❧ ❛♥❞ ❛♥ ❛♥❣✉❧❛r ♣❛rt ✳

✶✽ ✴✴

✶✾ ✴✴ ❚❤❡ ❛♥❣✉❧❛r ♣❛rt ✐ s ❝❛ ❧❝✉ ❧❛t❡❞ ✉s✐♥❣ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t ✐♦♥ r♦✉t✐♥❡s ♣r♦✈✐❞❡❞ ❜②

✷✵ ✴✴ t❤❡ ❣♥✉ s ❝ ✐ ❡ ♥ t ✐ ❢ ✐ ❝ ❧ ✐ ❜ r❛r② ✭●❙▲✮ ✳ ❚❤❡ ❛♥❣✉❧❛r ✇❛✈❡❢✉♥❝t✐♦♥s ❛r❡ t❤❡ s♣❤❡r ✐❝❛ ❧

✷✶ ✴✴ ❤❛r♠♦♥✐❝s ✳ ❙✐♥❝❡ t❤❡ ✐♥t❡❣r❛t ✐♦♥ ♦✈❡r ❭♣❤✐ ✐ s ♥♦t ❛❢ ❢❡❝t❡❞ ✱ ♦♥❧② ❡❧❡♠❡♥ts ✇✐t❤ ♠✶❂♠✷

✷✷ ✴✴ ❝♦♥tr✐❜✉t❡ ❛♥❞ t❤❡ ❡①♣❛♥s✐♦♥ t♦ ❝♦♠♣❧❡① ♥✉♠❜❡rs ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ✳ ❚❤❡ ❛ss♦❝✐❛t❡❞

✷✸ ✴✴ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠s ❛r❡ ❛❧s♦ ♣r♦✈✐❞❡❞ ❜② ●❙▲✳ ❲❤✐❧❡ t❤❡ ✐♥t❡❣r❛t ✐♦♥ ✐ s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡

✷✹ ✴✴ ♠❛✐♥ r♦✉t✐♥❡ ✱ t❤❡ ❢✉♥❝t✐♦♥ ❡✈❛❧✉❛t✐♦♥ ✐ s ❝❛♣s✉❧❡❞ ✐♥ t❤❡ ♠♦❞✉❧❡ ✧❲❛✈❡❋✉♥❝t✐♦♥s✧✳

✷✺ ✴✴ ❚❤✐s ♠♦❞✉❧❡ ❛❧s♦ ♣r♦✈✐❞❡s t❤❡ ③❡r♦−❢ ✐ ❡ ❧ ❞ q✉❛♥t✉♠ ❞❡❢❡❝t ❡♥❡r❣② ❧ ❡ ✈ ❡ ❧ s ❛♥❞ ♥✉♠❡r✐❝❛❧

✷✻ ✴✴ ✈❛❧✉❡s ❢♦r t❤❡ r❛❞✐❛ ❧ ♣❛rt ♦❢ t❤❡ ✇❛✈❡❢✉♥❝t✐♦♥ ✱ ❜✉t ❞✉❡ t♦ t❤❡ ❤✐❣❤ ❧② ♦ s ❝ ✐ ❧ ❧ ❛ t ♦ r②

✷✼ ✴✴ ❜❡❤❛✈✐♦r ✱ t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t ✐♦♥ r♦✉t✐♥❡s ♦❢ t❤❡ ●❙▲ ❢ ❛ ✐ ❧ ❢♦r t❤❡ r❡❣✐♦♥s ♦❢

✷✽ ✴✴ ✐♥ t❡r❡ s t ✳ ❚❤❡r❡❢♦r❡ ✱ ❛♥❛❧②t ✐❝ ❡①♣r❡ss✐♦♥s ❛r❡ ✉s❡❞ t♦ ❝❛ ❧❝✉ ❧❛ t❡ t❤❡ r❛❞✐❛ ❧ ♠❛tr✐①

✷✾ ✴✴ ❡❧❡♠❡♥ts ♦❢ ✐♥ t❡ r❡ s t ✳ ❚❤✐s ✐ s ❞♦♥❡ ✐♥ t❤❡ ♠♦❞✉❧❡ ✧❘❛❞✐❛❧❆♥❛❧②t✐❝s ✧✳

✸✵ ✴✴

✸✶ ✴✴ ❇♦t❤ ♠♦❞✉❧❡s ❛r❡ s t❛ t ✐❝ ✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡② ❝❛ ❧❝✉ ❧❛ t❡ t❤❡ ❛♥❣✉❧❛r ✇❛✈❡ ❢✉♥❝t✐♦♥s ✱

✸✷ ✴✴ ❡♥❡r❣② ❧ ❡ ✈ ❡ ❧ s ❛♥❞ r❛❞✐❛ ❧ ♠❛tr✐① ❡❧❡♠❡♥ts ❢♦r ❛ ❧ ❧ s t❛ t❡ s ❜❡t✇❡❡♥ ♥❂✶✵ ❛♥❞ ♥❂✼✵✱

✸✸ ✴✴ r❡❣❛r❞ ❧❡ss ♦❢ ❤♦✇ ♠❛♥② ♦❢ t❤❡s❡ ❛r❡ ❛❝ t✉❛ ❧ ❧ ② ♥❡❡❞❡❞ ✳ ❈❤❛♥❣✐♥❣ t❤ ✐ s ✇♦✉❧❞ r❡q✉✐r❡

✸✹ ✴✴ ❞②♥❛♠✐❝ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛−st♦r❛❣❡ ✱ ❜✉t s✐♥❝❡ t❤❡s❡ ❝❛ ❧❝✉ ❧❛ t ✐♦♥s ❞♦ ♥♦t t❛❦❡

✸✺ ✴✴ ❧♦♥❣ ✱ t❤❡ ❞r❛✇❜❛❝❦ ✐ s ♠✐♥✐♠❛❧ ✳ ❚❤❡ ❞❡♠❛♥❞✐♥❣ ❝❛ ❧❝✉ ❧❛ t ✐♦♥s ❛r❡ ❛ ❧ ❧ ♣❡r❢♦r♠❡❞ ✐♥ t❤❡

✸✻ ✴✴ ♠❛✐♥ ♣r♦❣r❛♠ ✇❤✐❝❤ ♦♥❧② r✉♥s ❢♦r t❤❡ r❡q✉❡st❡❞ ♥✉♠❜❡r ♦❢ s t ❛ t❡s ✳ ❋✐rst ❛♥❞ ❧ ❛ s t

✸✼ ✴✴ s t❛ t❡ ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ❢ ✐ ❡ ❧ ❞ ❛r❡ ❡♥t❡r❡❞ ❡❛❝❤ t✐♠❡ t❤❡ ♣r♦❣r❛♠ r✉♥s ✳

✸✽ ✴✴

✸✾ ✴✴ ❚❤❡ ♠❛✐♥ ♣r♦❣r❛♠ st♦r❡s t❤❡ ❤❛♠✐❧t♦♥✐❛♥ ✐♥ ❛ ●❙▲−♠❛tr✐① ❛♥❞ ✉s❡s t❤❡ ❧ ✐ ❜ r❛r② r♦✉t✐♥❡s

✹✵ ✴✴ t♦ ❝❛ ❧❝✉ ❧❛ t❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥✈❡❝t♦rs ✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ♣r✐♥t❡❞ t♦ t❤❡ st❛♥❞❛r❞−♦✉t

✹✶ ✴✴ ✇❤❡r❡❛s t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ ✇r✐tt❡♥ t♦ t❤❡ ❢ ✐ ❧ ❡ ❡✐❣❡♥✈❡❝ t♦rs ✳ ❞❛t ✳

✹✷

✹✸ ★✐♥❝ ❧✉❞❡ ❁s t❞ ✐ ♦ ✳ ❤❃

✹✹ ★✐♥❝ ❧✉❞❡ ❁♠❛t❤ ✳ ❤❃

✹✺ ★✐♥❝ ❧✉❞❡ ❁❝s t r ✐ ♥❣ ❃

✹✻ ★✐♥❝ ❧✉❞❡ ❁✐♦str❡❛♠❃

✹✼ ★✐♥❝ ❧✉❞❡ ❁❢str❡❛♠❃

✹✽ ★✐♥❝ ❧✉❞❡ ❁❣ s ❧ ✴ ❣ s ❧❴ ✐♥ t ❡❣ r ❛ t ✐ ♦♥ ✳ ❤❃

✹✾ ★✐♥❝ ❧✉❞❡ ❁❣ s ❧ ✴ ❣s❧❴♠❛tr✐① ✳ ❤❃

✺✵ ★✐♥❝ ❧✉❞❡ ❁❣ s ❧ ✴ ❣s ❧❴✈❡❝t♦r ✳ ❤❃

✶✺✽



❇✳✶✳ ▼❆❚❘■❳ ❉■❆●❖◆❆▲■❩❆❚■❖◆

✺✶ ★✐♥❝ ❧✉❞❡ ❁❣ s ❧ ✴ ❣s ❧❴❡ ✐❣❡♥ ✳ ❤❃

✺✷ ★✐♥❝ ❧✉❞❡ ✧❲❛✈❡❋✉♥❝t✐♦♥s ✳ ❤✧

✺✸ ★✐♥❝ ❧✉❞❡ ✧❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✳ ❤✧

✺✹

✺✺ ❲❛✈❡❋✉♥❝t✐♦♥s ✯❲❛✈❡✶❀

✺✻ ❲❛✈❡❋✉♥❝t✐♦♥s ✯❲❛✈❡✷❀

✺✼ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✯❘❛❞✐❛❧ ❀

✺✽ ❣s❧❴♠❛tr✐① ✯▼❛tr✐①❊❧❡♠❡♥ts ❀

✺✾ ❣s❧❴♠❛tr✐① ✯❊✐❣❡♥❱❡❝t♦rs ❀

✻✵

✻✶ ✐♥ t ♥❙t❛rt ❂ ✸✻ ❀

✻✷ ✐ ♥ t ❞♥ ❂ ✶✵ ❀

✻✸

✻✹ ✴✯ ❝♦♥st❛♥t ♥✉♠❡r✐❝❛❧ ❢❛❝t♦rs ✯✴

✻✺ ❝♦♥st ❞♦✉❜❧❡ ❆❯t♦▼❍③ ❂ ✻✺✼✾✻✽✸✾✷✵ ✳✼✷✷ ❀ ✴✴❝♦♥✈❡rs✐♦♥ ❢❛❝t♦r ❛t♦♠✐❝ ✉♥✐ts t♦ ▼❍③

✻✻ ❝♦♥st ❞♦✉❜❧❡ ❚❊❙▲❆t♦❆❯ ❂ ✶✳✴ ✭✷ ✳ ✸✺✵✺✶✼ ❡✺ ✮ ❀ ✴✴❝♦♥✈❡rs✐♦♥ ❢❛❝t♦r ❚❡s❧❛ t♦ ❛ ✳✉ ✳

✻✼ ❝♦♥st ❞♦✉❜❧❡ ♠✉❇ ❂ ✵ ✳ ✺ ❀ ✴✴❇♦❤r ♠❛❣♥❡t♦♥ ✐♥ ❛t♦♠✐❝ ✉♥✐ts

✻✽ ❝♦♥st ❞♦✉❜❧❡ ❣❡ ❂ ✷ ✳✵✵✷✸✶✾ ❀ ✴✴❡❧❡❝tr♦♥ ❣−❢❛❝t♦r

✻✾ ✴✴❈s ❢r❡q✉❡♥❝✐❡s ✿ ❈❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♥✈❡rt ♦✉t♣✉t t♦ ❢r❡q✉❡♥❝② ❢♦r t❤❡ ❣r❡❡♥ ❧❛s❡r

✼✵ ❝♦♥st ❞♦✉❜❧❡ ♥✉■♦♥ ❂ ✾✳✹✶✺✹✷✷✶✹✺✽✽✷✻✽✷ ❡✰✶✹❀ ✴✴ ❈s ✐♦♥✐③❛t ✐♦♥ ❡♥❡r❣② ✐♥ ❍③

✼✶ ❝♦♥st ❞♦✉❜❧❡ ♥✉✶ ❂ ✸✺✶✳✼✸✻✽ ❡✰✶✷❀ ✴✴ ❢r❡q✉❡♥❝② ❢♦r ❢ ✐ r s t t r❛♥s ✐ s ✐ t♦♥ ✻❙−✻P ✐♥ ✶❚ ❢ ✐ ❡ ❧ ❞

✼✷ ❝♦♥st ❞♦✉❜❧❡ ♥✻❙ ❂ ✶✼✳✷✼✸✸ ❡✰✾❀ ✴✴❣r♦✉♥❞ s t❛ t❡ ❡♥❡r❣② ❧ ❡ ✈ ❡ ❧

✼✸

✼✹ ❞♦✉❜❧❡ ❙♣❤❍❛r♠✭ ❞♦✉❜❧❡ ① ✱ ✈♦✐❞ ✯♣❛r❛♠❡t❡rs ✮

✼✺ ④

✼✻ ❞♦✉❜❧❡ r ❡ s ✉ ❧ t ❂ ✵ ✳ ❀

✼✼ ✐ ❢ ✭ ✭❲❛✈❡✶−❃❣❡t▼ ✭✮ ❂❂ ❲❛✈❡✷−❃❣❡t▼ ✭✮ ✮

✼✽ ✫✫ ❛❜s ✭❲❛✈❡✶−❃❣❡t▲ ✭ ✮−❲❛✈❡✷−❃❣❡t▲ ✭ ✮ ✮ ❁❂ ✷

✼✾ ✫✫ ❲❛✈❡✶−❃❣❡t▼ ✭✮ ❁❂ ❲❛✈❡✶−❃❣❡t▲ ✭ ✮

✽✵ ✫✫ ❲❛✈❡✷−❃❣❡t▼ ✭✮ ❁❂ ❲❛✈❡✷−❃❣❡t▲ ✭ ✮ ✮

✽✶ ④

✽✷ r ❡ s ✉ ❧ t ❂ ♣♦✇✭ s ✐ ♥ ✭① ✮ ✱✸✮ ✯ ❲❛✈❡✶−❃❣❡t❙♣❤❡r✐❝❛❧❍❛r♠♦♥✐❝ ✭ ❝♦s ✭①✮ ✮ ✯

❲❛✈❡✷−❃❣❡t❙♣❤❡r✐❝❛❧❍❛r♠♦♥✐❝ ✭ ❝♦s ✭①✮ ✮ ❀

✽✸ ⑥

✽✹ r❡t✉r♥ ✭ r ❡ s ✉ ❧ t ✮ ❀

✽✺ ⑥

✽✻

✽✼ ✐♥ t ❣ ❡ t ■ ♥❞ ❡① ✐ ❥ ✭ ✐ ♥ t ♥ ✱ ✐ ♥ t ❧ ✱ ✐ ♥ t ♠✮

✽✽ ④

✽✾ ✐♥ t ✐♥❞❡① ❂ ✵ ❀

✾✵ ❢ ♦ r ✭ ✐ ♥ t ❦ ❂ ♥❙t❛rt ❀ ❦ ❁❂ ♥ ❀ ❦✰✰✮

✾✶ ④

✾✷ ✐♥❞❡① ✰❂ ❢ ❧ ♦ ♦ r ✭ ✭ ❦−✶✮✴✷✮✯✷❀

✾✸ ⑥

✾✹ ✐♥❞❡① ✰❂ ✷ ✯ ❢ ❧ ♦♦r ✭ ❧ ✴✷✮ ❀

✾✺ ✐♥❞❡① ✰❂ ♠❀

✾✻ ✐♥❞❡① −❂ ♥❙t❛rt ❀

✾✼ ✐♥❞❡① −❂ ✷❀

✾✽ r❡t✉r♥ ✭ ✐♥❞❡① ✮ ❀

✾✾ ⑥

✶✵✵

✶✵✶ ❞♦✉❜❧❡ ❧ ✐ ♥ ❡ ❛ r ❙ ❤ ✐ ❢ t ✭ ✐ ♥ t ♠✱ ❞♦✉❜❧❡ ❇✮

✶✺✾



❆PP❊◆❉■❳ ❇✳ ❈❆▲❈❯▲❆❚■❖◆ ❖❋ ❘❨❉❇❊❘● ❊◆❊❘●❨ ▲❊❱❊▲❙

✶✵✷ ④

✶✵✸ ❞♦✉❜❧❡ r ❡ s ✉ ❧ t ❂ ♠✉❇ ✯ ❇ ✯ ❚❊❙▲❆t♦❆❯ ✯✭♠ ✰ ❣❡✯✭✷✳✺−♠✮✮ ❀

✶✵✹ r❡t✉r♥ ✭ r ❡ s ✉ ❧ t ✮ ❀

✶✵✺ ⑥

✶✵✻

✶✵✼ ✐♥ t ♠❛✐♥ ✭ ✮

✶✵✽ ④

✶✵✾ ✴✯ r❡❛❞ ✐♥♣✉t ❛♥❞ ❝❤❡❝❦ ♣❛r❛♠❡t❡rs ✯✴

✶✶✵ ❞♦✉❜❧❡ ❇ ❂ ✶ ✳ ❀

✶✶✶ ❜♦♦❧ ■♥♣✉t❈♦♠♣❧❡t❡ ❂ ❢ ❛ ❧ s ❡ ❀

✶✶✷ ♣ r ✐ ♥ t ❢ ✭✧ ❈❛ ❧❝✉ ❧❛ t❡ ❈❡s✐✉♠ ❘②❞❜❡r❣−❡♥❡r❣②−❧ ❡ ✈ ❡ ❧ s ✐♥ ❛ ♠❛❣♥❡t✐❝ ❢ ✐ ❡ ❧ ❞ s ✳ ❭♥ ❙t❛t❡ s ❛ ✈ ❛ ✐ ❧ ❛ ❜ ❧ ❡

❜❡t✇❡❡♥ ♥❂✶✵ ❛♥❞ ♥❂ ✼✵✳❭♥✧✮ ❀

✶✶✸ ✇❤✐ ❧❡ ✭ ■♥♣✉t❈♦♠♣❧❡t❡ ❂❂ ❢ ❛ ❧ s ❡ ✮

✶✶✹ ④

✶✶✺ ♣ r ✐ ♥ t ❢ ✭✧ ❊♥t❡r ❢ ✐ r s t ♥−s t ❛ t ❡ ✭ r❛♥❣❡ ✿ ✶✵−✼✵✮ ✿ ✧✮ ❀

✶✶✻ st❞ ✿ ✿ ❝ ✐♥ ❃❃ ♥❙t❛rt ❀

✶✶✼ ✐ ❢ ✭ ✦ ✭ ♥❙t❛rt ❃❂ ✶✵ ✫✫ ♥❙t❛rt ❁❂ ✼✵✮ ✮ ④

✶✶✽ ■♥♣✉t❈♦♠♣❧❡t❡ ❂ ❢ ❛ ❧ s ❡ ❀

✶✶✾ ♥❙t❛rt ❂ ✷✵ ❀

✶✷✵ ♣ r ✐ ♥ t ❢ ✭✧ ■♥♣✉t ❡ r r ♦ r ✿ ❢ ✐ r s t ♥ s ❡ t t♦ ✷✵ ✳❭♥✧✮ ❀

✶✷✶ ⑥

✶✷✷ ✐♥ t ♥▲❛st ❀

✶✷✸ ♣ r ✐ ♥ t ❢ ✭✧ ❊♥t❡r ❧ ❛ s t ♥−s t ❛ t ❡ ✭ r❛♥❣❡ ✿ ✪✷✐ −✼✵✮ ✿ ✧ ✱ ♥❙t❛rt ✮ ❀

✶✷✹ st❞ ✿ ✿ ❝ ✐♥ ❃❃ ♥▲❛st ❀

✶✷✺ ✐ ❢ ✭ ✦ ✭ ♥▲❛st ❃ ♥❙t❛rt ✫✫ ♥▲❛st ❁❂ ✼✵✮ ✮

✶✷✻ ④

✶✷✼ ♥▲❛st ❂ ✺✵ ❀

✶✷✽ ♣ r ✐ ♥ t ❢ ✭✧ ✐♥♣✉t ❡ r r ♦ r ✿ ❧ ❛ s t ♥ s ❡ t t♦ ✺✵ ✳❭♥✧✮ ❀

✶✷✾ ⑥

✶✸✵ ❞♥ ❂ ♥▲❛st−♥❙t❛rt ❀

✶✸✶ ♣ r ✐ ♥ t ❢ ✭✧ ❊♥t❡r ♠❛❣♥❡t✐❝ ❢ ✐ ❡ ❧ ❞ ✐♥ ❚❡s❧❛ ✿ ✧✮ ❀

✶✸✷ st❞ ✿ ✿ ❝ ✐♥ ❃❃ ❇❀

✶✸✸ ♣ r ✐ ♥ t ❢ ✭✧❭♥ ■♥♣✉t ❝♦♠♣❧❡t❡ ✿ ❯s❡ ❧ ❡ ✈ ❡ ❧ s ❢r♦♠ ♥❂✪✷✐ t♦ ♥❂✪✷✐ ❛♥❞ ❇❂✪✺❢❚ ✳ ❭♥ Pr♦❝❡❡❞ ❄

