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Summary

The present thesis is concerned with certain aspects of differential and pseudodif-
ferential operators on infinite dimensional spaces. We aim to generalize classical
operator theoretical concepts of pseudodifferential operators on finite dimensional
spaces to the infinite dimensional case.

At first we summarize some facts about the canonical Gaussian measures
on infinite dimensional Hilbert space riggings. Considering the naturally uni-
tary group actions in L?*(H_, ) given by weighted shifts and multiplication with
et )0 we obtain an unitary equivalence F between them. In this sense F can
be considered as abstract Fourier transform. We show that F coincides with the
Fourier-Wiener transform. Using the Fourier-Wiener Transform we define pseu-
dodifferential operators in Weyl and Kohn-Nirenberg form on our Hilbert space
rigging.

In the case of this Gaussian measure v we discuss several possible Laplacians
at first the Ornstein-Uhlenbeck operator and then pseudodifferential operators
with negative definite symbol. In the second case, these operators are generators
of L,Qy—sub Markovian semi groups and L?Y—Dirichlet forms.

In [67] Gramsch, Ueberberg and Wagner described the construction of gen-
eralized Hormander classes by commutator methods. Following this concept and
the classical finite dimensional description of \118’5 (0 <6< p<1)in the C*
algebra Z(L?) by Beals and Cordes we construct in both cases generalized Hor-
mander classes, which are U*-algebras. These classes act on a scale of Sobolev
spaces, generated by our Laplacians.

In the case of the Ornstein-Uhlenbeck operator, we prove that a large class
of continuous pseudodifferential operators considered by Albeverio and Dalecky
[2] is contained in our generalized Hérmander class. Furthermore, in the case
of a Laplacian with negative definite symbol, we develop a symbolic calculus for
our operators. We show some Fredholm criteria for them and prove that these
Fredholm operators are hypoelliptic. Moreover, in the finite dimensional case,
using the Gaussian measure instead of the Lebesgue measure the index of these
Fredholm operators is still given by Fedosov’s formula.

Considering an infinite dimensional Heisenberg group rigging we discuss the
connection of some representations of the Heisenberg group to pseudodifferential
operators on infinite dimensional spaces. We use this connections to calculate the
spectrum of pseudodifferential operators and to construct generalized Hérmander
classes given by smooth elements which a spectrally invariant in L*(H_, 7).

Finally, given a topological space X with Borel measure u, a locally compact
group G and a representation B of G in the group of all homeomorphisms of X,
we construct a Borel measure p; on X which is invariant under B(G).
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Introduction

In this thesis we discuss certain aspects of differential and pseudodifferential
operators on infinite dimensional Hilbert space riggings. We generalize operator-
theoretical concepts of pseudodifferential operators on finite dimensional spaces
to the infinite dimensional case. Infinite dimensional operators naturally arise in
mathematical physics and in the theory of stochastic processes. For example in-
finite dimensional differential operators are used to describe the flow of energy in
systems with infinitely many degrees of freedom and in stochastic calculus, they
are used to construct diffusion operators (see [21], [104], [105] and [111]). How-
ever, there is also a strong mathematical interest in studying infinite dimensional
spaces and analysis on them. They appear as spaces of functions, distributions
and sequences.

In the classical finite dimensional theory pseudodifferential operators on R"
are defined by oscillatory integrals starting from symbols on R} x Rf. These
symbols a(z,§) are €*°-functions, which fulfill certain estimates. The class of
operators attached to a certain class of symbols ST’ (0 < 6 < g, § < 1) is the
so called Hérmander-class W7';. In [13] Beals shows that one can describe the
classes \1127 s Without using symbols, only by using commutators. More precisely,
he shows that

U5 = {a € L(Hy) |ad*(M)ad’(0)a € (| L(H?*, H* W) Vo, g € N},
seR

where H?® are the Sobolev spaces.

Spectral invariance. Dealing with pseudodifferential operators in pertur-
bation theory Gramsch introduced Wo- and W*-algebras (see [56]). A Fréchet
algebra A, which is continuously embedded in a Banach algebra B, is called
Ugy-algebra, if A is locally spectrally invariant, i.e. if there exists an £ > 0 with

{ac Al |le—allz<ce} CcAY

where A~! denotes the group of invertible elements in ¥. In addition we call A
a W-Algebra if A is spectrally invariant, i.e

ANB =41

Moreover, if A is a symmetric Wy-sub algebra of a C*-algebra B, we call A a
U*-algebra. In this case A is spectrally invariant.

5



6 Introduction

Once established a first and immediate consequence of the spectral invariance
is the fact that a W-Algebra A has an open group A~!, which is not true for
general Fréchet algebras. In addition the inversion in A is continuous and W-
resp. W*-Algebras are stable under countable intersection. But the U-property of
an algebra A has many more consequences. For example W-Algebras are stable
with respect to the holomorphic functional calculus of Waelbroeck ([131]). In
addition Gramsch showed that the W-property is important for Oka’s principle
and in the perturbation and homotopy theory of Fredholm functions. Concerning
the importance of these algebras in operator theory and the relevance of spectral
invariance we refer also to [25], [37] [58], [64], [96], [99], [106], [116, chapter 4
and chapter 5| and |123]. V(- and U*-algebras and their applications have been
considered in many publications during a long period of time. We will give a
short overview over some of these topics at the beginning of chapter 3.

Until now the spectral invariance and the W-property have been proved for
many algebras cf. e.g [5], [11], [13], [29], [30], [44] |56], [58], [96], [98], [100],
[125], [123], [122] and [130|. Moreover, spectral invariance plays an essential
role in recent developments in infinite dimensional analysis, stochastic analysis
and time-frequency analysis (cf. [69], [70], [68, §13, §14].

In [67] Gramsch, Ueberberg and Wagner described a construction of Wy—
resp. W*-algebras starting from closed derivations or closed operators. In addi-
tion, they developed a method to construct generalized Hérmander classes Qo 05"
Wthh are sub multiplicative W*-algebras. We will describe these concepts in
Chapter 3 more detailed .

Using Beal’s description of W9 ; by commutators Beals [13] and finally, Ueber-
berg [130] and Schrohe [123] shovved that for 0 < 6 < p <1, § < 1 the classes
W) 5 are sub multiplicative W*-algebras in Z(L*(R™, \)). Here Z(L*(R™,\))
stands for the space of all bounded linear operators on the L? space on R™ with
Lebesgue measure.

Sub-multiplicativity. We call a Fréchet-algebra A sub multiplicative if
there exists a system of semi-norms {||-||,} on A which defines the topology
of A such that

labll, < llall [1bllx Va, be A

Until now it is an open question whether every W*-Algebra is sub multiplicative.
Zelasko showed in [134, Theorem 3| that there exist non commutative Fréchet
algebras with open group which are not sub multiplicative. But for many operator
algebras sub multiplicativity has been proved, for example Gramsch and Schrohe
proved sub multiplicativity for Boutet de Movele’s algebra (cf [66]) and Baldus
showed in [4] sub multiplicativity of U(1, g) for all Hormander metrices g.
Moreover, Gramsch [59] and Gramsch and Kaballo [64]| used sub multi-
plicativity in connection with non abelian complex analytic cohomology and Oka’s
principle, Phillips [113] and Cuntz [33] used sub multiplicativity in connection
with K- and KK-theory. Considering the case of a commutative Fréchet-algebra
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A Mitiagin, Rolewicz and Zelazko [108| showed that sub multiplicativity is equiv-
alent to the property that for every entire function ¢(z) =3 | a,2™ and every
z € A the series Y~ a,z" is convergent.

