Quantum Gravity Effects in
Rotating Black Hole Spacetimes

Dissertation
zur Erlangung des Grades
“Doktor der Naturwissenschaften”
am Fachbereich Physik
der Johannes Gutenberg-Universitat

in Mainz

Erick Tuiran

geb. in Barrancabermeja (Kolumbien)

Mainz, den 24 Oktober, 2007



Abstract

The aim of this work is to explore, within the framework of the presumably
asymptotically safe Quantum Einstein Gravity, quantum corrections to black hole
spacetimes, in particular in the case of rotating black holes. We have analysed
this problem by exploiting the scale dependent Newton’s constant implied by the
renormalization group equation for the effective average action, and introducing an
appropriate “cutoff identification” which relates the renormalization scale to the
geometry of the spacetime manifold. We used these two ingredients in order to
“renormalization group improve” the classical Kerr metric that describes the space-
time generated by a rotating black hole.

We have focused our investigation on four basic subjects of black hole physics.
The main results related to these topics can be summarized as follows. Concerning
the critical surfaces, i.e. horizons and static limit surfaces, the improvement leads
to a smooth deformation of the classical critical surfaces. Their number remains
unchanged. In relation to the Penrose process for energy extraction from black
holes, we have found that there exists a non-trivial correlation between regions of
negative energy states in the phase space of rotating test particles and configurations
of critical surfaces of the black hole. As for the vacuum energy-momentum tensor
and the energy conditions we have shown that no model with “normal” matter, in
the sense of matter fulfilling the usual energy conditions, can simulate the quantum
fluctuations described by the improved Kerr spacetime that we have derived. Finally,
in the context of black hole thermodynamics, we have performed calculations of the
mass and angular momentum of the improved Kerr black hole, applying the standard
Komar integrals. The results reflect the antiscreening character of the quantum
fluctuations of the gravitational field. Furthermore we calculated approximations to
the entropy and the temperature of the improved Kerr black hole to leading order in
the angular momentum. More generally we have proven that the temperature can
no longer be proportional to the surface gravity if an entropy-like state function is

to exist.



Zusammenfassung

Das Hauptziel dieser Arbeit ist die Untersuchung von Quanteneffekten in der
Raumzeit schwarzer Locher im Rahmen der vermutlich asymptotisch sicheren Quanten-
Einsteingravitation, wobei insbesondere rotierende schwarze Locher betrachtet wer-
den. Grundlage der Untersuchungen ist die skalenabhangige Newton-Konstante,
die sich aus der Renormierungsgruppengleichung der effektiven Mittelwertwirkung
ergibt, sowie eine “Cutoff-Identifikation”, die die Renormierungsskala zur Geome-
trie der Raumzeitmannigfaltigkeit in Beziehung setzt. In diesem Rahmen wird eine
“Renormierungsgruppenverbesserung” der klassischen Kerr-Metrik durchgefiihrt, die
die Raum
zeit eines rotierenden schwarzen Loches beschreibt.

Die Untersuchungen konzentrieren sich auf vier zentrale Fragestellungen der
Physik schwarzer Locher. Die jeweils wichtigsten Ergebnisse zu diesen Themen
konnen folgendermafien zusammengefasst werden. Hinsichtlich der kritischen Flachen,
d.h. der Horizonte und statischen Grenzflachen, zeigt es sich, dafl die Quanteneffekte
zwar zu einer Deformation der entschprechenden klassischen Flachen fithren, deren
Art und Anzahl aber unverandert bleibt. Im Zusammenhang mit dem Penrose-
Prozess zur Energieextraktion aus schwarzen Lochern wurde eine nichttriviale Ko-
rrelation zwischen den Parameterbereichen negativer Energie fiir rotierende Test-
teilchen und den kritischen Flachen gefunden. In Bezug auf den Energieimpulstensor
des Vakuums und seiner Positivitatseigenschaften wurde gezeigt, dafi es kein Modell
mit “normaler” Materie, d.h. solcher, die die iiblichen Energiebedingungen erfiillt,
geben kann, dessen Materie die beriicksichtigten Quanteneffekte simuliert. Umfan-
greiche Untersuchungen beschaftigen sich mit der Thermodynamik dieser schwarzen
Locher. Thre Masse und ihr Drehimpuls wurden iiber die Komar-Integrale berech-
net; die Ergebnisse spiegeln den anti-abschirmenden Charakter der Quantenfluk-
tuationen der Metrik wider. Weiterhin wurden in fiihrender Ordnung bzgl. des
Drehimpulses Quantenkorrekturen zur Entropie und Temperatur schwarzer Locher
berechnet. Es wurde allgemein gezeigt, dal wenn man die Existenz einer Entropie-
ahnlichen Zustandsfunktion fordert, nach der Renormierungsgruppenverbesserung
die Temperatur nicht mehr in der iiblichen Weise durch die Oberflachengravitation

gegeben sein kann.
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Chapter 1
Introduction

The aim of this work is to explore, within the framework of the presumably asymp-
totically safe Quantum Einstein Gravity, quantum corrections to black hole space-
times, in particular in the case of rotating black holes. Having this in mind, this
introductory chapter is intended to outline the procedure we implement in order to
reach this goal. It is organized in the following way: The first section is a short
overview of the above mentioned field of research. It is intended to acquaint the
reader with the main results of the field without further explanation of its basic
concepts. In sections 1.2, 1.3 and 1.4 we present more extensively those concepts
and tools which are fundamental for our purposes. Also some relevant results from
previous works are included and explained. In the discussion (section 1.5) we fur-
ther analyse the results presented in the previous sections, we state in particular how

they must be interpreted, and how they will be implemented in the next chapters.

1.1 Asymptotically Safe Quantum Einstein

Gravity: An Overview

During the past decade a lot of efforts went into the exploration of the nonper-
turbative renormalization behavior of Quantum Einstein Gravity [1]-[16]. In [1] a
functional renormalization group (RG) equation for gravity has been introduced;
it defines a Wilsonian RG flow on the theory space consisting of all diffeomor-
phism invariant action functionals for the metric g,,. In [1] it has been applied to
the Einstein-Hilbert truncation which allows for an approximate calculation of the

beta-functions of Newton’s constant and the cosmological constant. The complete



flow pattern was found in [4], and higher derivative truncations were analyzed in
3, 5, 10]. Matter fields were added in refs. [2, 9], and in [12] the beta-functions of
[1] and [3] were used for finding optimized RG flows. The most remarkable result
of these investigations is that the beta-functions of [1] predict a non-Gaussian RG
fixed point [8]. After detailed studies of the reliability of the pertinent truncations
3, 4, 5, 12] it is now believed that it corresponds to a fixed point in the exact
theory and is not an approximation artifact. It was found to possess all the nec-
essary properties to make quantum gravity nonperturbatively renormalizable along
the lines of Weinberg’s “asymptotic safety” scenario [17, 18], thus overcoming the
notorious problems related to its nonrenormalizability in perturbation theory. We
shall refer to the quantum field theory of the metric tensor whose infinite cutoff limit
is taken at the non-Gaussian fixed point as Quantum Einstein Gravity or “QEG”.
This theory should not be thought of as a quantization of classical general relativity.
Its bare action is dictated by the fixed point condition and is therefore expected to
contain more invariants than the Einstein-Hilbert term only. Independent evidence
pointing towards a fixed point in the full theory came from the symmetry reduction
approach of Ref. [19] where the 2-Killing subsector of the gravitational path integral
was quantized exactly.

Except for the latter investigations, all recent studies of the asymptotic safety
scenario in gravity made use of the approach outlined in [1]. It is based upon the
concept of the effective average action [20, 21, 22], a specific continuum implementa-
tion of the Wilsonian renormalization group. In its original form for matter theories
in flat spacetime it has been applied to a wide range of problems both in particle
and statistical physics. As compared to alternative functional RG approaches in the
continuum [23] the average action has various crucial advantages; the most impor-
tant one is its similarity with the standard effective action I'. In fact, the average
action is a scale dependent functional I';, depending on a “coarse graining” scale k
which approaches I' in the limit £ — 0 and the bare action S in the limit £ — oo.
The close relationship of I'y and the standard I' was often crucial for finding the

right truncations of theory space encapsulating the essential physics.

Another advantage of the average action is that it defines a family of effective
field theories {I'y,0 < k < oo} labeled by the coarse graining scale k. If a physical
situation involves only a single mass scale, then it is well described by a tree level

evaluation of I'y, with k£ chosen to equal that scale. In particular, the stationary

10



points of Iy have the interpretation of a k-dependent field average (approaching the
standard 1-point function for k — 0).

In gravity the effective average action of [1] is a diffeomorphism invariant func-
tional of the metric: I'y[g,,|. Here the analogous average field (g, ), satisfies the

“effective Einstein equations”

o'y,
59#!/(55)

[{g)4] = 0. (1.1)

A given quantum state |¥) of the gravitational field implies an infinite family of
average metrics: {(gu )k, 0 < k < o0o}. A scale dependence of the metric [29]
has profound consequences since (g,,); describes a geometry of spacetime which
depends on the degree of “coarse graining”, or the “resolving power” of the “micro-
scope” with which it is looked upon. In the case of QEG, it has been shown [3, 5]
that this scale dependence leads to fractal properties of spacetime, and that in the
scaling regime of the non-Gaussian fixed point, corresponding to sub-Planckian dis-
tances, the fractal dimension of spacetime equals 2. In particular, making essential
use of (1.1) and the effective field theory properties of I'y, the spectral dimension
[24] has been calculated; it was found to interpolate between 4 at macroscopic,
and 2 at microscopic distances [25]. In [26], Connes et al. speculated about the
possible relevance of this dimensional reduction for the noncommutative geometry
of the standard model. Remarkably, exactly the same dimensional reduction has
been found in Monte Carlo simulations within the causal dynamical triangulation
approach [24, 27, 28].

1.2 Renormalization Group Improvement of Black
Hole Spacetimes:

General Procedure

The procedure we implement in this work for finding the leading quantum corrections

to black hole spacetimes is based on the following two key premises:

1. The Newton constant, as well as the cosmological constant, play the role of a
coupling constant, in the sense used in effective field theories. They are given
by the prefactors of the [ d*zy/=gR and [ d*z\/—g-terms, respectively, in a

derivative expansion of the effective action. As in any effective field theory,

11



such coupling constants run under renormalization group transformations. We
shall use the scale dependent couplings implied by the RG equation for the

effective average action.

2. Similarly as in the familiar renormalization group derivation of the Uehling cor-
rection to the Coulomb potential in massless QED [30, 32] where one identifies
the RG scale k with the inverse of the radial distance, we introduce an analo-
gous “cutoff identification”, which relates k to the geometry of the spacetime
manifold. The situation will be more complicated than in QED since this cut-
off identification must be invariant under general coordinate transformations,
as required by general relativity [30]. The key step consists in replacing in
the black hole metric the classical Newton constant by the running coupling
G = G (k) where, in turn, k is expressed in geometrical terms via the cutoff

identification.

The application of this “renormalization group improvement” to the Kerr metric for
rotating black holes is presented in the next two sections. In section 1.3 we give
a general presentation of the framework upon which this work is based. Its main
conceptual tool is the effective average action and the asymptotic safety hypothesis
for Quantum Einstein Gravity. More specifically, we derive an explicit formula for
the running of the Newton constant, using the Einstein-Hilbert truncation of the
space of action functionals in order to solve the exact renormalization group equation
(ERGE) for the effective average action I'y. In section 1.4 we present the infrared

cutoff identification, the second element of our improvement procedure.

1.3 The Running Newton Constant

The two objectives of this section are to give the theoretical basis for understanding
the running of the Newton constant in the framework of Quantum Einstein Gravity,
and to present the main steps of the derivation of a simple approximate formula for
this running [30]. For this purpose we shall present concepts like the asymptotic
safety scenario, the effective average action and the Einstein-Hilbert truncation.

They are included in the respective subsections.

12



1.3.1 General Framework: Asymptotically Safe Quantum

Einstein Gravity

The criterion of perturbative renormalizability has been a valuable key for under-
standing the structure of fully predictive quantum field theories [33, S. 12.3]. It
requires that the theory has a finite set of terms in the (bare) Lagrangian, which
are invariant under specific symmetries, and provides finite results for every physical
quantity; every infinity that appears can be “absorbed” into a finite set of undeter-
mined parameters whose values must be fixed by the experiment [33]. This demand
applies no matter how the quantization of the specific theory is performed. If the
quantization of the theory is performed using an expansion of the generating func-
tional Z in some small coupling then it should be “renormalizable” according to the
well known perturbative renormalization theory. For the case of general relativity
(GR) derived from the Einstein-Hilbert action

_ 1 4o o
Sint = 167TG/dx\/_g{ R+2A) (1.2)

the perturbative renormalization by an expansion in G has failed. The theory is
perturbatively non-renormalizable, since the coupling G' has the dimension of a
length squared [33].

Nevertheless, the possibility of absorbing all infinities can be recovered if the

constraint of having only a finite set of terms in the Lagrangian is not required[33].
If one includes every possible term allowed by the symmetry conditions, renormaliz-
ability is again accomplished in a more general way, where infinitely many coupling
constants are available to absorb every ultraviolet divergence coming from arbitrar-
ily high order loop integrals [33, 17].
This generalized framework gives a new interpretation to physical theories like GR
which are known to provide a good approximation within a specific (“classical”)
regime, in particular theories which work only at the low energy scales. At higher
scales, other terms which are highly supressed at lower scales, but are present in
the most general Lagrangian consistent with the symmetries, become relevant. This
interpretation is the basis of the effective field theories (EFT) which are able to
predict quantum corrections at low energies.

In every EFT there exists a fundamental scale! that defines in an absolute way

the orders of magnitude of every term in the general Lagrangian and therefore how

'For quantum gravity it is the Planck scale (% 1019GeV).
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much they are suppressed at lower energies?. When this scale is reached the EFTs
loose any predictability, since infinitely many terms must be taken into account and
their respective renormalized couplings are unknown parameters of the theory. As
a result, we would have an infinite set of unpredicted parameters, to be taken from
the experiment.

A natural question turns out to be: what happens at the fundamental scale
where the EFTs loose their predictability?

The asymptotic safety hypothesis proposes that the theory which would explain
phenomena at this scale and above, continues to be a quantum field theory (no
strings or anything else!). More especifically, it is “one in which the finite or in-
finite number of generalized couplings do not run off to infinity with increasing
energy” [17] but hit a so-called fixed point in the space of coupling constants. It is a
special point in this space that remains invariant under the renormalization group
transformations.

For QCD the fixed point happens to be at zero values for all the essential cou-
plings. This is called a Gaussian fixed point (GFP), which leads in this case to the
familiar asymptotic freedom. Nevertheless, a fixed point could also be realised at
non-zero values, in this case it is called a non-Gaussian fixed point (NGFP). The
latter is expected to be the case for Quantum Einstein Gravity.

The theory space is the formal framework where the asymptotic safety hypoth-
esis is implemented [14]. It is defined to be the space of all action functionals
which depend on a given set of fields and are invariant under certain symmetries.
In particular, for Einstein Gravity, the symmetry transformations are the general
coordinate transformations, and the field is the metric tensor field. The infinitely
many generalized couplings g; needed to parametrize a general action functional are
local coordinates on the theory space. This space carries an important geometrical
structure, namely a vector field of beta functions (3, (g1, ¢g2...). It is necessary in
order to describe the “RG running” of every g; in the mass scale k. The evolution

equation for g; (k) is given by

koOkgi (k) = B; (91,92, ) (1.3)

By definition, the renormalization group (RG) trajectories, i.e. the solutions to the

“exact renormalization group equations” (1.3) are the integral curves of the vector

2In fact these terms turn out to be supressed by factors of the ratio of the typical energy of

some set of physical phenomena and the fundamental energy scale.
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field (3, defining the “RG flow”.

The parameter k defines a lower limit for the integration of high energy modes in
the generating functional of the specific quantum field theory to be studied. In this
sense k must be intepreted as an infrared cutoff of the theory, and as a result, (1.3)
must be understood as the equation that governs the dependence of the couplings g;
on the variation of the cutoff k, when the number of field-modes that are integrated
out increases or decreases.

The asymptotic safety hypothesis assumes that the 3,’s have a common zero at
a point with coordinates g,; not all of which are zero. Given such a NGFP of the
RG flow one defines its ultraviolet critical surface Sy to consist of all points of
theory space which are attracted into it in the limit & — oco. A specific quantum
field theory is defined by a RG trajectory which exists globally, i.e. is well behaved
all the way down from "k = o0” in the UV to k£ = 0 in the IR. The key idea of
asymptotic safety is to base the theory upon one of the trajectories running inside
the hypersurface &y since these trajectories are manifestly well-behaved and free
from fatal singularities, blowing up couplings, etc, in the large-k limit. Moreover,
a theory based upon a trajectory inside &y can be predictive, the problem of an
increasing number of undetermined parameters which plagues effective field theories
does not arise [14, 17]. If A = dim Sy is finite, there exists only a A-parameter
family of different quantum theories, i.e. there are only A undetermined parameters

which must be taken from the experiment.

1.3.2 The Effective Average Action

As already mentioned in the last section, the couplings g; parametrize a general
action functional. In the framework of the effective average action, this action is
defined to depend parametrically, via the running couplings, ¢; = ¢g;(k) on the mass
scale k which has the interpretation of an IR cutoff [22, 34]. We denote the effective
average action by I'j [g,.,...] where the dots stand for possible matter fields. The
running with £ results from adding a k—dependent IR cutoff term ApS to the
classical action in the standard Euclidean functional integral [1]. This term gives a
momentum dependent mass square Ry (p®) to the field modes with momentum p.
It is designed to vanish if p?> > k2, but suppresses the contribution of the modes
with p? < k? to the path integral. When regarded as a function of k, I';, describes

a curve in theory space that interpolates between the classical action S = 'y
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and the conventional effective action I' = I'y—y. The change of I'y induced by an
infinitesimal change of k is described by a functional differential equation, the exact

RG equation or “ERGE”. In a symbolic notation it reads
_ ! 2 !
koI, = §T7‘ kO, Ry sz + Ry (14)
where F,(f) is the Hessian of I', with respect to the dynamical fields. For a detailed
discussion of this equation we must refer to the literature [1]. Suffice it to say that
expanding Ty (g, -] = D i (k) Ik [guw, - - -] In terms of diffeomorphism invariant
field monomials I, [, ...] with coefficients g; (k) , equation (1.4) assumes the com-

ponent form (1.3). In the next subsection we illustrate this procedure within a

simple approximation.

1.3.3 Einstein-Hilbert Truncation and the Running New-

ton Constant

In general it is impossible to find exact solutions to equation (1.4) and we are forced
to rely upon approximations. A powerful nonperturbative approximation scheme
is the truncation of theory space where the RG flow is projected onto a finite-
dimensional subspace. In practice one makes an ansatz for I';, that comprises only
a few couplings and inserts it into the RG equation. This leads to a, now finite, set
of coupled differential equations of the form (1.3).

The simplest approximation one might try is the ” Einstein-Hilbert truncation”
[1, 3] defined by the ansatz

Tk [g] = (167er)_1/ddm\/§{—R(g)+2/_\k} (1.5)

It applies to a d-dimensional Euclidean spacetime and involves only the cosmological
constant )\, and the Newton constant Gj as running parameters. By inserting
(1.5) into the RG equation (1.4) one obtains a set of two S—functions (6/\, ﬁg) for
the dimensionless cosmological constant Ay = k~2)\; and the dimensionless Newton
constant g, = k% 2G), respectively. They describe a two-dimensional RG flow on
the plane with coordinates g1 = A\ and ¢go = g. The resulting equations (1.3) are
given by [30, 1]:

Oig=(d=2+ny)9g (1.6)
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and

IN = —(2—ny) A+ %g (4m)(172) x (1.7)

x [2d (d+1) DL (—2)) — 8ddL (0) — d (d + 1) 1y P (—2)\)]
2 2 2
Here t = Ink and

Ny (9, A) = 951 ()

ST 0BV (1.8)

is the anomalous dimension of the operator ,/gR and the functions B; (A) and B (A)

are given by

Bi(\) = % (am) (1-8) &
x|d(d+1)@,_ (—2)) — 6d(d — 1) D% (—2X) — 4}, (0) — 2402 (0)}
By(\) = —é (4m)(1-2) [d (d+1)®}_, (~2)) — 6d(d — 1) B} (—2/\)]
(1.9)
with the cutoff-dependent “threshold functions” (p = 1,2, ...)
1 o RO (2) — 2RO (2)
PP = — dz 2"t 1.10
A ] A Akl e e v _—
- 1 o0 RO (2)
PP - - d n—1
AU ] et == T

They depend explicitly on the cutoff function R® (z) with z = p?/k?. This function
is related to the momentum dependent mass Ry, (p?) and has to satisfy the conditions
RO (0) = 1 and R® (2) — 0 for z — oco. For explicit computations we use the
exponential form

z
er —1

RO (2) =

(1.11)

It is important to distinguish between R, Rj, and R (z). R is the curvature
scalar that defines together with the cosmological constant, the Einstein-Hilbert
action. The operator Ry describes the transition from the high-momentum to the
low-momentum regime. It depends on the dimensionless function R®) which inter-

polates smoothly between R (0) = 1 and lim, .., R® (u) = 0. Except for these

17



two conditions the function R (2) is arbitrary. For further details about the ef-
fective average action in gravity and the derivation of the above results we refer to
[1].

Considering General Relativity as the low energy effective field theory of Quan-
tum Einstein Gravity we identify the standard Einstein-Hilbert action with the

average action I'y Here k. is some typical "observational scale” at which the

obs*
classical tests of general relativity have confirmed the validity of the Enstein-Hilbert
action. In order to find an approximate solution to the flow equation we assume
that also for k > k. i.e. at higher momenta, I';, is well approximated by an action
of the Einstein-Hilbert form. Concerning the observed values for the couplings, we
set G (kops) = Go and X (kps) ~ 0. Furthermore, since at least within our approx-
imation, there is essentially no running of these couplings between k. (the scale

of the solar system, say) and cosmological scales (k ~ 0) we may set kos = 0 and

identify the measured couplings with
G (0) = Gy (1.12)
and
A(0) =0 (1.13)

Finally, since in the present work we are not dealing with cosmological scales, we
assume that A < k? for all scales of interest, so that we may approximate \ (k) ~
0. In that case we may also neglect the evolution equation (1.7) for A, and we
substitute By (0) and B (0) in (1.8) so that we have

9B,
ny (9) = 145 (1.14)
with
B = 5,0 = - (5 ) [21830) - 21 0) (1.15)
By =B, (0) = — (%) [18@3 (0) — 531 (0)] (1.16)

Assuming d = 4 in the following (no extra dimensions!) we stay with (1.6) in the

form

kog = (2+ny)g=F(g(k)) (1.17)
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where the anomalous dimension is

9B

1.18
"y (1.18)

Ny (9) =

and (3 (g) is given by

6(g)=2g(11__;;;) (1.19)

We also defined

1
wE_ﬁBla w/:w+B2 (120)

For the exponential cutoff (1.11) we have explicitly

®1(0) = =, ®3(0)=1
¢ (0) = 1, 23(0) =

and, as a result,

4 72 2
_ (1) ==
v 77( 144)’ 27 3n

The evolution equation (1.17) displays two fixed points g. for which §(g.) = 0
holds. There exists an infrared attractive (Gaussian) fixed point at ¢!® = 0 and an

ultraviolet attractive (non-Gaussian) fixed point at

g7V L

C(),

The UV fixed point separates in a natural way a weak coupling regime (g < g¥V)
from a strong coupling regime where gUV < g. Since the S—function in (1.19) is pos-
itive for g € [0, gfv} and negative otherwise, the renormalization group trajectories
which result from (1.17) with (1.19) fall into the following three classes:

1. Trajectories with g (k) < 0 for all k. They are attracted towards g'® for k — 0.

2. Trajectories with g (k) > gUV for all k. They are attracted towards gVV for

k — oo.

3. Trajectories with g (k) € [0,gVV] for all k. They are attracted towards

g® for k — 0 and towards g"V for k — oo.
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In the present work we deal exclusively with the third class. The first class
implies a negative Newton constant, therefore we discard it, and the second class
is not connected to a low energy regime where the Einstein-Hilbert truncation is
known to be a good approximation. Therefore we discard it too.

The differential equation (1.17) with (1.19) can be integrated analytically to yield

g __ g(k) (k)2 (1.21)

1-wg)v [1—wg(ke)~ \ko

This expression cannot be solved for g = g (ko) in closed form. However, it is obvious
that this solution interpolates between the IR behavior g (k) oc k% for k — 0 and
g (k) — & for k — ooc.

In order to obtain an approximate analytic expression for the running Newton
constant we observe that the ratio % is actually very close to unity. Numerically
one has w &~ 1.2, B, ~ 0.21, w' & 1.4, gVV ~ 0.71 so that £ ~ 1.18 is indeed close to
1. Replacing % — 1 in eq. (1.21) yields a rather accurate approximation with the
same general features as the exact solution. In this case we can easily solve (1.21)

to get:

g (ko) k*

90) = g ho) 7 + 11— wg (Ro)|

(1.22)

This function is an exact solution to the renormalization group equation with the
approximate anomalous dimension 7y = —2wg + O (¢g?) which is the first term in

the perturbative expansion of eq. (1.18):

1+ Z (Bag)"

n=1

Ny = —2wg

Remarkably, for the trajectory (1.22) the quantity By g (k) remains negligibly small
for all values of k. It assumes its largest value at the UV fixed point where B, gVV =
0.15. Thus equation (1.22) provides us with a consistent approximation.

In terms of the dimensionful Newton constant G (k) = % eq. (1.22) reads

G (ko)
k)= 1.2
R T I (123)
As mentioned before we set ky = 0 and G (0) = Gy. Hence
Go
Gk = T wGoe (1.24)
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where GGy has to be identified with the experimentally observed value of the Newton
constant. On the other hand w is a constant which depends on the choice of the
cutoff function R (see (1.20) and (1.15)). In statistical mechanics language, the
quantity w is “non-universal”. As a result, G (k) cannot be directly observable. On
the way from G (k) to an observable quantity a second source of non-universality
(R©-dependence) must show up which compensates for the R(®’-dependence of w.
We shall come back to this point in a moment.

We can use the parameter w to switch off quantum effects since:

1. It is proportional to A

wl

2. In the approximation = — 1 that we are assuming when we use expression

(1.24), w is the only one constant related to the running, and it is a prefactor
to k2.

3. As mentioned before, within the approximation to RG-improvement of black

hole spacetimes we are applying, we recover Classical General Relativity for

k = kops = 0.

From (1.24) we see that when we go to higher momentum scales k, G (k) decreases

monotonically. For small & we have

G (k) = Go — wGik* + O (k*) (1.25)
while for Gy' < k? the fixed point behavior sets in and G (k) “forgets” its infrared
value:

1
G(k)~ —
(k) =

Remarkably, for k& — oo, i.e. at very high energies, Newton’s constant vanishes!
Whenever in our analysis of Kerr black holes we need the explicit form of the function

G (k) we shall employ the approximate formula (1.24).

1.4 Identification of the Infrared Cutoff

As already mentioned in section 1.2, we implement a diffeomorphism invariant cut-
off identification, similar in spirit to the identification made in the renormalization
group based derivation of the Uehling correction to the Coulomb potential in mass-

less QED [30, 32]. In that derivation, one starts from the classical potential energy
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Va (r) = % and replaces e? by the running gauge coupling in the one-loop approx-

1mation:

2 € (ko) , e? (ko)
’ (k)_l—bln<%> = T

Since, in the massless theory, r is the only dimensionful quantity which could define

(1.26)

a scale, it is reasonable to identify the renormalization point k£ with the inverse of

the distance r. Thus we write

2 (1

V(r) = # [1 +bln (%) +0 (62)} (1.27)
which is the correct (one-loop, massless) Uehling potential, usually derived by more
conventional perturbative methods [32]. We can interpret, in this case, the success
of the improvement e* — €2 (k) , k(r) o< + in recovering expression (1.27), by saying
that it encapsulates the most important effects which the quantum fluctuations exert
on the electric field produced by a point charge.

A similar process can be carried out in order to RG improve exact solutions of
the Einstein field equations. We expect in this case, in analogy to QED, that for
k =~ kqs the running of Newton’s constant represents the most important quantum
correction to the classical solutions. In order to respect diffeomorphism invariance,
an invariant analogous to the identification & (r) % must be found. In this work

we propose a position dependent IR-cutoff of the form

k(P) = % (1.28)
where d (P) is a distance scale which provides the relevant cutoff for the Newton
constant when a test particle is located at the point P of the black hole spacetime.
Furthermore, £ is a constant of order unity that accounts for our lack of knowledge
about the exact physical mechanism of IR-cutoff.

A possibility of implementing the diffeomorphism invariance required by general
relativity is to define d (P) to be the proper distance from a fixed initial point Py to
the final point P along some curve C, with respect to the classical metric which we

want to improve:

d(P) = /C V]ds?] (1.29)

There is still some ambiguity as for the correct identification of the spacetime curve

C. However, certain universal features will be found when we analyse different
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curves in the relevant (asymptotic) regimes. Hence consistent approximations can
be obtained. This analysis will be systematically carried out for the Kerr metric in
chapter 3. For the Schwarzschild spacetime it has been performed in [30].

Concerning the intepretation of ¢ the following remarks are in order. If we
substitute (1.28) in (1.24) we get

G (P) = God? (P)

- F oo (1.30)

with w = wé?. Eq. (1.30) represents the position dependence of the running G.
(Implicitly G (P) depends via d (P) also on the parameters of our physical system
such as the mass and the angular momentum of the black hole.) Eq. (1.30) shows
that w and £ occur exclusively in the form of their product that we have called w =
wé?. The numerical value of this product cannot be obtained by renormalization
arguments alone: w is a non-universal constant since its value depends on the shape
of the function R® and also ¢ is unknown as long as one does not identify the specific
cutoff for a concrete process. In a sense, the product @ = wé? can be determined
experimentally by measuring the asymptotic correction to Newton’s law. As a result,
the nonuniversalities of w and &2 should cancel to some extent in a consistent ab

initio calculation. (See [30] for a discussion of this point.)

1.5 Discussion

In section 1.2 we have presented the two guiding ideas of the method we will use
in this work for RG improving solutions of the classical Einstein equations. In this
sense equations (1.24) and (1.28) with (1.29) are the main results to be applied
in the next chapters. We emphasize that, since we take only into account the
running of Newton’s constant among the infinitely many couplings in the most
general diffeomorphism invariant Langrangian, our procedure is safe only if we don’t
go too far away from ks and if the RG corrections are not too big.

It is worthwhile, at this stage, to analyse the physical mechanism behind the scale
dependence in (1.24) and its further implementation, via the cutoff identification
(1.28)[35]. We can start again by analysing the easier case of the running electric
charge. In this case, the combination of quantum mechanics and special relativity
converts the vacuum of electrodynamics into a sea of virtual electron-positron pairs

which are continuously created and anihilated. When we immerse an external test
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charge into this sea, it gets polarized in very much the same way as an ordinary
dielectric. The polarization cloud of the virtual e™ + e~ pairs surrounding the test
charge tends to screen it, and it appears to be larger at small distances and smaller
at large distances. In an experiment which resolves length scales [ = k~! one
measures the effective charge e (k) which includes the effect of this polarization of
the vacuum. As a consequence of this screening mechanism the classical Coulomb
potential is replaced by the more complicated quantum corrected Uehling potential
from (1.27). At least in the limit of massless electrons, this potential is directly
related to the running charge.

Guided by the analogy with the running electric charge, it is tempting to spec-
ulate on how quantum gravitational effects might modify Newton’s law and lead to
a scale dependence of G. It is plausible to assume that in the large distance limit
the leading quantum effects are described by quantizing the linear fluctuations of
the metric, g,,. One obtains a free field theory in a possibly curved background
spacetime whose elementary quanta, the gravitons, carry energy and momentum.

The vacuum of this theory will be populated by virtual graviton pairs, and the
central question is how these virtual gravitons respond to the perturbation by an
external test body which we immerse in the vacuum. Assuming that also in this
situation gravity is universally attractive, the gravitons will be attracted towards
the test body. Hence it will become “dressed” by a cloud of virtual gravitons sur-
rounding it so that its effective mass seen by a distant observer is larger than it
would be in absence of any quantum effects. This means that while in QED the
quantum fluctuations screen external charges, in quantum gravity they have an an-
tiscreening effect on external test masses. This entails Newton’s constant becoming
a scale dependent quantity G (k) which is small at small distances | = k™!, and
which becomes large at larger distances. This behavior is similar to the running
of nonabelian gauge coupling in Yang-Mills theory and it is exactly the behavior

actually found within the Einstein-Hilbert truncation.
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Chapter 2

The Kerr Metric: An Exact
Solution of Einstein’s Equation for

Rotating Black Holes

In this chapter we present a historical introduction to the Kerr metric and its prop-
erties without giving rigorous proofs, leaving the ones which are needed for the
purposes of this work to the subsequent chapters.

The Kerr metric in the (f, x,y, z)-system of coordinates used in Kerr’s original
article from 1963 reads [36]

2mr
ds* = —dt* +da® +dy® +d2* + ——— X 2.1
5 +dut +dy” +de + (2.1)
r a z 17
22
X dt +m(xdx+ydy)+m(ydx—xdy)+;dz

with 72 defined as the solution to the equation
A2 (p2—a2) a2 =0

where p? = 22+y*+22. The metric (2.1) depends on the two independent parameters
m and a. Written in this way (in the so-called Kerr-Schild coordinates) it shows
almost directly its asymptotic flatness. For a = 0 it reduces to the Schwarzschild
spacetime, which indicates that m is related to the mass of a gravitational source.
Concerning a, already in the same article, Roy P. Kerr proposes this solution of the
Einstein equations as representing the gravitational field outside a rotating source
with an angular momentum given by J = ma/Gy. The formal demonstration for

this interpretation came in 1968 when Jeffrey M. Cohen calculated the angular
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momentum of the source by integrating over the whole Kerr metric field [37], leaving
no doubt of the meaning of this solution. The importance of the Kerr metric in
studying the phenomenon of gravitational collapse reached a fundamental level with
the so-called “no hair” theorem by Brandon Carter in 1970 [38] which was inspired
by earlier results from Werner Israel for the cases of the Schwarzschild and Reissner-
Nordstrém spacetimes [39]. The no-hair theorem from Carter demonstrates that,
under reasonable physical conditions, the Kerr spacetime is the final state of any
realistic, asymptotically flat gravitational collapse configuration, and therefore the
resulting black hole depends exclusively on two parameters, namely m and a. (For
more details see [38].)

For a study of the symmetries of the Kerr spacetime, the form (2.1) is not quite
appropiate, since its Cartesian-like character shadows the axial symmetry around
the rotation axis of the source. In 1967, Robert Boyer and Richard Lindquist found
a coordinate system which shows the axial symmetry more clearly. Besides, it re-
duces to the standard form of the Schwarzschild metric for a = 0. It contains only
one mixing term (a dtdyp term) so that this metric resembles the metric of a ro-
tating Minkowski spacetime (see section 2.2 on frame dragging) [40]. The so-called
Boyer-Lindquist (B-L) representation results from applying the following interme-

diate coordinate transformation to (2.1) [41]:

cosh = = (2.2)
r
(r —ia)e®sinf = x+iy
u = t+r

A further transformation is then needed to eliminate the resulting dudr and dpdr

cross terms:

dr (2.3)
dp = dp— Ld (2.4)
p = dp—Rdr :
Here we introduced
A=A(r)=r*+a®—2mr
The final result in the (¢, 7,0, ¢)-coordinate system has the general form

ds? = gudt® + 2g,,dtdp + grrdr® + gapdt® + g,,dp? (2.5)
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with the following (covariant) components of the metric:

2MGor p? Y sin? 0
gtt = — 1— p2 ’g”":z7g8090:7
2MGoyrasin® 6
Goo = P2 » Jto = — ° D) (2.6)
p
Here we introduced the abbreviations
p° = r’+a*cos’ (2.7)
A = r*+a>—2MGoyr (2.8)
¥ = (P4 a2)2 —a*Asin® 0 (2.9)
and the definition of the “geometric mass”,
m = MG, (2.10)
Inverting the metric we obtain the following contravariant components:
Jo= b ngé gW:A—aQSmQH
p2A p?’ p2Asin? 6
1 2MGyra
00 _ tp _ 0
9 = 5. 9= (2.11)
p? p*A

It is clear from (2.6) and (2.11) that the components of the Kerr metric in the B-L
representation are symmetric under rotations in ¢. For a = 0 we get directly from

(2.6) the standard representation of the Schwarzschild metric [42]:

2M dr?
d52 = — (1 — TGO) dt2 + (]__%Go) + T2 (d92 + Sin2 0dg02) (212)

We will use the B-L respresentation (2.6) or (2.11) in most of the calculations of
this thesis.

Another important representation of the Kerr and Schwarzschild spacetimes cor-
responds to the Eddington-Finkelstein (E-F) coordinate system(s). The E-F coordi-
nates are the result of transforming the coordinates ¢ and ¢ of the B-Li coordinates

according to one of the following two possibilities [60, 57]:
e Ingoing E-F coordinates (“Ingoing Patch”)

dv = dt+dr* (2.13)
dp = do+dr? (2.14)
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e Outgoing E-F Coordinates (“Outgoing Patch”)

du = dt —dr* (2.15)
dy = do—dr? (2.16)

The differentials of the functions r* = r* (r) and r# = r# (r) are defined as

. [rr+a?
dr* = [7A(7‘)] dr

drt = {A‘ET)} dr (2.17)

The relations (2.17) can be integrated explicitly, with the result

2, .2
r*(r) = /—(T +a)d7ﬂ:r+7m7‘+ In| - —1f- = |
A(r) m?_a2 r+ m?_a2 r_
4 _ e a o |T 51
r7 (r) /A(’I“)T 2\/mnr—r_ (2.18)

where 7. = m £+ v/m? — a?. Thus the transition from the B-L to the ingoing E-F

coordinates reads explicitly

v=t+r*(r),r=r,0=0,%=0¢+r"(r) (2.19)
while for the outgoing E-F coordinates

v=t—1"(r),r=r,0=0, x=¢—1r"(r) (2.20)

The sets of coordinates (u, x) and (v, 1) are in fact labels for outgoing and ingoing
null geodesics in the Kerr spacetime, respectively [60]. Therefore the coordinate sys-
tems with z# = (u,r,0,x) and z* = (v,r,0,1)) are called, respectively, the outgoing
and ingoing E-F coordinate systems, or the outgoing and ingoing E-F patches. The

components g, of the Kerr spacetime in E-F coordinates are given by

2G M
ds®> = — (1 — ;2 T) du® — 2drdu + 2asin® 0dxdr +
4GoMar sin® 3 sin®
B Gy azrsm 6dxdu+ SH21 HdXZ + e (2.21)
P p
for the outgoing patch, and
2G M
ds®> = — (1 — ;2 T) dv?® + 2drdv — 2asin® Odydr +
A Mar sin? $ gin?
- o + =i + g (2.22)
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for the ingoing patch. We will use the E-F coordinate systems, especially the ingoing
patch, in cases where the B-L representation leads to coordinate singularities.
In the next sections we present the most important features of the Kerr metric

which can be divided into the following four topics [53, 60]:
e (Critical Surfaces.
e Frame Dragging.
e Energy Extraction.
e Thermodynamics.

We will come back in more detail to all of them in chapters 4, 5, 6 and 7, respectively,

where we look at the consequences of including the running of Newton’s constant.

2.1 Critical Surfaces

The coordinate singularity at » = 2m in the Schwarzschild metric (2.12) defines a
spherical surface with two important properties. A first characteristic is that proper
distances ds? change their sign there. This can be seen by staying at some fixed
radius rq :

2
ds?|, = gool,, di* = — (1 - T—T> dt? (2.23)

ds® changes from negative values at ry > 2m, going through zero at roy = 2m,
to positive values at rg < 2m. The zeros of gy define infinite redshift points in
spacetime, as will be explained in chapter 5. Therefore the Schwarzschild surface
r = 2m is also called an infinite redshift surface. The second property corresponds
to a one way character of r = 2m (see figure 2.1). Every massive or massless particle
that crosses this surface from outside cannot come back to a ry > 2m position. The
term “event horizon” is related to this last property.

The Kerr metric splits the Schwarzschild surface r = 2m into two different
external surfaces, 7, and rg, () (see figure 2.2), one for each of the above mentioned
properties. The infinite redshift surface rg, () is also called the static limit. Inside
of it, it is located the one-way surface r, or event horizon. This splitting causes
interesting features of the rotating black hole, as it will be explained in the next

paragraphs. From now on, we will call the two classes of surfaces critical surfaces
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(there are four in total) when we are refering to common properties of the both of

them. In the next two subsections we give a qualitative description of these surfaces.

2.1.1 Event Horizon

The “one way” character is present when a (hyper-)surface in spacetime contains
only light-like tangent vectors. Then this surface can be crossed by timelike or light-
like trajectories in only one direction. This is called a null hypersurface (see figure

2.1). Every normal vector to this surface is also light-like.

Fig. 2.1.
One-Way Surface: A particle crossing a null hypersurface
is not able to cross it in the opposite direction, since it is
bounded by a lightcone tangent to the surface.

Every hypersurface S in spacetime is determined by a function ® (z) such that
® () = const for every point in S. A vector v, tangent to S is defined by the

gradient of ® (except for a constant):
Vo = AD, (2.24)

Imposing the one-way condition of v, being tangent to a null hypersurface means
setting:

Vav* =0 (2.25)
Here v = ¢g*Pvz and ¢°° are the metric components of a specific spacetime the

components (2.6) of the Kerr metric in our case. By substituting v, and v in

(2.25) one gets the following equation (For more details, see subsection 5.1.2):

g =0 (2.26)
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which, by using ¢'" from (2.11), leads directly to:
A(r)y=r*+a*>—2mr =0 (2.27)

Equation (2.27) is an algebraic second order equation in r with the following two

solutions:

ry = m+vm?—a? (2.28)
r- = m—vVm?2—a?

They are the radii of the internal and external event horizons H., respectively. The
external r, has more physical relevance, since it is a direct boundary for points in
spacetime which can still causally exert an influence to the observers at infinite 7.
The surface at r_ is also called the Cauchy horizon and it has relevance in the study
of the internal structure of black holes [56]. One can easily see that for all values of

a and m
ro<m<ry <2m (2.29)

which means that rotation of the source (¢ # 0) shrinks the radius of the event
horizon. On the other hand when a = 0, r; goes to 2m and the Cauchy horizon r_

coincides with the origin of coordinates.

2.1.2 Static Limit

The redshift of wavelengths for a light signal propagating in a gravitational field from
a rest-source, at the point xg in spacetime, to infinity, is given by (see subsection
5.1.1 and [41])

Moo = Do (2.30)

et ()

where \g denotes the proper wavelength of the signal and A\, the wavelength of the

signal observed at infinity. Then the condition for an infinite redshift is given by
gt (z5) = 0 (2.31)
which, using (2.6), turns out to be
r? +a?cos’f —2mr = 0 (2.32)
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this is again an algebraic second order equation in r, which leads to the following

solutions:

rs, (0) = m+vm?—a%cos?6 (2.33)
rs_ (0) = m—+vm?—a?cos?0

The surfaces coming from (2.33) and (2.28) are shown in figure 2.2. From this
figure we see that rg_ () and r_ are contained in r; and that r, < rg, (6) where
the equality holds at the poles. The fact that the outer infinite redshift surface
is outside the outer event horizon means that particles can move inside the region
bounded by these two surfaces and eventually come out again. It can be shown
(see section 2.3 in this chapter and chapter 6) that precisely by going into this
region, test particles can extract energy from the rotating black hole (the so-called
Penrose process); therefore this region is called the active region of a black hole or
the ergosphere.

The name “static limit” for the surfaces in (2.33) comes from the behavior of
rotation frequencies for photons and massive particles (see also subsections 4.3.2 and
4.3.3). From the line element (2.5) we deduce that rotating photons at fixed r and
6 fulfill the following general condition:

ds® = gttdt2 + Grpdtdyp + gwdg02 =0 (2.34)

After parametrizing spacetime curves fulfilling (2.34) by ¢ we can obtain the rotation

frequency pigne from

ds\?
(%) = gt + 9roLigne + gsosoQiight =0 (2.35)

where (pignt is defined by:

d
Qighe = d_f

(7,0 =const , ds>=0)

The two solutions of (2.35) are given by Qp;ene = 21 where

Qr = wt, Jw?— g (2.36)
e
with the abbreviation
w= - (2.37)
e
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Fig. 2.2.

The four critical surfaces for the Kerr spacetime.
The ergosphere, or active region, is the region
bounded by the external static limit at rg, (f) and
the external event horizon at r.

The frequencies €2, and €)_ represent the rotation frequencies of photons flying in
opposite directions; €1, is related to photons that rotate in the same sense as the
rotation of the black hole, if a is positive (co-rotating photons); and €_ is equiva-
lently related to photons rotating in the opposite sense (counterrotating photons).
On the other hand w is called the dragging frequency and its interpretation will be
given in the next section.

By definition, timelike trajectories are bounded by lightcones. For rotating par-
ticles this can be expressed, for the case of interest, by the following inequality (see

also subsection 4.3.3):
O_< Qt-like < Q+ (238)

For g4 = 0, at the infinite redshift surface, we get 2. = 0. This means that
counterrotating photons are static at this surface as seen by an observer at infinity.
As a consequence of (2.38), no massive particle can be static there. Going into the

ergosphere reduces the size of the allowed interval of values in (2.38) even more
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and not even light can be static (see figure 2.3 and also section 4.3 for an extensive
analysis).