❨✴◆❭♥✧ ✱ ♥❙t❛rt ✱ ♥▲❛st ✱❇✮ ❀

✶✸✹ ❝❤❛r ✐♥ ❀

✶✸✺ st❞ ✿ ✿ ❝ ✐♥❃❃✐♥ ❀

✶✸✻ ✐ ❢ ✭ ✐♥ ❂❂ ✬❨✬ ⑤ ⑤ ✐♥ ❂❂ ✬② ✬ ✮

✶✸✼ ■♥♣✉t❈♦♠♣❧❡t❡ ❂ tr✉❡ ❀

✶✸✽ ⑥

✶✸✾

✶✹✵ ✴✴ ■ ♥ ✐ t ✐ ❛ ❧ ✐ ③ ❡

✶✹✶ ❲❛✈❡✶ ❂ ♥❡✇ ❲❛✈❡❋✉♥❝t✐♦♥s ✭ ✮ ❀

✶✹✷ ❲❛✈❡✷ ❂ ♥❡✇ ❲❛✈❡❋✉♥❝t✐♦♥s ✭ ✮ ❀

✶✹✸ ❘❛❞✐❛❧ ❂ ♥❡✇ ❘❛❞✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✭ ✮ ❀

✶✹✹ ✐ ♥ t ❞✐♠ ❂ ❣❡ t ■ ♥❞ ❡① ✐ ❥ ✭ ♥❙t❛rt✰❞♥✰✶✱ ♥❙t❛rt✰❞♥−✶ ✱✸✮ ❀

✶✹✺ ▼❛tr✐①❊❧❡♠❡♥ts ❂ ❣s ❧❴♠❛tr ✐①❴❝❛❧ ❧♦❝ ✭❞✐♠ ✱ ❞✐♠✮ ❀

✶✹✻ ❊✐❣❡♥❱❡❝t♦rs ❂ ❣s ❧❴♠❛tr ✐①❴❝❛❧ ❧♦❝ ✭❞✐♠ ✱ ❞✐♠✮ ❀

✶✹✼

✶✹✽ ✴✯ ♠❛❦❡ ❙♣❤❡r✐❝❛❧ ❍❛r♠♦♥✐❝s ❚❛❜❧❡ ✯✴

✶✹✾ ✴✴ ❯s✐♥❣ ✐♥t❡❣r❛t ✐♦♥ r♦✉t✐♥❡s ❢r♦♠ t❤❡ ●♥✉ ❙❝ ✐ ❡♥ t ✐ ❢ ✐ ❝ ▲✐❜r❛r② ✭●❙▲✮

✶✺✵ ❣s ❧❴✐♥t❡❣r❛t ✐♦♥❴✇♦r❦s♣❛❝❡ ✯✇♦r❦s♣❛❝❡ ❂ ❣s❧❴✐♥t❡❣r❛t✐♦♥❴✇♦r❦s♣❛❝❡❴❛❧❧♦❝ ✭✶❡✼✮ ❀

✶✺✶ ❞♦✉❜❧❡ r ❡ s✉ ❧ t ✱ ❡ r r ♦ r ❀

✶✻✵
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✶✺✷ ❣s ❧❴❢✉♥❝t ✐♦♥ ❋ ❀

✶✺✸ ❋ ✳ ❢✉♥❝ t ✐ ♦♥ ❂ ✫❙♣❤❍❛r♠ ❀

✶✺✹

✶✺✺ ♣ r ✐ ♥ t ❢ ✭✧ ✐ ♥ t ❡ ❣ r ❛ t ✐ ♥ ❣ s ♣❤ ❡ r ✐ ❝ ❛ ❧ ❤❛r♠♦♥✐❝s ✳ ✳ ✳ ❭ ♥✧✮ ❀

✶✺✻ ❞♦✉❜❧❡ ❙♣❤❡ r ✐ ❝ ❛ ❧ ❬ ♥❙t❛rt✰❞♥✰✶ ❪ ❬ ✷ ❪ ❬ ♥❙t❛rt✰❞♥✰✶ ❪ ❬ ✷ ❪ ❀

✶✺✼ ❢ ♦ r ✭ ✐ ♥ t ❧ ✶ ❂ ✷ ❀ ❧ ✶ ❁❂ ♥❙t❛rt✰❞♥ ❀ ❧ ✶✰❂✷✮

✶✺✽ ④

✶✺✾ ❢ ♦ r ✭ ✐ ♥ t ❧ ✷ ❂ ✷ ❀ ❧ ✷ ❁❂ ♥❙t❛rt✰❞♥ ❀ ❧ ✷✰❂✷✮

✶✻✵ ④

✶✻✶ ❢ ♦ r ✭ ✐ ♥ t ♠✶ ❂ ✷ ❀ ♠✶ ❁❂ ✸ ❀ ♠✶✰✰✮

✶✻✷ ④

✶✻✸ ❢ ♦ r ✭ ✐ ♥ t ♠✷ ❂ ✷ ❀ ♠✷ ❁❂ ✸ ❀ ♠✷✰✰✮

✶✻✹ ④

✶✻✺ ✐ ❢ ✭ ❛❜s ✭ ❧✶−❧ ✷ ✮❁❂✷ ✫✫ ♠✶ ❁❂ ❧✶ ✫✫ ♠✷ ❁❂ ❧✷ ✮ ✴✴ s❡ ❧ ❡ ❝ t s t❛ t❡s ♦❢ ✐♥ t❡ r❡s t

✶✻✻ ④

✶✻✼ ❲❛✈❡✶−❃s❡t▲▼✭ ❧✶ ✱♠✶✮ ❀

✶✻✽ ❲❛✈❡✷−❃s❡t▲▼✭ ❧✷ ✱♠✷✮ ❀

✶✻✾ ❣s ❧❴✐♥t❡❣r❛t ✐♦♥❴q❛❣✭✫❋✱ ✵ ✱▼❴P■✱ ✵ ✱ ✶❡−✹✱ ✶✵✵✵ ✱ ●❙▲❴■◆❚❊●❴●❆❯❙❙✻✶✱ ✇♦r❦s♣❛❝❡ ✱

✫r ❡ s✉ ❧ t ✱ ✫❡ r r ♦ r ✮ ❀

✶✼✵ ❙♣❤❡ r ✐ ❝ ❛ ❧ ❬ ❧ ✶ ❪ ❬ ♠✶−✷❪ ❬ ❧ ✷ ❪ ❬ ♠✷−✷❪ ❂ r ❡ s ✉ ❧ t ❀

✶✼✶ ⑥ ✴✴ ✐ ❢

✶✼✷ ❡ ❧ s ❡

✶✼✸ ④

✶✼✹ ❙♣❤❡ r ✐ ❝ ❛ ❧ ❬ ❧ ✶ ❪ ❬ ♠✶−✷❪ ❬ ❧ ✷ ❪ ❬ ♠✷−✷❪ ❂ ✵ ✳ ❀

✶✼✺ ⑥ ✴✴ ❡ ❧ s❡

✶✼✻ ⑥ ✴✴ ❢♦r ♠✷

✶✼✼ ⑥ ✴✴ ❢♦r ♠✶

✶✼✽ ⑥✴✴ ❢♦r ❧✷

✶✼✾ ⑥ ✴✴ ❢♦r ❧✶

✶✽✵

✶✽✶ ❞♦✉❜❧❡ ❜✉ ❢ ❢ ❡ r ❂ ✵ ✳ ❀

✶✽✷

✶✽✸ ✴✯ s❡t ♠❛tr✐① ❡❧❡♠❡♥ts ✯✴

✶✽✹ ♣ r ✐ ♥ t ❢ ✭✧ s ❡ t t ✐ ♥ ❣ ♠❛tr✐① ❡ ❧❡♠❡♥ts ✳ ✳ ✳ ❭ ♥✧✮ ❀

✶✽✺ ♣ r ✐ ♥ t ❢ ✭✧❭ t ❞ ✐❛❣♦♥❛ ❧ ❭♥✧✮ ❀

✶✽✻ ✴✯ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ✯✴

✶✽✼ ❢ ♦ r ✭ ✐ ♥ t ♥ ❂ ♥❙t❛rt ❀ ♥ ❁❂ ♥❙t❛rt✰❞♥ ❀ ♥✰✰✮

✶✽✽ ❢ ♦ r ✭ ✐ ♥ t ❧ ❂ ✷ ❀ ❧ ❁ ♥ ❀ ❧✰❂✷✮

✶✽✾ ❢ ♦ r ✭ ✐ ♥ t ♠ ❂ ✷ ❀ ♠ ❁❂ ✸ ❀ ♠✰✰✮

✶✾✵ ④✴✴❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts

✶✾✶ ❜✉ ❢ ❢ ❡ r ❂ ❣s❧❴♠❛tr✐①❴❣❡t ✭▼❛tr✐①❊❧❡♠❡♥ts ✱ ❣ ❡ t ■ ♥❞ ❡① ✐ ❥ ✭♥ ✱ ❧ ✱♠✮ ✱ ❣ ❡ t ■ ♥❞ ❡① ✐ ❥ ✭♥ ✱ ❧ ✱♠✮ ✮ ❀

✶✾✷ ❜✉ ❢ ❢ ❡ r ✰❂ ❲❛✈❡✶−❃❣❡t❊♥❡r❣②▲❡✈❡❧ ✭♥ ✱ ❧ ✮ ✰ ❧ ✐ ♥ ❡ ❛ r ❙ ❤ ✐ ❢ t ✭♠✱ ❇✮ ❀

✶✾✸ ❣s❧❴♠❛tr✐①❴s❡t ✭▼❛tr✐①❊❧❡♠❡♥ts ✱ ❣ ❡ t ■ ♥❞ ❡① ✐ ❥ ✭♥ ✱ ❧ ✱♠✮ ✱ ❣ ❡ t ■ ♥❞ ❡① ✐ ❥ ✭♥ ✱ ❧ ✱♠✮ ✱ ❜✉ ❢ ❢ ❡ r ✮ ❀

✶✾✹ ✴✴ ♣r ✐♥ t ❢ ✭✧✪✷✐ ✱ ✪✷✐ ✿ ✪✺❡❭♥ ✧ ✱♥ ✱ ❧ ✱

❣s❧❴♠❛tr✐①❴❣❡t ✭▼❛tr✐①❊❧❡♠❡♥ts ✱ ❣❡ t ■♥❞❡① ✐ ❥ ✭♥ ✱ ❧ ✱♠✮ ✱ ❣❡ t ■♥❞❡① ✐ ❥ ✭♥ ✱ ❧ ✱♠✮ ✮ ✮ ❀

✶✾✺ ⑥

✶✾✻

✶✾✼ ♣ r ✐ ♥ t ❢ ✭✧❭ t ♦ ❢ ❢−❞✐❛❣♦♥❛ ❧ ❭♥✧✮ ❀

✶✾✽ ✴✯ ♦❢❢−❞✐❛❣♥♦♥❛❧ ❡❧❡♠❡♥ts ✯✴

✶✾✾ ❢ ♦ r ✭ ✐ ♥ t ♥✶ ❂ ♥❙t❛rt ❀ ♥✶ ❁❂ ♥❙t❛rt✰❞♥ ❀ ♥✶✰✰✮ ④

✷✵✵ ❢ ♦ r ✭ ✐ ♥ t ♥✷ ❂ ♥❙t❛rt ❀ ♥✷ ❁❂ ♥❙t❛rt✰❞♥ ❀ ♥✷✰✰✮ ④

✷✵✶ ❢ ♦ r ✭ ✐ ♥ t ❧ ✶ ❂ ✷ ❀ ❧ ✶ ❁ ♥✶ ❀ ❧ ✶ ✰❂ ✷ ✮ ④

✶✻✶
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✷✵✷ ❢ ♦ r ✭ ✐ ♥ t ❧ ✷ ❂ ✷ ❀ ❧ ✷ ❁ ♥✷ ❀ ❧ ✷✰❂ ✷✮ ④

✷✵✸ ❢ ♦ r ✭ ✐ ♥ t ♠ ❂ ✷ ❀ ♠ ❁❂ ✸ ❀ ♠✰✰✮

✷✵✹ ④

✷✵✺ ✐ ❢ ✭ ❢ ❛❜s ✭ ❧✶−❧ ✷ ✮❁❂ ✷✮

✷✵✻ ④ ✴✴♦❢❢−❞✐❛❣♦♥❛❧

✷✵✼ ❜✉ ❢ ❢ ❡ r ❂ ❣s❧❴♠❛tr✐①❴❣❡t ✭▼❛tr✐①❊❧❡♠❡♥ts ✱ ❣ ❡ t ■ ♥❞ ❡① ✐ ❥ ✭ ♥✶ ✱ ❧✶ ✱♠✮ ✱ ❣ ❡ t ■ ♥❞ ❡① ✐ ❥ ✭♥✷ ✱ ❧✷ ✱♠✮ ✮ ❀

✷✵✽ ❜✉ ❢ ❢ ❡ r ✰❂ ✭ ✶ ✳ ✴ ✽ ✳ ✯ ✭❇✯ ❚❊❙▲❆t♦❆❯✮✯✭❇✯ ❚❊❙▲❆t♦❆❯✮ ✯ ❙♣❤❡r✐❝❛❧ ❬ ❧✶ ❪ ❬♠−✷❪❬ ❧✷ ❪ ❬♠−✷❪

✯ ❘❛❞✐❛❧−❃❣❡t❘sq❊❧❡♠❡♥t ✭♥✶ ✱♥✷ ✱ ❧✶ ✱ ❧✷ ✮ ✮ ❀

✷✵✾ ❣s❧❴♠❛tr✐①❴s❡t ✭▼❛tr✐①❊❧❡♠❡♥ts ✱ ❣ ❡ t ■ ♥❞ ❡① ✐ ❥ ✭ ♥✶ ✱ ❧✶ ✱♠✮ ✱ ❣ ❡ t ■ ♥❞ ❡① ✐ ❥ ✭ ♥✷ ✱ ❧✷ ✱♠✮ ✱ ❜✉ ❢ ❢ ❡ r ✮ ❀

✷✶✵ ⑥ ✴✴ ✐ ❢ ♦❢ ❢−❞✐❛❣♦♥❛❧

✷✶✶ ⑥✴✴ ❢♦r ♠

✷✶✷ ⑥ ✴✴ ❢♦r ❧✷

✷✶✸ ⑥✴✴ ❢♦r ❧✶

✷✶✹ ⑥✴✴ ❢♦r ♥✷

✷✶✺ ⑥✴✴ ❢♦r ♥✶

✷✶✻

✷✶✼ st❞ ✿ ✿ ♦ ❢str❡❛♠ ❋✐ ❧ ❡ ✵ ✭✧▼❛tr✐①❊❧❡♠❡♥ts ✳ ❞❛t ✧✮ ❀

✷✶✽ ❢ ♦ r ✭ ✐ ♥ t ✐ ❂ ✵ ❀ ✐ ❁ ❞✐♠ ❀ ✐✰✰✮ ④

✷✶✾ ❢ ♦ r ✭ ✐ ♥ t ❥ ❂ ✵ ❀ ❥ ❁ ❞✐♠ ❀ ❥✰✰✮ ④

✷✷✵ ✴✴ ♣r ✐♥ t ❢ ✭✧✪✺❡ ✧ ✱ ❣s❧❴♠❛tr✐①❴❣❡t ✭▼❛tr✐①❊❧❡♠❡♥ts ✱ ✐ ✱ ✐ ✮ ✮ ❀

✷✷✶ ❋✐ ❧❡✵❁❁❣s❧❴♠❛tr✐①❴❣❡t ✭▼❛tr✐①❊❧❡♠❡♥ts ✱ ❥ ✱ ✐ ✮❁❁✧ ✧ ❀

✷✷✷ ⑥

✷✷✸ ✴✴ ♣r ✐♥ t ❢ ✭✧❭♥✧✮ ❀

✷✷✹ ❋✐ ❧❡✵ ❁❁✧❭♥ ✧ ❀

✷✷✺ ⑥

✷✷✻ ♣ r ✐ ♥ t ❢ ✭✧▼❛tr✐①❊❧❡♠❡♥ts ✇r ✐ t t ❡♥ t♦ ✬ ▼❛tr✐①❊❧❡♠❡♥ts ✳ ❞❛t ✬ ✳ ❭ ♥✧✮ ❀

✷✷✼

✷✷✽ ✴✯ ❞✐❛❣♦♥❛❧ ✐③ ✐♥❣ t❤❡ ♠❛tr✐① ✯✴

✷✷✾ ♣ r ✐ ♥ t ❢ ✭✧ ❝ ❛ ❧ ❝ ✉ ❧ ❛ t ✐ ♥ ❣ ❡ ✐ ❣ ❡♥✈❛ ❧✉❡ s ✳ ✳ ✳ ❭ ♥✧✮ ❀

✷✸✵ ❣s ❧❴✈❡❝t♦r ✯❡✐❣❡♥✈❛❧✉❡s ❂ ❣s❧❴✈❡❝t♦r❴❛❧❧♦❝ ✭❞✐♠✮ ❀

✷✸✶ ❣s❧❴❡✐❣❡♥❴s②♠♠✈❴✇♦r❦s♣❛❝❡ ✯✇ ❂ ❣s❧❴❡✐❣❡♥❴s②♠♠✈❴❛❧❧♦❝✭❞✐♠✮ ❀

✷✸✷ ❣s❧❴❡✐❣❡♥❴s②♠♠✈ ✭▼❛tr✐①❊❧❡♠❡♥ts ✱ ❡ ✐ ❣❡♥✈❛ ❧✉❡s ✱ ❊✐❣❡♥❱❡❝t♦rs ✱ ✇✮ ❀

✷✸✸ ❣s❧❴❡✐❣❡♥❴s②♠♠✈❴❢r❡❡ ✭✇✮ ❀

✷✸✹ ♣ r ✐ ♥ t ❢ ✭✧❉♦♥❡ ✦ ❭ ♥✧✮ ❀

✷✸✺

✷✸✻ ✴✯ ♦✉t♣✉t ✯✴

✷✸✼ st❞ ✿ ✿ ♦ ❢str❡❛♠ ❋✐ ❧ ❡ ✶ ✭✧ ❡ ✐ ❣ ❡♥✈❛ ❧✉❡ s ✳ ❞❛t ✧✮ ❀

✷✸✽ ❢ ♦ r ✭ ✐ ♥ t ✐ ❂ ✵ ❀ ✐ ❁ ❞✐♠ ❀ ✐✰✰✮ ④

✷✸✾ ❋✐ ❧❡✶ ❁❁✭❣s❧❴✈❡❝t♦r❴❣❡t ✭ ❡ ✐❣❡♥✈❛ ❧✉❡s ✱ ✐ ✮ ✮❁❁✧❭♥ ✧ ❀

✷✹✵ ⑥

✷✹✶ ♣ r ✐ ♥ t ❢ ✭✧ ❊✐❣❡♥✈❛❧✉❡s ✇r ✐ t t ❡♥ t♦ ✬ ❡ ✐ ❣ ❡♥✈❛ ❧✉❡ s ✳ ❞❛t ✬ ✳ ❭ ♥✧✮ ❀