Ornstein-Uhlenbeck operator. We aim to generalize Beals” description of

o to the infinite dimensional case. Looking at this characterization, infinite

dimensional measure theory and analysis the following two questions immediately
arise

e Which measure should we choose on an infinite dimensional Hilbert
space?

e Having a measure, can we find a good candidate for a Laplace operator
in these spaces?

Let us consider the first question. As a well known fact there is no Lebesgue
measure on an infinite dimensional Hilbert space. Even worse, there exists no
measure on an infinite dimensional Hilbert space for which all shifts are admissi-
ble, i.e. there always exists a shift such that the shifted measure is not absolutely
continuous with regard to the original one. Furthermore, we do not find a mea-
sure in the infinite dimensional case, which can be called canonical. To deal
with this first problem we consider quasi-nuclear Hilbert space riggings instead
of single Hilbert spaces.

DEFINITION 0.0.1. We call H, C Hy C H_ a quasi-nuclear Hilbert space
rigging, if
(i) Hy C Hy C H_ are dense real Hilbert spaces,
(ii) the embeddings Hy — Hy and Hy, — H_ are quasi-nuclear,
(iii) Hy is the dual space of H_ with regard to the inner product in Hy,
(iv) H. is separable, in particular Hy and H_ are separable.

Considering only Gaussian measures we are able to find a measure which we
can call canonical with respect to this rigging.

Answering the second question is even more complicated. Let (e;);en be an
orthonormal basis in an infinite dimensional Hilbert space. Then >~ | aa_; f does
not necessarily converge, even if f is bounded, twice continuous differentiable and
(ex) is an orthonormal basis in H_. Thus we have to find a Laplace operator on
infinite dimensional Hilbert spaces to construct the Sobolev spaces.

In this thesis we discuss two possible ways of defining a good Laplace oper-
ator on infinite dimensional spaces. The first Laplace operator is considered in
stochastic analysis for example by Berezanskii [17] and Malliavin [104]. We can
define this Laplace operator by

Lo f(@) = —5{tn [ (@) = 2V (), x)o) VF € G,

(cf. [2],[3] and [18]). We show that this operator coincides with the well known
Ornstein-Uhlenbeck operator, considered by Malliavin (cf. [21], [104], [105] and
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[111]). Moreover, all real powers of the Laplacian are essential selfadjoint on
the space %p";j’cly(H_), the space of all cylindrical € *°-functions such that all
derivatives are bounded by polynomials. Starting with this Laplacian we define

a scale of Sobolev spaces H®.

Negative definite functions. A second possibility of constructing general-
ized Laplace operators is adapting the concept of negative definite functions to
infinite dimensional Hilbert spaces. A function ¢) : R" — C is called negative
definite if 1(0) > 0 and e~ is a positive definite function for all ¢ > 0. Let A be
the Lebesgue measure in R. Then it is well known (cf.[80]) that we can consider
every negative definite function as symbol of a pseudodifferential operator

(D)u = F (&) Fu,

for u € S(R™), where F denotes the Fourier-transform. Let A be the closure
of this operator. Then —A is a Dirichlet operator and generates a strongly con-
tinuous contraction sub Markovian semi group. Furthermore, if 1 is real-valued
a symmetric Dirichlet form is defined by the closure of (Au, u) for v € D(A).
More about the relevance of Dirichlet-Forms can be found in [21], [45] and [103].

Conversely, pseudodifferential operators with negative definite functions as
symbols arise naturally as generators of Feller Groups and Dirichlet-forms. In
both case these operators are also generators of a stochastic process. More pre-
cisely, every Levi process possesses as characteristic function a negative definite
function and vice versa every negative definite function is a characteristic func-
tion of a Levi process. In addition, if y; is a convolution semi group then there
exists a negative definite function t such that y,, = €', where y,, denotes the
characteristic function of u; (cf. [6] [78] [80], [81] and [82]).

At first we prove that some well know facts about negative definite functions
remain valid if we replace R™ by a general Hilbert space H_. We show that as in
the finite dimensional case we still have a Petree’s inequality for negative definite
functions on H_. Moreover, we are able to show that the inequality

()] < ey(1+9(€)%)

remains valid, even in the infinite dimensional case, where the unit ball is not
compact which is needed in the well known finite dimensional proof (cf. [80,
3.6.22]). Having this result we are able to define a pseudodifferential operator
attached to a negative definite symbol ¢ as in R™ with Lebesgue measure, but
now using the Fourier-Wiener-transform F instead of the Fourier-transform. This
Fourier-Wiener-transform is an unitary equivalence between the natural group
action on L2(H_, ) by weighted unitary shifts and the multiplication with e*(-)o,
Furthermore, if 1) has a Levi-Khinchin-representation with respect to our Hilbert
space rigging we determine this pseudodifferential operator exactly on a subspace
of all ¥>-functions on H_. It turns out that the closure of the operator —i(D)



Introduction 9

generates a semi group (73)s~o. Here T} is given by
Tou = F '4(Fu) for all u € L*(H_,~).

Since we have to consider a Gaussian measure instead of the Lebesgue measure
and the Fourier-Wiener instead of the Fourier-Transform it seems, in view of the
connection between both, in the finite dimensional case (cf. Proposition 1.4.10)
quite natural to adapt the concept of sub Markovian semi groups and Dirichlet-
forms in the following way: We call a semi group (S;)icr an L% sub Markovian
semi group if we have

2 2

0<u< e% a.e. implies 0 < Syu < eu% a.e.
Using this notation we show that for a cylindrical function ¢ T} is an Lf/ sub Mar-
kovian semi group (cf. 2.3.24). Furthermore —i(D) extends to a L3-Dirichlet
operator A. Concerning these adapted concept of Dirichlet operators we show,
that the most important propositions remain valid in case of the Gaussian mea-
sure (see 2.3.15). Defining for s > 0 the Sobolev-space H, (H_) as the space of
all u € L*>(H_,) such that

lully o == |1+ ()2 Fu] oy, < o0

we are able to show that the domain of definition of the generator of T is HJ(H_).
In addition this generator is our L?Y—Dirichlet operator A. If 1 is real-valued we
associate a symmetric L2-Dirichlet-form to the L2-Dirichlet operator A. The
domain of definition of this Dirichlet-form is given by H,(H_).

The Weyl-correspondence. Having these Laplace operators and thus a
scale of Sobolev spaces enables to us discuss pseudodifferential operators acting
in this scale. Let us consider the case of the Ornstein-Uhlenbeck operator as
Laplace operator first. Starting with symbols (functions) a(z,p) on H? and an
the Fourier-Wiener-transform F Albeverio and Dalecky defined in [2]| pseudodif-
ferential operators a(X, D) in Weyl form on infinite dimensional Hilbert space
riggings H, C Hy C H_ by

o(X, Dyu(z) == F; | F {a (x ‘ y,p) u(y)} -

2

In chapter 3 of this thesis we define generalized Hormander classes ) 5 sim-
ilarly to the characterization given by Beals, which contain the elements of a
specific class of continuous pseudodifferential operators defined in [2|. These
generalized Hormander classes are sub multiplicative W*-Algebras.

Let Hy = Hy = H_ = R". Consider the canonical Gaussian measure in R"
and let a be a symbol in 5870. Then the corresponding pseudodifferential operator

defined in |2] is in our generalized Héormander class \AI}&O. Furthermore, in the case

of the canonical Gaussian measure on R™, for any a € U° C W) there exists an
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a € Sj such that a is the associated symbol to a. Here ¥° is a sub multiplicative
U*-algebra.