Figure 2.3 shows the r-dependence of €2 for rotating photons in the Kerr space-
time at the equatorial plane (0 = 7/2). The allowed values of € e for timelike
particles can be read off as the vertical interval bounded by €2, and €2_. Its size
also depends on 7. The frequency §2_ goes through zero precisely at the static limit
surface rg, where g, = 0. The interval of allowed 2y values reduces to zero size
at the event horizon ry, where Q; = Q_. We define th|r+ as the frequency of

rotation of the black hole and we call it simply Qy:
QH = Qi’r+ (239)

Below r, no particle rotating at constant radius is allowed to exist anymore. Every
particle or photon unavoidably falls towards the center of the black hole. Substi-
tuting the components (2.6) of the Kerr spacetime into the expression (2.36) for Q2

when Q, = Q_ leads to the following formula for Q!
a
Og=—-5—"— 2.40
! (rs)* + a? (2:40)

Notice that Qg in (2.40) is a function of the parameters of the black hole M and J,

and the frequency of rotation is a constant on the whole event horizon.

'For more details see section 4.3.3 in chapter 4.
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Fig. 2.3.

Radial dependence of rotational frequencies €2 and w.
()_ vanishes at the static limit rg, , the last radial dis-
tance at which a particle is allowed to be static. Rota-
tion at constant radius is still possible until the event

horizon 7 is reached. At this point the three frequen-
cies coalesce and every particle unavoidably falls to-

wards r = 0.

2.1.3 Extremal Black Hole

A black hole with a maximum spinning rate a = J/M is called an extremal black
hole. For the Kerr spacetime, this is the maximum rate for ry in (2.28) to be still
real-valued. From (2.28) we deduce that this is achieved for a = M or J = M?. As
a result, we have 7" = r*" = G, M. The astrophysical importance of the extremal
black hole relies on the fact that most of the spinning systems that can collapse to
form a black hole, like massive stars, galactic nuclei, etc, are likely to be near to the

maximum spinning rate [43].

35



2.2 Inertial Frame Dragging

“An additional tangential rocket thrust is required to prevent orbiting,
that is to keep the fixed stars in steady position overhead... Spacetime
is swept around by the rotating black hole: Spacetime itself on the
move [53, F-7].”

Taylor & Wheeler.

The existence of a non-zero mixing component g, leads to an important characteris-
tic of general axially symmetric spacetimes and in particular of the Kerr spacetime:
the so called gravitational dragging of inertial frames. Such a mixing term appears
even for the simple case when we let flat Minkowski spacetime rotate around one of
its spatial axes, say the z axis, with a constant angular frequency wyink (see figure

2.4). The coordinate transformation leading to this spacetime reads:

P = @+ Wwminkt (2.41)
d@ = dg&—i—wMinkdt

By substituting (2.41) in the Minkowski metric given by
ds® = —dt* + r*(d6® + sin® 0dp?) (2.42)
we get the following line element:

ds* = — (1 — r’wig sin® 0) dt* + dr® + r*d0” + r* sin® 0dp”
—2w\iink? sin? Odtdp (2.43)
The interpretation of this metric is the following. The equivalence principle tells us

that (2.43) represents a gravitational field coming from a source whose potential, in

the Newtonian limit, can be identified in the following way:

1
d(r,0) = —éwiﬁmkﬁ sin? @ (2.44)
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Fig. 2.4.
The coordinate transformation @ = ¢ + wynkt that
goes from a Minkowski spacetime at rest to a rota-
ting one with angular frequency wyn generates a
mixed component g, = —wyinkr? sin® 6 in the line
element, in analogy with the frame dragging term
i, in the Kerr metric (2.6).

Using the same principle we can also identify the term wyginir? sin? @ with a function
« (r,0) which has dimensions of angular momentum per unit mass and would be

due to the rotation of the gravitational source:
a (r,0) = wyinkr? sin? 0 (2.45)
Then we can write (2.43) as follows:
ds® = — (1 4+ 2®) dt* + dr? + r*d6® + r*sin”® 0dp* — 2a (1, 0) dtdp (2.46)

Though not exactly the same?, (2.46) resembles the approximate solution found by
Lense and Thirring in 1918 for the exterior field of a spinning sphere of constant
density. It is the limit of the Kerr metric for small angular momentum and weak
fields [44],[41]. As a conclusion of this analysis we can say that metric components
mixing terms in time and angular coordinates can be interpreted, using the equiv-

alence principle, either as terms due to rotating gravitational sources or as terms

2 A radial gravitational term is missing, which would come, via the equivalence principle, from

a radial acceleration, additional to the rotation of the Minkowski spacetime.
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related to rotating flat spacetimes. This twofold interpretation is connected to the
concept of dragging of inertial reference frames, which will be explained in the next

subsection.

2.2.1 Inertial Frame Dragging

Fig. 2.5.
Two photons are simultaneously emitted
in opposite directions by an observer which
rotates with a frequency () near to a rota-
ting gravitational source. If {2 = w, the ob-
server receives the photons back simulta-
neously, even if w # 0. This observer is thus
defined to be in a dragged inertial frame,
with dragging frequency w.

An inertial reference frame at some point of the Kerr spacetime can be experimen-
tally defined by performing the following experiment (see fig. 2.5). Two opposite
light rays are emitted simultaneously by a rotating observer with frequency €2 from
a point on the circumference defined by the values r and . In a flat spacetime the
light rays will come back simultaneously only in the case when €2 = 0, since the
rotation frequencies 2_ and €2, are equal in magnitude and opposite in sign. But
in a curved spacetime like (2.6) or (2.46) this is not necessarily the case. We define
an inertial reference frame to be one in which simultaneously emitted opposite light
rays come back simultaneously, no matter which is the value of the frequency of ro-
tation of the emitter. From the definitions (2.36) and (2.37) for Q4 and w it can be

38



shown that it is precisely the rotation frequency {2 = w that fulfills this requirement.

In fact, the opposite traveling times are given by [57, Exercise 33.3, pag 895]:

27
Aty = 24
+ 0.0 (2.47)
2m
At =
t Q-0
If they are equal then we have
Q Q_
0= % (2.48)

which is precisely the case for 2 = w defined in (2.36) and (2.37). Since w is in
general # 0 we can say that an inertial reference frame is being dragged with a
dragging frequency w, as seen by an observer at infinity. For the case of the Kerr
metric, w has always a positive value and it is equal to 2, = €)_ precisely at the
event horizon (see figure 2.3). In chapter 4 (S. 4.3.1) we interpret w also as a rotation
frequency of zero angular momentum observers (ZAMO’s) and we calculate it for

the renormalization group improved Kerr metric.

2.3 Energy Extraction

The existence of negative energy states for test particles moving near to a rotating
black hole leads, as we shall explain in more detail in chapter 6, to the possibility
of extraction of energy from that black hole. Such a process of energy extraction is

called a Penrose process.

Figure 2.6 describes schematically this process; it includes a composite system A
of two particles B and C which crosses the static limit and reaches a negative energy
state inside the ergosphere, near to the event horizon. Particle B with negative
energy falls into the black hole decreasing in this way the total amount of its internal
energy. The conservation of energy for the whole system (black hole + test particles)
predicts therefore an equivalent increase of energy for particle C when it comes back

to its final state at r = oo.
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Fig. 2.6.
Penrose Process

The system A, composed by two particles B and C,
enters the ergosphere with initial energy Ey as mea-
sured at infinity. Near the event horizon, particle

B reaches a negative energy state before crossing it.
Particle C comes back to infinity with an energy

E; > Eq.

We define the total energy FEi.; before that particle B crosses the event horizon

as
B, = By + B3y (2.49)

where Ej is the energy of the composite system A, and E3y is the initial energy
of the black hole. At the same time we define Ej as the sum of initial energies of

particles B and C:
Ey = EY% + EY, (2.50)

When the composite system enters the ergosphere and system B reaches a negative

energy, we define
Ep <0 (2.51)
such that the energy of the black hole is reduced to
Egy = By — |Eg| (2.52)
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when particle B falls into it. The energy of particle C when it reaches infinity after

leaving the black hole is given by
Ey = Eyoy — Egy (2.53)

where we have only used the conservation of energy. Substituting (2.52) in (2.53)
and using (2.50) leads to:

Ey = Ey+ |Eg| (2.54)

The last equation shows that the final energy of particle C is greater than the initial
energy of the composite system A, whereas (2.52) tells that the energy of the black
hole has decreased. As a result we conclude that we have extracted energy from the
black hole.

In 1970 D. Christodolou showed that the energy a black hole can provide through
the Penrose process is only rotational [49]. He proved that there exists an irreducible
mass M;,, given by the remnant mass that is left after the complete rotational energy
has been delivered. The final state of the black hole corresponds to a Schwarzschild
spacetime with mass M;,. In this sense we say that a black hole is “alive” if it has
an angular momentum J # 0. As long as an event horizon H, with r, = MGy +
\/ (MGy)?* — (J/M)? exists, the highest amount of angular momentum a black hole

is allowed to have is given by J = GyM?, the extremal configuration®. Under this

condition the extremal state is the most “alive” configuration of parameters J and
M a black hole can assume.

In chapter 6 we describe the consequences for the process of energy extraction
from the black hole of a renormalization group improvement of the Kerr metric via

the running of the Newton constant.

2.4 Thermodynamics

The connection between the dynamics of black holes and the laws of thermody-
namics was proposed at the beginnings of the 1970’s in a series of articles that in-

clude, among others, the fundamental contributions of J. Bekenstein and S. Hawking

3To date, the available theoretical and experimental evidence points towards the validity of
the so-called “cosmic censorship hypothesis” that tells that every gravitational collapse leads to a
singularity surrounded by an event horizon. In other words, there exist no “naked singularities”

in nature [52].
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[45, 46]. Based upon previous results about the dynamics of black holes that in-
teract with surrounding bodies [49], Bekenstein formulated in 1973 the generalized
first and second laws of thermodynamics. They involve the entropy and the tem-
perature of the black hole, where the entropy is identified (up to a constant) with
the area A of the event horizon and the temperature with its surface gravity x [45].
Almost simultaneously, J. M. Bardeen, B. Carter and S. Hawking formulated the
four laws of black hole dynamics in agreement with the results of Bekenstein. In
addition they presented the zeroth and third laws to complete the framework of the
thermodynamics of black holes.

In 1975, S. Hawking gave a statistical interpretation of the temperature of the
black hole by proving that quantum mechanical effects cause black holes to create
and emit particles as if they were black bodies with a temperature proportional to
k [65]. It is thus possible for a black hole to be in thermal equilibrium with other
thermodynamic systems. The laws of black-hole mechanics, therefore, are nothing
but a description of the ordinary thermodynamics of black holes [60].

In this section we review the four laws of black hole mechanics, exploiting the
Kerr spacetime as an illustrative example. We start with the definitions of area and
surface gravity and their relation to the mass and angular momentum of a Kerr

black hole through Smarr’s formula.

2.4.1 Area and Surface Gravity

The area A of the event horizon H is defined as the surface integral in spacetime

given by
A= f Vaod*0 (2.55)
H

where o is the determinant of o, which is the metric induced from g,s in the
surface H, and d20 = d6'd#* with #* angular coordinates on H. The area of the Kerr

event horizon is given by*
A =4r (r} + a°) (2.56)

Notice that A in (2.56) is a function of the parameters of the black hole, M and J,
through the functions r, (M, J) defined in (2.28) and a = J/M.

4For further details on definition (2.55) and on how the area is calculated for the Kerr black

hole, see appendix I.
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The surface gravity x of a black hole is defined as the force required by an observer
at infinity in order to hold (with an infinitely long, massless string) a particle of unit

mass stationary at the event horizon. This can be expressed as follows:
K = acCo (14) (2.57)
For a spherically symmetric spacetime with metric
ds®* = —f (r)dt* + f~tdr® + r?dQ?* | (2.58)
definition (2.57) leads to the following result for x:

w=gf () (2.59)

In particular, for the Schwarzschild spacetime we have k = 1/4MGy.

The surface gravity can also be calculated by exploiting specific identities fulfilled
by the Killing vectors of the respective spacetime at the event horizon, provided
this event horizon has the property of being a Killing horizon, namely, a horizon
generated by a Killing vector field.

The surface gravity of the Kerr black hole is given by®:

2 2
oo V(G =0 (2.60)

2 2
T++6L

Notice that x in (2.60) depends only on the parameters M and J. This means that
it is constant on the whole event horizon. This fact is related to the zeroth law
of black hole thermodynamics. On the other hand notice also that x = 0 for the
extremal Kerr black hole with MGy = a. This fact is related to the third law. We

present these laws later in this section.

2.4.2 Smarr’s Formula

Smarr’s formula is an algebraic relationship satisfied by the parameters M and J of
a classical black hole, its area A, the surface gravity s, and the angular frequency
of the event horizon, 2y. It was discovered by Larry Smarr in 1973 [47]. For the
classical Kerr black hole, Smarr’s formula reads

kA

M =2QuJ
i +47TGO

(2.61)

SFor further details on the mentioned identities, and how « is calculated for the Kerr black hole,

see appendix H.
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Here we have

_ a _(m_—m) _ 2 2
Qu = 7&_‘_@2,/@*7&_’_&2 , A=dn(ri +a®)
J
ry = m+\/m2—a2,a:M,m:MGo (2.62)

It is a matter of simple algebra to show that the expressions in (2.62) satisfy the
formula (2.61). Nevertheless, Smarr’s formula is not only a property of Kerr black
holes. It can be shown to hold true for all black hole spacetimes that are stationary
and axially symmetric [60]. The proof does not require the explicit form of the

solution.

2.4.3 The Zeroth Law

The zeroth law of black hole mechanics states that the surface gravity of a stationary
black hole is uniform over the entire event horizon. We have already seen in sub-
section 2.4.1 that this statement is indeed true for the specific case of a Kerr black
hole, but the scope of the zeroth is much wider: The black hole need not be isolated
and its metric need not be the Kerr metric. The only requirement is the black hole

to be stationary. For a rigorous demonstration of the zeroth law see [46, 48].

2.4.4 The First Law

The first law of classical (G = Gy = const) black hole thermodynamics states that
if we consider a quasi-static process in which a stationary black hole of mass M,
angular momentum J, and surface area A is transformed to a new stationary black
hole with parameters M + éM , J + d6J , A+ A, the changes in mass, angular

momentum and surface area are related by

KR
SM — QudJ = 5 2.
16.J (87@0) A (2.63)

The derivation of equation (2.63) does not make any reference to a specific solution
of the Einstein field equations, like the Kerr spacetime. It relies only upon the
stationary character of the black hole that performs the process, and the quasi-static
property of the process itself. In particular, for the Kerr spacetime the functions
A= AM,J), Qu = Qu (M, J) and k = (M, J) are given in (2.62). They do
indeed satisfy (2.63).
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Appealing to its analogy with the first law of standard thermodynamics, (2.63)

is interpreted as

oM — QudJ =T65 (2.64)
where
K
T = oy (2.65)
and
A
= — 2.
S Gy (2.66)

are the black hole’s temperature and entropy, respectively.

2.4.5 The Second Law

The second law of black-hole dynamics states that if the null energy condition is

satisfied®, then the surface area of a black hole can never decrease:
0A >0 (2.67)

This area theorem was established by S. Hawking in 1971 with no mention of the

analogy between area and entropy [50].

2.4.6 The Third Law

The third law of black hole dynamics states that if the stress-energy tensor is
bounded and satisfies the weak energy condition, then the surface gravity of a black
hole cannot be reduced to zero within a finite advanced time. A precise formulation

of this law was given by Werner Israel in 1986 [51, 60].

2.5 Structure of this Thesis

In chapter 1 we have already presented the procedure of renormalization group
improvement of black hole spacetimes. We will apply this procedure to the Kerr
spacetime in the next chapters of this work. The motivation of the review in the

present chapter has not only been to present the Kerr metric as the main subject of

SFor a discussion of the energy conditions, see chapter 7.

45



study in this work, but also to give an organized presentation of its properties. This
presentation is a guide for the organization of the next chapters. This organization
is the following;:

After explaining how to implement the cutoff identification in chapter 3 and
presenting the improved Kerr metric and some general features in chapter 4, we move
to the analysis of critical surfaces in chapter 5, the Penrose process in chapter 6, and
the black hole thermodynamics in chapter 8. We also include an additional chapter
concerning the energy conditions (chapter 7), briefly mentioned in this chapter. We

dedicate the final Chapter 9 to the conclusions and an outlook.
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Chapter 3

The Cutoff Identification

In chapter 1 we defined in (1.29) the distance d (P) as

d(P) = /C Jds?] (3.1)

and a diffeomorphism invariant cutoff identification was proposed in the form of
(1.28), given by

k(P)= —— (3.2)

Since d(P) depends on the choice of the path of integration, it is important to
analyse various special cases in order to find universal characteristics and to discuss
the advantages and drawbacks of the different choices. The two kinds of paths
analysed in this chapter, namely the radial and circular paths, are by no means
exhaustive, but at least representative, in the sense that a generic, exclusively r
dependent asymptotic behavior is found for both of them. Finding (but not formally
proving) this general asymptotic property of invariant distances for the Kerr metric
and discussing its consequences for a RG improvement via the running Newton

constant are the main goals of this chapter.

3.1 Radial Path for Schwarzschild and
Kerr Metrics

A natural path C in (3.1) to start with is a straight line in space from the origin to
the point P (See figure 3.1).

47



10—

m=5, a=4 v (o, ,E'or‘{’J

Fig. 3.1.
Straight line path from the origin to a point P in

the Kerr spacetime (¢ = constant).

In the B-L representation it can be parametrized by the r-coordinate together with
t =to, ¢ =y, 0 =0y where (to, 1,00, p,) are the coordinates of the point P. From
(2.6) we find for the line element along this path, since dt = df = dyp = 0*,

2 2 2 .2
+ a“ cos* 0
ds> = g.dr? = (2 ) ar2 = [ L dr?
° GrraT (A " r2 +a? — 2mr "

d(P)=d(r,0) /\/u? /\/

The two roots of the discriminant A (r) = r?+a?—2mr appearing in the denominator

so that

% 4+ a2 Cos2 0

7”2 + a2 — 2mr'

dr’ (3.3)

of the integrand are given in (2.28) as follows:

r. = m+vVm?—a? (3.4)

r— = m—vVm?2—a?

1As a matter of convenience we use, only in this chapter and its related appendices, the geo-
metrical mass m = MGy instead of the explicit product M Gy, because for the time being we are

not dealing with any improvement of Gy.
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These roots lead to the following three regions of integration (See fig. 3.2.):

Region 1: r <7r_
Region 2: r_ <r <ry (3.5)
Region 3: ry <r

In figure 3.2 we see that the discriminant in (3.3) changes sign at r_ and r and there-
fore the absolute value in the integrand is to be interpreted differently for every re-

gion in (3.5).

15+
m=>5,a=4 —~ 40} m=5,a=0
10/ g
[
5t L 20+
= =
<o - & [ 2m
sl Region Region 2 Region 3| \2/ Region 1 Region 2
- 20 L
0 > 7 6 5 10 0 2 4 6 8 10 12 14
r r
Fig. 3.2. Fig. 3.3.
The quadratic function A (r) defines three For the Schwarzschild spacetime, A (r) de-
separate regions for the integration in (3.3). fines only two regions for the integration

in (3.3) with a = 0.

Instead of attempting to integrate expression (3.3), which does not seem to be an
easy task, we will restrict our analysis to certain special cases which, however, can
give us insight into the main physical features of an improvement like (1.24) using
(3.2) with (3.3).

3.1.1 d(P) for the Schwarzschild Metric

The Schwarzschild metric is recovered from (2.6) by setting a = 0. For this case the

roots in (3.4) reduce to:
ry = 2m (3.6)
r— = 0



Hence we have only two regions of integration as seen in figure 3.3, namely:

Region 1: r <2m

(3.7)
Region 2: 2m <7r
In this case the invariant distance (3.3) is reduced to:
T ,r,/
d(P)=d(r) = / S — (3.8)
0 /|1 — 2m
The integration in (3.8) gives the following results (See appendix B, S. B.1):
dy(r) = — [\/2mr—r2+m arctan( L 2)} + (BF) forr <2m
d(r) = 1 (r) Va2 (")
dg(r):ﬂm+\/r(r—2m)+mln<L W) for 2m < r
(3.9)

For large values of r we can expand ds (r) of (3.9) to get the following asymptotic

behavior:

0= [20=) o (1) a0

Figure 3.4 shows the compound function d(r) from (3.9). It can be seen that it
is continuous at r = 2m but with infinite slope as expected from the form of the

integrands. The asymptotic behavior of (3.10) as r goes to infinity is also visible.
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d (r) vs. r plot for the invariant distance function (3.9)
of the Schwarzschild spacetime.
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3.1.2 d(P) for the Kerr Metric Restricted to the Equatorial

Plane

For the Kerr metric at the equatorial plane, the invariant distance integral (3.3) in

B-L coordinates is reduced to the following form

r r 12
d(T)Ed(T,z> = / /G (T’,Z> dr’:/ 5 L dr'
2 0 2 0 e+ a? — 2mr’
(3.11)
More explicitly,
d(?") _ 0 /r 2+la 72mr (312)
for i ifA(r) <0

VvV 2mr! —r'? —a?2

The behavior of the g, component in the equatorial plane through the three regions
in (3.5) is depicted in figure 3.5. It changes its sign at 7_ and r,. As a consequence,
the absolute value in the integrand (3.11) has to be interpreted differently from one
region to another. Performing the integrations for every region separately we get
three different expressions for d (r). During the calculation it is useful to exploit that

the radii 74 of the horizons in (3.4) satisfy the algebraic equation (2.27), r3 + a? —

2mry = 0.
30
g 20 m=5,a=4
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Fig. 3.5.
A g, vs. 7 plot. The roots of A (r) = r? + a* — 2mr defi-

ne two vertical asymptotes r = r4 that separate three di-
fferent regions of integration in (3.11).
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The results for every region are the following (see (B.10), (B.11) and (B.19) in
appendix B):

dy(r) ifr<r_
d(r)=1<dy(r) ifr_<r<ry (3.13)

ds(r) if0<r_-<ry<r

where di, dy and d3 are defined as:

— _ 2 2_9
dl(r):\/r2+a2—2mr+mln< r4m—vrtta mr)_a

ja —m|

(3.14)

dy (r) = @ln mta —a—V2mr —r? — a2

2 m—a

r—m mm
+m arctan + 3.15
<\/2m7"—7“2—a2) 2 (319)

ds (r) = Vr2 4+ a2 — 2mr + mln <r—m+\/7“2+a2—2m7’) +

mm —a—mln|m — a (3.16)

It is not difficult to see that the expressions (3.14), (3.15) and (3.16) reduce to the
Schwarzschild expressions (3.9) when a = 0.

Figure 3.6 shows the dependence on r of d(r) defined in (3.13), for a given value
of m and different values of a < m approaching m. The continuous and regular
behavior at r_ and r, are preserved for this case as long as a < m. The slope at
the two event horizons is infinite as expected. When a  m the two event horizons
coalesce at r_ = r, = m and the expressions (3.14), (3.15) and (3.16) diverge. We

discuss this special case of an extremal black hole at the end of this chapter.

3.1.3 Corrections Outside the Equatorial Plane

In this section we expand the integrand in (3.3) for small # in order to see how
much the results for d(r) in (3.14) to (3.16) change when we move away from the
equatorial plane at # = w/2. The resulting integrals are also carried out for the
three regions 1, 2 and 3 specified in (3.5). (For more details see appendix B, section
B.3). The results are the following:
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Fig. 3.6.
d (r) vs. r plots for the composite distance function in
(3.14), (3.15) and (3.16) of the Kerr spacetime at the
equatorial plane. The “colors” run form black to gray
for increasing a.

dy (r,0) ifr<r_
d(r,0) =< dy(r,0) ifr_<r<ry: (3.17)

d3(r,0) f0<r_<ry<r

Here d; (r,0), dy (r,0) and ds (r,6) have been evaluated to leading order cos?6:

dy (r,0) =~ \/r2—2mr+a2+mln<—r+m—\/r2—2mr+a2> (3.18)
acos? r
+ In — Fi (ro,0,a,m
2 (aQ—mr—l-a\/r?—er—i-aQ) 1(ro )

dy (r,0) ~ Fy(r_,0,a,m)— F(rg,0,a,m) (3.19)
—\/er—r2—a2+marctan< — )
V2mr —r?2 — a?
mr — a? }

a/2mr — r?2 — a2

acos 6

arctan [

—F(r_,0,a,m)

d3 (7’70) ~ -k (T(]?gva:m) + Iy (T+,9,a,m) — Iy (T—aeaaam)

+Vr2 —2mr+a2+mln <r—m+\/r2—2mr+a2)

2 _
Loy ( i ) (3.20)
2 a

2 —mr +avVr? = 2mr + a2
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We define ry as a constant, arbitrarily near to zero. The r-independent functions
Fi(ro,0,a,m), Fy(r_,0,a,m), Fy(r_,0,a,m), F(ry,0,a,m), Fy(ry,0,a,m) are
given by (see appendix B, S.B.3):

Fi(ro<r_,0,a,m) = \/rg —2mry+ a? +mln (—r0+m— \/7’(2] —2mr0+a2)

acos? 0 To
In
2 a2 —mry + a\/12 — 2mrg + a2
(3.21)

20 1
Fi(r_,0,a,m)=F(ry,0,a,m)=mln <\/m2—a2>—|—acos ln( 2)
m? —a

2 2
(3.22)
20
Fy(r_,0,a,m) = e matos v (3.23)
2 4
mm  macos?
F(ry,0,a,m) = — 4+ ——— (3.24)

2 4

From (3.21) we conclude that we cannot set ry = 0 since there would result a Inr
divergence in the angular dependent term of F (1o < r_,0,a, m). However, this non-
regular behavior does not represent any problem, since the difference Fi (r, 6, a, m)—
Fi(ro <r_,0,a,m)in (3.18) is finite and positive as long as ry < r, due to the mono-
tonically increasing behavior of F} as a function of r. It is zero precisely for r = ry.

As a result we have d; (r) \, 0 for (rg, r) \, 0 such that always rq < r.

In figure 3.7 we plot the analytical results in (3.18), (3.19) and (3.20) for different

U
2

d(r,0) as in the equatorial plane (compare to figure 3.6). This indicates that the

values of a. We see that for all § =~ cos?f < 1, we get a similar behavior of

invariant distance (3.3) behaves smoothly near to 6 = 7.
Furthermore, figure 3.8 shows that, for this approximation, varying 6 near to 7

means shifting d (r, §) by a finite amount without changing its shape in a visible way.
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Fig. 3.7.

d (r,0) vs. r plots for the composite approximate invariant
distance function in (3.18), (3.19) and (3.20) from the
Kerr spacetime near to the equatorial plane (cos?§ < 1).
We follow the same convention for the grayscale as in fig-
ure 3.6.

Fig. 3.8.
d(r,0) vs. r plots for the composite approximate invariant
distance function in (3.18), (3.19) and (3.20), from the Kerr
spacetime. The “colors” run form black to gray for decreasing 6.
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A remarkable fact which follows from the results (3.19) and (3.20) is that, sim-
ilarly as in the equatorial plane, the distances they define are not regular for the
extremal case a = m, as can be seen in (3.22). This behavior indicates that our
cutoff identification should become unreliable when the angular momentum is too
large.

There is another reason to expect that our treatment might become unreliable
close to extremality. As the cutoff identification we are applying to the Kerr space-
time is inspired by the example of massless QED where the only dimensionful quan-
tity is r we have to be careful in our case, since besides the radial distance we have
two more possible dimensionful quantities on which the cutoff could depend, namely,
M and a. (An analogous complication arises in massive QED.) while we believe on
the basis of the analysis in [30] that & = £/d (P) encapsulates the leading quantum
effects for Schwarzschild black holes, this does not follow from simple dimensional
analysis since the mass M sets a second scale, independent of 1/d (P). By continuity
we may assume that also for Kerr black holes k = £/d (P) is a sensible cutoff iden-
tification, provided their angular momentum is not too large. Close to extremality
where the angular momentum defines a new independent scale this cutoff identifi-
ication might break down, however. Therefore we shall analyze only that portion of
the (m, a)-parameter space where a < m so that we are far away from extremality.
In this regime k& = &/d(P) should be the correct cutoff identification, to leading

order.

3.1.4 The Asymptotic Regime r — oo

Expanding ds of (3.20) for r — oo and neglecting terms of orders * or smaller we

get the following distance function (See Appendix B, section B.4):

d(r,0) ~r—m+mln(2(r—m))+ F(0,a,m) (3.25)
Here
acos? 1
F(0,a,m) = 5 In (m—a) — Fy (ro,0,a,m)

+F; (ry,0,a,m) — Fy(r—,0,a,m)

comprises only r-independent terms. From (3.25) it is clear that as r — oo every
contribution coming from F' (6, a,m) is subdominant. (Except for the extremal case

m = a, which we shall not consider.) As a result, we conclude that, at large distances,

56



the 0-dependence of d (r,0) is of minor importance compared to its r-dependence. In

fact, in the following we shall often neglect the f-dependence in a first aproximation.

3.2 Reduced Circumference

In this section we consider circular paths C. The reduced circumference R of a
circular path C is defined as:

Perimet 1
R = m = — /|d82‘ (3.26)
c

2 2

It can be used to define in an invariant way the size of a spherical object without
refering directly to its radius. Since we are dealing with a black hole, this is quite a
suitable definition which could eventually be used in our procedure of a cutoff iden-
tification, setting k = £/(2rR). The parametrization of C can be done in spherical
coordinates by putting the singularity at the origin and setting ¢ and r fixed (see
figure 3.9).

The orientation of the path of integration in (3.26) defines every time a new R
for the same value of r, as seen in figure 3.9. By choosing different orientations we
can see the axial dependence of the reduced circumference. For simplicity we choose
an equatorial path and a meridian one to compare. As seen in the last section for
the case of d(r,0), we are interested in finding series expressions for the different
invariant integrals we are analysing, in order to find common asymptotic behaviors.

We do that in the next two sections for the above mentioned paths.

3.2.1 Reduced Circumference for the Kerr Spacetime (Equa-

torial Plane)

For the equatorial path C; in figure 3.9 we use the parametrization ¢ — a* (p) =
(t = to,7,0 = 5, ) leading to da* (¢) = (0,0,0,1)dp. So the line element along
Cy becomes ds* = g, (r, %) d®. By integration we get the following length of the

palh Cll
R° (7) - /2 \/ g (] ) d(p (32‘)
0 we \ " 9
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Fig. 3.9.
Three different circular paths, defining three different
orientations of the reduced circumference.

This expression, in the case of a flat geometry and also for the Schwarzschild space-

time, corresponds to the radial coordinate, namely
R (r)=r

Nevertheless, this is not the case for general curved spaces and in particular not for

the Kerr spacetime. By substituting in (3.27) the g, (r,3) component from (2.6)

(3)]
r. —
Gop D)

we find:

. 1 I T
R (r) = o . \/’d32|:%/0 \/ gw<7“»§> dp =

As a result,

2ma?

R*(r) = \/7’2 +a? + (3.28)

This function is different from r precisely if a # 0. For large distances and small a,

the leading terms of (3.28) are given by:
. a®>  ma® at
Rq(T)ZT(l—i‘Z—rQ"——Tg ‘|—O<F>)
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3.2.2 Reduced Circumference for the Kerr Spacetime (Merid-

ian Plane)

For the meridian path C3 we use the parametrization 0 — z# (0) = (to,7,0,v,),
where to,r and ¢, are constants. Then ds? is simplified to ds? = gggd6* = (r* + a? cos? 0) df>.

The resulting reduced circumference reads

1 1 2
Rme(r):%/c3 \/|d32|:%/0 V12 + a2 cos? 0do
4 a?
S (\/r2 n a2> ol g (3.30)
27 a? 4 r?
where F (z) denotes a complete elliptic integral. The solution in (3.30) can be

expanded for large r and small a, as follows (see appendix B, section B.5.):
a>  at a®
R =r|l+——-——+0|— 3.31
r( +4r2 8rd (7"6)) (3:31)

3.2.3 The Asymptotic Regime r — oo

By neglecting terms of order + or smaller in (3.29) and (3.31) for Rt and R™®
respectively, we stay finally with the result R = r both for the equatorial and the
meridian path. It is to be expected that other paths with arbitrary orientation
provide the same asymptotic result. At subdominant order differences will appear,
but no major qualitative changes.

Figures 3.10 and 3.11 show the r dependence of R™¢ and R4, respectively, for
different values of a. The asymptotic behavior R = r for r — oo is obvious in every
plot. For the case a = 0, namely, the Schwarzschild metric the exact equality R = r
is recovered. It is also remarkable that the reduced circumference shows no special
behavior at the event horizons r_ and r., since its r-derivative, for both cases, is
regular at every r > 0. It can also be seen that R°? and R™° are well behaved at
a = m in contrast to the integrals d (r) or d (r, f) analysed in the previous sections.

For the case of the equatorial plane, figure 3.11 shows that R®? diverges as r — 0
for any nonzero a, in contrast to the regular behavior for the meridian R™°. The
eventual consequences of this behavior have to be seen with care since the reliability
of our approach is restricted to distance scales which are not too far away from the
range of validity of classical general relativity. Presumably, to be on the safe side, d =
R*4 should not be used in the regime where it deviates too strongly from the linear

behavior, i.e. for too small values of r.
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Fig. 3.10.
R™e (r) vs. r plots for the reduced circumference function
in (3.30), using a meridian path in the Kerr spacetime li-
ke C5 in figure 3.9. The “colors” run from black to gray for
increasing a.
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Fig. 3.11.

R4 (r) vs. r plots for the reduced circumference function
in (3.28), using an equatorial path in the Kerr spacetime li-
ke C; in figure 3.9. The “colors” run from black to gray for
increasing a.
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3.3 Discussion

In chapter 1 we have emphasized that it is to be expected that the most important
quantum correction to a classical solution of the KEinstein equations near to the
scale at which general relativity holds, would come from the running of the Newton
constant. Nevertheless, the closer to the Planck scale we are, the more we need
to take into account the contribution of more complicated invariant terms in the
Lagrangian of Quantum Einstein Gravity. Therefore we should try, in our simplified
approach, to stay in a safe region, not too close to the Planck scale where our
assumption holds. This means that we have to choose large enough masses of our
black holes, and stay at long enough distances to its center. This means also, after
looking at the behavior of the integrals we have studied in this chapter, that we can
work with an exclusively r-dependent cutoff identification, either coming from radial
paths, from reduced circumferences, or from the proper length of any similar path. In
fact, the 6-dependence of d (r, 0) is always comparatively weak and we do not believe
that #-dependent predictions can be made reliably within the present approach. As
far as it is possible, we will do the analysis in the subsequent chapters by assuming
a generic r-dependent Newton constant G (r) without making any reference to the
specific cutoff identification.

Concerning our ansatz k = £/d(P) for the cutoff identification, we recall the
analysis in subsection 3.1.3 related to its limitations for the extremal case a = m,
where one more mass scale comes into play: In the next chapters we restrict our
analysis to the regions of the (m,a)-parameter space where a < m, so that k =
¢/d(P) is still the correct cutoff identification, to leading order.

We emphasize that the above mentioned limitations (staying away from the
Planck scale, etc.) are limitations of the improvement scheme only, not to the
underlying quantum theory of gravity, QEG. The later is likely to be valid for all
distance scales, in particular beyond the Planck scale where the fixed point behavior

sets in.
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Chapter 4

General Features of the Improved

Kerr Metric

In this chapter we present the improved Kerr metric and we extend to this case
the analysis of the behavior of rotating test particles presented in chapter 2 for the
classical Kerr spacetime. We get as a result from this analysis generalized formulas
for the dragging frequency, frequencies of rotating photons and the frequency of
rotation at the event horizon 5. We find also generalizations of the equations for
the critical surfaces. Furthermore we introduce the Killing vectors as an appropiate
mathematical tool which simplifies many calculations and gives new formal inter-
pretations to these calculations in relation to the symmetries of the improved Kerr

spacetime.

4.1 The Improved Kerr Metric

Now we are already able to write down explicitly the improved Kerr metric in the
B-L representation, using the running Newton constant (1.24) with the r dependent

cutoff identification

RS
b= (4.1)

This is a spherically symmetric simplification of (1.28) that we are able to introduce

only now, after the analysis from the last chapter. It leads to the following formula
for G (r) by substituting it in (1.24)
G0d2 (7” )

G(r) = m (4.2)
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The Kerr metric improved with the coupling G (r) from (4.2) by substituting Gy —

G(r) into the classical components in (2.6), reads

- 1_2MG(7")7“ o % (r,0)sin’6
git = pz y Grr = A[ (/r) 9 gsﬂ@ - p2
2MG (r) rasin® 0
goo = P Gro = — ( ;2 (4.3)
with the definitions
p* = r*+a*cos’d (4.4)
Ar(r) = r*+a*—-2MG(r)r (4.5)
Sp(r0) = (P + a2)2 —a?Ay(r)sin® @ (4.6)
Similarly for the contravariant components we have from (2.11):
gtt _ EI gTT:& gwwz A[—G2Sin20
p2Ar’ p? p2Arsin? 6
1 2MG (r)ra
9= 5.9 = —722) (4.7)
P P AT

It is important to emphasize that the set of components (4.3) of the improved Kerr
metric, or equivalently (4.7), are the main object of study all along this thesis.

The results from this chapter rely on the assumption of an exclusively r-dependent
Newton’s constant G (). In principle, the specific form of G (r) might come from
the improvement outlined in chapter 3, but how G(r) arises from G (k) plus a cutoff
identification is irrelevant. Only G as a function of r will matter here. In this sense
we have called these results “general features”. They will be revisited in the next

chapters for more specific purposes.

4.2 Killing Vectors

Killing vectors determine the symmetries on a Riemannian manifold, in our case,
the spacetime. They are defined to fulfill the so-called Killing equation given by [59,
p. 377):

VX, +V,X, =0 (4.8)

Represented in a system of coordinates, Killing vectors are related to cyclic coordi-

nates 2" of the metric tensor g,,; they fulfill:

O
=0 (4.9)
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The Killing vector X associated to " is given by [57]

0
Xy = 4.10
9= (1.10)
or written in components
oz
X(‘;) =9 = s (4.11)

For the special case of the improved Kerr metric we know that, in the B-L

representation, the coordinates ¢ and ¢ are cyclic:

09
dp

09
ot

—0, -0 (4.12)

Then we define as special cases of (4.10) the following Killing vectors (for a more

formal proof see appendix G)

0 0

t= — -
o ¥~ oy

(4.13)

Although we are refering to B-L coordinates, it is clear that ¢ and ¢ are coordi-
nate independent vector fields. In fact we will represent them in other coordinates
whenever this is necessary. The representation of ¢ and ¢ in the B-L coordinates
ot = (t,7,0,0) = (2!, 2", 2% 2¥) reads

oz Ox
Lo _ SH o= 2" sk 4.14
t ___315 —5t ’ 90 - 9 5@ ( )

Since ¢t and ¢ are the only cyclic variables in g, a general Killing vector of the Kerr

spacetime can be written as a linear combination of the vectors in (4.13):
n=at+ Py (4.15)

Here av and 3 are constants (See Appendix G for a proof).

4.2.1 Representing Conserved Quantities with
Killing Vectors

The four-velocity of a point particle is defined as follows:

m
ut = ddi =1 (4.16)
T

Using the (— + ++) signature of the metric we can write
—dr* = ds* = g,,datdz” (4.17)
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which leads to the following relation for the components in (4.16)
-1 = wu”

Quite generally, if £" is a Killing vector then for the motion along a geodesic the

following conservation law holds true [60]
£, ut" = constant (4.18)

Using (4.18) we can relate the components of the Killing vectors to the conserved

quantities in the specific spacetime. For the improved Kerr metric we have

E = —t,u" (4.19)

L=qpu"

which are related, respectively, to the energy and angular momentum of test particles
moving in the improved Kerr spacetime. These quantities will be important in
chapter 6, when we deal with the possibility of extracting energy from the improved
Kerr black hole.

4.3 Three Families of Observers

In chapter 2 we introduced the concepts of dragging of inertial reference frames,
static limit and event horizon. These concepts are related to certain kinematical
conditions for observers in the surroundings of the improved Kerr black hole !. In
this section we reinterpret these concepts by setting the above mentioned kinematical
conditions, namely by defining three different classes of observers, and we deduce
generalizations of the formulas for the critical surfaces and the angular frequencies
Q4 and w, presented in chapter 2, now for the improved Kerr spacetime. We close
the section by showing that there is a distinguished angular frequency at the event
horizon which depends exclusively on the parameters M and J and which plays, as

we will see in chapter 8, an important role in black hole thermodynamics.

'We use the expression “observers” in the sense that any observer has the size of a test particle
and is, as a consequence, subject to the kinematics of test particles. But, on the other hand, also in

the sense that point-like systems can carry out measurements which define properties of spacetime.

65



4.3.1 Zero Angular Momentum Observers (ZAMOs) and
Dragging Frequency

For this kind of observers it holds that L = 0. From (4.19) we have then:

dx”
0= 'u, = gp“guyﬂ (4.20)
For the B-L coordinates we have:
ot = 55, (4.21)
Then, by substituting (4.21) in (4.20) we get
dy dt
0 = 9@@% + gwt% (4.22)
Parametrizing (4.22) by the time coordinate ¢ we have:
d
0 = gwa t Gt (4.23)

We define €2 to be the angular coordinate (or “bookkeeper”) velocity. In the B-L

representation we can write:

Q= d—f (4.24)
Thus the ZAMQO’s angular velocity reads:
QZAMO (1. gy = y =  Tet (4.25)

e
This is precisely the dragging frequency (2.37) from chapter 2. So we can interpret an

observer in a dragged inertial reference frame also as an observer with zero angular
momentum, measured at infinity.
Substituting the expressions for the improved Kerr metric components into (4.25)
we get:
2G (r) Mar
s

We can calculate the asymptotic behavior for » — co. Using that A; =~ 72, ¥; ~ r

w(r,0) = (4.26)

4

for r — oo we obtain
2G (r — o0) J

r3

w(r — 00,0) = (4.27)
with
J =aM

From (4.2) we see that G (r — 00) = Gy. As a result, we conclude from (4.27) that

the dragging goes to zero at infinity as it happens before the improvement.
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4.3.2 Static Observers

A point like observer following a given worldline is called static if there is no relative
motion between him (or her) and the flat spacetime at infinity. The concept of a
static limit is directly related to the existence of such observers. Therefore it’s inter-
esting for us to investigate under which conditions they are realized. By definition,

the four-velocity of static observers is proportional to the Killing vector ¢*:
ut = At

The factor « is given by

NI

Y= (_guututu)i
so that
ut = P, = (—gat®t?) i, = —1

The motion of static observers is not geodesic. They must be held in place by a rocket
engine, for example, which pulls the observer with a counterdragging frequency
—w given by (4.25).

Static observers exist only in those portions of the (improved) Kerr spacetime
where t* is timelike. The “static limit” is reached when t* becomes a null vector,

i.e. when
Y= —gutht’ = —gy =0 (4.28)
Or more explicitly, in Boyer-Lindquist coordinates, when
r? —2G (r) Mr + a® cos* 0 = 0 (4.29)

This is precisely a generalization of equation (2.32) from chapter 2, with the iden-
tification m = GoM. We denote the outer (inner) solution of (4.29) by rg,, in
accordance with the definition of the classical static limit in chapter 2. The super-
script “I” is for “improved”. We will return in chapter 5 to (4.29), when we analyse

the static limit surfaces for different versions of d () in the cutoff identification (4.1).

4.3.3 Stationary Observers

A way of defining event horizons, different from the definition via one-way surfaces,

is related to the existence of stationary observers. By definition, stationary observers
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move with a constant angular velocity (2 = ‘Z—f in the ¢ direction. They are termed
“stationary” because they perceive no time variation in the gravitational field of an
axially symmetric black hole. Their four-velocity involves a special case of (4.15)

and is given by
w o= [y (" + Qo) fixea) (4.30)
where the four vector defined as
=t + Q|(7«,9 fixed) " (4.31)

is a Killing vector evaluated at the location of the rotating particle. The factor v is

given by v = (—gw,f“f”)*% or, more explicitly, by

-2 v v\ |B-L
v ‘(7”,9 fixed) = Y (t# + Qgp“) (t + Qgp )‘(r,@ fixed)
B-L
= G (@ 20w + QZ> (4.32)
9ep (r,0 fixed)

The Killing vector in (4.31) contains the same information about the motion as the
four-velocity because 7 is simply a constant normalization coefficient. As we shall
see in chapter 8, this vector plays an important role in finding the surface gravity
at the event horizon of the Kerr black hole.

Stationary observers exist only in those portions of the spacetime where t# +

Qg ixea) P 18 timelike, that is where *:
72>0 (4.33)

By exploiting that g,, >0, Vr >0, V8 # 0,7, we can conclude from (4.32) that
the inequality

I 20w+ O <0 (4.34)
e
is fulfilled for stationary observers. It is equivalent to (4.33). This last inequality

for € is satisfied if

Q_<Q<Qy (4.35)

Oy =wt  Ju?— ;i (4.36)
pp

2From now on we supress the specification “(r,0 fixed)” for the stationary observers.

with Q4 given as in (2.36):
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Using (4.28), (4.29) and (4.36) we shall now analyse the behavior of these fre-
quencies when a test particle crosses the static limit Sfr. We perform this analysis
by looking at the three cases r > ri , r =g, and 7 < rg_in turn. In every case

we use the fact that G (r), g,, and w are positive everywhere (to verify it see (4.2)
and (C.4)).

