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ABSTRACT

The lattice formulation of Quantum ChromoDynamics (QCD) has become a
reliable tool providing an ab initio calculation of low-energy quantities. Despite
numerous successes, systematic uncertainties, such as discretisation effects,
finite-size effects, and contaminations from excited states, are inherent in any
lattice calculation. Simulations with controlled systematic uncertainties and
close to the physical pion mass have become state-of-the-art. We present such
a calculation for various hadronic matrix elements using non-perturbatively
O(a)-improved Wilson fermions with two dynamical light quark flavours. The
main topics covered in this thesis are the axial charge of the nucleon, the
electro-magnetic form factors of the nucleon, and the leading hadronic contri-
butions to the anomalous magnetic moment of the muon.

Lattice simulations typically tend to underestimate the axial charge of the
nucleon by 5− 10%. We show that including excited state contaminations
using the summed operator insertion method leads to agreement with the
experimentally determined value. Further studies of systematic uncertainties
reveal only small discretisation effects. For the electro-magnetic form factors
of the nucleon, we see a similar contamination from excited states as for the
axial charge. The electro-magnetic radii, extracted from a dipole fit to the
momentum dependence of the form factors, show no indication of finite-size
or cutoff effects. If we include excited states using the summed operator inser-
tion method, we achieve better agreement with the radii from phenomenology.

The anomalous magnetic moment of the muon can be measured and predicted
to very high precision. The theoretical prediction of the anomalous magnetic
moment receives contribution from strong, weak, and electro-magnetic inter-
actions, where the hadronic contributions dominate the uncertainties. A per-
sistent 3σ tension between the experimental determination and the theoretical
calculation is found, which is considered to be an indication for physics beyond
the Standard Model. We present a calculation of the connected part of the
hadronic vacuum polarisation using lattice QCD. Partially twisted boundary
conditions lead to a significant improvement of the vacuum polarisation in the
region of small momentum transfer, which is crucial in the extraction of the
hadronic vacuum polarisation.
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ZUSAMMENFASSUNG

Die Gitterformulierung der QuantenChromoDynamik (QCD) hat sich zu ei-
nem sehr verlässlichen Werkzeug entwickelt, mit dem eine rein theoretische
Beschreibung der Hadronenphysik möglich ist. Neben einer Vielzahl von Erfol-
gen zeigen alle Gitterrechnungen eine Reihe von systematischen Unsicherhei-
ten wie Diskretisierungseffekte, Effekte aufgrund des endlichen Volumens, und
Verzerrungen aufgrund von angeregten Zuständen. Simulationen mit nahezu
physikalischer Pionmasse und kontrollierten systematischen Unsicherheiten ge-
hören zum heutigen Stand der Technik. Wir präsentieren die Ergebnisse einer
solchen Rechnung für verschiedene hadronische Matrixelemente mittels O(a)-
verbesserter Wilson-Fermionen mit zwei leichten Quarks. Die Schwerpunkte
dieser Arbeit sind die axiale Ladung des Nukleons, die elektromagnetischen
Formfaktoren des Nukleons und die führenden hadronischen Beiträge zum an-
omalen magnetischen Moment des Muons.

Gitterrechnungen unterschätzen typischerweise die axiale Ladung des Nukleons
um etwa 5− 10%. Wir zeigen dass durch die Berücksichtigung von angeregten
Zustände mittels der „summed operator insertion“ Methode Übereinstimmung
mit dem experimentellen Wert erreicht werden kann. Untersuchungen der sy-
stematischen Unsicherheiten zeigen nur wenige Diskretisierungseffekte. Die
elektromagnetischen Formfaktoren des Nukleons zeigen ähnliche Verschiebun-
gen durch angeregte Zustände wie die axiale Ladung. Die elektromagnetischen
Radien können aus Fits an die Impulsabhängigkeit der Formfaktoren extrahiert
werden, und wir sehen für diese keine Anzeichen für Diskretisierungseffekte
oder Effekte aufgrund des endlichen Volumens. Sofern wir die angeregten
Zustände durch die „summed operator insertion“ Methode berücksichtigen,
erreichen wir eine bessere Übereinstimmung mit dem Experiment.

Das anomale magnetische Moment des Myons kann mit sehr hoher Präzision
gemessen und berechnet werden. In den theoretischen Berechnungen tragen
starke, schwache und elektromagnetische Wechselwirkungen bei, wobei die
Beiträge der starken Wechselwirkung die Unsicherheiten dominieren. Eine seit
langem stabile Abweichung von mehr als drei Standardabweichungen zwischen
dem Experiment und theoretischen Vorhersagen kann als Hinweis für Physik
jenseits des Standard Modells aufgefasst werden. Wir präsentieren eine Git-
terrechnung des verbunden Anteils der hadronischen Vakuumpolarisation des
Myons. Die Wahl von „partially twisted“ Randbedingungen führen zu einer
Verbesserung der Auflösung kleiner Impulsüberträge, welche besonders für die
Bestimmung der hadronischen Vakuumpolarisation wichtig ist.
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Part I

LATT ICE QCD





1
OVERV I EW

Quantum ChromoDynamics (QCD), the theory of the strong interactions, is
a non-Abelian gauge theory, which describes the interaction of quarks and
gluons. The quarks are the fermionic building blocks of QCD, occurring in six
different flavours: up, down, charm, strange, top, and bottom. Quarks carry,
in addition to an electric and weak charge, a strong charge, which appears
in three different states (red, green, blue). The strong force is mediated by
massless gluons, which carry also, in contrast to photons, a colour and an
anti-colour charge. The self-coupling of the gluons generates the non-Abelian
character of QCD. In this work, we use natural units

} = c = 1 (1)

and employ Einstein’s summation convention. The Lagrangian of QCD can be
written, in analogy to QED, as

L = − 1
2g20

Tr(FµνFµν) +
∑
f
ψf (γµDµ +mf )ψf , (2)

where the field-strength tensor is given by

Fµν = ∂µAν − ∂νAµ + [Aµ,Aν ] . (3)

The non-vanishing commutator in equation (3) accounts for the self-interaction
of the gluons, which is depicted in figure 1. The covariant derivative in equa-
tion (2) couples quarks and gluons and is defined as

Dµ = ∂µ + iAµ. (4)

Figure 1: Schematic of self-interaction of gluons.
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4 overview

The parameters of QCD are the bare coupling constant g0 and the masses mf
of the quarks. Due to asymptotic freedom, the theoretical treatment of QCD
differs in the low- and high-energy regimes. For small momentum transfer, the
coupling constant scales to ∼ 1, so that perturbation theory is not applicable.
Quarks are bound into colour-neutral hadrons, which is known as confinement
and explains why free quarks cannot be observed. Hadrons are classified as
mesons (qq), consisting of a quark and an anti-quark, and baryons (qqq),
which are made up of three quarks. At large energies, the coupling constant
decreases and QCD becomes asymptotically free, which allows perturbation
theory to be used. For the discovery of asymptotic freedom [1], Gross, Politzer
and Wilczek received the Nobel prize in 2004.

Lattice QCD provides a non-perturbative treatment of QCD in the low-energy
regime. In the following section, a brief introduction to lattice QCD is pre-
sented. A complete discussion is beyond the scope of this thesis and more
details can be found in a variety of textbooks and reviews [2–6]. Following the
lines of [5, 6], Lattice QCD can be summarised by the procedure:

1. Discretise Euclidean space-time by a hyper-cubic lattice Λ,

2. Construct a discrete version of the QCD Lagrangian,

3. Quantise QCD using Euclidean path integrals,

4. Calculate expectation values using Monte Carlo techniques.

1.1 lattice regularisation

The Euclidean metric, i.e. the replacement of gµν by δµν , can be realised by a
Wick rotation to imaginary times t → −it, which removes the distinction be-
tween co- and contra-variant vectors. Euclidean space-time can be discretised
by introducing a four-dimensional grid of points, which are separated by the
lattice spacing a,

Λ =
{
n ∈ R4

∣∣∣ n0/a = 0, ... ,NT ; ni/a = 0, ... ,NL
}
. (5)

The extent of the simulation box is finite in time and space,

T = aNT , L = aNL. (6)

A pictorial representation of the lattice Λ is shown in figure 2. The quark fields,

ψf (n)aα and ψf (n)aα, (7)

are associated with the lattice sites n and the indices: colour a, flavour f ,
and Dirac spinor α. To simplify the notation, we suppress all indices except
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ψ(n) ψ(n+ µ̂)

Uµ(n)

Figure 2: Pictorial representation of the lattice Λ.

the space-time coordinate, ψ(n). Usually periodic or anti-periodic boundary
conditions are imposed to mimic an infinite geometry,

ψ(n+ L êk) = ψ(n). (8)

The dual lattice can be obtained by a Fourier transformation, which leads to
discrete momenta,

Λ∗ =
{
p ∈ R4

∣∣∣ p0 = 2π
T n0 ; pi =

2π
L ni

}
. (9)

We rewrite the gauge fields Aµ(z) in terms of a parallel transporter connecting
two space-time points x and y by a path-ordered product,

U(x , y) = P exp
− x∫

y
dz Aµ(z)

 . (10)

The Link variable is defined as the parallel transporter connecting two neigh-
bouring lattice sites n and n+ µ̂ along a straight line,

Uµ(n) := U(n, n+ µ̂). (11)

These gauge links are elements of SU(3), which can be connected to the
algebra-valued gauge fields by

Uµ(n) = exp(iaAµ(n)). (12)

1.2 discretisation of the qcd action

The gluonic part of the action QCD can be constructed from the gauge links
Uµ(n), building the so-called plaquette

Pµν(n) = Uµ(n)Uν(n+ µ̂)U†µ(n+ µ̂)U†ν(n), (13)
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Uν(n+ µ̂)

Uµ(n)

U†ν(n)

U†µ(x + ν̂)

Figure 3: Pictorial representation of the plaquette Pµν .

which is the smallest closed gauge loop and is shown in figure 3. With these
definitions, the Wilson plaquette action is given by

SG =
2
g20

∑
n

∑
µ<ν

ReTr (1− Pµν(n)) . (14)

It can be shown [6], that the Wilson gauge action approaches the continuum
action in the limit of a → 0,

2
g20

∑
n

∑
µ<ν

ReTr (1− Pµν) =
a4

2g20
∑
n

∑
µ,ν

Tr (FµνFµν) +O(a6). (15)

The choice of the gluonic action is not unique, so that different gauge action
are used in lattice simulations. The so-called Iwasaki action [7] is, in addition to
the Wilson plaquette action, commonly used by various lattice collaborations.
The fermionic part of the action QCD is discretised by replacing the covariant
derivative by

Dµψ(x)→
1
2a
(
Uµ(n)ψ(n+ µ̂)−U†µ(n− µ̂)ψ(n− µ̂)

)
, (16)

where Uµ(n) ensures the gauge invariance of the Lagrangian and couples quark
and gluons. Gauge invariance is an intrinsic property of the lattice formula-
tion and is realised by transforming the spinor fields under a colour gauge
transformation g(n) ∈ SU(3) as

ψ(n)→ g(n)ψ(n) and ψ(n)→ ψ(n)g(n)†. (17)

Gauge invariance implies that the link-variables Uµ(n) transform as

Uµ(n)→ g(n)Uµ(n)g(n+ µ̂)−1. (18)

With these transformations, the gluonic and fermionic action remain, per con-
struction, invariant. The so-called naïve fermionic action [6] is defined by

SN = a4
∑
n

[
ψ(n)γµ2a

(
Uµ(n)ψ(n+ µ̂)−U†µ(n− µ̂)ψ(n− µ̂)

)
+m0 ψ(n)ψ(n)

]
. (19)
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As the Wilson plaquette action, the naïve fermionic action recovers its con-
tinuum counterpart in the limit a → 0 and both parts of the action show
discretisation effects of order O(a2). The Dirac operator can be read off from
the fermionic part of the action,

SN = a4
∑
n,m

ψ(n)D(n,m)ψ(m) (20)

with

D(n,m) =
γµ
2a
(
Uµ(n)δn+µ̂,m −U†µ(n− µ̂)δn−µ̂,m

)
+m0 δn,m. (21)

A Fourier transformation of equation (21) shows that the Dirac operator of
the Naïve fermion action

D̃(q, p) = δ(p − q)
(
m0 +

i
aγµ sin(pµa)

)
(22)

vanishes, in addition to the expected pole at p = 0, for pµ = π
a . This issue

leads to 16 fermions in the simulation and is known as the fermion doubling
problem. Wilson suggested in [8] to add a two-derivative term to the naïve
Dirac operator, which removes the additional doublers and vanishes in the
limit a → 0. The Wilson Fermion action is defined as

SW = a4
∑
n

[
− κ

a ψ(n)(r − γµ)Uµ(n)ψ(n+ µ̂) (23)

+
κ

a ψ(n)(r + γµ)U†µ(n− µ̂)ψ(n− µ̂) + ψ(n)ψ(n)
]

+
β

3
∑
n

∑
µ<ν

ReTr (1− Pµν(n)) ,

where we have rewritten the quark masses and the bare coupling constant g0
in terms of the numerical parameters

β =
6
g20

, (24)

κ =
1

2am0 + 8r .

The Wilson term explicitly breaks chiral symmetry,{
DW , γ5

}
6= 0, (25)

and its coefficient r is usually set to one. The No-Go-Theorem [9] by Nielsen
and Ninomiya states that any local lattice regularisation cannot be free of
doublers whilst preserving chiral symmetry. The Wilson term in equation (23)
generates an additive renormalisation for the quark mass m and the hopping
parameter κ,

m =
1
2a

(1
κ
− 1
κc

)
= m0 −mc . (26)
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The critical hopping parameter κc can, for instance, be obtained at the
point where the pion mass vanishes. For the Wilson action, discretisation
effects enter at the level O(a) in contrast to the naïve and the gauge action.
Symanzik [10, 11] has shown that the leading discretisation effects can be
removed by adding an appropriate counter-term to the action. By applying
Symanzik’s formalism to Wilson fermions, Sheikholeslami and Wohlert [12]
have derived the following expression

SSW = SW + cSW a5
∑
n

∑
µ<ν

1
2ψ(n)σµν F̂µνψ(n) +O(a2), (27)

which requires the tuning of the parameter cSW to remove leading lattice arte-
facts. We use the non-perturbatively determined improvement coefficients cSW
for the two-flavour theory in [13]. The field strength tensor in equation (27),

F̂µν(n) = −
i

8a2 (Qµν(n)−Qνµ(n)) , (28)

can be constructed from the so-called “clover leaves”

Qµν(n) = Pµν(n) + Pµν(n− µ̂) + Pµν(n− ν̂) + Pµν(n− µ̂− ν̂),
(29)

where each consists of four plaquettes as shown in figure 4.

Figure 4: Pictorial representation of the clover-leaf Qµν

The choice of the fermionic and gluonic action is not unique, so that var-
ious discretisations show different properties concerning for instance cutoff
effects and chiral symmetry. In the limit a → 0, all actions should reproduce
the continuum definition. In the literature, Wilson [8], Staggered [14], Over-
lap [15, 16], Domain Wall [17] and Twisted Mass [18] are commonly used. A
comparison amongst these action allows to check the consistency of the lattice
approach. The Flavour Lattice Averaging Group (FLAG) [19, 20] provides a
world average of low-energy results computed by various lattice calculations.
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1.3 quantisation and numerical simulations

The quantisation of the lattice formulation is achieved by using Euclidean
path integrals. Integrating over all possible field configurations allows us to
construct the expectation value of an operator A in the following way

〈A〉 = 1
Z

∫
D[U ]D[ψ,ψ]A[U ,ψ,ψ] e−SG [U ]e−SF [U,ψ,ψ]. (30)

Since the lattice introduces a finite set of variables, the path integral in equa-
tion (30) is mathematically well-defined. The operator A can be build from
bi-linear combination of the spinor fields ψ and ψ, and the gauge links Uµ.
The fermionic degrees of freedom are represented by so-called Grassmann vari-
ables, which respect the anti-commuting properties of fermions. These fields
can be integrated out since the action is bilinear in ψ and ψ:

〈A〉 = 1
Z

∫ ∏
n,µ

dUµ(n)Ã[U ] (detD[U ])Nf e−SG [U ], (31)

where Ã denotes the operator, in which the fermionic degrees of freedom
have been integrated out. The fermionic part reduces to a determinant with
the number of degenerate quark flavours Nf . For many years, simulations
were performed in the quenched approximation, in which contributions from
the fermion determinant were neglected, Nf = 0. The quenched formulation
leads to an uncontrolled approximation of QCD, which is not suited for a true
ab initio calculation of QCD. The remaining gluonic integration is performed
over the group SU(3) by the so-called Haar measure. The partition function
Z of equation (31) is defined as

Z =
∫ ∏

n,µ
dUµ(n) (detD[U ])Nf e−SG [U ]. (32)

Monte Carlo integration is advantageous in the case of very high-dimensional
integrals, such as the integrals in equation (31), which in our case have more
than O(107) degrees of freedom. A configuration of gauge fields is defined as
the combination of all gauge links on the lattice Λ{

Uµ(n)
∣∣∣ n ∈ Λ , µ = 0, ... 3

}
. (33)

A set of several configurations is called ensemble. To enable numerical simula-
tion, we use the concept of importance sampling and compute the expectation
value of an operator on a set of configurations, which are distributed according
to the weight

W =
1
Z (detD[U ])Nf e−SG [U ]. (34)

An estimate for the operator A can be obtained by its mean

A =
1

Ncfg

Ncfg∑
i=1

Ai , (35)
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assuming the configurations respect the weight in equation (34). The esti-
mate A has an intrinsic statistical uncertainty, which will vanish in the limit of
Ncfg →∞. In this work, we obtain the estimate and its statistical uncertainty
using the so-called Bootstrap resampling method [21]. For a set of N config-
urations, a Bootstrap sample can be computed by the mean of N randomly
chosen configurations {A},

Âk =
1
N
∑
{A}. (36)

Configurations might appear more than once in this set. We compute a large
number of different bootstrap samples to estimate the real expectation value
by the median of the distribution of these bootstrap samples

〈A〉 ∼ Ã = median{Âk}. (37)

σA

〈A〉

Figure 5: Schematic of the Bootstrap estimate and error.

