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Abstract

In this thesis, a systematic analysis of the B — X,y photon spectrum in the endpoint
region is presented. The endpoint region refers to a kinematic configuration of the final
state, in which the photon has a large energy my, — 2E, = O(Aqcp), while the jet has a
large energy but small invariant mass. Using methods of soft-collinear effective theory and
heavy-quark effective theory, it is shown that the spectrum can be factorized into hard,
jet, and soft functions, each encoding the dynamics at a certain scale. The relevant scales
in the endpoint region are the heavy-quark mass m;, the hadronic energy scale Agcp and
an intermediate scale y/Aqcpmy, associated with the invariant mass of the jet. It is found
that the factorization formula contains two different types of contributions, distinguishable
by the space-time structure of the underlying diagrams. On the one hand, there are the
direct photon contributions which correspond to diagrams with the photon emitted directly
from the weak vertex. The resolved photon contributions on the other hand arise at
O(1/my) whenever the photon couples to light partons. In this work, these contributions
will be explicitly defined in terms of convolutions of jet functions with subleading shape
functions. While the direct photon contributions can be expressed in terms of a local
operator product expansion, when the photon spectrum is integrated over a range larger
than the endpoint region, the resolved photon contributions always remain non-local. Thus,
they are responsible for a non-perturbative uncertainty on the partonic predictions. In
this thesis, the effect of these uncertainties is estimated in two different phenomenological
contexts. First, the hadronic uncertainties in the B — X,y branching fraction, defined
with a cut £, > 1.6 GeV are discussed. It is found, that the resolved photon contributions
give rise to an irreducible theory uncertainty of approximately 5 %. As a second application
of the formalism, the influence of the long-distance effects on the direct CP asymmetry
will be considered. It will be shown that these effects are dominant in the Standard Model
and that a range of —0.6 < ASM < 2.8% is possible for the asymmetry, if resolved photon
contributions are taken into account.
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Chapter 1

Introduction

1.1 Motivation: Why we fight

Today, the Standard Model of particle physics (SM) is able to explain most of the physics
at microscopic scales. Mathematically it corresponds to a gauge theory based on the local
symmetry group SU(3). x SU(2); x U(1l)y, which naturally decomposes into a strong
(SU(3).) and an electroweak sector (SU(2), x U(1)y).

Based on the symmetry group of the strong sector, the Lagrangian of quantum chromo-
dynamics (QCD) is derived, which describes the fundamental interactions between colored
particles, i.e., quarks and gluons. Due to the non-abelian nature of the strong interaction a
perturbative calculation of physical processes involving quarks and gluons is only possible
at energy scales above ~ 1 GeV, where the strong coupling constant is small.

The electroweak sector of the SM exhibits several interesting features that are not
present in QCD. First, all fermions are charged under the electroweak gauge group and
therefore participate in the weak interaction. Second, its symmetry group SU(2), x U(1)y
is spontaneously broken down to U(1)gy, which generates the masses of the heavy vector
bosons W* and Z. In the SM, this symmetry breaking is realized by the introduction
of a new scalar doublet field with a non-vanishing vacuum expectation value (VEV). In
this realization the Higgs boson appears as a new physical particle, which has yet to be
discovered in experiments. Finally, there are Yukawa couplings between quarks of different
flavor. After diagonalizing the quark mass matrix, these give rise to flavor changing in-
teractions, whose strength is encoded in the Cabibbo-Kobayashi-Maskawa (CKM) mixing
matrix. Possible physical complex phases in this mixing matrix lead to violations of the
charge-parity (C'P) symmetry.

Modern particle physics strives to improve our understanding of natural processes at the
quantum level. Through the analysis of decays of quark-antiquark bound states (mesons)
it is possible to determine free parameters of the SM like the CKM matrix elements as
well to discover physics beyond the SM (BSM). One particularly interesting process of this
type is the decay of a B meson into a photon and a charmless hadronic final state with



non-zero strangeness:
B — Xyv.

The particle B includes charged (B~) as well as neutral (B°) B mesons with a bottom
quantum number of -1. The corresponding process with a bottom quantum number of +1
can be deduced by C'P conjugation. This decay is interesting for several reasons. First
it plays an important role in the determination of the CKM matrix element V,; via the
semi-leptonic decay B — X, 7. To a good approximation the hadronic uncertainties of this
decay and B — X,v are equal and therefore it is possible to eliminate this uncertainty in
the measurement of V,;, through a measurement of the B — X, decay rate [1,2]. Second,
direct C'P violation may be observed by comparing B — X7 to its C'P conjugate process.
Finally, the process is mediated by the flavor changing neutral current (FCNC) b — s7.
In the SM such a process is only possible at loop level (see first diagram in Figure 1.1).
This opens a possible window into BSM physics, since new particles can contribute to

Figure 1.1: The b — sy FCNC in the SM (left) and in the MSSM (right).

loop diagrams even if there is not enough energy to produce them directly. One example
would be the FCNC in the minimal supersymmetric standard model (MSSM) containing
a squark and a chargino (see second diagram in Figure 1.1). Furthermore, certain extra-
dimensional models can introduce FCNCs at the tree level, which would also cause a
measurable deviation from the SM prediction. For a recent review dealing with B — X,y
in BSM models see [3].

The decay b — s7v itself is mediated by the weak interaction. However, theoretical
predictions are complicated by the fact that the quarks are not free but bound into hadrons
by the strong force. Since the QCD coupling constant is large at the typical hadronic
energy scales, a purely perturbative approach is inappropriate. FEffective field theories
allow to separate the calculation into a high-energy (perturbative) and a low-energy (non-
perturbative) part. While the high-energy part can in principle be determined to any order
in perturbation theory, the effect of the low-energy part can be estimated by the use of
phenomenological models. Together with the uncertainties of the perturbative calculation
these hadronic uncertainties principally restrict the precision of any prediction concerning
the B — X,y decay in the SM as well as BSM.

In the past considerable progress has been made in the ambitious endeavor of calculating
the decay rate of B — X, as precisely as possible. The starting point for all calculations is
an effective theory in which all fields with a mass above the typical energy scale of B decays
(the bottom-quark mass m;) are integrated out. At leading order the transition is then
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mediated by a single local operator ()7, containing just a photon, a bottom- and a strange-
quark. Since the mass of the decaying b-quark is large compared to the energy scale of
the hadronic binding effects, it is possible to use a further effective theory that implements
an expansion in powers of the inverse heavy-quark mass 1/m;. The appropriate theory is
the heavy-quark effective theory (HQET, for a throughout review see e.g. [4]). As will be
shown, the first term in this expansion corresponds to the decay of a free quark, which can
be calculated perturbatively. Corrections to this result are suppressed by at least 1/my,.
Today, the perturbative calculation of the decay rate has been performed up to next-to-
next-to-leading order (NNLO) in renormalization-group improved perturbation theory [5].
However, experimental measurements only include B — X,v decays with photon energies
above ~ 1.7 GeV. In this so called endpoint region the hadronic jet X has an energy of the
order of the large scale m;, while its invariant mass is much smaller at the order of /mAqcp
which itself is much larger than the hadronic energy scale Aqcp. Due to this particular
setup, it is no longer possible to employ an expansion in terms of local operators (OPE).
Also, potentially large logarithms appear in the perturbative calculation, which need to be
resummed to make the perturbative expansion meaningful. This resummation is possible
within the framework of the soft collinear effective theory (SCET) [6,7]. Alternatively it is
possible to extrapolate the experimental data to a photon cut outside the endpoint region.
For a cut £, > 1.6 GeV the perturbative calculation yields a branching fraction of [5]

B(B — X,y) = (3.154+0.23) - 10~*.

A dedicated analysis of cut-related effects and uncertainties gives the slightly lower value
B(B — X,v) = (2.98 4 0.26) - 10~* [8]. The errors given above consist of higher order
perturbative uncertainties (3%), parametric dependencies (3%), a charm-quark mass in-
terpolation ambiguity (3%) and—most significantly—mnon-perturbative uncertainties (5%).
The size of these non-perturbative uncertainties was estimated by naive dimensional anal-
ysis. In order to systematically study these effects one has to go beyond the leading power
in the heavy-quark expansion. Some of these effects have already been considered [2,9,10],
but a dedicated analysis was missing.

The primary goal of this work is to use SCET for a systematic study of subleading
power! corrections to the B — X,y decay in the endpoint region, which has not been
performed before. It was shown in [11,12] that the differential decay rate of B — X,y
obeys a factorization formula at leading power in the SCET expansion

AM(B—XA)=H-J®S,

where ® denotes a convolution. Each of the components describe the physics at a certain
scale (hard, intermediate and soft). While the hard function H and the jet function J
are perturbatively calculable, the soft function S is related to a hadronic matrix element.
When integrating the differential rate over a range much larger than the endpoint region

!The term “subleading” always refers to higher order terms in the expansion parameter of the effective
theory, while “next-to-leading” refers to higher order terms of the perturbative expansion in the coupling.



(i.e. including photons with an energy such that m, —2E, > Aqcp) the expression above
reduces to an expansion in terms of local operators [13]. In this thesis a new factorization
formula for the differential rate in the endpoint region, valid at any order in the 1/my
expansion will be established. It will introduce matrix elements of non-local operators
that do not reduce to local ones in the integrated rate [14]. In the end, the effect of these
non-perturbative uncertainties on the integrated decay rate, as well as on the direct C'P
violation will be estimated. The main results of this work have been published in [15, 16].
It will turn out, that the factorization resolves several issues of the partonic calculation,
such as large logarithms and dependencies on low-energy parameters like the strange quark
mass. The numerical analysis of the non-perturbative effects will show that the irreducible
uncertainty of the partonic prediction of the branching fraction amounts to approximately
5%. Furthermore, it will be found that these effects dominate the prediction of the SM
CP asymmetry.

1.2 Structure of the Thesis

This work can be roughly divided into two parts, with the borderline running between Sec-
tion 5.2.6 and 5.3. Before that line the theoretical background will be extensively reviewed,
in order to motivate the approach and put it into a conceptual context. Afterwards the
new findings of this work will be presented.

The first part starts with a brief review of the experimental situation in Section 1.3.
Chapter 2 will then introduce the fundamental concepts of the partonic calculation of the
B — X,v branching fraction. This includes the derivation of an appropriate set of opera-
tors and a discussion of the influence of renormalization. During the presentation several
issues concerning the calculation will be noted. One of these issues are the corrections due
to the binding of the partons into hadronic states. In Chapter 3 the heavy-quark effec-
tive theory will be introduced, which offers a way to deal with hadrons that contain one
heavy quark. The soft-collinear effective theory, which offers a systematic way to resum
large logarithms and deal with the breakdown of the local OPE will be discussed in Chap-
ter 4. Following up, the subleading contributions in the SCET expansion are considered
in Chapter 5. The first part of this chapter will discuss the subleading contributions due
to an interference of the electromagnetic dipole operator with itself. The second part will
then set the stage for the systematic analysis of all subleading contributions, by discussing
the matching of QCD onto SCET. This analysis is explicitly performed in Chapter 6.
Chapters 7 and 8 will then apply the results of the analysis in two different phenomeno-
logical contexts, i.e., the irreducible non-perturbative uncertainty on the prediction of the
B — X, branching fraction and the direct CP asymmetry. Chapter 9 will sum up the
results and draw conclusions. Finally, three appendices contain information on the pen-
guin function, the set of parameters used in this work, and a complete list of the SCET
operators up to a suppression of 1/m; compared to the leading power.



1.3 Experimental Status of B — X

In order to illustrate the motivation behind the complex theoretical apparatus developed
for describing rare inclusive B decays the experimental situation is briefly reviewed (for
a more detailed review see [17,18]). The primary quantity of interest is the branching
fraction of B meson decays mediated by a flavor changing neutral current. One of the
most important processes of this type is the decay into a photon and a charmless hadronic
final state with non-zero strangeness. In contrast to the experimental point of view, which
prefers exclusive measurements for easier background elimination, it is more desirable from
a theoretical perspective to measure an inclusive process, since this makes the difficult
modeling of the hadronic final states unnecessary.

In the dedicated B factories BABAR [19] and BELLE [20] the B mesons are produced
by operating an electron positron collider at the Y (45) resonance, which predominantly
decays into pairs of neutral (B°, B%) or charged (B*, B~) B mesons (in approximately
equal parts). These in turn primarily decay into charmed final states via the CKM favored
charged current process b — cW ™. There are two ways to measure the much smaller
branching fraction into the charmless final state X v, which is mediated by an FCNC. In
the so called “semi-inclusive” method several exclusive decays into a strange final state
and a photon are measured separately and added up. The “fully inclusive” method only
reconstructs the photon?. Since B — X7 is dominated by the two-body decay b — sy the
photon energy spectrum peaks at E, = my,/2, while the deviations from a /-function are
due to gluon bremsstrahlung and hadronic effects within the meson. This distinctive form
of the spectrum can be used to identify the photons from a B — X,v decay.

However, there are several background processes that render the identification of the
B — X, photons difficult (see Figure 1.3). On the one hand there is the continuum back-
ground. One component of this continuum is due to photons radiated from the initial state
electrons before their annihilation ete™ — ~gq (called “Continuum ISR” in Figure 1.3).
Another arises from the decay of inclusively produced 7°/n, which subsequently decay via
7°/n — 77, with one undetected photon (called “Continuum 7°” in Figure 1.3). When
using the semi-inclusive method, this continuum background is reduced due to kinematical
constraints and the beam energy constraint, while for the inclusive methods event shapes
have to be used to identify signal events.

On the other hand there is the BB background, which refers to processes in which the
B mesons are produced, but then decay via a process other than B — X,y. The main
component of this background is due to B — X7° or B — X1 followed by 7°/n — 7. In
order to get rid of this background some lower cutoff on the photon energy is imposed. It is
this cutoff, that leads to the breakdown of the local OPE and potentially gives rise to the
large logarithms in the perturbative calculation. Generally, the experimental uncertainties
become larger as the cutoff on the photon energy is lowered, as can be illustrated with the

2With high enough statistics a lepton tag (the lepton originates from the semi-leptonic decay of the
other B meson) can be used to reduce the background [22].
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Figure 1.2: Numbers of photons from various background processes and the signal for
b — sv, taken from [21]. See text for the explanation of the different graphs.

latest fully inclusive data of the BELLE collaboration [22].

B(B — X,y
B(B — X:7)ps10cev = (3.21 £ 0115150 = 0.164y5) - 107

( )E

( )
B(B — Xs7)5,>18Gev = (3.36 £ 0.13400 £ 0.255) - 107*
B(B = Xs7)p,>1.7Gev = (3.45 £ 0155000 £ 0.404y) - 107

B,52Gev = (3.02 £ 01040 £ 0.1145) - 1077

The first error is statistical, while the second one is systematic and includes uncertainties
due to background subtraction.

The shape of the photon spectrum and therefore the differential decay rate dI'/dE., is
of interest as well, as it contains information about the heavy-quark parameters, which are
related to the b-quark mass and its movement inside the hadron. Also, for a comparison of
experimental data with the perturbative calculation an even lower cutoff is necessary than
the ones achieved in measurements so far. For this purpose one assumes a certain model
for the shape of the photon spectrum and calculates extrapolation factors [23], which are
defined as the ratio between branching fractions with minimum photon energies above and
at 1.6 GeV.

The current experimental world average for a photon energy of £, > 1.6 GeV is given

s [24]
B(B — X,v) = (3.554+0.24 4 0.09) - 107*,
where the first error is the combined statistical and systematic, while the second error is
due to the extrapolation. As a final remark it is noted that inclusive experiments only

measure the sum of B — X,y and B — Xzv. The B — X,y part is subtracted by
calculating the ratio of the two decays in the SM.
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In order to proceed with precision physics at the intensity frontier in the future, two
super-B factories — Belle II and SuperB in Italy — have been proposed. Their design and
physics case can be read off from the latest progress reports of the two collaborations [25,26].

In conclusion, the experimental situation motivates a theoretical treatment that is able
to describe the photon spectrum of the B — X,y decay in the endpoint region. The
following chapters will introduce the appropriate framework and will work out its impact
on the theoretical prediction.
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Chapter 2

The Decay B — Xsv in Full QCD

In this chapter all the ingredients necessary to perform a partonic calculation of the B —
X4y decay rate will be discussed. The phrase “partonic” refers to the interpretation of
hadrons as the sum of their constituent partons whose interactions can be perturbatively
calculated. Of course, this interpretation ignores effects of confinement, which are very
relevant and will be considered in the next chapter. The first ingredient is the weak
effective Lagrangian that is necessary to describe flavor-changing processes. It can be
derived by systematically integrating out the heavy degrees of freedom, which will be done
in Section 2.1. Along the way it will be demonstrated how the new effective terms in the
Lagrangian can be obtained from a local operator product expansion. In Section 2.1.3 it
will then be shown how the effective couplings of the new operators are determined at the
appropriate scale. Using these results the differential decay rate in the parton model is
calculated in Section 2.2.

2.1 The Weak Effective Lagrangian

The starting point for all calculations concerning radiative B decays is the weak effective
Lagrangian. The general procedure of deriving effective theories will be discussed in this
section. As an example the heavy gauge bosons W+ will be explicitly integrated out. Since
there are no leptons in radiative B decays only the quark sector will be considered. The
presentation in this section will follow to some extent the comprehensive discussions in

in [27,28].

2.1.1 Integrating out the Heavy Degrees of Freedom

On the elementary level the decay B — X,v is mediated by the decay of a b-quark via the
weak interaction. In addition, the b-quark is bound into a hadron by the strong interaction.
The Standard Model Lagrangian necessary to describe such a process was introduced by
Glashow, Weinberg, and Salam. After spontaneous symmetry breaking (SSB) it is given

14



by [29]
ESM = Equark + ['CC + £W,kin + ['Z + ['Field + £Higgs
Equark = Z ['al(Zp - mlu)ul + Jl@@ - mil)dz]

9

—i j 9 I R 2.1
Loo= Y [ m - Vud Wi + ey vy ] @D
2Y)

2v2
1 4 v — —
Lwgin = =50 W," = QW)W — 0" W) 4 My, W, W

where the sum runs over all quark families and u’ and d* represent the up- and down-
type quarks of the ith family and mi}d are the corresponding masses. The fields Wj
are massive SU(2), gauge bosons and ¢ is the associated coupling constant. Since the
Lagrangian is given in the mass basis the charged currents (indicated by the subscript CC)
contain the CKM mixing matrix V;;, that gives rise to family changing interactions [30].
The expressions for Lz, which encodes the flavor-diagonal couplings of the Z-bosons and
its kinetic term, as well as those for Lpieiq and Lpiges, Which contain the self-interaction
terms of the gauge fields and the Higgs sector introduced in order to achieve SSB, are not
explicitly given. Finally the covariant derivative is given by

1D, =10+ eqe A, + g AT, (2.2)

where e and gs; are the electromagnetic and strong coupling constants, e, is the quark
charge in units of e (e, = 2/3, eq = —1/3), T are the SU(3). color generators and A,, and
Af, are the photon and gluon gauge fields.

The typical energy scale of B decays is set by the mass m; of the heavy b-quark. Since
heavier fields can not be produced directly it is convenient to use an effective field theory
(EFT) obtained by removing the heavy modes as dynamical degrees of freedom. The
effective theory must nevertheless include the corrections due to virtual contributions of
these heavy particles. A consistent way to construct the EFT is to start with the generating
functional of the full SM and integrate out the heavy fields in the path integral formalism.
In the case of B decays these are the heavy gauge bosons fields W/jt and Z, and the top
quark field ¢. The generating functional can be written as

217 = / D6 exp / 'z (Lo + J(2)o(2)]]. (2.3)

Here ¢(x) represents all fields that can be external in the theory at hand and J(x) are the
associated external sources. The symbol f D¢ stands for the path integral over all fields
of the theory. The Feynman propagator of a field is then given by

Dr(z —y) = (0[To(x)¢(y)|0)

=7 (aw) () 21 (2.9

_ Do d(x)d(y) exp i [ d*a Lo yin]
| D¢ exp i [ d*x Ly xin] ’
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where Z is the generating functional containing only the free field Lagrangian of ¢, §/(0.J)
is a functional derivative and T indicates a time-ordered product. The quantity in the
denominator of the last line of (2.4) is called a functional determinant and will always
cancel in the perturbative calculation of correlation functions. In order to integrate out
the W bosons from the SM generating functional the sources of W= are set to zero and
the exponential is split as follows

Z[J] = / D¢ exp [z / d*z /:W,km} exp [z / dz LCC} exp [2 / dz .cField]
<exp / 4% Lo + T ()(2)].

The last term containing L., can be deduced from Equation (2.1) and is independent
of the W fields. If one is only interested in the effective Lagrangian for the quark fields,
the self-interaction term Lgiqq can be ignored as well. After expanding the exponential
containing the interaction terms in L¢c, the path integral over the W bosons can be
explicitly performed by using (2.4). One finds

1
/DW*DW‘ exp [z / d*x ['W,kin:| (1 b / d*zd*y Loc(x)Loc(y) + .. )
— /DW+DW_ exp [i/d% ﬁv&akm}

2
X (1 - f—G /d4xd4y (JHW, + THW ) (JTW + T W)y + )

— /DW+DW exp [Z’/d% [fW,kin:|

2
X (1 — ?_6 /d4xd4y (i ()T, (y) + T, (2) TS (y)) D (z — y) + .. ) .
Here the charged currents are defined as J} = w'y*(1 — ~;)Vi;d/ and J; = (J})!. The
terms in the last line can be resummed into an exponential which introduces non-local
interaction terms in the new effective Lagrangian. These terms do not depend on the
W fields which have been integrated out. The remaining path integral over the kinetic
part of the W Lagrangian is identical to the functional determinant mentioned above and
drops out in the definition of correlation functions. After integrating out the W bosons
the effective Lagrangian for the quarks can therefore be written as

chf - ﬁquark + Eint, off T LZ + LHigg& (25)

with
2

Lun,on = 155 [ d*y (@), () + T (2) T () DF ().
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In the unitary gauge one has

y d*k —1 L KPRV e
=0 = [ (7 )

Up to this point the Lagrangians of the full and effective theory are equivalent for any
process without external W bosons. At tree level, the momentum £ of the propagator is
of the same order as the external momenta which are by definition much smaller than the
W mass My, ie., k¥* < M. Tt is therefore possible to expand the propagator D} in
powers of 1/MZ,. This expansion effectively rewrites the non-local interaction functional
as a series of local ones. One arrives at

/ dhy J* (2)J; () DI (x — )

d4k i v 1 v v —ik(x— - —1
:/d4yJ:(x)/(27r)4M—3V(g“ +M—%/(k29“ — kME )+...)e k( y)/d4pJV (p) e~

) y 1 y 5 3
:J’T(x)M_%/(gu +M_5V(829u — 00 )—l—)Jy (ZL‘)

Summing up, one might say that integrating out the W bosons at tree level introduced
a sum of effective local-interaction functionals of arbitrary dimension. The higher dimen-
sional terms are suppressed by appropriate powers of 1/M?,. In canonical quantum field
theory this corresponds to a sum of local operators. Beyond the tree level, these operators
will have coefficients that encode the difference between the full and effective theory due
to virtual effects of the particles which have been integrated out. Writing an EFT in terms
of local operators is called the operator product expansion [31]. It is important to note
that this local expansion was only possible due to the large mass scale My,. Later on,
EFTs will be introduced in which such a large scale is missing. These will also give rise to
non-local operators. The leading order term in the local expansion is given by

2

9 -
Lo o = ~gpgz I (0T (@). (2.6)

This is the well-known Fermi interaction of weak decays with the Fermi constant defined as
Gr/vV?2 = g*/(8M2,). The apparent weakness of the weak interaction is due to the 1/M32;
suppression of the leading contribution.

2.1.2 The Wilson Coefficients

In the above derivation of the effective Lagrangian, corrections due to the strong interaction
have been ignored. Since QCD is still part of the effective theory, the effective description
resembles the one of QCD in the infrared (IR). However, high-virtuality gluons enter loop
diagrams together with other fields that are integrated out. In this case the momentum
of the heavy particle can become large and a naive expansion of the heavy propagator in
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powers of k? /MZ, is no longer possible. This practical problem can be systematically dealt
with in the framework of the heavy-mass expansion (see [32] and references therein). In
the so-called matching procedure the high-virtuality gluon corrections are absorbed into the
coefficients of the local operators in the OPE. These can then be determined by comparing
the effects of the gluonic corrections in the effective and the full theory. Since the coefficients
encode the physics of gluons with a large virtuality, this calculation can be performed in
perturbation theory. As an example one might consider the four-fermion operator in (2.6).
In the case of B — X, one has to deal with

1= 8" (1 —s)ci ¢y (1 —¥5)by, (2.7)

where indices 7, j now represent color quantum numbers. The QCD corrections to a process
with four external quarks in the full and effective theory are shown in Figure 2.1.2. The first

s - O
@ 2 K

Figure 2.1: NLO QCD corrections to the four-quark process in the full (first line) and
the effective theory (second line). Two crossed circles denote the insertion of a four-quark
operator.

diagram in each line gives rise to the renormalization of the quark currents. Since the quark
currents are conserved the divergence of these diagrams is canceled by the field-strength
renormalization of the quark fields. Furthermore, the finite terms of these diagrams are the
same in the full and effective theory. Therefore they do not contribute to the coefficient of
the effective theory operator. Calculating the last two diagrams in the effective theory and
in 4 — 2¢ dimensions to regulate the divergences yields (suppressing the factor G—\/gVC’;VCb)

. . O 1 NZ = a — a
M= —6¢ yp (E +In 7 + constant) S (1 —v5)Tisc ey (1 — ) Tiabi, (2.8)

where T}, are the SU(3). generators and p is the renormalization scale. Since the coeffi-
cients are by definition independent from the IR degrees of freedom, the external particles
can be treated as massless and it can be assumed that they all the same momentum.
The four-quark operator in (2.8) can be related to Q{ by the following relation for the
generators:

arma 1L 1
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where N, is the number of colors. This obviously introduces a second operator with a
different color structure!

Q3 = 8:7"(1 = ¥5)¢; ¢7u(1 — ¥5)bi- (2.10)

This effect is called the mixing of two operators under QCD renormalization. In order
to renormalize all operators of the effective theory the diagrams in the second line of
Figure 2.1.2 have to be calculated with operator insertions of Qf and @)5. Then a matrix-
valued operator renormalization constant has to be introduced to absorb all divergences:

Qi = Zi Q™" (2.11)

After renormalization the result of the effective theory calculation can be compared to the
full theory calculation of the diagrams in the first line of Figure 2.1.2 and the difference
must be accounted for by coefficients of the effective operators. Note that there is no
divergence in the full theory since the full W propagator renders the loop integral finite.
The full theory diagrams therefore contain logarithms of the type In ]Zf‘g’ Comparing this
to the logarithmic terms in (2.8) reveals that the scale u takes the role of a factorization
scale, that divides the result into a high-energy part contained in the coefficients and a
low-energy part encoded in the matrix elements of the effective operators. At NLO the

coefficients of the operators Q) and 5 are given by

3 M2 11
Cl(ﬂ)=1+——(1 —;V——>,
Noar \" 2 6 2.12)
o) M?2 11 '
— 32 (|n =W o
o) 347r(n 2 6)

The coefficients of the effective theory operators are called Wilson coefficients [33].

The general procedure outlined above can be summarized as follows. In order to con-
struct an effective theory appropriate for energies below the electroweak scale My, the
fields above that scale have to be integrated out. This corresponds to writing down a sum
of all local operators allowed by the symmetries and quantum numbers of the problem and
suppressed by powers of 1/Myy:

Gr . 1
[,eff - 'Cquark - EVCKMVCKM zZ: CZQz ‘|— O (M_I%V) . (213)

The Wilson coefficients C; can be interpreted as coupling constants of the new interactions
in the effective theory. But since the full theory is known they can also be calculated
from the SM. Since the coefficients encode the effects of the high-virtuality modes of the
full theory they can be calculated perturbatively, by comparing the results of the effective
and of the full theory at a large scale. Thereby a dependence on this factorization scale

INote that the operators Q$ and QS often have reversed names in the literature.
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is introduced into the coefficients. This scale dependence cancels if the matrix elements

of the operators are calculated at the same scale and in the same scheme. However, for a

certain low-energy process like a meson decay the matrix element of the effective operators

must be renormalized at the low scale. This can potentially introduce large logarithms in

the Wilson coefficients. For u = 1GeV the O(ay) corrections to the Wilson coefficients are
2

in a bad convergence of the perturbative series. This problem can be solved by resumming
large logarithms by means of the renormalization group (RG) [34].

2.1.3 The Renormalization Group

In order to derive the renormalization group equations (RGE) one considers the dependence
of the Wilson coefficients on the scale p. Since this scale was introduced by splitting the
calculation in a low- and a high-energy part, the product of the Wilson coefficients with
the operator matrix elements renormalized at p is formally independent of the scale. Using
(2.11) one has

Ty 2 G @) =0
—Z([dm 0] (27)50103) + Gl | 12700 101
—;([dm 0] Q) = o) (2 | 20| @50
:Z<dlfw 00 -3 6 vﬂ> (@ (1),
where the Zcmomalous dimension matriz ~ is defined as
= |27 i 2] R (214)

It only depends implicitly on the scale p1 through the strong coupling constant a,. Under
the assumption that the operators of the expansion are linearly independent this yields the

RGE of the Wilson coefficients:

T G(1) = o (aln)) Ca). (2.15)

dln

By solving this equation it is possible to relate the Wilson coefficients at a certain scale to
the coefficients at any other scale. This solves the problem of the large logarithms. The
coefficients are calculated at the electroweak scale where the logarithms are small and the
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perturbative expansion is valid. Then they are “run down” to the low-energy scale by
using the solution of the RGE. The solution to (2.15) is given by

as(ﬂ) T
; 7 (o)
C(p) = To, exp / das

as (o) B(QS)

o), (2.16)

where the exponential of a matrix is defined by its Taylor expansion and the ordering
symbol T, sorts the matrices in order of increasing values of the parameter o, with larger

values standing to the left. The QCD [-function is defined as S(a;) = %. For the case

of B — X, the matching scale p corresponds to the weak scale pyy which is of the order
of the W or t-quark mass. The Wilson coefficients are subsequently “run” down to the
bottom-quark mass scale p, ~ .

2.1.4 The Operator Basis

So far the effective theory only contains the current-current operators () and Q9§ that
arose by integrating out the W bosons from diagrams like the first one in Figure 2.2. They
form a complete set under QCD renormalization, i.e., no new operators are introduced by
QCD corrections. However, by integrating out all other modes above the electroweak scale
additional effective operators arise that are relevant for the B — X,y decay. In fact, it
will be established in Section 2.2 that )12 do not even give rise to a LO matrix element.
Still, due to RG running their contribution is very relevant (see Section 2.1.5). In the
full effective Lagrangian there appear six more operators. First there are the dimension-6
QCD penguin operators that originate from the second diagram in Figure 2.2. The external

Figure 2.2: SM diagrams relevant for the B — X,y decay. The diagrams give rise to
current-current, penguin and electromagnetic dipole operators, respectively.

current coupling to the gluon can be decomposed into a V' — A and a V + A structure. The
short-hand notation V' — A represents a current with vector minus axial vector structure
" (1 —~5)q while V + A correspondingly represents gy*(1+75)g. Furthermore the current
can contain quarks of any flavor lighter than the electroweak scale (¢ = u,d, ¢, s,b). When
QCD corrections are included also different color structures are possible. In total, there
are four QCD penguin operators. More operators are introduced by the last diagram
in Figure 2.2. It contains the insertion of a mass operator into the b-quark line, which
gives rise to a chirality changing dimension 5 operator. This diagram goes by the name
of electromagnetic dipole or electromagnetic penguin operator. Finally, there is also a
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chromomagnetic dipole operator where the photon in the last diagram is replaced by a
gluon. A complete set of linearly independent operators that again closes under QCD
renormalization is given by [35]

= (qb)v-a (5q)v-a, Q3 = (Gibj)v-a (5;¢)v-a,
(D)v—a P> ¢ (qq)v-a. Qs = (5ib)v_n Y _ ¢ (Ga:)v-a,
_ _ 2.17
Qs = (5b)v- AZq qq)v+a Qo = (Sibj)VfAZq (4¢i)v+a (2.17)
—emy _ , —gmy, _ ,
Q7’Y = ng Sauu(l + VB)FN b7 QBg = —b Sguu(l + ’75)GM b7

where the sums run over all quark flavors lighter than the electroweak scale. The complete
effective Lagrangian, necessary to describe the decay b — s at leading order in 1/M3, is
given by

G
ﬁeff = Equark_TZ Z )\q (Cl Q?"’CZ g+ Z C’L Qi+C7’y Q?’y"‘CSg QSg) —|—h.C. ) (218)

q=u,c 1=3,...,6

where A\, = VjV5 and the Wilson coefficients C; depend on the scale p at which the
operators are renormalized. The unitarity of the CKM matrix A\, + A. + A\; = 0 has been
used to rewrite the coefficients of the penguin operators. Under QED renormalization
additional operators can mix with the operator basis given above, but due to the smallness
of the electromagnetic coupling « these effects turn out to be subleading and will be ignored
here. It is an advantage of the effective theory approach, that radiative FCNC decays can
be expressed in terms of matrix elements of the operators in (2.17) with Wilson coefficients
that are independent of the process. New physics can enter the calculation either through
the introduction of new operators and/or through additional contributions to the Wilson
coefficients of the operators in (2.17).

2.1.5 The Wilson Coefficients at the Correct Scale

The effective Lagrangian derived in the previous section can now be used to calculate
the b — sy decay rate. In order to do so one writes down all contributing diagrams
up to O(GF), i.e., with one insertion of an effective operator and including QCD to the
desired order. Since the effective couplings in form of the Wilson coefficients are themselves
calculated by a perturbative expansion in «y it is necessary to introduce a systematic way to
define the order of the calculation. In the so called leading logarithmic (LL) approximation
the Wilson coefficients are determined by a matching at O(a?) followed by running using
the O(al) correction to the anomalous dimension matrix. This running is necessary to
resum large logarithms of the ratio of the large matching scale and the much lower scale of
the b decay. The LL approximation resums logarithms of the form (o In %)” The large
scale uy can be equal to the mass of any of the integrated out particles while the low-energy
scale uy, is the scale of the process at hand. To complete the leading-order calculation the
matrix elements must be calculated at the low-energy scale p, ~ m;. In general these
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matrix elements are non-perturbative quantities, but to a first approximation (that will be
justified later on in Chapter 3) it is possible to perform their calculation in a perturbative
expansion in powers of a,. For a leading-order calculation only tree-level matrix elements
need to be considered. All the necessary steps (matching, running, and calculation of the
matrix elements) have been performed first in [36]. However, there is one subtlety related
to the determination of the anomalous dimension matrix at O(«;). Determining the 6 x 6
sub-matrix that induces the mixing between the four-quark operators @)1 ¢ requires the
calculation of the UV divergent part of the one-loop diagrams in the effective theory (e.g.,
the first diagram in Figure 2.3). The same is true for the mixing in the dipole sector. For

&

&

Figure 2.3: Diagrams relevant for the calculation of the LO anomalous dimension. Effective
operators are now denoted by one crossed circle. The last diagram actually vanishes in
certain renormalization schemes (see text).

example the second diagram in Figure 2.3 is responsible for the mixing of Qg, into Q7.
Finally the mixing of the four-quark operators (). ¢ into the dipole operators QJ7,s, is
mediated by the third diagram of Figure 2.3. It is an interesting feature of the operator set
(2.17) that these diagrams yield a renormalization scheme dependent result [37]. Indeed,
this dependence cancels between the first order anomalous dimension and the one-loop
matrix elements. It is convenient to introduce renormalization scheme invariant Wilson
coefficients C¢T through [38]

6 6
Ol = Co+ > yiCi, Ol =Chg+ > 2, (2.19)
=1 =1

where vy;, z; depend on the scheme. In the 't Hooft-Veltman scheme all y; and z; are
zero, while in the naive dimensional regularization scheme y5; = —1/3, y5 = —1, and
z5 = 1, and all other y; and z; vanish. Since the diagram vanishes in any four-dimensional
renormalization scheme it is necessary to perform a two-loop calculation to obtain the
complete leading-order contribution to the anomalous dimension. The complete calculation
has first been performed in [37] and afterwards confirmed in [39]. In the LL approximation
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the Wilson coefficients at the scale p can be written as [40]
8
Cilp) =Y kin®™  (i=1...6),
j=1
1 8
C (1) = 1% Coy (M) + = (7723 _ 7723) Csy(My) + Cy(Myy) th , (2.20)

8
ng(/i) = 12 Cgy(My) + C1(Mw) Z hin®
i—1

where
Ci(Mw) =1,
33 — 222 —8x3 — 5x? + Ty
C M t t 1 t t
m(Mw) = Mo =1 T 24(1,}—1) ’ (2.21)
—3z2 —x3 + 5x? + 24
Cgg(My) = —L—1 ! !
W) = G s

with z; = m?/M2, and n = a,(Mw)/as(n). The calculable parameters a;, h;, h;, and
ki; are given in Table XXVII of reference [40] (with reversed names of C; and C). A
numerical study of these Wilson coefficients at a scale u ~ m; demonstrates that C’?g is
strongly enhanced by the QCD corrections associated with the operator Qf [41]. This
enhancement is also responsible for a strong u, dependence of the Wilson coefficients,
that is not compensated in the leading-order calculation [42]. Since the exact value of
the scale is arbitrary, the p, dependence gives rise to an uncertainty of the calculated
quantities. Varying the scale in the range m;,/2 < 1, < 2my, yields a change of the branching
fraction by £22% [44]. As has been shown in [38], this dependence can be significantly
reduced by performing an NLO calculation using the next-to-leading logarithmic (NLL)
approximation.

