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Conventions and Notations

a perfect field of characteristic p > 0

= W (k): the Witt ring with residue field k
n=Whn(k) = W(k)/p"W(k)
N={0,1,2,---}

log = logarithmic

Monoid: Always with a unit and commutative.
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Introduction

Let X be a proper smooth variety over k, H'., (X/W) be its n-th crystalline cohomology, which is known
to be a finitely generated W (k)-module. By functoriality, the Frobenius morphism Fx : X — X induces a
semilinear endomorphism of H”., (X/W), or in other words, a W (k)-linear morphism

O FyHE, (X/W)— H?

cris

(X/W), (0.0.1)

where Fyy is the Frobenius endomorphism of W (k). This action on H”

n.o(X/W) will be called Frobenius
action in the sequel.

It is a fundamental discovery made by Mazur [15] that the Frobenius action (0.0.1) can be used to study
the Hodge filtration of H]r(X/k), see [2, Theorem 8.5] for a precise statement of this result. Couples like
(H:., (X/W),®) are prototypes of a much more general object, namely F-crystal, which appeared later in
[11]. After that, Fontaine and Laffaile in [6] introduced a category, whose objects, roughly speaking, are
F-crystals (M, ®) equipped with a filtration Fil® such that ®(Fil‘M) C p'M and

O(Fil' M
- SUEM) (0.0.2)
- p
K3
It should be noted that the objects of their category are defined over a local field or its valuation ring.
In [5] Faltings gives a sheafified version of this category, whose objects live on more general smooth schemes
or log schemes defined over a discrete valuation ring. Besides satisfying the condition (0.0.2), objects of
Faltings’ category are endowed with an integrable connection V satisfying Griffiths transversality. The term
”Fontaine module” is used probably for the first time in the monograph [16] to refer to objects of this
category.

Fontaine modules arise naturally in the following way. Let X be a smooth proper S-scheme, given a
proper smooth family ¥ — X over X, the n-th de Rham cohomology R" f.(, /X is then endowed with a
Hodge filtration F' I}dg and a canonical connection V, called Gauss-Manin connection. Moreover, the action
of V on R"f,.Q5, /X satisfies the Griffiths transversality with respect to the Hodge filtration, i.e.

V(FlragR" 1% x) C FirggR" .05 x © Q. (0.0.3)
When S = Spec W(k), by a comparison theorem [2, 7.26.3] we have an isomorphism

Rnf*( ;//X) = Rnfcris*(YO/X)7

where Y} is the special fiber of Y over the closed point of S. In particular, there is an induced Frobenius
action on the de Rham cohomology R”f*Q;,/X. One can prove the quadruple (R”f*Q;,/X, FI’{dg7 V,®) is a
Fontaine module on X in the sense of Faltings.

In a recent work by Ogus and Vologodsky, a new way to define Fontaine modules by using inverse
Cartier transform is presented [17, Definitino 4.16]. Unlike the preceding definitions, Fontaine modules in
this context are p-torsion, or in other words, defined on schemes in characteristic p. It should be noted that
to define a Fontaine module on a smooth scheme X over k by their means, a lifting X’ of X’ = X x rr, K tO
W (k) is indispensable.

To explain this version of Fontaine modules, we need to recall briefly what the ‘inverse Cartier transform’
is. Firstly, we are given two categories, MIC,_1(X/k) and HIG,_1(X'/k). Objects of the former category



consist of Ox-modules with an integrable connection whose p-curvature are nilpotent of level less than p
while the objects of the latter one are Higgs modules on X’ whose Higgs fields are nilpotent of level less than
p. Then the Cartier transform Cg together with its quasi-inverse C’;j, i.e. the inverse Cartier transform
is a pair of functors establishing an equivalence between the two categories above. Such an equivalence
generalizes the classical Cartier-Katz descent [10, Theorem 5.1], which sets up an equivalence between the
category of quasi-coherent O x-modules equipped with an integrable connection with vanishing p-curvature
and that of quasi-coherent O x,-modules, whose objects can also be regarded as Higgs modules on X’ with
zero Higgs fields.

To define Fontaine modules one also needs the following elementary construction. Let (E, V) be an object
of MIC,_1(X/k) endowed with a filtration F'* satisfying Griffiths transversality, by taking gradings of the
connection with respect to the filtration, we get an O x-linear morphism:

GrpeV : Grpe E — G’I“FoE@QAlX/k,

which is an object (GrpeE,GrpsV) of HIG,_1(X/k). Let m : X' = X X p,, kK — X be the projection to the
first factor, then the pullback 7*(Grpe E,GrpeV) defines an object of HIG,_1(X'/k).

After the above preparations, a Fontaine module in the setting of [17] can be roughly described as an
object (E, V) of MIC,_1(X/k) endowed with filtration F'* satisfying Griffiths transversality such that there
is an isomorphism from (E, V) to the object ' m*(Grps E,Grp. V).

The construction of Cartier transforms and its inverse can be generalized to log smooth schemes, which is
the subject of Schepler’s thesis [18]. In this work, we use his log inverse Cartier transform to give a definition
of log Fontaine modules by mimicking Ogus and Vologodsky’s.

As our title suggests, F-T-crystals make up another aspect this work. This class of objects are introduced
by Ogus in his work [16] for the first time as a generalization of the more classical F-crystals. They can
be thought of as families of F-crystals satisfying certain transversality conditions. Moreover, locally these
objects live on formal schemes formally smooth over a p-adic base, hence one can consider their reductions
modulo p. Since its definition is too complicated to recall here, we refer the readers to (3.3.1) for it.

Recall that the aforementioned Faltings’ category also generalizes F-crystals to families, its relation to the
F-T-crystals has been worked out by Ogus. To be more precise, he constructed a functor from the category
of F-T-crystals to Faltings’ category and proves [16, Proposition 5.3.9] this functor defines an equivalence of
categories when the base scheme is p-torsion free .

The main motivation of this work is to investigate the relation between Ogus and Vologodsky’s Fontaine
modules and the reduction modulo p of F-T-crystals. More precisely, given an F-T-crystal over a base where
p is nilpotent but nonzero, we will prove its reduction defines an Fontaine module in the sense of Ogus and
Vologodsky. However, we will show the reduction of more general F-T-crystals in the log context are not log
Fontaine modules as defined in (2.2.5), (2.2.6).

Next we give a brief overview of the contents of the following chapters.

In the first chapter, we review the construction of Cartier transform and its quasi-inverse. The guiding
line in the original construction in [17] is the fact that the ring of PD-differential operators is an Azumaya
algebra. Then the remaining task is to find a splitting module for this sheaf of rings. Since given a splitting
module for an Azumaya algebra, it is a general formalism to define an equivalence between the categories of
modules over this Azumaya algebra and modules over the coefficient rings (Morita Equivalence).

In our setting, the categories on two sides are nothing but de Rham objects and Higgs objects. However,
these two classes of objects are not classical in the sense that the integrable connections and Higgs fields
appear in their PD forms. The only classical objects involved in this equivalence are those nilpotent of level
less than p.

In a recent work [12], the authors give a more explicit construction of the inverse Cartier transform. An
obvious advantage of their construction is the disappearance of the splitting module %4, used in [17]. In
the second section of this chapter, we will give a sketch of their construction and more importantly prove
this construction is equivalent to the inverse Cartier transform given in [17].
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In the second chapter we will first introduce log Cartier transform constructed by Schepler in his thesis
[18]. The objects involved in the most general version of the log Cartier transform are more cumbersome
compared to the smooth case, as an extra action by index algebras on these objects is added. Since our main
concern are classical log objects, it is desirable to find conditions under which such action can be relieved. To
this end, we will introduce residue condition in the first section. Then in the second section we will review
log Cartier transforms, especially the version in which the residue condition is satisfied. In the third section,
we will generalize Lan-Sheng-Zuo’s construction to the log case. As an application of this construction of
log inverse Cartier transform, we will give a definition of log Fontaine modules.

In the third chapter we will introduce F-T-crystals [16] and prove the main result of this work. In the first
section we define F-spans, which is necessary for generalizing F-crystals to more general bases. The second
section is on T-crystals, which can be regarded as a crystal together with a filtration by submodules (not
necessarily subcrystals) satisfying a certain transversality condition analogous to Griffiths transversality. In
the last section we will give the definition of an F-T-crystal and more importantly prove our main result,
i.e. Theorem 7.

In the two appendices, we collect some facts on log structures and crystalline sites that are used in the
previous chapters. Many of these materials can be found in standard references, though some new remarks
and omitted proofs in the original references are added.

vii



viii



Chapter 1

Cartier Transform and Fontaine
Modules

In [17], based on the fact that the sheaf of PD-differential operators is an Azumaya algebra, Cartier transform
and its quasi-inverse are constructed as a Morita equivalence. A large part of this construction is devoted to
finding a splitting module for the Azumaya algebra. On the other hand, in [12], the authors give an explicit
construction of inverse Cartier functor firstly over affine open subsets by using Frobenius liftings then over
the global base by gluing the local pieces by Taylor formula. We will prove their construction coincides
with the more abstract one given by Ogus and Vologodsky. Moreover, we will reformulate the definition of
Fontaine modules.

1.1 Cartier Transform and its Quasi-Inverse

In this section, we will study the structure of liftings of the relative Frobenius Fx,s. We will prove the sheaf
of liftings of Frobenius is a crystal on Cris(X/S) and calculate the p-curvature of its associated connection.
We will see these liftings provide splittings of the inverse Cartier operator, which can be used to construct
a functor from Higgs objects to de Rham objects locally.

1.1.1 Cartier Isomorphism

First we recall the following well-known theorem due to Cartier.

Theorem 1. Let f : X — S be a smooth morphism between schemes over k with relative dimension n,
Fs:8 — S (resp. Fx : X — X ) be the absolute Frobenius of S (resp. of X) and X' = X xg S be the fiber
product. The morphisms mx/s : X' — X and Fx;s : X — X' are defined in a natural way as exhibited in
the following commutative diagram.

X (1.1.1)

Py
B , TX/S
; X — X
\4 J lf
F
S—5
Then for any 0 < i < n we have a unique isomorphism

Cxjs * Uxrys — H'(Fxy5.0%)s) (1.1.2)

such that

1 Cxe(l) =1



2. OX/S(W/\T) = C;(}s( w) A Cx/s( 7)
3. C’)}/S(dw}/s(a)) = the class of a?~'da in ﬂl(FX/S*QB(/S)

where w, T are relative differential forms and a is a local section of Ox.

Splitting of the Cartier Isomorphism
Let Z%(/s := ker(Q% X/8 4 QX/S) then we have the following surjection

CX/s
) —

Fx/S*ZX/S—»f%ﬁ(Fx/S* X/S Q%@/S (113)

A result of Mazur [15] says that a lifting of the relative Frobenius Fx,g over W3 (k) provides a section of the
composite of (1.1.3). More precisely, let F': X — X’ be such a lifting (see Definition 1.1.2), then F induces
a morphism

1
dF: QY o= PO

Note that the above morphism is 0 after modulo p, therefore its image falls in pF Ok X3 hence dF' induces a

morphism from QX,/S to pF, QX/ Moreover, the coefficient p in the image of dF' can be divided out, i.e.

5
dF can be written as [p|Cz, where

Cp o Qs = FxyseQ)s- (1.1.4)
and [p] is given by the following
Lemma 1.1.1. Let M be a flat Z.,/p*Z-module, then the endomorphism of multiplication by p
M5 M
defines an isomorphism
[p] : M/pM = pM.
Proof. Omitted.

If 15‘(1 ®a)=aP —&—pl;, where a,b € Ox, then it is easy to check
(p(1®a) =a 'da+ db. (1.1.5)

1.1.2 The Structure of Liftings of Frobenius

Definition 1.1.2. Let f : X — S be a morphism between schemes in characteristic p > 0, a lifting of f
modulo p™ is a morphism f : X — S between flat Z./p™Z-schemes, fitting into the following Cartesian square

— X
8
where ig : S — S is a closed immersion.

The liftings of the relative Frobenius F'x,g is the main concern of this subsection. The following result
in deformation theory will be used in the sequel.

Proposition 1.1.3. [8, Theorem 5.9] Let X be a S-scheme and j : Xog — X be a closed immersion defined
by an ideal J such that J?> = 0. Let Y be a smooth S-scheme and g : Xg — Y be an S-morphism. There is
an obstruction o(g,j) € H'(Xo, J®oy, 9" Ty;s) whose vanishing is necessary and sufficient for the existence
of an S-morphism h : X — Y extending g, i.e. such that hj = g. When o(g,j) = 0, the set of extensions h
of g is an affine space under HO(XQ,J®OX0 g Ty/s).



Liftings of Frobenius as a Vector Group Torsor on Crystalline Site

Let S be a flat lifting of S to Wa(k) with its ideal pOg endowed with the natural PD structure and Cris(X/.S)
be the crystalline site. We will fix a flat lifting X’ of X’ over S. As a convention, we occasionally use a
locally free sheaf to denote the vector group scheme it defines. For instance, we use a locally free sheaf T" on
X to denote the affine group scheme Specy S*TV.

Let U be an open affine subscheme of X, (U, T,i) be an object of Cris(X/S) and T =T x g S, then the
relative Frobenius Frr/g : T — T' factors through U’. Indeed, if we denote by I the ideal of Or defining U,
then for any element a € I we have a? = 0 by the PD structure on I hence the claim follows. The induced
morphism 7" — U’ will be denoted by fr/g.

Given a flat lifting T of T to S, let L7 be the set of liftings of fr/g to T. Then by proposition (1.1.3), if
the set L is nonempty, then it has a structure of torsor under the vector group f7. / sTx/s. Let Crisy(X/ S)
be the full subsite of Cris(X/.S) consisting of objects (U, T,i) with T flat over S, then the liftings of Frobenius
form a sheaf of sets on Crisy(X/S). Firstly, let L; be the sheaf on T" associate to the presheaf

Ty — Ly, = {Liftings of fr, s to T1},
where T} is a open subscheme of Tand Ty =T} x g S. If we are given a morphism
g: (Ula Th ll) - (U27 TQa 7:2)7
between two objects of Crisf(X/S), then the transition map of the sheaf of lifting of Frobenius is given by
971(£T2)_>£T1, FHQOF.

If we denote this sheaf by Lx/g, then for any object (U, T,Z) of Crisg(X/S), by proposition 1.1.3 the
restriction of Lx /g5 to (U, T, i) is endowed with a £, / sT'x+/s-torsor structure, which makes it an affine scheme

over T. Let Jaf(UT i) be the structure sheaf of this affine scheme, then by the transition map defined above
one can see easily the sheaf of O / g-module o7 defined by

(U, T,i) JZ{(U,T,i)
form a crystal over Crisy(X/S). The following lemma implies &/ is a crystal of O, g-module over Cris(X/ S).

Lemma 1.1.4. [17, Lemma 1.3] The categories of crystals of O g-modules over Crisg (X/S) and Cris(X/5S)
are equivalent.

Furthermore, as one can identify the category of crystals of Ox/g-modules on Cris(X/S) and the category
crystals of p-torsion Oy, g-modules on Cris(X/S), « is a crystal of Ox/s-modules. The sheaf of liftings of
Frobenius as a vector group torsor on Cris(X/S) will be denoted by .£. Then the F)*(/STX//S-torsor Lx is
nothing but Spec @y, &, where @4, o is the value of & over X. In particular, let 7o, : Zx — X, then
Ty Oy = dg )5 is endowed with an integrable connection. The objective of the rest of this subsection
is to investigate this connection and its p-curvature.

A Natural Filtration on 7¢, .O¢,
The filtration we will construct on 7, .0, is obtained by using Taylor expansions of its sections with
respect to translation invariant differential operators (1.1.9). We will work in a little more general setting.

Let 71 : T — X be a vector group scheme over X and T be the sheaf of sections of T over X, then T
can be written as Specy (S°Q), where Q := H#ome, (T, Ox). Note that the natural pairing T x  — Ox
can be extended to an action of T on S*{2 by Leibnitz’s rule. In other words, this action defines a map

T—)WT*TT/X, f'—>D§7 (116)



where Tp, x is the tangent bundle of T relative to X. Moreover, the image of T" under this map are exactly
those translate invariant differential operators and we will identify 7" with its image in the sequel.

