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Zusammenfassung

Untersuchtwurde ein Polymermodellder Kettenhnge10. Ein Lennard-Jone¢LJ) Potential
wirkte zwischenallen TeilchenpaarenAuRerdemsomgte ein sogenannteBEENE-Potentiafur
die Bindung benachbartefeilcheneinerKette. Die Filmgeometriewar realisiertdurch das
Anbringenzweierglatter z—°-Wandean z = —D/2 und z = D/2 (z is der Abstandvon einer
Wandund D die Filmdicke).

Als Vorbereitungfur SimulationenunterkonstantenDruck wurde zuerstder Drucktensor
in inhomogenerklussigleitenuntersucht DaszentraleResultatdieserStudiewar, dal3einein
der Literatur haufig benutzteFormel (die so-genanntéK1-Formel) zu unphysikalisbenOszil-
lationender Normalkomponente Py, desDrucktensorguhrt. Man kannaberunterBenutzung
dermechanischeBtabilitat zeigendal Py(z) eineKonstanteseinmuss

Der Einflul3 der Wandezeigt sich unteranderemin Dichteoszillationenwelche mit der
Temperatuimmer ausgepiigterwerden.In der Naheder Wandedominiertdie paralleleAus-
richtung der Polymereund die Kettenwerdenflacher Das sogenanntéorrelationslochist
groRRerin derNahederWande.Die statischerOrientierungseigenschafteéiesSystemdonnten
in guterNaherungnit einerselbstlonsistentereldtheoriebeschriebemverden.

Es wurde eine Beschleunigungler Dynamik des Films verglichen zum “Bulk” (System
ohneWande)beobachtet.Eine Moden-Kopplungs(MC)-Analyseler Dynamik oberhalbdes
Gladibegangsemabdannerwartungsgerald einestarke Abhangigleit der kritischenTemper
atur7;, von der Filmdicke D. Im Vemleich zum Bulk (D = oc) andertsich 7, von 0.45 auf
0.41, 0.39 und0.31 fur Filmdicken D =20, 10 und5 (alle Angabensindin LJ-Einheiten).

Zudemwurdenfir eineDichteim Volumenvon py, = 0.99 umfangreicheéNichtgleichgevichtssim-
ulationendurchgetfihrtundeswurdedie Temperaturakdngigleit derSchervisksitatbestimmt.
Die soerhalteneschervisksitatkonntegutmit einemVogel-FulcheiTammann-Fibeschrieben
werden. Es konnteauchgezeigtwerden,dalRdie Stokes-EinsteirBeziehungm beobachteten
Temperaturinterall nicht gilt.

Zudemkonntendie gevonnenerErkenntnissezur korrektenBerechnunglesDrucktensors
mit Erfolg bei der BerechnunglerlokalenViskositatrn(z) angevendetwerden.

Auch ein Verfahrenzur Berechnungler Warmeleitihigkeit im gesamterTemperaturbere-
ich ist erarbeitetvorden.
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Chapter 1

Intr oduction

1.1 Motivation

Macromoleculasciencéhashadamajorimpactonthewaywelive. JustcOyearsago,materials
we now take for grantedwere non-eistent. With further advancesin the understandingf
polymersandwith new applicationgeingexplored,it is reasonabléo expectthatthis evolution
will provide us with still more exotic materialsand thuswill enhancehe importanceof the
polymerscienceor themoderntechnology

Due to their structuralcompleity, polymersare generallynot crystallineat low tempera-
tures. Ratherthey exhibit anamorphousglassystructure.The conceptof the glasstransition
thusplaysanimportantrolein understandinghe propertieof polymersystemsLet usstartata
(high)temperaturevherethesystems in theliquid state.As temperaturelecreasethepolymer
melt exhibits strongviscoelasticityi.e. it becomesubberlike. However, asthe temperature
dropsbelowv the so calledglasstransitiontemperature/;, the melt freezesfor the time scale
of the experiment. For all practicalpurposest canbe consideredhowever, asa solid, which
is amorphousindmechanicallyery brittle. Thus,theknowledgeof 7, is essentiain adapting
materialsto variousapplications.In generalyvaluesof T, well below roomtemperaturelefine
the domainof the so calledelastomersi.e. polymerswith strongelasticpropertiedik e rubber
Polymerswith a7, above theroomtemperaturegnthe contrary areusuallyrigid andbrittle.

As a particularclassof polymeric materials,polymerfilms find applicationsin the stabi-
lization of colloids or asprotectve coatingsin microelectronicandthusplay anincreasingly
importantrole in the industrialevolution. As mentionedabove, polymersandthusthesefilms
exhibit aglassystructureatlow temperaturesAn importantinformationfor materialsdesignis
thereforehow the glasstransitionis affectedby thethin film geometry Thisis oneof thebasic
guestiondo beaddresseth this work.

However, beforeelaboratingon he glasstransition,let me briefly compilesomefactsof the
history of polymers. The very first syntheticpolymerwasdiscoveredthousand®f yearsago.
It wasan artificially crosslinked form of the proteinsfound in animal-skin,the leather[1]. It
is reportedthat in 1496 Europeandiscoverersfound Indiansusing tree latex to make shoes,
bottlesandclothing[2]. In thefirst half of the nineteentlcentury 1823to be precise,Charles
Goodyeardiscoveredvulcanization,a tire making processthroughan accident. The list of
discoveriesrelatedto polymersis quite long, however, for thosewho like cinema,l finish the
listing by mentioningthe discovery of balelite, a cellulosepolymerusedto make billiard balls
andmovie films [2].
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1.2 A Short Intr oduction to the GlassTransition

A qualitatve understandingf theglasstransitioncanbeachieredin thefollowing way. Glassy
materialsare oftenformedby substancesontaininglong chainstemporaryor permanentet-
worksof linkedatomsor thosethatpossesa complex molecularstructure Whenthe systemis
rapidly cooledbelow the melting temperature7:, if crystallizationis not alreadyexcludedby
the complex structure,it will be avoideddueto the slow dynamics,.e. the molecularmotion
becomedoo slow to take up a crystallineconformation. Therefore the randomarrangement
characteristiof theliquid statepersistddown to temperaturebelow 7; [3].

Dueto thesimilarity of thestructureof a glassysystemnto thatof aliquid, somestaticprop-
erties(lik e density for example)behae smoothlyatT,. Thisis in contrastto a materialwhich
crystallizesat the melting temperature This point is illustratedin panel(a) of Fig. 1.1 where
the specificvolume (volume per particle,v = V/N) is plotted schematicallyfor a crystalline
material(C) andfor anamorphousystem(G). At Tz, thecrystallinematerialundegoesasharp
phaseransitionwhich is evidencedby the abruptchangeof the specificvolume. Sucha tran-
sition, however, doesnot occurin the glassysystem.In this casep changesontinuously The
rate of changeof v (i.e. the slopedv/dT), however, is smallerin the glassystatethanin the
liquid state. This differencecanbe usedto define7, asthe temperaturet which the straight
linestangentiako »(7') in theliquid andglassystatesntersect.

However, it mustbeemphasizethat7, depend®nthecoolingrate[3-5]. Thus,for agiven
substance]}, is nota uniquenumber The dependencef T, onthe coolingratecanbe under
stoodasfollows. Let 7(7") denotethe typical relaxationtime of a given systemat temperature
T. Whenthe systemis cooleddown at an arbitrary but constantrate,, it will spendAT~*
at each“visited” temperaturewhere AT is the distancebetweentwo adjacenttemperatures.
If the cooling processs startedat a sufficiently high temperaturesothat7(7') < AT~ !, the
systemwill have enoughtime to “visit” a sufficiently large numberof configurationgypical of
theactualvalueof temperatureThisis whatis usuallymeantby sayingthatthe systemis equi-
libratedat the giventemperatureHowever, the dynamicsof the systemslows down atlower T’
and,consequentlytherelaxationtime, 7(7), increasesTherefore therewill be atemperature
atwhich7(T) ~ AT~!. Furthercoolingwill now drive the systent‘out of equilibrium”. This
is theregion in Fig. 1.1 wherewv(T') leavesthe straightline of the liquid phase.Obviously, a
larger cooling rate will make the systemto fall “out of equilibrium” alreadyat a highertem-
perature. This ideais also depicted(againschematically)n panel(b) of Fig. 1.1. A larger
coolingratethusleadsto a higherglasstransitiontemperature/,. Theaboveideais qualitatve
in character However, one canobtaina quantitatve criterion by assuminghe validity of the
(empirical)Vogel-FulchefTammannVFT)-formula

7(T) = Aexp (T fTo) (1.1)

for temperaturesloseto 7,. Rewriting Eq. (1.1) for ' = T, andsettingr(7,) ~ AT~™"
yields[3-5]

T, =Ty — B/log(A'y) (1.2)

whereA’ = A/AT andB arefit parameters.

Equation(1.2) hasbeenusedby Vollmayr et al.  to fit 7,() obtainedfrom computer
simulationsof a binary Lennard-Jonemixtureandon SiO, [3—6]. The excellentagreemenof
thefit with thesimulationresultsis depictedn Fig. 1.2.
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Figure 1.1: Panel(a): Schematidllustration of the temperaturedependencef the specific
volume,»(T) = V/N, for a crystallinematerial(C) and a glassforming material(G). There
is a sharpchangein v(T') of the crystallinematerialat melting point, 7;, whereas(T) of the

amorphousystemvariessmoothly changinghowever, slopewhengoingfrom theliquid region

to the glassyregime. The intersectionof tangentlines definesthe glasstransitiontemperature
T,. Panel(b): Dependencef T, onthecoolingrate,y. Highercooling ratesdrive the system
outof equilibriumatahighertemperaturethusleadingto alarger7,.
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Figurel.2: Glasstransitiontemperature],, of abinaryLennard-Jonesystemversusthe cool-
ing rate~. The solid line is a fit with the function given by Eq. (1.2) [From Ref. [5] with
permission].

Dependencef 7, on the cooling rate hasalsobeenobsered in both real and computer
experimentsf othersystemg7-10]. An importantimplication of the above pictureis that,in
principle,every materialcanbe broughtto anamorphouglassystateprovidedthatthe cooling
rateis highenough.This expectations supportedy computersimulationsonliquid argon[11—
14].

Thus,aglassystateseemso bea“frozen” non-equilibriumconfiguration.Thetime needed
for atransitiontowardsequilibriumis muchlargerthanthedurationof atypical experiment.In
fact, thereis alsoa phenomenologicalefinition of the glasstransitiontemperature;, based
onthisidea.OnedefinesT, asthetemperatur@twhichtherelaxationtimesareof orders: 10?
upto ~ 10 secondg9].

It hasto be mentionedthat the time scalefor which the glasstransitioncan be obsened
in a particularsystemcan spanover morethan 12 decadesj.e. from microscopictimes of
orderof about10 psto macroscopitime scalesof adayor more[3]. Theinvestigationof this
phenomenors thereforea greatchallengegrom boththe experimentalandthetheoreticapoint
of view.

An intuitive and appealingpicture is provided by the free volume theory of Cohenand
Turnkull [15-17]. The mainideaof this theoryis that a taggedparticle canleave its initial
positiononly if it finds a “free volume” of sizevs > v. (v. beingsomecritical volumeof the
orderof the sizeof a molecule)in its neighborhood Let (v¢) be the averagefree volume per
particle. Assumingstatisticalindependencegnecanshaow thatthe probability of finding a free
volume, vy > ., is proportionalto exp(—uv./{v¢)) [9]. It follows thenfor the self diffusion
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constant

D o exp (— Ve ) . (1.3)
(vr)
A temperaturelependencéor (v¢) is foundin thefollowing way. Letv = V//N bethe specific
volumeandlet vy bethe (average)olumeof aparticle. Obviously, therewill beanaveragefree
volumeperparticleof (vf) = v—wvy. Notethatv, is mainly determinedy theinteractionpoten-
tial andthuscanbe regardedasindependenof temperature However, underthe conditionof
constanpressurewhichis usuallythe casein realexperimentsy is afunctionof temperature.
Therefore(ve) = (ve)(T) = v(T) — vp. Let now v(Ty) = vo. Expandingu(T') to first orderin
T immediatelyleadsto (v¢)(T) = (T — Ty)awg, Wherethe expansioncoeficient « is defined
throughvoa = 0v/9T |7 — 1,. Settingthis resultin Eq. (1.3) leadsto the VFT-formulafor the

selfdiffusionconstant
B
D o exp (_T—T()) , (1.4)

where B = v./(vor). Despiteof this successit mustbe notedthatthe free volumetheoryis
phenomenologicah natureasit doesnot provide a precisedefinitionof thecritical volume, ..

An alternatve approachio thephenomenownf glasstransitionwasproposedy Bengtzelius,
Gotzeand Sjolanderand,independentlyLeutheussef18, 19] who extendeda mode-coupling
approacloriginally proposedo describethe dynamicscloseto secondorderphasetransitions
and later further developedfor the descriptionof liquids at high temperatureso this field of
the glasstransition,whencethe term mode-couplingheory (MCT). The centralpredictionof
the simplestversionof the theory the so called “ideal MCT", is the existenceof a critical
temperaturdl;, > T, belowv which the relaxationtimesdiverge and, thus, the systembecomes
non-egodic. For temperatur@bove, but nottoo far from 7, thetheorymakesmary interesting
predictions.As an examplewe noteherethe predictionof a power law dependencef the self
diffusionconstanfor 7" closeto 7,

D(T) x |T ~T.|", (1.5)

where~y is acritical exponent.A completedescriptionof the theoryandits predictionscanbe
foundin review articlesby Gotze,GotzeandSjogren,Schilling andarticleseditedby Yip [20—
23]. Dueto the novelty of its predictionsfor the dynamicsof supecooledliquids, i.e. liquids
at sufficiently low temperaturegloseto but above T, (T" > T, > T,), mode-couplingheory
hasbeenappliedby mary groupsto a wide rangeof systemseitherin real experimentsor in
computersimulationg24-31].

Anotherline of thinking concerninghe glasstransitionis to askif the slowing down of the
dynamicswhenapproaching/, canbeinterpretedn termsof the critical slowing down of the
dynamicsneara secondorderphasetransition[3]. A secondorderphasetransitionis usually
characterizedby the divergenceof a lengthscale. However, the low temperaturdehaior of
the pair distribution function ¢g(r) doesnot indicatethe existenceof sucha lengthscale[see
section7.3, panels(a) and (b) of Fig. 7.2, for example]. It does,however, not meanthat a
diverging lengthscalecannot befoundin otherquantities.

The idea of a diverging length scalerelatedto the glasstransitionhasgivenrise to the
conceptof “cooperatve motion” empirically introducedby Adam and Gibbs[32]. According
to Adam and Gibbs, nearthe glasstransition,individual particle motionis frozenout. Thus,
the only possibility for structuralrelaxationis that of the collectve motion of mary particles.
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Note that, here,the focusis no longeron the static correlations but on correlationsbetween
the dynamicsof particles. The associatedengthscaleis thusa dynamicone. Let £(T') denote
thetypical sizeof a clusterof cooperatrely moving particles. It is well-known thatcloseto a
secondrderphaseransitionthe relaxationtime of sucha clusterscaledike £#, wherez >0 is
the so calleddynamiccritical exponent[33]. The sharprise of the relaxationtimesnearT,, is
thenexplainedby assuminghe divergenceof £ whenloweringthetemperaturéowardsT,.

Theabovereasoninghowever, is basenanempiricalassumptiorthaté (7') increasesvith
decreasingemperatureA significantimprovementwasachiezed by EdwardsandVilgis [34].
Theseauthorantroducedanexactly solvablemodelsystemexhibiting glassybehaior atlow T’
andshovedthatthe concepbf cooperatie motionalonewasenougho giveraiseto a VFT-law
[seeEq.(1.4)].

Recentcomputerexperimentsalsosupportthe ideaof cooperatre motion. For example,it
wasobsenedby Kob etal. [35,36] thatparticlesmove mainly in string-like clusters.Benne-
mannetal. [37] reporton agrowing lengthscalefor the dynamicsof a polymermelt. Strong
heterogeneityn the dynamicshasalso beenobsered in moleculardynamicssimulationsof
bondbreakageprocesse$38] andof binary mixture of soft sphere§39-41]. It is found that
particlesmove preferablywithin mobile clustersthusleadingto a heterogeneityn the dynam-
ics.

Beingeasilydetectablen a simulation,theregionsof heterogeneougynamicsareunfortu-
natelynotaseasilyaccessibléo realexperimentd42]. Thisresultsfrom thefactthatdynamic
heterogeneitys not necessarilystrongly correlatedto densityfluctuations. The structuresof
theseregionsarethereforemoreor lessidentical. Thus,onecannotusescatteringexperiments
to determinethe lengthscale&(T') [42]. Fortunately thereis anissueto this problem. Recall
that the relaxationtime of a clusterof strongly correlatedparticlessuchasthat obsenred in
cooperatie motion scaledike &%, wherez > 0. As the temperaturelecreaseg(7") becomes
largerandeventuallyreacheghe systemsize,£(T') = L. If this occurs the relaxationtime, 7,
of thesystemwill scaleliker oc L?. In otherwords,therelaxationdynamicsof the systemwill
becomesizedependentThis sizedependences indeedobsenedin Monte Carlostudiesof the
so called bond-fluctuatiormodel (BFM) in 2D [43]. In the mentionedreferencethe system
sizewasvariedwhile maintainingthe periodicboundaryconditions(pbc). An acceleratiorof
thedynamicsof the smallersystemshave beenobsenredin accordancevith 7 oc L.

A simpleway of changingthe systemsizein a real experimentis, for example,to vary
the thicknessof a planarfilm. Applying the sameargumentsasgiven above to a thin film of
thicknessD we should expectfinite-size effects on the dynamicsfor temperaturest which
&(T) ~ D. Note that boundaryconditionsare no longer periodic, but can changefrom an
absorbingoneto anapproximatelyneutralor arepulsve one.

Experimenton polymersystemgevealthatif theinteractionbetweerthepolymersandthe
substratéthewall) is attractve, the glasstransitiontemperaturd, of thefilms becomedarger
thanthebulk valuefor smallfilm thicknesse§t4], thusindicatinga slowerdynamicsan thefilm
comparedo thebulk system.

Ontheotherhand,experimentsonfreely standingpolystyrendilms (i.e.,no solid substrate,
but two polymerair interfaces)[45] find a dramaticdecreasef 7, by up to 20% if the film
thicknessbecomesnuchsmallerthanthe chainsize. Obviously, this decreasdecomesnuch
wealer if one or even both of the free interfacesare replacedby a weakly interactingsolid
substrate.

Whereaghe strongdepressiomnf 7, in thefreely standingfilm could possiblybe attributed
to the significantreleaseof geometricconstraintsat the air-polymerinterface,the acceleration
of the structuralrelaxationof a polymer melt betweentwo (almost) neutralsolid substrates
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is lessclearintuitively. The study of the presentcontinuummodel may help to improve our
understandingf this phenomenon.

1.3 Brief Outline of This Report

The modelinvestigatedn this work will be introducedin the next chapter Chapter2 also
containsa descriptionof the main stagesof a completesimulationrun.

As real experimentson polymer films are usually doneunderthe condition of a constant
pressurenormalto the surfaces,it is reasonabléo carry out simulationsundersimilar condi-
tions. This leadsto chapter3 wherethe pressurgensor P(r), of inhomogeneousystemsand,
in particular thatof a systemwith planargeometryis investigated We will addressomeam-
biguity which still existsin the definition of P(r). Furthermorethrougha detailedanalysis,
we will stresghe erroneousharactef aformulafor the pressureof a planarsystem,which,
dueto its simple and appealingform, is often usedin the literature[seeE(q. (3.38) and also
subsectior8.3.4].

Chapte# is partly devotedto areview of theMD simulationtechniquesThere wealsogive
an extensionof the so calledHoover-Melchionnaequationsof motion[seeEqgs.(4.75)-(4.79)]
to planarsystems.In section4.4.3the integration schemeusedto solve the extendedmotion
equationss presented.

At the beginning of the presentstudies,we were facedwith the following problem. On
the one hand,as alreadymentioned,we were interestedn simulationsat a constantnormal
pressure.On the otherhand,to separatehe effects of the temperaturdrom that of the film
thickness,D, it wasnecessaryo vary the temperatureat a well definedvalueof D. However,
a simulationat a constaninormal pressuraisuallyrequiresa fluctuatingfilm thickness.Thus,
thereseemdo be a conflict betweenrthe criteriaof D = const. and Py = const. We shav in
chapters thatthis problemcanbe solvedvia aniterative calculationof the surfacetension.

Chapter6 comparegshe staticanddynamicpropertiesof the systemwith respecto simula-
tionsin NV E, NVT and NpT ensemblesStaticpropertiesof the systemareinvestigatedn
chapter?7. In additionto a studyof the densityprofilesanda brief discussiorof theinfluence
of walls on the packingstructure we alsocompareMD resultson chainspecificprofileswith
self-consistentield (SCF)calculationsof M. Muller. Thelastsectionof chapter7 containsan
analysisof somequantitiesusefulto characterizehe averageshapeof a chain.

In chapter8 we focus on dynamicproperties wherewe analyzeboth high andlow tem-
peratures. In particular the mode-couplingcritical temperaturds calculatedfor somefilm
thicknessesUsing (socalled)“scatterplots” we visualizein the lastsectionof this chapterthe
heterogeneityn thedynamics.

Finally, chapter9 containsresultsof MD simulationsof the presenimodelsystemundera
homogeneoushearstress.We show in this chapterhow the knowledgeof the local pressure
tensorcanbe usedto calculatethelocal viscosity 7(z).

Thedervationof someformulais givenin appendixA.1.
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Chapter 2
Model

We studya Lennard-Jonemodelfor a polymermelt[46] embeddedbetweertwo impenetrable
walls. Two potentialsareusedfor theinteractionbetweerparticles.Thefirst oneis atruncated
andshiftedLJ-potentialwhich actsbetweenall pair of particlesregardlesof whetherthey are

connectedr not,

ULJ(T) — ULJ(TC) if r < Tc

Uias(r) = { 0 otherwise , (2.1)

where
Una(r) = de| (/o) = (r/0)"] (2.2)

andr, = 2 x 2'/%¢.

With theexceptionof themostpartof this chapterwherewe definethemodel,all simulation
resultswill begivenin Lennard-Jonef_J) unitsin thefollowing,i.e.c = 1,¢ = 1, etc.

In additionto the Lennard-Jonnegotentiala FENE-Potentia[47]

U S Y’ 2.3
FENE(T)——§ on[l—(ﬁo)}a (2.3)
actsbetweenadjacentmonomersof a chainthusensuringthe connectvity. Herek = 30 is
the strengthfactorand Ry = 1.5 the maximumallowed lengthof a bond. Thus,the unbonded
monomerdgnteractvia the LJ-potential(2.1) only, whereaghe bondedonesexert both LJ and
FENEforceson oneanother

Thewall potentialwaschoseras

Uw(z) = <g>9 : (2.4)

wherez = |Zparticle — 2wall| (2wan = £D/2). This correspondso aninfinitely thick wall madeof
inifinitely smallparticleswvhichinteractwith innerparticlesviathepotentiakt5(r /o) ='2 /(7 pywan)
wherepya denoteshe densityof wall particles. The sumover the wall particlesthenyields
(0/2)°.

Figure(2.1) compareghe bondpotential,i.e. thesumof LJ andFENE potentialswith the
LJ-potential. It is obvious from this figure thatthe bondedmonomersprefershorterdistances
thanthe unbondednes.In otherwords,we have two intrinsic lengthscalesn our system.If
theselength scalesare chosento be incompatibleto fit into a crystallinestructure,one could

11
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Figure2.1: Left panel: Lennard-Jonepotential(LJ) versusthe bondpotential,the sumof the
LJ and FENE potentials. The minimum position of the bond-potentials smallerthanthat of
the LJ-potential: The bond potentialhasits minumumat » ~ 0.960 whereashat of a pure
LJ-potentiallies at » = v/20. This incompatibility preventscrystallization,which is confirmed
by thebehaior of S(q) [seeFig. 2.2]. Right panel:“Visualization”of the samepotentials.

expectthatthe systemwould not crystallizeat low temperaturedyut becomesamorphousWe
are, of course,interestedn suchan amorphousehaior. We thusexaminein Fig. (2.2) the
structurefactorof our systemat varioustemperaturesAs is seenfrom this figure, the structure
of thesystenremainscloseto thatof aliquid evenatverylow temperaturegl i« = 0.45, see
belown). The centralpeakof the structurefactorbecomesnore pronouncedsthe temperature
decreasedyut thereare no Bragg peakswhich would be typical of a periodicstructure. The
staticanddynamicpropertieof this modelwerestudiedin the bulk whengraduallysupercool-
ing towardstheglasstransition[37,46,48-50]. Themodelbeginsto developsluggishrelaxation
if thetemperatureropsbelov T' ~ 0.7 andyieldsa critical temperatur®f mode-couplinghe-
ory of Tt puix =~ 0.45 [48] uponfurthercooling. We quotethis valuefor the sake of comparison
with thefilm resultsto bediscussedbelon. We will seein chapter8 thatthe presencef smooth
walls resultsin anenhancemertf the mobility of particles.Thisin turnleadsto a decreasef
T sim With respecto the bulk.

2.1 A Complete Simulation Run

In chapterd we will discusssomeimportanttechniquesvhich allow for asimulationatagiven
temperatur@nd/orexternalpressureTherefore we alsopostponeo this chaptertheinvestiga-
tions concerningthe choiceof an appropriatesetof equationsof motion andtheir discretized
integration. Thepurposeof thepresensectionis adescriptiorof themainstage®f asimulation
run,i.e. generatiorof aninitial configurationgquilibrationandproduction.

With the exceptionof simulationrunsundershearstresgseechapter9] wherethe equili-
brationof the systemwasachieved at constantdensity the systemwasequilibratedunderthe
conditionof constantexternalpressure NpT-ensemble.However, it will be demonstratedh
chapter6 thatthe dynamicsof the systemis stronglyaffectedif the volume of the simulation
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Figure 2.2: Left panel: Temperaturedependencef the structurefactor S(g), of a polymer
film of thichnessD = 10. Thoughthe peaksof S(¢) becomemorepronouncedat lower7"s,
the Bragg peakstypical of a crystalare, however, absent. Right panel: Comparisorof S(q)
for bulk, film centerandthe region closeto thewalls at 7" = 0.46. In bothpanelsq = 27/ R,
indicatesthe g-valuecorrespondingo thebulk radiusof gyration R,

cell is allowedto vary, i.e. within a NpT-ensemblesimulation. In contrastto that, it will also
be demonstratethat, within the Nose-Hoover approachthe couplingto a heatbathto perform
simulationsin a NV T-ensembles lessproblematic.Therefore all productionrunsweredone
atconstanwvolume,or morepreciselyin the NV T-ensemble.

At thebegginningof thesimulationthevelocitiesof all particlesweresetto zeroandNRRW-
(Non-Reversal-Random-\alk-) chainswere “synthesized”,i.e. only the averagebondlength
andbondangle(known from previousbulk simulations)vereusedto build achainof N (= 10)
monomers.This initial statecorrespondso very high enegies(usually E(t = 0) > 10'%) due
to theoccurrencef extremelyshortdistancedvetweemon-bondeanonomers.

The surplusof enegy mustberemovedto preventnumericalinstabilities. For the bulk this
canbedoneby replacingthefull LJ-potentialby a softerone. The LJ-potentialis thenswitched
on smoothly[47]. For our model,however, it wasnecessaryo keepthe (full) wall potential
from the very beginning of the simulationto avoid penetratiorof the walls. We thusleft the
potentialsunchangedbut usedan adaptve time step: First, the maximumforce F',,,, andthe
maximumvelocity v,., weredeterminedA time stepA wasthenchosersothattheresulting
displacementf a particle, which is subjectto F',,,, andmoveswith initial velocity v,y in
directionof F,,,, would bedr,,, = 10~3. This (empirical)valueis only applicableif F, .
doesnot pointin directionof abondvectorwhosesizeb is closerto the maximumbondlength
R, (seeUrpnr) than10-3, sincea displacemenbf this size could breakthe bond. In sucha
situationwe chosedr ., = (Ro — buax)/2 insteadof 102 to adjustthetime step(b,ax denotes
thelargestmeasuredbondlength). The equationf motionwerethenintegratedwith thistime
stepandthe proceduravasrepeated.
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After about250MD stepghevelocitiesof all particleswererenavedby draving themfrom
the Maxwell distribution, andthetime dervative of the volumewassetto zero. Thesestepsare
importantto warrantthe numericalstability of our procedure. Our criterionfor the endof this
stagewas that the minimum distancebetweenparticlesshouldnot be smallerthan a certain
value,empirically 0.8, andthat the normal pressureof the systemshouldnot be too far awvay
from theexternalvalue,i.e., | Px(t) — Pxext|/Pxexs < 1072, wherePy(t) wascomputedasan
averageoverthelast20 samplegprecedingimet. Thesampledistancevasempiricallychosen
to 10 exp(1/7") MD stepgo takeinto accounstrongercorrelationsatlowertemperaturesSince
we keptthefilm thicknessD fixed,the simulationat constanpressuravasrealizedby varying
thearea(= A) of the simulationbox parallelto thewalls. During this initial stagea high bath
temperature] =1, wasused.