1. The Case r > rg+

Here it holds that
g =72 —2G (r) Mr + a*cos® 0 < 0 (4.37)

which implies the inequality:

I F- SV I B (4.38)
Yep e
By applying (4.38) to (4.36) we infer that
Q_<0<Qy (4.39)

If we compare (4.39) with (4.35), - < Q < Q,, we conclude that Q = 0 is

allowed and the observer can be static. (See Figure 4.1.)

2. The Case r = r§
+

For this case we have the static limit condition
gu =1* —2G (r) Mr + a®cos® § = 0 (4.40)
which, by inserting (4.40) in (4.36), leads to
Q_ =0, Q) =2w

We see that €2 changes sign at r = rfq+ where g;; = 0. In this case only

counterrotating light rays are seen static at infinity. (See figure 4.2.)

3. The Caser <rg,

For this case we have already crossed the static limit surface and it holds that
gu = 12 —2G(r)Mr+a*cos’ >0 (4.41)
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so that we can write

gu

<w (4.42)

/wZ—& = w2 —
Gpp

and as a consequence we get

Gop

0< Q. <Qy

Together with Q2 < € < €, this implies that {2 = 0 cannot be realized: there
exist no static observers anymore. No observers can avoid rotating in the same
sense of the black hole. (See Figure 4.3.)

So far, we have done an analysis of the behavior of rotating observers that cross
r§+. If the observer stays inside and infinitesimally near to the static limit surface,
it is expected to exist a finite sized interval (Q_,Q,) where stationary observers
can exist. Once this interval is reduced to zero, by going further inside, we have
no available stationary states for rotating observers. This is an indication that an
event horizon is reached, namely, a surface which defines the end of the existence of
stationary observers. This is a different definition as the one given in chapter 2, and
is based on the concept of stationary observers. We analyse further this definition

in the next paragraph.

Coalescence of Frequencies at the Event Horizon. We start finding a formula
for Q4 in terms of the B-L coordinates. By substituting the components of (4.3)
and definition (4.25) in (4.36) we get the following expression (see appendix D):

P*VA

QL =w=+ 4.43
S Yrsiné ( )
By imposing Q2 = Q, to (4.43) we can find a formula for the event horizon’s surface
of the improved Kerr spacetime. From
it follows that
P*VA _ P*VAL
w + : =w— .
Yrsind Yirsinf
and we get
Ar=0 (4.45)
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or more explicitly
r? +a* —2G (r) Mr =0 (4.46)
We define the angular frequency )y of the black hole’s event horizon by
Qi = wlp,20 = Qila,20 = Q-la, 20 (4.47)

As a consequence of (4.44), the accessible interval of frequencies for stationary ob-
servers given by (4.35) is reduced to a single value at the horizon, and only counter-
rotating light is able to be stationary, being forced to move with the angular velocity

Qy, see figure 4.4.

Notice that £"€, = gu/gp, — 2w+ Q> = 0 at the event horizon H. The Killing
vector & becomes light-like. This means that £ is a tangent vector to H. An event
horizon with such a property of having Killing vectors as tangent vectors is called a
Killing horizon.

Equations like (4.28) and (4.45) will be found again in chapter 5 for different

physical considerations.

From (4.47) and (4.26) we can get an expression for the rotation frequency of
light Qy at the radial value 7}, which, by definition is the radius of the outer event
horizon and which solves equation (4.46)

2G (L) Mar!
Op=w (TL,Q) = E(IJ(;?L’Q) +

(4.48)
with
2 (rh,0) = [(Ti)2 + CLQ} L a’Ap (r)sin®6 = [(ri)2 + aQ} i (4.49)

this equation turns out to be independent of 6. By inserting (4.49) in (4.48) we get

a

Qu(M,a) = ———— 4.50
(M) = (4.50)
where we have used the fact that r! fulfills (4.46), namely

(TL)Q +a® =2G (rl) Mr (4.51)

Eq. (4.50) is an important formula. It has the same appearance for the classical

and the improved Kerr metric (see [60, P. 190]), but r; and 7}, are different functions
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of M and a. In addition it is clearly coordinate independent since it is only a function
of the parameters of the black hole a and M. Therefore we will use it no matter
how we represent the improved Kerr spacetime.

We summarize this section by means of various figures. Figures 4.1 to 4.4 show
several configurations of the roots 24 of the polynomial Q% —2wQ+ g4;/gss. The an-
gular frequency € of rotating particles is subject to Q_ < Q < Q.. If Q = Q+, the
rotating particles are photons. Since the angular frequency €2 of a timelike rotating
observer is by definition bounded by )., the configuration of these light frequencies

determine their kinematical properties. We can distinguish the following cases:

Fig. 4.1: It Q_ < 0 < 2, a rotating observer can be in a static state with €2 = 0.
Fig. 4.2: At the static limit r = Tng counterrotating photons reach zero coordinate
tangential velocity. Every rotating observer is compelled to rotate with a positive
angular frequency €2 such that 0 < 2 < Q.

Fig. 4.3: For 0 < Q_ < Q. observers cannot remain static. These observers have
crossed the static limit surface 7‘}9+.

Fig. 4.4: At the event horizon the angular frequencies for photons €2 and €,
coalesce and stationary observers are not allowed anymore. Light rotates with a

frequency Qy.
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Chapter 5

Critical Surfaces of the Improved

Kerr Metric

In this chapter we find equations for the critical surfaces of the improved Kerr metric,
as generic expressions involving the distance function d (r), and we solve them either
analytically or numerically for specific choices of this distance function. Keeping in
mind the limitations of our method we discuss the impact of quantum gravity on
these critical surfaces, their shape, number and type. To this end we rely on the
d (r) = r approximation as a crucial tool of the analysis. The reasons are the relative
simplicity of the equations it leads to, its property of being the first leading term of
d (r) in the r — oo regime, and also, as we shall see in subsection 5.2.2, the fact that
it leads to locally stable solutions of the equations for the critical surfaces. We shall
be particularly interested in the transition from the clasical to the quantum regime
and to see at least the onset of the new effects showing up at the Planck scale. The
plots we present employ dimensionless quantities. As a result, the Planck scale is
reached when the quantities approach the unity.

This chapter is divided into three sections, namely:

Section 5.1 Derivation of the equations for critical surfaces, to be solved with a

generic d (r).

Section 5.2 Solution of the equations in section 5.1 and analysis of physical con-

sequences, exploiting the properties of the d (r) = r approximation.

Section 5.3 Discussion
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5.1 General Equations for Improved Critical Sur-

faces

5.1.1 Infinite Redshift Surfaces

In chapter 2 we presented the infinite redshift surfaces Sy for the classical Kerr

spacetime, given by

rs, (0) = m+vm?—a?cos?0 (5.1)

rs_ (0) = m—+vm?—a?cos?0

We also emphazised there and in chapter 4, by analysing the angular frequencies
of rotating test particles (or observers), that these surfaces are also a boundary for
static observers, therefore they are called static limit surfaces. In this subsection we
come back to the infinite redshift character of these surfaces and we deduce again

the condition given in (4.29):
r? —2G (r) Mr + a® cos* 0 = 0 (5.2)
We go further by applying the cutoff identification (4.1) and we establish a condition

similar to (5.2) but depending on d (r).

The redshift of signals due to gravity can be understood as a consequence of a
position dependent proper time dilation. The proper time interval dr (z*) measured
by a local observer at x* corresponds to a longer proper time dt measured by an
observer at infinity in an asymptotically flat spacetime. The quantity ¢ measured
by this asymptotic observer is usually chosen as the time coordinate. The square

root of the metric component g relates both intervals [41]:

dr (z") = \/gu (x#) dt (5.3)

Suppose now that n maxima of a wave of frequency vy are emitted in proper time

drs (x*) from a source at x*. Then
n = vodrs (z¥) (5.4)
or using (5.3),
n = vo\/ gy (25) dt (5.5)
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At infinity one certainly receives n maxima, but the frequency and time duration of

the wave train have changed. There we have an equation similar to (5.4):
n = vedt (5.6)

Thus by comparing (5.5) and (5.6) we get the following result for the relation of the

two frequencies:

Voo = Vo\/ it (T5) (5.7)

For wavelengths we have an inverse relation to (5.7):

Moo = _ o (5.8)

it ($5)
Therefore it is clear that we have an infinite redshift if:

gut (74) =0 (5.9)

Applying (5.9) to the improved Kerr metric leads precisely to the condition (4.28)

for the static limit surface. In B-L coordinates we have equation (5.2):
r? +a*cos’ —2MG (r) = 0 (5.10)
By using (4.2) for G (1) we get:
d* (r) (r* + a® cos® 0 — 2MGor) + Gow (r* + a®cos* ) = 0 (5.11)

We will return to this equation (more specifically, its dimensionless version) in sec-
tion 5.2 when we implement specific expressions for d (r), and we look for corrected

static limit surfaces.

5.1.2 One Way Surface

In this subsection we come back to the one-way character of event horizons. By
imposing the one-way condition (2.25) to the vectors tangent to a two-dimensional
surface in the improved Kerr spacetime, we are able to reproduce equation (4.46)
for the event horizon and also the equation (2.27) for the classical Kerr spacetime
as a particular case. We confirm in this way two different properties of the same

class of surfaces, namely, that the event horizon in the improved Kerr spacetime is
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a surface which can be crossed in one direction only, and also a surface which is a
boundary for stationary observers.

Since the improved Kerr metric (4.3) is static and axially symmetric, any surface
with these symmetries can be defined in B-L coordinates via a function & (r,60) by

requiring:
O (r,0) = const (5.12)

A vector normal to the surface is obtained as the gradient of ®, possibly up to a

constant:
Uy = A0, (5.13)

In the B-L coordinates (t,r,6, ¢) we have explicitly

o 09
=A — . 14
Yo <O’ar’ae’) (5.14)
Raising the index of v, according to
o = gaﬁvﬁ — gatvt +gaTU7~ +ga9U9 _i_gcupULp (515)
yields with (5.14):
0P 0P
@ — Alg | = af [ 7 1
= Al (5) o (5) =

= A <0 g (g—f) . g% <g—§> , o) (5.17)

Let us now assume that v, is a null vector, satisfying

V0" =0

o (OON? (00N
g <W) +g (%) =0 (5.18)

Being null, v, is both normal and tangent to the surface ® = const, which is a null

so that

hypersurface in this case.
Expression (5.18) is a partial differential equation that can be solved for ® (r,0)
by separation of variables only ¢'"/¢?" depends exclusively on r or §. This is the

case for the components in (4.7) because

T

9

] =A;(r) =a®>+1*—2G(r)Mr (5.19)
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which is indeed only r dependent. We propose then the separation ansatz
O (r,0) =R(r)O () (5.20)

which leads to

1 2 o 2
1d0\"_ g¢" (1dR (5.21)
O db g% \ R dr

after inserting (5.20) in (5.18) and dividing by ®?. As a result, every side of (5.21)

is a constant, since each of them depends on only one variable. For the right hand

side we write:

1de\?
(67?) = A>0 (5.22)

Solving for © we find the following:

% = V20 () (5.23)
©() = BeV (5.24)

This solution is not periodic in #. Therefore ® (r,0) does not properly define a
surface, unless A = 0. Hence we conclude that our equations lead to a function

depending exclusively on r. We obtain the differential equation for R (r) as follows:

g [ 1dR\?
g (1) _ 2
g% (R dr) 0 (5:25)

This equation leaves only two possibilities:

rr

9

o =
dR
- =0
dr

The second equation leads to a constant ® = const which does not define a 2-

dimensional surface. Therefore we turn to the first equation,

which leads directly to:

r?+a®—2MG (r)r=0 (5.26)



This is the equation of the event horizon, already given in (4.46). We have shown
in this way that the event horizon is a null hypersurface.
Inserting the expression (4.2) for G (r) in (5.26) leads to

& (r) [r* + a® = 2MGor] + Gy (r* +d*) = 0 (5.27)

Eq. (5.27) is a dimensionful equation for event horizon surfaces, where a generic
d (r) is included. In section 5.2 we will solve a dimensionles version of this equation

and we look for corrected event horizons.

5.1.3 Dimensionless Variables and the Unified Equation for

Critical Surfaces

As already mentioned at the beginning of this chapter, the use of dimensionless
variables normalized with respect to the Planck scale helps in getting insight in how
improvement changes the properties of black holes. Using the definitions in (A.7)
we can transform the surface equations (5.11) and (5.27) to dimensionless equations.

We also use the radial proper distance in Planck units

d
=8
—
=
N~—r

5

Hence
&2 (7) Go = d* (1)
so that we have for the static limit
d* (7) (7 + @ cos® 0 — 2m7) + w (7 + a*cos’0) = 0 (5.28)
and similarly for the event horizon
& (7) [ +a* — 2mF) + w (P +a”) = 0 (5.29)

An obvious feature of equations (5.11) and (5.27), and likewise of (5.28) and (5.29)
is that they differ only by the terms that include a or a. Thus we can define a

constant b which unifies the equations for the static limit and the horizon:

acos@ for the static limit.
h— (5.30)

a for the event horizon.
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In a similar way we define the dimensionless variable:

acosf@ for the static limit.

o
I

(5.31)

a for the event horizon.

Now we can write one unified “master” equation replacing (5.11) and (5.27) or (5.28)

and (5.29). Namely, for the dimensionful radius we have
& (r) (r* + b* = 2MGor) + Gow (r* + b*) = 0 (5.32)
while for the dimensionless radius
2 (F) <f2 I me) +@ <f2 + 132> —0 (5.33)

The dimensionless equation (5.33) yields solutions 7 whose scale is normalized with
respect to the Planck scale. We will concentrate primarily on solving this equation.
It defines in a natural way the following 2-parameter family of functions whose zeros

are to be found:
QP (7) = & (7) (fQ I 2mf) +a (fQ + 62) (5.34)

Depending on the choice for b given by (5.31), the roots of Qg’ will define the

corrected static limit or event horizon surfaces for the Kerr metric, respectively.

5.2 Solutions for the Critical Surfaces and

Physical Consequences

We come now to the second part of this chapter where we assume a specific form
of d(r) and we look for solutions of the equations (5.28) and (5.29), for the static
limit and the event horizon, respectively.

We start in subsection 5.2.1 with a general analysis of the equations (5.34) with
d (r) = r. We present the solutions of these equations, when it is possible, and their
properties. We also present special important cases, like the extremal black hole.
In subsection 5.2.2 we present the stability properties of the related solutions. We
conclude the section (subsections 5.2.3 and 5.2.4) with the analysis of several plots

of the solutions and surfaces we have found.
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5.2.1 Critical Surfaces for the Approximation d(r) = r:

General Features
For d (r) = r the cutoff identification is given by the simplest non-trivial expression:
k(r)== (5.35)

After substituting (5.35) in (4.2) we find the following running G (r):

G0T2

G = — 5.36
(r) r2 + wGy ( )
By substituting (5.36) in (5.32) and (5.33), respectively, we have
rt = 2MGor® + r* (b + Gow) + Gowb® =0 (5.37)
7 omi® 4 2 (52 + w) Yt =0 (5.38)

For d (r) = r the equation of the critical surfaces is a polynomial in 7. As a result,

the respective function @’ (r) is the following:

QY (7) = i — 2mi® + 2 <52 + w) + wh? (5.39)

In the next two sections we describe the physical content of equation (5.38) by
analysing several cases, corresponding to different values of the free parameters w

and b. These cases are:

1. Classical Schwarzschild critical surfaces (w =0, b= 0).
2. Classical Kerr critical surfaces (121 =0, b+ 0).
3. Improved Schwarzschild critical surfaces (71) £0, b= O).

4. Improved Kerr critical surfaces (w £0, b+ 0>.

We shall refer to cases 1 to 3 as “particular cases” and the fourth case as the “general

case”.
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Particular Cases

1. The simplest case which results from setting w = 0 and b = 0 leads to the

well-known Schwarzschild singularities. Equation (5.38) is reduced to:
Qo (F) = #(F—2m)=0 (5.40)

Clearly the solutions of (5.40) are either 7 = 0, the singularity at the origin,

or 77 = 2m the coordinate singularity that defines the event horizon.

2. The case 2 defined by @ = 0, b # 0 converts (5.38) to the factorized fourth-

order equation given by:
Q (7) = i <f2 i+ E2> —0 (5.41)
The solutions of (5.41) are either 7 = 0 or the couple of solutions

7y, =1+ V2 — b2 (5.42)

Depending on the interpretation of b we have either the solutions for the event
horizon 7. = 7 + v/m2 — a2, when b = @, or the static limit 7, = m +
V2 — a2 cos2 0, when b = Gcosf. Dimensionful versions of these solutions
can be found by multiplying 7 by lp; = /Gy, namely:

T+ :MG()ZE (MG0)2—CL2

rs, = MGy + \/(MGO)2 — a?cos? 0 (5.43)
Or using m = MG we have:

ry =m=+vm?—a? (5.44)

rs, =m =+ vVm?—a?cos?0 (5.45)

This is the unified way of presenting the critical surfaces of the Kerr spacetime,

as already given in equations (2.28) and (2.33) of chapter 2.

3. The case 3 with b = 0, @ # 0 gives us the critical surfaces of the improved
Schwarzschild spacetime [30]. In this case we have the polynomial equation
(5.38) reduced to

QY (7) =7 (7 — 2mF + @) = 0 (5.46)
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which is equivalent to (5.41) if we perform the identification 0> — . As a
result, the solutions of (5.46) have a similar form to the solutions of (5.41).
In this case we have again the singularity at the origin ¥ = 0 and two event

horizons for the improved Schwarzschild spacetime given by:
Foan, = M+ VM2 —w (5.47)

Now multiplying (5.47) by [, gives a dimensionful version for the radii of the

event horizons:

P, = MGo % \/ (MGo)® — Gy (5.48)
Or equivalently using m = MGy:
P&, = M =E/m? — Gow (5.49)

The existence of two different radii r§,, , represents the splitting of the Schwarz
schild event horizon due to the RG-improvement into a set of two horizons
which had been found and discussed in detail in Ref. [30].

Concerning the Planck scale, the value of M will be considered large in relation
to a critical mass M., equal or near to the Planck mass M. Following [30]
we define M, to be the mass at which the two radii r§,,, and r§,_ merge to

a unique value rf, ... From (5.48) we have [30]:

w
M, = G = Vo my) (5.50)
so that
Go (My)? = o (5.51)

M, is the lowest amount of mass a black hole configuration in the improved
Schwarzschild spacetime is allowed to have. There exists no event horizon for
M < M. We call the state with M = M., the “critical” quantum black
hole [30].

The similarity of (5.48) with the radii r¥~ of the Reissner-Nordstrom spacetime
is clear if we identify the charge e of the black hole with v/w. In particular,
the “critical” quantum black hole with M = M, corresponds to the extremal
charged black hole with e = /Gy M.
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We also define the related geometric critical mass to be,
Mer = GoMy, (5.52)

Thus the dimensionless ratio M., /M can be exploited as an expansion param-

eter when M >> M... We denote this ratio as m,

M, m
cr — Cr 5'53
Y (5.53)

m
where m = MG, is the geometrical mass of the black hole.

Since w o O (k) the classical case (no improvement) corresponds to M, = 0
or m = 0. As a result, the classical limit (A — 0) and the heavy mass limit

(M — o0) will coincide for all results obtained in this work.

The radii rgy,, in (5.49) can be expressed as functions of m as follows:

2

er)” _ 4 /T2 (5.54)

m2

I —
TS, =M tmi[1—

Expanding (5.54) in m leads to

réCth =m [2— m? +0 (m“)]

-2
M. =M {m? +0 (m‘*)] (5.55)
In the limit M > M, we observe that 7§, —— 2m and 7§, — 0. This
corresponds to the classical limit where the radius of the event horizon is the
Schwarzschild radius 2m and the inner event horizon coincides with the origin
of coordinates where the singularity of the Schwarzschild black hole is supposed
to be. As M — M., 73y, deviates smoothly from the classical value 2m and

TS, grows out of the origin.

Analysis of the General Case @ # 0, b0

For the case w # 0, b # 0 associated to the improved Kerr spacetime, we have to

deal with a fourth order polynomial. In principle there could exist four complex

solutions for (5.39) but we must restrict 7 to the physical region given by 7 € R and

7 > 0. An analysis of the extrema for Qf (r) leads to an additional simplification.
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For the special case d (1) = r we are so far dealing with, these extrema can be found

analytically. The condition for a critical point is:

dQ¥ -
2%6 = 2F [2?2 — 3+ b + w} =0 (5.56)
r 'Fc'rit fcrit
The solutions of equation (5.56) are 7..;; = 0 and:
3m 8 /-
o= 2 41— ( 2 —> .
M2 = \/ o2 b* + w (5.57)

From the last expression we conclude that the positivity of the discriminant 1 —

gm% <b2 + 711) gives a constraint on the existence of non-trivial extrema, namely:

8 ~
<1— —(p? 0| < .
01— (b +w> <1 (5.58)

From now on we refer only to 715 as real positive roots of (5.56), namely roots
which fulfill (5.58). The maximum or minimum character of these extrema can also

be analytically established. The second derivative of Qi‘_’ is given by:

QP
dr?

) [27:2 — 3F + b+ @ | + 27 [4F — 31m)] (5.59)
As a result we have for the stationary point at the origin:

QP
dr?

= P +a>0 (5.60)

'Fcrit:O
As a consequence we have a local minimum at 7 = 0 '. On the other hand, by

combining (5.57) and (5.59) we can write:

QY
dr?

27 9 [4T1 9 — 31

71,2

Here we have used the fact that 7 5 fulfills eq. (5.56). As a result we have:

w1 o (34 ) Wl_%(mw)_l}@ for 74

ne | 1mw (B a) [ 1o 5 (R4 o)
(5.61)

'Here we assumed, as always, that @w > 0 as it is predicted by the renormalization group

QY
a7

>0 for 7:2

equation.
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From (5.61) we conclude that 7 is a local maximum and 75 is a local minimum.
Furthermore, since we have two minima and only one maximum at 7 > 0, and since
the minimum at r = 0 is positive <QZ’3 (0) = IS%I;) it follows that Q" () has at most
two real, strictly positive zeros, see figure 5.1. We shall denote these zeros by 7:%,,

and fll)+, respectively.

The Quantum Extremality Condition

As already mentioned in chapter 2 the extremal Kerr event horizon occurs when the
two solutions r4 degenerate to just one, r, = r_. This happens when m = a and as a
result rexty = M = a, as one can easily see from (5.44). We shall search for analogous
extremality conditions in the new cases 3 and 4 of the improved Schwarzschild and
Kerr spacetimes, respectively.

The extremal black hole of the improved Schwarzschild spacetime is reached for
m? = w, as one can derive from (5.47). Therefore we have 7l ... = M.uGy =
VGow. We call Mg, the critical mass and it plays an interesting role related to the
problem of the final state of a black hole that evaporates due to the emmision of
Hawking radiation [30].

The condition of extremality can be generalized to the improved Kerr metric by
requiring that fllﬂr = f%_ is a single double root of Qg’. This double zero coincides
with the minimum at 75, see Fig. 5.2. By a straightforward algebraic process one

can get to the following simplification of that condition (see appendix E)

2
"2 [52 4w — i b2 —
5 {b + w mr2}+wb 0 (5.62)
with
3m 8 (5
. B 0 | -
= |1t \/1 5 (b + w) (5.63)

Eq. (5.62) with (5.63) defines a curve in the two dimensional (m, @) parameter space.
All points (m,a) on this curve are extremal black holes; they have a degenerate
horizon. We refer to (5.62) and (5.63) as the quantum extremality condition. We
can see immediately that from (5.62) we recover the above mentioned extremal
horizons as particular cases. In the general case we solve (5.62) for m and describe
the curve by a function m = m (a).

Knowing that w is a fixed parameter of the theory we plot the function m = m (a)
obtained by numerically solving (5.62) and (5.63) in Fig. 5.3. We observe that there
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are deviations from the linear behavior of the classical extremal Kerr black hole given
by 7 (@) = @, when a goes to zero. For a = 0, 7 reaches its minimum at /@w. On

the other hand, for @ — oo, m (a) approaches the classical behavior, namely m — a.

400 4 ‘ ‘ ‘ ‘ ‘ i |
\ / 1 100}
200 ] -
~1 ~1 - P
/-\ r= r- 1 b — 4
h— [ 801 _

0 1 w=1
200 1 N m = 4.23
S ~
R ~ 1

- 400 b=17 1 a0l
- 600 w =1
m — 8 ] 20 - ~1
-800 5 ] =T
T9 ] 0 b-
-1000] ‘ ‘ ‘ ‘ ‘ L > 0 2 4 3 8 10 12
-2 0 2 4 6 8 10 12 B
T T
Fig. 5.1 Fig. 5.2.

Figures 5.1 and 5.2 show two configurations of the fourth-order polynomial Q(f) defined
in (5.39). Its roots represent radial coordinates of critical surfaces in the improved Kerr
spacetime, assuming d(r) = r and k = £/d(r). Depending on the parameter values one
has either two, one or no zeros in the positive real domain.

Fig. 5.1: Two roots, fll,, and fllﬂr of Q(f) They correspond to radial coordinates of

two event horizons or two static limits, depending on the interpretation of b.
Fig. 5.2: Extremal case: The roots f%_ and f}ﬂr degenerate to one value given by 75

in (5.62) and (5.63).

Fig. 5.3.
The m (@) dependence given by the “quantum extremality condition”
for the extremal improved Kerr black hole with d(r) = r. The dashed
line represents the m (@) = @ dependence of the classical Kerr spacetime.
For @ — 0, 7 assumes its minimum value at /w, and for @ — oo m a-
pproaches the classical behavior, namely m — a.



Common Points of H-Surfaces and S-Surfaces

In this paragraph we prove a general property of both the classical and the improved
event horizons and static limits, namely that, except at 6 = 0 and 7, no S-surface
intersects or touches any H-surface.

Assume a point (7,60, ¢) is on both a S and a H-surface. Hence r and 6 satisfy
both of the two equations in (5.38), for the event horizon with b = a and the static

limit with b = a cos §. Subtracting the first from the second equation gives:
a’sin* 6 (r* + w) =0, (5.64)

For a # 0, 8 # 0, 7w this equation has no solution. As a result, there exists no

(r,0,¢) lying on both an S and an H-surface except for the poles.

5.2.2 Structural Stability of the Polynomials Q° (r) and
Status of the d (r) = r Approximation

We have done so far a first analysis of the behavior of critical surfaces in the approx-
imation d (r) = r which becomes exact asymptotically. Before going into further
features of these solutions, it is important to clarify to what extent the results we
are finding for this approximation have a general qualitative meaning and which
properties change when we apply the exact form of d (r) to equation (5.34) instead
of d(r) = r. More generally, we would like to know how the results behave, when
we slightly change the function G = G (r). There are two important aspects related

to this question that we must consider, namely:

e We would like to know whether the classical critical surfaces of the Kerr space-
time, defined by the solutions of the polynomial (5.41), are stable, or on the
contrary the RG-improvement leads to a drastic change of their number and
form. This question is related directly to the “structural stability” of the

mentioned polynomial.

e On the other hand, it is also important to analyse the stability of solutions
of the equation (5.39) when the approximation d (r) = r is replaced by, more

accurate functions d (r).

In order to analyse these aspects we present in the next paragraphs a short intro-

duction to the concept of structural stability of analytical functions in one variable
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[54], as it is used in the context of catastrophe theory usually. It is important to
emphasize that we are mainly interested in analyzing the stability of the zeros of
functions like (5.39) or (5.41), which are directly related to the critical surfaces Hy
and Sy. Even though the definition of structural stability is based upon properties
of the critical points of a function rather than upon its zeros, we can consider the
zeros as critical points of the integrals of the functions in (5.39) or (5.41)%. We define

Q (r) to be the definite integral in r of @ (r):
Q(r) = / Q) dr’ (5.65)

As a result, if r; is a zero of Q (r), it is also a critical point of Q (r):

dQ

| = Q(r1)=0 (5.66)

T1

Once the concept of structural stability is presented we proceed to analyse the two
above mentioned aspects in the subsequent paragraphs. We close this subsection

with a summary and an analysis of the results obtained.

Structural Stability of Functions in One Variable

The concept of structural stability is introduced in the framework of catastrophe
theory as a basic tool in the analysis of the behavior of critical points of analytical
functions, under infinitesimal variation of these functions. We say that two functions
fi(r) and fy (r) are of the same type, or equivalent, if they have the same config-
uration of critical points with the same properties, near » = 0. The analysis can
be easily extended to other points r # 0 of the real line by performing coordinate
translations. To determine whether or not a function f (r) is stable we compare it

with a generica neighbouring function f, given by

fa(r) = f(r)+a(r) (5.67)

where « (r) is analytic and infinitesimally small, together with all its derivatives.
We say that f (r) is structurally stable at » = 0 if it is equivalent to f, (r) for all

sufficiently small, smooth functions « (7).

2We work in this subsection with polynomials like Qg’ (7) that are defined for dimensionless
variables. Nevertheless, from now on and until the end of this chapter, we omit for simplicity the

tilde that denotes the dimensionless character.
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The concepts of degeneracy and non-degeneracy of critical points give a useful
tool to demonstrate the structural stability of analytical functions. We proceed now
to explain it.

A critical point u of f; is called non-degenerate if its second derivative at u does
not vanish. Thus we have for u

4t

=0 5.68
dr ( )

r=u

This is the criticality condition. And additionally we have

f
dr?

£0 (5.69)

r=u
for the non-degeneracy property. Non-degeneracy turns out to be a very useful
property of critical points. It can be shown, for example, that every non-degenerate
critical point is isolated. This means that there exist no other such points in the
infinitesimal vicinity of that point [54]. Other important properties of critical points
depend on their degenerate or non-degenerate character [54]. In particular, in the
vicinity of non-degenerate critical points, the function f is structurally stable [54].
In that case we simply say that the respective critical point is structurally stable.
Furthermore, it can be proved that a critical point is structurally stable if and only
if it is nondegenerate; hence every degenerate point is structurally unstable [54, 55].
As a result, it is sufficient to verify expression (5.69) in order to demonstrate the
structural stability of f at u. We will use this method in the next paragraphs in
order to check the stability of functions in the classical and improved cases. As
mentioned before, we analyse the solutions of @) (r) = 0 as being critical points of
Q (r), the integral of @ (7). In addition we also study the critical points of @ (r)

themselves.

Stability of the Zeros of QY

From the previous subsection we know that there exist at most two positive solutions
i, of Q¥ such that

Q' () =0 (5.70)
More explicitly we have

Q (14) = (TzI;i)Q [(TZI)i)Q +b° —2mry, +w| +wh* =0 (5.71)

90



The second derivative of Qi evaluated at 71, is given by

PQY|_ dQp

dr? | . dr
b+

— ol [2 (rl)” = 3mrl, + 02 + w} (5.72)

"ot

If we substitute (Tii)2 + 6% — 2mr), + w = —wb?/ (7",Iﬂ[)2 from (5.71) in (5.72) we

find
£0;
dr?

=2 [ - m (k) = 5| = [0 - k) - av?] 0

I
1 Tpt Tpt

Th+
(5.73)
This is different from zero except for a finite number of values for 7}, , four at most,
according to the fundamental theorem of algebra. As a result we can assert that the
critical points ri, are always stable except for a finite number of special cases.
Since the typical behavior of Q¥ (r) is the one presented in figures 5.1 and 5.2,
we conclude that the only possibility that d?Q{/ er‘Tii =0, with rj, real positive
values, is the extremal case when ry, =7 = 7;.,). In that case 1y, is a critical
point of )}’ and we have:
dQp
dr

2 AT
_ 0
dr?

T};(extr)

=0 (5.74)

7nb(extr)

As a consequence from (5.74) the degenerate critical point rll)( in the extremal

extr
case is unstable. )

Alternatively, we conclude from (5.73) that all ], # 7}, are structurally stable
(all non-extremal cases). This means that we do not expect any dramatic qualitative
changes in the critical surfaces Hy and Sy for small changes of Q¥ which might come
from corrections to d (r) = r, for example. More specifically, we only expect a small

shifting of the solutions ], of figure 5.1.

Stability of Critical Points of Q)

In subsection 5.2.1 we have already found the critical points of the polynomial
=72 (r? 4+ b —2mr) + w (r* + b*). They solve equation (5.56)

dQy
— =0
dr

Terit

= 2r [2r* = 3mr + b* + @]

Terit

The solutions are given in (5.57) as follows:

7"0:0

ra =3 11— g (02 + )]

Terit =

(5.75)
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We have also found the second derivative of Q) at the critical points. At rq it is

2QF
dr?

=b*+w >0 (5.76)

ro=0

and at 7 they read

2QF
dr?

- m e [1- @ e 1] <0 forn
7“1,2_ ¥\/1—9%(b2+w) [1+\/1—9%(b2+w)J>0 for ry
(5.77)

From (5.76) and (5.77) we conclude that the polynomial @}’ is structurally stable
at all critical points, 1y = 0 and 7y 2.
The Polynomial QP=" for the Classical Kerr Spacetime

The stability at r,1 in the classical case is proved by substituting @w = 0 in (5.71)
and (5.73), as follows. Equation (5.71) is reduced to equation (5.41) given by

v (r) =07 (P = 2mr +0*) =0 (5.78)

where its solutions are g = 0, 1,2 = m++v/m?2 — b? as mentioned in subsection 5.2.1.

The second derivative of QY at each of these solutions is given by

*Q) _ dQy 2

| T dr | (r0)” (ro —m) =0 (5.79)
To= To=

d2 0 d 0

?Cib = % = 2 (szl:)2 (T’bi — m)
T+ T+

= 42(rps)’ Vm2 — b2 £ 0 (5.80)

The stability implied by equation (5.80) tells us that the values r,L change
smoothly by the improvement. They are identified with ri, when @ # 0. If 7y
were not stable, even their existence as real solutions of QY could not be garanteed
after small changes of QY.

On the other hand from (5.79) we deduce that the solution 7y = 0 is unstable.
The specific consequence of this instability arising when we switch on w smoothly
can be deduced by comparing Q=" with Q¥ at ry = 0, as follows. From (5.71) and
(5.78) we have
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QY (r) = Q" (r) + wr® + wh? (5:81)

The polynomial Q¥=° is changed by two different terms wr? and wb?*. We analyse
separately their impact on the properties at ry = 0. First, adding wr? to Q¥=° shifts

the coefficient b? of r? by an amount of w0, since we have
@ () = QO (r) +ar? =t —2mr® 4+ (B + @) 1 (5.82)
= [7“2 —2mr + (62 + w)] r?

This means that the structure of QP=° is not changed. The solutions of (Q?)(l) =0

are given by

T():O

réli) = m=+ \/mQ—(bz—i—u_))

As a result we only have a smooth shift of r,.. depending on the value of w. Fur-
thermore, the number of zeros stays the same for all infinitesimal w.

As a second instance, adding wb* changes the original structure of Q¥=°, since
the polynomial Q¥=° has no constant term. The direct consequence of this is that
ro = 0 is not a solution of Q¥=" = 0 anymore. This can be considered an effect of
the instability of ro = 0.

Since w is positive, no additional roots are expected to appear, so we stay with
714, which are the result of a smooth shift of r,+. Other consequences were con-
ceivable if the improvement would lead to a negative value of w, or if an additional
term ar could be added. This is not the case, however, so the final conclusion of
this analysis is that the improvement with d (r) = r causes only a smooth change of
the solutions ry+ for all infinitesimal .

At the extremal case m = b we have from (5.80)

Q=0
dr?

=0 (5.83)

Tb(extr)

As a result, the degenerate solution 7y, is again unstable.
The stability of the critical points of Q=" is proved by substituting w = 0 in
(5.76) and (5.77), as follows
P
dr?

=0*>0 (5.84)

ro=0
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2 2 2
o 1o 11 <0 forry

2

9Im 8b2 8b2
71,2 = 1—m 1+ ~ 9m2 >0 fOI'T’Q

d? quI):O
dr?

(5.85)

The nonzero expressions in (5.84) and (5.85) show that Q¥=? is stable in the vicinity
of the critical points of the Kerr spacetime, rg, r; and rs, since for this case b # 0
strictly. It important to notice that 7o = 0 is stable as critical point of Q¥=" but

unstable as solution of QF=" = 0.

The Improved Schwarzschild Spacetime

Concerning the structural stability, the improved Schwarzschild and the classical
Kerr spacetimes are analogous since the polynomials Q?:o and Q})‘_’ZO are equivalent
when we identify b with w. As a result, for the improved Schwarzschild spacetime
we find expressions analogous to (5.80) and (5.83). The stability is thus established
at gy,, , 100, except for the extremal case m?* = w, and for ro = 0.

Concerning the critical points of (5.46), we find expressions analogous to (5.84)

and (5.85) when we identify b? with w. As a result, ro = 0, r; and 7 are also stable.

The Classical Schwarzschild Spacetime

The polynomial for the classical Schwarzschild spacetime (w = 0 and b = 0) is given
by:
Qo (r)=r’(r—2m)=0 (5.86)

The solutions of (5.86) are 7o = 0 and rgq, = 2m. Since d2@8/dr2‘rm=2m =8m> >0
we conclude that the Schwarzschild event horizon rgg, is also stable. On the contrary
ro = 0 is unstable as in the previous cases.

This instability is responsible of the increasing number of critical surfaces when
we switch on b, to come back to the Kerr spacetime. Comparing Q¥=° (r) and Q) (r)
from (5.78) and (5.86) we have

=0 (r) = Qp (1) + b*r? (5.87)

Equation (5.87) indicates that a small perturbation of the form b?r* added to QJ (r)
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is enough to change its structure of zeros. In that case we have the three zeros

ro = 0 (5.88)
rye = m-+vVm?2—0b=x2m
e = m—vm?2-—5b=x0

Notice that r,_ approaches rqg = 0 for b*> — 0. We say in this case that ro = 0 is
unfolded into two solutions o = 0 and r,_ when we turn on smoothly b* = 0 to
b? #£ 0. On the contrary, since rgg, = 2m is stable, it neither unfolds nor disappears,
but changes smoothly from 2m to 1, = m + v/m2 — b2.

We find the critical points of Q"= by substituting b = 0 and @ = 0 into (5.75).

As a result we have

o = 0
Pt = =0 (5.89)
To = 3m

2
Additionally, from (5.76) we find that the second derivative at r; = ry = 0 vanishes:

2 =0
d*Qy
dr?

=0 (5.90)

ro=r1=0
We conclude that we have a degenerate critical point at the origin. The instability
is obvious in this case since the number of critical points changes when we move the
parameters w = 0 and b = 0 towards non-zero values. The critical point 7y stays
nevertheless stable, as its second derivative is always positive:
PO
dr?

= 9m? >0 (5.91)

T2
Summary

The goal of the present subsection has been to give a basis for the intepretation of
the behavior of critical surfaces calculated by applying the approximation d (r) = r
in the cutoff identification x = £/d (r). Since this identification, entails an intrinsic
undefiniteness in the choice of d (1), this undefiniteness is tranported to the problem
of finding critical surfaces of the improved Kerr spacetime, as one can notice from the

generic character of equation (5.34). Nevertheless, we have chosen the approximation
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d(r) = r as the most appropiate due to its simplicity, and also because it entails
the relevant qualitative features, that other more complicate expressions for d (r)
also reproduce. The smooth shift of the classical critical Kerr surfaces and the
conservation of their number for all infinitesimal w are two remarkable examples of
such qualitative features.

The stability of the solutions and critical points of the equation (5.38) coming
from this approximation is to be considered only locally, according to its definition
presented in this subsection. Radical changes, like the appeareance of degenerate
roots or the non-existence of real positive solutions, appear when we abandon the
asympotic region and get more near to the Planck or the extremal configuration.
These are precisely the regions where our procedure looses its applicability. Exam-

ples of this “unreliable behavior” will be presented in the next subsection.

5.2.3 The Radius of Critical Surfaces as a Function of the
Mass of the Black Hole

In this subsection we analyse the behavior of the solutions r,+ and rll, + when we
move the mass of the black hole from large values corresponding to macroscopic
black holes to values near to the Planck scale. For a fixed b these radii are functions

of m only. We start the analysis with the r,. of the classical Kerr spacetime.

The Radii r,+ of the Classical Kerr Spacetime

In Figures 5.4 to 5.7 we show the m-dependence of ry and rsy for the classical Kerr
spacetime, calculated by solving numerically the equations r? — 2mr + b* = 0, for
a = 5 and different values of the polar angle 6. The extremal black hole is reached at
m = a = 5. For m < a the radii r4 are not real-valued, and the surfaces H. do not
exist. Nevertheless the static limits Sy exist until the extremal surface is reached
at m = |acos@|. At the poles where § = 0, = (Fig. 5.4), Hy and Sy coincide. On
the other hand, at the equator (Fig. 5.7), the radii of Sy are rg, = 2m and rg_ = 0.

A different sort of r vs. m plot will prove interesting and useful later on. It is
obtained when we constrain the fraction & = a/m to be fixed. This fraction goes
from o = 0 for a Schwarzschild configuration with m = my,, the irreducible mass,
to a = 1 for the extremal state m = a. The constant o defines how “alive” is the

black hole in the terms explained in chapter 2. If o = const we have for the Kerr
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black hole

re(m) =mpBy , rse(m) =my, (5.92)

where ;. =1+ V1= a2 and v =1+ V1 = a2cos? 0 are also constants. The 7.
vs. m plots reduce, for the classical Kerr black hole, to straight lines crossing the
origin, as one can corroborate in figures 5.8 to 5.11.

Since 0 < a < 1, the radii r,+ are defined for all m > 0 in such plots, even for
values near to my,. This is an exclusive property of the functions r,. = m+vm2 — b2
of the classical Kerr spacetime. In this sense we say that the radii r,+ are insensitive
to the closeness of the Planck scale. The improvement changes the conditions for the
existence of critical surfaces, and the respective functions r,+ (m) for the improved

Kerr spacetime are not defined for all m > 0, as we shall see in the next paragraphs.
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Figures 5.4 to 5.7 show for the classical Kerr black hole the m-dependence of the radii 74
for a = 5 and several values of f. They exist until the extremal configurations are reached:
m =a =5 for r1, and m = 5|cos | for rgx. Continuous lines represent r. whereas dashed
lines represent 7.

Fig. 5.4: For 8 = 0, m, the radii r+ and rg4 coincide.

Figs. 5.5 and 5.6: For arbitrary values of 6 # 7, 71 and 75+ are split into four different
surfaces with rg_ <r_ <ry <rg;.

Fig. 5.7: At the equatorial plane rg_ = 0 and rg, = 2m.
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Figures 5.8 to 5.11 show the linear dependence of the radii rp1 (m) of the classical Kerr me-
tric a = = = 0.5 and several values of ¢. Continuous lines represent r+ and dashed lines
represent rg..

Fig. 5.8: For 8§ = 0, , the radii r4 and rg4 coincide.

Figs. 5.9 and 5.10: The four surfaces rg4+ and r.
Fig. 5.11: At the equatorial plane, r¢_ = 0 and rg, = 2m.
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Improved Metric with d(r) =r

We already discussed in subsection 5.2.1, the improvement with d (r) = r leads to
the equations (5.38) for the radii r;,.. We have solved these equations numerically
for m as independent variable. In figures 5.12 to 5.15 we display the improved radii
i, together with the classical ones, 7+, as functions of m, with a, @ and 6 fixed.
The upper and lower branches of the curves correspond to S$**!, HS**! and §9*!,
HAss respectively. The continuous lines represent radii of H surfaces, the dashed
ones represent radii of S surfaces.

We observe that for small enough m the radii ri_&ass’l coalesce and then disappear.
This coalescence occurs for the extremal black hole with m = a for the classical
case, and m = a after the improvement. Since the radii rcilass’l are #-independent, we
conclude that two spherical surfaces merge into one. For lower masses there exists
no event horizon.

A similar coalescence of radii happens for rgliss’l at even lower masses. Since
this coalescence occurs for configurations with no event horizon where our method
becomes questionable, we don’t consider it in the further for analysis. As predicted
by the stability of 4, the improvement with d (r) = r shifts 7+ smoothly to the
radii rj, for my < m. The extremal points are also moved smoothly to higher
values of m, as compared to the classical situation.

In figures 5.16 to 5.19 we present plots with the fraction a/m and w fixed. A
marked separation from the linear dependence of ;4 is present in the improved radii.
This separation becomes important when m ~ v/w until the extremal configuration
is reached. We conclude that the extremal states observed in these plots are a

consequence of the improvement, since they don’t exist previously and w is the only

fixed parameter.
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Fig. 5.13.
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Fig. 5.14. m Fig. 5.15.

Figures 5.12 to 5.15 show the m-dependence of the radii 7. (thick lines) and r}, (thin
lines) for w = 1, a = 5 and several values of . The continuous lines represent 7. and rl.
The dashed lines represent rg4 and 7’}9 .. As predicted by the stability of r., the im-
provement with d (r) = r shifts r, smoothly to the radii 7}, for my < m. The extre-
mal points are also moved to higher values of m.

