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Chapter 1

Intr oduction

Accordingto ourpresentunderstanding,quantumchromodynamics(QCD) is believed
to bestdescribethestrongforce,whichconstitutes,togetherwith theelectro-weakand
gravitationalinteractions,thefundamentalforcesin nature.1

Thecoreof any quantumfield theory(QFT) is givenby its Lagrangiandensity. In
QCDthelatteris writtenin termsof quarkandgluonfieldsandpossessesanexactlocal
colour SU

�
3� aswell asan approximateglobal flavour SU

�
3� L  SU

�
3� R symmetry.

Lookingat theassociatedhadronspectrum,oneimmediatelydiscoversthatfreequark
andgluonstatesseemto be forbiddenby nature.We only find pions,nucleons,etc.,
which arethoughtto becolour-neutralobjectscomposedof quarksandgluons. This
characteristicfeature,whoseexactphysicalorigin is still unclear, is calledconfinement.
Despiteour fairly detailedknowledgeof the stronginteraction,thereappearsto be
no way to perturbatively computeGreen’s functionsat low energies. This failure is
dueto a very peculiarmechanismQCD doesexhibit. The operative QCD coupling
constantg becomesextremelylarge asthe interactionenergy tendsto zero. At high
energies,however, thecouplinggetsweakerandweaker, whichis usuallyreferredto as
asymptoticfreedom. Theentirebehaviour canbe illustratedby thefollowing picture.
Imaginea groupof prisonerswhoseiron leg chainsareall joinedtogetherat onelink.
Stayingcloseto eachother, all of themcanmove moreor lessfreely, but separation
beyondacertaindistanceis blockedby theunbreakablechains.Only towardsthecase
of asymptoticfreedomconventionalperturbativemethodscanlegitimatelybeapplied.

Fortunately, severalapproacheshave beeninventedto getusoff thehook. Let us
just nameandcharacterizea few of themwithout goinginto detail:� Latticegaugetheoriesfurnishnon-perturbativenumerical(i.e.,computerbased)

solutionsof QCDby discretizingspace-time[2, 3].� Differentphenomenologicalmodels(suchasbag,Skyrme,etc.) havebeencon-
structedto imitateQCD[4, 5, 6].

1Thestrongandelectro-weakinteractionscanbemodelledby a solesophisticatedquantumgauge
theory, theso-calledStandardModel,wheregravitationdoesnot fit in [1].
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� TheN 	 1
c expansionmethodassumesanenlargedcolourgaugegroup,SU

�
Nc
� ,

letting Nc tend to infinity but keepingthe productg2Nc fixed. The envisaged
amplitudesarethenanalysedin powersof N 	 1

c [7, 8, 9].

Still anotherattemptconsistsin mappingapartof thetheory’ssymmetries,namely
thechiralSU

�
3� L  SU

�
3� R symmetry, andits realization,i.e.,spontaneoussymmetry

breakdown to SU
�
3� V, onto a so-calledeffective Lagrangiandensity. The latter is

written in termsof theasymptoticallyobserved pseudoscalarGoldstonebosonfields
anddescribesthelow-energy behaviour of QCD.Theincorporatedinteractionsvanish
in thelimit of zeroenergiesandmasslessu � d � andsquarks.Thewholeprocedurethen
allows the applicationof non-conventionalperturbationtheory. The prefix ‘non’ is
supposedto referto thefactthatonedoesnotexpandmatrixelementsin powersof the
QCD couplingconstantg, but in powersof (low) externalGoldstonebosonmomenta
and(small)quarkmasses.Thismethodis known asmesonicchiralperturbationtheory
(mesonicChPT).2 A pedagogicintroductioninto thefield maybefoundin [10,11] and
in themany referencesmentionedtherein.

Sincelow-energy QCD comprisesfar morethanonly symmetries,its full dynami-
cal contentis not a priori includedin ChPT. It hasto beparameterizedby theweights
of all conceivablemonomialsof themostgeneraleffectiveLagrangiandensityconsis-
tentwith chiralsymmetry. Theseweightsor couplingsarecalledlow-energy constants
(LECs) andtheir numericalvaluesmaybe determinedexperimentallyor within spe-
cific modelcalculations.In general,onecanfind aninfinite numberof linearly inde-
pendentmonomialsandthusan infinite numberof LECs. If thosetermswereall of
the sameorderin theabove mentionedlow-energy expansion,thenChPTwould not
have any practicalsignificance.Fortunately, mattersaredifferent.With theassistance
of chiral countingschemesonecanalwaysselecta finite subsetof relevantstructures.
Dif ferently speaking,up to the chosenchiral orderone is able to computephysical
quantitiesincludingafinite (hopefullysmall)numberof LECs.

The LECs,which especiallyincorporateinformationon virtual effectsof heavier
particles,are also necessaryfor a further importantpurpose. We know from other
QFTs that the evaluationof loop graphsinvolves infinities, which have to be made
finite in orderto predictmeasureablequantities.

Theoriesgeneratingonly a finite numberof differentdivergences,which canbe
cancelledaltogetherby redefiningsomeof the (finite numberof) parametersin the
respectiveLagrangiandensity, arecalledrenormalizable.

In the above senseChPT is non-renormalizable.Including all chiral orders,it
contains,at least in principle, an infinite numberof different terms. The divergent
structurestriggeredby whateverpartof theentireLagrangiandensitydo not manifest
themselvesat thesamebut atahigherchiral level. In otherwords,wecanonly cancel
singularitiesby an appropriateredefinitionof LECs of higherchiral orders. There-
fore, we cannotglobally get rid of all infinities of the theory, but we needto absorb
divergencesup to acertainchiral order.

2BaryonicChPTexistsaswell but will not betreatedin thepresentthesis.
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In thenormalor evenintrinsicparitysector, thiswholeprocedurewassuccessfully
carriedout by GasserandLeutwylerup to next-to-leadingorder,

���
p4 � [12, 13]. The

one-loopsingularitiesarising from the leading-orderLagrangiandensity � 2, which
includes2 LECs, wereabsorbedby 8 of the 12 parametersof � 4 (numbersareonly
valid for SU

�
3� ). Theextensionup to next-to-next-to-leadingorder,

���
p6 � , wastaken

up by Bijnenset al. [14, 15,16].
In theanomalousor oddintrinsicparitysector, theone-looprenormalizationof the

leading-orderterm, which is the so-calledWess-Zumino-Witten (WZW) term being
of chiral order

���
p4 � , wasinitiatedby severalauthors[17, 18, 19, 20], but hasnever

beencompletelyaccomplished.Besidesthefactthattheseauthorsusedverydifferent
notationsandconventionswhich make any comparisonratherdifficult,3 only two of
them[19, 20] furnisheda mostgeneralanomalouschiral Lagrangiandensityof order���

p6 � , � 6 � ε, which is necessaryto absorbthesingularities.Both thefinal setproposed
in [19] (49elements)andtheonelistedin [20] (30elements),whichmutuallydisagree
with eachother, turn out to beincompleteand,in additionto this, to includetoomany
elements. New mathematicalstrategies and more systematicprocedureshave been
elaboratedduringthelastfew years[21,15] whichallow to furthereliminateredundant
structuresaswell asto addmissingmonomials.Thesesupplementarytoolswerenot
usedby theabovegroupsat thetime. Finally, oneshouldclearlyemphasizethatnone
of thementionedauthorshasever performedtheconcludingabsorption.Therevision
andcompletionof this still openproject is the main objective of the presentthesis
which is organizedasfollows.

In Chapter2, the substantialfeaturesof QCD, as it is treatedtoday in nuclear
physics,arebriefly repeated.MesonicChPTis thenshown to originateasalow-energy
approximationto QCDincorporatingimportantprinciplessuchaschiralsymmetryand
spontaneoussymmetrybreaking.

Oneof our key issuesof thewholethesisis addressedin Chapter3. We learnhow
to systematicallybuild upeffectiveactionsin generalandin particular(for � 6 � ε). After
gettingto know the leading-ordertermsof theevenandodd intrinsic parity sectorin
its original language(i.e., GasserandLeutwyler’s nomenclature),we switch over to
anothernotationwhich is moreappropriatefor our specificpurposes.

Chapter4 and5 arerespectively devotedto therecapitulationof path-integral tech-
niquesandthe investigationof the so-calledsaddle-pointmethodwhich is an indis-
pensabletool for theextractionof theentireone-looppartof whateverQFT.

Theabovementionedone-looprenormalizationprogramof theWZW action,which
consistsin applying the one-loopextractionprocedureto theWZW part, compactly
isolatingthe associatedsingularites,andappropriatelyabsorbingthemafterwards,is
subjectof Chapter6.

The assignmentof LECs (belongingto � 6 � ε) to physicalreactionsin which they
areinvolvedappearsin Chapter7. Theexactmathematicalcontributions,whichallow

3As alreadymentionedin [18], thechosenapproachandtheresultingformulaeof [17] areevidently
not compatiblewith thoseof theotherthreegroups.Therefore,[17] will bediscardedin whatfollows.
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the(formal)determinationof theirnumericalvalues,arecarriedout for asubsetof our
LECs.

In Chapter8, three-pseudoscalarphotoninteractions,andespeciallythe process
γ � � K � 
 K � � π0, areconsistentlyexaminedup to chiral order

���
p6 � . The con-

cernedLECs are roughly estimatedwithin a simple model which includesvector
mesonsasadditionaldegreesof freedom.

Hadronic structurefunctions which enter the differential crosssectionof γ ���
K ��
 K ��� π0 arenumericallydeterminedin Chapter9. The sameis revisited for
γ ��� π ��
 π ��� π0.

We closewith a short summaryof the treateditems and an outlook on future
projectsin Chapter10.

Lastbut not least,thereadershouldcertainlynot forgetto take a look at themany
helpful detailsdiscussedin the several appendices.As they might have blurred the
mainstreamof thethesis,they aretransferredto this final part. For thoseof you who
actuallywantto work with thepresentedmaterialthesecollectionsmay, asalways,be
of valuableassistance.
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Chapter 2

QCD and ChPT

In thepresentchapter, we repeatthefoundationsof mesonicChPTwhich hasproven
to be a highly successfulmethodfor describingthe interactionsof the pseudoscalar
mesonoctet(π ��� π 	�� π0 � K ��� K 	�� K0 � K̄0 � η8) at low energies(for recentactivities see,
e.g.,Ref. [22]).

Before pointing out the intimate relation betweenChPT andQCD, let us begin
by very briefly recallingthebasicfeaturesof QCD. In theearlyseventiesof thepast
centuryQCDwasintroducedastheSU

�
3� colour gaugetheoryof thestronginteraction,

includingthree(Nc � 3) differentcolourtypesof quarks1 (namelyred,green,andblue
ones),eight(N2

c � 1 � 8) differentgluons(beingthemasslessmediatorsof thestrong
force),andoneuniversalcouplingconstantg [23, 24,25]. As SU

�
3� is a non-Abelian

Lie group,theentiretheory‘suffers’ from non-linearities,i.e., thegluonsmayanddo
interactwith eachother. Besidesthecolour, thereis anothercriterionthatdistinguishes
quarkswhich is calledtheflavour.

flavour mass[MeV] charge[e � 0]
u (up) 5 � 2

3
d (down) 9 � 1

3
s (strange) 175 � 1

3
c (charm) 1350 � 2

3
b (bottom) 5300 � 1

3
t (top) 176000 � 2

3

Table2.1: Quarkflavours.

Eachflavour speciescan,of course,carry eitherof the threecolours. Only the
latterdeterminetheinteractionstructureof thetheory. Theonly flavourdependenceis
hencedueto thedifferentquarkmasses.

1The name‘quark’ was taken from JamesJoyce’s novel Finnegan’s Wake. The threequarksare
actuallyMr. Finn’s childrenandsometimesthey representtheir father. In termsof QCD Mr. Finn may
beconsideredasthenucleonwhich doessometimesbehaveasif it wasbuilt up of threequarks.
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Looking oncemore at Table 2 � 1, one discovers that the first threeflavours are
very light, while the remainingthreeare ratherheavy in comparisonto, say, the ρ
meson(mρ � 770 MeV). The massesmu � md � andms arealmostvanishingin terms
of a typical hadronicscale(e.g.,thechiral-symmetry-breakingscaleΛChSB � 4πF0 �
1 GeV). Therefore,it is not toounreasonableto assumethatat very low energiesonly
theselightest threeneedto be considered.2 Thus,we resetour startingpoint to the
three-flavour QCD Lagrangiandensitycoupledto colour-neutralexternalfieldsin the
limit of masslessu, d, ands quarks:� � � 0

QCD � q̄γµ � vµ � γ5aµ
� q � q̄

�
s � iγ5p� q � (2.1)

with � 0
QCD � ∑

f � u � d � s � iq̄L � f γµDµqL � f � iq̄R� f γµDµqR� f � � 1
4

Ga
µνGµν

a �
The definitionsof the left- andright-handedquarkfield projectionsarerespectively
givenby

qL � 1
2
�
1 � γ5

� q � qR � 1
2
�
1 � γ5

� q � (2.2)

Thegluonfield strengthtensoris definedas

Ga
µν � ∂µAa

ν � ∂νAa
µ � gfabcA

b
µAc

ν � (2.3)

where fabc arethetotally anti-symmetricstructureconstantsof SU
�
3� (seeAppendix

D). The vector, axial-vector, scalar, andpseudoscalarsourcefields canbe expanded
in termsof the eight standardGell-Mannmatricesλ1 �! ! ! "� λ8 andthe identity matrix
(N.B.: λ0 �$# 2% 3 13 & 3),

vµ � 8

∑
a� 1

λa

2
va

µ � aµ � 8

∑
a� 1

λa

2
aa

µ � s � 8

∑
a� 0

λa

2
sa � p � 8

∑
a� 0

λa

2
pa � (2.4)

As onecaneasilysee,theabove Lagrangiandensity(2.1) remainsinvariantunder
qL 
 VL

�
x� qL andqR 
 VR

�
x� qR, providedtheexternalfieldstransformas

vµ � aµ 
 VR
�
vµ � aµ

� V†
R � iVR∂µV

†
R �

vµ � aµ 
 VL
�
vµ � aµ

� V†
L � iVL∂µV

†
L �

s � i p 
 VR
�
s � i p� V†

L �
s � i p 
 VL

�
s � i p� V†

R � (2.5)

where
�
VL � VR

�(' SU
�
3� L  SU

�
3� R. Furthermore,QCDseemsto undergospontaneous

symmetrybreakingto SU
�
3� V (also referredto as hiddensymmetry). The reader

2Thestrongerrestrictionto u andd quarksis obviouslyevenmorejustified,but herewewantto deal
with themoregeneralthree-flavour case.Everythingthat followscan,at leastformally, beworkedout
for n flavoursandlaterspecifiedto n ) 2 or 3.
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shouldbeawareof thefactthatthereis neitherany hint in theQCDLagrangiandensity
norany rigorousproofthatthismechanismdoesreallyhappenin nature.Oneevidence
is the existenceof the Goldstonebosonoctet. The absenceof parity doubletsin the
hadronspectrumandcurrentalgebrapredictionsarefurtherhints.

Let uspausefor amomentandreview. Accordingto Goldstone’s theorem[26, 27,
28], eachbrokengenerator, i.e.,eachgeneratorwhichdoesnotannihilatethevacuum,
givesriseto amasslessGoldstonebosonwhosepropertiesaretightly connectedto the
generatorin question.

In thepresentcase,oneexpectseightpseudoscalarGoldstonebosonstransforming
as an octet underSU

�
3� V with vanishinginteractionsin the limit of zero energies.

TheseGoldstonebosonsareidentifiedwith thelow-energy pseudoscalaroctet,where
thefinite massesof thephysicalmultiplet resultfrom anexplicit symmetrybreaking
dueto thefinite u, d, andsquarkmassesin theunderlyingQCDLagrangian.

Low-energy QCD is hencestrictly governedby the Lie groupSU
�
3� L  SU

�
3� R

brokendown to SU
�
3� V andsois thebehaviour of theGoldstonebosons.As already

mentionedin Chapter1, the crucial idea behindChPT is to find the most general
theory, i.e., the mostgeneraleffective Lagrangiandensitythat is written in termsof
theobservedGoldstonebosons,fulfilling therequiredsymmetry.

Thedecisive interfacebetweenQCD andChPTis thengivenvia their generating
functionalswhicharesupposedto yield thesameGreen’s functionsat low energies

exp * iZ � vµ � aµ � s� p�,+ � -/. q. q̄. Aa
µexp 0 i - dx� � q � q̄� Aa

µ � vµ � aµ � s� p�,1
!� - . U exp 0 i - dx� eff

�
U � vµ � aµ � s� p� 1 � (2.6)

The entire conceptof generatingfunctionalswill be introducedand illuminated in
Chapter4.3

Thedifferentmonomialsof themostgeneralLagrangiancanbeclassifiedandor-
ganizedaccordingto their chiral order. Our orderingscheme(which is not unique)
basicallymakes useof a combinedderivative ( 
 momentum)and squaredmeson
massexpansion. As the following chapterwill show in moredetail, in the mesonic
sectortheinvolvedstructuresareall of chiral order

���
p2n � , wheren '32 1 � 2 �! , ! 54 must

besatisfied.For example,� 2 is meantto includeall partsof order
���

p2 � . Thosecan
eitherconsistof atwo-derivativeor of asimplesquaredmassterm.At thisorder, ChPT
essentiallycoincideswith CurrentAlgebra.

Thefinal point to discussis thesystematictreatmentof physicalmatrix elements.
This is furnishedby Weinberg’s power countingscheme[29], that we want to quote
andillustratewithout proving it.

3Theintegrationmeasuredx indicatedin (2 6 6) is thestandardfour-dimensionalMinkowski measure.
Only in Chapter8, within theframework of dimensionalregularization,we shallusethemorerigorous
notationd4x.
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Let us consideran arbitraryFeynmandiagramof our effective theory. Rescaling
all externalmesonmomentaandtheir massessimultaneously, theinvariantamplitude
showsthefollowing characteristicbehaviour7 �

t p � t2M2 � � tD 7 �
p � M2 �

with D � 2 � ∞

∑
n� 1

2
�
n � 1� N2n � 2NL � (2.7)

Here,N2n representsthenumberof verticesoriginatingfrom � 2n andNL thenumber
of loops,respectively. At low energies,diagramswith smallD values,i.e.,D '82 2 � 4 4 ,
dominatethe matrix element.Loop diagramsarealwayssomehow suppressed.Ob-
serve that therescalingof masses,beingmathematicallyperformable,cannotbereal-
ized in experiments.Nevertheless,it simulatesthe fact thatGoldstonebosonmasses
do vanishin thechiral limit.

Let usclosewith anexample.Supposewe wantto consistentlycalculatea matrix
elementup to

���
p4 � . Thenwehaveto considerall relevanttree-level diagramswith at

mostonevertex from � 4 andanarbitrarynumberof verticesfrom � 2 andall necessary
one-loopdiagramswith verticesfrom � 2.
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Chapter 3

How to build effectiveactionsin
mesonicChPT

3.1 Fundamental strategy

As ChPTis aneffectivefield theorymodellingthelow-energy behaviour of QCD,one
needsto find themostgeneralSU

�
n� L  SU

�
n� R invariantLagrangiandensitydescrib-

ing the dynamicsof the n2 � 1 Goldstonebosons.1 Whatever chiral orderonemay
consider, the effective Lagrangianhasto be constructedin termsof someso-called
basicbuilding blocksaswell astheir adjointsandcovariantderivatives. Thesebasic
building blocksare:

1. The SU
�
n� matrix U collectingthe Goldstonebosonfields in the conventional

way

U � exp 0 i
φ
F0

1 � (3.1)

with φ � 9:; π0 � 1<
3
η8 = 2π � = 2K �= 2π 	 � π0 � 1<

3
η8 = 2K0= 2K 	 = 2K̄0 � 2<

3
η8

>@?A in then � 3 case�
transformingunderthechiral groupas

U 
 VRUV†
L with

�
VL � VR

�B' SU
�
n� L  SU

�
n� R � (3.2)

andhaving thecovariantderivativeobeying thesametransformationrule

DµU � ∂µU � iRµU � iULµ � DµU 
 VRDµUV†
L � (3.3)

1Thefollowing investigationsfirst treatthegeneraln-flavour caseandspecifyto n ) 3 and2 after-
wards.
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2. TheexternalLorentz-vectorfieldsLµ : � vµ � aµ andRµ : � vµ � aµ transforming
as

Iµ 
 VI IµV
†
I � iVI ∂µV

†
I with I 'C2 L � R4�� (3.4)

andcomposingthefield strengthtensors

F I
µν : � ∂µIν � ∂νIµ � i D Iµ � Iν E � F I

µν 
 VIF I
µνV

†
I � (3.5)

3. TheexternalLorentz-scalarfield χ beingdefinedby andtranformingas

χ : � 2B0
�
s � i p� � χ 
 VRχV†

L � respectively � (3.6)

Quarkmasstermscanbeincludedhereby settings � diag
�
mu � md � ms

� .
Thechiral orderof our building blocksis supposedto be

U F ���
p0 � � DµU F ���

p� � FL G R
µν � χ F ���

p2 � � �!�,���
wherethedotsmeanto indicatecovariantderivativesof theformerexpressions(N.B.:
eachderivative increasesthe chiral orderof a block by one). Here,we work in the
framework of ordinary ChPT, wherethe quark massterm is countedas

���
p2 � , or,

in other words,matrix elementsare treatedat a fixed ratio mquark% p2 [12]. For an
overview of a differentorganizationprocedurewe referthereaderto Ref. [22, contri-
bution by J.Stern:Light QuarkMassesandCondensatesin QCD].

Requiring the total Lagrangiandensity to be a real Lorentz scalar(fulfilling in
additionchiral,C � P� andT invariance),wefinally haveto taketracesH"�!�!�JI of stringsof
severalbasicblocksandcontractall indiceswith metrictensorsgµν or with onetotally
anti-symmetricalepsilontensorεµναβ. Thewholeprocedureimplies� � ∑

n K N
� 2n � (3.7)

Although the blocks introducedabove may representthe mostnaturalchoiceof
basicingredients,their technicalapplicabilityis ratherlimited. For theconstructionof
themostgeneralLagrangiansof orderp2 andp4 onemightgetalongwell enough,but
for higherordersit turnsout to bemoreconvenientto switchover to somedifferent,
moresystematical,definitionof blocks.Thoseareshown in oneof thenext sections.

3.1.1 Leading orders in the even intrinsic parity sector

At lowestorder,
�L�

p2 � , thereareonly two linearly independentmonomialsavailable� 2 � F2
0

4
H DµU

�
DµU � † IM� F2

0

4
H χU† � Uχ† IN� (3.8)
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TheoccuringLECsaregivenby thepiondecayconstantF0 � 92� 4 MeV andB0, being
hiddenin χ, which is relatedto thescalarquarkcondensateH 0 O q̄q O0I .

At next-to-leadingorder,
���

p4 � , the mostgeneralchiral Lagrangiandensitycon-
sistsof 12 monomials[13]� 4 � L1 H DµU

�
DµU � † I 2� L2 H DµU
�
DνU � † I@H DµU

�
DνU � † I� L3 H DµU

�
DµU � †DνU

�
DνU � † I� L4 H DµU

�
DµU � † IPH χU† � Uχ† I� L5 H DµU
�
DµU � † � χU† � Uχ† � I� L6 H χU† � Uχ† I 2� L7 H χU† � Uχ† I 2� L8 H Uχ†Uχ† � χU†χU† I� L9 i H FR

µνDµU
�
DνU � † � FL

µν
�
DµU � †DνU I� L10 H UFL

µνU
†Fµν

R I� H1 H FR
µνFµν

R � FL
µνFµν

L I� H2 H χχ† IQ� (3.9)

The latter two do not includeany Goldstonebosonfieldsat all. They provide purely
externalcontributionswhichareof secondaryinterest.

3.1.2 Leading order in the odd intrinsic parity sector

Both, � 2 and � 4, turn out to possessa quitepeculiarproperty. Let us thereforehave
a look at thetransformationbehaviour of our ingredientsunderintrinsic parity P (i.e.,
normalP neglectingthetransformationpartof space-timex itself)

U F U† �SR φ F � φ � �
χ F χ† � Lµ F Rµ � FL

µν F Fµν
R �

εµναβ F � εµναβ � (3.10)

With the restrictionto thespecialcasesof e.m.reactions(Rµ � Lµ � � eAµQ and
χ � χ†) or pureQCD (Rµ � Lµ � 0 andχ � χ†), we canseethat the intrinsic parity
transformationis equivalentto replacingφ by � φ andε by � ε. SinceourmonomialsM
areall parity invariant,structureswithout [with] an ε tensorwill exposetheproperty
M
�
φ � � M

� � φ � DM �
φ � � � M

� � φ � E . The former [latter], which exclusively induce
e.m. or pure QCD processeswith an even [odd] numberof Goldstonebosons,are
callednormal [anomalous] or of even[odd] intrinsic parity.
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As a consequence,reactionssuchasπ0 
 γγ or K � K 	T
 π � π 	 π0, which areof
courseallowedby QCD,cannotbedescribedby GasserandLeutwyler’smostgeneral
Lagrangiandensities� 2 or � 4. To remove this contradictiononehasto look out for
termsof oddintrinsicparity.

According to the Veltman-Sutherlandtheorem[30, 31, 32], onehadexpectedto
have no p4 contribution at all to reactionsof the above mentionedtype, but explicit
computationsof the π0 decay(includingquarkloops)revealedthis assumptionto be
wrong[33,34, 35]. Thismismatchingbetweensymmetrypredictionsanddirectcalcu-
lationshasbeenreferredto asthenon-Abeliananomaly2 eversince.Thatis thereason
why theoddintrinsicparity sectoris alsocalledanomalous.3

WessandZumino[36] werethefirst to write down aneffective anomalousaction
obtainedby integrationof theanomalyconsistency condition. Their actioncouldnot
begivenin aclosedmanner, i.e.,usingtheU block. Up to order

���
p4 � thereis noway

to constructconventionalchirally invariantmonomialsincluding an ε tensor. Witten
[37] succeededin writing down afive-dimensionalactionof order

���
p4 �

SWZW � � iNc

240π2 - D
d5xεi jklm HVU L

i U L
j U L

k U L
l U L

mI� iNc

48π2 - d4xεµναβ H Zµναβ I (3.11)

parameterizingthe non-Abeliananomaly. Here,D is a five-dimensionaldisc whose
four-dimensionalboundaryis supposedto beconventionalMinkowski space-time,andU L

i and U R
i aredefinedvia U L

i � U†∂U
∂xi and U R

i � U ∂U†

∂xi , respectively. Furthermore,
notethatε01234 � ε0123 � 1.

Thesecondtermin (3.11),whichhasto beaddedwhenconsideringexternalfields,
includes

Zµναβ � � 1
2

ULµU
†RνULαU†Rβ� ULµLνLαU†Rβ � U†RµRνRαULβ� i U∂µLνLαU†Rβ � i U†∂µRνRαULβ� i ∂µRνULαU†Rβ � i ∂µLνU

†RαULβ� i U L
µLνU

†RαULβ � i U R
µRνULαU†Rβ� i U L

µLνLαLβ � i U R
µRνRαRβ� U L

µU†∂νRαULβ � U R
µU∂νLαU†Rβ� U L

µ U L
νU†RαULβ �WU R

µ U R
ν ULαU†Rβ

2A differentpoint of view: as,e.g.,Gasserpointsout in his lecturenotes[11], in the languageof
QCD generatingfunctionals,onefinds Z X vµ Y aµ Y sY pZ to split into a piecewhich is invariantunderthe
chiral groupSU X nZ L [ SU X nZ R andanotherwhich is not. Only theWZW termmimicsthelatterpart.

3Although the chirally invariantε structuresof order p6 andhigher have nothing to do with the
anomalyatall.
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� U L
µLν∂αLβ � U R

µ Rν∂αRβ� U L
µ∂νLαLβ � U R

µ ∂νRαRβ� 1
2
U L

µLν U L
αLβ � 1

2
U R

µ Rν U R
αRβ� i U L

µ U L
ν U L

αLβ � i U R
µ U R

ν U R
αRβ � (3.12)

At this stageit is worth stressingtwo importantfacts.First of all, Eq. (3.11)does
not leadto any new freeparameters,but simply containstheintegernumberNc. Sec-
ond,whencomputingphysicalreactions,i.e.,goingover to fieldsφ in (3.11),thearis-
ing five-dimensionalstructurescanalways be convertedinto four-dimensionalones
via theStokestheorem(for manifolds).

Otherpeopleuseddifferent,mathematicallymorerefined,methodsto reproduce
the above formulae(see,e.g., [38, 39, 40]). Actually, therearequite many physical
examplesthatexhibit WZW liketerms.An ‘introductory’overview overtheentirefield
includingits interpretationin termsof differentialgeometry(especiallyin thelanguage
of principalfibre bundles)canbefound in Ref. [41]. However, for our currentneeds
this sophisticatedandpowerful (in plain English,complicated) machineryis indeed
dispensable.Nevertheless,sometimeswewill comeacrossonenotionor another(such
aschiral connection)whichobviouslystemsfrom this underlyingframework.

To completethis account,note that the SU
�
2� versionof Eq. (3.11) completely

vanishesin caseoneallows no or just e.m.externalfields.4 In sharpcontrastto that,
the SU

�
3� theory doesnot exhibit this peculiarity. While the latter agreeswith the

non-existenceof any hadronicreactionsincludingonly pions,e.m.processessuchas
γ � π �\
 π �]� π0 areallowed.It maythereforebeasked:how canthiskind of reaction
becomputedwithin the framework of SU

�
2� ChPTat order

���
p4 � ? It turnsout that

one needsto extend the chiral group SU
�
2� L  SU

�
2� R in order to solve the above

problem. Theextensionfor arbitraryflavour numbern will be introducedin Section
3.2.8.

4This is dueto tracerelationsto beoutlinedin oneof thenext sections.
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3.2 The most generalanomalouschiral action at order^
p6 _

TheChPTactionfunctional,which is (apartfrom thespecialcaseof theWZW term)
thefour-dimensionalspace-timeintegraloversomechirally invariantLagrangianden-
stiy, generatesat any given chiral ordera finite-dimensionalreal vectorspace.The
finite dimensionis dueto thefactthatourbasicbuilding blockscanonly bemultiplied
togetherin a finite numberof different manners. Unfortunately, thereseemsto be
neithera way to predictthis dimensionbeforehandnor a generalalgorithmto decide
whethera coupleof given termsare linearly independentor not. That is the reason
why it is almostimpossibleto tell if a setof structuresactuallyrepresentsa basis,i.e.,
a linearly independentgeneratingsystem,of theabovementionedvectorspace.

To ourknowledgeevenGasserandLeutwylerhavenever formally provedtheir � 4

to provide a basis.It is without any doubta generatingsystemandcountlesscalcula-
tionsseemto confirmthatthetermsareindependent.

FearingandSchererwerethe first to systematicallywrite down the mostgeneral
Lagrangiandensityof chiral order

�L�
p6 � , both for thenormal( 
 111SU

�
3� terms)

andanomalous( 
 32 SU
�
3� terms)sector[21]. Although their setsarealsomost

likely to begeneratingsystems,thenormalsectorwaslatershown to includeredundant
structures[15].

For theepsilonsector, wepresentareducedandslightly modifiedlist of 24SU
�
n� ,

23 SU
�
3� , and 5 SU

�
2� terms,5 whosederivation is tightly linked to Fearingand

Scherer’s method.Takinginto accountall different(chirally invariant)basicbuilding
blocksavailable,westartoutby writing down all possibleanomalousstructuresfulfill-
ing invarianceunderP andC, hermiticity, andchiral orderp6. We thenwork out and
introduceall mechanismsgeneratingrelationsamongthosetermsof the Lagrangian
weareawareof.

Onefinal observation: asthepresentPhDthesisis supposedto primarily investi-
gatetheanomaloussectorof mesonicChPT, weonly mentionthefollowing statement
without going into detail. We alsocarefully revisited the normalsectorat chiral or-
der p6. The latterhappensto includea very hugenumber(about110 for thegeneral
n-flavour case)of final structureswhich renderstheentireanalysisquitecomplex. Al-
thoughournumberdoesagreewith [15], wewouldratherchooseasomewhatdifferent
final set,which includeslessmonomialswhensendingall externalfieldsto zero,i.e.,
dealingwith pureQCD.In additionto that,wewantto stressthat,asfaraswecansee,
theirclaimof linearly independenceis notbasedonany mathematicalfundament.The
enormousamountof terms,or LECs,preventsonefrom beingabsolutelysure.

5Additional termswill be introduceddue to the extensionof the chiral group at the end of this
chapter.
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3.2.1 Modified basicbuilding blocksand strategy

In Ref. [21] a systematicconstructionof chiral Lagrangiandensitieswasdeveloped
startingfrom structuresof thetypeDAE � : � 1

2
�
AU† ` UA† � � (3.13)

whereA is supposedto transformunderthe chiral groupasA 
 VRAV†
L . The entire

approachmay be improvedconsiderablyby usinga modifiedkind of basicbuilding
blocks �

A� � : � 2u† DAE � u � (3.14)

which hasalreadybeenusedin a slightly differentform by severalauthors(see,e.g.,
[20, 15]). Note that

�
A� � obeys the transformationrule

�
A� � 
 V

�
A� � V†, where

V �ba VRUV†
L
	 1

VR = U is theso-calledcompensator, andu is definedvia u2 � U . The
covariantderivative

∇µ
�
A� � : � ∂µ

�
A� � �cD Γµ � � A� � E �

N.B.: ∇µ
�
A� � 
 V∇µ

�
A� � V† � (3.15)

inducedby thechiral connectionΓµ � 1
2 d u† � ∂µue � i

2u†Rµu � i
2uLµu† providesa key

elementfor aneasierandmoreefficient applicationof the total-derivative procedure,
which is to beoutlinedin moredetailshortly.

Sincewealwayshaveto takesingleor multiple tracesto obtainLagrangiandensity
monomials,our final resultswill only differ by a numbercomparedto the former
structures H � A1

� � �!�!� � Am
� � I � 2m H!DA1 E � �!�!�!DAmE � IQ� (3.16)

Let us illustratethis fact by looking at the leading-ordernon-anomalousLagrangian
density� 2 � � F2

0

16
H � DµU � 	 � DµU � 	 If� F2

0

4
H � χ � � I � � F2

0

4
H!DDµU E 	 DDµU E 	 IM� F2

0

2
H!D χ E � IQ�

Aspointedoutin [21], it issufficientto restrictoneselfto DDmU E 	 �gDDnGE � �hDDnH E � ,
and DDnχ E � (with m ' N andn ' N0). So,we simply have to substitutefor thosein-
gredientsthe new blocks

�
DmU � 	 � � DnG� � � � DnH � � � and

�
Dnχ � � . Herewe usethe

definitionGµν : � Fµν
R U � UFµν

L andHµν : � Fµν
R U � UFµν

L , whereFµν
L G R areevidently

thefield strengthtensorsbelongingto thecorrespondingexternalfieldsRµ andLµ. The
χ blockwasintroducedin (3.6)andis relatedto thescalarquarkcondensateH 0 O q̄q O0I .

To simplify thecomparisionwith thepreviously mentionedothergroups,we give
a translationprescriptionin thefollowing table.
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our notation Ref. [21] Ref. [15] Ref. [20]�
χ � � 2u† D χ E � u χ � 2M ��

DµU � 	 2u† DDµU E 	 u � 2iuµ 4∆µ�
Gµν � � 2u† DGµν E � u 2 f µν� � 2iF � µν�
Hµν � � 2u† DHµν E � u � 2 f µν	 2iF 	 µν

Table3.1: Translationprescription.

Theso-calledhierarchystrategy of [21] hasprovento beextremelyfruitful. Col-
lecting

�
DnGµν

� � � � DnHµν
� � � and

�
Dnχ � � for amomentin onesymbol

�
Dnχµν

� � , one
immediatelyfindsthatall possibletermsat

���
p6 � caneitherincludeno, one,two, or

three
�
Dnχµν

� � blockswhichnaturallydefinesfour distinctsectorsor levelsto becon-
sidered.We say: themore

�
Dnχµν

� � blocksareincludedin onemonomial,the lower
its level. Onceall termsonecanthink of (ateachlevel) arelisted,onetriesto generate
relationsto eliminateasmany structuresaspossible.Wealwaystry to getrid of terms
ashigh in thehierarchyaspossible.After settingall externalfieldsequalto zero,then
the numberof remainingtermswill be minimal. Thereis no needto proceedin the
aboveway, but it seemsto bethemostnaturalto us.