The statistical uncertainty σA can be estimated by half of the width of the
central 68 percentile, which is shown in figure 5. The uncertainty of a derived
quantity B = f (A) can be obtained identically by computing B for each
individual bootstrap sample

B̂k = f (Âk). (38)

The estimate of B is again given by the median and half of the central 68%

f (Ã)± σB . (39)

In practice, we use 1000 bootstrap samples to estimate the statistical uncer-
tainty, which we have cross-checked by the Jackknife error procedure [22, 23].

1.4 gauge configurations

In this thesis, we use the gauge configurations generated by the CLS (Coordi-
nated Lattice Simulations) initiative [25]. These configurations have been gen-
erated using the deflation accelerated DD-HMC [26–28] and MP-HMC [29] al-
gorithm. Both simulation codes are based on the concept of the Hybrid Monte
Carlo (HMC) algorithm [30] and combine several techniques to improve the
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Labels β κ size a [fm] L [fm] mπ [MeV] mπL
A3 5.20 0.13580 64× 323 0.079 2.5 473 6.0
A4 5.20 0.13590 64× 323 0.079 2.5 363 4.7
A5 5.20 0.13594 64× 323 0.079 2.5 312 4.0
B6 5.20 0.13597 96× 483 0.079 3.8 267 5.1
E5 5.30 0.13625 64× 323 0.063 2.0 456 4.7
F6 5.30 0.13635 96× 483 0.063 3.0 325 5.0
F7 5.30 0.13638 96× 483 0.063 3.0 277 4.2
G8 5.30 0.13642 128× 643 0.063 4.0 193 4.0
N5 5.50 0.13660 96× 483 0.050 2.4 430 5.2
N6 5.50 0.13667 96× 483 0.050 2.4 332 4.1
O7 5.50 0.13671 128× 643 0.050 3.2 261 4.4

Table 1: Summary of the gauge configurations used in this study. The lattice spac-
ings have been taken from [24].

simulation speed, such as mass preconditioning (MP) [31] and domain decom-
position (DD) [27]. The parameters and some properties of the configurations
are listed in table 1. The lattice spacing can be obtained by relating, for in-
stance, an experimentally determined hadron mass to its counterpart simulated
using lattice QCD

a[fm] =
amlat

Ω

mphys
Ω [MeV]

}c (40)

Here we use the lattice spacings from [24], which have been obtained using the
Ω baryon. Figure 6 shows a graphical assessment how well our gauge ensemble
reproduce the physical situation. The determination of the pion mass will be
discussed in a later chapter. The physical point, to which lattice results have
to be extrapolated, is indicated by an orange point. The black line in the right
panel of figure 6 indicates the threshold for the rule of thumb of mπL ≥ 4, for
which finitie-size effects are expected to be small [6]. The set of ensembles
allows us to perform the necessary chiral extrapolation to the physical pion
mass and estimate the size of finite-size and cutoff effects.

1.5 quark bi-linears and currents

In this work we study the axial charge of the nucleon, the electro-magnetic
form factors of the nucleon, and the leading hadronic contributions to the
anomalous magnetic moment of the muon. All these quantities are obtained
from hadronic matrix elements, which involve vector or axial currents in the
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a [fm]

mπ [MeV]

1
L [fm

−1]

mπ [MeV]

64× 323
96× 483
128× 643

phys.
0

0.02
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0.08
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64× 323
96× 483
128× 643
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0.1
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0.4

0.5
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Figure 6: Overview of the gauge configurations used in this work. The orange point
indicate the physical point. Left: Comparison of the lattice spacing a and
the pion mass. Right: Illustration of the volumes of the ensembles. The
black line shows the threshold for the rule of thumb, mπL = 4.

necessary operators. Details of the exact definition and implementation will
be discussed in a later chapter. In the case of the Wilson lattice formulation,
the naïve vector current,

J lµ(n) = ψ(n) γµ ψ(n), (41)

and the local axial current

Aµ(n) = ψ(n)γµγ5ψ(n), (42)

are not conserved. This is a consequence of the explicit breaking of chiral
symmetry by the Wilson term. Both currents can be non-perturbatively renor-
malised to restore the current conservation,

(J lµ)R(n) = ZV (1+ bV am)J lµ(n), (43)
(Aµ)R(n) = ZA(1+ bA am)Aµ(n). (44)

The vector current renormalisation constant ZV has to be determined inde-
pendently, for which we use the non-perturbatively obtained values in [32]. For
the axial current, we use the non-perturbatively determined renormalisation
constant ZA obtained in [33]. The factors bV and bA are taken from a tadpole-
improved estimate in [34]. Since the contribution from the quark masses are
at the sub-percent level [35], the unknown systematics arising from bV and
bA can be neglected.
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With Noether’s theorem, we can construct a conserved vector current for the
Wilson action. The so-called point-split vector current can be obtained by
considering the following transformations [36],

ψ′(n) = e−iε ψ(n) and ψ
′
(n) = ψ(n) eiε, (45)

which are a symmetry of the lattice action and therefore leave the partition
function Z invariant. By promoting the transformation to a local transforma-
tion,

ψ′(n) = ψ(n) (1− iε(n)) and ψ′(n) = ψ(n) (1+ iε(n)) , (46)
the conserved current can be derived by demanding that all additional terms
in the partition function vanish,

0 !
= i

∫
D[ψ,ψ]e−S

(∑
n

(
∂S

∂ψ(n)ε(n)ψ(n)− ψ(n)ε(n)
∂S

∂ψ(n)

))
.

(47)
Equation (47) has to be valid for any choice of ε(n), which implies

∂µJcµ(n) =
(

∂S
∂ψ(n)ψ(n)− ψ(n)

∂S
∂ψ(n)

)
= 0, (48)

from which the conserved vector current Jcµ(n) can be extracted:

Jcµ(n) =
1
2
(
ψ(n+ aµ̂)(r + γµ)U+

µ (n)ψ(n)

− ψ(n)(r − γµ)Uµ(n)ψ(n+ aµ̂)
)
. (49)

With this definition, the Ward-Takahashi identity [37, 38]
qµ Jcµ(q) = 0 (50)

is fulfilled, which can be seen by Fourier transforming equation (48).

Although our action is non-perturbatively O(a) improved, hadronic matrix
elements receive contributions from leading lattice artefacts, since these oper-
ators contain vector or axial currents. These current can be O(a) improved
by adding a suitable counter-term [6],

J imp
µ (n) = Jµ(n) + a cV ∂νTµν(n), (51)
Aimp
µ (n) = Aµ(n) + a cA ∂µP(n). (52)

The coefficients cV and cA of the tensor Tµν and pseudo-scalar P quark
densities require an appropriate tuning to remove the leading lattice artefacts.
The pseudo-scalar and the tensor operator are defined as

P(n) = ψ(n) γ5 ψ(n), (53)
Tµν(n) = ψ(n) γµγν ψ(n), (54)

Currently, we have not included the improvement terms in our calculations, but
we expect cutoff effects to be small, which needs to be checked numerically.
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1.6 partially twisted boundary conditions

In lattice simulations, one usually imposes periodic boundary conditions

ψ(n+ L êk) = ψ(n), (55)

in space, and anti-periodic boundary conditions in the time direction,

ψ(n+ T ê0) = −ψ(n). (56)

Via these conditions, the simulation box is aligned to copies of itself and forms
a four-dimensional torus. With this choice of geometry, boundary effects are
avoided, but the volume still needs to be sufficiently large to suppress long-
ranged interactions across boundaries. By imposing periodic or anti-periodic
boundary conditions, the accessible momenta in lattice simulations become
discrete

pk =
2π
L nk and p0 =

2π
T n0 with nµ ∈ Z, (57)

which can be seen by the Fourier transform of equation (55),∫
d4p e−ip(n+L k̂) ψ̃(p) =

∫
d4p e−ipn ψ̃(p). (58)

Equation (57) shows that the accessible momenta are related to the geometry
of the simulation box, and that even with today’s lattice sizes the smallest non-
zero momentum is around 200− 300MeV. The discrete momentum spectrum
limits the calculation of momentum dependent quantities such as form factors.

Modified boundary conditions, so called twisted boundary conditions, have
been proposed in [39–41],

ψ(n+ L êk) = eiΘk ψ(n), (59)

which adds a phase-shift to the quarks at the boundaries of the lattice. It can
be shown that twisted boundary conditions are equivalent to modifying the
covariant derivative,

D̃k = Dk + iΘk
L , (60)

which implies that the momentum of the quark-propagator is changed to

pi =
2πni
L +

Θi
L . (61)

The momentum can be controlled by the ’twist angles’ Θk and tuned to, in
principle, any value. The quark fields ψ can be redefined,

ψ(n) = ei
Θk
L nk ψ̃(n), (62)
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such that periodic boundary conditions are fulfilled by the new fields ψ̃(n).
Twisted boundary conditions can be achieved by inserting equation (62) into
the action,

a4
∑
n

[
ψ̃(n)e i

Θk
L Uk(n)(r − γk)ψ̃(n+ k) (63)

+ ψ̃(n)e−i
Θk
L U†k(n− k)(r + γk)ψ̃(n+ k)

]
,

where the phases cancel exactly, except in the spatial hopping part of the
action. With these definitions, twisted boundary conditions can be practically
implemented by the transformation

Uk(n)→ ei
Θk
L Uk(n). (64)

The gluonic part of the action remains unchanged, since the transformations
cancel in closed gauge loops. Partially twisted boundary conditions can be
achieved by applying the twist only to the valence quarks in the simulation.
Partial twisting of the valence quarks adds a finite-size effect to the simulation,
which however is expected to be exponentially suppressed [41].





Part II

FORM FACTORS OF THE NUCLEON





2
I NTRODUCT ION

Measurements at SLAC in 1969 [42] have first shown that the proton is not
a point-like particle, and today we know that the proton and neutron consist
of quarks bound by gluons. Understanding the composition of protons and
neutrons in terms of the distribution of charge and momentum from a purely
theoretical approach is clearly desirable and allows QCD to be tested. In this
part, we will present a lattice calculation of the axial charge and the electro-
magnetic form factors of the nucleon. This is the first step in a wider program
for computing quantities, which describe structural properties of hadrons. The
aim of such calculations is a first principle calculation of hadron structure ob-
servables, which are difficult to measure in experiments.

Experimentally, the electric and magnetic structure of protons and neutrons
can be probed by scattering experiments with electrons. The electron is an
ideal candidate, since it is an elementary particle and the electro-magnetic
interaction is understood very well. The elastic differential cross-section of an
electron interacting with an extended spin-12 target can be expressed by the
the Rosenbluth separation formula [43](

dσ
dΩ

)
∼
(
G2
E (Q2) + τG2

M(Q2)
1+ τ

+ 2τG2
M(Q2) tan2 Θ2

)
, (65)

with

τ =
Q2

4mN
. (66)

The functions GE (Q2) and GM(Q2) are the electric and magnetic Sachs form
factors, which contain information about the electro-magnetic charges inside
a hadron. The electric form factor GE (Q2), for example, can be interpreted
as the Fourier transform of the electric charge distribution,

GE (Q2) =
∫

ei~q~rρ(r ) dr . (67)

Recent measurements, for example, at MAMI [44] in Mainz, have determined
the Sachs form factors GE (Q2) and GM(Q2) very precisely. Figure 7 shows

19
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the ratio of GE (Q2) over the “standard” dipole parametrisation, from which
the mean square radius

〈r2〉 = − 6
G(0)

∂G(Q2)
∂Q2

∣∣∣∣∣
Q2=0

(68)

can be extracted from the slope at the origin. More details about the ex-
perimental determination can be found in [44]. Measurements using muonic
hydrogen [45] lead to a discrepancy larger than 5σ for the radius of the proton
compared to the world average in [46].
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Figure 7: Experimental determination of GE (Q2) taken from [44].

The axial charge gA, technically the ratio of the axial and vector charges gA/gV ,
probes the inner structure of proton and neutron via the weak interaction. It
can be measured precisely using the neutron beta decay [47], which leads to:

gA = 1.2701(25). (69)

At the Lattice conference in 2013, Syritsyn presented an overview of hadron
structure calculations using lattice QCD [48]. The nucleon axial charge, shown
in figure 8, is determined by various lattice collaborations [35, 48–70], where
the lattice results typically show a tendency for underestimating the axial
charge by 5− 10%. In addition, the chiral behaviour provides no explanation
of this discrepancy. Only recently, lattice results seem to agree with the phe-
nomenology once a proper treatment of the contamination from excited states
is taken into account. The axial charge of the nucleon can be considered a
benchmark quantity for lattice calculations [35]: The hadronic matrix element
can be computed by a simple fermion bi-linear without derivatives. The initial
and final states are at rest, which normally leads to a good statistical signal.
Moreover, disconnected diagrams cancel in the case of iso-vector quantities
such as the axial charge.
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Figure 8: Compilation of lattice data for the nucleon axial charge taken from [48].

In lattice calculations, the electro-magnetic form factors are more commonly
written in terms of the Dirac and Pauli form factors F1(Q2) and F2(Q2),
which are related to the Sachs form factors via

GE (Q2) = F1(Q2)− Q2

4m2
N
F2(Q2), (70)

GM(Q2) = F1(Q2) + F2(Q2).

Figure 9 shows a compilation of results for the Pauli radius r1 computed by
different lattice groups [48, 71–77], and a similar discrepancy as for the axial
charge is seen in the majority of lattice simulations. The anomalous magnetic
moment of the nucleon κ in figure 10 shows better agreement with the exper-
imental determination. A thorough study of all systematic uncertainties such
as contamination from excited states, lattice artefacts, and finite-size effects
is needed to obtain a reliable estimate of structure properties of the nucleon.

The average quark momentum fraction of the nucleon, 〈x〉u−d , is another
quantity, which is considered as a benchmark quantity for lattice calculation,
since it can be directly computed from a ratio of three- and two point func-
tions at vanishing momentum transfer, which involves one derivative in the
corresponding three-point function. Figure 11 shows a compilation of 〈x〉u−d
determined by various lattice collaborations [48, 58, 61, 64, 78–83]. At the
moment, most lattice calculation tend to overestimate the average quark mo-
mentum fraction of the nucleon.
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Figure 9: Compilation of lattice r1 calculations taken from [48].
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3
LATT ICE CALCULAT ION

We present in the following the necessary steps for the computation of the
axial charge gA and the electro-magnetic form factors GE and GM of the
nucleon using lattice QCD. Each of these quantities can be extracted from a
ratio of three-point and two-point functions.

t,~x0

τ ,~yO

Figure 12: Schematic of a three-point function with a generic operator O at the
insertion point (τ ,~y).

Figure 12 shows a generic three-point function of the nucleon with an operator
O inserted at (τ ,~y). Depending on the choice of the operator, we are able
to extract different matrix elements. For the choice of the conserved electro-
magnetic vector current (compare section 1.5),

O = Jcµ(x) =
1
2
(
ψ(x + aµ̂)(r + γµ)U+

µ (x)ψ(x) (71)

− ψ(x)(r − γµ)Uµ(x)ψ(x + aµ̂)
)
,

the hadronic matrix element can be decomposed into the Pauli F1(Q2) and
Dirac F2(Q2) form factors in the following way:

〈
p′, s ′

∣∣∣ Jcµ ∣∣∣p, s〉 = u(p, s)
(
γµF1(Q2) + iσµν

Qν
2mF2(Q2)

)
u(p, s).

(72)

The functions F1(Q2) and F2(Q2) depend solely on the momentum transfer
Q2, which is given by

Q2 = −
(
Ep′ − Ep

)2
+ (~p′ − ~p)2. (73)

25
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The Pauli and Dirac form factors can be related to the electric and magnetic
Sachs form factors via equation (70). These form factors contain information
about the electric charge,

GE (0) = 1, (74)

and the magnetic moment,

GM(0) = µ, (75)

of the nucleon. The electric charge of the proton in equation (74) can be used
to test our implementation of the operators. If we use the local vector current,

O = J lµ(x) = ψ(x)γµψ(x), (76)

instead of the conserved vector current Jcµ(x), we can determine the renor-
malisation constant ZV of the local vector current by taking a ratio of

ZV =

〈
p′, s ′

∣∣∣ J lµ ∣∣∣p, s〉〈
p′, s ′

∣∣∣ Jcµ ∣∣∣p, s〉 . (77)

If we choose the local axial current for the operator O,

O = Aµ(x) = ψ(x)γµγ5ψ(x), (78)

we can extract the axial form factor GA(Q2) and the induced pseudoscalar
form factor GP(Q2) from〈

p′, s ′
∣∣∣Aµ ∣∣∣p, s〉 = (79)

u(p, s)
(
γµγ5Gbare

A (Q2) + γ5
Qµ
2mGbare

P (Q2)

)
u(p, s),

up to a necessary renormalisation of the current. The axial charge of the
nucleon can be obtained from the axial form factor at vanishing momentum
transfer

GA(0) = gA. (80)

In the next sections, we will present details of the computation the axial charge
and the electro-magnetic form factors, which can be extracted from ratios of
three- and two-point functions. We start with the two-point function of the
pion, which is the most simple quantity in lattice simulations.