Fig. 5.12: For # = 0, 7, event horizons and static limits coincide.
Figs. 5.13 and 5.14: For arbitrary values of 6 # 7, there are eight different radii,

the four classical 1,1, and the four quantum corrected 7}, .
Fig. 5.15: At the equatorial plane, r¢_ = 0 and rg, = 2m.
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Figures 5.16 to 5.19 show the m-dependence of the classical radii 7. (thick lines) and im-
proved ri, (thin lines) for fixed (a/m) = 0.5, w = 4 and several values of §. The continuous
lines represent 71 and r.. The dashed lines represent rg. and ri . As predicted by the sta-
bility of rp., the improvement with d (r) = r shifts 7. smoothly to the radii r,I] 4, for my,

< m. The linear m-dependence of the radii is seen to be violated by the improvement.

An extremal configuration of the improved black hole is also visible near to v/ = 2.
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Exact d(r) from B-L Coordinates at the Equatorial Plane

We have tested the stability of the radii 7], obtained from the d (1) = r approxima-
tion by solving the general equation (5.33) for the critical surfaces with the exact
form (3.13) of d(r) at the equator. Since expression (3.13) is a complicated com-
posite function, we have addressed the problem numerically. We developed a code
in C language that calculates the solutions of (5.33) with d (r) in (3.13) by means
of the bisection method. Figures 5.20 to 5.23 present plots that were performed
with data produced by the C program. These plots show the range from m = a to
m = 20 of the improved radii with the exact d (r) at the equator, for w = 5, and a
increasing from a = 0 to a = 15. What we see is a rather similar m-dependence as in
the approximation with d (r) = r. This confirms the stability of this approximation
which we discussed above, and it justified our use of d (r) = r in many of the later

investigations.
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Figures 5.20 to 5.23 show the m-dependence of the improved radii ;. obtained from
the exact d (r) given in (3.13) to (3.16) at = 7, for w = 5 and several values of a.
The gray curves are the improved static limits 5, , the black ones

are the improved event horizons rl..

Fig. 5.20: For a = 0, H and S coincide.

An extremal configuration is visible in the improved Schwarzschild spacetime.

Figs. 5.21 to 5.23: The range from m = a to m = 20 is shown for the improved H’s and S’s.
The pattern of curves is similar as in the d (r) = r approximation.
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5.2.4 2-dimensional Plots

In this subsection we explore the 2-dimensional shape of the critical surfaces im-
proved with d (r) = r. The plots we present are build after solving equations (5.38)
numerically, iterating 6 from 0 to 2w. They represent cross sections through the
black hole along a ¢ = constant plane.

Figures 5.24 and 5.25 show the critical surfaces of the classical and improved
Kerr spacetimes, for m = 6, a = 5 and w = 4. The continuous curves are event
horizons, whereas the dashed ones are static limit. Figure 5.26 presents both the
classical and improved surfaces combined in one plot, for an equal set of parame-
ters. Thick curves belong to the classical black hole, thin lines to the improved one.
The smooth displacement of the classical surfaces due to the improvement is note-
worthy. Notice also that the intersection at the poles of event horizons and static
limits, characteristic of the classical Kerr surfaces, is still present in the improved

counterpart as we have proved in subsection 5.2.1.
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Fig. 5.25.

Fig. 5.24.
Classical critical surfaces for m = 6, Improved critical surfaces for m = 6,
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Fig. 5.26.

Classical plus improved critical surfaces
form=6,a=>5, w=4.
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5.3 Discussion

After the calculation and the analysis of the critical surfaces in this chapter, we

come to the following two main conclusions:

e The improvement with the running Newton’s constant leads, at least in the
asymptotic regime where d (r) =~ r, only to a smooth displacement of the clas-
sical critical surfaces. Their number remains unchanged. This is a consequence

of the local stability of the solutions 7,., established in section 5.2.

e A new type of extremal configuration related to the parameter w appears as a
consequence of the improvement. This configuration is reached at the Planck
scale, with m ~ /w, and it has to be distinguished from the extremal state
reached at m = a that is related to the classical extremal black hole. This
separation of extremal states has been verified analytically with the d (r) = r
approximation and numerically by performing the r vs. m plots with a/m
fixed. The general case is described by the quantum extremality condition

given in (5.62) with (5.63). It is represented graphically in Fig. 5.3.
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Chapter 6

Penrose Process for Energy

Extraction

6.1 Introduction

In this chapter we concentrate first on finding the dynamical conditions for a test
particle to reach the negative energy state which is needed for the Penrose process to
be carried out. Then we determine the allowed negative energy kinematical region
which results from bounding the rotation of massive test particles by the rotation
of clockwise and counterclockwise light rays. The main consequence of a running
Newton constant consists in a dependence of the topology of this allowed region on
the mass of the black hole, in contrast to the monotonous behavior for the bare Kerr
spacetime. This dependence is shown in a set of correlated graphics at the end of

the chapter.

6.2 Conservation of Energy of Test Particles and

Negative Energy Constraint

Since t is a cyclic variable for a test particle in the improved Kerr metric, the
canonical momentum p; is conserved. Correspondingly there exists a Killing vector
t* that leads to the following expression for the conserved energy of a test particle

moving around an improved Kerr black hole:

= —p,tt =—p (6.1)
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As mentioned in chapter 4. Using (6.1) we can write E explicitly using the B-L

coordinates:
E = —p= —mgut%
dt dy
= —m {gttE + gmg}
_ {_ (1 B 2MG(7’)7"> dt <2MG () rasin29) d_gp}
p? dr p? dr

therefore we can write

E 2MG (r)r\ dt 2MG (r)rasin® 6 dy
i O Rl AP B o
m p? dr 02 dr

(6.2)

where m is the mass of the test particle. Factorizing the differentials we obtain

B [(1 B M) N (2MG(r)msin20) Q] dt (6.3)

m p? p? dr

where ) is defined as:

d
= d—f (6.4)
This is a general equation for the conserved energy of a test particle moving in the
Kerr spacetime; it depends, among other variables, on the rotation frequency of the
particle, €.

The result in (6.3) leads to a constraint on 2 if we want to reach zero or negative

energy states for the test particle. This constraint,

E<O0

Y

reads in explicit form

[(1 _2MG (T)r) N <2MG (r) msin20) Q} <0

p? p?

. 2MG in? ¢ :
Since gy = % > 0V r, 6 we can write:

2M —p?
Q<= Ju_ 2MG)r P (6.5)
ot 2MG (r)rasin®0

Similarly we have for the tangent “bookeeper velocity” [53]

()

dy 2
G (%) = R? (r,0) 0?

(r,0,t)=const
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we define vg,, in terms of the reduced circumference R (r,60) by

Vean = R (1, e)ff R(r,0) >0 V7,0 (6.6)

Then the constraint (6.5) can equivalently be written as

2MG (r)r — p?
an < = R(r/0 . 6.7
o o (r,9) (2MG (r) rasin® 6 (6.7)
with
Y, sin? 6
R (T‘, Q) = g(p&p = T (68)

The egs. (6.5) and (6.7) are equivalent constraints, formulated in terms of an-
gular frequencies or bookeeper velocities, respectively. In our following analysis
we prefer (6.7) since we stay with (v,r) as the usual kinematical quantities for a
description of the motion of point particles.

For a first discussion we restrict our analysis to the equatorial plane which sim-
plifies the expressions and retains the behavior we are trying to describe. Then the

reduced circumference R (r, 5) can be simplified to using

X7 (r, g) = (7’2 + a2)2 —a®’A =r* +r%a® +2Md*G (r)r

/E[ \/T‘2—|—a2 2MCL2G( )

Hence the condition (6.7) is reduced to

1 2Ma?G (1) r
<@+ a2+— 1 — | = v* .
Vtan < a\/r +a?+ " (1 2MG(T)> Uy (6.9)

It assumes the form

where v;? is defined to be the zero energy bookkeeper tangential velocity at the

equator.

6.3 Negative Energy Kinematical Regions

As mentioned at the beginning of this chapter, the rotational motion of a mate-
rial test particle is bounded by the rotation of light rays. The constraint given by

(6.9) applies only to particles in the allowed kinematical region (no tachyons!). Its
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dependence on the radial coordinate r can be visualized by plotting the bookeeper
tangential velocities of zero energy test particles together with the tangential veloc-
ities of light rays, in order to determine graphically the above mentioned allowed

regions. For the light rays we can use the result in (4.36) in order to write:

V" = R(r,0) Qw = R(r,0) <W + Wt = &) (6.10)

e

Combining 0¥ from (6.10) with v$* (6.9) for the tangential velocity at the

equator we obtain the plots shown in figures 6.1, 6.2 and 6.3. We have included
also the dragging velocity Ugragging = R (7, 6)w. The graphics employ dimensionless
quantities. For the respective definitions, see appendix A.

From the behavior of the functions displayed in Figs. (6.1), (6.2) and (6.3) we
can conclude that there are negative energy regions which are characterized by two
intersection points where the tangential velocities meet. Next we show that these
points occur precisely at the static limits rg, and the event horizon 7. We start
with the event horizon intersection point by looking at the definitions (4.25), (4.36)
and (6.5) at

w|,,1 = — % s Qo|r1 = — & s Qi|rl = & (611)
* Gee 171 * Gt 171 * V 9ep =t
We recall also that the radius of the horizon 7! fulfills equation (5.27) *:
(ri)2 +a® —2MG (rl)ry = 0 (6.12)

'We use already the dimensionless quantities defined in appendix A. For simplicity we supress

the tildes ~ used on this appendix.
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Fig. 6.1.

The (r,v (r)) kinematical configurations for test particles rotating around

a Kerr black hole, inside the ergosphere and with negative energy, can be
seen as the area in the v (r) vs. r plot which is bounded by the v_ (r) curve
for the tangent velocity of counterrotating light rays and the u¢? () curve
for zero energy rotating test particles. The case shown corresponds to the
classical Kerr metric at the equatorial plane.

Fig. 6.2.

A similar plot as 6.1, but for the improved Kerr spacetime, using d (r) = r
and also restricted to the equatorial plane. For r < r, all curves differ subs-
tantially from their classical counterparts, but there still does exist a region
of allowed negative energy states (r, ).
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In this figure a more precise improvement is implemented. We use

d (r) coming from integrals (3.14), (3.15) and (3.16) calculated at
the equatorial plane. We see that the shape of the curves change sig-
nificantly, especially inside the external event horizon, but the nega-
tive energy region is still present for the chosen values M = 3 and
a=2.17.

The relevant components g, at 7“5_ in the B-L representation are given by:

2MG (r)r a?sin®6
guls = — (1 — #) =] (6.13)
P rl Py
. 9 ( I)2+ 2] 29
= Yrsin?0| [T+ a-| sm (6.14)
g(,D(P ’ri_ - p2 Tﬂ» - p2|7‘5> .
IMG (rt ) rl asin®6
Gotl,n = — () rs (6.15)

Pl

Substituting (6.13), (6.14) and (6.15) in (6.11) we get explicitly

| 2MG (7"5_) ria 2M G (rﬂr) rﬂra a
w 7,,1 — = —
T [y ee] BMGEDAP 2MEEH
Q| a? a a
R N RS e AT
a

Q = -

Ol’{r 2MG (rh)rl
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Then all the frequencies in (6.11) are equal at 7! :

a a
=Q = Q|1 = = 6.16
u)|r1+ i|r1+ 0|r1+ MG (7"5—) TEL (Ti)2 42 ( )

By multiplying with R (ri, 6), the equalities in (6.16) for the rotation frequencies
imply directly the equality for the tangential velocities at r. In this way we have
shown that one of the intersection points which characterizes the negative energy
region is an event horizon.

For showing that the other intersecting point lies at the static limit r} L we
proceed as follows: In this case we concentrate only on the light and zero energy
frequencies €2_ and €2y respectively, since w and €1, , as seen in the figures 6.1 to 6.3,

do not intersect them at ., and we use the static limit condition (5.11) given by:
(rfg+)2—|—a2 cos® — 2MG (ry, ) rg, =0 (6.17)
Then we obtain the metric components

g I (1 2MG<T)T> ((r,ls'+)2+a200829_2MG (7"}9_’_) r}g—i_) 0
ttrISJr: - e — _

2 2
P 5y p ‘TIS+
(6.18)
2
5 sin? 6 {[(rg+)2+a2} —a? Al sin28} sin® @
gsoso‘rg+ -T2 - 2] (6.19)
P iy P rh,
2MG (rL, ) rl, asin®6
il =— ( SZ) = (6.20)
s+ P
5+
As a consequence we get
ol = et __QMG(rISJr)rngra__ QMG(T’15+)7’15+CL
r - - - 2
o Yoo lrk, EI”’IS+ [(rg+)2 + aQ} —a? A""fw sin®
QO"I‘E+ = — & e 0
et Ik,
2 Gt
Qi’rl = w‘rl + (w‘rl > - = w‘rl + w‘rl
S5+ S+ S+ G |1 S+ 5+
S+
These relations entail for 2_ and
Q*‘TIS_,_ = 0, Q+‘rg+ = 2w‘rf§+
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Moreover, what is the relevant statement in the present context,

L =0 (6.21)

s,

Qolrg+ — Q,

This is the final result we wanted to show, namely that the zero energy frequency
equals the frequency for counterrotating light rays at the static limit surface and they
are zero there. Again by multiplying with the reduced circumference R this result
also establishes the equality for the respective tangential velocities.

The results in (6.16) and (6.21) tell us that the two intersection points that define
the negative energy region, occur at the event horizon r! an the static limit rg.,

respectively.

6.4 (M, a)-Dependence of the Negative Energy
Regions

In chapter 5 we saw the non-linear behavior of the . and r, vs. m figures (with
= fixed) for the improved Kerr black hole in contrast to the linear shape for the
classical Kerr metric. Since the negative energy region is directly related to r! and
5., it is to be expected that this region will also depend on 7 similarly as 7, and
rk + do, for each case, classical and improved. It can be concluded that in fact this
is the case by analysing a set of representative figures that shows the m-dependence
of this region. We present this set of figures at the end this section.

What we observe for the classical Kerr metric is that the negative energy region
changes its size with m, but not its shape. This is due to the linear m-dependence
of ry and rgy. For the improved black hole the shape changes smoothly with m,
the difference becoming dramatic compared to the classical case when m ~ mp;.

The set of figures is divided in two sets of correlated plots for § = 7 (Equator):
the first one for the classical Kerr metric (Figures 6.4 to 6.7) and the second one
for the d (r) = r improvement (Figures 6.8 to 6.19). The respective left hand side
and right hand side plots are correlated in the sense that they were computed with
the same a/m ratio, and that they show the same rl and 7§, values. By this
arrangement we can see directly the relation between the shapes of the rfr and 7k n
vs. m graphics and those ones of the negative energy regions. We have chosen
a/m = 0.9 in all plots so that the negative energy regions are as visible as possible.

The plots related to the improved Kerr spacetime were obtained with w = 1.

115



The set of figures 6.4 to 6.7 shows clearly the above mentioned “invariance” with
respect to m of the shape of negative energy regions in the classical Kerr spacetime.
That means, no matter how small (or big) m is, energy extraction will always be
possible, provided m > a.

As for the improved spacetime, Fig. 6.8 shows the region of negative energy for
M =5, a=4.5. Fig. 6.9 presents the respective set of radii r}. and rk, connected
by a dashed vertical line at M = 5. The distribution of these radii can also be
observed in the horizontal axis of Fig. 6.8. Since we are still far away from M =1
the shape of the “improved” negative energy region is not too much different from
the classical one (compare, for example, with Fig 6.4). In figures 6.10 and 6.11 we
have changed M from 5 to 4. We still have a similar distribution of radii but they are
closer to each other. The shape of the negative energy region is almost unchanged.
Figures 6.8 and 6.10 show an internal negative energy region bounded by r§  and
rL. Since the posibility of extraction of energy relies on the existence of stationary
states with negative energy outside 7, the internal region cannot be considered as
physically relevant.

Figures 6.12 to 6.19 were obtained for the regime m =~ 1 (the Planck scale). Dras-
tic changes in the shape of negative energy regions are visible. Since the reliability
of our method is questionable in this regime, any conclusions about the mentioned
regions have to be considered with care. However we analyse these figures since they
show interesting features.

In figures 6.12 and 6.13 the quantum extremal black hole with M = M, and

I I I

T_ =1, = Ty, has been reached. The internal and external negative energy regions

touch at rl, .

Figures 6.14 and 6.15 show a hypothetical configuration for M < M., with two
static limits S} and no event horizon. The internal and external negative energy
regions have been merged into just one. The existence of this region is determined
by the static limit radii 75 and T‘IS+. In this case there exists an ergosphere from
where energy can be extracted, but no horizons.

Figures 6.16 to 6.19 show configurations where no extraction of energy is allowed.
The extremal static limit is shown in figure 6.17. For this configuration the negative
energy region is reduced to zero. At the Planck mass with M = 1 (figures 6.10 and

6.19) the zero-energy curve is not even visible.
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6.5 Conclusions

We can summarize the results of this chapter as follows. We have derived the key
formula (6.3) for the energy of a test particle moving in the improved Kerr spacetime.
With this formula we have found the condition (6.9) for the test particle to have a
negative energy. We have shown in addition that this condition is fulfilled precisely
inside the ergosphere.

Since the Penrose process is directly related to the negative energy states of test
particles, we have investigated graphically the evolution of regions of such states in
a space of configurations (r,v), when the mass of the black hole runs from 0 to co
and having a/m fixed. From this analysis we concluded that, while it is in principle
possible to extract energy from classical black holes with arbitrarily small masses
and angular momenta, there exists a lowest mass for the extraction in the improved
Kerr spacetime. It is close to the Planck mass and defined by the extremal static
limit. However since the reliability of our method is questionable in the regime

m =~ 1 this result has to be considered with care.
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Chapter 7

Vacuum Energy-Momentum

Tensor and Energy Conditions

7.1 Introduction

The energy conditions are constraints imposed on the energy-momentum tensor
based upon physically reasonable assumptions about the properties of matter. These
assumptions have a general character, in the sense that they are supposed to be
fulfilled by any “sensible” matter or field distribution. The importance of these
conditions rests upon the fact, that with them, results of great generality can be
derived, like the focusing or the singularity theorems of classical general relativity
(60, 66].

Let us suppose that our quantum black hole has been generated via the classical
Einstein equations, by an “effective” matter fluid that simulates the effect of the
quantum fluctuations of the metric. We assume that this coupled gravity-“matter”

system satisfies the conventional Einstein equations:
G = 8TGoT, (7.1)

As a result, the energy-momentum tensor T/?V of the effective matter can be derived
from (7.1) by calculating the Einstein tensor G, for the improved Kerr space-
time. It is already established that quantum fields can violate the energy conditions
[60]. The main goal of this chapter is to show that this is indeed the case for the
energy-momentum tensor T;% derived from the improved Schwarzschild and Kerr

spacetimes.
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To put the energy conditions in a concrete form we assume that 7, admits the

decomposition [60, 66]
T = pepeg +piefel + paeses + psese; (7.2)
in which the vectors e, form an orthonormal basis; they satisfy the relations

gaﬁegeg = nul/ (73)

where 7, =diag(—1,1,1,1) is the Minkowski metric. Equations (7.2) and (7.3)
imply that the quantities p and p; are eigenvalues of T"” and components of a
four-vector p,, and e, are the normalized eigenvectors.

The decomposition (7.2) is one of four possible canonical forms [66]. It is the
form assumed by the examples of quantum effective matter we are going to analyze.
It represents the general case in which the energy momentum tensor has a timelike
eigenvector ey. This eigenvector is unique unless p = —p; (i = 1,2,3). The eigen-
value p represents the energy-density as measured by an observer whose world line
at a point p of the spacetime manifold has unit tangent vector ey, and the eigen-
values p; represent the three principal pressures in the three spacelike directions
e; (i =1,2,3). We shall formulate the energy conditions in terms of the quantitites
p and p;.

The organization of this chapter is the following: First we present the standard
energy conditions, how they are related to each other, and their main consequences.
After this, we present the energy-momentum tensor for the improved Schwarzschild
and Kerr spacetimes and we show that they violate all the energy conditions previ-

ously defined. Finally we analyze the consequences of our results.

7.1.1 Weak Energy Condition

To an observer whose world-line at a point p in spacetime has unit tangent vector v,
the local energy density appears to be T}, v*v". The weak energy condition states
that the energy density of any matter distribution, as measured by any observer in

spacetime, must be non-negative. As a result we must have
0" >0 (7.4)
for any future-directed timelike vector v”. Such a vector can be represented as

1
v = (ef +ael +be§ +ce§) , y=(1—-a’ b —c*) 2, (7.5)
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where a, b, and ¢ are arbitrary functions of the coordinates restricted by a?+b?+c? <
1. By substituting (7.5) and (7.2) in (7.4), and considering all independent possible

choices of v* we end up with the following four inequalities [60, 66]:

p>0, p+p;>0,i=1,2,3 (7.6)

7.1.2 Null Energy Condition

The null energy condition makes the same statement as the weak form, except that

v® is replaced by an arbitrary, future directed null vector £%*. Thus,
T, E'E" >0 (7.7)
is the statement of the null energy condition. We shall express k% as

kY =ef +def +bey + ef (7.8)

where a/, ¥/, and ¢ are arbitrary functions of the coordinates restricted by (a’)* +

(')* 4+ (¢)*> = 1. A similar procedure as the previously carried out for the weak

energy condition leads to the following three inequalities:
p+p;>0,i=1,23 (7.9)

Notice that the weak energy condition implies the null condition.

7.1.3 Dominant Energy Condition

This is a slightly stronger condition than the weak energy condition. It is oriented
to avoid the indiscriminate creation of particles, in the sense that spacetime must
remain empty if it is empty at one time and no matter comes in from infinity.
Conversely, matter present at one time cannot disappear and so must be present at
another time [66]. It also embodies the notion that matter-energy should flow along
timelike or null world lines [60]. It is never observed to be flowing faster than light
(no tachyons).

The dominant energy condition is stated as follows. In addition to the non-
negative character of the local energy density, we also require that the local energy
flow vector is non-spacelike. As a result we have for every timelike vector v® the

following:
T,0"" > 0 (7.10)
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with 7, v* non-spacelike. In terms of the components of 7}, in (7.2) the dominant

energy condition takes the form
p>0,p>1p|,i=1,2,3 (7.11)

as one can verify by substituting v* from (7.5) in 7),,v* and requiring it to be non-
negative. By definition, the dominant energy condition implies the weak and the

null energy conditions.

7.1.4 Strong Energy Condition

The strong energy condition has a much more technical motivation than the others.
Namely, it is a basic requirement for the validity of the focusing theorem. This
theorem establishes that gravity tends to focus geodesics, in the sense that initially
diverging characteristic sets of geodesics called congruences!, will be found to diverge
less rapidly in the future. On the contrary if these geodesics are initially converging,
they will converge more rapidly in the future [60].

The strong energy condition states that 7}, should respect the following inequal-
ity
(T — Tg) v"0" >0 (7.12)

where T' = T is the trace of the momentum-energy tensor. Because T}, — T'g,, =
R, /(8mGy) by virtue of the Einstein field equations, the strong energy condition is

really a statement about the Ricci tensor:
R, v"v” >0 (7.13)

We can better understand the motivation of this condition if we analyse the
evolution with the proper time of the cross section of a congruence about a reference
geodesic. The focusing of geodesics can be measured by the decrease of the cross
section. The equation that governs the evolution of the cross section of timelike

geodesic congruences is called the Raychauduri’s equation and is given by

Oop — Rogu®u’ (7.14)

LA congruence in a given manifold is a family of curves such that through each point p of the

manifold there passes precisely one curve of this family.
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where 6 is called the expansion parameter and it is equal to the fractional rate of
change of V', the congruence’s cross-sectional volume at a point p in the spacetime

manifold:

1 d

0 (p) = 53770V () (7.15)

As a result, if 6 > 0 at p, the congruence is diverging and if § < 0 the congruence
is converging. Furthermore, 0®% is the shear tensor and u® is the tangent vector to
the geodesic at p. Since 6% and o®? 04 are positive, we have from the Raychauduri’s

equation (7.14)

df
— <0 7.16
dr — ( )

if the strong energy condition holds. The expansion must therefore decrease during
the congruence’s evolution. This is precisely the statement of the focusing theorem:
An initially diverging (6 > 0) congruence will diverge less rapidly in the future,
while an initially converging (# < 0) congruence will converge more rapidly in the
future. The physical interpretation of the focusing theorem is that gravitation is an
attractive interaction when the strong energy condition holds, and the geodesics get
focused as a result of this attraction [60]. In terms of the components of 7}, in (7.2)

the strong energy condition is given by:

3
prp = 0, pa>0 (7.17)

a=0
From equations (7.9) and (7.17) we conclude that the strong implies the null energy
condition.

An overview of the relations among the different conditions is shown in figure

7.1 [67).

7.1.5 Violation of the Energy Conditions: Casimir Effect

While the energy conditions typically hold for classsical matter, they can be violated
by quantized matter fields. A well-known example is the Casimir vacuum energy
between two conducting plates separated by a distance d:

m2h
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Relations of implication among the energy conditions.

Since p is negative, the Casimir vacuum energy density violates at least the
dominant, the weak and the null conditions. It is therefore no surprise that the
effective matter fluid associated to the quantum fluctuations of the improved space-
times we deal with, also violates all the energy conditions. We dedicate the next

two subsections to show this statement.

7.2 Improved Schwarzschild Spacetime

The Schwarzschild metric improved with a generic running Newton constant G (r)

is the result of replacing Gy by G (r) in (2.12). In that case we have:

2M 2
d32:_(1_ﬂ)dt2+L
r (1 _ 2MG(r)>

Substituting (7.19) in the Einstein field equations (7.1) gives an energy-momentum

+ 7% (d6* + sin® 0dp?) (7.19)

tensor 7% of the form

1" = diag ( Po, P1, P2, D3 ) = diag( —py Dry D1, DL ) (7.20)

where the energy density p, the radial pressure p, and the tangential pressure p
are given by
B MG
p=>r= ArGor?
MG//
B 87TGOT

(7.21)

pL =
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Since p = (MG") / (4nGor?), it obviously depends on the sign of G’ whether the

energy density is positive or not. Similarly we have for the sums p+ p; and 22:0 Do

p+p-=0 (7.22)
MG" MG M (/G G
_ _ “_ = 7.93
pPL 7Gor * A4rGor?  4nGor ( r 2 ) ( )
3
MG//
> pa=-— G (7.24)

As a result, we need explicit formulas for G, G' and G” in order to verify or falsify

the energy conditions.

7.2.1 The Approximation d(r)=r

The asymptotic approximation d (r) = r provides an important special case to be

tested. The running G (r) and its derivatives are given by

G()’f’2
=70 2

Gr) = (7.25)

, 2GorGow

[r? + Gow]
G (r) = 2G%® Gy — 2Gowr” — 3rt (7.27)

- [r2 + Gow]* '
Substituting G’ (7.26) in (7.21) gives the following for p:
MG MGyw

P - o (7.28)

T 4nGor® 2y [r2 + Gow]?

As a result, p is positive for all positive r. Nevertheless we should only believe in
expression (7.28) when [, < r. In particular the leading term of p for r — oo is

given by

p:MGOw {1_2G0w+0<1)] (7.29)

27mrd 72 r2

Thus, for r — oo, where d (r) — r the energy density remains positive.
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For p+ p, we substitute G’ and G” from (7.26) and (7.27) in (7.23). We get the
following answer:
MGow (6Gowr? 4+ 5r* + Ggw?)
477 [r2 + Gow]”

p+pL= >0 (7.30)

As a consequence we have p+p; > 0. Combining this result and p+p, = 0and p > 0
from (7.22) and (7.28) we conclude that for the asymptotic region with d(r) ~ r,
the weak and the null energy conditions are fulfilled.

In order to test the strong energy condition, we need to calculate, in particular,

the sum 3.°_, pa of all components p, of T# in (7.20), as follows

Z MG"  MGyw {3r* + 2Gywr?* — Giw?}
Pa = =

= — = 7.31
ArGor 217 [r2 + Gow]* (7:31)

Expression (7.31) shows that for
3rt + 2Goywr? < Gaw? |

the sum of components Zi:o Do is negative. However this can happen only for
values of r near to the Planck scale, where the d (r) = r approximation is unreliable.
In contrast we have for r — oo that 22:0 Po > 0. As a result the strong energy
condition 1s also satisfied for r > lp;.

We will show now that the dominant energy condition is violated for r > lp.
We need to test whether p > p, or not. Substituting the second derivative (7.27)

in p; from (7.21) leads to the following expression:

MG"  MGyw (3rt+ 2Gowr? — GZw?
b= _ - (7.32)
8rGor 4mr [12 + Gow]
The leading term of (7.32) when r — oo is
MGyw 1
= 3+0| - 7.33
Thus, to O (%5) we have
MGyw
—pL=— 7.34
pP—PL ArD ( )

As a result, for r — oo the tranversal pressure p, is greater than the energy density.
This violates the requirement (7.11) of the dominant energy condition. Since this
condition is intended to avoid the anihilation or creation of particles, heuristically,
its violation indicates the possibility of particle creation and anihilation, which is a

typical feature of any relativistic quantum field theory.
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7.2.2 The Exact d(r)

A numerical check of all the energy conditions can also be accomplished for regions
near to the event horizon r = 2M G (r) and even inside. In this case, we exploit the
exact expression of d (r) given in (3.9) for the Schwarzschild spacetime. Depending
on whether r < 2m or r > 2m we substitute either d; or dy in the formula (4.2)
for G (r). The derivatives G’ (r), G” (r) and the functions p and p, are calculated
numerically.

Figures 7.2 to 7.5 show the radial dependence of p, p+pJ, Zizo Po and p—py,
respectively, for an improved Schwarzschild black hole with m = 5. The vertical
line at r = 2m = 10 is an asymptote for every function plotted. This is because
d' (r) diverges at the event horizon (remember figure 3.4). In figure 7.2, the function
p remains positive for all positive r. Figure 7.3 shows the existence of two regions
inside the event horizon where a violation of the weak, null and strong conditions
occurs since p + p; < 0 in these regions. On the contrary, p 4+ p, remains positive
outside » = 2m which is consistent with the previous analysis for the asymptotic
region with r — oo. Figure 7.4 shows an r-dependence of Zz:o Do similar to that of
the function p + p,. This indicates the violation of the strong condition inside the
event horizon; it is fulfilled outside. Figure 7.5 shows the r-dependence of p — |p, |
which is crucial for testing the dominant condition. As verified in subsection 7.2.1
this condition is violated as r — oo, since p — |p,| < 0 for r > 2m. Inside the event

horizon the dominant condition is also violated in three separate regions.
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Figures 7.2 to 7.5 show the r-dependence of functions p, p + p,, Zizo Pa, and p — |p. |,
respectively, for an m = 5 improved Schwarzschild spacetime. The regions in the r-do-
main where they assume negative values, correspond to regions where some of the ener-
gy conditions are violated. The event horizon at r = 2m defines an asymptote for every
function, since d' (r)|,_,,, = oo (see figure 3.4).

Fig. 7.2: The energy density p is positive for all r.
Figs. 7.3 and 7.4: The functions p + p; and Zz:o P are positive outside r = 2m and
negative at some regions inside. As a result in these regions, the strong, the

weak and the null conditions are violated.

Fig. 7.5: The function p — |p.| is negative for r > 2m and positive in a limited region
inside the event horizon. The dominant energy condition is violated in the
regions with negative p — |p.|.
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7.3 Improved Kerr Spacetime

In this section we present the energy momentum tensor Tlﬁerr'l for the “pseudo-
matter” in the improved Kerr spacetime. It will be expressed as a function of a
generic G (r) and its derivatives G’ (r) and G” (r). We show that its eigenvalues
have in general non-zero values, and as a consequence T/ff,e”‘l can be diagonalized in
the form (7.2). We shall conclude that the energy conditions are also violated by
Tlﬁerr—I.

Employing a combination of the symbolic computational programs Mathematica

and Maple we have derived the following explicit result for T,5°"":

pr 0 0 w

TKerr-I _ M O b2 0 O

= 7.35
nv 47rGoAA3 0 0 p;3 O ( )

(% 0 0]74

In writing down 7,5 the following set of abbreviations has turned out convenient:

A(r) = a2+7"2—2M7’G(7”) ) szT2+a2c0529, A(r,9)52p2
B(r,0) = &?*(a’®+1r*) —a* (sin 26)°

= a(r)G +6,(r0)G", pa=as(r,0)G + B, (r,0) G"  (7.36)
v = o, (r0)G +6,(r0)G", p3 = asG + B;,G”
bPas = 4 (T, 9) G/ + 64 (Ta 9) G//

ﬁ:} (Tv 9) = 4AT‘p2 762 (T‘, 0) =0 ) ﬁl (’I", 9) = ﬁ3a2 Sin2 0 (737)
64 (Tv 0) = 63 CSC2 0 > 6y (Tu 9) = _aﬁ?)
ar (r,0) = —(a®+7%) [8r% (¢® + 1) — a” (sin 29)2} — 16ra> MG sin® 6 cos® §
as = 8rA% . o, = 8ar? (7“2 + az) —aay , a3 = 8Aa® cos? 0
a, = cscfas — 8a’r? (7.38)

Given the enormous complexity of the intermediate expressions the simplicity of the
final result for ij,err‘l is rather surprising. The rows and columns of the matrix in

eq. (7.35) are ordered according to t —r — € — . The matrix is diagonal except

132



for the tp entry. Of course, a nonzero value of 7}1;6”‘1 was to be expected since it
corresponds to (pseudo) matter rotating about the z-axis.

It is not difficult to diagonalize T,i™". The eigenvalues of (7.35), without the
overall coefficient M/ (47GoAA3) are given by

T
I, = 5|7 + ps+ \/(pf — 2p1pg + P2 + 40?) (7.39)
lo = pa,l3=p3

O 3
ly = 3 P1+ Dps— \/(P% — 2p1py + pi + 4v?)

Hence the energy momentum tensor in its eigenbasis reads

L 00 0
M 0 L 0 0
T = ——— 7.40
g ATGoAA® | 0 0 I3 0 (740)
00 0 I

As a check we can set a = 0 in which case (7.40) reduces exactly to the corresponding

energy momentum tensor of the improved Schwarzschild black hole:

—1_%7%() 0 0 0
et _ 1 0 MG (1 . %G“) 0 0 .
T A Gor? " (7.41)
o 0 0 MG 0
Gl/
0 O O ]\42r (5111120)

Since Tslfh‘l is a special case of Tlﬁer“, it is clear that the improved Kerr space-
time also must violate the various energy conditions in some portions of spacetime.
Given our explicit results for the diagonal matrix elements [ - - - |4 it is in principle
straightforward to determine in which region of spacetime which one of the energy
conditions is violated. We shall not perform this analysis here since for our present
purposes it is enough to know that the conditions are violated somewhere. This ob-
servation implies that the quantum Kerr black hole cannot be thought of as a special
solution of the coupled classical gravity + matter system since the “pseudo-matter”

we encounter here has properties which are very different from ordinary matter.

7.4 Conclusion

In this chapter we have interpreted the RG-improved black hole as a special solution

to the classical gravity + matter system and derived some properties of the effective
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fluid that is due to the quantum fluctuations of the metric. We have demonstrated
in sections 7.2 and 7.3 that this effective fluid does not behave as an usual matter
system that fulfills the energy conditions. The main result of this chapter can be
summarized by saying that no classical gravity plus matter model with “normal”
matter can simulate the quantum fluctuations implicit in the running of G. As a
consequence we have to talk about a “quantum fluid” acting as a source on the right
hand side of the Einstein field equations (7.1). The practical consequence of these
findings is that in our analysis of improved black holes we cannot take advantage of
the many results in the literature which concern classical black holes in the presence
of matter. Almost all of these results rely on the energy conditions. As they are
not satisfied by the “quantum fluid”, the mechanics and thermodynamics of the
improved black holes can be expected to show novel features not showed by the

classical ones. In the next chapter we shall see that this is indeed the case.
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Chapter 8

Thermodynamics of the

Quantum Black Holes

8.1 Introduction

In this chapter we investigate the impact of the running Newton’s constant on the
thermodynamics of Kerr black holes. We concentrate our study on the following

topics:

e Analysis of dynamical quantities like the Komar mass, the angular momentum

and the surface gravity of the black hole.

e Analysis of the first law of black hole thermodynamics and the definitions of

temperature and entropy related to the first law.

Taking into account these two main topics, the chapter is organized as follows.
In section 8.2 we calculate the surface gravity of the general spherically symmetric
and the improved Kerr black holes, exploiting the property that the event horizon
is generated by a Killing vector field (Killing horizon). In sections 8.3 to 8.5 we
calculate the mass and the angular momentum of the improved Kerr black hole,
taking advantage of the Komar integrals that relate directly to these quantities
when the spacetime is stationary and axially symmetric. We find that our results are
consistent with a gravitational antiscreening due to the quantum gravity fluctuations
described by the quantum effective matter discussed in chapter 7. In section 8.6 we
show that the quantities we have calculated fulfill the Smarr’s formula discussed

in chapter 2. This is a consequence of the stationarity and axial symmetry of the
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improved Kerr spacetime. We dedicate section 8.7 to the study of the first law
of black hole thermodynamics. We show that a modified first law can exist only
when we give up the relationship 7' = x/27 which is at the heart of the classical
thermodynamics of black holes. We also calculate O (J?) approximations to the
first law, the temperature, and the entropy of the improved Kerr black hole, and
we investigate the relation of these results to the corresponding quantities of the
improved Schwarzschild spacetime. Finally in section 8.8 we present our conclusions
about the possibility of formulating an “RG improved thermodynamics” of rotating
black holes.

8.2 Surface Gravity

As mentioned in chapter 2, the surface gravity « is the force required by an observer
at infinity to hold a particle (of unit mass) stationary at the event horizon. We can
define £ also in terms of the Killing vector £ in (4.31) evaluated at the external event
horizon H,. We have seen in chapter 4 that £, = 0 at H,. This means that £ is
orthogonal to itself, but since £ is tangent to H,, we conclude that £ is also normal
to the horizon. Thus &, is proportional to J,®. But ® = "¢, = 0 on the horizon.

As a result, there must exist a scalar x such that

O0n (—€7€5) |y, = 268l u, (8.1)

This scalar is precisely the surface gravity.

In order to find & it is necessary to use a coordinate system which is non-singular
at the event horizon so that every quantity is well defined. Therefore we exploit in
subsections 8.2.1 and 8.2.4 the “improved” version of the E-F coordinate systems
presented in chapter 2. These transformations result from replacing Gy by G (r) in
the differentials defined in (2.17), as follows:

. [+ a?
dr; = [A[(T)] dr

drf = { Ala(r)]dr (8.2)

where A; (1) = r? + a*> — 2MG (r) r. The ingoing and outgoing patches are defined

as follows:
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e Ingoing E-F coordinates (“Ingoing Patch”)
dv = dt+dr] (8.3)

dp = do+drif (8.4)

e Outgoing E-F coordinates (“Outgoing Patch”)

du = dt —dr (8.5)
dy = dp—drf (8.6)

The two new sets of coordinates z# = (v,r,0,¢) and z* = (u,r,0, x) are defined
exactly as in Egs. (2.19) and (2.20), respectively. The only difference as compared
to the transformation in the classical case is the form of the functions r* (r) and

r# (r). They can be found by integrating (8.2),
r? + aQ]
ry = dr
! / [ Ap(r)
= / {7a ] dr (8.7)
! Ap(r)

but now Ap (r) and, as a consequence, the relationship between r*, r# and r, are

functionally dependent on G (r). For a general G (r) the integrals (8.7) cannot be
evaluated in closed form but, fortunately, all that is needed for transforming the
metric are the differentials (8.2). In fact, applying the above transformations to the
improved Kerr metric in B-L coordinates (2.6) gives the following line element (see

appendix C):

2 M
ds® = — (1 — %) du® — 2drdu + 2asin® 0dxdr +
4 Mar sin® ¥ sin?
_4G () pz‘”sm O dxdu + 2500 “:’)lf b a2 + p2de? (8.8)

for the outgoing patch, and

2 M
ds? = — <1 - %) dv® + 2drdv — 2a sin? Odydr +
p
4 Marsin® 0 ¥ sin? 6
B G (r) p2a7’81n dwdv+%d¢2+/?2d62 (8.9)

for the ingoing patch.
The procedure of the calculation of x is the following. We find first an expres-

sion for § in E-F coordinates, after that we calculate the scalar £#¢,. We find an
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expression of k by identifying the coefficient of the right hand side of (8.1) after we
substitute £, and £*{,,. We dedicate subsections (8.2.2) and (8.2.3) to the calculation

of £, and £"¢,,.

8.2.1 Surface Gravity of Spherically Symmetric Black Holes

As an illustration of how we use formula (8.1) to derive x we calculate in this
subsection the surface gravity of a spherically symmetric spacetime, and we apply
the result to the improved Schwarzschild black hole.

The metric of a spherically symmetric and static spacetime is represented in

Schwarzschild coordinates by [57, 59]
dr?
ds®* = —f (r)dt* + —
AT

where z# = (t,r,0, ). In this case the E-F coordinates result from transforming ¢ of

+ 7% (d6? + sin® fdy?) (8.10)

the Schwarzschild coordinates into one of the following two possible time coordinates

(41, 57]

u = t—r" (8.11)
v o= t+r’ (8.12)
where r* is defined by
dr
r*(r) = 8.13
m=[+5 (813)

In this case the coordinate systems with z# = (u,r,60,p) and z# = (v,7,0, ) are,
respectively, the ordinary outgoing and ingoing E-F coordinates. The components
gap of the spherically symmetric spacetime in E-F coordinates are given by (see

appendix G)

ds*> = —f(r)du® —2dudr + r* (d6* + sin® 0d?) (8.14)
for the outgoing patch, and

ds*> = —f(r)dv® + 2dvdr +r* (d6* + sin® 0d?) (8.15)

for the ingoing patch. Both of them lead to a representation of the spherically

symmetric spacetime which is well behaved when f (rg) = 0 at a horizon.
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From (8.10) we can see that the coordinate ¢ is cyclic. This means from appendix
F that we have a Killing vector given by

0

t:a

(8.16)

This is precisely the Killing vector to be used in the formula (8.1) for k. Representing
t with the ingoing E-F patch gives

0 dv 0 0
- L _7Z _ = 8.17
ot dtov Ov ( )
As a result, the components t* are given by
ox®  OJx®
Y = — = =00 =03 8.18
Lowering the index « gives
ta = Gopt® = 9ap0” = Gaw (8.19)
More explicitly, the (v,r, 6, ¢) components of ¢, are the following:
toc = Gau = (guua Gru, YGou, ggou) = <_f (T>7 ]-7 07 O) (820)

Exploiting the expressions for t* and ¢, from (8.18) and (8.20) we find the following
result for —0s (t%t,):

—0 (t%ta) = 0pf (r) = f'(r) Opr (8.21)

Evaluating expression (8.21) at the radius of the event horizon r = rg where f (rg) =

0 gives the following:
=03 (t"ta)l,,, = f'(ru) Opr (8.22)
On the other hand, ¢, at r = rg reads
tal,, = (=f(ra), 1, 0, 0)=(0, 1, 0, 0) = Osr (8.23)
Substitituting (8.22) and (8.23) in (8.1) leads to the final result for x:
" (ru)

K = 5 (8.24)

This is the expression of k for the spherically symmetric spacetime presented in

chapter 2.
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For the improved Schwarzschild spacetime we have f (r) =1 —2MG (r) /r. As

a result, from (8.24) we deduce that x is given by

M (G —rG
_M@e)) o9
TSch+

Expression (8.25) is simplified to

B 1 G’ (réch +)
k= I o I
4MG (TSch+) 2G (TSch+)

(8.26)

Here we have applied the equation of the improved Schwarzschild event horizon
given by i, = 2MG (1§, ). From (8.26) we recover the expression for the surface
gravity of the classical Schwarzschild black hole k = 1/4M Gy that we obtain when
G (r) = Gy.

Taking into account the proportionality between the surface gravity and the
temperature of the improved Schwarzschild black hole [30], the formula (8.25) has
been applied to study the impact of the running Newton constant in quantum-
thermodynamical processes like the evaporation of black holes. For a detailed dis-

cussion see reference [30].

8.2.2 Two Representations for the Stationary Observer’s
Killing Vector ¢

As seen in section 4.3.3 the Killing vector related to the stationary observers is given

by (4.31)
& = ' + Q) (8.27)

where €) is the constant angular frequency of the observer. In this subsection we
describe how to find representations of £ in the B-L and E-F coordinates (see also
appendix H).

The representation of (8.27) in B-L coordinates (t, 7,6, ¢) is the following:

&= S 45t (8.28)

It is found by exploiting the expressions (4.14) for t* and ¢*. Lowering the index pu

gives

£ = Gut + Uy (8.29)
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With the transformation (8.3), (8.4) we can find the form of (8.27) in the ingoing
E-F coordinates. If we represent the spacetime events as z# = (v,r,0,1) in these

coordinates we find for the components £ the following expression:

ozt oz
b= 4 Q— =+ Q" .
& % + 90 v 820y (8.30)
With a lower index we have
§u = Guo T Q9 , p=uv,1,0,7¢ (8.31)

Expressions (8.28) and (8.30) for the Killing vector £ in B-L and E-F coordinates,
respectively, are equivalent representations of this vector. Nevertheless (8.30) has

the advantage of staying regular at the event horizon.