Beforeexplaining the mentionedimprovementsin moredetail, let us pauseand
have a word on the symmetryof multiple covariant derivatives. It turns out to be
moreappropriatenot to assumethemultiple covariantderivativesto besymmetrized
from the very beginning. We implementthe relationsamongunsymmetrizedstruc-
turesnoting that just onegeneral(i.e., non-contracted)index combinationis actually
independent.For doublederivativesthis statementreads�

DµDνA� � � �
DνDµA� � � i

4
D � A� � � � Gµν

� � E � i
4
2 � A�,i � � Hµν

� � 4j� (3.17)

Althoughtherewouldnotbeany disadvantagein keepingtheseunsymmetrizedmono-
mials in our final set (N.B.:

�
DµDνU � 	 will be the only to be kept), for aesthetical

reasonswereplacethemby symmetrizedonesmakinguseof theformula�
DµDνU � s	 : � 1

2
� 2 Dµ � Dν 4 U � 	 � �

DµDνU � 	 � i
2
�
Hµν

� � � (3.18)

Wearenow readyto initiatetheconstructionprocedure.Firstof all, wewrite down
all conceivable(we find 74, seeTableA.1) anomalousstructures(satisfyingP andC
invariance,hermiticity, and chiral order p6) in termsof our chirally invariantbasic
building blocks.We thencollectasmany relationsaspossiblewhich follow from any
of themechanismsweareawareof. Thoseare:

1. Partial integration,

2. Equation-of-motionargument,
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3. Epsilonrelations,

4. Bianchiidentities,

5. Tracerelations.

The explicit non-redundantrelationsare listed in App. B. Thereis no uniqueway
in kicking dependentmonomialsout. We basicallyfollow theexampleof [21], i.e., in
additionto thehierarchyapproachwealwaystry to getrid of multiple-derivativeterms,
especiallyof the type

�
D2U � 	 . However, by treatinga highly non-trivial problem

thereis noguaranteethatanotherapproachmightnothappento leadto asmallerfinal
number. Yetwe havenot foundanalternativewaygiving riseto furtherreductions.

3.2.2 Partial integration (total-derivativeargument)

Recallingthefactthata total derivative in theLagrangiandensitydoesnot changethe
equationof motion,wecangeneraterelationsof thefollowing type

∂µ H � A1
� � �!�!� � Am

� � If� 0k l@m nH,D Γµ � � A1
� � �,�!� � Am

� � E I�o 3 p 15q� H ∇µ D � A1
� � �!�!� � Am

� � E I� H ∇µ
�
A1
� � �!�!� � Am

� � IM�r�!�!�s�cH � A1
� � �!�!� ∇µ

�
Am
� � IQ� (3.19)

This derivative-shiftingprocedureis alsovalid for multiple traces.Theenormousad-
vantageof our new basicbuilding blocks stemsfrom the relatively simple connec-
tion betweenthecovariantderivative ∇µ outsidetheblock bracketsandthecovariant
derivativeDµ inside

∇µ
�
A� � � �

DµA� � � 1
4
2 � DµU � 	 � � A�si 4j� (3.20)

The importanceof (3.20) canhardly be overestimatedbecauseit helpsto avoid ex-
tremelytediousalgebraicmanipulationsonehadto performin theold framework.6

Note that somerelationsof AppendixB might neglect contributionsfrom lower
levels. Sincewe alwaystry to find themostgeneralLagrangiandensityat eachlevel,
in almostall casesthoselower termsdo notneedto beknown explicitly.

3.2.3 Equation-of-motion argument (EOM terms)

TableA.1 containsa coupleof monomialsexhibiting the block
�
DλDλU � 	 . These

terms,which arecalledEOM termsin what follows, canactuallybe relatedto terms
lower down in our hierarchyplus an additionalone to be transformedaway by a
suitablefield transformation.A detaileddiscussionof this subjectcan be found in
Ref. [42].

6A combinationof shifting derivativesbackandforth andinterchangingindicesof multiple deriva-
tivesis sometimesreferredto asindex exchange.
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Thebasicideais to performa field transformationon theGoldstonebosonfields
inducedby anappropriatetracelessHermitianmatrix-valuedgeneratorS:

U 
 U t � exp
�
iS� U � (3.21)

We know thattransformationsof this kind do not affect measurablequantitiessuchas
theSmatrix [43].

Forourconcerns,onecanbeconvincedthatonejusthasto performthereplacement�
DλDλU � 	 � �

χ � 	 � 1
Nf
H � χ � 	 I 1Nf & Nf (3.22)

in orderto eliminatetheEOM structures.

3.2.4 Epsilon relations

In theanomaloussectortheso-calledepsilonrelationsprovide anotherimportanttool
to link andhenceeliminatestructures.As shown in Ref. [21], all conceivableepsilon
relationsstemfrom thefundamentalequation

gµνεαβγδ � gµαενβγδ � gµβεανγδ � gµγεαβνδ � gµδεαβγν � 0 � (3.23)

which is sometimesreferredto asSchouten’s identity.
The left-handsideof theabove equationrepresentsa tensorwhich is totally anti-

symmetricin its five latter indices(ναβγδ). Sinceall Lorentzindicesrun from 0 to 3,
at leasttwo of the above mentionedindiceshave to have equalvalues(for whatever
combinationof index values),whichmakestheentiretensorvanish.

Contracting(3.23)with anarbitrarytensorQµναβγδ in all possiblemannersyields
six differentequations�

Qµ
µ

αβγδ � Qµα
µ

βγδ � Qµαβ
µ

γδ � Qµαβγ
µ

δ � Qµαβγδ
µ � εαβγδ � 0 ��

Qµ
µαβγδ � Qαµ

µ
βγδ � Qαµβ

µ
γδ � Qαµβγ

µ
δ � Qαµβγδ

µ � εαβγδ � 0 ��
Qµ

αµβγδ � Qα
µ

µβγδ � Qαβµ
µ

γδ � Qαβµγ
µ

δ � Qαβµγδ
µ � εαβγδ � 0 ��

Qµ
αβµγδ � Qα

µ
βµγδ � Qαβ

µ
µγδ � Qαβγµ

µ
δ � Qαβγµδ

µ � εαβγδ � 0 ��
Qµ

αβγµδ � Qα
µ

βγµδ � Qαβ
µ

γµδ � Qαβγ
µ
µδ
� Qαβγδµ

µ � εαβγδ � 0 ��
Qµ

αβγδµ � Qα
µ

βγδµ � Qαβ
µ

γδµ � Qαβγ
µ

δµ
� Qαβγδ

µ
µ
� εαβγδ � 0 �

(3.24)

wherethe last onecanbe expressedin termsof the former five and is thus linearly
dependent.

For Q wechoosesingleor multiple tracesoverstringsof ourbasicbuilding blocks.

22



3.2.5 Bianchi identities

As aconsequenceof theJacobiidentityDA �gDB � CEuE �cDB �VDC � AEvE �cDC �gDA � BEwEx� 0 (3.25)

certaincombinationsof covariantderivativesof thefield strengthtensorsarenot lin-
early independent.Accordingto Eq. (18) of Ref. [21], thecovariantderivative is de-
finedas

DµFR
νρ � ∂µFR

νρ � i DRµ � FR
νρ E � (3.26)

Now considerthelinearcombination

DµFR
νρ � DνFR

ρµ � DρFR
µν � ∑

c p p p y µ � ν � ρ z DµFR
νρ � ∑

c p p p y µ� ν � ρ z � ∂µFR
νρ � i DRµ � FR

νρ E �� ∑
c p p p y µ � ν � ρ z|{ ∂µ∂νRρ � ∂µ∂ρRν � i D ∂µRν � Rρ E� i DRν � ∂µRρ E � i DRµ � ∂νRρ � ∂ρRν E � DRµ �VDRν � Rρ EuE~}� 0 � (3.27)

whereuseof Schwarz’ theorem,relabellingof indices,and the Jacobiidentity, Eq.
(3.25),hasbeenmade.Repeatingthesameargumentsfor theindependentfieldstrength
tensorFL

µν, thetwo resultingconstraintscanbesummarizedas

∑
c p p p y µ� ν � ρ z DµFL G R

νρ � 0 � (3.28)

which is referredto astheBianchiidentities(see,e.g.,Refs.[44, 45]). Equation(3.28)

doesnot requirethatFRG L
µν satisfyany equationsof motion. In termsof our building

blocks
�
DµU � 	 ,

�
Gµν

� � , and
�
Hµν

� � theBianchiidentitiesread

∑
c p p p y µ � ν � ρ z � DµGνρ

� � � � 1
4 ∑

c p p p y µ� ν � ρ z D � DµU � 	 � � Hνρ
� � E � (3.29)

∑
c p p p y µ� ν � ρ z � DµHνρ

� � � � 1
4 ∑

c p p p y µ� ν � ρ z D � DµU � 	 � � Gνρ
� � E � (3.30)

Westressthatin Ref.[21] eachterm(in theold notation,though)of thesumonthe
left-handsideof Eqs.(3.29)and(3.30)wastreatedasanindependentelement.

3.2.6 Trace relations

As all the structuresonecanthink of either involve singleor multiple traces,oneis
particularly interestedin finding relationsbetweenthosetraces. We know from the
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Cayley-Hamiltontheoremthatany n  n matrixA solvesits associatedcharacteristical
polynomialχA. For n � 2 this statementreads

0 � χA
�
A� � A2 � H AI A � det

�
A� 1 �R

0 � χA
�
A� � A2 � H AI A � 1

2
� H AI 2 � H A2 I � 1 � (3.31)

SettingA � A1 � A2 in (3.31)andmakinguseof χA1

�
A1
� � 0 � χA2

�
A2
� oneendsup

with thematrixequation

F2
�
A1 � A2

� � 2 A1 � A2 4 � H A1 I A2 � H A2 I A1 �cH A1 I@H A2 I 1 � H A1A2 I 1 � 0 (3.32)

which is thecentralpieceof informationneededto derive tracerelations.Theanalo-
gousn � 3 equationis slightly morecomplex

F3
�
A1 � A2 � A3

� � A1
2 A2 � A3 4|� A2

2 A3 � A1 4|� A3
2 A1 � A2 4� H A1 I 2 A2 � A3 4 � H A2 I 2 A3 � A1 4 � H A3 I 2 A1 � A2 4� H A1 IPH A2 I A3 �cH A2 I@H A3 I A1 ��H A3 IPH A1 I A2� H A1A2 I A3 � H A3A1 I A2 � H A2A3 I A1� H A1A2A3 I 1 � H A1A3A2 I 1� H A1A2 I@H A3 I 1 �cH A3A1 IPH A2 I 1 ��H A2A3 IPH A1 I 1� H A1 IPH A2 IPH A3 I 1 � 0 � (3.33)

Wecannow derive tracerelationsby simplymultiplying (3.32)or (3.33)with another
arbitrarymatrix of adequatedimensionandfinally taking thetraceof thewholecon-
struction,i.e.,

0 � H F2
�
A1 � A2

� A3 IQ�
0 � H F3

�
A1 � A2 � A3

� A4 IQ� (3.34)

Note that Ai may be any n  n matrix, even a string of our basicbuilding blocks.
Althoughwe havenevercomeacrossa tracerelationthatcouldnot beobtainedin the
mannerexplainedabove,wearenotawareof ageneralproofshowing thatany kind of
tracerelationmustberelatedto theCaley-Hamiltontheorem.

Eq.(3.34)actuallyincludesall SU
�
3� formulaederivedin theappendixof Ref.[21]

and provides additional ones,e.g., we get one SU
�
3� in the epsilon sectorwhile

Ref. [21] did nothaveany.
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3.2.7 Final sets

After having implementedall relationswecouldfind, our resultingsetsread:

LECs # SU
�
n� SU

�
3� SU

�
2�

3 69 i H � χ � � 2 � Gµν
� � � Hαβ

� � � rev 4hI εµναβ  
8 70 i H � χ � 	 � Gµν

� � � Gαβ
� � I εµναβ  

9 73 i H � χ � 	 IPH � Gµν
� � � Gαβ

� � I εµναβ  —–
19 37 i H � DλGλµ

� � 2 � Gνα
� � � DβU

� 	 � rev 4hI εµναβ  —–
1 54 H � χ � � 2 � Hµν

� � � DαU � 	 � DβU � 	 � rev 4hI εµναβ  
2 68 H � χ � � � DµU � 	 IPH � DνU � 	 � Hαβ

� � I εµναβ  —–
5 53 H � χ � 	 2 � Gµν

� � � DαU � 	 � DβU
� 	 � rev 4hI εµναβ  —–

6 61 H � χ � 	 � DµU � 	 � Gνα
� � � DβU � 	 I εµναβ  

7 67 H � χ � 	 I@H � Gµν
� � � DαU � 	 � DβU

� 	 I εµναβ  —–
13 12s H � Gλµ

� � 2 � DλDνU � s	 � DαU � 	 � DβU � 	 � rev 4hI εµναβ  —–
14 13s H � Gµν

� � 2 � DλDαU � s	 � DλU � 	 � DβU � 	 � rev 4hI εµναβ  —–
10 71 i H � χ � 	 � Hµν

� � � Hαβ
� � I εµναβ  

11 74 i H � χ � 	 IPH � Hµν
� � � Hαβ

� � I εµναβ  —–
20 43 i H � DλHλµ

� � 2 � Hνα
� � � DβU � 	 � rev 4hI εµναβ  —–

21 58 i H � Gµν
� � 2 � Hλα

� � � DλU � 	 � DβU � 	 � rev 4hI εµναβ  —–
22 59 i H � Gµν

� � 2 � Hλα
� � � DβU � 	 � DλU � 	 � rev 4hI εµναβ  —–

23 60 i H � Gµν
� � 2 � Hαβ

� � � DλU � 	 � DλU � 	 � rev 4hI εµναβ  —–
24 63 i H � Gλµ

� � � DνU � 	 � Hλ
α
� � � DβU � 	 I εµναβ  —–

4 4 i H � χ � 	 � DµU � 	 � DνU � 	 � DαU � 	 � DβU � 	 I εµναβ  —–
12 2s i H � DλDµU � s	 2 � DλU � 	 � DνU � 	 � DαU � 	 � DβU

� 	 � rev 4hI εµναβ  —–
15 24 H � Hλµ

� � 2 � DλU � 	 � DνU � 	 � DαU � 	 � DβU � 	 � rev 4hI εµναβ —– —–
16 26 H � Hµν

� � 2 � DλU
� 	 � DλU � 	 � DαU � 	 � DβU � 	 � rev 4hI εµναβ  —–

17 31 H � Hµν
� � 2 � DλU � 	 � DαU � 	 � rev 4hI@H � DλU � 	 � DβU � 	 I εµναβ  —–

18 30 H � Hµν
� � � DαU � 	 IPH � DβU

� 	 � DλU � 	 � DλU � 	 I εµναβ  —–

Table3.2: The final SU
�
n� set. Tracerelationsleadto the correspondingSU

�
3� and

SU
�
2� sets.

For abetterunderstandingof theabove tablelet usaddsomehelpful comments:� As onecannotbeabsolutelysurewhetherthe remainingstructuresarelinearly
independentor not,weavoid talking aboutabasisset.� The first columnis meantto label the associatedLECs L6 � ε

i , while the second
refersto thenumberassignedto eachmonomialin our initial list (comparewith
App. A).
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� While thesuperscripts indicatesthesymmetrizedversionof a term,theabbre-
viation ‘rev’ standsfor ‘reversedorder’.� A new orderingschemehasbeenintroducedto groupstructuresaccordingto
their leading-orderexpansionin termsof Goldstonebosonandexternalfields
(moredetailswill bepresentedin Chapter7).

In summary, wehave found24 final SU
�
n� , 23 SU

�
3� , and5 SU

�
2� elements.Our

setsareconsiderablysmallerthanthoseproposedby [19] (49SU
�
3� elements)or [20]

(30 SU
�
3� elements),which areboth incompleteandredundant.The 32 anomalous

SU
�
3� termslisted in [21] have beenslightly modifiedandreducedthanksto a more

efficient applicationof partial integration, implementationof Bianchi identities,and
additionaltracerelations.

3.2.8 Extensionof the chiral group

LECs # additionalstructures

2t 26t i v o sqµν H � χ � 	 � Gαβ
� � I εµναβ

3t 30t i v o sqµν v o sqαβ H � χ � 	 I εµναβ

5t 13t i v o sqµν H � DλGλα
� � � DβU � 	 I εµναβ

6t 7t i ∂λv o sqλµ H � Gνα
� � � DβU

� 	 I εµναβ

1t 25t v o sqµν H � χ � 	 � DαU � 	 � DβU � 	 I εµναβ

4t 1t ∂λv o sqλµ H � DνU � 	 � DαU � 	 � DβU � 	 I εµναβ

7t 22t i v o sqλµ H � Hλ
ν
� � � DαU � 	 � DβU

� 	 I εµναβ

8t 29t v o sqµν H � Gλα
� � � Hλ

β
� � I εµναβ

Table3.3: Final setof additionalstructuresvalid for arbitraryn.

Sofar we have presentedthemostgeneralanomalousSU
�
n� L  SU

�
n� R invariant

Lagrangiandensity(respectingexternalfieldsvµ � aµ � s� andp) at chiral orderp6 from
which onecanextract the SU

�
2� or SU

�
3� versionby applying the respective trace

relations.Since
�
Gµν

� � and
�
Hµν

� � arebothsupposedto betracelessandtheSU
�
2�

quarkchargematrixQ � diag
� 2
3 � � 1

3
� is not,eventhespecialcaseof electromagnetism

(Lµ � Rµ � � eAµQ) is not fully includedin thegeneralSU
�
2� formulae.As Q happens

to be tracelessin SU
�
3� , thereis no suchproblem. If we want to do away with this

apparentweakness,we needto extendthechiral groupto SU
�
n� L  SU

�
n� R  U

�
1� V .

For n � 2 thee.m.interactionis thenfully includedby settingLµ � Rµ � � e
2Aµτ3 and

v o sqµ � � e
2Aµ, wherev o sqµ is theU

�
1� V gaugefield [10]. Equivalently, onemight argue

that the tracelessfields Lµ andRµ have to be replacedby non-tracelessonesof the
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form L̃µ � Lµ � 1
3v o sqµ 1n & n andR̃µ � Rµ � 1

3v o sqµ 1n & n, respectively.7 Thisway, theSU
�
2�

WZW termgetstheadditionalpiecesdiscussedat theendof Section3.1.2.
Theextensionbasicallycomesdown to thefactthatwe getonemoreindependent

elementarybuilding block of chiral order p2, namelythe field strengthtensorv o sqµν �
∂µv o sqν � ∂νv o sqµ . Again, we write down all (30) anomalousp6 structuresincluding at

leastonev o sqµν (seeTab. A.2). Observe thatat lowerordersthereis no way to construct
suchterms.Wethenusethemechanismsof theprevioussectionsto eliminateasmany
of theadditionalmonomialsaspossible.Sincetracerelationsdonot inducereductions
in this field, our resultis valid for any n, althoughwe areprimarily interestedin n � 2
at this stage. While all explicit relationscan be found in App. B, the final set has
alreadybeenshown above.

7Thefactor 1
3 hasto beintroducedto matchtheLagrangianof [10].
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Chapter 4

Path-integral quantization, generating
functionals,
and Green’s functions

As StevenWeinberg pointsout in his textbooksonQFT[45], any physicaltheorycom-
bining,or asheactuallysays‘reconciling’, theideasof specialrelativity andquantum
mechanicswill look like a QFT at sufficiently low (todayaccessible)energies. That
is thereasonwhy QED or QCD,which might fundamentallynot befield theories,are
still treatedthatway— andneedlessto add,verysuccessfully.

Therecipesfor settingupaQFTarebasicallycanonicalquantizationandthepath-
integral formalism(PIF). Although,dueto its eleganceandpower, the latter hasbe-
comequite fashionableduring the last 30 yearsor so, it still seemslessestablished
amongmany physiciststhan the former, sometimesreferredto as a pedestrianap-
proach.

But why do we, in the presentthesis,needto botherwith path-integral quanti-
zation?Besidesthegeneralinterestor the intellectualchallengethereis onespecific
pointregardingourpurposeswhichrequiresthePIF. As mentionedin theintroduction,
wewantto extracttheentireone-looppartof aQFTtriggeredby acertainLagrangian
density. This canonly beaccomplishedwith theassistanceof thePIF. Of course,that
is just onesomehow tiny particularaspectof a hugeandadvancedfield we will never
beableto cover in its entirety.

We couldhave totally omittedthepresentchapterby beginningthefollowing one,
‘As weall know, theone-loopcontribution of a QFT is givenby ...’ pretendingevery-
body knew wherethe resultcamefrom. However, that is definitelynot theadequate
waya Ph.D.thesisshouldaddressoneof its key issues.On theotherhand,we clearly
cannotgo backto thevery foundationsof path-integralsandrederive stepby stepev-
erysingleformulaweneedto dealwith. Therefore,thischapteris intendedto provide
a compromisebetweena textbookwhich carefullygoesthroughmathematicaldetails
andapaperwhichonly quotesso-calledwell-establishedresults.

Assumingat leasta minimumacquaintancewith thePIF, we first give a list of its
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fundamentalnotionsandthenwork out somespecificaspectswhich areof particular
importanceto us. Dif ferentlyspeaking,we meanto offer thereadera somewhatcon-
densedsummaryof textbook materialand,above all, a feeling for the framework in
orderto guidehim or hermoreor lesssafelythroughthe jungleof formulaeto come
in thefollowing chapters.

Let usstartwith somegeneralintroductarycomments.In many casestheprocedure
of canonicalquantization(i.e.,roughlyspeaking,thereplacementof fieldsbyoperators
andof Poissonbracketsby commutators)is rathercumbersome.For morecomplicated
theories,like non-Abeliangaugetheoriesor generalrelativity, canonicalquantization
is almostnot applicable.Whatonewould like to have is a formalismwhich naturally
generatesall Feynmangraphsin their final Lorentz-invariantform departingfrom the
respectiveLagrangiandensity. This requirementis nicely fulfilled by thePIF.

Beforecomingto thephysicalcoreof thePIF, somehistoricalinformationmight
beof interest.Feynman,inspiredby a somewhatunclearnoteby Dirac, wasthefirst
to presentpath-integral techniquesin non-relativistic quantummechanics[46]. He
tried to find a methodwhich would allow startingout with theLagrangianinsteadof
the Hamiltonian. Yearslater, the ideawasrediscovered,whenFaddeev, Popov [47],
and De Witt [48] pointedout how to apply the PIF to non-Abeliangaugetheories
andgeneralrelativity. Thosetechniquesthenbecamean indispensabletool, when’t
Hooft [49] usedthe PIF for the derivation of Feynmanrulesof gaugetheorieswith
spontaneoussymmetrybreaking.

Lastbut not least,we do not wantto suppressthefactthatfrom a pedagogicpoint
of view thePIF alsoexhibitsoneseriousdrawbackwhichcanonicalquantizationdoes
not. Theunitarityof theSmatrixis somehow blurredandnotobviousatall. Therefore,
bothformalismsshouldbeusedcomplementarilyto obtainfull insight.

4.1 Fundamentalnotions

In what follows we collect andalsoshortly explain the mostfundamentalnotionsof
the PIF (for onescalarfield with Lagrangiandensity � ). A moreor lesselementary
introductioninto thesubjectmaybefoundin [50, 51, 52, 53,54,55,44,45,56]. Most
of thesereferencesstartwith conventionalquantummechanicsbeforegoing over to
quantumfield theory.

For completenesswe want to statethe following (mathematicallyquite subtle)
remarkwithout paying attentionto it in the remainderof this chapter. In order to
makesurethatall path-integralsdo convergeproperly, their strict definitionshouldbe
givenin termsof Euclidianquantities(i.e.,allow timeto becomecomplex andthenset
C � t � � iτ � τ ' R). Thephysicalinterpretationrequiresthetransition(via analytical
continuation)to Minkowski space,though.� Not necessarilyconnectedGreen’sfunctions(n-point functions) in co-ordinate

space:
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We startout by recalling the equivalentdefinitionsof Green’s functions,first
given in the canonicallanguage,whereΦ̂ areusualHeisenberg operators,and
afterwardsin termsof thePIF:

G o nq � x1 �! ! ! s� xn
� � H 0 OT � Φ̂ � x1

�  ! ! Φ̂ � xn
�,� O0I

∝ - . Φ Φ
�
x1
�  ! , Φ � xn

� exp 0 i
h̄ - dx� 1 � (4.1)

In orderto avoid confusion,let usreview thedifferencebetweenaFeynmandia-
gramandaGreen’s function.Theformeris agraphicalone-to-onetranscription
of a certainmathematicalexpressioncontributing to theSmatrix whereall ex-
ternal legs are imperatively on the massshell. The latter conceptis a slightly
modifiedextension.In contrastto Feynmangraphs,theexternallinesof Green’s
functionsare always off the massshell and in addition to that they carry the
correspondingpropagatorinsteadof thewave function.� Not necessarilyconnectedGreen’s functions in momentumspace:
Fouriertransformationof (4 � 1) with a priori implementationof conservationof
momentumleadsto

G o nq � p1 �! ! ! s� pn
� 0 h̄

2π
1 4

δ
�
p1 �� , ! s� pn

�� - dx1  ! ! - dxnexp 0 i
h̄
�
p1  x1 �r ! ! s� pn  xn

� 1 G o nq � x1 �! ! , ,� xn
� �

(4.2)� The generating functional W (for not necessarilyconnectedn-point func-
tions):
Whatever the statesof a given systemmay look like, everybodyshouldagree
thatthereis a stateof minimumenergy (vacuumstate).We now investigatethe
transitionamplitude(vacuumat t � � ∞ to vacuumat t � ∞) of our systemin
thepresenceof arbitraryexternalforces:

W D J E�� H 0 O0I J � � . Φexp * i
h̄ � dx

� ��� JΦ � +� . Φexp * i
h̄ � dx� + � (4.3)

In otherwords,we allow ourselvesto manipulatethe systemat whatever time
andlook how it responds.ObservethatthenormalizationconditionW D 0E�� 1 has
beenimplemented.W D J E includesall informationabouttheconsideredQFT in
termsof its Green’s functionswhichcanbeextractedvia functionalderivation:

W D J Ef� ∞

∑
n� 0

- dx1  ! ! - dxn
1
n!
0 i
h̄
1 n

J
�
x1
�  ! ! J � xn

� G o nq � x1 �! ! , ,� xn
�R

G o nq � x1 �! ! , s� xn
� � 0 h̄

i
1 n 0 δnW D J E

δJ
�
x1
�  ! ! δJ

�
xn
� 1

J � 0
� (4.4)
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More on thefunctionalcalculuscanbefoundin AppendixC.� The generatingfunctional Z (for connectedn-point functions):
The above functionalW doesnot per seexcludegraphswhich containseveral
particleclustersbeingfar away from eachotherin space-time.In orderto get
rid of theseirrelevantcontributions,we restrictourselvesto theconnectedparts
for whichwecanwrite down anew generatingfunctional

W D J E�� exp 0 i
h̄

Z D J E 1 R
i
h̄

Z D J E�� ∞

∑
n� 0

- dx1  ! ! - dxn
1
n!
0 i
h̄
1 n

J
�
x1
�  ! ! J � xn

� G o nqc
�
x1 �! , ! ,� xn

�
(4.5)

andassociatedGreen’s functions

G o nqc
�
x1 �! ! , ,� xn

� � 0 h̄
i
1 n 	 1 0 δnZ D J E

δJ
�
x1
�  ! ! δJ

�
xn
� 1

J � 0
� (4.6)� The effective action and amputated 1PI Green’s functions:

Theso-calledeffective actionis obtainedvia LegendretransformingZ. As we
show in moredetail later, Green’s functionsassociatedwith thisnew generating
functional(namedpropervertices) turn out to be 1PI1 anddo not possessany
externallegsat all. Therefore,they areusuallyreferredto asamputated.

WesketchtheLegendretransformation

Φcl D J � x� : � δZ D J E
δJ
�
x� and Γ DΦcl E : � Z D J E � - dxJ

�
x� Φcl D J � x�� δΓ DΦcl E

δΦcl
�
x� � � J DΦcl � x� � (4.7)

In completeanalogyto theprecedingcases,wefind theeffectiveactionwith the
correspondingproperverices:

Γ DΦcl E�� ∞

∑
n� 0

- dx1  ! ! - dxn
1
n!

Φcl
�
x1
�  ! ! Φcl

�
xn
� Γ o nq � x1 �! ! ! s� xn

� �
Γ o nq � x1 �! ! ! s� xn

� � 0 δΓ DΦcl E
δΦcl

�
x1
�  ! ! δΦcl

�
xn
� 1

Φcl � 0
� (4.8)

1One-particleirreducible(1PI)diagramscannotbedisconnectedby simply cuttingthroughany one
internalline.
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4.2 Scalarquantum field with self-interaction

More light is shedon the whole formalismby consideringthe following simplebut
instructiveexample.� Lagrangian density:� � � 0 �T� int falls into� 0 � 1

2
∂µΦ∂µΦ � m2

2
Φ2 and � int � � V

�
Φ � � � λ

4!
Φ4 � (4.9)� Freetheory and Feynmanpropagator:

The so-calledfree theory (i.e., � � � 0) can be solved by performinga gen-
eralizedGauss-typeintegral. Therefore,let us quickly remindthe readerof a
standardresultfor positivedefiniten  n matricesA andarbitraryn-dimensional
vectorsb, namely- dnxexp 0 � 1

2
xTAx � bTy1 � �

2π � n
det
�
A� exp 0 1

2
bTA 	 1b1 � (4.10)

whichalsoincludestheusualGaussformula(n � 1)- dxexp * � ax2 + �$� π
a
�

ExtendingEq. (4 � 10) to infinite dimensions,we caneasilycompute

W0 D J E � � . Φexp * i
h̄ � dx

� � 0 � JΦ � +� . Φexp * i
h̄ � dx� 0

+� exp 0 � i
2h̄ - dxt - dxJ

�
xt � ∆ � xt~� x� J � x� 1

with A
�
x� ∆ � x � xt � : � �,�

x � m2 � ∆ � x � xt � � � δ
�
x � xt � �

from which we immediatelyobtain

Z0 D J E�� � 1
2 - dxt - dxJ

�
xt � ∆ � xt � x� J � x� � (4.11)� Non-vanishing interaction (Φ4 theory):

Evenfor thesimplecaseof theΦ4 theorythereappearsto beno way to obtain
a closedresult.Theonly thing we canactuallycarryout areGaussianintegrals.
Therefore,weneedto developaperturbationseriesinvolving thoseintegrals:2

W D J E�� � . Φexp * ih̄ � dx
� � 0 �T� int � JΦ � +� . Φexp * ih̄ � dx
� � 0 �T� int

�s+
2Divergencesandtheir cancellationareignoredat this stageof ourdiscussion.
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� exp 0 � i
h̄ - dyV 0 h̄

i
δ

δJ
�
y� 1�1 � . Φexp * i

h̄ � dx
� � 0 � JΦ � +� . Φexp * i

h̄ � dx� +� � exp 0 � i
h̄ - dyV 0 h̄

i
δ

δJ
�
y� 1]1 W0 D J E (4.12)

with � � � . Φexp * ih̄ � dx� 0
+� . Φexp * i

h̄ � dx� + �
Wehavejustderivedaformallyverycompactexpressionfor thegeneratingfunc-
tionalW D J E . Yet wedonotknow how to actuallyextractGreen’s functionsin an
efficientmanner. Weillustratetwo differentalgorithms,‘spitting out’ all n-point
functionsof thetheory, in a moment.

Thefirst oneis basedon thefollowing nicetrick [53]:

F 0 δ
δΦ

�
z� 1�� G �

Φ
�
x�!� exp 0 i

h̄ - dyJ
�
y� Φ � y�,1��� F 0 δ

δΦ
�
z� 1�� G 0 h̄

i
δ

δJ
�
x� 1 exp 0 i

h̄ - dyJ
�
y� Φ � y� 1��� G 0 h̄

i
δ

δJ
�
x� 1 F 0 δ

δΦ
�
z� 1 exp 0 i

h̄ - dyJ
�
y� Φ � y� 1� G 0 h̄

i
δ

δJ
�
x� 1b� F 0 i

h̄
J
�
z� 1 exp 0 i

h̄ - dyJ
�
y� Φ � y� 1L� � (4.13)

SettingΦ to zero,theaboveequationfinally reads�
F 0 δ

δΦ
�
z� 1b� G �

Φ
�
x�!� exp 0 i

h̄ - dyJ
�
y� Φ � y� 1��B�

Φ � 0� G 0 h̄
i

δ
δJ
�
x� 1 F 0 i

h̄
J
�
z� 1 � (4.14)

Now, wecanuse(4 � 14) to rewrite (4 � 12):

W D J E � � � exp 0 � h̄
2i - dxt - dx

δ
δΦ

�
xt � ∆ � xt�� x� δ

δΦ
�
x� 1 exp 0 � i

h̄ - dy
�
V
�
Φ
�
y�!� � J

�
y� Φ � y�!� 1��

Φ � 0� � ∞

∑
n� 0

- dy1  , ! - dyn
1
n!
0 i
h̄
1 n

J
�
y1
�  , ! J � yn

� �
exp 0 � h̄

2i - dxt - dx
δ

δΦ
�
xt � ∆ � xt�� x� δ

δΦ
�
x� 1 Φ

�
y1
�  , ! Φ � yn

� exp 0 � i
h̄ - dyV

�
Φ
�
y�!� 1��

Φ � 0
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� : � ∞

∑
n� 0

- dy1  , ! - dyn
1
n!
0 i
h̄
1 n

J
�
y1
�  , ! J � yn

� � Φ
�
y1
�  , ! Φ � yn

� exp 0 � i
h̄ - dyV

�
Φ
�
y�!� 1��

0
� (4.15)

Withoutcalculatingany functionalderivative,theGreen’s functionscanberead
off as

G o nq � y1 �! ! , s� yn
� ��� � Φ

�
y1
�  ! ! Φ � yn

� exp 0 � i
h̄ - dyV

�
Φ
�
y�!� 1��

0
� (4.16)

In orderto efficiently handlethejust defined Hs ! , �I 0-bracket,observe thatH Φ � y1
� Φ � y2

� I 0 � ih̄∆
�
y1 � y2

� �H Φ � y1
� Φ � y2

� Φ � y3
� Φ � y4

� I 0 � �
ih̄� 2∆

�
y1 � y2

� ∆ � y3 � y4
�� �

ih̄� 2∆
�
y1 � y2

� ∆ � y3 � y4
�� �

ih̄� 2∆
�
y1 � y2

� ∆ � y3 � y4
� �

...

and H Φ � y1
�  , ! Φ � y2n� 1

� I 0 � 0 � n ' N0 � (4.17)

For thefreecase,both � andtheexp-functionin (4 � 16) turnoneandweonly get
theratheruninteresting2n-point functionsindicatedin (4 � 17).

A moreexciting resultis foundwhenlookingattheinteractingcase.The2-point
functionturnsout to yield

G o 2q � y1 � y2
� � �3� Φ

�
y1
� Φ � y2

� exp 0 � i
h̄ - dyV

�
Φ
�
y�!� 1��

0� � H Φ � y1
� Φ � y2

� I 0� � iλ
4!h̄ - dx � Φ � y1

� Φ � y2
� Φ4 � x�N� 0� �

2
λ2

4!2h̄2 - dx - dxt � Φ � y1
� Φ � y2

� Φ4 � x� Φ4 � xt � � 0� �L�
λ3 � � (4.18)

whichdoescorrespondto thefive2-pointdiagramsdepictedin Fig. 4.1.Thede-
tailedtranslationprescriptionof how to assignmathematicaltermsto graphical
constituentsandvice versais givenwithin our secondapproach.Theremaining
2n-point functionsmaybecomputedanalogously. Accordingto the last line in
(4.17),onefindsall (2n � 1)-point functionsto vanish.Without proof we want
to mentionthat thenormalizationconstant� is responsiblefor kicking discon-
nectedvacuumpartsout.
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The secondstrategy consistsin simply expandingboth exp-functionsin (4 � 12)
andcombiningtherespective termswith eachother. W D J E canthenexplicitly be
writtenasaninfinite sumof contributionsfrom which theGreen’s functionsare
obtainedby functionalderivation. Below, we translateevery singlemathemati-
cal partof our formula into a diagrammaticelement(conventionsanalogousto
Rivers[55]). Thisway, any graphof thetheory(includingthelowest-orderones
shown in Fig. 4.1)gushesfrom our algorithm(with its correctsymmetryfactor
in front) by stringingthediagrammaticconstituentstogetheraccordingto

� y

W D J E�� � exp 9; 1
4! - dy

k l@m n� iλ
h̄

0 h̄
i

δ
δJ
�
y� 1 4

>A
 exp � 1

2 - dx
i
h̄

J
�
x�m n@k l - dxt i

h̄
J
�
xt �m n@k l ih̄∆

�
x � xt �m n@k lx  �¡ x ¡x’ � �x x’

= ¡ x ¡x’

Rule: integrateoververticesandsources,respectively!

