Direct and inverse transient eddy
current problems

Dissertation
zur Erlangung des Grades
"Doktor der Naturwissenschaften"
am Fachbereich Physik, Mathematik und Informatik
der Johannes Gutenberg-Universitét

in Mainz

Lilian Simon geb. Arnold
geb. in Speyer am Rhein

Mainz 2014



1. Berichterstatter:
2. Berichterstatter:
3. Berichterstatter:

Datum der miindlichen Priifung: 5. Juni 2014

D77 - Mainzer Dissertation



Abstract

This work considers direct and inverse transient eddy current problems.

Transient excitation currents generate electromagnetic fields, which in turn in-
duce electric currents in proximal conductors. For slowly varying fields this can be
described by the eddy current equation, an approximation to Maxwell’s equations.
It is a linear partial differential equation with non-smooth coefficients and of mixed
parabolic-elliptic type.

The direct problem consists of determining the electric field as the distribu-
tional solution of the equation from knowledge of the excitation and the coeffi-
cients describing the considered medium. Conversely, the fields can be measured
by measurement coils. The inverse problem is then to infer information about the
coefficient describing the conductors from these measurements.

This work presents a variational solution theory and discusses if the equation
is well-posed. Furthermore, the solution’s behavior for vanishing conductivity co-
efficient is studied and a linearization of the equation without conducting object
towards the appearance of a conducting object is given. Two modifications are
proposed to regularize the equation, which lead to a fully parabolic, respectively, a
fully elliptic problem. Both are verified by proving the convergence of the solutions.
Finally, considering the inverse problem of locating the conductors surrounded by
a homogeneous medium and using linear sampling and factorization methods, it is
shown that their position and shape are uniquely determined by the measurements.






Zusammenfassung

Die vorliegende Arbeit behandelt Vorwarts- sowie Riickwértstheorie transienter
Wirbelstromprobleme.

Transiente Anregungsstrome induzieren elektromagnetische Felder, welche soge-
nannte Wirbelstrome in leitfahigen Objekten erzeugen. Im Falle von sich langsam
andernden Feldern kann diese Wechselwirkung durch die Wirbelstromgleichung,
einer Approximation an die Maxwell-Gleichungen, beschrieben werden. Diese ist
eine lineare partielle Differentialgleichung mit nicht-glatten Koeffizientenfunktionen
von gemischt parabolisch-elliptischem Typ.

Das Vorwértsproblem besteht darin, zu gegebener Anregung sowie den umge-
bungsbeschreibenden Koeffizientenfunktionen das elektrische Feld als distributio-
nelle Losung der Gleichung zu bestimmen. Umgekehrt kénnen die Felder mit Mess-
spulen gemessen werden. Das Ziel des Riickwértsproblems ist es, aus diesen Mes-
sungen Informationen iiber leitfihige Objekte, also iiber die Koeffizientenfunktion,
die diese beschreibt, zu gewinnen.

In dieser Arbeit wird eine variationelle Losungstheorie vorgestellt und die Wohl-
gestelltheit der Gleichung diskutiert. Darauf aufbauend wird das Verhalten der Lo-
sung fiir verschwindende Leitfahigkeit studiert und die Linearisierbarkeit der Glei-
chung ohne leitfahiges Objekt in Richtung des Auftauchens eines leitfahigen Objek-
tes gezeigt. Zur Regularisierung der Gleichung werden Modifikationen vorgeschla-
gen, welche ein voll parabolisches bzw. elliptisches Problem liefern. Diese werden
verifiziert, indem die Konvergenz der Losungen gezeigt wird. Zuletzt wird gezeigt,
dass unter der Annahme von sonst homogenen Umgebungsparametern leitfahige
Objekte eindeutig durch die Messungen lokalisiert werden kénnen. Hierzu werden
die Linear Sampling Methode sowie die Faktorisierungsmethode angewendet.
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Chapter 1

Introduction

Eddy currents are electric currents induced within conductors by a temporally
changing (transient) magnetic field. The term eddy current comes from the fact,
that the flow lines are closed as eddies without default paths. Mathematically,
the interaction between the source inducing the magnetic field, the coefficients
representing the considered medium and the resulting electric field can be described
by the eddy current equation.

Various applications of direct and inverse eddy current applications are running
across our daily life. To mention a few, we have eddy current brakes or induction
heating. Inverse eddy current problems occur for instance in non-destructive testing
and magnetic induction tomography. The latter is an imaging technique used to
display electromagnetic properties of objects. Moreover, eddy current effects are
used in metal detectors. Here, an important application is land mine detection,
where a source current in an inductor coil is used to generate electromagnetic fields
that, in turn, induce currents in a buried conductor. The resulting change in the
magnetic field can then be measured by a receiver coil, so that one may try to
reconstruct information about the buried object.

The subject of this work is the mathemathical analysis of direct and inverse
problems for this equation. Besides questions like existence and uniqueness of
solutions of the direct problem, we are concerned with the solution’s dependence
on the conductor. Beyond that, we study the inverse shape detection problem
whether the conductor can be detected from electromagnetic measurements, that
is, from partial knowledge of the solutions.

The transient eddy current equation

Let us start with a formulation of the transient eddy current problem. Transient
excitation currents J(x,t) generate electric and magnetic fields E(x,t) and H(x,t),
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which can be described by Maxwell’s equations

curl H = e, E +oF + J,
curl K = — o H,

where the operator curl acts on the three spatial coordinates, 9; denotes the time-
derivative, and (under the assumption of linear and isotropic time-independent
material laws) o(z), €(x) and p(z) are the conductivity, permittivity and perme-
ability of the considered domain, respectively, material.

For slowly varying electromagnetic fields, the displacement currents e%—lf can be
neglected. This leads to
curl H =oFE + J,
curl B = —uoH,
and after eliminating H, to the transient eddy current equation
1
Oi(0E) + curl (— curl E) = —0,J. (1.1)
I

The eddy current model is well-established in the engineering literature, see
for instance Albanese and Rubinacci in [AR90] or Dirks in [Dir96]. A rigorous
mathematical justification has been derived by Alonso in [Alo99], Pepperl [Pep05]
and Ammari et al. in [ABNOQ] in case of time-harmonic excitations. [ABNO0),
Section 8| also justifies the transient model when the excitation is composed of
low-frequency components. While time-harmonic eddy current problems are well
studied, see, for instance the book of Alonso-Rodriguez and Valli [RV10] and the
references therein, we consider transient eddy current problems in this work.

The direct problem

The direct problem consists of determining the solution F of (1.1]) from knowledge
of the excitation J and the coefficients o and p describing the considered medium.

In a typical application the domain under consideration consists of both, con-
ducting regions (o(x) > 0) and non-conducting regions (o(z) = 0). An interesting
consequence is the fact that equation is of parabolic-elliptic type. The physical
interpretation is that the time-scale is different in the conducting and the insulating
region. In the insulating regions, the field instantaneously adapts to the excitation
(quasi stationary elliptic behavior), while in the conducting regions, due to eddy
currents induced by the varying electromagnetic fields, this adaptation takes some
time (parabolic behavior). A particular consequence is that equation (1.1)) (to-
gether with meaningful initial values) does not determine its solution E uniquely.
To be precise, the equation only determines curl £ and oF. Beside the fact that
the solution is not unique, several applications such as inverse problems, sensitivity



considerations, or the regularization of the equation require a variational solution
theory that should be somehow independent from o, and in particular, indepen-
dent from the conducting domain. It turns out to be mathematically challenging
to derive such a varational solution theory and then to solve the direct problem of
determining the (unique part of the) solution E of (L.I).

In this work, we derive a variational formulation for the eddy current equation
that is unified with respect to 0. To be more precise, we present a variational for-
mulation independent from the conducting domain, that is uniquely solvable, and
whose solution represents all solutions of the equation. We then use our formula-
tion to study the solution’s sensitivity on the conductivity for ¢ — 0. Moreover,
we analyze the change of the solutions of the equation without conducting object
with respect to the problem becoming parabolic in some parts.

In some applications, for instance for computational reasons, one tries to over-
come the non-uniqueness of the solutions of . One natural possibility is to
regularize the problem by setting the conductivity to a small value in the non-
conducting region. In that way, the eddy current equation is made fully parabolic
and uniquely solvable. Analogously, an elliptic regularization can be established.
The aim of this work is to verify these regularizations. The main tool here is our
unified variational formulation: It covers both, the original and the regularized
equation and thus enables us to prove the convergence of the solutions.

The inverse problem

Conversely, the induced electromagnetic fields can be measured by sensing coils.
The aim in several practical applications is to obtain information about the electro-
magnetic properties from such measurements. Mathematically, this is the inverse
problem of reconstructing the coefficients o and p in from knowledge of the
excitations .J and a part of the solutions E of (L.I).

In this work the focus is on locating the conductors surrounded by a non-
conducting medium. More precisely, the aim is to detect the support of the conduc-
tivity coefficient o in from knowledge of the operator mapping the excitation
currents to measurements of the corresponding electric fields. We show that the
position and the shape of this support are uniquely determined by the mapping and
to state an explicit criterion to decide whether a given point is inside the sought
domain or not. This criterion might serve as a base for non-iterative numerical
reconstruction strategies.

Overview

We start with a brief introduction of our notation in Chapter 2
Chapter [3| treats the direct eddy current problem. In case of unbounded do-



CHAPTER 1. INTRODUCTION

mains, we derive a variational formulation for the equation, that is unified with
respect to the conductivity 0. We then use this formulation to study the case
when the conductivity approaches zero, and linearize the eddy current equation
around a non-conducting domain with respect to the introduction of a conducting
object.

The subject of Chapter [4] is the inverse problem of locating conductors sur-
rounded by a non-conducting medium from electromagnetic measurements. Based
on our solution theory developed in Chapter [3| we show that the conductors are
uniquely determined by these measurements, and give an explicit criterion to decide
whether a given point is inside the conducting domain or not.

The aim of Chapter [5]is to justify two regularizations of the parabolic-elliptic
eddy current equation. Therefore we carry over the results of Chapter 3| to the
case of bounded domains. Then, the eddy current equation is made fully parabolic
by setting the conductivity in the insulating region to a small positive value. We
show that this leads to a well-posed problem whose solutions converge against the
solution of the original parabolic-elliptic eddy current equation. We also consider
an elliptic regularization and show an analogous result there.

Published results

All results of this work have been published or are accepted for publication. All
these publications are joint work with my supervisor Prof. Dr. Bastian von Har-
rach.

The results of the third chapter have been published in the SIAM Journal of
Applied Mathematics under the title "A unified variational formulation for the
parabolic-elliptic eddy current equations" [AHT2].

The results of the fourth chapter are accepted for publication in the journal
Inverse Problems under the title "Unique shape detection in transient eddy current
problems" [AH13b].

The results of the fifth chapter are accepted for publication in the Conference
Proceedings of the 4™ International Symposium on Inverse Problems, Design and
Optimization (IPDO-2013) under the title "Justification of regularizations for the
parabolic-elliptic eddy current equation" [AHI3a|. They are also submitted for
publication in the Journal of Inverse Problems in Science and Engineering. The
decision about the acceptance is still open.



Chapter 2

Assumptions and notations

Let us start with a short introduction to the assumptions, the frequently used
function spaces, and some notations used throughout this work.

We fix T > 0 and p € LP(R?), where we denote by LT (R?) the space of
L>(R3)-functions with positive (essential) infimum (denoted by inf u). For the
conductivity coefficient o we assume that

o € L™(R?)

is (essentially) non-negative and has bounded support.

2.1 Function spaces

Let D(R?), D(]0,T]) and D(R3x]0,T[) denote the spaces of C*°-functions in x, ¢
and (z,t), which are compactly supported in R3]0, 7] and R?x]0, T'[, respectively.
We also use the notations D([0,T[) and D(R? x [0,T]) for the spaces of restric-
tions of functions from D(]—oo, T[) and D(R3*x]—oc, T[) to [0,T] and R? x [0, T},
respectively.

D'(R3) denotes the space of distributions, i.e. the space of continuous linear
mappings from D(R?) to R. D'(R3)? and D'(R*x]0, T'[)? are defined analogously.

For a bounded domain or a finite union of bounded domains O C R3, the space
D(0O) is defined as the space of C*°-functions which are compactly supported in

O. In the same way, we also use the spaces D(Q), D(Ox]0,T[), D(O x [0, T]) and
the associated distributional spaces.

Let L?(R?) and W (curl) denote the distributional spaces

L(R%) = {e € D'(R®) | (1 + [af*) "2e € L*(R?)},
W(curl) ;= {E € L2(R*)*| curl E € L*(R%)’}.
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L2(R%)", n = 1,3, and W (curl) are Hilbert spaces with norms
21
-1l = 11+ |27) 72 - ey, and (| [y euny = 11+ [15 + [ eurl - [[Z2gs)s-

The space W (curl, R*\ O) is defined analogously, and the space H(curl, ©O) accord-
ingly as the space of L?(Q)3*-functions having their curl in L?(0)?. We introduce
the Beppo-Levi spaces

WHR?) := {e € L2(R?)| Ve € L*(R?)*},
WHR?)? := {E € L}(R*)*| VE € L*(R*)***}.

In the latter space, VE denotes the Jacobian oiE. If O is a bounded Lipschitz
domain with connected complement, W' (R?\ O) is defined analogously. These
spaces are Hilbert spaces with respect to the norms

|+ lwigsy = IV - |2 @e)e,
H ) ‘|W1(R3)3 = ||V : ‘|L2(R3)3x3,
H ’ HWI(R3\6) = ”V . HLQ(R3\6)37

cf., e.g., [DLOOC, IX.A, §1, Remark 7] and [DL0O0d, XI.B, §1, Theorem 1 and Re-
mark 2|, where Theorem 1 also holds for bounded Lipschitz domains with connected
complement, cf. [Gri85, Theorem 1.4.4.1]. Note that D(R?) is dense in L2(R?) and
in W'(R?), and that D(R?)® is dense in L2(R?)?, in W (curl) and in W*(R?)?.

We also frequently use the space
Wy ={E €W R*?|divE =0}, |- ”W}> = || curl - || p2msys.
On W we have
- lwr@sys = IV - [2@ayss = | - llwy

cf., e.g., the proof of [DL0O0c, IX.A, §1, Theorem 3], so that W<1> equipped with the
norm || - HW<1> is a Hilbert space.

For a Banach space X, we denote by C(0,7,X) and L*(0,T, X) the spaces of
vector-valued functions

E: [0,T] = X,

which are continuous on [0, 7], respectively, square integrable on [0,7], cf., e.g.,
IDLO0Oe, XVIII, §1]. Spaces of functions with vector-valued time-derivatives are
introduced in detail in Subsection
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2.2 Notations

We denote the dual space of a space H by H' and the dual pairing on H' x H by
(-,-)g. The inner product on an inner product space H is denoted by (-, - )g. In
case of real Hilbert spaces, the inner product and the dual pairing on H' x H are
related by the isometry vy : H — H’, that identifies H with its dual:

(tpu, - )pg = (u, - )y forall u € H.

We denote the dual operator of an operator A € L£(H;, Hs) between real Hilbert
spaces Hy, Hy by A'. For b}, € H}, A’ is defined by

(A'Hy, ) g, == (Ky, Al g, for all hy € Hy.

We rigorously distinguish between the dual and the adjoint operator, the latter
denoted by A*. They satisfy the identity A* = LIZ&A/LHZ.

In this work, we frequently use the dual pairing between W (curl)” and W (curl),
hence in this case we write

(G,E) = (G, E)w(eu for G e W(curl), E € W(curl).

We also write R := R*x]0, T[ and L?(R3.) instead of L?(R3x]0, T') and accord-
ingly L?(O7), and usually omit the arguments z and ¢ and only use them where
we expect them to improve readability.






Chapter 3

A unified variational formulation for
the parabolic-elliptic eddy current
equation

In this chapter, we derive a unified variational formulation for the eddy current
equation, that is uniformly coercive with respect to the conductivity and we discuss
the solvability of the eddy current equation. We then use this formulation to study
the case when the conductivity approaches zero. On top of that, we linearize the
eddy current equation without conducting object with respect to the equation being
parabolic in some parts.

The Sections are the Sections 2-4 of the paper [AH12| up to minor
changes.

3.1 Introduction

We consider the transient eddy current equation

Oy (cE) + curl (l curl E> = —0,J, (3.1)
0

with the three-dimensional time-dependent electric field E(x,t) and the source
current J(z,t). The scalar coefficients o(x) and u(x) denote the conductivity and
the permeability of the considered domain.