3.1 two-point function of the pion

The mass of a particle can be obtained by studying the Euclidean time depen-
dence of a two-point correlation functions. We choose an interpolating field
of

P(x) = d(x) γ5 u(x), (81)
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which has the quantum numbers and flavour content of a pseudoscalar me-
son [6] and allows us to construct the correlation function

Cπ2 (~p, t) =
〈
P(t,~x)P(0)

〉
(82)

by creating a pion at the origin 0 and annihilating it at (t,~x). A schematic
view of such a correlation function is displayed in figure 13.

t,~x0

Figure 13: Schematic of the two-point function of the pion

Including the projection to a definite spatial momentum ~p, we can relate the
two-point correlation function to a product of two propagators

Cπ2 (~p, t) =
∑
~x

ei~p ~x
〈
P(t,~x)P(0)

〉
=
∑
~x

ei~p ~x
〈
d(x)γ5u(x)u(0)γ5d(0)

〉
=
∑
~x

ei~p ~x
(
daα(x)(γ5)αβuaβ(x)ubγ (0)(γ5)γδdbδ (0)

)
=
∑
~x

ei~p ~x
(
(γ5)αβSu(x , 0)abβγ(γ5)γδSd (0, x)baδα

)
=
∑
~x

ei~p ~x
(
S(x , 0)abαβ S†(x , 0)baβα

)
. (83)

Equation (83) is the starting point for our implementation, where in the last
step the γ5-hermiticity S(0, x) = γ5S†(x , 0)γ5 has been used to write ev-
erything explicitly in terms of the point-to-all propagator S(0, x). Looking at
the two-point function on a hadronic level, we can study the Euclidean time
dependence by inserting a complete set of states 1 =

∑
n |n

〉〈
n
∣∣∣ and using

the translation operator, P(x) = eipxP(0) e−ipx ,

Cπ2 (~p, t) =
〈
P(t,~x)P(0)

〉
=
∑
n

〈
0
∣∣∣P∣∣∣n〉〈n∣∣∣P†∣∣∣0〉 e−En(~p) t

= A0 e−E0(~p) t + A1 e−E1(~p) t + ... =
t→∞

A0 e−E0(~p) t . (84)

The interpolating field P(x) creates, in addition to the pion, excited states,
which have the same quantum numbers as the interpolating operator. Equa-
tion (84) shows that excited states with larger energies (E0 < E1 < ...) decay
more quickly than the ground state, so that after a sufficiently large time sepa-
ration t only the term proportional to E0(~p) remains. The coefficient

〈
0
∣∣∣P∣∣∣n〉

determines the projection of the operator P with a particular state n to the
vacuum. We use a finite simulation box with anti-periodic boundary condi-
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tions in time, so that the backward propagating part of the pion needs to be
included, which leads to

A0 e−E0(~p)t + A0 e−E0(~p)(T−t) = 2A0 e−E0(~p)T
2 cosh

((
T
2 − t

)
E0(~p)

)
.

(85)
We consider the following ratio of two-point functions in order to extract the
ground state,

Cπ2 (~p, t)
Cπ2 (~p, t + 1) =

cosh
(
aEeff(~p)

(
t − T

2
))

cosh
(
aEeff(~p)

(
t + 1− T

2
)) , (86)

which we solve numerically for the effective energy aEeff(~p).
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Figure 14: Effective mass of the pion measured on the N6 ensemble

The effective mass ameff = aEeff(~0) determined on the N6 ensemble is shown
in figure 14 using a “smeared” interpolating operator at source and sink. De-
tails of the smearing procedure will follow in a later section. A constant fit to
the effective mass, starting at timeslice t = 15, results in a very precise (2h)
estimate of the pion mass

amπ = 0.08390(16). (87)
The statistical error is obtained using 1000 bootstrap samples in the uncorre-
lated fit.

3.2 two-point function of the nucleon

With an appropriate interpolating operator,
Nα(x) = εabc

(
uaβ(x)(Cγ5)βγ dbγ (x)

)
ucα(x), (88)
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we can construct the two-point function of the nucleon similarly as for the
pion. Schematically this is shown in figure 15, where the nucleon is created at
the origin and annihilated at (t,~x).

t,~x0

Figure 15: Schematic of the two-point function of the nucleon

The matrix C in equation (88) is the charge conjugation matrix, which can
be written in terms of Dirac matrices, C = iγ0γ2. Note that the interpolating
operator of the nucleon Nα(x) has an open Dirac index, which we will use to
project to the correct parity. In this work, we choose

Γ =
1
4 (1+ γ0) (1+ iγ5γ3) . (89)

With these definitions, we can construct the nucleon two-point function and
express it in terms of point-to-all propagators:

CN
2 (~p, t) =

∑
~x

ei~p ~xΓαβ
〈
Nα(t,~x)Nβ(0)

〉
= −

∑
~x

ei~p ~x εabc εdef
(
uaγ(x)(Cγ5)γδ dbδ (x)

)
ucα(x) Γαβ×

udβ (0)
(
deε (0)(Cγ5)εκ ufκ(0)

)
= −

∑
~x

ei~p ~x εabc εdef Γαβ (Cγ5)γδ (Cγ5)εκ Sd (x , 0)beδε× (90)(
Su(x , 0)afγκ Su(x , 0)cdαβ − Su(x , 0)adγβ Su(x , 0)cfακ

)
.

As for the pion, the two-point function of the nucleon can be expanded by
inserting a complete set of states 1 =

∑
n,s |n, s

〉〈
n, s

∣∣∣ and applying the
translation operator:

CN
2 (~p, t) =

∑
~x

ei~p ~xΓαβ
〈
Nα(t,~x)Nβ(0)

〉
=
∑
n,s

〈
0
∣∣∣N∣∣∣n, s〉〈n, s∣∣∣N†∣∣∣0〉 e−En(~p) t (91)

= A0 e−E0(~p) t + A1 e−E1(~p) t + ... =
t→∞

A0 e−E0(~p) t .

The matrix element
〈
0
∣∣∣N∣∣∣n, s〉 can be expressed in terms of a Dirac spinor u,

the energies E and an a priori unknown factor Z ,〈
0
∣∣∣N∣∣∣n, s〉 = Z√

2E (~p)
u(p, s). (92)
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The effective energy can be obtained by a ratio of the correlation function at
different Euclidean times,

a Eeff(~p) = ln
(

C (t)
C (t + 1)

)
. (93)

In a finite simulation box, the nucleon propagating backwards in time corre-
sponds to the parity partner of the nucleon, N∗, which has a different Euclidean
time behaviour.
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Figure 16: Effective mass of the nucleon measured on the N6 ensemble

Figure 16 shows the effective mass of the nucleon computed on the N6 en-
semble using a smeared interpolating operator at source and sink. For small
Euclidean times, excited states are still visible but die out quickly, so that a
constant fit, starting at t = 15, results in

amN = 0.2972(29). (94)
For large Euclidean times, the error grows significantly, in fact exponentially.
This can be understood by looking at the variance of the nucleon correlator

σ2N ∼
〈
(CN

2 )†(CN
2 )
〉
−
〈
CN
2
〉2
. (95)

The first term of equation (95) corresponds to a product of three forward-
and three backward-propagators, which can be combined to three pions. The
combined mass of the pions is smaller than the one of the nucleon, so that
the signal-to-noise ratio decays exponentially,〈

CN
2
〉

σN
∼ e−(mN− 3

2mπ)t . (96)

Similar considerations for the pion channel reveal that the signal-to-noise ratio
remains constant as t is increased.
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3.3 three-point function of the nucleon

The hadronic matrix element can be extracted from a three-point function
with the operator inserted at (τ ,~y), which is illustrated in figure 12. With
the appropriate momentum projection, we can write the nucleon three-point
function as

C3(O,~q,~p, τ , ts) =
∑
~x ,~y

e−i~q~y e−i~p~xΓαβ
〈
Nα(ts ,~x)O(τ ,~y)Nβ(0)

〉
=
∑
s,s ′

e−Enτ e−En(ts−τ )
〈
0
∣∣∣N∣∣∣p′, s ′〉〈p′, s ′∣∣∣O(q)

∣∣∣p, s〉〈p, s∣∣∣N†∣∣∣0〉. (97)

In the last step of equation (97), we have twice inserted a complete set of states
and used the translation operator. The three-point function C3(O,~p′,~p, τ , ts)
is directly proportional to the matrix element highlighted in red. We build
ratios of three- and two-point functions to remove the unknown overlap with
the vacuum and the Euclidean time dependence. These ratios will be discussed
in a later section. At the quark level, we have to distinguish between the
operator inserted on a u- or d-quark line,

Ou(τ ,~y) = uaα(y)Oab
αβ ubβ(y) and Od (τ ,~y) = daα(y)Oab

αβ dbβ (y). (98)
Although we use degenerate light flavours, the Wick contractions with the
operator are different. For the operator inserted onto a d-quark line, we obtain

Γαβ
〈
Nα(ts ,~x)Od (τ ,~y)Nβ(0)

〉
= −Γαβ εabc εdef

(
uaγ(x)(Cγ5)γδ dbδ (x)

)
ucα(x)×

dgλ (y)O
gl
λµd

l
µ(y) udβ (0)

(
deε (0)(Cγ5)εκ ufκ(0)

)
= −Γαβ εabc εdef (Cγ5)γδ(Cγ5)εκOgl

λµ× (99)(
Su(x , 0)afγκ Sd (x , y)

bg
δλ Sd (y , 0)leµε Su(x , 0)cdαβ

+ Su(x , 0)adγβ Sd (x , y)
bg
δλ Sd (y , 0)leµε Su(x , 0)cfακ

)
.

If we insert the operator onto a u-quark line, we have to perform more Wick
contractions, which lead to

Γαβ
〈
Nα(ts ,~x)Ou(τ ,~y)Nβ(0)

〉
= −Γαβ εabc εdef

(
uaγ(x)(Cγ5)γδ dbδ (x)

)
ucα(x)×

ugλ(y)O
gl
λµu

l
µ(y) udβ (0)

(
deε (0)(Cγ5)εκ ufκ(0)

)
= −Γαβ εabc εdef (Cγ5)γδ(Cγ5)εκOgl

λµ× (100)(
Sd (x , 0)beδε Su(x , y)

ag
γλ Su(x , 0)cdαβ Su(y , 0)lfµκ

+ Sd (x , 0)beδε Su(x , y)
ag
γλ Su(x , 0)cfακ Su(y , 0)ldµβ

− Sd (x , 0)beδε Su(x , y)
cg
αλ Su(x , 0)adγβ Su(y , 0)lfµκ

− Sd (x , 0)beδε Su(x , y)
ag
γλ Su(x , 0)afγκ Su(y , 0)ldµβ

)
.
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u-quark

d-quark

Figure 17: Schematic of the Wick contractions contributing to the nucleon three-
point function in the case of a u-type operator (upper panel) and a
d-type operator (lower panel). The dotted line indicates a d-quark, the
solid line a u-quark.

Figure 17 shows a pictorial representation of the Wick contractions in equa-
tions (99) and (100). Disconnected diagrams cancel exactly in the case of
iso-vector quantities

C3 := Cu
3 − Cd

3 (101)

with two degenerate light flavours and are already omitted in equations (99)
and (100). These equations contain a propagator, S(x , y), from the operator
insertion point to the sink. The computation of such an all-to-all propagator
is a numerically demanding task, therefore two methods have been proposed
to avoid the computation of the all-to-all propagator: either fix the sink [84]
or fix the operator [85]. Both methods are sketched in figure 18. The ETMC
collaboration has explored in [86] the possibility of computing the all-to-all
propagator by a stochastic estimate, which leads to a compatible precision in
the three point function.

t,~x0 t,~x0

Figure 18: Computation of the extended propagator (blue) using a fixed sink (left)
or a fixed operator (right). The green lines depict the source for the
additional inversion.

For a fixed-operator method, one uses a point-to-all propagator and contracts
it with the operator at the fixed time τ . This combination is used as source for
a new inversion, which provides the extended propagator. Once computed, the
location of the operator is fixed, and any additional operator or insertion time
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τ requires a new inversion. For the nucleon three-point function the extended
propagator needs to be contracted with two standard propagators at the sink
t. The position of the sink (t,~x) and the projector Γ can be chosen freely for
the fixed-operator method. We intend to study a large set of operators, so it
is advantageous to use the fixed-sink method, which is achieved by the four
generic steps:

1. Compute point-to-all propagator S(x , 0),

2. Construct nucleon source at ts ,

3. Determine extended propagator Σu,d (0, y , ts ,~p),

4. Combine standard and extended propagator with the operator at τ .
A schematic of these four steps is shown in figure 19.

1.
t,~x0

2.
ts ,
∑
~x

ei~p ~x0

3.
ts ,
∑
~x

ei~p ~x0
4.

ts ,
∑
~x

ei~p ~x0
τ ,~yO

Figure 19: Schematic of the four steps of computing the three-point function of the
nucleon.

The disadvantages of the fixed-sink method are that for each source-sink sep-
aration ts and projector Γ we need to perform a new inversion. The extended
propagator for a d-type source can be defined as [84]

Σd (0, y , ts ,~p)lmλµ = −Γαβ εabc εdle(Cγ5)γδ (Cγ5)ελ× (102)∑
~x

e−i~p~xS(x , y)bmδµ
(
S(x , 0)adγε S(x , 0)ceαβ − S(x , 0)aeγβ S(x , 0)cdαε

)
.

For a u-quark, the extended propagator is defined as

Σu(0, y , ts ,~p)lmλµ = −Γαβ εabc (Cγ5)γδ
∑
~x

e−i~p~xS(x , y)beδε×[
εlde (Cγ5)λε

(
S(x , 0)amγµ S(x , 0)ceαβ − S(x , 0)aeγβ S(x , 0)cmαµ

)
(103)

+ εdel (Cγ5)κε δβλ
(
S(x , 0)adγκ S(x , 0)cmαµ − S(x , 0)amγµ S(x , 0)cdακ

)]
.

The extended propagator can be computed by similar numerical techniques
that are used to obtain the “standard” point-to-all propagator S(x , 0),∑

y
D(x , y)abαβ S(y , z)bcβγ = δacδαγδz0. (104)
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For the d-type source, we need to solve,∑
y
Σd (0, y , tx ,~p)xyρσD(y , z)yzστ = −Γαβ εazc εdxe(Cγ5)γτ (Cγ5)ερ×∑
~z

e−i~p~z
(
S(z , 0)adγε S(z , 0)ceαβ − S(z , 0)aeγβ S(z , 0)cdαε

)
δts tz , (105)

in order to obtain the extended propagator Σd (0, y , tx ,~p)xyρσ. The computation
for the u-quark is analogous and straightforward, by replacing the right hand
side of equation (105) with the source of equation (103). With the extended
propagator, the three-point function of the nucleon can be computed directly
using

Cu,d
3 (O,~q,~p, τ , ts)
=
∑
~y

e−i~q~y (γ5)αβ Σ†u,d (0, y , ts ,~p)abβγ (γ5)γδ Obc
δε S(x , 0)caεα. (106)

3.4 smearing

Point-like sources typically yield a poor overlap onto the ground state, so we
apply the so-called Jacobi / Gaussian smearing [87–89] to improve the pro-
jection properties of the interpolating operators onto the ground state. The
smearing procedure allows us to maximise the spectral weight of the ground
state (compare equations (84) and (91)) and reduce contamination from ex-
cited states at early Euclidean times. Since the correlation function of the
nucleon shows an exponentially decaying signal-to-noise ratio, an improve-
ment at small Euclidean times allows us to extract the nucleon mass from a
much longer plateau, which leads to a more reliable estimate of the nucleon
mass. In addition, we use APE [90] smeared spatial links,

Vk(x) = (1− α)Uk(x) +
α

6
∑
l 6=k
× (107)

(
Ul (x)Uk(x + l̂)U†l (x + k̂) + U†l (x − l̂)Uk(x − l̂)Ul (x − l̂ + k̂)

)
,

which are constructed from perpendicular staples of the old gauge links. The
updated gauge field Vk(x) must be projected back to SU(3), since these fields
are not an element of SU(3). Instead of using a point source in the inversion
of the Dirac operator,∑

y
D(x , y)abαβ S(y , z)bcβγ = δacδαγδz0, (108)

we apply a Gaussian smearing kernel of the form

M(x , y)abαβ :=
(
δαβδ

abδy ,x + κ
∑
k
× (109)

(
Vk(x)ab δαβ δy ,x+k̂ + V †k (x − k̂)ab δαβ δy ,x−k̂

))n
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to the point source and perform an inversion to obtain the “smeared” propa-
gator S̃(x , 0),∑

y
D(x , y)abαβ S̃(y , z)bcβγ = M(z , v)aeαε δecδεγδv0. (110)

The smearing matrix M(x , y) iteratively builds an extended, gauge-invariant
object, that has a better overlap with the ground state of the hadron of inter-
est. Still the smearing procedure remains a heuristic procedure, which achieves
an improved interpolating operator with fewer excited-state contributions. Fig-
ure 20 shows the result of such a source on a particular configuration of the
N6 ensemble.

Figure 20: The shape of a smeared source on the N6 ensemble.