✷✹✷

✷✹✸ st❞ ✿ ✿ ♦ ❢str❡❛♠ ❋✐ ❧ ❡ ✷ ✭✧ ❡ ✐ ❣ ❡♥✈❡ ❝ t ♦ r s ✳ ❞❛t ✧✮ ❀

✷✹✹ ❢ ♦ r ✭ ✐ ♥ t ✐ ❂ ✵ ❀ ✐ ❁ ❞✐♠ ❀ ✐✰✰✮ ④

✷✹✺ ❢ ♦ r ✭ ✐ ♥ t ❥ ❂ ✵ ❀ ❥ ❁ ❞✐♠ ❀ ❥✰✰✮ ④

✷✹✻ ✴✴ ♣r ✐♥ t ❢ ✭✧✪✺❡ ✧ ✱ ❣s❧❴♠❛tr✐①❴❣❡t ✭▼❛tr✐①❊❧❡♠❡♥ts ✱ ✐ ✱ ✐ ✮ ✮ ❀

✷✹✼ ❋✐ ❧❡✷❁❁❣s❧❴♠❛tr✐①❴❣❡t ✭ ❊✐❣❡♥❱❡❝t♦rs ✱ ✐ ✱ ❥ ✮❁❁✧ ✧ ❀

✷✹✽ ✴✴♣r✐♥t ✐♥❣ ✈❛❧✉❡s ♦❢ ✐♥ t ❡ r❡ s t

✷✹✾ ✐ ❢ ✭ ❣s❧❴♠❛tr✐①❴❣❡t ✭ ❊✐❣❡♥❱❡❝t♦rs ✱ ✐ ✱ ❥ ✮✯❣s❧❴♠❛tr✐①❴❣❡t ✭❊✐❣❡♥❱❡❝t♦rs ✱ ✐ ✱ ❥ ✮ ❃ ✵✳✽✮

✷✺✵ ♣ r ✐ ♥ t ❢ ✭✧✪✹ ✐ ✱✪✹ ✐ ❭♥✧ ✱ ✐ ✱ ❥ ✮ ❀

✷✺✶

✷✺✷ ⑥

✶✻✷
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✷✺✸ ✴✴ ♣r ✐♥ t ❢ ✭✧❭♥✧✮ ❀

✷✺✹ ❋✐ ❧❡✷ ❁❁✧❭♥ ✧ ❀

✷✺✺ ⑥

✷✺✻ ♣ r ✐ ♥ t ❢ ✭✧ ❊✐❣❡♥✈❡❝t♦r s ✇r ✐ t t ❡♥ t♦ ✬ ❡ ✐ ❣ ❡♥✈❡ ❝ t ♦ r s ✳ ❞❛t ✬ ✳ ❭ ♥✧✮ ❀

✷✺✼ ♣ r ✐ ♥ t ❢ ✭✧ ✐ ♥ ❞ ✐ ❝ ❡ s ❢ ♦ r ✭♥ ✱ ✷ ✱ ✷ ✮ ❧ ❡ ✈ ❡ ❧ s ✿ ❭ ♥✧✮ ❀

✷✺✽ ❢ ♦ r ✭ ✐ ♥ t ♥ ❂ ♥❙t❛rt ❀ ♥ ❁❂ ♥❙t❛rt✰❞♥ ❀ ♥✰✰✮

✷✺✾ ♣ r ✐ ♥ t ❢ ✭✧✪✷ ✐ ✱ ✪✻✐ ❭♥✧ ✱ ♥ ✱ ❣ ❡ t ■ ♥❞ ❡① ✐ ❥ ✭♥ ✱ ✷ ✱ ✷ ✮ ✮ ❀

✷✻✵ r❡t✉r♥ ✭✵✮ ❀

✷✻✶ ⑥

❲❛✈❡❋✉♥❝t✐♦♥s✳❝♣♣

✶ ✴✯ ❲❛✈❡❋✉♥❝t✐♦♥s ✳ ❝♣♣

✷ ✯

✸ ✯ ❈r❡❛t❡❞ ♦♥ ✿ ❖❝t ✷ ✱ ✷✵✶✵

✹ ✯ ❆✉t❤♦r ✿❆♥❞r❡❛s ▼✉❡❧❧❡rs

✺ ✯

✻ ✯ ❚❤✐s ♠♦❞✉❧❡ ♣r♦✈✐❞❡s ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❢♦r t❤❡ s♣❤❡r ✐❝❛ ❧ ❨❴❧♠✭❭ t❤❡t❛ ✱ ❭♣❤✐ ✮ ❛♥❞

✼ ✯ t❤❡ r❛❞✐❛ ❧ ♣r♦❜❛❜ ✐ ❧ ✐ t ② ♣❛rt ♦❢ ❤②❞r♦❣❡♥ ✇❛✈❡❢✉♥❝t✐♦♥s P❴♥✱ ❧ ✭ r ✮ ❢♦r ❣✐✈❡♥ ♥✱ ❧ ✱♠✳

✽ ✯ ❚❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❝♦❡ ❢ ❢ ✐ ❝ ✐ ❡♥ t s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✈❛r ✐❛❜ ❧❡ s r ✱ ❭ t❤❡t❛ ❛♥❞

✾ ✯ ❭♣❤✐ ❛r❡ ❝❛ ❧❝✉ ❧❛t❡❞ ♦♥ st❛rt✉♣ t♦ ♠✐♥✐♠✐③❡ t❤❡ ❝❛ ❧❝✉ ❧❛ t ✐♦♥s ❞✉r✐♥❣ r✉♥t✐♠❡ ✳

✶✵ ✯ ❚❤✐s ✇ ✐ ❧ ❧ s♣❡❡❞ ✉♣ ❢r❡q✉❡♥t ❛❝❝❡ss ❛s ♥❡❡❞❡❞ ❢♦r ♥✉♠❡r✐❝❛❧ ✐♥ t❡❣r❛t ✐♦♥ ✳

✶✶ ✯ ❆❧s♦ ✱ ❛ ❧♦♦❦✉♣−t❛❜ ❧ ❡ ❢♦r t❤❡ ❢❛❝✉ ❧ t② ❢✉♥❝t✐♦♥ ✐ s ♣r♦✈✐❞❡❞ ✳

✶✷ ✯

✶✸ ✯ ❙✐♥❝❡ t❤ ✐ s ♠♦❞✉❧❡ ✐ s ♠❡❛♥t ❢♦r ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t ✐♦♥ ♦❢ ♣❛✐rs ♦❢ ✇❛✈❡❢✉♥❝t✐♦♥s ✱

✶✹ ✯ t❤❡ ❝♦♠♣❧❡① ♣❛rt ♦❢ t❤❡ s♣❤❡r ✐❝❛ ❧ ❤❛r♠♦♥✐❝s ✐ s ♥♦t ❣✐✈❡♥ ❡ ① ♣ ❧ ✐ ❝ ✐ t ❡ ❧ ② ✳ ❖♥❧② t❤❡

✶✺ ✯ ♣❤❛s❡ ❢❛❝t♦r ❡①♣✭−✐♠❭♣❤✐ ✮ ✐ s ❝♦♠♣❧❡① ✇❤✐❝❤ ❡✈❛❧✉❛t❡s t♦ t❤❡ ❞❡ ❧ t❛ ❢✉♥❝t✐♦♥ ♦❢

✶✻ ✯ ♠✶ ❛♥❞ ♠✷ ✇❤❡♥ ✐♥t❡❣r❛t ✐♥❣ ❛ ♣❛✐r ✳ ❖♥❧② t❤❡ r❡❛ ❧ ♣❛rt ♦❢ ♦♥❡ ✇❛✈❡❢✉♥❝t✐♦♥ ✐ s

✶✼ ✯ r❡t✉r♥❡❞ ✱ t❤❡ ♦rt❤♦❣♦♥❛❧ ✐ t② ✐♥ ♠ ❤❛s t♦ ❜❡ ❡♥s✉r❡❞ ❡① t❡r♥❛ ❧ ❧ ② ✳ ❚❤✐s ♠❡❛♥s t❤❛t

✶✽ ✯ t❤❡ s♣❤❡r✐❝❛❧−❢✉♥❝t✐♦♥ r❡t✉r♥s t❤❡ ❛ss♦❝✐❛t❡❞ ▲❡❣❡♥❞r❡ ♣♦❧②♥♦♠ ❛♥❞ t❤❡ ❛❝❝♦r❞✐♥❣

✶✾ ✯ ♥♦r♠❛❧✐③❛t✐♦♥ ❢❛❝t♦r ✳

✷✵ ✯ ❆❧s♦ ✱ t❤❡ ❢❛❝t♦rs ❢♦r ♦♥❡ ✇❛♥ts t♦ ❝♦♠♣✉t❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✈❛ ❧✉❡s ✭ ✐♥ t❤ ✐ s ❝❛s❡

✷✶ ✯ s✐♥❫✷✭❭ t❤❡t❛ ✮ ❛♥❞ r❫✷✮ ❛r❡ ♥♦t ❣✐✈❡♥ ❤❡r❡ ❜✉t ❤❛✈❡ t♦ ❜❡ ♠✉❧ t ✐ ♣ ❧ ✐❡❞ ❡① t❡r♥❛ ❧ ❧ ② ✳

✷✷ ✯ ❚❤❡ ❛♥❣✉❧❛r ❢✉♥❝t✐♦♥ ❡①♣❡❝ts ♥♦t ❭ t❤❡t❛ ❜✉t ❝♦s ✭❭ t❤❡t❛ ✮ ❛s ❛r❣✉♠❡♥t ✳

✷✸ ✯

✷✹ ✯ ❚✇♦ ❛❝❝❡ss ❢✉♥❝t✐♦♥s ❛r❡ ♣r♦✈✐❞❡❞ ❢♦r ❜♦t❤ r❛❞✐❛ ❧ ❛♥❞ ❛♥❣✉❧❛r ❡❧❡♠❡♥ts ✿

✷✺ ✯ ❖♥❡ t❤❛t ♦♥❧② s✉♣♣ ❧ ✐❡s t❤❡ ✈❛r ✐❛❜ ❧❡ ✭ r ♦r ❝♦s ✭❭ t❤❡t❛ ✮ ✮ ❛♥❞ ♦♥❡ t❤❛t

✷✻ ✯ ❛❞❞✐ t ✐♦♥❛ ❧ ❧ ② ♣r♦✈✐❞❡s t❤❡ q✉❛♥t✉♠ ♥✉♠❜❡rs ♥✱ ❧ ❛♥❞ ❧ ✱♠✱ r❡s♣❡❝ t ✐ ✈❡ ❧ ② ✳

✷✼ ✯ ■♥ t❤❡ ❢ ✐ r s t ❝❛s❡ ✱ t❤❡s❡ q✉❛♥t✉♠ ♥✉♠❜❡rs ❛r❡ t❛❦❡♥ ❢r♦♠ ❛♥ ✐♥t❡r♥❛❧ ✈❛r ✐❛❜ ❧❡

✷✽ ✯ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡t ❛♥❞ r❡❛❞ ❜② ❛❝❝❡ss ❢✉♥❝t✐♦♥s ✳ Pr♦✈✐❞✐♥❣ t❤❡ q✉❛♥t✉♠ ♥✉♠❜❡rs

✷✾ ✯ t♦ t❤❡ ❛❝❝❡ss ❢✉♥❝t✐♦♥ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥t❡r♥❛❧ ✈❛r ✐❛❜ ❧❡s ✳

✸✵ ✯

✸✶ ✯ ❚❤❡ ♠♦❞✉❧❡ ❛❧s♦ ♣r♦✈✐❞❡s q✉❛♥t✉♠ ❞❡❢❡❝t ❡♥❡r❣② ❧ ❡ ✈ ❡ ❧ s ❢♦r t❤❡ ❝❡s✐✉♠ ❛t♦♠✳

✸✷ ✯ ❙✐♥❝❡ ♦♥❧② ❡✈❡♥ ❧−s t❛ t❡s s t❛r t ✐♥❣ ❢r♦♠ ❧❂✷ ❛r❡ ♦r ✐ ❣ ✐♥❛ ❧ ❧ ② ♦❢ ✐♥t❡r❡s t ✱ ♦♥❧②

✸✸ ✯ t❤❡s❡ q❞−✈❛❧✉❡s ❛r❡ ♣r♦✈✐❞❡❞ ✳ ❚❤❡ ❝♦❡ ❢ ❢ ✐ ❝ ✐ ❡♥ t s ❛r❡ st♦r❡❞ ✐♥ ❛♥ ❛rr❛② ✱ s♦ t❤❡

✸✹ ✯ ❡①t❡♥s✐♦♥ t♦ ♦t❤❡r s t❛ t❡s ✐ s t r ✐ ✈ ✐ ❛ ❧ ✳ ❚❤❡ r❡s✉ ❧ t ✐ s ♣r♦✈✐❞❡❞ ❛s t❤❡ ❡♥❡r❣②

✸✺ ✯ ❜❡❧♦✇ ✐♦♥✐③❛t ✐♦♥ ✐♥ ❛t♦♠✐❝ ✉♥✐ts ✳

✸✻ ✯

✸✼ ✯ ❚❤❡ ♠♦❞✉❧❡ ✐ s s t❛ t ✐❝ ✱ ✐ t ❛❧✇❛②s ❝❛ ❧❝✉ ❧❛ t❡s ❛ ❧♦♦❦✉♣−t❛❜ ❧ ❡ ♦❢ ❛ ❧ ❧ ♥♦r♠❛❧✐③❛t✐♦♥

✸✽ ✯ ❢❛❝ t♦rs ❜❡t✇❡❡♥ t✇♦ ♥−✈❛❧✉❡s ❣✐✈❡♥ ❜② ♣r❡♣r♦❝❡ss♦r ✈❛❧✉❡s ✳

✸✾ ✯✴

✹✵

✶✻✸
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✹✶ ★✐♥❝ ❧✉❞❡ ✧❲❛✈❡❋✉♥❝t✐♦♥s ✳ ❤✧

✹✷ ★✐♥❝ ❧✉❞❡ ❁❣ s ❧ ✴ ❣s ❧❴s ❢❴❧❡❣❡♥❞r❡ ✳ ❤❃

✹✸ ★✐♥❝ ❧✉❞❡ ❁❣ s ❧ ✴❣s❧❴♠❛t❤ ✳ ❤❃

✹✹ ★✐♥❝ ❧✉❞❡ ❁♠❛t❤ ✳ ❤❃

✹✺ ★✐♥❝ ❧✉❞❡ ❁s t❞ ✐ ♦ ✳ ❤❃

✹✻

✹✼ ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ ❲❛✈❡❋✉♥❝t✐♦♥s ✭ ✮

✹✽ ④

✹✾ ♥ ❂ ✵ ❀

✺✵ ❧ ❂ ✵ ❀

✺✶ ♠ ❂ ✵ ❀

✺✷ ✴✴ ❝❛ ❧❝✉ ❧❛ t❡ ❧♦♦❦✉♣−t ❛❜ ❧ ❡ s

✺✸ ♠❛❦❡❋❛❝✉❧t② ✭ ✮ ❀

✺✹ ♠❛❦❡◆♦r♠❛❧✐③❛t✐♦♥❙♣❤ ✭ ✮ ❀

✺✺ ♠❛❦❡◆♦r♠❛❧✐③❛t✐♦♥❘❛❞ ✭ ✮ ❀

✺✻ ⑥

✺✼

✺✽ ✴✯ ❛❝❝❡ss ❢✉♥❝t✐♦♥ ❢♦r ✐♥t❡r♥❛❧ q✉❛♥t✉♠ ♥✉♠❜❡rs ✯✴

✺✾ ✈♦✐❞ ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ s❡t◆ ✭ ✐ ♥ t ♥❡✇◆✮

✻✵ ④

✻✶ t❤ ✐ s−❃♥ ❂ ♥❡✇◆ ❀

✻✷ ⑥

✻✸

✻✹ ✴✯ ❣❡t− ❛♥❞ s❡t−❢✉♥❝t✐♦♥s

✻✺ ✯ ♦♥❧② ❡①❛♠♣❧❡s ❛r❡ s❤♦✇♥ ❤❡r❡

✻✻ ✈♦✐❞ ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ s❡t◆ ✭ ✐ ♥ t ♥❡✇◆✮

✻✼ ④

✻✽ t❤ ✐ s−❃♥ ❂ ♥❡✇◆ ❀

✻✾ ⑥

✼✵

✼✶ ✐♥ t ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ ❣❡t◆ ✭ ✮

✼✷ ④

✼✸ r❡t✉r♥ ✭ t❤ ✐ s−❃♥✮ ❀

✼✹ ⑥

✼✺ ✴✴ ❛♥❛❧♦❣♦✉s ❢✉♥❝t✐♦♥s ❢♦r q✉❛♥t✉♠ ♥✉♠❜❡rs ❧ ✱♠ ❛♥❞ ❝♦♠❜✐♥❡❞ ❢✉♥❝t✐♦♥s

✼✻

✼✼ ✴✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯

✼✽ ✯ ◆❖❘▼❆▲■❩❆❚■❖◆ ✯

✼✾ ✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✴

✽✵

✽✶ ✈♦✐❞ ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ ♠❛❦❡◆♦r♠❛❧✐③❛t✐♦♥❙♣❤ ✭ ✮

✽✷ ④

✽✸ ❢ ♦ r ✭ ✐ ♥ t ❧ ❂ ✵ ❀ ❧ ❁❂ ◆▼❆❳❀ ❧✰✰✮ ④

✽✹ ❢ ♦ r ✭ ✐ ♥ t ♠ ❂ ✵ ❀ ♠ ❁❂ ◆▼❆❳❀ ♠✰✰✮ ④

✽✺ ◆♦r♠❛❧✐③❛t✐♦♥❚❛❜❧❡❙♣❤ ❬ ❧ ❪ ❬♠❪ ❂ ✵ ✳ ❀

✽✻ ✐ ❢ ✭♠ ❁❂ ❧ ✮

✽✼ ④

✽✽ ◆♦r♠❛❧✐③❛t✐♦♥❚❛❜❧❡❙♣❤ ❬ ❧ ❪ ❬♠❪ ❂ sq r t ✭ ✭✷✯ ❧✰✶✮ ✯ ❣❡t❋❛❝✉❧t② ✭ ❧−♠✮ ✴ ✭✷✳ ✯ ❣❡t❋❛❝✉❧t② ✭ ❧✰♠✮ ✮ ✮ ❀

✽✾ ⑥

✾✵ ⑥

✾✶ ⑥

✾✷ ⑥

✶✻✹
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✾✸

✾✹ ❞♦✉❜❧❡ ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ ❣❡t◆♦r♠❛❧ ✐③❛t ✐♦♥❙♣❤ ✭ ✐ ♥ t ❧ ✱ ✐ ♥ t ♠✮