We consider a domain that consists of conducting regions (o(z) > 0) as well as
non-conducting regions (o(z) = 0), so that equation is of parabolic-elliptic
type. A particular consequence is that initial values are only meaningful in the
conducting region. The second consequence is that equation (3.1) (together with
meaningful initial values) does not uniquely determine its solution. It only deter-
mines E up to the addition of a gauge field, which is a curl-free field that vanishes
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inside the conductor. However, in many applications one is interested only in the
unique parts o F' and curl E of the solution.

For fixed, and in the most cases constant, conductivity, the transient eddy cur-
rent equation has been studied many times. Several variational formulations have
been proposed and used for the numerical solution, such as by Bossavit in [Bos99|,
Beck et al. in [BHHWOO| and in [BDH™99], and by Flemisch et al. in [FMRWO4].
For a well-posed variational formulation of the H-based formulation of the tran-
sient eddy current model, that is obtained by eliminating F instead of the magnetic
field H, let us refer to Meddahi and Selgas in [MS08|. For the E-based formula-
tion and constant conductivity, rigorous theoretical results on the well-posedness
of variational formulations can be found by Bachinger et al. in [BLS05|, Homberg
and Sokolowski in [HS03|, Jiang and Zheng in [JZ12] and Nicaise and Tréltzsch in
INT14]. Acevedo et al. in JAMRO09| and Kolmbauer in [Kol11] allow also spatially
varying conductivity. All these approaches concentrate on solving the eddy current
equation with a fixed conducting region in which the conductivity is assumed to
be bounded from below by some positive constant. The corresponding variational
formulations, along with their underlying solution spaces and coercivity constants,
depend in some form or another on this lower bound or on the support of the
conductivity. Here, the usual approach is the following. To ensure uniqueness, one
imposes a gauge condition, for instance div £ = 0 in the whole or the insulating
part of the domain, where the solution is not unique. Then, one concentrates on
showing the well-posedness of a proposed variational formulation and on how to
solve it numerically. One point that is sometimes neglected here is the question,
whether the solution of the variational equation also solves the eddy current equa-
tion. To the knowledge of the author, there is no completely rigorous variational
solution theory for the eddy current equation in the literature so far.

We consider the general case of spatially varying o. Moreover, for our further
analysis, such as the sensitivity considerations (see Section , the treatment of
the inverse problem (see Chapter |4) and the regularization of the equation (see
Chapter [5)), it turns out to be valuable to have a variational formulation for the
equation that is unified with respect to ¢ in the following sense: It should not
depend on the support of ¢ and should be uniformly coercive with respect to o
and hence uniquely solvable. In particular, the coercivity and continuity constants
should not depend on the lower bound of o.

In this chapter we derive such a unified variational formulation for the eddy
current equation posed on the whole R?. To be more precise, we present a varia-
tional formulation that is uniformly coercive (and hence uniquely solvable) in the
space of divergence-free functions and whose solution agrees with the true solution
up to the addition of a gradient field. At this point it should be stressed that,
for spatially varying o, the standard variational formulation of restricted to
divergence-free functions does not determine the solution up to a curl-free field. Al-
though the solution of our variational formulation does not solve the eddy current
equation, we can prove the solvability of the equation in this way: The unique so-

10
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lution of the variational formulation agrees with every solution of the eddy current
equation up to the addition of a gradient field. In this sense, the unique solution
of the variational formulation represents all solutions. In Chapter |5 we moreover
extend our solution theory to bounded domains.

We use our variational formulation to study the solution’s dependence on the
conductivity. To the authors knowlegde, there are no rigorous results so far. We
first study the limit of the solutions of for 0 — 0 and prove convergence
against their magnetostatic counterparts, which are the solutions of the equation
with ¢ = 0. Beyond that, we analyze the solution’s sensitivity with respect to
the equation changing from elliptic to parabolic type. The main question here is:
How does the solution of the elliptic magnetostatic problem change if the problem
becomes parabolic in a part of the domain? For a scalar analog, the heat equa-
tion, this question has been answered by Harrach in [Geb07]. In our case, we use
an analogous approach and rigorously determine the directional derivative of the
solutions of with ¢ = 0, with respect to o, that is, we linearize the solu-
tions of the elliptic (magnetostatic) problem with respect to the solutions of the
parabolic-elliptic problem.

The first step towards our unified solution theory is the handling of initial
values. We show that solutions of the equation have vector-valued time-derivatives
and that, for every solution F, the term /o E is continuous in time. This enables
us to formulate meaningful initial values independent from the conducting domain.
Here, we follow the theory on the heat equation by Harrach in [Geb07], again.

This chapter is organized as follows: In Section [3.2] we characterize well-defined
initial conditions, derive the standard variational formulation for equation ,
and prove the uniqueness of the solution up to gauge fields. Section [3.3]contains our
main theoretical tool: a uniformly coercive variational formulation that determines
the solution up to the addition of a gradient field. This also proves solvability of
the eddy current equation. Finally, in Section we use our variational formula-
tion to study the behavior of the solutions when the conductivity approaches zero
and linearize (3.1)) without conducting domain with respect to the equation being
parabolic in some parts.

3.2 Formulation of the equation in R’

We consider the space L*(0,T, W (curl)) as the space to look for a solution of the
eddy current equation (3.1)).

Generally, it is not the case that every E € L*(0, T, W (curl)) has some well-
defined initial values. However, in the following we show that at least every solution
of has well-defined initial values. Then, we derive a standard variational
formulation and discuss, in what sense uniqueness can be expected.

Throughout this chapter, we assume that we are given the time derivative of

11



CHAPTER 3. THE PARABOLIC-ELLIPTIC EDDY CURRENT EQUATION

the excitation currents

J, € L*(0,7,W(curl)) with div.J, =0 and
0 2/m3\3 . 0 (3.2)
E” € L7(R°)® with div(cE") = 0.

3.1 Theorem Let E € L?(0,T,W (curl)). The eddy current problem reads

O(o(z)E(x,t)) + curl ( curlE(x,t)) = —Ji(z,t) in R*x]0,T[, (3.3)

()
Vo(z)E(x,0) = \/o(x)E°(z) in R (3.4)

The following holds:

a) For every solution E € L*(0,T, W (curl)) of (3.3) we have
VoE € C(0,T, L*(R%)?).

b) E € L*(0, T, W (curl)) solves (3.3)—(3.4) if and only if E solves

/ /O'E 8tCI>dxdt+/ / —curl & - curl ® dx dt¢
R3 R3

_ /(Jt,®>dt+/ cEY-®(0)dr  (3.5)

0 R3
for all ® € D(R? x [0,T])*.

¢) Equations (3.3)—(3.4) uniquely determine curlE and \/oFE.
Moreover, if E € L*(0,T, W (curl)) solves (3.3)—(3.4), then every function
F € L*0,T,W(curl)) with curl F = curl E and VoF = /oE also solves

B34

Before we prove Theorem in the following subsection, let us stress again
the somewhat subtle point that the initial condition (3.4) is only meaningful for
solutions of (3.3). When we speak of a solution £ € L*(0,7, W (curl)) of (3.3)-
(3-4), then this is to be understood in the following order: Flrst of all, £ €
L*(0, T, W (curl)) has to solve (3.3), so that \/oE € C(0,T, L*(R*)?), and, second,
this continuous function /o E has to fulfill the initial condition (3.4). Note that
this is similar to the interpretation of Neumann boundary values for second-order
elliptic equations.

The multiplication with y/o in the initial condition can be interpreted as
stating that, wherever it makes sense to speak of initial values, they must agree
with E°. In supp o, the equation is parabolic and initial values are meaningful and
necessary. Outside of supp o, where the equation is elliptic, initial conditions are
meaningless and does not contain any information.

Let us stress that, in this section, we only require that o is nonnegative, bounded
and has bounded support.

12
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3.2.1 Initial values, a standard variational formulation and
uniqueness

For E € L*(0,T, W (curl)) we have that E(t),curl E(t) € L*(R3)? for ¢ €]0,T| a.e.
and consequently the products

1
—curl E(t), oE(t) € L*(R?)?
i

are well-defined. Moreover, the assumption div(cE°) = 0 is well-defined in the
sense of distributions since £ € L?(R3)3. Since D(R3)?3 is dense in W (curl), we
can regard L?(0,T, W (curl)’) as a subspace of D'(R*x]0, T'[)3. Hence, also div J; is
well-defined in the sense of distributions.

Now, the transient eddy current equation (3.3)) is equivalent to:

T T
1
—/ /JE-at(I)dxdt—l—/ / —curl £ - curl ® dx d¢
0 JR3 o JRr3 M
T

= _/ (Ji, @ydt for all ® € D(R*x]0,T[)°.  (3.6)

In the rest of this subsection we continue along the lines in [Geb07, Section 2].

We first recall the definition of the time-derivative in the sense of vector-valued
distributions: For two Banach spaces X,Y and a continuous injection ¢ : X — Y,
F € L*(0,T, X) has a time-derivative in L*(0,7,Y) in the sense of vector-valued
distributions, if there exists £ € L?(0,T,Y) which fulfills

T T
/ Egpdt:—/ LE Oypdt  for all ¢ € D(]0,T7)
0 0

(cf., e.g., [DLO0e, XVIII, §1]). For a Gelfand triple V S H <L—l> V' of real separable
Hilbert spaces V and H, the space

W(0,T,V,V') = {E e 12(0,T, V)| E € L*(0,T, v’)}
is defined by taking the time-derivative with respect to the injection /v : V <
V'. The image of the space W(0,7,V,V’) under ¢ is continuously imbedded in

C(0,T,H) and, for E, F € W(0,T,V,V’), the following integration by parts for-
mula holds:

/o [(E(t), F(t))y + (F(t), B(t))y] dt = (WE(T), o F(T))y — (LE(0), tF(0)),

cf., e.g., [DLO0e, XVIII, §1, Theorems 1 and 2|. As a special case we have

HY(0,T,V) =W(0,T,V,V)

13



CHAPTER 3. THE PARABOLIC-ELLIPTIC EDDY CURRENT EQUATION

where V = H is identified with its dual and ¢ is the identity mapping.
In view of (3.3]), we introduce the space
W, :={E € L*(0,T,W(curl))| (cE)" € L*(0,T, W (curl)’) }
where (0F)" denotes the time-derivative of £ € L*(R2)? in the sense of vector-
valued distributions with respect to the canonical injection L?(R3)3 — W (curl)'.

Note that for every E € H'(0,T,W(curl)), cE € L*(R%})® and, in that sense,
E e W, with (cF) =0oFE.

3.2 Lemma IfE € W,, then \/oE € C(0,T, L*(R*)?). Additionally, for two fields
E.F €W, the following integration by parts formula holds:

/0[<(aE)-,F>+<(aF>-,E>}dt:/Rga[E(T).F(T)_Em).F(O)] dr. (3.7)

Proof In [Geb07, Section 2| this lemma is proven for a scalar analog. We repeat
the proof for the convenience of the reader.

We define the space L? by taking the closure of
{VoE|E € L*(R*)*} C L*(R*)®

with respect to the L?(R3)*norm. L2 is a separable Hilbert space equipped with
the standard L?*(R?®)3-inner product.

Then we define a mapping [ by
I: W(curl) = L2, E+ +\/oE,

which is continuous and has dense range. We identify the Hilbert space L2 with
its dual. Then, after factoring out the null space N of I we obtain, that

v: W(curl)/N = L2, E+ Nw—IE
defines an injective, continuous mapping and hence a Gelfand triple
W (curl)/N <5 L2 <5 (W (curl) /NY.

For all G € L? the dual mapping 4’ is given by

(G, F + N)w(cun/n = /3 G- \oFdx for all F € W(curl). (3.8)
R

Let E € W, and G = (cE) € L*0,T,W(curl)’) be the time-derivative of
oF € L*(R3.)? with respect to the canonical injection L?(R®)3 < W (curl). Now

14



3.2. FORMULATION OF THE EQUATION IN R3

we show that G is the time derivative of E+ N € L?(0, T, W (curl)/N) with respect
to Jv. For ¢ € D(]0,T]) and F € N we have

AZGﬁﬁﬂwwdh:—KTéfimyPﬂx®Mﬂ&:0

and thus (G(t), F) = 0 for t €]0,T[ a.e. Hence, G(t) € N+ and we can identify
G with an element of L?*(0,T, (W (curl)/N)’). Then, for F + N € W(curl)/N it
follows that

A<mmF+Mmmww@&=A<mmFm@w

_ _/OT/RS oE(t) - F dx dyp(t) dt

= — / <L/L(E(t) + N), F+ N>W(curl)/Nat(p(t) de
0

and, accordingly, G = (E'+ N) and

E+ N eW(0,T,W(curl)/N, (W (curl)/N)").
Now, it follows that \/oF = «(E + N) € C(0,T, L%) C C(0,T, L*(R?®)?) and using
(3.8) we obtain the integration by parts formula (3.7). OJ

For the next lemma recall that for £ € L*(0,T, W (curl)) the equation (3.1)) is
to be understood in the sense of distributions, cf. the beginning of this subsection.

3.3 Lemma Every solution E € L*(0,T, W (curl)) of (3.1)) is in W, and thus has
well-defined initial values

Vo(z)E(x,0) € L*(R?),
For t €]0,T[ a.e., (cE) (t) € W(curl)’ is given by
1
((cE) (), F) = —=(Ji(t), F) —/ ;curlE(t) -curl F'dz  for all F' € W(curl).
R3
(3.9)

Proof Let E be a solution of (3.1). Define G(t) € W (curl)’ by

1
@mwy:4umm—/fwME@mmwmﬂxw@eW@w.

R3 H

Then G € L?(0,T, W (curl)’), and, due to the fact that E solves (3.6) with ® = ¥
for all ¢ € D(]0,T]) and all ¥ € D(R3)3, it holds that

[ mewa=—[" [ or varopa
:-i/TwEQL@ﬁM%ﬂdt (3.10)

0

15
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Since D(R?)? is dense in W (curl) and both sides depend continuously on ¥, we
obtain that equation holds for all U € W(curl). Now it follows from the
fact, that W (curl) ® D(]0,T]) is dense in L*(0,T, W (curl)), that G = (cE) with
respect to the canonical injection L?(R*)? < W (curl)’. This shows that £ € W,.

U

Lemma [3.3| shows, that the initial condition (3.4) makes sense for solutions of
equation (3.3)), and, in that sense, we can speak of solutions £ € L?(0, T, W (curl))
of (3.3)—(3.4). Now, we give an equivalent variational formulation:

3.4 Lemma The following problems are equivalent:

a) Find E € L*(0,T, W (curl)) that solves and (3.4).
b) Find E € W, that solves (3.4) and

T
/(( dt—l—/ / —curl £ - curl Fdx dt = /(Jt,F)dt (3.11)
0 R3 0
for all F € L*(0,T, W (curl)).

¢) Find E € L*(0, T, W (curl)) that solves

_/ (o dt—|—/ /—curlE curl F'dz dt
0 RS

T
:—/ (Jt,F>dt+/ ocE° - F(0)dx
0 R3

for all F € W, with \/oF(T) = 0.
d) Find E € L*(0, T, W (curl)) that solves

/ /O’E at(I)d:Edt—l—/ / —curl £ - curl ® dz dt
R3 R3

_ _/ (J, >dt+/ oE° . &(0) dx
0 R3
for all ® € D(R? x [0, T)3.

Proof We start by showing "a) = b)”. If E € L?(0, T, W (curl)) solves equations
(3-3)—(3.4) it follows from Lemmal[3.3|that E € W, and holds for all F(z,t) =
G(z)p(t) with G € W(curl) and ¢ € D(]0,T[). Since W (curl) ® D(]0,T7]) is
dense in L?(0,T, W (curl)), and both sides of depend continuously on F' €
L?(0, T, W (curl)), b) follows.

"b) = ¢)” follows from the integration by parts formula (3.7).
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3.3. A UNIFIED VARIATIONAL FORMULATION

"c) = d)” follows from the fact that for ® € D(R®x [0, T[)? the time-derivative
(o®) € L*(0,T,W(curl)) of c® € L*(R3.)? with respect to the canonical injection
L*(R3)3 < W(curl)’ is the image of the classical time-derivative 00,®(t) under this
injection, i.e.

(o®) (t), E(t)) = / 0O,®(t) - E(t)dae  for t €)0,T] ae.