The Kohn-Nirenberg-correspondence. Now let us consider the case of a
negative definite function as symbol for the Laplace operator. As in the finite
dimensional theory we define classes of symbols by

m—ep(lal)
SV(H-) == {qg € C*(H_ x H )| |0¢0}q(x,€)] < cla (1 +9(€) ™+ }
and
SZéw<H*> = {q S (DOO(H* X H*) ’ |8?8§q(1},€)‘ < Cia|,|ﬂ|<1 + w(f)) }7

where 1) is a negative definite real-valued function. For a function ¢ in these
classes we define the corresponding pseudodifferential operator ¢(z, D) in Kohn-
Nirenberg form by

m—ol|a|+4|8]
2

q(x, D) == F_,[a(z, ) (Fu)(€)],
where F denotes the Fourier Wiener-Transform. We write W)»¥(H_) resp.

\I/fo(H _) for the corresponding classes of pseudodifferential operators.

For H, = Hy = H_ = R" and using the Lebesgue measure and the Fourier-
transform instead of the Gaussian measure and the Fourier-Wiener transform
Jacob showed in [81] that the operators defined by symbols in S7"*(R™) are still
continuous operators in a scale of Sobolev-Spaces. Furthermore, for this operators
there still exists a symbolic calculus and a Garding inequality.

We will show that this fact still holds in the case of the canonical Gaussian
measure on R"™. In addition we prove, that the description of the Hormander
classes by commutators is still true, if we replace the Lebesgue measure by the
canonical Gaussian measure and the Fourier transform by the Fourier-Wiener
transform. Thus we obtain that for m = 0 these generalized Hormander classes
are sub multiplicative W*-algebras. Even in the more general case of a Hérmander-
metric, considered for example by Feffermann and Beals [14], [15] or Baldus [6]
they use the Lebesgue measure and the Fourier-Transform.

Some of the facts mentioned above remain valid in the case of an infinite
dimensional Hilbert space rigging. More precisely, we prove that in the case of
cylindrical symbols or symbols depending only on ¢ for the corresponding pseudo-
differential operators there still exists some kind of symbolic calculus. Moreover,
all these operators map H,, "™ (H_) continuously to H;(H_), where Hj(H_) is
the scale of Sobolev-spaces mentioned above. In addition, for ¢ € Sg’fyl(H_) the
Garding inequality remains valid.

Concerning some special negative-definite functions we show that each oper-
ator q(z, D) € \I’Z?(’;w(H_) being cylindrical or depending only on ¢ fulfills that

ad®(M)ad®(D)(A) € (| L(Hy(H-), H; "=Vl y).
seR
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Thus these operators are contained in a generalized Hormander class, constructed
in [67].

In the finite dimensional case with Lebesgue measure every uniformly elliptic
symbol leads to a Fredholm operator in L*(R", \). Schrohe showed in [122] that
in this case the index of the Fredholm operator ¢(z, D) is given by Fedosov’s for-
mula. Assuming some minimal growth condition on our negative definite function
we prove the same result in the case of the Gaussian measure on R"”. In addi-
tion we show in the finite and the infinite dimensional case that every Fredholm
operator is hypoelliptic.

The Heisenberg Group. Some representations of the finite dimensional
Heisenberg Group are used by Taylor [129] and Folland [43] to study pseudodif-
ferential operators in Weyl-form. The connection between these representations
7+ and the pseudodifferential operators are given by

mar(k) = l?:(:l:)\, +VX, \/XD),

where

~ _2n+1

k(t,y,m) = (2m)" 2 /k(r,s,t)ei(”+<87y>)+<7“7’7>)\(dt))\"(ds)>\"(dr).

Here l;(i)v +v/\X, \/XD) denotes the pseudodifferential operator in Weyl form
(cf. Definition 3.2.2) and k € L'(H,, \*"*!). In the finite dimensional case it
is well known that A?"*! is the Haar measure on the Heisenberg group. Taylor
[129] and Folland [43] use this connection to determine the spectrum of certain
pseudodifferential operators. Furthermore, in 1979 Cordes [29] used a represen-
tation similary to w4y of the finite dimensional Heisenberg Group in L*(R", \)
to describe the Hormander class Wg, by smooth elements with respect to the
mapping (r,s) — 7(r,s,0)An(r,s,0)7! (A € L(L*(R™,\))).

We aim to prove a similar connection between the Heisenberg group and
pseudodifferential operators in the case of a (Gaussian measure on an Hilbert
space rigging. Let H be a Hilbert Space with inner product (-, -). Then as in the
finite dimensional case the Heisenberg group H is defined by H := H x H x R
with group law © given by

1
(r,s,t) O (r', s, t)y = (r+r,s+s,t+t + 5(7“, s’y — 5(7"’, s)).
We denote by ‘H, C Hy C H_ the corresponding rigging of Heisenberg groups
to a rigging of Hilbert-spaces. In this case we can extend the group law to a
continuous map Hy x H_ — H_.
Let us define a strongly continuous unitary representation of Hy in L*(H_,~)
by

m(r,5,0)f () 1= /o ()T I f (g pr), (rs,8) € Hy
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Then we show, that these representation is irreducible. Set wyiy(r,s,t) =
7(vVAr, £v/As, £At). Then §74, is a strongly continuous unitary irreducible rep-
resentation again and no two different representations 71, are unitary equivalent.

Once having established these representation we can prove in the finite di-
mensional case the same formula for the connection between pseudodifferential
operators and the Heisenberg group as mentioned above. Having the equations
above we are able to define mo,(P) for some functions P even in the infinite
dimensional case. Considering the well known Ornstein-Uhlenbeck operator we
find that in the finite dimensional case the symbol of this operator is given by

o(x,§) =27, xjf?_l. In addition, we use the representation 7 to calculate the
spectrum of some pseudodifferential operators in the infinite dimensional case.
Finally, we will construct generalized Hérmander classes given by smooth el-
ements with respect to the the mapping (r,s) — 7(r,s,0)An(r,s,0)7" (A €
L(L*(H_,7))), where r, s are elements of the infinite dimensional Heisenberg
group H, and show that these Hormander classes a spectrally invariant in

L*(H_,~) in the case of operators of order 0.

Organization on the text.

Chapterl. After giving a short introduction in the theory of cylindrical mea-
sures on quasi-nuclear Hilbert-Space riggings, we consider two important kinds of
unbounded operators: the multiplication operators in coordinate directions and
the operators of partial differentiation a%' We determine the infinitesimal gen-
erator of a strongly continuous unitary translation group U; and show that the
family U; (t € H,) is unitary equivalent to a family of multiplication operators
V, = et in the space L?(H_5,~). Hence there exists an operator F such that
FU; = V,F. Thus we can consider F as an abstract Fourier-transform. Finally,
we prove that in the case of the canonical Gaussian measure F coincides with

the Fourier-Wiener-Transform.

Chapter2. In this chapter we consider two possible ways of defining a Laplace
operator on an quasi-nuclear Hilbert space rigging. In the first part we define an
infinite dimensional Laplacian L, by

Lo f(r) = — 5 (txod f(x) — 2V (), o).

Then L, is positive, symmetric and densely defined. Moreover, we show that L,
is essentially selfadjoint on €;’(H_) and €%, (H_) and coincides with the well
known Ornstein-Uhlenbeck operator, considered by Malliavin. For all s € R the
space G .. (H_) is a space of essential selfadjointness of (L, +id)®. Furthermore,
L, leaves the space €75 (H ) invariant.

In the second part of this chapter given a negative definite function ¢ :
H_ — C we examine the pseudodifferential operator (D) with symbol .

Then this pseudodifferential operator is defined by ¥(D)u := F~ () Fu. We
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show that this operator is closable and that the domain of definition of the clo-
sure A is the Sobolev-Space Hi(H_) attached to the negative definite function .
Moreover, after adapting the concept of Dirichlet operators and Dirichlet-forms
to the case of Gaussian measures we obtain that (—A) is a L2-Dirichlet operator
in the case of a cylindrical function ¢. In addition, —A generates a strongly con-
tinuous contraction L2-sub Markovian semi group (7;);»0 on L*(H_, ), where T;
is given by Tyu := F e ™ Fu. Finally, we show that if ¢ is real-valued there
exists a symmetric L2-Dirichlet-form (€, D(E)), such that D(€) = Hj(H_) and
for u € D(A),v € D(£) we have E(u,v) = (Au, v)r2m_ ).