✾✺ ④

✾✻ ✐ ❢ ✭ ❧ ❁❂ ◆▼❆❳ ✫✫ ♠ ❁❂ ◆▼❆❳✮④

✾✼ r❡t✉r♥ ✭ ◆♦r♠❛❧✐③❛t✐♦♥❚❛❜❧❡❙♣❤ ❬ ❧ ❪ ❬♠❪ ✮ ❀

✾✽ ⑥

✾✾ ❡ ❧ s ❡

✶✵✵ ④

✶✵✶ r❡t✉r♥ ✭ ✵ ✳ ✮ ❀

✶✵✷ ⑥

✶✵✸ ⑥

✶✵✹

✶✵✺ ✈♦✐❞ ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ ♠❛❦❡◆♦r♠❛❧✐③❛t✐♦♥❘❛❞ ✭ ✮

✶✵✻ ④

✶✵✼ ❢ ♦ r ✭ ✐ ♥ t ✐ ❂ ◆▼■◆❀ ✐ ❁❂ ◆▼❆❳❀ ✐✰✰✮ ④

✶✵✽ ❢ ♦ r ✭ ✐ ♥ t ❥ ❂ ✵ ❀ ❥ ❁ ◆▼❆❳❀ ❥✰✰✮ ④

✶✵✾ ◆♦r♠❛❧✐③❛t✐♦♥❚❛❜❧❡❘❛❞ ❬ ✐−◆▼■◆ ❪ ❬ ❥ ❪ ❂ ✵ ✳ ❀

✶✶✵ ✐ ❢ ✭ ❧ ❁ ♥✮ ④

✶✶✶ ◆♦r♠❛❧✐③❛t✐♦♥❚❛❜❧❡❘❛❞ ❬ ✐−◆▼■◆ ❪ ❬ ❥ ❪ ❂ sq r t ✭ ❣❡t❋❛❝✉❧t② ✭ ✐−❥−✶✮ ✯ ❣❡t❋❛❝✉❧t② ✭ ✐✰❥ ✮ ✴ ✭ ✐✯ ✐ ✮ ✮ ❀

✶✶✷ ⑥

✶✶✸ ⑥

✶✶✹ ⑥

✶✶✺

✶✶✻ ⑥

✶✶✼

✶✶✽ ❞♦✉❜❧❡ ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ ❣❡t◆♦r♠❛❧✐③❛t✐♦♥❘❛❞ ✭ ✐ ♥ t ♥ ✱ ✐ ♥ t ❧ ✮

✶✶✾ ④

✶✷✵ ✐ ❢ ✭♥ ❃❂ ◆▼■◆ ✫✫ ♥ ❁❂ ◆▼❆❳ ✫✫ ❧ ❁❂ ◆▼❆❳✮④

✶✷✶ r❡t✉r♥ ✭ ◆♦r♠❛❧✐③❛t✐♦♥❚❛❜❧❡❘❛❞ ❬ ♥−◆▼■◆ ❪ ❬ ❧ ❪ ✮ ❀

✶✷✷ ⑥

✶✷✸ ❡ ❧ s ❡

✶✷✹ ④

✶✷✺ r❡t✉r♥ ✭−✶✳✮ ❀

✶✷✻ ⑥

✶✷✼ ⑥

✶✷✽

✶✷✾ ✴✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯

✶✸✵ ✯ ❋❆❈❯▲❚❨ ✯

✶✸✶ ✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✴

✶✸✷

✶✸✸ ❞♦✉❜❧❡ ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ ❢ ❛ ❝ ✉ ❧ t ② ✭ ✐ ♥ t ❦ ✮

✶✸✹ ④

✶✸✺ ❞♦✉❜❧❡ r ❡ s ✉ ❧ t ❂ ✶ ❀

✶✸✻ ❢ ♦ r ✭ ✐ ♥ t ✐ ❂ ✶ ❀ ✐ ❁❂ ❦ ❀ ✐✰✰✮ ④

✶✸✼ r ❡ s ✉ ❧ t ✯❂ ✐ ❀

✶✸✽ ⑥

✶✸✾ r❡t✉r♥ ✭ r ❡ s ✉ ❧ t ✮ ❀

✶✹✵ ⑥

✶✹✶

✶✹✷ ✈♦✐❞ ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ ♠❛❦❡❋❛❝✉❧t② ✭ ✮

✶✹✸ ✴✴ ❣❡♥❡r❛t❡s ❛ ❧♦♦❦✉♣−t❛❜ ❧ ❡ ❢♦r ✈❛❧✉❡s ♦❢ ❦ ✦

✶✹✹ ④

✶✻✺
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✶✹✺ ❢ ♦ r ✭ ✐ ♥ t ❦ ❂ ✵ ❀ ❦ ❁❂ ✸✯◆▼❆❳❀ ❦✰✰✮ ④

✶✹✻ ❋❛❝✉❧t②❚❛❜❧❡ ❬ ❦ ❪ ❂ ❢ ❛ ❝✉ ❧ t ② ✭❦ ✮ ❀

✶✹✼ ⑥

✶✹✽ ⑥

✶✹✾

✶✺✵ ❞♦✉❜❧❡ ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ ❣❡t❋❛❝✉❧t② ✭ ✐ ♥ t ✐♥❞❡① ✮

✶✺✶ ④

✶✺✷ ✐ ❢ ✭ ✐♥❞❡① ❁❂ ✸✯◆▼❆❳✮

✶✺✸ ④

✶✺✹ r❡t✉r♥ ✭ ❋❛❝✉❧t②❚❛❜❧❡ ❬ ✐♥❞❡① ❪ ✮ ❀

✶✺✺ ⑥

✶✺✻ ❡ ❧ s ❡

✶✺✼ ④

✶✺✽ r❡t✉r♥ ✭−✶✳✮ ❀

✶✺✾ ⑥

✶✻✵ ⑥

✶✻✶

✶✻✷ ✴✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯

✶✻✸ ✯ ❙♣❤❡r✐❝❛❧ ❍❛r♠♦♥✐❝s ❙q ✯

✶✻✹ ✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✴

✶✻✺

✶✻✻ ❞♦✉❜❧❡ ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ ❣❡t❙♣❤❡r ✐❝❛ ❧❍❛r♠♦♥✐❝ ✭ ❞♦✉❜❧❡ ❝♦s❚❤❡t❛ ✮

✶✻✼ ④

✶✻✽ r❡t✉r♥ ✭ ❣❡t❙♣❤❡r ✐❝❛ ❧❍❛r♠♦♥✐❝ ✭ t❤ ✐ s−❃❧ ✱ t❤ ✐ s−❃♠✱ ❝♦s❚❤❡t❛ ✮ ✮ ❀

✶✻✾ ⑥

✶✼✵

✶✼✶ ❞♦✉❜❧❡ ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ ❣❡t❙♣❤❡r ✐❝❛ ❧❍❛r♠♦♥✐❝ ✭ ✐ ♥ t ❧ ✱ ✐ ♥ t ♠✱ ❞♦✉❜❧❡ ❝♦s❚❤❡t❛ ✮

✶✼✷ ④

✶✼✸ ❞♦✉❜❧❡ r ❡ s ✉ ❧ t ❂ ❣s❧❴s❢❴❧❡❣❡♥❞r❡❴P❧♠ ✭ ❧ ✱♠✱ ❝♦s❚❤❡t❛ ✮ ❀

✶✼✹ r ❡ s ✉ ❧ t ✯❂ ❣❡t◆♦r♠❛❧✐③❛t✐♦♥❙♣❤ ✭ ❧ ✱♠✮ ❀

✶✼✺

✶✼✻ r❡t✉r♥ ✭ r ❡ s ✉ ❧ t ✮ ❀

✶✼✼ ⑥

✶✼✽

✶✼✾ ✴✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯

✶✽✵ ✯ ❘❛❞✐❛❧ ❙q ✯

✶✽✶ ✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✴

✶✽✷

✶✽✸ ❞♦✉❜❧❡ ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ ❣❡t❘❛❞✐❛ ❧ ✭ ❞♦✉❜❧❡ r ✮

✶✽✹ ④

✶✽✺ r❡t✉r♥ ✭ ❣❡t❘❛❞✐❛ ❧ ✭ t❤ ✐ s−❃♥ ✱ t❤ ✐ s−❃❧ ✱ r ✮ ✮ ❀

✶✽✻ ⑥

✶✽✼

✶✽✽ ❞♦✉❜❧❡ ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ ❣❡t❘❛❞✐❛ ❧ ✭ ✐ ♥ t ♥ ✱ ✐ ♥ t ❧ ✱ ❞♦✉❜❧❡ r ✮

✶✽✾ ④

✶✾✵

✶✾✶ ❞♦✉❜❧❡ r ❡ s ✉ ❧ t ❂ ✵ ✳ ❀

✶✾✷ ✴✴s✉♠−♣❛rt

✶✾✸ ❢ ♦ r ✭ ✐ ♥ t ❦ ❂ ✵ ❀ ❦ ❁❂ ♥−❧ −✶❀ ❦✰✰✮

✶✾✹ ④

✶✾✺ r ❡ s ✉ ❧ t ✰❂ ✭ ♣♦✇✭−✷✯r✴♥✱ ❦✮ ✴ ✭ ❣❡t❋❛❝✉❧t② ✭❦✮ ✯ ❣❡t❋❛❝✉❧t② ✭♥−❧−❦−✶✮ ✯ ❣❡t❋❛❝✉❧t② ✭✷✳✯ ❧✰❦✰✶✮ ✮

✮ ❀

✶✻✻
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✶✾✻ ⑥

✶✾✼ r ❡ s ✉ ❧ t ✯❂ ✭ ♣♦✇✭✷✯ r✴♥✱ ❧✰✶✮ ✯ ❡①♣✭−r✴♥✮ ✮ ❀ ✴✴ r−❞❡♣❡♥❞❡♥t ❢❛❝t♦rs

✶✾✽ r ❡ s ✉ ❧ t ✯❂ ❣❡t◆♦r♠❛❧✐③❛t✐♦♥❘❛❞ ✭♥✱ ❧ ✮ ❀

✶✾✾ r❡t✉r♥ ✭ r ❡ s ✉ ❧ t ✮ ❀

✷✵✵ ⑥

✷✵✶

✷✵✷ ✴✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯

✷✵✸ ✯ ❩❡r♦ ❋✐❡❧❞ ❊♥❡r❣② ▲❡✈❡❧s ✯

✷✵✹ ✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✯✴

✷✵✺

✷✵✻ ❞♦✉❜❧❡ ❲❛✈❡❋✉♥❝t✐♦♥s ✿ ✿ ❣❡t❊♥❡r❣②▲❡✈❡❧ ✭ ✐ ♥ t ♥ ✱ ✐ ♥ t ❧ ✮

✷✵✼ ④

✷✵✽ ✴✴◗✉❛♥t✉♠ ❉❡❢❡❝t ❈♦❡❢ ❢ ✐❝ ✐❡♥ts ❢♦r t❤❡ ❞−❙t❛t❡

✷✵✾ ✴✯ ✐ ♥ ✐ t ✐ ❛ ❧ ✐ ③ ❡ t❛❜ ❧ ❡ ❢♦r ❝♦❡ ❢ ❢ ✐ ❝ ✐ ❡♥ t s ✯✴

✷✶✵ ❞♦✉❜❧❡ ❈♦♥st❉ ❬ ✻ ❪ ❬ ✻ ❪ ❀

✷✶✶ ❢ ♦ r ✭ ✐ ♥ t ✐ ❂ ✵ ❀ ✐ ❁ ✻ ❀ ✐✰✰✮

✷✶✷ ❢ ♦ r ✭ ✐ ♥ t ❥ ❂ ✵ ❀ ❥ ❁ ✻ ❀ ❥✰✰✮

✷✶✸ ❈♦♥st❉ ❬ ✐ ❪ ❬ ❥ ❪ ❂ ✵ ❀

✷✶✹

✷✶✺ ✴✯ s❡t ❝♦❡ ❢ ❢ ✐ ❝ ✐ ❡♥ t s

✷✶✻ ✯ ❯s✐♥❣ ❞❛t❛ ❢r♦♠ ❲❡❜❡r ❛♥❞ ❙❛♥s♦♥❡tt✐ ✱ P❘❆ ✭✶✾✽✼✮ ✸✺ ✱ ✹✻✺✵

✷✶✼ ✯ ❖t❤❡r ❝♦❡ ❢ ❢ ✐ ❝ ✐ ❡♥ t s ❝❛♥ ❜❡ ❛❞❞❡❞ ✇❤❡♥ ♥❡❡❞❡❞ ✳

✷✶✽ ✯✴

✷✶✾ ✴✯ ❞−s t❛ t❡s ✯✴

✷✷✵ ❈♦♥st❉ ❬ ✷ ❪ ❬ ✵ ❪ ❂ ✷ ✳✹✻✻✸✶✺✷✹ ❀

✷✷✶ ❈♦♥st❉ ❬ ✷ ❪ ❬ ✶ ❪ ❂ ✵ ✳✵✶✸✸✺✼✼ ❀

✷✷✷ ❈♦♥st❉ ❬ ✷ ❪ ❬ ✷ ❪ ❂ −✵✳✸✼✹✺✼❀

✷✷✸ ❈♦♥st❉ ❬ ✷ ❪ ❬ ✸ ❪ ❂ −✷✳✶✽✻✼❀

✷✷✹ ❈♦♥st❉ ❬ ✷ ❪ ❬ ✹ ❪ ❂ −✶✳✺✺✸✷❀

✷✷✺ ❈♦♥st❉ ❬ ✷ ❪ ❬ ✺ ❪ ❂ −✺✻✳✻✼✸✾❀

✷✷✻ ✴✯ ❣−s t❛ t❡s ✯✴

✷✷✼ ❈♦♥st❉ ❬ ✹ ❪ ❬ ✵ ❪ ❂ ✵ ✳✵✵✼✵✸✽✻✺ ❀

✷✷✽ ❈♦♥st❉ ❬ ✹ ❪ ❬ ✶ ❪ ❂ −✵✳✵✹✾✷✺✷❀

✷✷✾ ❈♦♥st❉ ❬ ✹ ❪ ❬ ✷ ❪ ❂ ✵ ✳✵✶✷✾✶ ❀

✷✸✵ ✴✴ ❝❛ ❧❝✉ ❧❛ t❡ t❤❡ ❝♦rr❡❝t✐♦♥ t❡r♠ ❢♦r t❤❡ ♣r ✐♥❝✐♣❛ ❧ q✉❛♥t✉♠ ♥✉♠❜❡r ♥

✷✸✶ ❞♦✉❜❧❡ ♥❈♦rr ❂ ✵ ✳ ❀

✷✸✷

✷✸✸ ✐ ❢ ✭ ❧ ❁ ✻✮ ④ ✴✯ ❝♦♥s✐❞❡r q✉❛♥t✉♠ ❞❡❢❡❝ ts ✯✴

✷✸✹ ❞♦✉❜❧❡ ❢❛❝ t♦ r❙q ❂ ✭♥−❈♦♥st❉ ❬ ❧ ❪ ❬ ✵ ❪ ✮ ✯✭♥−❈♦♥st❉ ❬ ❧ ❪ ❬ ✵ ❪ ✮ ❀ ✴✴✭♥−❆❉✮❫✷

✷✸✺ ❞♦✉❜❧❡ ❢❛❝t♦r❑ ❂ ❢❛❝ t♦ r❙q ❀ ✴✴ ✇ ✐ ❧ ❧ s t♦r❡ ✭♥−❆❉✮❫❦

✷✸✻ ♥❈♦rr ❂ ❈♦♥st❉ ❬ ❧ ❪ ❬ ✵ ❪ ❀

✷✸✼ ❢ ♦ r ✭ ✐ ♥ t ✐ ❂ ✶ ❀ ✐ ❁❂ ✺ ❀ ✐✰✰✮

✷✸✽ ④

✷✸✾ ♥❈♦rr ✰❂ ❈♦♥st❉ ❬ ❧ ❪ ❬ ✐ ❪ ✴ ❢❛❝t♦r❑ ❀

✷✹✵ ❢❛❝t♦r❑✯❂❢❛❝t♦r❙q ❀

✷✹✶ ⑥

✷✹✷ ⑥

✷✹✸ ✴✴ ❝❛ ❧❝✉ ❧❛ t❡ t❤❡ ❡♥❡r❣② ❧ ❡ ✈ ❡ ❧

✷✹✹ ❞♦✉❜❧❡ ❊♥❡r❣②▲❡✈❡❧ ❂ −✵✳✺❀ ✴✴♥❡❣❛t✐✈❡ ❈s ■♦♥✐③❛t✐♦♥ ❡♥❡r❣② ✐♥ ❛ ✳✉ ✳ ❀

✷✹✺ ❊♥❡r❣②▲❡✈❡❧ ❂ ❊♥❡r❣②▲❡✈❡❧ ✴ ✭ ✭ ♥ − ♥❈♦rr ✮✯✭♥−♥❈♦rr✮ ✮ ❀

✷✹✻ r❡t✉r♥ ✭ ❊♥❡r❣②▲❡✈❡❧ ✮ ❀

✷✹✼ ⑥

✶✻✼
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❘❛❞✐❛❧❆♥❛❧②t✐❝s✳❝♣♣

✶ ✴✯

✷ ✯ ❘❛❞✐❛❧❆♥❛❧②t✐❝s ✳ ❝♣♣

✸ ✯

✹ ✯ ❈r❡❛t❡❞ ♦♥ ✿ ❖❝t ✷ ✱ ✷✵✶✵

✺ ✯ ❆✉t❤♦r ✿❆♥❞r❡❛s ▼✉❡❧❧❡rs

✻ ✯

✼ ✯ ❚❤✐s ❝ ❧❛ss ❝❛ ❧❝✉ ❧❛ t❡s r❛❞✐❛ ❧ ♠❛tr✐① ❡❧❡♠❡♥ts ❢♦r ❁r❫✷❃ ✉s✐♥❣ ❛♥❛❧②t ✐❝

✽ ✯ r❡ ❧❛ t ✐♦♥s ♣r♦✈✐❞❡❞ ✐♥ ✿

✾ ✯ ❆✿ ❊♥❝✐s♦−❆❣✉✐❧❛r ❡t ❛❧ ✱ ❊❏❚P ✶✸ ✭✷✵✵✻✮ ✶✶✼ ✭ ❢♦r ❡❧❡♠❡♥ts ✇✐t❤ ♥✶ ❂ ♥✷✮

✶✵ ✯ ❇✿ ❍❡②✱ ❏ ✳ P❤②s ✳ ❇ ✸✾ ✭✷✵✵✻✮ ✷✻✹✶ ✭ ❢♦r ❡❧❡♠❡♥ts ✇✐t❤ ♥✶ ✦❂ ♥✷✮

✶✶ ✯

✶✷ ✯ ❙♦✉r❝❡ ❇ ♣r♦✈✐❞❡s r❡❝✉rs✐✈❡ r❡ ❧❛ t ✐♦♥s ❢♦r t❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts s t❛r t ✐♥❣ ❢r♦♠

✶✸ ✯ t❤❡ ❡❧❡♠❡♥ts ✇✐t❤ ❤✐❣❤❡st ❧ ✱ ❜✉t t❤❡② ❤❛✈❡ t♦ ❜❡ ❞❡r✐✈❡❞ s ♣ ❡ ❝ ✐ ❢ ✐ ❝ ❛ ❧ ❧ ② ❢♦r

✶✹ ✯ ❡❛❝❤ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❞❡❧t❛−❧ ❂ ❧✶−❧✷ ❛♥❞ r❫❦ ✳ ❖r✐❣✐♥❛❧ ❧② ♦❢ ✐♥ t ❡ r❡ s t ❛r❡

✶✺ ✯ ❡❧❡♠❡♥ts ❢♦r ❞❡❧t❛−❧ ❂ ④−✷✱✵✱✷⑥ ✭ q✉❛❞r✉♣♦❧❡ ♠♦♠❡♥ts✮ ❛♥❞ r❫✷✳ ❚❤❡ ❡q✉❛t✐♦♥s

✶✻ ✯ r❡q✉✐r❡❞ ❢♦r t❤❡s❡ ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❇✳ ❚❤❡ ❝❛ ❧❝✉ ❧❛ t ✐♦♥ ♦❢ t❤❡ q✉❛❞r✉♣♦❧❡