After this initial stage(with atypical durationof 10> MD steps)the time stepcould be set
to A = 0.003. Thisvalueis closeto thatusedin previous bulk simulations[46]. The system
wasthenslowly cooleddown to the desiredtemperaturdsy graduallyreducingtemperaturen
astep-wisdashion:The bathtemperaturevassetto the next smallervalueandthe systemwas
propagatedor a certainamountof time beforethe bathtemperaturevasdecreasedgain.

At theendof thecoolingprocesshesamplingof themean-squardisplacemenof thechain
centergparallelto thewalls, g (¢), andof thevolumewasstarted.The systemwaspropagated
until gz > 9RZ, where R denoteghe componenbf the chain's end-to-endvectorparallel
to thewalls. This criterionsuficesto reachthefreediffusive limit andto equilibratethe system
completely During this periodthe systemvolumewassamplednceevery 1000time stepsand
the averagevolumeof the systemwascalculated.The equilibratedconfigurationwasthenfur-
therpropagatedintil theinstantaneougolumereachedheaveragevaluewithin agivenrelatve
accurag, usually10~°. At this point the programfixed this volume and switchedto a (pure)
Nose-Hower-Algorithm (NVT-Ensemblefor productionrunsin thecanonicakensembleDur-
ing aproductionrun samplingwasdoneonceevery 1000time steps.



Chapter 3

Pressue Tensorof Inhomogeneous
Systems

Usualexperimentson thin polymericfilms aredoneunderconstanexternalpressuraormalto
the surfaceof thefilm, Py . It is thereforedesirableo simulatein NpT-ensembleTheques-
tion is now how to characterizeéhe pressureof inhomogeneousystems.For a homogeneous
system pressurep, is a scalarquantitywhich is constantwith respecto the positionr where
it is determinedit is thewell known hydrostatigpressureBut whataboutinhomogeneousys-
tems?It is intuitively expectedthat the pressureof aninhomogeneousystemis a function of
thepositionr. If onerecallsthatthe pressuras equialentto theforceacrossanareaonecould
further concludethat, dueto the anisotropy of the systemthe pressureshouldalsodependon
boththedirectionof the normalto the surfaceandthatof the actingforce. It is thereforenota
scalar but atensor P(r). An understandingf the propertief the pressureéensorof inhomo-
geneousystemss thusthefirst stepin anattemptto simulateat constanexternalpressureln
this chaptemwe aregoingto addresghis problem.

3.1 Simpler Case:Pressue of HomogeneousSystems

In hisfamous'lecturesonphysics’R. P. Feynmansaidthatoneshouldalwaysstartwith simpler
problemsbeforegoing on to more complicatedones[51]. It turnsout that he was not very
wrong. We thusstartwith a shortoverview of the pressuref homogeneousystemsConsider
a systemof N particlesinsidea containerof volumeV. We assumehatthe particlesinteract
via pairwiseforcesonly. Startingfrom the virial theoremof classicaldynamicsonecaneasily
derive thefollowing expressiorfor the pressurep, of the system(seefor example [52])

N
1
1#£]

Here, F';; denotegheforceof particlej oni, r;; := r; — r; thedistancevectorpointingfrom
i toj and(- - -) standdor thestatisticalaverage.Thefirst termin (3.1)arisesfrom theaverage
kinetic enegy andthe momentumtransferof the particleson the containemwalls, whereaghe
secondterm accountdor the contribution of the intermolecularforces. Obviously, the virial
approachis basedon the mechanicatlefinition of the pressureasthe time averageof theforce
perunit areaof particleson the containemvalls.

However, one canobtainthe sameexpression(3.1) usinga thermodynami@pproactp =

15
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—(0F/0V)r =1/ (0InZ(B)/0V )r, whereF denoteshefreeenepy of thesystemand

+o0
Z(B) = ﬁ /_oo dr3N exp(=B U(ry, ...,Ty)) (3.2)

standdor thecanonicapartitionfunction,3 = 1/kgT theinversetemperaturé\ = /27 h?/mkgT
the thermalde Broglie wavelengthandfinally U is the total potentialfunction of the system.
The quantitiesappearingn A are: i = h/27 (h beingthe Plancks fundamentatonstant) iz
the Boltzmannconstant]” thetemperaturendm the massof a particle.

Thederivationwe aregoingto demonstratéereis basedntherescalingof particlecoordi-
natesasdescribedn( [53]). Let all particlesbe confinedin acubeof side . = V'/3, onecorner
of which is theorigin of the coordinatesystem.Introducingrescaleccoordinatese; = V='/3r;
onecanwrite

10InZ
b= r; V(B) (3.3)
Vi/3
- lew) %/ dr* exp(=B U™ (ry, ..., 7)) (34)
0
1 0 N ! 3N int (y/1/3 1/3
— 5205) oV {V /o dz°" exp(—B U™ (V' Pz, ...,V wN))} (3.5)
. N VN ! 3N Y 1/3 oy
= 5y s [ (e e oo
x exp(—B U™ (VY 3g,, .., V3 y))
N 1 v1/3 N annt
T BV 3V Z(ﬁ)/o ar (; " o ) &)
x exp(—B U™ (ry,...,rn))
N
= pksT +%<Z"V'Fz’>- (3.8)

It is importantto note that, in the above derivation, the potential U™ doesnot containthe
external potentialsarising from the containerwalls. The effect of thesepotentialsis already
taken into accountin fixing the integration limits. This is bestseenby splitting the total
enegy of the systemin internal and external contrikutions, U = U™ + U, and setting
Uet = SN Vext(z,) Vet(y;) Vet(z), whereVest(z) = 0 forz € [0 L] andVe(z) = oo
otherwise.Theforce F; in (3.8) thuscontainsthe contrikbution of the interparticleinteractions
only. We canthereforesetF'; = Zﬁ#) F;; in (3.8)andobtain,with abit of elementaryalgebra
andNewton’sthird law, equation(3.1).

Both thevirial way andthethermodynami@pproachgivenabose assumehatthe particles
areconfinedwithin avesselof a givensize. The validity of Eq. (3.1) couldthereforebe ques-
tionablefor systemswith periodicboundariesvhichis thetypical casein moleculardynamics
(MD) or Monte Carlo (MC) simulations. In sucha situationthereis no vesselto confinethe
system;the particlesare thusallowed to move infinitely far from their initial positions. One
thusneedsanalternatve derivationwhich doesnot make useof theassumptiorof confinement.
Sucha derivationdoesexist (seeAppendixB of [54]). Onefindsthe sameexpressionfor the
pressure asgivenin Eq.(3.1).
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3.2 InhomogeneousSystems:The Method of Ir ving and Kirk-
wood

In the derivationsoutlinedin the previous section,we madeuseof the homogeneityandthe
isotropy of spaceandtake p asa scalar However, as mentionedearlier in inhomogeneous
systemsthe pressuran generaldependsn boththe spatialdirectionandthe position. It is a
local quantityasit depend®n the positionwherethe pressures determinedlt is atensorasit
depend®nthedirectionsof boththeactingforceandtheunit vectornormalto theinfinitesimal
surface. Onethusneedsa definition of the pressurgensorwhich takesinto accountboth the
inhomogeneityandthe anisotroy of the system.

In their seminalpaper‘The StatisticalTheoryof TransporfProcesseg55] Irving andKirk-
wood(IK) gave statisticalmechanicahnalogue®f centralequation®f hydrodynamics(mass)
continuityequationhydrodynamicequationof motion(or momentuncontinuityequationand
enegy transportequation.As thedivergenceof thelocal stresgensorV - o (r), entershe sec-
ondandthird equationsthey werenecessarilyed to a definitionof o () in termsof molecular
positionsandmomenta.This approachdemandsgyuite a bit of algebrawhich we arenot going
to give here.As we areinterestedn a definition of the pressuréensorwe useP(r) = —o (7)
to write thefinal IK-expressiongor the pressurgéensor

P(r) = PX(r) + PY(r) (3.9)
where
N
P (r) = <Z m; (v; — ) (v; —u)d(r; — 7’)> (3.10)
i=1
denotedhe contribution of the momentunflux to the pressuréensorand
1 /&L i 1
U _ ijT'ij
Po(r) = 2 <Z Tij Utry) {1 - irij Vet
1]
1
+E(—’l"i]’ . V'r)nil =+ e } (S(’T‘Z - ’l")> (311)

is theconfigurationapart,which arisedrom theinteractionbetweerparticles.We have adopted
a notationin which the productbetweentwo vectorsis dyadic (thusleadingto a secondrank
tensor)unlesghereis anexplicit dot”-” denotingthe contractionof two tensorialquantities.In
Egs.(3.10)and(3.11)v; is thevelocity of i-th particle,m; its mass,u the streamingvelocity;
U standdor the pair potentialandU’(r) = dU /dr.

Consideran infinitesimal surfacedS moving with streamingvelocity. PX(r) - dS is the
momentumtransferredoer unit time acrossthe aread.S dueto the thermaldistribution of the
singleparticlevelocitiesaboutthe meanfluid velocity w. Obviously, P =P¥ whennointerac-
tion is present.Thekinetic partof the pressureéensorthuscorrespond$o the contribution of an
idealgas.In afluid however, dueto the stronginteractionsijt is the configurationapartof the
pressurgensor PY, which dominates At first sight,the exactmeaningof PV seemsotto be
very clear It is neverthelesgossibleto find a satishctoryinterpretatiorof the configurational
part of the pressureensor Startingfrom a purely mechanicaldefinition of the PY(r), Irv-
ing andKirkw ood obtainedan expressiorequivalentto thatgivenin Eqg. (3.11) (seeAppendix
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A in [55]). They definedPV(r) asthe infinitesimalforce dF per unit areaactingacrossan
infinitesimalsurfaced.S dueto interactionof particleson oppositesidesof d.S,

dF(r) = —PY(r)-dS . (3.12)

With this choicethey obtainedthe following expressionfor the potentialpart of the pressure
tensor

PY(r) = —% %{ U'(R) (/01 do pP(r —aR; v+ (1 — a)R)) R, (3.13)

wherep® (r; r') denoteghetwo-particledensity

P& (7)) = <Z §(r; —7)d(r; — r')> : (3.14)

i

Equation(3.13)canbeinterpretedasfollows: Theterm— RRU’/ R is atensorialgeneralization
of thevirial —RU’ of theintegrandin Eq.(3.1). It accountdor theforce RU’ / R thataparticleat
T, experiencedrom anotheparticleatr, (R = r, — r1). Thevirial hasto bemultiplied by the
probability of finding two particlesat r; andr,. The probabilityis proportionalto the density
o) (r1; ) which dependsexplicitly on both particle positionsfor inhomogeneousystems.
Therefore differentvaluesof p® (r; r,) areobtainedfor fixed R whenshifting particle 1 or
2 to positionr, wherethe pressureshall be determinedj.e. forr; = r (¢ = 0) orry, = r
(o = 1) (seeFig. 3.1). Theintegral over « takesall of thesecontributionsinto account.The
outerintegralfinally sumsoverthepossiblevectorsR whichpasghroughd.S. UsingEq.(3.14)
oneobtainsfrom (3.13)

v 1 < S TyTy ' >
P(r) = —< Z —U (rij)/ da §(r; —r+ary) (3.15)
0

2\ T
1 /& L
= -3 > riiFy / da é(ri —r+ary) ), (3.16)
i#j 0

wherer;; = r; —r; (r;; = |r4 ). It is now easyto verify the equivalenceof Egs. (3.15)
and(3.11):theonly thingto dois to apply, in Eq.(3.15),a Taylorexpansiorof 6 (r; —r + o r;;)
ata = 0 andcarryouttheintegrationover «. Finally, we notethatfor ahomogeneousystem,
thesecondermon theleft sideof the Eq. (3.1) canbe found by averagingthe Eq. (3.15) over
theentirevolume,V’, of the systemandsettingp” = (P, + P, + PY)/3.

We recallthatthereis anarbitrarinessn the definition of P(r) via hydrodynamicanalogy
Thisis dueto thefactthatonly V-P(r) entergheequation®f hydrodynamicsTheseequations
arethusinvariantunderthe gaugetransformation

P(r) - P(r) + Vxx(r), (3.17)

wherex is a vectorfunction of position[55-57]. The alternatve route of a mechanicablefi-
nition doesnot remove the ambiguityeither First, we addresshe ambiguityin the calculation
of PY(r) which containsthe contribution of theinterparticleforcesto the pressuregensorat r.
Somehwv the non-localtwo-particleforce, F';;, hasto bereducedo alocal forced F'(r) [58].
We canreformulatethe question:Which pairsof particlesshouldcontrituteto theforceacross
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dS situatedat »? This ambiguitywasalreadypointedoutin the seminalwork of Irving and
Kirkwood. They requiredthat “all definitionsmusthave this in common- thatthe stressbe-
tweena pair of moleculesbe concentratedhearthe line of centers. When averagingover a
domainlarge comparedwith the rangeof intermolecularforce, thesedifferencesare washed
out, andthe ambiguityremainingin the macroscopistresgensoris of negligible order” (foot-
noteon p. 829 of [55]). The choiceof Irving andKirkwood wasto saythatonly thosepairs
of particlesshouldgive riseto d F' for which the line connectingtheir centersof masspasses
throughdS. Thisis the mostnaturalchoice[53]. This corventionwasusedby the derivation
of Eqg. (3.13) Although lessproblematicthereis alsoan ambiguityin the kinetic contribution
to P(r). This ambiguityis closelyrelatedto the interpretationof P (r) - d§ asmomentum
flux acrossthe infinitesimal surfacedS. One shouldthereforecalculatethe momentumflux
acrosslS atagiventime, andthentake thetime average.Thequestions how thepointin time
whenthe particlecrosseslS is determined?s it whenthe particlejusttoucheghesurface?Or
is it whenits centerof masscoincideswith the positionof the surface? Obviously, thereare
infinitely mary possibledefinitionsof a cross@er time. For point particleshowever, the center
of massR,,, andthe positionvectorsr coincideandthusthe ambiguityis removed.

3.3 Planar Systems

For systemawith pair potential,equationg3.10)and(3.11)arevalid regardlesf the shapeof
thesystem.Furthermorethey arenotrestrictedo statesatthermalequilibrium. However, aswe
areinterestedn studyingequilibrium propertiesof thin (polymer)films confinedbetweenwo
impenetrablavalls, we aregoingto focuson the caseof planarsystemsFirstwe introducethe
assumptiorof planarsymmetry Let z denotethedistancdrom asurface.Averagingeg. (3.10)
over directionsparallelto the surfaceyields

PX(z) = —/dxdy PX(r

- <Zmz v —u) —u)é(zi—z)>, (3.18)

whereA denoteghesizeof a surface.Similarly, oneobtainsfrom Eg. (3.15)

1

PU(z) = o [ dedyPY(r)
N 1
= _i TZJTZJ ! / o N
o 24 <Z2#J: Tij U (TZJ) 0 da 5('21 Z+ O!Z”) (319)

N
1 TiiTij o 1 (z—zi> (zj—z>>
-y Ur) Lo o . (3.20)
2A< = T (rs) |21 Zij Zij

wherewe have used

1 1 — 2 -
/ dad(z — 2 + azyg) = — @(Z ”Z’)@(’Zf Z) (3.21)
0 |21 Zij Zij

In Eq. (3.20)©(x) denoteshe Heaviside stepfunction(©(z) =0 if x <0 and1 forz >0)).
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It mustbe emphasizedhat, heretofore no usewas madefrom the assumptiorof thermal
equilibrium. Equations(3.18) and (3.20) canthus be usedto calculatethe pressurgensorof
non-equilibriumplanarsystemssuchasthoseundershearstress.

We now addtheassumptiorof thermalequilibrium. It followsimmediatelythatthe stream-
ing velocity mustvanish:u = 0. As positionsandvelocitiesareuncorrelatedpnecanusethe
equipartitiontheoremandsimplify Eq. (3.18)to

PE(2) = knT p(2) bus, (3.:22)

wherea, 8 € {z,y, z}. p(z) denoteshedensityat z averagedvertangentiatoordinates: and
y. Thekinetic partof the pressurdensoris thusdiagonal.lt is worth noting thatthe diagonal
characteof PX is agenerapropertyof equilibriumstatest doesnotdepencbnthegeometry
of the systemunderconsiderationOnthe otherside,P mustbe diagonalfor planarsystemsat
thermalequilibrium[53,59,60] (otherwiseshearforceswould exist). It is easyto seefrom the
symmetryof the systemthatthe pressurgensorhasonly two independentomponentsPyx(z)
and Pr(z), which arerespectirely the normalandthe tangentialcomponent$53,59,60]. The
pressurgensorP(z) canthusbewrittenas

P(z) = (e,e; + eye,) Pr(z) + e,e,Px(z) , (3.23)

wheree,, e,, e, areorthogonalunit vectorsandthe lateral, Pr(z), and normalcomponent,
Px(z), of P(z) aregivenby

P,.(z) = Px(z) and Py,(z) = Py(z) = Pr(z) . (3.24)

Extractingthe appropriateexpressiondrom Egs.(3.20) and (3.22) one obtainsthe following
resultfor thelateralandnormalcomponent®f the pressurdensor(IK-Method) [53,60]

PIK(z) = kBT__<Z|Zm|U, ris) ( lezi>@(zj2i—jz>>’ (3.25)

X Tz]

P%K(Z) _ P(Z)kBT—ﬂ< Z z]rij yza U‘Z(:;z‘]) G(Z Zijzz)(a (Z]Zij Z)> . (3.26)
i#]

Thereademay have noticedthat, in the above formula, thereis no expressioncontainingthe

externalfields. It is neverthelesgossibleto take into accountary externalfield in the frame

of IK-method. First, we note that the lateral componentPr of the pressureensorremains
unchangedinderthe presenceof a potentialactingvia f**(z), f** beingan arbitrary but

differentiablefunction. To obtainthe contribution of thewalls actingvia suchan externalfield

to Py, onecanconsidereachwall asanadditionalparticleof infinite massanduseEqg. (3.25)

for the extendedsystemof N + 2 particles. Our systemof interestcontainstwo impenetrable
oppositewalls at zhotwan @NA Ziopwanr. THUS, We have zpoiwan < 2i < Ziopwan fOr all (inner)

particles(i.e. excludingthe wall particles). As we areinterestedn pressurdensorinsidethe

systemwe considemplaneswith zyotwan < 2 < Ziopwan ONlY. Along with theidentity

O(a z) = { @?_(g ey (3.27)

oneobtainsfrom Eq. (3.25)

Plt}valls,IK (Z) —

| =
~

~
Il
_

Fw (2 — Zbotwan) © (2 — 2) >

|
NN
A~

Fy (Zsopwan — 2i) ©(z — Zz)> . (3.28)

1

~
Il
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In Eq. (3.28) Fyw(2) = —dUw(z)/dz, From Eq. (3.28)it follows that the force Fy; of a
wall on a particlecontributesto the normalpressureon a givenplaneif the planelies between
the particleandthewall.

3.3.1 Ambiguity in the Definition of Pr: Harasima’s Approach

We recallthatEgs.(3.25)and(3.26)arebasedon a specificchoiceof mappingpairwiseforces
whicharenonlocalto agivenpointr in spacgseesection3.2). As we have alreadymentioned
in section3.2, thereis no uniqueway of definingwhich pairs of particlescontrikbute to the

forceat r. This ambiguitywas clearly demonstratedhy Harasimain 1958[61]. He gave an

alternatve expressiorto the pressureensorof planarsystemsasedn a differentchoiceof the

contrikbuting interactionyseeFig. 3.1): Harasimaconsidered prismawhosebaseis dA. The

forced F(r) is thoughtto resultfrom all interactionsdbetweerparticlesin the prismaandthose
onthesideof d A to whichthevectord A points. This alsoincludesparticleswhosecenterline

doesnot passthroughd A. Harasimas choicecorresponds$o a contourwhich goesparallelto

thewalls (or theplanarsurface)from r; to (z,, y2, 21) andthenalongthenormalto r, [53,62].

Using this corvention he obtainedthe sameresultsfor the normal componentas Irving and
Kirkwood[Eq. (3.25)],

PY(2) = P(2) , (3.29)
but adifferentexpressiorfor the lateralcomponenbf the pressureéensor53,61]

1

PG = st - > S )b 2)) (3:30)

Thus, the tangential component Pr, of the pressurdensoris not uniquely defined. Con-
sequentlythe pressue anisotiopy, Py — Pr, is ambiguous.This ambiguityis extensvely dis-
cussedn theliterature[53,55,56,58-63]. However, theintegral over z of Eq.(3.26)is identical
to thatof Eq. (3.30). This impliesthatboththe IK andthe H-methodsyield the sameresults
for any physicalquantitywhich doesnot dependon the local profile of the pressurdensor In
particular they leadto the samevaluesof the surfacetensiony (Kirkwood—Buf formula[53])

+D/2
2y = / o [Pu(2) = Pr(2)| dz (3.31)
1 e — 3z

Thefactor2 arisefrom theexistenceof twowallsatz = —D/2 andz = D/2in oursimulation,
D beingthedistancefrom onewall to the other(i.e. thefilm thickness).However, moments
of Py — Pr, suchasthe so called“surfaceof tension”z, i.e. the positionwherethe surface
tensionacts,

1 +D/2
<s

= 2 o z[PN(z) — Pr(z2)| dz, (3.33)

dependson the different choicesmadeto determinePV. This was alreadypointed out by
Harasimg61].
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Figure3.1: Schematidllustration of the differentcontributionsto PY () which aretakeninto

accountby Irving and Kirkwood (IK-method) and by Harasima(H-method). Let dA be an

infinitesimal surface situatedat positionr [panel(a)]. In the IK-methodall particleswhose
centerine passeshroughd A contributeto theforcefelt acrosshesurface[panel(b)], whereas
Harasimaassumeshatthe interactionbetweenthe particlesinsidea prismawith based A and

thoseonthesideto whichd A is pointingcausesheforceatr [panel(c)]. Panel(b) shavstwo

possiblecontributionsin thelK-method.If R = r,—r;, thepositionvectorsof theparticlescan

alsobeexpressea@s:r; =r —aRandr; =r+ (1 — a)R (0 < a < 1) [seeEq.(3.13)]. The

interactionbetweenr| andr, is alsotakeninto accountn the H-method but not thatbetween
r, andr,. On the otherhand, particlesat 3 andr, (= r3 + R) contritute in Harasimas

approachywhereaghey don't in the IK-method.

In Sect.3.4 we wantto shav for the polymermodel consideredhat the differencesn zg
obtainedfrom the IK andH-expressionsaresmallcomparedo thesizeos of a particle,but not
negligible. The ambiguousatureof z; wasdiscussedn detail in [53,62]. In [62] a liquid-
vaporinterfaceis studied. Sincethereare no densityoscillationsneara free surface,which
arecharacteristiof liquid-wall interfaceg64,65] we expectthe differencebetweerthe IK and
H-expressiondor Pr(z) to bemorepronouncedor thethin films studiedhere.

3.3.2 The Method of Planes

Todd,EvansandDaivis [56,63] have introduceda variantof the original IK-derivationto deter
minethe pressuraensor(termed‘methodof planes”)which avoidstheambiguityof defininga
contourto relatetwo interactingparticles.The problemis, however, not circumwventedbecause
onehasto choosea gaugefor both the pressurégensorandthe momentumdensity[56]. The
dervationstartsfrom the continuity equationdor the massandmomentumandleadsto

M
PY(2) = i< ZFM sgn(z; — z)> (3.34)

= (X Fuy(0(— )0z~ ) Oz~ )6z~ %)) (335)
i#j
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for the potentialpartof the pressuréensorandto

M
1 Pai Pzi
K _ = ar Mz .
PE(2) = 2 ( 223 P2 5z~ ) ) (3.36)
for the kinetic part (o« = z, y, z), wherem is the massof a particle. In Eq. (3.34)sgn(x) is
thesignfunction(=1if z > 0 and—1 for z < 0), F,; is the a-componenbf the force exerted
on particle: by all otherparticlesandp,; is the a-componenbf the peculiarmomentum(i.e.
p; = m;(v; — u)) of particlei. Usingtheidentity

‘Zij‘ © (ZZ ZZ) @(ij Z) = Zij [6(2 — Zi) @(Zj — Z) — 6(2 — Zj) G)(,ZZ — Z) . (337)
v )

onecanverify thatthediagonalcomponentsf theEqgs.(3.35)and(3.36)yield thelK-expression
for thenormalpressurgEq. (3.25)]. SinceEg. (3.34)containsasinglesuminsteadf thedouble
sumof Eq.(3.25),it is computationallymorecorvenient. Thereforewe usedeqs.(3.34)to cal-

culatethe configurationapartof the normalpressureFurthermoreywe implementedzq (3.36)

for the calculationof thekinetic partof P,;(z), P,,(z) andP,,(z). However, Equationg3.35)

and(3.36) are not sufficient for determiningthe surfacetension, asthey do not containthe

diagonalcomponent®f the pressurgensorparallelto thewalls, i.e. P, andP,,. Ontheother
hand,they provide a methodfor the calculationof the viscosity[56].

3.3.3 An Approximate Formula: IK1-method

In theliterature(seg[66,67], for instance}hereis still anotherformulafor the pressurd¢ensor
which is a kind of a “tensorized”versionof the Harasimaexpression(3.30) (called“IK1” in
[56])

PR(z) = p(2)ksT 11— i< S T 1 () 6z — z)> . (3.38)

Todd, EvansandDaivis [56] noticedthatEq. (3.38)is equvalentto a zeroth-ordeapproxima-
tion of the (full) IK-expressiorandthatit leadsto spuriousunphysicalbscillationsof Py. They
thusconcludedhatthis formulashouldnot be usedfor inhomogeneouBuids. In the sameref-
erencethey gave a physicalinterpretatiorof the IK1-approximationin k—space (seekEq. (24)
in [56]). Onecanalsofind areal-spacénterpretationin the following way. If onereplaceghe
integral over a in EqQ. (3.13)by thevalueof theintegrandat thelowerbounda = 0 andfollows
thesameargumentwhichledto Eq. (3.15),0neobtains

PU(r) = —1< 3 T8 0 () s - "), (3.39)

rij

which givesthe potentialpart of the IK1-expression(3.38) after averagingover the tangential
coordinates.

Thus,thelK1-methodcorrespondso theassumptiornhatthetwo-particledensityp® (ry; ry)
is unchangedipontranslationof both agumentsalongtheline R = r, — r; which connects
the points1 and2. However, the breakingof translationainvarianceis oneof the basicchar
acteristicsof inhomogeneousystems.The morethe systemis inhomogeneoughe morethe
IK1-expression3.38)for Py (z) shouldbecomenaccurateOntheotherhand,integrationover
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z yieldsthe sameresultasthe IK- andH-approachesTherefore the IK1-methodleadsto the
samesurfacetensiony, but to adifferentvaluefor z; comparedo the othertwo methods.

In Sect.3.4we show thattheIK1-resultfor z; is toolargeto allow for aninterpretatiorof zg
asthe effective positionof theinterface,i.e. asthe distanceof closestapproactof a particleto
thewall. FurthermoreEq. (3.38)leadsto strongoscillationsof Py in contrasto the condition
of mechanicastability which requiresa constanprofile for Py (seesection3.3.4).

For the contribution of smoothwalls within the IK1-approximationonefindsthefollowing
expressionn theliterature[68]

M
walls 1
PN 11 ,IKI(Z) = Z< ZFW(Zz - Zbotwall) 6(21 - Z)>
i=1

M
B %< ZFW(ztopwall - Zi) 5(Zi B Z)> ’ (3.40)

wherethesumrunsoverinnerparticlesonly, asbefore.SinceFyy (z; — 2')d(z; — z) is equivalent
to Fyy(z — 2/)8(z — z), PY*™™! (%) canbe written asa productof the densityprofile anda
contritution from thewalls, i.e.

ngalls,IKl (Z) — Fw(z — Zbotwall) —_ FW (Ztopwall - Z) ,O(Z) .

Theformula(3.40)canbedervedfrom Eq. (3.38)by somavhatad-hocreplacing
1/2{6(z — z;) + 0(2z — zwau) } DY 0(2 — ;).