The action of T" on S*€) can be extended to higher order differential operators in the natural way. Since
we are working in characteristic p, for any section w of S*Q2 and a differential operator D we have D(w) =0
as long as the order of D is larger than pd, d = dim(X/S). Therefore the action

ST x S*°Q — S°Q

is discontinuous if we endow ST and S*Q with the topology defined by the decreasing filtration {{J,,, S*T}n>0
and discrete topology respectively. B

Let I'\ T := ), I';T ([2, A10]), then we still have a canonical paring
,7T x 8"t — S™Q. (1.1.7)

Moreover, by endowing the ring I'yT" with the topology defined by PD-filtration {I!*1},c ! and S°Q) the
discrete topology, the action (1.1.7) is continuous. This action can be extended to the completion I'¢T" of
T'yT with respect to the PD-filtration defined above.

Let & be a section of the morphism 7t : T — X, and t¢ : T — T be the induced translation map. Recall
that D¢ (1.1.6) is a translate invariant differential operator, then the exponential ePs now makes sense as
an element of I'yT. Its action on S*Q2 is given by Taylor’s formula

te(f) = eP<(f). (1.1.8)
Now given a T-torsor L and 7g, : L — X, we can define a filtration on 7, Oy, as follows

N0 = {z € 7.0 | D(x) =0 for any D € I["+1]F.T}. (1.1.9)

The grading Gr 7L« O, of 7. O1, with respect to the above filtration is canonically isomorphic to S*Q. In
particular, we have
0—)0)( —>N17TL*OL — Q0 —0. (1.1.10)

The element in Extl(Q, Ox) corresponding to the above exact sequence is exactly the torsor L.

If we are given a section [ of L, then [ defines an isomorphism locally by
si;:L—=T, U'—1 -1,

hence locally an isomorphism
o1 :S*°Q = 1, Ox,. (1.1.11)

It is easy to see this isomorphism is the unique isomorphism of O x-algebras such that

a(w)(l') = (w, ' = 1)
for any section I’ of L and w € Q.

Now we go back to the sheaf of liftings of Frobenius. If the we take T and L to be the vector group
schemes associated to F)*(/STX//S and Ly, then from (1.1.11) we get

Proposition 1.1.5. Let T be an object ofCrisf(X/g), F:T — X' be alift of frys. For any liftinga’ € O,
of a section a' € Ox: and lifting F' : T — X' of fr/s, we have

0 (f1/5dd)(F') = {f7,sdd',F' — F)

Note the filtration {Ny},>1 defined on #y /o = mo . O, can be extended to <.

LA general member of I% is given by :B[l“]:v[;é] vl i i i >



The Integrable Connection and p-Curvature

Next we will apply the results in the preceding paragraphs to the sheaf of liftings of Frobenius, which is an
F)*(/STX,/S—torsor. Now the exact sequence (1.1.10) becomes

0 — Ox — Nimy, Oz — Fx Q% — 0. (1.1.12)

By construction, Ny7y, .0, as a submodule of 7., .0, is horizontal with respect to the connection
on my, .Og, associated to the crystal 27. Let U be a flat lifting of some open subset U of X, F be a lifting
of Fy/5, and o be the splitting of (1.1.12) over U as defined in (1.1.11). Then for any local section w’ of
Qﬁ(//s’ we can prove

Viep(1l®w)) = —Cpw). (1.1.13)

Indeed, first observe that both sides of the formula are Ox:-linear, hence we can assume w' = da’ for
some section a’ of Ox.. Let T be the diagonal of U x U, h; : T — U be the projection to the i-th factor and
T be the reduction of 7' modulo p. Let h; be the reductlon of h; modulo p, then the crystal structure gives
an isomorphism

hTNlﬁzU*OjfU = Nlﬂ':[T*OZT = h;NlTFZU*OgU.

By the definition of a connection associated to a crystal ([9, Theorem 6.2]) (note that here the PD-ideal

has zero square), we have

V(ep(1®da')) = h3(0p(1 @ da’)) — hi(o7(1 @ da’)).
Since the right side is an affine function on £, to prove (1.1.13) it suffices to evaluate its value at sections
of %r. Note that F; = F o h; € %y, for any lifting F’ of fr/s, we have
hs(0p(1@da"))(F') = hi(op(1 @ da'))(F') = h3(0p(1 @ da'))(F') = hi(op(1® da'))(F)
=0p,(1@da)(F') - 05 (1 dd')(F)
1, - ~ 1, - ~
=—F'(1led)-kKh(led)- =F'(1ed)-FK(lead))

[Pl [Pl
1

T

1 )=/
=- m(dF(a))

=— (p(dd).

The above computation implies in particular the image of the connection

(F1ed)—FR1ead))

VN7, .Opy = N7y, Op & Q%{/S
falls in Q§< /s Next we compute the p-curvature of this connection. Given a Frobenius lifting F of Fy /s, let
N1W2X*02X = OX (&%) F)*(/SQ&//S

be the splitting of (1.1.12) determined by F. It is easy to see the sections of Ny 2+ Oz, With nonzero images
under the p-curvature map come from F'y / SQ X/s" Following the notations of the previous computation, let

D € Tx /s be a nonzero tangent vector, a € Ox and CF(dWX/Sa) aP~da + db, then we have
V(D)P(1® dr,ga) — V(DW)(1 @ dr ga)
V(D)P~Y(—(D, a?1da + db)) + (D, aP~ da + db) (1.1.14)
V(D)"Y (a""'Da + Db) + a?"*DPa + DP)p
V(D)P~Y(a?"'Da + Db) + a?"*DPq + DPp
= —V(D)*"Y(a’"'Da) 4+ a*"'DPq
— (a?7*DWq — (Da)?) 4+ a?P~*DWPyq (1.1.15)
=(Da)?



In the above computation, we apply the formula (1.1.13) in (1.1.14), and the Hochschild formula [19,
Lemma 2] in (1.1.15). Therefore, the image of (0,1 ® dw}/sa) under the p-curvature map

Vv:0x ® F)*(/s%a/s — (Ox & F;(/s%(f/s) Qox F§/SQ§//S

is exactly (1,0)® (1® dﬂ}/sa). It is easy to see the p-curvature map v coincides with the restriction of the
usual differential de, ,x : T, .Ogy — Tf-gx*Q}ZX/X to Nime, O, .
The connection V on &y is nothing but the connection on Ny7y O, extended by Leibnitz’s rule.

1.1.3 Cartier Transform as Morita Equivalence

The construction of Cartier transform and its quasi-inverse is based on the fact that the sheaf of PD dif-
ferential operators is an Azumaya algebra over T%, /s (the affine scheme over X' associated to the relative
cotangent bundle). As long as we can find a splitting module for it, the construction will follow immediately
from the general formalism of Morita equivalence. Note that in the sequel we will use “Cartier transform”
to mean “Cartier transform and its quasi-inverse” for short, which should be clear in the context.

Azumaya Nature of the Rings of PD Differential Operators

First we recall some facts on Azumaya algebra. Given a scheme Y, an Azumaya algebra on Y is a sheaf of
associative algebra A, which is isomorphic to Endp, (O%) locally in the fppf topology. One can prove to
give an Azumaya algebra A on Y is equivalent to give a sheaf of associative Oy-algebra A, which is locally
free of finite rank as Oy-module and the canonical map

A® A% = Endo, (A)

is an isomorphism.

Following notations as above, let Dy /g be the sheaf of PD-differential operators on X. Then a first order
PD-differential operator D is nothing but a derivation D : Ox — Ox. Since we are working in characteristic
p, the p-th iterative of D, denoted by D®) is still a derivation. Let ¢(D):=DP — D®) | then one can verify
c(9D) = gPc(D) for any g € Ox, by adjointness, we have a Ox/g-linear morphism

c :TX’/S%FX/S*DX/Sa D — (DI®1)p—(D/®1)(p) (1116)

This morphism is nothing but the p-curvature map if we identify the category of Dx,g-modules with the
category MIC(X/S) whose objects are quasi-coherent Ox-modules endowed with an integrable connection
[2, Theorem 4.8]. Moreover the image of ¢’ falls in the center 2% /g of Dx/g, hence Fx/g,Dx/s can be
regarded as a sheaf of algebra on T},/S. We will denote it by Zx/s.

The following proposition, firstly proved in [3], is the pillar stone of the construction of Cartier transform.

Proposition 1.1.6. The above morphism (1.1.16) induces an isomorphism S*Tx: /s = Fx/s.Zx/s. This
morphism makes Px ;s an Azumaya algebra over T},/S of rank p*?, where d is relative dimension dim(X/S).

Now we have an equivalent description of the category MIC(X/S) as follows. Firstly, the morphism Fy,g
is an homeomorphism of the underlying topological spaces, therefore the category MIC(X/S) is equivalent
to the category of (X', Fx/s.Dx/g)-modules, where (X', Fx,s.Dx/g) is a ringed space consisting of the
topological space X' and the sheaf of rings F'x/g,Dx/s. Furthermore, by the definition of Zx,s the latter
is easily seen to be equivalent to the category of (T%, /8" Px/s)-modules.

The Splitting Module

In order to find a splitting module for the Azumaya algebra Zx/g, it suffices to find an object in MIC(X/S)
whose rank over the center of Zy /g is equal to p?. Recall that we have obtained a sheaf of algebra

Ay )7 =Te.Ogy



on X, which is endowed with an integrable connection. However it is not locally free as an S*T'x/,g-module
via the p-curvature map. Indeed for any section a of @4/ one can find D € S*Tx/,g of sufficiently high
degree such that ¢/(D)(a) = 0. On the other hand, %4, the dual of &7, 5 with respect to the pairing

(1.1.7) is a F)*(/SIA“.TX,/S—module locally free of rank 1. If we enlarge Dx/g to
D}/s = Dx/s @gery) s f-TX’/Sv
v

X/S
its dual # 4,5 is also a D}/S—module. Moreover, since &4/ is locally free of rank 1 as a F7 ,/SF.TX,/S-

then its center becomes f.TX//S. In addition, &9, acquires a Dy ,c-module structure by (1.1.7), hence

module, it is locally free of rank p? as a LT ss-module. Thus it is a splitting module for the Azumaya

algebra F'x, S*D;’( /g over T x'/s- Note however that the enlarged Azumaya algebra no longer lives on the

*y
X'/S»

Now let MIC, (X/S) (resp. HIG,(X'/S)) be the category of quasi-coherent Ox-modules endowed with
an action of D}( /s (resp. the category of quasi-coherent Ox/-modules endowed with an action of DT/ /8)-
Based on the discussion above, the following theorem follows from Morita equivalence.

scheme T, ¢, but on the formal scheme T for details see [17, page 31].

Theorem 2. ([17, Theorem 2.8]) Let 2" /. = (X/S, X'/8) be a pair consisting of a smooth S-scheme X
together with a flat lift X'/S of X'/S modulo p*. The functor

Co 9 : MIC,(X/S) — HIG,(X'/S),
E%L*%OmD}/S(%%/y,E)

defines an equivalence of categories, with quasi-inverse

Cy' oy  HIG,(X'/S) — MIC,(X/S),

/ * /
E'v— PBoy)s ®f-Tx//s 'E

where v is an endomorphism of T?'/s induced from the inverse operation of the group scheme T},/S.

1.2 Inverse Cartier Transform and Fontaine Modules

The construction of the functors in Theorem 2 follows from the general formalism for Morita equivalence.
The bewildering appearance of these functors makes it difficult for one to comprehend. In this subsection,
we will introduce a construction of inverse Cartier functor in [12] based on Frobenius liftings rather than
B o .- Moreover, we will prove this construction is equivalent to Cg}l/ » in Theorem 2. As an application,
we reformulate the definition of Fontaine modules [17, Definition 4.16].

1.2.1 Lan-Sheng-Zuo’s Construction of Inverse Cartier Transform

The construction of inverse Cartier transform given in [12] is first done locally by using Frobenius liftings
then glued into a global object by using Taylor formula. We first review the local construction.

For any Ox/-module E’, it is well known that there is a canonical connection V.4, on F % / SE’ defined
by Vean(a ® €') = da ® €’. Note that E’ can be regarded as a Higgs module endowed with zero Higgs field.
Now if we are given a lifting of Fx/g to W2(k), we can construct an integrable connection on Fy / gE' for
any Higgs module (E’,6) on X’. The construction is based on the elementary fact that the difference of two
integrable connections on a fixed Ox -module is a Higgs field.

Let F be the lifting of Fx/g, then the following composite defines a Higgs field on F)*(/SE’

* Fx/s0 * * 1®C¢s *
Fy sB 155 Fy gB' ® Fy 5% s — Fx B @ Q. (1.2.1)



The new connection is defined to be
Vcan + (1d®<ﬁ) OF;(/SG (122)
The pair consisting of F§ / o' together with the connection defined above will be denoted by
UA(E,0) (1.2.3)

in the sequel. Note that this construction depends on choices of liftings of Frobenius.

Now let S = Spec k and suppose X is endowed with a Ws(k)-lifting X. Let (E,#) be a Higgs bundle on
X, then w}/k(E, 6) is a Higgs bundle on X', where mx /3, : X’ — X is the projection as shown in the diagram
(1.1.1). Take a family of open affine subschemes {U; };¢; covering X, then locally they associate to (E,8)y, a
de Rham bundle (FX Eu,, V, ), where Vy, is the same way as the connection associated to 7% , (E, ) defined

by (1.2.2). In other words, the locally associated de Rham bundle coincides with ¥z (7%, E
(1.2.3), where Fy, is a lifting of Fyy, to Wa(k).

In order to obtain a a global de Rham bundle, they choose a set of gluing matrices for the local de Rham
bundles properly and prove these matrices satisfying gluing conditions for a flat bundle, i.e. a vector bundle
endowed with an integrable connection.

Uis 7T;(/k€|U7:)

Now we recall the definition of their gluing matrices. Let U;, U; be two open subschemes in the family

{Ui}ier, let ey, (resp. ey,) be a local basis for Ey, (resp. Ey,) and M;; € GL,(Oy,nvu,) be the transition

. dFy,
matrix, i.e. ey, = M;jey,;. Let h;; be the section of € FxTy,~y; determined by % — [T[]J] = dh;; and

9ij = explhi; (Fx0u,)],

then the transition matrix of {Vz (£, 0)}ier is defined by

Gij = gij Fx Mij. (1.2.4)
Then they show the matrices {G};}; jer satisfies the following gluing conditions ([12, Theorem 3])

1. Over the open subset U; N U; N Uy, one has
Gijij = Gik~
2. The connection gluing condition over U; N U;

dF i * — dFUJ' * —
[Tf]](FXGUi) = dGijGijl + GHW(FXGUJ-)GM1~

1.2.2 Equivalence of Lan-Sheng-Zuo and Ogus-Vologodsky

In this subsection, we will prove the inverse Cartier functor given by Lan-Sheng-Zuo is equivalent to the one
given by Ogus and Vologodsky. In other words, given a Higgs bundle (E,8) nilpotent of level than p, the
associated de Rham bundle on X constructed above is nothing but C’;gl/y(w}/k(E, 0)).

Cg}l 2 Unscrewed

To prove the equivalence, we will replace %4, in definition of the functor C%l/ » by some more down-to-
earth terms.