✶✼ ✯ ♠♦♠❡♥ts r❡q✉✐r❡s t❤❡ ❞✐♣♦❧❡ ♠♦♠❡♥ts ✭ ❞❡❧t❛−❧ ❂ ✶✮ ✱ s♦ t❤❡② ❤❛✈❡ t♦ ❜❡

✶✽ ✯ ❝❛ ❧❝✉ ❧❛t❡❞ ❢ ✐ r s t ✳ ❚❤❡s❡ ❝❛ ❧❝✉ ❧❛ t ✐♦♥s ❛ ❧ ❧ ❤❛♣♣❡♥ ❜② t❤❡ s❛♠❡ s❝❤❡♠❡ ✿ ❆ st❛rt−

✶✾ ✯ ❡q✉❛t✐♦♥ ♣r♦✈✐❞❡s t❤❡ ❡❧❡♠❡♥t ✇✐t❤ ❤✐❣❤❡st ❧ ❢♦r ❛ ❣✐✈❡♥ ♥✶ ❛♥❞ ♥✷ ✳ ❯s✐♥❣

✷✵ ✯ t❤✐s ✱ ♦♥❡ ♦r t✇♦ r❡❝✉rs✐✈❡ r❡ ❧❛ t ✐♦♥s tr❛✈❡rs❡ ❞♦✇♥ t♦ t❤❡ ❧♦✇❡st ❧ ✳ ❊❛❝❤

✷✶ ✯ ❝❛ ❧❝✉ ❧❛ t ✐♦♥ ❢✉♥❝t✐♦♥ ❛✉t♦♠❛t✐❝❛❧ ❧② s t♦r❡s ✐ t s r ❡ s✉ ❧ t ✐♥ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❛rr❛② ✳

✷✷ ✯ ❆❧t❤♦✉❣❤ s♦✉r❝❡ ❆ ✐ s ✐♥ ♣r ✐♥❝ ✐♣ ❧❡ ❛❜❧❡ t♦ ♣r♦✈✐❞❡ ❡❧❡♠❡♥ts ❢♦r ❛ ❧ ❧ ❝♦♠❜✐♥❛t✐♦♥s

✷✸ ✯ ♦❢ ❞❡❧t❛−❧ ❛♥❞ r❫❦ ✱ t❤❡ ❝❛ ❧❝✉ ❧❛ t ✐♦♥ ✐ s ❧ ✐♠✐t❡❞ t♦ t❤❡ s❛♠❡ s❡t ❛s ❛❜♦✈❡ ✳

✷✹ ✯

✷✺ ✯ ■♥ ✐ t s ❝✉rr❡♥t ✈❡rs✐♦♥ ✱ t❤❡ ♠♦❞✉❧❡ ❝❛ ❧❝✉ ❧❛ t❡s ❛ ❧ ❧ ❡❧❡♠❡♥ts ❢r♦♠ ♥❂✶✵ t♦ ♥❂✼✵✱

✷✻ ✯ r❡❣❛r❞ ❧❡ss ✇❤❡t❤❡r t❤❡② ❛r❡ ♥❡❡❞❡❞ ♦r ♥♦t ✳ ❱❛r✐❛❜❧❡s ❛♥❞ ❢✉♥❝t✐♦♥s ❢♦r ❞②♥❛♠✐❝

✷✼ ✯ ✐ ♥ ✐ t ✐ ❛ ❧ ✐ s ❛ t ✐ ♦ ♥ ❛r❡ ♣r♦✈✐❞❡❞ ✱ ❜✉t ❞②♥❛♠✐❝ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧ ❞❛t❛−st♦r❛❣❡ ✐ s ♥♦t

✷✽ ✯ ✐♥❝❧✉❞❡❞ ✳

✷✾ ✯✴

✸✵

✸✶ ★✐♥❝ ❧✉❞❡ ❁♠❛t❤ ✳ ❤❃

✸✷ ★✐♥❝ ❧✉❞❡ ❁s t❞ ✐ ♦ ✳ ❤❃

✸✸ ★✐♥❝ ❧✉❞❡ ✧❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✳ ❤✧

✸✹

✸✺ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✭ ✮

✸✻ ④ ✴✯ ❝♦♥str✉❝t♦r ✇✐t❤ ♣❛r❛♠❡t❡rs ✿ ♣r❡−♣r♦❝❡ss♦r

✸✼ ✯ ✈❛❧✉❡s ❢♦r ◆❙❚❆❘❚ ❛♥❞ ❉◆ ❛r❡ ❝♦♣✐❡❞ t♦

✸✽ ✯ ❧ ♦ ❝❛ ❧ ✈❛r ✐❛❜ ❧❡s ✳ ❚❤✐s ❛❧ ❧♦✇s ❡❛s② ❝❤❛♥❣❡

✸✾ ✯ ✐♥ ❝❛s❡ t❤ ✐ s ♠♦❞✉❧❡ ✐ s ❡①♣❛♥❞❡❞ t♦ r✉♥

✹✵ ✯ ❞②♥❛♠✐❝❛❧❧② ✳

✹✶ ✯✴

✹✷ ♥❙t❛rt ❂ ◆❙❚❆❘❚❀

✹✸ ❞♥ ❂ ❉◆❀

✹✹ ♠❛❦❡❊❧❡♠❡♥ts ✭ ✮ ❀

✹✺ ⑥

✹✻

✹✼ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✭ ✐ ♥ t ♥❙t❛rt ✱ ✐ ♥ t ❞♥✮

✹✽ ④

✹✾ ✴✯ ❝♦♥str✉❝t♦r ✇✐t❤ ♣❛r❛♠❡t❡rs ✿ ❢♦r ❢✉t✉r❡ ✉s❡ ✯✴

✺✵ t❤ ✐ s−❃♥❙t❛rt ❂ ♥❙t❛rt ❀

✶✻✽
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✺✶ t❤ ✐ s−❃❞♥ ❂ ❞♥ ❀

✺✷ ♠❛❦❡❊❧❡♠❡♥ts ✭ ✮ ❀

✺✸ ⑥

✺✹

✺✺ ✈♦✐❞ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ♠❛❦❡❊❧❡♠❡♥ts ✭ ✮

✺✻ ④

✺✼ ✴✯ ✐ t ❡ r❛ t ❡ s ♦✈❡r t❤❡ ✇❤♦❧❡ r❛♥❣❡ ♦❢ ❣✐✈❡♥ ♥

✺✽ ✯ ❛♥❞ t r ✐ ❣❣❡r s ❝❛ ❧❝✉ ❧❛ t ✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

✺✾ ✯ s✉❜♠❛tr✐❝❡s ❢♦r ❡❛❝❤ ♣❛✐r ♦❢ ♥✶ ❛♥❞ ♥✷ ✳

✻✵ ✯ ❉✐❢❢❡r❡♥t r♦✉t✐♥❡s ❛r❡ ✉s❡❞ ❢♦r s②♠♠❡tr✐❝ ✭♥✶❂♥✷✮

✻✶ ✯ ❛♥❞ ❛s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ✭ s❡❡ ❛❜♦✈❡ ✮ ✳

✻✷ ✯✴

✻✸ ❢ ♦ r ✭ ✐ ♥ t ♥✶ ❂ ◆❙❚❆❘❚❀ ♥✶ ❁❂ ◆❙❚❆❘❚✰❉◆❀ ♥✶✰✰✮

✻✹ ❢ ♦ r ✭ ✐ ♥ t ♥✷ ❂ ◆❙❚❆❘❚❀ ♥✷ ❁❂ ♥✶ ❀ ♥✷✰✰✮

✻✺ ④

✻✻ ✐ ❢ ✭ ♥✶❂❂♥✷ ✮

✻✼ ④

✻✽ ♠❛❦❡❙②♠♠❡tr✐❝❊❧❡♠❡♥ts ✭ ♥✶ ✮ ❀

✻✾ ⑥

✼✵ ❡ ❧ s ❡

✼✶ ④

✼✷ ♠❛❦❡❉✐♣♦❧❡❊❧❡♠❡♥ts ✭♥✶ ✱ ♥✷ ✮ ❀

✼✸ ♠❛❦❡◗✉❛❞r✉♣♦❧❡❊❧❡♠❡♥ts ✭♥✶ ✱ ♥✷ ✮ ❀

✼✹ ⑥

✼✺ ⑥

✼✻ ⑥

✼✼

✼✽ ✴✯ s❡t ❢✉♥❝t✐♦♥s ✯✴

✼✾

✽✵ ✴✯ ✐♥t❡r♥❛❧ s❡ t ❢✉♥❝t✐♦♥s t♦ ❛❝❝❡ss t❤❡ ❛rr❛②s ✉s❡❞ ❢♦r ❞❛t❛−st♦r❛❣❡ ✳ ❚❤❡②

✽✶ ✯ ✐♥ t ❡r♥❛ ❧ ❧ ② s ❤ ✐ ❢ t t❤❡ ✐♥❞✐❝❡s ♦❢ t❤❡ ❛❝t✉❛❧ ✇❛✈❡❢✉♥❝t✐♦♥ ♥✱ ❧ t♦ t❤❡ ♦♥❡s

✽✷ ✯ ✉s❡❞ ❢♦r ❞❛t❛ st♦r❛❣❡ ✳

✽✸ ✯✴

✽✹ ✈♦✐❞ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ s❡t❘✶ ✭ ✐ ♥ t ♥✶ ✱ ✐ ♥ t ♥✷ ✱ ✐ ♥ t ❧✶ ✱ ✐ ♥ t ❧✷ ✱ ❞♦✉❜❧❡ ✈❛❧✉❡ ✮

✽✺ ④

✽✻ ❉✐♣♦❧❡❊❧❡♠❡♥ts ❬ ♥✶−◆❙❚❆❘❚❪ ❬ ♥✷−◆❙❚❆❘❚❪ ❬ ❧ ✶ ❪ ❬ ❧ ✷ ❪ ❂ ✈❛❧✉❡ ❀

✽✼ ⑥

✽✽

✽✾ ✈♦✐❞ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ s❡t❘✷ ✭ ✐ ♥ t ♥✶ ✱ ✐ ♥ t ♥✷ ✱ ✐ ♥ t ❧✶ ✱ ✐ ♥ t ❧✷ ✱ ❞♦✉❜❧❡ ✈❛❧✉❡ ✮

✾✵ ④

✾✶ ◗✉❛❞❊❧❡♠❡♥ts ❬ ♥✶−◆❙❚❆❘❚❪ ❬ ♥✷−◆❙❚❆❘❚❪ ❬ ❧ ✶ ❪ ❬ ❧ ✷ ❪ ❂ ✈❛❧✉❡ ❀

✾✷ ⑥

✾✸

✾✹ ✴✯ ❣❡t ❢✉♥❝t✐♦♥s ✯✴

✾✺

✾✻ ✴✯ ❉❛t❛ ❛❝❝❡ss ❢✉♥❝t✐♦♥s ✿ ❚❤❡ ❢ ✐ r s t ♦♥❡ ✐ s ♣✉❜ ❧ ✐❝ ❢♦r ✐♥t❡r♥❛❧ ✉s❡ ✱

✾✼ ✯ t❤❡ ♦t❤❡r t✇♦ ❛r❡ ♠❡❛♥t ❢♦r ✐♥t❡r♥❛❧ ✉s❡ ♦♥❧② ✳

✾✽ ✯✴

✾✾ ❞♦✉❜❧❡ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ❣❡t❘sq❊❧❡♠❡♥t ✭ ✐ ♥ t ♥✶ ✱ ✐ ♥ t ♥✷ ✱ ✐ ♥ t ❧✶ ✱ ✐ ♥ t ❧ ✷ ✮

✶✵✵ ④

✶✵✶ r❡t✉r♥ ✭ ❣❡t❘✷ ✭♥✶ ✱ ♥✷ ✱ ❧✶ ✱ ❧ ✷ ✮ ✮ ❀

✶✵✷ ⑥

✶✻✾



❆PP❊◆❉■❳ ❇✳ ❈❆▲❈❯▲❆❚■❖◆ ❖❋ ❘❨❉❇❊❘● ❊◆❊❘●❨ ▲❊❱❊▲❙

✶✵✸

✶✵✹ ❞♦✉❜❧❡ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ❣❡t❘✶ ✭ ✐ ♥ t ♥✶ ✱ ✐ ♥ t ♥✷ ✱ ✐ ♥ t ❧✶ ✱ ✐ ♥ t ❧ ✷ ✮

✶✵✺ ④

✶✵✻ r❡t✉r♥ ✭ ❉✐♣♦❧❡❊❧❡♠❡♥ts ❬ ♥✶−◆❙❚❆❘❚❪ ❬ ♥✷−◆❙❚❆❘❚❪ ❬ ❧ ✶ ❪ ❬ ❧ ✷ ❪ ✮ ❀

✶✵✼ ⑥

✶✵✽

✶✵✾ ❞♦✉❜❧❡ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ❣❡t❘✷ ✭ ✐ ♥ t ♥✶ ✱ ✐ ♥ t ♥✷ ✱ ✐ ♥ t ❧✶ ✱ ✐ ♥ t ❧ ✷ ✮

✶✶✵ ④

✶✶✶ r❡t✉r♥ ✭◗✉❛❞❊❧❡♠❡♥ts ❬ ♥✶−◆❙❚❆❘❚❪ ❬ ♥✷−◆❙❚❆❘❚❪ ❬ ❧ ✶ ❪ ❬ ❧ ✷ ❪ ✮ ❀

✶✶✷ ⑥

✶✶✸

✶✶✹ ✴✯ ❝❛ ❧❝✉ ❧❛ t ✐♦♥s ✯✴

✶✶✺

✶✶✻ ✴✯ ❈❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❆❴♥✱ ❧ ❝♦❡ ❢ ❢ ✐ ❝ ✐ ❡♥ t ✉s❡❞

✶✶✼ ✯ ✐♥ s♦✉r❝❡ ❇ ✭ s❡❡ ❛❜♦✈❡ ✮ ✳

✶✶✽ ✯✴

✶✶✾ ❞♦✉❜❧❡ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿❆✭ ✐ ♥ t ♥ ✱ ✐ ♥ t ❧ ✮

✶✷✵ ④

✶✷✶ ❞♦✉❜❧❡ ✈❛❧✉❡ ❂ sq r t ✭ ✭♥−❧ ✮✯✭♥✰❧ ✮ ✮ ❀

✶✷✷ ✈❛❧✉❡ ✯❂ ✶✳✴✭♥✯ ❧ ✮ ❀

✶✷✸ r❡t✉r♥ ✭ ✈❛❧✉❡ ✮ ❀

✶✷✹ ⑥

✶✷✺

✶✷✻ ✴✯ ❙❨▼▼❊❚❘■❈ ❊▲❊▼❊◆❚❙

✶✷✼ ✯ ❈❛❧❝✉❧❛t✐♦♥s ❢♦ ❧ ❧♦✇ s♦✉r❝❡ ❆ ✯✴

✶✷✽

✶✷✾

✶✸✵ ✴✯ ✐ t ❡ r❛ t ✐♦♥ ❢✉♥❝t✐♦♥ ✯✴

✶✸✶ ✈♦✐❞ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ♠❛❦❡❙②♠♠❡tr✐❝❊❧❡♠❡♥ts ✭ ✐ ♥ t ♥✮

✶✸✷ ④

✶✸✸ ❢ ♦ r ✭ ✐ ♥ t ✐ ❂ ✵ ❀ ✐ ❁♥ ❀ ✐✰✰✮

✶✸✹ ④

✶✸✺ ❢ ♦ r ✭ ✐ ♥ t ❥ ❂ −✷❀ ❥ ❁❂ ✷ ❀ ❥✰✰✮

✶✸✻ ④

✶✸✼ s②♠♠❡tr✐❝❊❧❡♠❡♥t ✭♥ ✱ ✐ ✱ ✐✰❥ ✮ ❀

✶✸✽ ⑥

✶✸✾ ⑥

✶✹✵ ⑥

✶✹✶

✶✹✷ ✈♦✐❞ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ s②♠♠❡tr✐❝❊❧❡♠❡♥t ✭ ✐ ♥ t ♥ ✱ ✐ ♥ t ❧✶ ✱ ✐ ♥ t ❧ ✷ ✮

✶✹✸ ④

✶✹✹ ❞♦✉❜❧❡ ✈❛❧✉❡ ❂ ✵ ✳ ❀

✶✹✺ ✐ ❢ ✭ ❧ ✶ ❂❂ ❧✷ ✮

✶✹✻ ④

✶✹✼ ✴✯ ❝❛ ❧❝✉ ❧❛ t❡ t❤❡ ❢ ✉ ❧ ❧ ② s②♠♠❡tr✐❝ ❡❧❡♠❡♥ts

✶✹✽ ✯ ♥✶❂♥✷ ❛♥❞ ❧✶❂❧✷ ✳

✶✹✾ ✯✴

✶✺✵ ✈❛❧✉❡ ❂ ♥✯♥✴✷✳ ✯✭✺✯♥✯♥ ✰ ✶ − ✸✯ ❧✶ ✯✭ ❧✶✰✶✮✮ ❀

✶✺✶ ⑥

✶✺✷ ❡ ❧ s ❡

✶✺✸ ④

✶✺✹ ✴✯ ❊❧❡♠❡♥ts ❛s②♠♠❡tr✐❝ ✐♥ ❧ ✳ ❈❛❧❝✉❧❛t✐♦♥ s t❛r t s ✇✐t❤

✶✼✵
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✶✺✺ ✯ t❤❡ s✉♠−t❡r♠ ✭❜❛❝❦ t♦ ❢r♦♥t ✮ ✳ ■♥ t❤❡ s✉♠✱ ✐♥✈❛ ❧ ✐❞

✶✺✻ ✯ ❢❛❝✉❧ t②−♦♣❡r❛t✐♦♥s ♦r ❞✐✈ ✐ s ✐♦♥ ❜② ✵ ❝❛♥ ♦❝❝✉r ✱ t❤❡s❡

✶✺✼ ✯ ❛r❡ s♦rt❡❞ ♦✉t ✳

✶✺✽ ✯✴

✶✺✾ ❞♦✉❜❧❡ ❛ ❂ ✵ ✳ ❀

✶✻✵ ❞♦✉❜❧❡ ❜ ❂ ✵ ✳ ❀

✶✻✶ ❢ ♦ r ✭ ✐ ♥ t ❥ ❂ ✵ ❀ ❥ ❁❂ ♥−❧✷ −✶❀ ❥✰✰✮

✶✻✷ ④

✶✻✸ ❛ ❂ ♣♦✇✭−✶ ✱ ❥ ✮✯ ❢ ❛❝✉ ❧ t② ✭♥✰✷−❧✶−❥ ✮✯ ❢ ❛❝✉ ❧ t② ✭♥✰✷✰❧✶−❥✰✶✮ ❀

✶✻✹ ❜ ❂ ❢❛ ❝✉ ❧ t ② ✭ ❥ ✮✯ ❢ ❛❝✉ ❧ t② ✭♥−❧✷−✶−❥ ✮✯ ❢ ❛❝✉ ❧ t② ✭♥✰❧✷−❥ ✮✯ ❢ ❛❝✉ ❧ t② ✭✸− ❥ ✮ ❀

✶✻✺ ✐ ❢ ✭❜ ✦❂ ✵ ✳ ✮

✶✻✻ ✈❛❧✉❡ ✰❂ ❛✴❜ ❀

✶✻✼ ⑥

✶✻✽ ✈❛❧✉❡ ✯❂ ♣♦✇✭−✶✱ ❧✶✰❧✷ ✮✯♣♦✇✭♥✴✷✳ ✱✷✮ ✴✭✷✯♥✮ ❀

✶✻✾ ✈❛❧✉❡ ✯❂ sqrt ✭ ❢❛❝✉ ❧ t② ✭♥−❧✷−✶✮ ✯ ❢ ❛❝✉ ❧ t② ✭♥✰❧✷ ✮ ✴ ❢❛❝✉ ❧ t② ✭♥−❧✶−✶✮ ✴ ❢❛❝✉ ❧ t② ✭♥✰❧✶ ✮ ✮ ❀