The NLL program requires the calculation of the Wilson coefficients through a matching
at O(al), while the anomalous dimension matrix is needed up to O(a?). This corresponds
to the calculation of two-loop diagrams for the mixing between the four-quark operators
and for the mixing between the dipole operators. The mixing between the two sectors even
requires calculations at three-loop order. By using the NLL approximation logarithms of
the form (o In £%)" are resummed in addition to the leading order resummation. The
NLO matching of the four-quark operators was already performed in [45-47] while the
dipole operators were matched in [48,49]. References [46,47] also contained the complete
two-loop anomalous dimension matrix of the four-quark sector. The mixing between the
dipole operators was calculated in [50] and the mixing between four-quark and dipole
operators in [43]. Finally, the operator matrix elements must be considered at NLO [51]
which will be the topic of the next section. As expected, the complete NLL program
reduces the dependence of the branching fraction on scale variations notably [43]. Apart
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from the dependence on the low-energy scale u;, there are also uncertainties due to the
matching scale py [44] as well as the renormalization scale of the quark masses. While
the former scale dependence is already reduced by the NLO calculation, the uncertainty
due to charm-quark mass scale p. is only introduced at that order. This is explained by
the already mentioned fact, that matrix elements containing long-distance charm-quark
loops (see the last diagram in Figure 2.3) vanish at the leading order. As has been shown
in [52], replacing the pole charm-quark mass by the MS mass at the scale j, can enhance
the prediction for the branching fraction by O(10 %). It is therefore necessary to consider
the NNLO corrections, in order to reduce the dependence on the charm-quark mass scale.

The NNLO calculation (using the NNLL approximation) was performed over the course
of many years by a joint effort of several groups. The matching procedure required the
calculation of two-loop diagrams for the case of Ci_g [53] and three-loop diagrams for
C74,8¢ [54]. For the mixing between the four-quark [55] and between the dipole [56] opera-
tors three-loop calculations are necessary, while the mixing between four-quark and dipole
operators even demanded for a four-loop calculation [57]. Running the NNLO Wilson
coefficients down by using the solution to the RGE in NNLL approximation additionally
resums logarithms of the form o?(a,In “—V:)" In order to reduce the scale dependence
through the charm-quark mass the calculation of three-loop matrix elements containing a
charm-quark loop must be performed. So far this has only been done in the so-called large-
Bo approximation [58]. Although this approximation does not reduce the scale dependence
on L. by itself, it serves as a starting point for an interpolation of the charm-quark mass
to physical values [59]. All the above results, together with the O(a?) matrix elements for
O~ [58,60-62] were merged in [5] to produce the current final word on the perturbative
NNLO calculation of the B — X,y branching fraction for a sufficiently low cut on the
photon energy. It was demonstrated that going beyond the NLO did indeed significantly
reduce the scale dependencies (see Figure 2.4). The left plot in Figure 2.4 illustrates how
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Figure 2.4: Branching fraction (-10~%) plotted versus the variation of the low-energy scale
iy (left plot) and versus the charm-quark mass scale p. (right plot). Dotted, dashed, and
solid lines represent LO, NLO, and NNLO respectively. Plots taken from [5].

the variations of the branching fraction due to variations of the low-energy scale yu;, decrease
when going to higher orders in ag. The uncertainty due to the u. variations on the other
hand is only introduced at NLO and decreases at the NNLO (right plot). In [5] the total
uncertainty of the branching fraction due to scale variations was estimated to be 3% by
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varying the scales in a range between one half and two times their central value.

This concludes the discussion of the effective Lagrangian required for the description
of low-energy weak decays: In addition to the usual QCD and QED Lagrangian for the
quark sector it contains the effective local operators @)1, g,. Their coefficients are calculated
from the full theory to a certain order in «y. In oder to resum large logarithms they are
subsequently run down to the low-energy scale of the process by solving the RGE. Today,
these Wilson coefficients are known at NNLO through a matching at O(a?) and a running
in the NNLL approximation. However, up-to-date calculations of the B — X, branching
fraction [5] only make use of the NNLO result for C5f, while using the NLO result for
Ci..634- For a matching scale of py = 160 GeV and a low-energy scale of p, = 2.5GeV
the coefficients are explicitly given in Table 2.1. It can be seen that the current-current

G, | G | G5 | Ci | G | G | CF [ CF
1.123 | -0.272 | 0.020 | -0.048 | 0.010 | -0.060 | -0.326 | -0.184

Table 2.1: Wilson coefficients at the scale y = p, = 2.5GeV at NLO (for (4 _gg,) and
NNLO (for C£F).

operators, together with the dipole operators are dominant. The next important step will
be the calculation of the B — X, decay rate in the framework of the weak effective theory.
This will be the topic of the next section.

2.2 The Differential Decay Rate

With the derivation of the weak effective Lagrangian complete, the differential decay rate
can now be calculated by the usual methods of quantum field theory. This section discusses
these methods and gives the LO and NLO order results in the parton model.

In the rest frame, the decay rate of an initial particle 7 into a final state f can in general
be written as [29]

. 1 1 d3pf 1 A\ |2
R e 55 LTI (2.22)
where (f| represents all final state particles and the phase space integral is taken over all
final state momenta. Since the initial state is assumed to have a definite momentum a dis-
crete normalization including the factor 1/V must be used. This factor cancels after using
“Fermi’s Trick” for the square of the momentum conservation d-function. The transition
matrix 7' contains the dynamics of the scattering process.

When considering radiative B decays, the initial state is a pseudoscalar B meson. The
calculations are performed for the case of a neutral BY with a bottom quantum number
of -1 that is composed of a b and d quark. To a first approximation the light quark d
does not influence the decay of the heavy b-quark, which corresponds to the assumption
of the spectator model. In this case, the decay rate for the charged B~ ~ bu meson is
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identical to the neutral one. Deviations from this equality will be explicitly mentioned
when applicable.

The final state consists of a hadronic part with a net strangeness of -1 and a photon.
Due to confinement, the final-state quarks are bound into hadrons. In general, it is not
possible to calculate the hadronic matrix element (X! |iT|B% from first principles.
The problem is associated with the QCD coupling constant ay, that becomes large for
energy scales at the typical hadronic binding energy, thereby invalidating the perturbative
expansion. However, the situation is simplified by considering the inclusive decay rate.
This corresponds to the sum over all final states f with strangeness -1 and containing a
photon. It will be shown in Section 3.1 that the sum over hadronic matrix elements is then
equal to the sum over free quark matrix elements up to corrections proportional to the
inverse heavy-quark mass. This equality requires the assumption of quark-hadron duality.
In the free quark approximation the inclusive decay rate can be written as

d pf 1
(B — X,v) [(XParty i T d*z Log | D)2

(2.23)
where T is the time ordering symbol from the definition of the transition matrix 7" =
Texpi [ d*z L and the phase space integration is taken over all final state particle mo-
menta. At leading order in g there is only one strange-quark (and the photon) in the final
state and the transition is only mediated by the operator ()7,. The effect of the four-quark
operators (). ¢ is already included by using the effective Wilson coefficient C’é’g introduced
n (2.19). Thus, it is only necessary to calculate the first diagram in Figure 2.5 that rep-
resents the tree-level matrix element (sy|Q7,|b). This calculation can be performed by

Figure 2.5: Diagrams containing the operator ()7, contributing at LO (first diagram) and
NLO (second and third diagram).

using Feynman rules to calculate the invariant matrix element M related to the transition
matrix through (p;|iT|p;) = (27)@6*(p; —>_ ps)iMy;. For a vanishing strange-quark mass
this diagram is evaluated to

ZGF
\/_

where u;, and ug are the quark spinors and the momenta are defined in Figure 2.5. Inserting
this result into (2.23) yields the differential decay rate in the free quark approximation at
leading order in

IMEO = =L O () oy () 4 (1 + 75 (), (2.24)

GFmb

dTE (B — X)) = 1O (1 )At|2E3 dE, §(my — 2E.), (2.25)
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with the photon energy E. and the electromagnetic coupling constant v = €?/(47). As one
can see, the LO calculation yields only a d-function contribution to the photon spectrum
located at the photon energy m;/2. Of course, this is to be expected from a simple two-
body decay. There are two types of corrections to the form of the spectrum. First, there
is a smearing of the peak originating from the fact, that the b-quark is not free but bound
into a hadron. This will be the topic of Chapter 3. Second, QCD corrections from gluon
bremsstrahlung diagrams introduce a non-trivial photon spectrum, as b — syg constitutes
a three-body decay. This case will be considered now. To conclude the LO calculation, the
total LO decay rate is obtained by integrating over the photon energy which results in
2,5

TEU(B - Xin) = T8 st 2. (2.26)
Since the Wilson coefficients are real in the SM, it is not necessary to take their absolute
value squared in the above equation. However, the Wilson coefficients will always be
assumed to be complex in this work. This simplifies the generalization of the analysis to
new-physics models.

2.2.1 Next-to-Leading Order Matrix Elements

The NLO corrections to the decay rate fall into two categories. On the one hand there are
the virtual corrections (e.g., the second diagram in Figure 2.5) that contain one additional
gluon loop. On the other hand the bremsstrahlung corrections (e.g., the last diagram in
Figure 2.5) introduce an additional, non-observable gluon into the final state. At NLO
also operators other than ()7, contribute to the decay rate (for examples the diagrams in
Figure 2.6). As can be seen from Table 2.1 the Wilson coefficients of the QCD penguin

Q&/

Figure 2.6: Matrix elements containing the operators Qf and ()s,. The first two diagrams
depict virtual, the last two bremsstrahlung contributions.

operators (3. ¢ are numerically small, the corresponding diagrams will therefore be ignored.
The diagrams associated with the current-current operator () vanish as they contain a
factor involving the trace of the color matrices T*, which is zero. This leaves the matrix
elements of the operators Qf, @7, and Qs, to be calculated. In order to determine the
NLO differential decay rate the contributions of the processes b — sy and b — syg must

be added: NLO " .
dr dFVlr dF rems
= + . (2.27)
dE, dr, dr,
The virtual part is determined by squaring the sum of all relevant b — sy matrix elements
up to O(ag). This gives rise to interference terms containing different operators. The
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interference will always contain one LO (O(a?)) matrix element of Q7. together with an

NLO (O(al)) matrix element of Q1, Q7. or Qs,. Just like the LO, the virtual NLO diagrams
describe a three-body process and therefore their contribution to the spectrum is given by
a o-function. As will be shown below the virtual photon corrections to b — sg are relevant
as well.

The NLO bremsstrahlung contributions in dI'™™s/dE. are due to interferences of all
b — svg diagrams, which leads to an a suppression of the squared matrix elements. These
diagrams are responsible for the form of the photon spectrum and were first calculated
n [63]. When the contribution of the interference between the matrix elements of the
operators ); and @); to the decay rate of b — syg is denoted as F'iofems the result can be
written as [64, 65

brems brems brems brems brems brems brems

= 2.28
dE, dE, dE, dE, dE, dE, dE, '’ (228)
where all terms except the first two are completely finite and given by (for m, = 0)
2FE
drbrems — GZIN|2Pam? Cra T 2\ |2
- S o2 dz (1 — ‘1 -F(2)
dE, 3274 AT my, | 1] 2e /0 z(1-2) x/l7
2FE.
drbrems G2\ 2am) Cra, 1 T
= ® — Re (C1CE™)( draRe (1-F (2)),
dr, 3274 4T my (G / rERe
brems Re (C Cfeff* brems
™ _,, BelChCh, ) AT (2.29)
dr, Re (C1C5))  dE,
drg™  GhNPamp Cra, 1

— effx ~veff —4
dE, Sart dm oy e (O Chg) (e

1+ (£> SN (1_£)1 (1_£>

my 2E my my
Here Cr = 4/3 is the Casimir operator of the fundamental representation of the SU(3).,
e, and eg are the charges of up- and down-type quarks in units of e, z = m?/m? and
everything about the penguin function F(z) is collected in Appendix A.1. Furthermore,
the scale dependence of the Wilson coefficients and the QCD coupling «a has been dropped
for brevity and the results were C'P-averaged?

1
L=5(C+T%). (2.30)
The contribution to the spectrum due to the interference of two matrix elements of @7,
diverges for £, — my/2. This limit corresponds the emission of a soft bremsstrahlung
gluon which gives rise to an IR singularity in the fully integrated decay rate. Fortunately,
gauge invariance requires that this singularity cancels when the virtual O(ay) corrections

2Unless explicitly noted B — X, will therefore include B — Xgv as well.
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are added. Since the divergence is introduced by a phase-space integral this cancellation
takes place at the level of decay rates. In order to determine the differential decay rate
one has to first integrate the virtual and bremsstrahlung contributions, add them up and
subsequently differentiate the result with respect to the limits of integration [51]

% T brems drvirt
I(Ey) = dE ( - ),
Eo ! dE7 dEW
dU'(E,)  dI'(E)

dE, dE,

(2.31)

Eo=E,

An alternative way is to subtract the divergence in the distribution sense by the introduc-
tion of the plus distribution. 1t is defined as

froe (] o= =i o

where f(z) is a smooth test function. The spectrum is then given just by the brems-
strahlung contribution with the divergent terms replaced by plus distributions that already
include the cancellation of the divergence due to the virtual contribution. Finally, since
the virtual contributions are proportional to a d-distribution they add a constant term to
the integrated rate. For m, = 0 the NLO contribution to the differential rate due to the
the self interference of the operator ()7, (virtual + bremsstrahlung) is given by

NLO 2 2 5

- eff |2
de 3274 AT |O77|
47-(-2 /JJQ h’l(l—l') 1
X[—(5+T+21HE§)5(1—ZE)—4[ﬁ}—i__?[l_x:t— (233)
ozl

In(l—z)+7+z—22°

Y

with the shorthand notation x = 2E,/m,. The p dependence in the term proportional
to the d-function is of ultraviolet (UV) origin and was introduced by the inclusion of the
field-strength renormalization in the LO contribution of ()7,. The logarithm In(1 — z) on
the other hand is of IR origin and becomes large (but still integrable) for z — 1. There
is one more comment in order, concerning the m;} factor in the above expression. Two
of the my’s originate from the normalization of ()7, and should therefore be taken in the
same renormalization scheme as the Wilson coefficients [38], while the other three come
from on-shell external lines and therefore correspond to pole masses. For that reason the
replacement

mg — mg, polem(u)27 (234)

is implicitly assumed in (2.33). The final contribution to the NLO spectrum is due to the
interference of the operator matrix element of Qg, with itself. As in the case of I'>*™ the
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differential decay rate dI'gs™/dx diverges, now for E, — 0. This IR divergence cancels
when adding the virtual photon corrections to the process b — sg. This can once again be
considered by introducing plus distributions, but since the photon spectrum in the region
of low photon energies is of no interest here, this prescription can be immediately dropped.
This leads to [64]

drge™s  GRIMPam) Cras
dr 3274 4

e €3
1

x| (4In(1—2) =8 —4lnr) = +2(x —2)In(l —z) +8 —x — 22 + 4(x — 2) Inr|,
T

(2.35)

where only the leading terms in the strange-quark mass in r = m?/m? has been kept. This
time it can not be set to zero since this would introduce another divergence. Note, that
the appearance of the low-energy scale m, in the above result is a genuine parton-model
effect, since QCD is non-perturbative at such scales. Finally, the b-quark masses in the
prefactor are assumed to have the same form as in (2.34).

This completes the discussion of the bremsstrahlung contribution to the differential
rate at NLO. In order to calculate the integrated decay rate the remaining virtual contri-
butions must be added and the integral over the photon energy has to be performed. The
virtual contributions relevant for divergence cancellation were already calculated in [63],
the remaining ones in [51].

2.3 The Integrated Decay Rate

Apart from the photon spectrum given by the differential decay rate, also the integrated
decay rate is of phenomenological interest. Its calculation with a lower cutoff on the photon
energy will be discussed in this section.

As was demonstrated in Chapter 1 the inclusive decay rate of B — X,v is experi-
mentally only accessible for large photon energies. The branching fraction is therefore
calculated by integrating the differential decay rate only over the endpoint region

my My . Aqep

— — th § ~ : 2.
55 } wi _ (2.36)

Here E., is defined in the b-quark rest frame. Performing this integration over the )7, self

interference in (2.25) and (2.33) up to NLO yields (ms = 0)

E, e [(1 —4)

2 by 2 5 . 253
F77(5):%]C§f|2 1+CZ—:(—Zlnz(S—?ln(S%—(S((S—4)ln(5+10(5+(52—?
471'2 MQ
—5—?—21“513)]’
(2.37)
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with the first term in the round brackets being a Sudakov double logarithm. This result
makes a possible problem of partonic calculations in the endpoint region transparent.
For small values of § the logarithms become large and potentially need to be resummed
to make the perturbative expansion meaningful. For ¢ ~ Aqcp/my the logarithm will
enhance the NLO correction by a factor of ~ 2.3. As will be motivated in Section 5.2.5
the appropriate scale for a; is p ~ /Aqepmy ~ 1.5GeV which leads to ay ~ 0.375.
Overall the NLO corrections will therefore not be significantly suppressed, motivating
a resummation of the logarithms. Just like in the weak effective theory introduced in
Section 2.1, the resummation can be performed by matching onto an appropriate effective
theory and solving the RG equations. This effective theory is the soft collinear effective
theory (SCET) which will be introduced in Chapter 4.

Without resorting to SCET the photon cutoff must be chosen sufficiently low to en-
sure the applicability of the perturbative expansion. As was discussed in Section 1.3, this
requires the extrapolation of the experimental prediction, introducing new systematic un-
certainties. As a compromise a photon cutoff of Fy = 1.6 GeV is used in the literature.
This corresponds to § = (my, — 2Ey)/my ~ 0.3 and a logarithmic enhancement of the
NLO by ~ 1.2. In [5] all results discussed in this chapter were combined to calculate the
branching fraction of B — X,y with an Ey = 1.6 GeV. Due to the scale dependences dis-
cussed in Section 2.1.5 a certain value for p;, and u. had to be chosen. For central values
of uy = 2.5GeV and p, = 1.5 GeV the partial (i.e. including a cut) branching fraction is
given by

B(B — X,7)E,>1.6Gev = (3.15 £0.23) - 107* (2.38)

Apart from the error due to higher order perturbative contributions that are estimated from
the scale variations, the error estimate in (2.38) also includes the uncertainty due to the m,-
interpolation as well as parametric and non-perturbative uncertainties. In order to reduce
the dependence on the b-quark mass the branching fraction is defined by normalizing the
result for the integrated B — X, decay rate to that of the semi-leptonic decay rate [66].
Finally, in [8] the effects of the photon energy cut on the partially integrated decay rate
have been studied. This analysis yielded a lower theoretical prediction of

B(B — Xs7)E,>1.6Gev = (2.98 £0.26) - 107 (2.39)

2.4 Conclusions of this Chapter

The parton model calculation of the B — X, branching fraction discussed in this chapter
required sophisticated perturbative calculations and yields an estimate that agrees with the
experimental result within their error bars. During the course of the presentation two major
topics were noted, whose discussion was postponed to later chapters. First, it is desirable
to resum the large logarithms appearing in (2.37). This can be achieved by using SCET,
which will be introduced in Chapter 4. Second, there are non-perturbative corrections to
the photon spectrum as well as to the integrated decay rate. The next chapter will discuss
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how these non-perturbative effects influence the calculation by employing the heavy-quark
effective theory.
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Chapter 3

Heavy-Quark Effective Theory

The major topic of this Chapter will be the analysis of the hadronic matrix elements that
appear in the calculation of decay rates involving hadrons. Due to confinement it is not
possible to calculate them in an analytic way. However, by considering an inclusive decay
rate only forward scattering matrix elements between heavy-quark states are of relevance.
All details and intricacies of this matter are investigated in Section 3.1. Afterwards a
systematic way to deal with matrix elements between meson states that consist of one
heavy quark plus light degrees of freedom is presented in Section 3.2. The heavy-quark
effective theory makes use of the fact that the heavy quark only interacts softly with the
light degrees of freedom and is therefore nearly on-shell. In Section 3.3 the operators
relevant for the leading order of the B — X7 decay rate are matched onto HQET and the
resulting non-local matrix element expanded in terms of local operators. It turns out that
this expansion contains an infinite number of leading order terms that need to be resummed
into a shape function. During the course of these calculations a suitable light-cone basis
as well as the HQET trace formalism are introduced.

3.1 Hadronic Matrix Elements

One of the major “approximations” adopted in the partonic calculation of the inclusive de-
cay rate in Section 2.2 was to replace the sum over hadronic matrix elements (X4 y|iT|B)
by a sum over free quark matrix elements (XP?*y|¢T|b). It is not immediately clear that
this is a valid approximation at all, since the hadrons in the initial and final states are
in fact complex entities made out of their valence quarks, sea quarks as well as gluons,
constituting a QCD bound state. The typical binding energy for B mesons is of order
Aqcp, also called the confinement scale. Therefore the dynamics of this bound state can
not be calculated in perturbative QCD.

However, the situation is simplified for mesons that consist of a heavy and a light quark.
In this case the motion of the heavy quark is only slightly influenced by the light degrees of
freedom. It is then appropriate to calculate the decay of a free heavy quark and account for
its Fermi motion inside the hadron by convoluting the result with the momentum distri-
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bution of the heavy quark [67]. Since the heavy quark is nearly at rest (in the rest system
of the meson) the momentum distribution peaks at zero momentum, corresponding to an
on-shell heavy quark. This argument motivates the free quark approximation of the pre-
ceding Chapter. A more rigorous formulation of this statement is possible in the language
of HQET and will be considered now. As it will turn out, the free quark approximation
is the first term in an expansion in powers of the inverse heavy-quark mass. Furthermore,
the momentum distribution function will be identified with a sum over an infinite set of
leading twist operators [68,69].

So far only a method to deal with the hadronic initial state has been considered. The
final state of the matrix elements does not contain mesons with a heavy quark. Instead it
can be related to a partonic final state by considering the sum over all exclusive modes.
Starting from Equation (2.22) the decay rate can then be written as

d Py 1 hadr
(B — X,y) = QM%VtZ:/ 7 95, (Xhadry ;T BY |2

d’py 1 —_ 3.1
B TT hadr Xhadr T|B ()
= 7Bl =T | 2 [ G g X (x| 7B

Xhadr
1 1

B|T'T|B
M@vﬁl |B).

In the last step the completeness of the set of states in the large square brackets was used.
It is important to note that this set is only complete for transition matrices 7' that contain
operators with a photon field as well as the right quantum numbers to form a strange
hadron. The form of the last line of (3.1) suggests the use of the unitarity of the S-Matrix
STS =1 and therefore

T'T = 2Im T (3.2)

to further simplify the expression for the decay rate. This leads to the optical theorem

1 1 _ _
I(B— Xyy) = Wﬂlm (B|T|B)

(3.3)

= 2 Disc M(B — B),
where M is the invariant matrix element defined above Equation (2.24). It has to contain
at least a photon and a strange-quark propagator in order to contribute to B — X,v. Just
like in Section 2.2 the leading order contribution to the transition matrix can be depicted by
a diagram containing two operators (J7, (see first diagram in Figure 3.1). When considering
these diagrams it should be kept in mind that the in- and outgoing b-quark lines are in
fact not contracted with the initial and final states which are still hadronic. But there are
more subtleties related to the use of the optical theorem.

First of all it is important to note that the discontinuity prescription in (3.3) implies
the sum of all possible cuts through each diagram. However, not all cuts contribute to
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Figure 3.1: Diagrams of forwards matrix elements with cuts (depicted by dashed lines)
that contribute to B — Xy7.

B — X,y as can be seen in the second diagram in Figure 3.1. Specifically, the cut
related to the dashed line on the left of the diagram corresponds to a decay b — scc.
Therefore the the discontinuity must be replaced by a restricted discontinuity that only
sums over cuts that contain at least a photon and a strange-quark line. In such a case the
matrix element can not be represented by operator products with a single time-ordering
prescription (originating from the definition of the transition matrix 77). Instead the fields
on the in-side (i.e., the side with the ingoing b-quark) of the cut must be time-ordered
while the ones on the other side of the cut anti-time-ordered. This can be seen by going
back to Equation (3.1) and noting that it contains an adjoint transition matrix 77 which
gives rise to an anti-time-ordered operator product. Naively eliminating 7 by using the
unitarity relation (3.2) is therefore not allowed in the case of a restricted number of final
states. It is possible to systematically include the effects of not time-ordered operator
products in the path integral formalism by using the Schwinger-Keldysh approach [70]. A
concise recent discussion has been presented in [71]. The final result of this discussion can
be summarized by the simple rule that, for diagrams with a restricted set of allowed cuts,
the Feynman rules on the out-side of the cut must be complex conjugated. All this is of
course not relevant for the leading order contribution due to the operator ()7, as in that
case all cuts contribute to B — X 7.

Another important subtlety linked to the use of the optical theorem is related to the
appearance of soft particles in the final state. This is illustrated in the third diagram of
Figure 3.1. In this example the soft s-quarks are part of the final state, yet they do not
correspond to a cut propagator, since cutting an internal line puts the particles on-shell.
However, soft particles interact strongly via the strong interaction which implies that they
are far off-shell. In the actual calculation soft fields therefore remain uncontracted in the
matrix elements.

Following the arguments presented in this section so far, it was possible to eliminate
the hadronic final states from the calculation by considering the inclusive rate. The term
quark-hadron duality refers to the assumption that this rate is the same for hadronic and
partonic final states. Summing up, the B — X, decay rate can be written in the following
way. For contributions with all cuts relevant to the rate the optical theorem can be used
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to write

11 o
—_ Dise(B|T|B
2%Mp Vi isc{BI|T|B)

- 21-;43 7 Dise( Bl / d'z d'y T{L(x)L(y)}|B) (3.4)

DiSC<B|%/d4CUT{£(x)£(O>}|B>’

['(B— X,v) =

" 2iMp

where translation invariance was used in the last step. Each of the Lagrangian insertions
must contain one of the weak effective operators (for the leading power in 1/My,) presented
in (2.17) or the corresponding hermitian conjugate. Of course, additional Lagrangian inser-
tions containing QCD or QED vertices are also possible. If certain cuts do not contribute
to the rate only the restricted discontinuity may be considered which shall be written as

['(B— X,v) = ; Discrestr‘(B|3/d4x L1 (x)L£(0)|B). (3.5)
21 M, B 2

One Lagrangian insertion appears in hermitian conjugated form, since it originated from

an anti-time-ordered product of operators or, equivalently, from the adjoint transition

matrix in (3.1). The two Lagrangians can only be connected by a cut propagator. Again,

additional Lagrangian insertions are possible. They have to appear in time- or anti-time-

ordering depending on which side of the cut they are inserted.

The above discussion relates the inclusive decay rate B — X,v to a forward scattering
matrix element between hadronic states. That means that even though one has achieved
the elimination of the hadronic final states from the calculation, there is still no way to
determine the decay rate from first principles. However, as was already mentioned at the
beginning of this section the particular nature of the B-hadron allows for simplifications.
The determination of matrix elements between B-meson states does not require the use of
full QCD. Instead an effective theory implementing the fact that the heavy quark of the
meson is nearly on-shell can be used, which allows for a systematic expansion in the inverse
heavy-quark mass and which features additional symmetries. Using this EFT it will still
not be possible to actually calculate the hadronic matrix elements, but the symmetries
allow one to express the matrix elements in terms of a limited set of parameters, that are
process independent and can in principle be determined from experiment. By considering
certain ratios of observables it is therefore possible to reduce the effect of non-perturbative
physics on a calculation. The appropriate EFT is HQET and will be introduced in the
next section. As a closing remark for this chapter on hadronic matrix elements, it should
be mentioned that even though a formal expansion in 1/m, is always possible, it does not
necessarily lead to a sum of local matrix elements. In fact, it is a major objective of this
work to analyze the space-time structure of the operators in the expansion.
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3.2 Heavy-Quark Effective Theory

In the previous section the inclusive decay rate was related to a QCD forward matrix
element between B-meson states. Although it is not possible to find an exact solution for
the meson bound state in QCD, enough is known about the physical situation inside the
meson to use a simpler effective theory in place of full QCD. This theory is HQET (for a
throughout review see [4]). It is constructed to be equivalent to QCD for the case of the
special kinematical configuration present within the hadron: The B-meson consists of a
heavy b-quark (in case of the B) with a mass m, and a cloud of light quarks, anti-quarks
and gluons. These light degrees of freedom and the heavy quark form a bound state with
a typical confinement scale of O(Aqcp) which corresponds to the typical hadronic length
scale of O(1fm). The starting point for the construction of HQET is the statement that
the heavy-quark mass is much larger than the confinement scale.

my > AQCD (36)

There are two immediate consequences to this statement. First, the Compton wavelength
of the heavy quark is O(1/my, ~ 0.01fm) and therefore much smaller than the resolution
that a probe with the energy of the light degrees of freedom can achieve. It follows that in
the limit of an infinite heavy-quark mass the light partons have no information about the
flavor or the spin orientation of the heavy quark. They see the heavy quark only as a static
source for a color field. This gives rise to the spin-flavor symmetry of HQET which is a
new symmetry and not present in full QCD but only in the considered kinematic region.
As a consequence of this symmetry the decays of different mesons that contain a heavy and
a light quark can be related to each other. Equation (3.6) further implies that the heavy
quark within the meson interacts only with soft gluons and is therefore nearly on-shell. Its
momentum can thus be written as

Py = mpot + k* (3.7)

where v is the velocity of the meson and k is the residual momentum. Since the meson is
a real particle v satisfies v2 = 1 which implies that the residual momentum puts the heavy
quark off-shell due to interactions with the light degrees of freedom. The b-quark being
close to the mass-shell requires all components of k to be of O(Aqep).

The basic idea of HQET is to integrate out a part of the heavy-quark field that repre-
sents fluctuations around the mass shell. In order to do this one proceeds in the same way
as described in Section 2.1 where the heavy gauge bosons were integrated out of the SM
Lagrangian. However, since the heavy quark is still a degree of freedom of HQET it first
has to be decomposed into an on- and off-shell part. After performing the path integral
over the off-shell part the new non-local operators can be expanded in powers of 1/m.
Finally one has to determine the Wilson coefficients by matching full QCD onto the EFT.

The first step is to introduce energy projection operators P, that are defined by

_ 1+

P:I: 9 )

(3.8)
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and that satisfy the usual projection relations PZ = Py and P, P_ = (0. Using the operator
P, (P_) on an on-shell, i.e., kK = 0 (anti-)particle spinor returns the spinor itself, while the
reverse projection yields zero.

P uy(mpv) = up(myo) P_uy(myv) =0, (3.9)
P_vy(mpv) = vp(myo) , PLuy(myv) = 0. '

Consequently, if the particle is slightly off-shell the projection operators decompose the
particle spinor into large and small two-component spinors. In the rest frame of the meson
the large projection corresponds to the upper two components of the spinor u,. There-
fore the P, projection of the heavy-quark spinor only annihilates a quark while the P_
projection annihilates an anti-quark.

In order to construct the HQET Lagrangian describing B decays the b-quark field is
decomposed by using the relation P, + P_ = 1. Additionally the strongest z-dependence is
factored out. Thus, in momentum space the heavy-quark fields only depend on the residual
momentum and there is a separate field for every velocity. This is commonly indicated by
a label v on the heavy-quark field, but since only heavy quarks with a single velocity play
a role in this work, this label is dropped. This leads to

b(z) := e~ MUTY(g) = "™V T(PL 4 P)b(z) == e ™V [h(z) + H(x)]. (3.10)

The small component field H which is non-zero only for off-shell quarks is going to be
integrated out. After this decomposition the QCD Lagrangian for the heavy quark can be
written as

EQCD = B(Z@ - mb)b (3 11)
— hiv- Dh — H(iv- D + 2my)H + hilpH + Hi]ph, '
where the relations yh = h and yH = —H have been used and D* is defined through
D" = vty - D 4+ DF. Integrating out the small component field H in the path integral
formalism (entirely analogous' to the procedure in Section 2.1) introduces a new term in
the action functional which is given by

. Dh(z). (3.12)

1
’iU'D—l-me

Sep = / d*z h(z) i)

Since the strong x-dependence was factored out of the heavy-quark fields in (3.10), the
derivative acting on h is much smaller than 2m; and the above expression can be expanded
in terms of local action functionals. Up to first order in 1/m; this yields

S = / diz 2Lmb h(2) il ih(z) + O (%) | (3.13)

b

'In fact, there is one subtlety related to the appearance of the covariant derivative in the functional
determinant instead of a normal derivative. However, by choosing the axial gauge v - A = 0 the case
reduces to the one considered before [72].
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Ignoring radiative corrections, which would introduce scale dependent Wilson coefficients
for each effective operator, the HQET Lagrangian for the heavy quarks may be written
as [73,74]

w i (3.14)

- I -, = 1 - 5 1

= hiv-Dh+ Q—mbh(zD) h + 4—mthWgSG” h+ O (m_g) ,
where the field strength tensor G is defined by ig,G* = [iD*,iD"]. This Lagrangian is
equivalent to the one of QCD in the kinematic region of a slightly off-shell heavy quark.
It exhibits several interesting features. First, it is important to note that the covariant
derivatives only contain soft gluon fields, since hard fields would put the heavy quark
far off-shell, which is outside of the kinematic regime appropriate for HQET. Another
important observation is that the leading power term contains no Dirac matrices thereby
making the interaction of the heavy quark with (soft) gluons independent of its spin state.
Also there is no mass-dependence in the leading term, which implies that the Lagrangian
is the same for all heavy quarks. The spin-flavor symmetry mentioned at the beginning of
this section is therefore manifest in the HQET Lagrangian of (3.14).

At subleading power in 1/m; two new operators are introduced, given in the second
line of (3.14). The first corresponds to the kinetic energy due to the residual momentum,
while the second represents the “chromomagnetic” interaction of the heavy-quark spin with
the gluon field. The spin-flavor symmetry is therefore broken at subleading power. For
problems containing several heavy quarks at different velocity the full Lagrangian is given
by a sum of the Lagrangians like (3.14), each with the appropriate velocity. The heavy
quarks only interact by the exchange of soft gluons.

This concludes the derivation of the HQET Lagrangian for heavy quarks matched at
tree level. But in order to calculate the forward scattering matrix elements of (3.4) it is
necessary to also include the the weak effective operators of (2.18). This can in principle
be done by using the Lagrangian (2.18) instead of the pure QCD Lagrangian as starting
point, then decomposing the b-quark fields as was done in (3.10) and finally integrating
out the small component field H. However, an equivalent approach is available that lends
itself to the use as a recipe. On the classical level, integrating out a particle corresponds
to solving its equation of motion and replacing the field in the Lagrangian by the solution.
In the case of the small component field H the solution is formally given by

H(z) = (iv- D + 2my) " 'ilDh(z)
B ifp 1 (3.15)

The field H is introduced into the heavy Lagrangian only by the decomposition (3.10)
which can therefore immediately be rewritten as

mm+féu@+o(igl. (3.16)

—impv-x —impv-x
b(x) = e [h(z)+ H(z)] — e S =
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Using this replacement rule in the QCD Lagrangian (3.11) instantly yields the HQET
Lagrangian (3.14). The same replacement can be performed in the effective operators
()1..8¢- This yields an expansion of the operators in powers of 1/m;, that can be written as

=Y QY (3.17)
j=0

with j indicating the suppression of the operator by powers of 1/m; and C' representing the
Wilson coefficients from the matching onto HQET. They can be calculated perturbatively
to the desired order in a,. However, at this point it is sufficient to perform the matching
onto HQET only at tree level.