Chapter3. In [67] Gramsch, Ueberberg and Wagner describe a general the-
ory to construct Wy- resp. W*-algebras. Starting from closed resp. symmetric
operators they use iterated commutators. At first we summarize this theory and
then we compute some commutators needed later on. Let (e;)52, C Hy be an
orthonormal basis in Hy. Using the operators M, and D, we define sub multi-
plicative U*-algebras WMP C L (L*(H_, ~)) for all n € N U {oc}, as in [67] and
[96, chapter 2|. Let H7,, be the n-th Sobolev space attached to these operators.
Then

P X Hirp — Hiyp + (a,9) — a(e)
is continuous and bilinear. Furthermore,we define pseudodifferential operators in
Weyl-form and show the in case of a Gaussian measure some of these operators
are elements of WMP,

After that we consider the Ornstein-Uhlenbeck as Laplace operator and define
the corresponding scale of Sobolev spaces H®. Using some kind of the Malliavin
calculus we obtain in the case of a Gaussian measure that the in H° closed
annihilation and creation operators are continuous mappings from H* to H*™ .
Moreover, we apply commutator methods to define generalized Hormander classes

@275. We show that this Hormander classes are sub multiplicative W*-algebras.

Finally, we reach a sub multiplicative U*-sub algebra of the Hérmander-class \Tlg’o
which contains certain multiplication operators, operators of the form F 1M, F,
where F is the Fourier-Wiener-transform and M, a certain multiplication opera-
tor. Moreover, this class contains a class of continuous pseudodifferential opera-
tors defined by Albeverio and Dalecky. In addition, in the finite dimensional case
we completely characterize this W*-sub algebra of @8’0 by symbols of operators
from Wg .

Chapterj. Let 1y : H. — R be a negative definite function on a quasi-nuclear
Hilbert-Space-Rigging H, C Hy C H_. We define classes of symbols as functions
q(z, &) on H_ x H_ which satisfy certain estimates with respect to the given nega-
tive definite real-valued function. For such a symbol, we define the corresponding
pseudodifferential operator by q(x, D) := F.*_[q(z, €)(Fu)(€)], where F denotes

—x

the Fourier Wiener-Transform. For these classes of pseudodifferential operators
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we show a symbolic calculus. Furthermore, we find that some sub classes of these
operators extend to continuous operators in a scale of Sobolev-Spaces. Finally, we
show that for cylindrical symbols and symbol depending only on &, ¢(z, D) is con-
tained in some generalized Hérmander-classe, which in case of operators of order
0 is a W*-Algebra. In the finite dimensional case under some additional assump-
tions —q(z, D) — Aid extends to a generator of a Li—sub Markovian-semi group.

For ¢ = ||€]|> we give a complete description of our classes of pseudodifferential
operators by commutator estimates. Finally, we obtain on R" sufficient criteria
on the symbol of our pseudodifferential operator to be compact or a Fredholm
operator.

Chapters. Let -y denote the canonical Gaussian measure on H_ with re-
spect to the given rigging and let © := v ® v ® A. Then p is a measure on
H_ = H_ x H_ x R. Using this two measures we define strongly unitary
representations m of H, in L?*(H_,~) and k of H, in L*(H_,u). Moreover,
we show that 7 is irreducible. We calculate the generators of the correspond-
ing semi groups in coordinate directions and show that this generators fulfill
the classical commutation relations for the Heisenberg Group. Using this rep-
resentation m we examine pseudodifferential operators in Weyl-form on H_. In
addition, we calculate the spectrum of some of pseudodifferential operators. Con-
sidering the classical Heisenberg-Laplacian in the finite dimensional case we can
easily calculate the symbol and the spectrum of the Ornstein-Uhlenbeck opera-
tor. Furthermore, using results of Caps [25] we discuss the question for which
symbols the pseudodifferential operator ¢(X, D) is essential selfadjoint and for
which perturbations ¢(X, D) the operator L., + ¢(z, D) is essential selfadjoint on
S,(R™). Caps proved his results in the case of R™ with the Lebesgue measure
using the Feffermann-Phong inequality. Finally, we construct generalized Hor-
mander classes and W*-algebras given by smooth elements with respect to the
mapping (r, s) — m(r,s,0)An(r,s,0)™' (A € L(L*(H_,7))).

Chapter6. Given a topological space X with o-finite Borel measure y, a locally
compact group G and a representation B of GG in the group of all homeomorphisms
of X, we examine how to construct a Borel measure ps on X which is invariant
under B(G) (Lemma 6.1.9). In many cases this construction leads to a non-trivial
representation of G on LP(X, us). We define the notion of a N'F, measure. Under
some additional conditions on G, X and the representation B we show that in
the case where p has the N F,-property, the symmetrized measure p is a N'F,
measure. Finally we give some examples and an application of our work leads
to the construction of spectrally invariant algebras (U*- or Wy-algebras, cf. [56],
[65]) of C>-elements in operator-algebras on LP and L2-spaces.
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CHAPTER 1

Unitary translation groups and an abstract
Fourier-transform on infinite dimensional Hilbert space

riggings

In this chapter we give an introduction to the theory of infinite dimensional
cylindrical (quasi)measure and discuss some basic properties of these measures.
In particular, we are interested in Gaussian measures in quasi-nuclear Hilbert
space riggings H, C Hy C H_. In this case L?(H_, p) possesses an orthonormal
basis consisting of generalized Hermite-polynomials. Moreover, we consider two
important kinds of unbounded operators - the multiplication operators in coordi-
nate directions and the operators of partial differentiation. In addition, we define
a commuting strongly continuous unitary translation group U;. We show that the
family U, (t € H,) is unitary equivalent to a family of multiplication operators
V, = 0 in the space L?(H_, 7). Hence there exists an operator F such that
FU, = V,F. Thus one can consider F as an abstract Fourier-transform.

1.1. Cylindrical measures in infinite dimensional spaces

At first we describe some basic facts about o-algebras and (quasi)measures in
infinite dimensional spaces. Moreover, we consider the Fourier-transform of these
quasi measures and present some basic properties of the Fourier-transform. Let
us start with a result, which is true for all o-finite measures on a measure space
(Q, F).

LEMMA 1.1.1. Let u, v, 0 be measures on (2, F') such that the Radon-Nikodym
derivatives 3—5, Z—Z and ‘é—’; exist. Furthermore, let p and o be o-finite. Then the
following equality holds.

do dv  dv
du do  dp’

PROOF. The Radon-Nikodym theorem (cf. [8, p. 116-118]) implies that there
exist f, g and h with f, g, h > 0, such that v = fu, v = go and o = hu. Let
A € F. Then we have

/fdMZV(A)Z/gdaz/gd(hu)z/ghdu-
17
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Since A € F was arbitrary, we obtain
ov dv do
ol do du
NOTATIONS 1.1.2. Let X be a topological space. Then we write Z(X) for the

o-algebra of all Borel sets, i.e. Z(X) is the o-algebra, which contains all open
sets.