R3

Finally, to show the implication "d) = a)” we use the equation in d) applied
on & € D(R*x]0,T[)3. Then E € L*(0,T, W (curl)) solves and Lemma
yields £ € W,. Now, the integration by parts formula applied on d) with
® =Ty, ¥ € D(R?)3, ¢ € D([0,T[) with ¢(0) = 1, and using Lemma [3.3] implies
that /oE° = /o E(0 ) O

Now, the proof of Theorem [3.1] reads:
Proof of Theorem

a) This follows from Lemma and Lemma .
b) This is the equivalence of a) and d) in Lemma [3.4]

¢) Assume that E € W, is a solution of (3.3)—(3.4) with \/oE(0) = 0 and J; = 0.
Using Lemma [3.4] b) and the integration by parts formula (3.7) implies

Oz/ ((cE dt+/ / —curl £ - curl Edzdt
0 ]R

2 —||\/_ (T )HLQ(R3 3+

m“cuﬂEHLz R3.)3-

We obtain curl E = 0 and /o E = 0. The second assertion is obvious. 0J

3.3 A unified variational formulation

In this section we present a new, uniquely solvable and uniformly coercive varia-
tional formulation that determines the solution of the eddy current problem, (3.3
and (3.4), up to the addition of a gradient field. From this we obtain solvabil-
ity of and (3.4), and a continuity result that is uniform with respect to the
conductivity o.

Our general approach is as follows. We write
E=E+Vu

with a divergence-free field F, and a gradient field Vu. Note that this is very
similar to the classical (A, ¢)-formulation with Coulomb gauge, cf., e.g., [DL00al,

17



CHAPTER 3. THE PARABOLIC-ELLIPTIC EDDY CURRENT EQUATION

[.A, §4, Section 3|, where A is a divergence-free magnetic vector potential and ¢ a
scalar function with

The crucial point is to consider Vu = Vu as a continuous linear function of E,
cf. Lemma This allows us to rewrite the eddy current problem f as a
variational equation for £, which is uniformly coercive on the space of divergence-
free functions and thus uniquely determines the field E. Note that E does not solve
the eddy current equation. Our new variational formulation enables us to study
the asymptotic behavior of E for 0 — 0. From this we can then deduce properties
of the asymptotic behavior of any solution E of the eddy current problem.

For our results we need stronger assumptions on o. Let R > 0 and let By
denote the open ball with radius R centered at the origin. For the rest of this
chapter, we assume that

c€LFR?) :={o € L*R*)|IQC Br: olo € LT(Q), Q=U_,Q;, s€N,
with bounded Lipschitz domains ;, Q;NQ; =0, i # j,
such that R*\ Q is connected and Q = suppo}. (3.12)

Note that our continuity results do not depend on the lower bound of o.

The case of ¢ = 0 is treated separately.

3.5 Lemma There is a continuous linear map
L2(R%)® — H(curl0,R?) := {E € L*(R*)*| cwl E =0}, E — Vug,
with
div(o(E + Vug)) =0 in R?, (3.13)

and which extends (by setting Vug(t) := Vugq) for t €]0,T| a.e.) to a continuous
linear map

L*0,T, ij(R;‘)‘g) — L*(0,T, H(curl 0, R?)), E + Vug,
for which € H'(0,T, L2(R?)*) implies

Vug € H'(0,T, H(curl0,R*)) and (Vug) = Vu.
Proof Let £ € L>(R*)?. Due to Poincare’s inequality (cf., e.g., [DLOOD, IV,
§7, Prop. 2|), the fact, that o is positively bounded from below on €2, and Lax-

Milgram’s Theorem (cf., e.g., [RR04, §8, Theorem 8.14]), there exists a unique
up € HL(Q) that solves

/UVU~Vde:—/aE-Vde for all v € H*(Q). (3.14)
Q Q
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3.3. A UNIFIED VARIATIONAL FORMULATION

Here, HL(Q)) := {v e H(Q)| [, vde=0,i=1,... ,s} . Furthermore, ug de-
pends continuously on E|q € L*(Q)3.

We extend up to an element of W'(R?) by solving Au = 0 on R?* \ Q with
ulon = uplsq for u € WHR? \ Q). Again, Lax-Milgram’s Theorem provides a
unique solution, which depends continuously on ug|sq and thus on E.

Let up, again, denote its extension. Then, up € W!(R3), and the mapping
E — Vug is well-defined, linear and continuous with a continuity constant that
depends on the lower and upper bounds of 0. Moreover, (3.13) is fulfilled.

The remaining assertions follow from standard time regularity arguments, cf.,
e.g., the proof of Lemma [3.11h), below. O

For the rest of this paper, let Vug denote the image of E under this mapping.
Note that there are different possibilities to construct this map, but /oVug is
uniquely determined by the condition (3.13). Moreover, it holds that

||\/EVUE||L2(R3)3 < ||\/EEHL2(R3)37 (3.15)

and, obviously, for all E € W!(R3)?, we have FE + Vug € W(curl).

The fact that the curl of a solution is unique, but not the solution itself, leads
to the idea to work with spaces where || curl- || 2gsys defines a norm. Therefore,
we recall the Hilbert space

Wy ={EeW'(R’)’|divE =0}, |-[lwy = | curl-|[r2msp.

We define the bilinear form a by

a: L0, T, W' (R*?) x H'(0,T, W' (R*)?) = R

// (E + Vug) - q)dxdt+/ / —curl £ - curl  dz dt,
R3 R3

(3.16)

and, motivated by Lemma 3.4 d), the linear form [ : H'(0,7, W!(R3)?) — R:
T
(D) := —/ (Jp, @) dt +/ oE° - ®(0)dux.
0 R3

Now we can state the main result of this section. Let

Hpo(0,T,WS) :={¥ € H'(0,T,W})| ¥(T) = 0}.
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3.6 Theorem (Unified variational formulation)
a) If E € L*(0,T,W}) solves
a(E,®) =1(®) for all ® € Hyo(0,T,W3), (3.17)
then E + Vug € L*(0, T, W (curl)) solves (3.3)—(3.4).
a|H%O(07T7W<1>)2 is uniformly coercive with respect to || - ||L2(07T’W<1>):
O, for all & € Hpy(0.7,1W3).

2]l

a(®,®) >

b) There is a unique solution E € L*(0,T, Wg) of (3.17). E depends continu-
ously on J; and \/oE°:

1Bl 202wy < V2max([|p]loo, 2) max(V5| il 220,1,w teury) VOB | p2(gsys)-
(3.18)

E + Vug solves the eddy current equation and (3.4) and any other
solution E € L*(0,T, W (curl)) of (3.3)—(3.4) fulﬁlls

curl E = curl B, oF = /o(E + Vup). (3.19)
curl E and \/oE depend continuously on J; and /o E°:
| curl B[l 2gg ys < vV2max(|| o, 2) max (V5| Jel| 20, 2w (eurty)s |V B | 2wss)
H\/EEHLQ(R%):” < 4m||\/5||oo” CurlEHL?(R?%)S-

If o equals zero, we have the following result:

3.7 Theorem For 0 =0, E € L*(0,T,W}) is a solution of (3.3)) if and only if E
solves

ao(E, F) = Io(F) for all F € L*(0,T,W}), (3.20)

where ag and ly denote a(-,-) and [(-) with 0 = 0. There exists a unique solution
E € L*(0,T, Wé) and this solution depends continuously on J;:

||E||L2(O,T,W<1>) < \/BHNHooHJt||L2(o,T,W(cur1)')-

The proofs can be found in the following subsection.

3.8 Corollary Let (0,,)nen C L (R?) be a bounded sequence and E, n €N, be
the corresponding unique solutions of (3.17)). Then the sequences

(Ep)nen C L2(0,T,W3)  and  (vVouEn)nen, (V0 Vugs Jnen C L*(RE)?
are bounded. The bounds depend on the bound of (0},)nen-

In particular, for any sequence (E,)nen C L*(0, T, W (curl)) of corresponding
solutions of (3.3)—(3.4) the sequences

(curl E,)pens (W0, En)nen C L*(R3)?

are bounded.
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3.3. A UNIFIED VARIATIONAL FORMULATION

3.3.1 Solution theory

To show the first part of Theorem [3.6p), we use of the following simple decompo-
sition.

3.9 Lemma
a) Every ® € D(R®)? can be written as
O ="+ Vo,
with U e W}, o € WY(R?), and Vi € W'(R?)%.
b) Every ® € D(R? x [0, T[)® can be written as
O ="+ Vo,
with W € Hrp,(0,T, W<1>), o € HY(0,T,WLR?)), Vp € H0,T, W R?)?3),
and Vo(T) = 0.
Proof Let ® € D(R?)%. Then Lax-Milgram’s Theorem yields a unique solution
o € WI(R?) of
Ap =divd in R%

By standard regularity results ¢ € C°°(IR3). For a centered ball B C R? containing
the support of @, ¢ solves the exterior Dirichlet problem

Ap=0 inR*\ B, ¢lopec H*OB)

so that it follows from, e.g., [Néd01, Theorem 2.5.1] that Vo € WH(R3 \ B)3, and
hence Vi € W'(R?)?. With W := ® — Vyp € W we obtain assertion a).

Assertion b) follows from standard time regularity arguments, cf., e.g., the proof

of Lemma [3.11p), below. O

We prove the existence result in Theorem [3.6b) using the Lions-Lax-Milgram
Theorem.

3.10 Lemma (Lions-Lax-Milgram Theorem) Let H be a Hilbert space and
V' be a normed (not necessarily complete) vector space. Let a : H x V — R be a
bilinear form satisfying the following properties:

a) For every ® € V| the linear form E — a(E,®) is continuous on H.

b) There exists o > 0 such that

inf  sup |a(E,P)| >

I®llv=1E|y<1

Q.I»—
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Then for each continuous linear form | € V', there exists E; € H such that

CZ(EI,(I)) = <l,(I)> for all ® € V and ”EZH”H < OéHlHV/.

The proof of Lemma can be found, for example, in [Sho97, §3, Theorem 2.1
and Corollary 2.1].

Proof of Theorem [3.6

a)

22

It is obvious, that for gradient fields Vo € HY(0,7,W!(R3)3) with ¢ €
HY (0, T, W'(R?)), a(-, V) as well as [(V) vanish. (For the latter, recall that
div.J; = 0 and div(¢E°) = 0.) Hence, it follows from the decomposition in
Lemma and from the linearity of a and [, that (for any E € L*(0,T, W}))
a(E,®) = (D)

holds for all ® € D(R? x [0, T[)?, if it holds for all & € Hb,(0,T,W4).
Lemma [3.4] yields the first assertion.

For ® € Hy,(0,T,W}), Lemmal[3.5 and the integration by parts formula (3.7)

yield that
/ / (®+ Vug) - <I>dycdt+/ / lcurl @] da dt
R3 R3 W

—H\/_(CID—i—Vu@)( )HL2 (R3)3 +—”CI)||L2 0,1T,WS) (3 21)

12lloo

and thus the second assertion.

We apply the Lions-Lax-Milgram Theorem. We use the Hilbert space H :=
L?(0,T,W}) and equip its subspace V := Hz(0, T, W}) with the norm

121 = 1@ 20 zw3) + 1VE(R + Vua) (0)][72s)s-
Then equation (3.21)) implies that

1
inf  su E, ®) > inf |a(P,P)> ————.
[E= 1HE||Hp<1| alE,®) ||<1>||v:1| (2, 2)l max( ||t oo, 2)

Given @ € V we set C' := max(H<I>||L2(07T7W<1>), 1@l 22(07.22(8g)%)). Then it
follows from 1} and p € L (R?), that for all £ € H

|
a(E, )| = [ (E+ Vug) - <I>+—cur1E-cur1<I>} dxdt’
0

R3

<c 2||f||oo||fEuLz R3>3+—||E|1L20Twl]

1
< |lolla2l Bl azcanr) + I Elzorony |

1

< € |lole2VIF R Bl omszoom + o

HEHLQ(O,T,W@] |
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Similarly to the proof of [DL00d, XI.B, §1, Lemma 1], it holds that
1Flly < 2| VPl 2sy = 2| Fllwy  for all F e W, (3.22)

and thus
1
la(E,®)] < C |4]lo]|V1+ R? + iy | ]2

Hence, for fixed ® € V, a(-, ®) is continuous on H.
Equation (3.22)) also yields
115y (eury = 1115 + | conl Fl[gsys < 5IF Gy, for all e Wy, (3.23)

so that we obtain for all ® € V,

1(®)] = '—/OTUt,cD) dt + /W oB° . ®(0)dx

< [ Jell L20.1,w (curty) || @ || L2 0,1,W (curt))
+ Vo E° | 2oy [ Vo (@ + Vua) (0)]] L2 (gs)s

< V2 max(V5|| Tyl 20w euntyy s IWVTEC| | L2gsys) | @] v
Hence, [ € V' and

12l < V2max(V5|| || 200w eurty)s VT E® || 12 (roy2).-

Now, Lemma yields the existence of an £ € H = L*(0,T, W) that
fulfills (3.17) and depends continuously on [, i.e.

1B 200wy) < V2max(|[plloe, 2) max (V5| Jill 20,2,w curty)s VT E | p2geays)-

Part a) yields that £ + Vugz € L*(0,T, W (curl)) is a solution of the eddy

current problem ([3.3)—(3.4)).

To show uniqueness, let Ey, Fy € L2(0,T, W<1>) be two solutions of ([3.17).
Then, E; + Vug, Ey+ Vug, € L*(0,T,W (curl)) both solve the eddy current
equation (3.3) and (3.4). Now, Theorem ) implies

curl B, = curl(E; + Vug ) = curl(E, + Vug,) = curl E,
and it follows, that
0= [[ewrl(Ey — Ey)l| 2@y = |2 — Eallws -
The remaining assertions of b) follow similarly from Theorem ). O

Proof of Theorem Theorem follows from p € L°(R?), (3-23)), and

Lax-Milgram’s Theorem. U
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3.3.2 On time regularity

We close this section by showing a result on time regularity of the solutions.

3.11 Lemma Let J; € H (0,7, W (curl)’) and E° € W (curl) such that
1 0
curl p curl BV | = —J,(0)

in addition to the general assumptions (3.2). Let E € L*(0,T, W) be the solution
of (3.17). Then, the following holds:

a) E€ H'(0,T,W}) and F = (E)" is the solution of
T
a(F,®) = —/ ((Jy),®)dt  for all ® € Hpy(0, T, Wy). (3.24)
0

F = F 4 Vuz € L*(0,T, W(curl)) solves
1
O(0F) + curl (— curl F) = —(J,)  inR*x]0, T
W

with zero initial conditions.

b) For any solution E € L*(0,T,W ((curl)) of the eddy current problem (3.3))~
(3.4) we have that

Elg € H'(0,T,L*(Q)°), (Ela) = Fla,
curl E € H'(0,T, L*(R®)?), (curl E)" = curl F = curl F.

Proof

a) Theorem yields that 1) ha~s a unique solution ' € L2(0,T, W3), so it
only remains to show that F' = (E)’, which, in turn, follows if

t
Z(t) = / F(s)ds+ E° + Vg € H'(0,T,W})
0

solves (3.17). Here, vgo € W'(R?) is the unique solution of

Avgo = —div E°  in R3.

Let ® € Hpy(0,T,W}). We define
t T
B(t) = / B(s) ds —/ B(s) ds € Hbo(0, T, W3).
0 0
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Note that the assumption div(cE®) = 0 together with Lemma implies
that

Uvuz(g) = UVU(E0+VUE0) = —O'VUEO,

so that we obtain

T o
a(Z,@):/ / < 0(Z + Vuy) - CD—I——curlZ-curlCI)) dz dt
R3 H

1
/ / o(Z 4+ Vuy) - Zcurl Z- curlllf) dx dt
R3 K
. 1
+ / (O’ (Z(0) + Vuz)) - ¥(0) — m curl Z(0) - curl‘II(O)) dz
R3

. 1
=—a(Z,V)+ / (UEO - ®(0) — — curl E° - curl@(O)) dx
R3 H

= /T<(Jt)', ) dt + / o B - ®(0) dz + (J(0), ¥(0))

__/T<Jt,\i/> dt+/3 oE° - ®(0)dx
_ 1), .

b) follows immediately from a) and Theorem ). O

The analogous assertion holds for o = 0:

3.12 Lemma Let 0 =0 and let J, € H'(0,T, W (curl)’) in addition to the general
assumptions (3.2) on J;.

If E € L*0,T,W}) is the solution of (3.20), then E € H'(0,T,W}) and
F = (E) is the solution of

1
curl <— curl F) =—(J,) inR*x]0,T].
0

The proof is analogously to the proof of Lemma [3.11}).