As an example the leading power contribution to the decay rate in (3.4) will be con-
sidered in the next Section. Along the way two important discoveries will be made. On
the one hand it will become apparent that an infinite amount of local operators needs to
be resummed for the leading contribution in the endpoint region. This will be a further
motivation for the introduction of another EFT, namely SCET. On the other hand the
calculation will eventually lead to the proof of the statement, that the partonic calculation
yields just the leading power of the 1/m; expansion.

3.3 Leading Power Matching and OPE

With an appropriate EFT realizing a systematic expansion in terms of a small parameter
(1/my) at hand it is now possible to consider the hadronic forward scattering matrix element
of (3.4) in more detail. The leading contribution is given by the insertion the operator Q7.
and its adjoint which leads to

_ 1 _ G2 _
(B — Xy) = T Disc<B]z‘/d4a: TF|C’77)\t\2T{Q%(x)Q77(O)}]B> : (3.18)
B
with the scale dependencies of the Wilson coefficient dropped for brevity and ()7, defined
n (2.17). Matching )7, at tree level onto HQET yields
—em —emy

Q'?"/ = 3 2b So-uu(l + 75)F/LVb =

——— 50, (1 + 75)0" A”b
7r

Hﬂm(l)]. 1)

me

—€Mny —zmbv T
472

50, (1 + 75)0" A”

Inserting the leading power matched expression for ()7, into (3.18) and using Wick’s the-
orem to contract the photon and strange-quark fields yields after some algebra

1 Gimpa

2
I'(B — X,y) = S |Cry A
- d'q - myp + 1@ — ¢ g
Disc(B 7(0)0,q" as " (1 +5)h =B
x Disc( |z/(27T> (0)ouwg (mbv—i—i@—q)Q—l-iEU 5q" (1 +s) (O)q2+25| )
(3.20)
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where the strange-quark mass is set to zero. The partial derivatives act on the heavy-
quark field and correspond to the residual momentum £ in momentum space. Due to the
derivatives in the denominator the resulting operator is non-local making it desirable to
employ an OPE. This OPE will contain operators that are suppressed by powers of 1/my,
and therefore add to the subleading contributions from the expansion of (3.19). Before the
expansion is performed the partial derivative will be replaced by a covariant derivative.
This yields the propagator in the background field of the soft gluons in the B-meson. It
will also be convenient to introduce a light-cone 4-vector-basis and decompose all momenta
of the problem in this basis. All the necessary definitions will be collected in the following
section.

3.3.1 The Light-Cone Basis

First one introduces a light-like vector n that points in the direction of the momentum of
the external photon ¢ = E,n. Another vector n is defined by the relation n +n = 2v.
The decay products other than the photon will have a large momentum component in this
direction. It is then easy to prove that

n*=0=n? n-v=1=n-wv, n-n=2. (3.21)

In the B-meson rest frame an appropriate choice for the light-cone vectors would be n* =
(1,0,0,1) and »* = (1,0,0, —1). All 4-vectors can be decomposed in this light-cone basis

x“:—ﬁ-x—l—?nw—kx’i. (3.22)

Note that by definition the external momenta of the B-meson Mpgv, the photon ¢ and the
jet Px = Mpv — q all have vanishing perpendicular components. With this basis at one’s
disposal the OPE of the s-quark propagator may proceed.

3.3.2 Calculation Continued

In order to expand the HQET operator in Equation (3.20) the propagator is rewritten in
a geometric series

myp+iD—g myp + i) —
(mpv +iD — q)2 +ie  my(my — 2E,) + myin - D+ (my — 2E,))in - D + (iD)? + ic

myf + i) — i{_ in-D  in-D (iD)?

B my(my, — 2E., + ig) my — 2E., +ic mp my(my — 2E,, + ig)

=0

(3.23)

Taking the cut forced by the discontinuity prescription in (3.20) corresponds to the replace-
ment 1/(z+ie)" — —2mi(—1)"6™(z). For E, outside the endpoint region (m,—2E., — my)
the propagator can thus be expanded in a series of singular terms with higher orders sup-
pressed by powers of 1/m;. The first term in this expansion (i = 0) yields the expected
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momentum conservation d-function of a two-body decay. At leading power in 1/m; the
decay rate in (3.20) is therefore equal to

T(B — X,7) = Fmbo‘ 1O\ 2 / *dE, B3 (BIRO)H(1 + 75)h(0)| B)o(my — 2E,)
(3.24)

where the limits of integration are set by the cuts through the leading power contribution.
Note that the axial vector part of the matrix element vanishes due to parity invariance.
Also the Dirac matrix 1 = n-v9+ii can be replaced by 1 between two heavy-quark spinors.

So far the heavy-quark expansion was realized at two different points in the calculation.
First the dipole operator ()7, was matched onto the leading power HQET operator, then
the strange-quark propagator was expanded in powers of 1/my,. In order to continue with
the systematic expansion the initial and final states must be written in an m;-independent
way. The states are mass-dependent because they are defined as eigenstates of the HQET
Lagrangian (3.14) that contains corrections of O(1/my). It is more appropriate to define
the external states as eigenstates of only the leading term in (3.14) and include the power
corrections as perturbations [75]. From now on all states are considered to be eigenstates
of the leading power HQET Lagrangian and the necessary Lagrangian insertions of higher
power to compensate for this are implicitly assumed.

By utilizing the heavy-quark symmetries, the remaining matrix element can now be
related to a universal form factor that is especially simple in the case of forward scattering.
Along with other meson form factors it was introduced by Isgur and Wise in [76]. Even
though the case at hand is simple, it is useful for future purposes to derive a systematic
way of defining form factors from HQET matrix elements. This can be done by employing
the HQET trace formalism [77,78] that is introduced in the next section. Afterwards the
calculation of the leading power contribution to B — X, is resumed.

3.3.3 The HQET Trace Formalism

Due to the complex interactions of the light degrees of freedom within the meson it is not
possible to analytically calculate hadronic matrix elements. Instead they are decomposed
into a minimal set of form factors which can then be measured or determined by numerical
calculations on a lattice [79,80]. Through the introduction of HQET it is possible to relate
many hadronic matrix elements at a certain order in the 1/m, expansion to a limited
number of form factors. The HQET trace formalism offers a systematic way to find these
relations.

An important simplification was achieved by using the eigenstates of the leading power
HQET Lagrangian as initial and final states. Ignoring the 1/m,; corrections, these states
correspond to hadrons that contain a heavy quark with infinite mass and the light degrees
of freedom. These hadrons have a well defined behavior under the spin and Lorentz trans-
formations. Their ground state can be represented by a direct spinor product u,v;, where
uy, is the heavy-quark spinor, satisfying pu,(v) = uy(v) and ©; represents the light degrees

43



of freedom which transform like an anti-quark with velocity v under Lorentz transforma-
tions. The light spinor satisfies $v;(v) = —;(v). Depending on the spin quantum numbers,
the object u,¥; has the correct transformation properties to represent the ground state of
a pseudoscalar or a vector meson state. In this work only the pseudoscalar mesons are of
interest. In terms of Dirac matrices the states can be written in a covariant way by [77,78]

M) = /M 2 (3.25)

Note that the factor /Mg enters through the relativistic normalization of the states. In
the decay rate (3.24) this factor always cancels.

Even though nothing is known about the interactions of the light degrees of freedom,
the hadronic matrix element will have a certain structure. Consider the matrix element

(B(v)|hTh|B(")), (3.26)

where the heavy-quark fields have a different velocity and I' represents a general Dirac
structure. Due to Lorentz invariance this matrix element corresponds to a spinor product
with no open indices. At leading power in HQET the heavy quarks interact with gluons
without introducing a Dirac structure at the vertex. Therefore the spinor index corre-
sponding to the heavy quark from the initial and final state is directly connected to the
spinor indices of the Dirac structure I'. The matrix element will thus contain

mij(v)f‘jk/\/lkl(v'). (327)

The open light quark spinor indices ¢ and [ can be contracted to any type of Dirac structure
that enters through the complex interactions of the light degrees of freedom. The matrix
element can therefore be written as

(B(v)|hTh|B(")) = tr [M(v)T M ()Z(v,')]. (3.28)

The Dirac matrix = can in principle depend on the scale at which the operators are renor-
malized. Since the matching to HQET is only performed at tree level here, this dependence
has been dropped.

As an example the important case I' = ~* will be considered. Since there are two
independent external vectors available, the most general form for = is given by

ZE(v,v") = Zp(v, ") + P Z1(v,0") + 9 Za(v, V") + 99 Z3(v,0"). (3.29)

Contributions containing s are not allowed due to parity invariance. Lorentz invariance
on the other hand implies that the scalar functions Z; can only depend on the product
v - o', Inserting (3.29) into (3.28) and performing the trace yields

(B(0)|my"*h|B(V')) = Mp[Eo(v-v') — Z1(v-v') — Zp(v - v') 4+ Ez(v - v')](v* + ™). (3.30)
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The expression in square brackets is the Isgur-Wise function &(v - ') [76]. It is important
to note that this function is the same for all heavy-light mesons due to the HQET flavor
symmetry. By using current conservation

/d3x h(z)y"h(x)|B(v)) = 1]B(v)), (3.31)

the normalization of the Isgur-Wise function may be determined. In the forward scattering
case v = v one finds £(1) = 1. It follows that

(B(v)|hy*h|B(v)) = 2Mpv*. (3.32)

Of course, it is immediately clear from Lorentz invariance that the forward scattering
matrix element in (3.32) is proportional to v, but the general procedure will be useful
several times later on. With the result (3.32) one is finally able to show that the decay
rate at leading power in the heavy-quark expansion corresponds to the decay rate for free
quarks. This will be done now.

3.3.4 The Leading Power and the Shape Function

The section started with the definition of the inclusive decay rate in terms of a forward scat-
tering matrix element. The operator of this matrix element was then matched onto HQET
at the leading power in 1/my,. This gave rise to a non-local HQET operator. Furthermore
the external hadron states were replaced by eigenstates of the leading power HQET La-
grangian. After expanding the operator in an OPE, the leading power local HQET matrix
element was considered and its form determined by the HQET trace formalism. Inserting
the result (3.32) into (3.24) yields

_ G2.m2 2
T(B — X.y) = 200 |0 A2 / dE, E*5(my — 2E,), (3.33)
0

274

which is equivalent to the free quark result in (2.25), just as claimed at the end of Chapter 2.
This naturally leads to the question of at what order in 1/my, corrections do appear.
To answer this question higher orders in the matching (3.19) and in the expansion (3.23)
must be considered. In addition to the matching the higher power Lagrangian insertions
compensating for the use of the leading power eigenstates are relevant. This section will
deal with the higher orders of the expansion of the propagator in (3.23).
The expansion in (3.23) was based on the 1/my, suppression of the higher order terms
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in the series. After calculating the discontinuity this expansion can be written as?

myp + i — —2m<¢_£+@)

%
(mpv +1iD — q)% + ie mp mp

. . 2
. [5(1_2137) LD (1_2E7) +1<m-0> o (1_2E7) L
my my my 2 my mp
n - D 2F D)? 2F
-2 5(1———”)+---+(Z 2&(1——i)+”l,
my mp my mp

where the second line only contains powers of the first term in the square bracket of (3.23),
while the third line contains the first power of the second and third term in (3.23). Even
though all higher powers are formally suppressed by 1/my, it is possible to assign a certain
scaling to the o-functions themselves. It follows, that in the endpoint region (2E,/m;, — 1)
all terms in the second line of (3.34) are of the same order. The concept of scaling will be
carefully introduced in Section 4.1, but here it is sufficient to note that the leading singular
terms in the second line of (3.34) are all equally important. This phenomenon is called the
breakdown of the OPE. It indicates that an HQET based local OPE is not applicable in
the kinematic region of E, — m;/2. The ad-hoc solution to this problem is to resum the
leading singular terms (corresponding to the first term in the square brackets of (3.23)) into
a so-called shape function [81,82]. This function only has support in the endpoint region
and is defined by its moment expansion under the energy integral. The resummation can
explicitly be performed by expanding the propagator (3.23) in a different way

myp + 11D — ¢ _ mpp + 1D — ¢
(mpv +1iD — q)? +ic  my(my — 2E, +in - D + ie)

« i:; {_mb( (m,—2B)in-D (iDY: )}

(3.34)

my —2E, +in-D+1ie)  my(mpy —2E, +in- D+ ic
(3.35)

Here the higher order terms in the expansion are truly suppressed and the leading power
contains the resummed terms of the second line of (3.34)

g+ — i, ip

S o (gL
(myv +iD — q)* +ie m(?é mb+mb

)[5(mb—2E7+m-D)+... . (3.36)

By inserting this result into the decay rate (3.20) suggests a definition for the leading order
shape function through

S(my — 22,) = $BI000m 2;;}; in- D)h|B) (3.37)

2In order to eliminate derivatives of d-functions the relation zd’(x) = —d(z) was used which holds for
non-singular test functions.
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However, due to the derivative in the argument of the d-function the shape function does
not correspond to a single, local HQET operator. Instead, it is a new non-perturbative
object, whose moments can be expressed in terms of HQET matrix elements. Performing
a moment expansion returns just the sum of terms in the second line of (3.34) with local
matrix elements as coefficients.

Blhh|B Blhin - Dh|B
S(my — 28,) = BIMB) 50 oy Bl DRIB) & gy
oM oM 5.38)
2Mp Mo = 2By

The first moment was already determined in the leading power calculation above and is
equal to 1. The second moment is proportional to the HQET matrix element (B|hiD*h|B)
which vanishes by applying the equation of motion iv - Dh = 0 derived from the leading
power Lagrangian [83]. The third moment requires the decomposition of the matrix element
(B|hiD"iD"h|B) in terms of form factors. This can be achieved by employing the trace
formalism of Section 3.3.3

(BIRTiD"iD"h|B) = tx [T M (g = v"")Z0 + 0/

=: Mptr { 1%7& ((g“l’—v“v ));) + ot ;\ ) 1—;7&] , (3:39)

where the HQET parameters A; and A, are related to the matrix elements of the subleading
operators in the HQET Lagrangian (3.14). When inserting these operators into the formula
above one finds

(B|h(iD)?*h|B) = 2Mp; (3.40)
__1 _
(Blh50,0,G" | B) = 6Mp)s (3.41)

which suggests the relation of A\; to the kinetic energy of the heavy quark within the
meson and Ay to the hyperfine chromomagnetic interactions. With these definitions the
third moment of the leading shape functions calculates to —\;/3 (set I' = n,n, ). Of course,
the resummation can be extended to higher orders in 1/my, for the product of the second
or third term in the square brackets of (3.23) with any power of the first term.

The shape function can be systematically derived within the framework of SCET which
introduces an appropriate power counting. This will be the topic of Section 4.3.3. There,
also corrections of higher order in oy will be considered. At the leading order in «y and
1/my, the shape function just replaces the momentum-conservation d-function in (3.33)

2 7
T(B — X,7) = GFmbO‘ 1O A2 / dE, E>S(my, — 2E,), (3.42)

where the upper limit of integration is now Mp/2, since the effects of the residual momen-
tum k are taken into account. The shape function thus encodes the form of the photon
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spectrum in the endpoint region. Since the deviation of the spectrum from the form of a
d-function is at leading order in «; related to the residual momentum of the heavy quark,
the shape function can also be interpreted as the momentum distribution function of the
heavy quark within the meson. This is analogous to the parton distribution functions in
the description of proton collisions.

Since the shape function only has support over the endpoint region, it affects the
integrated rate only if the limits of integration are in that region (e.g. by the introduction
of a lower cut Ey ~ my/2 on the photon energy). For a much larger range (Ey — 0)
the shape function might be replaced by its moment expansion, with higher orders being
suppressed by powers of 1/m,. In that case there is no need to resum the terms in (3.34).
For the contributions considered here, the terms of order 1/m; then vanish due to the
equation of motion. However, later on subleading shape functions that are also relevant
outside the endpoint region will be introduced. These subtleties are not easily analyzed
in the framework of HQET, illustrating the demand for a more appropriate EFT (SCET).
In the remainder of this chapter the higher power contributions of the local OPE are
considered.

3.4 Higher Power Corrections to the Total Rate

In the last Section it was shown that outside the endpoint region the decay rate of B — X,y
can be written as a local OPE in terms of HQET operators with the leading power term
corresponding to the free quark result. Corrections due to the expansion of the light quark
propagator did only appear at the order 1/m?. Outside the endpoint region this correction
is given by the third moment of the leading order shape function that was found to be
proportional to the HQET parameter A;. Additional contributions to the order 1/m? are
introduced by matching ()7, onto subleading HQET operators as prescribed in (3.19) and
by Lagrangian insertions. Instead of the matrix element (B |T{Q%(x)Q77(O)}|B ) the decay
rate in (3.18) will then contain matrix elements like

(BIT{Q) (2)Q%) (0)}B), (BIT{QL? (2)Q7,(0)}|B) or
(BIT{QI (2)Q7,(0) LD ()} B)  ete.

where the superscript (i) denotes the power of 1/my, suppression and Q%) and £% can be
read of from (3.19) and (3.14), respectively. Furthermore, the 1/m; term from the OPE
can be combined with any other 1/my; suppressed terms. The complete calculation was
performed in [84] and resulted in

GEmja
32mt

I'(B— X,y) = (3.43)

A — 9
Co P {1 + 1—92} |

2
2mj,

This is the final justification for the use of the free quark approximation. If the total
inclusive rate is considered, non-perturbative corrections to the free quark result only
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appear at order 1/m?. Of course, the total rate is not accessible by experiment, as was
explained in Section 1.3. Thus, a dedicated analysis of the effects in the endpoint region
is of interest.

3.5 Conclusions of this Chapter

At the end of Chapter 2 the question of how non-perturbative effects influence the calcula-
tion of the B — X,v decay rate was posed. These effects are encoded in hadronic matrix
elements. In this Chapter the heavy-quark effective theory was introduced, which made
it possible to expand the matrix elements of the inclusive decay rate in powers of 1/my,.
Each term in this expansion can be related to a limited set of HQET parameters. These
are still not analytically computable, but universal due to the heavy-quark symmetries. In
particular it was shown that the leading power contribution corresponds to the free quark
result used in Chapter 2 and that, in this framework, the corrections to the total rate
appear only at order 1/mZ. During the course of the calculation it was found that the
local OPE breaks down in the endpoint region. This was solved by the introduction of the
shape function. However, it was left open how radiative corrections affect this approach.
In order to deal with this kind of questions the shape functions must be introduced in a
more systematic way. This can be done in the framework of SCET, which will be the topic
of the next chapter.
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Chapter 4

Soft-Collinear Effective Theory

It will be the aim of this chapter to introduce SCET in the context of B — X,v in the
endpoint region and to demonstrate its advantages over the previous approaches. The
fundamental concepts of SCET are the systematic separation of the scales involved in the
problem and the implementation of an appropriate power counting. In Section 4.1 the
kinematics of B — X,v in the endpoint region are analyzed, which leads to the identifica-
tion of the relevant scales and to the scaling of the fields. Afterwards, in Section 4.2, SCET
will be put forward as the proper EFT to deal with the challenges identified in the previous
chapters. This involves the derivation of the Lagrangian up to the required order in the
power counting. In order to calculate the differential B — X,y decay rate, the leading
power SCET version of the effective heavy-to-light operator is introduced in Section 4.3
and its Wilson coefficient determined by matching QCD onto the SCET operator. This
first matching step separates physics at the hard scale from the lower scales. In a second
step, SCET is matched onto HQET thereby proving a complete separation of the different
scales for the decay rate. This factorization forms the basis of a resummation of the large
logarithms in Section 4.4.

4.1 Kinematics and Power Counting

The two preceding chapters introduced two basic concepts which are important for the
analysis of the B — X, decay rate. On the one hand a perturbative calculation was used
to determine the high-energy behavior of the particles involved. On the other hand an
expansion in powers of the inverse heavy-quark mass made it possible to systematically
deal with non-perturbative effects. However, both approaches encountered difficulties in
the endpoint region of large photon energy that were related to the smallness of the quantity
mp—2E,. While the perturbative calculation suffered from large logarithms for £, — m;/2,
the 1/m; expansion produced an infinite amount of leading order matrix elements. More
precisely, these difficulties are related to the appearance of several distinct energy scales.
First, there is the large energy scale set by the mass of the decaying meson Mp. Second,
the size of the hadronic interactions introduce the scale Aqcp. In the rest frame of the
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meson the photon momentum ¢ = E,n can be written as ¢ = (E,,0,0,—E,), where E,
is of the same order of magnitude as Mp in the endpoint region. The momentum of the
hadronic jet Py = Mpv — g then corresponds to

n n
with a large component of order Mp in the n-direction and a small component of order
Aqep in the n-direction. It will be convenient to introduce the notation

t=Mm-z,n-x,x)) = (v4,0_,2,) (4.2)

for any 4-vector decomposed in the light-cone basis of Section 3.3.1, where x, denotes
both perpendicular components. Thus, the jet has a large energy Ex = PY = Mp — E., ~
O(Mp) but a small invariant mass My = \/g = /Mp(Mp —2E,) ~ O(\/AqcpMp).
This invariant mass sets an intermediate scale, which is larger than the hadronic scale Agcp
but smaller than the hard scale Mp. Ratios of these scales are responsible for the large
logarithms in the perturbative calculation. Also, a power counting taking into account all
the different scales is necessary for a systematic expansion in a small parameter.

In order to implement the appropriate power counting, a small parameter A is intro-
duced, that parameterizes the difference between the scales by

hard: Mp,

intermediate: /AqepMp = N2Mg (4.3)
soft: AQCD = )\MB .

The parameter ) is therefore of the order! Aqep/Mp ~ 0.1. Instead of the meson mass
Mp one might also choose the heavy-quark mass m;, both of which are the same at the
leading power in A\. By using the parameter \, different momenta may be classified by their
scaling properties. A momentum component is said to scale like A when its magnitude is
of order Amy,. In the context of B — X, in the endpoint the following momentum regions
are of relevance.

hard (h): (py,p—,p1) ~ (1,1,1)
hard-collinear (2) (p4sp—,p1) ~ (N, 1,22 (4.4)
): (propo,pi) ~ (LA
)i (pp—sp1) ~ (

anti-hard-collinear (hc
(

soft

S P+,P—,pP1L) "~ )‘7)‘7)‘)

Unfortunately the naming is not consistent in the literature. Especially in the earlier
works [7,85] soft momenta were often referred to as ultrasoft, while hard-collinear were
called collinear. The different momentum modes will now be discussed.

In the case of B — X, hard momenta will appear in virtual corrections to the heavy-
to-light operators. As was discussed in Section 3.2 the large part of the heavy-quark

I'Note, that in the literature ) is sometimes defined as VAqcp/Mp.

51



momentum myv is extracted and only the soft residual momentum k& remains dynamical.
In the endpoint region, the partons making up the final state jet can only have a large
momentum component in the primary direction n of the jet momentum (hence the name
“collinear”), but are allowed to have small components in the other directions. In the case
of a two-body decay of an on-shell heavy quark, the small components vanish. Their origin
is therefore dynamical. In order to guarantee the scaling of the invariant mass of the jet,
the small components scale as given in (4.4). Soft particles do not change the scaling of
either the invariant mass or the jet energy and can therefore also be part of the final state.
Furthermore, soft interactions are responsible for the binding of the initial state partons
into a hadron. The only particle in the final state with a large momentum component in
the n-direction may be the photon, but intermediate fields can be anti-hard-collinear as
well.

The basic idea of the soft collinear effective theory is to introduce separate fields for
each necessary momentum mode and then integrate out the modes at the perturbative
scales, namely hard fluctuations as well as fluctuations around the light-cone of the hard-
collinear particles. SCET therefore separates physics at the hard scale from the physics
at the intermediate or lower scale. As will be shown, this additional matching step (in
addition to the matching onto HQET) allows for the resummation of the large logarithms
that appear in the free parton calculation. Furthermore, since all scales are identified and
parameterized by A, the power counting is definite and there will be no need to explicitly
resum an infinite amount of leading order operators as was the case in HQET.

A priori it is not clear that the momentum modes defined in (4.4) are sufficient to
describe B — X,v. The requirement is, that the fields of SCET reproduce the correct
infrared behavior of the considered QCD processes. The decomposition of an QCD am-
plitude into the relevant momentum regions corresponds to an analysis using the method
of regions [86]. Depending on the problem, certain momentum modes do not contribute
due to the appearance of scaleless integrals. It turns out that the momentum modes of
(4.4) are indeed sufficient for inclusive decays. The effective theory containing only hard-
collinear and soft modes is called SCET-I. The inclusion of anti-hard-collinear modes leads
to SCET (hc,hc,s) which corresponds to the sum of two SCET-I with interchanged light-
cone directions n and n. The two sectors are connected when matching QCD diagrams
onto SCET operators. In the case of exclusive decays, a new momentum mode becomes
important. The collinear mode (c) describes the partons inside the hadron with an in-
variant mass of O(Aqcp) and scales like (A\?,1,\) [87,88]. After matching SCET (hc,c,s)
onto a theory containing only collinear and soft modes one arrives at SCET-II. In addition,
this theory contains soft-collinear messenger modes (i.e. modes not appearing as external
states) with a scaling of (A%, A\, A*/2) [89]. Since this work only deals with inclusive decays,
SCET-1 is the relevant EFT and will henceforth just be referred to as SCET. The following
Section will review the derivation of the SCET Lagrangian for inclusive decays.
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4.2 Soft-Collinear Effective Theory

The soft-collinear effective theory was first introduced in [6] to solve the problem of large
logarithms in the perturbative calculation of B — X,v. This presentation will make use of
the position-space formalism presented in [85]. Since the theory is constructed to contain
only hard-collinear and soft momentum modes, the QCD fields are decomposed as

(@) = ¥ie(z) + q(2) (4.5)
where the fields are defined by the scaling of their momenta
O"tyc(@) ~ (A LA ge(2)  and - 0"q(x) ~ (A, X N)g(). (4.6)

In analogy to the decomposition of the heavy-quark field in HQET, the hard-collinear fields
can be decomposed into a large and a small two-component spinor. This time, the small
component vanishes if the spinor describes a particle that is exactly on the light-cone. The
hard-collinear particles of the final state jet have a large momentum component in one
light-cone direction and small components in the other directions and are therefore nearly
on the light-cone. The appropriate projection operators are

It ih
P, = i and P, = ik (4.7)

which satisfy P,u(p;n) = 0 and P,u(p_n) = u(p_n) for spinors of light-like particles and
correspondingly for P;. As projection operators they furthermore satisfy P, + P, = 1
which leads to the following decomposition for hard-collinear fields

whc(x) = Pn¢hc($) + Pﬁwhc(aj) = S(QE) + 77('7:) ) (48)

with the decomposed fields satisfying #¢ = 0 and in = 0. By calculating the propagator
it is possible to assign a certain scaling to the fields themselves.

0|T{¢(2)é(y)}]0) = P, (0T B0 P — [P ID ey (g
OITE@EWHO) = PuOIT{tnela)ihcl)}0) P = [ 5 Bl e a)
Since by definition p is a hard-collinear momentum the integrals over the various compo-
nents scales like dnp dinp dp! dp% ~ \2. The right hand side of (4.9) therefore scales like A
which implies that £ ~ A/2. A similar consideration leads to the scaling properties of the
remaining fermion fields, where one has to keep in mind that the integration measure for
soft integrals scales like A*. Summing up, one finds

E~AN2 p~ X and g~ N2 (4.10)

The gluon fields are decomposed in an analogous way A*(z) = A} (x) + AF(z). Their
scaling can be determined by contracting the gluon propagator in a general gauge with the
light-cone vectors n and n. One finds

A~ (N1 AY2) and AR ~ (0N, (4.11)
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which implies that the gluon fields scale just like their momenta. With these fields scalings
it is possible to assign a definite scaling to every operator made out of the effective theory
fields.

In order to describe the B — X, process in the language of SCET it is necessary to
determine the Lagrangian for the EFT fields. This is done by using the QCD Lagrangian
as a starting point and then decomposing the QCD fields into the SCET fields by using
(4.5) and (4.8). This leads to

Lscpr =& = in- DE+EiPin+ Eghneg +NilP L€
(4.12)

IS NS

+ 1] 5 i DN+ 719 Aneq + 49 AneE + 49 Anen + 15,
where where g is the strong coupling and Dy = 0 — igA, is the covariant derivative con-
taining only a soft gluon field. Vertices with only one hard-collinear field are forbidden
by momentum conservation. In a next step, the fluctuations around the light-cone n are
integrated out by solving the classical equation of motion in analogy to the procedure em-
ployed in the derivation of the HQET Lagrangian in Section 3.2. The solution is formally
given by
— L %(D 4.13
i Dric2 iD1 &+ gAnq). (4.13)
In contrast to the derivation of the HQET Lagrangian it is not possible to expand the
inverse covariant derivative in the case of SCET. This gives rise to non-local operators in the
Lagrangian and necessitates the inclusion of the +ic prescription to regularize the inverse
derivative. This regularization by +ie is arbitrary and drops out in physical quantities [85].
After integrating out the n-field the Lagrangian becomes

’]”:

ACSCET = Eg + Eq + ,ng

co=ehinpe-gip, 1 Mip.e

- ) 1 (4.14)
L,=qilDsq — quhcmggAhcq

Leg=¢ (gAhc — iy ! Dggﬂhc) q+q <9Ahc - gAhcml' D%Uh) £,

mn -

where the +ie prescription has been dropped for brevity. From the field scalings in (4.10)
and (4.11) it follows that the kinetic part of the hard-collinear Lagrangian L¢ scales like
A2. Since a position space integral i d*z over an operator that contains at least one hard-
collinear field scales like A=2 the action is of order A\° and thereby contributes to the leading
power term. Similarly, the kinetic part of the soft Lagrangian scales like A* which is again
canceled in the action by the integral over soft fields. The interaction terms do not scale
homogeneously in general and need to be expanded. Specifically, the hard-collinear-soft
interaction terms only give rise to subleading contributions starting at O(\!/?).
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It should be noted that a Lagrangian derived by the steps above is formally equiva-
lent to QCD as long as the fields are not restricted to a certain momentum region. As
a consequence, hard fluctuations do not introduce new operators or change any of the
operator coefficients. This no-renormalization property has been discussed in [85]. The
situation changes with the introduction of the heavy-to-light operators of the weak effec-
tive Lagrangian, which constitute a source for the hard-collinear particles. In that case
it is necessary to match the QCD operators onto the SCET operators, order by order in
the power counting. These SCET operators of each order are determined by the replace-
ments (4.5) and (4.8) in the QCD operators. However, before explicitly performing the
matching, some comments concerning the behavior of the SCET Lagrangian under gauge
transformations are in order.

4.2.1 Gauge Transformations and Wilson Lines

With the introduction of separate hard-collinear and soft gluon fields, the Lagrangian is
no longer invariant under general SU(3). gauge transformations. Instead separate hard-
collinear and soft gauge transformations are introduced that do not change the scaling of
the transformed fields. The transformations are defined by the scaling of their derivatives
OUpe ~ (A, 1, \"Y2)Upe and 90U, ~ (A, A\, A\)Us [12]. From this it is clear that the soft
fields do not transform under hard-collinear gauge transformations but transform in the
usual way under soft gauge transformations. The hard-collinear fields on the other hand
transform under soft as well as hard-collinear gauge transformations. The transformations
are given by

¢S U, €SUL A S UAU + 2U[0,U1],  Ape = UdAnUl,
g @' (4.15)
03 g €S ULE A AL Awe S UneAnUf, + gUhc [D,, U] ).

By definition, the kinetic terms of the Lagrangian (4.14) are manifestly invariant under
these transformation. However, the invariance is not obvious for the interaction terms.
This can be remedied by the introduction of Wilson lines. Of relevance are the Wilson line

W and the soft Wilson line S defined by

W(z) = Pexp (ig /0 dtﬁ~A(m+tﬁ)) : (4.16)

S(x) =Pexp (ig /Zodm - Ag(r + tﬁ)) : (4.17)

where the gluon field A contains hard-collinear as well as soft modes and P is the path
ordering symbol that sorts the gluon fields closer to the lower limit of the integration to
the right. By definition the covariant derivative acting only on the Wilson line vanishes
(nDW) = 0 and (nD4S) = 0 which implies the important relations

n-DW=Wn-0 and n-DsS=Sn-0 (4.18)
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where the covariant derivative is also acting on everything on the right of the Wilson line.
Their behavior under gauge transformations is given by

hc

W(x) > U)W (x), S(x) > Uylx)S(z), W(x) L Une(2)W (z), S(x) — S(x),
(4.19)
where it is assumed that the gauge transformations do not change the fields at infinity,
U(z — noo) = 1. With the help of these Wilson lines it is now possible to write down
the SCET Lagrangian (4.14) in a manifestly gauge invariant form [85]. However, the
Wilson line W contains the soft gluon field and therefore generates an infinite sum of terms
with increasing power in A. In order to determine the SCET Lagrangian as a systematic
expansion in terms of A\ the Wilson line must be expanded?. The leading power in that
expansion is just the hard-collinear Wilson line W,

W () = Whe() + O(N),

0
Whe(z) = Pexp (@g/ dtn - Ape(z + tﬁ)) . (4.20)
But there are more terms in the Lagrangian (4.14) that do not scale homogeneously in A
and that therefore need to be expanded.

4.2.2 Expansion and Lagrangian

First it is necessary to expand each vector field in terms of their components. In addition,
the soft fields in interaction terms with hard-collinear fields need to be multipole expanded
[90]. This is because the hard-collinear fields vary much faster in the light-cone direction n
and in the perpendicular direction than the soft field. It follows that the position argument
x scales like (1, A\™', A/2) and the soft field must be expanded in

(J(iL') — e:caq<0) _ en-xﬁ-@/?—i—xLaLeﬁ'xn'8/2q<0)

1 1 4.21
= <1+1'J_'8J_+571'9371'84‘§$i$liauay+0()\3/2)> q(z_), (4.21)

where x_ = Zn - x and the derivative is taken before one sets x = x_. The complete
expansion has been performed up to O(A?) in [85] and the full Lagrangian is given there.
In this work only the leading power Lagrangian is of relevance as well as the first power of
the hard-collinear-soft interactions. They are given by

© _ g - . it
Lycpr =§ 9 in- D&+ 52lpthm Dh. iDnet 257 (4.22)

521) = &iDnes Whe + qW; i PrcL &,

where it is implied that all soft fields are evaluated at the position x_. These terms are
invariant under hard-collinear and soft gauge transformations at this order in the power

2Note that the soft Wilson line is of order A° due to the scaling of the integration measure dt.
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counting, i.e., gauge transformations leave the Lagrangian invariant up to higher power
terms. It is convenient to introduce gauge invariant building blocks through [87]

ghc = Wgc€7 ﬁc = Wgc(iD}lchhC)7 ZD}}fc = W}J{ciDﬁcWhC = z@“ + Aﬁc ’ (423)

where the brackets indicate that the derivative is only acting on the arguments within the
brackets. From the definition of the hard-collinear Wilson line follows that 7 - A,. = 0.
This object therefore scales like (), 0, A=%/2). The scaling of the hard-collinear quark field
&ne 18 not changed. With these definitions the vertex of a hard-collinear gluon with a
hard-collinear and soft quark can be written as

‘CSJ) = ghCAhcq + QAhcfhc 5 (424)

which is manifestly gauge invariant at this order.

The Lagrangian (4.14) describes the QCD dynamics of hard-collinear and soft particles.
This would be sufficient for the analysis of B — X,v if the photon was only created at
the weak interaction vertices. Since by definition the jet only contains hard-collinear and
soft particles (otherwise the invariant mass would not be small) no interactions containing
anti-hard-collinear particles would be required. However, at subleading power anti-hard-
collinear particles can be created at the weak interaction vertex, which are subsequently
converted into a photon. For this conversion it is necessary to introduce the SCET La-
grangian for anti-hard-collinear particles. Its derivation proceeds in exactly the same way
as the derivation of the SCET (hc,s) Lagrangian presented above, except that every n and
n are interchanged. The field £ will always refer to the large spinor components with an
added label n or n to indicate the large momentum component. From the definition of the
projection operators (4.7) then follows that 7 & = 0. Also the gauge invariant building
blocks & and Aﬁ? are defined analogously to (4.23) by using Wilson lines along the n
direction

e =Wién, AL =WLGEDEWE). (4.25)

In order to implement the photon conversions, the covariant derivatives will also contain
the photon field D = 0 —igA — e,eA°™. Since the photon is a real particle that moves in
the n-direction only the perpendicular component of the photon field is non-zero and scales
like A'/2. The complete SCET (hc,hc,s) Lagrangian is given by the sum of the SCET (hc,s)
and SCET(hc,s) Lagrangians. The mixing between the sectors will be considered when
matching the weak effective operators from QCD onto SCET.