I — a.e. 0]

In the following we describe special o-algebras and measures in infinite di-
mensional quasi-nuclear Hilbert space riggings, called cylindrical. Therefore we
follow closely [17, chapter 2 section 1.4 and 1.9.]. Let H, C Hy C H_ be a
quasi-nuclear Hilbert space rigging and K C H. finite dimensional. Moreover,
let 6 € Z(K) be a Borel set. Then we define

C(K;90) :={x € H| Pxx € d},

where Pk is the orthogonal projection onto K in Hy. The set €(K;J) is called
cylindrical, K its coordinate and 0 its base. Let K be a set of finite dimensional
subspaces of H,. Denote

(1) C(K,H_) ={C(K,)) | € BK), K € KC}.
LEMMA 1.1.3.
(i) €(K, H) is an algebra of sets.
(ii) We have €,(K,H_) = AB(H_), where €,(IC,H_) is the o-span of
C(IC, Ho).

PROOF. See [17, page 97]. O

Let K € K and § € #(H_) fixed. Choosing an orthonormal basis (e;)7_; in
K, we can rewrite (1) by

C(K; 0)={xe H_| ((z,e1)ny, -, (T, en)n,) €0}
Moreover, if we choose arbitrary vectors hy in K, the set
{re H | {z, ey, {x, en)m,) €0}

is cylindrical, too (cf. |17, page 98 Remarkl|). We aim to construct cylindrical
measures on H(H_). Therefore we fix IC. The function of sets

C(C,H_)> € — u(€) €10,1]

is called a cylindrical quasi measure, if y(H) = 1 and p possesses the property of
o-additivity on the sets with fixed coordinate, i.e.

[ (U ¢(K; 5j)> => we(K; 5;)) b€ BK)VjeN
=1 =1
for any K € K and mutually disjoint sets €(K; ;). We call p a cylindrical

measure, if p is c—additive on €(C, H_) and thus can be extended to a measure
on B(H_).



1 Unitary translation groups and an abstract Fourier-transform 19

REMARK 1.1.4. Let p be a cylindrical quasi measure on H_.

(i) Then p is always additive.
(ii) For K € K (K finite dimensional) fixed the function of sets

AB(K) 30 — p(E(K, 9))
is a o-additive measure. Thus the function of sets
2) {e(K, 3) | 6 € B(K)} 5 € — ()
is a o— additive measure.

DEFINITION 1.1.5. Let p be a cylindrical quasi measure on H_ and let y €
Uxex K. Then we define the Fourier-transform or the characteristic function of
the cylindrical quasi measure p by

o) i= [ dua) i= [ 9 4 (a),

where 1% is the measure from (2) with K = span{y}. The last integral is well
defined, since ¥ is o—additive.

DEFINITION 1.1.6. A functional L on a topological vector space & is called
positive semi-definite, if the following inequality holds for allm € IN, oy, ..., €
C and ¢y, ... om, € .

> L(p; — @r)ajar > 0.
k=1

THEOREM 1.1.7. Let H, C Hy C H_ be a quasi-nuclear Hilbert space rigging
and let L be a functional on H,. In order to be the Fourier-transform of a
cylindrical quast measure on H_, it 1s necessary and sufficient, that L is positive
semi-definite, continuous in Hy and that we have L(0) = 1.

PROOF. See [46, pp. 318-322] . O

We know many results about measures and measurable functions in finite di-
mensional spaces. Thus it is sometimes convenient to approximate measurable
functions in infinite dimensional spaces by measurable functions in finite dimen-
sional spaces. Therefore we now describe the concept of cylindrical functions.

Henceforth let Hy C Hy C H_ be a quasi nuclear Hilbert space rigging. Let
i be a measure on H_.

DEFINITION 1.1.8. A function H_ 3 £ — f(§) € C measurable with regard
to the o—algebra B(H_) is called cylindrical, if and only if, there exists a finite
dimensional subspace K C H, such that f is measurable with regard to the o-
algebra €(K, H_), which is the o—subalgebra of #(H_) consisting of all sets
with fixed coordinate K.
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LEMMA 1.1.9. Fach cylindrical function f admits a representation f(§) =
F(( e1)o, -, (€, en)o), where e; € Hy and F is a Borel function on R"™. Fur-
thermore, the e; can be chosen orthonormal with regard to the inner product in
H.

PROOF. See [17, p. 126 Lemma 1.4]. O

LEMMA 1.1.10. (ec.f. Berezansky, Kondratiev, [17|) Let u be a cylindrical

measure on B(H_). Then the set of bounded cylindrical functions is dense in
each space LP .= LP(H_, ).

PROOF. We only have to show that we can approximate the characteristic
function x4 of an arbitrary set A € #(H_) by a bounded cylindrical function
in LP. Let ¢ > 0. Since A(H_)) is generated by the algebra €(H_), we can
find a cylindrical set A, € €(H_) such that pu(AAA.) < e, where AAB :=
(A\ B)U(B\ A). Since x4, is a cylindrical function, we obtain

/ XA — xa.[” dp < p(AAA.) <e. O
H_

Now we will give an application of the theory of cylindrical functions.

PROPOSITION 1.1.11. Let p be a probability measure in R™. Then the set
{e’ |t € R"} is total in L*(R", p).

PROOF. See [77, p. 212/213, Lemma 3.14]. d

PROPOSITION 1.1.12. Let H, C Hy € H_ be a quasi-nuclear Hilbert space
rigging. Then the set {e'0 | € H,} is total in L*(H_, p).

PROOF. Let f € L?(H_, u). Applying Lemma 1.1.10, for ¢ > 0 arbi-
trary, there exists a cylindrical function g(z) := G((x, ¥1)o0, - (®, ¥n)o), @; €
Hy, (j = 1...n) orthogonal with respect to (-,-)o with [[f — gl ) < 5
where G(t) € L*(R", pWo ) and p¥v ¥ is the measure in R", ob-
tained from the map * — (y1, - y,) with yp = (x,pr)o. According to
1.1.11 there is a P € span{e‘:*0} with |G = Pllo@n, ynewmyy < §- Define
p(x) := P({(z,¢1)0, - (x,on)0) Yx € H_. Then we have

1f _p”LQ(H_,p) <|f- gHLQ(H_,,u) +11G - PHL?(}Rn,u(ywyn)) <€ O

Now our aim is to construct Gaussian measures in infinite dimensional space.
These measures are extensions of cylindrical measures given by Gaussian mea-
sures in finite dimensional spaces. We present some basic facts about Gaussian
measures and compute some integrals. To do this we follow closely [17, chapter
1 section 1.6, 1.7, 1.9] and use the notations introduced above.

We start by constructing Gaussian measures in quasi-nuclear Hilbert spaces-
riggings. Therefore let S be a positive operator in .Z(Hy). Let a € Hy be fixed
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and Sk the restriction of PgS to K for K € K. We define a cylindrical measure

v on €(KC, H) by setting

(3)

V(K 6)) = 29m K(det Sy) 2 /exp (—(Sg'(z — Pxa),x — Pxa)o) d\g (),
s

where \f is the Lebesgue measure in K induced by the metric of Hy. Then (&)
is well defined for € € €(K, H), i.e. the integral is independent of the choice of
K and ¢ as long as € = €(K,0) (cf. [17, page 106]).

THEOREM 1.1.13. Formula (8) defines a cylindrical measure in H_, which
can be extended to a measure on B(H_). The measure vs, obtained as result is
called Gaussian measure with correlation operator S and mean value a. Moreover,
the measure vg, s completely determined by the space Hy, the positive operator
S and the mean value a. For ¢ € Hy the Fourier transform

)= [ st

H_

18 continuous and we have

Xasa (i) = x50,

PROOF. See [17, page 111-113]. O

The Gaussian measure v := 7y, 1= 74,0 is called canonical Gaussian measure.
We always write vs 1= 7vg,0.

THEOREM 1.1.14. Let vs be a Gaussian measure in the Hilbert space H_
with positive nuclear operator S and mean value 0. Then s can be represented
as canonical Gaussian measure by a properly chosen quasi-nuclear Hilbert space
rigging. Conversely every canonical Gaussian measure coincides with a Gaussian
measure vs in H_, where S is a positive nuclear operator.