Let {Ui}ier be a covering family of X, where U; is an open subscheme of X admitting a lifting F; of the
relative Frobenius Iy, 5. Then F; provides an isomorphism (1.1.11) over Uj;

a1 2 Fj 55 Uk (1.2.5)



where %; is the open subscheme of X with the same underlying open subset as U;. By taking duality we
have an isomorphism

f@%”/y = h_r)n%om(&z/q/i/y/NnMg/i/y,Ox) = F&/sf‘.TX//S7 (1.2.6)

where N,,.%/, /. is the filtration on 7, , & defined as in (1.1.9).
Now we analyze the D}(/S—module structure of By, ». Let U/ = U; xx X', {wj}1<i<a be a local basis
of Qllj,/s and {&hi<i<ds & € Ty be its dual basis. Moreover, let § = Fy; (&) and w; = Fy; o(w;) then

{& [t2] [t2 ([itd']| Y i<k<ate < n} form a basis of Som(y, s /Nnt17w+O, Ox). For any section D of
TX/S, we have

(V(D ><s“”s“2] e )
— [t1] . td] V =(D S1 82“, Sd V =(D [t1] [t2]”. [ta] $1,,82 . ,,8d
— (el Vi ><w1w2 >>+ ADNEME g e W)
— (gl m 3 Vi cewp Wi + Va(D)E g s wd)
1<k<d

Since the second term is always zero, the above sum is nonzero only if the first term is, for which it is
necessarily that ¢, = s + 1 for some 1 <k < dand s; =t for 1 <1 <d,l # k. Let {Di|]l <k <d} bea
basis for Ty, /5 and {day|1 < k < d} be its dual basis, then the action of Vz on fgfl]g ta] . td] is given by

V(e ) - = 3™ ST v D)) gt el @ day. (1.2.7)

1<k<d 1<I<d

Next we can consider the D7

x/s-module structure of ngl/y (E")y,. Firstly we have

—1 —1 *
ng/y(E,)Ui = Caz/,;/y(Eéf;) =Bu,)> ®Ih‘.TU£/S t EI,J;
=~ F;}I/SF.TX//S ®f'TU{/S L*E;]i/
=~ F[jvl/SL*E{J’

Take 1®e € C’%/y( Nu, and let t; = 0,1 <4 < din (1.2.7), then we get

Diy(1®e) = Z V(D) (wi)é) @

1<i<d

== ) ViDi)(w) @ (=&(e) (1.2.8)

1<i<d

= Z Vi (Dy)(wr) @ & (e)

1<i<d

There is a minus sign in front of &/(e) in (1.2.8) since the Higgs module L*E&/ is nothing but Ej,, with its
Higgs field reversed. Now one can see the connection on Cg,/y (B v, = Fy, /SE&,/S (as Opy,-modules) is
nothing but
vcan +id® Cﬁ' o FIZ/597
which coincides the construction (1.2.1), i.e. W (E',0).
One notices the above isomorphism depends on the choice of the lifting F,. However, such ambiguity does-
n’t make an obstruction to obtain a global object in MIC.,(X/S) by gluing the local objects {¥ 5 (E’,0)}ic1-
Indeed, let Uy, Us be two open subsets of X with nonempty intersection, F; be a hftlng of Fyy,/s to U; for
1 = 1,2. Then the difference Fg]g Fljl defines an element £ of F}; ’ﬂU’/STX/57 where j; : U, X g Uy — U;



is the i-th projection. Let oz (see (1.1.11)) be the isomorphism (1.2.5) induced by F;, then oh 0;1 induces
i 2

an automorphism of F*mUé/SS‘Qk//S given by the Taylor formula (1.1.8)
f s ().
By taking duality (see (1.1.7)) we obtain the following automorphism of F*{OU,L’,/S]‘C“TX'/S

a s ae”€.

For i =1,2, let ¢; : C;/y (E")u, = Fy st Eyy,, then we have the following isomorphism

$12: 92(C5Y L (BNw) = 1(CR) o (ENwy), @ exp(Be)(z) = )
k>0

o € By, (129)
where §; = —(id® &) o FY 50 and 0 E' - F Q! 15 1s the Higgs field.

It is easy to see the gluing morphisms {¢;;} satisfies cocycle condition. So far we can give a more explicit
though somehow circuitous way to describe Cg}l/y(E') for an object E' of HIG,(X'/S). This description
applies in particular to any Higgs modules nilpotent of level less than or equal to p — 1, as the terms in the
sum on the right side of (1.2.9) make sense for all £ < p — 1.

The gluing formula (1.2.9) can be made more explicit in the following way. Let {{]}1<;<q be a local basis
of Tx//s and {w;}1<i<a be its dual basis of Q&,/S, then one can see easily Gf(x) is given by

Y Glew)me Heg(x) (1.2.10)
> ni=k

Theorem 3. Let X be a smooth variety over k endowed with a flat lifting X over Wy (k) and (E,0) be
a Higgs bundle on X which is nilpotent of level less than p. Then the associated de Rham bundle on X
constructed by Lan-Sheng-Zuo is isomorphic to the de Rham bundle C’g}l/y(ﬂ'}/k(E, —0)), where (2',.) =

(X Xy, (k) Walk), Wa(K)).

Proof. Firstly, the restriction of the de Rham bundle C;&}/y (7% (£, —0)) coincides with the local de Rham

constructed by Lan-Sheng-Zuo by using Frobenius liftings. Moreover, the gluing rule (1.2.4) coincides with
(1.2.9).
O

Remark 1.2.1. The advantage of the construction of inverse Cartier functor by Lan-Sheng-Zuo is obvious,
as it simplifies the construction of Ogus and Vologodsky by removing % 4: ) . It should also be remarked that
the gluing rule (1.2.4) used to obtain a global de Rham bundle is explicitly given in [12] for the first time.
Moreover, based on such construction, one can give a reformulation of Fontaine modules.

Fontaine Modules

The following definition of Fontaine module introduced in [17, 4.16] is based on the functor Cf%l/y,.

Definition 1.2.2. ([17, Definition 4.6]) A Fontaine module is a quadruple (E, F*,V, ), where (E,V) is a
coherent Ox -module with an integrable connection V, F*® a decreasing filtration on E, i.e.

E=FFfED...DF'ED F'TE =0, I—k<p—1,

satisfying Griffiths transversality ' '
V(F'E) C F'"'E® Q) /s,

and ¢ is an isomorphism

(E, V) = C%l/(yﬂ}/s(GTFOE7 G’I‘F- V)

10



Examples for Fontaine modules are abundant by the following proposition.

Proposition 1.2.3. ([17,Theorem 4.17]) Let (E,F*,V,¢) be a Fontaine module on X, h : X =Y be a
smooth proper morphism of relative dimension d. Suppose the length of the filtration on E is less than p—d,
then the relative de Rham cohomology (RhPTE, F*E) degenerates at Ey and satisfies

¢: Cly oy s(Gres RAPTE, Gres V) = (R'h]TE, V),

which makes (R'hPRE YV, F*RIWPRE ¢) a Fontaine module on Y. In particular, for d < p, RPhPEOx is
a Fontaine module.

In [17, page 98], the authors make a claim without proof that if the Ws(k)-lifting X’ of X’ comes from a
formal scheme Xy (y) over W (k), then the category of Fontaine modules is equivalent to the subcategory of
p-torsion objects in Faltings’ category .# % ZZ(XW(k)). This claim is not very clear to see directly from the
abstract construction of inverse Cartier transform in [17]. However, by the construction of inverse Cartier
transform by Lan-Sheng-Zuo, one can see easily the following equivalent reformulation of Fontaine modules
just implies this claim.

Definition 1.2.4. Let 27 /.7 = (X/S,X'/S) be a pair as described in Theorem 2, {U;}Yicr be a family of
open subschemes covering X such that each U; is endowed with a lifting F; of Fy,ss. A Fontaine module is
a quadruple (E,F*,V,{¢g }ticr), where (E,V) is a coherent Ox-module with an integrable connection V,
F* is a decreasing filtration on E, i.e.

E=F'ED...DF'EDFT'E=0, l—-k<p-—1,

satisfying Griffiths transversality ' _
V(F'E) C F"'E® Qy/s, and

(bﬁi : (EUNV) — \IIFZ( ;}i/s(GTF°EUi,G7'F°V))

is an isomorphism over U; (for definition of Wy see (1.2.5)) such that the isomorphism
¢ﬁ7¢1%1 Vi (77, 15(Grre Euy, Grpe V) usnu; — Y (sz/s(GTF-EUNGTF-V))UmUj (1.2.11)

is induced by the exponential exp(&;;), where £j; = Fj - F (1.2.9).

Remark 1.2.5. The definition of a Fontaine module is not dependent on the choice of the covering family
and the lifting of Frobenius. The proof can be done by using the gluing formula (1.2.9).

Remark 1.2.6. The Higgs and de Rham objects in the usual sense involved in the Cartier transforms are
necessarily nilpotent. One might ask whether there exists a generalized Cartier transform which includes
nonnilpotent objects in the usual sense as well. There is no general answer to this question, as can be seen
from two examples below on a naive generalization of inverse Cartier transform to Higgs line bundles.

Let X be a smooth variety over k. By definition a Higgs line bundle on X is uniquely determined by a line
bundle L and a global 1-form w € H°(X, Qx/1). We will use L, to denote his Higgs line bundle.

1. Let X' = X Xpp, k, w be a nonzero global 1-form, then we have a Higgs line bundle (Ox), on X' with
a nonnilpotent Higgs field. Moreover, the 1-form w determines a subsheaf ker 8 of Ty, where 8 is the
restriction of the paring Tx: /i, ¥ Qﬁ(,/k — Oxr to Ty, X Oxr.w.

Recall that the sheaf of liftings of Frobenius defines an element of H' (X, F*Tx/ ). If we can prove this
element falls in the image of H*(X, F* ker ) — H*(X, F*Tx1 1), then by our construction of inverse Cartier

transform, the local de Rham objects \IlFi(OX/, 0.,) can be glued into a global object. However, this condition
is not easy to check.

2. On the other hand, if the Frobenius F ;, is liftable over Wo(k), the naive generalization of the inverse
Cartier transform yields a global object automatically. However, it might fail to be a faithful functor. For
instance, let X be an ordinary abelian variety and L, = (L, 6,,) be a Higgs line bundle on X', then under

11



the generalized inverse Cartier transform, the de Rham line bundle corresponding to L., is mothing but
(L®P, Vean+0c-1(.,)), where Vo, is the canonical connection on L®? gnd C~1 is the inverse Cartier operator.

Since X is ordinary, C~' is bijective. In particular, if L®? = Ox, there is a unique 1-form w on X' such
that the connection Vean + 0c-1(,) is the usual differential d : Ox — Qﬁ(/k. Let n = dim X, now one can
see easily there are p™ Higgs line bundle whose associated de Rham line bundle is (Ox,d).

12



Chapter 2

Logarithmic Cartier Transforms

As its smooth counterpart, the construction of log Cartier transform is still based on Morita equivalence.
Firstly one needs to prove the ring of (augmented) differential operators is an Azumaya algebra and then
finds a splitting module for it. In this chapter, we will give a sketchy view of log Cartier transforms, which
have been obtained by Schepler in his thesis [18]. In parallel with the previous chapter, we will reformulate
the inverse log Cartier transform in terms of Frobenius liftings and then use it to define log Fontaine modules.

2.1 Logarithmic Cartier Descent and Residue Condition

As a special case of Cartier transform in the smooth setting, the classical Cartier descent defines an equiv-
alence between the category of quasi-coherent O x-modules with canonical connections and the category of
Higgs modules with vanishing p-curvatures on X’. However, the following example shows that its direct
generalization to the logarithmic case fails to hold.

Example 2.1.1. Let (X, M) be the affine line A}, endowed with the log structure defined by the closed point
0 € A}, then the log differential is given by
1 N
d:Ox wwy,, fortf (t)?

Let By = (t) C k[t], it is easy to see E; is invariant under the above connection. However, the following

morphism is not surjective

Let Ey := k[t]/E1, then the following morphism is not injective
k[t] @k By — E.

The rest of this section is devoted to show that such new complexity can be circumvented by introducing
residue condition.

Let f : (X, M) — (S,N) be a morphism of log schemes, for convenience we denote by X,S and X*
the log schemes (X, M), (S,N) and (X, f*N) respectively. Then f factors as X — X* — S. Recall that
w}(* /s = Q% /8> hence we have an exact sequence of sheaves of log differentials on X

1 1
WX*/S — UJX/S — RX/S

where Rx/g := w}{/x*. By definition (A.2.2), the morphism d : Ox — w}(/s factors through w}(*/s, in
particular the above exact sequence induces a zero morphism Ox — Rx/s-

Definition 2.1.2. Let (E,V) be a sheaf of Ox-module with integrable log connection, the residue map of
this object is defined to be the composite of E — E ® w}(/s with the projection w}(/s — Rx/s-

13



The following theorem establishes an equivalence between a subcategory of log Higgs objects with van-
ishing Higgs fields and log de Rham objects with integrable connections and vanishing p-curvatures.

Theorem 4. ([16, 1.5.4]) Assume that X — S is a log smooth morphism in characteristic p, F : X — X' be
the exact relative Frobenius (see def. (A.3.7)) morphism of X/S. If (E,V) is a coherent sheaf with integrable
connection, then the EV is a coherent Ox:-module and there is a canonical horizontal map

(F*EV,V') = (E,V), a®ers ae (2.1.1)
If both the residue map and p-curvature vanish, then this map is surjective. If furthermore Tor?x (E,Rx/s)
is 0, then it is bijective.

Remark 2.1.3. E; in example 2.3.1 has nonzero residue map while Es has vanishing residue but doesn’t
satisfy the condition Tor?x (E2,Rx/s) = 0.

2.2 Logarithmic Cartier Transforms

2.2.1 Construction of Log Cartier Transform

As can be seen from the previous section, the classical Cartier descent cannot be generalized to log case di-
rectly. Though under suitable conditions (2.1.1) such generalization is still available, the de Rham and Higgs
objects involved there are not easy to characterize as in the smooth case. A more thorough generalization
of Cartier descent has been given by Lorenzon in [14] with the help of index algebra. His work is also the
starting point of log Cartier transform obtained later by Schepler [18]. Though important, index algebra
has a complicated definition and will not be used elsewhere in this work except the statement of Schepler’s
results. All we need to know about it is that an index algebra is a sheaf of Ox-algebra on X.

Let X — S be a perfectly smooth morphism (see def. (A.3.7)) over a perfect field k of characteristic p,
X’ — S be a lifting of X’ — S to Wa(k). If we denote by MY the quotient monoid MY JO%, then we have
a canonical ﬂgf—indexed algebra A9, which is an Ox-algebra equipped with an integrable connection and
vanishing p-curvature. The flat section of A%, denoted by By, g is a subring of A¥ and an Ox/-algebra.

As mentioned at the beginning of this chapter, log Cartier transform is realized as a Morita equivalence.
In this setting the Azumaya algebra is the ring of indexed PD-differential operators

DX/S = Agén X DX/S7

which should be considered as a counterpart of Dx/,g in the log setting. The center of Dy /s is isomorphic
to Bx,s ®o,, S*Tx;s. The augmented ring of differential operators in log case is

D5 = Dx/s ®se1y,5 TS T 5.

Let X/S = (X/S,X’/S) be a pair consisting of a perfectly smooth morphism X — S and a flat lifting
X'/S of X'/S over Wy (k). Then one can prove by using log deformation theory (A.2.6) the sheaf of liftings
of Frobenius is F}*(/Sw}(,/s—torsor. Let Kx/s be the sheaf of algebra associated this torsor over X, then its
splitting module is 5 }

’Cé/s = KX/S Xox Agg)7

where Ky /s 1s the Ox-linear dual of Ky,s. The construction of Ky,s and K /s is totally the same with
Ay 1 and By, for more details see [18]. Consequently, we have the following

Theorem 5. ([18, Theorem 3.2]) Let MIC:;\(X/S’) be category of D}/S-modules, HIG?(X’/S) be category

of Bx/s ®o,, f‘S'TX//S—modules, then the following functors define a quasi-inverse equivalence of categories

Cxys : MICZ(X/S) — HIGS(X'/S), Ew~ L*%ﬂomﬁ}/s(;éﬁ /5 E),

Cy)s + HIGE(X'/S) = MIC(X/S), B’ K3)s @op t. F,

where (’)5 = Bx/s ®o,, 1AﬂS'TX’/S-
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If we start with objects of HIG,(X’/S) and MIC,(X/S), then after tensored with suitable indexed
algebras, they will fall in the categories in the above theorem. The following proposition compares the
effects of “indexed log Cartier transform” and “non-indexed log Cartier transform” on these objects.

Proposition 2.2.1. ([18, Corollary 3.7])
1. Let E'" be an object of HIG,(X'/S), then there is a natural isomorphism

C;}S(E' ®oy Bx/s) = (’é)c/s ®og t+E") @0y AY

where Og = fS’TX//S.
2. Let E be an object of MIC,(X/S). Then there is a natural map

L*%omp} (KX/S,E) ®oy, Bx/s = Cx/s(E ®oy AY).

/s

Furthermore, the map is injective (resp. surjective) if and only if the natural map F3EY — Ey is,
where By = A omp-o, (léX/S,E) is equipped with the internal Hom connection.

Therefore, the indexed inverse log Cartier transform can by derived from the non-indexed inverse log
Cartier transform.

Proposition 2.2.2. [18, Corollary 3.10] Let MICg(X/S) be the sub category of MIC,(X/S) consisting
of objects (E,V) whose residue map (see Definition 2.1.2) p : E — E ® Rx/g satisfies p}, = 0 for any
D € Txs. Then one can define the functors

Cy)s t HIG,(X'/S) = MICY(X/S), Cyls(E) :=Kx/s ®op t E'

Cass : MICS(X'/S) = HIG,(X/S), Css(E):= Hompy (Kx/s, E).