Although not required in this work, it is mentioned for completeness that the pure
gluonic part of QCD can be matched onto SCET in an analogous way [90]. The gluon fields
are split into their hard-collinear and soft components with each of the sectors looking the
same as in QCD. Interaction terms between the two sectors are restricted by momentum
conservation. In the next section the matching of the weak effective operators onto SCET
will be performed at leading power in A\. This will lead to an expression, in which the
physics of the different scales (4.3) are factorized.
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4.3 Factorization at Leading Power

In order to demonstrate the factorization of the differential decay rate, the following steps
will be performed. First the effective heavy-to-light operator is matched onto the corre-
sponding SCET operator. Then the differential decay rate is calculated and the emerging
non-local operator decomposed into two parts, one of which can be calculated perturba-
tively the other corresponding to an HQET matrix element. Both matching steps can in
principle be performed at any order in « at the appropriate scale.

4.3.1 Tree Level Matching

The leading power operator contributing to B — X, is derived from Q. given in (2.17).
In order to determine onto which SCET operator ()7, matches exactly, the hard-collinear
strange-quark field is decomposed by using Equation (4.8) which at leading power corre-
sponds to the replacement s — &, + O()\). Furthermore the field-strength tensor needs to
be expanded, leading to

i

2

—em, —emy - . em
Qry = ——5- 50, F™ (1 — 35)b — ST;gnz n-OA(1 = v5)b+ O(N), (4.26)

8

where 7, is once again the running b-quark mass in the MS scheme (see Section 2.2.1). In
a second matching step the decay rate will be expressed in terms of a pure HQET matrix
element. Thus the b-quark field needs to be replaced by the heavy-quark field A defined in
(3.10).

Since the large component of a hard-collinear gluon field scales like \°, an arbitrary
number of them can be added to any QCD diagram without changing the scaling of that
contribution. The effective theory can describe situations where the hard-collinear gluon
is emitted from another hard-collinear line. However, when the gluon is emitted from the
heavy-quark field, it puts the heavy quark far off-shell (see left diagram in Figure 4.1).
These modes are integrated out of the effective theory, which gives rise to an effective

Figure 4.1: Tree-level matching of an heavy-to-light operator. The resummation into
a Wilson line includes all gluon permutations in the QCD diagram. The double line
corresponds to a heavy-quark field.

operator that emits any number of hard-collinear gluons (right diagram in Figure 4.1).
The gluon emissions can be resummed into an eikonal form which just corresponds to the
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hard-collinear Wilson line of (4.20). This Wilson line appears to the left of the heavy-quark
field, but since it commutes with the photon field, it can be absorbed into the hard-collinear
field &, to yield the gauge invariant quantity &,.. Therefore the sum of all hard-collinear
gluon emissions was necessary to generate a gauge invariant operator. At tree level in the
strong interaction the operator ()7, therefore matches onto the SCET operator

Q) = 0 i (a)il -0 A (@) (1)), (4.27)
where the soft field A was multipole expanded as in (4.21) and the superscript (i) on
an operator indicates the suppression in powers of A2 compared to the leading power.
When calculating amplitudes containing a heavy-quark field, it is necessary to add the
HQET Lagrangian (3.14) to the effective theory Lagrangian of SCET (hc,hc,s). Due to
momentum conservation the HQET Lagrangian only contains soft covariant derivatives
D,. Also, effective operators connecting two or more collinear gluons to the heavy-quark
field are not allowed in an effective theory describing the decay of a B-meson into collinear
particles [85]. This concludes the tree level matching. Next the effect of virtual corrections
will be considered.

4.3.2 Loop Level Matching
Another way to describe the matching performed above is to say that at the tree level
the Wilson coefficient of the leading power SCET operator Qg(,)y) is just C’?if. At the loop

level all QCD diagrams that match onto Q(;;) (e.g. the first diagram in Figure 4.2) need to
be calculated and expanded in powers of A. The difference to the corresponding effective

he

Figure 4.2: At loop level the QCD operator ()7, (on the left) matches onto the SCET
diagrams on the right. The gluons in the second and third diagram on the left are soft and
hard-collinear, respectively.

theory diagrams (e.g. the other diagrams in Figure 4.2) is accounted for by the Wilson

coefficient. In the literature the matching of )7, onto Q&? is associated with a Wilson
coefficient Cqy [7] (not to be confused with the Wilson coefficients of the weak effective
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Lagrangian). By evaluating the diagrams in Figure 4.2 this coefficient is calculated to

s n-P
Cg(ﬁ‘P,,U,)Il—M 212 " — 7l T gl T
dm Ju Iz my
n-P n-P n-P 2
o op” +2L12(1—" >+7T—+6,
my my Ty 12

(4.28)

where P is the sum of all hard-collinear momenta and p is the matching scale which must
be of the order of the hard scale m; to keep the logarithms small. The Wilson coefficient
depends on the hard-collinear momentum since its large component is of the same order
as the hard momenta. It was proven in [7] that gauge invariance requires the Wilson
coefficients to depend only on the sum of all hard-collinear momenta instead of each one
separately. If the light quark is the only hard-collinear particle in the process, n- P is equal
to my at leading power. Since the Wilson coefficient depends on a momentum that still
appears in the matrix element, the terms of the effective Lagrangian need to be represented
by a convolution in position space

G -
L&pr, o = NS / dt Co(t, 1) QY) ( +t7) + ..., (4.29)

where Cy(t, 1) is the Fourier transform of Co(7i - P, 1), C$ was defined in Section 2.1.5 and

the ellipses denote terms originating from other QCD operators that match onto Q(ﬁy). Due
to these terms the complete matching coefficient is given by a sum of products of the weak
effective Wilson coefficients C; and the Wilson coefficients of the matching of QCD onto
the SCET operators from [7]. This gives rise to the hard function H. which is given by [13]

T Cp()és(/lh) o My my 7 2
H — (¢ 1 + —_ —21 — 4+ (ln— — 6 — —
’Y(lulh> 077 <,uh> |: 1 " ,uh " Mh 6 12

Cras(pn) 8 my 11 27% 27

eff F

Vol A B WL L 4.

+ Cgy (11n) . ( 1 w3 5 3 (4.30)
Cras(pp) (104, my

+ Cy(up) g 5 In T + 9(2) +ecxm(g(0) — g(2)] | ,

where n - P = m; was used, the matching scale was set to the hard scale u, ~ m; and
g(z) is related to the penguin function (see Appendix A.1) with z = m?/m?. Furthermore
some small corrections were dropped for brevity and can be taken from Reference [13]. The
parameter eckxy contains a weak phase from the CKM matrix elements that will become
important in Chapter 8. Today, the hard function has been explicitly calculated at one
loop order and its two loop result has been deduced in [8]. It encodes the effects from hard
fluctuations which have been integrated out, while the effective theory reproduces the IR

behavior of QCD.
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Matching QCD onto SCET was only the first step. In order to achieve a complete
separation of scales a second matching step (onto HQET') at a different scale is necessary.
The result of this first matching step can be given in terms of the leading power effective
Lagrangian mediating the decay B — X,y

G
Liler, o = g A (1)QF) (@), (431)

where the operator Q;g) is renormalized at the scale pi5. This Lagrangian, together with the
SCET (4.14) and HQET (3.14) Lagrangians is sufficient to describe B — X7 at leading
power. It will now be used for the calculation of the decay rate.

4.3.3 The Factorization Formula

With the leading power SCET operator at hand, the decay rate for B — X,y will be
calculated for the third time. Due to the systematic power counting of SCET the calcula-
tion will naturally lead to the non-local matrix element of Section 3.3.4. Furthermore, the
calculation will explicitly demonstrate how the decay rate factorizes into parts, that each
contain the physics at a certain scale. This will eventually lead to the resummation of the
large logarithms encountered in the partonic calculation. The calculation will once again
start from Equation (3.4). The leading power (and leading order in «y) contribution is

made up of two operators Qgg) and is illustrated on the left of Figure 4.3. Since cutting the

4

Figure 4.3: Leading power contribution to B — X,vy. The left diagram represents the
product of SCET operators, while the right diagram depicts the space-time structure of
the HQET operator (see text).

photon line does not affect the calculation of the hadronic matrix element, the diagrams
will always be drawn with the photon propagator already cut. Here and in the following
heavy-quark lines will always be indicated by a double line, while light quarks correspond
to single lines. After evaluating the vacuum matrix element of the time-ordered product
of photon fields and taking the residue of the photon propagator pole one arrives at

dl 1 Gimi(p)a ) 1
= H 3 —-=
JE, " 2, 4w UM ”( 7r)

x Im <Bli/d4fv e DI { R )7 (1 = 5)&ne()€nc(0)7Lu(1 = 75) R (0)}] B).

(4.32)

As there are no hard-collinear particles in the initial or final state, the time-ordered product
of the two hard-collinear fields can be perturbatively evaluated between vacuum states.
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However, at higher orders in a, there can be soft gluon interactions between the heavy
and hard-collinear lines, making this separate calculation impossible. The solution to this
problem is to introduce “sterile” fields with the help of the soft Wilson line in (4.17). One
defines

ne(®) = 5u(22)8 (1), Ah(2) = Su(a-) A (2)S](z-) (4.33)
where the label n was added to the soft Wilson line in order to distinguish it from S which
is used in the definition of anti-hard-collinear sterile fields. By using Equation (4.18) it
is easy to see that after the introduction of sterile fields the Lagrangian (4.14) no longer
mediates soft gluon emissions from hard-collinear particles. This decoupling transformation
is the basis for an all order factorization proof of the leading power B — X,v decay rate.
The hard-collinear part of the calculation can be separated from the soft part and since
the typical hard-collinear scale is larger than Aqcp it can be perturbatively calculated.
This factorization was already proven in [11], but the effective theory approach [12] makes
the procedure more transparent. Formally the hard-collinear physics are encoded in the
so-called jet function J that can be defined as

QTG O =i [ S5 D pT e (4.31)

where () is the interacting vacuum and the Dirac structure is determined by the hard-
collinear propagator. Inserting this into (4.32) and evaluating the Dirac structures leads
to

dl 1 GEmi(u)a 1
- i 23 (=
aE o, 2w (WA V( w)

X Im Ao ﬂei(mv—q—p)xﬁ. 2\ / 1 7 . _
: U s [ @) p T (5 (BIT{RS,] _>[Sih]<o>}|3>} ,

(4.35)

where once again parity invariance was used to eliminate the axial vector part. By using
the transformations

[7S,] (gﬁx) :/dt(s(”QJ—t) [hS,](tn) = /dwe /;lfr e [hS,](tn), (4.36)

it is possible to perform the z and p integrations in (4.35) which leads to

dr 1 GZmi(u)a 1
= H()MPE? [ —=
iE, "o, 2w WA 7( 77)

x Tm {/dwmb\j(mb(mb_ZE’Y_'_w))/

o (4.37)

S BRSSO

where the time-ordering symbol was dropped since the HQET fields only create and destroy
quarks and their ordering is already dictated by the propagator. It is now useful to define
the leading power shape function by

5@ = gap- [ 52 ¢ “BIRS,I(En)[SIH0)IB). (4.38)
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The product of the soft Wilson lines S,,(tn)S}(0) = [tn,0] is a straight line segment con-
necting the points tn and 0, with gauge fields closer to the point tn standing to the left
of those closer to 0. This finite Wilson line guarantees gauge invariance of the non-local
operator. The HQET operator is depicted on the right of Figure 4.3 with a dashed line
indicating the finite Wilson line. By taking the complex conjugate of the shape function
and using translational invariance, one can show that the shape function is real. Thus the
imaginary part prescription in (4.37) only acts on the jet function J which suggests the
definition of a new quantity J that will from now on be called jet function

1
J(p®) = ——Im J(p?). (4.39)
This leads to the fully factorized expression for the leading power differential B — X,y
decay rate
A

H, ()M E? / dwmy J(ma(ps +w)S@),  (4.40)

—P+

dl' _ GEmj(p)e
dE, 27t

where A = Mg — my; and p+ = my — 2E,. The lower limit of integration is derived from
the start of the branch cut (or pole in case of a single particle jet) of the jet function in
the complex p?-plane. The upper limit on the other hand follows from the definition of
w=mn-kand

n-Pg>n-pps Mg >my+w, (441)

where Pg and pj, are the B-meson and b-quark momenta, respectively. At leading power, A
can be set to zero. The shape function defined in (4.38) corresponds to the shape function
of Section 3.3.4 which can be shown explicitly by using Equation (4.18) and S,,(0)S! (0) =
and by writing

[ s BImsensipo)1B) ~ ;ﬁ e BRS, ) (0)e t"g[S*h1<0>|B>

2m (4.42)
— (Bh(0) 8(w — n - D)h(

which is equal to the earlier definition by translation invariance. However, this time the

shape function arose naturally at leading power in the expansion in A and no resummation

of terms was required. Furthermore, the extension to higher orders in ay is well defined.

The problem posed in the conclusions of Chapter 3 is therefore solved.

The factorization formula (4.40) can also be used to solve the issue of the large log-
arithms encountered in the partonic calculation. They appeared because not all relevant
scales were separated and their ratios could generate large numbers. With the factoriza-
tion formula at hand, it is now possible to calculate the matching coefficients each at their
natural scale and subsequently evolve them to a common scale by using the renormaliza-
tion group equations. The matching of the hard functions at the hard scale was already
discussed above in Section 4.3.2. The matching of the jet function will be the next topic.
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4.3.4 Matching the Jet Function

At tree level, the jet function J is related to the propagator of the hard-collinear particle.
Taking the imaginary part, the jet function J is calculated to

S (my(py +w)) = 6(mp(py +w)). (4.43)

Inserting this into the decay rate (4.40) leads to the leading power and leading order
expression already derived in Section 3.3.4. At NLO the usual procedure is applied of
calculating full theory diagrams (in this case SCET) as well as effective theory diagrams
(HQET) and absorbing the differences into the Wilson coefficients, i.e., the jet function.
The relevant diagrams are given in Figure 4.4. Once again, HQET reproduces the IR

Figure 4.4: NLO matching of the SCET decay rate onto HQET. The mirror of the second
diagram is not shown.

behavior of the full theory. This particularly includes the soft gluon corrections to the
SCET diagrams [1]. The NLO calculation has been performed in [1,91] and leads to the
renormalized jet function

my, J(my(py +w), ;) = 0(py + w) [1 1 CFZ—;(W) (7- ﬁ)}
n Cras (i) { 1 (4 In my(p+ +w) 3)} g /]
p

47 +t+w w?

(4.44)

*

that was matched at the intermediate scale p;. The star distributions are generalized
plus distributions (compare Section 2.2.1) and were introduced in [92]. Note, that if the
logarithm in (4.44) is evaluated at a soft scale y; ~ p, it relates to the problematic large
logarithms of Equation (2.33). It is an advantage of the factorization that the scale y; can
be set to the more appropriate value of O(y/Aqcpmy). Just like the hard functions, the jet
functions are known at two-loop order [93]. After performing the two matching steps and
separating all the scales of the problem it is now possible to determine the RG running of
the quantities involved in the calculation. This will be the topic of the next Section.

4.4 Renormalization Group Running

Although somewhat outside the main line of this work, the procedure of resumming the
large logarithms will be briefly reviewed in order to further motivate the usage of the
effective theory. So far the decay rate has been factorized into three components, that
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each encode the physics at a certain scale. In the first matching step from QCD to SCET
the hard function H., appeared as the Wilson coefficient. If the matching is performed at
the hard scale p;, ~ my it contains no large logarithms and the one-loop result is given in
(4.30). The second matching step from SCET onto non-local HQET operators needs to
be performed at the intermediate scale p; ~ \/Aqcpmy, where the logarithms are again
small. This leads to the one-loop result in (4.44). The typical scale of the remaining
soft matrix element is of order Aqcp. Thus, it can not be calculated perturbatively but
must be modeled [2] and the model parameters related to experimental quantities. As was
discussed in Section 3.3.4 the leading power shape function can be extracted from the form
of the photon spectrum. The modeling must be performed at the soft scale j1o ~ Agcep.
By using the RG equations the three results can be evolved to a common scale (compare
Section 2.1.3), which cancels the dependence of the decay rate on the hard and intermediate
scales. Explicitly one proceeds as follows. First the hard function is determined at the
hard scale and evolved down to the intermediate scale by solving

d
dln p

Hy(n-p,p) =0 p, ) Hy (- p, ), (4.45)

where 7, is the anomalous dimension of the heavy-to-light SCET current. Due to the simple
Dirac structure of the leading power SCET Lagrangian (4.14) the anomalous dimension is
the same for all type of Dirac structures in the current. Next one starts with a model of
the shape function at the soft scale and evolves it up to the intermediate scale by solving
the integro-differential evolution equation

d / / /
ms(wa :u) - _/dw VS(("}’W ,IU)S(W 7:U’) (446)

Since the shape function is related to a non-local operator it is renormalized by a convolu-
tion, instead of multiplicatively.

The anomalous dimension v; can be determined from the singularities of the diagrams
on the right of Figure 4.2 (in addition to the diagrams necessary to calculate the field-
strength renormalization). At the leading order it can be written as [7,94]

Cras L 5

_ _ 2 / _ o _ 9
Yi(n-p,p) = Fcusp(as)ln_ﬁ‘p + 7 (as) - < n—ﬁ_p 4) +..., (4.47)

where I'cyp is the universal cusp anomalous dimension governing the UV singularities of
Wilson lines with light-like segments [95]. Therefore the solution to the RG equation is
given by

_ as(mi) gy n-p @ do/ ~
Ho (R~ p. ;) = ex 22 (@) (2 ()| 5 (7 - p,
) e [ o) (022~ » ) @] o)
(4.48)

where () is the QCD S-function. The cusp anomalous dimension has so far been derived
up to three-loop order [96], while a conjecture for the two-loop expression of 4’ has been
suggested in [13].
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In order to determine the anomalous dimension g of the shape function one has to
calculate the HQET amplitudes from the diagrams in Figure 4.5. Of course, a perturbative

Figure 4.5: Diagrams relevant for the calculation of the shape function anomalous dimen-
sion. A mirror diagram of the second graph is not shown.

calculation of the hadronic operators will not yield a realistic result for the functional form
of the shape function. However, the UV behavior, i.e., the u dependence of the shape
function may be determined that way. The one-loop calculation of vg as well as a review
of earlier calculations has been presented in [1]. There, the result is given as

s (w, W', 1) = ero‘s Kz In g 1) S(w —w') — 2 (M>J : (4.49)

—w w —w

which leads to the following solution of the RG equation

o L[ S(', o)
) — Vs (pis10) d/ » O 4
Sw, ) = e ) /A_w W T = ) (4.50)

where 7 is an integral over the cusp anomalous dimension and together with the evolu-
tion function Vs is defined in [1]. Improving on this calculation, a two-loop analysis was
performed in [97].

Using Equations (4.48) and (4.50) all quantities in the factorized decay rate (4.40)
can be calculated at their appropriate scale and then run to a common scale, thereby
eliminating the scale dependencies on p; and py,. This running resums the large leading
logs that appeared in the partonic calculation. Thus, the problem stated in the conclusions
of Chapter 2 is solved.

4.5 Conclusions of this Chapter

This chapter analyzed the differential B — X,y decay rate at leading power in the SCET
expansion. It was shown that the effective theory approach using SCET could be used to
write down a factorization theorem for the leading power decay rate. Schematically it can
be represented as

dl'(B — X)) ~HJ®S (4.51)

where H is the hard function, J the jet function and S the shape function each encod-
ing the physics at their respective scales. The symbol ® denotes a convolution. This
approach solved the two major issues worked out in the previous chapters. On the one
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hand, the factorization of the leading power decay rate allowed for the resummation of
the large logarithms appearing in the partonic calculation of Chapter 2. On the other
hand the systematic power counting naturally introduced the shape function of Chapter 3
and extended the definition to any order in a,. The framework presented in this chapter
points out two possible directions for improvements. First, the perturbative calculations
can always be pushed to some higher order. However, since these calculations have already
been performed at the NNLO [93,97], the next step is the extension of the analysis to the
next order in the power counting. This will be the topic of the next chapter.
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Chapter 5

Subleading Contributions in SCET

Historically, the first SCET analysis beyond the leading power dealt with the 1/m; sup-
pressed contributions due to two operator insertions of the electromagnetic dipole operator
Q7. This chapter will on the one hand review the well-known results of this analysis and
on the other hand set the basis for an extension of the formalism to include any operator
insertions beyond the leading power. For this it is necessary to discuss the general proce-
dure of determining the relevant SCET operator basis in Section 5.1. As a first application
of this procedure the suppressed SCET operators deriving from )7, will be derived in
Section 5.2.1. Inserting these operators into the formula for the decay rate and matching
the result onto HQET leads to a factorization theorem at subleading power. At this order
the subleading jet and shape functions arise, which are discussed in Section 5.2.3 and 5.2.4.
Concluding the discussion of the ()7, — Q)7 interference, the results will be related to the
QCD calculation.

When other operator interferences are considered, anti-hard-collinear fields play an
important role. It is due to their appearance that a distinction between “direct” and
“resolved” photon contributions can be made. These concept, along with the derivation of
a general factorization theorem will be discussed in Section 5.3. In the last section of this
chapter the subleading SCET operators, relevant for the resolved photon contributions will
be derived from the QCD effective operators. A complete list of the subleading operators,
some of which are required for the direct photon contributions, will be given in Appendix B.

5.1 Matching onto SCET

The previous chapter introduced the leading power heavy-to-light SCET operator (4.27)
that was shown to scale like A2, It was found that at tree level only the QCD operator
()7, (see (2.17)) has a non-vanishing matching coefficient. At the loop level, there are also
contributions from Qs, and @} as well as from the penguin operators Q3 ¢ which were
absorbed into the effective Wilson coefficient C¢I (see (4.30)). This chapter will deal with
SCET operators beyond the leading power. The ultimate goal is to calculate the B — Xy
differential decay rate at subleading power, i.e., including contributions suppressed by 1/my,

68



compared to the leading power. Since the decay rate contains at least two SCET operator
insertions, it is necessary to find the operators that are suppressed by A2 (denoted with a
superscript (1)) as well as those suppressed by A (denoted with a superscript (2)) compared
to the leading power.

Once again, the possible SCET operators can be determined by starting from the QCD
operators and replacing each field by its SCET counterpart. Afterwards the operator is
expanded in powers of A. Further suppressed operators are introduced by considering
time ordered products of effective QCD operators and QCD Lagrangian insertions and
integrating out the internal lines not present in SCET. One example was already given
in Figure 4.1. There, the heavy quark emitted an arbitrary number of hard-collinear
gluons, that put the heavy quark far off-shell. These off-shell modes were integrated out
of the effective SCET+HQET Lagrangian, leading to a single leading power operator that
contained the large components of the hard-collinear gluons resummed into a Wilson line.
Beyond leading power the SCET operator may also contain the smaller components of
hard-collinear gluons. However, since they scale with a higher power of A it would make no
sense to resum them into eikonal form. Thus, only a limited number of them are emitted
from the heavy-quark line, which is thereby put off-shell. It was already demonstrated
in Section 3.2 that integrating out this off-shell mode corresponds to solving the classical
equation of motion of the off-shell field. This time it is not the small component of a nearly
on-shell heavy quark that is integrated out, but the far off-shell component. Following
References [10,85] one decomposes the QCD heavy-quark field into a nearly on-shell and
a far off-shell part

b(z) = e (b2 (x) + b (x)), (5.1)

inserts this into the QCD Lagrangian and solves the equation of motion for 4% which

formally leads to
1
— gAthgn. (52)
i —m(1 =)

The nearly on-shell part b)" can be further decomposed into a large component spinor
h and a small component spinor H as was done in (3.10). By explicitly solving this
equation order by order in A and introducing the gauge invariant building blocks (4.23) it
is possible to write down the necessary replacement, that derives the SCET operator from
the corresponding QCD operator. Writing down only the terms relevant for B — X7, one
finds

off
by =

1 A 1 1
n- cT T =
2my  4dmy in-0 h my in -

b— Whe|l— # Ahcrl-%—ﬁnv‘lhc—

me

5 i@ Aer+..., ]k (5.3)

where operators containing more than one hard-collinear gluon have been dropped, since
they are not required for the matching performed in this work. By the power counting
rules of Section 4.1 the first term on the right hand side is of order A\3/2, the second of order
A% while the rest is of order A%?2. In general, it is also possible that the anti-hard-collinear
photon is emitted from the heavy-quark line. In that case the hard-collinear quark field is
replaced by the photon field, with the corresponding interchanges of n and n. As usual,
the +ie prescription regulating the inverse derivatives is not explicitly shown.
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The expansion for a hard-collinear quark field can also be obtained by writing down
time ordered products of QCD operators with gluon emissions from the hard-collinear line
and integrating out the appropriate internal lines. For the case of hard-collinear gluon
emissions this leads to

Une — W[l — ﬁ% P he (5.4)

where the first term on the right hand side is of order A'/? and the second of order A. The
analogous relation applies to the anti-hard-collinear quark field. If a photon is emitted
from the light quark field, the perpendicular covariant derivative is replaced by a photon
field.

After the above expansions have been inserted into the heavy-to-light operator, all soft
fields must be multipole expanded as given in (4.21). Furthermore all vector fields can be
decomposed in the usual way (3.22). With this procedure it is an easy task to determine the
relevant operators up to A7/2. The matching onto the SCET operators will be performed
at the leading order in the strong coupling constant g. Therefore the Wilson coefficients
of the QCD to SCET matching step are just products of the Wilson coefficients C; of the
weak effective Lagrangian (see Section 2.1.5). In order to describe B — X, each operator
must contain at least one hard-collinear particle which will be part of the jet, as well as one
anti-hard-collinear particle, either the photon or light partons that can be converted into
a photon and soft partons. Anti-hard-collinear particles can not be part of the final state
jet, since this would imply an invariant mass of O(my) which is excluded by definition. In
principle the operator can contain any number of hard-collinear and soft particles that is
consistent with the desired order in the power counting. In the following, all the operators
relevant for B — X,y will be considered. It was explained in Section 2.1.5 and 2.2.1 that
the operators Qf, @7, and Qs, are the most relevant. The next section will deal with the
SCET operators descending from the QCD operator Q7.

5.2 The Subleading ()7, — ()7, Contribution

Before dealing with the subleading operators on more general grounds, the contribution due
to the electromagnetic dipole operator ()7, will be considered in detail. Although already
introducing some new concepts (subleading jet and shape functions), it only represents a
certain type of contribution (direct). The detailed discussion of all possible types will be
postponed to the next section.

5.2.1 Tree Level Matching

By using the replacement rules of the last section it is possible to determine the SCET
operators that the QCD operator ()7, matches onto at tree level. At higher orders in
as other QCD operators may also match onto these SCET operators. Furthermore, new
operators can be introduced by radiative corrections. In order to determine the full set of
operators at a certain order in the power counting, a more systematic approach is necessary.
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In [98,99] reparameterization invariance (redefinition of the light-cone vectors) of SCET as
well as the invariance under the SCET gauge transformations was used to perform this task.
At tree level, (7, matches onto the leading power operator already given in (4.27). Beyond
leading power it matches onto a set of operators already given in [85]. Suppressing a factor
—T%e and assuming an external photon with a momentum in the n-direction one

finds

—imp VT
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(5.6)
where the covariant derivative D* only contains soft fields. The operators are separated
into an “A” and “B” group depending on whether they contain hard-collinear gluon fields
or not. As usual, the soft fields depend on x_ while the hard-collinear fields depend on .
The +ie prescription of the inverse derivative is not explicitly given. Since every operator
deriving from ()7, already contains the photon, there is no room for further anti-hard-
collinear particles. With these operators it is now possible to calculate the decay rate
using the effective theory.

5.2.2 Factorization and the Decay Rate

The subleading contribution to the B — X, decay rate due to insertions of the operator
Q7 (henceforth called )7, — @7, contribution) can now be determined by inserting (5.5)
and (5.6) into the decay rate formula (3.4). In addition, insertions of the SCET or HQET
Lagrangians are possible. It turns out that the product of a leading power operator and
an operator suppressed by A2 vanishes due to chirality and the fact that the heavy-to-
light operators contain only left handed particles [10]. Therefore the first correction to
the leading power decay rate is suppressed by A ~ 1/m,,. If expressed in absolute powers
of A the leading power operators are of order A\*/2, which implies that operators with a
scaling of A> and A7/2 are needed to determine the subleading decay rate. Schematically
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the following operator insertions contribute at subleading power
Q" Qe @VQ [dac®, QUQ) [ doc
Qe / 2eL®, QUQY / @ / doL

as well as the mirror contributions and with ¢ = 5 = 7. Since all operators deriving from
(7, already contain a photon field, no further anti-hard-collinear fields are allowed. Thus
the matrix element in the decay rate (3.4) has the generic form

Dise{BIA(@)[64(x1) .. one(s) . J(O)] B) (5.8)
where ¢g and ¢y are soft and hard-collinear fields respectively. If they originate from an
operator their position argument will be either = (or x_) or 0. If they originate from a
Lagrangian insertion, they can be located at any point along the n light-cone between
the two heavy-quark fields. When matching onto HQET, the hard-collinear fields are
integrated out, while the soft fields remain in the matrix element. Thus there must be at
least two hard-collinear fields in the square brackets, whereas the number of soft fields is
only constrained by the power counting. So far the soft and hard-collinear fields can still
interact via the exchange of soft gluons. However, just as in the leading power case in
Section 4.3.3, the hard-collinear fields may be decoupled by the introduction of the soft
Wilson lines. The matrix element therefore factorizes into a hard-collinear and a soft part

(B|h(z_)[¢s(xi-) . ..1h(0)| B) x Disc(Qo\ (i) - .. |Q) , (5.9)

thereby proving a factorization formula for the subleading contribution due to two inser-
tions of (J7,. The soft Wilson lines introduced by the decoupling transformation still reside
in the soft matrix element. In analogy to the procedure at leading power, a jet function
can be defined by the Fourier transform of the discontinuity of the vacuum matrix element
of the hard-collinear fields. At the leading power, the non-locality of the soft matrix ele-
ment leads to a convolution of the jet and soft function. Since the additional soft fields in
the subleading matrix element introduce even more non-localities one might expect multi-
dimensional convolution integrals. By using partial-fraction identities on the hard-collinear
propagators connecting the soft fields it was shown in [100] that there is in fact only one
convolution integral in the case of the tree-level ()7, — @7, interference. However, as will
be demonstrated in Chapter 6 multi-dimensional convolution integrals do appear for other
operator combinations at the subleading power.

In general, the subleading contributions to the decay rate can be divided into two
types. One type contains operator insertions that are suppressed by the small components
of additional hard-collinear fields or their derivatives. The other type is suppressed by
additional soft fields. They will be considered in turn.

(5.7)

5.2.3 The Subleading Jet Functions

First the case of additional hard collinear fields will be analyzed. One example of such a
contribution is given by two insertions of the operator Q%)B of Equation (5.6) which leads

72



to an «a4/my suppressed contribution and is depicted on the left of Figure 5.1. Another

Wty

Q@G % 5 @G 0 %\
2 he, 3 ho " A
hc

Figure 5.1: Subleading SCET diagrams containing hard-collinear loops. The short double
lines indicate possible cuts (recall that the photon lines are already drawn cut). The
diagram to the right represents the non-local HQET operator remaining after integrating
out the hard-collinear fields.

contribution of this type (depicted in the second diagram of Figure 5.1) is generated by
the interference of the leading power Qgi) with the suppressed Q%)B plus an insertion of
the leading power SCET Lagrangian (4.14). Since there are no additional soft fields in
these examples, they both match onto an HQET matrix element that is of the same form
as the one at leading power (its space-time structure is depicted in the third diagram of
Figure 5.1). The jet function on the other hand will contain additional hard-collinear fields.
The factorization formula can therefore symbolically be written as

_ 1
dl'(B = Xy) ~ p— Y Hji®S, (5.10)

where H is the hard function (corresponding to |C7,(1)|? in the case of tree level matching),
S is the leading power shape function introduced in Section 4.3.3, j; are the so-called
subleading jet functions and the symbol ® denotes a convolution. There are several different
subleading jet functions corresponding to the different terms in Equation (5.6), all of which
have been calculated in [101]. In general they are divergent quantities and need to be
renormalized at the intermediate scale u;. This scale dependence cancels with the scale
dependence of the subleading soft functions which can be determined by considering the

one-loop corrections. The sum of all renormalized subleading jet functions is given as

2. ) = Craelin) (

2
; 161 2 4+ 25 — 16cRS> 0(p?) (5.11)
T

where crg is a constant depending on the renormalization scheme whose importance will
become apparent later on (Section 5.2.5). It vanishes in the MS scheme and is 1 in the
dimensional reduction scheme which corresponds to evaluating all Dirac structures in d = 4
dimensions, while loop integrals are evaluated with d = 4 — 2. The step function 6 is
introduced by taking the imaginary part of the hard-collinear correlation function. This
result only applies if the SCET operators are matched at tree level. If the hard functions
are determined at NLO, additional subleading jet functions suppressed by o (1) aes () /1
are to be expected. In conclusion, the subleading ()7, — ()7, jet function contribution to
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the decay rate is given by

1 A ,
|O§$<M))\t|2E§E/ dwmy j(my(py +w), 1) S(w, p). (5.12)

—P+

A" GEmy(p)a
dE, 2t

where j is given in (5.11). When integrating the differential decay rate over a range much
larger than the endpoint region, the leading shape function may be approximated by the
first term its moment expansion (3.38). It is then possible to perform the integration over
the terms of the subleading jet function by using

= 1
Eo< M,
Ay o<LMp (513)

Eh —2E) 1 —9F,
/ © g, 1 el _ ) Loy — 28 (1 o1y . o) _ 1) ,
Eo<Mp H M

where the approximate expressions on the right are valid up to O(1/(my — 2Ey)?) (see
Section 3.3.4). It follows that the subleading jet function contributions are promoted to
leading power in the limit Ey — 0 which is consistent with the observation that power
corrections to the total rate due to Q7, — Q7. interference appear only at O(1/mj). The
other subleading contributions due to insertions of ()7, originate from additional soft fields
in the matrix elements. These will be considered now.

[\

5.2.4 The Subleading Shape Functions

In contrast to the subleading jet functions, subleading contributions due to additional soft
fields (or derivatives) in the SCET operators already appear at tree level. The relevant
diagrams for the ()7, —Q)7, interference are given in Figure 5.2. The first diagram in the top

Figure 5.2: Examples for diagrams contributing at subleading power due to additional soft
fields or derivatives of soft fields (first diagram).

row might represent the product of two times the first term of Q%)A with the additional soft
derivative responsible for the suppression, or the interference of the leading power operator
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with Q%) 4~ The second diagram of the top row contains the insertion of a power suppressed
SCET interaction term. Due to the additional gluons these contributions contain a factor
g? = 4ray.

In References [9,10,100] it was proven that contributions of this type obey a factorization
formula that can be schematically represented as

_ 1
d['(B = Xv) ~ o Y HI®s;, (5.14)

where J is the leading power jet function (4.43) and s; are the subleading shape functions.
These shape functions correspond to non-local HQET matrix elements that contain ad-
ditional soft fields or derivatives compared to the leading power shape function. Using
the notation of [100] the first five diagrams in Figure 5.2 introduce the following non-local
HQET operators defining the subleading shape functions.

S(w):mb/ dt _wt/d4 (BIT{(hSy)(tn)(S}h)(0)L(2)}B)

2w 2Mp
_ dt i 1 (BI(AS.)(tn) 5y (SfgGhS,) (rn) (S§h)(0)| B)
t(w) = —/ 5 € /0 dr - N _ 515
w(w) = _/ﬁe—m /t . \BI(Sa) (tn) (S1i(iD1)*S,) (rn) (S3h)(0)| B)
27 0 2Mp
dt oy [* (BI(hS,)(tn)5io,, (S}gGhlSn) (rn)(Sfh) (0) B)
v(w) = —/%e /0 dr N,

The soft Wilson lines were introduced by the decoupling transformation (4.33). They reflect
the space-time topology of the diagram after integrating out the hard-collinear fields and
they guarantee gauge invariance of the HQET operators. Note, that even though the
additional soft fields introduce new non-localities, the subleading shape functions depend
only on one convolution variable w. As was already mentioned above, this property only
holds at the tree level of the ()7, — Q7 contribution. One can interpret ¢ and v as non-local
generalizations of the B-meson matrix element of the subleading HQET chromomagnetic
operator (see (3.14)), and u as a non-local generalization of the matrix element of the kinetic
operator. The function s is related to the second diagram in Figure 5.2. In addition to
the shape functions given above, there is a four quark operator appearing at O(as) which
is depicted in the last diagram of Figure 5.2. It is generated by the insertion of two hard-
collinear-soft interaction terms of the SCET Lagrangian (4.24) together with two leading
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power Q&? operators. This contribution defines the following shape functions

flD(w) =—-2 / et / dr / du

o (BII(AS) (tn) T ] [T (S1) (O)L[(Sn) (rr) ] (Sha) (un)]| B)

2Mp ’
=2 [ [ [

o BII(ASw) (tn)T g5 [T (SiP) (0)L[(g:9n) (rm)lugiys [(Sh) (un) | B)
2MB ’

(5.16)

where k and [ are color indices and T are the SU(3). generators. These non-local operators
exhibit another interesting property. Since the hard-collinear fields in SCET carry large
momentum components, the particles created by these fields always propagate forward in
time. There is no interaction term in SCET that can turn a forward moving quark into a
backward moving anti-quark, since this would require a hard fluctuation. As a result, after
the convolution with the jet function, the quantum fields in the definition of the subleading
shape functions are ordered in the same way as they appear in the Feynman graphs [100].
In the above formulas this corresponds to the requirement that ¢t > u > r.