PROOF. See [17, p. 114 Theorem 1.9]. O

Once having this theorem we restrict ourself to the case of the canonical
Gaussian measure. Throughout the rest of this thesis let v denote the canonical
Gaussian measure with respect to this rigging.

In the case of Gaussian measures in a finite dimensional space it is well known
that the polynomials are dense in L2, We show the same result in the case of
(Gaussian measures in infinite dimensional spaces. Throughout this section we
follow closely [17, Chapter 2 Section 2.1]. We consider the quasi-nuclear Hilbert
space riggings H, C Hy C H_.

DEFINITION 1.1.15. A measurable function on H_ is called measurable linear
functional, if it is the limit of a ~-almost everywhere convergent sequence of
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continuous linear functionals
f(x) = lim (x,@n)o, q-ae.  (pn € Hy).

PROPOSITION 1.1.16. Let h € Hy and let (¢;)52, C Hy be a sequence with
©; L h. Then the measurable linear functional
j—00
In(x) = {h,z)o = lim (z, )0 (2 € H-)
is well defined. Moreover, we have l, € LP(H_,~) for allp > 1.
PROOF. See [35]. O

DEFINITION 1.1.17. Let P, (H_) be the space of all continuous polynomials,
which are cylindrical functions. These polynomials are called cylindrical polyno-
mials.

PROPOSITION 1.1.18. For all p > 1, the set of cylindrical polynomials
Pey(H_) is dense in LP(H_,~vs).

PROOF. See [17, p.133]. O

A shift of a measure is called admissible, if the shifted measure is absolutely
continuous with regard to the original one. In infinite dimensional spaces the fol-
lowing problem occurs: There are no measures for which all shifts are admissible.
In the following section we describe the set of admissible shifts in the case of a
Gaussian measure. Throughout this section we follow closely [17].

We define the shifted measure on €,(H_) for an arbitrary cylindrical measure
p.  Therefore we introduce for y € H_ the mapping T, : H_ — H_ by
Tyx := x +y. Then T, is bijective and for the cylindrical set

C={re H [((f1,7)0, -, {pn,T)o) €5} (or € P,6 € B(R"))
we have
T,&={2€ H_[({¢1,2 = Y)os -+, {¢n, 2 — Y)o) € 6}
= {Z € H_ ’ (<90172>07 SR <907L7 Z>O) € 5@/}7

where 6, = 0+ ({(¢1,9)0s - - -, (¢n, Y)o) € B(R™). This shows T,,&€ € €(H_). More-
over, the o-span of the sets € is the o-algebra €,(H_). This and the bijectivity
of T}, show that

Tya={z+ylrea}l e, (H_)

for o € €,(H_). Now we define the measure y, by
(@) = p(Tya) (o € €, (H-); y € ).

DEFINITION 1.1.19. Consider the Gaussian measure . For y € Hy we define

0y(-) = exp(—(y, y)o — 2(y, -)o)-
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LEMMA 1.1.20. Let y € Hy. Then o,(-) € LP(H_, ) for all p > 1.
PROOF. See [17, p.154 Lemma 2.4|. O

THEOREM 1.1.21. For y € Hy the measures v and vy, are mutually absolutely
continuous and we have

dry,
%(') = 0y(")-
Otherwise, the measures y and -y, are orthogonal.
PROOF. See [17, p.154-156 Theorem 2.45|. O
DEFINITION 1.1.22. We define the logarithmic derivative 3, of the measure
v by

-1 1
(4) B(tx) = }llin[l) om(w) = 1 = lim — (e*<ht’ht>°*2<ht’m>0 —1) = —2(t, x)o,

h h—0 ]’L
with convergence in LP(H_, «) for all 1 < p < oo.
PROOF. See [18, page 251-252]. O

Finally we will give a proof of a result concerning arbitrary quasi-invariant
measures.

LEMMA 1.1.23. Let pu be a probability measure on B(H_), quasi-invariant with
respect to shifts by elements of Hy, i.e. for everyt € H, the Radon-Nikodym-
dzg;_r)) € LY(H_, p) emists. Then for every open ball Br(xy) = {z €
H_| ||z — x|z < R} of radius R > 0 with center xy we have u(Br(xg)) > 0.

derivative

PROOF. Suppose the assertion is wrong. Then there exists o € H_ and a
R > 0 with u(Bg(x¢)) = 0. Since H, is dense in H_, we find a ¢ € H,, with
Brja(x) C Br(xo + ¢) for any € H_. By assumption the measures y(-) and
u(- + ¢) are equivalent and hence we have u(Bgr(zg + ¢)) = 0. Since H_ is
separable, we can cover H_ with countable many balls of radius R/2. But this
implies p(H_) = 0, in contradiction to our assumption pu(H_) = 1. U

In the following section we describe an orthonormal basis in the space
L?(H_, ) consisting of generalized Hermite polynomials. At first, we note some
basic facts about Hermite polynomials, following closely [104].

DEFINITION 1.1.24. (cf. [104, p. 230]) For x € R we define the n-th Hermit
polynomial by

22 d" 2

dzn (™).

LEMMA 1.1.25. Let dy(z) = 712~ dy be the canonical Gaussian measure
in R. Then we have

(i) E{Hn(x)Hm(x) dvyy () = 2"n!0p,.

H,(z)=(=1)"e
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. m 2m)!
(ii) 22m = &) n;g (2n)!(71n_n)!H2n(:17).

m 2m+1)! <
(iii) g2m+1 = Gmth Zo (2n+1)1!(m_n)!H2n+1(x).

(iv) The normalized Hermite polynomials
ha(w) = (2"n1) "2 Ho ()
form an orthonormal basis in L*(R, 7).

PROOF. See [17, page 138-139]. O

LEMMA 1.1.26. (c.f. [104, p. 230]) Set 6, := — L2 42z and let f be in €*(R).
Then we have

) = o f(x) =2f(x),

2 H,(x) =2nH,_(z) for alln € N,
(iv n(z) = 22 hy(x),
(v) H,(z) = $Hpi1(x) + nH,1(z) for alln € N,

(vi ah()zmhn 1(2),
o ()

(vii) o =+/2(n+ Dh,q (2
PROOF. (i) Suppose n € Ny be arbitrary. Then we have
0 n a2 d" g2
0. H,(z) = (—%—I—?x)(—l) e %(e )
d" d" dr
_ _1\n+1 z? —z? 22 @ 2%y 22 % —a?
= (-1) <e e (e7®7) + 2ze - (™) — 2ze e (e ))
dn
n+1 x? —z2\
= (=1)""e W(e ) = Hpy1.
(ii) For f € €*(R) we obtain

0 0 0 0
b1 () = o () = = (2 f(@)) = 205 f(z) = 2f (a).

(iii) An easy computation shows that 2 H,(z) = 2 (2z) = 2 = 2H,(z). Let
the assumption be right for n — 1 € IN. Then it follows

) J 0
o () = 5-0pHoo (2) = o= Ho o (2) + 2H, ()

= 2(n — 1)6, H,_o(x) + 2Hn,l( ) = 2nH,_,(2).

(iv) Clear by definition.
(v) For arbitrary n € INy we have
0

1
xH,(z) = 5(530 + g

VH, (2) — %HnH(g;) +nH, ().
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(vi) For n € Ny we get

0 0o 1 2n
o hm(@) = a—xmﬁn@) = o Hy, 1(x) = V20 h, o (2).