Moreover, we have

1. C;c}s is the left adjoint of Cx/s.

2. Theunitn :id — CX/SOC;(}S of this adjunction is an isomorphism and the counit € : C;(}SOCX/S —id
is an epimorphism. In particular, C;(}s is fully faithful and Cx s is faithful.

3. If Tor®x (E,Rx/s) =0, eg : C’;,}S oCxs(E) — E is an isomorphism.

2.2.2 Lan-Sheng-Zuo’s Construction in the Log Case

Following [12], we give below a more direct construction of inverse Cartier transform in the log case by using
coordinate computation rather than Morita equivalence given by Schepler. First we fix some notations.
Let (X, M) be a log scheme smooth over Speck (equipped with trivial log structure) endowed with lifting
(X, M)/Wa(k), wk be its sheaf of logarithmic differentials which is locally free of rank d = dimX. By a log
Higgs bundle on (X, M) we mean a locally free O x-module E together with an Ox-linear map 6 : E — FRw
satisfying 6 A 8 = 0.

Since in terms of local basis, a log de Rham bundle is determined by a connection matrix whose entries
are log differential forms, we will construct these connection matrices locally then glue them together. Let
{Ui}ier be a covering family of X by affine open subschemes. For each U;, we choose a lifting FUi of the
absolute Frobenius Fy, : U; — U;, then we have wFy, (i) = mmP, where 7 : M — M is the natural
projection. Then we have Ey, () = wm® for some u € kerm and @(u) = 1+ [ple(m) for some e(m) € Ox,
therefore ~

dlog(Fy,(m)) = dlog(umP) = dlog(u) + pdlog(h) = [p]de(m) + [p]dlog(m).
As in the smooth case (1.1.5), the morphism dlog(m) — dlog(m) + de(m) will be denoted by CFUi' Now

we can associate to a log Higgs bundle (E, ) locally the de Rham bundle (Fy;, Ey,,d + (id @ (g, )(F77,0u,))
and we have the following '
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Proposition 2.2.3. The connection Vy, = d+ (id @ (5, )(F5,00,) is well defined and integrable.

Proof. To say the connection Vi, is well-defined is equivalent to say it is invariant under another choice of
basis of Ey,. Now given two set of basis {ey, } and {ey;, } of Ey, satisfying (e7;,) = A(ey,), for some invertible
matrix M with entries in Op,. Let 6y, and 92],- be the matrix representation of the Higgs field § under the
basis {ey, } and {eg; } respectively, then we need to check

(id @ g, ) (F5,00,) = d(Fg, M)F5, M~ + Fy M(id @ (g, ) (Fg,00,) Fg, M~

Since dFy; M = 0 and 0, = MOy, M~ 1 the above equality holds. Next we prove the integrability of
Vu,. Since HU A Oy, =0, we have

(id ® ¢, )(EF,00,) A (1 ® Gy, ) (FE,00,) = (id @ /\gF (Fg. (0u, A Ou,)) = 0.

We also have to show the composite d(id ® (z, )(F7,0u;) vanishes. It suffices to show d(z, (Fi‘}w) =0 for

any one form w, which follows easily from the definition of Cry
O

Next we will glue the locally associated de Rham bundles. For that purpose it suffices to construct a
family of matrices A;; where G;; is defined over U; N U; satisfying

1. (Bundle gluing condition) over U; N U; N Uy we have G, = GG,

2. (Connection gluing condition) over U,;, (id ® CFU*L )(FG 0u,) = dGijGi_jl + Gy (id® CFUj )(Ff}j@Uj)Gi—jl.
To construct G;;, we need the following lemma which is an easy consequence of proposition (A.2.6)
Lemma 2.2.4. For any two open subset U; and Uj, we have vij : Fj wig/k — Ox such that over U;NUj,

Cﬁui — CFUj = d%j and over U; N Uj NUg, Yik = Yij + Vik-

Let {ey, } be a basis of Ey, over U;, M;; be a matrix with entries in Op,y, s.t. (ev,) = M;;(ev,) over
U;NU; and M, = M;;Mj, over Uy N U; N U;. On the other hand, by the above lemma the nilpotence
assumption on the Higgs field 6, we have locally well defined matrix

Z [(id ® i) F*Ou,]°

s!

exp|(id ® vi;) F*0u,] =
1<s<n

Then the gluing matrix for {F; Ey, }ies is defined to be
Gij = exp|(id @ 7i; ) (F"0u, )| F* M.
Next we check the two gluing conditions above. First of all, we have
exp[(id ® v;x) F*0u,] = exp|(id @ v;x) (F*(M;; 0y, M;;))]
= exp[F*M;;' (id ® ;) (F*0u,) F* M)
= F*M; exp[(id @ v;) (F*0u, )| F* M,
Then

GGk = exp|(id ® v4;) (F*0u, )| F* Mjexp[(id ® vjx ) (F* 0y, )| F* My,
= exp[(id @ (vij + v ) (F" 0, )| My M,
= exp[(id @ vix ) (F™0u, )| F* M,
= Gir
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Then we prove the connection gluing condition. By definition we have

VUJ. (F*eUi) = VUj (GijF*er)
= dGijF*er + Giyj (id® CF‘U. )(F*GUJ)(F*er)

= [dGy; G + Giy(id ® ¢, )(F 0u,)G7 (Fer,)
Since dF*M;; =0, 0y, = M;;0u, M,;", we have
dGy; Gyt = dexp[(id ® vi5) (F* 0y, )lexp[—(id ® 7i;) (F*0y, )]
= d[(id ® 7i;) (F*0u,)] (2.2.1)
and
Gij(1d @ G, J(F*0u,)Gjt = expl(id @ 7)) (F*0u,)](id @ g, ) (F*0u, Jexp|=(id @ 7i5) (F* 0, )]
= (id ® () (F00,) (2.2.2)
By (2.2.1) and (2.2.2) we have
Vo, (Frey,) = [d(id @ 7)) (F*0u,) + (id @ ¢z, ) (F*0u,))(Fev,)

[
(id ® gﬁUl)(F*eUl)(F*eUl)
Vv, (Frev,) (2.2.3)

Therefore, we prove the following

Theorem 6. The local de Rham bundles {(Fy;, Ev,,Vu,)}ier can be glued into a de Rham bundle on X via
the matrices {G;j}ijer-

For the log inverse Cartier transform C;c}s (Proposition 2.2.2), we still have the formulae (1.2.9), (1.2.10)
and the proof for the smooth case still works in the log case, mutatis mutandis. Therefore, the generalization

of Lan-Sheng-Zuo’s construction given above coincides with the inverse Cartier transform in [18, Corollary
3.10].

2.2.3 Log Fontaine Modules

Next we give the definition of log Fontaine modules by imitating its smooth counterpart. Note that in the
definition we employ the inverse Cartier functor C’;} s in Proposition (2.2.2).

Definition 2.2.5. Let X — S be a perfectly smooth morphism of log schemes, a log Fontaine module on X
is a quadruple (E, F*,V,¢), where (E,V) is a coherent Ox-module E endowed with an integrable connection
V, F* a decreasing filtration on E, i.e.

E=F‘ED...DF'EDF*'E =0, l—-k<p-—1,

satisfying Griffiths transversality A ‘
V(F'E) C F"'E®wy s,

and ¢ is an isomorphism
(E,V) = O/;}STF;(/S(G’I"FOE, GrpeV).
Note the elementary construction (1.2.1) can be carried out in the log case as well, for which we only

need to replace the usual differentials by log differentials. Again, if we paraphrase the sheaf K /s in terms
of local liftings of Frobenius, one has the following equivalent definition of log Fontaine modules.
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Definition 2.2.6. Let X/S = (X/S,X’/S) be a pair consisting of a perfectly smooth morphism X — S and
a flat lifting X' /S of X'/S over Wo(k). Let {U;}icr be a family of open subschemes of X such that each Uy
is endowed with a lifting F; of Fy, /s to a flat thickening of U; over S. A log Fontaine module is a quadruple
(B, F*,V {¢f ticr), where (E,V) is a coherent Ox-module E with an integrable connection

V E— E@(AJ%(/S’
F* is a decreasing filtration on E, i.e.
E=F'ED...DF'EDFTE =0, l—-k<p-1,

satisfying Griffiths transversality _ _
V(F'E) C F'E®wy s,

(bﬁi : (EU“V) — \IIFZ( [*ji/S(GTF‘EUiaGTF’V))
is an tsomorphism over U; such that the isomorphism

¢FJ¢E:: . \I/E- (’/T[*]i/S(GTF’EUm GTF‘V))UI'QU_,» — \Ifﬁj (W;j/S(G?"FoEUj,GTFoV))UimUj

is induced by the exponential exp(&;;), where &j; = Fj —F (1.2.9).

Remark 2.2.7. As in the smooth case, this definition is independent of choice of the covering family and
the liftings of Frobenius. The proof can be obtained by using the formula (1.2.9), in which the derivatives 0y
in the usual sense should be replaced by log derivatives.
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Chapter 3

F-T-Crystals and Fontaine Modules

In this chapter S will be a fixed formal log scheme endowed with a fine log structure flat over W (k). For an
integer v > 0, S, will be the reduction of S modulo p**!, hence a fine log scheme and flat over W, 1 (k).

3.1 P-isogenies and F-spans

Let X/k be a proper smooth variety over a perfect field k of characteristic p, its crystalline cohomology
H? .. (X/E) is finitely generated W (k)-module and equipped with an action induced by the relative Frobenius

@2 FyppHeris(X/E) = Hepyo(X/E).

cris

The above morphism has the property that it is an isomorphism after tensored with Q. This serves as
the most fundamental example of an F-crystal in the classical setting, i.e. over a point. In this section we
will define F-spans, which can be regarded as F-crystals over more general bases. To make our presentation
more clear-cut, we will first do some abstraction work.

We fix an abelian category Ab. An object E of Ab is called p-torsion free if the endomorphism p.idg is
injective. It is easy to see for a p-torsion free object E, the endomorphism p'.idg is injective for all i > 0,
from which P*FE := im(p".idg) is isomorphic to E for all ¢ > 0. Next we come to the following

Definition 3.1.1. Let E” and E be two p-torsion free objects, a morphism ® : E" — E is called a p-isogeny
of width n, if one can find a morphism ¥ : E — E" such that ¥ o ® = p".idg», P o ¥ = p™.idg.

Remark 3.1.2. Let S be the arrows E p—> E in Ab, where n > 0 and E is a p-torsion free object. Then
S forms a multiplicative system [7, Chapter I, §3]. It is easy to check that to give a p-isogeny in Ab is
equivalent to give an isomorphism in the category Abg, the localization of Ab with respect to S.

Given a p-isogeny ® : E” — E, we can define a filtration {M"};>¢ on E” by
M'E" = Y(P'E).

By definition (3.1.1), one can find ¥ : E — E” such that ¥ o ® = p™.idg»,® o ¥ = p".idg. Then for any
k> nand z € MFE", we have ®(z) = pFy for some y € E, hence p"x = ¥(®(x)) = p*¥(y), therefore
r = pF "U(y) and M*E" C Pk="U(E). Conversely, for any y € E, we have ®(p*~"¥(y)) = pF "®(¥(y)) =
pky, therefore M*E" O P*="(E), hence we prove the following

Proposition 3.1.3. For any k > n, MFE" = P*""U(E).
The following fact is easy to verify and we omit its proof
PE'"NM'E" = PM"'E". (3.1.1)
From the above equation we can deduce, for any ¢ > j,

PIE"NM'E" = PPMIE". (3.1.2)
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Definition 3.1.4. A filtration {M®} on E" is said to be G-transversal to the ideal (p) and of level within
[0,n], if it satisfies the equation (3.1.2) and MT*E" C PE" ifi >n, M'E" = E", if i <0.

Proposition 3.1.5. To give a p-isogeny ® : E" — E of width n is equivalent to give a filtration {M*};>¢
of E" which is G-transversal to (p) and of level within [0,n].

Proof. The direction from p-isogeny to a filtration has been verified next we will prove the other direction.
Let E = M™E"”, and the morphism ® : E” — E is defined to be multiplication by p™. This morphism is
well defined since by definition (3.1.4), we have P"E"” C M™E". The morphism ¥ : E — E" is defined to
be the inclusion i : M"E"” — E". Tt is easy to see ® and ¥ satisfy the conditions in definition (3.1.1).

O

Recall that the category of crystals over a smooth scheme is an abelian category [1], one can prove this
is still true in the log smooth case. Therefore, we can make the following

Definition 3.1.6. An F-span on X/S is a triple (E', E, ®), where E' is a crystal of p-torsion free Ox:/g-
module, E is a crystal of p-torsion free Ox,g-module and ® : F)*(/SE’ — FE is a p-isogeny. An F-span
(E',E,®) is said to have width n if ® has width n.

Suppose we are given an F-span (E, E’, ®) of width n, let E” := F)*(/SE’, AE" = Zogkgnpn_kMkEﬂv
then it is easy to see ® induces an isomorphism

AE" - p"E=E. (3.1.3)
The above isomorphism will still denoted by ® in the sequel.

Admissible F-spans

Let (E', E,®) be an F-span, {M*} be the filtration on E” induced by ®. Since the category of crystals on
a log smooth scheme is an abelian category, the subobjects M*E" of B := F)*(/SE’ are subcrystals.

Let Y be a LS thickening (see Definition (B.1.13)) of X. Then the value of E’ over Y corresponds to
an Oy-module EY equipped with an integrable connection V. By functoriality, the value of the crystal
E" = F%E' over Y corresponds to the object (F;;/SEQ, F;/SV). Finally, the objects corresponding to the

values of the subcrystals M*E” on Y are nothing but the Oy-modules M EY., where EY = F{;/SEQ/-

Let Yo =Y xg Sg, then it is easy to see the p-curvature of the pullback of (F;}/SEQ,, F}*,/SV) to Yy is 0,
in other words, we have isomorphism Fy, / SE%V = By, . A natural question is whether this is still true for
the sub Oy-modules M{ EY.

Definition 3.1.7. (/16, 5.2.9]) An F-span F)*(/SE’ — E is said to be admissible, iff for any LS thickening

Y, the filtration {My. } induced on EY is descendable to E;,O,, i.e. for all k we have an isomorphism
F;D/S(MXI%EQLOV) — MEI;UE;O?

where Y., M{. EY. are the restrictions of EY., MEEY to Yy respectively.

By definition, admissibility can be checked locally over a family of LS thickenings covering X. For further
development, we define a filtration ([16,5.2.9.3]) A% E}. on E} by assigning

AV Ey =n N (Fy s M Fy g Ey), (3.1.4)
where 1) : By, — Fy /s, Fy / ¢ E% is the natural morphism. Then one can prove

Proposition 3.1.8. (/16, 5.2.11]) For an admissible F-span, the filtration Ay 1is G-transversal to (p) and
compatible with Fy g (see Definition 3.2.7) and the natural map

Fy g Ay By — MYEY,
is an isomorphism. In particular, the the restriction of the filtration A’{, to Yy coincides with M{}OEQOV.

In the next section, we will see to give an admissible F-span is equivalent to give a filtered crystal
satisfying certain transversality conditions. The filtration (3.1.4) defined above will play an important role
there.
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3.2 (G-transversality and T-Crystals

In this section, we will introduce T-crystals, which are crystals endowed with a filtration satisfying certain
transversality conditions. These objects are necessary to define F-T-crystals in the next section.

Definition 3.2.1. ([16, 2.1.1]) Let (E, A) be an Op-module endowed with a filtration { A*E} over a scheme
T. Given a morphism f : T' — T, we say (E, A) is normally transversal to f if the morphism f*A*E — f*E
is injective for all k.

The image of the morphism f*A*E — f*E will be denoted by A’Jﬁ. If f is a closed immersion induced
by an ideal J, then it is easy to see (A, F) normally transversal to f is equivalent to JE N AFE = JAFE.

Let J := {J'} be a filtration of Or defined by sheaves of ideals J?, we say J is multiplicative if
J? = Or and J'J7 Cc J for all 4, j. Note that we do not require the filtration is decreasing. An example
of multiplicative filtration is given by the divided power ideal J!" = Y (J), where J is an ideal equipped
with divided power +.