N.B.: h̄
i

δ
δJ o yq � dx � dxt ¡ x ¡x’ � 2 � dx ¡ x �y
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� Connectionbetweenh̄ and loops

In thenext chapterwewantto show how to compactlyextracttheentireone-loop
part(andnothingelse)of whateverQFT. Of course,weshallonly betreatingour
familiar Φ4 theoryin detail. To this end,we needto carefullyprepareourselves
andestablisha connectionbetweenthenumberof loopscontainedin a n-point
functionandthepower of h̄. Let usstartby collectingsomehelpful topological
input:

E : numberof externallines�
I : numberof internallines�

M : numberof vertices�
m : powerof vertex ( m=4 for Φ4 theory)�
L : numberof loops� (4.19)

With someeffort onecanseethat the following generalrelationshold for con-
nectedGreen’s functions:

mM � E � 2I �
I � M � L � 1 � (4.20)

Wearenow readyto prove,or let usbettersay, illustrate,thefollowing statement
(for our specificexample):
On the level of thegeneratingfunctionalZ D J E thereis anone-to-onecorrespon-
dencebetweenthe(relative)numberofh̄ andthenumberof loops.

Theaboverelationcanbeelucidatedwith eitherof our two previouslydiscussed
strategies.Let usbegin with thefirst oneandrepeatEq.(4.15),

W D J E�� � ∞

∑
E � 0

- dy1  ! ! - dyE
1
E!

0 i
h̄
1 E

J
�
y1
�  ! ! J � yE

� � Φ
�
y1
�  ! ! Φ � yE

� exp 0 � i
h̄ - dyV

�
Φ
�
y�!� 1��

0
�

tacitly assumingto discarddisconnectedparts.We findh̄ contributionsto orig-
inatefrom four different ‘sources’.3 As our statementrefersto the generating
functional Z D J E , we have to include one globalh̄. The remaininghave to be
addedaccordingto theabove formula(alwayskeeping(4.17)in mind). Putting
everythingtogether, wefinally get

h̄mxn@kxl
Z ¢ J£ ext. lineskxl@mxn

h̄ 	 E h̄E � Imxn@kxl
propagators

verticeskxl@mxn
h̄ 	 M � h̄1� I 	 M � h̄L � (4.21)

3We do not needto careabouttheh̄ dependenceof ¤ . That is the reasonwhy we speakaboutthe
relativenumberofh̄.
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Within oursecondstrategy,

W D J E�� � exp 0 � i
h̄ - dyV 0 h̄

i
δ

δJ
�
y� 1�1 exp 0 � i

2h̄ - dx - dxt J � xt � ∆ � xt � x� J � x�,1 �
we mayproceedin a similar manner. Rememberingthat thefirst exp-function
producestheverticesandthesecondonethepropagators,weendup with

h̄mxn@kxl
Z ¢ J£ verticesk l@m n

h̄ o m	 1q M h̄ 	 o E � I qm n@k l
propagators

� h̄1� I 	 M � h̄L � (4.22)

whichcoincides,asexpected,with Eq.(4.21).
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Vacuumgraphs:

¥ � ¦¨§©«ª¦«§©«ª � ¦«§©«ª¦«§©«ª � ¦¨§©«ª ¦«§©«ª¦¨§©¨ª�� � ¦«§©¬ª¦«§©¬ª
� ¦«§©¬ª¦«§©¬ª

2-point function:

� �1 2 �¦¨§©¬ª� � � �� �¦«§©¬ª �¦¨§©¨ª
�¦¨§©¨ª� �

�¦«§©«ª �¦«§©«ª� �
4-point function:�� ��

�
�¦¨§©¬ª� ��� �

� �
� �
1 2

3 4

+ Perm.

� �
�¦¨§©¬ª� �

�¦¨§©¨ª� �
�¦¨§©¨ª� �

(Higher2n-point functions omitted)

Figure4.1: Diagrammaticrepresentationof Φ4 theoryGreen’sfunctions(withoutsym-
metry factors)up to order

���
λ2 � . Theabove orderingrespectsthe following priority

scheme:1PI � 1PR � disconnected.
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Chapter 5

The saddle-pointmethod

After having familiarizedourselveswith themainresultsof thePIF, wecannow draw
our attentionon anotheraspectwhich is tightly linked with our envisagedone-loop
extraction. Sofar we have got to know two differentprocedureswhich bothgenerate
all n-point functionsof thetheoryin a somehow disorderedmanner. Whatwe would
like to have is a prescriptionto tell ushow to elegantlyfilter out all one-loopgraphs.
This wish is fulfilled by the so-calledsaddle-pointmethod. The presentchapteris
mainly inspiredby Ramon’s textbook[54].

5.1 An intr oductory examplein onedimension

Let ushaveacloserlook at thefollowing typeof integral:

I � - ∞	 ∞
dxexp { � f

�
x� } � (5.1)

Thefunction f is supposedto beconvex aroundits minimumx0. TheassociatedTaylor
expansionthenclearlyreads

f
�
x� � f

�
x0
� � f tt � x0

�
2

�
x � x0

� 2 �� , ! �� (5.2)

If thefunction’s minimumis sharpenough,thentheintegral maybeapproximatedin
thefollowing way

I � exp { � f
�
x0
� } - ∞	 ∞

dxexp 0 � f tt � x0
�

2
�
x � x0

� 2 1� exp { � f
�
x0
� } - ∞	 ∞

dyexp 0 � f tt � x0
�

2
y2 1 � (5.3)

wheretranslationalinvariancehasbeenusedin the last line. This way we have suc-
cessfullyreducedour initial integral to a Gaussianwhich we perfectlyknow how to
carry out. However, it is not prohibitedto take moretermsof the Taylor seriesinto
account.Wewill laterseehow to managethis kind of situation.
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5.2 Analogousproceedingfor the Φ4 theory

For aQFTwecan(formally) copy theaboveprocedurewhosemajoroutcomeis anice
separationof treeandloop contributions.To seethis,we first wantto recall theinitial
field-theoreticalintegral

W D J E�� � . Φexp * i
h̄T DΦ � J E +� . Φexp * i
h̄T DΦ � 0E + � (5.4)

where T DΦ � J E®� SDΦ E � - dxJ
�
x� Φ � x�� - dx 0 Φ

�
x� � A

�
x�

2
Φ
�
x� � λ

4!
Φ4 � x� � J

�
x� Φ � x� 1 �

In this casetheTaylorexpansionis, of course,a functionalone:

T DΦ � J E�� ∞

∑
n� 0

- dy1  ! ! - dyn
1
n!

δnT DΦ0 � J E
δΦ

�
y1
�  ! , δΦ

�
yn
� �

Φ
�
y1
� � Φ0

�
y1
�!�m n@k l

Φ ¯ o y1 q  ! ! � Φ � yn
� � Φ0

�
yn
�!�m n@k l

Φ ¯ o yn q � (5.5)

We now needto computeall functionalderivativesand, in particular, determinethe
minimum:

δT DΦ � J E
δΦ

�
y1
� � � A

�
y1
� Φ � y1

� � λ
6

Φ3 � y1
� � J

�
y1
�

δT DΦ0 � J E
δΦ

�
y1
� !� 0 (min.!)

R
A
�
y1
� Φ0

�
y1
� � λ

6
Φ3

0
�
y1
� � J

�
y1
�R

in shortterms: 0 δS
δΦ

1
Φ0

� � J �
δ2T DΦ � J E

δΦ
�
y1
� δΦ

�
y2
� � � 0 A

�
y1
� � λ

2
Φ2 � y1

�,1 δ
�
y1 � y2

� �
δ3T DΦ � J E

δΦ
�
y1
�  ! ! δΦ

�
y3
� � � λΦ

�
y1
� δ � y1 � y2

� δ � y1 � y3
� �

δ4T DΦ � J E
δΦ

�
y1
�  ! ! δΦ

�
y4
� � � λδ

�
y1 � y2

� δ � y1 � y3
� δ � y1 � y4

� �
δnT DΦ � J E

δΦ
�
y1
�  ! ! δΦ

�
yn
� � 0 � n � 5 � 6 �! ! ! |�

Puttingall piecestogether, weendup with theTaylorseries

T DΦ � J E�� T DΦ0 � J E � 1
2 - dyΦ t � y� 0 A

�
y� � λ

2
Φ2

0
�
y� 1 Φ t � y�� λ

6 - dyΦ0
�
y� Φ t 3 � y� � λ

24 - dyΦ t 4 � y� � (5.6)
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5.2.1 Leading-order approximation

Now, wewantto spendsometimeonshowing theleading-orderapproximationto our
field-theoreticalintegral to provideall tree(non-loop)diagrams.Restrictingourselves
to the very first term of (5 � 6), thereis nothing left to integrateover in (5 � 4) andwe
simplyget1

W D J E°� exp * ih̄T DΦ0 � J E +� . Φexp * i
h̄T DΦ � 0E +R

Z D J E°� � - dx 0 Φ0
�
x� A � x�

2
Φ0
�
x� � λ

4!
Φ4

0
�
x� 1 � - dxJ

�
x� Φ0

�
x�� - dx 0 1

2
J
�
x� Φ0

�
x� � λ

24
Φ4

0
�
x�,1 � (5.7)

We have just learnedthat the minimal Φ0 is relatedto the sourceJ. Sincewe want
to determineGreen’s functions,Φ0 mustbe expressedin termsof J. Unfortunately,
Φ0 D J � x� cannotbegivenin ananalyticallyclosedform. Therefore,onemustassume
theexpansion

Φ0
�
x� � : Φ o 0q � x� � λΦ o 1q � x� � λ2Φ o 2q � x� �r ! ! (5.8)

andsolve

J
�
x� � A

�
x� * Φ o 0q � x� � λΦ o 1q � x� � λ2Φ o 2q � x� �r ! ! +� λ

6
* Φ o 0q � x� � λΦ o 1q � x� � λ2Φ o 2q � x� �r ! ! + 3

(5.9)

perturbatively. Comparisonthenyields�
i � A

�
x� Φ o 0q � x� � J

�
x� ��

ii � λ 0 A
�
x� Φ o 1q � x� � 1

6
Φ3o 0q � x�s1 � 0 ��

iii � λ2 0 A
�
x� Φ o 2q � x� � 1

2
Φ2o 0q � x� Φ o 1q � x� 1 � 0 �

...

ad
�
i � Φ o 0q � x� � � - dy∆

�
x � y� J � y� �

ad
�
ii � λΦ o 1q � x� � λ

6 - dy∆
�
x � y� Φ3o 0q � y�� � λ

6 - dy - dy1  ! ! - dy3

1SinceΦ0 representstheclassicalsolutionto our field theory, thepresentleading-orderapproxima-
tion is alsoreferredto asclassical.
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 ∆
�
x � y� ∆ � y � y1

�  ! ! ∆ � y � y3
� J � y1

�  ! ! J � y3
� �

ad
�
iii � λ2Φ o 2q � x� � λ2

2 - dy∆
�
x � y� Φ2o 0q � y� Φ o 1q � y�� � λ2

12 - dy - dy1 - dy2 - dz - dz1  , ! - dz3 ∆
�
x � y� ∆ � y � y1

� ∆ � y � y2
� ∆ � y � z� ∆ � z � z1

�  ! ! ∆ � z � z3
� J

�
y1
� J � y2

� J � z1
�  ! ! J � z3

� �
...

Theindividualtermsof (5 � 8)canthusberepresentedgraphically(neglectingsymmetry
factors)asshown in Fig. 5.1.

(i) x� ¡ (ii) x �� ¡¡
¡

(iii) x �� ¡¡
¡¡ ¡¡

¡  ! ! 
Figure5.1:Diagrammaticaltranscriptionof expansion(5 � 8)withoutsymmetryfactors.
Thefull andopencirclesindicatetheconventionalspace-timedependenceof Φ0 and
its functionaldependenceon thesources,respectively.

At this point,we canalreadymake out thatthereis no way to constructany loop dia-
grams.However, wecarryonandusetheaboveresultto explicitly show thegenerating
functionalZ D J E to become

Z D J E°� � 1
2 - dx - dy∆

�
x � y� J � x� J � y�� λ

24 - dx - dy - dy1  ! , - dy3 ∆
�
x � y� ∆ � y � y1

�  , ! ∆ � y � y3
� J � x� J � y1

�  ! ! J � y3
�

� λ2

72 - dx - dy - dy1 - dy2 - dz - dz1  ! ! - dz3 ∆
�
x � y� ∆ � y � y1

� ∆ � y � y2
� ∆ � y � z� ∆ � z � z1

�  ! ! ∆ � z � z3
� J

�
x� J � y1

� J � y2
� J � z1

�  ! , J � z3
�� ��� λ3 � � (5.10)

from which thetwo lowestconnectedGreen’s functionscaneasilybeidentified:

G o 2qc
�
x1 � x2

� � ih̄∆
�
x1 � x2

� �
G o 4qc

�
x1 �! ! , s� x4

� � - dy � iλ
h̄

D ih̄∆
�
y � x1

� E  ! , !D ih̄∆
�
y � x4

� E � (5.11)
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Hence,wefind our claim to just have treegraphsfully confirmed.
For completeness,we wantto finish by identifying the1PI ones.An arbitrarytree

Green’s functionG o E qc
�
x1 �! ! ! s� xE

� obeys thetopologicalrelations,quotedin (4 � 20),

I � E
2 � 2 � M � E

2 � 1 � (5.12)

In otherwords,for our treediagramsboth thenumberof internallines I andvertices
M arefully determined,oncethenumberof externallegsE is given. Theabove rela-
tionsespeciallyimply thatfor M � 2 or

���
λ2 � (andbeyond)no 1PI graphswill occur

anymore.Therefore,the1PIpartof Z comesdown to

Z1PI DΦ o 0q Ef� 1
2 - dxΦ o 0q � x� A � x� Φ o 0q � x� � λ

24
Φ4o 0q � x� � (5.13)

whichhasgotaslightly differentfunctionalform in comparisonto theassociatedeffec-
tiveactionaswecanseein asecond.Rushingthroughthemainstepsof theprocedure,

Z D J E o treeq� T DΦ0 � J E�� SDΦ0E � - dxJ
�
x� Φ0

�
x� �

Φcl
�
y� : � δZ D J E

δJ
�
y�� - dx

δSDΦ0 E
δΦ0

�
x�m n@k l	 J o xq

δΦ0
�
x�

δJ
�
y� � Φ0

�
y� � - dxJ

�
x� δΦ0

�
x�

δJ
�
y� � Φ0

�
y� �

Γ DΦcl E � Γ DΦ0 E�� Z D J E � - dxJ
�
x� Φ0

�
x�� SDΦ0E � - dxJ

�
x� Φ0

�
x� � - dxJ

�
x� Φ0

�
x� � SDΦ0 Ef� SDΦcl E �

wefinally arriveat theeffectiveaction

Γ DΦcl E°� � - dx 0 Φcl
�
x� A � x�

2
Φcl

�
x� � λ

4!
Φ4

cl
�
x� 1 (5.14)

andthetwo lowestpropervertices

Γ o 2q � x1 � x2
� � � A

�
x1
� δ � x1 � x2

� �
Γ o 4q � x1 �! ! ! s� x4

� � � λδ
�
x1 � x2

� δ � x1 � x3
� δ � x1 � x4

� � (5.15)

It is interestingto notehow they arelinkedwith thecorrespondingconnectedGreen’s
functions:

G o 2qc
�
x1 � x2

� � ih̄ { Γ o 2q � x1 � x2
� } 	 1 �

G o 4qc
�
x1 �! ! ! s� x4

� � i
h̄ - dxt1  ! ! - dxt4G o 2qc

�
x1 � xt1 �  ! ! G o 2qc

�
x4 � xt4 � Γ o 4q � xt1 �! ! , s� xt4 � �

(5.16)

Inspectingthelast line in (5.16),we can,afterall, understandwhy thepropervertices
arereferredto asamputated.
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5.2.2 Next-to-leading-orderapproximation

After this fairly detaileddiscussionwe arereadyto examineone-loopcontributions.
We look at themfrom two completelydifferentperspectives. Takingalsothesecond
termof (5 � 6) into account,we obtain

W D J E � ± - . Φ t exp 9:::; � i
2h̄ - dyΦ t � y� B o y�Φ0 qk l@m n0 A

�
y� � λ

2
Φ2

0
�
y� 1 Φ t � y� >@???A

∝ ±²-². Φ tt exp 0 � i
2 - dyΦ tt � y� B � y� Φ0

� Φ tt � y�,1 (5.17)

with ± : � exp * i
h̄T DΦ0 � J E +� . Φexp * i

h̄T DΦ � 0E + �
In thesecondline wehaverescaledthefunctionalvariableaccordingto theprescription
Φ tt : � h̄ 	 1

2 Φ t , which makestheh̄ disappearin theaboveexp-function.Thecoefficient
in front is changedaswell (what hasbeentaken into accountby replacingthe � by
the∝ sign).

The remainingintegral is a Gaussianandcan,within our first approach,at least
formally besolved.With thewell-known identitydet

�
B� � exp H ln � B� I onecomesto

W D J E�� exp * i
h̄T DΦ0 � J E � 1

2 H lnB
�
y� Φ0

� δ � y � yt � I +� . Φexp * i
h̄T DΦ � 0E +R

Z D J E�� T DΦ0 � J Em n@k l
tree

� ih̄
2
H lnB

�
y� Φ0

� δ � y � yt � Im n@k l
1-loop

� (5.18)

Sincethefirst termwasshown to only includetreegraphs,thanksto our loop-h̄ connec-
tion argumentof section4.2wecannow besurethesecondtermto compriseone-loop
contributionsandnothingelse. Actually, a generalizedversionof this latter term is
usedwithin theframework of ChPTlaterin thepresentthesis.

Thesecondapproachis aperturbativeonewhichexplicitly substantiatestheabove
statement.Weproceedin analogyto oursecondstrategyof thepreviouschapter(again,
weonly considerconnectedcontributions).Wefind-². Φ t exp 0 � i

2h̄ - dyΦ t � y� 0 A
�
y� � λ

2
Φ2

0
�
y� 1 Φ t � y� 1� ³ exp � � iλ

4h̄ - dxΦ2
0
�
x� 0 h̄

i
δ

δ j
�
x� 1 2   -². Φ t exp 0 i

h̄ - dy 0 Φ t � y� � A
�
y�

2
Φ t � y� � j

�
x� Φ t � y� 1´1��

j � 0
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� µ ³ exp � � iλ
4h̄ - dxΦ2

0
�
x� 0 h̄

i
δ

δ j
�
x� 1 2   exp 0 � i

2h̄ - dy - dyt j � y� ∆ � y � yt � j � yt � 1\�
j � 0

� (5.19)

As it stands,the lastexpressionexclusively includesvacuumgraphs.At each vertex
they possesstwo (out of four) incominglines thataregeneratedby a new sourceΦ0

( ¶ ). Suchgraphsneitherexhibit (explicit) externallegsnor regularsources.Keeping
in mind that ¶ only containstreecontributions,onecanbepersuadedthatall graphs
doexactlyhaveoneloop. Sinceweareparticularlyinterestedin 1PIgraphs,wesimply
haveto replaceΦ0 by Φ o 0q , see(5 � 8), dueto thefactthathighercontributionsrepresent
1PRtreestructures.

Theconstructionprescriptionis thusthefollowing: Connectedvacuumgraphs(see
Fig. 4.1)haveto becut into pieces,in awaythat,ateachvertex, wegettwo (free)lines
whichhave to beattachedto asource¶ . This is illustratedin thebelow figure.

� ¦¨§©«ª¦«§©¬ª � �¦¨§©«ª� �· ·
� ¦¨§©¬ª¦¨§©«ª � ¦«§©«ª � �¦¨§©«ª� ��� �· ·· ·
¦«§©¬ª¦¨§©«ª�� � �¦¨§©«ª� ��� �· ·· ·

...

Figure5.2: Thenext-to-leading-ordertermis shown to just includeone-looppartsby
graphicalmeans.

5.2.3 Next-to-next-to-leading-orderapproximation

We have seenthatthesecondtermin (5 � 18) collectsone-loopcontributionsandnoth-
ing else. Nevertheless,we do not know yet if thereareadditionalone-looppartsin
thehigherterms.That is exactly whatwe want to checkout in the following. Going
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anotherstepfurther in theTaylor series,theintegral we needto carryout canthenbe
rewrittenas

W D J E�� ±²-/. Φ t exp 0 � i
2h̄ - dyΦ t � y� 0 A

�
y� � λ

2
Φ2

0
�
y� 1 Φ t � y� 1 exp 0 � iλ

6h̄ - dzΦ0
�
z� Φ t 3 � z� 1� ± ³ exp � � iλ

6h̄ - dxΦ0
�
x� 0 h̄

i
δ

δ j
�
x� 1 3   - . Φ t exp 0 i

h̄ - dy 0 Φ t � y� � B
�
y�

2
Φ t � y� � j

�
x� Φ t � y� 1]1\�

j � 0� ±°³ exp � � iλ
6h̄ - dxΦ0

�
x� 0 h̄

i
δ

δ j
�
x� 1 3   exp 0 � i

2h̄ - dy - dyt j � y� ∆̃ � y � yt � j � yt � 1��
j � 0

(5.20)

andinterpretedin our conventionalmanner. In (5 � 20), ∆̃ representsa modifiedpropa-
gator. Theremainingstructureof thetheorydoesnotchange.This timeweneedto cut
connectedvacuumgraphsinto pieces,in a way thatonly oneline per vertex is freed
andthenattachedto ¶ .

In orderto gaindeeperinsight into things,let usexpandthefirst exp-functionand
look at the individual termsoneafter theother. Sincethe very first termhasalready
beenconsideredwithin thenext-to-leading-orderapproximation,wepassto thesecond
one

0 � � iλ ±
6h̄ ³L- dxΦ0

�
x� 0 h̄

i
δ

δ j
�
x� 1 3

exp 0 � i
2h̄ - dy - dyt j � y� ∆̃ � y � yt � j � yt � 1�¸

j � 0

(5.21)

which vanishes,astheabove constructioncannotbeappliedto one-vertex structures.
Thethird termdoesnotvanish

0 ¹� λ2 ±
72h̄2 ³L- dxΦ0

�
x� 0 h̄

i
δ

δ j
�
x� 1 3 - dxt Φ0

�
xt � 0 h̄

i
δ

δ j
�
xt � 1 3

 exp 0 � i
2h̄ - dy - dyt j � y� ∆̃ � y � yt � j � yt � 1\�

j � 0

∝
λ2 ± h̄

72 ³�- dxΦ0
�
x� 0 h̄

i
δ

δ j
�
x� 1 3 - dxt Φ0

�
xt � 0 h̄

i
δ

δ j
�
xt � 1 3

 exp 0 � i
2 - dy - dyt j � y� ∆̃ � y � yt � j � yt � 1��

j � 0
� (5.22)
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Here,afterrescalingthefieldsaswedid before,two-loopcontributionscanbereadoff
thanksto ourh̄ countingscheme.If we wentaheadlike this, we would find thenext
termto bevanishing,thenext-to-next non-vanishing

�
h̄2 � andsoforth. This evidently

saysthat δ3T ¢Φ0 � J£o δΦ q 3 leadsto loop contributionswith L º 2 andnot only L � 2 asone

mighthavenaively expected.
We arenow readyto explicitly constructthe lowest2-loop graphs(seeFig. 5.3).

We mustkeepin mind that the following diagramsdo not include the conventional
propagators.Nevertheless,thosenew propagatorscannotleadto additionalloopstruc-
tures.Dif ferencesshow up in thetreestructure,though.

� ¦¨§©«ª¦¨§©¨ª � ¦¨§©¬ª � �¦¨§©¨ª �¦¨§©«ª� �· · �¦¨§©¬ª
�¦¨§©¬ª� �· ·

¦¨§©¬ª¦¨§©«ª�� � � �� �¦«§©¬ª· ·
...

Figure5.3: Graphicalconstructionof two-loopdiagrams.

All in all, we have clearly seenthat thesaddle-pointmethodis especiallyadoptedto
theextractionof theone-looppart.

5.3 Mor e on the effectiveaction and proper vertices

In Chapter4 we claimedthat all amputated1PI graphsare includedin the effective
actionandnothingmore.We arefinally in a positionto prove this statementby using
thesaddle-pointmethod.Hereis asketchof theproof:� Startout with Γ DΦ E insteadof SDΦ E andapply thepreviously introducedsaddle-

point method.� Again,determinetheminimum:0 δTΓ DΦ � J E
δΦ

�
x� 1

ΦΓ
0

!� 0R 0 δΓ DΦ E
δΦ

�
x� 1 ΦΓ

0

� � J
�
x� R

ΦΓ
0 is simply Φcl � (5.23)
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N.B.: Γ DΦ E evidentlyprovidesthequantum-correctedfield equations.� Considertreelevel:

connectedtreepart(Γ)k l@m n
Z o 0qΓ D J E o 5 p 7q� TΓ DΦcl � J E�� Γ DΦcl E � - dxJ

�
x� Φcl

�
x�o 4 p 7q� Z D J E � - dxJ

�
x� Φcl

�
x� � - dxJ

�
x� Φcl

�
x�� Z D J E �m n@k l

entireconnectedpart(S)

(5.24)

Theaboveresultstatesthatall connecteddiagramsof our initial S theorycanbe
expressedin termsof connectedtreegraphswhich do includepropagatorsand
genericverticesof theΓ theory. Dif ferentlyspeaking,each2n-point functionon
theright-handsidehasgotauniquepartneron theleft-handside,which implies
that our Γ theorycannotcreateany non-vanishing(2n � 1)-point functionsas
well.� DeterminetheFeynmanpropagatorof theΓ theory:

Γ DΦcl E�� � 1
2 - dxΦcl

�
x� AΓ � x� Φcl

�
x� �r ! ! � Γ o 2q � x1 � x2

� � 0 δ2Γ DΦcl E
δΦcl

�
x1
� δΦcl

�
x2
� 1

Φcl � 0
� � AΓ � x1

� δ � x1 � x2
�

and ∆Γ � * � AΓ + 	 1 � Γ o 2q 	 1 � (5.25)

Accordingto Eq.(5.24),∆Γ hasto bethefull propagatorof theStheory(G o 2qc �
ih̄∆Γ).� Next, investigatethe(remaining)propervertices:
As indicatedat thebeginningof theprecedingchapter, seeEq. (4.8), theproper
verticesaretheGreen’sfunctionsassociatedto theeffectiveaction.Furthermore,
thevery Eq. (4.8) tells usthat they arethegenericverticesof theΓ theorycon-
sideredabove. Thosecanbe extractedby amputatingall propagators∆Γ from
any 1PI treediagram.Althoughthe1PI treegraphsdonotexactlycoincidewith
the1PI onesof theS theory, their amputatedversionsdo. Hence,we finally see
our initial claim to beverified.
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Chapter 6

One-looprenormalization of the
Wess-Zumino-Witten action

As alreadymentionedin the introduction,within the framework of ChPT, infinities
arisingfrom loop calculationscanonly be absorbedorderby order. Our intentionis
to fully renormalize,onceandfor all, the odd intrinsic parity p6 Lagrangiandensity
establishedin Chapter3. Accordingto Weinberg’s power countingscheme,theonly
possibledivergencescancomefrom one-loopgraphswhich involveexactlyoneWZW
vertex andanarbitrarynumberof � 2 vertices.In otherwords,weperformtheone-loop
renormalizationof theWZW action.

Theentirerenormalizationprocedurecanin generalbesubdividedinto threemajor
steps:

1. Extractionof therespectiveone-loopcontributionusingthesaddle-pointmethod.

2. Compactisolation of arising one-loopsingularitiesby applicationof dimen-
sionalregularization(or operatorregularization,see[19]) within theformalism
of theheatkerneltechnique.

3. Absorptionof the isolatedinfinite structuresby redefinitionof the low-energy
constantsof themostgeneralLagrangianathigher-orderlevel.

The points1. and2. describedabove have alreadybeencarriedout by several
authors[17, 18,19,20] usingtotally differentconventionsandnotations.Thelaststep
hasneverbeenaccomplished,though.
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6.1 The saddle-pointevaluation in ChPT

In Chapter5 we learnedhow to (exclusively) extract the one-looppart of a rather
simpleQFT, namelythe Φ4 theorywhich just involvesonefield speciesandonein-
teractionterm. However, the whole saddle-pointprocedure,andespeciallyits final
result

Z1-loop � i
2

ln
�
detD � � (6.1)

canbeextendedto whatever (mesonic)QFTpossessingtheLagrangiandensity� and
thegeneratingfunctional

exp
�
iZ � ∝ -². U exp { i � dx� � U � } � (6.2)

Here,thevariableU alreadyalludesto our chiral field matrix (but at this stageit can
still beconsideredasageneralfield variable).

Although(6 � 1) representsa nicely compactformula, its realcontentis ratherhid-
denthanrevealed.Therefore,weneedto haveacloserlook at thedetailedstructureof
theaboveoperatorD.

Let usbegin with somepreliminaryinvestigations.As oneknows from linearal-

gebra,any complex n  n matrix canuniquelybeexpandedin termsof λ0 : � a 2
n1n & n

andtheconventionaln2 � 1 SU
�
n� generatorsλa

A
�
x� � n2 	 1

∑
a� 0

Aa � x� λa � (6.3)

with Aa � x��' C for any fixedx ' M anda '82 0 �, ! ! ,� n2 � 1 4 . A standardscalarproduct
is providedby thefollowing definition�

A � B� � 1
2 - dx H A† � x� B � x� I � n2 	 1

∑
a� 0

- dxAa � � x� Ba � x� � (6.4)

wherewehavemadeuseof therelation H λaλb I � 2δab.
We arenow readyto roughly retracethesaddle-pointprocedurein ChPT. Instead

of performingexplicit functionalderivatives,we parameterizeour SU
�
n� field matrix

U
�
x� aroundtheclassicalsolutionŪ

�
x� (which is theminimumfield configuration)in

anappropriate(non-uniquelydetermined)manner

U
�
x� � u

�
x� exp { iξ � x� } u

�
x� � (6.5)

Here,u2 � x� � Ū
�
x� mustholdandξ

�
x� hasto bea tracelessHermitianmatrix

ξ
�
x� � n2 	 1

∑
a� 1

ξa � x� λa � (6.6)
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with ξa � x�B' R for any fixedx ' M anda '82 1 �! ! ! s� n2 � 1 4 .
In what follows we omit denotingany explicit x dependence.Furthermore,in

contrastto (6 � 4) all indicesa or b aremeantto take valuesin 2 1 �!�!�,�s� n2 � 1 4 andhave
to besummedoverwhenappearingtwice accordingto Einstein’sconvention.

Without proof we quotetheresultthatundercertaincircumstances,which areful-
filled in ChPT, Eq. (6 � 2) mayberewrittenas

exp
�
iZ � 1-loop

∝ -². ξexp { � iF 2
0

2
�
ξ � Dξ � }� - . ξexp { � iF 2

0
2 � dxξaDabξb } � (6.7)

Theelliptic operatorD of thetype

D � dµdµ � σ̂ � (6.8)

with dµξ � ∂µξ � d Γµ � ξ e»�
is supposedto be positive, unbounded,andself-adjoint,andhasthe spectraldecom-
position 2 φn;λn 4 . Thematricesφn form a completesystemof eigenfunctionsandλn

representtheassociatedpositiveeigenvalues.
Obviously, theanti-HermitianΓµ andthepositiveHermitianσ̂ aretheveryobjects

which containall one-loopinformationof thespecifictheory(which is itself defined
by its actionor Lagrangiandensity).

In non-matrixtermsthesameoperatorlookslike

Dabξb � dµdµξa � σ̂abξb (6.9)

dµξa � ∂µξa � Γ̂ab
µ ξb

andΓ̂ab
µ leadsto thenaturaldefinition

Γ̂ab
µν � ∂µΓ̂ab

ν � ∂νΓ̂ab
µ � d Γ̂µ � Γ̂ν e ab � (6.10)

To put thissection’scontentin anutshell,theone-looppartof ourconsideredQFT
andthereforestep1. of therenormalizationprocedurewill beundercontrolassoonas
wemanageto determinethecorrespondingobjectsΓµ andσ̂.

6.2 The heat kernel technique

Theso-calledheatkernelapproachis averysophisticatedmathematicalmethodwhich
is nativeto thetheoryof positiveunboundedself-adjointelliptic operatorsoncompact
Riemannianmanifolds[57, 50]. As oftenin theoreticalphysicswe only try to under-
standthemainfeaturesof themechanismwithoutpayingtoomuchattentionto refined
detailsmathematicianswouldprobablyconsiderprimordialto look at. In otherwords,
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for ourconcernstheheatkerneltechniquerepresentsapowerful tool helpingusto an-
swerphysicallyinterestingquestions(i.e., in our actualsituation,to elegantly isolate
all one-loopdivergences).Therefore,we contentourselveswith a somewhatsketchy
presentationof its derivation.

First of all, wedefinethezetafunctionfor ouroperatorgivenin (6.8)

ζD
�
s� : � ∑

n
λ 	 s

n � s ' R � (6.11)

whichobviouslysolelydependson D via its eigenvaluesλn.
Onecanthenrelatetheassociatedone-looppartto thezetafunction

i
2

ln
�
detD � � � i

2
d
ds

ζD
�
0� � (6.12)

wheredetD mayformally beregardedastheproductof all eigenvalues.
Thenext thing to do is theintroductionof theso-calledheatkernelH x O exp

� � τD � O yI � ∑
n

exp
� � τλn

� φn
�
x� φ†

n
�
y� � (6.13)

whichobeys theheatequation

Dx H x O exp
� � τD � O yI � � ∂

∂τ
H x O exp

� � τD � O yIQ� (6.14)

The last two expressionsarewritten in a suitable O xI basisrepresentation,where O xI
hasnothingto do with thespace-timedegreeof freedom.

In consideringthetraceof (6.13)- dx ¼(H x O exp
� � τD � O xIQ½ � ∑

n
exp

� � τλn
� � (6.15)

onemaynow connectthezetafunctionto theheatkernel

Γ
�
s� ζD

�
s� � - ∞

0
dττs	 1 - dx ¼ H x O exp

� � τD � O xI ½ � (6.16)

If weknew theexactform of theheatkernel,wecouldeasilycomputethezetafunction
andall therest.Solet ustry to determinetheneededheatkernel.

The straightestway to get thingsgoing consistsin solving the heatequationin-
ducedby theD’Alembertian,whichturnsoutto bethedominantpartatshortdistances,
in generald dimensions( 
 dimensionalregularization)H x O exp

� � τ∂2 � O yI � i�
4πτ � d

2

exp 0 � x � y� 2
4τ

1 � (6.17)
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Wethenmakea separationansatzto find thesolutionfor theentireoperatorDH x O exp
� � τD � O yI � H x O exp

� � τ∂2 � O yI H � x O τ O y�� H x O exp
� � τ∂2 � O yI ∞

∑
n� 0

τnHn
�
x O y� (6.18)

satisfyingtheconstraintH
�
x O0 O x� � 0 (or equivalentlyH0

�
x O x� � 0).1

With theaboveansatzwesucceedin deriving thedifferentialequation

0 � ∂
∂τ

H
�
x O τ O y� � z

τ
dH

�
x O τ O y� � � dd � σ̂ � H � x O τ O y� (6.19)

from whicheverysingleHn
�
x O y� functioncanbedeterminedrecursively.

Carefulanalysisyieldsa splitting of theentireintegral into aninfinite anda finite
part

ζD
�
s� � 1

Γ
�
s� - 1

0
dττs	 1 - dx ¼ H x O exp

� � τD � O yI ½ � finite part� i�
4π � d

2 Γ
�
s� ∞

∑
n� 0

- 1

0
dττs	 1 	 d

2 � n - dx H Hn
�
x O x� IM� finite part�

(6.20)

In perfomingthe necessarydifferentiation(we essentiallyneedto make useof the
identities d

ds
1

Γ o 0q � 1 and 1
Γ o 0q � 0) we manageto isolateandidentify thewantedsin-

gularities � i
2

d
ds

ζD
�
0� � � � dx�

4π � d
2

∞

∑
n� 0

1
d � 2n

H Hn
�
x O x� IM� finite part� (6.21)

SinceMinkowski space-timecorrespondsto dimensiond � 4, thereis just one
singulartermto bekept in Eq. (6 � 21), namelytheoneincludingH2

�
x O x� which must

be worked out recursively. Putting all links of our argumentationchain, Eq. (6 � 1),
Eq.(6 � 12),Eq.(6 � 21), together, wefinally obtainthetheheatkernelmasterformula

Z(sing)
1-loop � � � dx

16π2 � d � 4� H 1
12Γ̂µνΓ̂µν � 1

2σ̂2 IQ� (6.22)

which is theverymeansto successfullycarryout step2. As expected,thedivergences
areexpressedin termsof Γ̂ab

µ andσ̂ab (theabove traceis referredto theindicesa and
b) sincetheseobjectsincludeall informationon theone-loopstructureof thetheory.