3.3.4 Mechanical Stability RequiresPy = const

In equilibrium,mechanicastabilityrequireghatthegradientof thepressurgéensorvanishe$53,
57,59,60]

V.-P=0, (3.41)

where0 denoteghe nil vector As arguedin section3.3 non-diagonatomponent®f P must
vanishfor a systemwith planarsymmetryandthe lateralcomponentshouldbe identical. So,
we have

0P, N 0Py, N oP,,
e, e
ox oy Y 0z

SincedP,,;/0x = 0, OP,,/dy = 0 ontheonehand,andP,, = P,, onthe other the lateral
componentganbefunctionsof z only. Furthermoresince dP,,/0z = 0, thenormalcompo-
nentof thepressuréensoris independentf thedistancdrom thesurfacesandmustbeidentical
to the externalpressuréPy ex;. Thisgives

e, =0 and P, (r)= Py(r). (3.42)

Px(2) = Py, = Prext = const  and  Pr(z) = Pp(2) = Pyy(2) - (3.43)

The agumentpresentedhereessentiallyfollows the discussiorof [53] (seep. 44 of [53]). We
repeatedt hereto stressthe erroneouscharacterof expression(3.38). In Sect.3.4 we will
seethat only the IK- (or H-) formula (3.25) satisfiescondition (3.43). The independencef
Eq. (3.25)on z wasalreadyproved analyticallyin the work of Harasima(seep. 224 of [61]).
Thisimportantpropertyhelpsusto setthe pressuren thesimulationsor agivenwall separation
andtemperature.
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3.4 Results

3.4.1 Profilesof Px(z): IK1 versus(full) IK

In orderto analyzethe pressureprofiles for our modelwe studieddifferentfilm thicknesses
(D = 3,5,10, 20) at varioustemperaturesvhile alwayskeepingPy ¢, = 1. For this external
pressurenary resultsfor thebulk behaior areknown [37,46,48-50]. Here,we wantto discuss
two representate cases:D = 3 (=~ 2R, where R, ~ 1.45 is the bulk radiusof gyration)at
T=1,andD =10 (= 7TR,) atT = 0.42. The temperaturél’ = 1 correspondso the high-
temperature(ordinary)liquid stateof the melt, whereasl” = 0.42 belongsto the supercooled
temperatureegime closeto the critical temperaturef mode-couplingheory (7,.(D = 10) ~
0.39 [69]).

For afilm of thicknessD = 3 tenindependentunsof 10° time stepsweresimulatedat 7' =1
and Py x; = 1. Thetotal numberof particleswas1000correspondingo 100 chainsof length
N = 10 (this numberof monomersper chainwasalwayskeptfixedin our simulations).For
D =10 five independentunsweredoneat T'= 0.42. Thelengthof arunwas4.4 x 107 time
steps.Samplesveretaken every 1000steps. The muchlongersimulationtime in this caseis
necessaryo allow for a detailedanalysisof the dynamicsof the systemwhich is very slow at
thistemperature.

Figures3.2 and 3.3 shaw the simulationresultsfor the normalcomponenof the pressure
tensor Py, calculatedaccordingto the IK- andIK1-prescriptionsyespectiely [seeEq. (3.25)
andEg.(3.38)]. Furthermorethey resohe thedifferentcontributionsstemmingrom thekinetic
part, the virial (forcesbetweeninner particles,i.e. excluding the walls) andthe walls. The
striking differencebetweerbothprescriptionss thatthe IK1-methodyields strongoscillations,
whereagthe pressureprofile of the IK-methodis constantthroughoutthe film, in agreement
with the conditionof mechanicaktability [seeSect.3.3.4].

Sincethekineticcontributionto Py is proportionako thedensityprofile p(z), Fig. 3.2shows
that practicallyno particleis presentin the vicinity of thewalls. The excluded-wlumeinter-
actioncreatesa depletionzoneof about0.8 betweernthewall (z.n = +1.5) andthe monomer
positionsat this temperature.Any planein this region separatesll particlesof the system,
which lie on the side of the planefacingtowardsthe inner part of the film, from the wall on
theotherside. Thereis nointerparticleforce acrosghe planeandthusthevirial contributionto
the normal pressurevanishes.The behaior of Px(z) nearthe wall arisesonly from the wall-
particleinteraction.This interactiondoesnot dependon the positionof the planeaslong asall
the particlesstayontheoppositeside,i.e. aslongasp(z) ~0. Thisexplainswhy Py is constant
in the region closeto the walls. With increasingdistancefrom the wall the densitystartsto
increasdrom zero. Then,the kinetic andvirial partsbegin to contribute, whereaghe effect of
thewalls decreasedn this intermediateegion noneof the contritutionsis negligible, but their
sumstill remainsconstantjn accordwith Eq. (3.43). Very far from the walls the contribution
of the walls to Py becomesgligible. There,one expectsthat the variationsof the kinetic
andvirial termsmustbe oppositeto eachother A first indicationof this oppositebehaior can
be obsenedin Fig. 3.2. A betterdemonstrations, however, shovn in Fig. 3.4 wherethefilm
thicknesss large enoughto exhibit aninnerregion with negligible wall contribution.

On the contrary the variouscontritutionsof the IK1-methodsare (almost)in phase.Fig-
ure 3.3illustratesthatthe strongdeviation of P! from a constanis causedy theinteraction
of thewall with the monomerscloseto the maximumof p(z) if D = 3. If thefilm thickness
increasesFig. 3.5 shows thatthe oscillationsof Py propagatehroughthe whole film. Close
to thewall, the dominantcontribution still comesfrom the wall-monomerinteraction,whereas
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Figure3.2: Differentcontributionsto the normalpressurerofile Py(z) for afilm of thickness
D =3 (= 2R,) atT =1 (high-temperaturdiquid state)and Py x; = 1 accordingto the (full)
IK-method[seeEqg. (3.25)]. The H-methodyieldsthe sameresult[seeEq. (3.29)]. The vari-
ousparts,kinetic (full line), virial (dashedine) andwall (dash-dotted)mutually balanceone
anotherto yield a constanprofile Px(z) = Pyext (Circles),asrequiredby mechanicastability
(seeSect.3.3.4). ThedifferencebetweenPy ¢ =1 (verticaldashedine) and Px(z) shavsthe
accurag to which we couldfix Py e in the simulationfor this film thickness.The difference
is smallerthan2%.

a5 [
&O 0QD
i o Py(2)
4.0 — kinetic  §° ° ,?
- virial "o ory
[ (R
35F .- walls § 1 ,' b
| !
d b
—~~ ! H
N i !
n” | '
? ¢
i !
!

Figure 3.3: Differentcontributionsto the normalpressurerofile Py(z) for afilm of thickness
D =3 (=~ R;) atT =1 (high-temperaturdiquid state)and Py .. = 1 (vertical dashedine)

accordingto the IK1-method[seeEq. (3.38)]. Contraryto Fig. 3.2, the variousparts,kinetic

(full line), virial (dashedine) andwall (dash-dotted)do not balanceput amplify oneanothey
resultingin a (non-physicalpscillatorystructureof Py(z) (circles).
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Figure 3.4: Differentcontritutionsto the normalpressurerofile Py(z) for afilm of thickness
D=10 (=~ 7TR,) atT'=0.42 (supercooledtatecloseto T, ~ 0.39 [69]) and Py ex; =1 (vertical
dashedine) accordingto the IK-method[seeEq. (3.25)]. The H-methodgivesthe sameresult
[seeEq.(3.29)]. Asin Fig. 3.2,thevariousparts kinetic (full line), virial (dashedine) andwall

(dash-dotted)mutually balanceone anotherandsumup to a constantprofile Py(z) = Py ext

(circles),in agreemenivith the conditionof mechanicastability (seeSect.3.3.4).
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Figure 3.5: Differentcontributionsto the normalpressurerofile Py(z) for afilm of thickness
D =10 (= TRy) atT = 0.42 (supercooledstatecloseto 7, ~ 0.39 [69]) and Py ex = 1
(verticaldashedine) accordingto the IK1-method[seeEq. (3.38)]. As in Fig. 3.3,thevarious
parts,kinetic (full line), virial (dashedine) andwall (dash-dotted)give riseto a non-constant
pressurerofile (circles)contraryto therequiremenbf mechanicastability.



28 CHAPTER3. PRESSURETENSOROFINHOMOGENEOUSSYSTEMS

the oscillationsin the inner part of the film arein phasewith the virial. The contrikbution of

thevirial is negative closeto thewall, reflectinga predominantlyattractve interactionbetween
the monomers. This dominanceof the attractve interactionis also visible for the (correct)
IK-method,but is muchlesspronouncedn this case.

The situationbecomesnorecomplicatedvhenstudyingthe lateralcomponenbf the pres-
suretensor Here,the two alternatve formulas,Egs.(3.26) and (3.30), canyield completely
differentprofiles.Figures3.6and3.7 comparehe K andtheH-versiongo calculatethelateral
pressurePr(z) for D=3,T =1 andD =10, T = 0.42, respectiely. Whereashoth methods
oscillatein phasewith oneanotherfor thethicker film, they areanti-correlatedor D=3. The
lateral pressureof the IK-methodis positive closeto the walls, but negative in the middle of
thefilm, whereaghe behaior is just vice versafor the H-method. Due to the aforementioned
ambiguityof Pr(z) it is impossibleto decidewhich methodyieldsthe physicallymorerealistic
result.If thefilm thicknessncreasesthequalitative differencebetweerthelK- andH-methods
(almost)vanishesand only quantitatve differencegemain. The oscillationsof Pr(z) clearly
reflectthe monomerprofile. In the inner portion of the film they are muchwealer for the
H-methodthanfor of the IK-method. This is relatedto the local natureof Eq. (3.30) dueto
the presenceof delta-function. Density oscillationsare thusincorporatednot only in the ki-
neticterm, but alsoalsoin thevirial partof the Harasima&ormula. Both termspartially cancel
eachother Although the profile generatedy Eq. (3.30)is thuscloserto Py . thanthat of
Eq. (3.26), this shouldnot be consideredas an agumentin favor of the H-method. A clear
distinction betweenboth methodswould only be possibleif one could find a quantity which
specificallyprobesPr(z) andwhosebehaior is known a priori, asit wasthe casefor Py(z).

P(2)

Figure 3.6: TangentialcomponentPr(z) of the pressuretensoras obtainedfrom the IK-
formula [Eqg. (3.26)] and from the H-formula [Eq. (3.30)] for D = 3 (~ 2R,), T' =1 (high-
temperaturdiquid state)and Py ... = 1. The thin solid line shaws the kinetic contribution
ksTp(z) (dividedby 15to putit onthescaleof thefigure).
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2.5

P(2)

Figure 3.7: TangentialcomponentPr(z) of the pressuretensoras obtainedfrom the IK-
formula [Eq. (3.26)] and from the H-formula [Eq. (3.30)] for D = 10 (= 7TR,), T = 0.42
(supercooledtatecloseto T, ~ 0.39 [69]) and Py «x; =1 (verticaldashedine). Thethin solid
line shawvsthekinetic contrilbution kg7 p(2).

3.4.2 SurfaceTensionand Surfaceof Tension

As mentionedn Sect.3.3.1,integrationof the pressureprofilesover z yields the sameresult
for the IK-, H- and IK1-expressions. Therefore,all methodsmustlead to the samesurface
tensiony [i.e. EqQ.(3.32)]. This expectationis nicely borneout by the simulationdatafor all
film thicknessesindtemperaturestudied,where~y wascalculatedby Eq. (3.31). Figure 3.8
exemplifiesthis behavior for D =5 (=~ 3R,). With decreasingemperaturehe surfacetension
increasedy aboutafactorof 1.5. Qualitatively, thistemperaturelependences expected.The
monomerdensityof a polymermelt closeto a hardwall exhibits a profile thatis large at the
wall anddecaygowardsthe bulk valuein anoscillatoryfashionwith increasingdistancefrom
thewall (seeFig. 3.11asanexample)[65]. Sincethe averagedensitygrows with decreasing
temperaturen a simulationat constanpressurethe maximaandminimaof the profile become
more pronounced.This meansthat thereare more monomersn the highly populatediayers
atlow thanat high temperatureandthatthe oscillationsof profile becomemorelong-ranged.
Theseeffects tightenthe film so that the free enegy neededto move monomersout of the
interface,i.e. the surfacetension shouldincreaseastemperaturelecreaseslhe sameeffectis
expectedwhenreducingthefilm thicknessdhecausehe layeringis morepronouncedn thinner
films. This expectations borneout by the simulationdata(seeFig. 3.9).

Contraryto -y, thediscussiorof Sect.3.3. limpliesthatthesurfaceof tension,z;, depend®n
themethodapplied.Thisfactisillustratedin Fig. 3.10whichshavsthetemperaturelependence
of z, for thelK-, H- andIK1-methods.ThedifferencebetweenK andthe H-methodss rather
small, whereasthe IK1-result lies substantiallyabove the valuesof the other two methods.
Sincez; canbeinterpretedasthe distanceof closestapproachof a monomerto thewall, i.e.
astheeffective positionof thewall, thefollowing simpleagumentrulesout the IK1-result: At
temperaturd’, aparticlecanonly penetratento a (soft) wall upto thepoint, z,,, wherethewall
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Figure3.8: Temperaturelependencef the surfacetension,y, calculatedby Eq. (3.31),using
thelK-, H- andIK1-methodsfor D=5 (~ 3R,) and Py « = 1. Thetemperatureshovn range
from the high-temperaturdiquid stateof thefilm to the supercooledtate.
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Figure3.9: Comparisorof thetemperaturelependencef the surfacetension,y, for D=5 (=

3R;) andD =20 (~ 14R;). Theresultsof the IK-methodareshavn only. The othermethods
(H- andIK1-methods)yield the samey’s within the error bars,asexemplifiedin Fig. 3.8 for

D = 5. The externalpressurés Py« = 1. The temperatureshovn rangefrom the high-

temperatureljquid stateof thefilm to the supercooledtate.
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Figure 3.10: Temperaturelependencef the surfaceof tensionz, [Eg. (3.33)] determinedby
thelK-, H- andIK1-methodsor D =5 andPy .« =1. Thesolidline shovsthesimpleestimate,
zy = 1/T*/° [Eq. (3.44)],for the positionof thewalll.

potentialbalanceshermalenegy of the particle,i.e. Uy (2 ) /T =1. UsingEq. (2.4) this gives

1\ 1/9
zw=<f) : (3.44)

Equation(3.44)is compatiblewith the IK- andH-predictions but not with the IK1-result. An-
otherway to illustratethis pointis shovn in Fig. 3.11wherewe plottedthe monomerdensity
profile of a film of thicknessD =10 at T = 0.42. With increasingfilm thicknessthe IK- and
H-valuesfor z, approachone another— for D = 20 for example,they areindistinguishable
within theerrorbars(not shavn here)—, but the disparityto the IK1-resultremains.Thefigure
clearly shavs thatthe IK1-methodplacesthe effective wall positiondeeplyinto the interior of
thefilm, whereast hasto be situatedn theregion wherethe densityprofile approachegero.
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Figure 3.11: Monomerdensity profile of a film of thicknessD = 10 (=~ TR,) atT = 0.42
(> T, =~ 0.39 [69]) and Py «x; = 1. Sincethe profile is symmetricaroundthe middle of thefilm,
the figure only shows onehalf of it. The scaleof the abscissavas shifted so thatthe wall is
placedat z =0. Theverticallinesmarkthevaluesof z; computedaccordingto theIK-, H- and
IK1-methods.



Chapter 4

Molecular Dynamics Simulation
Techniques

Theaimof amoleculardynamic§MD) simulationis to solvethe Newtonianequatiorof motion

for eachpatrticle: of a mary body systemof N particles. Here, F'; is the force on patrticles
andr; its position. Obviously, this setof equationill consere thetotal enegy of thesystem,
providedthattheforce F'; canbederivedfrom a potentialU (7). Thus,for anemgodic system
with consenrative forces,sucha simulationwill drive the systemthroughonly thatfraction of
the phasespacewhich correspondso theinitial enegy E, of the system.In termsof statistical
mechanicspne can say that the points of the phasespacevisited by the systembelongto a
microcanonicaknsemble.lt mustbe notedthat Eq. (4.1), in principle, could alsobe usedto
simulatea systemin thermalcontactwith a heatbath. One shouldthen solve this equation
for all particlesincluding thoseof the heatbath. This approachis clearly fully unpracticable.
Fortunately techniqgueshave successfullypeendevelopedto overcomethis difficulty. In this
chaptemwe will discusssomeof them. However, if oneis interestedn analysingthe properties
of isolatedsystemsit is satishctoryto seekasolutionof Eq.(4.1). Thisleadsusto thefollowing
section,MicrocanonicalEnsembleSimulation

4.1 Micr ocanonicalEnsembleSimulation

We aregoingto derive hereanelaboratedlgorithmto carryoutasimulationat constanenegy
known asvelocity-Verlet-algorithm.We follow a derivationgivenin [70,71]. Let usdenotea
pointin phasespaceas

= (’rN,pN) = (71, .., "N; Py, -, PN)

andlet H = H(T') be the Hamiltonianof the system. The time evolution of a dynamical
function A(T'(¢)) which doesnot explicitly dependontime, is givenby

dA 0 0
- ST S O |
dt zZ: {rZ or; TP Op,; }
= iLA (4.2)
with theformal solution

A(T(t)) = exp(iLt) A(T(0)) . (4.3)

33
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The operatorL in Eq. (4.2) is calledthe Liouville operatorof the systemand, obviously, is
definedas

0 0
iL = i — P — ¢ 4.4
It will beshown in appendix(A.1) that £ is Hermitian,i.e. £ = £. Oneof the consequences
of theHermitianpropertyof £ is thatthe propagator

U(t) = exp(iLlt) (4.5)
IS unitary i.e.
U~(t) = U'(2). (4.6)

Usingtheunitarypropertyof U, it is demonstrateth appendiXA.1) thatthevolumeof agiven
regionin phasespacaemainsunchangedndertheactionof U, i.e. undertime evolutionwithin
Hamiltoniandynamics.Ontheotherhand,it followsdirectly from thedefinition(4.5) of U, that
this operatoris time reversible

U'tlt)=U(-1). (4.7)

An importantimplicationof thetime reversibility of U(¢) is thattwo distinctphasepointsI'(¢;)
andI(t¢;) remaindistinctatall timest, beforeor aftert;. For, if I'(¢5) = I'(¢,) for agiventime
ty, onecanshaw I'(¢y) = U(t; —t2)(t2) = U(t1 —t2)I'(t2) = I'(¢1) whichisin contradiction
to theassumptiorof distinctnessit¢;.

Time reversibility and volume preservingpropertiesmale U an attractve candidatefor
the constructionof numerically stableintegration schemeg70, 71]. Onetriesto decompose
exp(iLt) sothattherelation

explc- %) f(a) = flg+ o 4.8)

canbeusedto propagateéhe systems positionsandmomenta. For this purposepneintroduces
El andﬁg ( LC = LCl + LCQ )

il

.0
;ri B (4.9)

. .0
iL, = Zpi-ap'. (4.10)

i

As the operatorsC; and £, do not commute oneappliesthe Trotterformula[72] to obtainan
approximatedecomposition

L1 +La)t [eizlA/zei@AeiclAﬂ]P + O(tA?) (4.11)

whereA = t/P is the time stepof the resultingalgorithm (seebelor) and mustbe chosen
small enoughto make the truncationerror, which scaleswith A2, negligible. One could, of

1The validity of Eq. (4.8) is easily seenin applyinga Taylor expansionto f(q + ¢) which leadsto the lhs
of (4.8).
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course,interchangel; with £, ontherhsof Eq. (4.11)andthusobtainanotherequallyvalid
decompositionOtherchoicesof the Trotterdecompositiorarealsopossible)eadingin general
to differentalgorithms.We notethatthediscretizatiorerroris notonly propotionato thesquare
of the time step, A2, but alsoto the whole lengthof the simulationt. Thus,for a giventime
step,A, longersimulationrunswill leadon averageto greatererrors. In otherwords,in order
to maintaina constantiscretizatiorerror, oneshouldadapthetime stepA to keepthe product
tA? unchanged.

Neglectingtheterm O(tA?) in Eq. (4.11),the exactintegrationof the equationsof motion
(from ¢ = 0) until time ¢t canbe approximateddy P discreteintegrationstepseachof length
A = t/P. A discreteintegrationstepis thusdefinedthroughan applicationof the product

lL1A/24iL2A GIL1A/2

Applying this productontheinitial statel'(¢t) = (r"(t); p" (t)) andusingtherelation(4.8) one
obtainsthefollowing expressiongor the positionandmomentunof a particle; of the system

2

rt+4) = rit) + ”T(t) A+Fi(t) (4.12)
P+ A) = pilt)+ o [Fi(0) + Fult+ A). (413)

This is the well-known velocity-Verlet-Algorithm. One of the importantpropertiesof this al-
gorithm is that it preseresthe phasespacevolumein eachdiscretestep[70]. This canbe
easilyseenby evaluatingthe Jacobiardeterminantf thetransformatiori'(t) — I'(t + A), i.e.
|0T'(t + A)/0T'(t)| which turnsoutto be unity. Also thetime reversibility of the algorithmis
valid onthe discretelevel. Thesearethe mainreasongor greatstability andgoodaccurag of
theEgs.(4.12)and(4.13).

4.2 ExtendedLagrangian Methods: NVT-Ensemble

As mentionedabore, the simple integration of the Newtonian equationsof motion Eq. (4.1)
is only usefulwhenstudyingisolatedsystems.In practice,oneis ofteninterestedn studying
physicalpropertiesata giventemperatur@and/orpressureTo simulateatconstant’, onecould
in principle consideran extendedsystemconsistingof a heatbath plus the actualsystemof
interestand apply Eqg. (4.1) to that. However, this approachs not feasible. It is practically
impossibleto take into accounta huge numberof particlesbuilding up the heatbath. The
situationdoesnotimprove if onealsohasto keepthe externalpressuratagivenvalue.

Thereforealot of work hasbeendonein this domainandseveralefficienttechniquesave
beendevelopedover the past20 yearsto perform MD-simulationof a systemunderthe con-
dition of constantemperaturend/orpressurg57,73—-87]. We aregoingto describebelov a
popularapproachknown as“extendedLagrangianmethod”. Within this approacha physical
systemis extendedto a compositesystemconsistingof the physicalsystemand an external
system. The conseration laws still hold for the extendedsystem,but the total enegy or the
volumeof the physicalsystemis allowedto fluctuate[73,88].

A pioneeringwork in this field wasdoneby H. C. Andersen[73], who introducedan ex-
tendedLagrangianmethodfor deriving isobaricequationsof motion. He replacedhe coordi-
natesr;,: = 1, ..., N, of theatomsby scaledcoordinates

p;=ri/VY3 i=1,.., N, (4.14)
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whereV” denoteghe volume of the system. He thenintroduceda Lagrangiancontainingthe
systemvolumeVl” asanadditionaldegreeof freedom

My

: 2
mz 7 .

wherep" = (p,, ..., py) andU is the potentialenegy of the systemand P.,; theexternalpres-
sure.TheparameteMy, playstherole of the massfor thevolumemotion. It canbeinterpreted
asthemassof a movablepistonandthereforeis called“piston mass”.Andersercould demon-
stratethatfor anergodicsystemthe equation®f motionderivedfrom the Lagrangian angersen
drive the systemthroughthe phasespacedueto the isoenthalpic-isobariprobability distri-
bution [73]. In the samereference Andersenmentionedthat it might be possibleto find an
appropriatd_agrangianwhich allows enegy fluctuationsto generateheisothermalcase.This
Lagrangiarnwas, however, unknovn to him andthereforehe resortedto the useof stochastic
forcesto changethe kinetic enegy of particlesin orderto keepthe meankinetic enegy and
thusthetemperatureonstant.

The next greatprogresswas achieved by Nost [77—79] who introducedan extendedLa-
grangianfrom which hedervedequation®f motiongeneratinganisothermalprobabilityden-
sity

;2
Lnose = 8 Z % ~U(r") + %s‘Q - %ln(s) : (4.16)

wheref = 1/(kgT.y) is theinversetemperatureThe additionalparametes senesasdynam-
ical scalingof time.

Thereademaynow guessheform of theLagrangianfrom which onecanderive equations
of motionfor theisothermal-isobaricase(NpT-ensemble),

. 21/2/3 miPZi_ 1/3 N
Iya = VY ==t —U(V'/p)

Q 32 g
55— 3 In(s). (4.17)

For the sale of simplicity, we will first derive equationsof motionfrom the simplerLagrangian
Lyose anddemonstratéhatit generateshe NV T-probability distribution. The extensionto the
caseof NpT-ensembles thenstraightforward. To this end,we first apply the usualLagrange
formalismandcalculatethe appropriatesxpressiongor the conjugatenomenta

My -
+7VV2 extv+

_ aLNosé

8’!’i
L 0sé .
ry = OlNost Qs (4.19)
0s
andthusconstructhe correspondingdamiltonian
H 1 U™ 4 2 () (4.20)
Nosé 82 : le 2Q7Ts /B ni(s). .
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Thecanonicakequation®f motiondervedfrom Hy,s are

. Uy
o= (4.21)
§ = % (4.23)

-1 Z’”Q kT, (4.24)
s = s i miSQ GRB L ext . .

Let H; betheinitial enegy of the extendedsystemwith Hamiltonian Hy,s. Let ussuppose
thatthe systemis ergodicandthatfor sufiicientlong timesthe systemis goingto visit approxi-

matelyall phasepointslying on the hypersuréice Hyos (7™, 7", s, 7,) = H spendingateach

point equalamountof time. Time evolution will thusgeneratehe microcanonicaprobability

distribution

1
C(Hg)

fNVE(TNa ﬂ-Na S, Ts; Hg) = (5(HNOSé - Hg) (425)

whereC(H}) is themicrocanonicapartitionfunctionwhich senesto normalizefyve
C(Hy) = / ds dm, / dr®Y AN §(Hyoss — H) - (4.26)
Thestatisticalaverageof avariableA cannow becalculated

<A>NVE = /deﬂ'S/dT’3Nd7r3NAfNVE(T‘N,7TN,8,7'('5; Hg)

1
= dsdm, [ dr3N da®N A §(Hyoss — HY) . 4.27
C(Hg)/ S 71-/ r ™ ( N 0) ( )

Onenow triesto make useof thefollowing identity for integralswith deltafunctions[89]
[z 8(a@)) = 3" 8tz ~ 20/ 1 (a0)| (4.28)

wherez, aresimplerootsof » andthederivative h'(x) # 0. Onethusconsidersi(s) = Hyoss—
H} asafunctionof s. It is easyto seethata uniqueexponentialroot couldbefoundfor Ai(s), if
onecould eliminatethe factor1/s? in front of the kinetic termin Eq. (4.20). This obsenation
motivatestheintroductionof rescalednomentgp, = =;/s. Onenow obtains

P’ RN I )
h(s) = . 2mi+U(r )+@W5 —I—Bln(s)—HO (4.29)
ey = 4
W(s) = 55 (4.30)
2
Sy = exp (_5{ ' ;“T;.JFU(TN)JF%WSZ—H(;*}). (4.31)

In Eq. (4.31)s, is theuniqueroot of . Thecrucialrole of thetermIn(s) in Hyes Shouldnow
have becomeclear: It is necessaryo obtainanexponentialroot for i(s). Now, we canusethe



38 CHAPTER4. MOLECULAR DYNAMICS SIMULATION TECHNIQUES

identity (4.28)alongwith Eqgs.(4.29),(4.30)and(4.31)to obtainfrom Eq. (4.27)

<A>NVE = ( /dﬂ's/d'f‘gN dp3NA SgN_H

= ngH /dws/dr?’N dp*M A

Xexp( BN+1)8 {Z P -+ U(r Q —Hg})

- O(}f;;) \/ ((3125r fﬁng) o (%)

X /dr3N dp®N A exp (—M { p—ZQ + U(’I"N)}> . (4.32)

g 2m;

With the specialchoiceof ¢ = 3N + 1, it followsfrom Eq. (4.32)

<A>NVE = COI’]St./ d'r3N dp3NA eXp( 57{T( N N))
= <A>NVT 3 (433)

where(- - - )xyT Standgor canonicalensembleverageand

2

H (N, p¥) = S P L ey (4.34)
Fromtheabove agument it followsthatthe obserable A canbeafunctionof thepositionsr™¥
andof therescalednomentagp” = 7' /s only, sothatthe substitutionp” = =¥ /s would map
A(rN, N /s) into A(rN,pY). As thethermalaverageof physicalobsenablesareexpressed
in termsof therescaledrariablesratherthanthe original ones thelaterarecalled“virtual” and
therescalecnes‘real”. We notethat#” is merelythe enegy function of the real system.lt
is obviousthata Hamiltonianof the form #” would only leadto (pure) Newtonianequations
of motion without any thermostatingnechanism.Therefore,it cannot be usedto derive the
equationsof motion of a thermostatedystem. Furthermorejn a thermostategystem X’ is
notaconstanbf motion. Thisis notsurprisingfor thesystemexchangenegy with heatbath.
However, it is easyto seethatthe Hamiltonianof the extendedsystem|.e. Hyogs, IS a constant
of themotion.