Definition 3.2.2. ([16, 2.1.2, 2.1.3]) Let J be a quasi-coherent, multiplicative filtration of Or and (E, A)
be a filtered O o-module. We say (E, A) is G-transversal to J if for all k

JENA*E = J'A*'E + J2A*2E + ...

where J = J'. If a pair (E, A) is G-transversal to J and AMIE C JE,A™E = E, we say its J-level is
within [m,n] and its width is less than or equal to n — m.

There is another weaker version of G-transversality, namely

Definition 3.2.3. ([16, 2.1.2]) Let J be a quasi-coherent, multiplicative filtration of Or and (E,A) be a
filtered O g-module. We say (E, A) is G'-transversal if for all k

JENAYE C JYA*'E 4 J2AF2E + ... .
Remark 3.2.4.

1. For a pair (E,A) G-transversal to J with J-level within the interval [m,n], A*E is determined by
A'E,i < k when k>n+1.

2. For a multiplicative filtration {J'} satisfying J* = J* = (') and a t-torsion free Op-module E, the
G-transversality condition for (E, A) is equivalent to JEN APE = JYA*=1E, c.f. definition (3.1.4).

One can pass from G’-transversality to G-transversality by the following saturation process.

Definition 3.2.5. ([16, 2.5.1]) Let (E, A) be a filtered sheaf of Op-module which is G -transversal to J.
The following filtration
AL B = AFE 4+ TP A E + AR TPE +

is called the saturation of A with respect to J .

Proposition 3.2.6. ([16, 2.3.1]) A5 has the following properties

1. A7 is coarser than A and G-transversal to J. It is the finest filtration on E coarser than A and
G-transversal to J .

2. Az is the coarsest filtration on E which is G'-transversal to J, coarser than A and induces the same
filtration on E/JE as A.

3. Az is the unique filtration on E which is G-transversal to J, coarser than A and induces the same
filtration on E/JE as A.
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Definition 3.2.7. ([16, 2.3.3]) Suppose that (E, A) is a filtered sheaf of Op-module which is G-transversal
to J, leti: X — T be the closed immersion defined by J and let g : X’ — X be a morphism. The pair
(E, A) is said to be compatible with g if and only if (i*E, A) is normally transversal to g. When g is a closed
imbedding defined by an ideal I, we say (E, A) is compatible with I.

Generally speaking, the above transversality properties do not behave well under base change, however
we have the following

Proposition 3.2.8. ([16, 2.2.1]) Suppose f : (IT',J') — (T,J) is a morphism of schemes endowed with
multiplicative filtration defined by quasi-coherent ideals. Let i : X — T and i : X — T’ be the inclusions
defined by the ideals J and J', fitting into the following commutative diagram

X
|
X 5T
Let (E, A) be a filtered Or-module, and suppose (i*E, A) is normally transversal to g. Then if (E,A) is

normally transversal to i (resp. G'-transversal to J), then (f*E, Ay) is normally transversal to i’ (resp.
G’ -transversal to J').

The above definition of G-transversality can be adapted to the crystalline setting in the following way.
Let X be a log scheme smooth over S, for some v > 0, (E, A) be a filtered Ox/g-module. (E, A) is said
to be G-transversal to the sheaf of PD-ideal (Jx,s,7) if for any object (U,T,d) of Cris(X/S), (Er,Ar)
is G-transversal to (Jr,7), where the multiplicative filtration is generated by the defining ideal of U in
Or with the divided power structure. Given a morphism f : 7" — T in the crystalline topos Cris(X/S),
by proposition (3.2.8), we know the pullback filtration Ay on Ep = f*Ep is G'-transversal to (J7v,7).
Note that the filtration A, is not necessarily G-transversal to (Jr+,y). However, by proposition (3.2.6) the
saturation Ay 7, . is G-transversal to (J7+,7).

Definition 3.2.9. ([16, 3.2.1]) A proto-T-crystal on X/S is a pair (E,A) where E is a crystal of Ox/g-
module and A is a filtration on E which is G-transversal to (Jx/s,7), satisfying the following equivalent
conditions ([16, 3.1.1])

1. For any morphism f: T — T in Cris(X/5),
AREr = AI}ET’ + jT’AI;_lET’ + jT[i/]Al;_iET/ + -
where A} == im(f*A'E — [*E = E')
2. For any object (U, T,~) of Cris(X/S), the filtration induced by Ar on Ey is Ay.

Definition 3.2.10. A T-crystal is a proto-T-crystal (E, A) that is compatible with the closed subscheme of
X defined by p'Ox for all i > 0.

Remark 3.2.11. 1. When X/S is log smooth, the equivalent conditions in the definition of proto-T-
crystals are automatically satisfied.

2. To give a crystal on Cris(X/S) is equivalent to give a crystal on Cris(Xo/S). However, it’s no longer
true for proto-T-crystals or T-crystals.

Over local p-adic thickenings, we have the following description of proto-T-crystals and T-crystals.

Proposition 3.2.12. ([16, Theorem 3.2.3]) If X/S, is log smooth and Y is a log smooth lifting of X to S,
then to give a proto-T-crystal is equivalent to give a triple (E,V,A), where (E,V) is a sheaf of Oy -module
with an integrable connection V and A is a filtration on E such that

1. V(A"E) C AMTE® Q5 g,
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2. E is G-transversal to the defining ideal (p***,7) of S, in S.

In particular, to give a T-crystal on X is equivalent to give a triple (E, V, A) on Y such that the conditions
above are satisfied and (Ex, Ax) is compatible with p!Ox for all i < v + 1.

Corollary 3.2.13. Assuming the conditions in the above proposition, if (E, A, V) corresponds to a T-crystal
then for any 1 < § < v+ 1, we have

ngy n AkEY = péAkEy + pu+1EY n AkEy. (321)

Proof. First observe that the right side of (3.2.1) is contained in the left side. By definition (3.2.7) and the
equivalent description of T-crystal under proposition (3.2.12), we have

péEX n AkEX = p[sAkEx. (322)

Let y € By, z € A*Ey, and 7, Z be the images of y, z in Ex. If p°y and z have the same image in Fx, i.e.
P’y =z € p’Ey N AFEy, by (3.2.2) we have z = p°Z1 where z; is the image of some z; € A¥Fy in A*Ex.
Therefore, if z = p’y for some y € Ey, then z can be written as p®z; +p”+!2, for some 2, € A¥Fy | 2, € Fy.
Note that p*Tlzy € A*Ey hence 2o € A*Ey. In particular, we have the left side of (3.2.1) is contained in

the right side hence the corollary is proved.
O

Let Dy (1) be the PD envelop of the diagonal in Y xg Y, and p; : Dy (1) — Y be the i-th projection.
Then the connection V on Ey induces an isomorphism pjEy = p5FEy. The following proposition will be
used later.

~

Proposition 3.2.14. ([16, 3.1.3]) The isomorphism piEy = piEy induces an isomorphism A¥piEy =
Akpi By, where the filtration A¥pfEy on p!Eyis given by
Ab = Ak = AE By 4 Iy AR By o g AR Ry

Pi,Jy

Admissible T-crystals and Admissible F-spans

Unlike crystals, the pullback of a T-crystal over X is not a T-crystal in general. Next we will consider the
pullback of a T-crystal on X’ under the Frobenius Fy,g: X — X'.

Definition 3.2.15. A T-crystal (E’, A) on X' is called admissible if it is a p-torsion free crystal of Ox:/g-
module and compatible with Fx g .

Proposition 3.2.16. ([16, 5.2.5]) Let (E’, A) be an admissible T-crystal on X'/S, then the pullback crystal
F)*(/S(E'7 A) is horizontal, i.e. the filtration induced by A on F)*(/SE’ are subcrystals. Moreover, this filtration
on F)*c/SE/ is G-transversal to the PD-ideal (p,~). In particular, F)*(/S(E’,A) is still a T-crystal.

To any admissible T-crystal on X’/S, we can associate to it an F,-span on X/S, whose definition is given
as follows.
Definition 3.2.17. [16, Definition 5.2.3] An F,-span on X/S is a pair (E', M,) where E' is a p-torsion
free crystal of Ox:-module on X'/S and M, is a filtration of F)*(/SE’ by subcrystals which is G-transversal
to the PD-ideal (p,~y).

We will follow the notation used in [16], i.e. the associated F,-span to an admissible T-crystal (E’, A)
is denoted by u(E’, A). One can prove [16, 5.2.8, 5.2.9], for an admissible F-span @ : F;/SE’ — FE, there
exists a T-crystal (E’, A) such that u(E’, A) = (E', M.,), where M, is the saturation of the filtration M with
respect to the ideal (p,7) (definition 3.2.5). The T-crystal will be denoted by ax/s(®).

Now given a T-crystal (E', A) on X’ and suppose its width is less than p, then the same is true for
F% / s(£', A). Under this condition, the property G-transversal to (p, ) is equivalent to G-transversal to (p).
Then we can prove the following

Proposition 3.2.18. [16, Theorem 5.2.18] The functor p establishes an equivalence between the category
of admissible T-crystals on X'/S with width less than p and the category of admissible F-spans on X/S of
width less than p.
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3.3 F-T-Crystals and Their Reductions

In this section S will be a formal W (k)-scheme equipped with a lifting Fs of the absolute Frobenius Fg,.
For a formal scheme ) over S,, we denote the fiber product Y, xg,6 S5 by Vs.

Definition 3.3.1. ([17, 5.3.1]) Suppose Y/S, is a perfectly smooth morphism of fine log schemes, and let
X/Sq be its reduction modulo p. An F-T-crystal on Y/S is a triple (E,®, B), in which E is a p-torsion free
crystal of Oxg-module, ® : F, E — E is a p-isogeny, and (E, B) is a T-crystal on Y /S, which is compatible
with Fx and with wx g, such that (E', A) := Ty ,s((E, B)|x/s) = a((FXE, E, ®)).

Given an F-T-crystal (E, B, ®), the F-span and the T-crystal over X/S which it gives rise to are auto-
matically admissible. Therefore, let {M*} be the filtration on F% E induced from the F-span structure, and
{AF} be the filtration defined on E’ (3.1.4), then we have a natural isomorphism

FysAE = M*FXE. (3.3.1)

Indeed, by proposition (3.1.8), we can prove the above isomorphism over LS thickenings, then we can check
these isomorphisms are compatible and can be written in the form in (3.3.1). Let

AE = Z pn_kAkE/,

0<k<n

by combining the isomorphism (3.1.3), we get
O Fy g AE = E. (3.3.2)

Remark 3.3.2. The subobject A°E’ of E' is not invariant under the action of V'. In fact, given p" *z), €
AE'" for some z, € AXE', V' () can be written as >, x%_| @ w; for some xi_, € A*¥"1E', from which one
cannot deduce p"~Fzt | € A°E'.

The proof of our main result, i.e. Theorem 7 is based on investigation of the reduction of F-T-crystals
over LS thickenings locally. The following lemma will play a key role in the proof.

A Key Lemma [16, 4.5.3]

Let Y be a LS thickening of Y, (E’, A) (by abuse of notation, short for (£Y,, Ayr)) be the value of (E’, A)
over V' =Y xp, S. We will consider the subobject A°E’ of E’. Obviously, there is a natural surjective
morphism

a: @AiE’ — AE',  (¢)— Zp"_ici.
3

7

Let j; : A'E < A'""1E be the natural inclusion, and @ be the morphism
PAE - @AE,  (,0,6,0,) = (- ,0,—pei, jiei), 0,---) (3.3.3)

Obviously, we have im(9) C ker(a). However, the inverse inclusion is generally not true, i.e. the following
sequence is not necessarily exact at the middle term

Pae s PAaE S aE.

However, if we consider the this sequence after modulo some power of p and assume the filtration satisfy
suitable transversality condition, then things become different. The main point is that one can dig out a
larger power of p from the transversality condition, which will eliminate the difference between ker(«) and
im(0) after modulo a suitable power of p.

24



Lemma 3.3.3. Let § be a positive integer satisfying v > 0, using the notations in the above paragraphs, then
we have the following commutative diagram with the lower row ezact.

2]

®;A'E @, A'E' = AFE’
; T
GAE + B [P E —2 s 0, AE + P E [P E — " AE [P AE,
Proof. First of all, the filtration {A’E’} induces a filtration {A'E’ 4+ p’ E'/p’E'} on E'/p’E’ and it’s easy

to check the morphisms 0 and « induce 05 and as as displayed in the above commutative diagram. Then
by diagram chasing, the exactness of the lower row is equivalent to

a Y (PP A°E’) = kerms + im0,

First we prove the direction D, obviously we have o' (p? A°E’) D imd. Next we prove a~'(p’A°E’) D
kerms. Suppose z; € kerms N A'E’, then since (E', A, V) is compatible with p°Oy, by corollary (3.2.13) we
have

z; € pP°E' N A'E’
_ péAiE/ +p}L(1)Ai—1E/ + ph(Q)Ai—QE/ 4

k(v+1)

where h(k) = ord,(®—5—). Then since v > ¢, h(k) > k + J hence
T epz?(AiE/+p1Ai71E1+p2Ai72El+“')

and
a(.]ji) = pnfixi c p(;(pn*iAiE/ —|—pn7i+1Ai71E/ 4. ) _ pgAEE,.

Next we prove the direction o' (p? A°E’) C kerms + imd. Since a is surjective, it’s enough to prove
kerae C kerms + imd. Suppose ¢ = (¢;, - -+ ) € kera, ¢; € A*E’, then we have

Pl +pt M e 4+ - =0. (3.3.4)
Dividing both sides by p"~¢, and by (E’, A) is compatible with pOy, we find
c; € pE'NA'E = pA'E' + p" WA E ... 4 pt=DAE ...
Therefore ¢; can be written as

h(1)

ci = pyi + 0"y 4+ "Dy 4 = pys "My

where y; € ATE’, j <. If we use the right side of the above equality to substitute for ¢; in (3.3.4), then we
get
0= p"‘i(pyi +ph(l)yi_1 4t ph(i_j)yj 4. ) T pn_i+1ci_1 4
_ pn—i-i-l (yz +ph(1)_1yi71 + Cifl) _’_pn—i+2(ph(2)—2yi72 + Ci72) 4.
P TP Ty e )
Let z; = p"W) =y, ;, since h(j) > j + 6, then z; € p? A" JE’ hence (--- ,0,z;,0,--) € kerms. Moreover,
the above equality implies

i—1
(Yi +2zic1 +cim1, 212+ Cia, o0 Zimj +cimyg, o) € keraw,
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By induction on the number of nonzero elements of (¢;), the above element falls in kerms +imd. Therefore,
i—1

so does the element (y; + ¢;—1,¢i—2,- -+ ,¢i—j,---). Note that our claim is proved since
i i
(0,yi +cim1,Cima, s Cimgyr o) = (CiyCimty v 5 Cimjy )
:(_cia yi70a o )
=(=pyi ="My, 4,0, )

=3(--+,0,9;,0,---) — p"Vy,
and p"(My € kerrs. O

Reduction of F-T-Crystals

The main objective of this subsection is to show the reduction of an F-T-crystal modulo p can be endowed
with a structure of a Fontaine module if X is smooth (in the classical sense) over Sp.

Let
LS(E', A) = (@, A'E' + p* T E) /p° T E’ + im0, (3.3.5)

and (E3,, Ay) be the value of (E’, A) over an LS thickening )" of some open subset of X’. Combining the
key lemma above and (3.3.1), we obtain

M3 Fy 6By @ Ws & Fy 6(AS B, [T AS B ) 22 Fy g Ls(Byr, Ayr), (3.3.6)
where M5, F, o EY, =37, p" ' M3, Fy o ), and Wi = W (k)/p>t W (k).
On the other hand, recall the F-span structure ® induces an isomorphism (3.1.3)
M¢FYEXp"EXE,
hence the restriction of ® to Mﬁ,Fj*,/SES,, is also an isomorphism, i.e. we have
MY FS gy = Iy
Combining this isomorphism with (3.3.6), we get
F;/SLS(ES,,, Ay) =2 Ey @ Ws. (3.3.7)
Now we can state the main result of this work.

Theorem 7. Let Y be a smooth S,-scheme, v > 1, X/Sy be its reduction modulo p and (E,®,B) an F-T-
crystal on Y/ S of width less than p. Let V be the integrable connection on Ey corresponding to the crystal
structure of E and Yy be the reduction of Y modulo p*>. Then the triple (Ex, Bx,Vx) together with the
lifting Y{ = Y1 X g S1 of X' to S1 and the local isomorphisms (3.3.7) for § = 0 constitute a Fontaine module
as defined in (1.2.4).