1Thesomewhatconfusingnotationfor thematrix H X x ¾ τ ¾ yZ , which wasintroducedin themathemat-
ical articlesindicated,simply meansH X x Y yY τ Z .
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6.2.1 Exemplary illustration for the Φ4 theory

In Chapter5 we studiedthe Φ4 theoryin somedetail but left singularityandrenor-
malizationproblemscompletelyaside. We arenow in a position to give a compact
concludinganswerto thesequestions(at leastat theone-looplevel) andillustratethe
applicationof theheatkernelmechanismin averysimplecase.2

Recallingthesaddle-pointapproximationof theassociatedaction

So 2qΦ4 DΦ t Ef� - dy Φ t � y� 0 ∂µ∂µ � m2 � λ
2

Φ2
0
�
y� 1 Φ t � y� � (6.23)

oneeasilyidentifiesthenon-vanishingpartof thecorrespondingoperatorD to yield

σ̂ � m2 � λ
2

Φ2
0
�
y� � (6.24)

In consideringthis, thedivergentstructuresthusturnout to be

Z(sing)
1-loop � � � dx

16π2 � d � 4� 1
2

σ̂2� � � dx
16π2 � d � 4� { m4

2
� λm2

2
Φ2

0
�
x� � λ2

8
Φ4

0
�
x� } (6.25)

in completeaccordancewith thewell-known textbookresults(see[44]). Thefirst term
doesnot involveany field andcan,of course,bedropped.

6.3 Application to 2

Themajortaskwearefacingis thedeterminationof Γ̂ab
µ andσ̂ab for ourspecificcase.

Sincewehaveto includeboth � 2 andtheWZW action,let usrecapitulatewhatGasser
andLeutwyler[12, 13] carriedout for theformerpart. This way we geta first ideaof
how thewholeprocedureis supposedto work and,in additionto that,we canshortly
recalltheir notationandconventionto whichweshallstick (as[20] did).

Themainobjectswe aredealingwith arecollectedbelow:

Γµ � 1
2 ¿ u† � ∂µuÀ � i

2
u†Rµu � i

2
uLµu† �

∆µ � 1
2

u†DµŪu† � � 1
2

uDµŪ
†u �

F �µν � iu
�
FL

µν
` Ū†FR

µνŪ
� u† �

Γµν � � d ∆µ � ∆ν e � 1
2

F �µν � (6.26)

2Theheatkerneltechniqueworksfor bothrenormalizableandnon-renormalizabletheories.
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Theactioncannow beexpandedaccordingto ourprescription

So 2q2 D ξ Ef� � F2
0

2 - dxξaDabξb (6.27)

andafter a lot of straightforward algebra(basically, onehasto systematicallyinsert
(6 � 5) andexpandtheexp-functioncontainingξ) theneededquantitiesturn out to read

Γ̂ab
µ � � 1

2
H!D λa � λb E Γµ I

and σ̂ab � 1
2
H!D λa � ∆µE D λb � ∆µE IM� 1

4
H 2 λa � λb 4 σ IN� (6.28)

wherethematrix σ is definedvia

σ � uχ†u � u†χu†

2
� (6.29)

If wewereto renormalizetheLECsof � 4 (thiswasdonein [12,13]), wecouldiso-
late therespective one-loopsingularitiesstraightaway by usingtheheatkernelresult
(6 � 22) of theprevioussection.Of course,theresultingsingularitiesmustberewritten
in termsof the � 4 monomialsbeforeperfomingstep3. Thefinal absorptionconsists
in a redefinitionof theconcernedLECsaccordingto therule (basedon DR)

Li � Lr
i � Γiλ (analogousfor Hi) �

λ � µd 	 4�
4π � 2 Á 1

d � 4 � 1
2 { ln

�
4π � � Γ t � 1� � 1}ÃÂ � µd 	 4�

4π � 2 R
2
� (6.30)

6.4 Extensionto the WZW action

Our actualcaseto berevisitedandcompletedis morecomplicated.Nevertheless,the
describedstrategy doesnot differ at all. Basically, we have to work out extended
quantitiesΓ̂ ¯ ab

µν andσ̂ ¯ ab which includeWZW aswell as � 2 contributions.
Extremelytediouscalculationsyield afirst importantresult

So 2qWZW D ξ Ef� � iNcεµναβ

48π2 - dx ¼ �
ξdµξ � dµξξ �N2 Γνα � ∆β 4� �
ξ∆µdνξ � dνξ∆µξ � � Γαβ � 2∆α∆β

�� 1
8

ξ2 D Γµν � 2∆µ∆ν � F 	αβ E� 1
2

ξ∆µξ 2 F 	να � ∆β 4 ½Ä� (6.31)

whichcan,with someeffort, beshown to read

So 2qWZW D ξ Ef� � F2
0

2 - dx Á Γ̂µ ab
WZW

�
ξadµξb � ξbdµξa � � ξaσ̂ab

WZWξb Â ; (6.32)
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with theingredients

Γ̂µ ab
WZW � iNcεµναβ

48π2F2
0

H!D λa � λb E Xναβ � � λa∆νλb � λb∆νλa � Yαβ IN�
σ̂ab

WZW � � iNcεµναβ

384π2F2
0

H 2 λa � λb 4fDYµν � F 	αβ E � 4
�
λa∆µλb � λb∆µλa �V2 F 	να � ∆β 4hIN�

Xναβ � � 1
2
2 F �να � ∆β 4 � 4∆ν∆α∆β �

Yαβ � � 1
2

F �αβ � 4∆α∆β � (6.33)

Here,oneshouldnotethatthealgebraicstucturein (6 � 32) is somewhatdifferentfrom
the onein (6 � 27). This is no contradictionbecausethe combinedactiononly hasto
structurallyagreewith (6 � 27) in orderto matchtheheatkernelformulaandit doesas
wecanseein amoment.

We first definetwo new (generalized)quantities

d t µξa : � ∂µξa � Γ̂ ¯ ab
µk l@m n�

Γ̂ab
µ � Γ̂ab

WZWµ
� ξb

and σ̂ ¯ ab : � σ̂ab � σ̂ab
WZW � (6.34)

Again, Γ̂ tµν is relatedto Γ̂ tµ via (6.10)

Γ̂ tµν � ∂µΓ̂ tν � ∂νΓ̂ tµ � d Γ̂ tµ � Γ̂ tν e� Γ̂µν � Γ̂WZW
µν � d Γ̂µ � Γ̂WZW

ν eÅ� d Γ̂WZW
µ � Γ̂ν e ����

p2 � : Γ̂µν���
p4 � : � ∂µΓ̂WZW

ν � ∂νΓ̂WZW
µ � d Γ̂µ � Γ̂WZW

ν e»� d Γ̂WZW
µ � Γ̂ν e���

p6 � : � d Γ̂WZW
µ � Γ̂WZW

ν e (6.35)

andevidently containstermsof differentchiral order. Puttingall piecestogether, one
finally endsup with

So 2q2 D ξ E � So 2qWZW D ξ E � F2
0

2 - dxξaΓ̂µ ab
WZWΓ̂bc

WZWµξc� � F2
0

2 - dx Á ξad t µd t µξa � ξaσ̂ ¯ abξb Â � (6.36)

Thesecondline of (6 � 36) exhibits theexactstructurewe have beenlooking for. The
first line, however, includesone‘spoiling’ term,namelythelastone,whoseeffect on
ourconcernscanbediscussedawaydueto chiralpowercounting.In completeanalogy
to theformerexamples,ournew operatorleadsto one-loopsingularitiesof thegeneral
type

Z(sing)
1-loop � � � dx

16π2 � d � 4� H 1
12Γ̂ tµνΓ̂ t µν � 1

2σ̂ t 2 IQ� (6.37)
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which comprisesaswell contributionspossessingdifferentchiral orders. At
���

p6 � ,
which is thelevel weareinterestedin, thedivergentpartturnsout to read

Z(sing)
1-loop Æ o p6 q� � � dx

16π2 � d � 4� H 16Γ̂µνΓ̌µν
WZW � σ̂σ̂WZW I (6.38)

with Γ̌µν
WZW � ∂µΓ̂ν

WZW � ∂νΓ̂µ
WZW � d Γ̂µ � Γ̂ν

WZW e»� d Γ̂µ
WZW � Γ̂ν eÅ�

Insertingthenecessaryexpressions,oneobtains- dx H 16Γ̂µνΓ̌µν
WZW I � iNcεµναβ

96π2F2
0
- dx { � 8Nf

3 }Ç¼ { D dλ∆λ � ∆µ E �cD ∆λ � dλ∆µE � i
4
�
DλGλµ

� � } 2 Γνα � ∆β 4�½ (6.39)

and - dx H σ̂σ̂WZW I � iNcεµναβ

96π2F2
0
- dx Á N2

f � 4

4Nf
H σ D F �µν � F 	αβ E I � 4 � 2N2

f

Nf
H σ D ∆µ∆ν � F 	αβ E I � 4 H σ∆µ I@H ∆νF 	αβ I� Nf

2
H ∆λ∆λ D F �µν � F 	αβ E I � 4Nf H ∆λ∆λ D ∆µ∆ν � F 	αβ E I� 8 H ∆λ∆λ∆µ IPH ∆νF 	αβ I � 8 H ∆λ∆µ IPH 2 ∆λ � ∆ν 4 F 	αβ I Â � (6.40)

Theabove resultsagreewith [20] aswell aswith [18]3 and[19]. Sincethe latter
groupsusedtotally differentconventions,theagreementis not obviousat first glance.
In additionto that,oneshouldre-stressthatall outcomingtermsarechirally invariant
and four-dimensional.4 Thereis no needfor additionalWZW like structures. The
non-Abelianchiral anomalyis fully saturatedby theWZW partitself.

The just isolatedinfinite
���

p6 � structuresshown in Eq. (6 � 39) and(6 � 40) have to
be translatedinto our languagein order to concludethe renormalizationprocedure.
Transcribingblockby block accordingto Table3.1,wefind

Z(sing)
1-loop Æ o p6 q� � � dx

16π2 � d � 4� Ncεµναβ

96π2F2
0

Á� Nf

96
i H!D � DλDλU � 	 � � DµU � 	 E � DνU � 	 � DαU � 	 � DβU � 	 I� Nf

96
i H!D � DλU

� 	 � � DλDµU � 	 E � DνU � 	 � DαU � 	 � DβU � 	 I
3While [18] providesthecorrectformulae,thecommonlyquotedreview article [58] is full of mis-

prints.
4Theblock X DλGλµ ZÉÈ doesnot matchtheabovenomenclature.Ourveryconventionhasbeenantic-

ipatedfor notationalsimplicity.
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� Nf

24
H � DλGλµ

� � � DνU � 	 � DαU � 	 � DβU � 	 I� Nf

96
H!D � DλDλU � 	 � � DµU � 	 E 2 � Gνα

� � � � DβU
� 	 4hI� Nf

96
H!D � DλU

� 	 � � DλDµU � 	 E 2 � Gνα
� � � � DβU

� 	 4hI� Nf

24
i H � DλGλµ

� � 2 � Gνα
� � � � DβU � 	 4hI� N2

f � 4

32Nf
i H � χ � � D � Gµν

� � � � Hαβ
� � E I� N2

f � 2

32Nf
H � χ � � D � DµU � 	 � DνU � 	 � � Hαβ

� � E I� 1
16

H � χ � � � DµU � 	 IPH � DνU � 	 � Hαβ
� � I� Nf

128
i H � DλU

� 	 � DλU � 	 D � Gµν
� � � � Hαβ

� � E I� Nf

128
H � DλU

� 	 � DλU � 	 D � DµU � 	 � DνU � 	 � � Hαβ
� � E I� 1

64
H � DλU � 	 � DλU � 	 � DµU � 	 IPH � DνU � 	 � Hαβ

� � I� 1
64

H � DλU � 	 � DµU � 	 I@H 2 � DλU � 	 � � DνU � 	 4 � Hαβ
� � I Â �

(6.41)

The first five expressionscannotbe identifiedin termsof our 24 monomialsstraight
away (comparewith Table3 � 2). EOM replacementandsymmetrizationof

�
DµDνU � 	

blocksleadto

Z(sing)
1-loop Æ o p6 q� � � dx

16π2 � d � 4� Ncεµναβ

96π2F2
0

Á� Nf

96
i H!D � χ � 	 � � DµU � 	 E � DνU � 	 � DαU � 	 � DβU � 	 I� Nf

96
i H!D � DλU

� 	 � � DλDµU � s	 E � DνU � 	 � DαU � 	 � DβU � 	 I� Nf

192
H!D � DλU

� 	 � � Hλ
µ
� 	 E � DνU � 	 � DαU � 	 � DβU � 	 I� Nf

24
H � DλGλµ

� � � DνU � 	 � DαU � 	 � DβU � 	 I� Nf

96
H!D � χ � 	 � � DµU � 	 E 2 � Gνα

� � � � DβU � 	 4hI� Nf

96
H!D � DλU

� 	 � � DλDµU � 	 E 2 � Gνα
� � � � DβU

� 	 4hI� �!�!� Â � (6.42)
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Still, thefourth andlast line of (6 � 42) arenot yet written in a suitableform. We need
to explicitly consider

0 � H � DλGλµ
� � � DνU � 	 � DαU � 	 � DβU � 	 I εµναβ� H � Gλµ

� � 2 � DλDνU � s	 � DαU � 	 � DβU � 	 � � DβU � 	 � DαU � 	 � DλDνU � s	 4hI εµναβ� H � Gλµ
� � � DνU � 	 � DλDαU � s	 � DβU � 	 I εµναβ� i

2
H � Gλµ

� � 2 � Hλ
ν
� � � DαU � 	 � DβU � 	 � � DβU � 	 � DαU � 	 � Hλ

ν
� � 4hI εµναβ� i

2
H � Gλµ

� � � DνU � 	 � Hλ
α
� � � DβU

� 	 I εµναβ �H!D � DλU � 	 � � DλDµU � 	 E 2 � Gνα
� � � � DβU

� 	 4hI εµναβ� � H � Gµν
� � 2 � DλDαU � s	 � DλU � 	 � DβU � 	 � � DβU � 	 � DλU � 	 � DλDαU � s	 4hI εµναβ� H � Gµν
� � 2 � DλU � 	 � DλDαU � s	 � DβU � 	 � � DβU � 	 � DλDαU � s	 � DλU � 	 4hI εµναβ� i

2
H � Gµν

� � 2 � Hλα
� � � DλU � 	 � DβU � 	 � � DβU � 	 � DλU � 	 � Hλα

� � 4hI εµναβ� i
2
H � Gµν

� � 2 � DλU � 	 � Hλα
� � � DβU � 	 � � DβU � 	 � Hλα

� � � DλU � 	 4hI εµναβ �
While thefirst auxiliary equationmakesuseof our total-derivativeargumentandsub-
sequentsymmetrization,the last oneonly symmetrizesthe

�
DµDνU � 	 blocks. Two

formulaefrom AppendixB areneededto finish. Finally, we areableto readoff the
Γ coefficientsbelongingto our setsof LECs. For notationalconvenience,theglobal
factorNc % 96π2F2

0 � 1% 32π2F2
0 is omittedin thebelow Tables.
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i Γi i Γi i Γi

1
4 	 2N2

f
64Nf

9 0 17 � 1
64

2 � 1
16 10 0 18 � 1

64

3
N2

f 	 4
32Nf

11 0 19 � Nf
24

4
Nf
48 12 � Nf

96 20 0

5 � Nf
96 13

Nf
24 21 0

6 � Nf
24 14

Nf
24 22

Nf
96

7 � 1
48 15 � Nf

192 23
Nf
128

8 0 16 0 24 � Nf
16

Table6.1: ΓSU o nq coefficients.

i Γi i Γi i Γi

1 Ê 7
96 9 0 17 Ê 1

128
2 Ê 1

16 10 0 18 0
3 5

96 11 0 19 Ê 1
8

4 1
16 12 Ê 1

32 20 0
5 Ê 1

32 13 1
8 21 0

6 Ê 1
8 14 1

8 22 1
32

7 Ê 1
48 — — 23 3

128
8 0 16 1

64 24 Ê 3
16

Table6.2: ΓSU Ë 3Ì coefficients.

Notethateachof thefive SU Í 2Î monomials,indicatedin thelastcolumnof Table
3.2, possessesa vanishingΓ coefficient. In otherwords,thosetermsarenot needed
to absorbinfinities. As pointedout before,the SU Í 2Î versionof Eq. (3.11), i.e., the
WZW actionwith tracelessexternalfields,doesnot includeany contributionsto purely
strongor e.m.processes.Recalloncemorethatwhile theformertypedoesnotoccurin
nature,thelatteris realized.Thesereactionscanonly bedescribedwithin theextension
discussedat theendof Chapter3.

6.5 Renormalization of the extension

By introducingnon-tracelessexternalvectorfields,L̃µ andR̃µ, into theWZW term,ad-

ditional contributionswhich includethebuilding block Ï F̃ Ðαβ ÑÓÒ 2iN f
3 v Ë sÌµν aregenerated
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amongtheone-loopinfinities,Ê Ô dx
16π2 Í d Ê 4Î Ê iNcεµναβ

24π2F2
0

Ï dλΓλµ∆ν Ñ Ï F̃ Ðαβ ÑÒ Ê Ô dx
16π2 Í d Ê 4Î iNcεµναβ

24π2F2
0

Ï F̃ Ðαβ Ñ|ÕÖ
2 Ï dλ∆λ∆µ∆ν ÑM× Ï dλ∆µ∆ν∆λ Ñ Ê�Ï dλ∆µ∆λ∆ν ÑM× i

4
Ï!Í DλGλµ Î Ð ∆ν ÑxØÒ Ê Ô dx

16π2 Í d Ê 4Î iNcεµναβ

24π2F2
0

2iN f

3
v Ë sÌαβ ÕÖ 1

32
Ï!Í DλDλU ÎVÙBÍ DµU ÎgÙÚÍ DνU ÎVÙ Ñf× 1

64
Ï!Í DλDµU ÎVÙBÍ DνU ÎgÙÚÍ DλU ÎVÙ ÑÊ 1

64
Ï!Í DλDµU ÎVÙBÍ DλU ÎVÙBÍ DνU ÎVÙ ÑM× i

16
Ï!Í DλGλµ Î Ð Í DνU ÎVÙ ÑxØÒ Ê Ô dx

16π2 Í d Ê 4Î Nf

12π2F2
0 Û Ê 1

64
Í 1ÜÝÎÞÊ 1

96
Í 4ÜuÎßÊ 1

16
Í 5ÜwÎhà�á (6.43)

The last line, which hasbeenrewritten in termsof our final structures,enablesus to
identify therespectivenon-vanishingΓ coefficients:

Γ1â Ò Ê Nf

768π2F0
� Γ4â Ò Ê Nf

1152π2F0
� Γ5â Ò Ê Nf

192π2F0
á (6.44)

Let usstressagainthatalthoughthe entireextensionprogramis of particularimpor-
tanceto theSU Í 2Î theory, theabove outcomeis valid for any flavour numberNf (or
n).
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Chapter 7

Assignmentof LECs to measurable
processes

Accordingto Chapter3,ourfinal SU Í 3Î Lagrangiandensityã 6 ä ε comprises23presum-
ably independentmonomialsandtherefore23 LECs. As mentionedbefore,the latter
play theroleof unknown parameterswhose(renormalized)valuescannotbepredicted
by ChPTitself but haveto bedetermined(atacertainenergy scaleµ) via experimental
measurementsand/orwithin othertheoreticalformalisms.1

Theonly thing we cando in ChPTis to follow againGasserandLeutwyler’s ex-
ample[13] andfind out which specificprocessesarerelatedto which LECsandhow
theassociatedcontributions,i.e.,Feynmanrules,do look like. Sinceourstructuresare
all written in termsof compactbuilding blocks,at first glancewe canhardly tell. In
whatfollows this questionis answeredby expandingourblocks.

Whenexaminingexclusiveprocessestheoristsandespeciallyexperimentalistsare
primarily interestedin reactionswith very few particles(asfew aspossible).Let us
thereforeconcentrateon those.

It would be very nice, if we could readily find a sufficient numberof different
measurable(or alreadymeasured)processesgiving accessto thevaluesof all 23LECs.
Unfortunately, mattersarenot that simple. Fromtheexperimentalist’s point of view,
thosereactionsmustnot have too tiny differentialcrosssections.On theotherhand,
from the theorist’s perspective, the calculationaleffort shouldnot exceeda certain
extent. As a first step,the presentchapterdealswith the formal determinationof 13
LECswhichareinvolvedin reactionswith leastparticlenumbers.

1In Chapter8, a rathersimplebut commonlyusedmodelwhich additionallyincludesvectormeson
degreesof freedomwill bediscussedin moredetail. A relatedapproachcanbe found in [18]. There,
Bijnensetal. developedaneffective å|æ p6 ç Lagrangianby integratingthosevectormesonsout. Observe
thattheproblemmayalsobeaddressedby consideringlargeNc arguments[59].
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7.1 Electromagneticexternal fields

Startout by systematicallyinvestigatingthe leading-orderexpansionof our building
blocksin powersof Goldstonebosonfieldsφ, quarkmassesχ Ò 2B0M, ande.m.fields
Aµ. To this end,onemustsetLµ Ò Rµ Ò Ê eAµQ andχ Ò χ†, wheretheSU Í 3Î quark
massmatrix M Ò diagÍ mu � md � ms Î , the electric charge e è 0, and the SU Í 3Î quark
charge matrix Q Ò diagÍ 23 �!Ê 1

3 �,Ê 1
3 Î have beenintroduced.Weakinteractionsareex-

aminedafterwards(lesssystematically).Observe that it is moreconvenientto work
with the éÝê!ê!êìë~í bracketsat thispoint:é χ ë Ð Ò χ Ê i

2F0
é χ � φ ë ×Wî Í χ � φ2 ÎQ�é χ ë Ù Ò Ê i

2F0 ï χ � φ ð ×Wî Í χ � φ2 ÎQ�éDµU ë Ù Ò i
F0

∂µφ Ê e
F0

Aµ éQ � φ ë ×Wî Í φ2 ÎQ�éDµDνU ë Ë sÌÙ Ò i
F0

∂µ∂νφ ×Wî Í A � φ ÎQ�éGµν ë Ð Ò Ê 2eFµνQ ×Wî Í A � φ ÎQ�éHµν ë Ð Ò Ê ie
F0

Fµν éQ � φ ë ×Wî Í A � φ2 ÎQ�éDαGµν ë Ð Ò Ê 2e∂αFµνQ ×Wî Í A � φ ÎQ�éDαHµν ë Ð Ò Ê ie
F0

∂αFµν éQ � φ ë ×Wî Í A � φ2 ÎQá (7.1)

Respectingthe very first (lowest-order)termsof (7 á 1), we can roughly classify all
elementsof our monomialsetin thefollowing way. Rememberthatpurelye.m.fields
do only giveriseto oddpowersin φ.

reactiontype LECs
φ × 2γ ñ 3 � 8 � 9 � 19
3φ × γ ñ 1 � 2 � 5 � 6 � 7 � 13� 14
3φ × 2γ ñ 10� 11� 20� 21� 22� 23� 24

5φ 4 � 12
5φ × γ ñ 16� 17� 18

Table7.1: Classificationof SU Í 3Î LECsaccordingto their leading-ordercontribution
allowing at moste.m.externalfields; the photonsmaybe eithervirtual or real. This
classificationdefinestheorderingschemein Table3.2.

Ouractualintensionis to preparethedeterminationof someof ourLECs.Thusfor
any envisagedreactionthe exact mathematicalexpressionswhich originatefrom the
involvedmonomialsneedto beworkedout. TheassociatedLECscanthenbebrought
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in line with the respective experimentaldata. Note that 3φ × 2γ ñ can, in principle,
receive non-leading-ordercontributions from all LECs listed in the first andsecond
line of Table7 á 1 (ananalogoussituationholdsfor 5φ × γ ñ ). Therefore,a restrictionto
φ × 2γ ñ , 3φ × γ ñ , and5φ seemsto be reasonablein orderto renderthe computations
manageable.

7.1.1 The φ ò 2γ ó class

As expected,thee.m.reactiontypewith the leastnumberof Goldstonebosonsturns
out to beφ × 2γ ñ :ã φ Ð 2γ ô

6 ä ε Ò Ê 32ie2B0

F0
L6 ä ε

8 FαβFγδ Ï ï M � φ ð Q2 Ñ εαβγδÊ 32ie2B0

F0
L6 ä ε

9 FαβFγδ Ï ï M � φ ð Ñ Ï Q2 Ñ εαβγδ× 32ie2

F0
L6 ä ε

19 ∂µFµαFβγ Ï ï Q2 � ∂δφ ð Ñ εαβγδ á (7.2)

Although,accordingto itsblocks,L6 ä ε
3 formallybelongsto thesamesubsetasL6 ä ε

8 � L6 ä ε
9 ,

andL6 ä ε
19 , it happensto givenocontributionto thisclass.With theassumptionof isospin

invariance(m : Ò mu Ò md õÒ ms) theevaluationof theabove tracesyieldsã π0 Ð 2γ ô
6 ä ε Ò Ê 64ie2mB0

3F0
L6 ä ε

8 π0FαβFγδεαβγδ × 64ie2

3F0
L6 ä ε

19 ∂µFµαFβγ∂δπ0εαβγδ �
(7.3)ã η8 Ð 2γ ô

6 ä ε Ò Ê 64ie2B0

9 ö 3F0 ï L6 ä ε
8 Í 5m Ê 2msÎ × 12L6 ä ε

9 Í m Ê msÎNð η8FαβFγδεαβγδ

× 64ie2

3 ö 3F0
L6 ä ε

19 ∂µFµαFβγ∂δη8εαβγδ á (7.4)

As all momentaaremeantto flow into the vertex, the correspondingFeynmanrules
(for detailssee[60] or [61]) arerespectively givenby÷

512e2

3F0
L6 ä ε

8 B0m × 128e2

3F0
L6 ä ε

19 Í q2
1 × q2

2 ÎsøúùC� (7.5)÷
512e2

9 ö 3F0 ï L6 ä ε
8 Í 5m Ê 2msÎ × 12L6 ä ε

9 Í m Ê msÎNð B0 × 128e2

3 ö 3F0
L6 ä ε

19 Í q2
1 × q2

2 Î,øúù8�
(7.6)

wheretheabbreviation ù : Ò qα
1qβ

2εγ
1εδ

2εαβγδ hasbeenintroduced;themomentaqi and
thepolarizationvectorsεi � i û ï 1 � 2 ðj� referto eitherof thetwo photons.
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At this point we clearly seethat π0 × 2γ ñ allows the determinationof two LECs,
namelyL6 ä ε

8 within therealphotondecayandL6 ä ε
19 whenat leastonevirtual photonis

involved.TheremainingL6 ä ε
9 maythenbeobtainedfrom theη decay.2

7.1.2 The 3φ ò γ ó class

The next reactiontype to be consideredis 3φ × γ ñ . Sincein the subsequentchapter
wewill beperforminga full one-loopcalculationfor the‘process’K Ð × K Ù × π0 × γ ñ ,
which evidently belongsto this very class,a carefulenquiryof thingsat the present
stagewill paylater. TherespectiveLangrangiandensityreadsã 3φ Ð γ ô

6 ä ε Ò Ê 32ieB0

F3
0

L6 ä ε
1 Fαβ Ï M ï é φ � Që ∂γφ∂δφ × ∂γφ∂δφ é φ � Qëüð Ñ εαβγδÊ 32ieB0

F3
0

L6 ä ε
2 Fβγ Ï M∂αφ Ñ Ï!é φ � Që ∂δφ Ñ εαβγδÊ 32ieB0

F3
0

L6 ä ε
5 Fαβ Ï ï M � φ ðfÍ Q∂γφ∂δφ Ê ∂γφ∂δφQÎ Ñ εαβγδÊ 32ieB0

F3
0

L6 ä ε
6 Fαβ Ï ï M � φ ð ∂γφQ∂δ Ñ εαβγδÊ 32ieB0

F3
0

L6 ä ε
7 Fαβ Ï ï M � φ ð Ñ Ï Q∂γφ∂δφ Ñ εαβγδ

× 32ie

F3
0

L6 ä ε
13 Fµα Ï Q Í ∂µ∂βφ∂γφ∂δφ Ê ∂γφ∂δφ∂µ∂βφ Î Ñ εαβγδ

× 32ie

F3
0

L6 ä ε
14 Fαβ Ï Q Í ∂µ∂γφ∂µφ∂δφ Ê ∂δφ∂µφ∂µ∂γφ Î Ñ εαβγδ á (7.7)

In assumingonly incomingmomenta,theMandelstamvariablesaregivenby

s Ò Í q × p1 Î 2 Ò Í p2 × p3 Î 2 �
t Ò Í q × p3 Î 2 Ò Í p1 × p2 Î 2 �
u Ò Í q × p2 Î 2 Ò Í p1 × p3 Î 2 �ý s × t × u Ò m2

1 × m2
2 × m2

3 × q2 � (7.8)

whereu maybechosento bedependent.All possiblemixedscalarproductscanthen
beexpressedin termsof theremaining(independent)Mandelstamvariabless andt as
well asthephotonfour-momentumsquaredandthebosonmasses:

q ê p1 Ò s Ê q2 Ê m2
1

2
�

2Sincethephysicalη andη þ aremixturesof theoctetη8 andsingletη1, more(phenomenological)
input is neededto relateL6 ÿ ε

19 to theη decay.
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p2 ê p3 Ò s Ê m2
2 Ê m2

3

2
�

q ê p3 Ò s Ê q2 Ê m2
3

2
�

p1 ê p2 Ò s Ê m2
1 Ê m2

2

2
�

q ê p2 Ò Ê s Ê t × m2
1 × m2

3

2
�

p1 ê p3 Ò Ê s Ê t × q2 × m2
2

2
á (7.9)

After carryingout the traces(with the aid of Mathematicaor similar software),one
findssevendifferentspecificreactions,or to bemoreprecise,reactionsubtypes.First
of all3ã π � Ð π � Ð π0 Ð γ ô

6 ä ε Ò 128iemB0

3F3
0

Í 2L6 ä ε
5 × L6 ä ε

6 Î Fαβ
�
∂γπ0 Í π Ð ∂δπ Ù Ê π Ù ∂δπ Ð ÎÊ π0∂γπ Ð ∂δπ Ù�� εαβγδ× 128ie

3F3
0

L6 ä ε
13 Fµα ï ∂βπ0 Í ∂µ∂γπ Ð ∂δπ Ù Ê ∂µ∂γπ

Ù ∂δπ Ð�Î× ∂µ∂βπ0∂γπ Ð ∂δπ Ù ð εαβγδ× 64ie

3F3
0

L6 ä ε
14Fαβ ï ∂µ∂γπ0 Í ∂µπ Ð ∂δπ Ù Ê ∂µπ Ù ∂δπ Ð|ÎÊ ∂µπ0 Í ∂µ∂γπ Ð ∂δπ Ù Ê ∂µ∂γπ

Ù ∂δπ Ð�ÎÊ ∂γπ0 Í ∂µ∂δπ Ð ∂µπ Ù Ê ∂µ∂δπ Ù ∂µπ Ð�ÎNð εαβγδ �
(7.10)

from whichonecanveryeasilyderive theassociatedFeynmanrule÷
256ie

F3
0 ï 2L6 ä ε

5 × L6 ä ε
6 × L6 ä ε

14 ð B0m Ê 128ie

3F3
0 ï L6 ä ε

13 × L6 ä ε
14 ð q2 øúù8á (7.11)

Notethatthis time ù : Ò εαpβ
1pγ

2pδ
3εαβγδ hasbeensetfor notationalconvenience.The

momentap1 � p2 � andp3 referto theπ Ð � π Ù � andπ0, respectively.
Thesecondprocess,which will besubjectof thenext chapter, is providedby the

Lagrangianã K � Ð K � Ð π0 Ð γ ô
6 ä ε Ò Ê 64ieB0

3F3
0 ï 3L6 ä ε

1 Í m Ê msÎÞÊ�Í L6 ä ε
5 × 2L6 ä ε

6 ÎPÍ m × msÎNð Õ
3Thissubtypedoes,of course,includeseveraldistinctphysicalprocesses,suchasγ ��� π È	� π 
 � π0

or γ � � π ��� π � � π0. The photonmay be virtual or real. In the former caseit can,e.g.,be created
througheÈ e
 annihilation,q2  4m2

e � or electronscattering,q2 � 0.
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Fαβ∂γπ0 Í K Ð ∂δK
Ù Ê K

Ù ∂δK Ð�Î εαβγδÊ 128iemB0

3F3
0

Í 4L6 ä ε
5 Ê L6 ä ε

6 Î Fαβπ0∂γK Ð ∂δK
Ù εαβγδ

× 64ie

3F3
0

L6 ä ε
13Fµα ï ∂βπ0 Í ∂µ∂γK Ð ∂δK

Ù Ê ∂µ∂γK
Ù ∂δK Ð Î× 4∂µ∂βπ0∂γK Ð ∂δK

Ù ð εαβγδ× 64ie

3F3
0

L6 ä ε
14Fαβ ï 2∂µ∂γπ0 Í ∂µK Ð ∂δK

Ù Ê ∂µK
Ù ∂δK Ð�Î× ∂µπ0 Í ∂µ∂γK Ð ∂δK

Ù Ê ∂µ∂γK
Ù ∂δK Ð ÎÊ 2∂γπ0 Í ∂µ∂δK Ð ∂µK

Ù Ê ∂µ∂δK
Ù ∂µK Ð ÎNð εαβγδ

(7.12)

andtheFeynmanrule÷ Ê 256ie

3F3
0 Û 3L6 ä ε

1 Í m Ê msÎÞÊ L6 ä ε
5 Í 5m × ms ÎßÊ L6 ä ε

6 Í m × 2msÎ× 3
4

L6 ä ε
13 m Ê 1

2
L6 ä ε

14 Í 5m × 4msÎhà B0Ê 64ie

3F3
0 Û 5

2
L6 ä ε

13 × L6 ä ε
14 à q2 × 64ie

F3
0 Û 1

2
L6 ä ε

13 Ê L6 ä ε
14 à t øúùCá (7.13)

Thereplacementof π0 by η8 turnsout to yieldã π � Ð π � Ð η8 Ð γ ô
6 ä ε Ò 128ieB0ö 3F3

0 ï L6 ä ε
2 Í m Ê msÎ × L6 ä ε

6 mð Õ
Fαβ∂γη8 Í π Ð ∂δπ Ù Ê π Ù ∂δπ Ð�Î εαβγδÊ 128ieB0ö 3F3

0 ï Í 2L6 ä ε
5 Ê L6 ä ε

6 Î m × 2L6 ä ε
7 Í m Ê msÎVð Õ

Fαβη8∂γπ Ð ∂δπ Ù εαβγδ× 128ieö 3F3
0

L6 ä ε
13 Fµα∂µ∂βη8∂γπ Ð ∂δπ Ù εαβγδ

× 64ieö 3F3
0

L6 ä ε
14 Fαβ ï ∂µ∂γη8 Í ∂µπ Ð ∂δπ Ù Ê ∂µπ Ù ∂δπ Ð�Î× ∂µη8 Í ∂µ∂γπ Ð ∂δπ Ù Ê ∂µ∂γπ

Ù ∂δπ Ð ÎÊ ∂γη8 Í ∂µ∂δπ Ð ∂µπ Ù Ê ∂µ∂δπ Ù ∂µπ Ð�ÎNð εαβγδ

(7.14)

with theFeynmanrule�
256ieö 3F3

0 Û 2 Í L6 ä ε
2 × L6 ä ε

7 ÎPÍ m Ê msÎ × Í 2L6 ä ε
5 × L6 ä ε

6 Î m
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Ê 1
6

L6 ä ε
13 Í m × 2msÎ × 2L6 ä ε

14m à B0Ê 64ieö 3F3
0

L6 ä ε
13 q2 × 64ieö 3F3

0

Ö
L6 ä ε

13 Ê 2L6 ä ε
14 Ø t � ù�� (7.15)

andã K � Ð K � Ð η8 Ð γ ô
6 ä ε Ò Ê 64ieB0ö 3F3

0 ï Í 3L6 ä ε
1 Ê 2L6 ä ε

2 ÎPÍ m Ê msÎÞÊ L6 ä ε
5 Í m × ms ÎVð Õ

Fαβ∂γη8 Í K Ð ∂δK
Ù Ê K

Ù ∂δK Ð�Î εαβγδÊ 128ieB0

3 ö 3F3
0 ï 2 Í 2L6 ä ε

5 × 3L6 ä ε
7 ÎPÍ m Ê msÎÞÊ L6 ä ε

6 Í m Ê 4msÎNð Õ
Fαβη8∂γK Ð ∂δK

Ù εαβγδ× 64ieö 3F3
0

L6 ä ε
13Fµα∂βη8 Í ∂µ∂γK Ð ∂δK

Ù Ê ∂µ∂γK
Ù ∂δK Ð Î εαβγδÊ 64ieö 3F3

0

L6 ä ε
14Fαβ∂µη8 Í ∂µ∂γK Ð ∂δK

Ù Ê ∂µ∂γK
Ù ∂δK Ð�Î εαβγδ

(7.16)

inducing � Ê 256ie

3 ö 3F3
0 Û 3 é 3L6 ä ε

1 Ê 2 Í L6 ä ε
2 × L6 ä ε

7 Î"ë Í m Ê msÎ × L6 ä ε
5 Í m Ê 7msÎ× L6 ä ε

6 Í m Ê 4msÎßÊ 1
4 ï L6 ä ε

13 × 2L6 ä ε
14 ðfÍ m × 2msÎ à B0Ê 32ieö 3F3

0 ï L6 ä ε
13 × 2L6 ä ε

14 ð q2 Ê 32ieö 3F3
0

Ö
L6 ä ε

13 Ê 2L6 ä ε
14 Ø t � ùCá (7.17)

Thesofar collectedformulaesuffice to formally fix all concernedLECsindividu-
ally, apartfrom L6 ä ε

2 andL6 ä ε
7 whereonecanonly determinethesum.Thiscanbeseen

from the presentdiscussionandwill becomeeven more evident in the final part of
thenext chapter. As aconsequence,theremainingsubtypes,which all includeneutral
kaons,canbenumericallypredicted.