In hisoriginal paper{79] Nost gave aninterpretatiorof thevariables asa scalingfactorfor
thetime stepA. He shavedthatonly theratio /s hasareal meaningandconcludedthatthe
lengthof therealtime step,A’, mustbe givenby A/s. He furtherarguedthatin a simulation
with a constantime stepA thelengthof therealtime stepA’ will in generalbe a function of
time. Thisis undesirableasoneis usuallyinterestedn equidistansamplingin realtime. This
problemwassolvedby Hoover [83,84] by rewriting Eqs.(4.21)-(4.24)in realtime dt’ = dt/s.
Following Hoover, using

o
» | =

d
= 4.
o (4.35)
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andsomesimplemanipulation®neobtains

o = Pi (4.36)
m;
p; = F;,—{p, (4.37)
§fs = ¢ (4.38)
i - l{zp_f_g“v } (4.39)
Q i m; Blext 3 .

whereé = s/s and’-’ standdor thetime derivative with respecto realtime. As all equations
areexpressedh realtime, theequidistansamplings ensuredy choosingaconstantntegration
time stepA’. Oneof thefurtheradwantage®f Hoover’'s formulationis thatthe scalingof time
is no longernecessaryThe presencef the heatbathis manifestedoy the friction variable¢.
However, contraryto the usualfriction which alwaystendsto decreas¢hekineticenegy of the
system¢ cantake both positve andnegative valuesandthusdecreas®r increasehe velocity
of particles.In fact,this is exactly whatis neededo keepthe meankinetic enegy constant.It
is seenfrom Eq. (4.39)thatat high/low meankinetic enegies¢ will increase/decreasadthus
will slow down/acceleratgarticles[seeEq. (4.37)].
Fromd Hyese/dt = 0 it followsthatd Hyess /dt’ = 1/s d Hyoss/dt = 0. Thus

2
H = > P -+ U(r") + %52 - %/f(t')dt’ (4.40)

2m

is a constanif the motion. Here,we have usedthe notation H* insteadof Hy, t0 stressthe
formal differenceof the expressiong4.20)and(4.40): H* is nota Hamiltonianandthe Nose-
Hoover equationsare not canonical. Hy.ss, 0N the contrary is a Hamiltonianand generates
the canonicalequationg4.21)-(4.24).The constantpropertyof H* is usefulfor checkingthe
programcode.lt canalsoseneto chooseasuitableintegrationtime stepA: It shouldnotbetoo
smallfor reason®f efficiency, but nottoo large eitherin orderto keepthe H* constanturing
thesimulation.This motivatesthe useof the Eq. (4.38)whichis actuallyredundantasfar asthe
time evolution of the systemis concernedlt is, however, necessaryor the calculationof H*.

Werecallthattheargumentwhichledto theappropriatehoiceof g = 3NV + 1 [seeEq.(4.33)]
wasbasedon virtual time averaging. Equationg4.36)-(4.39) however, areformulatedin real
time. We thusconsiderthe relationbetweerthevirtual andrealtime averagesLet ¢t andt’ de-
notethevirtual andrealtime, respectrely. Following [70] therealtime averageof a dynamical
guantity A canbewrittenas

.17
<A>realtime = lim _,/ dt,A(tl)
0

T—00 T 0

1 T
lim = [ dt/s(t)

T—00 T 0

_ <A/=9>virtualtime ‘ (4.41)

<1/5>virtualtime
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Using Eq. (4.41)andapplyingthe sameprocedurenhich led to Eq. (4.32)yield

[dsdmy [dr*Ndn®N A/s 6(Hyoss — H)

A . =
< )realtlme f dsdm, f d’r'3Nd7l'3N1/S 5(HNosé — Ha‘)

[ dr*Ndp*N A exp(—%ﬁ’HT)
[ dr3Ndp3N exp(—%ﬁHT)

= (A)yyp if g=3N. (4.42)

Therefore,n realtime samplingonemustchooseg = 3N. However, if Eqgs.(4.36)-(4.39)are
combinedwith a numberr of constraintsone mustsetg = 3N — r. For example,if the
centerof massmomentumis kept constantexplicitly, i.e. by meansof subtractingP..,,, from
themomentunof particlesin eachintegrationstep,g = 3N — 3. Similarly, if » constraintsare
usedin combinatiorwith Eqgs.(4.21)-(4.24)g = 3N + 1 — r is theappropriatechoice.

4.2.1 Choiceof the Parameter

Now we discussthe choiceof the massparamete) appearingn Eq. (4.39). It is seenfrom
Eqg. (4.39) that the rate of changeof £ is proportionalto the inverseof Q. Furthermore,
(QE?) = kpT. Which is a consequencef the equipartitionprinciple. Thusthe magnitude
of £-oscillationsvarieswith /@ [88]. Let now @ be chosensmallenoughsothat¢ oscillates
muchfasterthanthe typical time scalefor enegy fluctuations.As £ entersdirectly the rate of
changeof themomentgseeEq. (4.37)], thekinetic enegy will mainly follow large magnitude
oscillationsof £. The configurationabpartof the enegy, however, will vary muchmoreslowly
andthusbedecoupledrom &. Thisis the socalledstrongcouplinglimit.

Ontheotherhand,remembethatthelimit () — oo correspondso themicrocanonicatase.
Thus,too large valuesof @ will leadto very slow enegy exchangewith the heatbathwhichis
inefficient.

In [88] Nost gave a criterionfor anappropriatechoiceof (). He linearizedthe equationof
motionof thevariables andthusobtaineda harmonicequationwith frequeny

w? = 20 Nkalex (4.43)
Q

whered is the dimensionto which ¢ couples.Of coursed = 3 for ahomogeneousystemin
threedimensionalspace.For aninhomogeneousystemhowever, it canbe convenientto in-
troduceseparatdriction coeficientsé,, a = z,y, z, whereé, couplesto the o componenof
momentaonly. Thiswould leadto d = 1. Nost aguedfurtherthatthe parameter) shouldbe
chosersuchthata resonanceonditionbetweenthe oscillationsof s andsometypical atomic
frequeny is obtained.We applythe sameideato Nose-Hoover equationg4.36)-(4.39) differ-
entiatef in (4.39)andobtain

. 2 )
£ = @Z:%(Fz—fpz)

2 Pi2
D D
Q p m;
2
~ ——dNkgT. £ . (4.44)

Q
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We now justify the neglectof ) . p, - F;/m;. TheforcesF; do notdependon the momenta.

They only dependon positions.As positionsandmomentaare not correlatedat thermalequi-
librium, the averagevalueof ). p, - F;/m; mustvanish. Furthermorethe higherderivatives
of positionsrelax fasterthanthe lower ones[90] whatmeansthat) . p, - F';/m; will varyin

time fasterthanthe instantaneouginetic enepgy, > . p?/m;. The fastoscillationsof the term
containingthe forceswill thusleadto a noiselike effect and canbe ignoredto the first ap-
proximation. Figure4.1 displaystime evolutionof &, 3. p; - F;/m; and)_, p?/m,. It is seen
from this figure thatthe term containingthe forcesoscillatesrapidly aroundzero. The kinetic

contribution to &, on the contrary is almostconstantwith a value of approximatelyN kg Ty .

We thusexpectEq. (4.44)to be a goodapproximationcloseto the equilibrium, which means
thatthevariable& obeys harmonicoscillationswith thefrequengy

2d Nkg T
wi % (4.45)

To examinethe validity of Eq. (4.45) we carriedout simulationsof films of thicknesses
D =5 and D = 30 at differentvaluesof 2 while keepingall remainingparametersixed. The
temperatureandnumberof particleswere? = 0.55, N = 500 in the caseof thinnerfilm and
T =1, N = 3000 for D = 30.

Note that the propertiesthe thinnerfilm (D = 5) are quite differentfrom that of the bulk
system[seechapters and8]. At 7' = 1 and D = 30, onthecontrary we do notobsene much
difference.In all casesthe externalpressurenormalto theinterfacewassetto unity. After the

800.0 | | | |
600.0
400.0
2000} : '
o.oé:”

-200.0F

-400.0f P o : -

: 1 1 4] 1
0.0 200.0 400.0 600.0 800.0 1000.0
time [MD step]

Figure4.1: Time evolution of thefriction paramete¢ andthecontributionsto &, namely) . p;-
F;/m; and)_, p?/m;. We have multiplied £ by afactorof 500to putit onthesamescaleasthe
otherquantities. The term containingthe force exhibits fastoscillationsaroundzero,whereas
thekinetic contributionis alwayspositive andnearlyconstant.
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simulation,we have computedhe power spectrundensitiesof £, (), i.e.

P(w) = | / exp(iwt) £(t) dt (4.46)

for variousvaluesof the parametery. Figure(4.2) displaysthe frequenciesv,(Q) for which
the correspondingpower spectrums a maximum.

It is shawvn in Fig. 4.2,thatbothfor the D = 5 andfor D = 30 the oscillationsfrequeng of
thefriction variablecanbewell describedy the Eq. (4.39). Thesomeavhatbetteragreemenof
theresultsin the caseof D = 5 (seeleft panel)is dueto smallerrangeof -valuesaroundthe
“optimum” choice,givenby Eq. (4.39).

Thereasorof this goodagreementor boththevery thin film of threemonomedayerg and
thequasi-lulk systemliesin thefactthatthefriction variable £, coupledo atomisticfrequencies
which arenotvery sensitve to the presencef thewalls. This, in turn, canbe explainedby the
factthatthesefrequenciesredeterminedy stronginterparticleforces.

Now thatthe validity of Eq. (4.44)is well examinedalsofor the caseof a confinedsys-
tem, we follow No<t [88] andrequirew; = wininsic- This givesthe following criterionfor the
“optimum choice”of @

2d NkpTex
Qopt ~ %a (447)

Wintrinsic

’notethat D denoteghe wall-to-wall separation Therefore the effective width of the regionin the film with
non-vanishingdensityis roughly D —2

2
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Figure 4.2: @Q-dependencef the oscillation frequeny of the friction coeficient £(¢) [see
Eqg. (4.39)]. Eachof thesefrequencieds obtainedfrom the maximumof the corresponding
power spectrunof £, (t). Left panel:A film of thicknessD = 30 ataratherhigh temperature
of T'=1(T(D = 20) = 0.41 <T(D = 30) < Tee puix = 0.45) [seechapter8]. Left panel:A
film of thicknessD = 5 atanintermediateéemperaturef of 7' = 0.55 (7. (D = 5) = 0.31) [see
chapter8]. Notethat,in thelater, a shorter@-rangeis investigatedvhich allows a betterfit ala
Eq.(4.39).
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wherew? . . isatypicalintrinsicoscillationfrequeng of thesystem.For asystenof particles
interactingvia pairwiseLennard-Jonepotential,onecanusethe harmonicapproximatiorof a
fcc-latticeto obtainanestimatefor thefrequeng winerinsic. YWe completethis discussiorwith a
numericexamplefor typical valuesof ). For afcc-latticeof Lennard-Joneatomsoneobtains

2 . 20U (r= V20)

intrinsic
m

— 1143—, (4.49)
mao

(4.48)

w

wherem is the massof anatomandU]’; denoteghe secondderiative of the Lennard-Jones
potentialwith respecto thedistancer.

Untill now, we have only shaovn that one can understandhe influenceof the heatbath
parametery), onthetimeevolutionof £. However, thereis afurther(andin factmoreimportant)
pointto examinebeforeusingthe Nose-Hooverthermostatn aMD simulation:do Egs.(4.36)-
(4.39)alwaysgeneratehesameenepy distributionregardles®f the specificvalueof Q? If this
is thecasejs the obtainedenegy distribution canonical?

For the presenpolymermodelin bulk, thesequestiondhave beeninvestigatedn [91]. As-
suming that the specific heatof the systemonly slightly differs from that predictedby the
Dulong-Petitlaw, ¢y = 3Nkg, an affirmative answerto the above questionwasfound. How-
ever, asthepropertief a confinedsystemarein someaspectstronglydifferentfrom thatof a
bulk system|jt is worth investigatinghe above questiorfor thin films separately

Recalthat, in the canonicalensemblethe fluctuationsof enegy aredirectly relatedto the
systems specificheat[64],

(B — (E)*

e (4.50)

Cy =

The Dulong-Petitlaw, is basedon a harmonicapproximationto the interparticlepoten-
tial [92,93]. Thisis agoodapproximatiorfor solidsathigh but nottoo hightemperatures'Not
too high” meanghatthetemperaturenuststill bewell belon the meltingtemperatureCloseto
the melting point, however, the amplitudeof atomicoscillationsbecomewery large and,con-
sequentlythe harmonicapproximations inaccurate Therefore for liquids, oneshouldexpect
deviationsfrom the Dulong-Petitlaw.

If we knew the specificheatof the system,we could ckeck for the canonicalpropertyof
the enepy distribution in examining the validity of Eq. (4.50). To our knowledge, thereis
unfortunatelyno generalformula for the specificheatof a fluid system. Therefore,we can-
not useEq. (4.50) in examiningthe enepgy distribution. However, we canat leastcheckthe
independencef the simulationresultsfrom the specificvalue of the heatbath parameterq@.
Furthermorewe canverify, if the obtainedenegy distribution is gaussian.This later condi-
tion, however, is satisfiedby any randomvariableandthereforemustbe seenasa necessary
but not suficient condition. In addition,a comparisonwith the Dulong-Petitapproximation,
exp(—(F — (E)?/2AE?), canalsobehelpful for it yieldsasortof “order of magnitudetest”.

Oncethereliability of theenegy distributionis ensuredpnecanuseEg. (4.50)andcalculate
the constantvolume heatcapacity ¢y.. So,in fact, we do not useEqg. (4.50)in verifying the
canonicalproperty We actuallyproceedn theinversedirection,i.e. we computec, usingthe
knowledgeof theenegy fluctuations.

Next, we examinethe reliability of the enegy distribution generatedy the Nose-Hoover
motionequationg4.36)-Eq.(4.39). For this purposewe carriedout simulationrunsat various
valuesof @, for bothhighandlow temperaturesyherebythefilm thicknessvasalsovaried.We
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reportheretwo asymptoticcases:An extremelyconfinedsystematlow 7' (D = 5, T = 0.38)
andaquasi-lulk systemat a relative high temperatureD = 30, 7" = 1. Notethatfor thethin-
nerfilm of D = 5, we find a mode-couplingcritical temperatureof 7, (D = 5) = 0.31. The
corresponding, of thethickerfilm hasnotbeencomputed Neverthelesswe canestimatdt to
Te(D =20) =041 < Te(D = 30) < Tepux = 0.45. [seechapter8].

Theindependencef theenegy distributionfrom the“mass”, @, of theheatbath,is demon-
stratedin bothright andleft panelsof Fig. 4.3. The datashavn in the left panelareextracted
from 10 timesshortersimulationrunsthanthe resultsdisplayedin the right panel. Sampling
wasdoneoncein 3 MD steps.Obviously, thermostatingatedoesnot have muchinfluenceon
the enegy distribution. However, the caseof Q = 102 in the left panelalsoshaws thatin the
limit of very large @, the couplingbecomesnefficientandthe enegy distributionis no longer
canonical.

Furthermoreijt is shavn in the right panelof Fig. 4.3 thatthe Dulong-Petitlaw no longer
holdsfor D =5 at7T = 0.38. This implies that, for this film thicknessandtemperaturethe
configurationalcontrikbution to the specificheatcannotbe replacedoy a simple harmonicap-
proximation.Using Eq. (4.50)we obtain

ev(D =5,T = 0.38)
3Nk

=1.32+0.03. (4.51)

4.3 NpT-Ensemblel: HomogeneousSystems

It is straightforvard to extendthe proceduredescribedabove to the isobaric-isothermatase
which is known as NpT-ensemble Onestartsfrom the Lagrangian,Lxa, givenin (4.17),de-

rivesthe conjugatanomentaconstructgshe Hamiltonianandfinally obtainsthe corresponding
canonicalequationof motion. If onegoesa stepfurtherandintroduceghe realtime andthe

derivativeswith respecto it, oneobtaing[87]

F;, sp, | T d—1)V?
_ip T (d-Hv*

T T o sma W(V % ) (4.52)
2 1 p?
§ = —+— L — gkpTey 4.53
s S + Q{ i om, grB t} ( )
- $V 52
= —+—(P(t)— P, 4.54
Vo= S (PO - P (4.5

whereP(t) is theinstantaneoupressuref the system

1 P =
P(t) = — (Z s ;r : F) . (4.55)
It is importantto note that the forcesappearingn (4.55) are extractedfrom the Lagrangian
Lxa via F;=0Lxa /0r;. For asystemwith periodicboundaryconditions,onemusttherefore
modify Lya to take into accountthe presenceof imageparticles. We postponehis problem
to sectiond4.5, but just mentionthatin this casethe correctexpressiorfor P(t) is not obtained
by just redefiningthe force F'; on a particle: asthetotal forceon i, i.e. by addingto F'; the
contribution of imageparticlesin the formula (4.55). Similar to the caseof NVT-ensemble
in previous section,onecandemonstratéhat equationsof motionderivedfrom Ly, (seedef-
inition (4.17)) generateaxactly the NpT-probability distribution, supposedhat the systemis
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Figure4.3: Independencef theenegy distribution from the“mass”, @), of the heatbath. Left
panel:A film of thicknessD = 30 ataratherhightemperaturef 7 = 1 (T.(D = 20) = 0.41 <
To(D = 30) < Tepux = 0.45) [seechapter8]. Right panel: A film of thicknessD =5 at
the lowest temperaturesimulatedfor this film thickness, T = 0.38 (T.(D = 5) = 0.31) [see
chapte8]. Thenumberof samplesvas~ 3 x 10* for theleft panneland~ 3 x 10° for theright
one. Samplingwasdoneoncein 3 MD steps.Both panelsclearly demonstratéhatthe enegy
distributionis, in awide range,independentf the parameter). For shortsimulationrunsand
extremelylarge valuesof @ (see@ = 10°Q,y in theleft panel),however, the deviationsfrom
the correctdistribution becomemportant. The inner gaussiarn the right panelindicatesthe
expectedenepy distribution whenharmonicapproximations applied,i.e. if the specificheat,
cyv, obeysthe Dulong-Petilaw, ¢,y = 3NkgT.

ergodic. Furthermore one can easily verify that theseequationdet Ly, unchanged.How-
ever, asHoover wasrathersuccessfuln simplifying the Nos2-motionequationst.21-4.24 he
introducednow the friction coeficient ¢ = 3/s alongwith the strainraten = V/(dV) and
proposed

o= P_5+77ri (4.56)

p; = Fi—(n+&p; (4.57)

¢ = LISP (4.58)
- Q i m; GRBLext .

. 1%

no= E(P(t)—Pext) (4.59)

V = Vnd. (4.60)

We will showv in appendix(A.2) that theseequationsare not fully equivalentto Egs. (4.52)-
(4.54) and that the discrepang lies in the expressionfor . However, we will shawv that

3In fact,Hoover useda slightly differentnotation,namelyé = V/V.
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Eqgs.(4.56)-(4.60drive the systenthroughthe phasespaceaccordingo the probabilitydensity
1

Fr P& n V) o 1 exp(=BH(r™, p¥, &, V), (4.61)

wherethe quantity H is givenby
H= Zp’ )+ Q§ + dMn + P V. (4.62)

Theproofmakesuseof theLiouville probabilityconserationtheoremiLet f(z) = f(x1, ..., zn)
denotethe probabilitydensityfor asetof variables{z,}, - 1. 5 (Notethat,here,N is thetotal
numberof independentariablesandnotthe particlenumber).It follows from the conseration
of thetotal probabilitythat f satisfieghe continuity equation

oy (;%(m) _ (4.63)

df _ Bf = 0f .

a ot +Zaxux” (4.64)
0z

= 1 :&CZ (4.65)

Equation(4.64)is thedefinitionof total derivative of afunctionof mary variables.Insertingthe
rhsof Eq. (4.63)for 0f /0t in Eq.(4.64)leadsto Eq. (4.65). Notethatno assumptiorwasmade
aboutthecanonicatharacteof equationsor {,}. In fact,in canonicatase)  , 01,,/0z, = 0
andthusd f /dt=0. Thisis thewell-known Liouville theorenfor Hamiltoniandynamics.Thus,
givenasetof independenvariables{z,} andasetof (not necessarilfcanonicaljequationsor
{z,}, thetotal time derivative of the correspondingrobability densitycanbe calculatedusing
Eqg.(4.65).With thisbackgroundyerifying (4.61)becomes matterof algebraiananipulations.
UsingEqs.(4.56)-(4.60)thesumontherhsof (4.65)becomes

K3

0k, o o . 9 an AV
zu:axu - zi:ar,- TZ+zi:3p- Pit 5 oy T ov
= yNd— (5+€)Nd+nd
— _¢Nd+nd for Egs.(4.56)-(4.60). (4.66)

Now calculatetherhsof (4.61)

4 (Lesplosm) - _(L ﬁ%)%exp(_m_ (4.67)
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Usingthedefinition (4.62)of H alongwith Eqgs.(4.56)-(4.60)yields

dH OH .
TS 2o,

= Z{—F,n + %pz}+Q§§+Mnnnd+PextV

_ Z{_F (%—I—m‘,)-l-&'(Fz’_(n‘i‘g)pi)}

i

e ( b kBTextNd> + 0V d(P(t) = Pow) + PextVd

(2

2
= (Z 1;— + Z F;- m) — EkpTea Nd + nVdP(t)
= _ngTextNd . (468)

wherewe alsousedthedefinition(4.55)of theinstanteneoupressure”(t). If we setEqgs.(4.60)
and(4.68)in Eq. (4.67)we obtain

i (ep(=m) = (= eNa g exp(-sm)
= - ( %) %exp(—ﬁﬂ),
’ (4.69)

wherewe madeuseof Eq.(4.66). Thus1/V exp(—/H) satisfieshenecessargondition(4.65).
For this conditionto be sufficientwe mustsupposergodicity. Thus,the NpT-equationg4.56)-
(4.60)of Hoover generate probability distribution which is not exactly equal,but very similar
to the NpT-probabilitydensityexp(—5H).

An improvementof theseequationsvas achieved by Melchionnaet al. [87]. They noted
that,if onereplacedEq. (4.56)by

i = 2Ly (r — Rew) (4.70)
m;

{2

themodifiedsetof equationg4.70)and(4.57)-(4.60would generateheexact N pT-probability
distribution, i.e. f « exp(—FH). This is easilychecled by calculatingthe modificationof
Eq. (4.66)dueto thenew definitionof 7 ,

2 . 0 . 0
Za—mrz = Zn(fri—f-Rcm)

Z

= nNd—-n
ZE m;
= nNd—nd. (4.71)

Thefirst termin Eq. (4.71)is the resultobtainedfrom Eq. (4.56). The secondterm, on the
contrary is new. From the modified setof equationg4.70) and (4.57)-(4.60)we thus obtain
[seeEq. (4.66)]

ZZ_Z = —¢Nd for Egs.(4.70)and(4.57)-(4.60) (4.72)
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On the otherhand,the correspondinghangeof dH /dt is —nR.y - Y, F; = 0. Combining
Egs.(4.72),(4.68)and(4.65)yields

df 1 dH
- = 4.7
dt kBTeXt dt 1) (4.73)
with thewell known solution
fN,p",6n,V) o exp(—BH(Y,p",&n,V)). (4.74)

To avoid possibleconfusion,we repeatthe completesetof modified Hoover equationswhich
generatehe probability distribution (4.74)

D;

P, = Fi—(n+&p; (4.76)

£ = — = — NkgTeud (4.77)
Q \ 5 m;

= (PP 4.78

n = ﬁn( (t) — Pext) (4.78)

V = Vnd. (4.79)

Fromnow on, we will referto Egs.(4.75)-(4.79)asthe Hoover-Melchionnaequationsof mo-
tion.

4.3.1 Choiceof the Parameter M,

Similar to the caseof heatbath parameteir) we are facedwith the problemof a reasonable
choicefor the parameterM,, which entersEq. (4.78). In his pioneeringwork on simulation
technique$73], H. C. Anderserhadalreadygivenacritierionfor thechoiceof themassvariable
My, which hehadintroducedn extended_agrangian angersen IN the samereferencehe noted
that”for a smallsampleof fluid imbeddedn a muchlarger sampleof fluid, the volumeof the
samplewill fluctuatein responsdo animbalancebetweenthe internalandexternal pressure.
The time scalefor the fluctuationsof the volume of a sampleof fluid is approximatelyequal
to the length of the sampledivided by the speedof soundin the sample.Thus,it is desirable
to choosethe massMy, sothatthetime scalefor the fluctuationsof V' in the scaledsystemis
approximatelyequalto V''/3 divided by the speeddf soundin thefluid.” However, we find that
it is often betterto choosea somavhatlarger valuefor A/, sothata soundwave could make
a few roundtrips during a periodof volumefluctuations.This allows a betterresponsef the
whole systemto a givenvolumechange.

Keepingall thatin mind we look at the time evolution of volume fluctuationsoV (t) =
V(t) — (V). It followsimmediatelythatdV = V = ndV. Thefluctuationof theinstantaneous
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pressureas obviously givenby 0 P = P(t) — Pe. Hencewe canwrite

SV = ndV +indV

n
2

dV2 6P %
— EW6V+<7> 1%

L\ 2
dv? 6V oV
- _ hal — Vv 4.80
MﬂKLT Vv + ( \% > ( )
dV

= — oV . 4.81
T (4.81)

wherewe introducedn (4.80)theisothermaktompressibilityxy = —1/V§V/dp|r. Supposing
thatdV anddV areof the sameorderof magnitudewe have neglectedthe secondermon the
rhsof (4.80),becausesomparedo thefirst one, it containsafactorof (5V/V<< 1. Furtheremore
alinearapproximationvasusedfor 6 P which allows to expressit in termsof compressibility
Thus,thevolumefluctuationsobey harmonicoscillationswith afrequeng

9 av

= . 4.82
Wy M"K)T ( )

Letn,; bethenumberof roundtrips of asoundwave duringafull periodof volumefluctuations.
Adoptinga modifiedversionof Andersers criterion[73] we set

2

Ney Wy Wsound = ’
2L / Vsound

(4.83)

whereL = V13, i is the soundvelocity andthe factor2 in the denominatoicomesfrom
the motion of the soundwave throughthe simulationbox andback(“round trip”). Combining
Egs.(4.82)and(4.83)yieldsthefollowing equatiorfor the parameten//,

dv —L?
_ 2
Mﬂ = nrtﬁm' (484)
If we usetheidealgasapproximatiorv? . = 1/(pks) = V/(Nks) for thesoundvelocity (x5
beingthe adiabaticcompressibility) we obtainfrom Eq. (4.84)
ks (L\°
M, = nZdN-=2 (—) : (4.85)
R \T

Using ks/kr = Cy/C, we extractfrom Table 1.2 of [64] valuesof kg /kr for sometypical
simple monoatomicliquids: 0.455 for liquid argon, 0.909 for molecularliquid nitrogenand
0.625 for a simpleliquid metal, sodium. Although certainpropertiesof metals(for example
heatcapacityandthermalor electricconductvities) arein generalvery differentfrom thoseof
othersystemstheratio ks / k1 seemgo lie in thesamerangeasfor simplenon-metallidiquids.
Finally, recallthat ks/k7 = 3/5 = 0.6 for a monoatomicideal gasandxs/kr = 5/7 =
0.714 for a gasof a diatomicmolecules.This suggestshatchangesn s/« areratherslow
with respectto material properties. Thus, we approximatethis quantity by unity and obtain
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from Eq. (4.85)anexpressiorfor M, containingonly thosequantitieswhich areknown at the
beginning of the simulation

L 2
M, =~ nZdN <;) . (4.86)

We usuallyusen,; = 10 which meansthat a soundwave makes 10 roundtrips throughthe
systemduring a sole period of the volume fluctuations. This allows for a betterresponseof
theinternalpressurdo the volumechangesThe choiceof Andersenhowever, correspond$o
Ny = 1.