Note that Lg(ES,,,Ay/) is nothing but the restriction of Gra,, E, = W}/SGTBX Ex to the reduction

of Y" modulo p. Moreover, Lj(EY,, Ay) endowed with a Higgs field 7% ¢Grp, Vx. Besides, for any open
affine subscheme U of X, one can find a local lifting ¢ of U such that i1 = Y; xy U. Therefore, by definition
(1.2.4), we need only to verify the following two claims

1. The coherent Ox-module F3; ¢ Lj(EY,, Ay) together with connection induced by (3.3.7) coincides with
037;1/51 ﬂ'}/S(GrBX Ex,Grp,Vx), where Y; is the reduction of )’ modulo p?.

2. The isomorphisms induced by (3.3.7) between FY, o L§(EY,, Ayr)’s associated to different LS thickenings

satisfy the condition in the definition of a Fontaine module (1.2.4).
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Proof. The proofs of the two claims above will be given in the first and second step respectively.
Step 1. As the connection on F;/SLB(Eﬁ,,,Ay/) induced from (3.3.7) is not so apparent to write down
directly, we first consider the induced connection on MJE,F; / SES,, as an intermediate. Let {¢;}1<;<, be a set
of local coordinates for /S, i.e. {dt;}1<i<, form a basis of Qi,/s. If we denote by #; be the image of ¢; in
Oy,, then {t;}1<i<, form a basis of Qi,o/so. Let {& }1<i<r be the dual basis of {dt;}1<i<,.

Let V' be the integrable connection on EY, and z € AS&ES,,, then by Griffiths transversality V'(xy)
can be written as Y, zi | ® d(1®t;), where 2} _, € A’;;lES},. Note that 1 ® p»*z;, € MJS}F;/SE&/, if we
let Fy/s(1®t;) = t! + pr;, the induced connection FS';/SV’ on Mf,F)’j/SES,, is given by

F5,5V'(1 @p" Fap) = (1@ anka;;—l) ® Fy, ) s(dt; + pri)

K2

— (10 Y p el ) @ d(t +pr)

=@ p" i )@ (@ dt; + dry).

Take 6 = 0, by (3.3.6) one can see the induced connection on Fy o L§(EY,, Ay) = Fy /g Gray E is
given by
dFy;s(t:)
p
where Zj, is the image of x, in Gra,, Exs and 0 = Gra,, V'y,. Hence this connection coincides with the one
defined on 037{1/31 7 ,s(Grex Ex, Grp, Vx) and the first claim is proved.

(Zk) = O, (Tk) ® (3.3.8)

Step 2. Next we verify the isomorphisms (3.3.7) over different LS thickenings satisfy the transition condition
in the definition of a Fontaine module (1.2.4). As a notification before the proof, one should bear in mind
(see definition (B.1.13)) an LS thickening is not only a scheme but also endowed with a lifting of Frobenius.

For convenience, we write down the the isomorphism (3.3.7) in case ) is a LS thickening of an open
subset of U C X and § =0
gby : FE;/SWI*J/SGTBUEU = EU. (339)

Here we use the notation ¢y to indicate the definition of this isomorphism depends on the LS thickening
Y of U. Let {U}ies be a family of open affine subschemes covering Y and U} C U be the closed subscheme
defined by the ideal (p). We choose an LS thickening }* of U§ for all i, on which (see definition (B.1.13))
there is a lifting Fy: g of Fyi /g,

Given an open subset V' C U?, the LS thickening J* induces an LS thickening of V and we will denote it by
Vi, Moreover, it is easy to see the restriction of ¢y: to Vg coincides with ¢y:. Therefore, to prove the second
claim, we need only to check for any two open subsets U?,i = 1,2, in the covering family, the morphism
(dy1]vy) “L(dyz|v, ) satisfy the condition (1.2.11) in definition (1.2.4), where Vj is the closed subscheme of
V =U! x5 U? defined by the ideal (p).

If we denote by V* the LS thickening of Vj induced by )?, i = 1,2, then by smoothness criteria there is
a unique isomorphism ¢ : V! = V2. Thus the pair (V175*1FV2/55) provides another LS thickening of V
and we denote it by W!'. It is easy to see the isomorphisms ¢p1 and ¢y2 coincide over Vj, in particular,
(dyz|vy) " H(dwn |y, ) satisfies the condition (1.2.11). If we could prove (¢ |v, )~ L(py1|v;) also satisfies the
condition (1.2.11), then we are done. For saving notations, in the sequel the Frobenii 1,5 and e Py /SE
on V! will be denoted by ¢ and @5 respectively and the LS thickening V! will be denoted by V.

Recall that the isomorphism (3.3.7) is induced from the morphism of crystals
O F} / sE' — E.

Thus to investigate (dy1|v, )(dw1|v,) !, one needs to investigate the difference between the pullbacks of £
via 1 and ¢9. Recall that fiber products exist in crystalline topos and the fiber product of a smooth object
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with itself is nothing but the PD-envelop of the diagonal in its self-product. Therefore the morphism (¢1, ¢2)
from V to V' =V xp, S factors through Dy (1). In other words, if we denote by p;,i = 1,2, the natural
projection from Dy (1) to V', then there exists ¥ : V — Dy (1) such that ¢; = p;1p. To be more explicit, we
have the following commutative diagram

In particular, the following isomorphism
P21 1 1By = @3By (3.3.10)
is nothing but the pullback of the the following isomorphism via )
Qg1 : pi By 2 piEy,. (3.3.11)
On the other hand, by (3.2.14), (3.3.11) induces an isomorphism
A1P1Ev' = A2p2E{;u
where the filtration AY on p}E}, is defined as
PrAREL, + Jupt AVVE, 4 4 JHpr AVUE, 4

Now suppose = € A¥EJ,,, then the image of p" ¥z ® 1 under ag; is given by (see [16, Theorem 1.1.8])

S i @01 (" Fa). (3.3.12)
I

In the above formula, I = (ny,--- ,n;.), 77512] =[lL<i< M and 91 = [[,<;<, Vi, where t; € Oy
such that {dt/}1<;<, is a local basis of Qb,/s.

Now apply the morphism ¢ to p" ¥z ® 1 and 1 ® 97(p"*z), then the image of p" %z ® 1 under o, is

given by
1) — @ (t1)™ _
Z H (302( z) Q'Dl( 'L)) ®a]<pn kl‘).
I 1<i<r i

Note that p|e2(t;) — ¢1(t;), hence the above result can be written as

> 11 55 (;fa()) @ T+ (2). (3:3.13)

I 1<z<7

By Griffiths transversality, p//lT"=%9;(z) also falls in A°E},. Next we consider the images of p" %z ® 1 and
1 ®pu|+”’_k81(x) under p; and po respectively, where p;,i = 1,2 is the following projection

QOTAEEV/ — QO*AEEV/ /pSD*AEE{;/ = F{;O/SW;'O/SGTBVO EV() (3.3.14)

Note the image of py(p" %z ® 1) under (¢ |v,) ' (dy1|vy) is exactly pa(1 ® plI+7=k9;(x)). Let y be
the image of x under the composite

ro_ % * *
EV’ = WV/SEV — ,R—V()/SEVO — WVO/SGTBVOEVO
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then py (p" %z ® 1) =y and pa(1 @ p!+"=*0;(2)) = 01(y), where § = Grp, Vx and

o= 1] ¢,

1<i<r

where {§{}1<i<, is a basis of Ty /g dual to the reduction of {dt;}1<;<, modulo p. On the other hand, note
that after modulo p, Z2L0=#18) is nothing but (¢,1® dt}), where € is the element of Fy, ,¢Ty; s defined by

the difference of the reductions of 1 and ¢, modulo p?. Therefore by (1.2.9), (1.2.10), po(p1+"=*9;(2) ®1)
is exactly in the form (1.2.11) required by definition (1.2.4), hence the two claims are proved.
O

Remark on Log Fontaine modules and F-T-Crystals

Unlike the smooth case, now we will show the reduction of a log F-T-crystal is not a log Fontaine module as
defined in (2.2.6).

Indeed, if we want to prove the theorem in the log smooth case, it suffices to verify the two claims as
above in the smooth case. As can be seen easily, the first step of the above proof can be adapted to log
smooth case just by replacing coordinates by log coordinates.

When it comes to the second claim, the argument in the former part of the second step above still works

for the log smooth case. The difference starts to appear from the expression of 77%12] in the formula (3.3.12).

Let {m;}1<i<r, m; € My be a set of local log coordinates on V' and ¢, € Oy be the image of m; under the

structure map My, — Oys. Then 77¥2] in the log setting is given by

H (ul - 1)[711] )

1<i<lr

where u; is locally defined by the unique element of ker(O*Dv/ (1) = Oy satisfying p3 (t)) = wipi(¢}). We can
still prove the following formula
Y(u; — 1)
p
where £ as before is the local section of Fy, / sTv; s defined by the difference of the reductions of ¢ and ¢

= (£, dlog s, gmi), (3.3.15)

modulo p2.

Let i : V' — D(1)y be the closed immersion of the diagonal, then we have the following exact sequence
of monoid structures on V' \
0— 2'71(1 + J) — iilMDv,(l) — Mv/ — 0’

where J is the defining ideal of V" in Dy (1) and A is induced by the natural inclusion O*Dv/(l) = Mp,, 1)
Note that we have 1 + J = ker((’)},w(l) — 0%,), thus for each 1 < i < r there exists a unique element
x(m;) € 14 J such that
ph(mi) = pf (mi) + A(x(ma))- (3.3.16)
Applying ap,,, 1) : Mp,, 1) = Op,, 1) to this equality we find x(m;) is nothing but u; defined above. Then
we apply ¥ to both sides of (3.3.16) we get

Wb (mi) = ] (i) + 0F (A(us)-
Since ¢; = p;,i = 1,2, we get
5 (ms) = of (mi) + ¥ (A(wi)).
Then apply the map ay : My — Oy to the above equality, we obtain

av(ph(m)) = av (@} (m))av ($*(A(u:))).
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Since we have ayf = z/JﬁaDv,(l), the above formula becomes

av(ph(mi)) = av (g (ma))v(ui).
By formula (A.2.1) to the two liftings 1 and s, we have
av(5(mi) — i (m:)) = 1 + [pl(dlog my, i, 02 — p1),
hence (3.3.15) is proved. To prove the second claim, it remains to check
p2(1 @ pl*" R0y (2)) = 01(y).

However, in the log setting, we have (see B.2.3)

@ =T I ©@*-i,

1<i<r0<j<n; —1

which implies 07 (z) is not even in A°EY, unless dr(x) = 0 for all |[I| > 1. Therefore, the reduction of a log
F-T-crystals is not a log Fontaine module in general.
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Appendix A

Logarithmic Structures

A.1 Log Schemes

First we give some definitions on log schemes, which are necessary for further development.

Pre-log and Log structures on Schemes

Definition A.1.1. Let X be a scheme, a pre-log structure on X is a sheaf of commutative monoid M,
endowed with a homomorphism o : M — Ox with respect to the multiplicative monoid structure of Ox. The
pair (M, «) is usually shortened as M. When the restriction of o to a=1(O%) is an isomorphism, we say
(M, «) defines a log structure on X.

Let (X;, M;) be a scheme with pre-log structure «; : M; — Ox, for i =1,2. A morphism from (X1, M)
to (Xo, M3) is a pair (f,h), where f : X1 — Xo is a morphism of schemes and h : f~1(Msy) — My is a
homomorphism of monoids on X1 making the following diagram commutative

FH M) — M,y

fl(az)l Jal

fﬁl(oxz) — OX]

Sometimes the notation (f, h) for a morphism between log schemes is abbreviated as a single f.

Definition A.1.2. For a pre-log structure (M,a) on X, the associated log structure, denoted by M?*, is
defined to be the push-out of the following diagram

in the category of sheaves of monoids on X, endowed with
M®* = Ox;  (mya) = a(m)a (meM,ac O%).

The associated log structure defined above is universal in the sense that any morphism from the pre-log
structure M to a log structure on X factors through M¢.

Example A.1.3. 1. The standard examples of log structures on a scheme are given by its divisors. Let X
be a regular scheme, D be a a reduced divisor with normal crossings, then D defines a nontrivial log structure
on X by

M = {g € Ox | g is invertible outside D} C Ox.
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When the divisor is empty, M = O% is called the trivial log structure.

2. Another typical example of log scheme is constructed from a monoid directly. Let P be a monoid, R be a
commutative ring and R[P] be the ring generated by P over R, then Spec R[P] has a canonical log structure
defined by P — R[P]. Such construction can be easily generalized to general schemes as follows. Given a
scheme X, then any morphism of monoids P — T'(X, Ox) defines a pre-log structure on X by Px — Ox,
where Px is the sheaf of constant monoid defined by P on X. Moreover, one can prove, if X is a R-scheme,
P is integral (Definition A.1.8), and the induced morphism X — Spec R[P] is flat, then the associated log
structure of Px can be identified with the submonoid of Ox generated by O% and Px. In particular, if the
morphism P — Ox factors through O%, then it defines a trivial log structure.

Direct and Inverse Images, Fiber Products

Definition A.1.4. Let f : X — Y be a morphism of schemes, M be a log structure on X, then the fiber
product of the diagram

in the category of sheaves of monoids is called the direct image of M.

Definition A.1.5. Let f: X — Y be a morphism of schemes, N be a log structure on'Y , then the monoid
FYN) together with the composite f~Y(N) — f~1(Oy) — Ox defines a pre-log structure on X. The
associated log structure, denoted by f*(N), is called the inverse image of N under f.

Definition A.1.6. A morphism i : (X, M) — (Y,N) is called a (resp. an exact) closed imbedding if

1. the underlying morphism of schemes is a closed imbedding,
2. morphism of log structure i*N — M is surjective (resp. bijective).

Given a finite inverse system of log schemes { X, M}y, its inverse limit constructed as follows. First
take the inverse limit X of {X)} in the category of schemes, then one has projections py : X — X and
log structures {py M} on X. Then let M be the inductive limit of of {pi M}, one can see easily the log
scheme (X, M) is just the inverse limit as required. In particular, fiber products exist in the category of log
schemes.

Fine Log Structures, Charts

Definition A.1.7. A log structure on a scheme X is called quasi-coherent (coherent) if it is locally iso-
morphic to a log structure associated to a constant pre-log structure defined by a (resp. finitely generated)
monoid P together with a homomorphism Px — Ox.

Definition A.1.8. A monoid is called integral if the cancelation law holds, i.e. “ab=ac =b=1c". A log
structure is called integral if it is a sheaf of integral monoids.

Definition A.1.9. A fine log structure is one which is both coherent and integral.

Definition A.1.10. Let X be a scheme endowed with a fine log structure M, a chart of M is a homo-
morphism Px — M where P is an finitely generated integral monoid such that the induced homomorphism
(Px)® — M is an isomorphism.

Proposition A.1.11. Given a morphism f : (X, M) — (Y,N) between schemes with fine log structures,
there exists locally charts Px — M, Qy — N and a homomorphism of monoids Q — P for which the
diagram

1s commutative.
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Given a monoid M, we use M9 to denote the associated group {ab=!|a,b € M}/ ~, where the equivalence
relation ~ is defined by ab™! ~ cd~! < sad = sbc for some s € M. The following lemma provides a way to
get a chart for a log scheme locally.

Lemma A.1.12. Let X be a scheme with a fine log structure M and x € X. Suppose we are given a
finitely generated abelian group G and a homomorphism h : G — MIP such that the composite of h with
the projection M3P — MIP /O% . is surjective. Let P = (h9?)"'(M,), then P — M, can be extended to a
chart Py — M|y in an neighborhood U of x.

From now on, all the log structures are assumed to be fine if there is no further specification.

A.2 Log Differentials

In the theory of schemes, the Kéhler differential is fundamental concept based on which one can define s-
moothness, étaleness, etc.. We will see in the following paragraphs, one can also define log Kahler differentials
for log schemes.