(vii) Let n € INy. The we obtain

1 1
Ophn(x) = 0p——=H, () = ——=H,11(z) = /2(n + D) h,+1(2). O
(1) = by H0) = —==Hupa(o) = V2l + Do)
THEOREM 1.1.27. Let (e;)32, C Hy be an orthonormal basis in Hy. For
a € NV we set

ha(z) = ha, ({€1,2)0) - - ha, ({€v, T)0)-
Then the set (ha)aeny is an orthornormal basis for L*(H_,~). In addition, we
set hy = hid.

PROOF. See [17, page 145-146 Theorem 2.2]. O

1.2. Some closed operators

In the finite dimensional theory of pseudodifferential operators we have two
important kinds of unbounded operators - the multiplication operators in coor-
dinate directions and the operators of partial differentiations. In this section we
define these operators for functions on an infinite dimensional Hilbert space and
show that these operators are closed resp. closable.

Therefore let H, C Hy, C H_ be a quasi-nuclear Hilbert spaces rigging.
Moreover, let v be the canonical Gaussian measure with respect to this rigging
and g(-) be defined as in 1.1.19.

DEFINITION 1.2.1. Suppose H and P are Hilbert spaces.
(i) Let €%,(H, P) be the space of k times continuous differentiable maps
[+ H — Pwith [[d"f(z)|lg,mp < Cn (14 [[z] )™ for all n €
Ny, n < k and suitable constants C,, € R and m,, € Ny depending on

n.

(i) Furthermore, we write 6}*(H, P) for the space of k times continuous
differentiable maps, with bounded derivatives. For f € ¢(H, P) we
define [[fllgxar,py = 220 147 f ()] up-

(iii) Let 4 be a measure in H. Then %47, (H) denotes the space of k times
continuous differentiable functions f: H — C such that

(@ — Nzl 1" f (@)l 2, 1.0)) € L*(H, 1)

is bounded on bounded sets for all n,m € Ny, n < k.
(iv) We denote by €%, . (H), (¢F.,(H), €k, ..,(H)) the space of all dif-

pol,cyl b,cyl int,cyl
ferentiable cylindrical functions in €% ,(H, C), (6¥(H,C), €F,(H,C)).

pol int
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(v) Let S,(R™) be the space of all functions f € €>°(R") such that there
exists a g € S(R™) with f(z) = el*l/2g(z) for all x € R™.

(vi) Let S, c(H_) be the set of all cylindrical functions f such that there
exist a function F' € S,(R™) with f(x) = F({e1, x)o - (en, x)), where
(en)new C Hy denotes an ONB of Hy.

DEFINITION 1.2.2. Let t € H,. Define M, : D(M;) — L*(H_, ~) by
Mtf = <t7 >0f

for all

f€D(M)={feL*H_, )|t )of € L*(H-, 1)}
Then M, : D(M;) — L*(H_, ) is selfadjoint.

LEMMA 1.2.3. Let f,g € €, (H_) and t € H,. Define 6;g(z) := Co
2(t, x)og(x). Then we have

0
<Ef’ 9>L2(H_,7) =(f, 6tg>L2(H_,'y)-

PROOF. Using Lebesgue’s theorem of dominated convergence we obtain

[ L swinw

H_

}Ho/fx—kht — flz )@dv(x)

= }lllir(l)— /fx+ht x)dy(z /f
- ,ygg)ﬁ(/f 9@~ To_nl(x)d(a /f

= lim — /f glx — ht)o_p — g(m)) dry(zx)

h—0 h

- [ 10

= [ =102 25, D)

g(x — h;) g( )Q—ht(x) + %g(@) dry(z)

Here we used f,g € €, (H_). Thus the difference quotients are bounded. More-
over, for (3, we have convergence in L*(H_, v) by assumption. O
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PROPOSITION 1.2.4. Let t € H, be fized. For f € € °(H_) we define 0, :
¢X(H-) — L*(H_, v) by 0,f(x) = 2f(x). Then 0, is densely defined and
closable in L*(H_, ~). We will denote its closure by 0y again.

PROOF. Set d,g(x) := — 242 4 2(t, x)og(z) for g € €°(H-). Let (f,)3, C
L?(H- V) (

¢y° sequence with f,, ——— 0 and 0, f, LGN f. Thus for g € €°(H-) we

— 00
have

1

<f> >L2 H_,~) = hm <atfm >L2(H,,y) 23 Jggloﬁm 5t9>L2(H,,7) = 0.
Since 6°(H_) C L*(H_, =) is dense, it follows that f = 0. But this is our
assertion. U

LEMMA 1.2.5. For f,g € €L, (H_) and §; (t € Hy) defined as in in 1.2.8 we
have

0
(af, 92, ~) = (> 0e9) r2(m_, )-

Moreover,we have €.5(H_) C D(0;) and for f € ,

int

> (H_) we obtain

&f@%=§f@)

PROOF. Let f,g € €L, (H_). Assume ¢, € € (R) having the following prop-
erties

(1) Gu(t) =1 V[t <n, C(t) =0 V][ =n+1,
(i) |Ca.(D)] <1, ¢! ()] < ¢ ¥n, where ¢ > 0.

For € H_ define h,(z) := G(||lz]|?) and fo(z) := f(z)ha(z) and g, (z) :=
g(x)h,(x). Then we have f, () p—— f(x) and

of _Of of
D2 0) = S (@) ha(2) + F@)20, ) Clle]?) ——

o Ot

= (@)
pointwisely. The same equations hold for g and g,,. Moreover, we have

‘ 9 fn

(5) ¢ @an(@)| < llaf @)loy Il lg(z)] + 21lzll|[#] - £ ()g(=)]

and

6)  [fal@)B,(t, ) gn (@) < [f(2)2(z; D)og(@)] < [f(2)g(x)] 2 |2[|_[1t]], -
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Since f, g, df, dg are bounded on bounded sets by assumption, f,, g,, df,, dg,
are bounded on H_ by definition. Now Lebesgue’s theorem of dominated conver-
gence implies

/ﬁ(m)mcl’y(l’) = lim %(x)mdv(iﬂ)

ot n—oo | Ot
= Jim [ = f >aggf) + ful®)(22, 1)ogn(w)dy (2)
= [ 5@ 2 | ), g )

This shows the first assertion. Now we will prove the second assertion. Therefore

2
U= 9 f. According to (5) we have

we only have to show that 0, f, ik /N
10fn(@) < lldf (@)l 1Ll + 21|l 1] - [ f(2)] € L*(H-, 7).
Now our assertion follows by using Lebesgue’s theorem of dominated convergence,
since 0, f,(z) —— £ f(x) pointwisely. O
REMARK 1.2.6. Let f € €°(H_) and t € H,. We define
of (x
S f(x) = — fa(t ) +2(t, x)of(x).

Then 1.2.4 and 1.2.5 remain valid for ¢, instead of % resp. O0;. We will write d;
again for the closure of ¢;.

1.3. Unitary translation groups and their infinitesimal generator

In this section we introduce a unitary translation group, which is important
to construct an abstract Fourier transform. In contrast to the theory of pseu-
dodifferential operators in R™ we do not have any translation invariant measure
in infinite dimensional spaces. Moreover, there exists only a dense subset of an
infinite dimensional space such that the translated measure is absolute continu-
ous with regard to a given measure. Therefore we only use shifts by elements of
this dense subset. We also need the Radon-Nikodym derivative of the translated
measures to define this unitary translation group. Let o be defined as in 1.1.19.

REMARK 1.3.1. Fort, 7€ H, and x € H_ Lemma 1.1.1 implies

do(x +t+7) do(wx+1t) do(x +1t+7)
do(r)  do(x)  do(x+1t)

DEFINITION 1.3.2. For t € H, and ¢ € L*(H_, v) define U; by

Urp(x) = v/ 0i()p(x + 1),

0rr(2) = = oi(x)or(z +1).
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dy(-+t)

where g,(+) = O

LEMMA 1.3.3. Let t € Hy. Then Uy is unitary operator in L*(H_, ) and we

have
— Vo @z —1t).