4.4 NpT-Ensemblell: Planar Systems

Sofar, we have supposedhatthe systemof studyis homogeneouandisotropic. Only in this
casethe pressuras a scalarquantityandindependenof the position. However, asextensvely
describedn chapter(3), the pressurés alocal tensor P(r), in inhomogeneousystems.To
simplify further discussionsye restrictoursehesto the caseof planarsystemsconfinedbe-
tweentwo walls. In this casethe pressurgéensoris diagonalatthermalequilibriumandhasonly
two independentomponentsPr and Py in directionsparallelandperpendiculato the surface
respectiely (in nonequilibrium planarsystemshereare morethantwo independentompo-
nents).Thecorrespondingonjugatedjuantitiesarethe areaA of a surfaceandthe distanceD
betweerthewalls. Contraryto the caseof a homogeneousystemthe thermodynamictateof
sucha systemis no longeruniquelydeterminedy a choiceof threeindependenparameters,
say N, p andT'. As the maindifferencewith respecto a homogeneousystemis the presence
of surfaces,it is naturalto completethe setof variablesNpT by the areaA of a surfaceor
by the surfacetensiony. However, asjust mentionedthe pressureof a planarsystemhastwo
independentomponentsit thermalequilibrium. Thereforewe mustclarify the meaningof the
pressure: If p is associateavith achangeof volumewhile keepingthearea,A, of thesurfaces
constantjt will correspondo the normalcomponenbf the pressurePx. However, if it is re-
latedto a volumechangeat fixed wall-to-wall distanceD, it will bethelateralcomponentpPr,
which would betherelevantquantity

A satistctory answerto this questionis found by consideringthe enegy changeof the
systendueto achangeof lateraland/ortrans\ersaldimension®f thesystem First,we consider
theenegy changel Ey dueto achangedD, of film thicknesqwall-to-wall separation)In this
casewe usethefactthatthenormalpressurePy (andthusthennormalforce)is constanoverall
in thefilm (seeEq. (3.43))sothatwe canimmediatelywrite

However, the lateralcomponentPr of the pressurgensordoesdependon the distancez from
awall. To calculatethework d £ againsthelateralforceswe thusdivide thefilm in layersof
thicknesslz, calculatethe enegy changewith respecto achangel A of theareaof thesurface
andfinally integrateoverdz. Thisleadsto

+D/2 +D/2 _
4By — — / dzFr(z) = —dA / dzPr(z) = ~DdAPy,  (4.88)

-D/2 —-D/2

wherewe have introducedthe averagelateralpressure

+D/2
Pr=— / dzPr(z (4.89)

D/2
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Thetotal enegy changel E with respecto anarbitrarychangeof film thicknessand/orsurface
areaof aplanarsystemis thusgivenby

dE == dEN + dET
= —PyAdD — PrDdA . (4.90)

Theexpression(4.90)for d E hasasomavhatunusuaform. However, usingthedefinition(3.31)
of thesurfacetension,anddV = AdD + DdA, it is amatterof simplealgebrato obtainfrom
Eq.(4.90)

dE = —PxdV +~dA . (4.91)

So,whengoingfrom ahomogeneousystemto a systemwith planargeometrythe pair (p, V)
of conjugatevariablesmustbe replacedby two pairs (Pyx, V) and (v, A) or, equivalently, by
(APx, D) and(DPr, A). However, contraryto ahomogeneousystemwhereadesiredvolume
changas realizedin a uniqueway by rescalingthe systemsize,therearetwo distinctwaysof
changingthe volume of a thin film: One canvary the surfaceareaand/orthe film thichness.
Thus,thevolumeis notanappropriatevariablefor themoleculardynamicssimulationof planar
systems.lIt is more corvenientto choosethe secondsetof conjugatepairs. Note that within
this choice, D is conjugateto APy andnotonly Py. Similarly, A is conjugateto DPr. In
fact,onceD and A arechoserasthethermodynamiwariablesof thesystemthecorresponding
thermodynamidorcesareobtainedrom achangeof enegy while keepingall otherparameters
constant.This gives,whenusingEqg. (4.90)

~ oF
P, = — (&) —pa 4.92
3 (aD)S,A . (4.92)
5 OF _
” (aA)S,D T (4.93)

Here, S standsfor the systementrogy. Thus, the fluctuationsof the film thicknesscouple
to P, = APy andthoseof A arerelatedto P = DPr. Consequentlythe externalforces
correspondingo D and A are

EJ_,ext = PN,eXt A )

4.94
P||,ext = PT,ext D ) ( )

respectiely. It follows from this agumentthat, a priori, a formalismwhich makesuseof the
fluctuationsof D and/orA, will allow for simulationsat constantli,ext and/orconstantl5”,ext
only. To obtaina simulationat constaninormalpressure Py .., for example,oneshouldadd
the conditionof constantsurfacearea. This meanshata NpT-simulationat constantnormal
pressuredoesnecessarilynvolve fluctuationsof the film thicknesswhile keepingthe surface
areaconstant. Similarly, a NpT-simulationat Pr = Pr ., requiressimultaneouslyboth a
fluctuatingA andthe conditionof D = 0.

Aswewantto formulateageneralizatioof theHoover-Melchionnaequationg4.75)-(4.79),
we first define[seeEq. (4.62)]

L+ U(rN) + (%Qné‘“f + %QL&Q)

1 1 - -
<§Mn,||d|77||2 + §Mn,J_dJ_77J_2> + Pl extD + P et A (4.95)
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Here,d| = 2 andd, = 1 arethe dimensionsn directionsparalleland perpendiculato the
surfacerespectrely. To simplify the notation,we further definethe reducedvolume of each
subspacén directionsparallelandperpendiculato theinterface, respectrely,

A,
D.

i
Ve

(4.96)

Obviously, V' = V}V_ is thevolumeof thesystem.Let o € {||, L}. UsingEgs.(4.96)we can
write Hg,,, in acompactorm

2mi

a

2
Pio 1 1 ~
Hﬁlm - E ( E + 5@(15@2 + idaMn,oﬂ?aZ + PaVa> + U(TN) . (4-97)

A comparisorwith (4.62)revealsthestriking analogybetweenHy,,, andHoover’s H-function.
Using this formal analogyit is thereforestraightforvardto generalizehe Hoover-Melchionna
equationg4.75)-(4.79o the caseof planarsystems

Tia = pm + Na(Tia — Rema) (4.98)
Pio = Fia— (Na+E)Dig (4.99)
b = (Z Pio Ny T ) (4.100)
¢ Qa PR e
. V., - i
e = . (Pa(t) — Paext) (4.101)
Vo = Vallads . (4.102)

Theexplicite form of theprobabilitydistribution f (", p", 1, €a, Va), generatetby Eqs.(4.98)-
(4.102)is foundin asimilarway asin sectiord.3wherewe demonstratethatHoover-Melchionna
equationg4.75)-(4.79)generatehe probability distribution exp(—H). For this purposewe
first calculate(seeEqs.(4.65)and(4.66))

oi ;
> e - D (dymy+duny) (1 - Ty D %a ‘Tia
u )

oz, - >
—N (dymy +diny +dj§ +di&) « Yia 612 ~Pia (4.103)
+dyny +dins — Zag—}%

= =N +di&y)
UsingEq. (4.65)this gives

d
d_{ = N(dy & +dL £ (4.104)
If we couldshowv
d Hgim
" = —knTex N(dy & + d1€1), (4.105)

dt
it would immediatelyfollow from Egs.(4.104)and(4.105)that

[ oc exp(—BHiim).- (4.106)
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As thecalculationof d Hg,,, /dt is indeedvery similarto thatleadingto Eq. (4.68),we skipsome
intermediatestepsto arrive at

2

—kpTo N Z Eadg. (4.107)

The validity of Eq. (4.105)immediatelyfollows from Eq. (4.107)if we setthe first sumin
Eq. (4.107)to zero.Thisamountgo thedefinitionof P,(t) as

D 1 zza
P,(t) = v (Z I:n +Y Fig-(ria— Rcm,a)> : (4.108)

i

It is importantto notethat the specificdefinition of P,(t) is closelyrelatedto the requirement
thatthe propability distribution f is proportionatto exp(— S Hyqim ). However, it is aremarkable
property of the Hoover-like constructionof Hg,, andof Eqs. (4.98)-(4.102)that the defini-

tion (4.108)doesindeedcorrespondo the definitionsof the averagelateralandnormalcom-

ponentsof the pressurdensorof a planarsysten.To seethis, we setin Eg. (4.108)« =|| and

a= 1.Usingd, = 2,d, =1,V = Aandfinally V, = D oneobtains

5 1 P
Bt = 53 (Z pee Z Fij - (ri) - Rcm,n)) (4.109)
P _ 1 p?,J_ F 4.11
(t) = D Z - + Z il (it — Rem1) | - (4.110)
UsingEgs.(4.92)and(4.93),it follows from Egs.(4.109)and(4.110)
1 pin
Pr(t) = T Z p— + Z Fij - (rij — Rem,) (4.111)
Po(t) = & Pis F 4112
N(t) = v Z o + Z il (riL — Rem,1) | - 4. )

Thesearethe well known expressiondor the lateraland normalcomponent®f the instanta-
neouspressurgensorin a planarsystemwhenaveragedverthewhole system.

Similar to the expression(4.55)for the pressureof a homogeneousystem the validity of
expressiong4.111)and (4.112)is alsolimited to systemswithout periodic boundaries.The
caseof a systemwith periodicboundariesvill beinvestigatedn section4.5.

4.4.1 Constantsof Motion
It is easyto seefrom EQs.(4.97)and(4.105)that

2
pi’a 1 1 ~
Ghim = E ( E + §Qa€a2 + §daMn,a77a2 + PaVa) + U(TN)

Qmi

+NkpTexs » | da / Eo(t)dt!

(4.113)
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is constantunderthe time evolution, i.e. dGyq,/dt = 0. This quantity canthereforesene to
checktheaccurayg of theintegration.
Next, we examinethetime evolution of the centerof massmomentum

Pcm,a(t) = Zpi,a

= 2 Fialt) = (Gal®) +malt ZPZ a (4.114)
= D Fou(t) - (sa(t) (1)) Pemalt).

i

whereF;*j‘; is the projectionof the externalforce on particle: into the a-subspaceln deriving

Eq. (4.114)we usedthefactthatthe sumof internalforcesis zero. It is importantto notethat,

evenin theabsencef externalforces,thecenterof massmomentums notnecessarilgonstant.
In this case pneobtainsfrom Eq. (4.114)

Ponat) = —(&a(t) + 7a(t)) Pema(t) (4.115)

Theconstang of P, ., thusrequiresP., ,(0) =0. Wewill seen laterchaptershatfor agiven
lengthof thediscretetime stepA, a NpT-ensemblesimulation,i.e. a simulationallowing for

thefluctuationsof the systensize,leadsin generako muchlargerdiscretizatiorerrorsthanthe
NV E or NVT alternatves. If theseerrorsgive rise to aninitial centerof massmomentum,
afurtheracceleratiorcanfollow dependingon the sign of the rhs of Eq. (4.115). However, a

non-vanishingcenterof massmomentumis not problematicaslong asthe systemproperties
arecomputedn the centerof masscoordinates.Indeed,the thermodynamigropertiesof the
systemareusuallyformulatedin this coordinatesystem.The temperaturekg?’, for example,
is givenby m {(v— < v >)?) andnot by m (v?). Here(v) is the averagevelocity of particles
andthusthe centerof massvelocity. This simple,but importantdistinctionis usuallyignored
becauseP.,, =0 in mostrelevantcases.

It alsofollows from Eq. (4.114)that, whenexternalforcesarepresent,P., , andthusthe
centerof massposition, R, o, Will vary with time. In particular for a thin film embedded
betweentwo (identical)impenetrableepulsve walls R, ; will move aroundthefilm center

Finally, it is directly seenfrom Eq. (4.98),thatthe usualvelocity-momentunrelationis not
valid within the presentedormalism,i.e. »; , # pi’a/mi. Neverthelessthis relationholdsfor
the correspondingenterof massquantitiesj.e.

Reno = (Z mZ> Pena(t) (4.116)

This caneasilybe seenby summingEq. (4.98)over all particlesandusingthe definitionof the
centerof massposition,namelyRey o =Y, miTia/ Y _; Mi -

4.4.2 Choiceof M, , and Q,

As Egs. (4.98)-(4.102)are formally identicalto Hoover-Melchionnaequationg4.75)-(4.79),
the analysisof subsectiong.2.1and4.3.1concerninghe choiceof ) and M, candirectly be
adoptedor @), and M, ,. Actually, the datausedto testthe theoreticaldiscussiorof subsec-
tion 4.2.1wasobtainedrom simulationsof thin films andnot from thoseof a bulk system.This
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is justified by the formal analogyjust mentioned.However, for the sale of completenessye
repeatheformulafor the optimumchoiceof () for planarsystems

2do NkpTex
Qo ~ 2yt (4.117)
Wintrinsic
In rewriting Eq. (4.47) we should have replacedw; isic DY Wiirinsic.o 1O take into account

the anisotropy of the systemwith respecto the directionsparallel(« = ||) andperpendicular
(o = 1) to thesurface.However, astheatomicfrequenciesrein generakatherinsensitve to
theseanisotropieswe usethe samew? for bothparallelandperpendiculadirections.The

intrinsic

approximation(4.49)canalsobe usedfor anestimateof w?

intrinsic *

In a similar way, we cantranslatethe resultsobtainedin subsectiord.3.1for areasonable
choiceof M, to the caseof planarsystemsThisreads

AL/2\?

My = antN( . ) (4.118)
D 2

M, =~ niN (?) , (4.119)

wheren,; is the requestedatio of the roundtrip frequeng of a soundwave to the typical
frequeng of the volumefluctuations.

4.4.3 Integration of Equations of Motion

In sectiord.1we derivedthesocalledvelocity-Verletalgorithm(4.13)for theintegrationof the
Newtonian equationof motion (4.1). The major advantageof this algorithmis thatit is time
reversibileandvolumepreserving Unfortunately this algorithmcannotbe usedby theintegra-
tion of Eqgs.(4.98)-(4.102) Thereasorlies in the couplingbetweerny; , with r; , in Eq. (4.98)
andin the presencef the velocity dependentermin Eq. (4.99). So, a decompositiorinto a
purely position-translatinginda purely momentuntranslatingterm[seeEqgs.(4.9) and(4.10)]
is nolongerpossible.

Neverthelesswe will startfrom a symmetricansatzand derive a propagationalgorithm,
whichreducego thevelocity-Verletalgorithm(4.13)in theabsencef couplingto theheatbath
andat constantD andconstantA.

Considerthe following symmetricapproximatiorto a functionf(t)

ft+h) = fO)+ g (f(t) + ft+ h)) +O(h?), (4.120)

wheref = df/dt. To seethatthe above expansionis indeedof the orderh?, we apply a first
orderTaylor expansionto f(t + h)

flt+n) = f(t)+hft)+0OR?). (4.121)
UsingEq. (4.121),0neobtainsfrom Eq. (4.120)

Fe+m) = F0)+hi)+ 2 fw) + 20w, (4.122)

Clearly, thelasttermin Eq. (4.122)in of orderO(h3).
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Let usapplytheexpansion(4.120)to Eq. (4.98). This gives

Tia(t+h) = 7ia(t)+ 2( ()—i—rm(t—i-h))
7ot g{ () (rialt) — Rcm,a(t))} (4.123)
+3 {p““( +h +17 (t+h)(m,a(t+h)—Rcm,a(t+h))}-

The problemis now that someexpressionn the rhs of Eq. (4.123)requirethe knowledgeof
thepositionsandothervariablesatthelatertime ¢+ h. Thesimplestway of solvingthis problem
is to applyafirst orderTaylor expansiorto all thosequantitieson therhsof (4.123)which have
t + h asagument

Flt+h) ~ fo = f(t)+hf(2). (4.124)

This is the well known Euler methodwhich explainsthe origin of the superscripon f. Note
that, althoughthe errorintroducedby the Euler step(4.124)is of the order O(h?), the corre-
spondingerrorin r; (¢t + h) will beof theorderO(h?). Thisis dueto the extra factorof & in

front of (¢ + h)-dependenguantitieson therhsof Eq.(4.123).Theorderof theapproximation
in EqQ. (4.123)is thereforeunchangedvhenthe Euler stepis used. With this approximation,
Eqg.(4.123)becomes

ralt +h) = rialt) + 552 (0) {h =B lat) + £a0) + s}

+2’;n Fio(t)

+(ria(t) — Rema(®) { §na(t) + Brnimna(t)}
B (P (1) = Ria(1))

Note thatthe calculationof R;,, , doesnot requirean extraloop over r; ,. It canbedirectly
calculatedrom the knowledgeof R, and P, , atthepreviousstep.Thisis aconsequence
of Eq.(4.116).

One could proceedfurther in a similar way and derive the correspondingxpressionfor
p; . (t+ h). However, thereis abetterwayin propagatinghe momenta-Theinformationonthe
new coordinates; , (¢ + h) canbeusedto calculatethe correspondingnew forces,F; ,(t + h).
This yields a betterresultthanapplyingan Euler stepto F’; ,(t + k). In fact,usingthe Euler
approximationfor forcesis not only inaccurate put alsomore complicatedasit requiresthe
knowledgeof their time derivatives. Thus,we first calculatethe new forcesandthenpropagate
the momenta.Within the force loopsthe contritution of forcesto the systempressureshould
alsobe computedor the pressureentershetime evolution of 7, [seeEq.(4.101)].

Oncethe new forcesarecomputedpnecanobtainthe nev momentaby evaluating

(4.125)

Pialt+h) = piat) + §(Fialt) + Fialt+1))

Ealt) + () + €5(8) + 15(1) ) Py (1)
(&5() +n5(1)) Fialt

(&) +n®) (&) + 1a(®)) Pial®)

(4.126)

NS [\DH\D NS %

+
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During the calculationof the nev momentapne canalsocomputethe new kinetic enegy, so
thatattheend,thefriction variablest,, canbepropagated stepfurther| for £ seeEq.(4.130)]

e 2
Ealt+h) = &) 2+ a + zg {Zp “Sf h) _ dakBText} : (4.127)

Thepropagatiorof 7,, however, requiresghe calculationof thepressureAs alreadymentioned,
the contribution of forcesto theinternalpressurecanbe obtainedduringthe force calculation.
The new kinetic enegy is alsoknown at this stageof integration. Thus,the newv generalized
forcesP,(t + h) canbe computedusingEq. (4.108). This allows the evaluationof 7, (¢ + h)
via[ seeEqgs.(4.131)and (4.132)]

Na(t) + 15 N hVs
2 oM, .

i

Na(t+h) = (Pa(t+h) — Pyext) - (4.128)

Finally, thenew (reduced)olumesV,, arefoundto be
Vo) + VS h

Va(t+h) = g+ 5 daVanalt +h). (4.129)
Theintermediatgquantitiest, n¢, andV; areobtainedrom anEulerstep
o h Pia(t)
& = &)+ 0a {z; e dakpTexs (4.130)
hVu(t) , ~ -
Mo = Nat) + =7 ( )(Pa(t) — Py ext) (4.131)
7,0
Ve = V() +hV(t)n.(t)da - (4.132)

Next, we shav thatin the specialcaseof the microcanonical-ensembléhe integration
schemejust derived reducesto the velocity-Verlet algorithm. Within the presentedormal-
ism, a NV E-simulationis achieved by settingQ, = M, , = oo aswell asn,(t=0) =0 and
&.(t = 0) = 0. It follows thenimmediatelyfrom Egs.(4.130)-(4.132)hat £ = 1S = 0 and
Ve =V,(0). Insertingtheseresultsin Eqs.(4.127)-(4.129Yields 7, (h) =0 and¢, (k) =0 and
Va(h)=V(0). Finally, Egs.(4.125)and(4.126)simplify to

Tia(h) = 1ia(0)+ h]%@ + Qh—sz-,a(O) (4.133)
Pialh) = Dial0)+ 5 (Fia(0) + Fialh)), (4.134)

which areidenticalto thevelocity-Verletequationg4.12)-(4.13).

Recallingthe commentson the generalizedexternalforcesPL,ext and15|‘,ext, we closethis
subsectioremphasizinghat, within the presentedapproacho the NpT-simulationof planar
systemspnemustset M, | = oo andn = 0, if oneis interestedn performinga simulation
at constantnormal pressure Py ;. Similarly, for a simulationat constantlateral pressure,
M, | =00 andn, =0 arenecessarpreconditions.

4.5 PBC andthe Calculation of the Pressue

We have alreadymentionedin a commenton the formula (4.55) that this formula is not ap-
propriatefor calculatingthe pressurewhen periodic boundaryconditionsare supplied. The
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sameobjectionwasmadein commentingheexpressiong4.111)and(4.112)for thelateraland
trans\ersalcomponentof the pressurgensorin a planarsystem. We will now addresshis
problemwithin the Hoover-Melchionnaapproacho the NpT-ensemblesimulation. Applying
the sameideasto the Nos2-Andersermethodwill leadto the sameresults.We further restrict
ourselesto the caseof a homogeneousystem,the generalizatiorto planarsystemswill be
givenattheend.

To obtainan expressionfor the pressurewhich takesinto accountthe effects of periodic
boundariesit is necessaryo extend H sothatit includesalsothe effectsof imagepatrticles.
Let usconsidera (real) systemof N particlesandits N, — 1 periodicimages.If the number
Ngs — 1, of imagesystemss chosenlarge enough the ratio of the surfaceof the composed
system(containingtherealandimagesystemsjo its volumewill tendto zero.We cantherefore
formulatethe problemfor a systemcomposedf arealsystemanda sufficiently large but finite
numberof image systems. Without loss of generality we will restrictoursehesto the case
wherethe imagesystemsare symmetricallyorderedaroundthe real one, so that the centerof
masspositionof the composedsystemwill beidenticalto thatof therealsystemj.e. R, =
R..,, wherewe usedthe superscriptoc’ to indicatethe composedsystem.Furtherwe obtain
V® = NV andN*® = Ny, N whereV > is thevolumeand N*° the numberof particlesof
the composedsystem(V” still standsfor the volume of the real system). For a homogeneous
systemwe now define[seeEq. (4.62)]

NOO

2 o 1 1
H® =320 f UeN™) 4 5 Q%€ + d Mn? + P V. (4.135)
= 2 2 2

alongwith the equationf motion[seeEqs.(4.56)-(4.60)]

i = 2L gp(r; — Ren) (4.136)
m;

p;, = Fi—(n+&p; (4.137)
. 1 N7 p2

T @(;%—NWkBTemd) (4.138)
= Y7 (P(t) - Puy) (4.139)
77 - MTC;O ext .

Ve = Vond. (4.140)

As readermay have noticed, theseequationsare exactly analogousto Hoover-Melchionna
Egs. (4.75)-(4.79). The only differenceis that, now, the particleindex i runsover all parti-
clesincludingimageparticles,ji.e. i = 1,2,--- , N* andthatwe have replacedhe heatbath
parameter) by > and M, by M to indicatethat{ andn arenow coupledto N particles.
Again, Eq. (4.65)canbeusedto shav that

df

— = N%d 4.141
= 1 (4.141)
where f = f(rV™,p"N™, £,V n) is the probability distribution generatedy Egs. (4.136)-
(4.140). The total time derivative of H* canbe calculatedin the sameway aswe did for
dH /dt [seeEq. (4.68)]. Theresultis thatthe desiredrelation,

dH®*

T - —kaTeXtNood, (4142)
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is ensuredy thefollowing definitionof theinstantaneoupressure

N> N
1 p.2
Pty = — (P8 + Som R 4.143
B = = ( my, 2" ) (4.143)

=1

In the presentdefinition, P(t) is definedover the entiresystem containingthereal systemand
its Ngs — 1 images.Theforcesappearingn (4.143)thuscontainalsothe contritutionsof the
socalledghostparticles(imagesof real particles).

Whencalculatingd H*° /dt andd f /dt we have supposedhatall variablesappearingn H
andf canbeconsidere@sindependendf eachother Otherwisewe couldneitheruseEq.(4.65)
in calculatingd f /d¢ norexpandd H* /dt =} (0H>/0z,) &,. Thisassumptionhowever, is
notin contradictionto the obviousfactthatthe knowledgeof the positionandmomentunof a
real particleis sufficient to uniquelydeterminethat of all its periodicimages.To seethis, we
look atthetime evolution of the systemcomposef realandimageparticlesevolving accord-
ing to the motion equationg4.136)-(4.140).Imaginea perfectly arrangedperiodic systemat
someinitial time, ¢t = 0 say We supposédhatthe momentumof eachimagepatrticleis equal
to thatof the correspondingeal particle. As the surroundingof a givenparticleis identicalto
thatof eachof its periodicimagesthey will all move alongparallellinesandwill never cross
eachother The whole systemwill thuskeepits periodic structure. It meansthat the initial
relationbetweerthe positionandvelocity of a particleandthoseof its periodicimagesemains
unchangedindertime evolution. Therefore thereis no fundamentahecessityfor explicit use
of constraintso maintainthe periodic structure. The absenceof constraintan a problemis
eguvalentto sayingthatthe correspondingariablesareindependent.

As an example,we recall therigid body problem. It is clearthat one could considerthe
positionsandvelocitiesof all particlesof arigid body asindependenof eachother formulate
the Hamiltonianof the systemandthenderie the appropriateequationof motion. However,
for arigid body, it is alsoclearthatthe knowledgeof the positionsandvelocitiesof only two
particlesis sufficientto determinehoseof all others.This obsenationmalkesclearthattheuse
of constraintss notbasedn somefundamentatequirementshut in thevery simplefactthatit
cansimplify the problemby anappreciablemount.it is notvery cleverto solve 3N equations
(whereN is practicallyinfinitely large)if onecouldachiese the sameresultby solvingonly 6.

Next, we try to expressheredundantermsin theformula(4.143)for the pressuren terms
of the momentaand positionsof real particles. Let us supposehatwe first startto lable real
particlesandthentheghostparticlessothatzi]i , Will runoverrealparticlesonly. Usingthefact
thatthe momentumof animageparticleis equalto that of the correspondingeal particle,the
kinetic contributionto P(t) canimmediatelybe simplifiedto a sumcontainingthe contribution
of real particlesonly

K 1 Ry pz2
PE®) = N7 m;
sys p i
N
1 p?
= — == 4.144

One could think of applyingthe sameprocedureto the configurationalpart of the pressure.
Indeed, like for the momenta,also the forceson a real particle and on its periodicimages
are equal. The positionof a real particle, however, differs from that of its periodicimages.
Neverthelesspne can also obtain a well definedmappingof the configurationalpart of the
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pressurento thereal systemandits boundariesRecallingthatthe force F'; onaparticle: isin
factasumovertwo particleforces,F; = ij;‘ny F;;, andusingNewton’s third law we write

1 Ngys N
U —
PY(t) = dNyVZri-Fi
8T =1
S styS:Nr-- F;; (4.145)
d NsysV o 1] 1j ) .

wherer;; = r; — r;. Notethatthesumin Eq. (4.145)runsover all pairsof particlesregardless
of whetherthey arerealorimages.Let uscall apairof particlesasaninner pair if bothparticles
lie insidethe same(real or image)system.In contrasto aninnerpair aboundarycrossingpair
is definedasa pair of particlesbelongingto two adjacentsystems.In Fig. 4.4, for example,
(1,7), (i',4") and(i", j") areinner pairswhereaqi”, j) and(i, j') areboundarycrossingpairs.
We further assumehatthe forces F';; aresuficiently short-rangedndthatthe systemsizeis
large enoughso that a particle doesnot interactwith its own periodicimages. In particular
particlesof a systeminteractwith thoseof the samesystemandof the adjacentsystemsonly.
The sumin (4.145)canthereforebe split into two parts,

1
PY(t) = “INV > vy Fy
sys

all innerpairs

1
dNgysV' | Tig S

boundary
crossing
pairs

(4.146)

It is clearthat,for agiveninnerpair (4, j) in therealsystemjts imagepairin eachof theimage
systemdeadsto the samecontribution to the first sumon therhs of Eq. (4.146). Hence,the

A

] left image j realsystem J rightimage

A

Figure4.4: A systencomposeaf arealsystemof N =2 particlesandtwo imagesystemsym-
metrically orderedaroundtherealone. Theinner pairs (4, j), (7', /) and(i”, ;) areequivalent
in thesensehatr;; - F;; = ryjr - Fyjo = vy - Fyyn. However, thereareonly Ny —1=2
equialentboundarycrossingpairs, namely(i”, j) and(s, j').
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sumover theinnerpairscanberewritten as

1 1
Z rij- Fij = av Z rij - Fij, (4.147)

dNgysV 4~ L
all innerpairs realinnerpairs

wherewe usedthefactthatthe composeddystemcontainsiNg, identicalsystemsncludingthe
realone.

Now, we considerthe sumover boundarytermsin Eq. (4.146). It is illustratedin Fig. 4.4
that,for afinite numberof imagesystemsasetof equivalentboundarycrossingoairshasNgy,s —
1 elementsonly. Note alsothatamongthe boundarycrossingpairs of the samecontrikbution,
therearetwo pairs containinga real particle. In Fig. 4.4, for example,eachof the boundary
crossingpairs (i", 7) and (i, ') (whosecontributionsto the pressureare equal)containareal
particle.Let usdenoteby “boundarycrossingpairsof therealsystem”all thosepairswhichare
built up of areal particleanda particlestemmingfrom oneof the adjacentimagesof thereal
system.Now, we canwrite

1 Z o oo — Noys = 1 Z ro - F.
N, 1) 1) 2dN. ¥ 1)
d sysV all d SySV boundary
boundary crossing
crossing pairsof the
pairs realsystem
1
= T E ri- Fij y (4148)
2dV
boundary
crossing
pairsof the
realsystem

wherewe usedhefactthatlimy, , o0 (Nsys—1)/Nsys =1. Summarizing=gs.(4.147)and(4.148),
we have showvn thatthe appropriateexpressiorfor the configurationapartof the pressuren a
systemwith periodicboundariess givenby

1 1
U
P (t) = v E rii - Fy + 2 E rij - Fij | . (4.149)
innerpairs boundary
of thereal crossing
system pairsof the
realsystem

Next we try to corvincethereadetthathe hasnotbeenwastinghistime following all theabove
arguments. For this purpose,we usethe simple systemof Fig. 4.4 to demonstrate¢hat the
correctresultgivenin Eq. (4.149)is indeeddifferentfrom the sum) . F; - r;, where F; is
“generalized’to containalsothe contribution of theimageparticles.