We haveã K0 Ð K̄0 Ð π0 Ð γ ô
6 ä ε Ò 64ie Í m × msÎ B0

3F3
0

Í 2L6 ä ε
5 × L6 ä ε

6 Î Õ
Fαβ∂γπ0 Í K0∂δK̄0 Ê K̄0∂δK0 Î εαβγδÊ 128iemB0

3F3
0

Í 2L6 ä ε
5 × L6 ä ε

6 Î Fαβπ0∂γK
0∂δK̄0εαβγδ
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× 128ie

3F3
0

L6 ä ε
13 Fµα ï ∂βπ0 Í ∂µ∂γK

0∂δK̄0 Ê ∂µ∂γK̄
0∂δK0 Î× ∂µ∂βπ0∂γK

0∂δK̄0 ð εαβγδ× 64ie

3F3
0

L6 ä ε
14 Fαβ ï ∂µ∂γπ0 Í ∂µK0∂δK̄0 Ê ∂µK̄0∂δK0 ÎÊ ∂µπ0 Í ∂µ∂γK

0∂δK̄0 Ê ∂µ∂γK̄
0∂δK0 ÎÊ ∂γπ0 Í ∂µ∂δK0∂µK̄0 Ê ∂µ∂δK̄0∂µK0 ÎNð εαβγδ

(7.18)

with theFeynmanrule÷
256ie

3F3
0 ï 2L6 ä ε

5 × L6 ä ε
6 × L6 ä ε

14 ð B0 Í 2m × msÎßÊ 128ie

3F3
0 ï L6 ä ε

13 × L6 ä ε
14 ð q2 ø�ù�� (7.19)

andã K0 Ð K̄0 Ð η8 Ð γ ô
6 ä ε Ò Ê 64ie Í m × msÎ B0ö 3F3

0

Í 2L6 ä ε
5 × L6 ä ε

6 Î Õ
Fαβ∂γη8 Í K0∂δK̄0 Ê K̄0∂δK0 Î εαβγδ× 128ieB0

3 ö 3F3
0 ï 2L6 ä ε

5 Í m × 2msÎ × L6 ä ε
6 Í m × 2ms ÎVð Õ

Fαβη8∂γK
0∂δK̄0εαβγδÊ 128ieö 3F3

0

L6 ä ε
13 Fµα ï ∂βη8 Í ∂µ∂γK

0∂δK̄0 Ê ∂µ∂γK̄
0∂δK0 Î× ∂µ∂βη8∂γK

0∂δK̄0 ð εαβγδÊ 64ieö 3F3
0

L6 ä ε
14 Fαβ ï ∂µ∂γη8 Í ∂µK0∂δK̄0 Ê ∂µK̄0∂δK0 ÎÊ ∂µη8 Í ∂µ∂γK

0∂δK̄0 Ê ∂µ∂γK̄
0∂δK0 ÎÊ ∂γη8 Í ∂µ∂δK0∂µK̄0 Ê ∂µ∂δK̄0∂µK0 ÎVð εαβγδ

(7.20)

leadingto� Ê 256ie

3 ö 3F3
0 ï 2L6 ä ε

5 × L6 ä ε
6 × L6 ä ε

14 ð B0 Í 4m × 5msÎ × 128ieö 3F3
0 ï L6 ä ε

13 × L6 ä ε
14 ð q2 � ù8á (7.21)

Finally, onefindsã π � Ð K � Ð K0 Ð γ ô
6 ä ε Ò 64ö 2ieB0

3F3
0 ï 3L6 ä ε

1 Í m Ê msÎÞÊ�Í L6 ä ε
5 Ê L6 ä ε

6 Î@Í m × msÎNð Õ
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Fαβ Í K Ù ∂γπ Ð ∂δK0 Ê K Ð ∂γπ Ù ∂δK̄0 Î εαβγδ× 128ö 2iemB0

3F3
0

Í L6 ä ε
5 Ê L6 ä ε

6 Î Õ
Fαβ Í π Ð ∂γK

Ù ∂δK0 Ê π Ù ∂γK Ð ∂δK̄0 Î εαβγδÊ 128ö 2ie Í m × msÎ B0

3F3
0

Í L6 ä ε
5 Ê L6 ä ε

6 Î Õ
Fαβ Í K0∂γπ Ð ∂δK

Ù Ê K̄0∂γπ
Ù ∂δK Ð Î εαβγδÊ 64ö 2ie

3F3
0

L6 ä ε
13Fµα Õ�

∂µ∂βπ Ð ∂γK
Ù ∂δK0 Ê ∂µ∂βπ Ù ∂γK Ð ∂δK̄0Ê ∂µ∂βK

Ù ∂γπ Ð ∂δK0 × ∂µ∂βK Ð ∂γπ
Ù ∂δK̄0Ê 2 Í ∂µ∂β K0∂γπ Ð ∂δK

Ù Ê ∂µ∂βK̄0∂γπ Ù ∂δK Ð�� ð εαβγδ× 64ö 2ie

3F3
0

L6 ä ε
14Fαβ Õ�

2∂µK0 Í ∂µ∂γπ Ð ∂δK
Ù Ê ∂µ∂γK

Ù ∂δπ Ð�ÎÊ 2∂µK̄0 Í ∂µ∂γπ Ù ∂δK Ð Ê ∂µ∂γK Ð ∂δπ Ù ÎÊ ∂µπ Ð Í ∂µ∂γK
Ù ∂δK0 Ê ∂µ∂γK

0∂δK
Ù Î× ∂µπ Ù Í ∂µ∂γK Ð ∂δK̄0 Ê ∂µ∂γK̄

0∂δK Ð�Î× ∂µK
Ù Í ∂µ∂γπ Ð ∂δK0 Ê ∂µ∂γK

0∂δπ Ð�ÎÊ ∂µK ÐÃÍ ∂µ∂γπ
Ù ∂δK̄0 Ê ∂µ∂γK̄

0∂δπ Ù Î � εαβγδ

(7.22)

implying theFeynmanrule÷
128ö 2ie

3F3
0 ï 3L6 ä ε

1 Ê L6 ä ε
5 × L6 ä ε

6 ð B0 Í m Ê ms ÎÊ 32ö 2ie

3F3
0

L6 ä ε
13 B0 Í m × msÎ × 64ö 2ie

3F3
0

L6 ä ε
14 B0 Í 5m × ms Î× 32ö 2ie

3F3
0 ï 3L6 ä ε

13 Ê 4L6 ä ε
14 ð s Ê 64ö 2ie

3F3
0

L6 ä ε
14 t × 32ö 2ie

3F3
0 ï L6 ä ε

13 × 2L6 ä ε
14 ð q2 ø�ùCá

(7.23)
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7.1.3 The 5φ class

Somuchfor e.m.processes.Thereareonly two structureswhichsurvivewhensending
all externalfieldsto zero( � pureQCD)ã 5φ

6 ä ε Ò Ê 32iB0

F5
0

L6 ä ε
4 Ï ï M � φ ð ∂αφ∂βφ∂γφ∂δφ Ñ εαβγδ

× 32i

F5
0

L6 ä ε
12 Ï ∂µ∂αφ ï ∂µφ∂βφ∂γφ∂δφ × ∂δφ∂γφ∂β∂µφ ð Ñ εαβγδ á (7.24)

It would berathertediousto work out all embodiedvertices.In orderto ‘fix’ thetwo
concernedLECs,it is sufficient to considertwo appropriateprocesses:4ã π � Ð π � Ð π0 Ð K � Ð K �

6 ä ε Ò Ê 128iB0

F5
0

L6 ä ε
4 ï× 6mÍ π Ð ∂απ Ù Ê π Ù ∂απ Ð�Î ∂βπ0∂γK Ð ∂δK

Ù× 6m π0∂απ Ð ∂βπ Ù ∂γK Ð ∂δK
Ù× 3 Í m × msÎPÍ K Ð ∂αK

Ù Ê K
Ù ∂αK Ð�Î ∂βπ Ð ∂γπ

Ù ∂δπ0 � εαβγδ× 128i

F5
0

L6 ä ε
12 ï

2 Í ∂µ∂απ Ð ∂µπ Ù Ê ∂µ∂απ Ù ∂µπ Ð�Î ∂βπ0∂γK Ð ∂δK
ÙÊ 2 Í ∂µ∂απ Ð ∂µπ0 Ê ∂µ∂απ0∂µπ Ð�Î ∂βπ Ù ∂γK Ð ∂δK
ÙÊ 2 Í ∂µ∂απ Ð ∂µK

Ù Ê ∂µ∂αK
Ù ∂µπ Ð Î ∂βπ Ù ∂γπ0∂δK Ð× 2 Í ∂µ∂απ Ù ∂µπ0 Ê ∂µ∂απ0∂µπ Ù Î ∂βπ Ð ∂γK Ð ∂δK

ÙÊ 2 Í ∂µ∂απ Ù ∂µK Ð�Ê ∂µ∂αK Ð ∂µπ Ù Î ∂βπ Ð ∂γπ0∂δK
Ù× Í ∂µ∂απ0∂µK Ð�Ê ∂µ∂αK Ð ∂µπ0 Î ∂βπ Ð ∂γπ

Ù ∂δK
ÙÊ Í ∂µ∂απ0∂µK

Ù Ê ∂µ∂αK
Ù ∂µπ0 Î ∂βπ Ð ∂γπ

Ù ∂δK Ð× 3 Í ∂µ∂αK Ð ∂µK
Ù Ê ∂µ∂αK

Ù ∂µK Ð�Î ∂βπ Ð ∂γπ
Ù ∂δπ0 � εαβγδ �

(7.25)

ã 2π � Ð 2π � Ð η8
6 ä ε Ò 256iö 3F5

0

L6 ä ε
12 Í ∂µ∂απ Ð ∂µπ Ù Ê ∂µ∂απ Ù ∂µπ Ð�Î ∂βπ Ð ∂γπ

Ù ∂δη8εαβγδ á
(7.26)

With thetemporarydefinition ù : Ò pα
1 pβ

2pγ
4pδ

5εαβγδ, wheretheparticlescarrythemo-
mentaπ Ð Í p1 Î�� π Ù Í p2 Î�� π0 Í p3 Î�� K Ð Í p4 Î�� andK Ù Í p5 Î�� the Feynmanrule triggeredby

4N.B.: Purelypionic reactionsdo not comeout dueto invarianceunderG parity [62]; recall that
mu � md hasbeenassumed.
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Eq.(7.25)becomes

128B0

F5
0

Ö
L6 ä ε

4 3 Í 4m × msÎßÊ L6 ä ε
12 � p3 ê p4 × p3 ê p5 × 3p4 ê p5× 2 Í p1 ê p2 × p1 ê p3 × p1 ê p5 × p2 ê p3 × p2 ê p4 Î�� Ø ù8á (7.27)

In the secondcase,we set ù : Ò pα
1 pβ

2pγ
3pδ

4εαβγδ with the particlemomentaπ Ð Í p1 Î��
π Ð Í p2 Î�� π Ù Í p3 Î�� π Ù Í p4 Î�� andη8 Í p5 Î andfind Eq.(7.26)to induce

512ö 3F5
0

L6 ä ε
12 Í p1 Ê p2 ÎÞê@Í p3 Ê p4 ÎüùCá (7.28)

While thelatterexpressionobviouslyallowsthedeterminationof L6 ä ε
12 , theformergives

accessto L6 ä ε
4 afterwards.

7.2 Weakexternal fields

Goingbackover Table7 á 1, thereis oneLEC left, L6 ä ε
3 , thatwe wish to fix. Onepos-

sibleoptionto accomplishthisconsistsin allowing theexistenceof exactlyone5 weak
externalfield W í

µ . However, we have just jumpedover to reactionswherestructures
of evenintrinsic parity couldalsobeinvolved. Sinceit would befar too ambitiousto
consistentlyincludethissectoraswell, weonly derive theLagrangianof theoddpart.
This way themechanismof includingweakexternalfields(which might beusefulfor
futureprojects)is elucidated,althoughL6 ä ε

3 is likely to remainundetermined.
Theinclusionof weakfieldsresultsin setting

Lµ Ò Ê eAµQ Ê gWö 2
Í W Ðµ TÐ × W

Ù
µ TÙ(Î�� Rµ Ò Ê eAµQ �

with TÐ Ò��� 0 cosÍ θc Î sinÍ θc Î
0 0 0
0 0 0  ! � TÙ Ò"�� 0 0 0

cosÍ θc Î 0 0
sinÍ θc Î 0 0  ! á(7.29)

Here,θc is theso-calledCabibboangle.
We justpresenttheexpansionformulaewhichweactuallyneedé χ ë Ð Ò χ Ê i

2F0
é χ � φ ë ×Wî Í χ � φ2 Î��é χ ë Ù Ò Ê i

2F0 ï χ � φ ð ×Wî Í χ � φ2 Î��éDµU ë Ù Ò iLµ × i
F0

∂µφ Ê 1
F0
é φ � Lµë ×Wî Í φ2 Î��

5This constraintis necessaryto avoid too tiny decayrates.
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éGµν ë Ð Ò FL
µν × i

F0
é φ � FL

µν ë × î Í F � φ2 Î��éHµν ë Ð Ò Ê FL
µν Ê i

F0
é φ � FL

µν ë ×Wî Í F � φ2 Î��éDαGµν ë Ð Ò ∂αFL
µν × i

2F0
é ∂αφ � FL

µν ë × i
F0
é φ � ∂αFL

µν ë ×Wî Í F � φ2 ÎQá (7.30)

For thefirst clusterof LECswegetã φ Ð W Ð γ ô
6 ä ε Ò Ê 16iegWB0ö 2F0

L6 ä ε
3 Fαβ Ï!éM � φ ë éQ � Wγδ ë Ñ εαβγδ× 16iegWB0ö 2F0

L6 ä ε
8 Fαβ Ï ï M � φ ð ï Wγδ � Q ð Ñ εαβγδÊ 16iegWö 2F0

L6 ä ε
19 # ∂µFµα Ï Q ï Wβγ � ∂δφ ð ÑM× Fβγ Ï ∂µWµα ï Q � ∂δφ ð Ñ � εαβγδ á

(7.31)

Observe thedefinitionWµν : Ò W ÐµνTÐ × W Ù
µνTÙ with W í

µν : Ò ∂µW
í

ν Ê ∂νW
í
µ . This time

L6 ä ε
9 happensto vanish. Computingthe tracesin (7 á 31) yieldsamongothercontribu-

tions(again,m Ò mu Ò md)ã K Ð W Ð γ ô
6 ä ε Ò 16iegWB0sinÍ θc Î

3F0 ï 3L6 ä ε
3 Í m Ê msÎ × L6 ä ε

8 Í m × ms ÎVð Õ
Fαβ Í K Ð W

Ù
γδ × K

Ù
W Ðγδ Î εαβγδÊ 16iegWB0sinÍ θc Î

3F0
L6 ä ε

19 # Fβγ Í ∂µW Ðµα∂δK
Ù × ∂µW

Ù
µα∂δK Ð Î× ∂µFµα Í W Ðβγ∂δK

Ù × W
Ù

βγ∂δK Ð�Î � εαβγδ á
(7.32)
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Chapter 8

Thr ee-pseudoscalarphoton
interactions in ChPT

8.1 Preliminaries

Sofar we have primarily dealtwith ratherformalisticaspectsof theoddintrinsic par-
ity sectorup to chiral order î Í p6 Î . Now, we want to turn to someapplication. Our
intensionis to verify thegeneralresultsof thepreviouschapterswithin a specificex-
ampleanddeterminenew LECs. Most of thesimpleprocesseswith a small number
of Goldstonebosons(especiallypions)have alreadybeencomputed[63, 18, 64]. A
furtherdoablecalculationis γ ñxÍ qÎ × K í Í p1 Î$� K í Í p2 Î × π0 Í p3 Î . Beforefocussingon
this reaction,let usstartwith theclassof processesit belongsto.

%&%'

()

*+

φ (p  )
3γ* ε(q ,  )

φ (p  )
1

φ (p  )
2

,-

Figure8.1: Generaltypeof reaction: γ ñ × 3φ.
.

Performingaconsistentî Í p6 Î calculationmeansto considerall (connected)Feyn-
mangraphswhich have the requiredexternal lines andsatisfyD . 6. To stressits
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importance,we remindthereaderonceagainof Weinberg’spowercountingformula

D Ò 2 × ∞

∑
n/ 1

2 Í n Ê 1Î N2n × 2NL � (8.1)

whereN2n representsthenumberof verticesof chiralorder î Í p2n Î (at thispointwedo
not distinguishbetweennormalandanomalousvertices)andNL thenumberof loops,
respectively.

At tree level Í NL Ò 0Î , onecanhave one ε vertex of order î Í p4 ÎúÍ N4 Ò 1Î 1 orî Í p6 Î�Í N6 Ò 1Î . At one-looplevel Í NL Ò 1Î , Eq. (8 á 1) allows oneε vertex of orderî Í p4 Î andanarbitrarynumberof verticesfrom ã 2 Í N2 Ò 0 � 1 � 2 �!ê!ê,ê Î .
In expandingtherespectiveLagrangiandensitiesã 2 Ò ã 2φ Ð γ ô

2 × ã 4φ
2 × ê,ê!ê0�ã WZW Ò ã 3φ Ð γ ô

WZW × ã 5φ
WZW × ã 5φ Ð γ ô

WZW × ê!ê!ê1�ã 6 ä ε Ò ã 3φ Ð γ ô
6 ä ε × ê!ê,ê0� (8.2)

onecanextracttherelevantpartsthatgeneratetheneededvertices.Recallthat ã 2 will
only provide verticeswith anevennumberof Goldstonebosons(evenpower), while
theothertwo Lagrangianswill generateoddpowervertices.

At treelevel thereis little dangerto missany of therequiredcontributions.At one-
looplevel thesituationis moresubtle.In orderto makesurethatweincludeall relevant
graphs,let usgo aheadin a systematicway usingthemeanwhilefamiliar topolocigal
relations:

I Ê N Ò NL Ê 1
NL / 1Ò ý I Ò N �

n1 × ê!ê!ê × nN Ò E × 2IÒ 3ñ × 2N � (8.3)

whereE Í I Î is againthe numberof external (internal)Goldstonebosonlines, N the
total numberof vertices,ni thepower of the ith vertex, andNL thenumberof loops,
respectively. The externalphotonline hasbeendenotedasa star. We arenow able
to checkout systematically, how many andwhat kind of verticesareneededfor our
calculation:

n1 Ò 5ñ �
n1 × n2 Ò 7ñ Ò 2ñ × 5 Ò 4 × 3ñ �

n1 × ê!ê!ê × nN Ù 2 × nN Ù 1 × nN2 354 67
7ô Ò 3ñ × 2Ný n1 × ê!ê!ê × nN Ù 2 . 2 Í N Ê 2Î98 ni . 2 : i Ò 1 �,ê!ê!ê�� N Ê 2 á (8.4)

The latter areno verticesin the propersense.Therefore,we only have to examine
one-loopgraphswhich involveatmosttwo vertices.Thefiverequiredtypeshavebeen
notedaboveandthecorrespondingFeynmandiagramscanbeseenbelow:

1Wave functionrenormalizationandcorrectionsto thedecayconstantmustalsobeincluded.
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ε εε

2 2

Figure8.2: Verticeswhich composetheone-loopgraphs.Notethatverticesemerging
from ã 2 aredepictedwith a 2 in thebubble,while thosebelongingto ã WZW have got
anε.

8.2 One-loopgraphs

Without knowing any functionaldetailsof thesefiveelementaryvertices,onecanstill
startbuilding up all potentialone-loopdiagramsby just obeying thetopologicalrules
of the game. Differently speaking,we simply needto ‘knit’ Feynmangraphswhich
have therequiredfour externallegsandexactly oneloop. Indeed,from a purelytopo-
logical point of view therearemorepossiblediagramsthanactuallycontribute(com-
pareFig. 8 á 3 with Fig. 8 á 9).

2

ε
2 ε

Figure8.3: Vanishingone-loopgraphs.

Thisis dueto thedetailedmathematicalstructureof ourfiveingredientswhichwewant
to carefullywork out in thefollowing. To this end,we have to perfomexpansionsof
thekind

U Ò exp

÷
i

φ
F0
ø Ò 1 × i

F0
φ × ê,ê!ê0�

fill in, andcollecttheneededpieces.
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For thosediagramswhich have anevennumberof Goldstonebosons(first line in
Fig. 8 á 2) weget ã 2φ Ð γ ô

2 Ò ie
2

Aµ Ï ∂µφ éQ � φ ë Ñ (8.5)

and ã 4φ
2 Ò 1

24F2
0

Ï ∂µφ é φ � ∂µφ ë φ ÑM× B0

24F2
0

Ï Mφ4 Ñ á (8.6)

Thesecondline (depictingthenecessaryoddpowervertices)leadstoã 3φ Ð γ ô
WZW Ò ieNc

24π2F3
0

Aα Ï Q∂βφ∂γφ∂δφ Ñ εαβγδ � (8.7)ã 5φ
WZW Ò Nc

240π2F5
0

Ï φ∂αφ∂βφ∂γφ∂δφ Ñ εαβγδ � (8.8)

andfinally ã 5φ Ð γ ô
WZW Ò Ê ieNc

288π2F5
0

Aα Õ;
3Q Í!é ∂βφ � φ ë é ∂γφ � φ ë ∂δφ × é ∂βφ � φ ë ∂γφ é ∂δφ � φ ë × ∂βφ é ∂γφ � φ ë é ∂δφ � φ ë�Î× 2Q Í ï ∂βφ � φ2 ð ∂γφ∂δφ × ∂βφ ï ∂γφ � φ2 ð ∂δφ × ∂βφ∂γφ ï ∂δφ � φ2 ðhÎÊ 4Q Í φ∂βφφ∂γφ∂δφ × ∂βφφ∂γφφ∂δφ × ∂βφ∂γφφ∂δφφ Î < εαβγδ á (8.9)

The above Lagrangiandensitiesare not yet written in a suitableform. As we
alreadyknow, φ is a 3 Õ 3 matrix collectingtheGoldstonebosonfields in a compact
manner. In orderto beableto computethereactionamplitude,wehave to first rewrite
φ in termsof thesefieldsandsomematrices.Actually, therearetwo differentwaysto
proceed.

OnemaychooseandinsertCartesian(non-physical)fieldsandconventionalGell-
Mannmatrices,carryout tracesby hand,cometo Feynmanrules,determinetheCarte-
sianamplitude,andfinally go over to the physicalone. For pedagogicpurposeswe
illustratethis rathercumbersomemethodfor oneverysimplevertex.

Thesecondoption(which is muchmoreconvenientfor our computation)consists
in usingphysicalfields and ‘physical’ Gell-Mannmatricesfrom the very beginning
andfinishup in ananalogousway (with theassistanceof Mathematicafor thetraces).

Of course,Mathematicacouldalsosimplify our lifes in theformercase,but since
we want to endup with physicalamplitudes,we would alwayshave to performone
additionalstep,namelythetransitionfrom non-physicalto physicalexpressions.Still,
onecould cross-checkour result in that way. Nevertheless,a Cartesianhand-check,
whichwedo at random,seemsto bemoreindependentandthereforemorereliable.

A moredetailedaccountof thejust discussedissuescanbefoundin AppendixD.
There,onealsoencountersthe conventionthat arabicnumbersrefer to non-physical
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andromanto physicalobjects,respectively. Theexplicit matrix representationof φ,

φ Ò 8

∑
j / 1

φ jλ j Ò VII I

∑
j / I

φ jλ j Ò �=� π0 × 1>
3
η8 ö 2π Ð ö 2K Ðö 2π Ù Ê π0 × 1>

3
η8 ö 2K0ö 2K Ù ö 2K̄0 Ê 2>

3
η8

 5?! �
obviouslycontainsthephysicalfieldsφI á!ê!ê!ê@� φVII I beinglabelledas

π Ð : Ò 1ö 2
Í φ1 Ê iφ2 ÎA�

π Ù : Ò 1ö 2
Í φ1 × iφ2 ÎA�

π0 : Ò φ3 �
K Ð : Ò 1ö 2

Í φ4 Ê iφ5 ÎA�
K
Ù

: Ò 1ö 2
Í φ4 × iφ5 ÎA�

K0 : Ò 1ö 2
Í φ6 Ê iφ7 ÎA�

K̄0 : Ò 1ö 2
Í φ6 × iφ7 ÎA�

η : Ò φ8 á
Notethat,e.g.,theπ Ð operatordestroysanincomingπ Ð or createsanoutgoingπ Ù

particle.Thiscanbestbeseenby consideringB
0 CC π Ð Í xÎDCC π Ð Í pÎ�E Ò eÙ i p F xG Í 2π Î 32Ep

á (8.10)

Thisequationis only obeyedwhenchoosingHπ Ð Í pÎ Ñ to beHπ Ð Í pÎ Ñ(Ò 1ö 2 � a†
1 Í pÎ × ia†

2 Í pÎ � H 0Ñ á (8.11)

Here,a†
1 Í pÎ is thecreationoperatorof a particleof momentump andCartesian(non-

physical)component1 while thesameholdsfor a†
2 Í pÎ with theindex 2. Thephysical

amplitudecomesout to beasfollows;
π Ð Í pÜwÎ CCC ˆI CCC π Ð Í pÎ < Ò 1

2

;
0 CCCKJ a1 Í pÜwÎÞÊ ia2 Í pÜuÎML ˆI J a†

1 Í pÎ × ia†
2 Í pÎML CCC 0 <Ò 1

2
Í I 11 × i

I
12 Ê i

I
21 × I 22 ÎMá (8.12)

In Eq.(8 á 12) thefirst index refersto thefinal andthesecondto theinitial state,respec-
tively.

Let usbriefly point out how to apply the two possiblecomputationmethodswith
the help of our first vertex. At the momentwe arerequiringall lines, andtherefore
momenta,to flow into the vertex. For one-loopdiagramswe will have to slightly
changethis strategy.
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2

Figure8.4: ã 2 vertex with two incomingGoldstonebosonlines(p1 � i1) and(p2 � i2) and
oneincomingphotonline (q � εµ).

TheassociatedLagrangiandensity(8 á 5) canberewritten asã 2φ Ð γ ô
2 Ò Ê ie

2
Aµ ∑

j1 ä j2 ∂µφ j1φ j2 Ï Q é λ j1 � λ j2 ë Ñ � (8.13)

which is still valid for eitherof thetwo options.Thecrucialpoint is to get rid of the
traces.To thisend,wehaveto specifywhetherweusethenon-physicalor thephysical
objects.

In theformercase,wehavetodealwith thefamiliarGell-Mannmatrices.Recalling
theidentityQ Ò 1

2 Í λ3 × 1>
3
λ8 Î , weendupwithã 2φ Ð γ ô

2 Ò eAµ

8

∑
j1 ä j2 / 1

∂µφ j1φ j2 Í f j1 j23 × 1ö 3
f j1 j28 Î�� (8.14)

which is easilyobtainedwithoutany computeraid. Its Feynmanrule reads

eε ê@Í p1 Ê p2 ÎPÍ fi1i23 × 1ö 3
fi1i28 ÎQá (8.15)

Sincewe areinterestedin physicalreactions,we needto know theequivalentexpres-
sion for physicalparticles. For chargedpions this is to be worked out explicitly in
a second.Theremainingparticlecombinationsmaybe treatedanalogously. Starting
from (8.12)andusingtheanti-symmetryof the f coefficients,we formally get;

0 CCC ˆI CCC π ÐÃÍ p1 Î�� π Ù Í p2 Î5< Ò ;
π ÐÃÍsÊ p2 Î CCC ˆI CCC π Ð Í p1 Î5<Ò Ê i
I

21 Ò Ê ieε ê@Í p1 Ê p2 ÎNá (8.16)

Thesecondway to go consistsin calculating(with theassistanceof Mathematica)
thetracesfor non-physicalGell-Mannmatricesã 2φ Ð γ ñ

2 Ò Ê ieAµ

VI I I

∑
j1 ä j2 / I

∂µφ j1φ j2 Í δ j1I δ j2I I Ê δ j1I I δ j2I × δ j1IV δ j2V Ê δ j1Vδ j2IV Î�� (8.17)
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which leadsto theFeynmanruleÊ ieε êPÍ p1 Ê p2 Î@Í δi1I δi2I I Ê δi1I Iδi2I × δi1IV δi2V Ê δi1Vδi2IV ÎQá (8.18)

At first glancewe canverify the above calculatedpion amplitudeto be correctlyin-
cludedin (8 á 18). Observe thatthelatterjust combineschargedfields.

In theremainderof thissection,i.e.,while deriving theFeynmanrulesfor theother
four vertices,we stick to thelatterstrategy, but we only quotethefinal results.Let us
go aheadaccordingto Figure8.2.

The secondtermof ã 4φ
2 in (8 á 6) canbe shown to give no contribution to our en-

visagedloop graphsof Figure8.9. This stemsfrom the symmetrybehaviour of the
mentionedtermin combinationwith thatof theneededWZW part.Therefore,we can
simply omit it in thefollowing. Thefirst part is not workedout in full completeness,
i.e., for any combinationof Goldstonebosonindices. In orderto avoid unnecessary
work, we restrictourselvesto thosecombinationswhich arerequiredfor our specific
reaction. As we canalsoseein Fig. 8.9, for all of our one-loopdiagramsinvolving
theelementaryvertex depictedin Fig. 8.5,two of its Goldstonebosonlinesarealways
internalwhile the othertwo areexternalones.Sincewe areonly allowing incoming
external legs at the moment,we may, without lossof generality, fix the pair (i3 � i4)
to thevalues Í I I I � IV Î��VÍ I I I � V Î�� and Í IV � V Î . This way we just dropall theadditional
informationcontainedin thevertex which we will never needfor our specificcompu-
tation.

2

Figure8.5: ã 2 vertex with four incomingGoldstonebosonlines(p1 � i1), ê,ê!ê , (p4 � i4).

Beforepresentingthe respective outcome,let us mentionthat our entirestrategy
andespeciallytheMathematicaprocedureswerecross-checkedby fully recalculating
the reactionγ ñ�Í qÎ × π í Í p1 ÎN� π í Í p2 Î × π0 Í p3 Î which hadbeencarriedout in [63,
18, 64]. The correspondingresultswill be shown (in termsof our nomenclature)in
sections8.5.

We mustdistinguishthreedifferentcases.First of all, for i3 Ò IV andi4 Ò V, we
find

i

6F2
0

Í p1 ê p2 × p3 ê p4 Î � δi1I δi2I I × δi1I I δi2I × δi1I I Iδi2I I I× ö 3 Í δi1I I Iδi2VII I × δi1VII Iδi2I I I Î × 2 Í δi1IV δi2V × δi1Vδi2IV Î
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× δi1VI δi2VII × δi1VIIδi2VI × 3δi1VII Iδi2VII I �× i

12F2
0

Í p1 ê p3 × p2 ê p4 Î � 2δi1I Iδi2I Ê 4δi1I δi2I I Ê δi1I I Iδi2I I IÊ ö 3 Í δi1I I I δi2VII I × δi1VII Iδi2I I I Î × 4δi1Vδi2IV Ê 8δi1IV δi2V× 2δi1VII δi2VI Ê 4δi1VI δi2VII Ê 3δi1VII Iδi2VII I �× i

12F2
0

Í p1 ê p4 × p2 ê p3 Î � 2δi1Iδi2I I Ê 4δi1I I δi2I Ê δi1I I Iδi2I I IÊ ö 3 Í δi1I I I δi2VII I × δi1VII Iδi2I I I Î × 4δi1IV δi2V Ê 8δi1Vδi2IV× 2δi1VIδi2VII Ê 4δi1VII δi2VI Ê 3δi1VII Iδi2VII I �0� (8.19)

furthermore,for i3 Ò I I I andi4 Ò IV,

i

12F2
0

Í p1 ê p2 × p3 ê p4 Î � 3 ö 2 Í δi1I I δi2VII × δi1VIIδi2I I ÎÊúÍ δi1I I Iδi2V × δi1Vδi2I I I ÎÞÊ ö 3 Í δi1Vδi2VII I × δi1VII I δi2V Î �× i

12F2
0

Í p1 ê p3 × p2 ê p4 Î � 2δi1I I Iδi2V Ê δi1Vδi2I I I× ö 3 Í 2δi1VII Iδi2V Ê δi1Vδi2VII I ÎÞÊ 3 ö 2δi1VIIδi2I I �× i

12F2
0

Í p1 ê p4 × p2 ê p3 Î � 2δi1Vδi2I I I Ê δi1I I Iδi2V× ö 3 Í 2δi1Vδi2VII I Ê δi1VII Iδi2V ÎßÊ 3 ö 2δi1I Iδi2VII �O� (8.20)

andfinally, for i3 Ò I I I andi4 Ò V,

i

12F2
0

Í p1 ê p2 × p3 ê p4 Î � 3 ö 2 Í δi1I δi2VI × δi1VI δi2I ÎÊ�Í δi1I I I δi2IV × δi1IV δi2I I I ÎÞÊ ö 3 Í δi1IV δi2VII I × δi1VII Iδi2IV Î �× i

12F2
0

Í p1 ê p3 × p2 ê p4 Î � 2δi1I I Iδi2IV Ê δi1IV δi2I I I× ö 3 Í 2δi1VII Iδi2IV Ê δi1IV δi2VII I ÎÞÊ 3 ö 2δi1VIδi2I �× i

12F2
0

Í p1 ê p4 × p2 ê p3 Î � 2δi1IV δi2I I I Ê δi1I I Iδi2IV× ö 3 Í 2δi1IV δi2VII I Ê δi1VII I δi2IV ÎßÊ 3 ö 2δi1Iδi2VI � á (8.21)
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Somuchfor theevenvertices.Now, wemustprepareourselvesto goover to those
resultingfrom ã WZW.

ε

Figure8.6: ã WZW vertex with threeincomingGoldstonebosonlines(p1 � i1), ê!ê!ê , (p3 � i3)
andoneincomingphotonline (q � εµ).

Again,wemaychooseoneindex, let ussayi1, to take thevaluesI I I Í 8 á 22Î�� IV (8.23),
or V (8.24). Ê ieNc

12π2F3
0

� δi2I δi3I I Ê δi2I Iδi3I × δi2IV δi3V Ê δi2Vδi3IV× δi2VI δi3VII Ê δi2VIIδi3VI � εαβγδεαpβ
1pγ

2pδ
32 354 6/ : P � (8.22)

Ê ieNc

12π2F3
0

÷
δi2Vδi3I I I Ê δi2I I Iδi3V × 1ö 3

Í δi2Vδi3VII I Ê δi2VII Iδi3V Î,øúùQ� (8.23)

Ê ieNc

12π2F3
0

÷
δi2I I Iδi3IV Ê δi2IV δi3I I I × 1ö 3

Í δi2VII I δi3IV Ê δi2IV δi3VII I ÎsøúùCá (8.24)

The very vertex we have beenanalysingdoesnot just play an importantrole at one-
loop level but obviously representstheoneandonly î Í p4 Î treecontribution.