Log Kahler Differentials

Definition A.2.1. Let (X, M) be a log scheme, & be a sheaf of Ox-module, then a log derivation of (X, M)
with value in & is pair (D, d) such that

D(a(m)) = a(m)é(m), m e M,
where D : Ox — &£ is E-valued derivation in the usual sense and 6 : M — £ is a homomorphism of monoids.
Let (f,h) : (X, M) = (Y,N) be a morphism of log schemes, then a log derivation with respect to (Y,N) is
a log derivation (D,d) such that D(f*y) = §(h*n) =0 for anyy € Ox,n € N.
A derivation of a log scheme is determined by 4, i.e. given two E-valued derivations (D1,01), (D2, d2),
then 6; = d2 = (D1,61) = (Da3,02). The proof goes as follows. We may assume X is affine, then for any
g € Ox, wehave V(g)UV (14g) = X, where V(g) (resp. V(1+g¢)) denotes the open subset {z € X|g(z) # 0}

(resp. {x € X |14 g(z) # 0}) of X. In particular, one can find sections my,mg of M over V(g) and V(14 g)

respectively such that a(m1) = g, a(ms) =1+ g. Then one can see easily the claim follows from definition
(A.2.1).

Now we come to the universal object for log derivatives of the log scheme (X, M) with respect to (Y, N).

Definition A.2.2. Let a: M — Ox and 8 : N — Oy be pre-log structures, f : (X, M) — (Y,N) be a
morphism. Then the relative log differential module Qk/y(./\/l/./\/') or simply denoted by wﬁ(/y is defined to
be the quotient of
Q}(/Y @ O0x ®z M

by the sub Ox-modules locally generated by

1. (da(m),0) — (0,a(m) @ m), m € M;

2. (0,1®@m), m € im(f~*(N) = M).
The class of (0,1 ® m) in wﬁg/y s denoted by dlogm.

D, . . .
For a log derivative Ox M & with respect to (Y, ), by the universal property of Q§< v there exists

an Ox-linear morphism ¢ : Q}(/Y — &. Now let
0:0x @z M?P =& a®m— ad(m),

then one can see easily the morphism ¢ ® ¢ factors through wﬁ( v Moreover, since a log derivation is
uniquely determined by §, therefore the morphism from w}( sy to & defined above is unique.
Remark A.2.3. Given two monoids P,Q and a homomorphism Q — P, let X = Spec R[P], Y = Spec R[Q)]

be the log schemes endowed with the canonical log structures (A.1.3.2). Then there is an induced morphism
of log schemes X =Y and w}(/y becomes Ox @z (P /im(QP)).
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Log Smooth Morphisms

One of the equivalent ways to to define smooth morphisms in the category of schemes is by using infinitesimal
universal properties. This approach can be adopted to define smooth morphisms between log schemes as
well. More precisely, we have

Definition A.2.4. Let f : (X, M) — (Y,N) be a morphism of log schemes with fine log structures fitting
into the following commutative diagram

(T, L") —— (X, M)

|

(T, £) —— (Y, V)

where i is a closed exact embedding with defining ideal I satisfying I = 0. Then f is called log smooth (resp.
étale) if for any commutative diagram as above, we can find a (resp. a unique) morphism g : (T, L) — (X, M)
such that s = gi and t = fg.

Remark A.2.5. Let (Y,N) be the log scheme Spec Wa(k) endowed with the trivial log structure, (X, M) =
(T, L) and i be the closed imbedding defined by the ideal p. If we take s (resp. t) to be the composite io Fps 1y
(resp. Fryaryo f), then the smoothness of f implies the local liftability of the Frobenius morphism of (T', L').

Similarly, we also have the following result describing the set of morphisms solidifying the dashed arrow
in the above diagram.

Proposition A.2.6. ([9, proposition 3.9]) Given a commutative diagram as in definition (A.2.4), there is
a (noncanonical) bijection from the set S of liftings g of s satisfying the condition described in (A.2.4) and
the set Home,, (s*w}(/y, I).

Proof. Let g € S be a fixed lifting of s, next we will associate each element h € S an Ops-linear homomor-

phism é4(h) : s*w}(/y — I. By definition (A.2.2), to define such a homomorphism it suffices to define an

s-linear homomorphism from Qﬁ( /Yy @ Ox ®z M9P to I which vanishes at the sections appearing in 1 and 2
of definition (A.2.2).

Given a,b € Ox, then we have

h(ab) — g(ab) = h(a)(h(b) — g(b)) + g(b)(h(a) — g(a))
= s(a)(h = g)(b) + s(b)(h — g)(a)

where the second equality follows from the fact that im(h — g) € I and I? = 0. By the universal property of
the sheaf of Kéhler differential, h — g defines a homomorphism Q7 1y = sl

Next we define a homomorphism from Ox ®z M9 to I. Given m € M, by assumption we have
ig(m) = ih(m). We claim there is a unique unit u(m) € keri = ker(£ - £') such that h(m) = u(m)g(m),
where £ (resp. £') is the log structure on T (resp. T”)

For that purpose it suffices to prove keri is a group. If we denote the structure morphism of monoids
L — Opr, and L' — Op/ by 7 and 7 respectively, then we have the following commutative diagram

1 keri L 1
J/BT JBT/
0 il i1O0p L O ——0

Given x € keri, then we have pSr(z) = Bri(x) = 1 hence Br(x) = 1+ y for some y € I. Note that
1+y € 0% and ,8T|5;1(O;) is an isomorphism, we have 371(1 —y) € keri and z87(1 —y) = 1 since y? = 0.
Then keri is a group and as we claimed. As a result, there is a unique element u(m) € keri such that
h(m) = u(m)g(m).
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It is easy to see u : M — keri defines a homomorphism of monoids and u can be extended to a
homomorphism of groups M9 — keri. Then we can define a homomorphism MY — [ by sending m to
Bru(m) — 1, and the equality Sru(mims) — 1 = Bru(my) — 1 + Bru(ms) — 1 follows easily from the fact
that I? = 0. Now one can get a homomorphism from Ox ®z M9 to I by extending Sru — 1 Ox-linearly.
Moreover, let a: M — Ox be the structure morphism on X, then we have

h(a(m)) — g(a(m)) = pr(h(m)) — fr(g(m))

= Pr(u(m)g(m)) — Br(g(m))

= Br(g(m))(Bru(m) —1)

= s(a(m))(Bru(m) — 1)
from which the morphism h — g @ Sru — 1 vanishes at the sections in I of definition (A.2.2). Tt is obvious
h(f(n)) = g(f(n)) =t(n) for n € N, therefore h — g ® Bru —1 also vanishes at the sections in 2 of definition
(A.2.2) and we can define a morphism d,(h) € Homoe (w}(/y, s.1) = Homp,, (s*w}(/y, I). The bijection of
d4 can be proved in the same way as in the smooth case and we omit it here. O

When I is a principal ideal, say a the generator p, then we have
Homp,,, (s*wﬁ(/y, I Hom@T,(s*w}(/Y, Or) = 5" Tx)y.

In particular, the morphism &,(h) can be written as [p]dy(h), where dq(h) is a section of s*Ty/y and [p]
is defined in Lemma 1.1.1. If we use h — g to denote the morphism 0,4 (h), then we have the following

Corollary A.2.7. When I is a principal ideal with a generator p, we have the following formula

Br(h*m) = Br(g*m)(1 + p(h — g)(dlogm)) (A2.1)
Proof. The restriction of d4(h) to Ox ®z M9 is fru — 1 and h(m) = u(m)g(m).
O

The following proposition, which is specific to the log setting, gives an equivalent definition of smooth
morphisms.
Proposition A.2.8. Let f: (X, M) — (Y,N) be a morphism between schemes with fine log structures and

Qy — N be a chart on (Y,N). Then f is smooth (étale) iff there exists locally on X a chart Px — M and
a homomorphism @@ — P satisfying

(i) The kernel and torsion part of the cokernel (resp. The kernel and cokernel) of Q9 — P9 are finite
groups of orders invertible in Ox ;

(ii) The induced morphism X —Y Xgpecz(Q) Spec Z[P] is étale (in the classical case).
Remark A.2.9.

1. Condition (ii) of (A.2.8) may not be true for an arbitrary chart of f. For instance, let X, Y be schemes
equipped with trivial log structures, f be a smooth morphism X — Y, and the charts are taken to be
the constant monoid consisting of the unit, then it is easy to see the condition (1) is satisfied only if f
as a morphism of schemes is étale.

2. In general, for a morphism between log schemes, neither the smoothness of this morphism itself nor
the underlying morphism between schemes is implied by the other.

3. It can be proved that for a smooth morphism f : (X, M) — (Y,N), the relative differential sheaf is
locally free. However, the converse is not true, which is different from what happens for usual schemes.
This can be seen from the Proposition (A.2.8) combined with Remark (A.2.3), .

4. The smoothness of a morphism between log schemes doesn’t imply the flatness of the morphism between
the underlying schemes. A counter-example can be given as follows. Let Q) be a monoid generated freely
by two generators ay, as, P be the monoid with generators ay, as, b1, ba, modulo the relation a1b1 = asbo,
then we have log schemes X = SpecZ[P], Y = SpecZ|Q] equipped with the canonical log structures
and an induced morphism X — Y. By Proposition (A.2.8) this morphism is log smooth, however it is
not flat on the underlying schemes.
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Logarithmic Coordinates

Let (X, M) — (Y, N) be a log smooth morphism, then w} /vy is locally free and we can choose locally a set
of sections (mq,---,m,) of M such that (dlogm;,--- ,dlogm,) constitutes a basis of w}(/y. Any set of

such sections will be called a log coordinate of X/Y. Given a log coordinate (my,--- ,m,) of X/Y, then it
defines a morphism from (X, M) to Aly = A" x S, where the fiber product is constructed in the category of
log schemes and A" = Spec Z[IN"] is equipped with the canonical log structure. Moreover, by [9, 3.12], the
above morphism is log étale.

A.3 Several Types of Log Morphisms

In the following paragraphs we will give a brief review of several types of morphisms exclusive for log schemes.

Integral and Exact Morphisms

Definition A.3.1. A morphism (X, M) — (Y,N) between schemes with fine log structures is said to be
integral iff for any morphism (Y',N") — (Y,N), the fiber product (X, M) xy ) (Y',N') is still an integral
log scheme.

The condition in the above definition is hard to check. There is an equivalent definition of integral
morphism in terms of the morphisms of monoids. To introduce this definition we need the following lemma.

Lemma A.3.2. Let h: Q — P be a homomorphism of integral monoids then the following conditions (i),
(w); (i), (i11),(v) are equivalent respectively.

(i) For any integral monoids Q' and for any homomorphism g : Q — @', the push out of P+ Q — Q' in
the category of monoids is integral.

(i) The homomorphism Z[Q] — Z[P] induced by h is flat.
(i1i) For any field k, the homomorphism k[Q] — k[P)] induced by h is flat.

() If a1,a2 € Q, b1,by € P and h(a1)by = h(a2)bs, then there exists az,ay € Q and b € P such that
bl = h(ag)b, bg = h(a4)b and a1a3 = ag0a4.

(v) The condition (iv) is satisfied and h is injective.

Let f: (X, M) — (Y,N) be a morphism of schemes with integral log structures. Then for each z € X,
the conditions (i) — (v) in lemma (A.3.2) are equivalent with @ = f*N, and P = M,. Moreover, they are
equivalent to each of (i) — (v) with @ and P replaced by f~}(N/O% ), and M/O% respectively.

Remark A.3.3. By remark A.2.9.4, a log smooth morphism is not necessarily integral.

Definition A.3.1. A morphism f : (X, M) — (Y,N) between schemes with fine log structures is called
integral iff for any point x € X, the induced morphism f~Y(N/O%)z — (M/O% )z of monoids satisfy the
equivalent conditions of lemma (A.3.2).

Recall that we will consider only fine log structures, in particular we can find local charts for (X, M) and
(Y,N). Let P and @ be finitely generated monoids such that we have isomorphisms Py & M and Qy = N
over some open neighborhoods of z and f(z) respectively. Then by definitions of charts, we have surjective
morphisms @ — f~1(N/O%), and P — (M/O%).. Then it is easy to see if the morphism Qx — Py
satisfies the condition (iv) above, so does the morphism f~'(N /0% ), — (M/O%)z, i.e. h is integral.

Example A.3.4. Using the same notations as above, if for any y € Y, the monoid (N'/O3), is generated
by one element, then the morphism is integral. This example also shows that log smoothness combined with
integrality does not imply smoothness of the underlying schemes. However, one can prove the two conditions
together imply the flatness of the morphism of the underlying schemes.
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Definition A.3.5. A homomorphism of integral monoids h : Q — P is said to be exact if Q = (h9)~Y(P),
where h9P : Q9 — P9P s the homomorphism induced by h. Let f : (X,M) — (Y,N) be a morphism
between schemes with integral log structures, then f is said to be exact if for any x € X, the homomorphism

(f*N)e — M, is exact.

Remark A.3.6. 1. It is easy to check an integral morphism is exact. On the other hand, a log smooth
morphism is in general not exact.

2. Note that in the definition of exact morphism, we use the monoid f*N instead of f~'N. However,
one might still ask whether the morphism of monoids f~*N — M is exact. The answer is generally

no and one can give counterexamples easily when X is endowed with a pullback log structure f*N from
(Y,N) via a morphism f: X =Y.

On the other hand, if the morphism f is an exact closed imbedding defined by a nilpotent ideal, then the
morphism mentioned above is exact. The proof goes as follows. Note that we have an surjection Oy —

Ox, in particular we have a surjection O3 — O%. Now if we denote the morphism N LN Oy & 0y
by a, then a=1(0%) = B~ p~1(O%) = O%. If we are given ny,ny € N, such that

= (n3,9)

then we have (n1,1) = (nang, g) and by the remark under [9, 1.3], there exists hq,ha € OF such that
n1B7(h1) = nanzB " (ha), hence ny = B~ (hi 'ha)nans and (f9°)"1(f*N) = f7IN.

Frobenius and Perfectly Smooth Morphisms

For a log scheme (X, M) whose underlying scheme X is defined over IF),, one can define a Frobenius endomor-
phism F(x ) as follows. The morphism on X is the usual absolute Frobenius F'x and the homomorphism
F3* (M) — M is the multiplication by p on M under the identification of Fi'(M) with M.

With all preparations ready, we come to the definition of morphisms of Cartier type.

Definition A.3.7. Let f: (X, M) — (S, L) be a morphism of schemes with integral log structures over I,.
The morphism f is said to be of Cartier type if it is integral and the morphism (f, Fix am)) from (X, M)
to the fiber product (X, M) x F(s.ﬂ)(S, L) is exact. The morphism [ is said to be perfectly smooth if it is
smooth and of Cartier type. =%

Example A.3.8.
1. If the local chart of [ is of the form W — IN" n— (n,--- ,n) with r > 1, then f is of Cartier type.

2. Let X be a smooth S-scheme over ), D be a divisor of X relative to S with normal crossings. If we
endow X and S with the log structure defined by D and trivial log structure, then the morphism of the
log schemes X — S is of Cartier type.

As hinted by definition (A.3.7), the ‘relative Frobenius’ in the log setting fails to be an exact morphism
in general. Indeed, it is proved in [9, 4.10] that this morphism can be factored uniquely as a composite of an
exact and a log étale morphism. We use the the term “exact relative Frobenius” or just relative Frobenius
to mean the exact part of the aforementioned factorization. The preference for the exact part lies in the fact
that it rather than the morphism (f, F{x,a¢)) is involved in log Cartier descent.
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Appendix B

Crystalline Topos and Crystals

B.1 Log Crystalline Sites

Grothendieck Topolgy

Definition B.1.1. Let C be an category, a Grothendieck topology on C consists of a family of sets Cov(X)
whose elements are morphisms in C with target X such that

1. ifU L X s an isomorphism in C, then {U ER X} € Cov(X),
; gl . fiog!
2. if {Us L5 XYicr € Cou(X), and (Vi 25 Uy}jes, € Cov(Ur), then {Vi ““25 XYicrjes, € Cou(X),

3. if {U; EiN X}ier € Cou(X), then for any morphism X' 9y X in C, the fiber products {Ui xx X'}Vier
exist in C, and {U; xx X' = X'}ier € Cov(X').

Definition B.1.2. A site is a category equipped with a Grothendieck Topology.

Example B.1.3. Let X be a scheme, and Xz, be the category whose objects are open subsets U of X and
morphisms are open immersions U — V. Then X z4, has a natural Grothendieck topology on it, i.e. Cov(U)
are the morphisms in X 74 with target U.