3.4 Sensitivity Analysis

In this section we keep E° and J; fixed and analyze the solution(s) behavior if o
approaches zero. To this end, let (0,),eny C L5 (R?) be a sequence such that

lim 0, =0 in L>®(R?).

n—oo
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Corresponding to (0y, )nen, let (Ey)nen € L*(0, T, W (curl)) denote any sequence
of solutions of (3.3)-(3.4) and let (E,)nen C L*(0,T,W}) denote the sequence of
unique solutions of (3.17). For o =0, let E € L?(0,T, W (curl)) denote any solution

of (3.3) and let £ € L?(0,T, W{) denote the solution of (3.20).

Our first result is that the solutions converge:

3.13 Theorem (Convergence) It holds, that

curl B, — curl B, \/0,E, — 0 in L*(R3.)?
and (0,E,) — 0 in L*(0,T, W (curl)’).

Moreover we show that (under some regularity assumptions) the directional
derivative of F with respect to o exists and can be characterized in the following
way:

3.14 Theorem (Linearization) Let J, € H*(0,T, W (curl)'), and E° € W (curl)
such that

1
curl (— curl E0> = —J;(0)
p
in addition to our general assumptions (3.2) on J; and E°. Let d € LY (R?) and
h > 0. Let Eq € H'(0,T,W (curl)) be a solution of (3.3) with o = 0 that fulfills
div(dEy) = 0 and F € L*(0,T, W (curl)) be a solution of

1 .
curl (— curl F) = —dE; in R*x]0,TT.
1

Let Ej, € L*(0,T, W (curl)) be a solution of (3.3)(3.4) with o = hd. Then

1
E(Curl E, —cwlE) = curl ' in L*(R3)* (b — 0%).

Let us first comment on the existence of £; and F. For instance we can choose
E, = E + Vuj, where Vug is the image of E under the mapping defined in
Lemma [3.5| with ¢ = d. Then the time regularity of F; and the existence of F
follow from Lemma [3.12] Lemma and Theorem Note that E4, F', and also
E}, are not unique. Theorem holds for every choice of Ej, E; and F.

The two theorems are proved in the following two subsections.

3.15 Remark More general meaningful initial conditions that obey div(o, E®) = 0
for every n can be obtained, for instance, by replacing the initial condition by
VI, En(0) = \/0,(E® + Vugo) for some fixed E° € L*(R?)3. Here, Vugo is taken
with respect to 0,. The assertions of this section as well as Corollary hold for
this particular choice.
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3.4.1 Convergence
Obviously, \/o,E° — 0 in L*(R?).
3.16 Lemma It holds, that

E,—E inL*0,T,W}), and /0,E,, v/0,Vuz — 0 in L*(R})%.

Proof First, we show that E, — E. To prove this it suffices to show that
every subsequence of (F,),en has a subsequence that converges weakly against F.

From Corollary E we know that (Ey)nen C L*(0,T,W}) is bounded. Using that
supp 0, C Br and Lemma we obtain the second part of the assertion,

VonEy, Vo, Vug — 0 in L*(R})%.

Alaoglu’s Theorem, cf., e.g., [RR04, Theorem 6.62|, yields that every subse-

quence of (E,),en contains a subsequence (that we still denote by (E,)nen for ease
of notation) that converges weakly against some E’ € L*(0,T,W}). We show that
all these weak limits are identical to £

E, — E"in L*0,7,W}) implies that cwrl £, — cwl ' in L*(R})?, so that
for every ® € Hky(0,7,W}) the left hand side a(E,, ®) of with 0 = o,
converges against ag(E’, ®). Clearly, the right hand side of with 0 = o,

converges against [o(®). Hence, E' solves (3.20) and thus uniqueness provides
E = F’', and hence

E,—~E in L*0,T,W}).

Since E, + Vu 7, solves the eddy current problem (3.3)(3.4) with o = o, we
obtain using Lemma [3.4b)

T T
||M-;CuﬂEn||%2(R3T)3:_/ <(an(En+VuEn))~,En+VUEn>dt—/ (Jp, E,) dt
0 0
1 012 ! 3
§§||\/O'nE HLQ(]R3)3 _/ <JtuEn> dt
0

1 T 1 . .
:_||\/0-nE0H%2(R3)3 + / / —curl £ - curl £, dz dt,
2 o JRr3 M

and hence
lim sup ||+~ % curl EnHLQ(R%)s <|lp2 CurlEHLQ(R:iT):s
n—oo
which, together with E, — E, yields E, — E. U
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Proof of Theorem For any solutions F,,, respectively, E of (3.3)—(3.4)
with o = o, respectively, 0 = 0, we have that

Voo F, = \/an(En +Vug ), curlE, = curl E,, and cwlE =culE,
so that Lemma provides curl £, — curl £ and /o, E,, — 0.

From the explicit form (3.9) of (0,,E,)" given in Lemma [3.3] we obtain for all
F e L*0,T, W (curl))

/OT<(anEn)',F> dt‘ <

and hence (0,E,) — 0. O

mn M” curl(E — En)”L?(R%)i*H CUﬂFHL?(R;)%

3.4.2 Linearization results

To characterize the directional derivative of E with respect to o, some more
time regularity is needed. To this end, we assume in addition to (3.2), that
Jy € HY (0,7, W(curl)’), and E° € W(curl) such that

1
curl (— curl EO> = —J:(0).
w
3.17 Lemma For everyn € N, E,, — E € L*(0,T, W (curl)) solves

1 .
curl <— curl(E,, — E)) =—0,E, inR*x]0,T].
1

Moreover, there is a constant C' so that

| B — EHL2(0,T,W<1>) <c

lim sup

Proof From Lemma IEJ and Lemma m we know that the time derivatives of

ny

ao(E, — E, D) / /O’n n+ Vug ) O dxdt
R3

for all ® € Hrpy(0,7, W) and thus also for all ® € L*(0,7,W}). So the first
assertion follows from the identity (E, + Vu 5|0, = Enla,

From Theorem [3.7 and (3.15)) we now obtain a constant C’ > 0 (depending on
w and R) so that

180 — Bl < ClVanllcl VanEnl o s
< 20 oullocll (Bu) |28 010

As every (E,) solves (3.24) with o = o,,, Corollary [3.8] yields that ((E,) )nen is a
bounded sequence in L*(0, T, W<1>) and thus the second assertion follows. U
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3.18 Lemma Let d € Ly (R®), and E; = F + Vug, where Vug is the image of
E under the mapping defined in Lemma E with 0 = d. Let F € L*(0,T,W}) be
the solution of

T
ao(F, ®) = —/0 /R d(Ey) - ®dxdt  for all ® € L*(0,T,W}). (3.25)

Furthermore, for h > 0 let E), € L*(0,T,W}) be the solution of (3.17) corre-
sponding to o = hd. Then for h — 0%
1

E(Eh —E)— F  in L*(0,T,W3).

Proof Lemma Lemma and Lemma @I yield that (E,)" — (E)" in
L?(0,T,W}). The mapping defined in Lemmal@ does not change if we take 0 = d
instead of 0 = hd. Hence, as d is fixed, the continuity of this mapping implies that
Vug — Vug in L3(R3,)3.

From Lemma, we obtain that for all ® € L*(0,T, W})

1,2 = = T ~ N
o <E<Eh—E)—F,¢>> =—/ / d(Ey + Vug, — E — Vug) - ®dvdt
0 R3

The assertion now follows from setting ® := %(Eh —E) — F and using the coercivity
of ay. O

Proof of Theorem Let E; € H'(0,T, W (curl)) be a solution of (3.3))
with o = 0 that fulfills div(dE,;) = 0 and F € L?(0, T, W (curl)) be a solution of

1 .
curl <— curl F> = —dF; in R*x]0,T].
0

Let E; and F be as in Lemma m

Since both, E; and E,, solve (3.3) with 0 = 0, we have curl E; = curl E,.
Hence, for ¢t €]0, T a.e., using the Poincaré Lemma on Bg, cf., e.g., [DL00¢, IX.A,
§1, Lemma 4], we obtain a p € H'(Bg) with (Ey(t) — E4(t))|s, = Vp. Now
div(d(E; — E,)) = 0 implies that

/ dVp-Vodr =0 for all ¢ € D(R?),
R3

so that vdVp = 0. It follows that d(E,)" = d(E,)" and hence curl F = curl F. Since
also curl £y, = curl Ej,, and curl £ = curl E, the assertion follows from Lemma
O

29






Chapter 4

Unique shape detection in transient
eddy current problems

The subject of this chapter is the inverse problem of locating conductors surrounded
by a non-conducting medium from electromagnetic measurements, i.e. from knowl-
edge of the operator mapping the excitation currents to measurements of the corre-
sponding electric fields. We show that the conductors are uniquely determined by
the measurements, and give an explicit criterion to decide whether a given point is
inside the conducting domain or not.

The Sections and are the Sections 4-8 of [AHI3b] up to minor
changes.

4.1 Introduction

Inferring information about the electromagnetic properties from knowledge of the
excitation currents and the corresponding measured fields in eddy current applica-
tions corresponds to the inverse problem of reconstructing the coefficients o and p
in

Oy(oE) + curl (% curl E) = —0,J. (4.1)
L

from knowledge of the excitations d;J and a part of the solutions F of (4.1)).

Various inverse eddy current problems have been studied in the engineering
literature. Reconstruction of electromagnetic properties in time harmonic eddy
current problems is the aim of magnetic induction tomography (MIT) which is
used for medical and industrial imaging (see for example Griffiths in |[Gri01] or
Scharfetter et al. in [SCR03| and the references therein). An overview about non-
destructive evaluation is given by Auld and Moulder in [AM99], see also Krause et
al. in [KPZ03| and Tian et al. in [ISTRO5|. Inverse problems in transient eddy
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current problems are considered, for instance, by Fu and Bowler in [FB06] and by
Cheng and Komura in [CKO§].

In the mathematical literature, inverse problems for time harmonic eddy cur-
rent problems are treated, for instance, by Ammari et al. in [ACCT14], Alonso
Rodriguez et al. in [ARCnV12|, Wei et al. in [WMSI12| and Soleimani in [Sol07].
To the knowledge of the author, no mathematical results exist on inverse problems
for transient eddy current problems.

We now concentrate on detecting the position and the shape of conductors sur-
rounded by a non-conducting medium in transient eddy current problems. Mathe-
matically this corresponds to detecting the support of the conductivity coefficient
o in (4.1).

For the modelling of the measurements we follow Harrach et al. in [GHKT05|
and in [GHSO08|: Transient excitation currents through an idealized measurement
instrument given by a two-dimensional sheet S (representing infinitely many in-
finitesimal excitation coils and measurement coils) are used to generate the fields.
Then, the induced voltages in sensing coils on S are detected. Mathematically, this
is encoded in a measurement operator A, that maps I (the negative time-derivative
of the transient excitation current J, i.e. [ := —0;J) on the electric field £ that
solves restricted to S:

A]HE|S

A proper definition of A is given in Section [{.3] The aim of this work is then to
show that the conducting domains are uniquely determined by A and to propose a
strategy for shape reconstruction.

A well-established non-iterative method for shape reconstruction is the factor-
ization method invented by Kirsch in [Kir98| in the context of inverse scattering.
Based on a factorization of the measurement operator, an explicit criterion is de-
veloped, which determines whether a given point is inside the domain of interest
or not. The factorization method has been extended and widely used for shape
detection in several inverse problems, see, for instance, Kirsch and Grinberg in
IKGO7] and the references therein. For an overview on the application in elec-
trical impedance tomography see Briihl and Hanke in [BHO3| and the recent work
of Harrach [Har13|. In [Kir04], Kirsch applies this method to an inverse problem
involving the time harmonic Maxwell system. In the context of land mine detec-
tion, the magnetostatic limit of Maxwell’s equations is treated by Harrach et al.
in [GHSO8|. Results on the heat equation, a scalar parabolic-elliptic analog of the
eddy current equation, can be found in Frithauf et al. [FGS07|. Another approach
are linear sampling methods originated by Colton and Kirsch in [CK96]. Like the
factorization method, a sufficient (but not necessary) condition on a point to be
inside the domain of interest is produced.

In this chapter we show that both methods can be applied for shape detection
in transient eddy current problems. First, we use the linear sampling method to
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detect a subset of the conducting domain. On top of that, considering diamagnetic
materials, we show that the unknown domain is uniquely determined by the mea-
surement operator A. Here, the key is to control A from above and from below
with constraining operators which determine a subset and a superset of the sought
domain, as proposed by Harrach in [Harl3|. Then, an explicit criterion can be
stated to determine whether a given point is inside or outside the domain. This
criterion also serves as a base for non-iterative numerical reconstruction strategies.
Despite the fact that we do not provide any factorization of A, we finally show that
this criterion is equivalent to the one used in the factorization method. We also
reformulate it in in terms of the Picard criterion. The latter has been used for nu-
merical implementation of shape reconstruction algorithms in electrical impedance
tomography and in three dimensional related problems, cf., e.g., Harrach et al.
in [GHK™05, [(GHSO8| for numerical results. Analogously, we expect our criterion
to serve as a base for non-iterative reconstruction algorithms for transient eddy
current problems.

This chapter is organized as follows: Section summarizes our variational
solution theory from Sections [3.2] and for the direct problem. The setting for
the inverse problem and the definition of the measurement operator is provided in
Section In Section we show that the linear sampling method can be ap-
plied to detect a subset of the conducting domain. Our main result is presented in
Section [4.5} In case of diamagnetic materials, the conductor is uniquely located by
the measurement operator. Here we also present the explicit criterion for detecting
the conducting domain and show its equivalence to the factorization method. Sec-
tion contains the proof of our main result. Finally, in Section [4.7 we rewrite our
criterion in terms of the Picard criterion. A conclusion can be found in Section (4.8

4.2 The direct problem

This section briefly summarizes the most important results of Chapter |3[ on the
solution theory of the direct problem.

Throughout this chapter we assume for the conductivity o, that there is some
Q) C R? such that

ol € LT(9).

For this () we assume that it is the finite union of smoothly bounded domains €;
with Q; N Q; = 0 if i # j, that R®\ Q is connected and that Q = suppo. Let I
denote the union of the boundaries of €2; and v denote the outer normal unit vector
on I'. We call ) the conductor.

The permeability ;1 € LP(R?) is assumed to be constant outside of €, for
simplicity we assume

plgsg = 1.
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We assume that we are given some right hand side J;, € L?(0,T, W (curl)’),
that obeys div.J; = 0 and initial values \/oE" with E° € L?*(R3)3, that fulfill
div(cE®) = 0.

Then, for E € L?(0,T, W (curl)), the eddy current problem reads

O(o(x)E(x,t)) + curl ( curlE(:E,t)) = —Ji(x,1t) in R¥x]0,T[, (4.2)

()

Vo(z)E(x,0) = \/o(x)E’(z) in R (4.3)
Recall the mapping
L2(R%)* — H(curl0,R?) := {E € L*(R*)*| cwl E = 0}, E — Vug,
with div(o(E + Vug)) = 0 in R? from Lemma the bilinear form
as : L*(0, T, W' (R*)*) x H'(0, T, W (R?)?) — R,
T T
: 1
a,(E,®) = —/ / o(E+ Vug) - <I>d:vdt+/ / —curl £ - curl ® dz dt
0 JR3 0o Jr3H
and the Hilbert space
W§ = {E € WHR*)?| divE = 0}.

Then, the solution theory on the eddy current problem is summarized in the fol-
lowing theorem.

4.1 Theorem (cf. Theorem 3.6)

a) If E € L*(0,T,W}) solves

T
a, (B, ®) = —/ (J;, @) dt+/RS ocE?-®(0)dz for all ® € Hp,(0,T,W}),
0
(4.4)

then E + Vug € L*(0,T, W (curl)) solves (4.2)(4.3), where

Hpo(0,T,W5) :={¥ € H'(0,T,W})| ¥(T) = 0}.

b) There is a unique solution E € L*(0,T,W3) of (4.4). E depends continuously
on J; and \/oE°. E + Vug solves the eddy current problem (4.2))-([4.3) and
any other solution F € L*(0, T, W (curl)) of (4.2)—(4.3) fulfills

curl ' = curl B, +/oF =+\/o(E + Vug).

curl ' and /o F depend continuously on J; and /o E°.
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We also consider the case 0 = 0 and p = 1, that we call the reference prob-
lem. This case corresponds to the eddy current problem without any conducting
medium. Then, the solution theory on the reference problem reduces to

4.2 Theorem (cf. Theorem Let E € L*(0, T, W (curl)).

a) The reference problem reads

curlcurl E(z,t) = —Ji(x, ) in R*x]0, T7. (4.5)

b) E solves (4.5)) if and only if E solves

T
ao(E, D) ::/ / curl £ - curl @ dx dt
R3
S
S / (J;,®)dt  for all ® € L*(0,T,W}), (4.6)
0

where ag : L*(0,T, W (curl))? — R.