It is seenfrom Fig. 4.4that F' ;;» = —F;; and F';; = —F ;. Thereforewe canwrite

dori-Fi = (ri—r;)-Fy+(ri—r;)- Fy

=1
= —(ry-Fiy+riy-Fy), (4.150)

wherewe further usedr;; = r; — r;. On the otherhand, evaluatingthe sumson the rhs of
Eq. (4.149)for the systemof two particlesi andj in Fig. 4.4yields

1 1
- > ryFy = —(’“ij'Fij+§’“jz'"'sz'"+§"°z'j"Fz'j')
rhsof

Eq.(4.149) = —(ry-Fij+mry-Fiy). (4.151)
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Here,weusedF;.; = F;; andr;; =7, . It followsfrom Egs.(4.150)and(4.151)that

Z’I’z F; + Z Tij ” = Fijl (’I”ijl — ’I'ij) = Fijl’l"jjl #0. (4.152)
asonthe
rhsof
Eq.(4.149)
Hence,to obtain a correctformula for the instantaneougressure,P(t), in the presenceof
periodicboundariesit is not sufficient to addthe contribution of imageparticlesto the forces
appearingn Eq. (4.55).

We will closethe agumentby demonstratinghat Egs. (4.56)-(4.60)can be derived from
Egs.(4.136)-(4.140)1t will beshavn thattheonly necessarynodificationto Eqs.(4.56)-(4.60)
is that of the definition of the instantaneougressure P(t), which entersthe time evolution
of the variable¢ [seeEq. (4.59)]. Equations(4.56) and (4.136) have alreadythe sameform.
Also Egs.(4.57)and(4.137)areformally identical. We thusexaminethe time evolution of &,
nandV. Using V> = N,V anddividing both sidesof Eq. (4.140)by Ny this equation
becomesdenticalto Eq. (4.60). Theidentity betweerEq. (4.138)andEq. (4.58)is ensuredyy
choosingl™ = Ngs@. Thisis in agreementvith theoptimumchoiceof theheatbathparameter
givenin Eq. (4.47),for Q> couplesto the momentaof N, timeslarger numberof particles
than@. Finally, recalling Eq. (4.86), it is reasonableo set M;° = Ny M,. Pluggingthis
choicein Eq. (4.139)leadsto anequationwhich is very similar but not identicalto Eq. (4.59).
The differencelies in the new definition of the instantaneoupressure P(t). Therefore,in
the presenceof periodic boundariesEgs. (4.56)-(4.60)canstill be used,if in Eq. (4.59) the
configurationapartof theinstantaneoupressureP(t), is calculatedvia Eq. (4.149).

Applying thesameprocedureo thecaseof planarsystemsnvolvesnodifficulties. Onegen-
eralizesHg,, to Hgy in asimilarway aswe did in goingfrom H to H*. KeepingEgs.(4.98)-
(4.102)in mind, one thenwrites down the equationsof motion for N*° particlesandfinally
simplifiesthe appropriateaxpressiongor the parallelandnormalcomponent®f the pressure.
Noting that

NOO
E (ria Rcmoe ) E nga' 1f,a 3
% 1<J

it is easyto seethatthe applicationof the above procedurdeadingto Eq. (4.149)will now give
(x € {”, J_}, dH =2andd, =1)

PU(t) = ( Y o Fija + = Z Tija W). (4.153)
innerpairs boundary
of thereal crossing
system pairsof the
realsystem

Finally, we describea situationwherethe discrepang mentionedn inequality (4.152)disap-

pears:In aplanarsystemconfinedbetweerntwo unpenetrablevalls, thetrans\ersalcoordinates
of areal particleandits periodicimagesare alwaysequal. This is a consequencef the fact

that,in this caseno particlehasanimagein thedirectionperpendiculato thewalls. Hence an

argumentsimilar to thatwhich led to (4.152)canbe usedto show that

N
g ri - B = g Tij 1 - Flij 1. (4.154)
=1 asonthe
rhsof
Eq(4.153)
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For directionsparallelto thewalls, however, the discrepang remainsunchanged.
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Chapter 5
N Py DT-Simulation of Thin Films

Realexperimentonthin films aremostlydoneundertheconditionof constanhormalpressure.
This motivatesus for simulationsat constantnormal pressurePy. In addition, we are also
interestedn analyzingthe temperaturelependencef the staticanddynamicpropertiesof the
systematagivenfilm thicknessD. However, a simulationat constannormalpressureequires
the fluctuationsof the conjugatdengthscale,D. Thereforejt is actuallynot possibleto carry
out a NpT-simulation,which directly fixesboth the normalpressureandthe thicknessof the
film.

Neverthelessthereis anindirectway of simulatingathin film atconstantPy andD. Letthe
numberof particlesN andthetemperaturd’ be constantlt is intuitively clearthat,at constant
film thicknessthe normalpressurecanbe adjustedchangingthe densityby a variationof the
surfacearea,A. Moreover, fluctuationsof the surfacearea(while D = 0) suggest simulation
at constantateral pressurePr. Actually, it immediatelyfollows from the definition (3.31) of
the surfacetensionthatfor a planarsystemcontainingtwo interfaces

2y

PT:PN_Ba (51)

wherePr is the lateralpressureveragedver thetranswersaldimension).e.

3 1 D/2
PT = —/ PT(Z)dZ .
D J p

Note that for a givensetof N, T and D the surfacetensionis a function of oneremaining
parameterPy or Pr, only. Thus,Pr = Py —2v(Px)/D is uniquelydefinedby thevalueof Py.
A simulationat a constantateral pressurePr = Py ext — 27(Pyext)/D is thereforein mary
aspectquialentto a simulationata constannormalpressureéPy = Py exs-

In studyingthe dynamic propertiesof physicalsystemsalong the isobariccurve, oneis
facedwith the problemthat the fluctuationsof the volume disturb the dynamicsof the sys-
temin arathercrudeway [seechapter6]. A NpT-simulationis thusnot favorable. In such
a situation,oneresortsto a NV E or NV'T simulation,wherethe volumeV is chosensothat
the correspondingpressurewill fluctuatearoundthe requiredvalue [91]. Adopting this ap-
proachfor the simulationof athin film atagivennormalpressurePy .., underthe conditionof
D = const., it is necessaryo determinethe surfacearead( Py ex¢) for the specificvalueof the
normalpressure As seenfrom Eqg. (5.1), this, in turn, requiresa NpT'-simulationat a lateral
pressure’r = Py« —27/D . Hence the knowledgeof v(Py) is equivalentto the solutionof
our problem.
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5.1 Iterati ve Calculation of the Surface Tension, v, While
Keepingboth Py and D Constant

Let veq = 7(Px = Pxext) betheequilibriumvalueof the surfacetension. If we considerthe
surfacetensionasafunctionof thelateralpressureve canwrite

D

Thus, the surfacetension~y, when consideredas a function of the lateral componentof the
pressuresatisfiesa self-consistenequationfor a givenvalueof Py .. This self-consisteng
canbeusedto formulateaniterative procedure:

_ e
Yy = v(PT:PN,m— “). (5.2)

(i) Chooséfor n = 0 areasonablealuefor . If abetterchoiceis unknown, sety? = 0.

(i) Carryoutasimulationat Pf ;= Py e —27"/D for a certainamountof time, 7, and

calculate
. 1 (n+1)7 ) )
Yous = ;/ ’Y(t )dt
2 '
= Teq (P”?,ext = Pxext — %) (5.3)
and
1 (n—l—l)r
PRosw = — / Px(t"dt' . (5.4)
’ T nTt

(iii) If (Pg oy — Prext)/Prext < € Stoptheiteration,if not,sety™*' =+, andgo to (ii).

Theiterationcanin principle be startedwith anarbitraryvalueof ~°. It will, however, corverge
fasterif 4 is closeto theequilibriumvaluey.,. Thereasorwhy we monitorthe corvergenceof
PY . @ndnotthatof 4" liesin thefactthatwe areinterestedn settingthe normalpressureo
thegivenexternalvalue Py .. It is thereforereasonabléo checkfor the corvergenceof Py
alreadywithin theiterationprocedureanduseit asthe exit-criterion.

out

5.2 Convergenceof the Iterati ve Method

In this section,we will provide evidencefor the corvergenceof the methoddescribedn sec-
tion 5.1. First, we notethatcloseto equilibrium

2 n
Y = b= (PT = P = %)

2 oy
~ — Rl — 5.5
’qu+D(’qu Y )<8PT)D,T’ (5.5)
wherewe useddefinition (5.2) of ., andafirst orderTaylor expansionof y at Pr = Py ex; —
27.q/D. Notethatwe studya situation,where N, D andT arekeptfixed. A changeof the
lateralpressures thereforerealizedoy achangeof surfacearea,A, only. If we now assumehat

0y )
— >0 5.6
(3PT DT &9
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we obtainfrom Eq. (5.5)

7> % = 7" < Ve

(<) (>) (5.7)

It follows from Eq. (5.7) thatthe successie valuesof v oscillatearoundthe equilibriumvalue
Yeq- USING EQ. (5.7) we will usesemi-analyticargumentsto shav thatthe seriesof 4", when
calculatedvia Eq. (5.2), approachethe equilibriumvaluey, i.e.

"qu - 7n+1‘ < |7eq - 7n‘ . (5.8)

Lety" < 7yeq- It followsfrom Eq. (5.7)thaty" ™ > 4. Thereforewe have

|7eq - 'Yn+1| < |'qu - 7n|
= 7 = Yea < Yea ="
=20 _ [ 907 _ 5.9
<~ D (’qu v )(aPT)DT < Yeq — 7 (5.9)
(%)
e | == < 1
D\ 0Py DT

Combiningthelastinequalityin (5.9) with theassumptior(5.6), it follows thatthe corver-
genceof themethodrequires
2 ([ 0y

O<D<6PT>DT<1. (5.10)
A justificationof the left inequalityin (5.10) canbe found asfollows. Surfacetensionarises
from imbalancebetweemmolecularforceson particlescloseto theinterface[93]. Let the num-
berof particles film thicknessandtemperaturdoe keptat somegivenvalues.Imaginethatthe
averagelateral pressure Pr is increasedy a changeof the surfaceareato a certainamount,
dA < 0 say As aresultof this changeof the surfacearea,the systemvolumedecreaseto an
amountof Dd A [recallthat D = const.]. Consequentljthe meanparticleseparatiordecreases
leadingto anenhancementf theimbalancebetweenmolecularforcesat the surfaceand, thus,

to anincreasef thesurfacetension;y. This explainsthevalidity of theleft inequalityin (5.10).
Theremaybe somesimilar agumentfor the validity of

2 ([ Oy
— | = 1. 5.11
D <3PT>D,T = &)

However, we have not found a generalargument. Neverthelessfor sufiiciently large D, it is
clearthattheinequalityholds. To seethis,we use2y = D(Pyx— Pr) [seeEq.(5.1)],andrewrite

inequality(5.11)

P

(B—N) <2. (5.12)
OPr D, T

For asufficiently largefilm thicknesspnecanusethe approximationPy ~ Pr andthusobtain

(@) ~1 <2 forlargeD. (5.13)
OPr DT
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Therefore|f thereis alimit to the validity of the inequality(5.12),it mustbe at smallfilm
thicknesses.We implementedthe methodand carried out simulationsat variousfilm thick-
nesses.Even at the very thin film of thicknessD = 5, whoseresultswill be reportedin the
next section,the methodcorverges. Recallthat D standsor the wall-to-wall separation.The
distanceof the closestapproachto a wall is approximatelyone atomic diameter Therefore,
avalueof D = 5 correspondso the extremecaseof threemonomerayersonly. Thereis no
region with bulk propertiesatthis film thickness.

Therefore,at leastfor our model, the inequality (5.12) seemdo hold at all relevant film
thicknesses.Of course,we did not examinethe caseof a sole monomerlayer But, if one
is interestedn sucha system,isn’t it more efficient to startdirectly with a two dimensional
system?

5.3 On the Choiceof 4* and 7

It will beshawn laterin this chapter(seeFigs.5.6 and5.7) thatthe methodalwayscorverges
towardsthe samelimit independenbf the specificvalueof °. However, it is obviousthata

valueof 7° closeto 7., is favorablefor the convergenceof theiteration. Thus,if someestimate
of ., exists,for exampleif ., is known for adifferenttemperatur@nd/orpressurepneshould

2.7

Influence of the duration, t, ofan
iteration step on the convergence 4

D=5, T_ =1, N=500, P, . =1

4

2.5

N,ext

23 |

o----0 T(4R"_) _
— T(9R",)

<+—<1(25R%)

15 . . Il . Il . Il . Il . Il
0 2e+06 4e+06 6e+06 8e+06 le+07

time [MD step]

Figure5.1: Dependencef the corvergencerateof 4" on the duration,r, of aniterationstep.
The surfacetensiony™, computedwithin the iterative method[seeEqg. (5.2)], is plotted for
threechoicesof the durationof aniterationstep: 7(4R2,) (dashedine with circles),r(9R2,)
(bold solid line with diamond)and 7(25R2)) (solid line with triangles)[for the definition of
7(z), seedefinition (5.14)]. Rapid corvergenceis obtainedonly for the caseof 7(9R%) [see
alsoFig. 5.2]. Notethat, here,eachy” is obtainedastime averageduring the corresponding
iterationsteponly, i.e. « =1 [seethe combinatiorrule (5.16)].
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sety? to thisvalue.

In additionto +°, the methoddescribedn section5.1 containsa further parametesvhich
mustbe well characterizedeforeary concretesimulationcanbe done. It is the length, 7, of
an iterationstep. If 7 is chosentoo small, the time integralsin (5.2) and (5.4) will leadto
inaccurateesultsfor y* and Py ., respectrely. Onthecontrary if it is chosertoo large, the
methodbecomesnefficient.

It is generallyknown thatthemeansquareadisplacement@MSD) andrelaxationprocessesf
positiondependenphysicalquantitiesarecloselyrelated.Therefore asthe pressureéensorand
thusthesurfacetensiondependnintermoleculaforcesanddistancesywe expectthemagnitude
of MSD to bea naturalmeasuref time for our purpose Let usdefiner(z) asthetime needed
by themeansquaredisplacementsf chains’centersof massgs, to satisfygs(7(z)) = z, i.e.

out?

g3(7(z)) = z (definingequatiorfor 7(x)). (5.14)

We find empiricallythatr(9R2,) is areasonablehoicefor thelengthof aniterationstep,where
R is the averageend-to-endlistanceof a chain. This leadsto muchfasterconvergencethan
the shortertime 7(4R?%). Time integralscomputedwithin an interval of length7(4R2,) are
inaccuratesothatthe corvergenceof theseriesy™ and/or Py, is nolongerwarranted Onthe
otherhand,the choiceof amuchlargertime 7(25R%,) doesnotimprove theresultsvery much.
Therefore,7(9R2,) seemgo be a goodcompromisebetweenaccurag andcomputatiortime.

Thisis demonstrateth Figs.5.1and5.2wheresimulationresultsony™ and Py, aredisplayed
ascomputedusingEgs.(5.2) and(5.4) for threechoicesof 7: 7(4R2), 7(9R%,) and7(25R2)).

The resultscorrespondo a film of D = 5 containing/N = 500 particlesat Tey; = 1 (high

temperaturdiquid state). The aim of the iterationwasto find ., correspondindo a normal
pressur®f Py s = 1. Asshowvnin Fig.5.1,7(9R2,) leadsto arapidly corverging seriesof 4

thussatisfyingtheinequality(5.8). For thesmallerr, however, corvergences mainly limited to

thebeginningof theiterationonly. After afew stepswith well definedcorvergenceiowardsthe
averagevalue,statisticalerrorsseemo dominateandresultsfor 4" improve muchmoreslowly.

Thereis evenaregion of moreor lessconstanamplitudeoscillationsaroundthe averagevalue,
in contradictionto the inequality (5.8). Finally, taking a muchlargertime 7(25R2,) doesnot
improvetheresultscomparedo thoseobtainedrom iterationstepof lengthr (9 RZ%,). Werecall
thatit is actuallythe corvergenceof Py, towardsthe requiredvalue Py .., Whichis usedas
the exit-condition of theiterative procedure:

n
N,out PN,ext

stoptheiterationif < € fortherequirede (0 < e < 1). (5.15)

N,ext

A plot of Py, is displayedin Fig. 5.2 for threechoicesof 7. Therequiredrelative accuray
wassetto e = 0.005. As expected,the situationis similar to that of 4" (seeFig. 5.1). Also
in caseof P{ ,;, the bestcorvergenceis obtainedfor 7(9RZ,). It mustbe notedhere,thatfor
7(4R2,), theiterationactuallydid not satisfythe criterion (5.15)with ¢ = 0.005. Thisrunwas
thereforestoppedmanually i.e. we did not wait long enoughto obsene a corvergence(why
shouldonewastecomputingtime?).

Thus,whenapplying Eg. (5.2), the lengthof aniteration stepmustbe chosento 7(9R2,)
to ensureconvergence. Oneshouldrealizethat 7(9R2,) is approximatelyequalto the typical
durationof a productionrun. To obtainan estimateof the time necessaryor a whole iteration
procedurethistime mustfurtherbemultiplied by thenumberof iterationsteps.FromFig. (5.2)
we count12 stepsfor a relative accurag of ¢ = 0.005. So,theiterative methodintroducedin
section5.2 seemdo be very time consuming.The situationbecomesven morecrucial when
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Influence of the duration, T, of an
iteration step on the convergence
13 P=5,T,=1,N=500, P, =1,€=0.005 1
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Figure5.2: Dependencef the corvergencerateof Py, from the duration,r, of aniteration
step. PY ., @scomputedusing Eq. (5.4), is plotted for three choicesof the durationof an
iterationstep: 7(4R2,) (dashedine with circles),7(9R2,) (bold solid line with diamonds)and
7(25R2,) (solid line with triangles). [for the definition of 7(z), seedefinition (5.14)]. Rapid
corvergences obtainedonly in the caseof 7(9R2,) [seealsoFig. 5.1].

cooling down the systemtowardsthe glasstransitiontemperaturevherethe dynamicsof the
systemstartsto freezeandthus7(9R2,) tendsto infinity. Thelower thetemperaturethe higher
theimportanceof reducingthe numberandlengthof necessargteps.

In fact, we will show in section5.4 that a major improvementof the corvergencecanbe
achieved by introducingakind of memoryinto theiterationprocedureThis amountdo taking
into accouninotonly theactualiterationstep,but alsothepreviousonesin calculatingtheinput
of thenext step.

5.4 An Impr ovementof the Iterati ve Method

Letusfirst summarizeheresultsobtainedsofar. We haveintroducedaniteratve methodwhich
permitsthe calculationof the surfacetension,v.q, of a thin film at a given normalpressure,
Py ext, Without varying the film thicknessD. The surfacetensionso obtainedcanbe usedto
carry out a simulationin NpT-ensembleat the lateralpressurePr ¢y = Py ext — 27/ D Which,
in mary aspectsjs equialentto a simulationat a constantnormal pressurePy ¢x;. We gave
in section5.2 semi-analyticakvidencefor the corvergenceof the method(seeinequality(5.8))
andfinally in section5.3we presentegimulationresultsconfirmingthis behaior if thelength,
7, of astepis approximatelychoserto g;(7) = 9RZ,.

However, asmentionedattheendof section5.3,repeatingaboutlOiterationstepsof length
7(9R2,) is very time consuminglt becomesvenmoreunpracticalt temperaturesloseto the
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glasstransition.

Fortunately evenat low temperatureghe methodcornvergesmuchfasterthanpresentedn
sectionb.3,if theresultsof previousiterationstepsaretakeninto accountvhencalculatingy™+*
which senesastheinputof thenext step.In fact,thisideahasbeenalreadysucessfuin iterative
calculationof directcorrelationfunction, ¢(r) [94] andwe wereled to it by a remarkin [64].
It is reportedtherethat “To ensurecorvergence,it is generallynecessaryto mix successie
approximationso c¢(r) beforethey areusedasinputatthenext level of iteration(Boyles,1960)"
(seepagel29of [64], seealso[94]).

We thusintroduceanextra parameter) < o < 1, andset

Y (@) = oyl + (1 — a)y™ (5.16)

It is easyto seethatEq. (5.16)is equialentto
Y e) = ay (1 - @)t + (1 - )" (5.17)
k=0

The contritution of the k-th stepbeforethe mostrecentoneis thus wealenedby a factor of
(1 — a)*. We have thusintroduceda kind of memoryinto the iteration taking into account
the informationaboutprevious steps.Actually, Eq. (5.17)is a weightedsumover 2. which,
dueto inequality (5.7), oscillatesaroundy.,. Therefore the corvergenceof successie values
of 4" towards., is acceleratedy the rule (5.17) aslong asthe length of an iteration step
is long enoughto yield the oscillatingbehaior (5.7). It is clearfrom the elementaryanalysis
thatthe averageof a corverging serieswill converge to the samevalue,i.e. lim,, ., 7" () =
lim,,, 7" = 7eq. FOr finite n, however, thereis a differenceandthereforeone shouldcarry
outsomeconsisteng checkson the outputof theiterationprocedureln the situationpresented
herethereis a well definedquantity which canbe usedto testthe outputof the method. It
is the normalcomponenbf the pressureensor In taking the corvergenceof Py, towards
Py o« asthe exit-criterion, we alreadycheckthe accurag of the result, for an erroneousy™
would manifestitself in Py, asthe former entersthe time evolution of the systemthrough
PP ot = Pxext — 2D /™. However, thesesimulationsprovide a furtherpossibilityto checkthe
outputof theiterationprocedureAt the endof the iterative stageof the simulation,we setthe
volumeof the systento the onecalculatedduringthe very lastiterationstep,

wy=1 /| AV (), (5.18)
aststep

T

andthenswitchto the NV T-ensemblesimulation. Within this ensemblej.e. keepingboth D

and A constantwe carry out threesuccessie equilibrationstepsmonitoringthe meansquare
displacement®f chaincenters. For the resultspresentedere,for example,the durationof

eachequilibrationstepwaschosento 7(4R?,). Finally, we carry out a productionrun (still in

NV T-ensemblepf length1 x 10® MD-stepsfor D =5, T,,; = 1 and1.6 x 10" MD-steps
for D =5, Tey = 0.55. Now, if the normal pressureof the systemis sampledduring this

productionruns, one can examinewhetherthe volume, computedwithin the iterative part of

the simulation,doesreally correspondo the requiredexternalpressurePy .., = 1. Table5.1
containsresultsobtainedfrom the constantvolume productionruns, whereV was computed
using Eq. (5.18),i.e. astime averageduring the very lastiterationstep. It is seenfrom this
tablethatthe averagevolume,computedwithin the iteratve method,correspondso the given
externalnormalpressurePy «x; = 1 to ahigh degreeof accuray.
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Table 5.1: Averagenormal pressure{Py), asobtainedduring NV T-productionruns. The
volumeusedin eachrunwascomputedvithin a preceedingterative approactwith Py e, = 1.
[seeEq. (5.18)] Thefilm thicknessvas D = 5 andthenumberof particlesN = 500.

Toxt o T 7° <PN>NVT
1 0.5 T(4Rz,) 0 0.996+ 0.009
1 0.5 T(4R2) 2.6 0.994+ 0.009
1 0.6 T(4R%) 2.6 1.004+ 0.010
1 0.7 T(4R2)) 2.6 1.003+ 0.010
0.55 0.7 T(9R%) 2.6 0.990+ 0.002
0.55 0.7 T(4RZ,) 2.6 0.994+ 0.002
0.55 0.5 7(2R,) 0 1.017+ 0.015
0.55 0.5 T(2R%) 2.6 0.997+ 0.002
0.55 0.5 m(RZ, 2.6 1.004+ 0.002

We will shawv in thefollowing thatthe modification(5.16)doesindeedspeedup the cornver-
genceof the methodandreduceghewhole durationof theiterationsby anorderof magnitude
or evenmore. Thisis clearlydemonstrateth Figs.5.3and5.4 whereresultsaredisplayedon
" and Py, respectrely for o =1 (no mixing), 0.7, 0.6 andfinally o = 0.5. All otherpa-
rametergincludingtheinitial configurationwerethe samefor all runs,i.e. D = 5, N = 500,
Texy = 1 and Py ext = 1. Notethatsmallervaluesof the parameter correspondo stronger
memoryeffects,for the older stepsareweighedby successie factorsof 0 < 1—a < 1. As
showvn in Figs.5.3 and5.4, the smallera, the fasterthe methodconverges. However, thereis
not muchdifferencebetweenresultsobtainedfor « = 0.6 anda = 0.5. This may berelated
to the factthat, to someextent,« = 0.5 is a lower bound,asthe valuesbelow this limit, i.e.
a < 0.5, correspondo overemphasizinghe past. Onemay alsohave noticedthat oscillations
of y* and P ,,, arewashedout or totally absentin Figs. 5.3 and5.4. However, thisis notin
contradictiornto inequality(5.7) sinceevidencefor thevalidity of (5.7)wasgivenin theabsence
of mixing only, i.e. for the caseof o = 1. For this specificvalue,oscillationsof both~+™ and
PR .. have beenillustratedin Figs.5.2and5.1.

Finally, we areinterestedn finding out to whatextentthe mixing rule acceleratethe con-
vergenceof the methodat low temperatures.Therefore,we have carried out simulationsat
T.xs = 0.55. At this temperaturethe dynamicsof the systemis slowed down by an orderof
magnitude(seechapter8). The questionwashow long the iteration procedurewould take to
achievethesameaccurag of e = 0.005 asusedin previoushightemperaturexamples. Again,
theparametersf thesystemwereD = 5, N = 500 andPy = 1. Figure5.5comparesesults
of two runsat 7.,; = 0.55 for « = 0.7 anda = 0.5. As we alreadyexpectedbettercorver
gencefor smallera, we wentastepfurtherandsetthe durationof aniterationstepto 7(2R2,) in
thecaseof o = 0.5, whereador o = 0.7 anapproximatelytwice aslarge steplengthr(4R2,)
waschosenAs seenfrom Fig. 5.5,for « = 0.5, it takesonly two stepsto achiese therequired
relatve accurayg of e = 0.005. In thecaseof o = 0.7, however, it takesmary more (actually
7) stepsof largerlengthto satisfythe corvergencecriterion.

Now, we presentsimulationresultsproving that the methodis independenbf the chosen
valueof theinitial parameten®. Figures5.6 and5.7 depictthe surfacetensiomy”(«) andthe
normalpressure™y . ascalculatedoy theiterative method Egs.(5.16)and(5.4) respectiely.
As expected,the methodcorvergesrapidly for 4° = 2.6 which is closeto the equilibrium
valuevy,, = 2.53 £ 0.005. Neverthelessthe resultsobtainedwith 4° = 0, a valuefar from
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Figure 5.3: Effect of mixing successie iteration stepson the corvergenceof ™. Four
values of the parametera appearingin the mixing rule (5.16) are compared: o =
1 (nomixing), 0.7, 0.6, 0.5. All otherparametersncluding the initial configurationwere
identicalfor all runs. Combinationrule (5.16)thusaccelerateshe rate of corvergenceby an
appreciableamount. Smallervaluesof a: (which correspondo strongemixing) leadto faster
corvergence.