ε

Figure8.7: ã WZW vertex with fiveincomingGoldstonebosonlines(p1 � i1), ê!ê,ê , (p5 � i5).

With theassumptionof i3 Ò I I I � i4 Ò IV � andi5 Ò V, thepureQCDvertex in Fig.8.7
becomes Ê iNc

4π2F5
0

εαβγδpα
1 pβ

3pγ
4pδ

5 Í δi1I δi2I I Ê δi1I I δi2I ÎQá (8.25)
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To completethis account,let us turn to the lastvertex depictedbelow. As canbe
fully understoodlater, it is absolutelysufficient to concentrateon a specialpartof the
associatedFeynmanrule, namelythevery onewhere(p4 � i4) and(p5 � i5) do not gain
any momentumfactor Í i1 Ò I I I � i2 Ò IV � i3 Ò V Î

ieNc

72π2F5
0

εαβγδεαpβ
1pγ

2pδ
3 � 9 Í δi4I δi5I I × δi4I I δi5I Î × δi4I I Iδi5I I I× 6 Í δi4IV δi5V × δi4Vδi5IV Î × Í δi4VI δi5VII × δi4VIIδi5VI Î

3δi4VII I δi5VII I × ö 3 Í δi4I I Iδi5VII I × δi4VII Iδi5I I I Î � á (8.26)

ε

Figure8.8: ã WZW vertex with five incomingGoldstonebosonlines(p1 � i1), ê!ê!ê , (p5 � i5)
andoneincomingphotonline (q � εµ).

In whatfollowswekeepusingthemomentumassignmentK Ð Í p1 Î�� K Ù Í p2 Î�� π0 Í p3 Î��
andγ ñhÍ qÎ whereall externalmomentado flow into whatever diagram2 andtheabbre-
viation ù definedabove.

2N.B.: During the entirecalculationwe henceconsiderγ � æ qç � K È æ p1
ç � K 
 æ p2

ç � π0 æ p3
ç � 0,

from which onemayeasilyturn to γ � æ qç � K �ßæ p1
ç � K �»æ p2

ç � π0 æ p3
ç .
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After having carefully collectedthe requiredFeynmanrules for our elementary
vertices,we finally cometo considerone-loopgraphs. As we have given to under-
standseveraltimes,weneedto dealwith thebelow depictedone-loopdiagramswhich
evidently fall into two differentgroups.

ε
2

ε

ε 2

e

ε

2

ε

2

a b c

d

Figure8.9:Non-vanishingone-loopgraphsfor three-pseudoscalarphotoninteractions;
in ourcaseγ ñxÍ qÎ × K í Í p1 ÎR� K í Í p2 Î × π0 Í p3 Î . Theassignmentof externalmomenta
is in accordancewith Fig. 8.1,i.e., time is meantto flow from left to right.

The first category just includesone graph(a) whoseloop is attachedto one single
vertex (the loop is composedby one internal line so to speak),while in the second
category the loop alwaysbinds two differentverticestogether(the loop is therefore
composedby two internallines). We know for surefrom our previousconsiderations
thatloopswith morethantwo internallinesdo not occurin our specialcase,although
they mayfor higherchiral powerD or otherclassesof reactions.

Wenow wantto derivetheFeynmanrulesbelongingto theaboveone-loopgraphs.
In orderto constructthevery first one,roughlyspeaking,two of thefive bosonlines
of Figure8.8needto bejoinedtogether, while theremainingthreemustbe identified
asexternalincominglegsof the interactingbosons.Note that in (8 á 26), without loss
of generality, we hadimplicitly chosen(p4 � i4) and(p5 � i5) to constitutethe loop. In
mathematicaltermsall this clearlymeansthatonehasto

1. Setl : Ò p4 Ò Ê p5 andn : Ò i4 Ò i5. Here,we shouldemphasizethat theboson
line carrying(p5 � i5) hasjust beenturnedinto anoutgoingline, i.e., its momen-
tum hasgaineda negative sign andthe associatedKronecker deltashave been
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modifiedaccordingto therule I S I I � IV S V � VI S VI I .

2. Introduceapropagatori Í l2 Ê m2
n × iε Î Ù 1.

3. Integrateover theinternalmomentuml .

4. Multiply with thesymmetryfactor1T 2. Theorigin of this factorcanbebestun-
derstoodby first consideringCartesianindices.While for a treegraphthereare
two possibilitiesto assigntwo identicallines to two distinctexternalmomenta,
thereis only oneway to build up a loop outof theselines.Whenusingphysical
indicesthis very argumentonly appliesto π0 andη8 loops. For the remaining
particlesour presentformalismgeneratesπ Ð aswell asπ Ù loopsetc.,which is
adouble-counting.Hencethesymmetryfactor1T 2 is requiredfrom bothpoints
of view.

All in all, thesestepsyield

ieNc

144π2F5
0

ù VII I

∑
n ä nâ / I

anâ δnnâ δnnâ I Ë m2
n Ì4 652 3U

d4lÍ 2π Î 4 i
l2 Ê m2

n × iε
� (8.27)

whereanâ is supposedto representthe respective coefficientsfrom (8 á 26). Although
we have not yet explainedhow to exactly handletheintegrals,we caninsertphysical
massesandrewrite theaboveexpressionasfollows

ieNc

π2F5
0 Û 38

288
I Í m2

π Î × 28
288

I Í m2
K Î × 6

288
I Í m2

η Î à ùCá (8.28)

Finally, wedoalsounderstandwhy it wassufficientto restrictoneselfto thatparticular
partof theFeynmanruleshown in (8 á 26)(theonewithoutexplicit p4 or p5 occurence).
If theinternalline wasto give riseto any power of theinternalmomentuml , thenthe
associatedintegralwouldcompletelyvanish.Thevectorintegral is inherentlyzeroand
thetensoronedoesnotcontributedueto its contractionwith thetotally anti-symmetric
ε tensor.

Let usnow have a closerlook at thesecondgroupof graphs(b �!ê!ê!ê@� e). Basically,
wehave to moveon in anabsolutelyanalogousmanner. Again,wefirst needto create
the loop. To this end,we mustconnecttwo bosonlinesof thefirst elementaryvertex
with two of thesecondvia propagators.Do not forget to turn oneline at eachvertex
into anoutgoingoneandjoin it with theremainingincomingonefrom theothervertex.
Afterwardswe needto integrateover the two resultinginternallines. Sincemomen-
tum conservationhasto berespectedat eachvertex, only oneof thetwo integrations
survives. Lastbut not least,the symmetryfactor1T 2 mustbe taken into accountfor
equivalentreasons.Thereis no needto explicitly presentall the straightforward but
tediousdetailsonehasto go throughto arrive at thefinal results.Instead,we simply

85



indicatewhatkind of differentintegralsoneencounters.After a thoroughexamination
of therelevantingredientstheonly necessarytypeturnsout to beU

d4lÍ 2π Î 4 il µlµé l2 Ê m2
n × iε ëWVÉÍ l × aÎ 2 Ê m2

nâ × iε X � (8.29)

which, nevertheless,comprisestwo subtypes.While for b andc of Fig. 8 á 9 we only
needto know therestrictedcase(m2

n Ò m2
nâ ), d ande requirethemorecomplicatedone

(m2
n õÒ m2

nâ ) with two differentspeciesof particlesrunningin theloop.
Sinceourone-loopdiagramssuffer fromdivergencesduetosingularhigh-momentum

behaviour, wehaveto provideamathematicaldeviceprescribinghow to copewith this
particularity. Theadequatetool for ourpurposesis, of course,dimensionalregulariza-
tion (DR). As we have just learned,the different loop graphsleadto different types
of integralsaccordingto the numberof involved verticesandtheir individual vertex
structures.Puttingeverythingtogether, weget3

ieNc

π2F5
0 Û 38

288
I Í m2

π Î × 28
288

I Í m2
K Î × 6

288
I Í m2

η ÎÊ q2

2
B22 Í m2

π � q2 ÎÊ Í p1 × p2 Î 2
12 ï B22 Í m2

π �gÍ p1 × p2 Î 2 Î × 3B22 Í m2
K �VÍ p1 × p2 Î 2 ÎNðÊ Í p1 × p3 Î 2

24 ï B̃22 Í m2
K � m2

π �VÍ p1 × p3 Î 2 Î × B̃22 Í m2
K � m2

η �gÍ p1 × p3 Î 2 ÎNðÊ Í p2 × p3 Î 2
24 ï B̃22 Í m2

K � m2
π �VÍ p2 × p3 Î 2 Î × B̃22 Í m2

K � m2
η �gÍ p2 × p3 Î 2 ÎNð à(ù

(8.30)

with theGoldstonebosonmasses

m2
π Ò 2B0m� m2

K Ò B0 Í m × msÎ�� m2
η Ò 2

3
B0 Í m × 2ms ÎNá (8.31)

For detailson how to evaluatetheintegralswithin theframework of DR andnota-
tional conventionsconsultAppendixE.

8.3 Treegraphs

Although thepresentsectionis dedicatedto treegraphs,loopsarenot yet totally left
behind.At î Í p6 Î , in additionto theone-loopdiagramstreatedsofar, therearefurther

3Thefirst line correspondsto diagrama, thesecondto b, andsoforth.
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one-loopcontributions which enteras î Í p2 Î correctionsto the WZW tree diagram
shown in Fig. 8.6.ThelatterpossessestheFeynmanruleÊ ieNc

12π2F3
0

ù8á (8.32)

ThesecorrectionsariseinY themesons’decayconstants:

TherelationshipbetweenthephysicaldecayconstantsFπ, FK andtheparameter
F0 is well-known andcanbereadoff from Ref [13]. In contrastto theirnotation,
we expresstherespective formulaein termsof non-renormalizedLECsandour
integralscomputedin AppendixE:

Fπ
F0

Ò 1 × 4

F2
0

Í 2m2
π Ê 2m2

K × 3m2
η Î L4 × 4

F2
0

m2
πL5Ê 1

F2
0

I Í m2
π ÎÞÊ 1

2F2
0

I Í m2
K Î ×Wî Í p4 Î�� (8.33)

FK

F0
Ò 1 × 4

F2
0

Í 2m2
π Ê 2m2

K × 3m2
η Î L4 × 4

F2
0

m2
KL5Ê 3

8F2
0

I Í m2
π ÎÞÊ 3

4F2
0

I Í m2
K ÎßÊ 3

8F2
0

I Í m2
η Î ×Wî Í p4 ÎQá (8.34)Y themesons’wave functions:

As usual,for eachmesonfield wehave to includea factor ö Z [61]:Z
Zπ Ò 1 Ê 4

F2
0

Í 2m2
π Ê 2m2

K × 3m2
η Î L4 Ê 4

F2
0

m2
πL5× 1

3F2
0

I Í m2
π Î × 1

6F2
0

I Í m2
K Î × î Í p4 Î�� (8.35)ö ZK Ò 1 Ê 4

F2
0

Í 2m2
π Ê 2m2

K × 3m2
η Î L4 Ê 4

F2
0

m2
KL5× 1

8F2
0

I Í m2
π Î × 1

4F2
0

I Í m2
K Î × 1

8F2
0

I Í m2
η Î ×Wî Í p4 ÎQá (8.36)

Thecombinationof bothitemsimpliesZ
Zπ

Fπ
F0

Ò 1 Ê 2

3F2
0

I Í m2
π ÎÞÊ 1

3F2
0

I Í m2
K Î ×Wî Í p4 Î��ö ZK

FK

F0
Ò 1 Ê 1

4F2
0

I Í m2
π ÎÞÊ 1

2F2
0

I Í m2
K ÎßÊ 1

4F2
0

I Í m2
η Î ×Wî Í p4 Î��
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andfinally leadstoÊ ieNc

12π2FπF2
K

ù ÷ Z
Zπ

Fπ
F0
ø ÷ ö ZK

FK

F0
ø 2

Ò Ê ieNc

12π2FπF2
K
ù ÷

1 Ê 7

6F2
0

I Í m2
π ÎßÊ 4

3F2
0

I Í m2
K ÎßÊ 1

2F2
0

I Í m2
η Î ø × î Í p8 Î��

(8.37)

wheretheintegralsI , seeEq.(8.27),representthementionedone-loopcorrections.
Last but not least,we have to considertreecontributionsof order î Í p6 Î . These

needto be includedfor two different reasons. First of all, the concernedparame-
ters(LECs)of ã 6 ä ε mustabsorbtheone-loopdivergencesarisingat î Í p4 Î . But even
if therewasno singularityproblem,we would have to take thosecontributions into
accountin orderto be consistentwith our requirementof performinga completep6

calculation.
Thegeneralfeaturesof ã 6 ä ε regardingthereactiontype3φ × γ ñ werecarriedout in

thepreviouschapter. Eventhereductionto our veryprocesswasshown in Eq. (7.12).
ThecorrespondingFeynmanrule, in its naturalform, reads[ Í L6 ä ε

1 � L6 ä ε
5 � L6 ä ε

6 � L6 ä ε
13 � L6 ä ε

14 Î : ÒÊ 256ieB0

F3
0

Ö
L6 ä ε

1 Í m Ê msÎÞÊ L6 ä ε
5 Í 5m × msÎÞÊ L6 ä ε

6 Í m × 2msÎ Ø ùÊ 64ie

3F3
0

L6 ä ε
13 Í p2

1 × p2
2 × 4p2

3 × 2p1 ê p2 × 5p1 ê p3 × 5p2 ê p3 ÎüùÊ 128ie

3F3
0

L6 ä ε
14 Í 4p1 ê p2 × p1 ê p3 × p2 ê p3 ÎSùCá (8.38)

Let usstatethreeremarksat this point:

1. We have introducedthe function
[

to simplify our notation. We will cometo
appreciatethis in a second.

2. Eq. (8.38) is completelyequivalentto Eq. (7.13),but written in termsof other
Lorentzinvariants.

3. Our assumptionof perfectisospinsymmetry(m Ò mu Ò md õÒ ms) makesthe
contributionsbelongingto L6 ä ε

2 andL6 ä ε
7 vanish.

In summary, the total resultof our one-loopcalculationconsistsof threepieces,
(8.30),(8.37),and(8.38),which have to beaddedin orderto obtainthereactionam-
plitude.Consistency requiresthatthedecayconstantsassociatedto theexternalGold-
stonebosonstake their respective physicalvalues,while for thosebelongingto the
loopswegloballysetF0 Ò Fπ.
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8.4 Renormalization

In applyingthe conceptof Chapter6, we canget rid of all one-loopsingularitiesby
introducingrenormalizedLECs.Recallingtherelation

L i Ò L̂ i × Γiλ
÷

λ Ò R
32π2 ø � (8.39)

wherewe have usedthenotationL̂ i insteadof GasserandLeutwyler’s conventionL r
i

andwhereΓi hasto bereadoff from Table6.2,wedo immediatelyget[ Í L6 ä ε
1 � L6 ä ε

5 � L6 ä ε
6 � L6 ä ε

13 � L6 ä ε
14 Î ÒÛ Ê 256ieB0

F3
0

÷
L̂6 ä ε

1 Ê 7R

256 ê 384π4F2
0

ø Í m Ê msÎ× 256ieB0

3F3
0

÷
L̂6 ä ε

5 Ê R

256 ê 128π4F2
0

ø Í 5m × msÎ× 256ieB0

3F3
0

÷
L̂6 ä ε

6 Ê R

256 ê 32π4F2
0

ø Í m × 2msÎÊ 64ie

3F3
0

÷
L̂6 ä ε

13 × R

64 ê 128π4F2
0

ø Í p2
1 × p2

2 × 4p2
3 × 2p1 ê p2 × 5p1 ê p3 × 5p2 ê p3 ÎÊ 128ie

3F3
0

÷
L̂6 ä ε

14 × R

128 ê 64π4F2
0

ø�Í 4p1 ê p2 × p1 ê p3 × p2 ê p3 Îhà(ù
Ò [ Í L̂6 ä ε

1 � L̂6 ä ε
5 � L̂6 ä ε

6 � L̂6 ä ε
13 � L̂6 ä ε

14 Î × ieR

128π4F5
0 Û 7

3
B0 Í m Ê msÎßÊ 3

m2
K / p2

1 � p2
2

24 652 3
B0 Í m × msÎÊ 1

3
Í p2

1 × p2
2 × 4p2

3 × 10p1 ê p2 × 7p1 ê p3 × 7p2 ê p3 Î à ù8á (8.40)

Theone-loopsingularities,i.e., termsproportionalto R, beinghiddenin (8.30)and
(8.37)caneasilybeisolated

ieR

128π4F5
0

Ö
q2 × 2

3
Í p1 × p2 Î 2 × 1

6
Í p1 × p3 Î 2 × 1

6
Í p2 × p3 Î 2 Ê 7

3
B0 Í m Ê msÎ Ø ùÒ ieR

128π4F5
0

Ö 11
6
Í p2

1 × p2
2 Î × 4

3
p2

3× 10
3

p1 ê p2 × 7
3
Í p1 ê p3 × p2 ê p3 ÎÞÊ 7

3
B0 Í m Ê msÎ Ø ù (8.41)

andareobviouslybeingcancelled,aswehaveexpected,by thesingularpartof (8 á 40).
Observe thatall externalparticlesareassumedto beon themassshell.
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8.5 Pionic reaction

As mentionedbefore,our computationcan be checked by reconsideringthe corre-
spondingpionic reaction,i.e., γ ñ × π í � π í × π0. We find completeaccordancewith
Bijnenset al. [63, 18, 64]4 andwantto collectthefinal resultsin termsof our nomen-
clature.Thethreepiecesof informationarerespectively givenby

ieNc

6π2F5
0

Ö 1
2

I Í m2
π Î × I Í m2

K ÎßÊ 3q2B22 Í m2
K � q2 ÎÊ Í p1 × p2 Î 2B22 Í m2

π �VÍ p1 × p2 Î 2 ÎÊ Í p1 × p3 Î 2B22 Í m2
π �VÍ p1 × p3 Î 2 ÎÊ Í p2 × p3 Î 2B22 Í m2
π �VÍ p2 × p3 Î 2 Î Ø ù�� (8.42)

Ê ieNc

12π2F3
π
ù ÷ Z

Zπ
Fπ
F0
ø 3

Ò Ê ieNc

12π2F3
π
ù ÷

1 Ê 2

F2
0

I Í m2
π ÎÞÊ 1

F2
0

I Í m2
K Îsø ×Wî Í p8 Î�� (8.43)

\ Í L6 ä ε
5 � L6 ä ε

6 � L6 ä ε
13 � L6 ä ε

14 Î : Ò× 256ieB0

F3
0

� 2L6 ä ε
5 × L6 ä ε

6 � m ù× 128ie

3F3
0

L6 ä ε
13q êPÍ p1 × p2 × p3 ÎÞùÊ 256ie

3F3
0

L6 ä ε
14 � p3 ê@Í p1 × p2 Î × p1 ê p2 �úù8á (8.44)

Again, thetotal resultis finite.

4Complementarycomputationshave recentlybeenpresented:in [65] onefindsa SU æ 2ç calculation
includinge.m.correctionsandin [66] a two-loopcalculationbasedon adispersivemethod.
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8.6 Vector mesoncontributions to 3φ ] γ ^
Wehave,upuntil now in thischapter, carriedouteverythingwhichis necessaryto meet
the requirementsof a consistentî Í p6 Î calculationwithin the framework of mesonic
ChPT. However, our final formulaestill dependon a coupleof unknown parameters,
the involvedLECs,which preventus from numericallypredictingthesquaredampli-
tude.Of course,theseLECscanin principlebedeterminedwithin appropriateexperi-
ments.But evenwithoutexperimentalhelpwearenotcondemnedto idleness.Wecan
actuallymove on andestimatethe LECs’ valuesby usingpurely theoreticalmeans.
Theseevidentlyhave to gobeyondmesonicChPT.

Let us recall oncemorethephysicalmeaningof LECs. They aresupposedto in-
cludewhateverQCDinformationonall particleswhichdonotbelongto theGoldstone
bosonoctet.At low energiesonly thelightestareexpectedto besignificant.Thelatter
arethe so-calledvectormesonswhich can,similarly to the pseudoscalarmesons,be
compactlycollectedin amatrix:

Vµ Ò �===�
ρ0

µ
2 × ωµ

2
ρ �µ>

2

K ô �µ>
2

ρ �µ>
2

Ê ρ0
µ

2 × ωµ
2

K ô 0µ>
2

K ô �µ>
2

K̄ ô 0µ>
2

φµ>
2

 5???! á (8.45)

In whatfollowsweconsidertreediagramswhichhavetheusualexternallines,i.e.,
onephotonandthreeGoldstonebosonlines,but alsocompriseexplicit internalvector
mesonlines.The î Í p6 Î partof thesegraphsis thento becomparedwith ourpreviousî Í p6 Î treediagrams5 andthis waywearegivenanestimationof thenumericalvalues
of theconcernedLECs.

To thisend,wefirst haveto find adequateLagrangiandensitiessatisfyingourneeds
mentionedabove.6 As canbe seenin a moment,onemustalwayscombinevertices
of odd andeven intrinsic parity, i.e., ε andnon-ε vertices,to obtainthe relevant tree
graphs.For bothsectorsFujiwaraet al. [68] provided thenecessarypieces.In their
article thevectormesonsareintroducedasdynamicalgaugebosonfieldsof a hidden
local symmetry(for a review on hiddenlocal symmetries,see[69]). In analternative
schemethevectormesonscanbedescribedasmassiveYang-Millsbosons[70,71, 72].
The latter approachand its relation to the hidden-symmetryschemeareextensively
discussedin [73].

8.6.1 Even intrinsic parity

In the even intrinsic parity sector, thereis just onepart giving rise to vectormeson
fields. Nonetheless,we wantto presentthecompleteLagrangiandensityat this intro-

5This is suggestedby their structuralsimilarity.
6Prettymuchof thegeneralthingsto follow hadbeennicelycollectedin [67].
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ductorylevel: ã Ë 2Ìmass Ò F2
0

4
Ï χ†U × χU† Ñ � (8.46)ã A Ò Ê F2
0

4
Ï!Í Dµξ†ξ Ê Dµξξ† ÎPÍ Dµξ†ξ Ê Dµξξ† Î ÑÒ F2

0

4
Ï DµU Í DµU Î † Ñ � (8.47)ã V Ò Ê F2
0

4
Ï!Í Dµξ†ξ × Dµξξ† ÎPÍ Dµξ†ξ × Dµξξ† Î Ñ á (8.48)

The‘covariant’derivatives,

Dµξ Ò Í ∂µ Ê igVµ Î ξ Ê ieAµξQ

and Dµξ† Ò Í ∂µ Ê igVµ Î ξ† Ê ieAµξ†Q � (8.49)

compriseboththevectormesonnonetaswell asthee.m.field. Oneshouldnotethat
ξ Ò exp Í i

2φ T F0 Î is thesquareroot of ourusualU andDµU our conventionalcovariant
derivative (with e.m.externalfields). Symmetryconsiderationsdo only fix Eq. (8.48)
up to aglobalcoefficienta. In respectingthis fact,its leadingorderreads

aã V Ò m2
V Ï VµV

µ Ñf× 2egVAµ Ï QVµ ÑM× ÷
egV

mV
ø 2

AµAµ Ï Q2 ÑÊ igVφφ

2
Ï Vµ é φ � ∂µφ ë Ñ Ê aei

4
Aµ Ï Q é φ � ∂µφ ë ÑM× egVφφ

2
Aµ Ï!évé φ � Që_� φ ë Vµ Ñ á

(8.50)

Again, we only find even powers in φ. Furthermore,observe that the Í Vγ ñVÎ mixing
hasbeenintroducedinto Eq. (8.50)by gV Ò agF2

0 , thevectormesonmass7 by m2
V Ò

ag2F2
0 , andthe Í Vφφ Î couplingby gVφφ Ò agT 2. ThuswerediscoverthefamousKSRF

relation[74, 75],

gV

gVφφ Ò 2F2
0 � (8.51)

to hold for whatever valueof a. Moreover, settingtheparametera Ò 2 resultsin the
universalityof the vector mesoncoupling, gVφφ Ò g, as well as in completevector
mesondominancefor thee.m.form factor Ívã γφφ Ò 0Î , bothsuggestedonphenomeno-
logicalgrounds[68].

7TheassumedSU æ 3ç symmetry(mu � md � ms) just impliesoneidenticalmassfor all vectormesonsæ mV � mρ �a`b`c`d� mφ
ç . Later, we will introducedeviationsto this schemeby hand.
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8.6.2 Odd intrinsic parity

In theoddintrinsic parity sector, besidesour familiarWZW Lagrangian,oneencoun-
tersfour independentstructuresdueto thepresenceof thevectormesonsã 1 Ò iNc

16π2εαβγδ Ï âα
L âβ

Lâγ
Lâδ

R Ê âα
Râβ

Râγ
Râδ

L Ñ � (8.52)ã 2 Ò iNc

16π2εαβγδ Ï âα
L âβ

Râγ
Lâδ

RÑ � (8.53)ã 3 Ò Ê Nc

16π2εαβγδ Ï Fαβ
V Í âγ

Lâδ
R Ê âγ

Râδ
L Î Ñ � (8.54)ã 4 Ò Ê Nc

32π2εαβγδ Ï Fαβ
A Í ξâγ

Lâδ
Rξ† Ê ξ†âγ

Râδ
Lξ × ξ†âγ

Lâδ
Rξ Ê ξâγ

Râδ
Lξ† Î Ñ �

(8.55)

with theabovebuilding blocksdefinedas

âµ
L Ò ∂µξ†ξ Ê igVµ Ê ieAµξ†Qξ �

âµ
R Ò ∂µξξ† Ê igVµ Ê ieAµξQξ† �

Fµν
V Ò g∂µVν Ê ig2VµVν �

Fµν
A Ò Ê e∂µAνQ Ê ie2AµAνQ2 á (8.56)

As mentionedin Ref. [72], Fujiwara’s original form of ã 4 (which is labelledas ã 6
in Ref. [68]) is not invariantundercharge conjugationtransformationsC andhasto
bereplacedby its correctedversionindicatedin Eq. (8.55). However, all calculations
concerning3π × γ presentedin [68] do not suffer from this slip sincetheC invariantã 4 just happensto doublethecontributionof thenon-invariantone.

It is very instructive to analysewhatkind of relevantverticescanbegeneratedby
theentireoddintrinsicparity Lagrangianã ε Ò ã 3φ Ð γ ô

WZW × 4

∑
i / 1

bi ã i á (8.57)

In orderto keepthingstransparent,let ussummarizetheessentialfactsin the below
table.Theindicatedverticesaremeantto representtheformulaeÍ γ ñ φφφ Î Ò Ê ieNc

32π2F3
0

Aα Ï Q∂βφ∂γφ∂δφ Ñ εαβγδ �Í Vφφφ Î Ò igNc

32π2F3
0

Ï Vα∂βφ∂γφ∂δφ Ñ εαβγδ �Í γ ñ Vφ Î Ò Ê geNc

16π2F0
∂αAβ Ï ï Q � Vγ ð ∂δφ Ñ εαβγδ �Í VVφ Î Ò g2Nc

16π2F0
Ï ï ∂αVβ � Vγ ð ∂δφ Ñ εαβγδ á (8.58)
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(γ ñ φφφ) (γ ñ Vφ) (VVφ) (Vφφφ)ã 3φ Ð γ ô
WZW -4/3 — — —ã 1 1 — — -1ã 2 -1 — — 1ã 3 — 1 -1 1ã 4 1 -1 — —

Table8.1: Relevant verticesandwherethey comefrom. The individual piecesare
givenby theproductsof theindicatednumbersandtherespectiveexpressionsin (8.58).

Combiningoddandevenintrinsic parity vertices,oneendsup with four different
diagramsbelongingto theprocess3φ × γ ñ (seeFig. 8.10).

At first sightit mightbesomewhatconfusingto find direct(γ ñ φφφ) piecesto origi-
natefrom our newly introducedmonomials.Sinceweknow for surefrom low-energy
theoremsthat in the soft-momentumlimit the amplitudeof any reactionof the type
3φ × γ ñ is solelygivenby theanomaly, i.e., ã 3φ Ð γ ô

WZW , theothercontributionsmustsome-
how bewipedout. In fact,onecanrathereasilyshow that ã 1 inducesacontributionof
thediagrammaticspeciesb (seeFig. 8.10),which exactly cancelsits a counterpartat
low energies.Thesameis truefor ã 2. In the ã 4 case,it is adiagramof typec to dothe
very job. Everythingwe have just discussedholdsfor whatever choiceof parameters
bi .

If theseparametersremainedundetermined,therewouldbenowayatall to numer-
ically estimateour LECs. We couldonly relatethe latter to the former, which would
bearatheruselesssubstitutionof onesetof unknown quantitiesby another. Therefore
(andfor generalreasons),thebi mustimperatively befixed. In a first stepFujiwaraet
al. [68] tried to implementexactvectormesondominanceby choosinganappropriate
setof parametervalues. Here, the notion ‘exact vectormesondominance’refersto
thecompletedisappearanceof direct (1PI)WZW like terms,simultaneouslyfor both
theφ × 2γ ñ andthe3φ × γ ñ case.However, this choiceof parameterspredictsa rather
incompatibleamplitudefor the preciselymeasuredω � 3π decay. To patchup this
shortcoming,they tookaslightly differentparametersetleadingtoã ε Ò ã 3φ Ð γ ô

WZW × Í b1ã 1 × b2ã 2 Î b1 Ù b2 / 1 × ã 3 × ã 4 � (8.59)

which makes the assumptionof completemesonvector dominancefor our 3φ × γ ñ
reactiontypeuntenable.In additionwe wantto point out thatthefirst two parameters
have not yet beendeterminedseparately. Fortunately, in our computationswe only
encounterthefixedlinearcombinationb1 Ê b2.

8.6.3 Estimation

We arefinally readyto startthetreecalculations.As indicatedin Chapter7, all infor-
mationweareinterestedin canexclusively beextractedfrom thefour ‘processes’:
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c

a b

d

Figure8.10:Resulting3φ × γ ñ treegraphs.Thefirst one,whichis 1PI,doesnotcontain
vectormesondegreesof freedom(bold internallines).Theremainingthree,whichare
1PR,obviously do. To be consistentwith the foregoing chapters,let us assumeall
externalmomentato flow into eachdiagram.Y γ ñ × π Ð × π Ù × π0 T η8 � 0,Y γ ñ × K Ð × K Ù × π0 T η8 � 0.

In departingfrom the Lagrangiandensities(8.50)and(8.59), the only 1PRtreedia-
gramsto becomputedareof typed. Dif ferentlyspeaking,therearethreedistinctkinds
of verticeswhich needto beknown explicitly. After thoroughlyevaluatingall traces,
weobtain

2egVAµ Ï QVµ Ñ Ò egVAµ

�
ρ0

µ × ωµ

3
Ê ö 2φµ

3
� (8.60)

for the(γ ñ V) interaction,Ê igVφφ

2
Ï Vµ é φ � ∂µφ ë ÑÓÒ Ê igVφφ

Ö
ρ0

µ Í π Ð ∂µπ Ù Ê π Ù ∂µπ Ð�ÎÊ ρ Ùµ Í π Ð ∂µπ0 Ê π0∂µπ Ð Î× ρ Ðµ Í π Ù ∂µπ0 Ê π0∂µπ Ù Î× 1
2
Í ρ0

µ × ωµ Ê ö 2φµ ÎPÍ K Ð ∂µK
Ù Ê K

Ù ∂µK Ð�ÎÊ 1
2

K ñ Ùµ Í K Ð ∂µπ0 Ê π0∂µK Ð�Î
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× 1
2

K ñ Ðµ Í K Ù ∂µπ0 Ê π0∂µK
Ù ÎÊ ö 3

2
K ñ Ùµ Í K Ð ∂µη8 Ê η8∂µK Ð�Î× ö 3

2
K ñ Ðµ Í K Ù ∂µη8 Ê η8∂µK

Ù Î Ø (8.61)

for the(Vφφ) interaction,andÏ ï ∂αVβ � Vγ ð ∂δφ Ñ εαβγδ Ò Í ∂αρ0
βωγ × ∂αωβρ0

γ Î ∂δπ0εαβγδ× Í ∂αρ Ùβ ωγ × ∂αωβρ Ùγ Î ∂δπ Ð εαβγδ× Í ∂αρ Ðβ ωγ × ∂αωβρ Ðγ Î ∂δπ Ù εαβγδ× 1
2 � ∂α Í ρ0

β × ωβ × ö 2φβ Î K ñ Ùγ × ∂αK ñ Ùβ Í ρ0
γ × ωγ × ö 2φβ Î � ∂δK Ð εαβγδ× 1

2 � ∂α Í ρ0
β × ωβ × ö 2φβ Î K ñ Ðγ × ∂αK ñ Ðβ Í ρ0

γ × ωγ × ö 2φβ Î@� ∂δK
Ù εαβγδ

(8.62)

for the (VVφ) interaction,wherewe have neglectedthe global factor g2Nc
16π2F0

for sim-
plicity.

To warmup, let usconsiderthepurelypionic ‘process’γ ñ × π Ð × π Ù × π0 � 0. In
this casethe first internal line of diagramd in Fig. 8.10alwayshasto representa ω
mesonwhile thesecondonemustbea ρ with suitablecharge (accordingto the three
possibleassignmentsof pionsto theexternallines).

In recallingthevectormesonpropagatorto read

i
gµν Ê pµpν T m2

V

m2
V Ê p2

� (8.63)

onesimply hasto performa straightforwardtreecalculationto obtaintheentirecon-
tributionof thed typediagram8Ê ie

8π2F3
0 Û m2

ρ

m2
ρ Ê Í p1 × p2 Î 2 × m2

ρ

m2
ρ Ê�Í p1 × p3 Î 2 × m2

ρ

m2
ρ Ê�Í p2 × p3 Î 2 à(ùCá

(8.64)

The latter expressionis not of distinct chiral order. We needto expand(the remains
of) thepropagator, i.e.,

m2
V

m2
V Ê p2 Ò 1

1 Ê p2

m2
V

Ò 1 × p2

m2
V
× ê!ê!ê1�

8As thepresentformalismassumesSU æ 3ç invariance,thereis just oneuniversalvectormesonmass
mV . Nonetheless,we formally indicatetheinvolvedvectormesonsby theirmass.
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to beableto collectthearising î Í p6 Î piecesÊ ie

4π2F3
0

Í p1 × p2 Î 2 × Í p1 × p3 Î 2 × Í p2 × p3 Î 2
2m2

ρ
ùCá (8.65)

Let usemphasizeoncemorethatthe î Í p4 Î partof (8 á 64) is beingcancelled.Theonlyî Í p4 Î contribution to survivestemsfrom theWZW Lagrangianitself.
Sofar thephotonhasbeensupposedto bereal. In orderto extendourcomputation

to thevirtual case,thefinal resulthasto beslightly modified. Actually, onefindsthe
additionalterm Ê ie

4π2F3
0

3q2

2m2
ω
ù (8.66)

in casethephotonmomentumsquaredis allowedto differ from zero.
Comparisonof theconventionalChPTtreegraphsatchiralorder î Í p6 Î , Eq.(8 á 44),

Û 256 � 2L̂6 ä ε
5 × L̂6 ä ε

6 × L̂6 ä ε
14 � B0m Ê 128

3 � L̂6 ä ε
13 × L̂6 ä ε

14 � q2 à ie

F3
0

ù (8.67)

with thecorrespondingp6 diagramsincludinginternalvectormesons,Eq. (8 á 65) plus
(8 á 66),

Û Ê 3
4π2m2

ρ
B0m Ê 1

8π2

÷
1

m2
ρ
× 3

m2
ω
ø q2 à ie

F3
0

ù (8.68)

obviously furnishestwo constraintson theconcernedLECs without giving accessto
their individualvalues.