¢) There exists a unique solution E € L*(0,T,W}) of (4.6) and this solution
depends continuously on J;. Any other solution F € L*(0, T, W (curl)) fulfills

curl F = curl £

and curl F' depends continuously on J;.

4.3 Electromagnetic measurements

We now turn to the description of our idealized measurement instrument. As
in, e.g., [GHK™05, [GHS08|, we assume that the electric field F is generated by
transient surface currents on a two-dimensional sheet S. In this way we assume
that we can apply every divergence-free tangential function I (that corresponds to
—J;) supported in S as excitation on the right hand side of (4.2)). Our idealized
measurement instrument also measures the tangential component of the electric

field on S.

Mathematically, the setting is as follows. We assume that
S C RY = {(z1,2,,0)" € R?}

is (as a subset of R?) a bounded Lipschitz domain. Let n be the outer normal unit
vector on S, i.e. n = (0,0, 1)T. We assume that € is placed below S and that
QNS =40, ie.

ﬁ C {(.Z’l,xg,l’g)T S R3|I‘3 < O}
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We consider the excitation I as an element of the space L*(0, T, T'L%(S)). Here,
the space T'L%(S) denotes the subspace of the space TL?*(S) of elements with
vanishing divergence, where

TL*(S) == {u € L*(S)*|n-u=0}

is the space of tangential functions. Using the continuous extension of the identi-
fication of an element I € TL?*(S) with the distribution

<I>I—>/I ddS = / ((n x ®|s) x n)dS for all ® € D(R?)?

to W (curl), we consider the spaces T'L*(S) and T'L7 (S) as subspaces of W (curl)".
Both, T'L?*(S) and T'L3(S) are Hilbert spaces equipped with the usual L*(S)?-
inner product. Hence, every I € L?*(0,T, TL%(S)) defines an element of the space
L*(0,T, W (curl)') that satisfies div I = 0. In this sense we can consider the surface
current I € L*(0,T, TL%(S)) as a source term for the eddy current equation (4.2)),
respectively, the reference problem (4.5). In the following, we do not distinguish
between I € L*(0,7,TL%(S)) and the corresponding element of L*(0, T, W (curl)’)
and still write the dual pairing as a L?(S)3-product.

To define the measurement operator we first remark, that the mapping
WY R?)? = TL*(S), B+ vsE = (n x E|g) xn
is linear and continuous. Moreover, let
Ng := R (vsVD(R3)) C TL*(S).
It can easily be verified, that Ng @& T'L%(S) = TL?*(S) and
TL*(S)/Ns = TL%(S)'. (4.7)

Together with the identification of T'LZ (S) with its dual, we consider the measure-
ments as elements of L?(0,7,TL%(S)). This can be interpreted as measuring the
electric field, such that it is adequately gauged to be divergence-free on S. Now,
Theorems [£.1 and [4.2] yield the following linear continuous operators.

4.3 Definition (Measurement operator) We define the measurement operator
A=Ay — Ay : L*(0,T,TLE(S)) — L*(0, T, TL3(S)).
Here, Ag and A, are the mappings
Ao, Ay : L*(0, T, TL%(S)) — L*(0, T, TL(S)),

I — ~vsFEy, respectively, ~sE,, (4.8)
where Ey, E, € L*(0,T,W}) are the unique solutions of
T
ag(Ey, F) = / (Vs F\ I ) p2(sys dt for all F € L*(0,T,W}), (4.9)
0
T
ao(E,, F) = / (vsF Dpxspdt forall F e Hi(0,T,W0).  (4.10)
0
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Note that if Fy and E, solve and , then they are the unique solu-
tions of and with right hand side /. This means that F, + Vug, €
L*(0,T, W (curl)) solves with right hand side I and zero initial condition, cf.
Theorem b). Especially, the above defined operators do not match the tangen-
tial value of the "real” electric field but just the tangential value of its divergence-free
part.

Let us stress, that even if f does not determine the solution uniquely,
in the measurement space, the measurements of different solutions still coincide.
This is up to (4.7) and the fact, that, in a neighborhood of S, all solutions E €
L*(0, T, W (curl)) of ([.2)-(.3) equal up to gradient fields. Hence, the evaluation
of ysE in L*(0,T,TL%(S)) is also well-defined, linear and continuous and defines
the same element as ygF,. Therefore, we understand A as a gauged measurement
operator, where vsFy, vsF, actually represent equivalence classes, cf. .

Before we start with the inverse problem, we introduce the time-integral oper-
ator

T
2: L*(0,T, TLL(S)) — TL%(9), hH/ h(t) dt.
0

Its adjoint operator maps a time-independent function [ € T L%(S ) on its counter-
part in L*(0,7,TL%(S)) that is constant in time, i.e.

=)t =1, t e (0,T).

To maintain lucidity, we usually omit =*.

In the following three sections, we use of the space T'H~'/?(curly) and its dual
space TH~Y2(divr), cf., e.g., [Ces96, Chp. 2], and the surjective trace mappings

H(curl, Q) — THY?(curlp), E v rE = (vx E|r) xv,
H(curl, Q) — TH'?(divy), E—vx E|r.

4.4 Linear sampling method

In this section we show that a subset of 2 is determined by the measurements.
Therefore, we factorize the measurement operator into

A = LN,

where N maps an excitation on S to its effect on the conductor, and L measures
then the induced electric field on S. In linear sampling or factorization method
context, L is often called the wirtual measurement operator. Its range contains
information needed to detect €).
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We start with this operator. Let H(curl, Q)} denote the subspace of H(curl, Q2)’
of elements with vanishing divergence,

H(curl, Q) == {g € H(cur, Q)| (9, V) rrcun,y = 0 for all ¢ € D(Q)}.

Then, H(curl, Q), is a Hilbert space and the following operator is linear and con-
tinuous:

L:L*(0,T, H(curl,Q)y) — L*(0,T,TL%(S)), B~ ~sH,

where H € L*(0,T,W}) solves
T
ao(H, F) = / (B, Flo) ey dt  forall F e L2(0,T.W0).  (4.11)
0

We show the following relation between L and A:

4.4 Lemma It holds that R (A) C R (L).

Proof We show that A = LN with an appropriate operator N.

The assumption QN S = ) ensures, that for solutions E € L(0,T, W (curl)) of
the evaluation v x curl B[ € L*(0,T, TH~2(divr)) is linear and continuous,
where we denote by the +-sign the value from the outside of 2. Moreover, for
t € (0,7) a.e. we have, that

F (vxcul EQt)|{, 7w F) for all ' € H(curl, 2)

1
TH™ 2 (curly)

defines an element of H(curl,€2),. Hence, the following operator is linear and
continuous:

N: L*(0,T,TL}(S)) — L*(0,T, H(curl,Q)%), I~ h,

with

T T
h:F»—)/ /curlEo~curlexdt—/ (v x curl E,|{,yrF) dt
o Ja 0

1
TH™ 2 (curlp)

for all F € L*(0,T, H(curl,Q)), and where E, solves (.10 with source I.

To show that A = LN, let I € L*(0,T,TL%(S)) and Ey and E, denote the
solutions of (4.9) and (4.10) with source I. For ¢t € (0,7") a.e. a short computation
using (3.11]) shows, that for every ® € D(R?)?

((0(Est+Vug,)) (), ©)
= —/ 1 curl E,(t) - curl ® dz — (v x curl E,(t)|{, 70 ®)
Q

1 .
7 TH™ 2 (curlp)
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The right hand side depends continuously on ®|q € D(Q)* C H(curl, ), thus,
due to the denseness, it defines an element of H(curl,2)'. Using this, (3.11) and
integration by parts (3.7)), we obtain for every ® € D(R*x]0,T)?, that

CL()(EO — Ea; (I)) = CLU(EU7 qD) — (lo(EU, CI))

T T
1
:/ <(U<EU+VUEU>>',(I)>dt+/ /—CurlEU-curl@dxdt—ao(qu))
0

T

_ +

= /0 (v x curl Eg [, vr) 1 (cutlp) / /curl E, - curl®dzdt

T
= / <N]7 (I)‘Q>H(Curl,(2) dt.
0

On the other hand, let H € L*(0, T, W}) be the solution of (4.11)) with B = N1.

Again, denseness implies
ao(Ey — Ey, ®) = ag(H,®) for all & € L*(0,T, W),
and then uniqueness implies H = Fy — E,, cf. Theorem [1.2]¢). It follows
Al = ~s(Ey — E,) = vsH = LNT.
]

To characterize the conductor, we introduce for an arbitrary direction d € R?,
|d| = 1, the functions

G.a: R\ {2} >R} a2 curlﬁ,
T —z

that have a dipole in z € R®. In R3\ {2}, every component of G, 4 solves the
homogeneous Laplace equation. Therefore, G, 4 is analytic in R? \ {z}.

The following theorem shows, that a subset of €2 is determined by A.

4.5 Theorem (Linear sampling method) For every direction d € R?, |d| =1,
and every point z € R3 below S, z ¢ T,

v5G.a € R(ZEA)  implies z € €.

Proof Let 75G.4 € R(ZA). Lemma [1.4] yields R (A) C R(
preimage B € L*(0,T, H(curl, Q),,) and some H € L*(0,T, W}
and that fulfills

L), hence there is a
);

that solves

EvsH = 5G4
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We consider E = fOT H(t)dt € W<1> and obtain ysE = vsG, 4, i.e.
’yS(E — Gzyd) € Ng and
curlcwrl E =0 in R*\ Q, divE =0 in R*\ Q.

Thus E is analytic in R\ Q. Moreover, G. 4 is analytic in R* \ {z}, and it follows
that curl(E — G.4) is analytic in R*\ (QU {z}). Now, following [GHSO08|, we
obtain by unique continuation of analytic functions, that

curl B = curl G, 4 in R*\ {z}.

The fact, that curl E € L3(R?\ Q) but curl G, 4 € L*(R3\ Q) only if z € Q, yields
the assertion. O

Further results on unique characterization can be obtained if we assume some
additional feature on the permeability p. This is done in the following sections.

4.5 Unique shape identification

For the rest of this paper we assume in addition, that the permeability is smaller
on the conductor than on the background:

1— /LlQ € Lf(Q)

This is the case, for instance, for diamagnetic materials.

We moreover assume that the connected components of {2 are simply connected.
This is only due to technical reasons, we expect our theory also to hold for multiply
connected domains, that fulfill [DL0O0OC, IX, Part A, §3, (1.45)], for instance, if Q
has the form of a torus.

Now we formulate our main result. The proof is postponed to Section [4.6]

4.6 Theorem (Unique shape identification) It holds for every direction d €
R3, |d| = 1, and every point z € R3 below S, z ¢ T, that

z € if and only if
T
E'C >0: (Gz,d; ])%2(5)3 S C/ (A[, I)LQ(S)S dt for all I S TL%(S) (412)
0
with

G a(x) = curl

jz— 2
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In particular, A uniquely determines €). Let us stress, that therefore only time-
independent I are needed. This means, that the applied source currents J on S
(recall that I denotes the time-derivative of J) only depend linearly on time.

To formulate an equivalent formulation of Theorem [1.6] we make the following
observation. Let I € L*(0,7,TL%(S)) and Ey and E, be the solutions of (4.9) and

(4.10) with source I. Then, integrating E, by parts in time (3.7)), and using the
fact, that Fy minimizes the functional

1 T
L2<07 T, Wé) — R? E— §a0(E7 E) - /0 (75E7 ])L2(5)3 dtv
leads to
T T
/ (AI, ])LZ(S)S dt Z / (’YSE07]>L2(S)3 dt—ao(Ea,EU)
0 0
1 ) 1
> §‘|\/E(EU + VUEG)(T)H%Q(Q)S + lgf |:; - 1:| H curl E(TH%Q(QT)3 > 0. (413)

An immediate consequence is the following. The linear continuous and (by con-
struction) self adjoint operator

A=Z(A+A")E": TLE(S) — TL3(S)

is positive, as for every I € T'L%(S) it holds
3 T
(A[, [)LQ(S)3 = (E(A + A*)E*[, [>L2(S)3 = / ((A + A*)E*I, E*[)Lz(s)a dt
0
T
= 2/ (AE*[, E*[)LQ(S)fﬂ dt > 0.
0

S
Hence, the square root A2 exists.

We use the following result on the relation between the norm of an operator
and the range of its dual. In this form it is called the “14th important property of
Banach spaces” in Bourbaki [Bou87]:

4.7 Lemma Let X,Y be two Banach spaces. Let A € L(X,Y) and 2’ € X'. Then

¢ € R(A") ifandonly if 3C >0: |(2/,z)x| < C||Az|ly for all z € X.

An elementary proof can be found, for instance, in [FGS07, Lemma 3.4].

4.8 Corollary (Factorization method) It holds for every direction d € R3,
|d| = 1, and every point z € R? below S, z ¢ T, that

€ ifand only if vsG.aER (]\1/2) : (4.14)
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Proof Theorem [4.6]yields that z € 2 if and only if

T
3C' > 0: </VSGZ’d7I)%2(S)3 < C/ (AE*],E*I)LZ(S)S dt forall I € TL%(S)
0
(4.15)
For every I € TL3(S), (4.15) equals

C

T
—% T % A C <
(YsGas I)72sys < C'/ (AZ"L,EM ) r2(s)s dt = E(A[aI>L2(S)3 = 5||A1/2I||2L2(S)3-
0

A reformulation of Lemma[£.7]in the case of Hilbert spaces yields immediately that
this is equivalent to

5G4 € R </~\1/2> .

4.6 Constraining operators for A

The key of the proof of Theorem is to find adequate operators that control
the measurement operator from below and from above, cf. [Harl3]. To be more
precise, we are looking for operators R; and R, mapping into particular Hilbert
spaces, that fulfill

T
| Rud|f? g/ (AL, 1) pagsp dt < || Rol |
0

forall I € L?(0,T, TL%(S)) with some positive constants ¢, ¢’. These Hilbert spaces
will depend on {2, so that the operators can be used to determine €2 uniquely.

In this section we introduce the operators R; and Ry and show how they can be
used to characterize §2. At the end of this section we give a proof of Theorem [4.6]

4.6.1 Lower bound
For the lower bound, an appropriate candidate for R; can be found easily. Let

I € L*(0,T,TL%(S)) and Ey and E, be the solutions of (£.9) and (£.10) with
source I. Then, (4.13)) yields

T 1 1
[ AL D e 2 IV, + s, )T+ it | = 1] eust Eul

> ¢ [|lo(Ey + Vg, )(T)a@ys + | cwrl Bl
=: c|| Ry I|? (4.16)
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4.6. CONSTRAINING OPERATORS FOR A

1 1
c:min{—,inf {——1}}.
2/|ofle” @ Lp

To define R; rigorously, let us first introduce the following factor space

with the constant

X := H(curl, Q)/N, where A := ker curl = VH(9),

cf. [DLOOC, IX, Part A, §1, Proposition 2 and Remark 6]. X is a Hilbert space
with respect to the induced norm

;= inf — curl.Q) -
lu+Nllx = inf flu—mlneno
4.9 Lemma An equivalent norm on X is given by

u+N = | curlu| r2q).

Proof We consider u + N € X. Then we have
o+ N = inf = Iy > lewrlul3ag,.

Moreover, [DL00c, IX, Part A, §1, Corollary 5 and Remark 6] yields that every u
has a unique orthogonal decomposition

u = Vp+curlw

where p € H'(Q) and w € H'(2)? with v - curlw|r = 0 (w must not be unique,
but curlw is). A short computation shows

lu+ N5 = || curlw]|72(q) + || curlul|7:q).
Now, [DL00d, IX, Part A, §1, Remarks 4 and 6] yields that
curl : {a € HY(Q)?| diva = 0,v - a|p = 0} — curl H'(Q)?

is an isomorphism and therefore has a continuous linear inverse. Since curlw is an
element of that space, it follows

lu+ N5 = || curl w2 + [ curlul72q,

< || eurl eurlwl[faq) + || curlul| 7z (o) = (¢" + D) curlul[72 g

with a constant ¢ independent of u (or its decomposition). ]

Let L?(Q)2 be the space of L*(Q2)*-functions with vanishing divergence. Obvi-
ously, L*(Q)3 is a Hilbert space.
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4.10 Corollary The following mapping is linear and continuous:

Ry : L*(0,T,TL3(S)) — L*(Q)3 x L*(0,T, X),
I'— (0(E; + Vug,)(T)|a; Esla +N),

where E, solves (4.10)) with source I. Its dual mapping is given by
Ry (LH(Q)3) x LX0,T,X') — L*(0,T,TL4(S)), (v,w) > h,

where h obeys for every I € L*(0,T,TL%(S5))

T T
/ (h, I)Lz(s)s dt = / (R’l(v, w), I)Lz(s)s dt
0 0
T
= <?J, O'(Eg + VuEU)<T)‘Q>L2(Q)§> + / (w, Eg’Q + N)X dt,
0
where E, denotes the solution of (4.10) with source I, again.