Yeq, Alsocorvemge towardsthe samelimit. Thus,the methodsatisfiesan importantnecessary
condition,namelythe corvergencetowardsa well definedlimit, regardlessof the valueof the
initial parametery?. However, it is not surprisingthat the rate of corvergencedependson
the specificvalue of 7°. Note that thereis no mixing in the calculationof Pg . For each
iterationstep,n, P, is calculatedasthetime averagewithin this steponly. However, aseach
7™ () enterghetime evolution of the systemthereis animplicit memoryeffectin all physical
quantitiesincluding Pt

out"

5.5 Again onthe Choiceof r

The readermay have noticedthat, for the caseof v° = 0, thereare strongirregularitiesfor
Pg .« shovn in Fig. 5.7. Actually, for 4° = 0, someiteration stepsfollow the otherin a
much shortertime thanthe averagedistancebetweenneighboringpoints. As a consequence,
the time integral (5.4) becomesnaccurate.To seethe origin of this irregularity in the length
of aniterationstep,we focuson what happensvhengoing from the end of aniteration step
to the beginning of the next one. Thereis actuallya discretejump in the value of the lateral
pressurePr .« which entersgheequation®f motiondirectly: It change$rom Py ey — 29" /2D
t0 Py ext — 29" /2D. Asy™ andy™"! lie on oppositesidesof ., [seeinequality5.7] we can
write [y =" = |4 — ey | 4 [ = Yeq| & 2]7eq—7"|- Thereforethelargerthe difference
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Figure 5.4: Effect of mixing successie iteration stepson the corvergence of Py .
Four valuesof the parametera appearingin the mixing rule (5.16) are compared: o =
1 (nomixing), 0.7, 0.6, 0.5. All other parametersncluding the initial configurationwere
identicalfor all runs. Combinationrule (5.16) thusaccelerateshe rate of corvergenceby an
appreciableamount. Smallervaluesof a: (which correspondo strongemixing) leadto faster
corvergence.

|7eq — "], thestrongetthediscontinuitythusinduced.Theveryfirst jump canbeapproximated
by [v' — 7% & 2|7eq — 7°|. Valuesof 1° with alarger distancefrom ~., thusleadto more
pronounceddiscontinuitiesbetweenadjacentstepsat the beginning of the iteration. These
discretgumpsin Py ., canaccelerat¢he dynamicsof the system.It maythenhapperthatthe
meansquaredisplacementsyhich sene asakind of chronometem the presenteanethod(see
comment®nthechoiceof 7), will grow toofastandleadto anunexpectedlysoonterminationof
the currentiterationstep.However, dueto the corvergenceof the method the strengthof these
discontinuitieswill tendtowardszeroduringthe iteration,which meansthatthe irregularities
shouldalsodisappear

This explanationis confirmedin Fig. 5.7 whereit is demonstratedhatthe behaior of the
methodbecomesmoothertlateriterationsteps.Strongervidencefor this pictureis, however,
found by resultsobtainedafter introducingan empirical lower boundfor 7. Actually, in all
simulationsat T,,; = 1 whoseresultshave beenpresentedhere,a modifieddefinitionof 7 was
used. We definedr as T = max(empiricallowerbound 7(zR?%,)), wherez is an adjustable
dimensionlessiumber(often setto 4). During theiteration,the valueof the lower boundwas
correctedo the averagelengthof a step. As shown in figurescorrespondindo 7, = 1, no
irregularitieshave beenobsened, usingthis modification.
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Figure5.5: Effect of mixing successie iterationstepson the corvergenceof Py, atarela-
tively low temperaturds,; = 0.55 for two valuesof the parameterx appearingn the mixing
rule (5.16)a = 0.7 anda = 0.5. Thedurationof aniterationstepwasr(2R2 ) for the caseof
a = 0.5. Thisvalueis approximatelytwice asshortast(4R2,) whichwaschoserfor o = 0.7.
For smallerq, the corvergencecriterion is satisfiedwithin two stepswhereador o = 0.7 it
takes7 stepsof doublelengthto achieve the sameaccurag.

5.6 How Smallthe Allowed Relative Err or e Can Be?

Someremarksarenecessargoncerninghechoiceof e: It shouldnotbechosertoo small. One
shouldrealizethateachindependentunin a moleculardynamicssimulationsamplesa certain
portionof the phasespace.Evenfor ergodic systemsijt would take infinite time to samplethe
whole phasespace.But this is neitherfeasiblenor necessaryOneis usuallynot interestedn

infinitely accurataesults.Moreover, thereis a betterway for improving statisticsthansimply
simulatinglongerandlonger We have madetheexperiencahattwo fully independentunsof a
givenlengthgive muchbetterresultsthana solerun of doublelength. By the expressiorifully

independentuns” we meansimulationrunsstartingfrom independentandomconfigurations.
It seemsthat the typical durationof a simulationrun is not sufficient to sampleall relevant
statedor all relevantquantities.If onemultipliesthe lengthof a simulationby a factorof two,

the systemwill still mostly visit neighboringstatesof the original region of the phasespace
duringthe seconcdhalf of the simulation.Thus,thetwo halvesof the simulationwill have some
correlationswith eachotherwhich affect differentquantitiesof interestin differentways. The
problemis avoided, when startingfrom two differentrandomconfigurations. Thus, it is not

efficientto chooser too small. (i.e. requiretoo high anaccurag) asthis would requirelonger
andlongeriteration steps. The length, 7, of aniterationstepshouldbe chosensuchthatthe
time integral (5.4) in combinationwith Eq. (5.16)is ableto yield resultson Py, within the
requiredrelative accurag determinecy theparametet. It meanghatthesmallere, the higher



76 CHAPTERS. NPxDT-SIMULATION OF THIN FILMS

4 T U U U

Independence of the limit of y' from y’,
Started with y°:2.6

|/ ARAIDN |
A% |

15} 1
Ye,=2.53

Ly Started with yO:O 1
05 F 1
0 L L L L
0 5e+06 le+07 1.5e+07 2e+07 2.5e+07

time [MD steps]

Figure5.6: Independencef lim,,_,,, 7" of theinitial value~°. In computingthe surfaceten-
sion, ", the mixing rule (5.16) wasusedwith o = 0.7 (not the optimumchoice). The iter-
ationsshouldfind yeq(Prext = 1). Resultsshovn herecorrespondo ° = 0 (far from 7.)
and~® = 2.6 (closeto v.,). As expected,bothseriesof v corverge towardsthe samelimit,
irrespectve of theinitial value~°.

T mustbe chosen.Resultspresentedn this sectionsuggesthate = 0.01 is areasonablealue
leadingto convergenceafter 2-5 iterationsof length 7(2R2,) (seefor exampleFig. 5.5). A
furtherimprovementof theaccurag couldthenbeachiezedby carryingout mary independent
runs.

We closethis chapteiby demonstratingn Fig. 5.8the pressurerofile of afilm of thickness
D =5 atT = 0.38, thelowestsimulatedtemperaturdor this film thickness Five independent
runshave beencarriedout andthe pressureprofileshave beensampledoncein 103MD steps.
Lengthof eachrun was4 x 107. It is worth noting that dueto the sharpraiseof relaxation
timesat this temperaturea simulationrun of thelength10” — 108 MD stepsis relative short
At the end of mentionedruns, for example,the meansquaredisplacement®f chaincenters
hardly reachedR?,. Therefore,asa criterion for the length of an iteration step,we did not
chooser(4R2) but maxG x 108, 7(0.5R2)) for, otherwise,the simulationlength would be
inaccessiblavithin our computatiorresources.

Despitethis crudechoiceof 7, theiterationcorvergedwell. Onecould of courseaskif the
resultsthusobtainedareaccurateHence we plot in Fig. 5.8 the obtainedprofile of thenormal
pressurePy(z), asanaverageover all 5 independentuns. It is remarkablethat not only the
averagevalue over the whole systemis well reproducedbut alsothe local profile is in good
agreemenwith therequiremeniPy(z) = Py ext = const. [seealsosubsectior8.3.4]. Thus,the
iteratve methodworksnot only at smallfilm thicknessedyut alsoat very low temperatures.
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Figure5.7: Independencef lim,,_,., P{,,, of theinitial value+°. In computingthe surface
tension,y", the mixing rule (5.16) was usedwith « = 0.7 (not the optimum choice). The
iterationsshouldfind ~eq( Py ext = 1). Resultsshovn herecorrespondo +° = 0 (far from 7.,)

and~® = 2.6 (closeto ). As expected,both seriesof v corverge towardsthe samelimit,

irrespectve of the initial value~°. The irregularitiesin the caseof v° = 0 aredueto large
discretejumps betweentwo successie steps(seealsothe maintext). Evenin sucha crude
casethemethodconvemestowardstherequiredvalueof Py e =1.
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Figure5.8: Profileof thenormalpressurePy, asanaverageover5 independentunscalculated
within the NV T-ensembleln eachrun, thevolumeof thesystemhasbeencomputedvithin the
iterative method.Thusthe volumescomputedwithin theiterative methodcorresponarery well
to thegivenvaluesof thetemperature]’, andtheexternalpressurePy e.;. Notethat,compared
to the lower temperature7” = 0.55, for which resultshave beendiscussedn this chapterthe
systemdynamicds sloweddown by mary ordersof magnitude.



Chapter 6
NV E versusNVT and NpT

As describedn chapter4, in extendedLagrangianapproacha simulationat constantemper
atureand/orexternal pressurds realizedby introducingextra degreesof freedom. A NpT'-
ensemblesimulationrequiresa couplingbetweerthe appropriateaxtra variable,n say on the
one handandboth the particle positionsand momentaon the other hand. As the force on a
particleis a function of its position andthat of all other particles,thereis a direct coupling
betweenn andinterparticleforces. This is an essentiadifferenceto a pure NVT-ensemble
simulation,where¢ couplesto the particle momentaonly. However, the physicalproperties
of the system,shouldbe, within the well-known 1/N-dependentleviations, independenbf
the appropriatestatisticalensemble.In the ideal case the propertiescalculatedvia NVT', or
NpT-ensemblesimulationsmustbeidenticalto thoseobtainedby solvingthe pureNewtonian
motion equation94.1),i.e. to a NV E-ensemblesimulation. Therefore jf a differenceis ob-
sened, NV E-resultsmustbetakenasa guidingreference.

In thischapterwe will examineif therequiremendbf ensemblendependences satisfiedby
a simulationat constantemperatur@and/orpressurelt will be shovn thatthe staticproperties
of the systemareindependenbf the appropriatesimulationensembleln the caseof the cou-
pling to aheatbath,alsothedynamicsof thesystems unchangedf theNose-Hooverapproach
is used.However, within a NpT-ensemblesimulation,the perturbancef the dynamicsof the
systemis not negligible.

To comparethe NV E, NVT and NpT ensemblesywe carriedout, for eachensemble10
independensimulationrunsfor a film of thicknessD = 5 at Py ¢« = 1 and7 = 0.55. Note
that,for this film thicknessthisis arelative high temperaturéZ,(D = 5) = 0.31 £ 0.02).

6.1 Ensemblelndependenceof Static Properties

First, we focuson the dependencef static propertieson the simulatedensemble.Figure6.1
containsresultson the densityprofile,

o2 = (D20 - =) 61)

for afilm of thicknessD = 5 atT = 0.55. In Eq.(6.1) A is thesurfaceof awall. Thevariable
z canbe taken asthe distancefrom a wall or from the film center Unlessotherwisestated,
we adoptthe secondchoice,sothat —D/2 < z < D/2. Threeprofilesare compared:that
obtainedfrom NV E-ensemblesimulation,the densityprofile within the NV T-ensembleand
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finally thesameguantitycomputedrom NpT-runs.As seerfrom thisfigure,thedensityprofile
is independenof the appropriatesimulationensemble.

Next, we considerthe behaior of the pair distribution functionwithin the mentionedsimu-
lation ensembleskor a planarsystemthis quantitycanbe definedthrough

1
9(z1,20;7) = m(; 3(z1 — 2i)0(22 — 2j)0(1r — 745))- (6.2)

Herez; andz, denotethe trans\ersalcoordinatesvithin the systemy;; = (xfj + y%)l/Q is the
distancebetweerthe particlesparallelto the walls andthe densityp(z) is definedby Eq. (6.1).
Givena particle,in alayerat z;, g(z1, 22; ) is thenthe probability to find anotherparticle at
distancer within alayerat z,. As we focushereonthecasez; = z, whichmeanghatz;; = 0,
we give alsothedefinitionof the simplified version

1

g(zr) = W(z)%: 8(z — 2:)8(2 — 2)8(r — 7ij)). (6.3)
It follows from the above interpretationof g(z1, z»; ) that, for a given particlewithin a layer
atz, g(z,r) is the probability of finding anotherparticlein the samelayer Althoughthe exact
definition of g(z; = 2o = z;7) requiresa layer of zerothicknesswe arein practiceforcedto
choosea finite thicknessdz. In Fig. 6.2 g(z1 = 2z = z;r) is displayedfor alayer of thickness
0.25. Thelayerwascenteredatadistance: = 1.125 from thefilm centemwhichis equialentto
adistancez = 1.375 from awall. Theindependencef g(z; = 2z, = z;r) from the choseren-
semblés clearlydemonstrateth Fig. 6.2. As we find similar resultsfor otherstaticproperties,

15 P+ TT T r v v TT T r v TT T v v v TV T rrrvo
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10 1
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Figure6.1: Density profile p(z) asobtainedfrom simulationrunswithin the microcanonical
(solidline), canonicaldottedline) andthesocalled NpT (dashedine) ensemblesThenumber
of particleswas N = 500 in all threecases.
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we concludethat, to thefirst approximationn the particlenumberN, at leasta wide rangeof
staticpropertiesareindependentf the simulationensemble However, we will seein the next
sectionthatthisis nolongerthe casefor dynamicquantities.

6.2 NpT-EnsembleSimulation and the Dynamics

We aregoingto shav thatthe dynamicsof the systemis practicallyunchangedf Nose-Hoover
thermostais used.A simulationwith fluctuatingvolume,however, seemsot to bethatharm-
less. First, we notethatfor time scalesduring which the volumeis approximatelyunchanged,
thedynamicsof the systemshouldbehave similar to thatof the NV T-case For verylong time
scaleson the otherhand,the amplitudeof volumefluctuationswill be smallcomparedo the
averagedisplacemendf theparticles.Thismeanghat,alsofor longtime scalesVpT andNVT
simulationsshouldyield similar results.For intermediatdimes,however, a dynamicalquantity
obtainedfrom a NpT runwill in generabe differentfrom the samevariablecomputedwithin
a NV'T simulation.

Let usfirst look at the shorttime case. With “short” we meana time for which the mean
squaredisplacementf all particlesis still much smallerthanthe squareof chain’s radiusof
gyration, R2. A comparisorof the shorttime dynamicswithin differentensembleshowever,

4 =
— NVE
—\V2 )
3FETT
: D=5, T=0.55, P, =1
— I
. z2-2,.,=1.375
.o~ 2 = wal
N [
— L
(@)
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0 1 2 3 4 5 6 7 8

Figure6.2: Pair distribution function g(z; = zs = z;r) computedwithin a layer of thickness
dz = 0.25 atadistance: = 1.375 from theleft wall. Resultgresentedherewereobtainedrom
simulationrunswithin the microcanonica(solid line), canonicaldottedline) andthe socalled
NpT (dashedine) ensemblesThenumberof particleswas N = 500 in all casesAs seerfrom
theinset,thefirst peakoccursat anaveragedistance< 1. This approximatelycorrespondso
the minimum positionof the bond-potentiak 0.96. The secondpeakarisesirom the preferred
distancebetweemon-connectechonomersvhichinteractviathelLennard-Jonegotentialonly.
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makes senseonly if the testquantity variesfastenoughover the time window of obenation.
Indeed,if we ignorethe long time tails for this moment,the velocity autocorrelatiorfunction
(VACF)is agoodcandidatdor suchacomparison\We expecta calculationof theVACFto yield
thesameresultswithin NV'T and NpT-ensembleimulations.This expectations nicely borne
outin Fig. 6.3whereresultsonthe VACF aredisplayedor NV E, NVT and NpT-ensembles.

Thattherateof volumechanges really small,is shovn in Fig. (6.4). Fromtheinsetof the
samefigure onecanestimatea relative volumechangeof < 0.002 correspondingo thewhole
time window of Fig. (6.3).

Next, we consideithemeansquaredisplacemenfMSD), againcomputedvithin the NV E,
NVT and NpT-ensembleskor a polymericsystemvariouskinds of MSD canbedefined.For
example we candetermindhedisplacementef acertainchainsggment(monomer)thatof the
chain’s centerof massor simply the displacementsf all monomergsegardlessf their relative
positionalongthe chain. Furthermorethe displacementsf a chainsegmentcanbe monitored
in the coordinatesystemof the simulationbox or in the chains centerof masssystem. The
numberof possiblechoicess thereforequitelarge. Let o € {||, L} denotethespecificdirection
(parallelor perpendiculato the walls) alongwhich the particle displacementsare monitored.
Following commonpractice[91,95], we pick up from the above setsix “representaties” for
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Figure 6.3: Velocity autocorrelatiorfunction as computedfrom simulationruns within the
NV E, NVT and NpT-ensembles.In the NVT-casepresentechere,the “mass” () of the
heatbathwas chosento 0.01Q,;, WhereQo, is givenby Eq. (4.117). The couplingto the
heatbathwasthereforemuchstrongetthanit is in atypical NV T-simulation.Neverthelesshe
VACF seemdo be unafectedby sucha coupling. Also the fluctuationsof the volumedo not
affectthebehaior of this quantityat shorttimes.
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Figure6.4: Thevolumeof the systemwithin atypical NpT-simulation.Somerelevantparam-
etersof this simulationrun are: film thicknessD = 5, numberof particlesN = 500 andthe
externalpressurenormalpressuréPy .. = 1. n,y = 10 wasusedin settingthe “piston mass”,
M, [seeEq. (4.118)]. The insetdemonstratethe volume variationsduring the time window
for which thevelocity autocorrelatiofunctionis computedseeFig. 6.3]. Therelative volume
changeduringthis time window is thuslessthan0.002.

eachdirection.First, we give the (well-known) definition of the MSD of all monomers,

Goalt) = % ) ([realt) = rea(0)]”) | (6.4)

=1

whereN is the total numberof particles. The MSD of inner monomerss definedbothin the
coordinatesystemof the simulationbox, ¢, o, andin the chains centerof massframe, g .
Theseread

M
91,0 (t) = % Z < [ri,a,inner (t) - Ti,a,inner(o)} 2> 3 (65)
92,0 (t) = % Z < [ri,a,inner (t) - Rcm,i,a (t) - ri,a,inner(o) + Rcm,i,a (O):| 2> . (66)

=1

Here, M is the numberof chainsand R.,; the centerof massvectorof the i-th chain. The
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correspondingVSD of endsegments g, ,(t) andgs ,(t), aredefinedin a similar fashion

910) = 773 {[Piaenalt) ~ Tiaenal0)]”) 6.7

M

gS,a(t) = % Z <[ri,a,end(t) - Rcm,i,a(t) - ri,a,end(o) + Rcm,i,a}2> . (68)

Note that, to simplify the notation,we consideredn Egs. (6.7) and (6.8) one end monomer
perchainonly. In practice,however, onetakesinto accountthe contribution of both endsand
dividesthesumby 2M (insteadof M).

The readermay have missedthe index 3 in the above set. This index is usually usedto
indicatethe meansquaradisplacementf the chains’centerof mass

g3,a(t) = iz [Rcm,i,a(t)_Rcm,i,a]2 . (69)
M 4

Resultson the MSD of chain centers,gs (), is shavn in Fig. 6.5. First, we note that,
g3,)|(t) obtainedfrom NV E and NVT runsagreewell for all times.For NpT simulationruns,
however, the agreements limited to shortandlong time scales. For intermediatdimes,on the
contrary thedeviation betweenVpT resultsontheonehandand NV E and NVT ontheother
handis not nggligible.

The enhancememf the MSD dueto volumechangescanbe understoodn the following
way: Whenthesystenmvolumeis increasedo acertainamounttheparticlesmustonaveragedo
work againsthe attractve forcesto occupy the availablevolume. This necessaryvork hasits
originin 1/r® termof theLJ-potential.Ontheotherhand whenthesystemvolumeis decreased,
theexternalforcesmustdowork againsthemuchstrongerl /r'2 forces. Theexpansiorandthe
contractionof the systemarethusnotsymmetric.On averagethe expansiorpartof thevolume
fluctuationswill leadto a largerenhancementf the mobility thanthe correspondinglecrease
of this quantity during the contractionphase.This explainsthe obsered enhancemenf the
mobility within the NpT-simulation.

Thesedeviations, however, are unphysical. To seethis, we note that the relative volume
fluctuationsof a real systemscalewith 1/v/N whereN = 10%. Therefore thesefluctuations
andtheir effects on the dynamicsare fully negligible in a real system. The enhancementf
the mobility asa consequencef the volumefluctuationswithin a NpT' simulationis thusan
artificial finite sizeeffect. Therefore for smallsystemsizes,NpT' simulationswill necessarily
leadto unphysicaresultson thedynamicsatintermediatdimes.
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Figure 6.5: The panelon the top: The meansquaredisplacemen{MSD) of chain’s centers,
gs(t), obtainedfrom NV E, NVT and NpT simulationruns. As describedn thetext, results
for all ensemblecoincidefor short(ballistic) andlong (diffusive) time scales.For intermedi-
ate times, however, NpT-ensemblemethodyields unphysicalresults. The panelat the bot-
tom: MSD of all monomers(go(t)), innermonomers(g;(¢)), chaincentersygs(¢)), andend
monomers(g,(t)) within NpT runs.As describedn thetext, resultsfor all ensembleoincide
for short(ballistic) andlong (diffusive) time scales. For intermediatetimes, however, NpT'-

ensemblenethodyieldsunphysicakesults.
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Chapter 7

Statics

Thestaticpropertieof thepresenmodelhave alreadybeenstudiedfor thebulk [91]. Therefore,
we will focusour attentionto the change®f thesepropertiedueto the presencef thewalls.

7.1 A Brief Remark on Finite SizeEffects

We have checledfor finite sizeeffectsby varyingthenumberof particles,N. Forafilm of thick-
nessD = 5, for example,the particlenumberhasbeenvariedfrom N = 100 upto N = 5000
thus indirectly varying the systemsize by a factorof 7 (notethat L = \/Np/D o< N'/?).
This was doneboth at a relatve high temperature;l’ = 1, and at somelower temperatures,
T = 0.7, 0.55 for example.

A testof possibleV-dependencerasalsoperformedor thickerfilms. Evenattheextremely
smallsizeof L = 3.3 (D = 20,7 =1, 0.7) hardly a sizedependenceould be obsenred for
staticproperties As thereis nothinginterestingin displayingidenticalresultsdiffering only in
labels(“this wasobtainedat a particlenumberof N = 100 andthatwith N = 5000", etc.),we
restrictourselesto this brief remark.

7.2 DensityProfiles

Obviously, the presencef thewalls inducesaninhomogeneityn the system.The correspond-
ing changeof the systempropertieswill alsomanifestitself in the particledistribution at dif-
ferentdistancedrom a wall. The density a uniquenumberin a homogeneousystem,now
becomes functionof thedistancedrom awall, z say

Let usfirst look at what happendo the densityprofile of all particlesregardlessof their
connecwity, whenkeepingthetemperaturdixed, but varyingthefilm thickness.Supposehat
the wall-to-wall distance(film thickness),D, is sufficiently largein the sensehatan approxi-
matelyhomogeneousgionis formedin thefilm center Thisimpliesthatthe effectsof awall
arengyligible there. Thus,they arenot “felt” in the otherhalf of the film. Consequentlythe
distribution of particlescloseto a wall is determinedby the influenceof this wall only. This
meandhat,for “large” D, thedensityprofile (andotherlocal quantities)shouldbeindependent
of thefilm thicknessHowever, as D graduallydecreasesheparticlesin thefilm center‘wake
up” andrealizethat,actually they live in a confinedworld. Now, the presencef awall is also
felt in the otherhalf of the system.In sucha situation,we expectchangesn local quantities
with respecto the variationof thewall-to-wall separation.
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Thisideais demonstrated Fig. 7.1(a), wheredensityprofilesaredepictedor threediffer-
entfilm thicknesse® = 5, 10 and20 at7" = 0.55. Fromthisfigurewe seethatfor wall-to-wall
separationsmallerthan10, no bulk regionis present. As expectedthis leadsto a dependence
of thedensityprofile from thefilm thickness.This effect, however, is smallevenatthestrongest
confinemenpresentediere(D = 5).

In Fig. 7.1 (b), we focus on the dependencef the densityprofilesfrom the temperature.
For this purposethefilm thicknesss keptconstan{D = 20) andthetemperatures varied.As
seenfrom this figure, the densityprofile exhibits a strongtemperaturelependenceThis can
be relatedto pronouncegackingeffects. Note that we simulateat constantnormal pressue.
However, atconstantiensity thepressurés in generab decreasindgunctionof thetemperature.
Therefore,as the temperaturalecreaseshe systemcontractsto keepthe pressureconstant.
In otherwords the averagedensityincreaseswith falling temperaturdseeFig. 7.1 (b)]. In
section?.3,the changeof the packingstructurewill be discussedn moredetail.

The obsened densityoscillationshave an importantconsequencen the dynamicsof the
systemWewill seein chaptei8 that,atlow 7', the particlespreferto move parallelto thewalls.
This canbe relatedto the strongdensityoscillationsobsered here. Considera particleat one
of theminimumsof thedensityprofile. It is clearthatif this particletriesto movein trans\ersal
direction, it will entera region with higherdensity Hence,the resulteddisplacementill be
smallercomparedo a stepin adirectionparallelto thewalls.

7.3 Wall Effects on the Packing Structur e

In section7.2we displayeddensityprofilesat variousfilm thicknessesandtemperatureshow-
ing that,athighT’, theeffectof confinemenbnthedensityis rathersmall. However, it wasalso
demonstratedhat lowering the temperatureenhancedhe inhomogeneityin a significantway.
Thesetemperatureffectswererelatedto theincreaseof the averagedensityasa consequence
of constantpressurecondition. However, parallelto the dependencef systempropertieson
temperaturethe local structureof a confinedsystemvariesstronglywith distancerom awall.
When averagedover the whole system,this will leadto a dependencérom the wall-to-wall
separation.

In Fig. 7.2 (a), thevariationof the pair distribution functionwith respecto thetemperature
(left part)is comparedo thatcausedy changingthe distancedsrom awall (right part). When
investigatinghetemperaturelependencthe sameayerwasconsideredSimilarly, in compar
ing g(z, r) for differentlayers,the sametemperaturevas chosenfor all layers. As seenfrom
this figure, the temperaturéaspracticallyno effect on thefirst peakof g(z, 7). Neverthelesst
hasa strongimpacton the secondoeakcorrespondingo the LJ-preferreddistrance:The lower
the temperaturethe more pronouncedahis peak. Note that, at low temperatureshe effect of
the temperaturas presentalso at relative large distancesof 4 monomerdiameter It is seen
from theleft partof the sameplot thatthe Lennard-Jonepeakbecomeslsostrongeywhenthe
temperaturés keptfixed,but thedistancérom thewall is increasedThesimilarity betweerthe
wall andtemperatureffectsis more apparenin panel(b) wherethe temperaturelependence
of g(z,r) within alayer at film centeris comparedo its z-dependencat a low temperature
(T = 0.44).

At high temperatured)owever, the presencef the walls is morestriking whenlooking at
the changeof the first peakof g(z, 7). In the vicinity of the walls, the bond peakbecomes
dominantandgrows whenapproachinghewall. This canbe relatedto a changeof the chain
conformationcloseto thewalls[68,96]. Thechainsbecomdilat sothatfor agivenmonomerat
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Figure7.1: Top: Densityprofilesat7 = 0.5 for D =5, 10 and20. Thereis still a bulk-like
region in the centerof the largestfilm (D = 20). For the smallerfilms, however, this is no
longertrue. As aconsequencdor D <10, aslightdependencef thedensityprofile onthefilm
thicknessdevelops. Bottom: Samequantityasabove. Now thefilm thicknesss keptconstant
(D = 20), but the temperaturds varied. As the temperaturedecreasesthe inhomogeneity
causedy thewalls, propagatesowardstheinnerpartof thefilm. Thehorizontalline p = 0.99
is depictedto enablethe comparisorwith the densityat film centerof isochoricsimulationsof
shearstresgseechapte9]. As seerhere thisdensitycorrespondso atemperaturef 7' = 0.65.
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Figure7.2: Panels(a) and(b): Effectsof the temperatureversusthoseof a wall on the pair

distributionfunction,g(z; r). Panel(c): Deepeningf the“correlationhole” betweermonomers
of differentchains(called here“foreign” monomers).Whenapproaching wall, the position
of the maximumis shifted towardslarger  (Note thatr = |r|[). Panel(d): Contritution to

g(z;r) of the correlationsbetweenmonomersf the samechainandthat betweenmonomers

of differentchainsobtainedfrom simulationswith particle numbersN = 100 and N = 5000

(Also the sumof thesetwo contributionsis plottedhere). No sizeeffect is obsened for these
very differentparticlenumbers Ther-interval, for which g(z; r) is computedis shorterfor the

smallersystem(/N = 100).
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thewall, the probability of finding a monomerof anotherchainat shortdistancess depressed
comparedo thatof findingamonomeibelongingto thesamechain. To testthisidea,we plotin
panel(c) the contrikution of the “foreign” monomersij.e. of thosemonomerswvhich belongto
differentchainsto the pair distribution functionin variouslayers.As demonstated thepanel,
the positionof the maximumof ¢(z; r) is shiftedtowardslargerr for layerscloserto thewall.
In addition,a smallgapdevelopsbetweencurvescorrespondingo differentlayers,indicating
thatthesocalled“correlationhole” [97] becomedargerwhenawall is approached.