The subleading shape function presented in this section also contribute, in other com-
binations, to the semi-leptonic B — X,lv decay in the endpoint region. If these shape
functions were the only ones appearing in B — X, one might try to find weighted distri-
butions of B — X,y and B — X[V events, in which the subleading shape functions enter
in the same combinations [102]. However, it will be shown in Chapter 6 that there are
several additional unique shape functions that are relevant for B — X,v. The tree level
subleading shape function contribution due to the )7, — @7, interference can be written
as

A

I G | 1
= et CEAPE [ dom T outp 40,10
X (S ) + 5060, 1) = 0, 1)+ 0w, 1) — v, 1) — w0 [, ) + 00, )]

(5.17)

where J is the leading power jet function and the soft functions are given in (5.15) and
(5.16). Since the shape functions only have support over the endpoint region, integrating
the differential decay rate over a range much larger than Aqcp justifies the replacement

QB A —iwt F(WQLb’t)
dE, dw d(my, — 2B, +w)e “'F(E,, t) — 5(t)T : (5.18)
E

oK Mp 2E—my,

where the exponential originates from the definition of the subleading shape functions
and E. was set to m;/2 which corresponds to the first order in the power counting. The
function F' contains all quantities of Equation (5.17) that are not explicitly given in (5.18),
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specifically the non-local matrix element. It follows that the subleading shape functions
of the @7, — @7, contribution reduce to local matrix elements in the total rate. However,
for t = 0 all subleading shape functions vanish as can be easily seen from their definitions.
This zero normalization of the subleading shape functions corresponds to the vanishing
1/my, corrections, discussed in Section 3.3.4. There, it was argued that the total rate was
well approximated by the partonic calculation because of these vanishing corrections. As
will be shown in Section 7.1, this does no longer hold when subleading shape functions of
other operator interferences are taken into account. However, before discussing this, the
relation of the QCD calculation to the effective theory calculation will be more carefully
analyzed.

5.2.5 Kinematic vs Hadronic Power Corrections

From the discussion of the two preceding sections it becomes apparent that the subleading
jet function and the subleading shape function contributions describe two fundamentally
different types of corrections. The subleading shape functions introduce new matrix ele-
ments and are therefore related to hadronic parameters. The subleading jet functions on
the other hand are perturbatively calculable and their importance increases when consid-
ering the total rate. They are therefore kinematically suppressed in the endpoint region,
whereas the shape functions parameterize hadronic corrections through higher powers in
the heavy-quark expansion. The two types of suppression imply, that the decay rate of
the ()7, — @7, contribution integrated over a large enough range can be expressed in terms
of local operators organized in a double expansion in powers of A/m;, and Aqep/A [13],
where A is related to the photon energy cut A = my, — 2E,. With a cut in the endpoint
region, the factor Aqep/A is of O(1) which requires a resummation of the corresponding
terms into a shape function (see Section 3.3.4).

Before the establishment of the systematic factorization (5.10) the kinematically sup-
pressed contributions were deduced from the partonic calculation close to the endpoint.
In that region the emission of hard-collinear and soft bremsstrahlung gluons is possible.
Hard gluons, on the other hand are forbidden, since they would lead to an invariant mass
of the final state of order my. Thus, the partonic calculation already contains all con-
tributions due to the subleading jet functions, which originate from hard-collinear gluon
bremsstrahlung, as was discussed in Section 5.2.3. However, since the different regions
were not properly factorized, the partonic result will also contain contributions from the
soft region. If this soft contribution appears at the same order in the power counting as
the hard-collinear one, it must be absorbed into the subleading shape functions. Such an
absorption is indeed necessary for the ()7, — ()7, contribution, as will be shown in this
section.

The general procedure of deriving the kinematic power corrections from the parton
model was suggested in [13]. The starting point is the partonic results in (2.29), (2.33) and
(2.35). The appropriate scale for the calculation is p; since one considers hard-collinear
gluon emissions. The Wilson coefficients on the other hand are evaluated at the hard
scale, as usual. Although the anomalous dimensions of the subleading SCET and HQET
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operators are generally unknown, by using the solution to the RG equation derived at the
leading power to run between the two scales, it is possible to resum the Sudakov double
logarithms of the partonic result [13]. Finally, it is necessary to include the effects of the
residual b-quark momentum in the 7 direction as it is of the same order as the hard-collinear
momentum in that direction. This corresponds to the replacement

n-p=mp—2E, ->n-p+n-k=my,—2E, +w. (5.19)

The result must then be convoluted with the leading power shape function and expanded
around E, = my,/2. The first term in this expansion contains the subleading jet function
contributions. For the case of he Q7, — @7, interference this leads to'

part 2 =2 A
dF GFmb( ) lceﬁ(u)/\tPEBLC’FQ{—S(#)/ dw <16ln
+

dEW 274 ™ Tmy  4r ),

. 15) S(w, ).

(5.20)
Comparing this to the subleading jet function expression in (5.11) one finds that the
In(my) term agrees in both expressions, while the p,-dependent terms and the constant
accompanying the logarithms differ. This difference is due to the effects of the soft region in
the partonic result. In order to prove that the effective theory approach properly factorizes
the partonic result, it is necessary to calculate the partonic one-loop contributions to the
subleading shape functions (5.15) as well as the tree-level matrix elements of the soft
operators in (5.16). Since the perpendicular component of the heavy-quark velocity can be
freely chosen it has been set to zero in this work. As a result the matrix elements of the
soft operators corresponding to the subleading shape functions ¢t and v vanish at one-loop
order, since they only contain gluons with transverse polarization. The tree-level matrix
elements of the soft operators corresponding to f, and f, also vanish, since they contain
scaleless integrals over the n-components of the light quark momenta. Finally, the matrix
element of the soft operator corresponding to s is non-zero only when the heavy quarks are
off-shell with a non-zero n-component of the residual momentum. As a result, it does not
contribute if the residual momentum is set to zero in the partonic calculation. Therefore,
the only remaining quantities left to be calculated from (5.17) are wS and u. The relevant
diagrams are depicted in Figure 4.5. The shape function wS can be extracted from the
calculation performed in [1]. Setting v - k = 0 and using dimensional regularization one
finds for the unrenormalized shape function

P+ +w

W Share(w) = (—w) OFZ‘—;(“) (-i —4In ( “:) + 4) (5.21)

where 1/é = 1/e — vg + In4r regularizes the UV pole. The one-loop correction to the
subleading shape function u is calculated to [101]

ot Cronl) (12 @
Upare(wW) = O(—w) y ( +121n )’ 20). (5.22)

I'Note, that a part of the subleadlng contributions of the Q7 — @7, interference is already included in
the kinematic factor E3 = (my +w)?/8 of the leading power in (4.40) (see [13] for details).
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Subtracting the pole in the MS scheme, one obtains from (5.17) for the subleading shape
function part of the differential decay rate

drz" | _ Gimi(pa

. 1 Cras(u u?
T = G (A E3me—() (16ln—2—24) , (5.23)
o ar

41 jout

where the subscript “part” indicates that the naive partonic expressions were used instead
of the non-perturbative subleading shape functions. In order to compare the effective with
the full theory result, the shape functions in (5.11) and (5.20) are replaced by d-functions,
which corresponds to the on-shell heavy quark of the partonic calculation. The sum of
the partonic expression for the subleading jet function and the subleading shape functions
(5.23) is then given by

dFS‘] F
dE,

drSSF
part d E17

_ Gymy (p)a

part 2 4

1 Cra,
CE AP ES — Cras(p) (161n@+1— 16CRS> ,
b

am b+

(5.24)
which coincides with the partonic expression in (5.20) if the renormalization scheme depen-
dent constant is set to one. This choice is in fact the correct one, since (5.17) was derived
in [100] by evaluating all traces of Dirac structures in d = 4 dimensions. Thus, the sub-
leading jet function should be renormalized using the same scheme which just corresponds
to setting cgs = 1. Equation (5.24) then proves that the subleading contribution derived
from the partonic expression contains contributions from the hard-collinear as well as the
soft region. The logarithm in (5.20) originates from a combination of hard-collinear and

soft scales

IR ML G T (5.25)

P+ H yZus
that are properly factorized in the effective theory approach.

The calculation presented above is equivalent to a method of regions analysis of the
one-loop QCD forward scattering amplitudes contributing to B — X, [101]. The hard-
collinear and soft regions exactly reproduce the partonic expressions for the subleading
jet and shape functions, respectively. No further regions are necessary to reproduce the
full QCD result. Hard gluon loops only play a role in the matching of the effective QCD
operators onto SCET, but do not give rise to subleading contributions, as they only depend
on scales of order my [101]. Before proceeding with operator interferences other than
Q7 — Q74 a final comment is in order concerning strange-quark mass effects.

5.2.6 Strange Quark Mass Effects

Throughout this thesis the strange-quark mass was set to zero, which turns out to be an
excellent approximation numerically. However, taking m, to be non-zero gives rise to a
subleading jet function proportional to m?/pz., where pp. is the momentum of the hard-
collinear jet containing the strange-quark [103]. If one adopts the scaling m; ~ O(Aqep),
this function scales as Aqep/my, in the endpoint region and contributes to Fr7. From [103]
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follows that the extra contribution is

A
Frp (By, 1) = —H77/ dw My Jo (W + pa, 1) S(w, 1) (5.26)

—P+

where it was defined j,, = + Im J}? . Both H7; =1+ 0(a,) and Jit can be found in [103].
At the lowest order in ay,

2

. ms !
Jm(w+py, p) = Eé (w+ps) + Olas), (5.27)

and indeed j,, is suppressed by m?/(myAqcp) compared to the leading-order jet function
J(p?, p). One could argue that for mg &~ 100 MeV and Aqcp ~ 500 MeV the parameter m
should scale as a higher power of the SCET expansion parameter \, e.g. my ~ A2, This
would imply that j,, can be neglected at order Agep/my. Contributions of j,, to coefficient
functions Fj; other than Fy7 are further suppressed by hard functions f[z-j = O(ay). They
will not be considered in the following, since they are bound to be tiny.

This concludes the discussion of the subleading contribution due to two insertions of
the operator (7,. The next section will deal with the new effects that are introduced by
the insertions of the other effective operators @} and Qs,.

5.3 Factorization at Subleading Power

In the middle of the 2000s, the effective theory treatment of B — X,v included the proof
of the leading power factorization [12], the two loop calculation of the leading power soft
and jet function [93,97], the proof of tree-level factorization at subleading power for the
()7, — Q7 contribution [9,10,100,106,107] as well as the the contribution of other operator
insertions at one-loop order in the hard function and through kinematical power corrections
[13]. Furthermore, hints at the importance of the non-perturbative corrections existed in
the form of a soft scale dependence of the partonic result for the Qs, — Qg4 interference
[64,104] and a non-perturbative correction to the total rate from the interference of Qf
with @7, [108-111]. However, a detailed analysis of the subleading hadronic corrections
was missing.

The distinguishing feature of the )7, — )7y contributions is the fact that the photon
is always emitted directly from the weak-interaction vertex. In principle, the operators
Qf and Qs, can also match onto SCET operators with the photon directly emitted from
the vertex. One possibility was discussed in Section 4.3.2 where QCD was matched to
the leading power SCET operator at the one-loop level. In the case of Q] and Qs it is
also possible, that the photon couples to the light partons. Processes of this kind will be
called resolved photon contributions to be contrasted with the direct photon contributions
where the photon couples to the weak vertex. It is clear that all subleading contributions
considered so far were direct ones. The resolved contributions can be interpreted as a probe
of the hadronic substructure of the photon. There is no analogue to these contributions in
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the semi-leptonic decays, because the lepton-neutrino pair can only couple to light partons
via W-boson exchange.

In order for a light parton to emit the anti-hard-collinear photon it must be anti-hard-
collinear itself. The conversion of an hard-collinear particle into an anti-hard-collinear one
would require a hard fluctuation which is integrated out of SCET. Therefore an extension of
the subleading factorization formulas (5.10) and (5.14) which only contained hard-collinear
particles, is required. The proof of factorization proceeds in analogy to the direct case.
First the QCD operators are matched at the hard scale onto SCET (hc,hc,s). In the case of
Q7 the resulting SCET operator was not allowed to include anti-hard-collinear particles,
since there was no way to convert them into hard-collinear or soft ones, and they were not
allowed to appear in the final state jet. Now, however, anti-hard-collinear particles may
be converted into a photon by an insertion of the SCET Lagrangian. The QCD operators
therefore also match onto SCET operators including anti-hard-collinear modes. A general
matrix element, appearing in the calculation of the differential decay rate then looks like

DisCrestr. (BIA(2)[6s(2:) - - Sue(Wi) - drcl21) - - S=(2) ... ]h(0)| B). (5.28)

Note that it is now necessary to consider only the restricted cut, as explained in Section 3.1.
For the same reason, two different types of anti-hard-collinear fields ¢;_ and d)/hT; have been
introduced. Each type only appears on one side of the cut, either connected to the initial
or final state B-meson via the weak vertex. In other words, an anti-hard-collinear line must
never be cut, since this would change the scaling of the invariant mass of the final state jet.
In the case of B — X, the matrix element must contain at least two hard-collinear fields
to generate the final state jet, either a pair of strange-quarks or of other light particles. In
the latter case, the strange-quarks must appear as soft fields. Since each field scales with
a certain power of A, the maximum number of fields of each type is determined by the
desired order in the power counting. If there are no anti-hard-collinear fields in the matrix
element, the result will correspond to a direct contribution, otherwise to a resolved one.

Due to the presence of the anti-hard-collinear fields the multipole expansion of the
soft fields becomes more subtle. The correct form of the expansion must then be deter-
mined on a case-by-case basis for each operator, rather than derived from a simple set of
rules. It will be shown that the heavy-quark fields must always be expanded about x_,
while the other soft fields can depend on either x_ or x., or both. After the decoupling
transformation (4.33) the matrix element decomposes into

(BIR(2)[64(2:) ... J(O)] B) x Disc(@l6® () ... 1) x (Q62(=) ... IO (=) ... 1),
(5.29)
where the soft matrix element once again contains the soft Wilson lines, introduced by
the decoupling transformation. Now they do not only connect the fields along the n-light-
cone but also the fields that are displaced in the n direction by the anti-hard-collinear
propagators. The soft matrix element is therefore gauge invariant.
The second matching step, from SCET to HQET is performed by integrating out the
(anti-)hard-collinear fields. This can be done perturbatively since the corresponding scales
belong to the short-distance regime. The Wilson coefficients of this matching are just the
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vacuum expectation values of the time ordered product of the (anti-)hard-collinear fields.
It is now possible to define general jet and shape functions through the Fourier transform
of the matrix elements

I~ Dise Qo) 10| S~ [(Blh(z)éu(wis) . I(O)[B)]  (5.30)

F.T. F.T.

where the superscript (n) indicates the suppression in powers of 1/m;, and “F.T.” designates
a Fourier transform. The subleading shape functions of (5.15) fit into this scheme and
correspond to SZ-(l). In addition to these objects resolved photon contributions give rise to
a new type of jet function

T~ [(QI62 ). 119 (5.31)

F.T.
which corresponds to an uncut anti-hard-collinear propagator dressed by Wilson lines. As
was discussed in Section 4.3.3, the vacuum correlation function of the photon field factorizes
trivially and is not considered in this discussion.

The above discussion suggests the validity of a general factorization formula for the
differential B — X,y decay rate in the endpoint region to all orders in 1/my

_ =1
dT'(B — X,7) :Z — Z H™ ™ 6 ™
n=0 b

— 1 () (n) — () o ) () 1) o o) o Hm) o )
+Zm—g{zﬂi JMesMe "+ BN e SN e M e ]
n=1 7 1
(5.32)

which generalizes and includes the previous formulas (4.51), (5.10) and (5.14). The first line
contains the direct, the second line the resolved photon contributions. One can distinguish
between single and double resolved contributions depending on whether there are anti-
hard-collinear propagators on one or on both sides of the cut. Note that the notation
is symbolic. Objects denoted by the same symbol in the various terms refer, in general,
to different quantities. The symbol ® denotes a convolution over all soft momentum
variables shared by the jet functions and shape function. A graphical representation of the
factorization formula is shown in Figure 5.3. The resolved contributions exhibit another
interesting property, that will explicitly be demonstrated in Section 7.1: It was discussed
in Sections 5.2.3 and 5.2.4 that the subleading Q7, — )7, (direct) contributions are only
relevant in the endpoint region and vanish when the total rate is considered. This is no
longer true for the resolved contributions.

When talking about factorization this always refers to the the kind of proof presented
in this section. It implies that it is always possible to decompose the differential B —
X,y decay rate in the endpoint region into the parts considered above. But it does not
imply, that this decomposition allows for a consistent resummation of large logarithms
and that the renormalization procedure discussed in Section 4.4 will work at all orders in
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g
Figure 5.3: Graphical illustration of the three terms in the factorization formula (5.32).

The dashed lines represent soft interactions that are factored off the remaining building
blocks by the decoupling transformation and the heavy-quark expansion.

perturbation theory. These issues will be analyzed in more detail in Section 6.3.1, when an
explicit example is available. The next step in the systematic analysis of the subleading
corrections is to match the QCD operators Qf and Qs, onto the corresponding SCET
operators.

5.4 Operator Matching onto SCET

It was motivated in Section 2.1.5 that the only QCD operators not severely suppressed
by their Wilson coefficients are @ and Qs,. The matching of these operators proceeds
in analogy to the ()7, matching by making the replacements discussed in Section 5.1.
As was explained in Section 5.2.2, only operators with a scaling of A%2, A3 and \7/2
are of relevance. For simplicity, the matching will only be performed at tree-level for
hard quantum corrections. This procedure will generate a large number of possible SCET
operators, all of which are collected in Appendix B. However, only a limited number
of them are relevant for the calculation of the subleading resolved contributions. Their
matching will be explicitly presented in this section.

The second matching step, from SCET onto HQET, will be performed at the one-loop
level for (anti-)hard-collinear quantum fluctuations associated with the leading power shape
function in (4.38). These correspond to direct contributions. Finally, the Wilson coeffi-
cients of the new subleading shape functions will be computed at tree-level, but including
the 4ma, contributions resulting from tree-level (anti-)hard-collinear gluon exchange.

In order to determine which of the several possible subleading SCET operators are of
relevance, the basic requirements will once again be collected from the previous sections.
First, it is required that the final state only contains one anti-hard-collinear particle, namely
the photon. All other particles in the final state must either be hard-collinear or soft. There
must be at least one hard-collinear particle in the final state in order to have a jet with an
invariant mass at the required scale /Aqgcpmy. Furthermore, there can be an arbitrary
number of anti-hard-collinear fields in the operators as long as they are converted to the
final state photon plus soft particles by SCET Lagrangian insertions. The number of
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these soft and hard-collinear particles is only restricted by the desired overall scaling of
the operator. Before matching the operators themselves, the necessary conversions will be
collected.

5.4.1 Photon Conversions

As can be seen from the discussion in Section 4.2.2 (with he replaced by hc) the conversion
of an anti-hard-collinear field into a photon and a soft field is suppressed by at least
A/2. The interaction of the photon with an anti-hard-collinear field on the other hand is
unsuppressed in (4.14). This leads to the possible conversions illustrated in Figure 5.4.
The last diagrams of each line, which involve three gluon fields, are not needed for the

hc hc
hc
hc hc s hc S
e S LS T ST 1 666660

C
70060000000%—

Figure 5.4: O(A/2) (top row) and O()\) (bottom row) conversions of anti-hard-collinear
particles into a photon accompanied by soft particles. Only some representative diagrams
are shown.

tree-level analysis of this work. The scaling of the conversions does not change by adding
any number of anti-hard-collinear gluons to the ingoing side. The conversions at order \'/2
can thus be written as

s — AT + ¢, b+ & — A+ A, A + Az — A+ A, (5.33)
while the ones at order \ are
A = AT +q+q, Ag = AT+ A+ A, (5.34)

With these conversion rules at hand it is possible to decide which SCET operators con-
tribute to the subleading resolved photon contributions.

5.4.2 Operator Matching of (g,

When matching the chromomagnetic dipole operator Qs, of (2.17), one can discard the
non-abelian part of the field strength tensor G*, since only the first order in g needs to
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be considered. A priori, it is possible to match the s-quark onto either a hard-collinear or
anti-hard-collinear quark and the gluon onto a hard-collinear or anti-hard-collinear gluon.
Matching the s-quark onto a soft particle would only give rise to a contribution beyond
the subleading power. Also, the gluon and the s-quark can not both be anti-hard-collinear,
since the necessary conversions would again lead to a suppression beyond the subleading
power. However, for the resolved contribution one of them needs to be anti-hard collinear,
which implies two possible SCET operators that descend from (g,. They are illustrated
in Figure 5.5. The first one (first row) is suppressed by A compared to the leading power

he

he

(’)(/\5/2)

he

O(N/?) he

Figure 5.5: SCET Operators descending from ()g, that give rise to resolved photon contri-
butions plus the necessary conversions by Lagrangian insertions.

and can be written as follows. Here and in the rest of this section the factor —%e_imb“'“
will be suppressed, leading to

Q¥ (z) = &Ene(w) g [in - OAw, ()] (1 4+ ~5)h(z-), followed by O(X) conversion

8g, hc gluon

(5.35)
which contributes to the differential decay rate at subleading power in combination with
the leading power operator (4.27). The superscript (i) now denotes the total suppression
in powers of A2 of the complete set of fields on one side of the cut. In the present
case it consists of the operator scaling of O(A\*/?) plus the O(\) scaling of the Lagrangian
insertion. In the above expression the gluon field strength tensor has been expanded after
the introduction of the gauge invariant building block (4.23)

OuigG" =0, (iDL iDY] = 0, Wi iDL, iDL WL
.
=Wie|2 5 lin- O, ] (5.36)

. ‘ S AT
+ 21 A, — 101 - Az ] + (55—55 [m-@n-AE]]W;LC,
where the terms in the second and third line are of order A2 and \, respectively.
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If the s-quark is matched onto an anti-hard-collinear field it needs to be converted into
the photon and a soft quark. This conversion costs A2, so the lowest power insertion
possible is of order A3. This leads to (see second row of Figure 5.5)

unark(x) = ghc(x)% [i72 - OAner ()] (1 +v5)h(z_), followed by O(AY?) conversion.

(5.37)
Two insertions of this operator give rise to a double resolved contribution. The subleading
contributions due to insertions of a SCET operator descending from (g, will be discussed
in Sections 6.3 and 6.4.

Q(l)

8¢,

5.4.3 Operator Matching of Q!

In order to determine the resolved photon contributions that include the current-current
operator Y, it has to be matched onto a SCET operator containing at least one anti-hard-
collinear field. The remaining quark fields in @ are then matched onto the heavy-quark
field and two hard-collinear fields, since a soft quark would lead to a scaling larger than
\7/2. However, such an operator can not interfere with the leading power SCET operator
which only contains one hard-collinear field. It is therefore necessary to match QY onto a
SCET operator containing two anti-hard-collinear fields and convert them into a soft gluon
and the photon via a penguin loop, by using the appropriate conversion rule in (5.33). The
situation is depicted in Figure 5.6. Note that the conversion into a single gauge boson

he + O(\'/?)

he

O()‘S) he he

Figure 5.6: SCET Operator descending from Q that gives rise to resolved photon contri-
butions plus the necessary conversion by Lagrangian insertions.

vanishes in the 't Hooft-Veltmann scheme, as was discussed in Section 2.1.5. The anti-
hard-collinear fields can be either a charm- or up-quark, while the hard-collinear field must
be the strange-quark. This leads to an O(\7/2) SCET operator insertion, namely

Q] @ = e~ e A (1—rs) () &= ()7, (1—75)&=(x) ,  followed by O(A/?) conversion.

(5.38)
In the interference with the leading power SCET operator this gives rise to a single-resolved
photon contribution. This contribution will be discussed in detail in Section 6.1.
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5.5 Conclusions of this Chapter

In this chapter a factorization theorem for the subleading contribution to the differential
B — X7 decay rate in the endpoint region has been presented in (5.32). The concepts of
subleading jet and shape functions were generally introduced in (5.30). In addition a new
type of jet function (5.31) appeared in the calculation of resolved photon contributions. It
was related to an uncut anti-hard-collinear propagator dressed by Wilson lines. After this
general considerations about the subleading contributions to B — X,~, the remainder of
this work will deal with each contribution in detail, using the SCET operators of Section 5.4
as a starting point. For this, it is convenient to write the C' P-averaged B — X, differential
decay rate in the endpoint region as

A
P [ domad (e +p2).s) S, )

—P+

dl' _ GralVuVil* _,

_ 3
dE,y - 271‘4 mb(:u) Efy

1 (5.39)
+ Eb Z Re[Cj(u) Cj(,u)] Fij(By,p) + ...,

i<y

where the first and second line represent the leading and subleading power contribution,
respectively, while the ellipses denote terms of even higher order in the power counting
and the real part prescription originates from the C'P-averaging. The leading power has
been discussed in detail in Chapter 4 (compare Equation (4.40)). At the subleading power,
the Q)74 — @7, contribution has been discussed in this chapter. It was found that the

function Fr; decomposes into a subleading jet function part F7(‘71) and a subleading shape

function part F7($) The former is given in (5.12), the latter in (5.17). The other Fj; will
be determined in the next chapter. In principle, all possible combinations of the operators
Q1, Qr, and Qg, contribute to B — X,v. However, only three of them, corresponding to
Fi7, Frg and Fgg actually contribute at O(1/m;), as will also be shown in the next chapter.
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Chapter 6

Analysis of Subleading Contributions
to the Photon Spectrum

In this chapter all the relevant subleading contributions to the differential B — X,y
decay rate in the endpoint region will be analyzed in detail. As was discussed in the
previous chapter, this includes the interference of operators descending from @ with those
descending from ()7, in Section 6.1, the interference of operators descending from Qg
with themselves in Section 6.3, as well as the interference of operators descending from
sy with those descending from ()7, in Section 6.4. The results of the calculation will
exemplify the factorization formula (5.32), introduced in the last chapter. However, there
are some subtleties concerning the factorization of the Qg; — Q54 contribution. These will
be discussed in Section 6.3.1. Finally, some properties of the soft functions will be discussed
in their respective sections and in Section 6.5.

6.1 Analysis of the Q] — @7, Contributions

In order to determine the direct photon contribution for the interference of the operators
Qf and Q7, one has to evaluate the diagrams in Figure 5.1. The first diagram in that
Figure contains two insertions of O(A\*) SCET operators, which can be read off from (5.6)
and (B.13). There is more than one possibility for insertions that generate the second
diagram in Figure 5.1. The vertex on the right can either be the leading power SCET
operator (4.27) or an O(A\?) operator from Q7,4. In the former case the vertex on the left
corresponds to an O(A\"/2) operator from (B.13), else to an O(\?) operator. In either case
an additional leading power SCET Lagrangian (4.14) insertion is necessary, to connect the
hard-collinear gluon to the hard-collinear strange-quark. The calculation yields

R = 0 () Y oS, (6.1)

4m —pt

which involves a convolution of the leading shape function (4.38) with a jet function con-
sisting of the cut of a hard-collinear loop. This result coincides with the kinematical power
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corrections (see Section 5.2.5) derived from the partonic result in (2.29) by expanding
around E, = my/2. To obtain this result the scaling m? =O(Aqcpmy) for the charm-
quark mass was adopted, meaning that the ratio m2/m; remains a constant of order Aqgcp
in the heavy-quark limit.

Much more interesting is the single resolved photon contribution arising from this oper-
ator pair. As shown in the left graph of Figure 6.1, it is obtained by combining the O(\?)
SCET four-quark operator in (5.38), which contains two anti-hard-collinear quark fields
in addition to a hard-collinear strange-quark and a heavy quark, with the leading-power
contribution (4.27) descending from @Q7,. According to the rules (5.33), the conversion

17
2N
A hc 4 N
X Y 7 X e GRY e
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I A
q q
2 2
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Figure 6.1: Diagrams arising from the matching of the Qf — Q7, contribution onto SCET
(left) and HQET (right). As a resolved photon contribution, the diagram contains non-
localities in the light-cone direction n, denoted by the vertical dashed line in the second
diagram.

of the two anti-hard-collinear fields into a photon and a soft gluon costs a factor of /2,
giving a total suppression with respect to the leading term of A ~ Aqep/m,. When the
(anti-)hard-collinear fields are integrated out in the second matching step, one obtains the
HQET diagram shown in the right graph of Figure 6.1. Here and below, horizontal (ver-
tical) dotted lines represent Wilson lines along the n () direction. The HQET matrix
element corresponding to the graph on the right in Figure 6.1 contains a soft gluon field
in addition to the two heavy quarks. In the language of the factorization formula (5.32)
this corresponds to a single resolved contribution with a subleading shape function. For
the contribution from the operator ()f one obtains

9 A
OBy =3 (1-5) [ dodw+py)
oo (6.2)

* dwy m? — ic
R 1—-F[=¢
x e/oowl—l—is { (QE,ywl)}g”(w’wl“u)’

where the CKM-suppressed parameter 9, is defined by

_ Re X () (= M) Cry 10)
"7 T INERe [CF (1) Cry (1)

(6.3)
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while the subleading shape function ¢,7 is defined by

dT —iw1r dt —iw
917(007@017#):/%6 1/%6 !

 (BI(1Sy) (tn) (L + 75) (S15a) (0) 1 7g (5% 9Ge755) (r) (S%h) (0)|B)
2MB

(6.4)

The penguin function F(z) is defined in Appendix A.1. For 0 < x < 1/4 this function
develops an imaginary part. Note that a power counting for the charm-quark mass is
adopted such that m? = O(myAqcep). The argument of the penguin function in the
convolution (6.2) then counts as O(1). Another comment concerning the charm-quark
mass is in order. In the analysis of the B — X,y decay rate and photon spectrum,
it is customary to adopt for the charm-quark mass a running mass defined at a hard-
collinear scale pp. ~ /mpAqep ~ m. [52]. For instance, the default value adopted in [5]
is m. = m.(1.5GeV). This scale choice is indeed appropriate for charm-quark mass effects
residing in the jet functions entering the factorization formula (5.32). On the other hand,
charm-quark mass effects also enter some of the hard functions in the factorization formula,
for instance via the coefficient H.,(x) in (4.30) [13], or via phase-space functions such as
those shown in (2.29). In this case the charm-penguin loops are probed at virtualities of
order my, and it is therefore appropriate to use a running mass m. = m.(u) evaluated at a
hard scale iy, ~ my. This can have important numerical effects, enhancing the theoretical
prediction for the total decay rate by up to 3%.

The structure of the soft Wilson lines in (6.4), which are directed either along n or 7,
follows when the decoupling transformation is applied to the (anti-)hard-collinear fields in
SCET to remove their soft interactions from the effective Lagrangian and absorb them into
eikonal factors. The Wilson lines reflect the space-time topology of the HQET diagrams
shown on the right-hand side in Figure 6.1. The two weak vertices shall be labeled by
coordinates 0 (left) and = = tn + x4 + x, (right), and the vertex of the soft gluon by
y = rn+y_ + y.. The multipole expansion of the effective-theory fields implies that
x4 1 and y_  can be set to zero at this order. Gauge invariance then requires that the
fields h(tn) and G,(ri) are joined by a Wilson line, and the rules of SCET determine that
this line consists of two segments: a straight line [tn,0] along the light-like direction n
followed by a straight line [0,77] along the light-like direction 7. The fields G4(rn) and
h(0) are joined by a straight Wilson line [rn, 0] along the light-like direction 7. Using
that [tn,0] = S,(tn)S!(0) etc., one recovers the structure of the Wilson lines in the non-
local operator in (6.4). It is noted for completeness that soft functions closely related to
the functions ¢i7 in (6.4) and g1; in (6.23) were introduced, in a context not related to
B — X,y decay, in [112].

There is more to the space-time structure of the soft operator that is worth pointing
out. Since hard-collinear fields in SCET carry large momentum components, the particles
created by these fields always move forward in time. As a result, after convolution with
the jet functions, the quantum fields in the definition of the subleading shape functions are
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ordered in the same way as they appear in Feynman graphs [100]. The operators considered
in this work contain fields that propagate along the two light-like directions n and n, as
indicated by the dotted lines in the right graph in Figure 6.1. If one assigns coordinate 0
to the first of the weak vertices in the figure, the gluon is emitted at space-time point rn
with > 0. This is ensured by the ie prescription in the jet function in (6.2), since

- {
/dw1 e m =27 0(7") . (65)

The gluon thus lives at a later time than the field 1(0) (recall that n® = n° = +1), and
indeed it appears to the left of that field.

Another comment is in order concerning the structure of the result (6.2). From the
diagrams shown in Figure 6.1 one derives one half times the expression (6.2) without the
real-part prescription in front of the integral and in expression (6.3). The mirror diagrams
not shown in the figure, in which the two weak vertices are interchanged, give an analogous
contribution with the complex conjugate Wilson coefficients and CKM matrix elements,
the complex conjugate penguin function F*(r),! the propagator factor 1/(w; — i), and the
soft function

dr w1 dt —iw
rlownp) = [5heme [ e (6.6)

(BI(hSz) (tn) (—ivans) (Si9GeSa) (tn + i) (S3S) (tn) (1 +75) (S1A) (0)] B)
QMB ’

*

which is related to the original one by complex conjugation: g}, (w,ws, p) = [g17(w, w1, p)]*.
To show this, one uses translational invariance to shift all position arguments by —tn and
then changes the sign of the integration variable ¢t. The sum of the diagrams in Figure 6.1
plus their mirror graphs thus gives a real result, and after averaging over C'P-conjugate
decay modes one obtains (6.2).

The real-part symbols in (6.3) and (6.2) refer to different kinds of complex param-
eters. The various products of Wilson coefficients and CKM factors carry, in general,
C P-violating weak phases. The convolution of the jet and soft functions, on the other
hand, can carry CP-even, strong-rescattering phases, which in principle can result either
from anti-hard-collinear loops (i.e., the jet functions J;) or from the soft matrix elements
themselves. (However, in Section 6.5 it will be argued that the soft functions are real.)
When both types of phases are present, a non-zero direct C'P asymmetry arises. The
subleading power corrections provide new mechanisms for generating such an asymmetry.
This will be discussed in Chapter 8.

The range of support of the soft functions in HQET can be derived in analogy to
Section 4.3.3 by noting that the light-cone projections n-p; and 7n- p; of all parton momenta
in the B meson must be non-negative, and that the total momentum of all partons in the
B meson is Mpgv. Since in HQET the momentum of a heavy quark is decomposed as

IThis is because the fields in the charm-quark loop of the mirror graphs are anti-time-ordered.
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Py = Mmpv + k, where k is the residual momentum, it follows that

Y nepi+nk=A Y a-ptn-k=A, (6.7)

i#b i#b
where n -k > —my and n - k > —my. In the heavy-quark limit m; — oo it follows that
—o00o <n-k<Aand 0 < n-p; < oo (for i # b), and similarly for -k and 7 - p;.
In the special case of the soft function g;7 in (6.4), the variable w corresponds to the
residual-momentum component n - k£ of the initial-state heavy quark, while w; can either
correspond to the component 7n-p, of a gluon in the final-state B meson or to the component
—n - pgy of a gluon in the initial-state B meson. It thus follows that —oco < w < A and
—00 < wy < oo. This implies that the penguin-loop function F(z) is sampled over both
positive and negative values of its argument.