✶✼✵ ⑥

✶✼✶ ✐ ❢ ✭ ❧ ✷ ❁ ♥ ✮

✶✼✷ ④

✶✼✸ ✴✯ s❡t ❡❧❡♠❡♥ts ✯✴

✶✼✹ s❡t❘✷ ✭♥ ✱ ♥ ✱ ❧✶ ✱ ❧✷ ✱ ✈❛ ❧✉❡ ✮ ❀

✶✼✺ s❡t❘✷ ✭♥ ✱ ♥ ✱ ❧✷ ✱ ❧✶ ✱ ✈❛ ❧✉❡ ✮ ❀

✶✼✻ ⑥

✶✼✼ ⑥

✶✼✽

✶✼✾ ✴✯ ❞✐♣♦❧❡ ❡❧❡♠❡♥ts ✯✴

✶✽✵ ✈♦✐❞ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ♠❛❦❡❉✐♣♦❧❡❊❧❡♠❡♥ts ✭ ✐ ♥ t ♥✶ ✱ ✐ ♥ t ♥✷ ✮

✶✽✶ ④

✶✽✷ ❉✐♣♦ ❧ ❡❙t❛r t ✭♥✶ ✱ ♥✷ ✮ ❀

✶✽✸ ❢ ♦ r ✭ ✐ ♥ t ❧ ❂ ♥✷−✶❀ ❧❃❂ ✶ ❀ ❧−−✮

✶✽✹ ④

✶✽✺ ❉✐♣♦ ❧ ❡ ■ t ❡ r❛ t♦ r❆ ✭♥✶ ✱ ♥✷ ✱ ❧ ✮ ❀

✶✽✻ ❉✐♣♦ ❧ ❡ ■ t ❡ r❛ t♦ r❇ ✭♥✶ ✱ ♥✷ ✱ ❧ ✮ ❀

✶✽✼ ⑥

✶✽✽ ⑥

✶✽✾

✶✾✵ ✈♦✐❞ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ❉ ✐♣♦ ❧ ❡❙t❛r t ✭ ✐ ♥ t ♥✶ ✱ ✐ ♥ t ♥✷ ✮

✶✾✶ ④

✶✾✷ ❞♦✉❜❧❡ ✈❛❧✉❡ ❂ ♣♦✇✭−✶ ✱♥✶−♥✷−✶✮ ✯ ♣♦✇✭✷ ✱✷✯♥✷✰✷✮❀

✶✾✸ ✈❛❧✉❡ ✯❂ sqrt ✭ ❢❛❝✉ ❧ t② ✭♥✶✰♥✷✮ ✴ ✭ ❢❛❝✉ ❧ t② ✭♥✶−♥✷−✶✮ ✯ ❢ ❛❝✉ ❧ t② ✭✷✯♥✷−✶✮ ✮ ✮ ❀

✶✾✹ ✈❛❧✉❡ ✯❂ ♣♦✇✭♥✶✯♥✷ ✱♥✷✰✷✮ ❀

✶✾✺ ✈❛❧✉❡ ✯❂ ♣♦✇✭♥✶−♥✷ ✱ ♥✶−♥✷−✷ ✮ ✴ ♣♦✇✭♥✶✰♥✷ ✱♥✶✰♥✷✰✷✮ ❀

✶✾✻ s❡t❘✶ ✭♥✶ ✱ ♥✷ ✱ ♥✷ ✱ ♥✷−✶✱ ✈❛❧✉❡ ✮ ❀

✶✾✼ s❡t❘✶ ✭♥✷ ✱ ♥✶ ✱ ♥✷−✶✱♥✷ ✱ ✈❛❧✉❡ ✮ ❀

✶✾✽ ⑥

✶✾✾

✷✵✵ ✈♦✐❞ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ❉ ✐♣♦ ❧ ❡ ■ t ❡ r❛ t♦ r❆ ✭ ✐ ♥ t ♥✶ ✱ ✐ ♥ t ♥✷ ✱ ✐ ♥ t ❧ ✮

✷✵✶ ④

✷✵✷ ✴✴ s t❛r t ❜✉✐ ❧❞ ✐♥❣ ✉♣ t❤❡ t❡r♠ ❢r♦♠ t❤❡ ❜❛❝❦

✷✵✸ ❞♦✉❜❧❡ ✈❛❧✉❡ ❂ ❆✭♥✷ ✱ ❧ ✰✶✮✯❣❡t❘✶✭♥✶ ✱♥✷ ✱ ❧ ✱ ❧✰✶✮ ❀

✷✵✹ ✈❛❧✉❡ ✰❂ ✭✷✯ ❧✰✶✮✯❆✭♥✶ ✱ ❧✰✶✮✯❣❡t❘✶✭♥✶ ✱♥✷ ✱ ❧ ✰✶✱ ❧ ✮ ❀

✷✵✺ ✈❛❧✉❡ ✯❂ ✶✳✴✭✷✯ ❧ ✯❆✭♥✷ ✱ ❧ ✮ ✮ ❀

✷✵✻ s❡t❘✶ ✭♥✶ ✱ ♥✷ ✱ ❧ ✱ ❧ −✶✱ ✈❛❧✉❡ ✮ ❀

✶✼✶
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✷✵✼ s❡t❘✶ ✭♥✷ ✱ ♥✶ ✱ ❧ −✶✱ ❧ ✱ ✈❛ ❧✉❡ ✮ ❀

✷✵✽ ⑥

✷✵✾

✷✶✵ ✈♦✐❞ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ❉ ✐♣♦ ❧ ❡ ■ t ❡ r❛ t♦ r❇ ✭ ✐ ♥ t ♥✶ ✱ ✐ ♥ t ♥✷ ✱ ✐ ♥ t ❧ ✮

✷✶✶ ④

✷✶✷ ✴✴ s t❛r t ❜✉✐ ❧❞ ✐♥❣ ✉♣ t❤❡ t❡r♠ ❢r♦♠ t❤❡ ❜❛❝❦

✷✶✸ ❞♦✉❜❧❡ ✈❛❧✉❡ ❂ ❆✭♥✶ ✱ ❧ ✰✶✮✯❣❡t❘✶✭♥✶ ✱♥✷ ✱ ❧ ✰✶✱ ❧ ✮ ❀

✷✶✹ ✈❛❧✉❡ ✰❂ ✭✷✯ ❧✰✶✮✯❆✭♥✷ ✱ ❧✰✶✮✯❣❡t❘✶✭♥✶ ✱♥✷ ✱ ❧ ✱ ❧✰✶✮ ❀

✷✶✺ ✈❛❧✉❡ ✯❂ ✶✳✴✭✷✯ ❧ ✯❆✭♥✶ ✱ ❧ ✮ ✮ ❀

✷✶✻ s❡t❘✶ ✭♥✶ ✱ ♥✷ ✱ ❧ −✶✱ ❧ ✱ ✈❛ ❧✉❡ ✮ ❀

✷✶✼ s❡t❘✶ ✭♥✷ ✱ ♥✶ ✱ ❧ ✱ ❧ −✶✱ ✈❛❧✉❡ ✮ ❀

✷✶✽ ⑥

✷✶✾

✷✷✵ ✴✯ ◗✉❛❞r✉♣♦❧❡ ❊❧❡♠❡♥ts ✯✴

✷✷✶ ✈♦✐❞ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ♠❛❦❡◗✉❛❞r✉♣♦❧❡❊❧❡♠❡♥ts ✭ ✐ ♥ t ♥✶ ✱ ✐ ♥ t ♥✷ ✮

✷✷✷ ④

✷✷✸ ◗✉❛❞r✉♣♦❧❡▲✵❙t❛rt ✭♥✶ ✱ ♥✷ ✮ ❀

✷✷✹ ❢ ♦ r ✭ ✐ ♥ t ❧ ❂ ♥✷ ❀ ❧❃❂ ✶ ❀ ❧−−✮

✷✷✺ ④

✷✷✻ ◗✉❛❞r✉♣♦❧❡▲✵■t❡r❛t♦r❆ ✭♥✶ ✱ ♥✷ ✱ ❧ ✮ ❀

✷✷✼ ⑥

✷✷✽ ◗✉❛❞r✉♣♦❧❡▲✷❙t❛rt ✭♥✶ ✱ ♥✷ ✮ ❀

✷✷✾ ❢ ♦ r ✭ ✐ ♥ t ❧ ❂ ♥✷−✶❀ ❧ ❃❂✷❀ ❧−−✮

✷✸✵ ④

✷✸✶ ◗✉❛❞r✉♣♦❧❡▲✷■t❡r❛t♦r❆ ✭♥✶ ✱ ♥✷ ✱ ❧ ✮ ❀

✷✸✷ ◗✉❛❞r✉♣♦❧❡▲✷■t❡r❛t♦r❇ ✭♥✶ ✱ ♥✷ ✱ ❧ −✶✮ ❀

✷✸✸ ⑥

✷✸✹ ◗✉❛❞r✉♣♦❧❡▲✷■t❡r❛t♦r❆ ✭♥✶ ✱ ♥✷ ✱ ✶ ✮ ❀

✷✸✺ ✴✯

✷✸✻ ✯ ❝♦rr❡❝t ❢♦r s✐❣♥−✐ ss✉❡s ✳ ◆♦t s✉r❡ ✇❤❡r❡ t❤❡② ❝♦♠❡ ❢r♦♠

✷✸✼ ✯ ❜✉t t❤ ✐ s ❣❡ts r✐❞ ♦❢ t❤❡♠

✷✸✽ ✯✴

✷✸✾ ❞♦✉❜❧❡ ❜✉ ❢ ❢ ❡ r ❀

✷✹✵ ❢ ♦ r ✭ ✐ ♥ t ❧ ✶ ❂ ✵ ❀ ❧ ✶ ❁♥✶ ❀ ❧ ✶✰✰✮

✷✹✶ ❢ ♦ r ✭ ✐ ♥ t ❧ ✷ ❂ ✵ ❀ ❧ ✷ ❁ ♥✷ ❀ ❧ ✷✰✰✮

✷✹✷ ④

✷✹✸ ❜✉ ❢ ❢ ❡ r ❂ ❣❡t❘✷ ✭♥✶ ✱ ♥✷ ✱ ❧✶ ✱ ❧ ✷ ✮ ❀

✷✹✹ ❜✉ ❢ ❢ ❡ r ✯❂ ♣♦✇✭−✶✱♥✶−♥✷✮ ❀

✷✹✺ s❡t❘✷ ✭♥✶ ✱ ♥✷ ✱ ❧✶ ✱ ❧✷ ✱ ❜✉ ❢ ❢ ❡ r ✮ ❀

✷✹✻ ❜✉ ❢ ❢ ❡ r ❂ ❣❡t❘✷ ✭♥✷ ✱ ♥✶ ✱ ❧✷ ✱ ❧ ✶ ✮ ❀

✷✹✼ ❜✉ ❢ ❢ ❡ r ✯❂ ♣♦✇✭−✶✱♥✷−♥✶✮ ❀

✷✹✽ s❡t❘✷ ✭♥✷ ✱ ♥✶ ✱ ❧✷ ✱ ❧✶ ✱ ❜✉ ❢ ❢ ❡ r ✮ ❀

✷✹✾ ⑥

✷✺✵ ⑥

✷✺✶

✷✺✷ ✈♦✐❞ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ◗✉❛❞r✉♣♦❧❡▲✵❙t❛rt ✭ ✐ ♥ t ♥✶ ✱ ✐ ♥ t ♥✷ ✮

✷✺✸ ④

✷✺✹ ❞♦✉❜❧❡ ✈❛❧✉❡ ❂ ✷✯♥✶✯♥✷✴ sqr t ✭♥✶✯♥✶−♥✷✯♥✷✮ ❀

✷✺✺ ✈❛❧✉❡ ✯❂ ❣❡t❘✶✭♥✶ ✱♥✷ ✱♥✷ ✱♥✷−✶✮ ❀ ✴✴❞✐♣♦❧❡−s t❛r t

✷✺✻ s❡t❘✷ ✭♥✶ ✱ ♥✷ ✱ ♥✷−✶✱♥✷−✶✱ ✈❛❧✉❡ ✮ ❀

✷✺✼ s❡t❘✷ ✭♥✷ ✱ ♥✶ ✱ ♥✷−✶✱♥✷−✶✱ ✈❛❧✉❡ ✮ ❀

✷✺✽ ⑥

✶✼✷
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✷✺✾

✷✻✵ ✈♦✐❞ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ◗✉❛❞r✉♣♦❧❡▲✵■t❡r❛t♦r❆ ✭ ✐♥ t ♥✶ ✱ ✐ ♥ t ♥✷ ✱ ✐ ♥ t ❧ ✮

✷✻✶ ④

✷✻✷ ❞♦✉❜❧❡ ✈❛❧✉❡ ❂ ✷✯❣❡t❘✶✭♥✶ ✱♥✷ ✱ ❧ ✱ ❧−✶✮ ❀

✷✻✸ ✈❛❧✉❡ ✰❂ sqr t ✭ ♥✷✯♥✷−❧ ✯ ❧ ✮ ✴✭♥✷✯ ❧ ✯✶✳✮✯❣❡t❘✷✭♥✶ ✱♥✷ ✱ ❧ ✱ ❧ ✮ ❀

✷✻✹ ✈❛❧✉❡✯❂♥✶✯ ❧ ✴ sqr t ✭♥✶✯♥✶−❧ ✯ ❧ ✮ ❀

✷✻✺ s❡t❘✷ ✭♥✶ ✱ ♥✷ ✱ ❧ −✶✱ ❧ −✶✱ ✈❛❧✉❡ ✮ ❀

✷✻✻ s❡t❘✷ ✭♥✷ ✱ ♥✶ ✱ ❧ −✶✱ ❧ −✶✱ ✈❛❧✉❡ ✮ ❀

✷✻✼ ⑥

✷✻✽

✷✻✾ ✈♦✐❞ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ◗✉❛❞r✉♣♦❧❡▲✷❙t❛rt ✭ ✐ ♥ t ♥✶ ✱ ✐ ♥ t ♥✷ ✮

✷✼✵ ④

✷✼✶ ✐ ❢ ✭ ❢ ❛❜s ✭♥✶−♥✷ ✮❃❂ ✷✮

✷✼✷ ④

✷✼✸ ❞♦✉❜❧❡ ✈❛❧✉❡ ❂ ♣♦✇✭−✶ ✱♥✶−♥✷ ✮ ❀

✷✼✹ ✈❛❧✉❡ ✯❂ ♣♦✇✭✷ ✱✷✯♥✷✰✹✮ ❀

✷✼✺ ✈❛❧✉❡ ✯❂ sqrt ✭ ❢❛❝✉ ❧ t② ✭♥✶✰♥✷✰✶✮ ✴ ❢❛❝✉ ❧ t② ✭♥✶−♥✷−✷✮ ✴ ❢❛❝✉ ❧ t② ✭✷✯♥✷−✶✮ ✮ ❀

✷✼✻ ✈❛❧✉❡ ✯❂ ♥✷✯♣♦✇✭♥✶✯♥✷ ✱♥✷✰✸✮ ❀

✷✼✼ ✈❛❧✉❡ ✯❂ ♣♦✇✭♥✶−♥✷ ✱♥✶−♥✷−✸✮✴♣♦✇✭♥✶✰♥✷ ✱♥✶✰♥✷✰✸✮ ❀

✷✼✽ s❡t❘✷ ✭♥✶ ✱ ♥✷ ✱ ♥✷✰✶✱♥✷−✶✱ ✈❛❧✉❡ ✮ ❀

✷✼✾ s❡t❘✷ ✭♥✷ ✱ ♥✶ ✱ ♥✷−✶✱♥✷✰✶✱ ✈❛❧✉❡ ✮ ❀

✷✽✵ ⑥

✷✽✶ ⑥

✷✽✷

✷✽✸ ✈♦✐❞ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ◗✉❛❞r✉♣♦❧❡▲✷■t❡r❛t♦r❆ ✭ ✐♥ t ♥✶ ✱ ✐ ♥ t ♥✷ ✱ ✐ ♥ t ❧ ✮

✷✽✹ ④

✷✽✺ ❞♦✉❜❧❡ ✈❛❧✉❡ ❂ ✷✯✭✷✯ ❧✰✶✮✯✭✸✯ ❧✰✺✮✯❣❡t❘✶✭♥✶ ✱♥✷ ✱ ❧ ✰✶✱ ❧ ✮ ❀

✷✽✻ ✈❛❧✉❡ ✰❂ ✷✯✭ ❧✰✶✮✯❆✭♥✷ ✱ ❧✰✶✮✯❣❡t❘✷✭♥✶ ✱♥✷ ✱ ❧ ✰✶✱ ❧✰✶✮ ❀

✷✽✼ ✈❛❧✉❡ ✰❂ ✭✷✯ ❧✰✶✮✯✭ ❧✰✷✮✯❆✭♥✶ ✱ ❧✰✷✮✯❣❡t❘✷✭♥✶ ✱♥✷ ✱ ❧ ✰✷✱ ❧ ✮ ❀

✷✽✽ ✈❛❧✉❡ ✯❂ ✶✳✴✭ ❧ ✯✭✷✯ ❧✰✸✮✯❆✭♥✷ ✱ ❧ ✮ ✮ ❀

✷✽✾ s❡t❘✷ ✭♥✶ ✱ ♥✷ ✱ ❧ ✰✶✱ ❧ −✶✱ ✈❛❧✉❡ ✮ ❀

✷✾✵ s❡t❘✷ ✭♥✷ ✱ ♥✶ ✱ ❧ −✶✱ ❧ ✰✶✱ ✈❛❧✉❡ ✮ ❀

✷✾✶ ⑥

✷✾✷

✷✾✸ ✈♦✐❞ ❘❛❞ ✐❛ ❧❆♥❛ ❧②t ✐ ❝ s ✿ ✿ ◗✉❛❞r✉♣♦❧❡▲✷■t❡r❛t♦r❇ ✭ ✐ ♥ t ♥✶ ✱ ✐ ♥ t ♥✷ ✱ ✐ ♥ t ❧ ✮

✷✾✹ ④

✷✾✺ ❞♦✉❜❧❡ ✈❛❧✉❡ ❂ ✷✯✭✷✯ ❧✰✶✮✯✭✸✯ ❧✰✺✮✯❣❡t❘✶✭♥✶ ✱♥✷ ✱ ❧ ✱ ❧✰✶✮ ❀

✷✾✻ ✈❛❧✉❡ ✰❂ ✷✯✭ ❧✰✶✮✯❆✭♥✶ ✱ ❧✰✶✮✯❣❡t❘✷✭♥✶ ✱♥✷ ✱ ❧ ✰✶✱ ❧✰✶✮ ❀

✷✾✼ ✈❛❧✉❡ ✰❂ ✭✷✯ ❧✰✶✮✯✭ ❧✰✷✮✯❆✭♥✷ ✱ ❧✰✷✮✯❣❡t❘✷✭♥✶ ✱♥✷ ✱ ❧ ✱ ❧✰✷✮ ❀

✷✾✽ ✈❛❧✉❡ ✯❂ ✶✳✴✭ ❧ ✯✭✷✯ ❧✰✸✮✯❆✭♥✶ ✱ ❧ ✮ ✮ ❀

✷✾✾ s❡t❘✷ ✭♥✶ ✱ ♥✷ ✱ ❧ −✶✱ ❧ ✰✶✱ ✈❛❧✉❡ ✮ ❀

✸✵✵ s❡t❘✷ ✭♥✷ ✱ ♥✶ ✱ ❧ ✰✶✱ ❧ −✶✱ ✈❛❧✉❡ ✮ ❀

✸✵✶ ⑥

✶✼✸
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❇✳✷ ❙❡♠✐✲❈❧❛ss✐❝❛❧ ▼❡t❤♦❞