8.2.3 The Scalar Field & ()

We proceed now to calculate the left hand side of (8.1), performing the scalar product
of &" and §,. In E-F coordinates we multiply (8.30) and (8.31)

The line element of the Kerr metric in the ingoing E-F coordinates is given by

ds®> = gwdv2 + 2gdrdv + 999d92 + gwde + 29wd1/1d7”
+2gyudibdv (8.33)

where its non-zero components are given in (8.9). In particular the line element for

stationary observers with r and @ fixed is given by

ds*| GoodV? + Gupdp® + 2gy,dibdv (8.34)

r,0 fixed)

A parametrization of the observer’s world line by the temporal coordinate of (8.34)

(%)

Comparing the expression (8.32) with (8.35) we conclude that

d 2
- (@)
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(r,0 fixed)
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As a result, we can read off the scalar £ ,&" directly from the metric components in
(8.9) (See Appendix H):

ds\ 2 Y, sin? 6 A
F=|— = ——(w—Q)" — :

qe = (4) R (8.37)

(r,0 fixed)
Here the improved dragging frequency w is given by
2 M
w (r,0) = W , (8.38)
I

as already obtained in section 4.3.1.

8.2.4 k for the Improved Kerr Metric

In the previous two subsections we have calculated the components of £ and the
scalar £"€,,. We substitute now these results in the formula (8.1) in order to find an
expression of the surface gravity of the improved Kerr black hole, using the ingoing
E-F representation (8.9).

The left hand side of (8.1) can be found by differentiating expression in (8.37).

The derivative of —& - € can be written at the horizon’s radius rl as follows:

2
JA/AVIEEDY
4%@%0H,: @(iTLLﬁﬁﬁem—wf)
I 7”£L
b)) )
= —0,(Q—w) (—lein29) —Q—QIsinzH(Q—w)@a(Q—w)
p 7"I 10 ’I”I
+ +
+ p—zaaAI + A0, (p—Q) (8.39)
EI TL EI T:_

As we already discussed in chapter 2, since all available frequencies coalesce to just
one value, we have w|T1+ = Q|T5r at the horizon. In addition we have AI|TI+ =0. As
a result, the expression in (8.39) is simplified to

2

—0q (gugu) ’ = 0,41

8.40
" 5, (8.40)

I
"+

Since A 1]& = 0 we have the following expression for ¥ 1|T1+ :

Z[LJ+ = [(r2 + a2)2 — a®A; (r) sin® 9} L= [(ri)2 + a2r (8.41)

+

r

The derivative d,A7 is given by

%&\::ﬂﬂ—MGMﬂ—MG@”%mi (8.42)

I
L
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Finally substituting (8.41) and (8.42) in (8.40) gives

2

2%, [P =M G| — MG (r})
—0, (gugu)’& _ ;p;_laaAf + [ + }

== 3a7“|r1+

r (1) + 2] i

(8.43)

Furthermore, for the right hand side of (8.1) we start finding the explicit form
of €|r1+ from(8.30) and (8.31):

= 0y + Qg (8.44)
galrﬁr = gocv|r£L + QH gmp|r1+ (845)

Here Qy is defined in (4.48) or (4.50). We exploit for our current purposes the

following expression for Q in E-F coordinates ':

9w

(8.46)
G

Qu = wl,1 =

i
By substituting (8.46) in (8.45) and using the E-F representation of g,, in (8.9) we

can find the components §a|r£r (see appendix H):

2

€ = Guln + O gl = guly — L
& = ol +m gryl,s =1— aQpusin’0
§g = gv9|7~1+ + Qy 9¢9¢|r3r =
§p = Guol gyl = Guoln — Z—ZQW . =0
Summarizing we have
Ealpy = (1= aQusin®0) 07, = (1 — afy sin® 0) Oar|,1 (8.47)

Clearly the only nonzero component of (8.47) obtains for & = r. To be more explicit

we substitute Qy = a/[(rﬂr)2 + a?] to get:

) a?sin’ @ L)% + a2 cos? @ P?,1
£T]T£r:1—aQHsm26:1— &Y 2:(+)I T T T s 5 (8.48)
(ri)" +a (ri)" +a (ri)" +a

!The derivation of (8.46) in E-F coordinates is completely analogous to that one in the B-L

representation presented in chapter 2. We omit it therefore.
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This is our final result for the right hand side of (8.1).
Now we are ready to substitute (8.43) and (8.48) in (8.1) in order to find x:
27 | = M ], - MG () i

I
0, 7" 1 = 2577"_,_ 0 7'| I (849)
D) al |p 2 by
[(TEL)Q + a2} i (r})” +a? ’

Solving for  in (8.49) gives the explicit formula

M@y - MG ()]

K= > (8.50)
(1) + @]
Exploiting the derivative of Ay it can also be written as
A’ (r! dA
K= () with A} = d—’ (8.51)
r

2 [(TL)Q + az}
Expressions (8.50) and (8.51) are the main results of this subsection.

Two important remarks can be made concerning (8.51), namely:

1. & has turned out to be independent of #, therefore it is constant on H,. This is
a nontrivial result, since, contrary to the Schwarzschild black hole, the symme-
try assumptions imply only ¢ and ¢-independence. The constancy of k on H
is the contents of the zeroth theorem of classical black hole thermodynamics,

which here is seen to generalize to the improved case.

I

2. r vanishes for extremal black holes, for then 7, = rL meaning that A has a

double zero:
Ar(rl=r)=A (L =rl)=0

As a result, K = 0 for extremal configurations.

Special Cases

1. For G = Gy = const the above equation leads to the correct result for the

classical Kerr spacetime [60]

[ry = MGyl _ [ry — MGo]
(r2 + a?) 2MGory

(8.52)

Rclass =

where we have applied the equation 73 + a® = 2M Gyry in the last equality.

144



2. For a = 0 we recover & for the improved Schwarzschild black hole, from (8.50)

we get

Ky = 2MG(ry) , a=0] = 2MGre) = MG (ry)2MG(ry) - MG (r.)]

AM?G? (r4)
1 G' (ry)
AMG (ry)  2G (ry)

which is precisely the expression in (8.26).

8.3 Komar Integrals

The purpose of this and the following three sections is to investigate the effect
of the running Newton’s constant on the mass and the angular momentum of the
Kerr black hole 2. Since the spacetimes we are dealing with are stationary and
axially symmetric, we have already seen in chapter 4 that there exists a Killing
vector associated to each one of these two symmetries. We have called them ¢
and ¢, respectively. As a consequence, it is possible to define a mass M and an
angular momentum J taking advantage of the so-called Komar integrals [61, 60].
These integrals define covariant conservation laws associated with every infinitesimal
coordinate transformation [61]. The identification of the conserved quantity with
energy or momentum or a similar quantity depends on the type of tranformation
considered. In our case the transformations are those generated by ¢ and ¢. As a

result, the Komar formulae for the mass Myomar and Jiomar read

1
Mykomar = — vetPds, 8.53
K 87TGO fg p ( )
JKomar veoPds, 8.54
K 167rGoji ¥ ap (8.54)

Here S is a two-sphere at spatial infinity. The surface element dS,s is given by
dSap = —2n[a7 g/ 0d?0 (8.55)

where n, and r, are the timelike and spacelike normals to S. ¢ is the determinant
of o4, the metric induced from g,g in the 2-d surface H, and d?0 = do'dp* with
0 angular coordinates on H (see appendix I). The integrals for Mkomar and Jkomar

probe the metric under consideration only at spatial infinity. Since the improved

2Tn this section we omit the superscript in rﬂ_, but we keep in mind that we deal with the

corrected event horizon.
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Kerr metric equals the classical one far away from the black hole, this implies that
the values of Mkomar and Jgemar are not changed by the RG improvement. It is well
known [60] that for the classical metric they coincide with the mass and angular

momentum parameters which it contains:
MKomar =M ) JKomar =J (856)

Thus for S a surface at spatial infinity, 8.56 holds true also in the improved case.

The mass and angular momentum of spacetime as measured at infinity receives
contributions from the pseudo-matter mimicking the quantum effects. Now we break
up Mkomar and Jkomar into two pieces, one which contains ony the effect of the
pseudo-matter within the (outer) horizon H, and one which is due to the matter
distribution outside H. Including only the first contribution yields quantities Mg
and Jy which we refer to as the mass and angular momentum of the black hole,
meaning here only the portion of space bounded by H

The relation between the parameters M and .J calculated at the spatial infinity
and the quantities My and Jy calculated at the event horizon can be derived if
we consider a spacelike hypersurface ¥ extending from the event horizon to spatial
infinity. Its inner boundary is H, a two dimensional cross section of the event horizon,
and its outer boundary is S. Using Gauss’ theorem, we find that M and J can be

decomposed as:
1
M = Mg+ 2/ (Taﬂ — §Tga5) n“t?Vhd>y (8.57)
by
1
J = JH —/ (Tag — §T9a5> nagoﬁ\/ﬁd?’y (858)
b

Here hgy, is the metric induced in 3 and y* (@ = 1,2, 3) are coordinates intrisic to
the hypersurface (see appendix I). My and Jy are the black-hole mass and angular

momentum, respectively. They are given by surface integrals over H:

1
My = - “t’ds, 8.59
H 87TGO /I;V 5 4 ( )
= /va Pds (8.60)
H= ].67TG(] H 90 aﬂ '
with
dsap = 26, Ng/od?0 = (£,N5 — £5N,) Vod®0 (8.61)
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being &, = t, + Q¢ the light-like Killing vector tangent and normal to H. N, is
an auxiliary null vector such that N,£% = —1 and N,N* = 03.

Equations (8.57) and (8.58) are interpreted as follows: The total mass M (an-
gular momentum J) is given by a contribution My (Jg) from the black hole, plus
a contribution from the matter distribution outside. If the black hole is in vacuum,
then M = My and J = Jg. According to the discussion of chapter 7 we expect that
My # M and Jg # J when the contributions of the “quantum fluid” are taken into
account. In the next two sections we corroborate this fact by explicitly calculating

My and Jy, and we analyse the results obtained.

8.4 Mass of the Improved Kerr Black Hole

In order to calculate the mass of the improved black hole we start by transforming
the Komar formula (8.59) of My to a more suitable form. Substituting the area
element (8.61) in (8.59) leads to

1
My = — Vlds, 8.62
H 87TG0/}‘I Sap ( )

1

- _ arB _
= 87rG0/HVt (£aNg — E5N,) ds

Changing dummy indices in (8.62) gives the following:

1
87TGO

My = / £ Ng (V7 — VPtY) ds
H

At this point we exploit the Killing equation (4.8) applied to t°:

Vet + Vo =0 (8.63)
As a result we have
1
My = — Ny (V%) d 64
=~ [ Sl (V) ds (5.64

Since B-L coordinates are non-regular at the event horizon we choose to evaluate
My by performing the integral in (8.64) using the ingoing E-F coordinates. We start
by calculating the a-sum in £, Ng (V“tﬁ ) by evaluating the two contributing terms

3For more details about how to define hypersurface elements in a generic pseudo-Riemannian

manifold see reference [60].
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separately. In fact,
ENP(Votg) = &0,N7 (Vo) (8.65)
= & (N"V't,+ N'V't,)

where we have used eq. (8.47) in the form £, = ¢,0.,. Now we find expressions for
V't, and V"t, . From equation (F.5) we have

1 agﬁv agvﬁ
ol = = — 8.66
Vals 2 (&UQ oxP (8.66)
and substituting t, = g, and ¢, = g,, from (8.19) leads to
gra a.g’U’U agav
Ttv = e aly = - 8.67
v gV 2 (8:{;0“ ov ) (8.67)

_ gra agvv
2 oz

where we have used the time-independence of the metric in the last step. The only

non-vanishing component of ¢g"* is ¢"", hence (8.67) turns out to be:

v, =9 (ag””) (8.68)

2 or

Similarly we find the following expression for V"¢,

reo 97 (090 97" (0gp
Vit = 2 ( or ) 2 ( or (8.69)

Now we are able to substitute (8.68) and (8.69) in (8.65), which gives

a oo rr TU T a "
EN? (Vot5) = €, K gr > (N“% - N?"7> - g;N’" (%)] (8.70)

And inserting (8.70) in (8.64) leads to

_ 1 agm; v Trr r_Tv\ _ TONT agipv
My = 87TG0/H€T [( o )(Ng N"g"™) —g"¢N <—8r ds (8.71)

In order to evaluate the integral of (8.71) at r, we need to find, in the E-F

representation, the components ¢'"(, , ¢"|, ., ¢"?[, . N[, , N7, , &/, , and the

ang
or

ag'u'u

or |, and

derivatives

By using the expressions in appendix I for each

one of these terms, we can proceed as follows. First, substituting g’”’”|,mr = 0 and
¢, N" = —1 leads to

[ 1 agm} T TP %
My = SWGo/HK m)g +g <8r ds (8.72)
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The components ¢"|,

L and ¢"?[ in (8.72) are given in (1.25) and (1.25) as ¢""|

(r2 +a?)/ p2|r+ and , ¢"?|, =a/ p2|r+ respectively. The derivatives ag% -

T’+_

and

a(.’;% are expressed in (1.28) and (I1.29) as linear combinations of trigonometrical
T4

functions of 6, which will simplify the integration. With the usual abbreviation

p? = r? + a? cos® § we have explicitly

O o (G(r)r
- M=
or or ( PE )
T+ Ty
1 !
- (r2 + a2 cos? 9)2 (QMTZ) [rG' (r) — G (r)]
T+
cos?d ) ,
7 ooy CMaO) G (N+Gm),,  (873)
Weo|  _ oprasimzeld (G0
or - or 2 .
sin® 6

= Tt awnep CMA)IE O =GO,
sin® @ cos? 0 , /
T2+ o2 0) (2Ma®) [rG' () + G ()], (8.74)

Finally the area element ds|, needed in (8.72) is also derived in appendix I and
is given in (L.12) as ds|, = (r + a?) sin 0dfdep. Substituting everything into (8.72)

leads to

1 2 ™ )
My = — c /0 /0 (% + a®) sin fdfdyp x (8.75)

2 | 2 2 qin2
9 2M£ (G(?;)r) 7"+2—|-a _2Ma281n 7 Q(G(?T)
o\ p - P, PP, or\ »p -

Integration in ¢ gives a factor of 2r. We can also factorize % (ij;)’”) to get
T+
M (ri +a?) [" d (G(r)r
My=——>+_ 7 inf — de 8.76
m 2Gy /0 S o ( p? ) - (8.76)

where we have used p? = r? 4 a? cos? 0.

We can go further towards the integration in 6 by expanding the derivative in r:

M (r? +a*) [™ sinf ,
My = - 2+Go /0 P {p2|r+ G (re)re + G ()] = 2G (ry) Ti} d0

(8.77)
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Now substituting p? = r? 4 a? cos?  and separating different types of integrals in 6
gives
r2 M (r2 + a?) sin 6

My = G (ro)r. —G(r / do
: e LI e e

Ma? (r? + a?) ™ sinfcos?0
— G (ro)ry+G(r / df
2Gy (& () ()] o (r2 4 a2cos?h)’
(8.78)
At this point we define
™ : 0
I = / o ~do (8.79)
o (r%+ a?cos?6)
and
™ : 2
]2:/ sin 6 cos” 0 _d (8.50)
o (r? +a?cos?0)

so that (8.78) is reduced to

M (2 + )

My = —
H 2G,

(PG )y =Gl L +a®[G (ry)ry + G (ry)] I}
(8.81)

The definite integrals I; and I, from (8.79) and (8.80) are analytically solvable,
see appendix I). They are given by (1.34) and (1.37):

) e
[

The substitution of (8.82) and (8.83) in (8.81) and further simplification leads to
the final result. We find that the black-hole mass is given by

L G(ry) (r2 +a*) G (ry) a
My = MTO {1 — G ) ] arctan <E> } (8.84)

It is convenient to define the function Fy; (r) as follows:

P () = S0 - [ E0 rctan (%) ) (8.55)
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Obviously Fiy (ry) is the factor multiplying M on the RHS of eq. (8.84). Hence the

black hole mass reads

We have analysed graphically the r-dependence of Fy; (r) from a radius rq < 74
to infinity. Figure 8.1 shows this dependence resulting from the running G (r) with
the d(r) = r approximation. This plot indicates that Fj; (r) < 1 and therefore
My < M. My is the mass of the matter and pseudo-matter contained within the
event horizon, whereas M is the mass measured at spatial infinity. Since M is equal
to My plus a positive contribution of the pseudo-matter between H and spatial
infinity, we conclude that this latter contribution increases the amount of mass
that an asymptotic observer measures. This is precisely an antiscreening effect.
Furthermore, from (8.84) we know that My = M if the running is switched off.
As a result, we conclude that the quantum fluctuations described by the effective
matter show an antiscreening behavior: the mass of a gravitating body seems to be

bigger at large distances than at small distances.

1.2
1
0.8 r
Fu(r) o.6
0.4
0.2
07

0 10 20 30 40 50 60 70
Fig. 8.1. r

Radial dependence of the factor Fy; (r), for M =15, a = 5,
and w = 1 employing the d (r) = r approximation. The func-
tion is plotted from rqg = 5 < r, = 30 to infinity. The plot
shows that F'(r) < 1 in the domain [ry , o0), and F'(r) — 1
when r — oc.
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8.5 Angular Momentum of the improved

Kerr Black Hole

The evaluation of Jy in (8.60) is carried out in a similar way as in the case of My.
We start by transforming (8.60) into

1
n 87TGO

Ju / £, N5V ds (8.87)
H

which results from changing dummy indices and applying the Killing equation for

o,
Ve 4+ VPp* =0 (8.88)
Inserting (8.47), &, = £,6.,, in the integrand of (8.87) leads to
E NV = &, (N"V'p, + N'V'e,) (8.89)

From (F.5) we have for V*¢P the following result

1/0 0Ga
Vas%——( 95 gw)

2 \ Oz“ ozP

Hence the derivatives in (8.89) are given by

r _ ra _ gTT agm/)
Vi, = 9" Vap, = 7 (—ar ) (8.90)
and
v 9 (990 _ 9" (O9u0
Vier= 2 ( or ) 2 < or (8.91)

Here we wrote down only the non-zero components g,g of the Kerr metric and we

used that they depend on 6 and r only. Now inserting (8.90), (8.91) in (8.89) leads

to
CAwAY — f_r NV ang — NTq™ agmﬁ — N" ri ag"/”ﬁ
STV 2 [ g ( or g or g or

(8.92)

After applying ¢"" = 0 and &, N" = —1 to (8.92), the integral (8.87) turns out to be

_ 1 o rv agmﬁ ri ag¢¢
Tn = 156 /H {9 (W)W (a— ds (8.93)
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The various factors appearing in the integrand of (8.93) are given by (see appendix

)

b
9w onpgsingd (G Q) G20 (B
or or p? or or \ p?
Ty ry Ty Ty
2 2
TV T++CL ) a
9., = , g = (8.94)
+ p2|r+ ‘m_ p2’r+

The area element is again defined by (L.12) as ds|,, = (r2 + a?) sin fdfdep. Substi-
tuting these terms in (8.93) gives

1 2 s ) o .
Jy = oG, /0 /0 (r3 + a®) sin 0dfdep x (8.95)

X | —2Masin®6 ri—i—aQ Q(G(r)r) +
P, or\ p /.,

+ < 2a ) (Sin29§ (2—21) >]
P, r\p* /),

The procedure of evaluation of (8.95) is carried out along similar lines as that

for M. We start by performing the partial derivative of ¥7/p? in the last term:

E 2 22 22 A
LY _ 9 (r* 4 a*)” — a®sin” A, (3.96)
ar \ p? or p?
4 o
Substituting A; = r? + a® — 2MrG (r) leads to
L2
9 ( _ 9 r? +a® + 2MrG (r) sin_0
o \p*)l,, or p? -
= 2r, +2Ma*sin*6 9 1(rél) (8.97)
or p? -

Now, after inserting (8.97) in (8.95), integrating over ¢ and simplifying, we find
a(r? +a*) [ sin®0db a (rG(r
Ji = G )/ re— M p’| —( 5)) (8.98)
0 T4+

4Gy P, Tor\ p
At this stage we have to perform the partial derivative in 7 of G (r) /p? , using

p? =12 + a*cos® . We have then

2

_ r3 (G (ry)ry — G (r)] +a”cos® 0 [ry G (ry) + G (ry)]

(r2 + a2 cos?6)’

(8.99)

T+
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Substituting (8.99) in (8.98) gives

™ sin®0do
Jn = () (2 +a?) / L (8.100)
4Gy 0

r2 + a? cos? 6
sin® 0d#

- (ffé) (12 +a?) (& (ry)ry — G (ry) / i EEveTL

Ma? , ™ sin® @ cos? Odf
_ ( 4G ) (7'3_ + CL2) [T+G (7"+) + G (7"+)] /
0 o (

2 + a2 cos? )
Here we are led to define the following integrals analogous to I; and I, used above:

™ sin®60do
I3 = —-— 8.101
’ /0 r2 + a? cos? 6 ( )
T 103
]4:/ sin” 6d0 i (8.102)
o (r2 +a?cos?0)

™ sin® 6 cos® Odb
I = / S;n CZOS — (8.103)
o (ri+a%cos?0)

Thus Jy of (8.100) can be written as

Iy = (Z%)) (12 +a?) Iy — (“i‘éﬁ) (12 4 a®) (G (r2) 7y — G ()] I

_ (Ma3) (ri +a®) [reG (ry) + G (r1)] Is (8.104)

4Gy
Simplifying and factorizing G’ (r) and G (r) reduces (8.104) to:

(r2 +d%)a

S
a 4Gy

{T+Ig — MT+G/ (7"+) I4+5 + G (7"+) M[4,5} (8105)
Here we defined 1,5 and I, 5 as the linear combinations

Lis = (ri 1+ ’I;) (8.106)

Lis = (P21 — a®I5) (8.107)

As in the case of I; and I, integrals I35 to I5 are also analytically solvable. They

are given in appendix I by equations (1.46) to (1.48):

arctan (i) (8.108)



2 .2 1
I, = (a 3 ;J’) arctan (i) + { 5 2} (8.109)
adrs [ a’rs

3 2 + 2
PRI L S B (i) (8.110)

at ryad Ty

After inserting expressions (8.108) to (8.110) in (8.106) and (8.107), we find:

arctan (H) 9

Lis=rili+a’l;=2(a"+1}) — % - = (8.111)
ria a
47".’_ a 4
]4_5 = T_Qi_]4 — a2]5 = —? arctan (E) —+ ? (8112)

Now substituting (8.108), (8.111) and (8.112) in (8.105) gives

B (r2 +a*) a

2 2 arctan |

T+ (T+ a ) a / 2 2 <”+) 1

X —-—— 4+ —= t — | - Mr.G + _—
arctan Ty (7’+) (a r ) 3 3

2ry a 2
+G (ry) M (—? arctan <E> + ¥> }

the intermediate result (8.113) can be further simplified by factorizing arctan (ﬁ)
and exploiting 3 + a® — 2M G (r;) r1 = 0. Then we find

PN GE { b (2 (i) {Mcf (u)} . {20 (re) M — r+] }

2Gy a Ty a a

(8.114)

Two more applications of 75 + a*> — 2M G (r;) r4 = 0 turn out to be quite useful.

The replacements

2 | 2
ri+a MG (ry)ry
= — 7 8.115
2Gy Go ( )
G () M=rs _
a
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transform (8.114) to an expression in which the classical result Jy = J is isolated,
and therefore the quantum correction can be easily identified. This brings us to the
expression we were looking for:

Ty = {J+ [1 _2ME () 4 etan (i)] [MZG, (r+) Tﬂ } Glr)  (g116)

a T a Gy

We consider (8.116) as the final result of our calculation of Jy.
Eq. (8.116) can be written as a product Jy = JF; (r;). We define F; = Fj (r)

as follows:

Fr(r) = GGS? {1 + TQM;;/ (r) {1 - QMTG(T) arctan (g)} } (8.117)

Figure 8.2 shows the r-dependence of F; (r) for M = 15, a =5, w = 1, employing

the approximation d(r) = r. The similarity with Fy, (r) in figure 8.1 is clear:
Fjy(r) <1forrg <r < oowithry <ry. Asaresult, the conclusion is the same: The
relationship (8.116) displays an antiscreening of the angular momentum of the
black hole similar to the antiscreening of the mass. Since Jy < J, we conclude that
the amount of angular momentum contained inside the horizon, Jg, is increased
by the contribution of the quantum fluctuations or pseudo-matter between the event

horizon and spatial infinity. This result obtains for any value of M and a.

1.

© 2 o ©
O N D O ®E N

To

0O 10 20 30 40 50 60 70
Fig. 8.2. r
Radial dependence of the factor Fj (r) for M = 15,
a =5, and w = 1 employing the d (r) = r approxi-
mation. The function is plotted from ro =5 < r, ~ 30

to infinity. The plot shows that F'(r) < 1 in the do-
main [ro , 00), and F'(r) — 1 when r — o0.

8.5.1 Low Angular Momentum Expansions for My and Jy

By performing expansions for low angular momentum J we are able to isolate the

contributions to My and Jy independent of J if they exist. Employing a as the
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expansion parameter we have the following series:

. a a a’ N a® a’
arctan [ — | = — — —
Ty reo 3% by Tl

o (8.118)

Substituting eq. (8.118) in expression (8.84) for My gives

MH:M{l_ (r3+a2)c;'<r+)] (i a8 @ +>}

Go aG (ry) re 3% 5t Tt

Applying 2G (ry) Mr, = r% 4+ a? in the term with G’ leads to the desired expansion

of My in powers of a:

MG (ry) , a’ at a®
My=—7°——1-2M 1-— — e A1
TG, { &) ( I (8:.119)

The expansion (8.119) shows a leading contribution to My independent of J given
by

Mpyl,_o = MG (r5ans) [1—-2MG (rim,)] (8.120)

This is exactly the mass of the improved Schwarzschild black hole, as it should be.
In order to find the expansion of Jy we substitute (8.118) in (8.116) to have

JH:{JJr{l_%(ﬁ_ @ i @ _ +)} |:M2G/(T+)T3-:|}G(T+)

a P T B T T a Go
(8.121)

Expanding the term with G’ leads to

5~ G { M)
G() a
3 5

1 a a a
—_— 2 , —_— — — . o
[QG (T+) MT+] M G (T’.,.) (a 37_3 + 57“4+ 7’["3 + ) } (8122)

Now exploiting 2G (ry) Mry = r3 + a* in the same term and simplifying gives the

final result

JGG(:+) {1 MG () {_g n % L0 (%)] } (8.123)

Eq. (8.123) shows clearly that Jy|,_, = 0 as expected.

Jg =
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8.6 Smarr’s Formula

In chapter 2 we have already discussed the Smarr’s formula in the context of the
classical Kerr spacetime. We have mentioned that this formula is valid for all sta-
tionary and axially symmetric spacetimes. Now we show that our results (8.84) and
(8.116) for My and Jy, together with the relations

a a 2
LRI R VTl P ()7 )
A/
Bom o A= (1) +a—2MG ()
2[(r})° + a2
(8.124)
fulfill the Smarr’s formula
rA
My =20 12
H HJH+47TGO (8.125)

This formula valid for the improved Kerr spacetime, has exactly the same structure
as in the classical case.
To start, let us calculate 2QyJy from (8.124) and (8.116), as follows

1 2 2M2 l
200Jy = = {a_ + MG (ry)ry — G ) re& (1) arctan (i) } (8.126)
Go | rs a Ty

From (8.84) we obtain

MuyGy— MG (ry) = — [QMQG (Ti r+& (T+)] arctan <%> (8.127)
where we have used
2 +a® =2MG (ry)ry (8.128)
Substituting (8.127) in (8.126) leads to
2Ty = Gio {% + MG (r2) s + MuGo — MG (7‘+)} (8.129)
On the other hand, using (8.124) we can represent xk.A/47Gy as follows
/
4?20 - 2%0 (8.130)
But from (8.124), we have for A’
A =2ry —2M |G (ry)ry + G (ry)] (8.131)
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Now we can insert (8.131) in (8.130) to find:

pA e M
4.7TGO - GO GO [G (rJr) LSS + G (T+>] (8132)

At this stage we are able to sum up (8.129) and (8.132) in order to find the right
hand side of (8.125):

20Ty + 4;20 - Gio {% + MG (ry) 7y + MpGo — MG (u)} + ;_J;
6+ G ) (8.133)
Simplifying (8.133) leads directly to
Wy + A gy CETE T 2MGO (8.134)
ArGy Gory

where we have used again 72 + a*> = 2MG (ry)r4. This completes the proof of

Smarr’s formula in (8.125).

8.7 The Modified First Law of Black Hole

Thermodynamics

As discussed in chapter 2, eq. (2.63), i.e.,

K

SM — QudJ = <8WG

) 5A (8.135)

is interpreted as the first law of black hole thermodynamics, appealing to its analogy
with the first law of standard thermodynamics. As a result, we interpret ;- and %
as the temperature T" and the entropy S of the black hole, respectively. Thus we
read the relation (8.135) as

SM — QuéJ = TSS (8.136)

Eq. (8.136) states that (0M — QudJ) /T is an exact differential, namely the “exterior
derivative” of a state function S = S (M, J) which is interpreted as an entropy.
In this section we address the question of whether there exists a relationship

analogous to (8.136) for the RG-improved Kerr black hole. In earlier sections we
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found that its surface gravity and angular momentum are given by*

I - M IG/ 1 +G 1
k(M J) = [Tj . (“3 _ (ri)] (8.137)
(ry)”+ (M)
(M) = — i) (5.138)
(") + ()
where L. = 7L (M, J) is a function of mass and angular momentum which can

be determined numerically only. Given the results (8.137) and (8.138), the natural
question to be asked is whether the resulting (§M — QpdJ) /k is an exact differential.
Does there exist a state function f = f (M, J) such that

(6M — QudJ) [k = 6f (8.139)

If f exists one could again try to identify 7' = k/27 with the temperature and f with
the entropy of the black hole. (As quantum effects typically lead to modifications
of the classical relation S = A/4G, [30, 31] it is not to be expected that f is simply
proportional to the surface area.)

We dedicate subsection 8.7.4 to the analysis of this possibility. As a conclusion
we shall find that no such f exists for any reasonable G (). This result entails that,
in the improved case, there can be no first law of the form (8.136) in which the
temperature T' is proportional to the surface gravity k.

It is, however, a logical possibility that the improvement modifies the classical
relation 7" = x/2m. Indeed in subsections 8.7.5 and 8.7.6 we shall construct state

functions (“zero-forms”) 7' (M, J) and S (M, J) which actually do satisfy
SM — Qu (M, J) 6. =T (M, J)§S (M, J) (8.140)

The function 7' (M, J), tentatively to be regarded as the black hole’s temperature, is
not proportional to  if J # 0 but equals x/27 if J = 0. Establishing (8.140) amounts
to finding the “integrating factor” 1/T" with which the differential M —Qy (M, J) 0J
must be multiplied to obtain an exact one.

Due to the algebraic difficulty of the problem we shall content ourselves with find-
ing a consistent approximation to the integrating factor for low angular momentum

J. We start the discussion in subsection 8.7.1 by presenting a general introduction

4In this section we write explicitly the fraction J/M instead of the parameter a in order to

emphasize the dependence on J and M.
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to differential forms and integrating factors. In subsection 8.7.5 we find approxi-
mate solutions to the partial differential equation for the integrating factor by using
a power series ansatz. In subsection 8.7.6 we analyse the degree of validity of the
solution we have found, and in subsection 8.7.7 we use the approximated integrating
factor in order to derive O (J?) approximations to the first law, the temperature T,
and the entropy S of the improved Kerr black hole. We also derive large-M expan-
sions of 7" and S. In this way we establish a connection between the results for the
improved Kerr spacetime achieved in this work and results from the literature, like

the large M expansions for 7" and S of the improved Schwarzschild black hole [30].

8.7.1 Exact Differentials and Integrating Factors

The states an (improved) black hole can be in are labeled by the two parameter M
and J. We visualize the corresponding state space as (part of) the 2-dimensional
euclidean plane with cartesian coordinates 2! = M, 2> = J. Using the conve-
nient language of differential forms, state functions are zero forms on this space, i.e.
scalars f = f(x) = f (M, J).

Defining the exterior derivative as®

0 0
5_5M8—M+5J$

we say that a differential form a is closed if 0o = 0, and we say it is exact if
a = 3 where [ denotes a (p — 1)-form when « is a p-form. The state space being

2-dimensional, the only case of interest is p = 1. A general 1-form has the expansion
a=P(M,J)dM+ N (M,J)d§J (8.141)

This 1-form is exact if there exists a zero-form S (M, J) such that a« = 4 or, in

components,

oS oS
G—M’ N(Mv‘])__

P (M, J) = -

As a result we can write

05 5
§S =P (M,J)SM+ N (M,J)6J = (8—]\/[) SM + (ﬁ) 5J

5To conform with the standard notation of thermodynamics we denote the exterior derivative
by ¢ rather than d.
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We assume that the states (M, J) form a simply connected subset of the euclidean
plane so that da = 0 is necessary and sufficient for the exactness of a.

It is a well-known result of the calculus of several variables that if S (M, J) and its
derivatives up to second order (including mixed second derivatives) are continuous
then we have:

os 08
OJOM — OMOJ

(8.142)

Hence (8.142) is a necessary condition for the exactness of (8.141). Or using P and
M we write:
orP ON
57~ a0 (8.143)
The demonstration of sufficiency of (8.143) on a simply connected domain is also
a result from the elementary theory of ordinary differential equations [62]. As a
consequence, the relation (8.143) is the basic equation to show the closedness, and
hence in our case, exactness of a differential form. In the case when (8.143) is not
fulfilled ¢ is a non-exact one-form.
If o is not exact, one can try to find a function u, (M, J) that, after being
multiplied to a, converts it into an exact differential. In those cases we call u,, (M, J)

an integrating factor of & and we write
0S =p, (M, J)oe=p, (M, J)P(M,J)SM + p, (M, J)N (M, J)éJ  (8.144)

Since p, o is exact by definition of p, (M, J), eq. (8.143) is fulfilled with the sub-
stitutions P (M, .J) — p, (M, J) P (M,J) , N (M,J) — p, (M,J)N (M, J). As a
result we have:

0 0

57 (HaP) = 577 (1 N) (8.145)

Eq. (8.145) is in fact a quasi-linear partial differential equation in M and J for

o, (M, J). This can be made more explicit by rewriting it, using the chain rule, as

()~ ()@ ()

The theory of partial differential equations asserts that quasi-linear equations like

follows:

(8.146) are solvable in general [63, 64]. How difficult it is in practice to find a so-
lution p, as a function of M and J depends on the specific form of P (M, .J) and
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N (M, J), of course.

Let us finally discuss the application we are actually interested in. We investigate

the 1-form
1 Q
o= (—> SM — (—H> 5J (8.147)
K K

where the components P (M, J) = 1/k and N (M, J) = —Qu/k are given in terms of
the surface gravity and angular velocity of the improved Kerr black hole presented
in (8.137) and (8.138). At the classical level, we know that o is exact: o = 9 (S/2m)
with S = A (M, J)/(4Gp). It is now a matter of straightforward (but lengthy!)
differentiation to check whether the integrability condition (8.143) is fulfilled in the
improved case. The result is that this condition is actually not satisfied in general,
i.e. the 1-form (8.147) is not exact. Stated differently, x is not an integrating fac-
tor for 6M — QudJ, and the temperature is not proportional to the surface gravity

therefore.

In the next subsection we shall start the construction of an integrating factor for
this 1-form, a generalization of x in the classical case. In more physical terms this
means that we are trying to find a function 7" (M, J) which (at least as far as the
first law is concerned) could be intepreted as the Bekenstein-Hawking temperature

of the quantum corrected black hole.

8.7.2 Integrating Factor: General Setting

In this preparatory subsection we describe a convenient setting for finding the in-
tegrating factor and we test it in the classical case. It is already known that the
classical Kerr spacetime fulfills a variation law of the form

5A (1) SAf (%) 5 (8.148)

KEn ~\k K

with the following functions of M and J:

_ J 2
KZ%jQHE(ij\H,AEKLW r2 4 i
2 J\?2 2 J\2 + M
i+ (51) i+ (57)
2
ry = MGO—F\/(MGo)Q—(% (8149)



Substituting the functions (8.149) in the variation law leads to:

J
M (7°+ - MG())

i+ ()
Ty —MGO

SA
87TGO N

oM — { ] oJ (8.150)
After comparing (8.137) and (8.138) with (8.149) we see that the only explicit mod-
ification due to the r-dependence of G (r) appears in the numerator of x in (8.137)
given by rﬂr - M [TLG’ (7"5_) +G (Tﬂr)], it has an additional term involving G’ (ri)
This numerator is reduced to r, — MGq in the classical case. Taking advantage of
this fact we propose the following differential form to be integrated in both cases,

the classical one and the improved one:

ri 4 (%)1 SM — (%) §J (8.151)

It changes after the improvement only through the implicit dependence of r, on M

I
+-

"Y:

In that case we have:

2 J\? J

I

= — ) |M—-|—= )¢ 152
¥ [(r+) +(M)] (M> J (8.152)
Ultimately we would like to know the integrating factor for the 1-form (8.147) with

k and Qg from (8.137) and (8.138) inserted. This form differs from « by a scalar

factor only:

o = L oMLE ) +a )] { [(r;)z i (%)1 SM — (%) w}

= h(M,J)y (8.153)

and J, from ry tor

-1

hOMLI) = - M PG () + G (1)) (5,154

Thus, once we have managed to find an integrating factor p. for the (simpler) 1-
form -, we can obtain the corresponding factor for the much more complicated
form a simply by multiplication with the overall factor 1/h (M, J). By definition,
f, is such that p.~ is closed, ie. ¢ (,uv'y) = 0 Using a = h7y this implies that
6 [(1,/h) a] = 0. Hence

I = o/ (8.155)
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is an integrating factor for av if y., is an integrating factor for ~.

For the bare case, it is not difficult to see that « of eq. (8.151) is non-exact.
Since we know the explicit form of r, we can easily check the condition of exactness
(8.143). In this case we have r, (M,J) = MGy + \/(MG0)2 — (J/M)? and the
definitions P = 72 + (J/M)?, N = —J/M. As a result we get

oprP 2J ON J
= | == , = — (8.156)
2
oJ - M\/(MG())Q—(ﬁ)Z oM - M
namely

or ON
— — 1
oJ - oM "y (8.157)

From (8.150) we deduce that the approppiate integrating factor pt, for the one-form
~ of (8.151) is

1

class
MJ)=——
(M) = e

(8.158)

This can be checked (see appendix J) by substituting (8.158) in (8.146) together
with P =72 + (J/M)* , N = —J/M and the derivatives (8.156). From (8.158) we

obtain for the integrating factor of a

ngélass _ h—l class _ 1 (8159)

classru’y

Since h;}

lass = T+ — MGy. This is the expected result, of course.

The above procedure might appear rather indirect and cumbersome to deal with
the classical case. In the improved situation it is a technically advantageous setting

for the computation of pu,, though.

8.7.3 Integrating Factor: Partial Differential Equation

Now we turn to the improved case and derive the explicit form of the partial differ-
ential equation (8.146) for the integrating factor 4., in the case of the 1-form ~ of
(8.152). For =, the component functions P and N are to be identified as:

P@Lﬂ:{ﬂf+<%>2Jvz—(%> (8.160)
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As a result, the equation for ., (M, J) reads

e () | (32) + o) () = () 3 |+ () ]

(8.161)

Here and in the following we simply write p for the factor .. Performing the

implicit derivatives in the right hand side of (8.161) gives:

0+ () ] () (@) (36 o[z} oo

The partial derivative 6r£L /0J can be found by differentiating the event horizon’s
equation, (7“5_)2 + (J/M)* = 2MG (r')rl =0, with respect to J:

% [(TL)Q . (%) —2MG (L) ri] =0 (8.163)

Solving for drl /8J from (8.163) gives

Ory _ _ J (8.164)
aJ  M{ry — MPLG (ry) + G ()]} ‘

Substituting (8.164) in (8.162) leads to

[ ()] (35) - () ) - (S it

(8.165)
or, written in a more compact way,
o o\
fi(M,J) (@> + f2 (M, J) (a—M> = —pf3 (M, J) (8.166)
with the definitions:
2 J\? J
fl(M7J)E(rI+> +(M) 7f2<M7J)EM
IR - MEE () + G0t |

Equation (8.166) is the main result of this subsection, it is the partial differential
equation for the integrating factor p. of the first law modified via the running
Newtons constant G (r). It will be analysed in the next two subsections where we

look for explicit solutions for the integrating factor.
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8.7.4 Does the Modified First Law Preserve the Classical

Form?

It is clear that the improvement we are implementing with the running G (r) gives
by itself no guarantee of preserving the classical form d.A/ (87Gy) = (1/k) IM —
(Qu/k)0J = a of the first law. After the improvement, the quantities x and
are modified as presented in (8.137) and (8.138). If we assume that these corrected
quantities still fulfill a first law of the classical form, there should exist a scalar

function S, possibly different from A/4G, such that 6.5 = hvy = a or explicitly,

5 =\ = arpre t T o) { [(’"1)2 +(31) ] = (57) ‘”}

(8.168)

Eq. (8.168), if satisfied, would mean that the form of (8.153) is exact as it stands,
i.e. with a trivial, constant integrating factor p, = 1. Stated differently, eq. (8.168)
proposes ., = h as an integrating factor of v = [( +) + (J/M) } oM — (%) 0J. As

a result, the task of checking whether the original form (8.148) is preserved after the
improvement is equivalent to checking whether h = 1/ {r}, — M [rLG" () + G ()]}
fulfills the differential equation (8.165) for the integrating factor u = .. Next we
shall prove that , in general, this is actually not the case.

Substituting the above candidate p = h into (8.165) gives:
(1) + i2_g+ J\ 0 1
* M aJ M) oM [ \rl = MFPrLG L) +G (L)

_ 7"++M[7"+G’( V)G ()] ( 1 )
M2 Ary = M[PLG (r}) + G (r))]} MG (rh) + G (r})]
(8.169)

Now we have to check the equality in (8.169). For the left hand side we have the

following identities®(see appendix J)

0 ( 1 ) J[1 =M (2G + 1G] (8.170)
aJ \rl —M[PLG'+G])  azpl — M (L6 +G)° '

6To simplify these expressions we omit from now on, the r1+ argument from G (ri) and its

derivatives when it does not lead to ambiguities. But we keep in mind that G should always be
read as G (rﬂ_)
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0 1 1
= X
oM <r£r —MI[rtG + G]) L — M (rLG" + G)]2
)+ MrLG| [M (267 +746") ~ 1]
ML —M(@LG + Q)]

xSV G+ G+ [ (8.171)
After substituting (8.170) and (8.171) in the left hand side of (8.169), or similarly
of (8.165), and simplifying we find:

o0 () (5) + () G
M2 [l — M{rLG’ + Q) .

[1 - M6 +r,G")]{(r}) - MG}y -
x{ M LG G +M (r.G +G)}

(8.172)

It is clear that (8.172) is not equal to the right hand side of (8.169). Thus we found
that:
J
ML - MG+ G)P
y { [1— M (26" +7LG")] {r} — MG} L
[ry = M (riG' + G)]

#i rb+ M [ G+ G] ( 1 )
M2 - M PG+ G} . — M LG+ G]

Nevertheless in the classical case G (1) = Gy , G’ = G” = 0 we have {J [r, + M Gyl}
JAM?*[ry — MG0]2} for both sides. This confirms that u = 1/[ry — MGy is an

integrating factor of our chosen differential form (8.151) for the classical first law.

X

+M (TLG’%—G)}

(8.173)

We can summarize the above result by saying that if there should exist a general-
ization of the first law at the improved level (which is something we cannot actually
be sure of) then this generalization does not have the simple structure

1 Q
55" = (—) SM — (—H) 5J (8.174)
K K

with the improved k and 2y, and with a quantum corrected entropy:

St = % + quantum corrections (8.175)
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As a result, the temperature of the black hole (assuming this notion still makes
sense in the improved case) cannot be proportional to the surface gravity. This is
in contrast to the Schwarzschild black hole for which in Ref. [30] a first law of the
form §S' = (§M/k) has been established and the quantum corrections in (8.175)

were computed.

Up to now we tacitly assumed that G = G (r) is an essentially arbitrary func-
tion of r, and correspondingly that the values of G = G (7“5,_) , G =G (Tﬂr) and
G"'=qG" (rﬁr) are not subject to any special constraints. It is rather improbable
that precisely the function G (1) chosen by nature to define the running of the New-
ton constant happens to satisfy expression (8.173) with an equality sign, unless we
believe in the proportionality of T" and x as a fundamental principle in black hole
thermodynamics.

Nevertheless, if we impose the equality sign to hold in (8.173), we are able to
find, after a straightforward simplification, a condition for integrability that relates
rt, G (ri), G’ (ri) and G” (ri) as functions of M and J. This condition is given
by (see appendix J)

<%>2 G (L) +G" (L)t [(%)2 — MG ()| =0 (8.176)

If this condition is met, a is exact, and there exists an entropy-like quantity S such
that o = §5. Since eq. (8.176) represents a condition for G (r) and its derivatives
evaluated at rl, there could exist in fact infinitely many different functions G (r)
that fulfill this condition but behave differently away from r = rl . With our present
technology we cannot decide whether or not the condition (8.176) is actually satisfied
or not. So we must consider it as a logical possibility that (8.176) indeed holds true
for the “correct” function G (7).

Let us now try to judge how plausible this scenario is. For this purpose we

suppose that the ordinary differential equation

(%)G () + G" (1) r [(%) ~ MrG (r)] =0 (8.177)

governs the behavior of G (r) in the vicinity of 7. In appendix J we have found
several solutions for (8.177), where G (r) is represented as a series in powers of 1/r.