In addition to the smearing of the source, we apply the smearing kernel to the
propagators at the sink,

S̃ ′(x , z)acαγ = M(x , y)abαβ S̃(y , z)bcβγ . (111)

In this way, we achieve a symmetric smearing procedure at the source and
sink, which results in identical overlap coefficient in the three-point functions.
The parameters κ and n in the smearing kernel M(x , y) influence the size
and shape of the “Gaussian” profile, and should be tuned to achieve a best
overlap with the ground state. We have chosen different values for the ensem-
bles to achieve a good compromise between the statistical accuracy and the
length of the effective mass plateau of a nucleon. A comparison of smeared
and point sources can be seen in figure 21, where we show the effective mass
of the nucleon computed on the N6 ensemble with 100 configurations. The
improvement for small Euclidean times can be clearly seen, which allows us
to extract the effective mass from a longer plateau. The reduction of excited
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states becomes even more important when we consider three-point functions,
in which excited states contribute from the source and the sink. In [91, 92],
we have generalised the smearing procedure to produce anisotropic shapes,
which show a reduction of the statistical uncertainties, when correlation func-
tions with non-vanishing momentum transfer are studied. In [93, 94], we have
extended the smearing of the source to an arbitrary wave function and have
studied the influence of the gauge fields on the shapes generated with the iter-
ative smearing. Both methods have not yet been applied to our computations
of the form factors, but suggest a further reduction of excited states.
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Figure 21: Comparison of the nucleon effective mass computed using a smeared-
smeared (SS) or a point-point (pt) correlator. The result is determined
using 100 decorrelated N6 configurations.

3.5 ratios

The hadronic matrix element can be extracted, as shown before, from the
nucleon three-point function

C3(O,~q,~p, τ , ts) (112)
=
∑
s,s ′

e−Enτ e−En(ts−τ )
〈
0
∣∣∣N∣∣∣p′, s ′〉〈p′, s ′∣∣∣O(q)

∣∣∣p, s〉〈p, s∣∣∣N†∣∣∣0〉.
We build ratios of three- and two-point functions, as suggested in [95, 96],

RO(~q, τ , ts) =
C3(O,~q,~0, τ , ts)

C2(~0, ts)

√√√√C2(~q, ts − τ )C2(~0, τ )C2(~0, ts)
C2(~0, ts − τ )C2(~q, τ )C2(~q, ts)

(113)
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to cancel the time and energy dependence as well as the remaining overlap
factors Z . We compute the three-point function with vanishing momentum
at the sink, ~p = 0, so that the momentum transfer is directly given by the
momentum inserted at the operator ~q. For sufficiently large separations of the
source, sink, and the operator insertion point, the ratio becomes the matrix
element of interest. Any remaining dependence on the operator insertion time
τ and source-sink separation ts outside the statistical accuracy corresponds
to contaminations from excited states, which have not been removed by the
ratio R and can be parametrised as

RO(~q, τ , ts) = R0
O(~q)× (114)(
1+O( e−∆τ ) +O( e−∆(ts−τ )) +O( e−∆ts )

)
.

If we evaluate

m
2E (p)E (p′)

〈Γ(−i/p ′ +m)O (−i/p +m)〉√
〈Γ(−i/p ′ +m)〉〈Γ(−i/p +m)〉

(115)

for our choice of the projector, as shown in [77, 97],

Γ =
1
4 (1+ γ0) (1+ iγ5γ3) , (116)

the bare nucleon axial charge is given by

ImRγ5γ3(~q = ~0, τ � 1, ts � 1) = gbareA . (117)

We use the non-perturbatively determined renormalisation constant ZA ob-
tained in [33] and the improvement term bA from a tadpole-improved estimate
from [34], as discussed in section 1.5,

gA = ZA(1+ bAmq) gbareA . (118)

The electro-magnetic form factors can be extracted from

ReRγ0(~q, τ � 1, ts � 1) =
√
M + E
2E F1(Q2) (119)

and

ReRγi (~q, τ � 1, ts � 1) = εijpj
√

1
2E (E +M)

GM(Q2), (120)

which are related to the remaining form factors by

F2(Q2) = GM(Q2)− F1(Q2), (121)

GE (Q2) = F1(Q2)− Q2

4m2
N
F2(Q2). (122)
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Figure 22: Ratio of the nucleon axial charge for four values of ts on the N6 ensemble.
The values have been shifted symmetrically around ts

2 and include a
constant fit to the central part of the plateau.

The renormalisation of the vector current is exactly 1, since we use the con-
served vector current in the definition of the operator.

Figure 22 shows the ratio of the nucleon axial charge gA, computed on the N6
ensemble, for four different source-sink separations ts (0.65 fm, 0.80 fm, 0.95 fm
and 1.1 fm). A small τ and ts dependence remains, which indicates the pres-
ence of excited states. Unfortunately, we cannot extend the source-sink sepa-
ration any further, since the exponential error growth shows large statistical
fluctuation for larger ts .

3.6 excited states

On all our ensembles, we see a similar pattern as in figure 22, which indicates
that contributions from excited states are still present. Therefore it cannot be
guaranteed that the results for the axial charge do not suffer from a systematic
bias. One possible strategy to deal with this problem is a fit ansatz including
the expected excited states contribution to fit all four source-sink separations
jointly [98],

f (τ , ts) = G + A e−∆τ + B e−∆(ts−τ ) + C e−∆ts . (123)

We assume that the energy gap is dominated by twice the pion mass∆ = 2mπ,
which will be the largest contribution close to the physical pion mass. We find
that such a fit, shown in figure 23 for the axial charge computed on the N6
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Figure 23: Combined excited-state fit to the different ratios on the N6 ensemble.
The solid black and orange lines shows the extracted asymptotic values
for gA using the combined excited-state fit and the summed operator
insertion method, respectively.

ensemble, provides a good description of the data points and leads to a higher
estimate for the axial charge, which is shown in figure 23 by the grey band.
In [35], we have used another strategy to include excited states, the so-called
summed operator insertion method [87, 99, 100], which we will refer to as
“summation method”. We sum the ratio R over the full range of the operator
insertion times τ , excluding points with potential contact terms, and so we
get

SO(~q, ts) =
ts−1∑
τ=1

RO(~q, τ , ts)→ c + ts · (G +O( e−∆ts )). (124)

With this approach, we suppress excited states further, since ts is larger than
τ or ts − τ . The asymptotic estimate of the ground state G can be extracted
from the slope of a linear fit, which is shown for the axial charge on the N6
ensemble in figure 24. The divergent constant c contains contribution from
contact terms and is not relevant for the determination of the asymptotic
value. The fit in figure 24 shows a remarkably good description of the data
and confirms the leading linear behaviour. The result from the summation
method for the axial charge is added to figure 23 as an orange band, which
agrees with the value obtained by the excited state fit within the statistical un-
certainties. The fit results have been listed in table 2 for completeness. On the
N6 ensemble, we have added two larger source sink separations (1.25 fm and
1.40 fm) to check the excited state fit and the summation method. The data
for the larger source-sink separation has been omitted in figure 23, since the



40 lattice calculation

large statistical uncertainties would obscure the other data. Although the sta-
tistical uncertainties grow significantly, we see the tendency toward the fitted
values. Higher estimates for gA are obtained, when excited states contribu-
tions are included in the fit function, or when the summed operator insertion
technique is applied, where the latter has parametrically reduced contributions
from excited states by construction.

ts = 13 a ts = 16 a ts = 19 a ts = 22 a
gA 1.046(7) 1.083(11) 1.129(18) 1.128(30)

ts = 25 a ts = 28 a excited summation
gA 1.142(45) 1.178(80) 1.181(30) 1.210(34)

Table 2: Fit results of the axial charge on the individual plateaus, the combined
excited state fit and the summation method.
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Figure 24: Summed operator insertion method applied to the axial charge on the
N6 ensemble.

Higher statistical accuracy exposes contributions from excited states. The sta-
tistical precision of the individual data points should to be sufficient large to
disentangle the influence of excited states. Figure 25 shows a comparison of
the axial charge on the F7 ensemble for an older calculation [35] with a total
number of 1000 measurements and updated results for the same ratio using
in total 3000 measurements. In our recent determination, we could not see
signs of excited-state contaminations, as statistical fluctuations did obscure
the trend in the source sink separation. With the new analysis, we see a clear
separation of the individual values of ts , which indicates contamination from
excited states. The comparison in figure 25 serves as a warning: insufficient
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statistics may lead to the wrong conclusion regarding excited state contami-
nation.
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Figure 25: Left: 1000 measurements of the axial charge on the F7 ensemble. Right:
3000 measurements on the same setup.

3.7 momentum dependence

In order to extract the momentum dependence of the form factors, we com-
pute the ratio of three- and two-point functions for a set of momenta. The
accessible range of ~q are multiples of 2π

L , since we are using periodic boundary
conditions. The final momentum transfer can be computed using the disper-
sion relation for the energy,

E (p) =
√(2π

L ni
)2

+m2
N . (125)

With this, the momentum transfer can be computed using

Q2 = − (E (p)−mN)
2 +

(2π
L ni

)2
. (126)

Figure 26 shows the plateau values for F1(Q2) for the different momenta com-
puted on the N6 ensemble. The plateau values corresponds to a source-sink
separation of ts = 22 a, which is equivalent to 1.1 fm. We fit the momentum
dependence by a dipole ansatz,

G(Q2) =
G(0)(

1+
(
Q
M

)2)2 , (127)
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with two parameters G(0) and M. A similar fit ansatz is commonly used in
the experimental determination [101]. Figures 27 and 28 show a comparison
of dipole fits for GE (Q2) or GM(Q2) on the N6 ensemble using the values
from the plateau and summation method. For illustration, an experimental
parametrisation [101] is added to the plot. The summation method produces
smaller estimates for GE (Q2), which are closer to Kelly’s parametrisation of
the experimental data. It is important to note that the pion mass of the
N6 ensemble is larger than the physical value, so that we do not expect
agreement with the curve. From the fit parameter M we can extract the
electric / magnetic radius,

〈r2〉 = − 6
G(0)

∂G(Q2)
∂Q2

∣∣∣∣∣
Q2=0

=
12
M2 . (128)

F1(Q2)

t [a]

2π
L ni :

0
1
2

3
4

5
60

0.2

0.4

0.6

0.8

1

2 6 10 14 18 22

Figure 26: Momentum behaviour of the F1(Q2) plateaus computed on the N6
ensemble. The plateaus are shown for the source sink-separation of
ts = 22 a only.
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Figure 27: Dipole fit for GE (Q2) on the N6 ensemble using the plateau (blue)
and summation method (red). The black line shows an experimental
parametrisation [101].
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Figure 28: Dipole fit for GM(Q2) on the N6 ensemble using the plateau (blue)
and summation method (red). The black line shows an experimental
parametrisation [101].





4
THE AX IAL CHARGE OF THE NUCLEON

We present results for the axial charge of the nucleon computed on the CLS
gauge configurations, which we use to perform the chiral extrapolation and
address the remaining lattice uncertainties such as the cutoff and finite-size
effects. The input parameters and further details of the ensembles used in this
study can be found in table 3. We use the volume corrections computed in
Heavy Baryon Chiral perturbation Theory (HBChPT) [60, 102], which are for
our ensemble in the subpercent level [35]. The upper panel of figure 29 shows
the results for the axial charge of the nucleon using the summed operator
insertion method, whereas the results from the plateau fits, are shown in
the middle panel of figure 29. The results for the axial charge are listed in
table 4for completeness. The ratio of the summation method and plateaus
fits is shown in the lower part of figure 29, which demonstrates that including
contributions from excited states lead to a statistical significant shift. We find
clear evidence that the inclusion of excited states via the summation method
leads to better agreement with the experimental determination of the axial
charge. The values extracted from the plateau method show a significantly
smaller value, although we use in most cases the largest available source-sink
separation for gA. For comparison, our results from [35] have been added in
grey, which have been obtained with a smaller number of “measurements”
and on ensembles with larger pion masses.

4.1 chiral behaviour

We have to extrapolate to the physical point, since all our simulations have
been performed with an unphysical pion mass. We see a mild dependence on
the pion mass in figure 29, so we choose the following set of functions for the
chiral extrapolation, which are similar to the ones used in [35]:

Fit A: gA(mπ) = A,

Fit B: gA(mπ) = A+ B m2
π,

Fit C: gA(mπ) = A+ B m2
π − C m2

π ln(m
2
π

Λ2 ),

Fit D: HBChPT (compare appendix) [102, 103].
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Label a [fm] mπ [MeV] smearing (n,κ) ts [a] #meas.
A3 0.079 473 (120, 0.74) 10, 12, 14, 16 2128
A4 0.079 363 (120, 0.74) 10, 12, 14, 16 3200
A5 0.079 312 (120, 0.74) 10, 12, 14, 16 4000
B6 0.079 267 (120, 0.74) 10, 12, 14, 16 2544
E5 0.063 456 (140, 0.74) 11, 13, 15, 17 4000
F6 0.063 325 (140, 0.74) 11, 13, 15, 17 3600
F7 0.063 277 (140, 0.74) 11, 13, 15, 17 3000
G8 0.063 193 (140, 0.74) 11, 13, 15, 17 4176
N5 0.050 430 (170, 0.74) 13, 16, 19, 22 1908
N6 0.050 332 (170, 0.74) 13, 16, 19, 22 3784
O7 0.050 261 (170, 0.74) 13, 16, 19, 22 1960

Table 3: Summary of lattice and input parameters for the calculation of the axial
charge and the electro-magnetic form factors.

Label a [fm] mπ [MeV] gplat.A g sum.
A

A3 0.079 473 1.210(26) 1.275(49)
A4 0.079 363 1.157(30) 1.185(80)
A5 0.079 312 1.162(45) 1.231(97)
B6 0.079 267 1.186(43) 1.288(83)
E5 0.063 456 1.191(35) 1.242(50)
F6 0.063 325 1.222(36) 1.240(45)
F7 0.063 277 1.252(49) 1.338(65)
G8 0.063 193 1.176(70) 1.208(91)
N5 0.050 430 1.142(23) 1.180(27)
N6 0.050 332 1.119(30) 1.201(34)
O7 0.050 261 1.097(37) 1.179(46)

Table 4: Result for the axial charge of the nucleon extracted using a plateau fit or
the summed operator insertion method.

These fit ansätze are commonly used for the chiral extrapolation of the axial
charge of the nucleon. In addition, we apply cuts on the pion mass to check our
chiral extrapolations. Figure 30 shows a comparison of Fit B for the complete
pion mass range and a cut of mπ < 365MeV, which agree very well within
the statistical precision. The overall agreement between the data and the fit
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Figure 29: The axial charge of the nucleon determined using the summation method
(upper panel) and plateau fits (middle panel). The lower panel shows the
ratio of summation method and plateau fits. Our recent results [35] have
been added in grey to the same plot and shifted slightly for readability.

is good, only a few points are outside the estimated uncertainties. Figure 31
shows a compilation the chirally extrapolated values of gA from fits A-D on
the the full pion mass range in blue. The open red symbols indicate the
fit results on the reduced pion mass range mπ < 365MeV. Fits A-D show
remarkably good agreement among the different fit ansätze and fit ranges.
Fit D shows larger statistical fluctuations, although three low-energy constants
have been fixed from phenomenology (compare appendix) [60]. Since we do
not see any influence of chiral logarithms, we use the linear extrapolation
(fit B) as our final value of the axial charge of the nucleon. We take half
of the spread, 1

2(max−min), of fits A-C on the full and reduced pion mass
ranges as an estimate for the remaining uncertainty of the chiral extrapolation.
If we include excited states using the summed operator insertion method,
we end up with a value gA which is either very close to or compatible with
the experimental determination. The extrapolated values from the standard
plateau method show a significant (> 1σ) discrepancy with the PDG value
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Figure 30: Chiral behaviour of the nucleon axial charge using the summation
method (upper panel) and standard plateau fit (lower panel). The chiral
fits correspond to Fit B using the complete range of the pion masses
(blue) and a cut on the pion mass mπ < 365MeV (red).
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Figure 31: Comparison of the chiral extrapolations (Fit A-D). The open symbols
(red) show the results for a cut on the pion mass mπ < 365MeV.
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of gA. The difference indicates that the treatment of excited states using the
summation method can resolve the mismatch seen between lattice simulations
and phenomenology.

4.2 cutoff effects

Although we do not use the improved axial current, lattice artefacts enter at
the level of O(a2), since the spatial components of the local axial current
receive O(a)-improvement for vanishing momentum transfer,

ψ(x)γ5γ3ψ(x) + acA∂3P + O(a2). (129)

We determine the axial charge using a correlators with vanishing momentum
transfer, which removes the improvement term in equation (129). We check
cutoff effects by a constant fit on the ensembles with a single lattice spacing.
We find good agreement among the β = 5.2 and 5.3 ensembles, but a sys-
tematic downward trend for the ensembles with the smallest lattice spacing.
A combined fit, which includes a term for the expected lattice artefacts, e.g.

gA(mπ, a) = A+ B m2
π +D a2, (130)

allows us to parametrise cutoff effects. The results of the combined fits are
shown in figure 33 by the open green points. The blue points indicate the previ-
ously obtained results without cutoff effects included. By adding an additional
parameter to the fits, we see an increase of the statistical uncertainties and
a systematic trend towards smaller values for gA. To confirm the influence of
lattice artefacts, we need to improve the statistical precision of the individual
ensembles, since we see the trend only on the β = 5.5 ensembles. We use half
of the spread of the points shown in figure 33 for fit A-C as an estimate for
cutoff effects.

4.3 finite-size effects

In this work, we use ensembles with values of mπL ≥ 4, so that finite-size
effects are empirically expected to be small [6, 104]. Unfortunately, there is
no ideal set of ensembles to check for finite-size effects explicitly, since all the
ensembles with different spatial extent also differ in the pion mass or the lattice
spacing or both. Figure 34 shows the mπL dependence of the axial charge of
the nucleon, where no systematic trend is visible. Since we have seen only a
mild dependence on the pion mass, we can interpret figure 34 as evidence for
small finite-size contributions. We find that the rule of thumb, mπL ≥ 4, is
sufficient in the case of the axial charge. Other lattice collaborations [53, 54,
80] have seen a trend in mπL towards smaller values for the axial charge of
the nucleon, especially if mπL ≤ 4, which we cannot confirm with our data.
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Figure 32: Individual constant chiral fits to the data at a fixed value of the lattice
spacing.
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Figure 33: Comparison of the chiral extrapolations (Fit A-D). The open symbols
(green) show the results for a combined fit including lattice artefacts.
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Figure 34: Study of finite-size effects for gA.