Next considerγ ñ × π Ð × π Ù × η8 � 0. Here, just onesinglediagramof type d,
namelytheveryonepossessingthevertex Í ρ0ρ0η8 Î , is found.After implementingthe
definition∆m : Ò ms Ê m, therespectiveanalysisof

Û 128ö 3 � 4L̂6 ä ε
5 × 2L̂6 ä ε

6 Ê L̂6 ä ε
13 × 4L̂6 ä ε

14 � B0m Ê 256

3 ö 3 � 6L̂6 ä ε
2 × 6L̂6 ä ε

7 × L̂6 ä ε
13 � B0∆m× 64ö 3 � L̂6 ä ε

13 Ê 2L̂6 ä ε
14 � t Ê 64ö 3

L̂6 ä ε
13 q2 à ie

F3
0

ù (8.69)

and

Û Ê ö 3
8π2m2

ρ
t Ê ö 3

8π2m2
ρ
q2 à ie

F3
0

ù (8.70)

turnsout to yield first veritablepiecesof information(which arecompatiblewith the
constraintsemerging from γ ñ × π Ð × π Ù × π0 � 0)

L̂6 ä ε
13 Ò L̂6 ä ε

14 Ò 3

512π2m2
V
� (8.71)
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2L̂6 ä ε
5 × L̂6 ä ε

6 Ò Ê 9

1024π2m2
V

� (8.72)

L̂6 ä ε
2 × L̂6 ä ε

7 Ò Ê 1

1024π2m2
V

� (8.73)

In thepresentcontext wemaysetmV Ò mρ Ò mω.
In completeanalogyγ ñ × K Ð × K Ù × π0 � 0 canbe addressed.Sincethis is the

veryprocessbeingunderinvestigationin thepresentthesis,we donot wish to skipall
intermediatesteps.TheexpressionÊ ie

4π2F3
0 Û Í p1 × p2 Î 2

4m2
ρ

× 3 Í p1 × p2 Î 2
4m2

ω
× Í p1 × p3 Î 2

4m2
K ô × Í p2 × p3 Î 2

4m2
K ô àÓù (8.74)

correspondsto q2 Ò 0, while avirtual photongivesriseto anextra termÊ ie

4π2F3
0 Û 1

2m2
ω
× 3

2m2
ρ
Ê 1

2m2
φ
à q2ùCá (8.75)

All in all, this amountsto

Û Ê 3

8π2m2
K ô B0m Ê 1

8π2m2
K ô B0∆m Ê 1

16π2

÷
1

m2
ρ
× 3

m2
ω
Ê 1

m2
K ô ø tÊ 1

8π2

÷
3

m2
ρ
× 1

m2
ω
Ê 1

m2
φ
× 1

2m2
K ô ø q2 à ie

F3
0

ù�� (8.76)

whichhasto becomparedwith

Û 64

÷
8L̂6 ä ε

5 × 4L̂6 ä ε
6 Ê L̂6 ä ε

13 × 6L̂6 ä ε
14 ø B0m Ê× 256

3

÷
3L̂6 ä ε

1 × L̂6 ä ε
5 × 2L̂6 ä ε

6 × 2L̂6 ä ε
14 ø B0∆mÊ 32

3 � 5L̂6 ä ε
13 × 2L̂6 ä ε

14 � q2 × 32 � L̂6 ä ε
13 Ê 2L̂6 ä ε

14 � t à ie

F3
0

ù (8.77)

beingtakenfrom theprecedingsection.
Theoutcome

L̂6 ä ε
13 Ò 1

768π2

÷
17

4m2
ρ
× 3

4m2
ω
Ê 3

2m2
φ
× 1

m2
K ô ø (8.78)

L̂6 ä ε
14 Ò 1

768π2

÷
23

8m2
ρ
× 21

8m2
ω
Ê 3

4m2
φ
Ê 1

4m2
K ô ø (8.79)

seemsto contradictEq. (8.71). Note that the higher vector mesonmassesmay be
written asmV plusadditionaltermsin ∆m. The latterpiecesareobviously not of the
chiralorderin question.Thusthereis nocontradictionatall upto ourconsideredlevel.

98



Furthermore,we learnthat

L̂6 ä ε
1 Ê L̂6 ä ε

5 Ò 3

2048π2m2
V

(8.80)

musthold.
Finally, let usstatetheresultsbelongingto γ ñ × K Ð × K Ù × η8 � 0. Theexpression

originatingfrom thevectormesonmodelreads

Û Ê 3 ö 3

8π2m2
K ô B0m Ê 5

8 ö 3π2m2
K ô B0∆m Ê ö 3

4π2

÷
1

4m2
ρ
× 1

12m2
ω
Ê 1

3m2
φ
Ê 1

4m2
K ô ø tÊ ö 3

4π2

÷
1

m2
ρ
× 1

3m2
ω
Ê 5

6m2
φ
× 1

4m2
K ô ø q2 à ie

F3
0

ù ; (8.81)

theconventionalChPTFeynmanrule

Û 64ö 3

÷
8L̂6 ä ε

5 × 4L̂6 ä ε
6 × L̂6 ä ε

13 × 2L̂6 ä ε
14 ø B0m× 128

3 ö 3

÷
18L̂6 ä ε

1 Ê 12L̂6 ä ε
2 × 14L̂6 ä ε

5 × 8L̂6 ä ε
6 Ê 12L̂6 ä ε

7 × L̂6 ä ε
13 × 2L̂6 ä ε

14 ø B0∆mÊ 32ö 3 � L̂6 ä ε
13 × 2L̂6 ä ε

14 � q2 Ê 32ö 3 � L̂6 ä ε
13 Ê 2L̂6 ä ε

14 � t à ie

F3
0

ù (8.82)

is takenfrom theforegoingchapter. All in all, thisyields

L̂6 ä ε
1 Ò 3

2048π2m2
V

� L̂6 ä ε
5 Ò 0 � andL̂6 ä ε

6 Ò Ê 9

1024π2m2
V

á (8.83)
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Beforeclosingthis chapter, let ussummarizetheresultsin thebelow table.

LECs estimatedvalue

L̂6 ä ε
1

3
2048π2m2

V

L̂6 ä ε
2 × L̂6 ä ε

7 Ê 1
1024π2m2

V

L̂6 ä ε
5 0

L̂6 ä ε
6 Ê 9

1024π2m2
V

L̂6 ä ε
13

3
512π2m2

V

L̂6 ä ε
14

3
512π2m2

V

Table8.2: Estimationof LECs belongingto the class3φ × γ ñ (comparewith Table
7.1). Within thevectormesonmodeldiscussedin thepresentchapter, five LECscan
beestimatedindividually; for theremainingtwo wecanonly determinetheir sum.
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Chapter 9

Experiments

9.1 Differ ential crosssectionof the reaction
K ef] eÊhg K ei] eÊ ] π0

In order to calculatethe differential crosssectionof a physicalprocess,one basi-
cally has to squarethe correspondingamplitude. Let us carry on consideringthe
reactionγ ñ Í qÎ × K í Í p1 Îj� K í Í p2 Î × π0 Í p3 Î , wherethe photonis now meantto be
virtual. Within thestandardone-photon-exchangeapproximationthis is equivalentto
K í Í p1 Î × eÙ Í k1 Îj� K í Í p2 Î × eÙ Í k2 Î × π0 Í p3 Î with q Ò k1 Ê k2. While in the two-
to-two-particlecasethe kinematicsis fully describedby threeindependentLorentz
invariants,e.g.,s� t � andq2 (seeChapter7), thetwo-to-three-particlesituationrequires
fivesuchvariables.A commonsetis givenby

s Ò Í p2 × p3 Î 2 � t Ò Í p1 Ê p2 Î 2 � q2 Ò Í k1 Ê k2 Î 2 �
S Ò Í k1 × p1 Î 2 � s1 Ò Í k2 × p3 Î 2 � (9.1)

which obviously extendsthe onebelongingto thehadronicsubreaction.Note thatS
equalsthesquaredtotal energy in thec.m.frame.

As always in electro-hadronicreactions,the entireamplitudecanbe split into a
leptonicandahadronicpartI Ò eū Í k2 Î γαu Í k1 Î2 354 6

leptonicpart

q
Ù 2 εαβγδpβ

1pγ
2pδ

3F2 354 6
hadronicpart

á (9.2)

The former, which is describedby QED alone, is a well-understoodand therefore
ratheruninterestingobject. Only the latter (moreprecisely, the complex function F)
containsvaluableinformation on the hadronicsystemin questionand provides the
possibilityto compareour ChPTpredictionswith experimentaldata.

Let usturn to thesquaredamplitude H I H 2. If theincidentelectronsarecompletely
unpolarizedandwe furtherignorethepolarizationof thefinal electronstates,thenthe
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squaringof theleptonicpartwill actuallyyieldã αα â Ò e2

2 ∑
s1 ä s2

ū Í k2 Î γαu Í k1 Î ū Í k1 Î γα â u Í k2 ÎÒ e2

8m2
e

;
γα Í γµkµ

1 × me Î γα â Í γνkν
2 × me Î <Ò e2

2m2
e
� kα

1 kα â
2 × kα

2kα â
1 × gαα â Í m2

e Ê k1 ê k2 Î���á (9.3)

For thehadronicpartoneneedsto carryoutk
αα â Ò εαβγδεα â β â γ â δ â pβ

1pγ
2pδ

3pβ â
1 pγ â

2 pδ â
3 HF H 2 á (9.4)

Thedouble-epsilonexpressioncanbefoundin theappendixof [76]

εαβγδεα â β â γ â δ â ÒÊ gαα â � gββ â Í gγγ â gδδ â Ê gγδ â gδγ â ÎßÊ gβγ â Í gγβ â gδδ â Ê gγδ â gδβ â Î × gβδ â Í gγβ â gδγ â Ê gγγ â gδβ â Î@�× gαβ â � gβα â Í gγγ â gδδ â Ê gγδ â gδγ â ÎßÊ gβγ â Í gγα â gδδ â Ê gγδ â gδα â Î × gβδ â Í gγα â gδγ â Ê gγγ â gδα â Î@�Ê gαγ â � gβα â Í gγβ â gδδ â Ê gγδ â gδβ â ÎßÊ gββ â Í gγα â gδδ â Ê gγδ â gδα â Î × gβδ â Í gγα â gδγ â Ê gγβ â gδα â Î �× gαδ â � gβα â Í gγβ â gδγ â Ê gδβ â gγγ â ÎÞÊ gββ â Í gγα â gδγ â Ê gγγ â gδα â Î × gβγ â Í gγα â gδγ â Ê gγβ â gδα â Î��1�
(9.5)

andleadsto

εαβγδεα â β â γ â δ â pβ
1pγ

2pδ
3pβ â

1 pγ â
2 pδ â

3 ÒÊ gαα â � p2
1 p2

2 p2
3 × 2 p1 ê p2 p1 ê p3 p2 ê p3Ê p2

1 Í p2 ê p3 Î 2 Ê p2
2 Í p1 ê p3 Î 2 Ê p2

3 Í p1 ê p2 Î 2 �Ê p1α p1α â � Í p2 ê p3 Î 2 Ê p2
2 p2

3 �Ê p2α p2α â � Í p1 ê p3 Î 2 Ê p2
1 p2

3 �Ê p3α p3α â � Í p1 ê p2 Î 2 Ê p2
1 p2

2 �Ê Í p1α p2α â × p2α p1α â Î@Í p2
3 p1 ê p2 Ê p1 ê p3 p2 ê p3 ÎÊ Í p1α p3α â × p3α p1α â Î@Í p2
2 p1 ê p3 Ê p1 ê p2 p2 ê p3 ÎÊ Í p2α p3α â × p3α p2α â Î@Í p2
1 p2 ê p3 Ê p1 ê p2 p1 ê p3 ÎQá (9.6)

Although HF H 2 is thevery objectwe areinterestedin, let us, for thesake of com-
pleteness,mentionthe formula for the associateddifferentialcrosssection. Observe
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thattheLorentzinvariantS is usuallyfixed.Thestandardexpression[60] reads

dσ
ds1 dsdq2 dt Ò m2

eπ H I H 2
8 Í 2π Î 5λ Í s� m2

e � m2
K Î@ÍsÊ ∆4 Î 1l 2 (9.7)

with

λ Í s� m2
e � m2

K Î Ò � s Ê�Í me × mK Î 2 � � s Ê�Í me Ê mK Î 2 � (9.8)

andtheGramdeterminant

∆4 Ò 1
8

CCCCCCCC
k1 ê k1 p1 ê k1 k2 ê k1 p2 ê k1

k1 ê p1 p1 ê p1 k2 ê p1 p2 ê p1

k1 ê k2 p1 ê k2 k2 ê k2 p2 ê k2

k1 ê p2 p1 ê p2 k2 ê p2 p2 ê p2

CCCCCCCC á (9.9)

9.2 Numerical results

Thepreviously treatedprocess

K
í × e

Ù � K
í × e

Ù × π0 (9.10)

hasnot yet beenexperimentallyinvestigated.However, experimentsof this kind (for
bothpionsandkaons)areaboutto betakenup[77]. In orderto determinethephysical
rangeof the Mandelstamvariablescorrespondingto phasespaceregionswhich are
sensitiveto F, onewouldneedto performMonte-Carlosimulationswhicharebeyond
the scopeof this thesis. Nevertheless,recall that all mathematicalinput regarding
(9.10)hasbeenprovidedin theforegoingandpresentchapter.

Our final formulae,presentedin Chapter8, enterother experimentsaswell. A
differentset-upmakesuseof a K í beamto bescatteredoff a nuclearCoulombfield
via thePrimakoff reaction

K
í × N Í Z � AÎ�� K

í × N Í Z � AÎ × π0 á (9.11)

PionicPrimakoff experiments(thoughwith limited accuracy of thedata)werecarried
outby Antipov etal. [78]. Therefore,let uscomputeHF3π Í s� t � q2 ÎmH for thekinematical
regions indicatedin their article: 4 m2

π . s . 10 m2
π ��H t Hn. 3 á 5 m2

π � Q2 Ò Ê q2 . 2 Õ
103MeV2. Since

F3π Í s� t � q2 Î Ò Ê ie

4F3
π π2 � 1 ×Wî Í p2 Î � (9.12)

holds,it is naturalto omit theglobalfactorandinvestigatetheremainingpartin order
to systematicallystudy the effects of î Í p6 Î correctionsto the leading-orderî Í p4 Î
contribution. Beforepresentingourresults,weneedto specifytheinvolvedmassesand
constants:mπ Ò 135MeV � mK Ò 496MeV � mρ Ò mω Ò 770MeV � andF0 Ò 92á 4MeV.
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As canbeseenin Fig. 9.1thetreegraphsof order î Í p4 Î and î Í p6 Î donotpossess
any dependenceon theMandelstamvariabless� t � andu. Therefore,kinematicalvari-
ationscanonly beseenin thelooppart. It is very interestingto notethatthelatterand
the î Í p6 Î treecontributionsareof comparablesize. A changeof t from Ê 0 á 7 m2

π toÊ 3 á 5 m2
π impliesaveryslightdecreaseof theaverageslopeof thefull line. Recallthat

theentireamplitudeis completelysymmetricin s� t � andu. All in all, onecanconclude
that the experimentalvalueof HF3π H Ò 12á 9 e 0 á 9 e 0 á 5 GeVÙ 3 [78] is significantly
above theChPTprediction.However, î Í p6 Î correctionsgo in theright direction.1

Up until now the virtual photonhasbeenalmostreal. Of course,it is alsoworth
studyingthe Q2 behaviour of the pionic process.As canclearly be seenin Fig. 9.2,
the main Q2 dependencestemsfrom the î Í p6 Î tree graphs. The loop contribution
diminisheswhendecreasings towardsits thresholdvalue4 m2

π.
Althoughthereis nodataavailablefor thekaonicreaction,westill wantto explore

thebehaviour of HFKKπ H in comparablekinematicalregions. Theadditionallyneeded
massparametersarechosenasmη Ò 547MeV (whichoccursin therespective loops),
mK ô Ò 892MeV � mφ Ò 1019MeV. This time the î Í p6 Î treegraphsexhibit anexplicit
dependenceont. Therefore,thedashedhorizontalline in Fig.9.3is loweredbymaking
the t valuesmoreandmorenegative. Actually, if we wenton like this,we would end
up below the î Í p4 Î level ( Ò 1). Rememberthattheloopgraphsaretotally symmetric
in sandu. Takingthesames Ê s0 rangeasin thepionicexample,wefind averysmall
positiveslopeof thefull line. Furthermore,theloop contribution getsmoreimportant
whenchangingt from Ê 0 á 7 to Ê 3 á 5 m2

π .
Finally, considerFig. 9.4. Sincet is fixedandthe î Í p6 Î treegraphsareindepen-

dentof sor u, thedashedline is identicalin bothsubfigures.Thefull line showsavery
slight variationdueto thedecreaseof s towardsthreshold.Actually, for kaonsthetwo
chosensvaluesrepresentalmostthesamescenarios.

1In disaccordancewith thediscussionshown in [63] thevariablet mustbenegative in thephysical
region. By usingpositive t values,we canreproducetheir resultswithin anuncertaintyof � 1%. This
is dueto non-specifiedmassparametersin [63].
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Figure9.1: Numericalinvestigationof HF3π H (global factor9.72 GeVÙ 3 omitted)at
fixedQ2 Ò Ê q2 Ò 2 Õ 103MeV2 andthreedifferentt values.Thefull line includesall
(treeandloop) contributionsup to î Í p6 Î ; thedashedline only comprisestreegraphs
up to î Í p6 Î ; thedottedline just representstheleading-orderî Í p4 Î part.

Figure9.2: Q2 dependenceof HF3π H atfixedt Ò Ê 6 á 38 Õ 10Ù 2GeV2. While in thefirst
cases lies 7 á 29 Õ 10Ù 2GeV2 above the thresholdvalues0 Ò 4 m2

π, the secondfigure
describesthresholdproduction.
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Figure9.3: HFKKπ H at fixedQ2 Ò Ê q2 Ò 2 Õ 103MeV2 andthreedifferentt values.

Figure9.4: HFKKπ H at fixedt Ò Ê 6 á 38 Õ 10Ù 2GeV2; thes valueis chosento be7 á 29 Õ
10Ù 2GeV2 aboveandat threshold(s0 Ò Í mK × mπ Î 2).
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Chapter 10

Summary and outlook

In the presentPh.D. thesiswe have investigatedtwo fairly different,thoughrelated,
aspectsof theoddintrinsicparitysectorof mesonicChPTup to next-to-leadingorder,î Í p6 Î .

Thefirst parthasbeendevotedto theone-looprenormalizationof theleading-order
term,theso-calledWess-Zumino-Wittenaction.As everyrenormalizationprojectof a
(non-renormalizable)effectivefield theory, this formalisticprocedurehasbeencarried
outwithin threemajorsteps:

1. Extractionof therespectiveone-loopcontribution.

2. Compactisolationof arisingone-loopsingularities.

3. Absorptionof theisolatedinfinite structures.

Beforeaddressingthoseitems,a monomialSU Í nÎ setconstitutingthe mostgeneral
anomalouschiral Lagrangiandensityat î Í p6 Î , ã 6 ä ε, hasbeensystematicallydevel-
oped. Following the strategy of Fearingand Scherer[21], their final list could be
modifiedandreducedby slightly changingtheform (andthereforethetransformation
rules)of thebasicbuilding blocks.Thisway, theuseof theso-calledpartial-integration
argumentbecomesmoretransparentandefficient. In additionto that,theimplementa-
tion of Bianchiidentitiesandnew tracerelationshave led to furtherreductions.All in
all, we havederived24SU Í nÎ , 23 SU Í 3Î , and5 SU Í 2Î elements.

It is worth noting the following points. First, within our approach(which was,
e.g., also usedin [15, 79]) thereis little dangerof incompleteness,i.e., we should
not have missedany element.Nevertheless,oneshouldaskwhetheradditionalstruc-
turesmightbebuilt upfrom basicbuilding blockswhicharenot individually invariant.
Second,althoughwe have very carefully pursuedthe strategy mentionedabove, our
final setmaystill includefurtherredundancies.Accordingto our knowledge,thereis
no generalalgorithmto decideif a setof monomialsis linearly independentor not.
Therefore,our resultinglist might get modifiedin the future. New substantialideas
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and/ormorerefinedmathematicalprocedurescould help to further reducethe num-
ber of terms. Clearly, thesmallerthenumber, thebetterfor thedeterminationof the
respectiveLECsandfor thepracticalapplicabilityof ChPTin general.

In orderto fully includee.m.processesinto theSU Í 2Î framework, thechiralgroup
hasbeenenlargedto SU Í nÎ L Õ SU Í nÎ R Õ U Í 1Î V, which naturally implies the rise of
additionalmonomials.We have presenteda setof 8 elementswhich is valid for any
flavour numbern.

As far as we can see,the presentstudy provides the most systematicandcom-
pleteaccounton anomalousp6 termsin mesonicChPT. In particular, thenumbersare
considerablysmallerthanthosegivenin [19, 20,21].

Items1. and2. requiresophisticatedtheoreticaltools, namelyspecifictopicsof
the path-integral formalism,suchasthe saddle-pointevaluation,andthe heatkernel
technique,which have beenintroducedanddiscussed.We have spenta greatdealof
effort oncollectingandillustratingthefundamentalideasandnotionsof eitherof these
methods.In otherwords,thepresentedmaterialis intendedto supplya compactand
helpfulsummaryto beassistedby whatevermoderntextbookonquantumfield theory.

After successfullychecking1. and2., which hadalreadybeenworkedout by sev-
eral groups[17, 18, 19, 20], point 3. hasbeenaddressed.The infinite partsof the
LECshave beenderivedfor all of our final sets(alsofor theextension).Notethatthe
exactnumberof LECsto receiveaninfinite partdependsonthechosenfinal setandis
thereforeof secondaryinterest.

As longasLECsremainundetermined,theassociatedLagrangiandensitydoesnot
have any predictive power. For this reason,oneneedsa numericalestimation,which
maystemfrom experimentaldataor from complementarytheoreticalmodels. In the
presentthesis,Feynmanrules have beenthoroughlyworked out, covering a subset
of 13 LECs,by consideringpureQCD ande.m.processes.In otherwords,thosecou-
plingshaveat leastformally beenfixed.Fitsto experimentaldata(if available)require,
of course,thepassagefrom Feynmanrulesto respectivecrosssections.A comparison
with adequatetheroreticalmodelscanalreadybeachievedonthelevel of reactionam-
plitudes.While someof ourLECshavebeenestimatedvia theoreticalmeans(within a
modelincludingvectormesonsasadditionalinternaldegreesof freedom),theadjust-
mentwith experimentaldatahasto bedonein thefuture.Morespacefor furtherwork
consistsin consideringthe remainingLECs aswell asthosebelongingto the exten-
sion (analysisof SU Í 2Î processes).However, theentiresetmight not becompletely
determinedwithin thenext decade.

Thesecondpart,which might bemoreinterestingfor experimentalists,dealswith
someapplication.A consistentone-loop,i.e., î Í p6 Î , calculationhasbeencarriedout
for theanomalousprocessγ ñ�Í qÎ × K í Í p1 Î0� K í Í p2 Î × π0 Í p3 Î . Besidesthe leading-
ordertreeterm,which is of î Í p4 Î , loopandfurthertreegraphsenteras î Í p6 Î correc-
tions.Loopsemergefrom two differentsources:Y So-calledregularloops.Y Loopsdueto wave function renormalizationandcorrectionsto the decaycon-
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stants.

By allowing internalvectormesondegreesof freedomtheinvolved î Í p6 Î LECshave
beenestimated.Ourentiremethodandits outcomehasbeencross-checkedby recom-
putingthereactionγ ñ�Í qÎ × π í Í p1 Î	� π í Í p2 Î × π0 Í p3 Î andcomparingwith [63, 64].

Thepionic processhadalreadybeeninvestigatedwithin a Primakoff experiment,
π í × N Í Z � AÎ�� π í × N Í Z � AÎ × π0 [78]. TheassociatedChPTstructurefunctionhas
beennumericallyevaluatedand discussedfor the kinematicsproposedin [78]. In
addition,wehavestudiedits Q2 dependence.Thesamehasbeendonefor kaons.

Both, the kaonicandthe pionic reaction,aresubjectof experimentsof the type
K í × eÙ � K í × eÙ × π0 to bedonein thenearfuture. Theentiretheoreticalframe-
work which is necessaryto computethe correspondingdifferentialcrosssectionhas
beenpresented.As soonasthekinematicalareasof theexperimentsareknown, one
can start calculatingnumericalChPT predictions. The resultsmust then be imple-
mentedin aneventgenerationto identify regionsof phasespacewhicharesensitiveto
FKKπ or F3π, respectively.
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Appendix A

Initial structur es
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# initial structures

1 i Ï!Í DλDλU ÎVÙBÍ DµU ÎVÙBÍ DνU ÎVÙBÍ DαU ÎVÙBÍ DβU ÎVÙ Ñ εµναβ

2 i Ï!Í DλDµU ÎVÙ ï Í DλU ÎVÙBÍ DνU ÎVÙBÍ DαU ÎVÙBÍ DβU ÎVÙ × Í DβU ÎVÙBÍ DαU ÎVÙBÍ DνU ÎVÙBÍ DλU ÎVÙ|ð Ñ εµναβ

3 i Ï!Í DλDµU ÎVÙ ï Í DνU ÎVÙBÍ DλU ÎVÙBÍ DαU ÎVÙBÍ DβU ÎVÙ × Í DβU ÎVÙBÍ DαU ÎVÙBÍ DλU ÎVÙBÍ DνU ÎVÙ|ð Ñ εµναβ

4 i Ï!Í χ ÎgÙ�Í DµU ÎVÙBÍ DνU ÎVÙBÍ DαU ÎVÙBÍ DβU ÎVÙ Ñ εµναβ

5 Ï!Í DλGλµ Î Ð Í DνU ÎVÙBÍ DαU ÎVÙBÍ DβU ÎVÙ Ñ εµναβ

6 Ï!Í DλGµν Î Ð ï Í DλU ÎVÙBÍ DαU ÎVÙBÍ DβU ÎVÙ�Ê�Í DβU ÎVÙBÍ DαU ÎVÙBÍ DλU ÎVÙ�ð Ñ εµναβ

7 Ï!Í DλGµν Î Ð Í DαU ÎVÙBÍ DλU ÎVÙBÍ DβU ÎVÙ Ñ εµναβ

8 Ï!Í DµGλν Î Ð ï Í DλU ÎVÙBÍ DαU ÎVÙBÍ DβU ÎVÙ�Ê�Í DβU ÎVÙBÍ DαU ÎVÙBÍ DλU ÎVÙ�ð Ñ εµναβ

9 Ï!Í DµGλν Î Ð Í DαU ÎVÙBÍ DλU ÎVÙBÍ DβU ÎVÙ Ñ εµναβ

10 Ï,Í DµGνα Î Ð ï Í DλU ÎVÙBÍ DλU ÎVÙBÍ DβU ÎVÙ�Ê�Í DβU ÎgÙÚÍ DλU ÎVÙBÍ DλU ÎgÙ�ð Ñ εµναβ

11 Ï!Í Gµν Î Ð ï Í DλDλU ÎVÙBÍ DαU ÎVÙBÍ DβU ÎgÙ�Ê Í DβU ÎVÙBÍ DαU ÎVÙBÍ DλDλU ÎVÙ|ð Ñ εµναβ

12 Ï!Í Gλµ Î Ð ï Í DλDνU ÎVÙ�Í DαU ÎVÙBÍ DβU ÎVÙ�Ê�Í DβU ÎVÙBÍ DαU ÎVÙBÍ DλDνU ÎVÙ|ð Ñ εµναβ

13 Ï!Í Gµν Î Ð ï Í DλDαU ÎgÙÚÍ DλU ÎVÙBÍ DβU ÎgÙ�Ê Í DβU ÎVÙBÍ DλU ÎVÙBÍ DλDαU ÎVÙ|ð Ñ εµναβ

14 Ï!Í Gµν Î Ð ï Í DλDαU ÎgÙÚÍ DβU ÎVÙBÍ DλU ÎgÙ�Ê Í DλU ÎVÙBÍ DβU ÎVÙBÍ DλDαU ÎVÙ|ð Ñ εµναβ

15 Ï!Í Gµν Î Ð Í DαU ÎVÙBÍ DλDλU ÎVÙBÍ DβU ÎVÙ Ñ εµναβ

16 Ï!Í Gλµ Î Ð Í DνU ÎgÙÚÍ DλDαU ÎVÙBÍ DβU ÎVÙ Ñ εµναβ

17 Ï!Í Gµν Î Ð ï Í DλU ÎVÙBÍ DλDαU ÎVÙBÍ DβU ÎgÙ�Ê Í DβU ÎVÙBÍ DλDαU ÎVÙBÍ DλU ÎVÙ|ð Ñ εµναβ

18 Ï,Í DλDµHνα Î Ð ï Í DλU ÎVÙBÍ DβU ÎVÙ × Í DβU ÎVÙBÍ DλU ÎgÙ�ð Ñ εµναβ

19 Ï!Í DλHµν Î Ð ï Í DλDαU ÎgÙÚÍ DβU ÎVÙ × Í DβU ÎgÙÚÍ DλDαU ÎVÙ�ð Ñ εµναβ

20 Ï!Í DµHλν Î Ð ï Í DλDαU ÎgÙÚÍ DβU ÎVÙ × Í DβU ÎgÙÚÍ DλDαU ÎVÙ�ð Ñ εµναβ

21 Ï!Í DµHνα Î Ð ï Í DλDλU ÎVÙBÍ DβU ÎVÙ × Í DβU ÎVÙÚÍ DλDλU ÎVÙ|ð Ñ εµναβ

22 Ï!Í DµHνα Î Ð ï Í DλDβU ÎVÙBÍ DλU ÎVÙ × Í DλU ÎVÙÚÍ DλDβU ÎVÙ|ð Ñ εµναβ

23 Ï,Í Hµν Î Ð ï Í DλDλDαU ÎVÙBÍ DβU ÎVÙ × Í DβU ÎVÙBÍ DλDλDαU ÎgÙ�ð Ñ εµναβ

24 Ï,Í Hλµ Î Ð ï Í DλU ÎVÙÚÍ DνU ÎVÙBÍ DαU ÎVÙBÍ DβU ÎgÙ × Í DβU ÎVÙBÍ DαU ÎVÙBÍ DνU ÎVÙBÍ DλU ÎgÙ�ð Ñ εµναβ

25 Ï,Í Hλµ Î Ð ï Í DνU ÎgÙÚÍ DλU ÎVÙBÍ DαU ÎVÙBÍ DβU ÎgÙ × Í DβU ÎVÙBÍ DαU ÎVÙBÍ DλU ÎgÙÚÍ DνU ÎgÙ�ð Ñ εµναβ

26 Ï!Í Hµν Î Ð ï Í DλU ÎVÙBÍ DλU ÎVÙBÍ DαU ÎVÙBÍ DβU ÎVÙ × Í DβU ÎVÙBÍ DαU ÎVÙBÍ DλU ÎVÙBÍ DλU ÎVÙ�ð Ñ εµναβ
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# continuation
27 Ï!Í Hµν Î Ð ï Í DλU ÎVÙBÍ DαU ÎVÙBÍ DλU ÎVÙÚÍ DβU ÎVÙ × Í DβU ÎVÙBÍ DλU ÎVÙBÍ DαU ÎVÙBÍ DλU ÎVÙ|ð Ñ εµναβ

28 Ï!Í DλDµHνα Î Ð Ñ Ï!Í DλU ÎVÙBÍ DβU ÎgÙ Ñ εµναβ

29 Ï!Í DλDλDµU ÎVÙ Ñ Ï,Í Hνα Î Ð Í DβU ÎgÙ Ñ εµναβ

30 Ï!Í Hµν Î Ð Í DαU ÎgÙ Ñ Ï!Í DβU ÎVÙBÍ DλU ÎVÙBÍ DλU ÎVÙ Ñ εµναβ

31 Ï,Í Hµν Î Ð ï Í DλU ÎVÙBÍ DαU ÎgÙ × Í DαU ÎVÙBÍ DλU ÎVÙ|ð Ñ Ï!Í DλU ÎVÙBÍ DβU ÎVÙ Ñ εµναβ

32 Ï!Í Dµχ Î Ð Í DνHαβ Î Ð Ñ εµναβ

33 Ï,Í Dµχ Î Ð ï Í Gνα Î Ð Í DβU ÎgÙ�Ê Í DβU ÎVÙBÍ Gνα Î Ð ð Ñ εµναβ

34 Ï!Í Dµχ ÎVÙ ï Í Hνα Î Ð Í DβU ÎgÙ × Í DβU ÎVÙBÍ Hνα Î Ð ð Ñ εµναβ

35 Ï!Í DµGνα Î Ð ï Í χ Î Ð Í DβU ÎVÙ�Ê�Í DβU ÎVÙBÍ χ Î Ð ð Ñ εµναβ

36 Ï,Í DµHνα Î Ð ï Í χ ÎgÙÚÍ DβU ÎVÙ × Í DβU ÎVÙBÍ χ ÎgÙ�ð Ñ εµναβ

37 i Ï!Í DλGλµ Î Ð ï Í Gνα Î Ð Í DβU ÎVÙ × Í DβU ÎVÙBÍ Gνα Î Ð ð Ñ εµναβ

38 i Ï!Í DλGµν Î Ð ï Í Gλα Î Ð Í DβU ÎVÙ × Í DβU ÎgÙÚÍ Gλα Î Ð ð Ñ εµναβ

39 i Ï!Í DλGµν Î Ð ï Í Gαβ Î Ð Í DλU ÎVÙ × Í DλU ÎgÙÚÍ Gαβ Î Ð ð Ñ εµναβ

40 i Ï!Í DµGλν Î Ð ï Í Gλ
α Î Ð Í DβU ÎVÙ × Í DβU ÎgÙÚÍ Gλ

α Î Ð ð Ñ εµναβ

41 i Ï!Í DµGλν Î Ð ï Í Gαβ Î Ð Í DλU ÎVÙ × Í DλU ÎgÙÚÍ Gαβ Î Ð ð Ñ εµναβ

42 i Ï!Í DµGνα Î Ð ï Í Gλβ Î Ð Í DλU ÎgÙ × Í DλU ÎVÙBÍ Gλβ Î Ð ð Ñ εµναβ

43 i Ï!Í DλHλµ Î Ð ï Í Hνα Î Ð Í DβU ÎVÙ × Í DβU ÎgÙÚÍ Hνα Î Ð ð Ñ εµναβ

44 i Ï!Í DλHµν Î Ð ï Í Hλα Î Ð Í DβU ÎVÙ × Í DβU ÎVÙBÍ Hλα Î Ð ð Ñ εµναβ

45 i Ï!Í DλHµν Î Ð ï Í Hαβ Î Ð Í DλU ÎVÙ × Í DλU ÎVÙBÍ Hαβ Î Ð ð Ñ εµναβ

46 i Ï!Í DµHλν Î Ð ï Í Hλ
α Î Ð Í DβU ÎVÙ × Í DβU ÎVÙBÍ Hλ

α Î Ð ð Ñ εµναβ

47 i Ï!Í DµHλν Î Ð ï Í Hαβ Î Ð Í DλU ÎVÙ × Í DλU ÎVÙBÍ Hαβ Î Ð ð Ñ εµναβ

48 i Ï,Í DµHνα Î Ð ï Í Hλβ Î Ð Í DλU ÎVÙ × Í DλU ÎVÙBÍ Hλβ Î Ð ð Ñ εµναβ

49 i Ï!Í DλDλU ÎVÙBÍ Gµν Î Ð Í Gαβ Î Ð Ñ εµναβ

50 i Ï!Í DλDµU ÎVÙ ï Í Gλν Î Ð Í Gαβ Î Ð × Í Gαβ Î Ð Í Gλν Î Ð ð Ñ εµναβ

51 i Ï!Í DλDλU ÎgÙÚÍ Hµν Î Ð Í Hαβ Î Ð Ñ εµναβ

52 i Ï!Í DλDµU ÎVÙ ï Í Hλν Î Ð Í Hαβ Î Ð × Í Hαβ Î Ð Í Hλν Î Ð ð Ñ εµναβ

53 Ï!Í χ ÎgÙ ï Í Gµν Î Ð Í DαU ÎVÙBÍ DβU ÎVÙ�Ê�Í DβU ÎVÙBÍ DαU ÎVÙBÍ Gµν Î Ð ð Ñ εµναβ

54 Ï,Í χ Î Ð ï Í Hµν Î Ð Í DαU ÎVÙBÍ DβU ÎVÙ × Í DβU ÎVÙBÍ DαU ÎVÙBÍ Hµν Î Ð ð Ñ εµναβ

55 i Ï!Í Gλµ Î Ð ï Í Hλ
ν Î Ð Í DαU ÎVÙBÍ DβU ÎgÙ�Ê Í DβU ÎVÙBÍ DαU ÎVÙBÍ Hλ

ν Î Ð ð Ñ εµναβ

56 i Ï!Í Gλµ Î Ð ï Í Hνα Î Ð Í DλU ÎVÙBÍ DβU ÎgÙ�Ê Í DβU ÎVÙBÍ DλU ÎVÙBÍ Hνα Î Ð ð Ñ εµναβ

57 i Ï!Í Gλµ Î Ð ï Í Hνα Î Ð Í DβU ÎVÙBÍ DλU ÎgÙ�Ê Í DλU ÎVÙBÍ DβU ÎVÙBÍ Hνα Î Ð ð Ñ εµναβ