We have chosen this representation hoping to find a G (r) which, thanks to the
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“antiscreening”, decreases with r. For instance, the asymptotic behavior of G (k)

for small k given in eq. (1.25) by
G (k) = Go — wGik* + O (k*) (8.178)

After substituting the cutoff identification k = w/r we find

G (r) = Gy — G0 +0(1) (8.179)

r? rt
We would consider the condition (8.177) plausible if its solution G (r) would have
at least qualitatively similar properties. In contrast to this, the solutions we found

are far from recovering the behavior in (8.179). They are classified as follows (see

appendix J)

1. G (r) = Const

J2

3. G =G+ 0 (%)

The behavior of cases 2 and 3 is similar for » — oo, namely, G () — 0.

Comparing this set of solutions with (8.179) we can conclude that, at least in the
vicinity of 7% these solutions do not behave as expected. Case 1 is simply the
classical case that shows no running. Cases 2 and 3 tend to zero instead of tending
to Go when r — 00. As a result, unless the behavior of G (r) changes far away from
', we consider the non-trivial solutions 2 and 3 as “exotic” possibilities.

As a conclusion of this subsection, it seems more plausible to believe that the
first law in the improved case requires a non-trivial integrating factor for which
T « k. This brings us back to the difficult problem of solving the partial differential
equation for pu (M, J), eq. (8.166). In the next section we address this task. Since
the coefficients (8.167) of this differential equation are non-constant and rather com-
plicated functions of M and J, we content ourselves with finding an approximation

to order J? for the integrating factor.

8.7.5 O(JZ) Approximation to the Modified First Law

As a consequence of the previous analysis we come back to the differential equation

(8.166). It is a quasi-linear, first order, partial differential equation for p in the two
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variables M and J. The general form of such a differential equation is given by [63]

ar (M, J, ) (%) +as (M, J, ) (%}) = a3 (M, J, p) (8.180)

where ay (M, J, 1) , as (M, J, u) and a3 (M, J, ;1) are continuously differentiable func-
tions of M and J and they can eventually depend on p also. It is clear that our
main equation (8.166) with the functions fi, fo and f3 defined in (8.167) fits into
this general definition. Even though a general theory for solving (8.180) is available
and the existence and uniqueness of solutions is guaranteed [63], the calculational
difficulty of finding particular solutions depends crucially on the specific form of the
functions a;. Having this in mind and knowing that the functions f; to f3 are far
from simple, we shall now construct an approximate solution to p for low angu-
lar momentum, where the zeroth order approximation is already known [30], rather
than addressing the task of looking for an exact solution. This approximate solution
will be found using an ansatz in power series.

The various steps can be summarized as follows: The equation to be solved is
given by (8.166),

0 0
ﬁ@ﬁﬂ(£)+ﬁwhmeﬁ)=—muMJ> (8.181)
with the definitions (8.167)
A T T MG+ G
fr(M,J) = (r}) +(M) ’f2(M"]):M7f?’(M’J):_W{rL—M[ﬂG’%—G]

(8.182)
We expand fi, fa, f3 in power series with respect to J. Since these functions are
known, we can, in principle, find explicitly the coefficients in their expansions by
utilizing expressions (8.182). We also expand p and its derivatives and we substitute
them, along with the expansions of f; to f3, into (8.181). The only unknowns are
precisely the coefficients of p. They are found by solving the recurrence relation

that results after the insertion of all the power series.

Following the above mentioned steps, we start by expanding fi, fo, f3 and pu as

follows:

fa(M,J) = if;(M)Jl,azl,Q,:s
=0

p(M,J) = > (M) J* (8.183)
k=0
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The derivatives of y are given by:

o

Ou

a7 piy (M) + 2415 (M) J + 3p5 (M) J* 4 - -- :Z(k+1)ﬂk+1(M)Jk
Ou — [ dp,
o~ 2 (m) T*
(8.184)
Substituting (8.183) and (8.184) in our main equation (8.181) leads to:
(Z fi (M) Jl) (Z (k+1) gy (M) Jk)
=0 k=0
S ! ! — (i k S k S ! !
. (ZfQ(Mw) (z (). ) . (Zuk(M)J ) (ng(M)J>
) ) ) ) (8.185)

The recurrence relation for p, (M) follows by rewriting eq. (8.185) in the form
> oneo Ax (M) J¥ = 0 which implies that Ay (M) = 0 must be fulfilled for every .
Following this idea we write (8.185) in the form

iﬁme+i7me+iame =0 (8.186)
m=0 m=0 m=0

where a,,,, 3,, and 7v,, are defined via

Y B, = (Zﬁ (M) Jl) (Z (k+1) gy (M) Jk) (8.187)
m=0 =0

k=0

> v = ( fL(M) Jl> (Z (%) J’“) (8.188)

k=0

i U J™ = (i fy (M) J’“) ( 3 fL(M) Jl) (8.189)
l

=0

As a result the recurrence relation can be written as

where (,, , 7,, and «,, have to be found from (8.187), (8.188) and (8.189), respec-

tively. This is explained in more detail in appendix J. The results are the following:

m

Bro = D M =1+1) [l 1> Yo =D Fobt s Q= > fottn
=0 =0

=0
(8.191)
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Where p, = 54, (M). By substituting (8.191) into (8.190) we obtain the final

form of the recurrence relation:

S {m = 1+1) fltg 0+ fitt + fitt i} =0 (8.192)

=0

We emphasize again that the only unknowns in (8.192) are the p components, since
the f components can in principle be found straightforwardly.

With this algorithm the integrating factor can be found at any desired order in J.
Nevertheless the f! component represents an I-th derivative which is not necessarily
easy to carry out if [ is large. In this work we calculate only those components which
are needed in order to get an O(J?) approximation to p (M, J), for more details see

appendix J. The approximation we have found is given by

1 (M, J)| o2y = Ho (M) + p1y (M) J? (8.193)
with
TI 2GG//
i M( SCth) / + 7,éch G -G
1 . e, — M(rl,, G'+G] +
po (M) = : s o (M) = ;
M <G - rSCh+G’> M2 [G - TécmGl]

(8.194)

P0+wm@]m — Ho
py = (8.195)

2 (ko) M

where 1§, is defined as 7§y, =78y, (M) =71 (0, M), and drg,, /dM is given by:

dr I 2G <réch )
Schy : (8.196)

dM P—QMG(%m)]

In the following subsections we analyse the consequences of the approximation
(8.193).

8.7.6 Exactness in the O(J?) Approximation to p (M, J)

It can be shown that the O (J?) approximation in (8.193) to the integrating factor
w (M, J) in our main differential equation (8.145) is enough for satisfying it to order
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O (J), either for the classical and the improved case (see appendix J). Given an
O(J™) approximation to p (M, J), we ask to which order in J the equality in (8.145)
holds true, actually. What we find is that an O (J") approximation to u satisfies the
differential equation to order O (J"~'). This result is reasonable since eq. (8.145)
implies one order of derivation in J. As a result one order in J is decreased every
time we include an approximation to the series of (M, J) and it can only influence

the O (J" 1) terms in this equation. For more details see appendix J.

8.7.7 Temperature and Entropy

So far we have developed a procedure for finding recursively any desired approxi-
mation to the integrating factor s, by solving equations (8.192). Our final goal is
to find approximations for the modified first law (8.140) and also for the temper-
ature and the entropy of the improved Kerr spacetime. This subsection is divided
into three paragraphs where we present the results for each of the above mentioned
quantities.

In the first paragraph we present the O (J?) approximation for the first law that
results after multiplying the 1-form « to its integrating factor u, = h~* [ Since
the first law of thermodynamics gives a definition of temperature, an expression for
that quantity can be read off from equation (8.140). This will be done in the second
paragraph where we present the O (J?) approximation to 7' (M, J) in the form:

T (M, J)| o2y = To (M) + T (M) J? (8.197)

Finally, concerning the entropy, its computation requires an integration in the (M, J)

plane. It can be shown that, for the O (J?) approximation
S (M, T)|og2y = So (M) + Sa (M) J* (8.198)

we need just one integration along the M axis in order to find the zeroth order coeffi-
cient Sy, since the second order coefficient S requires no explicit integration. We do
this in the third paragraph of this subsection where we find a set of two coupled equa-
tions for the O (J?) coefficients of the temperature and the entropy. The solutions we
find for these coefficients are uniquely fixed in terms of the Schwarzschild quantities
Tp and Técm and they are consistent with the expression (8.193) for j.,. In appendix
J we verify this consistency, where we compare the results for T' (M, J)|, 2 from

both procedures, namely, applying j., and solving the above mentioned set of two
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equations. In the appendix we also present in more detail the calculations described

in this subsection.

O (J?) Approximation to the First Law

As already mentioned in subsection 8.7.2, once we have ., we have immediately an

expression for p,, given by
po =h""p, ={rl = M [F\G' + G|} p, (8.199)

Since p,, is by definition the integrating factor of a this means that o, is an exact

differential, thus we have

5 (ﬁ) = oy, = M (5M — Quol) (8.200)
K

where we keep a 27 factor in the normalization of S as in the classical case [65, 60].

The O (J?) approximation to the first law can be presented as follows
- P|O(J2) OM + N|O(J2) 0J

S
’ <%) o
= (%) M - (%)

where P and N are the coefficients of dM and 6.J respectively, already corrected by

5.J (8.201)
0(J2)

the integrating factor y.,. They are defined in the following way:

Ko, T QHMQ
PE’M’YP:?’N:H"YN:_T

After expanding P and N to O (J?), applying equations (8.160), (8.193), (8.137)
and (8.138) for P (M, J), p.,, x and Qy, we find the following expression for the

O (J?) approximation to the first law (for more details, see appendix J):
S
()

It can be easily verified that the crossed derivatives of the coefficients in (8.202) are

J? , J
= {“0 (ha)+ 537 57— #4) } oM — (ﬁ) o]

(8.202)

0(J2)

equal, showing in this way, the exactness of 45 to O (J?).
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O (J?) Approximation to the Temperature

From equation (8.200) for the first law we now define the temperature in the usual
way as the coefficient of 45 in M — QudJ = T9S. We obtain

T K

= 8.203
T (8.203)

Note that if p, # 1 this result differs from the familiar relationship 7' = x/(2m)
of classical black hole thermodynamics. Substituting p, from (8.199) and  from
(8.137) in (8.203) leads to

1
T (M,J) = . (8.204)
2, [0 + ()]
Expanding 7' (M, J) in powers of J gives the following:
1 J? gy — 5o
T (M, J) = . o — i) +0 (1Y) (8.205)

1
2y (Téch+> 4w M (Téch+> (M0)2

Here we have also applied equations (8.160) and (8.193) for P and s, respectively.

For the calculational details see appendix J.

O (J?) Approximation to the Entropy

In order to find an O (J?)-approximation to the entropy, we substitute in the first
law (8.140), generic expressions of the approximations to O (J?) of T' and S. We
then obtain 2 independent equations after factorizing the coefficients of every order
in the expansion, as follows. The generic expressions for 7" and S are given by
(8.197) and (8.198):

T(M, D)oy = To(M)+Ty(M)J (8.206)
S(M, Doz = So (M) + Sy (M) J?

Substituting expressions (8.206) in the first law (8.140) leads to

SM —QuéJ = [Ty (M) +Ty (M) J?] 8 [So (M) + Sy (M) J?]
(8.207)

After expanding the right hand side of (8.207) we have

M — QubJ = Ty So + 0512 J* + 6 (S2J%) Ty + O (J?) (8.208)
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where we have ommited the argument M of Tj 5 and Sy 2. Since Ty and Sy correspond
to the temperature and entropy of the Schwarzschild spacetime with J = 0 and

Qu = 0, the first law for that case is given by:
OM = T40S5 (8.209)
Substituting (8.209) in (8.208) gives the following:
—QudJ = 6SgToJ” + 6 (S2J°%) Ty + O (J?) (8.210)

Expressing the variations in the right hand side of (8.210) in terms of 6 M and 6.J

leads to:

dSo dS,
—QudJ = TyJ? (W) oM + Ty [ﬁ (W) oM + 2J526J] +0(J%) (8.211)

After factorizing and equating coefficients in §.J and dM, we find the following two

coupled equations which determine S; and 75:

S, ds;\
T, (d—M) + Ty (d—M> =0 (8.212)
2JT5Ss + Qu = 0 (8.213)

We can find additional information about Ty and Sy from the first law for the
Schwarzschild spacetime given in (8.209), as follows. Since these quantities depend

exclusively on M, we can write

dS,
SM =T, (d—M) SM (8.214)

Thus we deduce the following identity, usual in thermodynamics:

1 dSo
= 8.215
To (M) — dM (8:215)
The integration of (8.215) gives an expression for Sy (M), namely
M AM’
So (M) = / 8.216
oA=L, am (8210

This is the expression analized in reference [30] which deals with the improved
Schwarzschild black hole. Since the functions Ty (M) and Sy (M) are already known,
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we conclude that expressions (8.212) and (8.213) define a system of two coupled
equations which determine 75 and S5. We solve them as follows. Expanding 2y in
(8.213) gives

Qu (M, J) = (1) ? = (%) ﬁ +0 (J°) (8.217)

2
<T£r) + (ﬁ réeh+>
Substituting (8.217) up to O (J?) in (8.213) gives the following final result for Sy:
1
- 2
2Ty (M) M (k. )

On the other hand, substituting (8.215) in (8.212) and solving for 75 gives an explicit

52(M):

(8.218)

expression for the temperature correction:

T, (M) = — (T, 52 () (8.219)

Here Sy (M) on the RHS of 8.219 is explicitly given by (8.218).

It is important to remark that the results (8.218) and (8.219) for the entropy and
temperature corrections are uniquely fized in terms of the Schwarzschild quantities.
Hence, within this approximation, the factorization of the 1-form dM — QudJ as
T0S is unique. A general 1-form « can be expressed as a = f1df, in terms of two
O-forms f; and f; in many different ways; given a, the pair (fi, f2) is not unique.
However, if we insist on recovering the Schwarzschild results for J = 0 and work to
order J? only, the identification of Sy and T3 is unambiguous.

It can be shown that the expression (8.205) for 1" (M, J)|(s2) which we have
obtained with our general all-order formalism is consistent with equations (8.218)
and (8.219). We demonstrate this in appendix J.

With expressions (8.216) and (8.218) we can write the O (J?) approximation to
the entropy in the form

J? mJ?

B vy ) LY (o BT ()
(8.220)

with the following known functions of M:

M /
dM 1 1
S = R m—— = T =
0 /]\v/[ TO (M,) ) IU’O o , y 40 © 9
0 MG =715, G 27\ TSen, | Mo

Expresions (8.202), (8.205) and (8.220) for the O (J?) approximations to the first

law, the temperature and the entropy are the main results of this subsection.
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Large M Expansions for the d(r) = r Approximation

The approximations (8.205) and (8.220) for the temperature and the entropy re-
spectively, are expressions where the function G (r) is not specified. To be more
explicit, we exploit now the formula (5.36) for G (r) in order to calculate quantum
corrections to 7" and S in the asymptotic region where d (r) = r. This formula for
G (r) is given by
Gor?

r? + Gow
In this way we establish a connection between the results for the improved Kerr

G(r) = (8.221)

spacetime achieved in this work and results from the literature, like the large M
expansions for 7" and S of the improved Schwarzschild black hole [30].

The procedure for finding these expansions is the following. First we expand G
and its derivatives G’ and G” for large M. After this, we find expressions for 7" and
S in (8.205) and (8.220) as explicit functions of G' and its derivatives. Finally we
substitute the expansions of G, G’ and G” in T and S.

We expand G(r§y,, ), G'(r5q,) and G"(rfy,,) in the parameter m = M /M
defined in chapter 5. The function G (r) from (8.221) and its two first derivatives

as functions of m., are given by

G(r) = R f?;jcr)Q (8.222)
! 2G0T (Tn'cr)2
G(r)=—""73 (8.223)
(72 + (me)7]
" 2 (mcr)4 -2 (mcr)2 T2 — 37’4
G (1) = 2Gy (mer) { - } (8.224)
(72 + (me)7]

Evaluating these functions at r§,,, and substituting the m-expansion (5.55) of this

radius gives the following 1/M-expansion:

G (g, ) = Go {1 — m{ - T—g +0 (ms)] (8.225)
G (réa,) = <2—SL°> [%2 + ?—; +0 (mG)] (8.226)

G” (récth) -

With these results we proceed to expand in m? the formulas (8.205) and (8.220) for

m2

smE +0 (mﬁ)] (8.227)

the temperature and the entropy in the next two paragraphs.
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Expansion of the Temperature The temperature in (8.205) reads

T(M,))|opy = To+ToJ? (8.228)
with 7Ty and T5 defined as
Ty—— - o — 5] _ (8.229)
2m (Técth) dm M (N0)2 (récth)
The expressions in (8.229) are functions of y, and pug given in (8.194):
1 = L (8.230)

M (G - Téch+G/>

M(rs,,,) Reled

I o
! Téch+ -M {Tlscth G’+G} + T'Sch G -G
. 2 (8.231)
M? [G — Técth G/]

Substituting 7§y, = 2MG (récm) in (8.230) and (8.231) simplifies 1, and py to
the following expressions:

1
Fo = MG —2ma) (8.252)
, AG" 1

Mo = U omay} T MG (1-2M@)

Substituting (8.232) in (8.229) leads to

1 (1-2M@&) 1 G’
Ty = = = - 2
0 )2 8TMG 8TMG  47G (8.233)
27 (TSch+>

2GG"M? + AMG' — AM2G”? — 1]
327 MG3 (1 — 2M @)

Ty = (8.234)

Expressions (8.233) and (8.234) present Ty and 75 as functions of M, G, and its
derivatives, evaluated at réCm. As a result, we can exploit the expansions for
G <rgch+), el (rgch+>, G <rgch+) given in (8.225), (8.226) and (8.227), as follows.
For T, we have

1 [%2 +2 40 (mﬁ)}
T 8rGoM [1— = L0 (md)]  20GoM [1— 2 — ™10 ()]

16

T, (8.235)
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Expanding each term in (8.235) and simplifying gives

1 m:  m
T, = 1— — - — 7’ 2
"= SrGoll 18 + O (m )} (8.236)

Similarly for 75 we have

2GG" M2 + AMG' — AM2G™? — 1 15
_ + 1+m? + —m*+ 0 (m°)

T. _
2 32r M5G3 (1 — 2M @) 32rG3MP { 16

(8.237)

Thus our final result for the large M expansion for the O (J?) approximation to
T (M, J) is given by

T(M,)lopy = To+Tot”
1 m?  m?
= l—— ——+0(m°
SWGOM{ 78 (m)]
J? 15
T w2 2t =6
327TM5G3|: +m +16m + 0 (m )}

(8.238)

Setting m to zero in this result, i.e. letting M — oo takes us back to the classical

Kerr spacetime:

Kerr 1 J2
T, Do) = 8TGoM  32rG3M?5

(8.239)

This is precisely the O (J?) approximation for Tke,. To verify this statement we
expand Tke, in (8.52):

r. — MGy V(Go)? 2 — 2

47TMGO |:GOM + \/(G0)2 M? — %:|

K
T err — 5 — -
K 2 ArMGory

1 {1 J?

= e, 5+ 0 (J4)] (8.240)

2 8M4(Gy)

On the other hand, setting J = 0 in (8.238) reproduces the large M expansion gives

us the large expansion for the improved Schwarzschild spacetime (see Ref. [30]):

T (M) = 87TéOM [1 - i (%)2 - é (%)4 + 0 (Mﬁ)] (8.241)
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Expansion of the Entropy For the O (J?) approximation to the entropy we have
from (8.220), the following:

S (M, )| o2y = So — S = Sy — S
v 2ToM (réch+)2 M? [G (Téch_;,_) — g, G (récm)]
(8.242)
with
M amr 1 1
% = /MO To(M") o™ M (G - TécthG/) T - 27 (Técm)z Ho 2

Expanding the O (J?) term yields

T T 3 5
Sy = — :—(2—> {1+—m2+—m4+0(m6)}
M? [G (Téch+> - Téch+ G’ <Téch+>:| M GO 4 8
As a result we have
J? wJ? 3 5
S (M, o2y = So — =So— (M2GO) {1 + 1m2 + gm“ +0 (mﬁ)}

2
2 M (rha, )
(8.244)

For Sy we can apply the result of Ref. [30] for the large M expansion of the entropy

in the improved Schwarzschild spacetime”, given by

Adch 1 2 3 3m* 5 _, 6
— Ylclass o= Z ) 7 M 24
So 16, + 27w [2111 (ﬁfﬂ) m +O(m ) + 5 (M) (8.245)

with the area of the Schwarzschild black hole given by

ASh — 167 M? (Gy)? (8.246)

class

Thus we arrive at the following final answer for S (M, J)[o( 2

ASch _[1 2 3 3m* 5 _ B
SO oy = = 20 [y (2] = 5= B - Gt 0.0)| 4 50
mJ? 3 o5 D 4 _6
— | == — = 24
( 2G0>[1+4m +8m + O (m°) (8.247)

"In the mentioned reference we have to identify m? with the parameter €.
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As a check, we let M — oo or, equivalently, A — 0. Setting m = 0 gives

ASch wJ2
class S (M) —
16, T Me) = e

This is precisely, up to a constant, the O (J?) approximation for the entropy in the

S (M, J)|O(J2) - (8.248)

classical Kerr spacetime:

AKerr o m 2 J 2 o o 2
Skerr Gy G (ry)” + (M) =2rMry =21M | MGy + | (MGy)
wJ?
= ArM*Go — e O (J*)

where 41 M?2Gy = ASE /AG,. The classical expression Sker, coincides with (8.248)
if the undetermined constant of integration S (M,,) is chosen to vanish.

As a summary of this section we redisplay the large M expansions we have
calculated for the O (J?) approximations for the temperature and the entropy of the

RG-improved Kerr black hole:

T (M, Jlogey = 87réoM {1 - m{ . %4 L0 (mG)}
327TJJ\;5G3 {1 +m’ o fem' + 0 (mﬁ)} (8.250)
SOl = = vonn[jn(2) -3~ 55 Sat o (o)
- <J\74TTJC2¥0> {1 * %mQ + §m4 +0 (”_16)] (8.251)

In writing down the result for the entropy we fixed the undetermined constant if
integration such that S = 0 for M = M., and J = 0.

We observe that the angular momentum dependent terms in (8.250) and (8.251)
decrease both the black hole’s temperature and entropy as compared to the corre-
sponding Schwarzschild quantities. We also see that the size of the J2-corrections
increases with m, i.e. these corrections grow as the mass M of the black hole becomes
smaller during the evaporation process.

As the most important aspect of the modified black hole thermodynamics we
recall that 27T does not agree with the surface gravity s here as it does in the
familiar (semi-) classical situation. We demonstrated that a modified first law can
exist only when we give up the relationship 7' = k/27. we also showed that, to order
J2, there is a uniquely determined modification of this relationship which allows for

the existence of a state function S (M, J) with the interpretation of an entropy.
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8.8 Conclusions

The results of this chapter can be summarized as follows. We have found exact
expressions for the surface gravity x, the mass My and the angular momentum Jy
of the improved Kerr black hole. We have seen that the results for My and Jgy
reflect the antiscreening character of the quantum fluctuations of the gravitational
field. Furthermore, we have studied how to construct a first law of improved black
hole dynamics. In that way we have come to the conclusion that the temperature,
considered as the integrating factor of the a priori inexact differential in the first
law, cannot be proportional to the surface gravity as in the usual case. We have also
computed O (J?) approximations to the first law, the entropy and the temperature
of the improved Kerr black hole. These results are consistent with previous results

for the improved Schwarzschild spacetime which they generalize in a nontrivial way.
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Chapter 9
Conclusions and Outlook

In this work we presented a procedure for “RG improving” black hole spacetimes
that is based upon Quantum FEinstein Gravity, or “QEG”, as a very promising
candidate for a fundamental theory of quantum gravity. As we explained in the
introduction, several results, obtained during the past 7 years indicate the existence
of a non-Gaussian RG fixed point that would eventually “tame” the infinities in
the ultraviolet limit which ruin the applicability of perturbation theory. We have
considered the impact of QEG on black hole physics as one of the most important
applications any theory of quantum gravity will have.

We have focused our investigation on four basic subjects of black hole physics.
The main results related to these topics can be summarized as follows. Concerning
the critical surfaces, i.e. horizons and static limit surfaces, the improvement leads
to a smooth deformation of the classical critical surfaces. Their number remains
unchanged. In relation to the Penrose process for energy extraction from black
holes, we have found that there exists a (non-trivial) correlation between regions of
negative energy states in the phase space of rotating test particles and configurations
of critical surfaces of the black hole. As for the vacuum energy-momentum tensor
and the energy conditions we have shown that no model with “normal” matter, in
the sense of matter fulfilling the usual energy conditions, can simulate the quantum
fluctuations described by the improved Kerr spacetime that we have derived. Finally,
in the context of black hole thermodynamics, we have performed calculations of the
mass and angular momentum of the improved Kerr black hole, applying the standard
Komar integrals. The results reflect the antiscreening character of the quantum
fluctuations of the gravitational field. Furthermore we calculated approximations to

the entropy and the temperature of the improved Kerr black hole to leading order in
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the angular momentum. More generally we have proven that the temperature can
no longer be proportional to the surface gravity, if an entropy-like state function is
to exist.

We have tried to emphasize the limitations of the improvement procedure and the
physical conditions that would eventually guarantee, if asymptotic safety is realized,
the reliability of our results. Having these limitations in mind we now move on to

formulate various related open questions and problems to be addressed in the future:

e Concerning the critical surfaces, it is important to clarify whether the disap-
pearence of the event horizon and the static limit for small masses is a real
phenomenon in the exact theory, or just an artifact result of our approach.
In this direction, the inclusion of further gravitational couplings or geometric

scales could eventually be helpful.

e In the analysis of the energy extraction from a black hole, it would be interest-
ing to calculate the irreducible mass M, a concept that we have considered
only briefly. Having a formula (even approximated) of M, as a function of
My and Jy would give us a better idea of the efficiency of the process of energy

extraction in the improved case.

e In classical general relativity the relation between irreducible mass, area and
entropy of the black hole is very close. For the Kerr spacetime we have, in

natural units, M2 = A/16m = S/4w. In chapter 8 we have only calculated

irr

an approximation to O (J?) of the entropy, but its relation to the area A =

4 [(rif + CL2] or to the irreducible mass M., is not known, if any.

e An investigation of the second and third laws of black hole dynamics is an im-
portant topic to be tackled, and an exact form of the first law would be desir-
able. Most probably progress in these directions will require new calculational
schemes which allow for a more efficient extraction of physical information

from QEG, its RG flow in particular.

The above list of issues is by no means complete, of course. The application
of global techniques and the study of singularities is another important problem,
for example. We hope nevertheless that this list will give rise to further interesting

developments in the future.
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Appendix A

Planck Units and Dimensionless

Quantities

In this appendix we define dimensionless variables from the Planckian quantities.
They are needed for many calculations or graphics throughout this work. Here we
use the tilde superscript ~ for these quantities, even though it is sometimes supressed
in the text, when it doesn’t lead to ambiguities. (In those cases the dimensionless
property of the respective quantities is explicitly mentioned).

With the fundamental constants given by
Gy = 6.67259 x 107" m® kg™t s72
c = 299792458 x 10°ms™*
h = 1.05457266 x 107! Js
we construct the following physical values which define the Planck scale:

l, = \/h—GO =1.61605 x 10 m (A1)

C3

m, = Z—z = 2.17671 x 10~ ¥ kg (A.2)
hG

t, = ?0 — 5.39056 x 10~*s (A.3)

After setting A = ¢ = 1 we have for the Planck length, mass, and time, respectively,
1
lp:\/Go,mp:\/—G_O,tp:\/Go (A4)
With the values in (A.4) we define the following dimensionless quantities:

T r ~ M
T = — = , M=—=+/GoM
P VGo mp °
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For the case of the angular momentum J we have the dimensions

M) [L]?
1]

which suggests the “Planck angular momentum”

] =

myl> G
ty Go
As a result, the dimensionless J agrees with J = J [y, =J.

Proceeding similarly for the parameter a of the Kerr metric we write

2

o 2]
M| [T]

a, = @_ hgo _  [hGo

Pty e Ve

. a a

a = a—: o= (A5)
P 0

Then finally setting A = ¢ = 1 we have for a

a
VGo

The canonical mass dimensions of the radial coordinate r, the angular momentum

Q

parameter a, the black hole mass M and the associated geometrical mass m = MGy

] =-1, [a]=-1, [M]=1, [m]=-1 (A.6)

As a result, they are related to their dimensionless counterparts 7, a, M, and m

according to
r=7Gy, a=a\/Gy, M =— , m=MGy=/GoM , m=1m/Gy (A.7)

Of course it follows trivially that M = 7.

Other important quantities which we need in dimensionless form are the follow-

ing:

'For an explanation of the various quantitities see the main text.
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1. Logarithmic Aproximation for d (r)

The dimensionful (approximate) distance function

d(r) =7 +mln (ﬁ)

has the dimensionless analog

2. Running Newton Constant

In (4.2) we have defined G (r) as:

God (T’)2

G = T at,

We can rewrite it using (A.8) or any other definition for d (7):

6= g, 10
0d (7)” + wGy d(r)” +w
Since [G] = —2 we define G = G/G and obtain
6 =30 = A0 (A9)

3. Reduced Circumference (Equator)

Discussing circular paths we encounter the expression

2
R <7", z) _ \/r2 . 2Ma?G (r)

2 r
3 o 2M (Goa?) G (7) Gy
= Gor? + Gya?
\/ o Gt e o

——
= \/Go\/ f2+a2+72M“fG ")

As [R;] = —1 we define R; (7) as follows:

Rz(f)zi):\/fudum (A.10)

i
=
~
—~
=
B
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4. Improved Metric Components (Equator)

In the B-L representation of the improved Kerr metric we have the following

: - '
expressions at ¢ = - for g,

_ 2G(r)Ma _ 2GyG(7)May/Gy _ ( 2G(7) Ma
T T G ‘( )VCT

It entails the definition

_ ga 2G (7) Ma
9= 7 (A1)

Likewise g,, = R3(r,7/2) = GoR? (7) motivates us to set

~ g ~o .
Gep = GL;O = R} (7) (A.12)

For gy we have

g = _(1_M) - <1_2Goé(f)]\7[>

- (1-2204)

so that we define g;; as

Git = gu = — (1 - M) (A.13)

T

5. Zero Energy Angular Frequency (Equator)

us

2

%(ny) = et :(1—m)§

For the frequency £ (T, ) we perform the following substitutions

B <1 N 2]\22 (f)) a\/lG_0

so that we can define

o (r5) = VG (n3) = (1- e ) s A

MG (7)
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6. Dragging Frequency w

From (2.37) we can write

. Gt _ v G()gsot

e Goypyp

so that we come to the following definition of w:

5 =wy/Gy = — 22 (A.15)

)

7. Angular Frequency for Light Rays

In a similar way as for (A.14) and (A.15) we can see that:

QiEQi\/G0:@i1/@2—§gtt (A.16)
e

8. Tangential Velocities for Light Rays

From (6.10), (A.10) and (A.16) we can write

Q. ~

Uight =R (7”, 0) Q:t =V GOR (fa 9) \/G_O = R (7:’ 0) Q:I:
Here we define @iﬁght as follows:
ot = ol = R (7,0) Qy (A.17)

In the main text we make frequent use of the above dimensionless expressions.
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Appendix B

Proper Distance Integrals

B.1 d(r) for the Schwarzschild Metric

The invariant distance d (r) in (3.8) splits into the two following cases:

T dr’ N dr’
fo 7\/’1_2_?‘ fo e for r < 2m

r dr’ 2m dr’ r r’
fo + me — for 2m < r

The above integrals have the following primitives (see [58]):

/\/% = Vr—2m) tmin (—m eV Zr) (B2)

/ dr

It’s a matter of elementary analysis to verify the integrals in expressions (B.2) and
(B.3). We omit therefore the proof (See [58]). We present instead the evaluation of

_ —[\/m—i—marctan (ﬂ”;%ﬂ (B.3)

these primitives for the relevant integration regions.

B.1.1 Definite Integrals for two Cases

Using the primitives in (B.2) and (B.3) we can find the expressions (3.9) used in the

main text by inserting the limits for each case:
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e Region 1: r < 2m

/T dr :/’"L

- _ [m+m arctan(\/W)]

_ _[mm arctan( - >]+marctan(oo)
(

d(r) =

r

0
vV 2mr — r?

)| (%)

= — [\/ 2mr — r2 +m arctan

e Region 2: 2m < r

" d e d "od
d@:/L_J;_:/__L_+/__L_
o - A e e
By using the primitives we get
d(r) = — {\/er—ﬂ—i-m arctan <&)}
Vamr =2 )11,
+ [\/r(r —2m) +mln (—m+r+ V2 — 2mr>] '

Th

Th

d(r) = —m]arctan(—o0) — arctan (co)] +

[\/m—i—mln (—m—l—r%—@ﬂ —mlnm
::Wm+v¢@t§a+mm<r—m+vﬁ—%w) (B.5)

m

It can be easily checked that arguments and discriminants in (B.4) and (B.5) lead
to well defined functions in the regions where they are to be applied. This is not so

obvious for the next case, the Kerr metric at the equatorial plane.

B.2 d(r) for the Kerr Metric at the

Equatorial Plane.

In section 3.1.2 we saw that for the integration of (3.11) at the equator we get two

different integrals given in (3.12) as

T i A(r) >0
1) = | Ve 1A B9
e —N (S
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Primitives for each case in (B.6) are the following (see [58])

/ rdr
Vr2 + a2 = 2mr

d
/\/2 rr2 _ = —\/er—ﬂ—a2+marctan(
mr—r<—a

It is worthwhile, for the case of (B.7), to analyse the behavior of the argument in the
logarithm. As seen in figure B.1, it has real values precisely for the regions at which

this argument is to be applied, namely in the regions 1 and 3 as they are defined in

(3.5).

= Vr2+a®—-2mr+mln

r—m-+Vr2+a2—2mr

r—m

m=5,a=4

Region 1 r_ Region 2 r, Region 3 -

r—m+vVr?+a®—2mr

N

0 2 4 , 6 8 10
Fig. B.1.

r-dependence of the log-argument in (B.7) for a typical

set of values of m and a. The change of sign from re-

gion 1 to region 3 has to be taken into account when

calculating the absolute value in (B.7). Complex va-

lues are obtained for region 2, precisely where (B.7)

does not apply.

V2mr — r?2 — a2



Since the real Log function is only defined for positive arguments, one has to
include an absolute value of this argument in order to guarantee that the primitive
is well defined, even for region 1. It can be shown that (B.7) with the absolute value

included is in fact a primitive:

rdr
r) = =Vr2+a? —2mr +mln|r —m+Vr2 + a2 —2mr
fr) /\/7’2+a2—2m7“
(B.9)
r—m—+Vr2+a2—2mr For region 3
‘r—m—l—\/r2+a2—2mr:with s
—r+m —vVr?+a?>—2mr For region 1
Explicit derivatives read:
e Region 1
f(ry = Vr2+a2—2mr+miln (—T +m—Vr2+a?— 2m7‘>
af r—m m ( | r—m )
dr Vit +a? =2mr  (r—m-++vr?+a®—2mr) V12 +a? — 2mr
- L Q.ED

Vr2 4+ a2 = 2mr

e Region 3

fr) = \/r2+a2—2mr+mln<r—m—|—\/r2+a2—2m7’)

a r—m N m <1+ r—m )
dr Vr2+a® =2mr  (r—m+Vr?+a® —2mr) V12 + a2 —2mr
r

= .E.D
Vr2 4+ a2 — 2mr Q

A last remark on this solution is that it can only be well defined for a < m. It is
based on the existence of the two radii ro+ = m + v/m?2 — a2. They are real valued
provided that m > a. The cases m = a and m < a imply different integrations
that should be considered independently. We don’t perform this analysis since these
cases are beyond the scope of our investigation. The arguments in (B.8) do not

represent a major problem.
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B.2.1 Definite Integrals for the Three Cases

Similarly as in the case for the Schwarzschild metric we evaluate the primi-
tives (B.7) and (B.8) for the regions (3.5) in order to find expressions (3.14), (3.15)
and (3.16).

e Region 1: r <r_

b (r) = /\/

= \/7’2+a2—2m7“—|—m1n<

2
r2 +a? — 2mr

J /’" rdr
r =
0o Vr2+a?—2mr

—r4+m—r2+a®—2mr
—a
la —m]|

e Region 2: r_ <r <ry

b (r) = /\/

B /’"‘ rdr +/T rdr
o Vr2+a?2-—2mr A 2mr —r? — a?

dr

2
r2 +a? — 2mr

= [\/r2+a2—2m7’+mln‘7’—m+\/r2+a2—2mrH 4+
0
—\/2mr—r2—a2+marctan( — )]
[ V2mr —1r?2 —a?2 /]|,
S22
= mhn| Y Vo — 2 — a2 (B.10)
a—m
#manctan (L= )~ arctan (o0)]
m arctan — [marctan (—oo
V2mr —r?2 — a2
= O mita —a—V2mr —r2 — a2
2 m—a
r—m mi
+m arctan + — B.11
(\/2mr—r2—a2) 2 ( )

e Region 3: 0<r_<ry <r

&y (r) = /\/

B / %_/7”+ rdr +/’" rdr
0o Vr2+a?-—2mr N —r2 —a?+2mr v VT2 4+ a% —2mr

dr

2
r2 4+ a2 — 2mr
rdr

= [\/7“2+a2—2mr—|—mln)r—m~|—\/7"2+a2—2mrH ) (B.12)
0
r—m T+
+ | —=vV2mr — r2 — a2 + m arctan B.13
{ (\/er—rz—cﬂ)] - (B.13)
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T

+ [\/TQ—I—CLQ—2mr+mln‘r—m—|—\/r2+a2—QmTH

(B.14)

T
Interval evaluations given by (B.12), (B.13) and (B.14) lead to the following

expressions:

rT—

[\/r2+a2 —2mr+mln)r—m+\/r2+a2 —er‘H

= mln‘—\/m2 —a?

0

—mlnja—m|—a

m m-+a
= —In

2

—a (B.15)

m—a

T+

(B.16)

{—\/er—r2—a2~l—marctan< — )]

V2mr —r?2 — g2 .
M2 — a2 /M2 — a2
= marctan — marctan
V2mr —r?2 — a2 — 0t V2mr —r2 — a2 — 0t

= marctan (+00) — marctan (—oo) = mm (B.17)

[\/r2+a2—2mr+mln’r—m+\/r2+a2—QmTH ' (B.18)

T+

= Vr24+a2—2mr+mln (r—m+\/r2+a2 —2m7"> —mln (\/m2 —a2>

Summing (B.15), (B.16) and (B.18) for the third case we get

ds (r) = \/r2+a2—2mr+mln<r—m+\/r2+a2—2mr)

—mIn (\/m2 — a2> + %ln

m -+ a

—a—+mm

m—a

= \/r2+a2—2m7“+mln(r—m+\/T2+a2—2mr)+

™ —a—mln|m — a (B.19)

Our final results (B.10), (B.11) and (B.19) yield in each region a well defined ex-

pression of the invariant distance d (r) for the Kerr metric at the equatorial plane.

B.3 The Approximation of d(r,) for the
Kerr Metric Outside the Equator

The absolute value in (3.3) can be separately expanded into the two following ex-
pressions to first order in a = cos? 0 :

r2 +a2a r 0,20./
\/ 5 5~ + (B.20)
re—2mr +a V2 +a2 =2mr  2rvr2+a? —2mr
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\/ 2 + ala r N a’a (B.21)

2mr —r?2 —a?  \2mr —1r2 —a2  2r\2mr — % — a2

e Case 1

Integrating (B.20) up to terms of order cos? § we have

/ \/ r2 + a2 cos? 0 / rdr a? cos® 0 / dr
dr ~ +
r? —2mr + a? V12 —2mr + a2 2 rVr2 —2mr + a2

(B.22)

Here the primitives are the following

d
/ — = \/7“2—2mr+a2+mln(‘r—m+\/r2—2mr+a2‘>
V12 —2mr + a?
(B.23)

r

a2 —mr + av/r2 — 2mr + a2

)

/ dr 1 (
= —1In
/12 —2mr + a2 a

Inserting (B.23) and (B.24) in (B.22) we find:

2 2
/\/27“2—{—@?_ gdr ~ \/r2—2mr+a2+mln(
r2 —2mr+a
acos? 6 (
+ In

(B.24)

r—m+ Vr2 —2mr + a2

)

)

r

a? —mr + av/r2 — 2mr + a?

2

(B.25)

e Case 2

Integrating now (B.21) up to terms of order O (cos? ) we get

/\/7’2+a200529d / rdr +anosQH/ dr
r
2mr —r? — a? V2mr —r? — a2 2 rV2mr — 12 — a2

(B.26)
The corresponding primitives are:
/ rdr = —\/2mr—r2—a2+marctan( rm )
V2mr —r? —a? V2mr —r?2 — a2
(B.27)
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/ dr 1 ; [ mr — a® ]
= — arctan
2mr—r2—a2 a a/2mr — r?2 — a2
(B.28)

By substituting in (B.26) we get:

2 2cos20 _
/\/7" + a“ cos dr ~ _\/Zmr_r2_a2+marctan( r—m >

2mr — V2mr —r2 — a2
mr — a? ]

av/2mr — r?2 — a?

acos® f

(B.29)

arctan [

The approximate results in (B.25) and (B.29) are also to be used in regions 1, 2 and
3 from (3.5). For this case we have to deal with two Logs in (B.23) and (B.24). The
first Log argument is the same as for (B.9), and the second one is plotted in figure
B.2. Again the absolute value in the argument prevents the Log function from being
ill-defined. The proof for the primitive in (B.24) runs along similar lines as that one
for (B.9) and it doesn’t represent any difficulty. The proofs for primitives (B.27)
and (B.28) are also straightforward. We omit them therefore.

m=5, a=4
0.2
5
C\’I
3
;o0 r_ T4
IS
3
T
g-0.2
|
Nﬁ
-0.4¢
0 2 4 6 8 10
r
Fig. B.2.

r-dependence of the log-argument in (B.24) for a typical
set of values of m and a. The change of sign from re-
gion 1 to region 3 has to be taken into account when
calculating the absolute value in (B.24). Complex va-
lues are obtained for region 2, precisely where (B.24)
does not apply.
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B.3.1 Definite Integrals for three Cases

We evaluate now the primitives (B.25) and (B.29) for the regions defined in (3.5),

namely:
e Region 1: ro < r <r_
r r 2 1 a2cos2 0
di (r,0) = / dT:/ \/gﬂl 2 dr
ro o VTE=2mr +a
V2 =2mr +a® +mn (|r — m+Vr? = 2mr + a?|)
el ( )
T0

r2 + a? cos? 0

r2 — 2mr + a?

Q

r
a?2—mr+avVr2—2mr+a2

Inserting the limits we get

Vr2 =2mr +a?+ mln (—r+m— N 2mr+a2)
+%529 In (aQ A ) — Fi (r9,0,a,m)

—mr+avr2—2mr+a?

dy (r,0) ~ (B.30)

with

Fi(ro<r_,0,a,m) = \/T(Z]—ero—FaQ—i-mln(ro—m—f— \/rg—Zmro—i—aQ

N acos 6 In
2

Since we are in the region 1, we can transform the absolute values as follows:

)

To

a? — mry + a\/rg —2mry + a?

Fi(ro<r_,0,a,m) = \/rg —2mro + a2+ mln (—r0+m— \/rg —2mr0+a2)

acos?f 70
+ In
2 a2 — mry + a\/r2 — 2mry + a2
(B.31)

e Region 2: r_ <r <ry

dy (1,0) = /\/

0
"= [ r?+a*cos?f " r2 + a?cos? 6
ro T4 4 a* — 2mr .V —r?—a*+2mr

r2 + a? cos? 0
r2 — 2mr + a?

r
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\/r? —2mr+a2+mln(|r —m+\r?— 2mr+a2|)

+aC(J252 0 In < )
To

—V2mr — r2 — a2 + marctan <L>

r
a?2—mr+avr2—2mr+a?

+ V2mr—r2—a?
—l——acos 9 arctan [7#&:12%2 )
Upon inserting the limits we have
dy (r,0) ~ Fy(r_,0,a,m)— F(rg,0,a,m) (B.32)
—V2mr — r2 — a2 + marctan <7T_m )
+ S 2mp—r®—a® — Fy(r_,0,a,m)

mr—a

acos 29
+ arctan [ YT

where Fy (ro,0,a,m) is given by (B.31) and F (r_,0,a,m) , F5 (r_,0,a,m) are given

as follows:

V2 —2m7’+a2+m1n(’r —m+Vr?— 2mr+a2|)
+ac025291n< )

20 1
Fy(r_,6,a,m) = mln (\/m2 - a2> 4+ 28 Ty ( 2) (B.33)
a

2 m2 —

Fi(r_,0,a,m) =

r
a?2—mr+avVr2—2mr+a2

Here r— = m — v/m? — a? was used in the last line. Similarly we can write for

Fy(r_,0,a,m):

—V2mr — r?2 — a® + marctan (7717771 )

FQ (7’,, 0’ a, m) _ 2\/2mr7r27a2
+ac05 20 arctan mr—a
oVmr—r7—a? .
And finally evaluating at r_ = m — v/m?2 — a? we find:
acos? 0

Fy(r_,0,a,m) = marctan (—o0) + arctan (—oo)

mm  mwacos®é
- _ - _ T 7 B.34
5 1 (B.34)

e Region 3:r_ < r, <r

o /%

r2 + a? cos? 0
—2mr + a2

= [ r?24q? 00526 r2 + a2 cos? 0 " I r2+a2cos?6
- 2. 2o, 2 2 dr + 2 2 dr
ro re+a —Zmr —r? —a* +2mr ry VTP Fa” —2mr
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V12 —2mr+a2~|—mln(|r —m+r2— 2m7‘—|—a2|)

+ acozs2 0 In < )
0

r
a2—mr+avVr2—2mr+a2

—m "
i —V2mr — 2 — a2 + marctan (\/ﬁ)
_,_%S”arctan [a\/%} -
+ \/7"2—2mr+a2+mln(‘7"—m+\/T2—2mr+a2|)

r
a2 —mr+4avr2—2mr+a?