5
NUCLEON ELECTRO -MAGNET IC FORM FACTORS

In this chapter, we present our results for the electro-magnetic form factors [74,
76, 77]. We will present a complete discussion of the main sources of the
systematic uncertainties, which might however change slightly in the upcoming
publication of these results. The vector form factors have been computed on
the same subset of the gauge configurations as the axial charge, where details
on the ensembles are listed in table 3. The determination of the form factors
requires an additional description of the momentum dependence, for which we
use a dipole fit (compare section 3.7),

G(Q2) =
G(0)(

1+
(
Q
M

)2)2 . (131)

With these fits we can extract the radius from the fit parameter M,

〈r2〉 = − 6
G(0)

∂G(Q2)
∂Q2

∣∣∣∣∣
Q2=0

=
12
M2 . (132)

In the following, we show results for the electric and magnetic Sachs form fac-
tors GE (Q2),GM(Q2) and the anomalous magnetic moment of the nucleon.
The Pauli and Dirac form factors F1(Q2) and F2(Q2) represent a completely
equivalent description of the same information. The results of the electric and
magnetic radius are listed in table 5. The values of the anomalous magnetic
moment of the nucleon can be found in table 6. Figure 35 shows the results
for the electric radius 〈r2E 〉 determined by a dipole fit. In the upper panel of
figure 35, we display the values obtained by the summed operator insertion
method. The fits to the standard plateaus are shown in the middle part of
figure 35. The comparison shows that including contaminations from excited
states results in an upward shift of the data (compare to the lower panel of fig-
ure 35), which leads to better agreement with the experimentally determined
value [47]. As seen for the axial charge, the statistical uncertainties become
larger when we use the summation method.

The magnetic radius can be extracted in a completely analogous procedure
from GM(Q2). In contrast to GE (Q2), we find little contamination from ex-
cited states. Figure 36 shows the results obtained using the summation method
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Figure 35: The electric radius 〈r2
E 〉 of the nucleon determined using the summa-

tion method (upper panel) and plateau fits (middle panel). The ratio of
summation method and plateau fits are shown in the lower panel.

(upper panel) and the standard plateau fits (middle panel). The larger statis-
tical uncertainties are caused by the necessary extrapolation to Q2 = 0, since
we cannot compute the magnetic form factor directly at vanishing momentum.
The larger statistical uncertainties might hide the contamination from excited
states, which we have similarly seen for the axial charge in figure 25. Further
study should reveal, whether contamination from excited states are small for
GM(Q2) or if the number of measurements is not sufficient to distinguish
contaminations from excited states and statistical fluctuations.

The iso-vector anomalous magnetic moment of the nucleon,

µ :=
GM(0)
F1(0)

= κ+ 1 (133)
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Figure 36: The magnetic radius 〈r2
M〉 of the nucleon determined using the summa-

tion method (upper panel) and plateau fits (middle panel). The ratio of
summation method and plateau fits are shown in the lower panel.

can be extracted in two ways. We extrapolate either the results of the dipole
fit to GM(Q2) to vanishing momentum transfer or the ratio of the form factors
GM and F1:

GM(Q2 → 0)→ µ,
GM(Q2)
F1(Q2)

∣∣∣∣
Q2→0

→ µ. (134)

We use the second method since the momentum dependence of F1 and GM
appears to be similar and results in an approximately constant ratio. Figure 37
shows the ratio of GM and F1 computed on the N6 ensemble and a constant fit,
which give a good description of the ratio. For the magnetic moment, we see
a significant shift in figure 38 if we include excited states using the summation
method, which leads to a more favourable comparison with experiment.
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Figure 37: The ratio of GM and F1 computed on the N6 ensemble.
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Figure 38: The anomalous magnetic moment κ of the nucleon determined using
the summation method (upper panel) and plateau fits (middle panel).
The ratio of summation method and plateau fits are shown in the lower
panel.
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Label 〈r2E 〉plat. [fm2] 〈r2E 〉sum. [fm2] 〈r2M〉plat. [fm2] 〈r2M〉sum. [fm2]

A3 0.469(21) 0.499(45) 0.331(32) 0.447(85)
A4 0.552(31) 0.6133(111) 0.289(50) 0.218(87)
A5 6.320(40) 0.7957(110) 0.341(46) 0.313(133)
B6 0.632(32) 0.6658(97) 0.443(33) 0.474(114)
E5 0.468(22) 0.5148(39) 0.272(47) 0.361(98)
F6 0.604(40) 0.6606(56) 0.365(41) 0.436(81)
F7 0.576(23) 0.6270(37) 0.361(25) 0.528(67)
G8 0.639(36) 0.7232(60) 0.505(66) 0.394(68)
N5 0.517(19) 0.5481(25) 0.258(25) 0.287(32)
N6 0.617(26) 0.7013(33) 0.356(32) 0.395(49)
O7 0.610(30) 0.6916(43) 0.390(32) 0.445(49)

Table 5: Results for the electro-magnetic radii 〈r2
E 〉 and 〈r2

M〉.

5.1 chiral behaviour

We use similar fit functions for the chiral extrapolation as we have considered
for the axial charge. Here we focus on the results from the linear fit. An anal-
ysis based on HBChPT fit forms will be considered in a following publication.
We extrapolate 〈r2E 〉, 〈r2M〉 and κ using a linear fit on the full pion mass range
and compare it to a reduced pion mass range of 0 < mπ < 365MeV. Fig-
ure 39 shows the results for the electric charge radius 〈r2E 〉, for which we find
good agreement with the experimental value, provided that we include con-
taminations from excited states using the summed operator method. In the
case of the magnetic radius 〈r2M〉, we see a significant deviation from the ex-
perimental value. The large statistical fluctuations in 〈r2M〉, which are caused
by the necessary extrapolation of GM to Q2 → 0GeV2, prevent us from a
systematic study of the contaminations from excited states. Currently, we see
only a tendency indicated by the lower panel of figure 36, thus further studies
are needed to improve the determination of the magnetic radius. The anoma-
lous magnetic moment of the nucleon κ, shown in figure 41, indicates only a
mild dependence on the pion mass. As for the electric radius, we find good
agreement with the experimental determination, if we include contaminations
from excited states. For the 〈r2E 〉, 〈r2M〉 and κ, we will incorporate chiral fits
motivated by HBChPT [105] to check these extrapolations.
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Label κplat. κsum.

A3 3.133(18) 4.323(52)
A4 2.821(48) 2.548(60)
A5 2.470(25) 2.491(65)
B6 2.946(24) 3.662(59)
E5 2.806(31) 3.132(60)
F6 2.628(26) 3.126(42)
F7 2.656(20) 3.219(30)
G8 3.065(31) 3.433(40)
N5 2.598(17) 2.955(20)
N6 2.763(21) 3.232(30)
O7 2.502(17) 3.013(26)

Table 6: Results for the anomalous magnetic moment κ of the nucleon.
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Figure 39: Comparison of the chiral extrapolation for the electric charge radius 〈r2
E 〉.
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Figure 40: Comparison of the chiral extrapolation for the magnetic radius 〈r2
M〉.



60 nucleon electro-magnetic form factors

m2
π [GeV2]

m2
π,phys summation

κ

m2
π,phys plateau ts ∼ 1.1 fm

2

3

4

5

0 0.05 0.1 0.15 0.2 0.25

a = 0.079 fm
a = 0.063 fm
a = 0.050 fm

2

3

4

5

Figure 41: Comparison of the chiral extrapolation of the anomalous magnetic mo-
ment κ.

5.2 cutoff and finite-size effects

Cutoff effects are expected to enter at the level of O(a), although the action
is non-pertubatively O(a) improved, since we did not include the improvement
terms in the definition of the operators. Volume effects are expected to be
small, since we use ensembles for which mπL ≥ 4 holds. The data in figures 35,
36 and 38 show no obvious systematic trend for the different lattice spacings
or volumes. If we look in detail at the electric form factor GE (Q2) on three dif-
ferent ensembles, which have approximately the same pion mass ∼ 260MeV
(B6, F7, and O7), we can study cutoff and finite-size effects. All three en-
sembles correspond to different lattice spacings, where two, the F7 and O7
ensemble, have a similar spatial extent. Figure 42 shows the electric form fac-
tor computed on these ensembles. The experimental parametrisation [101] has
been added for illustration only, since the lattice results still require an extrap-
olation to the physical pion mass. We can conclude that cutoff and finite-size
effects are smaller than our current statistical precision, since no systematic
difference appears in figure 42. For the magnetic radius of the nucleon, we see
a similar behaviour in figure 43. The absence of cutoff and finite-size effects
justifies our strategy of fitting results on all three values of the lattice spacing
to a common ansatz.
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Figure 42: The electric form factor GE (Q2) computed on three different ensem-
bles with different lattice spacings and spatial extents. The experimental
parametrisation has been added for illustration only.

Q2 [GeV2]

summation

GM(Q2)

plateau ts ∼ 1.1 fm

0
1
2
3
4
5

0 0.25 0.5 0.75

B6
F7
O7

exp. (Kelly [101])

0
1
2
3
4
5

Figure 43: The electric form factor GM(Q2) computed on three different ensem-
bles with different lattice spacings and spatial extents. The experimental
parametrisation has been added for illustration only.
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CONCLUS IONS AND OUTLOOK

In the previous chapters, we have presented a lattice calculation of the nucleon
axial charge and the electric and magnetic form factors. We have demonstrated
that the inclusion of excited states via the summed operator insertion method
leads to improved agreement with the experimentally determined values. If we
summarise the statistical and systematic uncertainties of the axial charge, we
find:

gA[plateau] = 1.146(26)stat(20)chiral(35)cutoff, (135)
gA[summation] = 1.224(40)stat(16)chiral(33)cutoff. (136)

Adding the uncertainties in quadrature, we achieve an accuracy of 4.2% using
the standard plateau fit and 4.4% in the case of the summation method.
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Figure 44: A comparison of the axial charge computed by various lattice groups [53,
60, 70].

The axial charge extracted from the plateau leads to a discrepancy with phe-
nomenology at the level of 2.6σ, whereas including excited states yields agree-
ment within one standard deviation. The largest source of systematic uncer-
tainty is given by cutoff effects, since we see a downward trend for the finest
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ensembles. Whether or not this is an accidental statistical fluctuation or a real
effect cannot be decided with the current data. We find no consistent pattern
of discretisation effects: ensembles with an intermediate lattice spacing tend
to larger values, whereas ensembles with the finest lattice spacing result in
smaller values. Cutoff effects are expected to be small, since the axial charge
is O(a)-improved, which makes a statistical fluctuation more likely. The chiral
extrapolation adds another uncertainty, which will improve in the future, if we
simulate directly at the physical pion mass. Currently, the CLS collaboration
has started the generation of further ensembles, with one matched to the
physical pion mass. Figure 44 shows a comparison of our results with other
two-flavour lattice calculations [53, 60, 70], where our calculation includes
contamination from excited states and find agreement with phenomenology.

The electric form factor and the anomalous magnetic moment show clear ev-
idence of contamination from excited states. For the magnetic form factor,
we cannot resolve contributions from excited states with the current statisti-
cal precision. As seen for the axial charge (in figure 25), contamination from
excited states might still be hidden. If we summarise the statistical and sys-
tematic uncertainties for the electro-magnetic radii and anomalous magnetic
moment, we find:

〈r2E 〉 = 0.768(32)stat(28)chiral fm2, (137)
〈r2M〉 = 0.468(42)stat(24)chiral fm2, (138)
κ = 3.14(24)stat(7)chiral (139)

The values have been obtained using the linear fit on the full pion mass range
and the data extracted using the summed operator insertion method. The
chiral extrapolation adds a systematic uncertainty, which we will check using
fits motivated by HBChPT [105]. As discussed in the previous chapters, we
see very little influence, if any, from cutoff and finite-size effects. A combined
fit of all the form factors will help us to constrain the chiral fits as much as
possible. The extraction of the radii depends on a good description of the
momentum behaviour, which introduces another systematic uncertainty. Even
for our largest ensemble, the smallest non-vanishing momentum is ∼ 0.1 GeV2,
which requires a long extrapolation especially for GM(Q2). Partially twisted
boundary conditions introduced in section 1.6 offer an alternative, which al-
lows us to tune the momentum transfer to any arbitrary value. So far, partially
twisted boundary conditions have been successfully used in mesonic quantities
and in the anomalous magnetic moment of the muon, which is presented in
the next part. A study in [106] has explored the use of partially twisted bound-
ary conditions in baryonic observables.

The lattice spacing from [24] is used as an input in this calculation, thus
additional uncertainties related to the lattice spacing are relevant. In the cal-
culation of the axial charge, the lattice spacing has a minor influence on the
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overall value, since it only appears in the conversion of the pion mass into
physical unit.

Beyond the axial charge and the electro-magnetic form factors, we have in-
cluded additional operators in our simulation, which allows us to determine
a larger set of observables. The axial form factor GA(Q2) and the induced
pseudoscalar form factor GP(Q2) can be extracted by the same techniques as
presented in this work. We have also included operators with one derivative,
which allows us to relate the hadron matrix element to the generalised form
factors A20(Q2), B20(Q2) and C20(Q2)〈

p′, s ′
∣∣∣∣ γ{µ↔Dν}

∣∣∣∣p, s〉 = u(p, s)
(
γ{µQν}A20(Q2) (140)

+ i
σ{µαQαpν}

2m B20(Q2) +
1
mp{µpν}C20(Q2)

)
u(p, s).

The average quark momentum fraction 〈x〉u−d can be extracted from the
form factor

A20(0) = 〈x〉u−d (141)

up to a necessary renormalisation. Figure 45 shows an example of the bare ratio
of three- and two-point functions used to the determine the quark momentum
fraction 〈x〉u−d computed on the N6 ensemble.

〈x〉bareu−d

ts
2

ts = 13 a
ts = 16 a
ts = 19 a
ts = 22 a

summation0.1

0.15

0.2

0.25

0.3

0.35

0.4

Figure 45: The bare ratio of the average quark momentum fraction 〈x〉u−d deter-
mined on the N6 ensemble.

Contaminations from excited states appear to be even more pronounced than
for the axial charge or the electro-magnetic form factors. Further studies, in-
cluding the appropriate renormalisation constant, will reveal if the treatment of
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excited states can solve the current mismatch seen between lattice simulation
and experimental data for the average quark momentum fraction [48]. The
LHPC collaboration [64] finds agreement with phenomenology, if contributions
from excited states have been included in the determination of 〈x〉u−d .
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I NTRODUCT ION

The anomalous magnetic moment of the muon, defined by

aµ ≡
gµ − 2

2 , (142)

is one of the most precisely measured quantities in physics. The current level
of accuracy has reached 0.5 ppm [107]. aµ receives significant contributions
from electro-magnetic, weak, and strong interactions, which can be predicted
to a precision compatible with experiments allowing a stringent test of the
Standard Model of Particle Physics (SM). Indeed, a persistent tension of
∼ 3σ between theory and experiment [47] is found, which might indicate
physics beyond the SM. The anomalous magnetic moment of the muon is more
sensitive to potential new physics effects as the one of the electron, because
of an enhancement by the mass of the muon aµ/ae ∼ (mµ/me)2 in quantum
corrections. Before postulating New Physics, the uncertainties in theory and
experiment must be improved to exclude a statistical fluctuation within the SM.
The uncertainty of the theoretical predictions is dominated by contributions
from the strong interaction, i.e. the hadronic vacuum polarisation and the light-
by-light diagrams. In the following sections the experimental methodology and
the individual contribution to aµ from the SM will be presented; more detailed
reviews can be found in [47, 108].

7.1 experimental determination

The experimental determination of aµ started at CERN in 1961, where the
anomalous magnetic moment was measured with an 0.4% accuracy [109].
With the more recent E821 experiment in Brookhaven, the uncertainty has
been reduced to a level of 0.5 ppm [107]. We will present the basic concepts of
the measurement in the following, a more detailed picture of the experimental
setup can be found in [47, 107].

In a storage ring with a constant magnetic field B, the muon precesses along
a circle with the Larmor frequency

ωp =
eB
mµγ

, (143)

69
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where γ is the Lorentz factor. The anomalous magnetic moment of the muon
causes a small change in the precession of the spin,

ωs =
eB
mµγ

+ aµ
eB
mµ

. (144)

Measuring the difference in the Larmor frequency of spin and momentum

ωa = ωs − ωp =

(
eB
mµγ

+ aµ
eB
mµ

)
− eB

mµγ
= aµ

eB
mµ

. (145)

directly gives the anomalous magnetic moment of the muon, aµ. This setup
requires the precise knowledge of the magnetic field B and the muon mass
mµ. A schematic of the experiment is shown in figure 46.

µ−

~p

~s

Figure 46: Schematic of experimental setup of the (g − 2)µ measurement showing
the precessing muon ~p and its spin ~s in a constant magnetic field.

To measure the Larmor frequency of the spin, one exploits the decay of the
muon, which is shown in figure 47.