PROOF. First we show that U; is a bounded operator in L*(H_, ~). For
p € L*(H_, ) we have

U@ ier ) = [ le@ota + 12| drfe)
= [late = 0l le@ e-aldr(a
=(/W@Wdﬂﬂzﬂﬂéw,w-

This shows that U, (t € Hy) is a bounded operator in L*(H_, 7). Now let us
compute U*. Therefore let o, ¢ € L*(H_, 7). Then it follows that

(Ut9071/1>L2(H,,7) = /\/Qt 90517+t z)dy(z)
:L/ﬂm¢@@—ww@—w@xmmw>
/@@m@4uww—wmm>

= (o, U)o, )

with U (x) = v/ or(z — t)o—+(x)(xz — t). Finally we show that U, is a unitary
operator.

UlUip(z) = U (Va(@)e(@ +1) = Vooi(x)y/ oz —t)e(z) = p(x),
UtUt*90($) = Ut( ( <P T — t \/Qt \/Q—t(x + t)go(x) = 90(@

But this is our assertion. O

THEOREM 1.3.4. Let t € H, and U, defined as in 1.3.2. Then U, is a com-
muting strongly continuous unitary family in L*(H_, ~) with Uy, s = U;U, for all
s,t € Hy.

PROOF. For t, s € H, and p € L*(H_, ~) we have

Uitsp(2) = Veors(@)p(z + 1 +5) = Va(r)os(z +t)p(z +1+5)

= Vou(x)Usp(xz +t) = UUgp(x).
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This shows that U (t € H) is a unitary group (note 1.3.3). For ¢ € 6,(H_), it
follows that

User ) ot /\/—90 (z + t)p(z) dy(z)
. / o@)* dy(@) = llelia -

2
Here we used that ¢ is bounded and that /oy %})’7% 1. Hence it follows

(U — id)90||2L2(H,,7) = (U —1d)" (U —id), ©)r2m_, )
- <(2 ld - Ut Ut ) , >L2(H,,w)
= 2 ||%0||i2(H,,y) - <Ut907 90>L2(H,,~,) - <<P, Ut§0>L2(H,,fy)

2
= 2 ||90||L2(H,,7) —2Re(Usp, @)r2m_,~) o 0.

Now we show the assertion. Therefore let f € L?(H_, 7) and £ > 0 arbitrary,
but fixed. Then there exists a ¢ € €,(H_), with |[f — || < 5, since G,(H_) C
L*(H_, ) dense. The computation above shows that for ¢ € (5( _), there is a
6 > 0 such that [[(U; —id)pl[ 2y ) < § for all t € Hy with [[¢t[|, < d. Hence

for all £ with [|]|, < d we have

IO =id) fll o,y < WU =) (f =@M 2, 4y + 10 = id)oll o
< N =1dlf =l 2, ) + 1O =id)ell o 4
< 22 4+ 2 = ¢
- 3 3
Thus tlimo (U = id) fll 2z ) = 0 and Uy (¢ € Hy) is strongly continuous. [

REMARK 1.3.5. Let t € H,. Then R 3 h ——— Uy (h € R) is strongly
continuous unitary one parameter group.

Now we compute the infinitesimal generator D; (t € H,) of the unitary one
parameter groups defined in the previous section. Furthermore, we show that
these infinitesimal generators define a family of commuting differential operators
of order one. Finally, we determine a domain of essential selfadjointness of these
infinitesimal generators.

DEFINITION 1.3.6. Let D; (t € Hy) denote the infinitesimal generator of the
unitary Cy group Uy, (b € R). For its domain of definition we write D(Dy).
According to the theorem of Stone (cf. [117, Theorem VIIIL.8|) we obtain that
—1D, is selfadjoint.

PROPOSITION 1.3.7. Let t € H,. Then €} (H_) C D(D;) and for ¢ €
€} (H_) we have

7 Dip(z) = ro(w) ~ (¢, 2ople).
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PROOF. Fort € H,, h € R and ¢ € €, (H_) we get

Unp(z) —o(z) _ om(@)e(x + ht) — o(x)
h h
= Vouln 2o VoD =1y

Now we consider the two addends separately.
(i) For the first addend we have

o(x 4+ ht) —p(x) 0

o () h - a@(ﬂf)
= Vo@D o G0 o) 4 Vala orela) — pla)

— om(@) (s@(:c+h2)—<p(x) _% (@) +( /—th($>_1) %0(%)'

Thus we obtain

|Vt (=2 Do)

2

L2(H-~)

s (J1vmese)” (/92 o o)
< (/ th(a:)QdW(a:)>1/2 </ ’w(x+ h;) —p(x) %@(x) 4d7(x)>1/2 o,

and
| (Vanta - 1) ot

by assumption and Lebesgue’s theorem of dominated convergence, since
¢ €C, (1)
(ii) Moreover, our assumptions imply directly the following equation

(% i, x>o) o(2)

h—0
< cllVor(z) — 1HL2(H_7) —0
L2(H-7)

L2(H-, )
/ 1 .
- H 2 =11 4, 2o LS
L2(H-, v)
This yields
0
Dyp(r) = () — (t, T)o. O
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At next let describe more detailed spaces of essential selfadjointness for the
operator D;.

PROPOSITION 1.3.8. For every ¢ € €, (H_).

0
(8) Dep(z) = 5oo(@) = (t, 2)op(2).
Moreover, we have Dy(€55(H-)) C €55(H-), and €.5(H-) is a domain of es-
sential selfadjointness of the operator —iDy.

PROOF. For f € €;},(H_) arbitrary define h,, and ¢, as in Lemma 1.2.5. Set
fn(z) = f(x)h,(x). Then we have f, —— f € L*(H_~) and f, € ¢} (H_) and

the following equality holds pointwisely.

Difale) = o a(e) — (hadofula)
0 0
= (x)hp(x) + f(x)ghn(x) — (t, z)ofn()
ptw. 0
e Bt (@) = (&, z)of (2).

Moreover,

0 0 0
afhn + f&hn - <t7 >0fn(x) < af‘ + C|f| + |<t7 >0f(ZL‘)| S LQ(H—a '7)

Hence Lebesgue’s theorem of dominated convergence implies that D, f,, conver-
gences in L2(H_, ~y). Since Dy is closed, the first assertion is now a consequence
of step one. Finally we have €5 (H_) C L*(H_, ) dense, Uy unitary Cy group

and Up(€55(H-)) C 6:5(H_). Hence the second assertion follows directly by

int int
the theorem of Nelson (cf. [117, Theorem VIII.10]). O

Moreover, the proof of Proposition 1.3.8 shows that ¢°(H_) is a domain of
essential selfadjointness of iD;.

REMARK 1.3.9. Furthermore, it is quite obvious that U; leaves the space
S,(H_) and S, qy(H_). Thus both are domains of essential selfadjointnes for
—1D; invariant.

1.4. An abstract Fourier transform

The Fourier transform in R™ is a unitary transform of function of L?(R", \),
which is a unitary equivalence between the translation group and the group of
multiplication with e**70. Our aim is to find an unitary operator in infinite
dimensional Hilbert spaces with similar properties as the Fourier transform in
R™.

But at first let us note the following
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LEMMA 1.4.1. Let ¢ € Hy. Then the following equation holds.

(9) / wcod%,() eSlewlo/4

H-
PROOF. See [35]. O

LEMMA 1.4.2. Let v be the canonical Gaussian measure. Then U, (p € H,)
15 cyclic with cycle vector 1.

PROOF. Suppose ¢ € H,. Then we have

ngl(l’) = Qsp(x) = e_%@v@o—(%a&)o

Set M := span{U,