+acc)2326 In (

)

Evaluating at the limits yields

d3<r70) ~ _Fl (T0707a7m)+F1 (T_,H,a,m)+F2(7‘+,9,a,m) —FQ(T_7(9,CL,TTZ)

Vr2 —2mr + a? +mln(‘r—m+ Vr? — 2mr+a2’)
+ach2s261n< >

Since we are in region 3 we can interpret the absolute values as follows

+ _Fl(r-l-’e,aam)

r
a?—mr+avr2—2mr+a2

d3 (T79> ~ _Fl (T0767a7m) +F2 (7‘4_,6,(1,777/) - F2 (T_,G,a,m)

\/7“2—2m7“+a2+mln(r—m+\/7"2—2m7“+a2)
a 20 —r
o )

a2—mr+avr2—2mr+a?

+

(B.35)

with Fy (ro,0,a,m) , Fy (r_,0,a,m) and F; (r_,0,a,m) already given above. Fur-

thermore, Iy (ry,0,a,m), Fy (ry,0,a,m) are given by

—V/2mr —r? — a2 + marctan <7”_m2 2)
V2mr—ré—a
2

mnr—a
arctan [Wm

F2 (T+,0,(l,m) - acos? 6
T2

T+

Or, upon inserting r, = m + vm? — a2,

20
P 0, m) = T T

Likewise,

12 —2mr+a2+mln(}r—m+\/r2 —2m7‘+a2‘)

Fi(ry,0,a,m) = )
1(+ ) +ac<)2$ 91n( )

r
a2—mr+avr2—2mr+a?

T4
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which becomes upon inserting inserting r :

2 1
Fi(ry,0,a,m) = mln(x/mz—a2>+acos eln( )
m

2 2 _ 2

= Fl (r,,@,a,m)

Thus we see that F; has the same form at r, and r_, respectively.

B.4 Series Expansion for ds(r,0)

From equation (3.20) we have an expression for the external ds (r,#) approximation
to d(r,0) in (3.3), for 6 ~ 7:
(

N (A)

by (r.6) ~ +m 111 6(7“ —m+Vr?—2mr+a?) (B) (B.36)
osety ( : ) (C)

a2 —mr+avr2—2mr+a2

+F (ry,0,a,m) — Fy(r_,0,a,m) — Fy (rg,0,a,m)
L

We expand now (B.36) term by term in powers of +:

e Term (A)
22 2 _ 2 2,2 1
\/r2+a2—2mr:r\/1_|_a_jzr 1_@+@ m +m(a m)+0 1
r? r r 2r2 93 72
(B.37)

e Term (B)

a?

mln(r—m+\/r2—2mr+a2> = mln[(r—m)<1+ 1+ﬁ>]

= mln(r—m)+mln [(1 + \/1+—$ﬂ
(B.38)

Here we introduce the quantity =, with the expansion

a? — m? a? — m? 1 a? — m? 1+2m+3m2+
xTr = = = R — _— e
(r —m)® r? (1- m)2 r2 r r2

By expanding

mln[(l—l—\/l—I——xﬂ :m{ln2+z—3_x2+0(x3)+...]

4 32
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and substituting into (B.38) we have

mln(r—m+\/r2—2mr+a2> =

a’? —m? 3 a—m22
1112—1—72——%—1—“'

mln(r—m)+m o —m)

=mln(r—m)+m

42

Finally we can write:

a? —m2
mln(r—m+\/r2—2mr—|—a2> :mln(r—m)+m{ln2+ (*) + O

472
(B.39)
e Term (C)
acos? 6 —r a cos® 6 1
5 In 5 o) 2 = 2 In 2 2
a2 —mr +avr? —2mr +a —2 g1 22

) @e(d)] o

Summing (B.37), (B.39) and (B.40) we get

2 —a
+Fy (ry,0,a,m) — Fy(r_,0,a,m) — Fy (r9,0,a,m)
+azsin29—m2 (CLQSiHQQ—mQ) +O(1>

2
ds (r,0) =~ T—m+mln(2(r—m))+acoseln< ! ) (B.41)
m

m JE—
2r + 42 73

After neglecting terms with orders higher or equal to % , we stay with

acos?f 1
d3(r,0) =~ r—m+mln(2(r—m))+ 5 In (m—a) (B.42)

+Fy (ry,0,a,m) — F5 (r_,0,a,m) — Fy (r9,0,a,m)

This is the expression in eq. (3.25) of the main text.
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B.5 Power Series for the

Meridian Reduced Circumference

The indefinite integral for (3.30) is given by:

2

“—) (B.43)

a?+r?

/\/ r2 + a?cos?20df = (\/ r2 + a2> E (0

where E (0 |z) denotes an elliptic integral of the second Kind. Evaluating the elliptic
integral at the limits in (3.30) we get

E(Olz) = 0, E(2nl|z) =4E(z) (B.44)

where E (z) denotes a complete elliptic integral. For a < r we can perform the

following expansions:

T 0w 3T
Blr) = F_ T, 3T B.4
(z) 2~ 877 128" (B.45)
(12 CL2 a2 a4
r = 7a2+r2:ﬁ(1+ﬁ+7’_4+>

2
VITa - r(1+“—+m)
Substituting (B.43), (B.44) and (B.45) in (3.30) we find

1 2T
R¥e | = - / V12 + a?cos? 0do
™ Jo

1 2 27
= — (\/7’2 + a2> Elo =L —
2 a? + r? 0
4 a?
N GEY: (5.46)
o a? 4+ r?
r a? a? a?
~ — 14+ —+.. Fl2r |— | — F —
() [ (o ) -2 (o))
A 1_{_a2 N T wa® 3w at
T oor 272 2 8r2 12874
a? at
SR B.47
" ( * 4r2  8rt * ) ( )

The expression in (B.47) is precisely the expansion in eq. (3.31) of the main text.
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Appendix C

Transformation from
Boyer-Lindquist to
Eddington-Finkelstein Coordinates

In chapters 2 and 8 we have pointed out the necessity of representing the Kerr
spacetime in a system of coordinates that is well behaved at the event horizon in
order to calculate physical quantites like the surface gravity or the temperature.
The Eddington-Finkelstein coordinate systems (E-F) are an appropriate choice. In
this appendix we calculate the representation of the improved Kerr spacetime in the

ingoing E-F coordinates, starting from the Boyer-Lindquist (B-L) representation.

C.1 Some Useful Identities

In this section we demonstrate several identities that are needed later on in sec-
tion C.2. Two equivalent forms for the Improved Kerr metric in Boyer-Lindquist
coordinates are the following:
Ag
2

sin® 6
2

2
[(7‘2 + (12) dy — adt]2 + L + p?db?

B .92 2
(dt a sin Hdcp) + A,

ds® =
(C.1)
This is the “squared” form ([57, 877]). The standard form is given by

. 9
ds® = —<1_w) dt2_4G(7”)M2a7’sm 0
P p

5
dedt + p—; sin® 0dp?(C.2)
P2 2 2 192
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with the following definitions:

A; = 1 —2G (r) Mr +d?

X = (7“2 + a2)2 —a?A;sin?6
,02 = r24+a%cos? 0
J

From the first we can get almost directly the second:

A in? 0
ds* = ! (dt — asin? 9d<p)2 + 8122

-
2aA;sin” f Aja®sin* 0
B st Al
p p
2asin® 6 (12 + a?) a? sin? 0
= dedt + r

2
[(r2 + a?) dip — adt]” + L=dr® + p*d6"
I

re 4 a2)2d<p2 —

2
dt? + z—er + p2de?
I

dt?  sin®0
?+ p?

= (a2 sin? g — AI) dy? [(7’2 + a2)2 — Aya’sin® 9]

2a sin? 6 0
7 [AI - (rQ + a2)] dpdt + A_I

As a result we have:
2G (r) Mr
2

dr? + p*db”

Yrsin?0 ., 4aMrG (r)sin® 0
02 dp™ — 02

2
ds? = — [1 _ } dt? + dpdt + 2—dr2 + p2do?
I

The positivity of 3; is also needed. It is straightforward to show that > (r,0) > 0
for all » > 0 and for all # # 0, 7. It is enough to expand Y; as follows:

Y = (r2+a2)2—a2AIsin20
= ri4a*cos? 0 + r?a? (2 — sin? 9)
+2G (r) Mra®sin® §

where every term is clearly greater than zero.

From the last proof we conclude immediately the following:

by
Gpp = p—;sin20>0 Vr>0,V0#0,7 (C.4)
w = 2Ggﬂ>0 Vr>0,V0
I

Some “trivial” useful identities are the following. From p? = r? + a?cos? § we

deduce
r? +a? = p? +a’sin® 0 = p? + f? (C.5)
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where f2 = a?sin? 6. In terms of f the functions A; (r) =72 + a? — 2G (r) Mr and

S, (r) = (r2 + a2)? — a2A; sin 0 can be expressed as follows:

Ar(r) = p*+ f2—=2G(r) Mr (C.6)
Y= () - A (C.7)

C.2 Improved Eddington-Finkelstein

Transformation

The improved E-F tranformations defined in chapter 8 comprise the ingoing coordi-

nates given by

v=t+ri, Yp=p+r" (C.8)
and the outgoing coordinates defined as

v=t—r}, x=p—1" (C.9)
where 77 and 7“}/7é are the following integrals:

. r? 4+ a? " a
7"[—/< A, )dr,rl —/(A—I>dr

The differential form of these transformations is more advantageous when we wish

to transform the metric components. The differential form of the ingoing transfor-
mation reads

r? + a® a

)dr, d¢:d¢+dr#:dgp+(A

I 1

dv =dt +dr; = dt + ( >d7“ (C.10)

For the outgoing coordinates we have
r? + a?

I

a

)dr, dxzdgo—dr?zdgp—(A

dv =dt —dr] = dt — ( )dr (C.11)

I
The improved Kerr spacetime in B-L coordinate reads

.
gs? — (1 B 2G(r3 Mr) e 4G (r) M2a7“51n 7
p p

b 2
dedt + —2I sin? Odp* + Py + p2df?
P Ar
(C.12)

Substituting the ingoing E-F coordinates (C.10) in (C.12) yields

2 2 2 2\2
Judt® = — (1 - W) [dqﬂ . 2%@& + %dﬁ (C.13)
I
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2G (r) Mar sin® 6 (r? + a?)

a
Gordpdt = —2 7 {dwdv — A—Idrdv — A—jdz/)dr + A2 dr?
(C.14)
Yrsin?6
Gopdig? = 2150 {d;z) - —d@[)dr + Pdr (C.15)
Factorizing differentials we get:
ds® = gudt® + 29, dpdt + gwd4p2 + grrdr? + goedb? = (C.16)
Gudv® + g, dr® + 2g,.drdv + 2Gypdrdi
+2gp1dipdt 4 2gppdibdv + go,dib® + gogdd® =
B (1 o 2G (7"3 M?") Qi+
p
- (1 . 2G(T‘)M7‘) |i<7°2+‘12>2:| . 22G(T)Marsin29 |:a(7‘2+a2):|
2 2 2 2
dr? p A ? A1 + (C.17)
+E[ 21211 0 a® _|_
(r? + a?) 2G (r) Mr 4G (r) Ma®*rsin® 6
22—~ (11— 1
drdv { A 7 + A, + (C.18)
4G (r) (r* 4+ a®) Marsin?0  2a¥;sin? 6
— dipd 1
{ A, A wdr + (C.19)
4 Marsin® 6 Y;sin? 6
4G () 2&7‘8111 dibdv + ISIH a0 +Adr e
P I

By using the identities (C.5) to (C.7) we can simplify the partial results (C.17) to

(C.19) as follows:

2 :
RN dr? = i { —[p* = 2G (v) M7] (r* + a®)” — 4G (r) Ma®r (r* + a?) sin? 0 } (C.20)

+a?¥;sin? 0 + prA;
—[Ar = (PP + 1) = 2002 + 12— Ap) 12 (P

+ f?)

= dr?
1|02+ P = AL ot

_ e TP P P P 27 (0 Y
20112 (p* + ) = Arf* + p*Ar

= ar?{[~Ar+ P4 227 (P ) 200 (P
= drt {=Appt = 20027 — Arft 4 200207 + 2001 —
=0
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As a result, g, = 0 in the ingoing E-F coordinates. For g,, we have

2grArpPdrdv = 2drdv [(r* + a®) (p* — 2G (r) Mr) + 2G (r) Mr f?]
= 2drdv (9 + 1°) (Ar = f°) + (0" + [* = A1) J7]
= 2drdvp’A; (C.21)

In this case we conclude g,, = 1. Finally for g,, we find

20rpp’ Ardrdyy = —2asin®6 {S; — 2G (r) Mr (r* + a®) } dipdr (C.22)
— _2asinf { (P + £2) = A2+ (A — £2 = ) (P + f2)} dipdr
= —2aA;p?sin? Odapdr

which implies g, = —asin? 6.

Finally substituting results in (C.20) to (C.22) in the line element (C.16) we find:

2 M
ds® = — (1 — %) dv*® + 2drdv — 2asin® Odydr +
4 Mar sin® 6 Yrsin® 60
4G (r) pzafrsm dbdv + ISPIQH d? + p*d6? (C.23)

This is our final result. Replacing dr by —dr in (C.23) gives the representation in

the outgoing coordinates.
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Appendix D

RG improved Rotation Frequency
for Stationary Light Paths

In chapter 4 we have employed eq. (4.43) in order to find the condition A; = 0 of

the event horizon. The equation is given by

(D.1)

We now derive this relation. From (4.36) and (4.25) we have:

Qp = wj:‘/uﬂ—& (D.2)
Gop

1
w? — g <—) (git - gwgtt)

Gee o

Substituting the components (C.2) in (D.2) we have

4 4
2 Gu P 2 P
_ — B — — e B — X
“ G (E% sin? 9) (55 = 90091 (2? sin? 0)

with X given by

sin? 6

1
X = (—) (9271? - gwgtt)

Expanding X we have

1
X = ( ) (git - gwgtt)

sin’ @

= (4;29) {[2G (r) Mr]? a®sin® 0 + [p* — 2G (r) Mr] £;sin” 0}
p*sin

_ (5) {[2G (r) Mr]* a®sin® 0 + [p* — 2G (r) Mr] 51}
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Employing identities (C.6) and (C.7) reduces X to

X = <p1){[,0 + a*sin? 0 — AI} a’sin? 0 (D.3)
+ [A; — a®sin® 4] [(,02 + a*sin® 9)2 — a?A;sin? 9] } (D.4)

Substituting f? = a?sin? 6 gives

PP D) =200 2 (0P + 2 + A2+ A (0P + f2) (D5)

X = (pl) 2+ 2= A 2 (A= 1 [ ) - A
(p4)

PP AP A

A

= (p—) o 1) =2 (07 4 1) + 1

A

() er =y} =a

We have X = A;. As a result (D.2) is simplified to:

4
\ G Y7sin” 6

Substituting X we come to:

2\/_
Qi = w* 2181119 (D6)

This is precisely the relation we wanted to proof.
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Appendix E

Condition for Extremal Black

Holes

in the d(r) = r Approximation

As remarked in subsection 5.2.1 the condition @} (72) = 0 can be replaced by the
simpler equation given in (5.62):

72 (- -

g{buw—m@}ﬂvb?:o (E.1)
This can be shown as follows.

We factorize the polynomial Q¥ (7y) = 7 — 27 4- 72 (52 + u_)> + @b? to have
QY (7y) = 72 (fg 2y D+ w) +wb? (E.2)

From (5.57) we have for 7

3m 1

S /. s
" - 1 1_ (2 _) 4 7 ~2_ (2 _) E'
T2 = +\/ o2 b* 4+ w 1 3m+\/9m 8(b*+w (E.3)
As a result, 72 gives
. 2
~2: - ~ ~9 79 _
TS (16) 3m—|—\/9m 8<b +w>
1 -2 - - io - P2 -
=13 9m” + 3m 9m2—8<b2—|—w)—4<b +w>
(E.4)

Substituting (E.3) and (E.4) in (E.2) we get:
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% 2= (1)
A6

2m

4

3m+\/9m2—8(132+w>

3m+\/9m2—8(52+w>

97?2 +3m\/9m2 _ 8 (132 +w> _4 (62 +w>

+132+w}+w132

- (1_16) _3m+\/9m2—8<62+w)—2{—3%—% 9m2—8<52+w>+%<52+w)}+w82

_ (1_16) 3m+\/9m2—8(52+w)-2{% (5+w) _%

Remembering that

i
4

1+\/1—9:;2 (52+w)

o =

we come to the result:

~2 ~ ~
QY (F2) = %2 {b2 + W — rhﬁ} + wb?

This is exactly the representation we wanted to derive.
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Appendix F

Killing Vectors for the Improved

Kerr Spacetime

By definition a Killing vector & fulfills the Killing equation:
vﬂfu + VVSM =0 (Fl)

Knowing that in some system of coordinates

ag;w 39#1/
= =0 F.2
ot Op (F2)
we can show that the vectors given by
0 0
t=— = — F.3

are Killing vectors of the improved Kerr spacetime. In the B-L coordinates the

components of ¢ = t*J, and ¢ = ¢"J, are
o= 5, 9" =14 (F.4)
tu = Gut QOM = Guyp

Denoting any of the vectors in (F.4) by a generic vector 1 associated to the cyclic

coordinate n we can directly check (F.1):

ox”

L (09w 09w _ Ogv
r, —- g pr 99
e 2<8$V+ on ax“)

on“ (0% "
Vunu = GuaVul" = Gua (8—2" + Fﬁﬂ?”) = Gpa [ ( 77) + Fgoén]

e an =
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Therefore we can write

_ 1 (09 _ Ogun
Vwﬂz(mw D (F5)

where we have used the cyclic character of the coordinates 7. Then we see immedi-

ately that

Gy Ogun i OGun agvn) -0

1
Vol + Vit = 2 (6@” dzt ~ Oxv Oz

Or in more detail,

Vut, +V,ut, =0
Ve, + Vup, =0

This is the result we were looking for.

A similar result we get for any linear combination of ¢ and ¢
€ = at+ By
with a and [ constant coeficients. By using (F.6) we have that trivially
Vi, + Vi, = a(Vot, + V) + 8 (Ve + Vup,) =0 (F.6)

so that any linear combination of ¢ and ¢ is a Killing vector too.
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Appendix G

Spherically Symmetric Space in
E-F Coordinates

In this appendix we calculate the E-F representations of the static and spherically
symmetric metric by performing the E-F transformations (8.11) and (8.12). The
Schwarzschild representation of this metric is given in eq. (8.10) by

2

e = —f(ryd+ -2

oN r? (6 + sin® 0dp?) (G.1)

We start with the ingoing coordinates by substituting the transformation (8.12)

in (G.1). This transformation is given by

v=t+r*, r'= dr
’ f(r)
The differential form of this transformation reads:
dr
dv = dt+ G.2
7 @2
As a result, we have for the line element ds?
dr \*>  dr?
ds* = —f(r (dv— —) + —— + 72 (d#* + sin® Od?
O\ rm) Trm )
= —f(r)dv® + 2dvdr — i’ + r” + 7% (d6® + sin® 0dp®)  (G.3)
fr)  f(r)
so that finally
ds® = —f (r) dv* + 2dvdr + r* (d6” + sin® 0dp?) (G.4)
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This is exactly the result we wanted to derive (see eq. 8.15).
The representation with the outgoing coordinates is found after replacing in
(G.4) the differential dr by —dr. As a result we have

ds* = —f (r) du® — 2dudr + r* (d6* + sin? 0dyp?) (G.5)

Egs. (8.15) and (8.14) are the two representations discussed in subsection 8.2.1.
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Appendix H

Calculation of the Surface Gravity

In this appendix we perform in detail some calculations related to the derivation
of the surface gravity of the improved Kerr black hole. We find expressions for the
Killing vector £ in B-L and E-F coordinates, we evaluate this vector at the event

horizon and finally we derive an expression of "¢, in the ingoing E-F coordinates.

H.1 The Killing vector £ in B-L
and E-F Coordinates

Here we perform the calculation of the components £* in B-L and E-F Coordinates.

These components are a linear combination of t* and *:
EH =th + pHQ) (H.1)

Starting with the B-L coordinates we substitute the expressions (4.14) for ¢ and
¢* in (H.1) and obtain

&= o+ 010 (H.2)
with ' =1, € =0, ¢’ =0, € = Q. Lowering the index p gives

fp, = g,ut + ngp (Hg)

The transformation from B-L to E-F coordinates for the improved Kerr spacetime

2, 2
dr; = (7‘ Xla ) dr

dr¥ = (Ail) dr (H.4)

is given by




where A; = r? 4+ a®> — 2MG (r)r. The ingoing and outgoing E-F coordinates,

respectively, are defined as follows:
e Ingoing E-F Coordinates (“Ingoing Patch”)
dv = dt+dry (H.5)
dyp = dp+drif (H.6)
e Outgoing E-F Coordinates (“Outgoing Patch”)
du = dt —dr} (H.7)
dy = dp—dr? (H.8)
We choose the ingoing E-F coordinates in order to find the form of (H.1). If we

represent the spacetime events as 2 = (v, r,6,) in these coordinates !, the Killing

vectors t and ¢ have the components

ozt ov Or 00 Oy
M — - = _ e
= v (81} v A’ (‘31}) (1,0, 0, 0) (F.9)
Ox* ov or 00 8w)
o= (22 —(0, 0, 0, 1 H.10
o= 5o o o o)~ b
Exploiting the Kronecker deltas we have finally for ¢t* and ¢* the following result:
=0 = 0,10, (H.11)
=30, p=uv,1,0,9 (H.12)

The frequency €2 has completely equivalent definitions in both coordinate systems.
Since dt = dv and di» = dp we have

_dy dy
H.1
T dt dv (H.13)
Substituting (H.11), (H.12) and (H.13) in (H.1) leads to
890“ oz
b= +Q— = Q(S“ H.14
¢ S = (1.14)
With a lower index we have instead
5“ = Gu + quw y = U,T, 97 w (H15)

Expressions (H.2), (H.3) and (H.14), (H.15) are the respective expressions presented
in subsection 8.2.2 for £ in the B-L and E-F coordinates.

'Remember that we have x# = (¢,7,0, ) for the B-L coordinates.
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H.2 The Killing vector ¢ at the Kerr Event Hori-

Z0on

In this subsection we evaluate at the event horizon, the components (H.15) of &
in the ingoing E-F coordinates. We obtain, as a result, the expression (8.47) of
chapter 8.

The component é"v|r£r is given by

2
Jou

(H.16)
G

£, = gvv|7«+ + O gwﬁ’mr = gvv|r+ -

T+

Since at the event horizon all the rotation frequencies coalesce, in particular we have

Q,, = wl,, (H.17)

Substituting eq. (4.36) for Q. in (H.17) gives

<w2 — &) = 0
e /) 1.
Substituting w = —gyt/ gy, gives the following:
2
(gt_w _ gtt> 0 (H.18)
e

We have the following equivalent metric components in the B-L and the E-F repre-

sentations:

Gtt = Guo > Gop = Gt s Gpp = Gy (H.19)

As a result eq. (H.18) is written in E-F coordinates as follows:

2 2
g v
(ﬂ - gtt) = ( L gvv) =0
g(PSD T4 gww T4+
but from (H.16) we see that this is precisely £, , namely:
2
9y
gvzgvv|r+_—¢ :O
G |,
For the r and 6 components we substitute ¢,, = 1 and g, = —a sin® 4
gr - gvr|r+ + Qu gr¢|r+ =1—ally sin’ @

§o = Guol,, + i goyl,, =0+ Qux0=0

&, 1s trivially equal to zero.
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H.3 Simplification of ¢

As discussed in chapter 8 the scalar § ,§" can be read off directly from the metric

components in (8.9). In the E-F representation we have:

ds\ >
v = (5)

The metric components in the ingoing E-F representation read

(H.20)

(7,0 fixed)

2 M
ds? = — <1 - %) dv* + 2drdv — 2asin® Odydr +
p
4G (r) Mar sin @ Yy sin? 6

7 dipdv + 7 di® 4 p*db? (H.21)

Parametrizing the line element (H.21) in v at r and 6 fixed, gives

.. 9 . 9
e (1_ 2G(7”)Mr) 4G (r) Marsin QQ+Elsm 992

p? p? p?
¥y sin? 6 0?2 4G (r) Mar
p? X1

1
= —E[p2—2G(r)M7"}+
1., Y sin?6
= —;[p —2G (r) Mr] + e
1

2
. Y, sin% 6
= — Y (p? = 2G (r) Mr) 4+ Y22 sin? 0| +

S 51 (7~ 200 M)+ tine] + 71

5 (Q— w)2
1

- Ty 2 [21 (,02 —2G(r) MT) + (2G (1) ]\4(17‘)2 sin® 0]
I
2] SiIl2 0
2

We define the function F (r,0) to be

Q

. 9
Yrsin®0

[92 — 2w§) + wQ] —

- (Q—w)’

F(r,0) = [Sr (p* — 2G (r) Mr) + (2G (r) Mar)® sin? 6] (H.22)
As a result §"¢, takes the form

F(r,0) N ¥y sin? 0

o 7 (Q —w)’ (H.23)

68" = -
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The function F (r,0) can be simplified employing the identities (C.5) to (C.7)

F(r,0) = {Z;[p*—2G (r) Mr] +[2G (r) Mar]’ sin® 0}
= {%;[p* = 2G (r) Mr] + [2G (r) M7)? £} |, (f* = a®sin?0)
- [ - A @) - s
= (P (A=) = PAL (A= ) + (P + ) =2 (0 + f2) Arf? + Al
= P+ 22020 + FAAL = 20PN f2 = 2 A — fPA2 4 FAAL + AZf?
= p'A;

As a result the scalar "¢, in eq. (H.23) is simplified to the final expression:

B Y sin? 6

2A
68" == (Q—w)? -

X

(H.24)

This is precisely eq. (8.37).
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Appendix 1

Calculation of My and Jg

I.1 Area of the Event Horizon

In order to calculate the area of a three dimensional hypersurface ¥ in spacetime we
need to define the metric intrinsic to ¥, namely the metric obtained by restricting
the line element to displacements confined to the hypersurface. The parametric

equations that define X are given by

x*=z%(y") , a=1,2,3 (L.1)
where y® are coordinates intrinsic to >. The vectors e, defined as
dx®
o — [.2
=5 12)
are tangent to curves contained in . Now, for displacements within ¥ we have
dx® da”
ds3% = gopdr®da’® = g, dy® | | —dy’ ) = hapdy“dy’ 1.3
S5, = Japdz®dz gﬂ(dyay)(dyby sy dy (I.3)
where the induced metric h,g is defined as follows
_ dz® dx® o B
o= () (p) = .

By definition h,p is the metric that determines distances inside ¥. Therefore, it

relates the intrinsic line element with intrinsic displacements
ds% = haydy®dy® (L5)

as one can see from (I.3). When X is null, the following choice of coordinates takes

advantage of the light-like character of the tangent vectors to X:

y = (N0, A=1,2 (1.6)
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where A\ parametrizes the null geodesics in X, in such a way that a displacement

from the point p along the geodesic « is given by
dx® = kPd\ (1.7)

and k? is the tangent vector to v at p. The coordinates 6” change transversely to
~. In that sense we say that #* label the geodesics. The line element (I.5) takes the

following form in terms of the coordinates (1.6)
ds% = o ,pdf*do” (1.8)
where we have used the null character of k%, and o 45 is given by

OAB = Gapelel (L.9)

N ( ox® )
e =
. 907 ) 3 fixed

Here the induced metric is a two-tensor.
The area of the event horizon is defined by [60]

A= ]{ Vod*0 (1.10)

where H is a two-dimensional cross section of the event horizon, described by

v =constant, r = 7“5_, 0<6<m 0<y <27t The metric induced in H represented
in the ingoing E-F coordinates results from fixing r and v in the line element given
by:

2 M
ds? = — (1 — %) dv* + 2drdv — 2asin® Odydr +
p
4 M .. 9 . si 2
4G () 2arsm Hdo,bdv—l— 1512n 9d¢2+p2d92 (L11)
p p

As a result we have
ds¥ = 0.d0%d6°
= gppdt® + gyydip®
>
= pPdo* + =5 sin® 0y’
p

The determinant ¢ is given by o = X;sin?# and its root is v/o = /X;sinf. As a

e

IFor a definition of event horizon in topological terms, see [68]

result we have for (1.10)

_ sin0dfdy (1.12)
"+
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Since /% I‘Ti = (ri)2 + a? is angular independent we can integrate (I.12) and find

A =4r [(7’5_)2 + aQ] (1.13)

This expression preserves the original form of the event horizon’s area of the classical
Kerr black hole. Nevertheless, the radius ri = ri (a, M) depends on the parameters

a and M, and this relationship is modified by the renormalization effects.

I.2 Metric Components in the E-F Representa-
tion

In order to calculate My and Jy from (8.84) and (8.116) we need to know, besides
the components g, of the improved Kerr metric in the E-I representation, also the
components ¢*? with upper indices, evaluated at the event horizon. In the ingoing

E-F representation we have the following for g.g :

2G (r) Mr .

g1 = G = — <1 N (p—g) L 912= 9o =1, g2 = gry = —asin0
2G (r) Mar sin® § Y sin? 0 9

- 02 » 944 = Gyp = 2 933 = goo = P

922 = Grr =0 (114)

ga1 = Gyov =

The rest are zero. Here we have chosen the ordering of coordinates as (z!, 2%, 23, 2%) =

t,7,0,¢). The components g*’ are given by the inverse matrix of g,3, namely:
2 g g y B

922944 — 9%4 - (912944 - 924914) 0 912924 — g22914
ag 1 — (912944 — 924914) 911914 — 914 0 — (911924 — g12914)
g det g 0 0 L 0
g33
912924 — 922914 - (911924 - 912914) 0 g11922 — 9%2
(1.15)
with det g given by
detg = §11920944 — G11951 — J129aa + 2912924914 — G142 (L.16)

GovGrrGuyyp — 9w93¢ - 912;7«91#711 + 2gvrgr¢gm/1 - 912;¢grr
Inserting g, = 0 in the E-F representation, we find
detg = —guwdry — JonGvw + 200rGriGuy
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From (I.15) we see that the relevant expressions to be calculated are:

e GGy — ggzp ro __ GrypGup — Gur Gy rp _ YorGuyp — GuolGry
gr =TI "I e g = (117)
det g det g det g

They require the following components evaluated at the event horizon

2G (r) Mr Aj —a’sin? 6
o - () (e
b2
- ().
where
b = a’sin
and also
2G (ry) Mar, sin®f _
gvr|r+:1a gv¢|r+:_ ( +) 2 e ) gr¢|r+:_a81n297 grr|r+:0
P,
(1.19)
2 2)? 2
|- (hta)sin®0 (¢, +2) s (1.20)
gwwr = = :
* P, P,
Here we have used the identities (C.5) to (C.7).
We need also to find det g|, . Inserting (1.18) to (1.20) in (I.16) we have
detgl,, = 20uGroGow — Goudry = GorGuwu (I.21)
_ (2asin20) 2G (1) ]\fam AN (b2a2 szin49)
P, p -
2
<p2\r+ + b2> sin? 0
— 5 (I.22)
P,
Simplifying (1.22) leads to
2 9 2
detgl,, = 2= | 462G (r) Mro — b — (] +1?) (1.23)
T+ p2|7’+ Ty

Taking into account r? +a® — 2G (ry) Mry = 0 and p?|, + 0% =r? + a® implies

detgl, = 8;21'29 {252 <p2|H + zﬂ) . <p2|H + b2>2}

T+

= —sin’f ,02}” (I.24)
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Now we are ready to find g , g"* and ¢g"¥. Substituting in (I.17), expressions (I.18)
to (1.20) and (1.24), leads to
r oo Gupyp — gﬁw 1
g" = o | |\ Q=g | *
- —p?sin Q‘r+

T+ det g
2
(r2 + a2)2 sin? ¢ B (2G (ry) Mar, sin® 6)

b2
>< JR—
(p2) T4+ pQ‘T’_,. p2‘7’+

B ( sin’ @ ) (1)2>
- 22 4
p?sin Q‘H p

= 0

X [(ri + a2)2 — (2G (ry) Mr+)2]

T+

where we have used again r1 + a* — 2G (r) Mry = 0. Then ¢'"|, is identically
zero. For g”’|r+ we proceed as follows: First substituting (I1.24) and the components

(1.18) to (1.20) into the expression for g"| in (L17) gives rise to

grvl — g’/"d)g’lﬂfl - gv’l‘gd)’KZJ —
+ det g -
i r2 4a? 251n2
(~asin®) (~tesgornte) _ [(rerf s
PPy P2y
= . 3 2
sin 6 p |r+
T4
and simplifying yields
- 20°G (ry) Mry — (r2 + a2)2
g "r-‘,- = _ 4‘
Py -
Now we apply p? + b*> = r? + a? to obtain
. 202G (ry) Mry — (p*|, +1?)°
g |r+ - _ 4|
Pl .

At this point we use 2MG (ry)r, = ,02|T+ + b%, with the result

v bz (p2’++b2)_(p2|++b2)2
e = — pl
T

9

Finally simplifying we get to:

rv‘ (p2|++b2>

r—+ p2 |T+

T4
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The last component is g’“¢|r+. First substituting components and simplifying

yields
B (_ QG(T+);\24‘<1.T+ sin? 0) . (2_2) (_a sin2 9)
grdJ _ GurGuyp — GuoGry _ Ty -
T+ det g - _ SiIlZ Ja p2|7«+
e
a b2|r+ —2G (ry) Mary
- _ 1

P, "

Applying 2G () Mar, = p* + l)2|r+ leads to the final result
ab?l, - <p2 + 07, ) a
g, = — - =— (1.25)
' - p |T+ p ’T+
T4

I.3 Finding the Normal Vector N,

N, is a light like four-vector, orthogonal to the event horizon. It is an auxiliary
vector, necessary to be included in order to isolate the part of the metric g,, that

is transverse to &, the generator of H 2. It fulfills the following two conditions:
Nt =—-1, NN =0

Exploiting equation (8.47) falr+ = (1 — ay sin? 9) 0, in E-F coordinates, we get
the following for N,&" = —1
NHE, = N' (1 — aQy sin® 9) =—1

This implies
-1
(1 — aQy sin® 6)

N" =
and by construction we have
NT§T|T+ =—1 (1.26)

From equations (8.72) and (8.93), where we have already applied (1.26), we see that
this expression contains all the information about N* necessary in order to evaluate
My and Jy from the Komar integrals (8.59) and (8.60). Therefore we do not need

to go further into finding the rest of the components of N*.

2For more details about N* see Ref. [60]
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I.4 Derivatives of Metric Components at

Now we calculate the derivatives in (8.73) and (8.74). For (89&) .

(85?) 0 (pQ—QG(T) Mr) ’

~ 3 7

- (2{)_1\44) [P1G (r)r + G (r)] - 2°C ()

we can write

Ty Ty

(1.27)

T

2 . .
Here we have used %ir = 2r. Now inserting p* = r? + a? cos?  leads to

(), - ) er-a

Lt (M) "G’ (r) + G (1)]

p! re
(1.28)
For (%% e have
(%), we hav
0y — _oMa o G (r)rsin®0
or N or p?
T4 T+
.
— (72]”“;”1 9) [(rG' (r) + G (1)) p* = 2G (r) ?]
T+
Now substituting p? = r? + a® cos?  leads to
DGy B 2Mar? sin® 0 ,
(%) == () v - 6 )
i 4
IM 3 i 2
_ < ¢ 31249603 6) PG’ (r) + G (r)] (1.29)

T+

I.5 Definite Integrals for My

Here we calculate the definite integrals necessary in order to get analytical expres-
sions for My and Jg. All of them have a similar structure. They are carried out by
applying the same kind of substitution. We start with:
T sin 0df
L = / (1.30)
o (

2 2 cos2 0)2
r3 + a? cos? )

Factorizing 1/r% leads to

1 N sin 6d0
I = (74)/ " (131)
+ 0 (1 4a cgs 0)

L
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Substituting u = ( ) cosf , du = — <i> sin @df in (1.31) leads to

a
T4 T4

s (X /—% du
te ar? - (1+u2)2

The primitive for this integral is given by

du 1 U
m—§ 1+u2+arctanu

Substituting back u = ( ) cos f gives

a
T+

1 ryacosf a
L =— 3 5 555 Tarctan | | — cos
2ars ri + a®cos? 0 T4

Now evaluating at the limits we come to the final result:

1 ria a
L = 3 3 5 +arctan | | —
ary ri+a T4

I, is defined as follows

™

0

/7r cos? 0 sin OdO
IQI
0o (

2 2 cos2 0)2
r4 + a?cos?0)

(1.32)

(1.33)

(1.34)

(1.35)

Again factorizing 1/r% and substituting u = ( > cosf , du = — ( ) sin 0df gives

a a
Ty Ty

I, =

A
Ty

1 /7r cos? @ sin Adf 1 /(%) w?du
0 (

2~ T 3. T oN2
<1 + a? 03520) a3T+ %) (1 + U2)

L

The indefinite integral in the new variable is given by

/ w?du U n 1 ;
= — — | arctanu
(1+u2)? 2(1+u?)  \2

Now substituting back u = (%) cos f leads to

I 1 riacost L+ 1 ; a p
= — — — ) arctan | [ — | cos
? adry 2(r2 + a?cos?6) 2 Ty

and finally, by applying the limits we find as a final result for I5:

e (e [(2)) -y
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I.6 Definite Integrals for Jy

The substitution we have used so far for I; and I, works also for I3 to I5. Since the

procedure is almost identical for each integration, we perform every step simultane-

ously for the three of them. First we factorize 1/r3 or 1/r} respectively

1 (™ sin®6do 1 [ sin® 0d#

]3 = 7"—2 1+a2c0529 ’ 4:7“_4 2 cos? 2
+Jo T +Jo (1_1_&2%8 )
1 (7 sin® 0 cos? 0db

]5 — —4
Ty Jo

(1 + a2c2520>2

+

Then substituting u = <%> cosf , du = — (%) sin #df leads to
_a 9 _a
T4 vou 1 v+ du
n- (3] w-L |
s a? a 1+ u? “ ary J e 14 u?
”‘+ 7‘+

1 o u? 1 iy du
I4 - 3 72du - —3 T o2
ria - (14 u?) ary) Je (1+ u?)

a

1 T uldu ry [Tr utdu
a’ry - (1+ u?) a’ Ja (14 u?)

"+

The set of primitives required by (1.39) includes (1.32), (I.36) and also

w?du
= u — arctanu

14 u?
du
T2 = arctanu
uldu u 3arctanu
(1+u?) 2(1+ u?) 2
Then substituting (1.32), (1.36) and (1.40) to (1.42) in (1.39) gives
—ry 1 —ry
I3 = (%) [u — arctanul| o ¥ — — arctanu| . *
a T4 a,’r'+ n

I ! U (L et
= _ — ] arctanu
* rad 2(14+u?)  \2
1 1 U n ‘
— — — arctanu
ar? 2 \1+u?
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(1.38)

(1.39)

(1.40)

(141)

(1.42)

(1.43)

(1.44)



(1.45)

me(ﬁ) (L.46)

a? —r? a 1
Iy = ( ] ) arctan (E) + Lﬁri] (1.47)

3 2 2
I5 = _3 + M arctan (i) (1.48)

For I, we have
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Appendix J

Auxiliary Calculations related to
the Modified First Law

For the sake of completeness of section 8.7 on the modified first law of the black
hole thermodynamics, we present in this appendix all the intermediate steps for the
various derivations sketched in that section. The appendix has three main goals.
First, the ordinary differential equation governing the running Newton constant
G (r) in the vicinity of 7 , used in subsection 8.7.4, is discussed. Second, the O (J?)
approximation to the integrating factor p for the modified first law in subsection
8.7.5 is derived. And third, the degree of exactness of the mentioned approximation

is discussed.

J.1 Differential Equation for G (r)

In this section we present the derivation of the condition (8.176) for G (r) that comes
from asuming that 7" = k/(27) is valid in the improved case, i.e. that p, = 1,
meaning that ., =1/ [r. — M (G +r1.G")] is the correct integrating factor of v in
(8.152). We also find the solutions of the corresponding differential equation (8.177)
by substituting an ansatz in form of a power series of 1/r. As already mentioned
in subsection 8.7.4, the solutions we find are not satisfactory in the sense that they
don’t fit with the expected behavior of a running Newton constant, at least in the
vicinity of %, the region of validity of that equation.

We start by finding several identities that are basic for the calculations presented

in that section.
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J.1.1 Basic Identities

In this subsection we calculate the partial derivatives of p, = pu =1/ [rﬂr—
M (G +7"£rG’ )} to be inserted in the left hand side of the differential equation
(8.169). We also need expressions for drl /OM , Orl /0J and 9%, /0J* as func-
tions of J and M. We find the latter ones by differentiating the equation for the
event horizon.

For dr, JOM we have

a 1\2 J 2 1
PRI ()" +(57) —2MriG| =0 (J.1)
As a result, we find almost directly:
orl. (1\%) +Grl (12)
oM — [rL — MrLG' — MG| '
Similarily for dr /9. we perform
a 1\2 J 2 1
57 () +(57) —2MGri| =0 (J.3)
After simplifying (J.3) we find:
I
oy __ / (J.4)

oJ — M2l — M (G+7r.G")]
For the second derivative §%rl /9.J% we differentiate (J.4) as follows
o (ol I o[
-M(G e =——|-= J.5
&I{aj[ (G436 97 |2 (J:5)
The simplification of (J.5) and further factorization of 9*rt /9.J? lead to:

87‘5r 2 / " 1
ot (F7) IM(26+ ) 1] - 5
02 L — M (G +rLG)]

(1.6)

Knowing drt /OM and 9r! /0J we now proceed to find du/OM and du/d.J. For
Op/OM we have

0 { 1 }__ 1
OM \[rh = M (G+rLaG) S L — M(G+ria))

. {g% 1M (26 + 6] - (G + TLG')} (3.7)

235



Substituting drt /OM from (J.2) in (J.7) gives:

0 { 1 } B 1 "
oM [y = M(G+r G [l — M (G +rian)?
<1‘\]4—23> + Grl

N FE = ae—arg M GG G 1+ (GG

Similarily for Ou/0J we have

9 { 1 } __emeorteniat o
0 \[r} = M (G +7rLG")] rl — M (G +rLa)? 0J '
Inserting dr! /0J from (J.4) in (J.8) leads to:
g, { 1 } J[1=M(2G + LG (1.9)
oJ \[rk = M(G+ry G M2l — M (G + LG '

Equations (J.8) and (J.9) for Ou/OM and Ou/0J are the final results of this sub-
section. It is easy to check that these expressions reduce to (J.114) and (J.111) for
the classical case when setting G =1, G' = G" = 0.

J.1.2 Derivation of the Integrability Condition

In section 8.7.4 we stated the possibility of finding a special function G (r) that
converts, when evaluated at the radius Ti, the expression (8.173) to an equality.

Assuming this equality we can cancel common terms on each side of (8.173) to find

(10 26 () + 6 ()]} - MG (1))
S M () £ ()] (3.10)

Further simplification leads straightforwardly to
26/ () + 67 (1) [0 () M~ ] @ () =0 (1)
After factorizing coefficients in every derivative we have
26 (1) M -] () 4L () [G () M- =0 (1

An additional simplification can be done if we apply the event horizon equation
(ri)2 + (J/M)2 —2G (TEL) MTEL = 0 in the form

<%>2 =[2G (r\) M —ri]rl (J.13)
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As a result we have for (J.12) the following condition:

I\ G (7} , J?
(M) r(f) e () Lﬂ e ) M] 0 (1.14)

Aternatively by multiplying with 7% :

() @ ehsnaeh|(3) -] <0

This is precisely the condition we wanted to derive.
The condition (J.15) is valid precisely at r = rl (M, J). We shall assume that in
the vicinity of 7. the function G (r) is governed by the following nonlinear differential

equation inspired by (J.15):

(%)2@ () + G (1) [(%) —awm Mr] =0 (7.16)

J.1.3 Solution of the Differential Equation (J.16)

We proceed now to find solutions of (J.16). We summarize the steps as follows. First
we change variables from r to u = 1/r in order to formulate a large r expansion of
G in powers of u. After that, we apply the power series method for finding recur-
rence relations in the coefficients of the expansion. As a result we find the solutions

presented in subsection 8.7.4.