In principle, each of the six QCD penguin four-quark operators in the effective weak
Hamiltonian can give rise to a similar contribution, either via loops of massless quarks
(¢ = u,d, s) or via a charm-quark loop. (b-quark loops lead to further power suppression.)
Of these options only ()f has both a large Wilson coefficient C; ~ 1 and a large CKM
factor V, V25 = O(A?), so it will give rise to the dominant effects. However, for later use
the case of the CKM-suppressed operator QY will also be considered. Using that F'(0) = 0,
it follows that the resolved photon contribution resulting from this operator is given by

A [e'¢)
OB = 3oke [ dosrpn) [P guwann. 69
Note that the soft function is the same as in (6.2).

Next the convergence properties of the convolution integrals in (6.2) and (6.8) will be
investigated. In the UV region, for w; > Aqcp, the first integral approaches the form
of the second one, since mass effects become negligible. It follows that the convolution
over w; converges as long as the soft function gy7 vanishes for w; — £o00. In general, the
asymptotic behavior of the soft functions for large values of the w; variables can be analyzed
using short-distance methods [1]. This shows, for instance, that the leading shape function
behaves as S(w, i) ~ 1/w modulo logarithms for w — —oo. For the present case, naive
dimensional analysis suggests the behavior gi7(w,ws, ) o< wy for large wy but fixed w, in
which case the convolution integral would diverge linearly. To obtain such a contribution,
however, would require a non-zero matrix element of the soft operator between two on-shell
b-quarks. But this matrix element vanishes by Lorentz invariance. A non-zero contribution
is only obtained if, in addition to the heavy quarks, one adds a soft external gluon. This
costs two orders in power counting, so that the asymptotic fall-off is at least as strong as
grr(w,wy, p) o< 1/wy for w; — £oo. It follows that the convolution integrals (6.2) and (6.8)
are UV convergent.

The behavior of the soft functions in the IR region can not be derived from a perturba-
tive analysis. In the present case, however, it suffices to make the reasonable assumption
that gi7(w, wy, 1) is non-singular at w; = 0. Using the expansion

1 1 1
122 9022 56023

1—F(z) =— (6.9)
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valid for large x, one finds that for small w; the convolution integral (6.2) arising from the
charm-quark loop behaves as

dw, m? —ic E
1—-F ¢ ~——L d . 6.10
/ WL + ic [ < 2E’Y 1 )1 917(w,w1,,u) 6m2 / w1 917(W,w1,/i) ( )

w10 w10

For the convolution integral (6.8) arising from the up-quark loop, one finds instead

/ wldj—lie g17(w,wr, 1) = P/ dw—ail g17(w, wr, 1) — im g17(w, 0, ) (6.11)
where the symbol P denotes the Cauchy principal value of the integral. It follows that the
convolution integrals indeed exist as long as the subleading shape function is non-singular
at w; = 0. Note that for the case of the up-quark loop it is important that the integral
over wy runs over both positive and negative values. Previous authors have already pointed
out that the up-quark loop contribution to the B — X,v decay rate, while strongly CKM
suppressed, is described by an uncalculable long-distance contribution [108,110,111]. The
relation (6.11) provides a rigorous field-theoretic definition of this contribution in terms of
a well-defined, non-local soft matrix element.
For phenomenological purposes it is useful to define a new function

firg(w, p) = ;/00 e [1 - F((mg—_w)} gir(w, wi, 1) - (6.12)

o W1 + i€ my + w) wy

The final expression for the Q] — )7, contribution can then be written as

A
FiotBy) = 5 (2 [ s + 5 aRe finalope. (013
P+ q=c,u

Note that the argument of the penguin function entering fi74(—ps,p) is mg/[(ms —
p+)wi] = m2/(2E,wy), as it should be. It was already mentioned at the beginning of
this section, that the direct part in (6.13) corresponds just to the result derived by ex-
panding the parton model expression in (2.29) around the endpoint (for m? ~ Aqepme).
The resolved part on the other hand is a new hadronic effect. Even though there is no way
to explicitly calculate these non-perturbative contributions, some information about them
is obtainable.

6.1.1 Q] — Q7,: Facts about the Soft Function

One fact that is known about this non-perturbative contribution is that the definition of
the soft function g;7 in (6.4) implies the normalization condition

/_\ [e'e} Nl 1 - 1= aﬁ D,
Bl hitivng gG* h|B
/ dw/ dwy g17(w, wr, 1) = (Bl hii %2]\55 " h|B) =2\, (6.14)
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where (3.39) was used to evaluate the matrix element of the local quark-gluon operator in
terms of the hadronic parameter \y. Moreover, the HQET trace formalism of Section 3.3.3
implies that the soft function can be written as

917(W7W17 N) =tr Wﬁ(l + 75) nyj; M EOé(,U’ ﬁ; W, W1, lu)]
+

1+ 1 e — ey o=
= Mptr Tﬁﬁi(l +%)W§T (174 B (w, wi, 1) + iy 4t Ea(w, wi, 1))

= AMpBEs(w, wy, 1)
(6.15)

where the most general decomposition of =* was used. It follows from this argument that
the factor (1 + 5) in (6.4) can be replaced by 1, since the part of the trace involving ~s
vanishes. It is then easy to see that

*

A A
/ dw917(W7W17N):/ dw [917(“’7—“}17#) . (6.16)

—00 —0o0
One can constrain the function gy7(w,ws, ) further by looking at its first moments
with respect to w and w;. These can be related to linear combinations of HQET matrix
elements with three covariant derivatives. Such matrix elements can be expressed in terms
of two hadronic parameters, p; and po, via [113]

B|hT,s5iD*D%DPh|B 1 1 1
< | sp v LT | > tr (Faaﬁ +¢ [(Qab’ _ vavﬁ) W0 Pr 4+ ig®Py° @} ﬂ) )

2Mp 2 2 3 2 2
(6.17)
Thus, one finds
A o = T ) . . =
Blh wtn-DiDY,in- D|h|B
/ dww/ dw; 917(W,W17M) _ < I 77"’7@ 2]\[43 1L ] | > = —po,
> - _ _ (6.18)
A S . . .
Bl|h o 2D, i - D], in - DI h|B
/ dw/ dw1w1917(w7w1,ﬂ) = < I ﬁvL H L2M ] ] | > =0,
—00 —0o0 B

where the HQET parameter p, is related to the parameter p34 introduced in [114] via
p%s = 3p2. The vanishing of the first moment with respect to w; of g17 is not a coincidence.
As will be shown in Section 6.5, g7 is in fact a real function. Relation (6.16) then implies
that all the odd moments in w; vanish.

As a final comment it is added that even in the limit where the charm-quark is treated
as a heavy quark, m. = O(my), the penguin contribution to the photon spectrum must still
be described by a subleading shape function. In this limit the argument of the penguin
function in (6.2) is of order my/Aqcp. Expanding then the function [1 — F(z)] to first
order in 1/z leads to?

mp + w
fize(w, p) = — ’ /

18m?

Aty {BI(RSW) (tn) B(1+75) in2 s (S 9G5” 1) (0)] B)
2T QMB '
(6.19)

2QOnly the first term in this expansion gives rise to a UV-convergent convolution integral.
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Integrating this expression over w, and dropping higher power corrections, one obtains a
contribution to the total decay rate proportional to

Mo mb)\g
d (—pa, — . 6.20
/A Pt fr7,e(=pss 1) = 92 (6.20)

C

This non-perturbative correction to the total rate was already considered in [108-111] (the
correct sign was obtained in the last reference). This gave an early hint at the weaknesses
of the local OPE approach on B — X,v. With the above derivation its origin can be
related to the effect of a resolved photon contribution.

6.2 Analysis of the Q] — Qf and Q! — Qs, Contributions

The power-counting rules described in Appendix B show that for these two cases there do
not exist operators arising at order 1/m;, in the heavy-quark expansion that contain soft
fields other than the two heavy quarks. In particular, the diagrams shown in Figure 6.2
contribute to the B — X,y photon spectrum only at order 1/m?. This is an important

RS ‘ ¥
A S
q
s & S,
s s

Figure 6.2: Examples of SCET diagrams giving rise to resolved photon contributions sup-
pressed by at least two powers of of 1/my,. The left graph arises from the pairing QY —
while the right one contributes to the Qf — Qs, term.

9

99999

finding. Since for the case of two charm-quark loops the first diagram in the figure is
proportional to the large Wilson coefficient |C}|* ~ 1, it has sometimes been mentioned as
a potentially dangerous source of power corrections. It follows from the present analysis
that this contribution scales as (Aqcp/myp)? relative to the leading term. It is therefore
expected to be a small correction (see below).

It thus remains to calculate the leading power corrections to the direct photon term
in the factorization formula, by analyzing graphs of the type shown in Figure 5.1. Note
that here only the first diagram on the left in this figure can contribute. After a straight-
forward calculation (summing over ¢ = ¢, u), one finds once again contributions involving
a convolution of the leading shape function with a jet function consisting of the cut of a
hard-collinear loop. The results are the same in the two cases and given by

2F,

a a C as /,L 2 A
PP (B i) = 0 B (B ) = Cros(p) 2 / duo 5w, ). (6.21)
—P+
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This is the obvious generalization of the parton-model results in (2.29). Note that the
prefactor m;,/2E, in the result for Fig follows from the SCET calculation, and therefore it
is presented here. In the endpoint region this factor equals 1 up to power corrections, and
it could therefore be omitted.

In order to substantiate the statement about the smallness of the O(1/m?) double
resolved photon contribution represented by the first diagram in Figure 6.2, this graph is
evaluated explicitly. The result is

2
2
5/ dw5w+p+/ dwl/ dwsy

1 m? — ie m? — ie
1=F 1—F*
w1+i5 |: (QE,le ):| WQ_ZE |: (QE’y ):| gll(w,wl,wmﬂ),

(6.22)

1

A
b c
Fl(l)(EwN) =

where the 1/m,, prefactor indicates the additional power suppression. The soft function is
defined as

dt —iwt dr —w1ir du zwgu =0
gll(wawlaw%u) = %6 %6 27T gm/n n

y (B|(hSz)(tn) (Sh 9G¥ Ss) (tn + un)T'(SLS,) (tn) (S1S5) (0) (S§ 9GSy ) (r7) (SLh) (0)| B)
2Mp ’
(6.23)

where I' = ji(1—~;). This function satisfies g11(w, w1, wa, pt) = [g11(w, w2, w1, p)]", which im-
plies that F! 1(? is real. In order to obtain an estimate of the magnitude of this contribution,
the penguin functions are expanded to first order using (6.9). This yields

, 1 [2E
F{ (B, 1) ~ ~ 618 (WZ

C

M

/dw1/ dws 911 P+7w17w2>ﬂ)a (624)

where the remaining double integral over the soft function scales like A%CD. For any
reasonable value of this quantity, the prefactor 1/648 and the additional 1/m; suppression
render this contribution negligible. For instance, if one models the double integral by
A%, S(—py, 1) with some hadronic scale Ay; ~ Aqep, the contribution of this term relative
to the leading direct photon contribution in (4.40) is approximately given by

2 4 4
A1y —4 A

~ —2-10 . 6.25

<mc) <0.5 GeV) (6.25)

6.3 Analysis of the ()3, — ()3, Contribution

As it will turn out, this contribution is more subtle than the remaining ones, so its calcula-
tion will be presented in more detail. The direct contribution is generated by two insertions
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of the operator Qélg{ he quark S1Ven in (B.2). Since there is no leading power operator con-
taining a photon and descending from Qs, (at tree level in the matching) only the first
diagram of Figure 5.1 is relevant for the direct photon contribution. The same diagram is
given more suggestively in the first line of Figure 6.3. The second line of Figure 6.3 shows

hc he hc
GO000TT

Figure 6.3: Diagrams arising from the matching of the Q)s, — Qg4 contribution onto SCET
(left) and HQET (right). Dashed lines denote non-localities obtained after (anti-)hard-
collinear fields have been integrated out.

the resolved contribution which is generated by two insertions of the operator (5.37) and
its associated conversion. The operator in (5.35) does not contribute to the Qg; — Qs
interference, since it is already suppressed by A compared to the leading power and there
is no leading power operator descending from (), to combine it with. Also, there is no
contribution due to a matching of ()3, onto an operator containing any soft fields at order
1/my in the heavy-quark expansion. The right panel of Figure 6.3 shows the HQET dia-
grams obtained after the (anti-)hard-collinear fields have been integrated out in the second
matching step.

The direct photon contribution involves a convolution of the leading shape function in
(4.38) with a subleading jet function consisting of the cut of a hard-collinear loop. In the
present case the jet function is divergent and needs to be regularized. Using dimensional
regularization and subtracting its 1/€ pole in the MS scheme yields

a Crag my \°> [ 2. myw+p 1 4
Fég)(Ew,,u) = F47r(#) (2Eb ) / dw <§ln¥ + 979 CRs) S(w, p). (6.26)
v —P+

The scheme-dependent constant crg vanishes in the MS scheme, cas = 0. If, on the other
hand, the dimensional reduction scheme is adopted, in which the Dirac algebra is performed
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in 4 rather than d = 4 — 2¢ dimensions, then cgg = 1. It will be shown later that the final
answer for Fgg is scheme independent.

The double resolved photon contribution gives rise to a more complicated structure, as
the resulting soft matrix element contains four quark fields located at different space-time
points. One finds

8 my \ 2 [ < dw < dw u
FE, 0 = ran() () [ dostorpe) [~ [ B i),
8l

oo oo W1 F e o wo —iE
(6.27)
where the subleading shape function has been defined by
d : du dt .
o) = [ i [ 48 o [ g
‘X‘S
(B|(7Sn) (tn) TA(S.85) (tn) T (Shs) (tn + un)|Xs) (X| (55) (r) s (S5.5,) (0) T4 () (0) [ B)
% 2Mp
/ d7’ —zwlr du zwgu/ dt —zwt
271' o 27r
(B|(RSy) (tn) TA(S%S5) (tn) T (St s) (tn + un) (555) (ri) T (S5.5,) (0) T4 (SLR) (0)| B)
X oMy .
(6.28)

As before, the Wilson lines render the soft matrix element gauge invariant. The sum over

soft intermediate states X; with strangeness S = —1 in the first equation arises since in
this particular case the hard-collinear jet does not contain the strange-quark. Note that
only color-octet partonic states contribute to the sum, not physical hadronic ones. As was
already argued in Section 3.1 a complete sum can be performed, since the operators ensure
the correct quantum number for the intermediate states. This gives rise to the second
equation, in which the two strange-quark fields are not time ordered but appear in the
order shown in the formula. In the definition above

fo="asy, T=%a (6.29)

are projectors onto two-component light-quark spinors. In deriving the result (6.27) the
Dirac structure has been simplified using the identity [115]

ol ”T Vi ® Vi ﬂf = (d—2)° ? ® @ : (6.30)

where d is the number of space-time dimensions.

According to the discussion of Section 6.1, it follows that gga* has support for —oo <
w < A and —x0 < wi2 < 00. Note the difference in the sign of the ic terms in the
two anti-hard-collinear propagators in (6.27), which is due to the fact that the anti-hard-
collinear fields connected to the right weak vertex in the diagrams are anti-timed-ordered.
Consequently, after convolution with the jet functions the position variables r and w in
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(6.28) are restricted to positive values, such that the fields in the soft (X... | B) matrix
elements are time ordered, while those in the (B]...|X;) matrix elements are anti-time-
ordered, as it should be. Finally, the second equality in (6.28) implies the relation

cut cut

g8 (W’wa%/i)] = 0s8 (w7w27w17,u)7 (631)

and since the convolution in (6.27) is symmetric in w; and wy up to complex conjugation,
it follows that the final result is real. Contrary to (6.14) there is no useful normalization
condition for the soft function gga*.

For phenomenological purposes, it will be convenient to define a new, real function

2 dw1 dujg t
_ 2w, Wy, wa, 6.32
fgg(w,,u) = 9\/_ ) 26/_ ) ic gss ( y W1, W2, )7 ( )

in terms of which the second contribution to the photon spectrum is simply

my

2E7) fas(=py, 1) - (6.33)

FS(S)<E'W p) = Amas(p) (

Note that the poles at w; = 0 and ws = 0 are regularized by the ic prescriptions, in analogy
with (6.11).

One comment is in order concerning the structure of this result in light of the general
factorization formula (5.32). The present case is the only example of a double resolved
photon contribution at order 1/my,. The jet function for the hard-collinear gluon is given
by the cut of the gluon propagator, which up to trivial prefactors yields J(p?) = §(p*) with
p? = my(w + p,), in analogy with the tree-level expression for the quark jet function of
(4.43). The jet functions for the two anti-hard-collinear quark propagators are, up to a
trivial numerator factor, given by J(p?) = 1/(p* + ic), where p> = 2F, w; » in the present
case. Hence, the triple convolution can be recast in the form (omitting scale dependences
for brevity)

dw dw ou

= H/mbdw J(my(ps +w)) /2E7 dwq J(Zval)/QE7 dws [j(2E7w2)]*gggt(%wl’wQ)’
(6.34)

with the hard matching coefficient corresponding at tree level to the product of Wilson
coefficients |Cg,|* in (5.39). This result is in agreement with the factorization formula
(5.32). Even though all seems well with the above formula, the presentation has hidden an
important subtlety. The next section will deal with the renormalization properties of the
individual quantities in the factorization formula.
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6.3.1 gy — Qsy: Details about the Factorization

A priori, each of the quantities in Equation (6.34) is scale dependent. However, the scale
dependence should cancel (up to terms of order o) in the sum of the two contributions
(6.26) and (6.27). This is in correspondence to the cancellation of divergences between the
hard-collinear and soft region in a method of regions analysis of QJg; — (g4 in full QCD. In
order for this cancellation to happen the convolution (6.32) must contain a p-dependent
term at zeroth order in the strong coupling. This fact is incompatible with a multiplicative
renormalization of SCET operators as given in Equation (4.46). The situation can be
contrasted to the ()7, — ()7, case in Section 5.2.5, whose matrix element turned out to be
less singular. The resolution of this puzzle is that the additional convolution integrals over
the soft function themselves are not convergent. In order to demonstrate this, one calculates
the asymptotic behavior of the soft function for large values w2 > Aqcp, corresponding
to highly energetic light quarks. This behavior can be extracted using short-distance
methods [1]. At leading order in perturbation theory, one just has to replace the light-
quark fields in the definition (6.28) by a cut propagator and perform some phase-space
integrations. Working in d = 4 — 2¢ dimensions leads to

CF 9(&)1) wl_e A _
cut — 1 A . d / / r € o
9ss (WJ W1, W2, ,LL) w1.25Aq0D (4’71')2_5 F(]_ N 6) (wl w?) /w W S(w JM) (w w) +
(6.35)

Corrections to this result are suppressed by powers of a; or Aqep/wi 2. The limit € — 0
is smooth and gives rise to a dependence g§a* o< wy d(w; — wy). It is then obvious that the
double convolution integral in (6.32) is logarithmically divergent in the UV region.®> When
the convolution is understood in the usual sense as an integral over renormalized functions,
then this divergence is not regularized.

On the other hand, the explicit expression (6.35) shows that the convolution integral
would be regularized by the dimensional regulator if the limit ¢ — 0 was taken after the con-
volutions have been evaluated. In that case one obtains a 1/¢ pole from the UV-divergent
convolution integral, which needs to be subtracted in the MS scheme. Thus the following
procedure will be applied: a hard cutoff Ayy is introduced and the convolution integral
is split up in a low-momentum region defined by wy,ws < Ayy and a high-momentum
region defined by the complement. In the high-momentum region it is possible to replace
the soft function by the perturbative expression (6.35) up to higher-order terms in a; and
power-suppressed contributions. Then the high-momentum contribution to the double con-
volution integral is evaluated before taking the limit ¢ — 0. In doing so, it is important
to reinstate a factor (1 — €)? from the Dirac algebra, see (6.30), and a factor p*¢ from the
conversion of the bare coupling constant g® into the renormalized coupling 4ma, (). This

3Note that according to (6.35) there are no UV divergences from the region of large negative values of
wi,2. In this region the convolution integrals are cut off by non-perturbative dynamics.
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leads to

2 * dw * dw cut,bare
i) = 3 (1= ey [~ [ g )

oo W1 T 2E MS subtracted

2 AUV dw1 AUV d(,()2 ot
9 /—oo wy t+ 1€ /_oo Wy — 1€ gss' (w, w1, w2, 1) (6.36)

CF A / ’ AUV(W/ — W)
— /w dw' S(w', 1) <ln—2—|—2—20RS :

where cgg is the same scheme-dependent constant as in (6.26). This expression is indepen-
dent of the auxiliary scale Ayy, which for consistency should be taken to be several times
Aqcp, so that perturbation theory can be trusted. In the above result the dependence on
the factorization scale of dimensional regularization is explicit, and it is now evident that
the sum of the two contributions (6.26) and (6.27) is both scale and scheme independent.
Indeed, one finds

Crog(p) ((mpy \> (2. my 1 //_\
Fss(E = S ln—2 =

8 my 2o Aoy duwn /AUV dws cut
+97TOés(N) <2E7> /_OO wr e ) o wn—ic gss (=D, Wi, Wa, 1) -

The large logarithm In(m;,/Ayy) in the first term results from the ratio of the hard-collinear
scale my(w + py) in (6.26) and the soft (yet perturbative) scale Ayy(w + py) contained
in the function fsg(—p4,p) in (6.33). Resumming these large logarithms would require
solving evolution equations in the effective theory. In the case of UV-divergent convolution
integrals, the derivation of such equations is an open problem.

The problem of divergent convolution integrals in SCET has been encountered pre-
viously in the context of heavy-to-light form factors [88,115-117] and power-suppressed
contributions to hadronic B-meson decays [35,118]. It is to some extent still an open ques-
tion whether these integrals indicate a failure of factorization, or whether they can be cured
by a generalization of the theoretical framework of SCET (an attempt in this direction was
initiated in [119]). An important difference is that in all previous cases these divergences
were of IR origin. In the current case, however, the convolution integrals diverge in the
UV. Such divergences appear to be rather generic in the description of higher-order power
corrections, because the resulting convolution integrals contain higher powers of soft mo-
mentum variables. Still, the presence of this effect casts doubt on the factorization proof
in Section 5.3. It is not obvious that the treatment discussed in this section will work
at higher orders in perturbation theory and allow for a consistent resummation of large
logarithms. In that sense the derivation of factorization is incomplete.

Note that the result (6.37) is insensitive to the mass of the strange-quark, as it should
be. This is in contrast with the parton-model expression derived in [64] and shown in (2.29).
The IR regulator m, introduced in the parton-model calculation is replaced in real QCD
by a subleading shape function, i.e., by a hadronic matrix element of a non-local operator.
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One recovers the parton-model expression for Fgg if one calculates the soft matrix element
in perturbation theory, i.e., if one assumes the validity of (6.35) also at small values of w 5
and introduces m, as an IR regulator, which replaces w; ‘(W' —w)™¢ — [wi(w'—w)—m?] ¢ in
this formula. Of course, such a treatment can not be justified due to the non-perturbative
nature of QCD at low energies.

It was argued in [104] that the IR-sensitive terms in the Qs, — Qs, contribution to
the B — X,v photon spectrum can be absorbed into photon fragmentation functions of a
strange-quark or gluon. While no formal proof of this assertion was given in that paper,
it is likely to be true in the kinematic region away from the endpoint, where the splitting
processes s — v+ s and ¢ — v + g can be treated using the collinear approximation.
In the language of SCET this means that the partons after the splitting are still anti-
hard-collinear fields, and hence the photon energy can not be near the endpoint. In the
endpoint region, on the other hand, these partons are soft, and they do not factorize from
the remaining soft matrix element. Hence, in this region the non-perturbative physics
is encoded in a complicated subleading four-quark shape function rather than a simpler
fragmentation function.

6.4 Analysis of the ()7, — ()3, Contribution

Evaluating the diagrams in Figure 5.1 for this operator pair, yields for the direct photon

contribution 5
(a) Cras(p) my 10
FY(E — 2] T

78 ( Yo M) 47T 2E'y 3

which generalizes the parton-model result (2.29) in the endpoint region. The case of the
Q7 —Qgq interference term is special in that, even though the parton-model expression does
not indicate any problematic feature that would call for non-trivial soft contributions, there
actually do exist some O(1/m;) effects that are described by subleading shape functions.
Moreover, these effects remain non-local even for the total decay rate [14] (see also [105]).

In order to study the resolved photon contributions, either one of the two SCET op-
erators in (5.35) and (5.37) arising from the matching relation for Qs, is combined with
the leading-order operator in (4.27) descending from ()7,. In both cases, the conversion
of the anti-hard-collinear fields gives rise to one or more soft quark fields. The relevant
SCET diagrams are depicted in the left panels in Figure 6.4, while the corresponding soft
graphs resulting after the second matching step are shown in the right panels. In the first
case, the second soft quark is generated by an insertion of a subleading term of the SCET
Lagrangian. Evaluating the first contribution in detail yields

16 m A © dw * dw
F7(§)(E'y>,u) — 0 o (1) ﬁ Re/ dw o(w +p+)/ - / : (6.39)
) - - )

dw S(w, 1), (6.38)

—P+

oo o W1+ 1€ J_oo wy — i€
X [Grs(w, wi, wa, ) — G (w, wi, wa, p)] -

The soft function grg arises when the hard-collinear strange-quark line in the left diagram

in the first row of Figure 6.4 is cut, while the function gSg* originates from the cut through
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00

Figure 6.4: Diagrams arising from the matching of the ()7, — (g, contribution onto SCET
(left) and HQET (right). Dashed lines denote non-localities obtained after (anti-)hard-
collinear fields have been integrated out.

the hard-collinear gluon line. In this latter case the soft strange-quark line must also be
cut. Specifically, the corresponding subleading shape functions are defined as

B dr o (AU o [ AT
grs(w, wy, wa, 1) = 5 € /%e /%e o0
y (B|(RS,) (tn) TAT, (S}s)(un)(5Ss) (r) Ts (S5S,)(0) T4(SEh) (0)| B) '
QMB ’
and
—cut dT —iw1r du wou dt —iwt
g8 (W7W17W27,M): %6 /%6 /%6 z
y (B|(RS,) (tn) TAT, (Sfs)((t +u)n)|Xy) (Xs| (5S5) (ri) Tn (S5S,)(0) T4(SER) (0)|B)
2MB

dr . du dt ...
_ @ —dwyr W iwou 7w 41
/ 2w ¢ / 27 ¢ / 2 ¢ (6.41)

y (B|(RS,) (tn) TAT, (Sts)((t +u)n)(5Ss)(ri) Ts (SLS,)(0) TA(Sih)(0)|B)
2Mp ’

where I'; was introduced in (6.29), and T, is defined in the same way as I'; but with n and
n interchanged. One half of the contribution shown in (6.39), but without the real part
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prescription, arises from the original diagrams, while the mirror diagrams not shown in
the figure give the complex conjugate of the above expressions. The two results combined
give a real result, as indicated in (6.39). Note that there is no need to insert a time-
ordering symbol in front of the light-quark fields in the definition of grg in (6.40), since
after convolution with the jet functions the integration variables r and wu are restricted to
take positive values, and hence the light-quark fields have a space-like separation. In the
second equation in (6.42), on the other hand, the fields are not time ordered because the
non-local four-fermion operator arises upon performing a sum over intermediate states, as
shown in the first equation.

Consider next the contribution shown in the second row of Figure 6.4. In this case the
soft light-quark pair can carry any flavor. This yields

A 00 00
c mp 1
F7(8) (E'Y’ ,U) = 47TCK5(H) E Re/ dw 5(0.) + p+) /_Oodwl /_OodWQ m (642)

— 00

1 ! 1) 1 1 o
X — _

where the subleading shape functions have been defined by

dr _. du dt .
1 iy _
ggg) (W,W1;W2a Iu) = / % oW /% eszu/ % e iwt

 {BI(7Sn) (tn) (S155) (0) T4 (1 + 75) (S5h)(0) T3 4 ¢4 (45a) (rn) # T (Sha) (un) | B)
2MB ’

dr . du dt .
5()() — —iw1T wou —iw
g§8)( 1,2 1) /27re 1 /%e 2 /%e t

(B|(hSn) (tn) (S1.52) (0) T4 (1 + 75) (S5h) (0) T 3 4 € (45a) (rn) fins T (Sha) (un)| B)
2Mp ’
(6.43)

X

where the sum extends over light quark flavors (¢ = u, d, s), and e, denote the quark electric
charges in units of e. Again, one half of the contribution shown in (6.42), but without the
real part prescription, arises from the original diagrams, while the mirror diagrams not
shown in the figure give the complex conjugate of the above expressions.

In these definitions the light-quark fields are time-ordered, as indicated by the T sym-
bols. That this is the appropriate ordering can be seen as follows. After convolution with
the jet functions, for the terms containing the propagator 1/(w; + i€) in the second line of
(6.42) the integration variables r and u are restricted to the range r > u > 0. These terms
correspond to the Feynman graph shown on the left in the second row of Figure 6.4, in
which g(rn) should appear to the left of g(un). For the terms containing the propagator
1/(wy — i) the integration variables are restricted to the range u > r > 0. These terms
correspond to the analogous Feynman graph with the opposite direction of the fermion
arrow on the light-quark line, for which g(rn) should appear to the right of ¢(un). Hence,
the proper ordering is indeed the ordering according to (light-cone) time. On the other
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hand, arguments along the lines discussed in [120] suggest that the time-ordering prescrip-
tion is, in fact, not required for forward matrix elements and fields at light-like separation.
In what follows it will be assumed that the T symbol can be dropped in (6.43).

Very little is known about the complicated four-quark shape-functions defined in (6.40),
(6.42), and (6.43). By the general arguments presented in Section 6.1 it follows that the
soft functions g7s and g%@ have support for —oo < w < A and —o00 < w; 5 < co. However,

in the case of gSa® it is necessary that wy o > 0. Note also the symmetry property

A » A
| e[ ] = [ dogiP o, (6.44)

— 00

which follows from the definitions of the soft functions in (6.43). While nothing specific
could be said about the subleading shape function in the ()3, — ()3, interference, the situ-
ation is slightly improved in the Q7, — Q)s, case.

6.4.1 (7, — Qg in the Vacuum Insertion Approximation

The fact that in the case of g%’s) the operators involve light quarks of all flavors offers a
strategy for modeling their matrix elements between B-meson states. Unlike the case of the
four-quark operators encountered for g§a*, grss, and gsa®, here it is possible to (very roughly)
estimate the matrix element by inserting the vacuum intermediate state between the two
light-quark fields. The “vacuum-insertion approximation” (VIA) is used extensively in the
study of local four-quark operator matrix elements, and a priori there is no reason why it

should work less accurately for non-local operators. Following [14] leads to

F2(u)

A
1
/ dw 9%75) (CU, Wi, wWa, ,LL) _espec T (1 - m) st(_wh :U’) ¢f(—WQ, M) ) (645)

VIA

where egpec denotes the charge of the spectator quark inside the B meson, i.e., egpec =
2/3 for BE, and egec = —1/3 for B® and B°. The quantity F(u) is the HQET matrix
element corresponding to the asymptotic value of the product fz+/Mpg in the heavy-quark
limit [121]. Finally, ¢¥(w,p) is the leading light-cone distribution amplitude of the B
meson [122]. It is a real function with support for w > 0, which vanishes at w = 0 and
asymptotically falls off like 1/w modulo logarithms [123]. Useful forms for this function
have been derived based on QCD sum rules [122,124,125], the relativistic quark model [126],
and model-independent moment relations obtained using the operator-product expansion
[123,127]. The support of ¢¥(w, ) implies that only negative values of w; and w, give
rise to non-zero contributions in (6.45), which is in accordance with the fact that ¢ (q)
describes an anti-quark in the initial (final) state.
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To conclude this analysis, the following phenomenological functions are defined

0 4 [ dw / * dwy eut
w = - W, W1, Wa, [4) — W, Wi, Wa, ,
78 (W, 11) / w1 + ie W2 e [978( 1, w2, 1) — Grg' 1, W2 M)}

an = d d 6.46
frs" (w, ) / Wl/ Wg ——— — W1 — wo + iE ( )

1) 1 1\
>< - - .
l(w1+25+w2—@5) grs (w, or, wn, 1) (w1+i€ OJQ—ZE) 97 <W7WI7M27M)}

In the VIA, one finds

A F2 1 1 oo B : 2
/_oodw f%l)(w’u)‘vm = T Cepec 8<u) (1 - m) {/\QB(M) " 27TZ./o w MJF(Z o } ;

A 2
F=(u 1 1
/ dw Re f%l)(w,u)’ = —Cspec % (1 - m) SR (6.47)
c B

s VIA

where A\p = fooodw ¢¥ (w, ) /w denotes the first inverse moment of the B-meson light-cone

distribution amplitude [35]. In terms of the functions f78 " the direct and resolved photon
contributions to the B — X,y photon spectrum can be summarlzed as

Cras(p) my 10

i
Frs(By,p) = ———— 28, g/ dw S(w, 1) 6.45)

+ama () g Re [0 (pe ) + S8 (oo )]

This concludes the analysis of each of the subleading contributions to the B — X,y
differential decay rate in the endpoint region. Some information about the new subleading
shape functions appearing in this analysis was already extracted in Section 6.1.1 and this
section. The next section will consider the properties of the subleading shape functions
under PT transformations.

6.5 Constraints from P7T Invariance

In the expressions presented in the previous sections there are four potential sources of
complex phases: weak (CP-violating) phases from the CKM matrix elements and the
Wilson coefficients, and strong (C'P-conserving) phases from the new jet functions .J; and
the various subleading shape functions. The CKM phases are non-zero only for the Qf —Q7,
contributions (with ¢ = ¢, u), where they are suppressed by two powers of the Cabbibo
angle. The Wilson coefficients are real in the Standard Model, although they can be
complex in many of its extensions (see e.g. [128]).

A unique property of the resolved photon contribution is that the new jet functions J;
are given in terms of full propagators (dressed by Wilson lines) and not by cut propagators.
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As a result, these functions are in general complex and give rise to strong phases. Since
the relevant scale of the jet functions is \/2E, Aqcp, which is perturbative in the endpoint
region, these strong phases are calculable in perturbation theory. The other potential
source of strong phases are the soft functions, whose phases are of a non-perturbative
nature. When studying the effects of the resolved photon contributions on the rate and
CP asymmetry in B — X7y decay, it is important to obtain some handle on these non-
perturbative phases. In order to do so, the invariance of strong-interaction matrix elements
under parity (P) and time reversal (T) is employed.

Under the combined transformation PT', a spinor field ¢(x) transforms as PT(x)PT =
Apr1p(—x), where in the Weyl representation of the Dirac matrices App = —7°y1+® up to
an irrelevant phase factor. The soft Wilson line S, (x) in (4.38) transforms into S, (—z).*
Finite-length Wilson lines, as they appear in the definitions of the soft functions, transform
as PT [tn,0] PT = PT S,(tn) SI(0) PT = S,(—tn) SI(0) = [~tn,0]. Finally, the external
B-meson states transform as PT |B(v)) = —|B(v)). Also, because the time-reversal trans-
formation is anti-linear, matrix elements get complex conjugated under application of PT.

Consider now the definition of the soft function g;7 in (6.4). Using the fact that the
position-space strong-interaction matrix element is P7T invariant leads to

dT —iw1r dt —iw
gir(w,wi, ) = /%6 l/ge ! (6.49)

| (BI(AS) (=tn) (1 = 75) (S1:55) (0) i s (Sh 9G5”Sa) (—rn) (Sih) (0)|B)*
2MB ’

where it was used that AL, f#iv: App = iyt and AL, jiys ivE Apr = —iiys iv-. However,
it was already argued after (6.15) that the term containing -5 vanishes. Hence, PT trans-
forms the position-space matrix element into the complex conjugate of the same matrix
element with all position arguments z; replaced by —z;. By taking the complex conjugate
of relation (6.50) and reversing the sign of the integration variables r and t, it then follows
that g17(w,wy, p) is a real function.