❚❤❡ ❢♦❧❧♦✇✐♥❣ ▼❛t❤❡♠❛t✐❝❛ ❝♦❞❡ ❛❧❧♦✇s ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ❘②❞❜❡r❣ ❡♥❡r❣② ❧❡✈❡❧s ❜②

t❤❡ s❡♠✐✲❝❧❛ss✐❝❛❧ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✺✳✶✳✹✳ ❚❤❡ ♣r♦❣r❛♠ ❣✐✈❡s ❛❧❧ ❡♥❡r❣②

❧❡✈❡❧s ❜❡t✇❡❡♥ t✇♦ n✲st❛t❡s ❢♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ B0✳ ❚❤❡ r❡s✉❧ts

❛r❡ ❞✐s♣❧❛②❡❞ ❛s ❛ t❛❜❧❡ ❧✐st✐♥❣ t❤❡ ❡♥❡r❣② s❤✐❢ts ✐♥ ✇❛✈❡♥✉♠❜❡rs ❛♥❞ ❍③✳

✶✼✹
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❬✶❪ ●♥✉ ❙❝✐❡♥t✐✜❝ ▲✐❜r❛r② ✭●❙▲✮✱ ❤tt♣✿✴✴✇✇✇✳❣♥✉✳♦r❣✴s♦❢t✇❛r❡✴❣s❧✴ ✭✷✵✶✷✮

❬✷❪ P❛rt✐❝❧❡ ❉❛t❛ ●r♦✉♣✱ ❤tt♣✿✴✴♣❞❣✳❧❜❧✳❣♦✈ ✭✷✵✶✷✮

❬✸❪ ❈✳ ❆♠♦❧❡ ❡t ❛❧✳ ◆❛t✉r❡✱ ✹✽✸✿✹✸✾ ✭✷✵✶✷✮

❬✹❪ ▼✳ ❆♠♦r❡tt✐ ❡t ❛❧✳ ◆❛t✉r❡✱ ✹✶✾✿✹✺✻ ✭✷✵✵✷✮

❬✺❪ ▼✳ ❆♠♦r❡tt✐ ❡t ❛❧✳ P❤②s✐❝s ▲❡tt❡rs ❇ ✱ ✺✽✸✿✺✾ ✭✷✵✵✹✮

❬✻❪ ▼✳ ❆♠♦r❡tt✐ ❡t ❛❧✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✾✼✿✷✶✸✹✵✶ ✭✷✵✵✻✮

❬✼❪ ❈✳ ❆♠s❧❡r✳ ❘❡✈✳ ▼♦❞✳ P❤②s✳✱ ✼✵✿✶✷✾✸ ✭✶✾✾✽✮

❬✽❪ ❈✳ ❉✳ ❆♥❞❡rs♦♥✳ ❙❝✐❡♥❝❡✱ ✼✻✿✷✸✽ ✭✶✾✸✷✮

❬✾❪ ❈✳ ❉✳ ❆♥❞❡rs♦♥✳ P❤②s✳ ❘❡✈✳✱ ✹✸✿✹✾✶ ✭✶✾✸✸✮

❬✶✵❪ ●✳ ❇✳ ❆♥❞r❡s❡♥ ❡t ❛❧✳ ◆❛t✉r❡✱ ✹✻✽✿✻✼✸ ✭✷✵✶✵✮

❬✶✶❪ ●✳ ❇✳ ❆♥❞r❡s❡♥ ❡t ❛❧✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✶✵✻✿✵✷✺✵✵✷ ✭✷✵✶✶✮

❬✶✷❪ ❊✳ ❆r✐♠♦♥❞♦✱ ▼✳ ■♥❣✉s❝✐♦ ❛♥❞ P✳ ❱✐♦❧✐♥♦✳ ❘❡✈✳ ▼♦❞✳ P❤②s✳✱ ✹✾✿✸✶ ✭✶✾✼✼✮

❬✶✸❪ ●✳ ❇❛✉r ❡t ❛❧✳ P❤②s✐❝s ▲❡tt❡rs ❇ ✱ ✸✻✽✿✷✺✶ ✭✶✾✾✻✮

✶✼✼



❇■❇▲■❖●❘❆P❍❨

❬✶✹❪ ❚✳ ❇❡r❣❡♠❛♥✱ ●✳ ❊r❡③ ❛♥❞ ❍✳ ❏✳ ▼❡t❝❛❧❢✳ P❤②s✳ ❘❡✈✳ ❆✱ ✸✺✿✶✺✸✺ ✭✶✾✽✼✮

❬✶✺❪ ●✳ ❇❧❛♥❢♦r❞✱ ❉✳ ❈✳ ❈❤r✐st✐❛♥✱ ❑✳ ●♦❧❧✇✐t③❡r✱ ▼✳ ▼❛♥❞❡❧❦❡r♥✱ ❈✳ ❚✳ ▼✉♥❣❡r✱

❏✳ ❙❝❤✉❧t③ ❛♥❞ ●✳ ❩✐♦✉❧❛s✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✽✵✿✸✵✸✼ ✭✶✾✾✽✮

❬✶✻❪ ❘✳ ❇❧✉❤♠✳ ■♥ ❙♣❡❝✐❛❧ ❘❡❧❛t✐✈✐t② ✱ ✈♦❧✳ ✼✵✷ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ P❤②s✐❝s ✭❡❞✐t❡❞ ❜②

❏✳ ❊❤❧❡rs ❛♥❞ ❈✳ ▲ä♠♠❡r③❛❤❧✮✱ ✶✾✶✕✷✷✻✳ ❙♣r✐♥❣❡r ❇❡r❧✐♥ ✴ ❍❡✐❞❡❧❜❡r❣ ✭✷✵✵✻✮

❬✶✼❪ ❘✳ ❇❧✉❤♠✱ ❱✳ ❆✳ ❑♦st❡❧❡❝❦ý ❛♥❞ ◆✳ ❘✉ss❡❧❧✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✽✷✿✷✷✺✹ ✭✶✾✾✾✮

❬✶✽❪ ❙✳ ❇ött♥❡r✳ ❖♣t✐♠✐❡r✉♥❣ ✈♦♥ ❦♦♠♣❛❦t❡♥ ❘❡s♦♥❛t♦r❡♥ ③✉r ❋r❡q✉❡♥③✈❡r✲

❞♦♣♣❧✉♥❣ ✳ ❉✐♣❧♦♠❛r❜❡✐t✱ ❏♦❤❛♥♥❡s ●✉t❡♥❜❡r❣ ❯♥✐✈❡rs✐tät ▼❛✐♥③ ✭✷✵✶✵✮

❬✶✾❪ ❘✳ ❲✳ ❇♦②❞✳ ◆♦♥❧✐♥❡❛r ❖♣t✐❝s✳ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ✸r❞ ❡❞✳ ✭✷✵✵✽✮

❬✷✵❪ ▲✳ ❙✳ ❇r♦✇♥ ❛♥❞ ●✳ ●❛❜r✐❡❧s❡✳ ❘❡✈✳ ▼♦❞✳ P❤②s✳✱ ✺✽✿✷✸✸ ✭✶✾✽✻✮

❬✷✶❪ ●✳ ■✳ ❇✉❞❦❡r✳ ❆t♦♠✐❝ ❊♥❡r❣② ✱ ✷✷✿✹✸✽ ✭✶✾✻✼✮

❬✷✷❪ ❘✳ ❈❛r♦s✐ ❡t ❛❧✳ P❤②s✐❝s ▲❡tt❡rs ❇ ✱ ✷✸✼✿✸✵✸ ✭✶✾✾✵✮

❬✷✸❪ ❏✳ ❈✳ ❈❛str♦✱ ▼✳ ▲✳ ❩✐♠♠❡r♠❛♥✱ ❘✳ ●✳ ❍✉❧❡t✱ ❉✳ ❑❧❡♣♣♥❡r ❛♥❞ ❘✳ ❘✳ ❋r❡❡♠❛♥✳

P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✹✺✿✶✼✽✵ ✭✶✾✽✵✮

❬✷✹❪ ❈✳ ▲✳ ❈❡s❛r✱ ❉✳ ●✳ ❋r✐❡❞✱ ❚✳ ❈✳ ❑✐❧❧✐❛♥✱ ❆✳ ❉✳ P♦❧❝②♥✱ ❏✳ ❈✳ ❙❛♥❞❜❡r❣✱ ■✳ ❆✳

❨✉✱ ❚✳ ❏✳ ●r❡②t❛❦✱ ❉✳ ❑❧❡♣♣♥❡r ❛♥❞ ❏✳ ▼✳ ❉♦②❧❡✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✼✼✿✷✺✺

✭✶✾✾✻✮

❬✷✺❪ ❖✳ ❈❤❛♠❜❡r❧❛✐♥✱ ❊✳ ❙❡❣rè✱ ❈✳ ❲✐❡❣❛♥❞ ❛♥❞ ❚✳ ❨♣s✐❧❛♥t✐s✳ P❤②s✳ ❘❡✈✳✱ ✶✵✵✿✾✹✼

✭✶✾✺✺✮

❬✷✻❪ ❊✳ ❙✳ ❈❤❛♥❣✳ P❤②s✳ ❘❡✈✳ ❆✱ ✸✶✿✹✾✺ ✭✶✾✽✺✮

✶✼✽
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❬✷✼❪ ●✳ ❈❤❛r❞✐♥ ❡t ❛❧✳ Pr♦♣♦s❛❧ t♦ ♠❡❛s✉r❡ t❤❡ ●r❛✈✐t❛t✐♦♥❛❧ ❇❡❤❛✈✐♦✉r ♦❢ ❆♥✲

t✐❤②❞r♦❣❡♥ ❛t ❘❡st ✳ ❚❡❝❤✳ ❘❡♣✳ ❈❊❘◆✲❙P❙❈✲✷✵✶✶✲✵✷✾✳ ❙P❙❈✲P✲✸✹✷✱ ❈❊❘◆✱

●❡♥❡✈❛ ✭✷✵✶✶✮

❬✷✽❪ ▼✳ ❈❤❛r❧t♦♥✳ P❤②s✐❝s ▲❡tt❡rs ❆✱ ✶✹✸✿✶✹✸ ✭✶✾✾✵✮

❬✷✾❪ ▼✳ ❈❤❛r❧t♦♥✱ ❏✳ ❊❛❞❡s✱ ❉✳ ❍♦r✈❛t❤✱ ❘✳ ❏✳ ❍✉❣❤❡s ❛♥❞ ❈✳ ❩✐♠♠❡r♠❛♥♥✳ P❤②s✐❝s

❘❡♣♦rts ✭✶✾✾✹✮

❬✸✵❪ ❏✳ ❍✳ ❈❤r✐st❡♥s♦♥✱ ❏✳ ❲✳ ❈r♦♥✐♥✱ ❱✳ ▲✳ ❋✐t❝❤ ❛♥❞ ❘✳ ❚✉r❧❛②✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱

✶✸✿✶✸✽ ✭✶✾✻✹✮

❬✸✶❪ ❙✳ ❈✐❛❧❞✐✱ ■✳ ❇♦s❝♦❧♦✱ ❋✳ ❈❛st❡❧❧✐✱ ❋✳ ❱✐❧❧❛✱ ●✳ ❋❡rr❛r✐ ❛♥❞ ▼✳ ●✐❛♠♠❛r❝❤✐✳

◆✉❝❧❡❛r ■♥str✉♠❡♥ts ❛♥❞ ▼❡t❤♦❞s ✐♥ P❤②s✐❝s ❘❡s❡❛r❝❤ ❇ ✱ ✷✻✾✿✶✺✷✼ ✭✷✵✶✶✮

❬✸✷❪ ❉✳ ❈♦❧❧❛❞❛② ❛♥❞ ❱✳ ❆✳ ❑♦st❡❧❡❝❦ý✳ P❤②s✳ ❘❡✈✳ ❉ ✱ ✺✺✿✻✼✻✵ ✭✶✾✾✼✮

❬✸✸❪ ❉✳ ❈♦♠❡❛✉✱ ❆✳ ❉r♦r✱ ❉✳ ❲✳ ❋✐t③❛❦❡r❧❡②✱ ▼✳ ❈✳ ●❡♦r❣❡✱ ❊✳ ❆✳ ❍❡ss❡❧s✱ ❈✳ ❍✳

❙t♦rr②✱ ▼✳ ❲❡❡❧✱ ❉✳ ●r③♦♥❦❛✱ ❲✳ ❖❡❧❡rt✱ ●✳ ●❛❜r✐❡❧s❡✱ ❘✳ ❑❛❧r❛✱ ❲✳ ❙✳

❑♦❧t❤❛♠♠❡r✱ ❘✳ ▼❝❈♦♥♥❡❧❧✱ P✳ ❘✐❝❤❡r♠❡✱ ❆✳ ▼ü❧❧❡rs ❛♥❞ ❏✳ ❲❛❧③✳ ◆❡✇ ❏♦✉r✲

♥❛❧ ♦❢ P❤②s✐❝s✱ ✶✹✿✵✹✺✵✵✻ ✭✷✵✶✷✮

❬✸✹❪ ❇✳ ❈♦r❦✱ ●✳ ❘✳ ▲❛♠❜❡rts♦♥✱ ❖✳ P✐❝❝✐♦♥✐ ❛♥❞ ❲✳ ❆✳ ❲❡♥③❡❧✳ P❤②s✳ ❘❡✈✳✱

✶✵✹✿✶✶✾✸ ✭✶✾✺✻✮

❬✸✺❪ ❏✳ ❘✳ ❉❛♥✐❡❧s♦♥ ❛♥❞ ❈✳ ▼✳ ❙✉r❦♦✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✾✹✿✵✸✺✵✵✶ ✭✷✵✵✺✮

❬✸✻❪ ❏✳ ❘✳ ❉❛♥✐❡❧s♦♥ ❛♥❞ ❈✳ ▼✳ ❙✉r❦♦✳ P❤②s✐❝s ♦❢ P❧❛s♠❛s✱ ✶✸✿✵✺✺✼✵✻ ✭✷✵✵✻✮

❬✸✼❪ ❘✳ ❈✳ ❉❛✈✐❞s♦♥✳ P❤②s✐❝s ♦❢ ◆♦♥♥❡✉tr❛❧ P❧❛s♠❛s✳ ❲♦r❧❞ ❙❝✐❡♥t✐✜❝ P✉❜✳ ❈♦✳✱

✷♥❞ ❡❞✳ ✭✷✵✵✶✮

✶✼✾
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❬✸✽❪ ❲✳ ❉❡♠trö❞❡r✳ ▲❛s❡rs♣❡❦tr♦s❦♦♣✐❡✳ ❙♣r✐♥❣❡r ✭✷✵✵✼✮

❬✸✾❪ ❇✳ ■✳ ❉❡✉t❝❤✱ ❆✳ ❙✳ ❏❡♥s❡♥✱ ❆✳ ▼✐r❛♥❞❛ ❛♥❞ ●✳ ❈✳ ❖❛❞❡s✳ Pr♦❝❡❡❞✐♥❣s ♦❢ ❚❤❡

❋✐rst ❲♦r❦s❤♦♣ ♦♥ ❆♥t✐♠❛tt❡r P❤②s✐❝s ❛t ▲♦✇ ❊♥❡r❣② ✱ ✸✼✶ ✭✶✾✽✻✮

❬✹✵❪ P✳ ❆✳ ▼✳ ❉✐r❛❝✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ❆✱ ✶✶✼✿✻✶✵ ✭✶✾✷✽✮

❬✹✶❪ P✳ ❆✳ ▼✳ ❉✐r❛❝✳ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❈❛♠❜r✐❞❣❡ P❤✐❧♦s♦♣❤✐❝❛❧

❙♦❝✐❡t② ✱ ✷✻✿✸✻✶ ✭✶✾✸✵✮

❬✹✷❪ P✳ ❆✳ ▼✳ ❉✐r❛❝✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ❆✱ ✶✷✻✿✸✻✵ ✭✶✾✸✵✮

❬✹✸❪ P✳ ❆✳ ▼✳ ❉✐r❛❝✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ❆✱ ✶✸✸✿✻✵ ✭✶✾✸✶✮

❬✹✹❪ ❘✳ ❉✳ ❉✐①♦♥ ❛♥❞ ▲✳ ❆✳ ▲♦tt✳ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ P❤②s✐❝s✱ ✹✵✿✹✾✸✽ ✭✶✾✻✾✮

❬✹✺❪ P✳ ❍✳ ❉♦♥♥❛♥ ❛♥❞ ❋✳ ❘♦❜✐❝❤❡❛✉①✳ ◆❡✇ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ✱ ✶✹✿✵✸✺✵✶✽ ✭✷✵✶✷✮

❬✹✻❪ ▼✳ ❉♦s❡r✳ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s✿ ❈♦♥❢❡r❡♥❝❡ ❙❡r✐❡s✱ ✶✾✾✿✵✶✷✵✵✾ ✭✷✵✶✵✮

❬✹✼❪ ●✳ ❉r❛❦❡ ✭❡❞✐t♦r✮✳ ❙♣r✐♥❣❡r ❍❛♥❞❜♦♦❦ ♦❢ ❆t♦♠✐❝✱ ▼♦❧❡❝✉❧❛r✱ ❛♥❞ ❖♣t✐❝❛❧

P❤②s✐❝s ✳ ◆♦✳ ✶ ✐♥ ❙♣r✐♥❣❡r ❍❛♥❞❜♦♦❦s✳ ❙♣r✐♥❣❡r ✭✷✵✵✺✮

❬✹✽❪ ●✳ ❨✳ ❉r♦❜②❝❤❡✈ ❡t ❛❧✳ Pr♦♣♦s❛❧ ❢♦r t❤❡ ❆❊●■❙ ❊①♣❡r✐♠❡♥t ❛t t❤❡ ❈❊❘◆ ❆♥✲

t✐♣r♦t♦♥ ❉❡❝❡❧❡r❛t♦r ✳ ❚❡❝❤✳ ❘❡♣✳ ❙P❙❈✲P✲✸✸✹✳ ❈❊❘◆✲❙P❙❈✲✷✵✵✼✲✵✶✼✱ ❈❊❘◆✱

●❡♥❡✈❛ ✭✷✵✵✼✮

❬✹✾❪ ❉✳ ❍✳ ❊✳ ❉✉❜✐♥✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✻✻✿✷✵✼✻ ✭✶✾✾✶✮

❬✺✵❪ ❉✳ ❍✳ ❊✳ ❉✉❜✐♥ ❛♥❞ ❚✳ ▼✳ ❖✬◆❡✐❧✳ ❘❡✈✳ ▼♦❞✳ P❤②s✳✱ ✼✶✿✽✼ ✭✶✾✾✾✮

❬✺✶❪ ❘✳ ❈✳ ❉✉♥❝❛♥ ❛♥❞ ❈✳ ❚❤♦♠♣s♦♥✳ ❚❤❡ ❆tsr♦♣❤②s✐❝❛❧ ❏♦✉r♥❛❧ ✱ ✸✾✷✿▲✾ ✭✶✾✾✷✮

✶✽✵
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❬✺✷❪ ◆✳ P✳ ❊❝♦♥♦♠♦✉✱ ❘✳ ❘✳ ❋r❡❡♠❛♥ ❛♥❞ P✳ ❋✳ ▲✐❛♦✳ P❤②s✳ ❘❡✈✳ ❆✱ ✶✽✿✷✺✵✻ ✭✶✾✼✽✮