Now, the inequality (4.16)) reads: There is a positive constant ¢ so that

T

c||R11||§2(Q)§>XL2(07T7X) g/o (AL, I)j2(spdt for all I € L*(0, T, TL3(S)).
(4.17)

The following lemma shows, that the range of R} determines a superset of €):

Whenever a point z is inside €2, then y3G, 4 is contained in the range of the dual
operator of R;.

4.11 Lemma Let z € Q. For every direction d € R3, |d| = 1, there is a preimage
(v,w) € (L*(Q)3)" x L*(0,T, X") of ZR} with

'YSGZ7d = ER’I(U, w).
Proof For every z € ) there is an € > 0 such that for the open ball B.(z) it

holds B.(z) C 2. Now we choose a smooth cutoff function ¢ € C*°(R?) with ¢ =1
outside of B.(z) and ¢ =0 in Bs(z). We obtain

G..a(z) = curl <|i(f>j|

and we have éz,d =G.q inR*\ Q.

) € H(curl, R?)

Let G, 4(t) := G. 4. Then, it holds
G.a€ L*0,T,W}), curlG,4€ L*(0,T, H(curl,R?))

and curlcurl G, 4 = 0 in R?\ Q.
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4.6. CONSTRAINING OPERATORS FOR A

We define v € (LQ(Q)%)/ and w € L*(0,T, X") by
U:Hl—)/H-@Z,ddx,
Q

T B 1 B
w:F+N— / / {curlcurl Goa-F+ <— — 1) curl G, 4 - curl F] dx dt.
0o Ja 2

We use the fact, that for all F' e L*(0,T,W}) it holds

T
/ / curl G, 4 - curl F'dx dt
0 JRrR3\Q

T
:/ / [curl curlG, 4 F — curl G, 4 - curl F] dx dt,
0o Jo

the identity (3.11]) and the integration by parts formula (3.7) and obtain, that for
every I € TL%(S) it holds

T
(2R, (0, 0), )25y = / (R, (0,0), 5 T) 1oy dt
0

- / o(E, 4+ Vug,)(T) - G, qdx
Q

1
/ / [curlcurled E, + (— —1) Curled curlE} dz dt

:/ /<(U(EU+VUEU)) 2d dxdt+/ / —curled curl B, dx dt
0 R3 R3
T
:/ (’YSGz,da'E*[)LQ(S)i“dt
0
= (vsGa: 1) 2053,

where E, denotes the solution of (4.10) with source =Z*I. O

4.6.2 Upper bound

To define Ry, we consider the subspace of elements of T'H~'/2(divr) with vanishing
divergence,

TH,() := {g € TH™Y*(divr)| div g = 0},
where we understand TH~'/2(divr) as a subspace of W (curl)’ by

E = (g, 7w E)rg-1/2(canry  for all E-€ W(curl).
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Clearly, TH51/2(F) is a Hilbert space with respect to || - [|zg-1/2(givp)- As the
tangential components of elements of W (curl) are in TH~'/2(curlyp), every E €
/

W (curl) defines an element of TH&I/Q(F) by

9 =g wE) 120y forall g € THgl/z(F).
Now, Theorems [4.1] and [4.2] yield the following corollary.
4.12 Corollary For ¢ = 0,0, linear continuous mappings are given by
K;: L2(0,T,TLA(S)) — LX0,T,TH, A (T)), I+d
i - (77 O())_> (77 Q())? = d,
T
with d:g— / <g> fyFEi>TH*1/2(curlp) de,
0

and where Ey, E, € L*(0,T,W}) are the solutions of ({.9) and (4.10) with source
1.

Their dual operators are given by
K!: L0, T, TH, (D)) — L*(0,T,TL3(S)), g+ s,

where Hy € L*(0,T, Wé) solves the variational problem

T
aO(HOa q)> = / <97 qu))TH*l/Q(curlp) dt
0

for all ® € L*(0,T,W}), and H, € L*(0, T, W}) solves

T
aU(H07 (I)) = / <g7 PYF®>TH71/2(CUI‘1F) de
0
for all ® € H'(0,T,W}) with ®(0) = 0.

We need two more operators and their duals:

4.13 Lemma For i = 0, 0, linear continuous mappings are given by
M; : L*(0,T, TL3(S)) — L*(0,T, TH'*(divr)), I~ v x curl Biff,
where Ey, E, € L*(0,T,W}) are the solutions of (1.9) and (4.10) with source I.

Their dual operators obey
M]: L*(0,T,TH?(cutly)) — L*(0, T, TL(S)), f— —sG;
for some G; € L*(0, T, W (curl, R3\ T)) that fulfill

G — G = f inT x (0,7),
curlcurl G; =0 inR*\ Q x (0,7).
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Proof Again, the first assertion follows from Theorem Theorem [4.2] and
the fact, that the evaluation of v x curl E|{ for solutions of ([.9) or (4.10) in
TH~/2(divy) is linear and continuous.

For the second assertion, let 4! be a linear continuous right inverse of
yr: W(curl, R*\ Q) — TH™Y2(curlp).
For f € L?(0, T, TH'/?(curly)) we denote
Ul =~ f € L0, T, W(curl, R* \ Q).

Let Uy € L*(0,T,W}) be the solution of

T T
/ / curl Uy - curl F'dx dt = —/ / curl U/ - curl F dz dt
0 JR3 0 JR3I\Q

for all € L*(0,T,W}). Then, for every I € L*(0,T,TL3(S)) we obtain
T T
|t st = [ ORI sy
0 0
T
:/0 (v x curlEo\ff,’ypr>TH71/2(Curlr) dt
T T
- / / curl By - curl U/ da dt — / (vsU’ + Ng, I) 12(g)s dt
0 JRI\Q 0
T T
= —/ / curl By - curl Uy dax dt — / (ysU* + Ng, I)2(sys dt
o Jrs 0

T
= —/ (vs(Uo + UY), I)2(sys dt,
0

where Ey € L*(0,T,W}) is the solution of (4.9) with source I. The assertion for
M follows now by the choice

O Up+US inR3\ Qx(0,7T),
T U in Q x (0,7).

The assertion for M/ follows similarly by replacing Uy with the solution U €
L?(0,T,W}) of

T 1
/ / {a(U—l—VuU)-F—i——curlU-curlF} dz dt
0 JR3 H

T
:—/ / curl F - curl U dz dt
0 JR3I\Q

for all F € H'(0,T,W}) with F(0) = 0. O
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Now we are prepared to define the operator Rs:

Ry : LX(0,T, TL3(S)) — L*(0, T, TH 3 (divr))? x L*(0,T, TH;*(T) )?,
I — (Mo, M, I, KoI, K, I).
Obviously, its dual is given by

Ry L*(0,T,TH ™% (curlp))? x L2(0, T, THy*(I))? — L*(0,T, TL4(S)),
( vagv )HM(I)e‘i_M;f‘i‘K(l)g—'_K;h

A reformulation of the measurement operator in terms of My, M,, Ky, K, yields
the estimation

T
/ (A[7[)L2(S)3 dt =
0

T
/0 [(MOI, Kol) s,

1 2
S §|| 2 ||L2(0TTH_f(leF))2XL2(OTTH 1/2(F) )2 (418)

— (M1, K,I)

curlr)

TH™ 3 (curlp)] dt’

In the following lemma we show likewise to Theorem [.4] that the dual of R,
determines a subset of ().

4.14 Lemma For every direction d € R?, |d| = 1, and every point z € R? below
S,z¢Tl,

vsG.a € R(ER,) implies z € .

Proof Assume v5G.4 € R (ZR),). Then, there are

90,95 € L2(0,T, TH = (curly)) and fo, f, € L*(0,T, TH, *(I"))
such that

VSGz,dZ (Migo + Mg, + K\ fo+ K. fo)
(vsHo 4+ vsHy +v5Go + 75Go) -

—_
—
—
—_
—
—

Here, the functions Hy, H, € L*(0,7,W}) are such as in Corollary |4.12] and

Go, G, € L*(0,T, W(curl R3\T) are such as in Lemma Let V; = fo t)dt €
W and P; = fo t)dt € W(cur,R®\T) for i = 0,0 and consider
E=Wo+Ve+ P+ F)lgaa

Then, we have E € W (curl, R*\ Q) and curl curl E = 0 in R?\ €, moreover it holds
vsE = vsG, 4 and especially v5(E — G, 4) € Ns.

Now we study the function

Z = curl(E — G,4).

48



4.6. CONSTRAINING OPERATORS FOR A

As a start, Z is analytic in R®\ (QU {z}), as curl G. 4 is analytic in R®\ {2} and
curl E is analytic in R® \ Q. Further, the third component of Z (denoted by Z3)
vanishes on R3. To see this we add a gradient field Va that fulfills div(E+Va) = 0
in a neighborhood of S and we obtain that £ + Va — G, 4 is analytic in this
neighborhood. Beyond that,

’YS(E +Va — Gz,d) I~ NS
implies that there is a sequence (¢,) € D(R3) with
YsVpn = 1s(E+ Va—G.q) in TL*(S)

and hence, as ysF = n x (F|s x n) = (Fi|s, Fy|s,0)T for every F' € W (curl), we
have

(V(,On)1|5 — (E + Va — Gz’d)1|g, (Vg@n)2|5 — (E +Va — Gz,d)2’S in LQ(S)
Because of 5(V,)1 = 01(V,)2 it follows in a distributional sense, that
(%(E + Va — Gz,d)l — 81(E + Va — Gz,d)Q =0onS.

Moreover, as £+ Va and G 4 are analytic on .S, the classical derivatives exist and
are equal to the distributional ones. It follows that

cwrl(E+Va—G.a)s=0(E+Va—G,q)2— h(E+Va—G,q)1=00n S

and hence, that Z3 = curl(E — G, 4)3 = cwrtl(E 4+ Va — G, 4)3 =0on S. As Z3 is
analytic in R} and vanishes on S, unique continuation implies that

Z3=0 inR}.
The next step is to conclude, that Z vanishes in

R33>0 = {(ml,l'g,xg)T € R3’$3 > O}

T

By choosing a transformation o : R® — R3 x — x — 2x3(0,0,1)T and analyzing

the function
~ >
Z(w) = {f((;)(a(:p))) ii < 8
one ends up with
7 € L*(R%)? and divZ =carl Z=0 inR%
Hence, there is some U € Wé with curl U = Z. This U also solves
curlcurlU =0 in R?.

It follows U = 0 and thus Z|gs o =0 Again, unique continuation of analytic
3
functions yields Z = 0 in R*\ (QU {z}). It follows

curl G, g = curl B in R*\ (QU {z}).

If 2 ¢ R3\ Q then curl G, 4 ¢ L*(R®\ Q), which contradicts to the fact that
curl E € L2(R*\ Q)3. Tt follows z € Q. O
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4.6.3 Proof of the main result

Proof of Theorem “=—=*“  Assume z € (). Lemma yields that there
is a preimage (v,w) of ysG, 4 under =R}, i.e.

ERII (Ua ’I,U) = VSGz,d-

We use inequality (£.17) and conclude for all I € T'L%(S) that

(’VSGz,dv I)

T

(ZR) (v, w), D) pasys = / (R, (0, 0), Z ) s
0

= ((v,w), B E" [>L2( Q)% xL2(0,7,X)

H( )H L2(Q)3 ) xL2(0,T,X") HRl‘—‘ [HL2 2 xL2(0,T,X)
(r2@3)’

T 1/2
<C U (AZ'T,Z1) o sy dt}
0

with a constant C' independent of I. The inequality (4.12)), i.e.
T
3C >0: (VSGZ@,I)%Q(SP < C/ (AZ*1,E*1) sy dt - for all I € TLY(S),
0

follows immediately.

“<=“  Assume (4.12)) holds. Then, equation (4.18) yields for all I € T'L% (),
that

T
(75G27d,])%2(53 S C/ (AE*],E*])L2(S)3 dt
0

—HR =)

L2(0,7,TH™ % (divp))2 x (0,7, TH /3 (1) )2
with a constant C' independent of I. We use Lemma 4.7 again, and conclude
15G.a € R (ERY).

Lemma shows that z € Q. O

4.7 An explicit criterion for shape reconstruction

Finally we show that the criterion (4.14]) used in the factorization method can be
rewritten in terms of the Picard criterion.

Let us first remark that A can be written as the composition of linear continuous
mappings, and one of them is the compact embedding from the space of trace values
of Wl-functions, H'/2(S), into L?(S), cf. the assumptions on S and, e.g., [Gri85,
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Theorem 1.4.4.1]. Hence A is a positively definite self adjoint linear continuous
compact mapping. Then for instance [Wer95, Theorem VI.3.2| yields a unique
eigenvalue decomposition of A, i.e. a null sequence () C Rs of eigenvalues and
an orthonormal system (¥,) C TL3(S) of eigenfunctions that builds a basis of

ker(A)*. Moreover, we have for all I € TL%(S) that

APT=>"al?(U,, 1) 1252 U
n=1
Finally, we deduce with the Picard criterion, cf., e.g., [EHNOQ, Theorem 2.8]:
4.15 Corollary For all I € TL3(S) we have
- - 1 * (V,,I) I
IeER <A1/2> DR <A1/2> — Z LOF < .
n=1

4.16 Lemma A2 is injective.

Proof Let I € TL2(S) with AY2] = 0. Then inequality ({{.13) yields

T
0= |AYV2I[|7255 = (AL 1) p2(sys = 2/ (AZ*1,Z"1) 125y dt
0

> V3 (B + Vg, )(T) 2y +2inf [;— 1}||cur1E ooy

where E, is the solution of (4.10)) with source Z*I and zero initial values. Hence
E = E, +Vug, € W, solves (4.2) and

curl E =0 in Q x (0,7),
VoE(0)=+cE(T)=0 in Q.
This implies d;(c ) = 0 and it follows £ = 0 in Q x [0, T]. This and the fact that
Prs\n = 1 yields
curlcurl E = Z*1 in R* x (0,7). (4.19)

We consider the function
A:=curl E.

Then A solves the homogeneous Laplace equation in the open set R?\ S x (0,T)
and is thus an analytic function that vanishes in € x (0,7"). Unique continuation of
analytic functions implies A = 0in R3\ S x (0,7), i.e. curl E = 0 on R*\ S x (0, 7).
This together with implies that I = 0. O

_ 1
The precedent Lemma yields that R <A1/2> = (). Altogether, we conclude:

4.17 Corollary It holds for every direction d € R3, |d| = 1, and every point
z € R3 below S, z ¢ T, that

naf)/Ssz
z€Q <= Z L2(5)° < 0.
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4.8 Concluding remarks

We have extended the ideas of the factorization method to the problem of localizing
conducting objects by electromagnetic measurements in the eddy-current regime.
We have shown that the position and shape of conducting (diamagnetic) objects
are uniquely determined by such measurements. We also showed how a subset of
the object can be characterized using a linear sampling approach.

The criteria derived in this work are constructive and may be implemented as
in the previous works on factorization and sampling methods, cf., e.g., [GHKT05,
GHSO08| for numerical results for the time-harmonic Maxwell equations and [FGS07]
for results on the scalar parabolic-elliptic analogue of the eddy current equation.

The linear sampling method in Theorem is closely related to the MUSIC-
type imaging (introduced in [Dev0Q]). This is shown in [AGHOT| for electrical
impedance tomography in case of small conductors, where the measurement oper-
ator is expanded in terms of the size of the conductor. In [AKK™08|, MUSIC-type
imaging is used for corrosion detection. It might be interesting to apply the results
of the paper to the problem of corrosion detection using eddy currents.

Let us remark, that our theoretical results in Section [4.5|require only excitations,
that are linear in time and only time integral measurements. Moreover, our results
hold for every final time 7'. In practice, this final time might play an important
role. For instance in thermal imaging, the imaging functional is quite sensitive to
the final time 7', as pointed out in [ATKEKO05].
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Chapter 5

Justification of regularizations for
the parabolic-elliptic eddy current
equation

In this chapter we consider the parabolic-elliptic eddy current equation in a bounded
domain. We first extend our variational solution theory to the bounded setting and
then apply it to show two regularizations for the equation: A parabolic one and
an elliptic one. Both lead to well-posed and thus uniquely solvable problems. The
aim of this chapter is to rigorously justify these regularizations by proving the
convergence of the solutions against the solution of the original equation.