An analogous argument can be presented for the soft functions gzs in (6.40) and g%"r’)
in (6.43), where it is important however that it is possible to avoid the time-ordering
prescription for the soft light-quark fields. The HQET trace formalism can be used to
show that in the definitions of these matrix elements only even numbers of 5 matrices can
give rise to non-vanishing contributions, and then the Dirac structures are in all cases even
under PT. In contrast to (6.15) the shape function grg corresponds to a four-quark matrix
element. Therefore there are two possibilities for additional Dirac structures at higher
order. They can appear either between the two light quarks or between a light quark and

4Strictly speaking the lower limit of integration is also changed from —oo to 400, but this provides an
equally valid definition of the same object.
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an external state. This leads to

N 1+ — _ 1+9 _
grs(w,wy,wo, i) = Mptr [ 5 yAI“A Z1(v,n) g 5 ﬁzg(v,n)}
(6.50)
1+ _ 3 _ B 1+
+ Mptr [75 5 7AI‘A :;;(v,n)} tr {:4(1),71) I'p 5 ﬁ%l ,

where I'y =T, and I's = I';;, and for brevity the dependence of the coefficient functions
=, on w, wi, we, and u has been suppressed. A similar expression, but with different
matrices I'4 and I'g, holds for 9%’5) after a Fierz transformation. The most general Lorentz-
invariant decompositions of the functions Z; involve products of up to four ¢, 7, and ~¢
matrices, where all transverse indices must be contracted. No 75 matrices appear in this
decomposition. Note also that by using the relation n + 7 = 2v 7t can be eliminated in
favor of ¥ and . With only two independent external vectors v and 7, however, it is
impossible to saturate the four indices of an €5 symbol, and hence only even numbers of
~s matrices in the product structure I'y ® I'g can give rise to non-zero traces. For the case
of grg considered above, it follows that one can replace 16 T',, @ 'y, — 7t Qs — itytys @ sty
Both of these product structures are even under P7'. In the case of g%) and g%), it follows
similarly that (1 +v5) @ 7t — # ® it and #(1 + v5) @ fiys — Y5 @ fiys. Once again, these
product structures are even under PT. Therefore the functions grs, g% , and gé‘? are all
real.

Finally the functions g§g* in (6.28) and gsa* in (6.42) will be considered. They are
defined in terms of sums over intermediate states |X;), which without loss of generality
can be chosen to be eigenstates of PT with eigenvalues 1. After summing over the
polarizations of the intermediate states and integrating over their momenta, one finds that
each term in the sum over states can be written as a product of two traces, in analogy to
the second term in (6.50). The same arguments as above then show that ggi* and gsa® are
real.

In conclusion, all of the subleading shape functions are real. The strong phases men-
tioned in the introduction to this section thus arise only from the new jet functions .J;.
Given that the soft functions are real, it now follows from (6.16), (6.31), and (6.44) that
[ dw g17(w,w1) is an even function of wy, and that ggy'(w, wi,ws) and [ dw g%’5) (w,wr,ws)
are symmetric under the exchange of w; and ws.

6.6 Conclusions of this Chapter

This chapter presented a systematic and throughout analysis of the 1 /my, corrections to
the B — X,y photon spectrum in the endpoint region. The results can be summarized by
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giving the complete list of the quantities Fj; appearing in (5.39). They are

Cra A
Fr(E, ) = 220 [ g (161n Mol b pe) 9) S 1) + FSF (o).

dr Jo,, p?
Crog A 2 . mylw+ 1
Fa(Byo) = 220 [ g (— MCCRa N —) S 1) + 4 () fss(—po 1)
T “p 9 7 3
Cras(p) 10 [N
Frs( o) = S22 [ 50,0 + 4w ) Re [ 10 ) + 5 )]
—P+
Crog 2 A
Fiz(Ey, 1) = %@ (—5)/ dwS(w, 1) + Y gRe fizg(=ps, ),
—P+ g=c,u

Crog, 2 A
Fu(Byon) = FslEyop) = L2002 [ 50,10,
—P+

(6.51)
with the leading shape function defined in (4.38), 4, in (6.3), and F2F in (5.17) while
the the phenomenological functions f;; are convolutions of subleading shape functions
and defined in the previous sections of this chapter. These results provide important
informations for phenomenological applications. The following chapters will analyze them
in detail. In Chapter 7 the effect of the new subleading shape functions on the partially
integrated decay rate will be considered. Since these non-perturbative quantities can not
be calculated explicitly, they constitute a hadronic uncertainty in the determination of
the integrated decay rate. This is also true for an integration range much larger than
the endpoint region. In contrast to the subleading shape functions of the @7, — @7,
contribution, the new subleading shape functions do not reduce to local matrix elements
if integrated over a large range. The reason for this lies in the non-local structure of
the HQET matrix elements in the n direction. This non-locality is due to the anti-hard-
collinear propagators and is not “integrated out” by considering the total rate.

The other phenomenological application is the determination of the hadronic uncer-
tainty in the direct C'P asymmetry, observed in the decays of B- and B-mesons. This will
be considered in Chapter 8.
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Chapter 7

Phenomenology I:
Hadronic Uncertainties in the
Integrated Decay Rate

It has been argued in Chapter 1 that the branching fraction of B — X,y contains useful
information concerning the determination of SM parameters, as well as for restricting the
parameter space of new physics models. For practical reasons explained in Section 1.3,
this branching fraction only includes photons with an energy above a certain cut. The
corresponding theoretical prediction, based on the parton model, was given in (2.38). In
this calculation the uncertainty due to non-perturbative effects was estimated to be about
5% [5).

The last chapter systematically identified the non-perturbative corrections to the B —
X,y photon spectrum in the endpoint region at O(1/m;). By integrating these results over
the photon energy, it is now possible to estimate the size of the non-perturbative corrections
to the branching fraction. As it turns out, some of these corrections fall outside the realm of
the local OPE and need to be parameterized by integrals over subleading shape functions.
In Section 7.1 the partially integrated decay rate with a lower cutoff will be defined and
related to the results of the previous chapter. Section 7.2 will then define a set of hadronic
quantities that parameterize the uncertainties due to the new subleading contributions.
Subsequently, each of the relevant contributions will be considered in Sections 7.3 to 7.5.
Finally, the results will be summed up in Section 7.6 and an improved estimate of the
hadronic uncertainties in the partonic calculation of the branching fraction will be given.

7.1 Partially Integrated Decay Rate

For phenomenological purposes, it is most interesting to study the partial B — X,y decay
rate

Mp/2 dl’
0 gl
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obtained by integrating the photon spectrum over a region Ey < E, < Mpg/2. Provided
that A := my, — 2E, is much larger than Aqcp, the direct photon contributions to this
integrated rate can be calculated in terms of local operator matrix elements [13] using a
combined expansion in powers of A/m; and Aqep/A. The latter expansion corresponds to
the moment expansion of the leading shape function, given in (3.38). In the limit Ey — 0
one obtains the total decay rate, and A = my; however, as was discussed in Section 1.3,
the rates measured experimentally are obtained with values of Ey larger than 1.7 GeV, so
that A < 1.25GeV.

An important feature of the resolved photon contributions studied in this work is that
they do not reduce to local operator matrix element in the limit A > Aqcp. Rather, the
corresponding contributions to the integrated decay rate must still be described in terms
of matrix elements of non-local operators. This implies that the corresponding theoretical
uncertainties do not reduce significantly as the cutoff Ej is taken out of the endpoint region.
This will now be illustrated by deriving expressions for the first-order power corrections to
the integrated decay rate

Gro|Va Vil

[(Eo) = (1) My, [!HV(M)F [1+O(as)]

3274 b
(7.2)
1 . _
o 2 Re[C100) Ci)] Fy(A )+
1<j

valid for A > Aqcp. Here my, denotes the pole mass of the b-quark. The dots represent
terms of order 1/m? and higher, which are ignored. The integrated coefficient functions
are obtained as A
Fij (A p) = / dpy Fij(Ey, 1), (7.3)

A

where py = my, — 2E,. As will be explained below, with the exception of g§g* the non-
perturbative soft functions have support for values w = O(Aqcp).' In the limit A > Agep,
the w integrals in the definitions of the subleading shape function can then be performed
over the entire range from —oo to A, and this leads to simplifications. However, the
integrals over the remaining w; variables can not be simplified.

For the direct photon contributions, the integrals (5.13) will again be needed

A A
[ o [ aws@mwma,
—A —p+

A A mp(w + py) mpA (74)
/ dp+/ dw lnb—er(w,u)zA(ln b —1).
—-A —p+

It p?
It follows that the direct photon terms contribute to (7.2) at order A/my, in power counting

and can be computed using a local operator-product expansion. In the formal limit Fy — 0
these terms are promoted to O(1) contributions.

'Radiative tails of these functions, which can exhibit power behavior and extend to larger w values will
be ignored. These effects only contribute at higher orders in ag.
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Next the subleading shape-function contributions to the integrated decay rate will be
discussed. For the operator pair ()7, — (Q7,, the subleading shape-function contributions
also reduce to matrix elements of local operators, as discussed in detail in [9, 10,100, 107].
From (5.24) it then follows that

OF@S<N)

47

_ m

Fur(A, ) = A (161n 2t 1) . (7.5)
Note that, at order 1/m;, the non-zero strange-quark mass effect discussed in Section 5.2.6
integrates to zero in the partially integrated decay rate (at tree level in «ay), as long as
A > Aqep. Similarly, for the operator pairs Q] — @Qf and Qf — Q)s,y, only direct photon
contributions contribute at order 1/my, and one obtains

_ _ Cros, 2
Fiu(A, ) = P p) = P00 2 (7.6)

The remaining contributions, all of which contain resolved photon terms, are more
interesting. For the operator pairs Qf — Q7,, one obtains

Fin(A, ) = SPs) (-%) A+§(1—5U)Re/_°° duon [1—F(M>] hin(wr, 1)

41 o W1 F 126 my W1
(7.7)
where
A A
hi7(wy, p) = / dw g17(w,wy, ) ~ / dw g17(w, w1, 1)

-a o e _ (7.8)
[ dr i, (BI(RSa) (0) ing Tis (S} G2 Sy) (ri) (Sih) (0)]B)
- / o 2Mp '

The integral over py in (7.3) eliminates the (w4 p, ) distribution in (6.2), and integrating
the soft function gi7(w,ws, p) in (6.4) over w then eliminates the t-integral and sets ¢ = 0,
so that part of the non-localities of the operator are eliminated. However, the gluon field
is still smeared out on the n light-cone. Note that there is no contribution from the up-
quark penguin loop to the integrated rate. As noted in Section 6.5, the integral over w of
g17(w, w1, @) is symmetric in wy, so that the integral over Fl('l;)u in (6.8) vanishes.?
The case of the QQ7, — Qg4 interference leads to

_ Crag 10 dw © dw
Fro(8, ) = O I A e 1) Re A =, e )

AT oo W1 i o wo — i€

o

2It has been pointed out in the past that up-quark penguin loops might give rise to an O(Aqep/me)
uncertainty in the integrated rate for B — Xg4v decay [111], where unlike in B — X,y they are not CKM
suppressed. Applying the present analysis to B — Xg4v shows that this contribution actually vanishes,
removing that source of uncertainty in the integrated decay rate. Note that the same is not true for the
CP asymmetry in B — X 47 decay, where the corresponding contribution is proportional to h;7(0), which
is non-zero in general.
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where in analogy with (7.8) it has been defined

e (7.10)
{BI(S,)(0) T s (SHh)(0) S5, € (aSw) (r7) s T (Ska) (um) | B)

2Mp

Note that the contribution from g%) vanishes, since the integral over w of this function is

symmetric under the exchange of w; and wy. Likewise, the contributions from the functions
grs and gsa® to the integrated decay rate cancel each other. This follows from the fact that
the two non-local operators in (6.40) and (6.42) coincide for ¢ = 0. In the VIA one finds

- _ Cray(p) 10 mas(p) 1\ F*(p)
F78(A’M)‘VIA_ 4 3A g Cwwec L N2 J A% (u) (7.11)

The second term coincides with the result derived first in [14].
Finally, for the case of the operator pair s, — Qsg, it follows from (6.37)

_ Crag 2 m 1
FSS(ANU) = F4—(M> (§ IDA—b - g) A
™ uv
Auy Auv (7.12)
—|—§ a( )/ duy / sy hest (A, wr, wa, 1)
97T s\ - w1+i€ - CUQ—iE 88 , W1, Wa, W),
where N
RS (A i, 1) = / deo g8 (@0, w1, 1) (713)
“A

Naively, one would expect that for A > Aqcp this function becomes independent of A
and reduces to the expression

? d'f’ —w1ir du W2l
W) L[ SR e [Te (7.14)

(B|(hS,)(0) T4(S1S5)(0) T (Shs) (un) (5S5) (rit) T (S1S,) (0) T4 (SER) (0)| B)
2MB ’

in which case the second term in (7.12) would be strictly positive. However, in the present
case the limit t — 0 in (6.28) is singular, since then the separation between the two light-
quark fields s and § becomes light-like. As a result, the integral over w in (7.13) diverges
linearly as A is raised to infinity, and hence it must be evaluated at large but finite A.
In other words, unlike for the other soft functions, the support of the function ggg* is not
restricted to values w = O(Aqep) but extends to large negative values of w. This is in
accordance with the asymptotic behavior derived in (6.35).

The convolutions of the soft functions with anti-hard-collinear jet functions in the re-
sults given above can not be expressed in terms of local operator matrix elements, but
rather define unknown hadronic parameters of order Agcp. These are the sources of gen-
uine, first-order power corrections to the integrated decay rate, which are not reduced by
lowering the cutoff Fy on the photon energy. In the following sections the size of these
hadronic effects will be estimated.

X
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7.2 Hadronic Uncertainties

The results of the previous sections can be used to quantify the effect of the resolved photon
terms on the B — X, photon spectrum. In this section the decay rate integrated over a
sufficiently wide energy range will be considered.

In order to estimate the irreducible theoretical uncertainty from these new non-local
effects on the integrated decay rate, it is useful to define the function

['(Ey) — I'(Ey)|orr
I'(Eo)|opr

where Ej is the lower cutoff on the photon energy, and A = m, — 2Ey. This definition is
such that the true decay rate I'(Ep) is obtained from the theoretical expression I'(Ey)|opg
obtained using a local operator product expansion by multiplying it with [1 + Fg(A)].
Note that I'(Ey)|opg refers to the formula used in previous calculations of the B — X,y
rate, see e.g. [5]. The function Fg(A) corresponds to the relative theoretical error made in
these calculations due to the neglect of non-local power corrections from resolved photon
contributions. Note that the non-perturbative effect from (6.20) is already included in the
OPE result.
At order 1/my, this yields

Fp(A) = (7.15)

My 47
- CG1 <(’LL/3) [_17(A, ) CFZ;(W gA ngj\zﬂ
N CZ(M) {F (A ) — Cra(p) EA} ’ (7.16)
Cry (1) il 4 3
)

(Y [raa - Cpa (e )] e

where it was assumed that the Wilson coeflicients are real (like in the Standard Model)
and effects proportional to V,; have been neglected. Note that the terms in the first line
on the right-hand side vanish due to the relation (7.5). The various other contributions
can be expressed in terms of suitably defined hadronic parameters of order Agcp, using
the expressions for the quantities Fj;(A, ) derived in the previous section under the as-
sumption that A > Aqcp. Making explicit the dependence on the Wilson coeflicients and
factors of the strong coupling g% = 4ma;, leads to

_ Culp) Aa(m/mo,p) | Csglp) , AR ()
FE<A>_C7"/(N) my, +Cw(ﬂ)4 ) my (7.17)
Cig(1) \* Ass(A ) Cros(u) A | A |
+<C77(M)) [‘”“8“‘) - oy M| T
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where

2 © J 2 _y
Mir(om) = ecRe/ el {1 —F(mc 25> - mbwl} har(wr, 1)
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Aov Avv C A
Ags(A, 1) = €2 1/ 2 ORSU(A ~ A (=Y 1),
88( ,/,L) es |i/_OO W1+i€ . w2_i€ 88( 7w17w27/1J) 87T2 n A

(7.18)

In the case of A7 and Agg the appropriate powers of the quark electric charges have been
factored out. Because of the sum over light-quark flavors in (7.11), the parameter A%*
receives contributions proportional to any one of the light-quark charges. The resulting
hard breaking of isospin symmetry implies that its value will be different for charged and
neutral B mesons, even in the limit of exact isospin symmetry of the strong interaction. It
will be show in Section 7.4 that, in certain approximation schemes, A%X™ is proportional
to the electric charge of the spectator quark in the B meson.

Note that the parameters m?/my, and A entering the arguments of A7 and Agg count
as O(Aqep). The dependence on the strange-quark mass in (7.17) arises only because the
function Fr(A) is defined as the deviation from the partonic rate 'y (Ep). The true decay
rate ['(Ep) in (7.15) is independent of m,. Note also that the result for Agg is formally
independent of the UV cutoff Ayy, and that it is the only hadronic parameter in (7.17)
that depends on the quantity A. In the formal limit where the cut on the photon energy
is removed, A — my, the linear growth (modulo logarithms) of the parameter Agg with A
implies that the corresponding contribution to Fg(A) is promoted from a power-suppressed
to a leading-order effect. Indeed, it is well known that in this limit there exists a leading-
power, non-perturbative (Jg, — ()3, contribution related to the photon fragmentation off a
strange-quark or gluon [104]. For practical applications this observation is irrelevant. It
will be argued in Section 7.5 that, for realistic values of E outside the endpoint region, the
dependence of Ags on A is very weak, and therefore the function Fg(A) is almost equal to
a constant.

Without further information about the soft functions, the A;; parameters are expected
to be of order Aqcep apart from the electric charges factored out in (7.18). This would lead
to very large effects of up to 30% on the decay rate. Fortunately, it is possible to constrain
the values of A7 and AZR™ by means of simple considerations, as will now be discussed.
The input parameters used for the estimates in the following discussion are collected in
Appendix A.2. The accuracy of the calculations is such that the scale dependence of the
subleading soft functions and the corresponding hadronic parameters is irrelevant. Even
though their 1 dependence is indicated in the formulae given above, to properly control
this dependence would require to extend the calculations to the next order in the expansion
in powers of a(p).
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7.3 Analysis of the () — ()7, Contribution

In order to obtain a reasonable estimate for the parameter A7, first everything known about
the function hy7(wy, 1) defined below (7.8) will be collected. As proven in Section 6.5, this
function must be real, and the symmetry relation (6.16) then implies that it is an even
function of w;. It follows that all odd moments of h;; vanish. Moreover, from (6.14) the
normalization of hi7 is fixed to 2X3. About the higher even moments nothing definite is
known, but one can expect them to be proportional to an appropriate power of Agcp
times a not too large numerical factor. Finally, as a soft function, A7 should not have any
significant structures, such as peaks or zeros, outside the hadronic energy range.
The first functions that come to mind are an exponential and a Gaussian,

)\ w1 2)\ “’%
2 2 emar, (7.19)

h17(w1,,u):;e o, or hyr(w,p) =

2mo

for which all even moments are finite. As long as 0 < 4m?/my, ~ 1.1 GeV, which with the
power counting adopted in this thesis is formally of order Aqcep, then for all relevant w;
values the argument of the penguin function F'(x) entering the definition of A7 in (7.18)
is much larger than 1/4, which is the radius of convergence for the Taylor expansion given
n (6.9). It is then a good approximation to expand the penguin function [1 — F(z)] to
O(1/2?). The first term in this expansion corresponds to the non-perturbative correction
identified in [108], which was already included in the partonic result and subtracted in
(7.18). It therefore does not contribute to Fg(A). The next term gives rise to an odd
moment of A7 and thus vanishes. The third term in the expansion contributes the amount

3

expande: 66 m
Aggpanded 380 ”/\2< 2y (7.20)

to Ay7. Here (w?) denotes the (normahzed) variance of the function hq7(wq, i), which
equals 202 for the exponential form and o2 for the Gaussian. For a typical hadronic
scale o = 0.5 GeV this gives A% — _6.9MeV and —3.4 MeV, respectively. Here and
below the input parameters collected in Appendix A.2 have been used. The corresponding
contributions to the decay rate are very small, below 0.5% in magnitude.

It is an interesting observation that, due to a weaker numerical suppression, certain
1/my, corrections to Aj7 can give a contribution of comparable size. They arise from the
fact that the first moment of the function g;7(w,w, 1) with respect to w does not vanish,
see (6.18). In order to calculate the resulting power-suppressed term, one replaces the first
relation in (7.18) by

A (m / dw/ dwl
17
mp + w m? — ie My W1
1-F ¢
X {( - ) [ ((mb—l—w)wl)} + 12m3}917(w>¢01>#),
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where the factor ( appears because of the prefactor E§ in (5.39). Expanding now
the penguin function to first order yields

m? A > dw w 4mbw1 my wq
PO N L A B
) = e e/_oo W/_Oo o ( + mb) 2m? + 2m? + gi7(w, wi, 1)

(7.22)
where the dots represent higher-order terms in the expansion of the penguin function,
which in particular give rise to the contribution (7.20). The expression shown above yields
a 1/my-suppressed contribution to the parameter A7, which is denoted by dA;7. It is

proportional to the normalized first moment of the function g7 with respect to w, which
according to (6.14) and (6.18) is given by (w) = —p? o/(6A2) ~ 0.24 GeV. This leads to

+w)\3
mrbnbw)

_ 2pis

C

which is formally a power correction proportional to Adep/ms to the result in (7.20).
Here p3 4 = 3py corresponds to the spin-orbit term of the HQET Lagrangian introduced
in (3.14).

In practice, it turns out that (7.20) provides a reasonable approximation only as long
as 0 < 0.3GeV. Performing the convolution integral in (7.18) exactly, one finds that for
both model functions in (7.19) the resulting value of |A;7| is maximized for certain values
of o, which depend on the functional form of hy7. Using the input parameters collected in
Appendix A.2, one obtains (A7) . = —4.6 MeV for o = 0.51 GeV with the exponential
model, and (A5aus) .. = —8.1MeV for 0 = 0.77 GeV with the Gaussian model. Note that
the maximum values are smaller in magnitude than those one would derive from (7.20)
with these values of o.

The above estimates do not provide a conservative bound on the size of the hadronic
parameter Aq7. A significantly larger effect can be obtained if the soft function gi7(w, wq, )
exhibits a tail outside the region |w;| < 4m?/my,. In analogy with the leading-order shape
function, it is to be expected that the function g;7 exhibits a radiative tail proportional to
1/w; for large wy. But even at the non-perturbative level, it is conceivable that a significant
contribution to the integral results from the region of larger w; values. Consider, as an

example, the model , ,
w2
o) = 22 A e (7.24)
which for A and o of order Agcp satisfies all requirements one would reasonably impose
on the soft function. The solid curve in Figure 7.1 shows this function evaluated with o =
0.5GeV and A = 0.425 GeV. It features regions of positive and negative values and hence
is less constrained at larger w; by the fact that the normalization is fixed to 2)\;. Having
values of either sign is not problematic, because there is no probabilistic interpretation
of the subleading soft functions. The long-dashed line in the figure shows the weight
function under the convolution integral in the definition of A7 in (7.18), including the
charge factor e.. With the above parameter choices for the soft function, it follows that
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Figure 7.1: Model function hy7(wy, 1) from (7.24) in units of GeV, with o = 0.5 GeV and
A = 0.425 GeV (solid line); weight function under the convolution integral in the definition
of A7 in (7.18) in units of GeV™! (long-dashed line); weight function including 1/my,
corrections, obtained by the substitution w — (w) in (7.21) (short-dashed line). See text
for explanations.

A7 = —42MeV. By using another set of values, a correction with the opposite sign and of
the same magnitude can be obtained. For example, taking o = 0.5 GeV and A = 0.575 GeV
yields A7 = 27 MeV. If the 1/my, corrections as shown in (7.21) are included, using (my +
w) = (mp+{w)) = (my—p34/6)2), one finds —62 MeV and 21 MeV, respectively. Of course,
these are just illustrative values, and one could obtain even larger negative or positive values
by reducing the separation between o and A, which however will also increase the value of
the soft function at w; = 0. Nevertheless, based on these considerations, it seems that

—60 MeV < A7 < 25 MeV (7.25)

is a reasonably conservative range, which will be adopted for the analysis below. While
this allows for a value significantly larger in magnitude than the naive estimate (7.20), it
nevertheless strongly suggests that A7 is considerably smaller in magnitude than Agcp.
Note that the effect of a value of Aj; near the extreme values indicated above would
be of the same magnitude as the effect of the leading-order, non-perturbative correction
from [108], which corresponds to —my)s/(9m?) ~ —48 MeV.

7.4 Analysis of the ()7, — ()3, Contribution

It is instructive to analyze this contribution using the language of flavor symmetry of the
strong interaction. Due to the weighting by the quark electric charges, the relevant four-
quark operator in (6.43) is a pure SU(3) octet, which can be decomposed into two parts
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corresponding to isospin I = 0, 1. The Wigner-Eckart theorem implies that

IBNE IBNE IVRE 8 8
A?gec = 6 Agz)o + 9 A(I:)1 = 6 (A(I:)O - A§:)1> + Espec Agz)l ) (7.26)
where the upper (lower) sign in the first equation refers to charged (neutral) B mesons, and
as before egpe. denotes the electric charge of the spectator quark in units of e. In the limit

of unbroken SU(3) flavor symmetry, it follows that Ago = Agi)l, since both parameters

arise from the matrix element of the same SU(3) octet operator. Hence, in this limit one

obtains ©
spec 8

A7I§ |SU(3) = Espec A[:1 . (727)

Interestingly, the VIA discussed in Section 6.4.1 also predicts that A% is proportional
to espec [14], and this fact can be used to obtain a model estimate of the relevant SU(3)
reduced matrix element. From (6.47) it follows

(8) NG _ 1 F(p)
A2 o = Aol s = — <1 — W) () € [-386 MeV, —35MeV], (7.28)
where in the last step the parameter ranges discussed in Appendix A.2 have been used.

According to (7.26), the isospin-averaged decay rate [['(B° — X,v) + (B~ — Xv)]/2
depends only on A@O, while the isospin difference [I'(B° — X,v) — I'(B~ — X)] is
proportional to Agi)l. While a priori these two non-perturbative parameters are unrelated,
they coincide both in the SU(3) flavor-symmetry limit and in the VIA as has just been
shown. It was first pointed out in [129] that, in the limit of exact SU(3) flavor symmetry,
the isospin-averaged decay rate can be related to the isospin asymmetry,

N(B° — X,y) —T'(B~ — Xy)

Ay = —= 7.29
T T(BY = X))+ (B = X)) (7.29)

without employing the VIA. This asymmetry has been measured by the BaBar Collab-
oration using two different experimental methods. For the “sum-over-exclusive-modes
method” with E, > 1.9 GeV, they find Ay = (—0.6 £ 5.8 = 0.9 & 2.4)% [130], where the
errors are statistical, systematic, and due to the production ratio B°/B~, respectively. For
the “recoil method” with E., > 2.2 GeV, they obtain instead Ag_ = (—6 £ 15+ 7)% [131],
where the errors are statistical and systematic, respectively. The naive average of these
two results is Ag_ = (—1.3+£5.9)%. At the order of the present calculation, the parameter
Agl is related to Ag_ via

© | = CCnlp)
[=texp Csg(p) 2mors(11)

Ag_ ~ (59 £ 268) MeV , (7.30)

where in the last step the average experimental result with its large uncertainty given
above has been used. This value is consistent with the prediction (7.28) obtained in the
VIA within errors, even though the central value has the opposite sign.
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Allowing for SU(3) flavor-symmetry breaking at the level of 30%, i.e. Agsz)o = (1+
0.3) Aggz)l, one finally obtains

A = (egpee +0.05) AP & —4.5 GeV (egpec £ 0.05) Ag_, (7.31)

which is meant as a range, not an error bar. This formula implies that, within the quoted
uncertainty, the isospin asymmetry also determines the flavor-averaged value of AR, For
the corresponding contribution to the flavor-averaged value of the function Fg(A), it fol-
lows that

Ao
Fa8(A)].g = —(140.3) TO (7.32)

which adds SU (3)-breaking effects to the estimate derived in [129]. Note that this relation
is independent of the values of the Wilson coefficients and other theoretical parameters.

Due to the current large experimental uncertainties in the measurement of the isospin
asymmetry, it is difficult to give a reliable estimate for AZ%3*°. Based on (7.28) and (7.30),
the parameter Agl is expected to be negative (assuming that the VIA is sufficiently reliable
to predict the sign correctly), but since the experimental value allows for the entire range in
(7.28) at the level of two standard deviations, it is not possible to restrict that range further
at present. A future, more accurate measurement of Ay_ could improve the situation.

7.5 Analysis of the ()3, — ()3, Contribution

Unfortunately, very little is known about the soft function hgg® entering the definition of
the hadronic parameter Agg in (7.18). Its asymptotic behavior for large values of wy and wy
can be derived from (6.35), and it ensures that Agg is independent of the UV cutoff Ayy.
Note that the second term in the definition of Agg, which contains the logarithm of Ayy /A,
is bound to give a very small contribution to Agg, because (Cre?A)/(87%) < 3MeV is very
small for realistic values Ey > 1.6 GeV. Thus, it is expected that the hadronic parameter
Ags receives its dominant contributions from values w2 = O(Aqep), for which no useful
constraints on the soft function hgE' exist. For the same reason, it is expected that the
linear growth of Agg for large A is a numerically irrelevant effect. It then follows that the
function A (A, w,ws, 1) is approzimately equal to the function h§s*(wy,we, 1) shown in
(7.15), even though this relation is not strictly valid. As mentioned earlier in the paragraph
following that equation, this form would imply that the contribution to Agg resulting from
the double integral in (7.18) were strictly positive.

In summary, the hadronic parameter Agg(A, 1) is expected to be, to a good approx-
imation, independent of A and given by a positive, non-perturbative constant of order
6? AQCD:

Ass(A ) = S A(p),  A(p) >0, (7.33)

This expectation is supported by using different models for the soft function hgs', for
example by writing it as a product of two functions f;(wy) f2(we) and using various models
such as exponentials or Gaussians. A particularly simple example is provided by functions
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h&g* (wy, we, i) that are symmetric in both w; variables and have support for w; = O(Aqep).
In this case the third relation in (7.18) implies A(u) & 272h5a%(0,0, 1), and the value at
the origin scales like hgE(0, 0, ) ~ Aqep. For the numerical analysis, the rather generous
range 0 < A(u) < 1 GeV will be considered. Even for the largest value, the suppression by
the charge factor e? = 1/9 in (7.33) implies that the effect of this term on the decay rate
is very small.

7.6 Conclusions of this Chapter

With the estimates of the hadronic parameters A;; at hand it is now possible to study the
implications of the analysis for the function Fg(A) in (7.17). Using the parameter values
collected in Appendix A.2, one obtains from (7.25) and (7.33) the contributions

Fe|,, € [-1.7,+4.01 %,

7.34
Fily € [-0.3,41.9] % . (7:34)

The value of Fg|ss depends slightly on A and is obtained using A = 1.45 GeV, correspond-
ing to a cut at £y = 1.6 GeV. For the case of Fg|ss, the charge-averaged contribution will
be considered and the estimates will be given using both methods, the VIA and the isospin
asymmetry. In the latter case, the extremal values are obtained by assuming 30% SU(3)
violation and taking the 95% confidence level experimental range. This yields

Folo € [-2.8,-03]%,

Felog €[-44,45.6]% (95% CL).

(7.35)

In order to obtain a conservative estimate of the combined theoretical analysis, a Bay-
sean approach will be adopted and various contributions added up using the scanning
method. In this way, the final result turns out to be

_4.8% < Fp(A) < +5.6% (VIA for AZ) | (7.36)

where the theoretical estimate for Fg|7s has been used. When the experimental estimate
is used instead, the range is expanded to

_6.4% < Fp(A) < +11.5% (AR from Ag_). (7.37)

It is emphasized that the estimates in this sections should be considered as ranges, within
which the actual values of Fg are expected to lie, without making a statement about the
most likely values within these ranges.

If in the future a more precise value of the isospin asymmetry can be measured, this
could be used to reduce the uncertainty range somewhat. If, for example, it is assumed
that the true isospin asymmetry lies in the center of the interval predicted by the VIA,
Ao = +4.6%, then in the absence of experimental uncertainties one would derive Fg|7g" €
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[—2.0, —1.1] %, where the remaining uncertainty stems from the unknown effects of SU(3)
breaking. In this “ideal” case, the combined result would be

—4.0% < Fg(A) < +4.8% (ideal case). (7.38)

There seems to be no possibility to reduce this uncertainty in the foreseeable future, given
that no theoretical tools exist to constrain the non-local matrix elements defining the soft
functions entering the various resolved photon contributions studied in this work. Thus,
the range in (7.38) can be considered as the irreducible theoretical uncertainty affecting
any theoretical prediction of the B — X, branching fraction.
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Chapter 8

Phenomenology 11:
Direct C'P Violation

This chapter will discuss the effects of the resolved photon contributions of Chapter 6
on the direct C'P asymmetry. Since these effects are not covered within the local OPE
approach, they constitute a new non-perturbative uncertainty on the partonic calculations
of the past. After a short introduction on C'P violation in Section 8.1, the relevant formulae
are worked out in Section 8.2 and the non-perturbative effects of the resolved contributions
are parameterized. Sections 8.3 and 8.4 will then present a numerical analysis of the new
effects in the SM and beyond. Finally the CP asymmetry in B — X, is contrasted to
the one in B — X47v in Section 8.5.

8.1 Preliminaries

A certain process is said to violate the C'P symmetry directly, if the rate of this process
differs from the rate of the C'P-conjugate process. In the case of B — X,y this can be
written as

AT =T(B — X,y) - T(B = Xsv) #0. (8.1)

Such a difference is possible when at least two partial amplitudes contributing to the
process carry different weak and strong phases. The weak phase is associated with the
coupling constants in the Lagrangian, while a non-zero strong phase is generated by Feyn-
man diagrams with internal lines, that are able to go on-shell. In the SM a weak phase is
introduced through the complex parameters of the CKM matrix.

The partonic calculation of the B — X,v amplitude introduces different strong phases
at O(a;), which give rise to C'P violation. The calculation was performed in [128] under
the assumption that the rate can be expressed in terms of a local OPE if integrated over
a large enough range. However, it was discussed in the previous chapters that there exist
contributions that do not fit into the local OPE approach, even in the total rate. These
contributions could be expressed in terms of convolutions of subleading shape functions
with jet functions J and J (see Section 5.3). It was noted, that even though the subleading

124



shape functions are real, the corresponding jet functions can introduce a strong phase. This
gives rise to a non-perturbative C'P violating contribution.
An appropriate quantity to parameterize C'P violating effects is the C'P asymmetry
Acp defined by
[(B - X.3) - T(B - Xp)

App — -2 . 92
PTIB = X)) +1(B = X)) (8:2)

Just like the C'P averaged decay rate discussed in the previous chapters, the C'P asymmetry
can be used as a probe for new physics. In particular, new physics models can generate
complex Wilson coefficients, thereby introducing new phases for C'P violation. On the
other hand, while the experimental error of the C'P averaged rate has been reduced below
the 10 % level (see Section 1.3), the C'P asymmetry is much less certain. The current world
average is [24]

Acp=—(1.2+2.8)%. (8.3)

The theoretical analysis, based on the parton model predicts for the C'P asymmetry in the
SM [132]

AN = (0447315 4+ 0.037089) %, (8.4)
where the errors refer to uncertainties associated with the quark-mass ratio m./my,, CKM
parameters, and higher-order perturbative corrections. It follows from this prediction, that
any measured value for the C'P asymmetry outside the range 0 < Agp < 1% would be a
clear signal of new physics. Such models have been considered in [13,17,133-141].

The CP asymmetry defined above contains the partially integrated decay rate. As
usual, the integration is defined with a lower cut Ej on the photon energy (see Section 7.1).
The experimental result given in (8.2) is an averaged value from measurements using values
for Ey between 1.9 and 2.2 GeV. The theoretical prediction used Ey = 1.6 GeV. In this case,
however, it was demonstrated in [128] that the dependence of Acp on the cut is relatively
small (a few percent).

The effective theory analysis of B — X,y presented in the previous chapters estab-
lished the following contributions to the differential decay rate (compare Equation (5.39)).
The leading power contribution is at leading order in a4 irrelevant for an analysis of C'P
violation, since it contains neither weak nor strong phase differences (recall that the lead-
ing shape function is C'P invariant). At NLO the leading power contains both, weak and
strong phase differences, encoded in the hard function |H,|?, see (4.30). The strong phases
are due to hard virtual corrections as depicted in Figure 2.6. When integrated over a
range much larger than the endpoint region, the leading shape function can be expanded
in powers of Aqep/A with A = my, — 2Ey, as explained in Section 3.3.4. The first term
in that expansion corresponds to the partonic calculation of the hard virtual loops. At
subleading power there are direct and resolved contributions. It has been shown explicitly
in Chapter 6, that the direct contributions correspond to QCD bremsstrahlung diagrams,
expanded around the endpoint. If integrated over a large enough range the direct contri-
butions are promoted to leading power. These can also give rise to C'P violating phases.
Finally, the resolved contributions can potentially contribute to C'P violation. However,
some of them vanish in the integrated rate (see Section 5.2.4). Thus, if the cut on the
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photon energy is assumed to be sufficiently low, i.e., such that A = few x Aqcp, the direct
contributions (at any power) can be calculated in terms of a local operator matrix elements
using a combined expansion in A/m;, and Aqep/A. The partonic result corresponds to
the leading power in Agcp/A and includes all powers in A/m,. However, the resolved
contributions can never be expressed in terms of local matrix elements. Their effects have
to be added to the partonic result. In the following sections, the C'P asymmetry including
direct as well as resolved contributions will be given, assuming a sufficiently low cut. While
the direct contributions will depend explicitly on the cut, the cut effect for the resolved
contributions can be ignored as explained in Section 7.1.