µ− e−

νµ

νe

Figure 47: Weak decay pattern of the muon

The momentum of the emerging electron is anti-parallel to the muon spin
because of the chiral nature of the weak interaction. The neutrinos involved
in this decay are left-handed in the case of the muon neutrino and right-handed
for the electron-anti-neutrino. The masses of the neutrinos have small upper
bounds, so that the decay shown in figure 47 is strongly preferred.

The E821 collaboration [107] determine the anomalous magnetic moment to
be

aexpµ+ = 11659204(6)(5)· 10−10 (146)
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for the anti-muon and

aexpµ− = 11659215(8)(3)· 10−10 (147)

for the muon. Both measurements show a good agreement and confirm lepton
universality. The world average of the muon’s anomalous magnetic moment is

aexpµ = 11659208.9(5.4)(3.3)· 10−10. (148)

Currently, the storage ring of the E821 experiment is being moved to Fermilab,
so that a cleaner and more intense muon beam can be used. The uncertainty
of the experimental value is expected to decrease by a factor 4 [47].

7.2 standard model prediction for aµ

The theory prediction of the anomalous magnetic moment of the muon re-
ceives contributions from electro-magnetic, weak and strong interaction, which
will be presented in the following.

7.2.1 Electro-magnetic contributions

γ

γ

µ−µ−

Figure 48: Leading QED contribution to (g − 2)µ

The electro-magnetic interaction can be computed using the theory of Quan-
tum Electrodynamics (QED). Since the fine structure constant [47]

α = 7.2973525698(24)· 10−3 � 1, (149)

the electro-magnetic contribution to (g − 2)µ can be computed using a per-
turbative expansion in the coupling constant

aQEDµ =
∞∑
n=1

a(2n)µ

(
α

π

)n
. (150)

The leading QED contribution to the anomalous magnetic moment of the
muon can be found in figure 48, which was first computed by Schwinger [110].
Given the experimental precision, the expansion must be extended up to the
fifth order in

(
α
π

)
to achieve a similar accuracy. The number of diagrams
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contributing grows significantly when including higher corrections. Kinoshita
et al. [111] have recently succeeded in computing all diagrams entering at the
fifth order, finding

aQEDµ = 0.5
(
α

π

)1
+ 0.765857425(17)

(
α

π

)2
+ 24.05050996(32)

(
α

π

)3
+ 130.8796(63)

(
α

π

)4
+ 753.29(1.04)

(
α

π

)5
+ ... (151)

The uncertainties listed above include the uncertainties from numerical com-
putations, as well as the uncertainties of the physical parameters such as the
fine structure constant and the lepton masses. The leading contribution at the
sixth order has been estimated to be [111]

aQEDµ [6− loop] ∼ 0.8· 10−12, (152)

which is approximately twice the size of the uncertainty of the complete fifth
order. The QED contribution to the anomalous magnetic moment of the muon
up to the fifth order is [111]

aQEDµ = 11658471.8846(37)· 10−10. (153)

The QED calculation has achieved an impressive accuracy of 0.3 ppb.

7.2.2 Weak contributions

The weak interaction can be understood as the exchange of massive W± and
Z -bosons with the masses of [47].

mW± = 80.385(15)GeV and mZ = 91.1876(21)GeV. (154)

γ

µ− µ−

W− W−

νµ Z

γ

µ−µ−

H

γ

µ−µ−

Figure 49: Lowest order diagrams for the weak contribution to (g − 2)µ

The energy scale relevant in the anomalous magnetic moment of the muon
is small compared to the masses of the W± and Z -bosons, which allows for
a perturbative treatment of the weak interaction. The leading order diagrams
can be seen in figure 49, one of which involves the Higgs particle. The 2013
Nobel prize was awarded to Englert and Higgs for the prediction of the Higgs
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particle and mechanism [112, 113]. However, a contribution to (g − 2)µ from
the Higgs particle can still be neglected [108]

aweakµ [Higgs] ∼ 10−14. (155)

The remaining weak diagrams at one and two-loop level turn out to be small,
but relevant for the required precision [47]:

aweakµ [1− loop] = 19.482(2)· 10−10, (156)
aweakµ [2− loop] = −4.07(21)· 10−10. (157)

The leading logarithms for the three-loop contribution have been evaluated [47],

aweakµ [3− loop] ∼ 10−12. (158)

This contribution can be neglected at the current level of accuracy.

7.2.3 Strong contributions

had

γ

µ−µ−

γ γ

Figure 50: Hadronic vacuum polarisation diagram for (g − 2)µ.

The strong interaction does not directly couple to leptons, but hadronic effects
contribute indirectly via loops. The leading diagram can be seen in figure 50,
which enters at the level of

(
α
π

)2
. The non-perturbative nature of QCD pre-

vents a perturbative treatment of hadronic effects to (g − 2)µ, and therefore a
non-perturbative approach is necessary. Currently, the most accurate estimate
is obtained using the optical theorem and dispersion relation, which allows
one to use e+e− → hadrons measurements to obtain the leading hadronic
contribution to the anomalous magnetic moment of the muon.

hadγ γ
⇔ had

had
γ

Figure 51: Visualisation of the Optical Theorem: Connecting the imaginary part
of the hadronic vacuum polarisation to hadronic total cross section of
e+e− → hadrons.
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The optical theorem relates the total cross-section of e+e− → hadrons to the
imaginary part of the vacuum polarisation Π(s):

ImΠ(s) = s
4παs(s)

σtot(e+e− → hadrons) = αs(s)
3 R(s). (159)

The contribution to (g − 2)µ can be obtained by a dispersion integral over
the center of mass energy s from the hadronic vacuum polarisation,

ahvpµ =
(
αsmµ

3π

)2
E2

cut∫
m2

π

ds Ropt(s)K (s)
s2 +

∞∫
E2

cut

ds Rper(s)K (s)
s2

 .

(160)

The integral has been split into two separate parts. In the low-energy regime
the optical theorem is used to determine the ratio Ropt(s). In the high-energy
region (mcut & 2GeV), perturbation theory provides a description of the ratio
Rper(s). The integration kernel in equation (160) is given by

K (s) = 3s
m2
µ

(
s2
2 (2− s2) + (1+ s2)(1+ s2)

s2

(
ln(1+ s)− s + s2

2

)
(161)

+
(1+ s)
(1− s) s

2 ln(s)
)
.

The main source of the uncertainty on the hadronic vacuum polarisation is
given by the experimental input in equation (159) and the numerical evaluation
of the low-energy part of the dispersion integral [47]

ahvpµ [α2] = 695.5(4.0)opt(0.7)per · 10−10. (162)

The uncertainty of the hadronic vacuum polarisation is an order of magnitude
larger than the QED and weak uncertainties. Diagrams at the level of

(
α
π

)3
including the hadronic vacuum polarisation can been computed using the same
techniques as presented before [108],

ahvpµ [α3] = −9.8(0.1)· 10−10. (163)

At order
(
α
π

)3
, an additional the diagram shown in figure 52 appears, which

cannot be computed using the optical theorem. The current estimates of this
light-by-light contribution to the anomalous magnetic moment of the muon
have been obtained in large-NC (number of colours) expansions or model
calculations. The value quoted in the PDG [47] is

alblµ = 10.5(2.6)· 10−10. (164)
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γ

µ− µ−

γ γγ

µ−

had

Figure 52: Light-by-light scattering diagram for (g − 2)µ.

7.3 comparison of theory and experiment

Summing up the individual SM contributions leads to the theory prediction,
which disagrees with the experimentally determined value for aµ at the level
of 3.2σ [47]:

atheoµ = 11659183.5 (0.004)QED(0.2)weak(4.1)hvp(2.6)lbl,α
3
· 10−10,

aexpµ = 11659208.9 (5.4)stat(3.3)sys · 10−10, (165)
∆aµ = aexpµ − atheoµ = 25.5(6.3)exp.(4.9)theo. · 10−10.

The left panel of figure 53 shows that the anomalous magnetic moment of the
muon is dominated by QED contributions. Weak and strong interaction add
a small but non-negligible contribution to aµ. The uncertainties of (g − 2)µ
are shown in the right panel of figure 53, in which hadronic effects clearly
dominate by an order of magnitude. Note that the pie chart lists the relative
size of the error, if the uncertainties are added in quadrature, the hadronic
vacuum polarisation uncertainty will become even more dominant. Currently,
the uncertainty of the experimental measurement exceeds the theoretical one.
A future experiment at Fermilab is aiming for an improvement of the experi-
mental accuracy by a factor of 4 [47], so that the theory prediction must also
be improved.

QED

atheoµ

others

hvp

lbl,α3
weak

∆atheoµ

QED

Figure 53: Left: Comparison of the individual Standard Model contribution to aµ.
Right: The size of the individual uncertainties to (g − 2)µ.
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LATT ICE CALCULAT IONS

As discussed in the previous chapter, the leading hadronic contribution, shown
in figure 54, dominates the uncertainties of the theoretical prediction of the
anomalous magnetic moment of the muon. In the following, we will present an
ab initio calculation of the hadronic vacuum polarisation using lattice QCD,
which has become a very active field of research in the lattice community [114–
128].

had

γ

µ−µ−

γ γ

Figure 54: Hadronic vacuum polarisation diagram for (g − 2)µ

The leading hadronic contribution to (g − 2)µ can be obtained from a convo-
lution integral [129, 130],

ahvpµ =
(
α

π

)2 ∞∫
0

1
Q2 f (Q

2) Π̂(Q2) dQ2. (166)

The integrand is the product of two parts, the subtracted vacuum polarisation

Π̂(Q2) = 4π
(
Π(0)−Π(Q2)

)
(167)

and the kernel f (Q2), which is known analytically from QED [129, 130],

f (Q2) =
m2
µQ4Z 3(1−Q2Z )
1+m2

µQ2Z 2 with Z =
Q2 −

√
Q4 − 4m2

µQ2

2m2
µQ2 .

(168)

In the following, we present a lattice calculation of the subtracted vacuum
polarisation, which is needed to evaluate the integral in equation (166).

77
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8.1 vacuum polarisation

The Euclidean hadronic vacuum polarisation tensor Πf
µν(Q) can be obtained

by a discrete four-dimensional Fourier-transformation of a current-current cor-
relator,

Πf
µν(Q) = a4

∑
n
e iQn

〈
J fµ(n)J fν (0)

〉
, (169)

where J fµ(n) is the electro-magnetic current of flavour f . The vacuum polari-
sation tensor is a weighted sum over all flavours in the theory,

Πµν(Q) =
∑

f=u,d ,s,...
z2f Πf

µν(Q), (170)

where we drop the quark charges zf and the sum to simplify the notation.
With these definitions the vacuum polarisation Π(Q2) can be extracted from
Πµν(Q) via

Πµν(Q) =
(
QµQν −Q2δµν

)
Π(Q2), (171)

excluding contributions with vanishing transverse momentum. The momentum
transfer Q2 is obtained by

Q2 =
∑
µ

4
a2 sin

2
(
a p̂µ
2

)
, (172)

where p̂µ is defined as

p̂µ =
2π
L nµ. (173)

In the lattice formulation, the naïve local vector current ψ(n)γµψ(n) is not
conserved, so we use the point-split vector current, which can be derived
using Noether’s theorem (compare section 1.5). The Wick-contractions of
the vector-vector correlator lead to a quark-connected diagram and a quark-
disconnected diagram, both shown in figure 55.

had had had

Figure 55: Left: Connected diagram for the hadronic vacuum polarisation. Right:
Disconnected diagram for the hadronic vacuum polarization.

In this work, we only consider the connected diagram, since the computation
of the disconnected diagram is a computationally demanding task. Neverthe-
less, Della Morte and Jüttner [131, 132] have estimated, using two-flavour
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chiral perturbation theory, that the disconnected diagrams contribute approxi-
mately−10% of the connected one. This result has been derived independently
in [123].

In [133, 134], we have used two conserved vector currents to construct the
vacuum polarisation tensor, which is a sum of

Π(1)
µν (Q) =

a4
4
∑
n
e iQ(n+aµ̂/2−aν̂/2) (174)

Tr
[
(1+ γν)U†ν(0)γ5S†(n+ aµ̂, 0)γ5(1+ γµ)U†µ(n)S(n, aν̂)

− (1− γν)Uν(0)γ5S†(n+ aµ̂, aν̂)γ5(1+ γµ)U†µ(n)S(n, 0)
− (1+ γν)U†ν(0)γ5S†(n, 0)γ5(1− γµ)Uµ(n)S(n+ aµ̂, aν̂)
+ (1− γν)Uν(0)γ5S†(n, aν̂)γ5(1− γµ)Uµ(n)S(n+ aµ̂, 0)

]
and a contact term, which arises from Noether’s theorem,

Π(2)
µν (Q) =

a
2δµνTr

[
(1+ γν)U†ν(0)S(0, aν̂) + (1+ γν)Uν(0)S†ν(0, aν̂)

]
.

(175)

The determination of the vacuum polarisation tensor thus requires the com-
putation of five propagators, where one starts at the origin S(m, 0) and the
other four are shifted by one lattice spacing S(m, aν̂).

In [121], we have exchanged one of the point-split currents by a local vector
current, following a strategy by Boyle et al. in [119]. The combination of a local
and a conserved vector current allows us to obtain the vacuum polarisation
tensor,

Πµν(Q) = ZV
a4
4
∑
n
e iQ(n+aµ̂/2)

Tr
[
γνγ5S†(n+ aµ̂, 0)γ5(1+ γµ)U†µ(n)S(n, 0) (176)

− γνγ5S†(n, 0)γ5(1− γµ)Uµ(n)S(n+ aµ̂, 0)
]
,

with one inversion S(m, 0), which reduces the numerical effort by a factor
of five. The appearance of the local vector current necessitates the multipli-
cation with the renormalisation factor ZV (1 + bV am). The vector current
renormalisation constant ZV can be determined to a very high precision [32].
For our set of ensembles, the accuracy of ZV is better than 0.7%, which, at
the moment, does not limit the overall precision of the vacuum polarisation.
Figure 56 shows a comparison of the subtracted vacuum polarisation for the
case of two conserved point-split currents and the combination of a local and
a point-split current, both determined on the F6 ensemble. The lower panel
of figure 56 shows the the relative difference of both choices for the currents,
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which indicates that both are compatible within our current statistical pre-
cision, although both variants of the vector current might differ by lattice
artefacts.

Π̂(Q2)

Q2 [GeV2]∆

local-conserved
conserved-conserved

0
0.2
0.4
0.6
0.8
1

0 0.2 0.4 0.6 0.8 1

relative ∆

0
0.1
0.2

Figure 56: Upper Panel: Comparison of the subtracted vacuum polarisation for the
choice of two conserved point-split currents and the combination of a
local and point-split current for the vacuum polarisation tensor. Both
data sets have been computed on the F6 ensemble with a pion mass of
325MeV. Lower Panel: Relative difference of both choices for currents

8.2 partially twisted boundary conditions

With periodic boundary conditions, the vacuum polarisation tensor can only
be determined on a discrete set of momenta

pi =
2π
L ni , p0 =

2π
T n0, (177)

which for the largest ensemble (G8), results in a minimal value of the mo-
mentum transfer of Q2 ∼ 0.023GeV2. The low momentum region dominates
the integral in equation (166), since the kernel f (Q2) is peaked at small mo-
mentum transfer. To achieve a better momentum resolution, we use partially
twisted boundary conditions, which were proposed in [39–41] and have already
been presented in section 1.6. With partially twisted boundary conditions, the
momentum becomes

pi =
2π
L ni +

Θi
L , (178)

which allows us to tune the real-valued parameter Θi to achieve, in princi-
ple, any momentum transfer. Partially twisted boundary conditions are imple-
mented via a constant U(1) background field, which require a new inversion
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of the Dirac operator every time Θi is changed. Another feature of twisted
boundaries is the removal of the momentum degeneracy: i.e. replacing ni by
−ni results in a different momentum. Partially twisted boundary conditions
are, in principle, only applicable to flavour-non-diagonal quantities, as other-
wise the effect of twisting the boundaries cancels. The vacuum polarisation
tensor is flavour-diagonal by construction,

Πµν(Q) = ZV
a4
4
∑
n
e iQ(n+aµ̂/2) Tr

[
Jcµ(n)J lν(0)

]
= (179)

ZV
a4
4
∑
n
e iQ(n+aµ̂/2)Tr

[
ψ(n+ aµ̂)(1+ γµ)U+

µ (n)ψ(n)ψ(0)γνψ(0)

− ψ(n)(1− γµ)Uµ(n)ψ(x + aµ̂)ψ(0)γνψ(0)
]
.

Using iso-spin symmetry, the vacuum polarisation tensor in equation (176) can
be reinterpreted as a flavour-non-diagonal object [131, 132]

Tr
[
Jcµ(n)J lν(0)

]
= (180)

= Tr
[
q1(n+ aµ̂)(1+ γµ)U+

µ (n)q2(n)q2(0)γνq1(0)

− q1(n)(1− γµ)Uµ(n)q2(x + aµ̂)q2(0)γνq1(0)
]

= Tr
[
γνγ5S†q1(n+ aµ̂, 0)γ5(1+ γµ)U†µ(n)Sq2(n, 0) (181)

− γνγ5S†q1(n, 0)γ5(1− γµ)Uµ(n)Sq2(n+ aµ̂, 0)
]
,

for which twisted boundary conditions have a non-trivial effect

pi =
2π
L ni +

Θi
q2 −Θi

q1

L . (182)

The trick of re-interpreting the currents in terms of different flavours breaks
flavour-symmetry and therefore violates the initial condition for the derivation
of the point-split current. The associated Ward-Takahashi identities [37, 38]
are expected to be violated [135], which will be discussed in the next section.
In our implementation, we compute propagators with periodic boundary condi-
tions and use a constant U(1) background field to realise the partially twisted
boundary conditions. The propagator S̃q1(n+ aµ̂, aν̂) is connected to the one
with partially twisted boundary conditions Sq1(n+ aµ̂, aν̂) by a phase

S̃q1(n+ aµ̂, aν̂) = exp
(
i
Θµ
q1 −Θν

q1

L

)
Sq1(n+ aµ̂, aν̂). (183)
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Including the phase factor provides us with the final expression of the vacuum
polarisation tensor, which is used in this work:

Πµν(Q) = ZV
a4
4
∑
n
e iQ(n+aµ̂/2) (184)

Tr
[
exp

(
− i Θ

µ
q1

L

)
γνγ5S̃†q1(n+ aµ̂, 0)γ5(1+ γµ)U†µ(n)S̃q2(n, 0)

− exp
(
i Θ

µ
q2

L

)
γνγ5S̃†q1(n, 0)γ5(1− γµ)Uµ(n)S̃q2(n+ aµ̂, 0)

]
.
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Figure 57: Momentum dependence of the vacuum polarisation using periodic and
partially twisted boundary conditions on the G8 ensemble. The inset
shows an enlarged image of the low momentum region.