58 i Ï!Í Gµν Î Ð ï Í Hλα Î Ð Í DλU ÎVÙBÍ DβU ÎVÙ�Ê�Í DβU ÎVÙBÍ DλU ÎgÙÚÍ Hλα Î Ð ð Ñ εµναβ

59 i Ï!Í Gµν Î Ð ï Í Hλα Î Ð Í DβU ÎVÙBÍ DλU ÎVÙ�Ê�Í DλU ÎVÙBÍ DβU ÎgÙÚÍ Hλα Î Ð ð Ñ εµναβ

60 i Ï!Í Gµν Î Ð ï Í Hαβ Î Ð Í DλU ÎVÙBÍ DλU ÎVÙ�Ê�Í DλU ÎVÙBÍ DλU ÎgÙÚÍ Hαβ Î Ð ð Ñ εµναβ

61 Ï!Í χ ÎgÙ�Í DµU ÎVÙBÍ Gνα Î Ð Í DβU ÎVÙ Ñ εµναβ

62 i Ï!Í Gλµ Î Ð ï Í DλU ÎVÙBÍ Hνα Î Ð Í DβU ÎgÙ�Ê Í DβU ÎVÙBÍ Hνα Î Ð Í DλU ÎgÙ�ð Ñ εµναβ

63 i Ï!Í Gλµ Î Ð Í DνU ÎVÙBÍ Hλ
α Î Ð Í DβU ÎVÙ Ñ εµναβ

64 i Ï!Í Gµν Î Ð ï Í DλU ÎgÙÚÍ Hλα Î Ð Í DβU ÎVÙ�Ê�Í DβU ÎVÙBÍ Hλα Î Ð Í DλU ÎVÙ|ð Ñ εµναβ
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# continuation
65 Ï!Í Dµχ ÎVÙ Ñ Ï!Í Hνα Î Ð Í DβU ÎVÙ Ñ εµναβ

66 Ï!Í χ ÎVÙ Ñ Ï,Í DµHνα Î Ð Í DβU ÎVÙ Ñ εµναβ

67 Ï!Í χ ÎVÙ Ñ Ï!Í Gµν Î Ð Í DαU ÎgÙÚÍ DβU ÎVÙ Ñ εµναβ

68 Ï,Í χ Î Ð Í DµU ÎVÙ Ñ Ï!Í Hνα Î Ð Í DβU ÎVÙ Ñ εµναβ

69 i Ï,Í χ Î Ð ï Í Gµν Î Ð Í Hαβ Î Ð Ê�Í Hαβ Î Ð Í Gµν Î Ð ð Ñ εµναβ

70 i Ï!Í χ ÎVÙBÍ Gµν Î Ð Í Gαβ Î Ð Ñ εµναβ

71 i Ï!Í χ ÎVÙBÍ Hµν Î Ð Í Hαβ Î Ð Ñ εµναβ

72 Ï!Í Gµν Î Ð ï Í Gλα Î Ð Í Hλ
β Î Ð × Í Hλ

β Î Ð Í Gλα Î Ð ð Ñ εµναβ

73 i Ï,Í χ ÎVÙ Ñ Ï!Í Gµν Î Ð Í Gαβ Î Ð Ñ εµναβ

74 i Ï!Í χ ÎgÙ Ñ Ï!Í Hµν Î Ð Í Hαβ Î Ð Ñ εµναβ

TableA.1: List of 74 anomalousSU Í nÎ structuresof order î Í p6 Î we startwith. Be-
sidesthe hierarchyargumentdiscussedin the text (the four differentcategoriesare
separatedby triple lines),our orderingschemeis supposedto respectthe rule: single
tracesè multiple traces.
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# initial structures

1Ü ∂λv Ë sÌλµ Ï,Í DνU ÎgÙÚÍ DαU ÎVÙBÍ DβU ÎVÙ Ñ εµναβ

2Ü ∂λv Ë sÌµν Ï!Í DλU ÎVÙBÍ DαU ÎgÙÚÍ DβU ÎVÙ Ñ εµναβ

3Ü ∂µv Ë sÌλν Ï!Í DλU ÎVÙBÍ DαU ÎVÙBÍ DβU ÎVÙ Ñ εµναβ

4Ü v Ë sÌλµ Ï,Í DλDνU ÎVÙBÍ DαU ÎgÙÚÍ DβU ÎVÙ Ñ εµναβ

5Ü v Ë sÌµν Ï!Í DλDλU ÎVÙBÍ DαU ÎVÙBÍ DβU ÎVÙ Ñ εµναβ

6Ü v Ë sÌµν Ï!Í DλDαU ÎVÙ ï Í DλU ÎVÙBÍ DβU ÎVÙ�Ê�Í DβU ÎVÙBÍ DλU ÎVÙ|ð Ñ εµναβ

7Ü i ∂λv Ë sÌλµ Ï!Í Gνα Î Ð Í DβU ÎVÙ Ñ εµναβ

8Ü i ∂λv Ë sÌµν Ï,Í Gλα Î Ð Í DβU ÎgÙ Ñ εµναβ

9Ü i ∂λv Ë sÌµν Ï,Í Gαβ Î Ð Í DλU ÎgÙ Ñ εµναβ

10Ü i ∂µv Ë sÌλν Ï!Í Gλ
α Î Ð Í DβU ÎgÙ Ñ εµναβ

11Ü i ∂µv Ë sÌλν Ï!Í Gαβ Î Ð Í DλU ÎVÙ Ñ εµναβ

12Ü i ∂µv Ë sÌνα Ï!Í Gλβ Î Ð Í DλU ÎgÙ Ñ εµναβ

13Ü i v Ë sÌµν Ï!Í DλGλα Î Ð Í DβU ÎVÙ Ñ εµναβ

14Ü i v Ë sÌλµ Ï,Í DλGνα Î Ð Í DβU ÎgÙ Ñ εµναβ

15Ü i v Ë sÌµν Ï!Í DλGαβ Î Ð Í DλU ÎVÙ Ñ εµναβ

16Ü i v Ë sÌλµ Ï!Í DνGλ
α Î Ð Í DβU ÎVÙ Ñ εµναβ

17Ü i v Ë sÌµν Ï!Í DαGλβ Î Ð Í DλU ÎVÙ Ñ εµναβ

18Ü i v Ë sÌλµ Ï,Í DνGαβ Î Ð Í DλU ÎgÙ Ñ εµναβ

19Ü i v Ë sÌµν Ï!Í Gαβ Î Ð Í DλDλU ÎVÙ Ñ εµναβ

20Ü i v Ë sÌλµ Ï,Í Gνα Î Ð Í DλDβU ÎgÙ Ñ εµναβ

21Ü i v Ë sÌµν Ï!Í Gλα Î Ð Í DλDβU ÎVÙ Ñ εµναβ

22Ü i v Ë sÌλµ Ï!Í Hλ
ν Î Ð Í DαU ÎVÙBÍ DβU ÎVÙ Ñ εµναβ

23Ü i v Ë sÌλµ Ï!Í Hνα Î Ð ï Í DλU ÎVÙBÍ DβU ÎVÙ�Ê�Í DβU ÎVÙBÍ DλU ÎVÙ|ð Ñ εµναβ

24Ü i v Ë sÌµν Ï!Í Hλα Î Ð ï Í DλU ÎgÙÚÍ DβU ÎVÙ�Ê�Í DβU ÎgÙÚÍ DλU ÎVÙ|ð Ñ εµναβ

25Ü v Ë sÌµν Ï!Í χ ÎVÙBÍ DαU ÎVÙBÍ DβU ÎVÙ Ñ εµναβ

26Ü i v Ë sÌµν Ï!Í χ ÎgÙÚÍ Gαβ Î Ð Ñ εµναβ

27Ü v Ë sÌλµ Ï!Í Gλ
ν Î Ð Í Hαβ Î Ð Ñ εµναβ

28Ü v Ë sÌλµ Ï!Í Gνα Î Ð Í Hλ
β Î Ð Ñ εµναβ

29Ü v Ë sÌµν Ï!Í Gλα Î Ð Í Hλ
β Î Ð Ñ εµναβ

30Ü i v Ë sÌµν v Ë sÌαβ Ï!Í χ ÎgÙ Ñ εµναβ

TableA.2: List of 30 additionalanomalousp6 structuresdueto the extensionof the
chiral group.
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Appendix B

Eliminating relations

B.1 Relationsinduced by partial integrationÍ 1ÎßÊ Í 2Î × Í 3Î Ò 0 �Í 5Î × Í 12Î × Í 16Î Ò 0 �Í 6Î × Í 11Î × Í 14Î × Í 17Î Ò 0 �Í 7Î × Í 13Î × Í 15Î Ò 0 �Í 8ÎÞÊ�Í 12Î Ò 0 �Í 9Î × Í 16Î Ò 0 �Í 10Î × Í 13Î × Í 17Î Ò 0 �Í 18Î × Í 21Î × Í 22Î × 1
16
Í 26Î × 1

8
Í 27Î Ò 0 �Í 20ÎÞÊ 1

16
Í 24ÎÞÊ 1

16
Í 25Î Ò 0 �Í 22Î × 1

16
Í 26Î Ò 0 �Í 19Î × Í 23ÎÞÊ 1

16
Í 26ÎÞÊ 1

8
Í 27Î Ò 0 �Í 21Î × Í 23ÎÞÊ 1

8
Í 26Î Ò 0 �Í 28ÎÞÊ 1

8
Í 31Î Ò 0 �Í 29Î × 1

4
Í 30Î Ò 0 �Í 32Î × 1

4
Í 36Î × 1

16
Í 54Î Ò 0 �Í 32ÎÞÊ 1

4
Í 34Î Ò 0 �Í 37Î × Í 38ÎÞÊ�Í 50Î Ò 0 �
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Í 39Î × Í 49Î Ò 0 �Í 41Î × Í 42Î × Í 50Î Ò 0 �Í 43Î × Í 44ÎÞÊ�Í 52Î Ò 0 �Í 45Î × Í 51Î Ò 0 �Í 47Î × Í 48Î × Í 52Î Ò 0 �Í 65Î × Í 66ÎÞÊ 1
2
Í 68Î Ò 0; (B.1)Í 1ÜwÎ × 3 Í 4Ü Î Ò 0 �Í 2ÜwÎ × Í 5ÜwÎÞÊ�Í 6Ü Î Ò 0 �Í 7ÜwÎ × Í 14ÜwÎ × Í 20Ü Î Ò 0 �Í 8Ü Î × Í 13Ü Î × Í 21Ü Î Ò 0 �Í 9ÜwÎ × Í 15ÜwÎ × Í 19Ü Î Ò 0 �Í 10ÜwÎÞÊ�Í 16Ü Î Ò 0 á (B.2)

B.2 Relationsinduced by EOMÍ 1Î Ò Í 4Î��Í 11Î Ò Í 53ÎßÊ 2
Nf
Í 67Î��Í 15Î Ò Ê�Í 61ÎÞÊ 1

Nf
Í 67Î��Í 21Î Ò Í 36ÎßÊ 2

Nf
Í 66Î��Í 49Î Ò Í 70ÎßÊ 1

Nf
Í 73Î��Í 51Î Ò Í 71ÎßÊ 1

Nf
Í 74Î ; (B.3)Í 5Ü Î Ò Í 25Ü Î��Í 19ÜÝÎ Ò Í 26ÜwÎNá (B.4)

B.3 Epsilon relationsÍ 11Î × 2 Í 12ÎÞÊ�Í 13Î × Í 14Î Ò 0 �Í 15ÎßÊ 2 Í 16ÎÞÊ�Í 17Î Ò 0 �Í 24ÎÞÊ�Í 25Î Ò 0 �
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2 Í 24Î × Í 26ÎÞÊ�Í 27Î Ò 0 �Í 38ÎßÊ 2 Í 40Î × Í 42Î Ò 0 �Í 44ÎßÊ 2 Í 46Î × Í 48Î Ò 0 �Í 49ÎÞÊ 2 Í 50Î Ò 0 �Í 51ÎÞÊ 2 Í 52Î Ò 0 �
2 Í 55Î × Í 56ÎÞÊ�Í 57Î Ò 0 �
2 Í 55ÎßÊ Í 58Î × Í 59Î Ò 0 �

2 Í 56Î × 2 Í 58Î × Í 60Î Ò 0 �Í 62ÎÞÊ 2 Í 63Î Ò 0 �Í 62Î × Í 64Î Ò 0 �Í 72Î Ò 0; (B.5)

2 Í 1ÜwÎ × 3 Í 2ÜÝÎ Ò 0 �Í 1Ü Î × 3 Í 3Ü Î Ò 0 �
2 Í 7ÜwÎ × 2 Í 8ÜwÎ × Í 9ÜÝÎ Ò 0 �

2 Í 13ÜÝÎ × 2 Í 14ÜwÎ × Í 15ÜÝÎ Ò 0 �Í 13ÜÝÎ × 2 Í 16ÜwÎ × Í 17ÜÝÎ Ò 0 �Í 14ÜÝÎßÊ 2 Í 16ÜwÎÞÊ�Í 18ÜÝÎ Ò 0 �
2 Í 22ÜwÎ × Í 23ÜÝÎ Ò 0 �
2 Í 22ÜwÎÞÊ�Í 24ÜÝÎ Ò 0 �Í 27Ü ÎÞÊ�Í 29Ü Î Ò 0 �Í 28Ü Î × Í 29Ü Î Ò 0 á (B.6)

B.4 Relationsinduced by Bianchi identities

Í 10ÎÞÊ 1
4
Í 26Î Ò 0 �Í 32ÎÞÊ 1

4
Í 33Î Ò 0 �Í 35Î × 1

4
Í 54Î Ò 0 �Í 36ÎßÊ 1

4
Í 53Î × 1

2
Í 61Î Ò 0 �Í 42Î × 1

4
Í 57Î × 1

4
Í 62Î Ò 0 �Í 48ÎßÊ 1

4
Í 58ÎÞÊ 1

4
Í 64Î Ò 0 �
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Í 66ÎÞÊ 1
2
Í 67Î Ò 0; (B.7)Í 8ÜwÎßÊ 2 Í 10ÜwÎ Ò 0 �Í 9ÜwÎßÊ 2 Í 11ÜwÎ Ò 0 �Í 12ÜwÎ Ò 0 �Í 18Ü Î × 1

4
Í 23Ü Î Ò 0 á (B.8)

B.5 Trace relations

SU Í 2Î : Í 2Î Ò 0 �Í 4Î Ò 0 �Í 12Î Ò 0 �Í 13Î Ò 0 �Í 24Î Ò 0 �Í 26Î Ò 0 �Í 30Î Ò 0 �Í 31Î Ò 0 �Í 37Î Ò 0 �Í 43Î Ò 0 �Í 53Î × 2 Í 61Î Ò 0 �Í 53ÎßÊ�Í 67Î Ò 0 �Í 54Î × 2 Í 68Î Ò 0 �Í 58Î Ò 0 �Í 59Î Ò 0 �Í 60Î Ò 0 �Í 63Î Ò 0 �
2 Í 70ÎßÊ Í 73Î Ò 0 �
2 Í 71ÎßÊ Í 74Î Ò 0; (B.9)

SU Í 3Î : Í 26Î × Í 27Î × 2 Í 30Î × Í 31Î Ò 0 á (B.10)
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Appendix C

Functional calculus

For our purposes,functional analysis(and especiallythe functional derivative) can
be seenasthe ∞-dimensionalgeneralizationof finite-dimensionalanalysis.We first
repeatsomefundamentalnotionsof thefinite-dimensionalcaseandstatetheir infinite-
dimensionalcounterpartsafterwards.For a morerigorousintroductiononemaycon-
sult any textbookon thefield.

Y finite-dimensionalmapping:

f : Rm � Rn � x o� Í f1 Í xÎ��!ê,ê!ê�� fn Í xÎ!Î T (C.1)

with x Ò Í x1 �,ê!ê!êM� xm Î TY (total) derivative:

limp
h
p
m q 0 r f Í x × hÎÞÊ f Í xÎßÊ L Í xÎ h r nr h r m Ò 0 (C.2)

with L Í xÎ Ò ÷
∂ fi Í xÎ

∂x j
ø (Jacobian)

N.B.: if f linearmappingý L Í xÎ Ò L Ò f

specialcase:

f : Rm � R ý L Í xÎ Ò ÷
∂ f Í xÎ
∂x j

ø Ò gradf Í xÎ (C.3)

– partial derivative:

∂ f Í xÎ
∂xi

Ò lim
ε q 0

f Í x × εei ÎÞÊ f Í xÎ
ε

� N.B.:
∂x j

∂xi
Ò δi j
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– dir ectional derivative:Ï L Í xÎsHhÑÓÒ L Í xÎ T ê h Ò ∑
i

∂ f Í xÎ
∂xi

hi

– extrema:

gradf Í xÎ Ò 0 8 ∂ f Í xÎ
∂xi

Ò 0 : i

Y ∞-dimensionalmapping:

F : M � N � f o� F é f ë (C.4)

with M � N ∞-dimensionalBanachspacesY (total) derivative:

limp
h
p
M q 0 r F é f × hëhÊ F é f ë Ê δF

δ f é hë r Nr h r M Ò 0 (C.5)

specialcase:

F : M � R (functional) ý δF
δ f

(distribution) (C.6)

N.B.: if F distribution ý δF
δ f Ò F

– partial derivative:

δF
δ f Í xÎ Ò lim

ε q 0

F é f × εδ ÍsêNÊ xÎ"ëhÊ F é f ë
ε

� N.B.:
δ f Í yÎ
δ f Í xÎ Ò δ Í x Ê yÎ

– dir ectional derivative:

δF
δ f
é hë Òut δF

δ f
CCCC h v Ò U

dx
δF

δ f Í xÎ h Í xÎ
– extrema:

δF Ò 0 8 U
dx

δF
δ f Í xÎ h Í xÎ Ò 0 : h Í xÎ
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Appendix D

Gell-Mann matrices

In QCD and relatedtopics ( � ChPT) one cannothelp dealingwith the Lie group
SU Í 3Î . Therefore,let ushave a closerlook at its generatorsλi

2 , wherei û ï 1 �,ê!ê!êM� 8 ð .Theλi obey thefollowing commutationandanti-commutationrelations:é λa � λb ë Ò 2i fabcλc � ï λa � λb ð Ò 4
3

δab × 2dabcλc á (D.1)

Thecombinationof bothyieldsahelpful identity:

λaλb Ò i fabcλc × 2
3

δab × dabcλc á (D.2)

abc 123 147 156 246 257 345 367 458 678
fabc 1 1

2 Ê 1
2

1
2

1
2

1
2 Ê 1

2
1
2 ö 3 1

2 ö 3
abc 118 146 157 228 247 256 338 344

dabc

G
1
3

1
2

1
2

G
1
3 Ê 1

2
1
2

G
1
3

1
2

abc 355 366 377 448 558 668 778 888

dabc
1
2 Ê 1

2 Ê 1
2 Ê 1

2
>

3
Ê 1

2
>

3
Ê 1

2
>

3
Ê 1

2
>

3
Ê G 1

3

TableD.1: Non-vanishing f (totally anti-symmetric)andd coefficients(totally sym-
metric).

Thefollowingstandard(‘non-physical’)representationisalmostalwaysfoundin phys-
ical literature:

λ1 Ò �� 0 1 0
1 0 0
0 0 0  ! � λ2 Ò �� 0 Ê i 0

i 0 0
0 0 0  ! � λ3 Ò �� 1 0 0

0 Ê 1 0
0 0 0  ! �
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λ4 Ò �� 0 0 1
0 0 0
1 0 0  ! � λ5 Ò �� 0 0 Ê i

0 0 0
i 0 0  ! � λ6 Ò �� 0 0 0

0 0 1
0 1 0  ! �

λ7 Ò �� 0 0 0
0 0 Ê i
0 i 0  ! � λ8 Òuw 1

3 �� 1 0 0
0 1 0
0 0 Ê 2  ! á (D.3)

Nevertheless,for our needsit turnsout to bemoreconvenientto useso-called‘physi-
cal’ Gell-Mannmatrices,whicharejust linearcombinationof theformerones:

λI : Ò 1ö 2
Í λ1 × iλ2 Î�� λI I : Ò 1ö 2

Í λ1 Ê iλ2 Î��
λI I I : Ò λ3 �

... (D.4)

They explicitly read

λI Ò �� 0 ö 2 0
0 0 0
0 0 0  ! � λI I Ò �� 0 0 0ö 2 0 0

0 0 0  ! � λI I I Ò �� 1 0 0
0 Ê 1 0
0 0 0  ! �

λIV Ò �� 0 0 ö 2
0 0 0
0 0 0  ! � λV Ò"�� 0 0 0

0 0 0ö 2 0 0  ! � λVI Ò��� 0 0 0
0 0 ö 2
0 0 0  ! �

λVII Ò �� 0 0 0
0 0 0
0 ö 2 0  ! � λVII I Ò w 1

3 �� 1 0 0
0 1 0
0 0 Ê 2  ! á (D.5)
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Appendix E

Loop integrals

For our specificneedswe have to distinguishbetweentwo generaltypesof integrals
accordingto their numberof internal(loop) lines. Beforeroughlyexplaininghow to
evaluatetheseintegrals,let us have a word on dimensionalregularization.For more
calculationaldetailsconsult[80, 81,10, 61].

E.1 Dimensionalregularization

As the powerful techniqueof dimensionalregularizationhasbecomequite popular
overthelast30years,arathershortdescriptionof its mainideasseemsto besufficient.
In otherwords,this appendixis not meantto provide a mathematicallydetailedproof
but acompactreferenceof theresultsto bepresented.

Thecrucialpoint is to considerintegralsin n (non-integer!) space-timedimenions
which do coincidewith ours for n Ò 4. After having carriedout the relevant com-
putationsin n dimensions,the resultsarecontinuedbackto usualMinkowski space
isolatingthesingularpartsaspolesin ε Ò 4 Ê n. Thiswayonegetsanexplicit control
over singularities,i.e., onecanabsorbthemby judiciouslychoosingtherenormaliza-
tion constants.1

E.2 Integrals with oneinternal line

Firstof all, notethatwealwaysincludethefactorµ4 Ù n in orderto rendertheintegral’s
dimensionalityindependentof n. The parameterµ is an arbitraryauxiliary quantity
whichhasthedimensionof amass.It appearsin theintermediatepartsof ourcalcula-
tions,but cannotultimatelyinfluencerelationsbetweenphysicalobservables.

1As alwaysin QCD the so-calledmodifiedminimal substractionschemewill be appliedin which
renormalizationconstantsare chosento subtractoff not only the ε polesbut also the omnipresentæ ln æ 4π ç � Γ þ5æ 1ç � 1çcx 32π2 term.
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Theassociatedmasterintegral canbeshown to yield

I Í m2 Î Ò U
dnlÍ 2π Î n µ4 Ù n i

l2 Ê m2 × iε

Ò m2

16π2 yzz{ Ê 2
ε × γE Ê 1 Ê ln Í 4π Î2 354 6

R

× ln

÷
m2

µ2 ø ×Wî Í ε Î}|�~~� á (E.1)

Although beingstandard,the above notationmight be slightly confusing. The ε
symbolin the last line is supposedto substitute4 Ê n andhasnothingto do with the
one in the first line indicating how to evaluatethe integral. Furthermore,note that
Euler’sconstantγE equalsÊ Γ Ü Í 1Î .
E.3 Integrals with two internal lines

Next, we want to examineintegralsinvolving two internallines. Sincethe two prop-
agatingparticlesdo not needto have the samemass,we must considera general
(m2

1 õÒ m2
2) anda specialcase(m2 Ò m2

1 Ò m2
2). Let usstartwith the latteronewhose

solutionis, of course,lesscomplicatedandthereforemoreinstructive.

E.3.1 Specialcase

Essentiallyusingtheso-calledFeynmantrick

1
ab Ò U 1

0
dz

1é az × b Í 1 Ê zÎ"ë 2 � (E.2)

themasterintegral turnsout to be

B0 Í m2 � a2 Î Ò U
dnlÍ 2π Î n µ4 Ù n ié l2 Ê m2 × iε ëxéwÍ l × aÎ 2 Ê m2 × iε ëÒ 1

16π2 � R × 1 × ln

÷
m2

µ2 ø × J Ë 0Ì ÷ a2

m2 ø�� � (E.3)

with thedefinition

J Ë kÌ Í xÎ : Ò U 1

0
dyyk ln V 1 × x Í y2 Ê yÎÞÊ iε Xxá (E.4)

For k Ò 0 theabove functionbecomes

J Ë 0Ì Í xÎ Ò ���� ���
Ê 2 Ê σ ln # σ Ù 1

σ Ð 1 � Í x � 0ÎÊ 2 × 2
G

4
x Ê 1arccot

÷ G
4
x Ê 1ø Í 0 . x � 4ÎÊ 2 Ê σ ln # 1 Ù σ

1Ð σ �BÊ iπσ Í x è 4Î �
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(E.5)

where σ Í xÎ Ò w 1 Ê 4
x
� x Tû é 0 � 4ë á

At this stage,weneedto pointout thatthetensorintegrals

aµB1 Í m2 � q2 Î Ò U
dnlÍ 2π Î n µn Ù 4 il µé l2 Ê m2 × iε ë évÍ l × aÎ 2 Ê m2 × iε ë (E.6)

and

aµaνB21 Í m2 � a2 Î × a2gµνB22 Í m2 � a2 ÎÒ U
dnlÍ 2π Î n µ4 Ù n il µlνé l2 Ê m2 × iε ë évÍ l × aÎ 2 Ê m2 × iε ë (E.7)

canbe expressedin termsof (E.1) and(E.3). Observe that thereis no otherway to
write theleft-handsideof (E.6)and(E.7)dueto Lorentzcovarianceandtheavailable
variables.First, let usconsidertheauxiliary integral B1 Í m2 � a2 Î by contracting(E.6)
with aµ

a2B1 Í m2 � a2 Î Ò U
dnlÍ 2π Î n µn Ù 4 ia ê lé l2 Ê m2 × iε ë évÍ l × aÎ 2 Ê m2 × iε ë á (E.8)

Respectingtheidentity

a ê l Ò 1
2
évÍ l × aÎ 2 Ê m2 Ê�Í l2 × a2 Ê m2 Î"ë_� (E.9)

onefinds

a2B1 Í m2 � a2 Î Ò i
2

U
dnlÍ 2π Î nµn Ù 4 éuÍ l × aÎ 2 Ê m2 ë Ê�é l2 Ê m2 ëhÊ a2é l2 Ê m2 × iε ë éuÍ l × aÎ 2 Ê m2 × iε ëÒ i

2

U
dnlÍ 2π Î nµn Ù 4 Û 1

l2 Ê m2 × iε
Ê 1Í l × aÎ 2 Ê m2 × iεÊ a2é l2 Ê m2 × iε ë évÍ l × aÎ 2 Ê m2 × iε ë àÒ Ê 1

2
a2B0 Í m2 � a2 ÎNá (E.10)

Next, we determinethe function B22 Í m2 � a2 Î which is the only one to occur in our
calculation.To thisend,multiply (E.7)by gµν andusegµνgµν Ò n:

a2B21 Í m2 � a2 Î × na2B22 Í m2 � a2 ÎÒ U
dnlÍ 2π Î n µn Ù 4 il 2é l2 Ê m2 × iε ëxéwÍ l × aÎ 2 Ê m2 × iε ëÒ U
dnlÍ 2π Î n µn Ù 4 i Í l2 Ê m2 × m2 Îé l2 Ê m2 × iε ëxéwÍ l × aÎ 2 Ê m2 × iε ëÒ I Í m2 Î × m2B0 Í m2 � a2 ÎQá (E.11)
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On theotherhand,contracting(E.7)with aµ yields:

a2aν # B21 Í m2 � a2 Î × B22 Í m2 � a2 Î��Ò U
dnlÍ 2π Î n µn Ù 4 ia ê l lνé l2 Ê m2 × iε ëxéwÍ l × aÎ 2 Ê m2 × iε ëÒ µn Ù 4 i

2

U
dnlÍ 2π Î n lν

l2 Ê m2 × iεÊ µn Ù 4 i
2

U
dnlÍ 2π Î n lνÍ l × aÎ 2 Ê m2 × iεÊ µn Ù 4 ia2

2

U
dnlÍ 2π Î n lνé l2 Ê m2 × iε ë�éuÍ l × aÎ 2 Ê m2 × iε ëÒ aν

2
I Í m2 Î × a2aν

4
B0 Í m2 � a2 ÎQá (E.12)

Takingadvantageof (E.11)and(E.12),B22 reads:

B22 Í m2 � a2 Î Ò 1Í n Ê 1Î a2 � 12I Í m2 Î × 4m2 Ê a2

4
B0 Í m2 � a2 Î � á (E.13)

Our basicintegrals I Í m2 Î and B0 Í m2 � a2 Î both containthe quantity R which di-
vergesfor n Ò 4. Thatis thereasonwhy wehaveto work out theTaylorexpansionforÍ n Ê 4Î�� 1. With

1
n Ê 1 Ò 1

3
Ê n Ê 4

9 ×Wî � Í n Ê 4Î 2 � �Í n Ê 4Î B0 Í m2 � a2 Î Ò 1
8π2 × î Í n Ê 4Î��Í n Ê 4Î I Í m2 Î Ò m2

8π2 × î Í n Ê 4Î�� (E.14)

wefinally obtain

a2B22 Í m2 � a2 Î Ò I Í m2 Î
6 × # 4m2 Ê a2 � B0 Í m2 � a2 Î

12
Ê m2

48π2 × a2

288π2 á (E.15)

E.3.2 General case

For thegeneral(andmorecomplicated)caseoneclearlyhasto proceedanalogously.
Here,wesimply quotethoseresultswhich enterourcalculations:

B̃0 Í m2
1 � m2

2 � a2 Î Ò U
dnlÍ 2π Î n µ4 Ù n ié l2 Ê m2

1 × iε ë évÍ l × aÎ 2 Ê m2
2 × iε ëÒ µ4 Ù n i

U 1

0
dz
U

dnlÍ 2π Î n Í l2 Ê A2 Í zÎ × iε Î Ù 2

126



Ò 1Í 4π Î 2 Û R × 1 × U 1

0
dzln

÷
A2 Í zÎÞÊ iε

µ2 ø�à
with A2 Í zÎ Ò sz2 × Í m2

2 Ê m2
1 Ê sÎ z × m2

1 � where s : Ò a2 á (E.16)

Theremainingintegral leadsto therealpartU 1

0
dzln

÷ H sz2 × Í m2
2 Ê m2

1 Ê sÎ z × m2
1 H

µ2 øÒ Ê 2 × 1
2 Û ln

÷
m2

1

µ2 ø × ln

÷
m2

2

µ2 ø�à × m2
1 Ê m2

2

2s
ln

÷
m2

1

m2
2

ø × F �
with

F Ò ����� ����
Λ
s ln ��� sÙ Ë m2

1 Ð m2
2 Ì Ð Λ �2m1m2

� for s . Í m1 Ê m2 Î 2 or s � Í m1 × m2 Î 2Ê Λ
s arctan� Λ

sÙ Ë m2
1 Ð m2

2 Ì � for Í m1 Ê m2 Î 2 . s . m2
1 × m2

2Ê Λ
s

Ö
arctan� Λ

sÙ Ë m2
1 Ð m2

2 Ì � Ê π Ø for m2
1 × m2

2 . s . Í m1 × m2 Î 2
and

Λ Ò G H Í s Ê�Í m2
1 × m2

2 Î,Î 2 Ê 4m2
1m2

2 HÒ �� �
G

4m2
1m2

2 Ê Í s Ê�Í m2
1 × m2

2 Î!Î 2 for Í m1 Ê m2 Î 2 � s � Í m1 × m2 Î 2 áG Í s Ê�Í m2
1 × m2

2 Î!Î 2 Ê 4m2
1m2

2 otherwise

(E.17)

ThecorrespondingimaginarypartreadsÊ i
π
s

Θ Í s Ê�Í m1 × m2 Î 2 Î G Í s Ê�Í m2
1 × m2

2 Î!Î 2 Ê 4m2
1m2

2 á (E.18)

Again,weneedto know thesecondconstituentof thefollowing sum

aµaνB̃21 Í m2
1 � m2

2 � a2 Î × a2gµνB̃22 Í m2
1 � m2

2 � a2 ÎÒ U
dnlÍ 2π Î n µ4 Ù n il µlνé l2 Ê m2

1 × iε ë évÍ l × aÎ 2 Ê m2
2 × iε ë á (E.19)

Onefinds

B̃22 Í m2
1 � m2

2 � a2 Î Ò I Í m2
1 Î × I Í m2

2 Î
12a2 × Í m2

1 Ê m2
2 Î # I Í m2

1 ÎßÊ I Í m2
2 Î��

12a4Ê ÷
1
12
Ê 1

6a2 Í m2
1 × m2

2 Î × 1
12a4 Í m2

1 Ê m2
2 Î 2 ø B̃0 Í m2

1 � m2
2 � a2 ÎÊ m2

1 × m2
2

96π2a2 × 1
288π2 á (E.20)

OnecaneasilycheckthatB̃0 Í m2
1 � m2

2 � a2 Î andB̃22 Í m2
1 � m2

2 � a2 Î arebothinvariantunder
massexchange(m2

1 S m2
2). Whensettingm2

1 Ò m2
2 werediscoverour formerresults.
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ThomasEbertsḧauser

Chirale Störungstheoriefür Mesonen– Sektor
ungerader innerer Parit ät

In dervorliegendenDissertationwurdenzweiverschiedeneAspektedesSektorsunger-
aderinnererParitätdermesonischenchiralenStörungstheorie,welcherauchalsanomal
bezeichnetwird, untersucht.

Der erste,eherformaleKomplex der Arbeit befaßtesich mit der Ein-Schleifen-
Renormierungdes führendenanomalenTerms (der chiralen Ordnung î Í p4 Î!Î , der
sog. Wess-Zumino-Witten-Wirkung. Wie jedesRenormierungsprojekteiner (nicht
renormierbaren)effektivenWirkung, ließ sichdiesesVorhabenin drei Teilschritteun-
tergliedern.ZunächstmußtedergesamteEin-Schleifen-AnteilderTheoriemittelsder
Sattelpunkt-Methode,die auf dem Pfadintegral-Formalis- mus fußt, extrahiert wer-
den. Im Anschlußkonntenalle singul̈arenEin-Schleifen-Strukturenim Rahmender
Heat-Kernel-Technik isoliert werden. Zu guterLetzt mußtendiesedivergentenAn-
teilederOrdnung î Í p6 Î absorbiertwerden.Zur Absorptionben̈otigtemandahereine
allgemeinsteanomaleLagrange-DichtederOrdnungî Í p6 Î , welcheaufbauendaufder
Arbeit vonFearingundScherersystematischentwickelt wurde.Erweitertmandiechi-
raleGruppeSU Í nÎ L Õ SU Í nÎ R aufSU Í nÎ L Õ SU Í nÎ R Õ U Í 1Î V, sokommenzus̈atzliche
MonomeinsSpiel,welcheebenfallsbestimmtwurden.Die renormiertenKoeffizienten
dieserallgemeinstenLagrange-Dichte,die Niederenergiekonstanten,warenzun̈achst
alsfreie Parameterzu betrachten.Um die Theoriemit physikalischerVorhersagekraft
auszustatten,mußtendieseKoeffizientenindividuell fixiert werden.UnterBetrachtung
eineskomplemenẗarenModells,daszus̈atzlichevektormesonischeFreiheitsgradevor-
sah,konntendie Amplituden geeigneterProzessebestimmtund durchstrukturellen
Vergleich mit den Ergebnissender mesonischenchiralen Störungstheorieeine nu-
merischeAbscḧatzungeinigerNiederenergiekonstantenvorgenommenwerden.

DerangewandteTeil hatteeinekonsistenteEin-Schleifen-Rechnungfür denanoma-
len Prozeßγ ñ × K í � K í × π0 zum Inhalt. Nebendem Baum-Graphender Ord-
nung î Í p4 Î mußtenSchleifen-und Baum-Diagrammeder Ordnung î Í p6 Î einbezo-
genwerden.Die entstandenenDivergenzenwurdenerwartungsgem̈aßvon denzuvor
renormiertenNiederenergiekonstantenweggehoben.Zur KontrolleunsererResultate
wurdeeinebereitsvorhandeneRechnungzumProzeßγ ñ × π í � π í × π0 reproduziert.
UnterEinbeziehungderabgescḧatztenWerteder jeweiligenNiederenergiekonstanten
konntendie zugeḧorigen hadronischenStrukturfunktionennumerischbestimmtund
diskutiertwerden.
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