8.2 The CP Asymmetry

The direct photon contribution to the C'P asymmetry is given by the expressions for the
C'P asymmetry from [128] and the Qf — QY interference term from [142]

F(B — Xgy) —I'(B — X5v)

Adir 5 — ~
cr() "B — Xy)+T'(B = X57)

Ey>(1—8)my /2

Qg 40 . 8z ¥
_ TEME { m[C1Cy,) — > [ (2) + b(z,é)] Im[(1 + ¢,)C1C7]
- G ImC ) + 52 bz 5 ({1 + €)CHCE)
16z -~ 9 2
+ o7 b(Z d) |Ch Im[es]} + O(a3), (8.5)

where z = m2/m2, § = 1 — 2Ey/my, b(2,6) = g(2,1) — g(2,1 — §), and b(2,0) = §(z,1) —
i(z,1 = §), with

v(z) = (5+lnz+ln z—%Z) (ln z—§)2+<§—glnz) 22+ 0(2%),
g(zy) = Oy — 4z){(?/ ~ dyz + 622 ln( = ,/%—1) _22) 1—45}
(T2
{2+y—4§—4z+%—21 (Z)}ln( %+ %—1)

+<4+3Z_6Z> 1_2_2}‘ (8.6)
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The parameter € is the only source of C'P violation in the SM and is defined as in [128]
to be

M VaVig _ N(in—p)
Ao VaVis o 1= X1 - ptin)
with the Wolfenstein parameters A = sin ¢ ~ 0.225, p = 0.144 and 1 = 0.342. For brevity
the scale dependencies of the Wilson coefficients C; and the strong coupling o, have been
dropped. The numerically most important contributions arise from the interference of
charm- and up-quark penguin graphs with virtual or real gluon emission with the leading
electromagnetic dipole amplitude.

The C'P asymmetry due to resolved contributions can be easily derived from the results
in Chapter 6. Keeping in mind that the earlier results were C' P averaged, it is obvious that
the dual real part prescriptions in (5.39) and in the definition of the Fj; need to be replaced
by imaginary part prescriptions times —2. By decomposing the uncut propagators in .J
into a Cauchy principle value and a d-function, some of the integrals in the definition of
the Fj; can be explicitly performed. This leads to

+ O(\%), (8.7)

€s —

F(B - X¢y) —T(B — X57)

res __

“PT (B = X)) +T(B = X)

o=~1

_ —mb@hp {Im [(1+ €)C1C3 Ay — Tm [e,C1C3 | AYy + Im [C,y O ] 4m3A§8},
(8.8)

where (once again omitting the scale dependence of the Wilson coefficients and the /L-j
parameters)

2
Atz = 32(0),
. 2 [ dw m?
N =5 Lo 51 (s ) e (89)
mp
~ B > dw
A=z [ [w) - w0

and where the h;; are defined in Section 7.1 and f is the imaginary part of the penguin
function (see Appendix A.1)

f(z) = 4zl (@Jr E) . (8.10)

Note that the contribution from g§§) vanishes, since the integral over w of this function
is symmetric under the exchange of w; and w,. Likewise, the contributions from the
functions grs and gsi* to the CP asymmetry cancel each other. Note also that the soft

function h%) (w1, we, 1) is symmetric under the exchange of w; and ws. Compared to the
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direct photon contributions which are o, suppressed, the resolved photon contributions are
1/my, suppressed.
The total C'P asymmetry is given by the sum of (8.5) and (8.8)

C

40 « 8z « A
Atot — L i 17 I iy
cr(0) |C7y |2 { 8l r 9 7 [U(z) * b(z’é)} ' mb) e

AL — NS, 8z ay

B 17mb 17 e [U(z) + b(z,a)D Im [¢,C1C7 ]
4 o ~j7§

— § ? -4 as(ﬂ) E:) Im [089077]

8z Og * 162 s 7
+2_7 ? b(z, 5) Im [(1 + 68)01089] + 2—7 ? b(Z’ 5) |C]_‘2 Im [63]} + ... )

(8.11)

where the ellipses represent terms of order o? as/my,1/mi and higher. This formula is
model independent and is valid also for extensions of the SM, in which the dipole coefficients
C7, and Cg, receive new C'P violating contributions. The phenomenological implication of
this formula will be explored in the following sections.

8.3 Phenomenology in the SM

In order to properly estimate the importance of each term in (8.11), a few approximations
will be made. However, the numerical calculations will always be performed with the
full formula. If the charm-quark mass is assumed to scale like m? =O(Aqcpmy), the
above expression may be expanded in powers of z,0 =O(Aqep/mep). Then contributions
proportional to b(z,d) and b(z,d) scale as (Aqep/ms)? and can be neglected to a good
approximation, while the term proportional to v(z) contributes at first order in Aqep/my
and can be simplified by expanding v(z) to zeroth order in z. This yields the approximation

ot (§) n 40 40 A
op - |C77|2 81 9 my

‘7\“ B AC 40 Ac Qg 40&8 /NXB
- (u + — — —) Im [e,C1C7 | — (9—7T — 4 () ﬁ) Im [ng(};;]},

my 9 my

/N\C
L4 —”) Im [C} C% ]

™ mpy

which is independent of the cutoff in . The scale parameter A, is just like the parameters

A;; of O(Aqep) and defined by
2 2

A, ::%(1—21n@+§1n2@—”— )zO.38GeV, (8.13)

my 5 me O me 157
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where the parameters given in Appendix A.2 have been used. As can be seen from (8.12)
the resolved photon contributions yield numerically significant corrections to the direct
terms since ag/m ~ Agep/me. In the second term, which is the only one present in the
SM, the resolved contribution is likely more important due to the double suppression of
the direct term.

In order to obtain ranges for the non-perturbative parameters /~\ij the same methods
are employed as for the integrated rate in Chapter 7. Note, that the parameter A% in
(8.8) depends on the flavor of the spectator quark inside the B-meson. It has been shown
in Section 7.4 that A% = especf\m, where egpec denotes the electric charge of the spectator
quark in units of e. Evaluating the hadronic matrix element of the corresponding non-local
four-quark operator in the VIA yields

o 2 2 M [e%e} B
A ~ especM / i 2 (8.14)
0 w
Therefore the size of the hadronic parameter
1 00 B ’ 2
. ::/ duoy L2 1] (8.15)
ve(1) 0 w1

with the light-cone distribution amplitude qﬁf needs to be estimated. Although it was not
discussed in the literature in the past, one can use the analysis of [123] to estimate its
size. The results are summarized in Table 8.1. The other parameters in (8.15) are given

11 [GeV] 1.0 1.5 2.0 2.5
v52 [GeV 2] [1.21£0.26 | 0.91 £0.16 | 0.77 £0.12 | 0.68 = 0.10

Table 8.1: Values of v5® using the analysis of [123]. See text for a discussion of the
appropriate scale.

in Appendix A.2. In order to be conservative, vg will be taken to be between 0.5 GeV and
1.5 GeV, which covers the range in Table 8.1 as well as the value that can be obtained from
a QCD sum rules analysis similar to that of [125]. This leads to a range

17MeV < Azg < 190 MeV . (8.16)

The parameters /~\‘f7 can be estimated by employing the same models as studied in Sec-
tion 7.3. Note that A}, only depends on the value of the soft function h,7 at the origin.
This leads to the following ranges

—330MeV < A% < 525 MeV,

~ (8.17)
—9MeV < A%, < 11MeV .

One observes that /~\1f7 and /~\78 are of order Aqcp, while theNCharm—loop contribution _/~\§7 is
much smaller. The slight preference for positive values of A{, is due to the normalization
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constraint (6.14). Note that in the formal limit m. — m, = 0 the values of /~\§7 and
]\11‘7 coincide. However, a strong GIM violation is to be expected, owing to the fact that
the integral in the second relation in (8.9) starts at 4m2/m; =~ 1.1GeV, at which the
soft function es expected to take already rather small values, since it is governed by non-
perturbative dynamics and must vanish for w — 0.

With the above results at hand, the SM C'P asymmetry can be predicted and the effect
of the non-perturbative corrections estimated. The factorization scale is chosen to be y =
2GeV (for which as(p) = 0.307, and Cy(p) = 1.204, Cry(p) = —0.381, Cgy(p) = —0.175
at leading order), since the strong phases required for a non-zero C'P asymmetry arise
either from GIM violations related to charm-quark loops (for which g ~ 2m,), or from cut
hard-collinear propagators (for which p ~ /Aqepmy). This leads to

A% — A¢
AM ~ (115 x =127 1+ 0.71 | %. 1
o ( 5 % 200 MoV +0.71 | % (8.18)

Although the A¢; is much smaller than A%, it is still given in (8.18) to make explicit the fact,
that the C'P asymmetry vanishes in the formal limit m,. = m, due to the GIM mechanism.
The numerically most important contribution arises from the up-quark penguin graph
with emission of a soft gluon at a light-like distance from the heavy quarks. Uncertainties
associated with the input parameters are not shown, since they are much smaller than the
non-perturbative uncertainty. The central value 0.71 % for the direct photon term is larger
than the one obtained in [132] since smaller values for p and m,. have been used here.

It is observed that the resolved photon term is parametrically larger than the direct
photon term, which contains an additional o suppression. Using the model estimates for
]\Z-j given above leads to the range

—0.6% < AP <2.8%, (8.19)

which covers most of the experimentally allowed range. Only a value of the asymmetry
below —2 % could be interpreted as a sign of new physics, as in this case /~\1f7 < =700 MeV
would be much larger than the model expectations. The case of new physics will be
explored in more detail in the next section.

8.4 Phenomenology beyond the SM

In order to illustrate the impact of the resolved photon terms, a class of new physics models
is considered in which the dominant non-standard effects are encoded in the values of the
dipole operators which will be parameterized in the form

_ _ s 8.20
C, oM C, oM 8¢ (8.20)
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Using that arg(—e;) ~ —v in the SM, one obtains for the default parameters

e A .
A;?fc [%] = <627 + 11.98 espec m) E Sln(97 — 68)

A¢ 1 Av —As 1
10.12+2.14 x —2T— | —¢ind 44126 x LT} © 0
+< 012+ 2.14 % 1OMeV> sin by + (07 L2 SNy | 7, S 67)

37

+0.18 r—i sin(fg) + —5— siny — 0.004 7”_2 sin(y + 6s) .
7 7 7

(8.21)

The flavor-averaged C'P asymmetry (Agps + Afp)/2 can be obtained by replacing egpec —
1/6. Then the resolved photon contributions are subdominant except for the third term,
which is already present in the SM. In principle, very large asymmetries are possible from
the first and second terms [128], which however are already ruled out by the data.

A non-trivial feature of this analysis is that the resolved photon contributions induce a
flavor dependent term in the C'P asymmetry already at order Aqep/myp. In the SM such
effects are suppressed, compared with (8.18), by at least one additional factor of Aqcp/me
and are thus bound to be negligible. This suggests the measurement of the C'P asymmetry
difference

A Ars
Ars 0 C80 o 190p 5 A1 S sin(0s — 0-)  (8.22)

AAcp = A%, — A%, = 4n’ay
op cp cp AT a my 077 100 MeV 7

as a sensitive probe for flavor physics beyond the SM. Even though it will be difficult to
determine the value of the hadronic parameter Ag with any reasonable accuracy, the differ-
ence AAcp can easily reach the level of 10 % in magnitude if either the electromagnetic or
the chromomagnetic dipole coefficients (or both) receive a sizable C'P violating new-physics
phase. It is important in this context that the Wilson coefficient of the chromomagnetic
operator can be much enhanced with regard to the SM value, so that rg/r; ~ a few is
possible [128]. Before concluding, it is interesting to consider the the case of B — Xgv
and compare it to B — X,7.

8.5 Comments on B — X v and B — X, 47

All of the expressions in the previous sections also apply to the C'P asymmetry in B — X7,
where one only needs to change ¢, to €4, defined as
VaVy  p—in

= ud _ =0(1). 8.23
Vv T-pra O &2

As a result, the CP asymmetry for the B — Xgv decay in the SM differs by a factor
Imey/Imeg &~ —22 from the B — Xy case.
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In the endpoint region, there are two other potential sources of difference between
b — sy and b — d~ that however do not contribute to the integrated C'P asymmetry at
order 1/my. The first is the four-quark shape functions which are sensitive to the flavor of
q in b — gv [9,10,100]. However, as shown in Section 7.1 these effects integrate to zero
in the partially inclusive C'P asymmetry at order Aqcp/msp. The second potential source
arises if one adopts the scaling m; ~ O(Aqep). This gives rise to a new subleading jet
function which is suppressed by Aqep/mye in the endpoint region (see Section 5.2.6). At
order Aqcp/my, it only contributes to the interference @7, with itself and not to the C'P
asymmetry. The interference of )7, with other operators is suppressed by two powers of
Aqcp/my in the endpoint region. Outside of the endpoint region these strange-quark mass
effects are even further suppressed.

Another observable of interest is the C'P asymmetry for B — X, 4v. Considering only
the direct photon contributions, the sum of the SM CP asymmetries of B — Xyv and
B — X, vanishes in the U-spin limit (m, = my), as was first pointed out in [143]. This
can be seen explicitly by applying unitarity of the CKM matrix

AFSM(B — XS’)/) + AFSM<B — Xd’)/> x Im [Vub tZ(Vis‘/tS + Vu*d‘/;fd)] =0. (824)

From the discussion in the previous section it follows that the resolved photon contributions
do not violate this relation at order Aqcp/me. It is not inconceivable, though, that beyond
this order there could be resolved photon contributions that might affect this relation, but
these are beyond the scope of this work.

8.6 Conclusions of this Chapter

It was demonstrated in Chapter 6 that resolved photon contributions give rise to new,
calculable C'P violating strong phases related to (anti-)hard-collinear jet functions, which
are convoluted with real, non-perturbative shape functions. These phases are responsible
for a sizable hadronic uncertainty in the partonic calculation of the C'P asymmetry. In
this chapter it was shown, that the dominant part of these uncertainties is related to the
interference of the electromagnetic dipole amplitude with the amplitude for an up-quark
penguin transition accompanied by soft gluon emission. It was parameterized in the form
of A% in (8.9) and a possible range of values for this quantity was estimated. It turned out,
that the long-distance contribution encoded in /~\7f7 is parametrically leading in the SM and
will be difficult to disentangle from possible new physics effects. A measurement of the
C'P asymmetry difference (8.22) seems more promising as a new physics probe. Finally it
was found that the untagged C'P asymmetry for the B — X, 47 decay vanishes in the SM
(up to U-spin breaking corrections [128,143,144]) even after the resolved terms are taken
into account.
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Chapter 9

Conclusions

9.1 Summary and Outlook

This work explored the origin and implications of non-perturbative contributions to the
decay rate of B — X,v. The charmless, radiative and inclusive decay B — X, is relevant
as a test of the SM as well as a probe for physics beyond the SM. For example, it is used
in combination with the semi-leptonic decay B — X,l7 to determine the CKM matrix
element V,;. On the other hand it is able to provide stringent bounds on several new
physics models [3].

The partonic calculation of the B — X,y decay rate considers the decay of a free,
on-shell b-quark and has been performed practically completely up to NNLO [5] (see Chap-
ter 2). This calculation predicts a branching fraction of B(B — X,v) = (3.154£0.23)-1074
for all B — X,v decays containing a photon with an energy above a cut Ey, > 1.6 GeV.
This cut on the photon energy is necessary in order to eliminate the B5 background from
the experimental measurements (see Chapter 1).

Of course, there are several effects that are not considered in the partonic prediction.
The most relevant one stems from non-perturbative corrections, due to the large QCD
coupling constant at low (hadronic) energies. In the framework of HQET it can be shown
that the partonic calculation corresponds to the leading term in an expansion in powers
of 1/m; and that the non-perturbative corrections only appear at higher orders in the
expansion (see Chapter 3). However, this only applies to situations where the cut on the
photon energy is chosen sufficiently low (so that m,—2F; — m;). The cut of Ey > 1.6 GeV
was chosen to satisfy this requirement. It was already known for some time that the
expansion can no longer be expressed in terms of local operators when considering the
endpoint region (E, — my/2). In that case the partonic result has to be convoluted with
a shape function, that is defined by the Fourier transform of a non-local HQET matrix
element, and that can be interpreted as the momentum distribution of the heavy quark
within the meson [81] (see Chapter 4).

Later on it was discovered, that there are contributions to the integrated B — X,y
decay rate at O(1/my,) which do not fit into the framework of a local OPE even if the cut
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is taken outside the endpoint region [14]. It was one of the major objectives of this work
to systematically analyze all 1/m; suppressed contributions of this type at tree level in
perturbation theory. The appropriate approach for such an analysis makes use of SCET
[6,7] (see Chapter 4). By employing SCET it was possible to proof a factorization formula
for the differential B — X, decay rate in the endpoint region which is valid at any order
in the 1/my, expansion (see Chapter 5). This formula can be written as

_ =1
B =X =3 —w > B @S
n=0 b 7

— 1 () 1(n) - o) o Hm) () ) qn) o Hm) o 7(n)
+Zm—g{ZHi JPesMe M+ HYIM o sM e M e |,
n=1 i 7

(9.1)

where HZ-(") are hard functions appearing in the matching of QCD onto SCET at the hard
scale pp, ~ my, Ji(”) and jz-(") are the jet functions corresponding to the matching coefficient
from SCET onto HQET at p; ~ y/Aqcpme, and Si(") represents the shape functions, which
encode the non-perturbative dynamics. The explicit formula is given in (5.39). On the
one hand this factorization resolves some of the issues of the partonic calculation, like
large logarithms or the dependence on low-energy parameters in (2.35). On the other
hand it provides new insights concerning the possible space-time structure of the relevant
contributions. While the usual jet functions Ji(") are defined as cut propagators of hard-
collinear particles, the new type of jet function ji(") corresponds to full propagators dressed
by Wilson lines. They appear in the so-called resolved photon contributions, in which the
photon is not emitted directly from the vertex but from one of the light partons. The
contributions that do not contain a ji(n) are called direct photon contributions and they
can be expressed as a double expansion in powers of Aqep/A and A/my, when considering
the integrated rate with a cut far outside the endpoint region.

In contrast, the resolved contributions are new and not covered in the local OPE ap-
proach, yet they have important implications for phenomenology. They significantly con-
tribute to the uncertainty in the prediction of the branching fraction as well as in the
determination of the direct C'P asymmetry. The second major topic of this work was to
estimate the possible size of these effects. Due to their non-perturbative nature, they can
not be calculated analytically. Unfortunately it is also not possible to determine their
values on the lattice, since they contain non-local matrix elements separated by light-like
distances.

A careful analysis revealed that the phenomenologically relevant resolved contributions
at O(1/my,) are due to interferences of weak effective operators Qf — Q7,, Q7, — Qs, and
Qsy — Qsg (see Chapter 6). Models for the shape functions and a relation to the measured
isospin asymmetry have been used to estimate the influence of these contributions on the
integrated rate with a cut outside the endpoint region (see Chapter 7). It turned out that a
simple dimensional estimate of Aqcp/my, (possibly enhanced by Wilson coefficients) tends
to overestimate the effect. In the Q7 — Q7. case the normalization (6.14) restricted the size,
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while the contributions due to @7, — Qs, in (6.45) and Qs, — Qs, in (6.32) were suppressed
by charge factors. Nevertheless, it was found that the resolved photon contributions are
responsible for an irreducible uncertainty of at least

—4.0% < Fg(A) < +4.8%, (9.2)

where the 7, — Qg, contribution was extracted from the measured isospin asymmetry in
the hypothetical limit of no experimental uncertainties. This result therefore represents
the “ideal” case and it is hard to conceive a way to further reduce this uncertainty.

The effect of the resolved contributions on the direct C'P asymmetry can be determined
by considering the imaginary parts of the convolutions of the jet and shape functions. All
shape functions are real (see Chapter 6), yet the new jet functions ji(n) carry a strong
phase. This phase generates new long-distance contributions to the C'P asymmetry (see
Chapter 8), which turn out to be the dominant effects in the SM, since they are enhanced
by a factor 1/a, compared to the SM in (8.18). The largest of these effects is due to the
interference of the electromagnetic dipole amplitude with an up-quark penguin amplitude
accompanied by a soft gluon emission. It was found that the SM prediction for the direct
CP asymmetry should be given as a range

—0.6% < AM <2.8%, (9.3)

compared to the ~ 0.5% prediction of the parton model [132]. Since such a large range
can possibly hide new physics effects, a measurement of the asymmetry rate difference in
(8.22) was suggested.

In summary, the analysis presented in this thesis established the factorization formula
(9.1) for the photon spectrum in the endpoint region, and provided estimates for the ef-
fects of the resolved photon contributions on the branching fraction (9.2) and the direct
C'P asymmetry (9.3). In the light of pending advances on the intensity frontier [25,26], the
results will have important implications for the determination of SM parameters, as well
as for the search for new physics, which might be hidden by the non-perturbative effects
analyzed in this thesis. Even though these effects can only be estimated at present, the
systematic approach based on the effective theories SCET and HQET has been shown to
provide a suitable framework for their identification and their exact field theoretic defini-
tion.
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Appendix A

Definitions and Numbers

A.1 The Penguin Function

This appendix will introduce the penguin function, appearing in calculations where two
lines of a four-quark operator are contracted to a penguin loop. Feynman diagrams, such
as the last one in Figure 2.6 generally are proportional to a function [63]

2G(t) +t
(q-q')t

where ¢ and ¢’ are the momenta of the gauge bosons emitted from the loop, t = 2q - ¢'/m?
(for a charm-quark loop) and G(t) is defined by

(A1)

G(t) = /0 &y In (1 —¢t(1—y) —ie). (A.2)

Y

It is now convenient to introduce the penguin function F'(z) through

T

F(z) = —22G (1> (A.3)

which implies

F(z) = 4z arctan® (\/%) (A.4)

which is real for # < 0 and > 1/4 and whose real and imaginary parts for 0 < z < 1/4

are also given by
Re F(z) = n°x — 4z 1n? \/i—i-\/i—l (A.5)
N Az Az ’
Im F(z) = drzln () — + 4/ — — 1 (A.6)
mF(z) = 4wz In ym yy ) )
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Figure A.1: The penguin function F'(x) (on the left) and F(1/z) (on the right). The full
and dashed lines represent the real and imaginary part, respectively. Also illustrated are
the expansions for large = (on the left) and small = (on the right).

Due to the definition (A.3) the penguin function of the inverse argument as well as the
penguin function itself are plotted in Figure A.1. The expansion in (6.9) converges for |z| >
1/4 and is also illustrated in the Figure. Furthermore, it can be seen that F'(z) vanishes
for # — 0 which justifies the approximation F(z/z) — 0 in (2.29) for m2 ~ Aqcpms.
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A.2 Input Parameters

In this Appendix all input parameter values used in the various numerical calculations are
collected. As the default choice for the factorization scale p entering the Wilson coefficients,
the strong coupling constant, and the various hadronic quantities, the hard-collinear scale
i = 1.5GeV is taken, which is indeed a scale of order /myAqcp. This is an appropriate
scale choice, given that RG evolution effects are neglected.

The b-quark mass enters the expressions either via the photon energy (E, ~ my,/2 near
the peak of the spectrum) or as the heavy-quark expansion parameter. It is therefore
appropriate to adopt a low-scale subtracted heavy-quark mass, such as the mass defined in
the shape-function scheme [1]. Specifically, m, = 4.65 GeV will be used. The charm-quark
mass enters as a running mass in charm-penguin diagrams with a soft gluon emission,
which are characterized by a hard-collinear virtuality. Therefore m. = m.(u) defined in
the MS scheme will be used, with u = 1.5 GeV fixed as described above. This corresponds
to the choice adopted in [5], and following these authors m.(u) = 1.131 GeV is assumed.
Finally, for the strange-quark mass m, = m,;/50 is taken, which is the value commonly
adopted in the literature on B — X, decay.

Furthermore input values for some HQET matrix elements are needed. The parameters
A2 and p? ¢ are extracted from a global fit to B — X.I 7 experimental data by the Heavy
Flavor Averaging Group (HFAG) [24]. Unfortunately, in many cases these and other
parameters are extracted from a combined fit to B — X, 7 and B — X,v, an approach
that was criticized in [145]. Only recently HFAG has started quoting also values obtained
using only semi-leptonic data. The most recent results are Ay = (0.12 4 0.02) GeV? and
pre = (—0.17 4+ 0.09) GeV?* [146]. For simplicity, the central values for these quantities
will always be used. For the first inverse moment of the B-meson light-cone distribution
amplitude, the range 250 MeV < A\g < 750 MeV is taken, which covers predictions obtained
using QCD sum rules and other methods [122-127]. Finally, to the level of accuracy of the
calculations in this work, the parameter F' can be extracted from the relation F' = fp/Mpg,
and using fp = (193 & 10) MeV [147] one obtains 0.177 GeV? < F? < 0.217 GeV?.
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Appendix B

Operator Matching onto SCET

This appendix will complete the list of SCET operators relevant for B — X,y and de-
scending from Qs, and Qf up to a suppression of 1/m; compared to the leading power
operator (4.27). The operators descending from ()7, were already given in (5.5) and (5.6).
In order to determine the SCET operators the methods introduced in Section 5.1 will be
applied.

B.1 Tree-Level Matching of Qg

As was already discussed in Section 5.4, there are three relevant possibilities to match
the gluon and the light quark onto SCET fields. Either they are both hard-collinear
or one is hard-collinear and the other anti-hard-collinear. Soft fields are excluded by the
power counting. The leading operators for the combination of hard-collinear and anti-hard-
collinear fields were already given in Section 5.4 but will be repeated here for completeness.

For the case of (s, containing an anti-hard-collinear gluon and a hard-collinear s-quark,
the conversion of the anti-hard-collinear gluon into a photon is O()\) in power counting. In

this case, (g, is matched onto a single operator (suppressing the a factor —%e‘imb”'”):

Q(Q) = ghc

8g, hc gluon

[in - OAw | (1 +75)h, followed by O()\) conversion. (B.1)

no [ ~SL

If the s-quark is matched onto a hard-collinear field, the anti-hard-collinear photon
needs to be emitted from either the b or s-quark lines. This is illustrated in Figure B.1. The
operator (Jg, would then match onto SCET operators that contain both a hard-collinear
gluon and an anti-hard-collinear photon suppressed by my if the photon is emitted from
the b-quark line, and by n - 0 if the photon is emitted from the s-quark line. Furthermore
the expansion of G* given in (5.36) and the multipole expansion of the heavy-quark field
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Figure B.1: Graphical illustration of the tree-level matching procedure for the operator
Qsq for the case when the s-quark is matched onto a hard-collinear field.

need to be considered. This leads to

| _
Q8g hc quark — Shc ._ ?a edeA(im [ZTL ’ aAhCJ-] (1 + 75)h’a
m -

o 1 —
Qg]), hec quark — ghc._gedeAim [@n . aAth] (1 + '75)17Ij_DMh
m

*Z@Lﬁ

— fhc—g 2m [Zﬁ . 8AhCL]edeA‘im(1 + ’}/5)h

+ fhc._—lgedeﬁim% [i@ 1 Anct — 01 - Aner] (14 75)h (B.2)
in -

— &he [P Aner — 0, - Ath] i €d€A (1 +75)h

1
+ fhc—gedeA 77’1 [—n -on - Ahc:| (]_ + ’}/5)]1
m- 0 2

“ (= em
+ thQimb {571 -on - Ahc] eqe AT (1 +5)h.

If the s-quark is matched onto an anti-hard-collinear field, it can only be converted to
an anti-hard-collinear photon and a soft s-quark. The conversion costs A2, so the lowest-
order operator possible is O(A3). Considering all the possible structures for G* and the
multipole expansion, one finds

QW 5hc§ [i71 - O Aper] (1 +75)h,  followed by O(XY?) conversion,

ng Roquark = fhcg [i7 - OAner] (14 75)2! Dk, followed by O(A?) conversion, (B.3)
+ & 1@ Aner — 101 - Aner] (14+75)h,  followed by (’)()\1/2) conversion,

8¢, hc quark

+ é_hcg Bﬁ -on - Ahc] (14+v5)h, followed by O(A?) conversion.
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B.2 Tree-Level Matching of Qf

The tree-level matching of Qf onto a SCET operator containing two anti-hard-collinear
and one hard-collinear field was already given in Section 5.4. There, it was argued, that
all other possibilities for the matching of the light quark fields do not contribute to sub-
leading B — X, since there is no operator they can interfere with to generate a 1/my
suppressed contribution to the differential decay rate. However, at order 1/m? there are
more possibilities to match Q. To simplify the notation the operator will be written as as
Qf =5T1qqleb, where I't @ Ty = 4#(1 — v5) @ 7,(1 — 75). At tree level, the light quarks
can only be matched onto hard-collinear or anti-hard-collinear fields. A matching of any of
the light quarks onto even one soft field would lead to a suppression of O(\*). As a result,
Q7 is matched at O(\3), before taking into account any conversions. When there is more
than one anti-hard-collinear quark field, no conversion is allowed at tree-level. Hence, the
following cases remain (suppressing the e~ V% factor).

5 = &he, ¢ = &he, @ = &ne:  The anti-hard-collinear photon can either be emitted from
the heavy or one of the hard-collinear quark lines. This leads to four possible O(\7/?)
operators:

— - = 1 -
Q1Y = fhcﬂiede/limh Encl'2&he + &he €d€Aim%._%F1h§hcr2§hc
m -

2mb
em ﬂ

(B.4)

_ _ 1 - - 1

+ £hcrlh£hc edeA __FF2 éhc - ghcrlh£h0F2_ edeAem ghc .
T 2i7.9 " 2 “in- o

5 =Ehe, ¢ = ey 4 = €he and 5 = Eney § = Ene, G = Eﬁ: In this case the anti-hard-
collinear quark needs to be converted to a photon via & — AT + ¢ and & — AT + ¢,
which is of O(A'/?). This yields

Qf @ = Encl1h &Tobe,  followed by O(AY?) conversion,

_ _ B.5
+ &l 1h &nel2;,  followed by O()\l/ %) conversion. (B:5)

s = EE? q = &ney § = Enc:  Supplemented with SCET Lagrangian for EE — A+ q,
only one O(A\/2) operator is possible:

Q1? = Gelih &ueTabie,  followed by O(A'/?) conversion. (B.6)

B.3 Loop-Level Matching of Q?

Loop-level matching is only relevant for 7, when the two up-type quarks are contracted
and a number of gauge bosons are emitted from the internal lines. The contribution of
three gauge bosons would lead to further power or loop suppression, so only one or two
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bosons need to be considered. The one gauge boson loops are already included in the
effective Wilson coefficients C#T defined in Section 2.1.5.

A more involved contribution arises for the loops with two external bosons, which is
the main focus of this section. These can only be one photon and one gluon. Two external
gluons would lead to further power or loop suppression. As usual, the b-quark is matched
onto the heavy-quark field h. Since there is already a photon in the operator, the s-quark
can not be anti-hard-collinear. On the other hand, a soft s-quark would lead to power
suppression, so it must be hard-collinear. There are two possibilities to match the gluon
emitted from the loop: it can either be hard-collinear or it can be soft. If the gluon is
hard-collinear, the loop momentum is hard for momentum conservation reasons. If the
gluon is soft, the loop momentum is anti-hard-collinear which just corresponds to the case
considered in Section 6.1. For the first case, a photon and a hard-collinear gluon, it is
necessary to calculate the loop diagram in QCD in order to perform the matching. For
the second case, a photon and and a soft gluon, one would need the tree-level matching of
Q% onto the operator of (5.38). The conversion of the two anti-hard collinear quarks to a
photon and a soft gluon would be calculated in SCET. Alternatively, one can calculate the
process in QCD and use the fact that the two calculations are equivalent, since only one
momentum region, anti-hard-collinear, contributes in this case. The result can be read off
from the two gluon calculation in [148], where one of the gluons is replaced by a photon.
Using the notation of [148] the amplitude is given by

ee * *a v
A= 4_7:%(Ta)mnng2A/wFIbn61M<QI)€2 (QQ)éijékl ’ (B7)

where

m qudv , .

Ay = [(4r — 1)F(r) — 4r] [2—; G — ;;1 } + [F(r) = 1) i€pam (@ — &)1y
q

2r ) o ) o F(r).

5 () = 1 guiepmandie5 — dvicpmand?a3]7"7° - e

(B.8)

p
1€pov (]

a3’

Here m, and e, are the mass and charge of the quark in the loop, g1, €1 (go, €2) are the
momentum and polarization of the photon (gluon), r = mg/q2 — i€, ¢* = (q1 + q2)%, and
F(r) is the penguin function defined in Appendix A.1. Alternatively, one could write in a
gauge-invariant notation

. 1 F(r) ~ ,
A @) a2) = [(1 = 41V F(r) + 4r] P, + 20 oo oy,

i
, 2my 2my (B.9)
+[1— F(r)] ? (GZQF"B + FWG“’w) iq"YpY5 -
Here the convention .
P = =" Fy (" = 1) (B.10)

was used in addition to the fact that for an external gluon ¢ - €5* = 0. In the following
sections the cases of an anti-hard-collinear and a hard loop momentum will be considered
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in turn. As already mentioned above, the former case is equivalent to the calculation of the
SCET diagram in Section 6.1. The latter case on the other hand is necessary to determine
the direct photon contributions involving insertions of the operator Q1.

B.3.1 Matching with A‘i% and Aghon

The diagram with an anti-hard-collinear photon and a soft gluon emitted from the internal
line already contributes at O(A7/2). Since A8 scales homogeneously ~ (A, A, \), it is
natural to use the gauge invariant form for the resulting operators, rather than decomposing
the gauge fields into their light-cone components. Furthermore, only the axial part of A,
in (B.9) yields a non-zero result, as the I'; in (B.7) are the usual V' — A Dirac structures,
when matching Q7. Therefore one only needs

* *av 2 a T ~a e
A (@) (@) = 3 (GlaF" + FuaG) ig"ysm5[1 = F(7)
B.11)
2 (0 (
~ 3 (GhaF™?) i snsl1 = F(r)]

which follows from the fact, that ¢*F),, vanishes at the lowest order in A.

The loop can consist of any up-type quark that is not integrated out in the weak effective
Lagrangian. When matching onto SCET the u quark should be taken to be massless, so
F(m?2/q*) can be replaced by 0 (see Appendix A.1). The charm-quark mass scales like
m? ~ myAqep, which is of the same order as ¢>. As a result, F'(m?/q*) should not be
expanded for c-quarks.

Thus, in position space the Qf operators are matched onto

1) = (13) Ge@) T (L = 5)h(z)e ™

(2m)* (2m)* (@1 +qe)? e H e T
d4Q1 d4QQ

D) = (eec)fhc(x)T“vﬂ(l—Vs)h(y)‘f—imbw/ ()t (2m)*

472
X———— [1-F ¢ — —ie )| i(qf 4 ¢5)gG, (q2) PP F 0 (q1),
(1 + q2)? + ie [ ((q1—|-q2)2 (@ +a3)g © (¢2) o (1)

eilataz)z (B.12)

where the dependence of the momentum-space Fj, and G, on ¢; and gz is shown explicitly.

em luon
B.3.2 Matching with A% and A%’

In this case ¢* is hard, i.e. ¢ ~ m?. Therefore F (mz /q?) can be expanded around zero for
charm-quarks as well as for up-quarks. The first order correction resulting from this ex-
pansion gives a power suppressed contribution, so F' (mg /q*) can be set to zero. Depending
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on the polarization of the gluon field Q¢ either matches onto a O(\?) or an O(\7/?) opera-
tor. Furthermore corrections from the multipole expansion of the heavy-quark need to be

included. In total one finds that Q{ is matched onto (suppressing a factor % e imy v
Q1Y = 6k LA 04T (1 )i
QT = &u e Lw[AT - LAY ] (1= 75)h
1 - em vV —
+§€hc EJ_MV[AL n'an'Ahc] ’ﬁ_(l _’75)h (Blg)
<=
= 1 @ 1 em [ — v
- fth% €Luw AT ' OAL ] (1 = 5)h
in -

+ ghcg €L Afein - OAT (1 = y5)a' Dyh,

where €, = %eamwﬁo‘nﬁ.
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