8.3 ward-takahashi identities

Using two conserved vector currents, Jcµ(n) and Jcν (0), in the vacuum polari-
sation tensor fulfils the Ward-Takahashi identities

qµ Πµν(Q) = 0 = qν Πµν(Q). (185)

For our choice of a local and point-split current in the vacuum polarisation
tensor, the Ward-Takahashi identities are still valid for the first index, corre-
sponding to the conserved current. However they are violated by the local
current

qµ Πµν(Q) = 0 and qν Πµν(Q) 6= 0. (186)
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If we combine the point-split vector current with partially twisted boundary
conditions, we find that the point-split current is technically not conserved, so
we explore the possibility of deriving a conserved vector current in the pres-
ence of partially twisted boundary conditions. For this, we consider a general
infinitesimal transformation of the fields

ψ′(x) = ψ(x) (1− iεα(x)λα) and ψ′(x) = ψ(x) (1+ iεα(x)λα) ,
(187)

where λα is a general flavour matrix. For simplicity, we restrict the following
argument to two flavours. Repeating the calculation in section 1.5, a conserved
vector current can only be constructed if[

Bµ,λα
]
= 0, (188)

where Bµ is the diagonal flavour matrix of the twist applied to the individual
flavour

Bµ =
1
L

Θ1 0
0 Θ2

 . (189)

The condition in equation (188) implies four choices, for which a conserved
vector current can be derived:

(a) Bµ ∼ 1 ,

(b) λα = 1,

(c) λα =
(
1 0
0 −1

)
and λα = 1

L

(
Θ1 0
0 Θ2

)
,

(d) Bµ = 0.

Condition (a) demands that the same twist angle Θi is applied equally to
all flavours, whilst receiving the freedom of choosing any flavour structure in
the vector current. Even with a flavour non-diagonal current, the net effect
of twisting will cancel, because all flavours are twisted by the same amount.
Condition (b) corresponds to the case of a flavour-diagonal current, in which
twisted boundary conditions are not applicable. In case (c), we consider a
current with opposite signs in the flavour content, which would result in a
vanishing vacuum polarisation tensor for the case of two degenerate quark
flavours. The trivial choice (d) is exactly the situation of periodic boundary
conditions, in which a flavour-non-diagonal current is conserved and there-
fore fulfils the Ward-Takahashi identities. We have checked all four conditions
numerically. For our calculation, we choose case (b) and re-interpret the cur-
rent as a flavour-non-diagonal quantity, knowing that this will not give us
a strictly conserved current. We calculate the size of the violation of the
Ward-Takahashi identities, which is shown in figure 58, determined on the
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G8-ensemble using partially twisted boundary conditions with the largest ap-
plied twist, i.e. Θ = 9

10π. The left panel of figure 58 shows the contraction
with the first index of the vacuum polarisation tensor, qµ Πµν(Q), which cor-
responds to the conserved vector current. We find that the violation of the
Ward-Takahashi identities is in this case statistically compatible with 0 and
of the order of ∼ 10−5. The right part of figure 58 shows the contraction
with the index corresponding to the local vector current in the vacuum po-
larisation tensor, qν Πµν(Q), which violates the Ward-Takahashi identities as
expected. The size of this violation is two orders of magnitude larger than
for the conserved vector current. With the current statistical precision, an
effect of ∼ 10−5 cannot be resolved, so that our calculation of the vacuum
polarisation is not affected.
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Figure 58: Left: Ward-Takahashi identities for the vacuum polarisation contracted
with the conserved point-split vector current. Right: Ward-Takahashi
identities in the case of the local vector current.

8.4 fitting procedure

The hadronic contribution to the anomalous magnetic moment can be ex-
tracted from the convolution integral in equation (166), for which we need a
continuous description of the vacuum polarisation, Π(Q2). We use correlated
χ2 fits,

χ2cor =
Ndata∑
i=1

Ndata∑
j=1

(f (xi ,α)− yi )C−1ij (f (xj ,α)− yj) , (190)

to model the momentum dependence of the vacuum polarisation in the interval
0 ≤ Q2 ≤ Q2

max, where Q2
max is the largest momentum obtained in our

determination. We vary the fit ansatz to check for systematic differences and
use:
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Fit A: a model-independent Padé approximation as used in [134, 136] with 6
degrees of freedom (referred to PA[1,2])

Π(Q2) = a+Q2
(
b + c

(Q2 + d2) +
e

(Q2 + f 2)

)
, (191)

Fit B: a model-independent Padé approximation with a higher number of de-
grees of freedom and no linear term in the momentum transfer Q2

(referred to PA[2,2])

Π(Q2) = a+Q2
(

b
(Q2 + c2) +

d
(Q2 + e2) +

f
(Q2 + g2)

)
, (192)

Fit C: a vector dominance model based fit with one mass fixed to the naïve
rho-mass, extracted from our simulations, as suggested in [119, 134]

Π(Q2) = a+ b
(Q2 +m2

1)
+

c
(Q2 +m2

ρ)
. (193)
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Figure 59: Fit to the momentum dependence of the vacuum polarisation (Fit A) on
the G8 ensemble. The upper figure shows an enlarged image of the low
momentum region.

We are able to obtain 69 unique momenta using integers in the range of −3
to 3 for the Fourier modes in every direction. Applying three different values
for the twist angle Θ, i.e. 1

5π,
1
2π, and

9
10π, we achieve in total six effec-

tive twisting angles due to the differences among individual values (compare
equation (182)):

2
10π,

3
10π,

4
10π,

5
10π,

7
10π and 9

10π. (194)
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Partially twisted boundary conditions are used in the x -direction only, whereas
in all other directions we keep periodic boundary conditions. With this choice,
we are able to maintain a good statistical signal for the individual momenta,
since part of the momentum degeneracy is preserved. With the six effective
twist angles listed in equation (194), we obtain 1581 unique momenta. Corre-
lated fits of such a large number of data points can suffer from instabilities or
inconsistencies [137, 138], especially when small eigenvalues of the covariance
matrix lead to fits, which do not reproduce the data and therefore correspond
to a very large uncorrelated χ2. Singular value decomposition [139] can help
to cut out small eigenvalues, which are statistically not well determined and
drive the correlated fit away from the data. In [137], a rule of thumb was
suggested to use M & N2 for a correlated fit, where M is the number mea-
surements and N the number of degrees of freedom. Therefore, we randomly
choose 40 momenta, preferably from the low momentum region, and minimise
the corresponding correlated χ2. We repeat this procedure on different choices
of random momenta to check for systematic fluctuations. From a sufficiently
large distribution of different fits, we pick the correlated fit, which has the
minimal deviation from all 1581 data points. In other words, we select the
correlated fit, which corresponds to the minimal uncorrelated χ2 computed on
the full set of data points. Figure 59 shows the result of such a correlated Padé
fit for the G8 ensemble, which provides a very good description over the full
momentum range. Figure 60 shows the distribution of ahvpµ for different choices
of the 40 random momenta. The red line indicates the preferred fit chosen
and the red band represents the statistical uncertainty, estimated using 1000
bootstrap samples. The central part of the distribution is well covered by the
error band. Only a few fits lead to values outside the estimated uncertainties,
which is expected when we assume a normal distribution for ahvpµ .
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Figure 60: Histogram of the fit results (Fit A) on the G8 ensemble. The red line
indicates the chosen fit with the estimated statistical uncertainty.
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8.5 numerical integration

The hadronic vacuum polarisation of (g − 2)µ is determined numerically by
evaluating the integral

ahvpµ =
(
α

π

)2 ∞∫
0

1
Q2 f (Q

2) Π̂(Q2) dQ2, (195)

where f (Q2) is given in equation (168). In this work we use the “QAG adap-
tive integration” routine of the GNU Scientific Library (GSL) [140] with the
accuracy criterion set to absolute 10−15 or relative 10−7 precision, whichever
occurs first. The numerical integration has been cross-checked by the “NIn-
tegrate” routine of Mathematica® [141]. In the region of 0 ≤ Q2 ≤ 4GeV2,
we use the correlated fit for the subtracted vacuum polarisation. At larger
momenta Q2 > 4GeV2, we use leading-order perturbation theory [142] in the
MS-scheme with the scale set to µ = 2GeV. Although perturbation theory
is available in next-to-leading order, our intention is to use perturbation the-
ory in the high-Q2 regime, where the difference between one- and two-loop
is negligible. In other words, we do not intend to model the intermediate
or small momentum region by perturbation theory. The leading-order expres-
sion is straightforward to apply in the case of two light flavours and a par-
tially quenched strange quark, since no internal fermion loops appear. We use
the non-perturbatively determined renormalisation factors and ΛMS parameter
from [33, 143–145] to evaluate the leading-order expression.
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Figure 61: Left: Small-momentum dependence of the vacuum polarisation (Fit A)
on the G8 ensemble, separated into different regions (I-III). Right: Pie
chart of the corresponding contributions to ahvp

µ

We have divided the momentum range into four separate parts to study the
individual contributions to ahvpµ . The left side of figure 61 shows again the
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correlated fit to the vacuum polarisation for the G8-ensemble on the small mo-
mentum range (green band). The first region includes the momentum range
from 0 to the muon mass squared m2

µ, which contains only a few data points
with rather large statistical uncertainties. The second range (II) is set from
m2
µ to 0.09 GeV2, which is dominated by data points using partially twisted

boundary conditions. The third region (III) covers the region from 0.09GeV2

to 4 GeV2, in which both choices for boundary conditions result in a good
description. From 4GeV2 perturbation theory is used to obtain the remaining
contribution to ahvpµ . The pie chart on the right side of figure 61 displays the
contribution of each momentum region to ahvpµ . The full integrand is shown
in figure 62, where the points indicate the momenta, which can be reached by
either periodic or partially twisted boundary conditions, and do not correspond
to actual data. It is clear from both plots that small momenta dominate the
overall determination of ahvpµ . The advantage of twisted boundary conditions
consists in a significant gain in the momentum resolution at small momenta.
Unfortunately, the statistical accuracy deteriorates for small values of Q2. Re-
gion II is much better constrained thanks to the additional data points provided
by partially twisted boundary conditions. The region above 0.1 GeV2 is sam-
pled by a large number of data points resulting in a reliable description of
the vacuum polarisation. The contribution to ahvpµ from the high momentum
region, i.e. above Q > 2GeV, is below 0.07% and therefore negligible.(
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Figure 62: The integrand of equation (195) for the determination of ahvp
µ on the

G8 ensemble. The momentum ranges are chosen as in figure 61 and the
points only indicate the momenta which can be realised by periodic and
partially twisted boundary conditions.



9
RESULTS

The leading hadronic contribution to (g − 2)µ has been computed on the CLS
configurations listed in table 7. These ensembles allow us to perform the chiral
extrapolation and estimate the remaining uncertainties such as cutoff and and
finite-size effects. We have computed the hadronic vacuum polarisation of the
muon using two dynamical light quarks. The contribution of a strange quark
to the hadronic vacuum polarisation is determined using a partially quenched
strange quark. Results for the two- and three flavour calculations will be shown
in the next section.

Label a [fm] mπ [MeV] L [fm] κs #meas.
A3 0.079 473 2.5 0.135457 260
A4 0.079 363 2.5 0.135312 249
A5 0.079 312 2.5 0.135186 215
E5 0.063 456 2.0 0.135955 1000
F6 0.063 325 3.0 0.135724 294
F7 0.063 277 3.0 0.135708 249
G8 0.063 193 4.0 0.135678 408
N5 0.050 430 2.4 0.136293 179
N6 0.050 332 2.4 0.136220 223
O7 0.050 261 3.2 0.136200 262

Table 7: Summary of lattice and input parameters for (g − 2)µ calculation. The
lattice spacings a and the strange hopping parameters κs are taken
from [24, 146].

9.1 hadronic vacuum polarisation in Nf = 2

Figure 63 and table 8 show the result of the leading hadronic contribution to
the anomalous magnetic moment of the muon determined on the ensembles
used in this study. The relative statistical accuracy varies from ∼ 2% on the E5

89
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ensemble to ∼ 8% on the F7 ensemble. When approaching the physical pion
mass, it becomes more difficult to achieve a statistically precise estimate of the
vacuum polarisation for (g − 2)µ, and so more measurements are necessary
to achieve a comparable accuracy. The numerical effort increases even further,
when we simulate with lighter pion masses and larger volumes. All data points
show a good overall agreement. We find an unexpected downward trend for
the most chiral ensemble. The G8 ensembles is the only ensemble in our study,
in which the rho meson can decay. Further studies are needed in order to asses
whether the downwards trend is a systematic effect or a statistical fluctuation.
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Figure 63: Results for ahvp
µ using two dynamical flavour plotted as function of m2

π

using Fit A. The colours indicate different lattice spacing.

9.2 hadronic vacuum polarisation in Nf = 2 + 1Q

In order to be relevant for the comparison with the value from phenomenol-
ogy the hadronic vacuum polarisation must be computed for all quarks. One
expects the contribution from the light quarks u, d, and s to dominate. The
inclusion of a partially quenched strange quark allows us to estimate the con-
tribution of a strange quark to the anomalous magnetic moment of the muon.
The contribution from a charm quark is neglected all-together, but this is ex-
pected to be a small effect. We compute the strange quark propagator on a sea
of two light quarks, which approximates the three-flavour case. This procedure
neglects the contribution of strange quarks from the sea and is called partial
quenching. The necessary strange hopping parameter κs has been determined
in [24] and is listed in table 7. Taking the charges of the quarks into account,
we expect the contribution of the strange quark to be smaller than 1

5 of the
contribution from the two light flavours, since the strange quark is significantly
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Nf = 2
Fit A Fit B Fit C

Labels ahvpµ χ2unc ahvpµ χ2unc ahvpµ χ2unc
A3 283.2(7.8) 0.041 283.7(11.4) 0.042 285.3(6.5) 0.041
A4 373.5(14.6) 0.074 370.3(23.1) 0.100 340.7(10.7) 0.089
A5 405.9(21.8) 0.062 386.0(19.5) 0.063 379.9(12.4) 0.059
E5 287.6(6.6) 0.088 292.9(8.0) 0.084 296.7(5.6) 0.088
F6 360.8(18.9) 0.292 363.4(15.3) 0.241 368.4(12.5) 0.255
F7 476.0(36.1) 0.086 482.6(34.5) 0.089 446.0(17.7) 0.097
G8 424.9(26.3) 0.122 422.2(25.5) 0.122 441.3(20.4) 0.122
N5 319.2(13.9) 0.015 323.4(16.9) 0.016 346.9(10.0) 0.014
N6 422.4(27.7) 0.065 414.8(17.6) 0.071 415.0(10.6) 0.062
O7 489.4(29.3) 0.084 472.2(24.3) 0.087 460.3(16.7) 0.085

Table 8: Result for ahvp
µ for various fits in the two-flavour theory.

heavier than light u- and d-quarks. Figure 64 and table 9 show the correspond-
ing three flavour result. The contribution of a partially quenched strange quark
is, as expected, small but not negligible. We find that the relative contribution
of the strange quark decreases when the pion mass is lowered. The overall pic-
ture of the data is similar to the two flavour case and demonstrates the need
for improved statistics in the region of small pion masses.

9.3 chiral behaviour

Currently, all our ensembles are simulated with unphysically heavy pion masses,
thus an extrapolation to the physical pion mass is required. In [134], we have
seen a non-trivial chiral behaviour and therefore used a fit inspired by chiral
perturbation theory. In this work, we use the same ansatz and compare it to
a linear fit on a reduced pion mass range:

Fit A: ahvpµ (m2
π) = A+ B m2

π + C m2
π ln(m

2
π

Λ2 ),

Fit B: ahvpµ (m2
π) = A+ B m2

π, with mπ ≤ 365MeV.

Since further study is needed in our most chiral ensemble, we perform the
chiral fits with and without the G8 ensemble and address the differences in
the chiral uncertainty. Figure 65 show the results of the chiral fits A and B
without the G8 ensemble.

To check systematic differences in the chiral extrapolation, we compare our
result to an alternative method of extrapolation towards to the physical point,
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Figure 64: Results (Fit A) for ahvp
µ using two dynamical flavours and a partially

quenched strange quark plotted as function of m2
π. The colours corre-

spond to different lattice spacings. The value from the PDG [47] is
plotted for illustration only.