The definition of a crystalline site for a scheme has been given in [2]. Roughly speaking, the objects of
this site are PD-thickenings of open subsets of the scheme. This definition can be adapted to log schemes
with only minor modifications. Let (S, L) be a log scheme such that mOg = 0 for some integer m, I be a
coherent ideal of Og equipped with a PD-structure 7, then the quadruple (S, £, I,7v) (or (S, L) for short) is
a base over which the objects of log crystalline sites will be defined.

Definition B.1.4. Let (X, M) be a scheme endowed with a fine log structure over (S, L) such that v extends
to X and Cris(X/S) be the log crystalline site. Then the objects of Cris(X/S) are quintuples (U, T, Mr,1,9),
where U is an open subset of X, i : (U, My) — (T, Mr) is an exact closed imbedding over (S, L) and J is a
PD-structure on the defining ideal of U in Op compatible with «y. The morphisms of Cris(X/S) are defined
in the natural way. A covering of an object (U, T, Mr,i,0) is a covering of (U,T,i,d) under the Zariski
topology forgetting the log structures.

Recall that a presheaf of sets on a category is nothing but a contravariant functor from this category to
the category of sets. When this category is a site, sheaves can be defined on it.

Definition B.1.5. A sheaf of sets on a site C is presheaf F satisfying the following exact sequence for any
object U and covering family {U;};cr € Cov(U)

FU) = [[Fw) = ] 7w x U;).

i€l i,j€1
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Definition B.1.6. Let X/S be a log scheme, a log crystal of Ox g-module is a sheaf F of Ox g-module
on the log crystalline site Cris(X/S) such that for any morphism w : T — T’, the induced morphism
w* F(T") — F(T) is an isomorphism.

Example B.1.7. The structure sheaf Ox;s defined by Ox,s(U, T, Mr,i,6) = T'(T,Or) is a crystal on
Cris(X/S).

Topoi, Inverse Images of Sheaves on Crystalline Sites

A topological space T can be made into a site T whose objects are open subsets, morphisms are inclusions
and Cov(U) = {V|V CU C T is open}. Let Ty, Ty be two topological spaces, Ty and T, be the category of
sheaves on T7 and T5 respectively. Then a continuous morphism f : 77 — T, will induce functors f : Ty — Ty
and f*: Ty — Ty. On the other hand, let F : Ty — Ty be the functor induced by f, then one can see easily
the functors f. and f* are determined by F.

Unlike topological spaces, given a S-morphism X’ — X one cannot define a morphism from Cris(X/.S)
to Cris(X'’/S) since one does not know how to define the pullback of an object of Cris(X/S) in Cris(X’/S),
even X and X’ are endowed with trivial log structures. In particular, the pullback of sheaves on crystalline
sites cannot be defined in the standard way as above.

A topos, by definition, is the category of sheaves of sets over a site. Given a crystalline site Cris(X/S),
we use (X/S)lc(;igs to denote the associated topos. Though a morphism from Cris(X/S) to Cris(X’/S) is not
available, one can still define a pullback functor from (X/S)% to (X'/S)\E..

Let T an object of a site X, then T defines an object 7' in X, the category of presheaves on X by
T' — T(T") := Homx [T", T).
If we are given a commutative diagram

x -1 x

ot

where g is a PD-morphism, then the pullback of an object of (X/ S)lc(;igs represented by an object of Cris(X/.5)
can be defined as follows.

Definition B.1.8. Let (U, T, Mr,i,6) be an object of Cris(X/S), then the pullback f*(U, T, Mr,i,0) is the
sheaf on Cris(X'/S") defined by

U, T, My, i',8') s IF = PD-Hom (U, T', MYy, 7', 8), (U, T, Mr, i, )],
in which elements of I};, are PD-morphisms h : (T", M%) — (T, Mr) making the following diagram com-
mutative

U, M) —2 (T, MUy —— (8, L) (B.1.1)

lf h lg
(U, M) —— (T, My) — (5, £)

log
cris?

Now for given any objects of (X/S).5,, one can define its inverse image in the classical way.

Definition B.1.9. Let F be an object of (X/S)}fs, the inverse image foLJF is the sheaf associated to the
presheaf

T = (U, T, My, i,8) = Lim F(T).

T/
Ty
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Similarly, one can define pullbacks of sheaf of Ox//g/-modules. Now let h : (T", M) — (T, Mr) be an
element of I;;F/, then we have the following canonical morphism

Y Fr) = foL(F)r.

Indeed, given an open subset V' of T”, the sheaf h=1(Fr)|y is the sheafification of the presheaf

Vie  lim o F(V).
VT
h=Y(V)DV’

The index set {V |V — T,h=1(V) D V'} can be considered as an subcategory of I}F/ in the evident way,
from which the morphism of presheaves and their sheafification follows. In particular, let .4 be a sheaf of
rings on Cris(X/S), then we have a homomorphism

h A7) = fol(A) 7,

cris

hence for all A-module F a homomorphism
h™HFr) @n-1(alr) fais (A1 = fais(F)re. (B.1.2)

Suppose we are given a sheaf of rings A’ on Cris(X’/S’) and a homomorphism f_ . (A) — A’, then after
tensoring A’ on both sides of (B.1.2), we have the following homomorphism of A’-modules

W (Fr) = feis(F)r-
One can prove the following

Proposition B.1.10. (/1, IV, Corollaire 1.2.4]) When F is crystal of A-module, the above morphism is an
isomorphism.

Fiber Products in Crystalline Topos
The following lemma is helpful for understanding the of pullback of a crystal.

Lemma B.1.11. /2, 5.12] Let Ty, T5 be two objects of Cris(X/S), Y a S-scheme, and ¢; : T; = Y,i = 1,2,
be two S-morphisms. Then there exists an object T = (U, T, ) of Cris(X/S), and two morphisms p; : T — T;
in Cris(X/S) such that for any object T = (U',T",8") of Cris(X’/S") and two f-PD-morphisms h; : T' — T;
satisfying q1h1 = q2ha, we have a unique f-PD-morphism h : T — T such that h; = p;h.

Next we consider the pullback of a crystal in a little more depth.

Let Y be a smooth S-scheme, and ¢ : X < Y is a closed imbedding. By smoothness of Y/S, for any
object T of Cris(X/95), there exists locally on T' a morphism to Y extending i. Moreover, if we denote by
Dx (YY) the PD-envelop of X in Y, then the extended morphism from an open subset of T to Y factors
through Dx ,(Y") [1, II Proposition 4.2.2(ii)]. Let € be a crystal on Cris(X/S), then the value of the pullback
of £ on an object T” of Cris(X’/S’) obtained from an f-PD-morphism h : T/ — T is essentially the pullback
of Epx_ (v) via the morphism 7" — T' — Dx ,(Y'). Now we are given two morphisms hy, hy : 7" — Dx ,(Y),
then by proposition (B.1.10) there exists an isomorphism

hIE = RLE. (B.1.3)

With the help of lemma (B.1.11), now we can derive the isomorphism (B.1.3) in a more lucid way. Let
D(1) be the fiber product of Dx ~(Y") with itself over S in Cris(X/S), then we have projections p; : D(1) —
Dx ~(Y),i = 1,2, and the isomorphism (B.1.3) is nothing but the pullback of pi€p, _ (v) = p3€py_ (v) via
a uniquely defined morphism 7" — Dx ,(Y).

Remark B.1.12. One can prove the fiber product of Dx (Y) with itself over S in Cris(X/S) is nothing but
the PD-envelop of X in'Y xgY wvia the diagonal imbedding X —Y xgY [2, Lemma 5.12]. In particular,
when X itself is smooth over S, the fiber product is nothing but the first order PD infinitesimal neighborhood
of X in the diagonal embedding X — X xg X.
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LS Thickening

Recall that in the definition of (log) crystalline site (B.1.4), we require the base scheme to be annihilated by
some nonzero integer. We will see later this condition is necessary for one to translate the data given by a
crystal into that given by a module with quasi-nilpotent integrable connection.

On the other hand, sometimes one needs to consider p-adic thickening of an open subset. In particular,
we are interested in those thickenings which are endowed with a lifting of Frobenius. A standard thickening
of this sort called ”lifted situation” (LS) is introduced in [2, 8.2], [16, 1.2.6]. Now we recall its definition.

Definition B.1.13. Let S be a formal W -scheme with the p-adic topology, equipped with a fine log structure.
A lifted situation over S is a log scheme X smooth and integral over Sy, together with a lifting Fy;s : Y —
Y’ of the exact relative Frobenius of X/S. A lifted situation is parallelizable if there exists system of log
coordinates (my,- - ,my) for Y/S and (mfy,---,ml) for Y'/S, such that F;}/S(mg) = pm; for all i.

By infinitesimal deformation theory, for any sufficiently small open subset of a log scheme smooth over
k, one can always find LS thickenings for it.

B.2 Crystals and Connections

The Equivalence

As in the smooth case [2, Lemma 4.12], there is still an equivalence between category of crystals and modules
with integrable connections in the log setting. More precisely, we have

Theorem 8. [9, Theorem 6.2] Let (S, L) be a log scheme such that mOg = 0 for some nonzero integer m,
(Y,N) be a log scheme smooth over (S, L), (X, M) — (Y,N) be a closed immersion and (D, Mp) be the
PD-envelope of (X, M) in (Y,N). Then we have an equivalence between the following two categories:

1. The category of crystals on Cris(X/95);

2. The category of Op-modules M on D with an integrable quasi-nilpotent connection

Vi — Mo, le//s~

In [9], the condition “quasi-nilpotence” is defined as follows. Let € X and m; € M,,1 < i < r such that

{dlog m;}1<i<, forms a basis of w}l,/s’m. Then for any ¢ and a € M, there exists integers jy, -« , jr; N1, , Nk
such that
I (V@) - j)™ (@) =0, (B.2.1)
1<s<k

where V(9,°%)(a) = a; if V(a) = > o<i<r @i ® dlogm;.

Let a : N'— Oy be the structure morphism, then for any 4, we have V(9;) = a(mi)V(aiog), from which
we can deduce easily

V@) =am)™ [ (V@) -9 (B.2.2)

0<j<n—1
It is easy to see the quasi-nilpotence condition (B.2.1) is equivalent to the quasi-nilpotence of V defined in
[2, Definition 4.10].

Instead of giving a proof of the theorem here, we only write down the correspondence. First we introduce
some notations. Let (D(1), Mp()) be the PD-envelop of the diagonal embedding (X, M) — (Y,N) X (s )
(Y,N), and p;,i = 1,2, be the first and second projections. Let x € X, u; € ker((’)}‘)(l) . O?(,z)7 satisfying

ps(a(m;)) = u;pi(a(m;)). Then we have an isomorphism

K2

OD,m<Tla e 7T7"> = OD(I),z ) T[n] = (ul - 1)[n]7

where Op ,(T1,--- ,T;) denote the PD polynomial ring.
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(2) = (1). Let (9, V) be an object in the second category, then we have an isomorphism 7 : p39t — piIN
given by

1@a~ Y | [ @m-0|e 11 (V(3°%) = ) | (a). (B.2.3)

nelN™ \ 1<i<r 1<i<r,0<j<n;—1
Moreover, the isomorphism above satisfy the transitivity condition, i.e. if we let D(2) be the PD-envelop of
the diagonal embedding of (X, M) into (Y, N') x(g,2) (Y, N) x(s,z) (Y, N), and p12, p23, p13 be the projections
from D(2) to D(1), then we have
p13(n) = pas(M)pia(n).

The associated crystal F on Cris(X/S) can be defined as follows. Let (U, T, Mr,i,d) be an object of
Cris(X/S), we can find locally a morphism h : (T, M7) — (Y,N) extending the morphism (X, M) —
(D,Mp) — (Y,N) by the smoothness of (Y,N)/(S,L) and [1, II Proposition 4.2.2(ii)]. As we mentioned
earlier, the morphism h indeed factors through (D, Mp). We define Fr by h*9t, note that we have only
defined Fr locally and need to prove they patch well. Indeed, by lemma (B.1.11) and remark (B.1.12), for
any two extensions h;,7 = 1,2, we can find a morphism h : (T, M) — (D(1), Mp(1)) such that h; = p;h.
Thus there is an isomorphism h*(n) : h39 = k39, Moreover, these isomorphisms satisfy the transition
condition, hence now we can define Fr globally.

(1) = (2). Given a crystal F on Cris(X/S), let M = Fp, then by the definition of a crystal, we have
1 prM = pyIN.

The above isomorphism can be written in the following form:

1®a— Z H (ui — )" | @9, (a).

nelN™ \ 1<i<r
Then the corresponding object in the second category is given by
V(a) = Z Ne, (@) @ dlogm,,
1<i<lr

where {e;}1<i<, is the natural basis of IN".

Quasi-nilpotence of Connection and Nilpotence of p-Curvature

As we have seen above, in order to reformulate an object (91, V) in the language of crystals, one needs the
connection V to be quasi-nilpotent. This is equivalent to say that the p-curvature of V is nilpotent. This
can be seen easily in the smooth setting. Let ¢; € Ox,1 < i < r,z € X such that {dt;}1<i<, form a basis

of Qﬁ(/k o Let {0;}1<i<, derivations such that d;t; = 6;;. Then we have the derivation 8i(p) = 0. Thus

the p-curvature v (9;) = V(9;)P — V(@i(p)) = V(0;)P. Therefore, given an object (M, V) and a € M, the
condition V(9;)™(a) = 0 for some n is equivalent to v (9;)"(a) = 0 for some n.

In the log case, we can choose a local coordinate (my,--- ,m,) and let (8iog, -+, 0°) be the dual basis.
Then one can prove ([16, Remark 1.2.2]) (9,°%)®) = 9% and

2 7

Yo (0;%) = V(@2 - V(@) = [ (V@) - ).

0<j<p—-1

In particular, the condition [¢v (8;03;)]"(&) = 0 for some n is equivalent to (B.2.1).
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Zussamenfassung

Das Hauptziel der Arbeit ist es, die Beziehung zwischen Fontaine Modulen und F-T-Kristall zu studieren.

Im ersten Kapitel wird die Definition von Fontaine Modulen, die auf die inversen Cartier Transform setzt
erinnern wir von Ogus und Vologodsky errichtet. Neben der Erinnerung an die urspriingliche Konstruktion
des inversen Cartier Transform, eine direktere Konstruktion, die wir auch vorstellen von G.T. Lan, M. Sheng
und K. Zuo. Dariiber hinaus beweisen wir die Gleichwertigkeit der beiden Konstruktion.

Im zweiten Kapitel werden wir uns daran erinnern, den Konstruktion von inversen Cartier Transform in der
Log Einstellung von D. Schepler und verallgemeinern die Lan-Sheng-Zuo Konstruktion an dieser Einstellung.
Dariiber hinaus geben wir eine Definition von Log Fontaine Modulen.

Im dritten Kapitel werden wir erinnern an die Definition von F-T-Kristall und beweisen das wichtigste
Ergebnis dieser Arbeit:

Theorem. Sei Y eine glatte S,-Schema, wobei S, ist eine flache W, ;1 (k)-Schema, v > 1, und X/S
seine Reduction modulo p sein. Bei einem F-T-Kristall (E, ®, B) auf Y der Breite von weniger als p und let
(Ey, By, Vy) die entsprechende gefilterte Oy-modulen mit einer integrierbar Zusammenhang ausgestattet.
Anschliesend wird die Reduktion dieses Objekt modulo p definiert eine Fontaine Modulen auf X/Sy im dem
Sinne der Ogus und Vologodsky.

Abstract

The main objective of this work is to study the relation between Fontaine modules and F-T-crystals.

In the first chapter we review the definition of Fontaine modules, which relies on the inverse Cartier transform
constructed by Ogus and Vologodsky. Besides recalling the original construction of inverse Cartier transform,
we also introduce a more direct construction by G.T. Lan, M. Sheng and K. Zuo. Moreover, we prove the
equivalence of these two construction.

In the second chapter we review the construction of inverse Cartier transform in the log setting by D. Schepler
and generalize Lan-Sheng-Zuo’s construction to this setting. Moreover, we give a definition of log Fontaine
modules.

In the third chapter we recall the definition of F-T-crystals and prove the main result of this work:

Theorem. Let Y be a smooth S,-scheme, where S, is a flat W, 1(k)-scheme, v > 1, and X/Sp be its
reduction modulo p. Given an F-T-crystal (E,®, B) on Y of width less than p and let (Ey, By, Vy) be the
corresponding filtered Oy-module endowed with an integrable connection. Then the reduction of this object
modulo p defines a Fontaine module on X/S in the sense of Ogus and Vologodsky.
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