The Sections are the Sections 2-6 of the paper [AHI3a] up to minor
changes. Moreover, in Section Theorem is added.

5.1 Introduction

Let us recall that the parabolic-elliptic eddy current equation

1
O0i(cE) + curl (— curl E) = —0;J (5.1)
i
does not uniquely determine its solutions in the insulating part of the domain, i.e.
where 0 = 0. Indeed, only 0 E and curl £ are determined uniquely.

To overcome this non-uniqueness and also for computational reasons (cf., e.g.,
Lang and Teleaga in [LTO8| or Bachinger et al. in [BLS05]), it seems natural to
regularize the problem by setting the conductivity to a small value € > 0 in the
non-conducting region: Setting

o o(x) ifo(x)>0,
: £ if o(x) =0

)
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CHAPTER 5. REGULARIZATIONS FOR THE EQUATION

the eddy current equation is made fully parabolic

Oy(0-E.) + curl <l curl EE) =—0,J (5.2)
L

and uniquely solvable. An aim of this chapter is to rigorously justify this regula-
rization: We show that

o.B. —+0cF and curlE, — curl&

as € approaches zero, where E denotes any solution of (5.1) and E. the solution of
(5.2)). Note that for the scalar parabolic-elliptic analogue, the heat equation, this
result was shown by Harrach in [Geb07].

Unfortunately, our solution theory developed in Chapter [3| only holds for con-
ductivity coefficients with bounded support. This is not the case for o.. In cases of
interest, for instance in computational applications, the equation is considered in
a bounded domain, anyway. Therefore we start this chapter by carrying over the
results of Chapter [3|to bounded domains: We restrict the solutions to a compara-
tively large domain, so that we can assume the fields to be small at its boundary
far away from the source and the conductors. Hence we consider the solutions of
to have vanishing tangential components at the boundary of the domain. Our
solution theory restricted to a bounded domain might be of interest on its own,
since up to the author’s knowledge in the literature there cannot be found any
complete solution theory for the bounded setting that holds for spatially varying
conductivity coefficient, cf. Chapter

In the bounded setting, the conductivity is allowed to be non-zero in the whole
considered domain, also. It is shown in Sections and that the regularized
equation is uniquely solvable. Then, the fact that our variational formulation
is unified with respect to the conductivity enables us to prove the convergence of
the solutions if £ approaches zero.

A second possibility to regularize the parabolic-elliptic eddy current equation is
to add a regularization term ¢F. as proposed by Nicaise and Troltzsch in [NT14]:

1
O(oE.) + curl <; curl Ea) +eE. = —0,J. (5.3)

This equation is coercive on the whole solution space and thus uniquely solvable,
as we show in Theorem In contrast to the eddy current equation and its
parabolic regularization , the standard variational formulation of yields
unique solvability and continuous dependence on the right hand side and on the
coefficients, especially on 1/e. Here, our unified variational solution theory does
not help to analyze the solution’s behavior if € tends to zero. Especially, our
appropriately regularized unified variational formulation is not equivalent to the
equation: Its solution does not yield a solution of (cf. Section , as it is

the case for (5.1 and (5.2)).
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5.2. FORMULATION IN A BOUNDED DOMAIN

However, in some applications one might be interested in regularizing the vari-
ational problem on itself. Hence, the second aim is to establish an elliptic regular-
ization of our variational formulation of that is indeed motivated by, but not
equivalent to equation (5.3).

This chapter is organized as follows: In Section we formulate the eddy
current problem in a bounded domain and carry over the results of Section [3.2]about
the well-definedness of (5.1). Section then contains our variational formulation
and the solvability of (5.1)). In Section [5.4] we justify the parabolic regularization:
We prove the convergence of the solutions when the fully positive conductivity
approaches zero in a part of the domain. We finish this chapter by presenting a
similar result for an elliptic regularization in Section [5.5] This chapter ends with
a conclusion in Section 5.6

5.2 Formulation of the eddy current problem in a
bounded domain

Let O C R? be a simply connected bounded domain with Lipschitz boundary
and outer normal unit vector v.

We consider the space L2(0,T, Hy(curl)) as a proper space to look for a solution
of the eddy current equation (5.1]). Here, the Hilbert space Hy(curl) is defined as

Hoy(curl) :=={F € H(curl, O) |v x E|x = 0}.

Let us assume that @ € L5°(O) and either
oe LT (0)
or (cf. Chapter [3)
o€ Loc:={0ccLl>®0)|3QCO: glge LT(Q), Q=U;_Q;, s€N,
with bounded Lipschitz domains Q;, ;N Q; =0, i # j,
such that O\ 2 is connected and Q2 = suppo C O}.
We assume that we are given E° € L?(0)? with div(cE®) = 0 and the excitation
J; € L*(0,T, H(curl, ©)') with divJ; = 0.

Then, for E € L?(0,T, Hy(curl)), equation (5.1)) posed on Ox]0,T] is well-
defined in a distributional sense and equivalent to

T T
1
—/ /UE-(%@d:L‘ChH—/ /—curlE-curl@dxdt
0o Jo o JoH

T
_ / (Ji, ®) oy dt - for all & € D(OX]0, TP (5.4)
0
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CHAPTER 5. REGULARIZATIONS FOR THE EQUATION

The assertions of this section are proven in Section [3.2|for unbounded domains.
The proofs are analogously.

We first establish, that every solution of (5.1) has well-defined initial values.
Therefore we introduce the space

W,0 = {E € L*(0,T, Hy(curl)) | (¢0E)" € L*(0,T, Ho(curl)’) },

where (0F)" denotes the time-derivative of o F € L?*(O7)? in the sense of vector-
valued distributions with respect to the canonical injection L*(O)? < Hy(curl)'.

5.1 Lemma (cf. Lemmal3.9) If E € W, 0, then \/oE € C(0,T,L*(0)?). Addi-
tionally, for E, F' € W, o the following integration by parts formula holds:

T T
| (B Pragemy dt+ [ (@) B}y
0 0
_ / o (E(T) - F(T) — B(0)- F(0)) d.  (5.5)
0
5.2 Lemma (cf. Lemma[3.3) If E € L?(0,T, Ho(curl)) solves (5.1)), then E € W, o
and thus has well-defined initial values /o E(0) € L*(0)3.
Fort €]0,T[ a.e., (0E) (t) € Ho(curl)’ is given by
1

((0E) (1), F) Ho(curty = —(Je(t), F) H(cur,0)— /o M curl E(t) - curl Fdx (5.6)

for all F € Hy(curl).

5.3 Corollary The following problem is well-defined: Find E € L*(0,T, Hy(curl))
that solves

Oy(o(z)E(x,t)) + curl ( curlE(m,t)) = —Jy(z,t) in Ox]0,T[, (5.7)

()

Vo(z)E(x,0) = \/o(x)E’(z) inO. (5.8)

Now, we give an equivalent variational formulation:

5.4 Lemma (cf. Lemma The following problems are well-defined and equiv-
alent:

a) Find E € L*(0,T, Hy(curl)) that solves (5.7)—(5.8).
b) Find E € W, o that solves (5.8) and

T T
1
/ ((0E), F) iy (cur)) dt+/ / —curl B - curl Fdz dt
0 o Jo M
T

= _/ <Jta F>H(Curl,(’)) dt (59)
0

for all F € L*(0,T, Hy(curl)).
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5.3. SOLUTION THEORY FOR BOUNDED DOMAINS

¢) Find E € L*(0,T, Hy(curl)) that solves

T T
1
—/ /aE-@tCI)dmdt—i—/ /—CurlE~cur1<I>dxdt
o Jo o JoM
T

- _/ <‘]t7 (I)>H(Cur1,(9) dt + / O'EO : (I)(O) dz
0 (@]

for all ® € D(O x [0,T])>.

5.5 Theorem (cf. Theorem|[3.1c)) Equations (5.7)(5-8) uniquely determine \/oE
and curl E.

Moreover, if E € L*(0,T, Ho(curl)) solves (5.7)-(5.8)), then every function F €
L*(0,T, Hy(curl)) with curl F' = curl E and /o F = \/oE also solves (5.7)(5.8)).

5.3 A variational solution theory for bounded do-
mains

Unfortunately, the result on the non-uniqueness implies, that none of the variational
formulations in Lemma is well-posed. Our approach is as follows. We keep this
non-uniqueness and try to determine the unique part of the solutions - that is the
divergence-free part. Therefore, we write

E=FE+ Vu

with a divergence-free field E, and a gradient field Vu. The crucial point is to
consider Vu = Vug as a continuous linear function of E, ¢f. Lemma . This
allows us to rewrite the eddy current problem f as a variational equation
for E, which is uniformly coercive on the space of divergence-free functions and
thus uniquely determines the field E. Note that E does not solve the eddy current
equation.

This section is similar to Section B.3] for the case of unbounded domains.

5.6 Lemma (cf. Lemmal3.5) There is a continuous linear map

L*(O)? — Hy(curl0) := {E € Hy(curl) | curl E = 0},
E— VUE,

with
div(c(E+ Vug)) =0 in O. (5.10)

Proof Let E € L*(0)3.

We first consider the case 2 = O. Due to Poincare’s inequality (cf., e.g., [DL0O0OD,
IV, §7, Proposition 2|), the fact, that o is positively bounded from below on O,
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CHAPTER 5. REGULARIZATIONS FOR THE EQUATION

and Lax-Milgram’s Theorem (cf., e.g., [RR04, §8, Theorem 8.14]), there exists a
unique ug € H}(O) that solves

/ oVu-Vvdr = —/ oE-Vuvdz forall v € Hy(O),
o o
and ug depends continuously on E € L?(0)3.

Now, let 2 C O. Again, since o is positively bounded from below on 2, we
obtain as above a unique ug € H}(2) that solves

/aVu~Vvdx:—/aE-Vvdx for all v € H'(Q),
Q Q

where H5(Q) == {v € H'(Q)| [, vde =0,i=1,...,5}, and ug depends con-
tinuously on E|q. We extend ug to an element of H}(O) by solving Au = 0 on
O\ Q with ulpq = uglsq for v € HY(O \ Q) with u|s = 0. Again, Lax-Milgram’s
Theorem provides a unique solution, that depends continuously on ug|sq and thus
on E. Let ug, again, denote its extension.

In both cases ug € H}(O), Vug € Hy(curl0) and the mapping E — Vug is
well-defined, linear and continuous with a continuity constant that depends on the
lower and upper bounds of o. Moreover, (5.10) is fulfilled. O

We refer to Section [3.3]for the mapping’s extension to time-dependent functions.

For the rest of this chapter, let Vug denote the image of £ under this mapping.
Obviously, there are different possibilities to construct this map, but \/oVug is
uniquely determined by the condition (5.10). Moreover, it holds that

IVoVug| 20 < |VOE| 120 (5.11)

Note that Vug depends nonlinearly on . Also continuous dependence on o for
fixed £ must not be true. A special case will be discussed in Section

Now we use this Lemma to show a variational formulation for (5.7)—(5.8). We
define the bilinear form

a: L*(0,T, Hy(curl)) x H*(0,T, Hy(curl))

/ / (E+ Vug) - CIDdxdt+/ /—CurlE curl @ dz dt, (5.12)
oH

and, motivated by Lemma [5.4f), the linear form [ : H*(0,T, Hy(curl)) — R:
T
(®) == —/ (Ji, @) b (cun,0) dt+/ oE" - ®(0)d.
0 @

To get around the non-uniqueness, cf. Theorem [5.5] we consider the Hilbert
space
Wy :={FE € Hy(curl) | div E = 0}
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5.3. SOLUTION THEORY FOR BOUNDED DOMAINS

equipped with the norm || curl- || 20y, that is equivalent to the graph norm, cf.
[GR86, Lemma 3.4]. Especially, there is a constant Cp only depending on O such
that

| Ell2(0y2 < Col| curl B[ 12(0)s.

Let Hio(0,T, Wo) :={¥ € H'(0,T, W) | ¥(T) = 0}.
5.7 Theorem (cf. Theorem @a)} If E € L*(0, T, W,) solves
a(E,®) =1(®) forall® € H+(0,T, W), (5.13)
then E + Vug € L*(0,T, Hy(curl)) solves (5.7)—(5.8).

Proof Obviously, for fields Vo € H(0,T, Hy(curl)) with ¢ € HY(0,T, H*(0O)),
a(-, Vo) as well as [(Vy) vanish. (For the latter, recall that divJ; = 0 and
div(cE®) = 0.) Now we use the following simple decomposition (cf. Lemma [3.9):
Every ® € D(0O)? can be written as

O =V + Vo, (5.14)

with U € Wy, ¢ € Hy(O). From that and the linearity of a and [ it follows, that
(for any E € L*(0,T, Wy))

a(E,®) =1(®)

holds for all ® € D(O x [0, T])3, if it holds for all ® € H},(0,T,W,). Lemma
yields the assertion. O

We now show that (5.13)) is well-posed. We use the Lions-Lax-Milgram Theo-
rem [3.101

5.8 Theorem (cf. Theorem .b)) There is a unique solution E € L*(0,T, W)
of (5.13). E depends continuously on J; and /g E° and with o = max(|| s, 2) it
holds, that

HEHLQ(O,T,WO) S oz\/imax ((0(29 -+ 1)1/2||Jt||L2(O,T,H(curl,(’))’)7 ||\/EEO||L2(@)3) . (515)

E + Vu solves the eddy current problem (5.7)—(5.8)) and any other solution E €
L*(0,T, Hy(curl)) of (5.7)-(5-8) fulfills

curl E = curl B, oFE = /o(E + Vug). (5.16)
curl E and /o E depend continuously on J; and \/oE°:
HCIH'IE”LQ(OT)S S aﬂmax ((C(% )1/2HJtHL2 0,7,H (curl,0)’ ||\/_E ||L2 )
IVaElLson < 2CollVallel el Bllszio -
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CHAPTER 5. REGULARIZATIONS FOR THE EQUATION

Proof To apply the Lions-Lax-Milgram Theorem we use the Hilbert space H :=
L*(0,T,Wy) and equip its subspace V := H},(0, T, W,) with the norm

1215 == 1@ Z20mw0) + V(@ + Vua) (0)[72(0)s-

Then, it is straightforward to show that for fixed ® € V the linear form £ —
a(E, ®) is continuous on H and that [ € V' with

2y < V2max ((CE + 1)1 Tl 201 mr(car0p): [VTE || 12(0y2) -

Moreover, for ® € V, Lemma and the integration by parts formula (5.5)
yield that

1 1
a(®,®) > S[[Vo (P + Vus)(0)|72(0ps + M—H‘I’H%z(o,nwo)y (5.17)

2]l

which implies, that

inf  sup |a(E,P)| >

I®llv=1E|4<1

o |-

Now, Lemma yields the existence of an E € H that fulfills (5.13) and
depends continuously on /.

Theorem yields that £ + Vug € L*(0, T, Hy(curl)) is a solution of the eddy
current equation and (| .

To show uniqueness, let Ey, Ey € L*(0,T, Wy) be two solutions of (5.13 - Then,
Ey + Vug ,Ey + Vug, € LQ(O T, Hy(curl)) both solve equations —(5.8)) and
Theorem implies E1 EQ.

The remaining assertions follow similarly from Theorem [5.5] U

5.9 Corollary Let (0,)nen C Lo UL (O) be a bounded sequence and E,, n € N,
be the corresponding unique solutions of ([5.13)). Then the sequences

(En>n€N C L2(07T7 Wo), (\/O_nEn)nGNa (\/O-_nqun>n€N C L2<OT)3

are bounded. The bounds depend on the bound of (0,)nen-

In particular, for any sequence (E,)n,eny C L*(0,T, Ho(curl)) of corresponding
solutions of ((5.7)—(5.8)) the sequences

(curl B, )nen, (VT,En)nen C L*(Or)?
are bounded.

5.10 Remark The results from Section on the dependence of the solution on
the conductivity, in particular the solution’s sensitivity with respect to the eddy
current equation changing from elliptic to parabolic type, can be directly carried
over to the bounded setting.
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5.4 Parabolic regularization

In this section we keep o0 € Lo, E° € L?(0)? with div(cE®) = 0 and J; as in
Section [5.2] fixed and analyze the solution(s) behavior corresponding to

o, x €,
0. = _
e, zeO\Q,

if the positive real number € approaches zero. Obviously, we have lim._,q0. = ¢ in
L>*(0O). In that way, the eddy current equation is made fully parabolic:

1
O(0-E.) + curl (/— curl Ea) = —J;. (5.18)
1

Our main result is Theorem where we show that the relevant parts of
the solutions of (5.18)), i.e. curl E. and o.F., converge against the corresponding
unique parts of the solutions of the eddy current equation

1
Oy (o E) + curl (— curl E) =—J,
0

if € tends to zero. Therefore, we use the variational formulation (5.13) and show
that its (unique) solutions converge (cf. Theorem [5.13).