Nf = 2+ 1Q
Fit A Fit B Fit C

Labels ahvpµ χ2unc ahvpµ χ2unc ahvpµ χ2unc
A3 327.9(8.7) 0.041 329.3(9.3) 0.043 333.0(7.8) 0.041
A4 420.5(14.8) 0.070 426.6(26.3) 0.137 389.0(12.1) 0.078
A5 426.9(25.8) 0.058 425.7(19.3) 0.055 431.5(13.4) 0.057
E5 327.9(7.1) 0.089 331.1(8.5) 0.084 345.5(6.9) 0.092
F6 400.6(19.8) 0.268 403.2(15.1) 0.248 406.8(12.8) 0.199
F7 516.3(35.8) 0.081 526.6(35.6) 0.080 501.1(21.9) 0.088
G8 461.4(25.5) 0.112 479.0(26.2) 0.115 487.6(21.4) 0.115
N5 365.1(11.0) 0.015 371.1(15.3) 0.014 397.9(11.8) 0.015
N6 466.3(18.5) 0.063 466.2(16.7) 0.068 472.6(11.4) 0.061
O7 532.3(28.4) 0.072 513.5(26.7) 0.077 510.4(18.2) 0.069

Table 9: Summary of different fit results for ahvp
µ using the Nf = 2+ 1Q calculation.
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Figure 65: Fit of the chiral behaviour by an ansatz motivated by chiral perturbation
theory (Fit A). The top part shows the two flavour results, the lower
panel the three flavour result.

which was introduced in [118] with the aim of reducing the pion mass de-
pendence. Following [134], the alternative method can be understood in the
context of a vector dominance model. Assuming

Π̂vmd(Q2) ∼ g2V
Q2

Q2 +m2
V (m2

π)
(196)

for the subtracted vacuum polarisation, the hadronic vacuum polarisation be-
comes

ahvpµ,vmd ∼
(
α

π

)2 ∞∫
0

1
Q2 f (Q

2) Π̂vmd(Q2) dQ2 ∼ g2V
m2
µ

m2
V (m2

π)
. (197)

The quantity g2V is the ratio of the decay constant and the mass in the vector
and shows a negligible dependence on the pion mass [118]. By transforming
the squared momentum via

Q′2 → Q2 m
2
ρ

m2
V

(198)
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in the integration kernel f (Q2), one can suppress the influence of the pion
mass, i.e.,

ahvpµ,vmd ∼ g2V
m2
µ

m2
ρ
. (199)

It is important to note that in the physical limit m2
ρ

m2
V
→ 1 the hadronic vacuum

polarisation approaches the correct physical limit. Using the transformation in
equation (198), the explicit dependence on the lattice scale a cancels [118].
Figure 66 shows a comparison of fit B using the standard approach and the
rescaled integration for ahvpµ . As expected, the pion-mass dependence has been
reduced.

m2
π [GeV2]

m2
π,phys Nf = 2

ahvpµ · 10−10

m2
π,phys Nf = 2+ 1Q

standard
rescaled

400

500

600

700

800

0 0.025 0.05 0.075 0.1 0.125 0.15

standard
rescaled

PDG

400

500

600

700

800

Figure 66: Comparison of two different chiral extrapolations using a fit B in both
data set. The “rescaled” values have been obtained by changing the
momentum of the integration kernel f (Q2) by a factor of m2

ρ

m2
V
.

A comparison of the various chiral extrapolations using fits A and B is shown
in figure 67. We take half of the difference between the fit A with and without
the G8 ensemble as an estimate for the remaining uncertainties from the chiral
extrapolation.
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Figure 67: Comparison of the chiral extrapolations using fit A and B with and
without the G8 ensemble. The left panel shows the two flavour results,
the right panel the three flavour result. The orange line indicates the
value from the PDG.

9.4 cutoff effects

We expect the vacuum polarisation tensor to receive O(a) corrections, al-
though our action is non-perturbatively O(a) improved, since only on-shell
quantities are O(a) improved [134]. To estimate the size of the remaining
cutoff effects, we compare the subtracted vacuum polarisation for two ensem-
bles, which have similar pion masses and volumes. We choose the F7 and
O7 ensemble, since we want to study lattice artefacts in the proximity of the
physical pion mass. Figure 68 shows in the upper panel the subtracted vac-
uum polarisation, the corresponding fits and error-bands. The lower panel of
figure 68 illustrates the relative difference of the fits to both ensembles. With
the current precision, lattice artefacts are negligible for this specific set of en-
sembles. To check for cutoff effects further, we perform a combined fit to the
chiral behaviour and the lattice spacing by adding a linear term in the lattice
spacing to the chiral fits, for instance for fit A so we use:

ahvpµ (m2
π) = A+ B (mπ)

2 +D a. (200)

The results of those combined fits are shown in figure 69, in which we plotted
the results with a → 0. The combined fit increases the statistical uncertainties,
but shows only little indication of cutoff effects. We choose the result from the
combined fit B including the G8 ensemble as a final estimate of the leading
hadronic contribution to the anomalous magnetic moment of the muon. This
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fit is statistically compatible with the other fits shown in figure 69 and includes
an estimate of cutoff effects by construction.
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Figure 68: Study of cutoff effects on Π̂(Q) for the F7 and O7 ensemble with similar
pion masses and spacial extent.
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Figure 69: Comparison of the chiral extrapolation with and without a linear term
in the lattice spacing. The left panel shows the fit results for the two-
flavour calculation and the right part corresponds to the three-flavour
calculation.
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9.5 finite-size effects

In our determination of the hadronic vacuum polarisation, we only use ensem-
bles which have a value of mπL ≥ 4 and so finite-size effects are expected to
be small [6], but still need to be checked numerically. We check finite-size ef-
fects by comparing the subtracted vacuum polarisation for a set of ensembles
which only differ in the size of the volume, such as the E5 and D5 ensemble,
where the D5 ensemble is a smaller version (L = 24 ↔ L = 32) of the E5
ensemble. Unfortunately the smaller D5 ensemble does not fulfil the condition
of mπL ≥ 4, which indeed leads to a discrepancy of the order of ∼ 10%. Fig-
ure 70 shows in the upper panel the subtracted vacuum polarisation for both
ensembles. In the lower panel of figure 70 the discrepancy is visible. Note that
the fit to the smaller volume seems to miss data points in the low-momentum
region, which indicates an even stronger discrepancy. The D5 ensemble is not
suitable to check finite-size effects, since the volume is small, so that finite
size effects are expected. Therefore, we compare the E5 and A3 ensembles in
figure 71 which have approximately the same pion mass and different lattice
spacings. If we assume small cutoff effects as seen before, we find that finite-
size effects are small in this range of pion masses. Ideally, one would like to
compare two ensembles close to the physical pion mass with the same setup
but different volumes. If both ensembles fulfil the rule of thumb of mπL ≥ 4,
the larger ensemble would be numerically very expensive. Currently, there is
no ideal candidate on the CLS ensembles to check volume effects close to the
physical pion mass.
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Figure 70: Study of finite-size effects on Π̂(Q) for the E5 and D5 ensemble with
identical setup but different spacial extent.
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Figure 71: Comparison of the result for Π̂(Q) on the E5 and A3 ensemble, which
differ in the spacial extent and the lattice spacing.

9.6 fit uncertainties - Q 2 dependence

The hadronic contribution to the anomalous magnetic moment cannot be
extracted directly from a lattice simulations. A fit on the momentum depen-
dence needs to be performed in order to extrapolate the lattice data and
obtain a continuous description of the vacuum polarisation. Since only little
is known for the vacuum polarisation, various fits are pursued to estimate the
systematic uncertainty introduced by the fits. The various fit ansätze have
been presented in section 8.4 and are commonly used by the lattice commu-
nity [119, 121, 124, 126]. Figure 72 shows the result for the three fits used in
this study, where as the bare numbers are listed in tables 8 and 9. The data
points have been separated in order to distinguish the result for the different
fit functions. The individual linear fits indicate that the three fits used in this
work are compatible within the current statistical precision. Nevertheless, we
use half of the spread of the fits A-C as an estimate for the systematic uncer-
tainties arising from the fit ansatz in the description of the Q 2-dependence.
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Figure 72: Comparison of the chiral behaviour for different fit ansätze.





10
CONCLUS IONS AND OUTLOOK

In the previous chapters, we have presented a lattice calculation of the leading
hadronic vacuum polarisation contribution to the anomalous magnetic mo-
ment of the muon using two dynamical flavours. We have restricted this cal-
culation to quark-connected diagrams. The contribution of the strange quark
has been computed by adding a partially quenched strange quark to our two-
flavour simulation. We have shown that partially twisted boundary conditions
can be applied to our calculation, even though the vacuum polarisation tensor
is a flavour-diagonal quantity. Partially twisted boundary conditions improve
the momentum resolution of Π(Q2), as seen in figures 61 and 62. The im-
proved momentum resolution does not reduce the statistical uncertainties, but
enhances our confidence in the fit of momentum dependence of the vacuum
polarisation. All systematic uncertainties of the lattice approach have been
discussed and included in our error budget. If we used the combined chiral
fit presented in section 9.4 and add the estimated uncertainties, we obtain a
value for ahvpµ of

ahvpµ [Nf = 2] = 546.5 (56.0)stat(74.7)chiral(10.8)fits · 10−10, (201)
ahvpµ [Nf = 2+ 1Q ] = 595.3 (49.3)stat(57.7)chiral(11.7)fits · 10−10.

(202)

The statistical error also includes lattice artefacts by performing a combined
fit including cutoff effects in the chiral extrapolation. Adding the errors in
quadrature, we achieve a total precision of 17% for the case of two flavours
and 13% if we include a strange quark. The size of the uncertainties can be
understood by looking at the individual precision of the data points, which are
of compatible precision. The statistical uncertainties grow significantly, when
we simulate with lighter pion masses. The chiral extrapolation currently dom-
inates our uncertainties, which is caused by an unexpected trend seen on our
lightest ensemble. In order to corroborate the chiral behaviour we need to
improve the accuracy of the ensembles close to the physical point, or ideally
simulate with a physical pion mass. The uncertainties of the lattice spacing
a, which we use in this work as input, are partially included in the chiral ex-
trapolation, since we compare to a scale-independent determination of ahvpµ

(compare section 9.3).

101



102 conclusions and outlook

Currently, we are investigating a technique which allows us to obtain a contin-
uous description of the subtracted vacuum polarisation [122, 123, 147–149].
For small momentum transfer Q2

0 → 0, we can relate

Π(Q2
0)−Π(0) =

∞∫
0

dx0 G(x0)
(
x20 −

4
Q2
0
sin2(12Q0x0)

)
(203)

to an integral of a “mixed-representation” correlator G(x0)

G(x0)δkl = −
∫

d3x Tr (Jk(x0,~x)Jl (0)) (204)

and an analytic function with the complete momentum behaviour. The integral
in equation (203) can be evaluated analytically using a combination of lattice
data for the vector correlator G(x0) and the fitted asymptotic behaviour.

Π̂(Q)

Q2 [GeV2]

standard
mixed-rep.

0

0.5

1

1.5

2

0 1 2 3 4 5 6

0

0.2

0.4

0 0.05 0.1 0.15 0.2 0.25

Figure 73: Comparison as in [123] of Π̂(Q2) for the F6 ensemble using the “stan-
dard” method and using the time-like vector correlator.

Figure 73 compares both ways of determining the subtracted vacuum polari-
sation on the F6 ensemble as shown in [123]. The results look very promising,
since both methods agree very well within their statistical errors. The mixed-
representation vector correlator provides a continuous description of the mo-
mentum behaviour of the subtracted vacuum polarisation, which we can use
to improve the very low momentum region of Π(Q2), in which even partially
twisted boundary conditions fail to provide reliable information.

In [120], Divitiis et al. have proposed a direct computation of the vacuum
polarisation at vanishing momentum, Π(0), which would remove the neces-
sary extrapolation and would allow us to compute the subtracted vacuum
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polarisation directly. We are currently adding the necessary operators into our
simulation code, so that we can determine Π(0) for our ensembles.

ahvpµ · 10−10

m2
π [GeV2]

m2
π,phys

this work, Nf = 2+ 1Q
twisted mass[124], Nf = 2+ 1+ 1

domain wall[119], Nf = 2+ 1
PDG

300

400

500

600

700

0 0.05 0.1 0.15 0.2 0.25

Figure 74: Comparison of the three flavour results of ahvp
µ from various lattice

groups [119, 124].

Figure 74 shows a comparison of the most recent results for the hadronic vac-
uum polarisation determined by various lattice groups [119, 124]. The overall
agreement is quite remarkable considering that the groups use different setups
including various lattice actions. Also the technical details used to extract ahvpµ

differ among these groups. The comparison suggests that there is very little,
if any, dependence on the number of flavours.

Currently, the most precise estimate of the hadronic vacuum polarisation of
the muon is obtained by using e+e− → hadrons data [47], which provides an
accuracy of 0.6% (compare section 7.2.3)

ahvpµ [PDG] = 692.3(4.2)· 10−10. (205)

At the moment, our calculation of the leading hadronic contributions to
(g − 2)µ shows a discrepancy with the value obtained by phenomenology.
If we take our final value seriously, this would enhance the discrepancy seen
between the experimental determination and the theoretical prediction of the
anomalous magnetic moment of the muon. However, our calculation is at this
stage not complete. Contributions from disconnected diagrams are expected
to be small, but need to be checked numerically. We plan to use a stochastic
estimate of the all-to-all propagator in combination with a generalised hopping
parameter expansion to determine the remaining disconnected diagrams [150].



104 conclusions and outlook

This approach was successfully used in the case of the scalar pion form fac-
tor [151].

The ETMC collaboration [124] sees indication for a non-negligible contribu-
tion of a charm quark. Despite the large mass of the charm quark, the charge
factor of the charm, z2c = 4

9 , enhances the charm contribution on the vac-
uum polarisation. The raw data in figure 74 do not differ significantly from
our values computed with a partially quenched strange quark, nor from the
2+ 1 flavour calculation of RBC/UKCQD, which contradicts the statement
from ETMC to some extent. Lattice calculations of the leading hadronic con-
tributions to (g − 2)µ are still at an early stage, further improvements are
necessary to improve the overall accuracy by an order of magnitude. Iso-spin
breaking effects have so far been neglected and might become relevant, once
the lattice calculation achieves a sub-percent precision.
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a.1 gamma matrices

In this work, we use the gamma matrices in the Euclidean chiral representa-
tion [6]:

γ0 =


0 0 −1 0
0 0 0 −1
−1 0 0 0
0 −1 0 0

 , γ1 =


0 0 0 −i
0 0 −i 0
0 i 0 0
i 0 0 0

 , (206)

γ2 =


0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0

 , γ3 =


0 0 −i 0
0 0 0 i
i 0 0 0
0 −i 0 0

 , (207)

γ5 = γ0γ1γ2γ3 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 . (208)
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a.2 heavy baryon chiral perturbation theory fit

The nucleon axial charge can be fitted by an ansatz using Heavy Baryon
Chiral Perturbation Theory in the small scale expansion with ∆ degrees of
freedom [102, 103]

gA(m2
π) = g0A −

(g0A)3m2
π

16π2f 2π
+ 4

(
CSSE (λ) +

c2A
4π2f 2π

[155
972g1 −

17
36g

0
A

]

+
1

16π2f 2π

(50
81c

2
Ag1 −

1
2g

0
A −

2
9c

2
Ag0A − (g0A)3

)
ln mπ

λ

)
m2
π

+
4c2Ag0A

27π2f 2π∆0
m2
π +

8
27π2f 2π

c2Ag0Am2
π

√√√√1− m2
π

∆2
0
R(mπ) (209)

+
c2A∆2

0
81π2f 2π

(25g1 − 57g0A)
ln 2∆0

mπ
−

√√√√1− m2
π

∆2
0
lnR(mπ)

 ,

where the function R(mπ) is defined as

R(mπ) =

∆0
mπ

+

√√√√∆2
0

m2
π
− 1

 . (210)

We fix three parameters to their values in phenomenology as suggested in
[60]:

cA = 1.5 GeV , ∆0 = 0.2711GeV and λ = 1GeV. (211)

The resulting fit depends on three fit parameters, which are g0A, fπ and
CSSE (λ).

The expressions for the radii 〈r21 〉 and 〈r22 〉 have been derived in [152], which
are

〈r21 〉 = −
1

(4πfπ)2
(
1+ 7g2A + (10g2A + 2) ln

(mπ

λ

))
− 12B(r )

10 (λ)
(4πfπ)2

+
c2A

54π2f 2π

(
26+ 30 ln

(mπ

λ

)
+ 30 ∆0√

∆2
0 −m2

π

ln (R(mπ))
)

(212)

and

〈r22 〉 =
g2AmN

8πmπf 2π κ(mπ)
+

24mNBc2
κ(mπ)

+
c2AmN

9π2f 2π κ(mπ)
√
∆2

0 −m2
π

ln (R(mπ)) . (213)
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These formulae can be combined to obtain an expression for the electric and
magnetic radii

〈r2E 〉 = 〈r21 〉+
3κ
2m2

N
, (214)

〈r2M〉 = 〈r21 〉+
〈r21 〉+ κ〈r22 〉

1+ κ
, (215)

where the anomalous magnetic moment of the nucleon is given by

κ = κ0 − g2AmπmN
4πf 2π

− 8E (r )
1 (λ)mNm2

π +
4cAcV gAmNm3

π

27πf 2π∆0

+
2c2A∆0mN
9π2f 2π


√√√√1− m2

π

∆2
0
ln(R(mπ)) + ln

( mπ

2∆0

) (216)

+
4cAcV gAmNm2

π

9π2f 2π
ln
(
2∆0
λ

)
− 8cAcV gA∆2

0mN
27π2f 2π

×(1− m2
π

∆2
0

) 3
2
ln(R(mπ)) +

(
1− 3m2

π

2∆2
0
ln
( mπ

2∆0

)) .
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