We define
Gu) =G (r=1/u) (J.17)

as the Newton constant in the new variable u. As a result we find the following

expressions for G’ (u) and G” (u)

~, G (r) ~, G" (r) +2uG’ (r)
G (u) = — R G" (u) = " (J.18)
Then for G/ (r) and G” (r) as functions of G’ (1) and G” (u) we have
G (r) = —uG' (u) , G" (r) = u'G" (u) + 2u*G' (v) (J.19)

After substituting (J.17), (J.18) and (J.19) in (J.15) we find

— 26 (u) (%)Z (u)? [ (u) + 26 (u) [(%)2 _GM ] —0 (320
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Cancelling an u # 0 leads to

—ul (u) (%)2 + [uG () + 26" (u)} lu (%)2 ~ G (u) M] —0  (J21)

Now we factor the coefficients for every order of derivation as follows
I\ - - J\? -
u <M> —2G (u) M | + uG" (u) [u (M) — MG (u)

From now on we supress the tilde ~ and we present the new nonlinear differential

G (u) =0 (J22)

equation for G’ (u) as:
2
u <%> —2G (u) M

As mentioned at the beginning of this section we will solve (J.23) by substituting a

G (u) +uG" (u) |u

(J.23)

power series ansatz. The expansions for G (u) and its derivatives are given by

Gu) = Go+Gu+Gul+--=> uFG, (J.24)
G'(u) = Gi+2Gu+3Gu’+--- =Y (k+1)u'Grn
k=0
G"(u) = 2Gy+2x3uGs+3*4’Gy+-- = Z(k+ 1) (k+2)u" Gy
k=0

Now we substitute the expressions from (J.24) in (J.23) as follows

i k+1)uf G [u( ) —zMZuJG]

—i—uz (k+1) (k4 2)u"Gryo [u( ) MZUJG]_O (J.25)

Every term in (J.25) has to be transformed to a single power series. We treat them

separately:

2 o0
< > > (k4 1) u G (J.26)
k=0

B=-2M [Z (k+ 1) u* Gy [ZujGj (J.27)
k=0 7=0
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C= (%) i": (k4 1) (k +2) u" Gy (J.28)

k=0

D=-M [i (k+1)(k+2) uk+1Gk+2] [i w G, ] (J.29)

k=0 7=0

Terms A and B can be easily transformed as follows

() 2

_ (%)2 ; e (J.30)

A

2
k+1Gk+l = (%) [uGl + 202Gy + 3Gy + - - }

8EM8

J 2 00 J 2
C = (M) g (k+1) (k+2)u" Gy = (H) (2% 1)u’Gy + (2% 3) u’Gs + - - |

() [Srono

For terms B and D we factorize coefficients of the same power after expanding the

(J.31)

products. For B we have

[e.e]

> (k+1)uFGrn [i WG,

k=0 =0
= —2M [G1 + 2uGy + 3uGy + - - -] [Go + uGy + u?Ga + -]

=—2M [GOGl + 2uG oG + 3u>G3Go + 1 (G1)* + 2uGGy + 3uG3Gy
+u GGy + 203 (G2)2 + 3u'G3Gy + - }

B=-2M

Factorizing powers of u leads to

B=-2M {G()Gl -+ [QGQGQ + (Gl)z} U+ [3G3G0 —+ 2G2G1 + Gng] U2
+ [3G3Gh + 2(Ga)® + GG + 4GGo] P + -+ )

or written in a more compact way

— _QMZ%U (J.32)

with 7, defined as

k
=D (h=i+1)GiGijn (J.33)
j=0
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Similarily for D we write

D=-—M|> (k+1)(k+2)u* G| | ) WG
k=0 Jj=0

=—M[(1x2)*ulGy+ (2%3) % u’G3 + (3x4)u’Gy+ -] x

x [Go + uGy + Gy + -+ - |

= —M [(1%2) uGyGo + (1 % 2) u’G2Gy + (1% 2) u® (G,)?

+ (2% 3) u?G3Go + (2% 3) u? GGy + (2 % 3) u*G3Ga

+ (3% 4) U G4Go + (3* 4) u'GaGr + (3% 4) uGaGa + - - |

After factorizing powers of u we find
D = —M {(1%2)uG2Go + [(1 % 2) GoGy + (2 % 3) G3Go] u?
+ [(1%2) (Go)* + (2% 3) G3G1 + (3% 4) G4Go) u
+[(1%2) G2G3 + (2% 3) G3Ga + (3% 4) GGy + (4% 5) GsGolu* + - -+ }
(1.34)

Here we can simplify the expression (J.34) by defining the coefficients 3, as follows

D = -MY put (J.35)
k—1 =

B = D> (k=j+1) (k=) GiGrjn
j=0

Having expressions for A, B, C and D in (J.30), (J.32), (J.31) and (J.35) respec-
tively, we substitute them in (J.25) to have

( )Zkuka—QMZVku +( ) [f;k ) uF Gy,

— MY Bt =0
k=2
(J.36)

We can factorize in (J.36) one summation from k = 2 to oo, as follows

T\ 2 00 T\ 2
[(M) G1—2M71]u—2M70+Z{(M) szk—Mﬁk—QMq/k}uk_O
k=2
(J.37)

Equation (J.37) implies the cancellation of every coefficient for each power of u. As

a result we have

2M~, =0 (1.38)
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J 2
J 2
(M) K2Gy — MB, —2M~, =0 , k=2,3 - (J.40)

with 3, and v, given in (J.35) and (J.33)

S

-1

B =

™

(k=Jj+1)(k—=J)GiGrjn

7=0

|

’yk = (k’ — j —f- 1) Gij—j—I—l (J41)

J=0

After substituting these two last definitions in (J.38) to (J.40) we find the following

infinite set of equations

2MGyGy =0 (J.42)
J\? 2
i Gy —2M [2GoG2 + (G1)°] =0 (J.43)
E k;2G —MZ — i+ 1) (k—5) GGy
M k .7 J JY9k—j+1

—ZMZ —j4+1) GG ji1 =0
k=23 (J.44)

Eq. (J.44) can be reorganized with just one summation from j =0to j =k — 1 as

follows
J 2 k—1
]:0

We add the cases for k = 2,3 as special examples of (J.45) to be used later, as

follows

2
G (%) — 2MG1Gy — 3MGoGs = 0 (3.46)
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2
9G; (%) — 14MG1 G5 — 20M GGy — 6M (G5)* =0 (J.47)

Equation (J.42) implies three independent possibilities to be analysed, namely that
either Gy = 0 or G; = 0 or both. The most plausible option is Gy # 0 and G; = 0
so that we can still recover the classical case. After analysing equations (J.43) and
(J.45) one can deduce that every coefficient G, # G should vanish. This gives, as
a result, a trivial case where no improvement is allowed. We show this as follows.

For Gy = 0 equation (J.43) is transformed to
AMGyGy = 0 (J.48)

This implies directly that Gy = 0. Inserting Gy = G2 = 0 in (J.46) gives GoG3 = 0
which implies again G5 = 0 . If we proceed iteratively by substituting G; = G, =
-++ =G, =0 in the £ = n equation we find G, ; = 0. By induction we conclude
that if G; = 0 the G,, = 0 for all n > 0. As a result from the previous analysis we
conclude that the case Gy = G; = 0 is the most trivial one with every coefficient

equal to zero.

Only one case is left to analyse, namely G; # 0 and Gy = 0. We proceed in a

similar way as in the previous case, as follows. Substituting Gy = 0 in (J.43) gives

2
(2 o,

Avoiding the already known case for G; = 0 we stay with the alternative solution

to (J.50):

the following condition

G ~0 (J.49)

&)
Gy =2 (1.50)

This defines a non-trivial expression for Gy, the coefficient of u = 1/r in the expan-
sion of G (u) in (J.24).

We must go further in finding the rest of the coefficients for this case, as follows.
Substituting Gy = 0 and Gy = (J/M)? / (2M) in equation (J.46) gives G5 %0 = 0
without any restriction to GGo. This means that we can choose either G, = 0 or

Gy # 0. Assuming the most general case for Gy # 0 leads to the following expresions
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for G5 and Gy

3M (Gy)? 52M2 (Gy)?
G- DG Gy -
(57) 5(57)
Expressions in (J.51) for G3 and G4 lead us to propose an ansatz for the rest of G,
given by
(Go) ™
G]‘ = O{jm (J52)
M

where «; is a pure number to be found for each coefficient GG;. Exploiting this ansatz

we perform the following substitutions in (J.45):

(%)’ (G)!

= (2M)~ G = (i) (k—2) , Grjil = Qp—ji (i)Q(k j—1) (J.53)
M M
The result reads:
<G2)k‘—1
J \2(k=3) (K — 1) ax = MZ —J+ 0 (k—j+2)ajop_jia| =0  (J.54)
(37)
Equation (J.54) implies the followmg recurrence relation for oy:
= | |
Xk = (k2 —1) (k=7 +1)(k—Jj+2) ajapj (J.55)

I
=)

j
Summarizing the result for the solution to (J.23) with Gy = 0 and Gy # 0 for

k=1,2,---, we write
G (u )—G1u+G2u2+---

() " (%)’ ap (Go) '
_ 2Mu+Gu —l—ZuG 2Mu+Gu +ZWU

(/{3 — j + 1) (k — ] + 2) OéjOék,jJrl

E
—_

M
(k2 —1) =

ap =

1]

The value of G5 remains undefined. Changing from u to r leads to

2(k—2)
2Mr — rk (%)
We consider expression (J.56) as the final result for this case.
We can now put together the various results from this section as follows. We

have found three possible independent solutions for the differential equation (J.23)
or alternatively (J.16). We list them below:
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1. Go #0and Gy =0, k= 1,2,---. This is the classical case with no running

Newton constant.

2. G ()= i)

2Mr

J)2 k—1
00 a (G
3. G(r) = —(2% + B+ e ey (’“S )23@_2)
™\ ™

with oy = 25 z;:g (k—j+1)(k—j+2) ajap_jn

The behavior of cases 2 and 3 is similar for r — oo , namely, G (r) — 0.

J.2 Integrating Factor for the Modified First Law:
O(J 2) Approximation

In this section we calculate the coefficients i, 1 and p, of the O(J?) approximation
o2y (M, J) presented in equation (8.193) of chapter 8. For that purpose we need
explicit expressions for several coefficients in different series expansions, namely the
coefficients a.,, (3,, and v,, in the recurrence relation (8.186), and the coefficients
f} for fi1 to fs3 in (8.183). They are calculated in subsections J.2.2 and J.2.3. In
subsections J.2.4 and J.2.5 we find the integrating factor for the first law of thermo-
dynamics in the case of the improved Schwarzschild spacetime, and we demonstrate
that u = 1/ (r; — M) is the appropriate integrating factor in the case of the classical

Kerr spacetime.

J.2.1 Solving the Recurrence Relation for ) (M, J)

In order to get an O(J?) approximation to p we need to calculate only a few f!

components. We can recognize these components by expanding (8.192) as follows

(m+ 1) [y + 210+ fo b + -+ [y + 306+ [ =0
(J.57)

From (J.57) we see that the y-component of highest order in the recurrence relation
is ft,,,,1, which comes from [ = 0 in the summation. On the other hand for [ = m
we get the f; of highest order, namely f/. This means that for a m 4 1-th order

component we need at most the f; components up to the m-th order.
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In our case, since we calculate up to u, we need only the f2 and the f! coefficients.

Those coefficients are given by (see subsection J.2.3):

o= PO =0, =0 fi= 1 =0

fl _ L 7"5- + M [TLG/ + G:|
Y Ve I VA IS e]

(1.58)

Here rL (0, M) is the radius of the outer event horizon of the improved Schwarzschild
metric. From now on we denote it 7, (0, M) = r§y,, (M) or simply 7§y, . Then the

coefficients of (J.58) can be written as

2 1
f{) - (Téch+) 7f11:07f3207f21:_7f??:0 <J59)

m
fl ( 1 ) Téch+ +M [Téch_»,_ G’ (réch+> + G (Téch+>i|
a2
M réCth - M [réch+ G/ (réCth) + G (réCth)]

Setting m = 0 and m = 1 in (8.192) is enough for finding all the components we

need. As a result we have, beginning with m = 0:
flim + [ + fipe =0 (J.60)
Substituting the coefficients (J.58) in (J.60) leads directly to:
ty, =0 (J.61)

As a result we have found that the first order component of y vanishes. Next, for

m = 1, we have:

2f 1o + foph + fopn + flg + fapg + fiprg =0 (J.62)

Substituting again the coefficients in (J.58) gives:

1 1 Ly M [rla (hh) + G
YRS O PRER R U CLICIE T

M rb— MG () + G (rL

Jri—i
=
——

Or substituting g, :

M

1 2 1 / 1 TéCth + M [réCh+ G/ <Téch+> + G <réch+
2 (T8ch+) Ho + Ho — \ 372
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Equation (J.63) gives an expression for u, as a function of .

The zeroth component 1, can be easily found, knowing that it is the integrating
factor for a variation law of the form x4 ds = M with J = 0. It is given by (see
subsection J.2.4):

1 1
Lo = = (J.65)
C MG () =rLG DI o [G <réeh+> — réeh+G’ (Téch_;,_)]
Its first derivative in M reads (see subsection J.2.4):
drk.
/ G (Técth) - Téch+ G/ <réch+) - MTéCh+ dS]\;Jr G,/ (/’néch+>
Ho = — . . 2 (J'66)
M? [G (rgc+> - rSch.,_ G’ <rSch+>}
With drg,,, /dM defined as
I

A - omer (L, )|

In principle we can now substitute (J.65) and (J.66) in (J.64), in order to find pu,

I

I . . . .
s G <TSch+> and its derivatives. It is not necessary to

explicitly as a function of r

present this complete complicated expression. It will be more illuminating to write
Ho 88

o " T L tM |:’I“éch+ G+ G} - "
=

2 T N2
2 (TéCM) M TéCh* - M [réCthG/ + G] 2 (TéCth) M

(1.68)

with g, and g given in (J.65) and (J.66). Here G and its derivatives are evaluated
at 7§y, - The radius r§,,, = 71 (0, M) is to be obtained by solving the horizon
condition for J =0, i.e. r§,, =2MG (Téch+>' Substituting this condition in (J.68)
leads to a further simplification of u, as follows:
FG+ﬁmgh%f—%
Mo = 2 (J.69)
2 (Téch+> M

We can now write, as a summary of this subsection, the O(J?)-approximation to

w (M, J), namely

(M, )] o2 = 1o+ paJ? (J.70)

with g, and p, defined in (J.65) and (J.69), respectively. They correspond, as
expected, to the expressions in (8.194) of chapter 8.

246



J.2.2 Derivation of the Coefficients «,,, 3,, and ~,,

In subsection 8.7.5 we presented the expressions (8.187), (8.188) and (8.189) for the
coefficients av,,, 3,, and 7v,,, respectively. These expressions can be further simplified
if one expands the products of summations in each of them, factorize coefficients
of powers in J, and redefine a unique summation for every expression. Here we
carry out this simplification for one of the coefficients, say (3,,. The procedure is
completely analogous for the other coeffcients. The expressions (8.187), (8.188) and
(8.189) are given by

iﬁmeE (if{(M)Jl> (i(k+1)#k+l(M)‘]k) (J.71)

imem = (i fL(M) Jl> <i (%) J’“) (J.72)

ﬁw@ﬂ) (1.73)

m=0

i U J™ = (i 1, (M) J'“) (f:
(

Expanding the summations for (J.71) gives!

S B = AT+ ST+ [+ 20T + 3+ (J.74)
m=0

After multiplying term by term we have

> "
m=0

le{)+ﬂ1f1lj+ﬂlf12‘]2

F20 LT 4 2410 fi T2+ 205 f2 T
3y fOT g fLT 4 By SR (1.75)

Next we factorize coefficients of equal powers of J as follows

> B
m=0

,U1f10+ (M1f11 +2N2f{)) J

+ (,U1fl2 + 20 fi + 3M3f{)) T
+ (pg f7 4 Bus fi + 200 fT + iy f7) J* + -+ (J.76)

"From now on we omit the argument M of f™ (M) and pu,, (M). We continue to denote

derivatives with respect to M by a prime.
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From the expression (J.76) we can construct directly a general definition for the
coefficient (3

mentioned before, for v,, and a,, the procedure is completely analogous. These

since the summation is already explicit for each power of J. As

definitions are the ones given in (8.191) as follows:

B = (=14 1) flty s Y = D ottt Om =Y fipy (177
=0 =0

1=0
It can be easily checked that each of these formulae really reproduce the expansions
where they come from. For example, for the case of 3,,, we expand the summation

in (J.77) for each m to recover expression (J.76).

J.2.3 Series Expansions for the Functions f; (M, J)

Here we calculate the expansions for the functions f; (J, M) in the partial differential

equation (8.166). These functions are defined in (8.167) as follows

OL) = () e, 0L =3

nans = {THM LG (L) + G ()] } -

T\ - M ) GO

For fy (M, J) we have simply

- J
_ ! I _
f2 (M, J) = ;Jz (M) J' =+ (J.79)
As a result we have
1
fa (M) = 7 fA(M)=0forl#1 (J.80)
For f1 (M, J) and f5 (M, J) we carry out Taylor series expansions centered in J = 0
as follows
o akfl Jk
(M) = ) AN (J.81)
k=0 =
o akfg Jk
f3(M7J) = Z O.Jk JZOE
k=0

As a result the coefficients f] 5 (M) can be expressed as

1 0*fi

! 1 Ok
, fg(M)IEW

J=0 J=0
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For finding the O (J?) approximation to u (M, J) given in (J.70) we need only, as
explained in subsection J.2.1, the coefficients f? (M) and f}! (M) presented in (J.58).
We calculate them as follows. f; (M, J) is given by

I\ 2
A, T) = (r) + (—) (7.82)
M
Thus we have for f{ (M) the following result:
2 2
(M) = fu(M,0) = [rL (M,0)]" = [rsa,, (M)] (1.:83)
For f! (M) we have the derivative given by
dfr
L(M) = == .84
fl ( ) a.J o (J 8 )
Substituting in (J.84) the definition (J.82) of f; leads to
1 0 142 J\? Lol 2J L orl
frM) = 551020+ {37 = s )|, T e
J=0
(J.85)
Here we can exploit the expression (J.4) for 9r', /d.J as follows
or! 2Jr!
1 M — 2 I 7"+ — _ + = 0 J86
LD =2 | T TR S MG ) (786)

As a result we see that the component f{ (M) is zero. Going further with f? we

have to calculate the following expression

(1.87)

Exploiting the first derivative in (J.85) we find

f2(M) = (1.88)
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Here we can substitute the derivatives drl /0J and 6%r/0J* in (J.4) and (J.6)

respectively. The result is given by

Ji (M) = {(—Mz - MJ(G+7~I+G’)])2 i

‘97"£r 2 / " 1
A (5F) M Re e -1 - 5 .
T T M (G LG Ve
J=0
_ r L1
M2 — M (G +rlG")] J—g M?
1 G <réch+> _I_ Técth G/ (réCl’L,,)

" [0 () ¢ () e

Thus we can present the expansion in powers of J of fi (M, .J) up to order O (J?),

as:
G (7] +ri, G (1l
1 Sch Sch Sch
f1(M,J):[réCh+(M)}2—M 1 < *>I . 1< +)I T
Tsen, =M [G (Tscm) + T'sen, G’ (Tscmﬂ
(J.90)
For f5 (M, J) we have
J ’rI—i-M[rIG’(I)—i-G(TI)}
MJ) = —— <=+ - Uy J.o1
F ) MQ{{TL MG () + G L] oy
Thus f3 (M,0) = 0. The first derivative is given by
1 _ Ofs L fri+M[rG () +G ()]
fs(M) = W :_W {TI _M[TIG/(TI>+G(TI)]}
J=0 + + + + =0
_i réch.;. + M |:Téch+ G/ (réch+> + G (Téch_,_)] (J 92)
e Técth - M [TécthG/ <Téch+> +G (réch+)i|
As a consequence, up to order O (J), f5 (M, J) is given by
rég. + M Tsen, G' réa. )+ G (7
fy (M) = -2 2 o (ha) +6 (o) +oo0 (J.93)

2
M T&eh, — ["“scm (T:Isch+> +G (récmﬂ

Expressions (J.80), (J.90) and (J.93) are the final results of this subsection and they

correspond to the expressions presented in (J.59), in section 8.7.5.
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J.2.4 Improved Schwarzschild Spacetime

The zeroth component p, of the integrating factor u in (8.183) can be easily found,
knowing that it is the integrating factor for the 1-form ~ in (8.152) when J = 0.
On the other hand we already know that the first law of thermodynamics for the

improved Schwarzschild spacetime is given by [30]
Ky, Of = 6M (J.94)

Here the surface gravity k., of the improved Schwarzschild spacetime is a special
case of the k defined in (8.137), namely
I I _ rh = M[rLG (r}) + G (r})]
2
(r}) o

Kgech = ’%Kerr“]:() -
I I 1 I I
Tsen, — M [TscmG (Tsch+) +G (Tscmﬂ
(TSCh+>

Or using réCth = 2MG (réch+>, the equation for the event horizon, which comes

from setting J = 0 in (7"5_)2 + (J/M)* = 2MG (rf) rl =0, we can also write

(J.95)

oo MEe) -ie ]| M[E () e (ma)]
Sch L 2 o <réeh+>2
Substituting (J.96) in (J.94) leads to
5f M [G <Téch+> - Téch_;,_G/ (Técm)] _ M (1.97)

1 2
<TSCh+>

At this point we can evaluate the differential form - given in (8.152) for the case

J = 0 as follows
2
’7|J:0 = (Ti) oM (J.98)

After comparing (J.97) with (J.98) we conclude that the integrating factor for v|,_,
is given by
1 1

M= MG = e Mo [G (rém) e (Tém)] (J.99)
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It converts v|,;_, to the exact differential 0 f in (J.94).
We also need an expression for the first derivative py = dpu,/dM, in the formula
(J.64) for the second order coefficient u,. For finding this derivative we proceed as

follows:

dp d 1

I3t 6 ()~ ko ()
6/ () — o @ 1k )] #3028 6 () — € 12

2
M2 |:G <réch+) - réCth G/ (réch+>:|
drl
G <réch ) - réch G' (Téch ) - Mréch o G" (réch )
_ + i * v . (J.100)

M? [G (rle,) = 78, G (Técmﬂ2

Here we can exploit again the equation for the event horizon of the improved
Schwarzschild r§,,, = 2MG (réCm), in order to find drg,, /dM

dréch 1 dréch 1
7dM+ =92 {G (rscth) +M dM+ G’ (Tsch+)
After solving for drg,, /dM we find

dréch_‘_ 2G <réch+)

_ (J.101)
A - omer (L, )|
J.2.5 Classical Kerr Spacetime
We have mentioned in subsection 8.7.2 that the function?
-1 (7.102)
o= Ty — M '
is an integrating factor for the 1-form -+ defined in (8.151)
v =PoM+ N&J
with
P=r+ EAY e (J.103)
=ri ) o N= g :

2For simplicity we set in this section Gy = 1.
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This means that the 1-form p~y, given by

2 J\?
_nt (ir) SM—— 55 (J.104)

= M M (ry — M)

is an exact differential. As a result we can write S = pvy with S = S (J, M) a state
function as defined in (8.7). We show in this subsection that p defined in (J.102)
actually fulfills the partial differential equation for integrability (8.146) given by

@) (@)@ o

Starting with the right hand side of (J.105), we have

() - @)l - e ez o

where we have utilized the derivatives in (8.156) and also the identity

T\ 2
— M= M2- = 1
After simplifying (J.106) we obtain:
ON oP J(ry + M)
) - (=] = J.108
[ G) = @)= s s
For the left hand side we evaluate first the partial derivatives. For du/0J we have
ou 0 1 1 ory
- _ 2 = — J.109
oJ 0J (r+—M> (ry —M)* 0J ( )

The derivative dry /dJ can be calculated from (J.107) to give

67"4_ J J
_ L (J.110)
oJ M2 /MQ_(%)2 M2(T+—M)
Substituting (J.110) in (J.109) leads to
on____J (J.111)

oJ M2 (r, — M)

On the other hand for Ou/OM we have:
o 0 1 1 ory
= = — -1 112
oM oM (u—M) (ry — M) (aM ) (7.112)
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The derivative Or, /OM can also be found from (J.107) as follows

oy _ Mt 1—% 1 7113
oM A v (J.113)
M? — (37) -

As the result of inserting (J.113) in (J.112) we find

Ay M+ L
— = J.114
oM (rs —M)3 ( :

We can finally evaluate the left hand side, utilizing (J.103), (J.111), and (J.114) as

follows
2 2
() | Gagrmar) - G iy
T\M M2 (ry — M) M) (ry— M)

ou ou
Pl—=|-N|=—)=
(57) -~ ()
After a straightforward simplification we find:

P (%) - N (aaj\[j[) = Ajf&tﬁ?ﬁ (J.115)

The last result for the left hand side of eq. (J.106) is equal to the previous one for its
right hand side in (J.108). This means that (J.106) is fulfilled by p given in (J.102)

with the definitions in (J.103), as we wanted to show.

J.3 Exactness in the O(J2) Approximation to u (M, J)

In this section we demonstrate that the O (J?) approximation to the integrating
factor p (M, J) in our main differential equation (8.145) is sufficient for satisfying
this differential equation to order O (J), both for the classical and the improved

case.

Classical Case

We start with the classical case since it is simpler and we already know the correct

integrating factor. For this case we have® G =1, G' = 0, Téch+ =2M. As a
w=0
result (J.70), gets simplified to
Class (M, J)| _ L Lp (J.116)
ILL Y O(JQ) M 2M4 N

3For simplicity we set Gy = 1 in this paragraph.
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which is precisely the approximation to O (J?) of the integrating factor 1/ (r, — M)

for the variations law fulfilled by the Kerr spacetime. In fact we have

J 2
ro =M+ | M2 - (M) (J.117)

and as a result we can write

1 1 1 1 3 J*
= =— (1 JP 4. J.118
ry —M MQ_J\% M(+2M4 +8M8+ ) ( )

where we have also included the next term in the expansion which is O(J?). Never-
theless we stay only with the approximation to O(J?) in (J.116) in order to determine
the error it introduces. More precisely, we have to check up to which order of J the

difference

0

8 ass ass
aJ [“Cl o) P|O<J2>} ~ oM [“Cl o) Mo (J.119)

oJ

goes to zero.
We start by finding the products P and pN in (J.119), by applying (J.116) and

also the definitions P = r% + (%)2 , N = —J/M for the Kerr spacetime. As a result
we have
Class| P _ 1 1+ ! J? 2+ S 2 (J.120)
H o2 oW Ty WL "+ M ‘
0(J2)
J 1
Class — 2
1 o Nlowsy = —3p (1 o’ )
Now we evaluate the derivatives as follows. For N we have:
d Class 9 J J3
oM <” loe) N|O<J2>> oM {W o (7.121)
2J  3J3
~ e
For P we have first to expand 72 + (ﬁ)2 In order to do this we use the identity
7“3_ + (%)2 = 2Mr,, so that we can write:
A% I\
r? + (M) = 2Mr, =2M | M + | M? — (M)

255



Thus the J-expansion for 3 + (%)2 is given by

J 2 J2 J4
2 2

Now we can perform the derivative of 5P, namely

a Class o a 1 J2 2 ‘]2
oJ {” o) P'O(ﬂﬂ Y {M (1+ 2M4) (4M Ve
2J  2J3

It is now clear from (J.121) and (J.123) that the subtraction in (J.119) cancels to
order O(J) :

0 5J3

9 Class Class
[,u |O(J2) P|O(J2)} Y (” ’O(ﬁ) N|O(J2)> =T (J.124)

dJ
In this way we have shown that for the classical Kerr spacetime an expansion to
O (J?) of u®'sss suffices to satisfy eq. (J.119) to O (J).

Improved Case

Now we attempt to show that the approximation for p (M, J) to O (J?) given in
(J.70), with its components presented in (J.65) and (J.68), is enough to satisfy the

exactness condition (8.145) to order O (J). We have to evaluate again the difference

9 9
E <M|O(J2) P|O(J2)> - 8_M <M|O(J2) N|O(J2)> (J125)
but now P, N and pu are given by:
2
2 J J
I MriIGG// N Téch o_a

1 / rScth_M["‘scth G/+G] +

fo = AN 2 (J.126)
M (G B rSCthG) M? [G — TéCthG’}

1 en, + M [rl., G+ G] b

Mo = 3 1y —

2
2 (o, ) M

Concerning the difficulty of this demonstration we remark that, in addition to the

9 (Téch+) M2 Téch+ - M [TécthG’ + G]

notorious complexity of expressions in (J.126), we have to face the problem that

G (r) is an arbitrary unspecified function and that the resulting form of % (M, J) is
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not known analytically. As a result we have to proceed in a more abstract way than
in the previous demonstration for the bare Kerr black hole. We can summarize the
whole procedure as follows.

First, using the chain rule, we expand derivatives in the difference (J.125) so
that we can substitute independently every relevant expansion. We also expand
r (M, J) in powers of J and we find explicitly some of its coefficients as functions
of M, Téch+ G and its derivatives. We do this by exploiting the equation (4.51) of the
event horizon, namely (7“5_)2 +(J/M)? =2MG (r') rl = 0. Having an expansion for
rl (M, J) we can also expand P = (rﬂr)2 + (J/M)? and insert it in (J.125) together
with N and pu (M, J )|O( s2)- After that, we compare the coeflicients of equal powers
of J from the terms 0 (uP) /0J and 9 (uN) /OM in eq. (J.125).

We start applying the chain rule to the derivatives in (J.125). For uN we have:

0 J 0 J
OM <M|0(J2) N> - <M) OM N|O(J2) + (W) /l|o(J2) (J.127)

Similarly for uP we find:

3, 112 TN\ 9 lowe 0 112 J\?
BV (M|o(J2) P‘O(JQ)) = [(H) T <M> ] —57 o) a7 ()" + Vi
(J.128)
We substitute the following expressions into (J.127)
plogn (M) = g (M) 4ty (M) J? (1.129)
9 1l
7@1\4( L=+ iy
and we factorize powers of J, as follows:
0 Ho 1 / o 1 1| 73
a7 (o V) = [ﬁ - (M) to I az ~ \ar ) )7
(J.130)
On the other hand we substitute the following expressions into (J.128):
M|0(J2) (M, J) = g+ ppJ? (J.131)
0
57 Mo 2pe ]
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The result reads :

% <M|o(J2) P) -

(47 () Jamar e 5 i (5
(J.132)

At this stage we cannot go further if we don’t expand 7% (M, .J) in powers of .J.

We make the following ansatz:
(M, J) = rgg,, (M, @)+ Jey (M, ©) + J?cy (M, @) + JPcs (M, w) + - (J.133)

Here every ¢; (M, w) depends on G (7). The O(J) term in (J.133) is precisely Tk,
the improved Schwarszchild external event horizon. Thus (TL)Q can be expanded as

(we omit the arguments M and w):

[ri (M, J)}2 = (réeh+)2 + 2Jréch+cl + J? [2réeh+02 + (01)2] +.J3 (20102 + 2réeh+03)
+J* [2c163 + (c2)?] + -+ (J.134)

As a result, we have the following series for P:

2
2 J 2
P = (rfr) + (M) = (Técm) + 2Jréch+cl + J? 2Téch+C2 + (01)2 + e

+J° (2c105 + 2réch+03) + J* [2c103 + (02)2] + - (J.135)

Or in a more compact form:

P=ay+aJ+ayJ* + a3’ +agJ* + - - (J.136)
with
2
ay = (TéCth) , ap = 2Téch+01 , Qg = 27"éch+62 -+ (01)2 -+ W (J137)
as = (20102 + 2ré€h+03) = [20103 + (02)2} e

By differentiating (J.135) term by term with respect to J we find

oP
with the coefficients
bo = QTéch_,_Cl , by =2 2Téch+C2 + (C1)2 + W ) by =6 (CICQ + réch+c3)

by = 4[2cic5+ ()] (J.139)
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Now we substitute (J.138) and (J.135) in (J.132) to get:

0
57 <u|O(J2) P> = (ao + arJ + asJ* + azJ® + agJ* + -+ +) (2uyJ)
+ (ko + 12 T%) (bo + biJ + baJ? + by J® + -+ (J.140)

Factorizing powers of J in (J.140) leads to

9 2
= (Hloge P) = do+diJ +do* + - (J.141)
with the coeflicients
dy = pobo = 2réch+clu0 (J.142)
2 1
dy = 2900+ prgby = 249 (TS, ) + 2410 {27“ Sen, C2 + (c1)* + Ve

dy = 2a1pty + bopty + bafig = 4tsTse, €1 + 2r5ey, Cipty + 6 (c162 + T8y, €3) Ho
Now we have to find the explicit dependence on J of the coefficients ¢; in the
series (J.133) for rl (M, J), so that we can substitute them into (J.142). As already
mentioned, these coefficients can be found from the general equation for the event
horizon (4.51) :
(ri)Q +-=— —2MG (r})r, =0 (J.143)
Expanding G (ri) in J we have

G () = Go(M,0)+ Gy (M,w)J+ Go (M, w) J*+---

= Y Gp(M,w).J" (J.144)
k=0
with
— B 1 OFG (ri)
Gk (M,w) = g W L (J145)

We can find the first three coefficients in (J.145) as follows:

Go(M,w) = G(r})|,_, =G (ra,)

_ aG (L) or!, JG (r})
G (M,w) = —F| =G"(rl, ) == =- as =0
1 (M) o1 | (rsens) 57 o ME[L - M (G Q)|
— 1 0°G (r! 1 orL \ > 0%l
e - 3290 oo (55) voon (5]
=0 J=0
G/ T,IC
= ( i h+> (J.146)

oz [, - M (G, + )]
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Here we have used the following expressions (see subsection J.1.1 from this ap-

pendix):

87"1+ 2 n 1 1
ol JG' () e () (F7) (G +26) - 1] - 45
oJ ML —M(GrL+G)] a2 'L — M (G'rl + Q)]

(J.147)

These expressions are found by performing recursive derivatives on (J.143). Substi-
tuting in (J.143) the expansions (J.133) and (J.144) for r}. and G (r!.), respectively,

leads to:

ap + ar1J + asJ® + az S’ + as JJt + - - -
—2M [Go+ G1J + GoJ* + -+ | [rben, +Jer + PPea+ JPes+---] =0
(J.148)

Here and in the following we suppress the (M, w)-arguments. Factorizing in (J.148)

the powers of J yields:

ag — 2M§0Téch+ + {(11 —2M [@ﬁécm + Cléo] } J
-+ {CLQ —2M [@y‘éem -+ @062 -+ @101] } J2 +.--=0 (J149)

As a result, the coefficients of every power should be independently equal to zero:

ag — 2MGoréy,, =0 (J.150)
a; — 2M [@1T’éch+ —+ Cléo] =0 (J151)
Ay — 2M [Egréch+ + 6002 + 6101} =0 (J152)

Substituting the expressions for G; and a; in (J.150) and factorizing gives:

The term in parentheses is precisely the condition for the event horizon of the
improved Schwarzschild spacetime. It is fulfilled by ric+ by definition.

Performing similar substitutions in (J.151) leads to

2¢1 [r§a, — MG (r§a,,)] =0 (J.154)
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Taking advantage of the event horizon equation r§,, = 2MG (Téch_._) we have

261 MG (rgy,, ) =0 (J.155)

This means that c¢; must be identically zero. We exploit this when simplifying

(J.152) after substituting the G;’s and a;’s, namely

G/ <’I"I ) TI
1 Sch Sch
[2réch+02 + —2} —2M |G (1§, ) €2 — + + =0
Solving for ¢, leads to
G/ (T’I ) TI
1 1 Sch Sch
= — A (J.156)

— +
2rl . —2MG (1t L VP S Vo Fes e
SCh+ SCh+ SCh+ SCh+

At this point we use again the identity réom =2MG (Técm) in order to simplify
(J.156):

1
= — (J.157)
2M3 |:G (réCl’L,,) - G/ (récth) Téch+:|
After comparing (J.157) with the expression of y, in (J.126), we find
Ho
= — d
Co YVE (J 58)

Knowing the components ¢; and ¢, of 7} (M, J) we can come back to the first
two coefficients (J.142) in the expansion (J.141) of the derivative of uP in J. They

are?

do = 2rgy, c1ptg =0 (J.159)

[0
2 o 1 2 20y 27Sen, Mo
dy = 2415 (rgen, ) + 200 | 278, C2 + (1) + 1| T 2 (rsen,)” + Vg - TE

(J.160)

10f course, further d’s require the knowledge of more ¢’s. We stop at order O(1) which is our

main goal.
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As a result we have the following expression to O(J) for (J.141)

0

. ( | P) — 2;“0 2Téch+:ug
a7 Mo &) =

2 (rSa.)" + 5 — | O () (J.161)

If our calculations are correct, the O(J) component in (J.161) should be equal to
the respective O(J) component in (J.130). In order to show this we have to further
simplify (J.161) by exploiting the expressions (J.126) and (J.153) for u, and réCth,

respectively
I I 2
= (W P)| = (42) 126 ()] 16 (o)1 oy
0T N oy AP 1 2MG (1, ) M M2 M
(J.162)

At this point we can apply to the first term in (J.162) the following identity for y:
B 1
MG (réCth) [1 —2MG <réch+>}

Ho (J.163)

This identity can be found by substituting rg,, = 2MG (Téch+> into the p, of

(J.126). The result, after some trivial algebraic steps, is the following;:

57 (log P)

This is precisely the O(J) component in (J.130). This completes the proof that with

Mo o

= (J.164)
oy M2 M

the O (J?) approzimation to u the exactness condition is satisfied to order O (J).

J.4 Temperature and Entropy

In this section we calculate the O (J?) approximations to the first law and the
associated temperature 7' (M, J). In order to perform these calculations we exploit
the O (J?) approximation for the integrating factor p., given in (8.193). We also
check the consistency of the result obtained with the general all order formalism
with what was found using the direct derivation of the J? coefficients Sy and 75

presented in subsection 8.7.7.
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J.4.1 Expansion of the First Law

In subsection 8.7.7 we have presented the O (J?) approximation to the first law, as

5S|0(J2) - <i_a> ‘O(ﬂ) OM = (Qljfua)

We have also defined P‘O(ﬂ) and N’()(ﬂ) to be the coefficients of §M and J in
(J.165), respectively

follows:

5J (J.165)
0(J2)

_ — Q
p:&,N:_H_'%

K K
Substituting £ and Qy from (8.137) and (8.138), and p,, = h™ ", in (J.166) leads

(J.166)

to
p 1\2 J 2
}O(ﬁ) ey | ()" + i (J.167)
0(J2)
_ Ju
N = (=2 1
o) ( i ) . (.168)
Calculating N | 02 is straightforward:
S J (po + p137%) Iy
N =— | — = —— J.169
o == 70522 | = (1.169)

whereas for P ‘ oz We apply the expansion (J.135) for P we have found in the

previous section. It is given by

2
2 J 2 1
P o= (1)« (M) ()P 2k et [zrgch+02 @)+

+.J3 (20102 + 27’%Ch+03) + J4 [20103 + (62)2] + e (J.170)

Substituting ¢; = 0 and ¢3 = —py/ (2M?) from (J.155) and (J.157) into (J.170)

gives the following expansion for P:

P=(l)+ (%) ()Pt (;72) 1 £O () (1171

Now substituting (J.171) and p., = (pg + p1oJ?) in (J.167) yields

= (po + pJ?) [(TL)Q 4 (%)2

(J.172)

0(J2)
1—rl, n
2 2 Schy Mo
= Iy (Téch+) +J? {Mz (Téch+) + Ho (#) }
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Now we insert expression (J.69) for u, into (J.172). Thus we find

3G + 1l G'] (1o)? — uit 17k,
1o (T‘éch+)2 e { [ + ] (ko)™ — 1t + 11 ( Schy Mo (J.173)

Exploiting 7§, = 2MG <réch+> leads to

s YL o5

2M 2M  M?
Applying G (1 — 2MG") = ﬁ in the left hand side of (J.174) gives

Plogs = bs [(rif + (%)2]

Substituting (J.169) and (J.175) for N2y and Pp(2) respectively, in (J.165) leads

to
1) (—S >
2

0(J2)
(J.174)

o J?
= Ho (Téch+) + 57 [_0 - #/0} (J.175)
0(J2)

= P}O(ﬁ) SM + J\7|O(J2) 5.J
0(J2)

J? J
= {“0 (fa)+ 537 57— 44 } IM — P8

This is the final result for the O (J?) approximation to the first law presented in

subsection 8.7.7.

J.4.2 Expansion of the Temperature

In subsection 8.7.7 we have found the following expression for 7' (M, J):
1

2, | ()" + ()]

From (J.176) we can calculate an O (J?) approximation to T' (M, J) by expanding

T (M, J) = (J.176)

the inverse of ., P in a Taylor series about J = 0, as follows. The Taylor series

about J = 0 of a generic function F (J, M) is given by

F(J,M) = Fy(M)+ F, (M) J+ F,(M)J? +- -
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with

1 O"F
Fy (M) == —
L) =71 5 o
For the inverse of F'(J, M) we have
1
FUUM '=—— =F"YM)+F V(M) T+ FSY (M) 2+ (1
(J, M) Foan o (M) +Fy (M) J+F, (M) J" + (J.177)

where the coefficients up to O (J?) are given by

_ 1 1 _ 1 oF F
vy - b v ey L o B
o (M) F(O,M) F’ ! (M) =~ (0,M) 8J |,y  (F)*
_ 1 2 (OF\® O°F 1 [(R)?
V(M) = =) -5 — F
2 (M) 2F2(0,M) | F (w) 07| . (R) | Fo 2
(J.178)
As a result we have for the inverse of p., (J, M) up to O (J?)
1 1 pyJ?
| === (J.179)
:u'y (']7 M) 0(J?) Ho (M0)2

where 1, and i, are the components of ., (J, M ) A similar expansion can be

>‘O(J2
obtained for 1/P. We start with the definition of P (J, M) ;2) in (J.175) given by

2
2 J
MLme)z(ﬂ)+Gﬂ Bt P
0(J2)
o J? p
= o (T8e,) + Wi [MO - MS} (J.180)
Thus we can identify the following coefficients:
2 1
Py = (Téch+) , Pr=0, b= (W) [1- ,uoréchJ (J.181)

We can apply the coefficients in (J.181) in order to find 1/P (J, M) up to O (J?).
Substituting (J.181) in (J.178) leads to

_ 1 1 _ P
RVM) = o= A (M) = -5 =0 (1.182)
0 (rl ) (P)
Schy
p2(*1) (M) = 1 _ (P1)2 _p| == P _ MOTéCth - 14
(R)* | P (B e ()
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As a result, we have the following expression for 1/P (J, M)|q 2y

1

P(J, M)

B 1 N J? (Técmﬂo - 1)

2 4
o2 (Téch+ > M? <Téch+ >

Now we can substitute expressions (J.179) and (J.183), for 1/, (J, M

o (J.183)

)|O(J2) and

1/P (J, M)|g( 2, respectively, into the equation (J.176) for the temperature. This

leads to
2 (.1

B 1 11 1 J (TSchMo - 1)

T(M,J) == 2 J 2 _%|:,u__( )2 I 2+ I 4
27ty [(7”+) + (M) ] 0 Ho (TSch+> M? (TSch+>
I
1 J2 TSchy Mo — 1
- 5+ ( - > ~Bliouh (a8

I I 2 I 2 H
2mp1g (Tscth) 2m (TSch+> o | M? (TSch+> 0
Thus we identify the coefficients Ty and T3 in (J.184) to be

1
T, = (J.185)

2
2m (Técm) Lo

I
1 <7“sch Ho — 1)
T, = , L AP o (J.186)
2 (réch_,_) o | M? (Técm) Ho
T can be further simplified by substituting u, in (J.186) as follows:
I / 1o I
1 [3G + TSen G} Ho — 7 (1 ~ T'Sch Mo)
T, = - ; T =2 (a8
2 (Téch+> IU’OM 2 <Téch+> M <réch+)
2 (1= k1o
1 Schy Mo | Ho
= T 1o — [3G + 154, G'] (110)” — Y
o ()
Substituting r§,,, = 2MG and simplifying gives
1 / 2 / 2:“0

4
4nM (rl, ) (o)

We now substitute in (J.188) the identity

1

G(1-2ME) = 10
0
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which comes from using 7§y, = 2MG in the expression for y, given in (J.126). As
a result we find

I Ho

-l MJ (J.189)
4 M <7’éch+> (MO)Q

After substituting expression (J.189) in (J.184) we find the final result for 7" (M, J):

2 I ko
T = — Ll

)
2
27 <Téch+> dm M <Téch+> (o)

+0 (JY) (J.190)

This is precisely the expression presented in equation (8.205) of the main text.

J.4.3 Direct Calculation of the Coefficients Sy and T5: a
Consistency Check

In subsection 8.7.7 we also found from the simple “J?-method” the leading coeffi-
cients Ty and Sy. We check now that they lead to the result (J.189) for T, which we
obtained using the general all-order method. We verify in this way the consistency
of the two calculations of 75.

The expressions from the simplified .J?-method are

Sy = — ! . (J.191)

2T5M (74, )

T, = —(T)’ (%) (J.192)

Substituting (J.191) in (J.192) gives the following:

— (Tp)*
;)

d 1
2
W\ o0 (k)

T, (J.193)

We have already an expression of Tj given in (J.185). It is the temperature of the
Schwarzschild black hole:

(J.194)
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Substituting (J.194) in (J.193) leads to

1 Mpy — p
T, — L { o 0} (1.195)
Am (TSch+> (MO)
o — 5] (J.196)

I 4 2
4m (TSch+> (o)™ M

By comparing (J.196), coming from equations (8.212) and (8.213) for T, and Ss,
with (J.189) calculated using f, we conclude that they are indeed equal.
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