Let us first remark, that, since 0. € LL(0O), the theory of Sections [5.2] and
(with appropriate initial conditions) holds. Especially, (5.18)) is uniquely solvable,
and the unique solution is given by E. + Vug,_ ., where E. € L*(0,T,W,) is the
unique solution of with 0 = 0. and Vug__ is its image under the mapping
from Lemma [5.6| with o = o..

We start with the analysis of the mapping from Lemma [5.6
L*(0)* — Hy(curl0), E+ Vug,

such that div(o.(E + Vug.)) = 0, as ¢ — 0. Here, we indicate the nonlinear
dependence of up on o, by ug..

5.11 Lemma Let (F.) C L*(O)? with F. = F € L*(0)* ase — 0. Let (ur..) C
H;(O) denote the corresponding unique elements from Lemma that solve

/ 0.Vugp, .- Vode = —/ o.F.-Vuvdz for allv € Hy(O)
o o

and let up, € H}(O) be the corresponding element from Lemmal5.6 (that is unique
by construction). Then

a) H\/O'_EFEHLQ((Q\§)3 — 0, JoF. = \/oF in L*(O)? and (\/o0.Vug..) C L*(O)?
is bounded,
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b) JEVUFE,E — JVUEJ < L2(O)3

as € — 0. Especially, for fixed F € L*(O)? it holds that \/o.F — \/oF in L*(O)?
and \/o.Nup. — /oVug, in L*(O)>.

Proof Let p € L*(O)3.
a) Obviously, it holds that ||\/o-F.| 2 o\as = VEIIF:l 120\ — 0,

(VoeFe = VOoF, ) 1201 = VE(FL, ) 12 onmys + (Fe = FyVop) 2y — 0,

and since

Vo Vur, ell20p < [[VoeFell 20
we obtain, that (,/o-Vup, .) is bounded in L*(0)?.

b) First we show that every subsequence of (\/o-Vup, ) has a subsequence that
converges weakly against /ocVh for some h € H}(O). In a second step we
show that all these weak limits coincide.

Since (y/o-Vup, ) C L*(O)? is bounded, every subsequence is bounded, and
Alaoglu’s Theorem, cf., e.g., [RR04, Theorem 6.62|, yields that every sub-

sequence contains subsequence (that we still indicate by e for the ease of

notation), again, that converges weakly against some a € L*(O)3:

VoNVup. . — a € L*(O)*.
We then also have
VOVup clo = VoVup, o — alg € L*(Q)°

and therefore

a|Q 2/ 3
o— — € L*(Q)°.
Vo

VUF575
g

The orthogonal decomposition
VH(Q) @+ Hy(div0,Q) = L*(Q)?,
cf. [DL00C, IX, §3, Proposition 1|, where
Hy(div0,0) = {E € L*(0)*|divE =0, v- E|x = 0},

yields then al\/—% € VH'(Q) and hence there is some h € H'(Q) with

alo

\/EZVh'
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Obviously, Vh is uniquely determined, but h is not. To overcome this, we fix
h by the choice h € H}(Q) as in Lemma [5.6/ and extend it to an element of
H}(O) by solving Ah =0 on O\ Q. Then it still holds that

VoVug, . —+/oVh in L*(O)?
and hence

(0:Vup, . —aVh,Q)20p =
(0Vur, .~oVh,¢)r2p + Ve(VeVur, o, ) 120\ — 0,

ie. 0.Vug, . — oVh in L*(O)3.

To conclude, that all these weak limits are identical, we show
oVh =oVug,.

For every v € Hj(O), a) yields

0= / o:Vup. .- Vodr + / o F.-Vudx
0] 16)

—)/UVh'VUdLL’—i-/O'F'VUdSL’
Q 0

and therefore also the right hand side vanishes for every v € H}(O). Accord-
ingly, cVh = oVup, and Vh|q = Vug,|q.

Altogether, the second assertion follows. O

The next step is to show that the sequence of solutions of the variational equa-
tion (5.13)) converge.

To obtain meaningful initial values for , we modify the initial value E° €
L*(O)? to make its product with o. divergence-free by E°+ Vugo .. The precedent
Lemma then yields \/o-(E° 4+ Vugo.) — /o E? in L*(O)? and the right hand side
of (5.13), I : H*(0,T, Hy(curl)) — R, obviously fulfills

T
L(®) = — /O (1, ®) eumo f + /O 0. (E° + Vugo.) - ®(0) da
T
%—/ <Jt,q>>H(Curl,O)dt+/aEO@(O)deZ@) as £ = 0
0 (@]

for every ® € H'(0, T, Ho(curl)).
Corresponding to o, let E. ¢ L?(0, T, W,) denote the unique solution of

a.(E., ®) =1.(®)  forall ® € H}(0,T, W), (5.19)
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that is (5.13) with o = o.. The bilinear form a. is then given by

: L*(0,T, Ho(curl)) x H*(0,T, Hy(curl))

/ /JEE—l—VuEE q)dxdt+/ /—curlE curl ® dx dt.
oH

 The next lemma shows that the solutions converge weakly towards the solution
E € L*(0,T,W,) of (5.13)) (that corresponds to € = 0).

5.12 Lemma It holds, that
E. —~ E in Lz(O,T7 Wy) and \/CZEE — \/EE, 0:Vug . = oVug, in Lz(OT)?’
as e — 0.

Proof The precedent Lemma yields that it suffices to show that E. — E. To
show this, we use the same technique: From Corollary we know that (E.) C
L?(0,T,W,) is bounded. Again, Alaoglu’s Theorem yields that every subsequence
contains a subsequence (that we still denote by (E.) for ease of notation) that
converges weakly against some E' € L?*(0,T,Wy). In the following we show that
all these weak limits are identical to E.

The previous Lemma yields
JooE. = JoE in [2(Op)?
and
0.Vu, . — oVug , € L*(Or)”.
Moreover, E. — E' in L*(0,T, W) implies that curl £. — curl £’ in L*(Or)3, so

that for every ® € Hyp,(0, T, Wy) the left hand side a.(E., ®) of (5.13) with 0 = 0.
converges against a(FE’, D):

/ /0€E +VuE CIDdxdt+/ /—curlE‘E curl & dx dt
oM

Since I.(®) — I(®), £’ solves (5.13) and thus uniqueness provides E = E'. O

5.13 Theorem It holds, that E. — E in L*(0,T,W,), \/o.E. — /oE and
VoVug . — \/oVug, in L*(Or)® as e — 0.

Proof Using the fact, that Eg—l—VuEE,E solves (5.18)) with initial values \/o.(E°+
Vugo ), the integration by parts formula (5.5) and Lemma ) we obtain for
every ¢, that
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_1 ~ 1 ~
i curl B2 o ys + 5 IV/G(Bx + Vg, (T 3oy
T T B B
= —/ <Jt, E > H(curl,0) dt — / <(U(E5 + quE,o)).7E€>H0(CUI”LO) dt
0 0
1 ~
+5llVo(E: + Vug, )(T)|[720p
T
~ 1
- - / (s B0 At + 5V E® + Vupo ) [Faop (5:20)
0

The precedent lemma and the fact, that £+ Vu 7.0 Solves (5.18) with initial values
Vo E°, analogously yields

: _1 ~ 1 ~
i 4 curl B2 0,0+ 51V, + Vi, (Dl
. g n 1 0 2
=t |~ [ e Bbianor 4+ S IVE(E + Vugo.) s
¢ 0
o 1
= —/ (Jt, E) H(curl,0) dt + §||\/EEOH%2(O)3
0

1 ~ 1 ~
= |2 curl B[220, + 5”\/5(]3 + Vug ) (1) 720y (5.21)

This yields that (,/o.(E. + Vug )(T)) C L*(O)? is bounded, hence every sub-
sequence has a subsequence that converges weakly against some H € L*(0)3. It
follows for every A € D(O x (0,71]) that
(V(Ee + Vug, )T), /0 A(T)) 1208
T

T
= [ tolBe+ Vup ) Aoy dt+ [ (0 A) B+ T o
0

= / (Jt,E H(curl,0) dt—/ /—cuﬂEE curl Adz dt
0 oM
—i—/ / UE(EE +VuE57€)~8tAdxdt.
0o Jo

As before we obtain

(H, Vo A(T)) 20y = lmn(y/Ge(Bx + Vg, )(T), V7A(T)) 20
= lir% [—/ <Jt,E H(curl,0) At — / / — curl Eg curl Adx dt
E—r 0 O

+ / / aa(Eﬁqu&E)-atAdxdt}
0 @

= (Vo(E + Vug ,)(T), Vo A(T)) 20y
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so that the denseness of \/aD(Q) C L*(Q) implies H|q = /o (E + Vug ) (T)]o- Tt
follows for the full sequence, that /o (E. + Vug NT) — Vo(E + Vug )(T) in
L*(2)%. Now equation (5.21)) yields

. _1 ~ N |12
i I curl B - B,
1 5 .
+ §H\/0_5(E5 +Vup, )(T) = Vo(E + Vug ) (T)[720p
. _1 =2 -1 012
=lim |72 cwrl B2 0,09 + [l 2 curl B[z (0,0
- 2(,u_% curl B, 2 curl E) 200 + = H\/U_S(E + Vug )T )||%2(O)3
1 N
+ 5”\/5(15 + Vug ) (D720
— (VOB + Vug, )(T), Vo (E + Vug ,)(T)) (s

— 0. (5.22)

Hence the first and the second assertion follow immediately. For the third assertion
note that equation (5.22)) holds for almost every ¢ € (0, 7)) and that

IVo(Ex + Vug, )(8) = Vo (E + Vug ) (1) 720y

is uniformly bounded with respect to € and ¢. Consequently we have
lim (|72 (. + Vg, L) — V(B + Tug )30, =0

so that the third assertion follows from the second assertion. O

Now we can formulate our main result. Corresponding to o., we denote by F. €
L*(0,T, Hy(curl)) the unique solution of (5.18)) with initial values \/o-(E°+Vugo ).
For e = 0, let E € L*(0,T, Hy(curl)) denote any solution of (5.7)—(5.8]).

5.14 Theorem It holds, that curl E. — curl E and \/o.E. — \/oE in L*(Or)®
and (0.E.)" — (ocE) in L*(0,T, Ho(curl)') as € — 0.

Proof It holds \/o.FE. = \/@(Eg—i-VuEsva), curl E. = curl E. and curl E = curl E,
so that the precedent Lemma provides the first and the second assertion.

From the explicit form (5.6)) of (0.E.)" given in Lemma [5.2] we obtain for all
F € L*(0,T, Hy(curl))

T
/ ((0E2) = (0E), F) Hy(cur) dt‘ —curl E —E,)-curl Fdzxdt| — 0.
0

oM

This yields (0.E.) — (¢E)" in L*(0, T, Hy(curl)). O
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5.5 Elliptic regularization

We finish this chapter by justifying an elliptic regularization. We keep E° = 0, J,
and 0 € Lo U L°(0O) fixed and add the regularization term £, to the left hand
side of equation ({5.1). This is a natural way to make the problem fully coercive
and hence leads to a well-posed problem:

5.15 Theorem For E. € L*(0,T, Hy(curl)), the equations

1
Oy(oE:) + curl (— curl EE> +eE. = —J; in O x (0,7), (5.23)
L

VIE.(0) =0 in O

are well-defined and equivalent to

T T
. 1

—/ /JEE'(I)dﬂfdt+/ / {—curlEE-curICI)—i—aEE-(I) dz dt
o Jo o Jo LM

T
= —/ (Jt, ) (curoydt  for all € H7o(0, T, Hy(curl)). (5.24)
0

The variational problem (5.24)) is uniquely solvable. The solution depends contin-
uously on € and J;:

1
HEEHLQ(O,T,HQ(CUFD) < max (27 H/JJHOW g) HJt“LQ(O,T,H(curl,O)’)-

Proof Well-definedness, equivalence and uniqueness follow as in Section
Moreover, the left hand side of equation defines a bilinear form posed on
L?(0,T, Hy(curl)) x H*(0,T, Hy(curl)), and the right hand side a linear form on
HY(0,T, Hy(curl)). Then, the Lions-Lax-Milgram Theorem m (applied like in
Theorem yields a unique solution E. € L*(0,T, Hy(curl)) that depends con-
tinuously on J;. OJ

Unfortunately, we can not provide any assertion about the solutions behaviour if
¢ tends to zero. First of all, the precedent theorem does not contain any information
about the boundedness of the regularized solutions. Beyond that, the variational
formulation of the regularized equation is not equivalent to our variational
formulation of the eddy current equation (5.13)) (appropriately regularized).

Anyway, in some applications, one might be interested in the variational for-
mulation on itself. Therefore, we finish this chapter by justifying an elliptic regu-
larization of the variational problem ((5.13]).
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We modify the variational equation (5.13) in the following way. Let the left
hand side a. : L?(0,T, Hy(curl)) x H'(0,T, Hy(curl)) — R be defined by

a:(E, ®) = a(E,®) + e(E, ®) 200,93

/ / (E+ Vug) - @dxdt—i—/ /—curlE curl ® dx d¢
oM
+/ /€E~<I>da:dt
o Jo

for some ¢ > 0. Then, a. is (with respect to the space variable) coercive on the
whole space Hy(curl).

We consider the variational problem of finding E. € L?(0, T, W) that solves
ac(E.,®) =1(®) for all ® € Hi,(0,T, Wy) (5.25)
and study the solutions behavior if € tends to zero.

In the following we show that the solutions of | - converge against the so-
lution of (5.13), if € tends to zero. Therefore, let us shortly answer the question
of well- posedness of { - Obviously, the problem of finding E. € L0, T, Wy)
that solves (5.25]) for all ® € HJ,(0, T, Wy) still fits into the framework of the proof
of the first part of Theorem and hence there is a solution. Moreover, it can
be shown that if EE € L*(0,T,Wy) is such a solution, then EE + Vug € Wro
(cf. Lemma [5.2)and the proof of Lemma [3.3). Therefore, the integration by parts
formula holds and a result similar to Lemma Using this, one easily sees
that E. is unique.

5.16 Theorem Let £ € L*(0,T,W,) denote the unique solution of (5.13) and
E. € L?(0,T,Wy) denote the unique solution of (5.25). Then we have E. — E in
L2(0,T,W,) as € — 0.

Proof First of all the coercivity and continuity constants in Theorem [5.§| are the
same for both, the regularized and the original problem. Therefore, Theorem
yvields that E. is bounded. Moreover, it obviously holds for all F' € L*(0,T, W)
that

=I(F)—U(F) =a.(E.,F)—a(E,F) = a(E. — E,F) + (E., F) 20,5

By use of a similar equivalent formulation as in Lemma [5.4p), we obtain with
a = max(||¢)|s, 2) that

|Ee — EH%%O,T,WO) < ae(E., B — E>L2(OT)3
< acCH|| Ecll 20wl |1 E= — EllL20.mw0)
and hence
1B — Ellr20,m,w0) < 02CB|| el 12(0,7,m0)-

The assertion follows from the fact, that ||E€||L2(07T7WO) is bounded. O
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In addition, one can show as in Section [5.4] that
o(E. + Vug ) — o(E +Vug) and (o(E. + Vug )) — (0(F + Vug))

as ¢ — 0.

Let us stress again that, in contrast to the parabolic regularization, we do
not have any assertion about the solutions of the related (but not equivalent)
regularized eddy current problem (5.23). This is due to the fact that a solution of
does not naturally imply a solution of (5.23), as it is the case for the original
problem, cf. Theorem and the parabolic regularization in Section

5.6 Conclusion

We have considered the transient eddy current equation in a bounded domain
consisting of a conducting and a non-conducting part, which are described by the
conductivity coefficient. A consequence is, that the equation is of parabolic-elliptic
type and does not determine its solutions uniquely in the non-conducting part.

We have presented a variational solution theory, that is uniquely solvable and
whose solution represents all solutions of the eddy current equation. This solution
theory treats the conductivity merely as a parameter, especially it does not depend
on the conducting region. We have used this theory to show a parabolic and an
elliptic regularization for the equation.

A natural way to regularize the equation is to set the conductivity to a small
positive value ¢ in the non-conducting part. Then the resulting equation is fully
parabolic and leads to a well-posed problem. We have justified this regularization
by proving the convergence of its solutions against the solution of the original
parabolic-elliptic equation if € tends to zero.

We have also showed an adequate result for an elliptic regularization.
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