❬✺✸❪ ❆✳ ❘✳ ❊❞♠♦♥❞s✳ ❏✳ P❤②s✳ ❈♦❧❧♦q✉❡s ✱ ✸✶✿❈✹ ✭✶✾✼✵✮

❬✺✹❪ ▼✳ ❊♥❝✐s♦✲❆❣✉✐❧❛r✱ ❏✳ ▲ó♣❡③✲❇♦♥✐❧❧❛ ❛♥❞ ▼✳ ❙á♥❝❤❡③✲▼❡r❛③✳ ❊❧❡❝tr♦♥✐❝ ❏♦✉r✲

♥❛❧ ♦❢ ❚❤❡♦r❡t✐❝❛❧ P❤②s✐❝s✱ ✸✿✶✶✼ ✭✷✵✵✻✮

❬✺✺❪ ❩✳✲●✳ ❋❡♥❣✱ ▲✳✲❏✳ ❩❤❛♥❣✱ ❏✳✲▼✳ ❩❤❛♦✱ ❈✳✲❨✳ ▲✐ ❛♥❞ ❙✳✲❚✳ ❏✐❛✳ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s

❇ ✱ ✹✷✿✶✹✺✸✵✸ ✭✷✵✵✾✮

❬✺✻❪ ❉✳ ❲✳ ❋✐t③❛❦❡r❧❡②✱ ▼✳ ❈✳ ●❡♦r❣❡✱ ❊✳ ❆✳ ❍❡ss❡❧s✱ ❈✳ ❍✳ ❙t♦rr②✱ ▼✳ ❲❡❡❧✱ ❉✳ ●r✲

③♦♥❦❛✱ ❲✳ ❖❡❧❡rt✱ ❙✳ ❊tt❡♥❛✉❡r✱ ●✳ ●❛❜r✐❡❧s❡✱ ❘✳ ❑❛❧r❛✱ ❊✳ ❚❛r❞✐✛✱ ❆✳ ▼ü❧❧❡rs

❛♥❞ ❏✳ ❲❛❧③ ✭✷✵✶✷✮✳ ❊❧❡❝tr♦♥ ❝♦♦❧✐♥❣ ❛♥❞ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ 4 × 109 ♣♦s✐tr♦♥s

✐♥ ❛ s②st❡♠ ❝❛♣❛❜❧❡ ♦❢ ❧♦♥❣t❡r♠ st♦r❛❣❡ ♦❢ ❛♥t✐❤②❞r♦❣❡♥ ❛t♦♠s❀ s✉❜♠✐tt❡❞ t♦

P❘▲

❬✺✼❪ ❙✳ ❋r✐❡❞r❡✐❝❤✱ ❉✳ ❇❛r♥❛✱ ❋✳ ❈❛s♣❡rs✱ ❆✳ ❉❛①✱ ❘✳ ❍❛②❛♥♦✱ ▼✳ ❍♦r✐✱ ❉✳ ❍♦r✈át❤✱

❇✳ ❏✉❤ás③✱ ❚✳ ❑♦❜❛②❛s❤✐✱ ❖✳ ▼❛ss✐❝③❡❦✱ ❆✳ ❙ótér✱ ❑✳ ❚♦❞♦r♦❦✐✱ ❊✳ ❲✐❞♠❛♥♥

❛♥❞ ❏✳ ❩♠❡s❦❛❧✳ P❤②s✐❝s ▲❡tt❡rs ❇ ✱ ✼✵✵✿✶ ✭✷✵✶✶✮

❬✺✽❪ ●✳ ●❛❜r✐❡❧s❡✳ P❤②s✳ ❘❡✈✳ ❆✱ ✷✼✿✷✷✼✼ ✭✶✾✽✸✮

❬✺✾❪ ●✳ ●❛❜r✐❡❧s❡✱ ◆✳ ❙✳ ❇♦✇❞❡♥✱ P✳ ❖①❧❡②✱ ❆✳ ❙♣❡❝❦✱ ❈✳ ❍✳ ❙t♦rr②✱ ❏✳ ◆✳ ❚❛♥✱

▼✳ ❲❡ss❡❧s✱ ❉✳ ●r③♦♥❦❛✱ ❲✳ ❖❡❧❡rt✱ ●✳ ❙❝❤❡♣❡rs✱ ❚✳ ❙❡❢③✐❝❦✱ ❏✳ ❲❛❧③✱ ❍✳ P✐t✲
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❘✳ ❍❡rr♠❛♥♥✱ ❑✳ ▼✳ Pr✐s❡ ❛♥❞ ●✳ ❙❝❤❡tt✐♥♦✳ ❊✉r♦♣❡❛♥ P❤②s✐❝❛❧ ❏♦✉r♥❛❧ ❉ ✱

✻✵✿✷✵✾ ✭✷✵✶✵✮

❬✽✾❪ ❉✳ ❑♦❧❜❡✱ ❆✳ ❇❡❝③❦♦✇✐❛❦✱ ❚✳ ❉✐❡❤❧✱ ❆✳ ❑♦❣❧❜❛✉❡r✱ ▼✳ ❙❛tt❧❡r✱ ▼✳ ❙t❛♣♣❡❧✱

❘✳ ❙t❡✐♥❜♦r♥ ❛♥❞ ❏✳ ❲❛❧③✳ ❍②♣❡r✜♥❡ ■♥t❡r❛❝t✐♦♥s✱ ✶ ✭✷✵✶✶✮

❬✾✵❪ ❲✳ ❙✳ ❑♦❧t❤❛♠♠❡r✳ ❆♥t✐♠❛tt❡r P❧❛s♠❛s ❲✐t❤✐♥ ❛ P❡♥♥✐♥❣✲■♦✛❡ ❚r❛♣✳ P❤❉

t❤❡s✐s✱ ❍❛r✈❛r❞ ❯♥✐✈❡rs✐t② ✭✷✵✶✶✮

❬✾✶❪ ❈✳ ❑♦✉✈❡❧✐♦t♦✉✱ ❙✳ ❉✐❡t❡rs✱ ❚✳ ❙tr♦❤♠❛②❡r✱ ❏✳ ✈❛♥ P❛r❛❞✐❥s✱ ●✳ ❏✳ ❋✐s❤♠❛♥✱

❈✳ ❆✳ ▼❡❡❣❛♥✱ ❑✳ ❍✉r❧❡②✱ ❏✳ ❑♦♠♠❡rs✱ ■✳ ❙♠✐t❤✱ ❉✳ ❋r❛✐❧ ❛♥❞ ❚✳ ▼✉r❛❦❛♠✐✳

◆❛t✉r❡✱ ✸✾✸✿✷✸✺ ✭✶✾✾✽✮

❬✾✷❪ ❏✳ ▲❛❤✐r✐ ❛♥❞ ❙✳ ❚✳ ▼❛♥s♦♥✳ P❤②s✳ ❘❡✈✳ ❆✱ ✸✸✿✸✶✺✶ ✭✶✾✽✻✮

❬✾✸❪ P✳ ▲❛r♦❝❤❡❧❧❡✳ ▼❛❝❤✐♥❡s ❛♥❞ ▼❡t❤♦❞s ❢♦r ❚r❛♣♣✐♥❣ ❆♥t✐❤②❞r♦❣❡♥✳ P❤❉ t❤❡s✐s✱

❍❛r✈❛r❞ ❯♥✐✈❡rs✐t② ✭✷✵✵✾✮

✶✽✹
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❬✾✹❪ ❚✳ ❉✳ ▲❡❡ ❛♥❞ ❈✳ ◆✳ ❨❛♥❣✳ P❤②s✳ ❘❡✈✳✱ ✶✵✹✿✷✺✹ ✭✶✾✺✻✮

❬✾✺❪ ❇✳ ▲❡✈✐tt✱ ●✳ ●❛❜r✐❡❧s❡✱ P✳ ▲❛r♦❝❤❡❧❧❡✱ ❉✳ ▲✳ ❙❛❣❡✱ ❲✳ ❑♦❧t❤❛♠♠❡r✱ ❘✳ ▼❝✲

❈♦♥♥❡❧❧✱ ❏✳ ❲r✉❜❡❧✱ ❆✳ ❙♣❡❝❦✱ ❉✳ ●r③♦♥❦❛✱ ❲✳ ❖❡❧❡rt✱ ❚✳ ❙❡❢③✐❝❦✱ ❩✳ ❩❤❛♥❣✱

❉✳ ❈♦♠❡❛✉✱ ▼✳ ●❡♦r❣❡✱ ❊✳ ❍❡ss❡❧s✱ ❈✳ ❙t♦rr②✱ ▼✳ ❲❡❡❧ ❛♥❞ ❏✳ ❲❛❧③✳ P❤②s✐❝s

▲❡tt❡rs ❇ ✱ ✻✺✻✿✷✺ ✭✷✵✵✼✮

❬✾✻❪ ❩✳ ▲✐♥✲❏✐❡✱ ❋✳ ❩❤✐✲●❛♥❣✱ ▲✳ ❆♥✲▲✐♥❣✱ ❩✳ ❏✐❛♥✲▼✐♥❣✱ ▲✳ ❈❤❛♥❣✲❨♦♥❣ ❛♥❞ ❏✳ ❙✉♦✲

❚❛♥❣✳ ❈❤✐♥❡s❡ P❤②s✐❝s ❇ ✱ ✶✽✿✶✽✸✽ ✭✷✵✵✾✮

❬✾✼❪ ●✳ ▲ü❞❡rs✳ ❆♥♥❛❧s ♦❢ P❤②s✐❝s✱ ✷✿✶ ✭✶✾✺✼✮

❬✾✽❪ ❋✳ ▼❛❥♦r✱ ❱✳ ●❤❡♦r❣❤❡ ❛♥❞ ●✳ ❲❡rt❤✳ ❈❤❛r❣❡❞ P❛rt✐❝❧❡ ❚r❛♣s✿ P❤②s✐❝s ❛♥❞

❚❡❝❤♥✐q✉❡s ♦❢ ❈❤❛r❣❡❞ P❛rt✐❝❧❡ ❋✐❡❧❞ ❈♦♥✜♥❡♠❡♥t ✳ ❙♣r✐♥❣❡r ❙❡r✐❡s ♦♥ ❆t♦♠✐❝✱

❖♣t✐❝❛❧✱ ❛♥❞ P❧❛s♠❛ P❤②s✐❝s✳ ❙♣r✐♥❣❡r ✭✷✵✵✺✮

❬✾✾❪ ❙✳ ▼❛r✐❛③③✐✱ P✳ ❇❡tt♦tt✐✱ ❙✳ ▲❛r❝❤❡r✐✱ ▲✳ ❚♦♥✐✉tt✐ ❛♥❞ ❘✳ ❙✳ ❇r✉s❛✳ P❤②s✳ ❘❡✈✳

❇ ✱ ✽✶✿✷✸✺✹✶✽ ✭✷✵✶✵✮

❬✶✵✵❪ ❘✳ ▼❝❈♦♥♥❡❧❧✳ ▲❛s❡r✲❈♦♥tr♦❧❧❡❞ ❈❤❛r❣❡✲❊①❝❤❛♥❣❡ Pr♦❞✉❝t✐♦♥ ♦❢ ❆♥t✐❤②❞r♦✲

❣❡♥✳ P❤❉ t❤❡s✐s✱ ❍❛r✈❛r❞ ❯♥✐✈❡rs✐t② ✭✷✵✶✶✮

❬✶✵✶❪ ❏✳ ▼❡❤r❛ ❛♥❞ ❍✳ ❘❡❝❤❡♥❜❡r❣✳ ❚❤❡ ❤✐st♦r✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ◗✉❛♥t✉♠ ❚❤❡♦r② ✱

✈♦❧✳ ✻✳ ❙♣r✐♥❣❡r ✭✷✵✵✶✮

❬✶✵✷❪ ❏✳ P✳ ▼❡rr✐s♦♥✱ ❍✳ ❇❧✉❤♠❡✱ ❏✳ ❈❤❡✈❛❧❧✐❡r✱ ❇✳ ■✳ ❉❡✉t❝❤✱ P✳ ❍✈❡❧♣❧✉♥❞✱ ▲✳ ❱✳

❏ør❣❡♥s❡♥✱ ❍✳ ❑♥✉❞s❡♥✱ ▼✳ ❘✳ P♦✉❧s❡♥ ❛♥❞ ▼✳ ❈❤❛r❧t♦♥✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱

✼✽✿✷✼✷✽ ✭✶✾✾✼✮

❬✶✵✸❪ ❉✳ ▼ö❤❧✱ ●✳ P❡tr✉❝❝✐✱ ▲✳ ❚❤♦r♥❞❛❤❧ ❛♥❞ ❙✳ ✈❛♥ ❞❡r ▼❡❡r✳ P❤②s✐❝s ❘❡♣♦rts ✱

✺✽✿✼✸ ✭✶✾✽✵✮

✶✽✺
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❬✶✵✹❪ P✳ ❏✳ ▼♦❤r✱ ❇✳ ◆✳ ❚❛②❧♦r ❛♥❞ ❉✳ ❇✳ ◆❡✇❡❧❧✳ ❆r❳✐✈ ❡✲♣r✐♥ts ✭✷✵✶✷✮✳ ❈❖❉❆❚❆

❘❡❝♦♠♠❡♥❞❡❞ ❱❛❧✉❡s ♦❢ t❤❡ ❋✉♥❞❛♠❡♥t❛❧ P❤②s✐❝❛❧ ❈♦♥st❛♥ts✿ ✷✵✶✵

❬✶✵✺❪ ❆✳ ▼ü❧❧❡rs✳ ❆ ❙♦❧✐❞ ❙t❛t❡ ▲❛s❡r ❙②st❡♠ ❢♦r Pr♦❞✉❝t✐♦♥ ♦❢ ❆♥t✐❤②❞r♦❣❡♥ ✈✐❛

❉♦✉❜❧❡ ❈❤❛r❣❡ ❊①❝❤❛♥❣❡✳ ❉✐♣❧♦♠❛r❜❡✐t✱ ❏♦❤❛♥♥❡s ●✉t❡♥❜❡r❣ ❯♥✐✈❡rs✐tät

▼❛✐♥③ ✭✷✵✵✽✮

❬✶✵✻❪ ❆✳ ▼ü❧❧❡rs✱ ❙✳ ❇ött♥❡r✱ ❉✳ ❑♦❧❜❡✱ ❚✳ ❉✐❡❤❧✱ ❆✳ ❑♦❣❧❜❛✉❡r✱ ▼✳ ❙❛tt❧❡r✱ ▼✳ ❙t❛♣✲

♣❡❧✱ ❘✳ ❙t❡✐♥❜♦r♥✱ ❏✳ ❲❛❧③✱ ●✳ ●❛❜r✐❡❧s❡✱ ❘✳ ❑❛❧r❛✱ ❲✳ ❙✳ ❑♦❧t❤❛♠♠❡r✱ ❘✳ P✳

▼❝❈♦♥♥❡❧❧✱ P✳ ❘✐❝❤❡r♠❡✱ ❉✳ ❲✳ ❋✐t③❛❦❡r❧❡②✱ ▼✳ ❈✳ ●❡♦r❣❡✱ ❊✳ ❆✳ ❍❡ss❡❧s✱

❈✳ ❍✳ ❙t♦rr②✱ ▼✳ ❲❡❡❧✱ ❉✳ ●r③♦♥❦❛ ❛♥❞ ❲✳ ❖❡❧❡rt✳ ◆❡✇ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ✱

✶✹✿✵✺✺✵✵✾ ✭✷✵✶✷✮

❬✶✵✼❪ ❚✳ ❏✳ ▼✉r♣❤② ❛♥❞ ❈✳ ▼✳ ❙✉r❦♦✳ P❤②s✳ ❘❡✈✳ ❆✱ ✹✻✿✺✻✾✻ ✭✶✾✾✷✮

❬✶✵✽❪ ❲✳ ❖❡❧❡rt✱ ●✳ ●❛❜r✐❡❧s❡✱ ❘✳ ❍❛②❛♥♦✱ ▼✳ ❍♦❧③s❝❤❡✐t❡r✱ ❏✳ ❍❛♥❣st ❛♥❞

P✳ ▲✐❝❤❛r❞✳ ❊▲❊◆❆✿ ❆♥ ❯♣❣r❛❞❡ t♦ t❤❡ ❆♥t✐♣r♦t♦♥ ❉❡❝❡❧❡r❛t♦r ✳ ❚❡❝❤✳ ❘❡♣✳

❈❊❘◆✲❙P❙❈✲✷✵✵✾✲✵✷✻✳ ❙P❙❈✲P✲✸✸✽✱ ❈❊❘◆✱ ●❡♥❡✈❛ ✭✷✵✵✾✮

❬✶✵✾❪ ❏✳ ❘✳ ❖♣♣❡♥❤❡✐♠❡r✳ P❤②s✳ ❘❡✈✳✱ ✸✺✿✺✻✷ ✭✶✾✸✵✮

❬✶✶✵❪ ▼✳ P❛❥❡❦ ❛♥❞ ❘✳ ❙❝❤✉❝❤✳ ❍②♣❡r✜♥❡ ■♥t❡r❛❝t✐♦♥s✱ ✶✵✽✿✶✽✺ ✭✶✾✾✼✮

❬✶✶✶❪ ❈✳ ●✳ P❛rt❤❡②✱ ❆✳ ▼❛t✈❡❡✈✱ ❏✳ ❆❧♥✐s✱ ❇✳ ❇❡r♥❤❛r❞t✱ ❆✳ ❇❡②❡r✱ ❘✳ ❍♦❧③✇❛rt❤✱

❆✳ ▼❛✐str♦✉✱ ❘✳ P♦❤❧✱ ❑✳ Pr❡❞❡❤❧✱ ❚✳ ❯❞❡♠✱ ❚✳ ❲✐❧❦❡♥✱ ◆✳ ❑♦❧❛❝❤❡✈s❦②✱

▼✳ ❆❜❣r❛❧❧✱ ❉✳ ❘♦✈❡r❛✱ ❈✳ ❙❛❧♦♠♦♥✱ P✳ ▲❛✉r❡♥t ❛♥❞ ❚✳ ❲✳ ❍ä♥s❝❤✳ P❤②s✳

❘❡✈✳ ▲❡tt✳✱ ✶✵✼✿✷✵✸✵✵✶ ✭✷✵✶✶✮

❬✶✶✷❪ P✳ Pér❡③✱ ▲✳ ▲✐s③❦❛②✱ ❏✳✲▼✳ ❘❡②✱ ❱✳ ❇❧✐❞❡❛♥✉✱ ▼✳ ❈❛rt②✱ ❆✳ ❈✉rt♦♥✐✱ ❖✳ ❉❡❧❢❡r✲

r✐❡rr❡✱ P✳ ❉✉♣ré✱ ❚✳ ▼✉r❛♥❛❦❛✱ ◆✳ ❘✉✐③ ❛♥❞ ❨✳ ❙❛❝q✉✐♥✳ P❤②s✐❝❛ ❙t❛t✉s ❙♦❧✐❞✐

❈ ✱ ✻✿✷✹✻✷ ✭✷✵✵✾✮
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❬✶✶✸❪ ❍✳ P✐tt♥❡r✳ ❚❤❡ Pr♦❞✉❝t✐♦♥ ❛♥❞ ■♥✈❡st✐❣❛t✐♦♥ ♦❢ ❈♦❧❞ ❆♥t✐❤②❞r♦❣❡♥ ❆t♦♠s✳

P❤❉ t❤❡s✐s✱ ▲✉❞✇✐❣✲▼❛①✐♠✐❧✐❛♥s✲❯♥✐✈❡rs✐tät ▼ü♥❝❤❡♥ ✭✷✵✵✺✮

❬✶✶✹❪ ❘✳ ❏✳ ❘❛❢❛❝ ❛♥❞ ❈✳ ❊✳ ❚❛♥♥❡r✳ P❤②s✳ ❘❡✈✳ ❆✱ ✺✻✿✶✵✷✼ ✭✶✾✾✼✮
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