Finally, we displayin Fig. 7.2 (d) thetwo contrikutionsto g(z, r) andtheir sum.This panel
alsosenesto stresourremarkonthesize-independena#d thestaticproperties As shavn here,
the sameresultsfor g(z, r) areobtainedwith N = 100 aswell aswith N = 5000 particles.

7.4 MD versusSelf-Consistent-FieldTheory

In this sectionwe will compareMD resultson the polymerspecificprofileslik e the densityof
chainends(endmonomers)chains’ centerof massdensity the profilesof end-to-endvector
parallelandperpendiculato the walls etc. with the self-consistentield (SCF)calculationsof
Muller andGonzalezaMacDowell [68,96].

A commonfeatureof meanfield theoriesis that they mapthe very complex mary body
problemsontothe simplerproblemof a particlein anexternalfield. The“externalfield” thus
introducedakesinto accounthepresencef otherparticlesin anaveragesenseOf coursethe
routefrom amary body problemto anappropriataneanfield depend®on the specificsituation
to captureandcanbe (andusuallyis) quitecomplicated.

For our polymermodel,a discussiorof the theoryandof the underlyingapproximationss
givenin [68,96].

Letu(r) bethe“effectivefield” atr causedy all chainsandlet p(r) betheaveragedensity
measuredt the samepoint. The systems free enepgy is approximateddy a functional of u
andp. Theself-consistenequationdor v andp arethendeterminedy the conditionthatthey
minimizethis freeenegy functional. Oneobtains[68,96]

ur) = ap(r) + [ @rulr =)o) L) (7.1)
n parV [ Dalr]Pu[r]pr(r) exp (= [ Er'u(r)pr(r))

plr) = Ny, [ Di[r]Pi[r]exp (— [ dB3r'u(r)pi(r') (7:2)

with  p(r) = / &r' w(r — ) p(r) (7.3)

and /d3rw(r) =1. (7.4)

In Eq. (7.1) g is the bulk free enegy densityand describeghe thermodynamicof the ho-
mogeneousystem,/V,, is the numberof sggmentsof a chain(alsocalledthe degreeof poly-
merization)and p,, = N/V denoteghe averagedensityof all monomers.Obviously, w is a
normalizedsmoothingfunction. The densityp; (r) is the (microscopic)densityfunction of a
chain,

Np
pr(r) = Z S(r — ;). (7.5)
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D, [r] sumsover all conformationf a chainand?; [r] is the probability for the occurrencef
a given conformation. The productD; [r]P; [r] canthereforebe approximatedy a sumover
chainconformationobtainedfrom a MC or MD simulationof the correspondindgpomogeneous
system[98-105]. Note thateachconfigurationof a systemof V., chainssimulatedvia MD or
MC provides N, singlechainconfigurations.

Hencetherhsof Eqg. (7.2)is nothingbut the Boltzmannaverageof the singlechaindensity
in the externalfield ». At this stage,the thermodynamigropertiesrelatedto the presence
of otherchainsareimplicitely containedin » and p. In fact, it is only the bulk free enepgy
density g, which is relevantfor the bulk thermodynamic®f the system. This function enters
the calculationof » andthus,indirectly, alsothatof p [seeEqgs.(7.1) and(7.2)]. On the other
hand,the smoothingfunction,w, describegpackingeffects[68].

As alreadymentionedy is akind of smoothingunction. Choosingw = 1/V, for example,
would leadto p(r) = p., = N/V, whereaghe otherextreme,w(r — ') = §(r — '), corre-
sponddo thesocalledlocal-densityapproximation.Thelatterhasbeenusedby Sullivanin the
framework of a densityfunctionaltreatmenif inhomogeneougsimple)fluids [64,106—-108].
This approximationhowever, workswell whenno densityoscillationsoccuror whenthe cor-
relationsarelong-ranged64]. Thelocal-densityapproximationdoesnot treatthe shortrange
correlationgorrectlyandthereforedbecomesnaccuratevhen,for example,densityoscillations
are present.Without ignoring the differencesbetweenthe densityfunctionalmethodusedby
Sullivanandthe presenSCF-approachye should,however, keepin mind thisimportantresult
onw(r) whenseekinga “guess”for this function.

It is commentedn [68,96] that w(r) parametrizeshe packingstructureof the fluid on
the monomerscale. Furthermorea link was found betweenw(r) andthe direct correlation
function, ¢(r) [109-112].Motivatedby this obsenation,Muller andGonzalezMacDowell set

B —K(o—1r|) : |rl<o 26
w(r) = _Ulg;g;:) el o (7.6)

whereUy,; denotesthe Lennard-Jonepotential[seeEg. 2.1]. Note that the case|r| > o,
correspondso theasymptotiq(larger) behaior of ¢(r) [64]. The paramete determineshe
relative weightof theattractionfor |r| > ¢ andtherepulsionfor |r| < ¢. For K = 10 thebest
possibleagreemenwith simulationdatawasobseredat 7 = 1.68. FurtherSCFcalculations
have beencarriedout with this valueof K. However, asthe effect of attractionbecomesnore
importantatlowerT’, we expectstrongerdeviationsbetweerthe SCFcalculationsandthe MD-
resultswhenloweringthetemperature.

Note thatwe areinvestigatinga planarsystem. Thus, systempropertiesdo not dependon
thelateral,sayx andy, coordinates.Therefore for eachquantityof interest,we averageover
lateralcoordinatesThedensityp(r), for example,now becomes

p(z) = % / dzdyp(z,y, 2) - (7.7)

Therearemary routesfor finding anapproximateexpressiorfor g, the free enegy density
of the homogeneousystem.Miller andGonzalezaMacDowell chooseWertheims thermody-
namicperturbatiorntheory(TPT1)[113]. Usingthe monomerfluid of Lennard-Joneparticles
asareferencesystemthefree enegy of the (homogeneoug)olymersystemis determinedoy
calculatingthe effectsof the bondingpotentialUrgxg [SE€EQ. (2.3)] asathermodynamiper
turbation[96]. Thefree enegy densitypg is thenchosersuchthatthe thermodynamicsf the
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homogeneousystemin the SCFcalculationscoincideswith TPT1approximation

ex

1
_ L] _

where ff5 is the excessfree enepy (i.e. free enegy minustheideal gasterm) of the Lennard-
Jones-referencgystemand[113-117]

0= /d3r12g(7°12) €xXp (‘%ﬁ) ) (7.9)

whereq is the pair distribution of the referenceLennard-Jonesystem. To avoid confusion
with thefreeenegy density g, we have useda differentcharactetypefor the pair distribution
function,g.

It wasshown in Fig. 7.1 (b) that, asthe temperaturdalls, the densityoscillationsbecome
strongerandthattheseoscillationspropagatéowardsthefilm center The presencef thewalls
is thusfelt in alargerportionof the system.Thereforejt is instructve to starttheinvestigation
of the polymerspecificprofilesat a ratherlow temperature Unfortunately the self-consistent
field (SCF)theory whoseresultswill be comparedo the outputof our MD-simulations,be-
comesinaccurateatlowertemperaturesSoatlow 7', we will presentMD resultsonly.

The reasonfor the failure of SCF-theoryat low T is thatthis theory hassomedifficulties
in properlytaking into accountthe attractve forces(which act at longerdistancescompared
to the repulsve forces)in aninhomageneoussystem. Recallthat SCFis a meanfield theory
In a bulk system.,it is not a crudeapproximationto supposehat the attractve contributions
to the force on a particle cancelout eachother This is justified by the long rangecharacter
of theseforces. In aninhomogeneousystem,however, the situationis differentcloseto the
interface. The sum over attractve forceson a particle closeto the interfaceis definitely not
negligible. In fact,on average therewill be a netattractve force decayingwith distancefrom
theinterface.However, it seemaot to be very easyto incorporatan a meanfield theorysuch
aneffect[96]. As theseattractve forcesbecomemoreimportantwith decreasingemperature,
thetheorybecomesnaccurateatlow 7'

In panel(a) of Fig. 7.3 we plot the densityprofilesfor end monomers,jnner monomers,
chains’ centersof massandfinally all monomersregardlessof their positionwithin a chain.
Thedataareextractedfrom asimulationof afilm of thicknesgwall-to-wall separation)D = 10
atT = 0.5 and Py = 1. Notethatthe mode-couplingcritical temperatureof the systemis
T.(D = 10) = 0.39. The chosentemperaturds thusrelative low. The oppositetrend of the
innerandendmonomerswith respecto thewallsis clearlydemonstratedT heinnermonomers
avoid theveryvicinity of thewalls, whereasanenrichmenof endmonomerss obsenedin this
region. Notethatall presentegrofilesarerescaledo give the total monomerdensityin the
isotropicandhomogeneousase.The higherdensityof endmonomerscomparedo theinner
monomersanberelatedto their higherentropy. They arebondedonly to onemonometinstead
of to two. Consequentlycomparedo aninnermonomeya move attemptof anendmonomer
towardsthewall is hinderedessstrongly Thus,endmonomersanexploretheregion closeto
thewalls moreefficiently.

Reportson neutronreflectvity experimentsdo confirm the enrichmentof the chainends
closeto the interface[118]. Also simulationsof hard chainsat hardwalls do shav a higher
relative densityof endmonomersn thevicinity of thewalls [119,120]. Therefore the occur
renceof endmonomerenrichmentseemaot to dependon the detailsof the interaction. This
obsenationis in favor of theabove entropicargument.
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Figure 7.3: (a): Chain specific profiles: end sgments,inner sggments,chains’ centersof

massand, finally, the density of all monomersregardlessof their position within a chain
(D =10, T'=0.5 and Py = 1). Note thatthe mode-couplingcritical temperatureof the
film is T.(D = 10) = 0.39 + 0.01 [seechapter8]. Olviously, sufficiently closeto the walls,
the end monomerspreferthe vicinity of the walls whereaghe inner part of the chainskeep
a larger distancefrom it. (b): Comparisorof the relative densityof chains’ centersof mass,
i.e. pem(2)/p(2), atT = 1 and0.7 asobtainedfrom the moleculardynamicssimulation(MD)

andthe self-consistentield calculation(SCF).Qualitatve agreements quite good. However,

speciallyat low 7', SCFfails on the quantitatve level. (c): The samecomparisorasin panel
(b), now for endmonomers.Again, good qualitatve agreements obserned. However, SCF
overestimateshe extra entropy of end monomergcomparedo the inner ones)and leadsto
highervaluesof p.i,(z)/p(z) thanobtainedvia MD simulation.
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It is alsoseenfrom panel(a) of Fig. 7.3thatthe depletionof the monomemensitiesstartsat
adistancex 1, themonomeisize whereaghatof thechains’centerof massp.m(z), startsata
distanceof ~ R, from thewalls. Thisindicateghat R, canindeedbeinterpretecastheaverage
radiusof a chain. Thewave lengthof the monomerdensityoscillationsis alsovery closeto the
monomersize. The oscillationsof p.,(z), however, have very smallamplitude.Nevertheless,
onecanseethatthe lengthscaleof the variationsof p.,(z) is fairly largerthanthe monomer
size.

Let usstartwith a comparisorof MD resultsfrom onesideandthe SCFcalculationsrom
the otherside. In panel(b) of Fig. 7.3 we comparedensityprofilesof chains’centersof mass,
i.e. pem(2)/p(2), attemperature§” = 1 and0.7 asobtainedfrom moleculardynamicssimu-
lation (MD) andself-consistentield calculation(SCF).Therescalingof p.m,(z) by theinverse
monomerdensitysenesto separatg@ackingeffectson the monomerscalefrom the polymeric
oneg96]. As seerfrom thisfigure,the SCFresultsarein goodqualitatve agreementith those
obtainedfrom MD simulations.The oscillatorynatureof the profile, for example,is quite well
reproducedoy SCFcalculations.However, at 7 = 1, the magnitudeof the first peakcloseto
thewallsis overestimatedby SCFcalculations As f_DD/22 dzpewm(z) = M (M beingthenumber
of chains),this overemphasizés then“compensatedby lower valuesof the p.,, comparedo
thecorrespondingvD-curve in theregion just afterthe peakposition.

As seenfrom theright side of the samefigure, the discrepang betweenSCFandMD data
is enforcedat lower temperaturef 7" = 0.7. Now, the oscillationsof SCFandMD curvesare
totally out of phase This alreadyexplainswhy we did nottry comparisonststill lowerT'.

The samecomparisonis repeatedn panel(c) of Fig. 7.3 (now for threetemperatures
T =1, 0.8 and0.7) for the relative densityof end profiles p.(z)/p(z). Again, we obsenre
goodqualitatve agreementdyut onthequantitatve level the SCFoverestimatetheenrichment
of endmonomersFurthermoreit is demonstrateth the samepanelthat,contraryto therather
strongtemperaturelependencef p.m(z)/p(z), avariationof theT from 1 to 0.7 seemshotto
have muchimpacton therelative densityof endsegmentsp.(z)/p(z2).

In panel(a) of Fig. 7.4 the monomerdensityprofile, p(z), is plottedat 7 = 1 and0.7 as
outputof SCF calculationsandthat obtainedfrom MD simulation. First, we notethat, for a
giventemperatureSCFyields a lower densityin the film center However, a comparisorof
the shapeof densityprofilesrevealsthata simplerescalingof the SCFresultto bring in accord
the valuesof MD and SCFresultsat film center would not remove the obsened discrepang.
Furthermoreat 7" = 0.7 the oscillationsin SCF-densityprofile propagatanuchfartherin the
inner partof film thanobseredin MD simulations.Thesediscrepancieshav that SCFis not
ableto accuratelytake into accountthe effectsof the long rangeattractve forceswhich come
into play asaresultof the confinement.

Now, we comparethe orientationalpropertiesIn panel(b) of Fig. 7.4MD andSCFresults
are comparedfor the parallel and perpendicularomponentf the end-to-enddistance,i.e.
R, andRZ, |, atT =1and0.7.

Contraryto the monomerand chain density profiles, remarkableagreements obsened
betweenrSCFandMD. For the parallelcomponentthe curvesarenearlyidenticalat bothtem-
peraturesA discrepang, however, is obseredfor thetrans\ersalcomponentThesedeviations
are enhancedat lower temperature.Note that R, decaysmonotonicallywithout ary oscil-
lations, whereaghe variationof RZ, , is a bit morecomplex. It increasesip to a maximum
valueandthendecreasetwardsthe bulk average.The differencedetweenthe MD andSCF
calculationsat very shortdistanceshowever, mustberelatedto statisticalerrors.lIt is shovn in
panel(c) of Fig. 7.4 thattheradiusof gyrationexhibits very similar behaior to theend-to-end

distance All remarksmadefor RZ, | andR;, | arealsovalid for B2 andR; | .
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Finally, panel(d) of Fig. 7.4 compareghe averageeigervaluesof the gyrationtensor[see
below], A1 > Ay > A3, for MD andSCF Also here,the agreemenis betterwhenthe quantity
of interestis smoothenough.

Fromall thathasbeensaidandshowvn, we concludethatthe self-consistentield approach
of Muller andGonzalezaMacDowell capturesvell the qualitatve featuresof our confinedpoly-
mer model. For someof orientationalquantitieslike Rge,” : Rg,” alsoquantitatve agreements
obsened. This quantitatve agreementhowever, is satishctoryfor smoothlyvaryingquantities,
i.e. in caseswvhereno oscillationsare present.In the presencef oscillations,on the contrary
significantdeviationsoccur

Note however that the derivation of the SCFequationg7.1) and(7.2) is not basedon the
assumptiorof a small externalfield [121]. In particulay no linear approximationis usedfor
exp(—Uyan/ksT). Thereforejn principle,it shouldwork alsoat stronginhomogeneities.

Note thatthe input datain SCF-calculationsvasobtainedfrom MD simulationsof a bulk
systemat7 = 1. Thesedatahave beenthenusedfor iterative calculationof the meanfield «
at othertemperaturesdowever, we will seein section7.5thataveragechainshapesn thefilm
centerof a relative thick film (D = 20) wherebulk-like behaior is obsened, do not depend
muchonthetemperatureChainconformationsn thebulk arethereforenot expectedo exhibit
strongT’-dependencandtheuseof bulk-dataat7” = 1 seemdo beareasonablehoice.Much
betterresultsarethereforenot expectedwvhentaking bulk-dataat exactly the sametemperature
for which SCFis applied.

It hasbeenshown in [68] thatthe densityprofile stronglydepend®n the specificchoiceof
theweightfunction,w(r) [seeFig. 7 in thesameRef.]. An improvementtherefore shouldbe
possiblewhenfocusingon a betterchoiceof this function. Also, takinginto accountPy = 1
whensearchindor a suitablechoiceof the bulk free enegy density ¢(z), couldimprove the
results.Thesesuggestionsould bechecledin furtherestudies.

However, the quite goodagreemenbf the SCFcalculationswith our MD datain all cases
of smoothvarying quantitiesdemonstratethatthe presentSCFschemeasit standsjs already
accurateenoughfor systemswith weakinhomogeneitiesik e liquid-vapourinterfaces.Further
improvement however, may expandthe scopeof its applications.

7.5 AverageChain Shape

We aregoingto closethis chaptemwith a brief analysisof the socalledshapeactors.Aronovitz
andNelson[122] introducedrotationallyinvariantquantities,A and .S (whosedefinition will
be givenbelow) to characterizehe averageasymmetryanddegreeof prolate-or oblatenessf
apolymersystem.

Following [122] wefirst give thedefinitionof thegyrationtensor Q of achainconfiguration

N,
1 p
Qap = - Y (Pia = Rema)(ris — Remps) (7.10)

P =1

whereo, 8 = z, y, z. N, is thenumberof chainsegments(/V, = 10 in our model)and R,
standsfor the chain’s centerof massvector It is easyto seethatthe statisticalaverageof the
sumoverdiagonaklement®f Q, i.e. (trace(Q)), is equalto thesquareof theradiusof gyration

NP
O Qua) = NLP Z D {(ria — Rema)’) = R . (7.11)
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Figure7.4: Panel(a): Densityprofilesat7 = 1 and7 = 0.7 asobtainedfrom the molecular
dynamicssimulation(MD) andself-consistentield calculation(SCF). For both temperatures
plotted here, SCF yields a lower densityin the film center However, it is also seenthat a
simplerescalingof the SCFresultwould notbring thesein accordwith MD data.Furthermore,
atT = 0.7 the oscillationsin SCF-densityprofile propagatenuchfartherin the inner part of
film than obsenedin MD simulations. Panel(b)-(c): SCFversusMD for profiles of R2
R, |, Rg I andR? | . Qualitatve agreemenis quite remarkable.For monotonousjuantities
like Rge I andR2 for example,the agreemenextendsto a quantitatve level. In casesvhere
the z- dependenccs a bit morecomplicatedhowever, smalldeviationsoccur Panel(d): Same
comparisorfor the eigervaluesof the gyrationtensorQ [seeEq. 7.10]. Within the mentioned
(small) guantitatve deviations,alsohere,SCFcalculationgeproducehe z-dependencef \'s
quitewell.
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NotethatQ is asymmetricmatrix. It canthusbediagonalizedHowever, asthetraceof amatrix
is unchangedinderan orthogonalransformationit follows thatthe sumover the eigervalues
of Q is alsoequalto R?,

3
Z/\i - Rg; , (7.12)
=1

where\; > Ay > A3 aretheeigervaluesof Q. Then,onedefinesatracelessnatrixQ via
Q=Q-)I;, (7.13)

whereX = 370 | \;/3 andI; is the 3 x 3 unit matrix. Note thatan orthogonatransformation
which diagonalizesQ will at the sametime also diagonalizeQ andthusary function of it.
Thereforejt is easyto seethat

trace(Q?) = Z()‘Z —A)?. (7.14)

7

Thepointis now thattrace(Q2) is thevarianceof the eigervaluesof thegyrationtensor Q, and
thusameasuref how muchagivenpolymerchaindeviatesfrom sphericasymmetry[122]. In
the sphericakasefor example,\; = )\, = A\; = A andthustrace(Q?) = 0.

Ontheotherhand,it is easyto seethatdetQ providesusefulinformationon the prolate-or
oblatenessf a givenchainconfiguration.For, if achainis prolate,i.e. if A\; > A\, & A3, then
A1 — A>0while Ay — X< 0 and; — A< 0. ThereforedetQ = []._,(\; — A) >0 for aprolate
chain. Similarly, onecanseethatin the oblatecasej.e. when\; & X, > A3, detQ < 0. Thus,
for agivenchainconfigurationthe signof detQ providesinformationon prolate-or oblateness
of thechainandits magnitudeé‘measures’how prolateor oblatethe polymeris [122].

However, it follows from Eq. (7.12) that the eigervaluesof Q scalewith chain’s radius
of gyration. As a consequencejetQ combinesthe shapeinformationwith that of the size.
ThereforedetQ is nota suitablecandidateor investigationsf the chainshape Nevertheless,
with a slight modification,detQ canstill be usedto definea sizeindependenguantitywhich
“measures’the polymershapeonly [seebelow].

It wasshown in appendixA of [122] that

0 < traceQ? < 6A%. (7.15)

Theamuments indeedvery simple: traceQ? canbe consideredsthe squarechormavectory
definedasv = (A1, Ao, A3)— (A, A, ). Itis thenclearthatv? is maximizedat oneof thecorners,
(A1, Az, A3) = (3, 0,0) say In thiscaseoneobainsv? = (20)2+ (—)? +(—))? = 6A%. QED.

Inequality (7.15) motivatesthe definition of a normalized(andthussizeindependentpas-
phericity

A2
ongz%gy (7.16)

Averaginginequality(7.16)over anstatisticalensembleields

0< (Ag) = <%> <1. (7.17)
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Unfortunately (A,) is nottractableanalytically[122]. Therefore Aranovitz andNelsenintro-
duceda separablerersionof (Ag), namely

<trace(Q2)>
(63*)
However, it is remarkableghattheinequality(7.17)“survives”theseparatioransatzin fact,the

situationis not thatcomplicated Applying the statisticalaveragingto theinequality(7.15)and
dividing bothsidesby (6A%) immediatelyleadsto

(7.18)

0<A<I1. (7.19)

Usingsimilar agumentsjt wasfurthershavn in AppendixA of [122] that

1 detQ 27detQ
—— < S =— = <2 7.20
4 =" A3 trace(Q)® ~ (7.20)
which afteraveragingreads
1
—5 < (80) < (7.22)

Thecorrespondingeparablerersionof inequality(7.21)is

1 5 <detQ> B 27 <detQ>
4= (A% <trace > -

(7.22)

As X > 0, it follows from the commentson detQ that S and (S,) are both measuresf the
averageprolate-or oblatenessf a polymersystem.For positive valuesof S or (Sy) theaverage
shapds prolatewhereasegative valuesindicateoblatenessf the averageshape.

A greatadwantageof defining quantitieslike A, (Agy), S and (Sy) is that they separate
the shapeinformationfrom that of the orientation. Evenif a polymerchaintakesall possible
orientationstheresultsobtainedby thesequantitieswill still yield the correctaverageshapeof
thechain.

Note, however, thatthe definition of A andS wasmainly motivatedby difficultiesin ana-
lytical treatmenbf themorephysicalalternatves(A,), and(S,) [122,123].

Using MC-simulationresults,a detailedcomparisorof the analyticallytractableversions,
i.e. A andS with the more naturalalternatves (A,) and(Sy) hasbeendonein [122,123].
Simulationswere donefor a randomwalk (RW) on the one handand a self avoiding walk
(SAW) on the otherhand. It wasfound thatthe insensitvity of S and A to the detailsof the
interactiongwhich wasknown from the analyticcalculationsof Aronovitz andNelson)arein
factartefactsof the separabl@nsatainderlyingtheir definition. The morenaturalversionsj.e.
(Ag) and (Sy) do dependon the detailsof the model. For a randomwalk, for example,one
obtainsa smallerasphericityanddegreeof prolatenesshanfor a self avoiding walk.

This hasa simple physicalinterpretation.Adding intermoleculatinteractionsto a random
walk amountseffectively to reducingthe probability of high enegy configurations.Suchsit-
uations,however, are more probablewhena monomeris surroundedy othermonomers.In
otherwords, strongrepulsie forcesoccurmorefrequentlyin isotropic configurationghanin
non-isotropicones.Hence the formeraremoreefficiently suppressedomparedo thelatter.
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If theabove pictureis notwrong,we shouldexpectthatthepresencef attractveinteractions
shouldyield shapedetweenthe randomwalk andthe self avoiding walk results. Indeed,as
shown in panel(a) of Fig. 7.5, our MD resultsdo confirmthis expectation.It is alsoshovn in
panel(b) of Fig. 7.5thatS andA arenearlyequalto thevalesobtainedor RW andSAW [123].
This demonstrateagainthat the effectsof interactionsare not properlytakeninto accountin
thesequantities. Furthermore they overestimatdatter Very similar resultsto the MD data
presentechere have beenalso obtaindfrom MC simulationsof thin films within the Bond-
Fluctuation-Model(BFM) [95]. A striking agreements obsered in qualitatve featuresof
(Ao(z)) and (Sy(z)) for both MD and BFM. The bulk averages(valuesin the film center),
however, differ slightly in bothmodels.Tabel7.1 comparedulk valuesof (Ag), (Sy) A andS
obtainedfor variousmodelsdiscussedn this section.

Next, we commentthe shapeprofiles displayedin panel(a) of Fig. 7.5. It is seemfrom
this figure that the averagechain shapeof the presentpolymer modelis prolateboth in the
vicinity of thewalls andin thefilm center Closeto thewalls, however, this behaior is strongly
pronouncedNow, a plot of p.,(z) in the samepanelrevealsthat,in fact,thereareonly a few
chainsin theregion of strongprolatenessThesechainsarequenchedetweerthewalls anda
densdayerof chainsindicatedby the maximumof p..,(z). They thusalign parallelto thewalls
andexplorethe spaceavailablein lateraldirection. This explainsnot only the obsered shape
propertiesloseto thewalls but alsotheenhancemerdf R}, | and R} | discussedh section?.4.

With increasingdistancefrom the walls an opposnetendeny appearsl e. the chainsbe-
comelessprolateandlessasphericuntil a minimum s reachedat a distanceof ~ 2 from the
walls. This,again,canberelatedo thefactthatthedensityof chaincentersexhibitsamaximum
atapproximatelythesamedistancdrom thewalls [seeFig. 7.5]. It is thereforenotfavorablefor
the chainsatthis distanceto take a parallelorientation.Hence they try to alsoexploreregions
in trans\ersaldirectionsthusbecomingandlessprolateandlessaspheric.

‘ ‘ <A0,bulk> ‘ <SO,bulk> ‘ Abulk ‘ Sbulk ‘

RWMC [123] 0.396 | 0.481 | 0.529] 0.895
RWRC [122] - - 0.526| 0.887
BFM [95] 0.411 | 0.499 - -

MD 0.432 | 0.541 | 0.539] 0.89
SAWMC123]| 0.447 | 0.572 | 0.543| 0.879
SAWRE [122] - - 0.534| 0.893

Table 7.1: Bulk valuesof (Ag), (So), A and S obtainedfrom MC simulationsof a random
walk (RWM€) andof a self avoiding walk (SAW™C) [123], from MC simulationsof athin film
within Bond-Fluctuation-Mode{BFM) [95] andfinally moleculardynamicsresultswithin the
presentwork (MD). For RW andSAW we alsoshov A andS obtainedfrom arenormalization
group calculation[122] (indicatedby superscriptRG”). MD datacorrespondo 7" = 1. At
lowertemperaturedjowever, no significantchangeas obsenred[seealsoFig. 7.5].
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Figure7.5: Panel(a): (Aq(z)) and(Sy(z)) asobtainedfrom moleculardynamicssimulations
(MD) attemperature§” =1, 0.7 and0.5 (T.(D = 20) = 0.41). Horizontallinesindicatethe
correspondingviC bulk simulationresultsof arandomwalk (RW) andof a self avoiding walk
(SAW) [123]. Finally thedensityprofile of chains’centerds alsodepicted wherebyit is mul-
tiplied by a factor of 0.3 to be within the scaleof the figure. The minimum valuesof the
asphericityandof the prolatenesareobseredapproximatelyat the maximumpositionof pcp,.
Note that the position of the maximumof p., IS insensitve to a changeof temperaturgnot
showvn here). Panel(b): Samecomparisonnow for A andS. Note that, within the scalesof
thefigure, the analyticalresultsfor RW and SAW obtainedfrom a renormalizatiorgroupcal-
culation[122] canbe hardly distinguishedrom the MC dataandthereforeare not presented
here.
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Figure7.6: Schematicsketchof theinfluenceof film thicknessandtemperaturen staticprop-

erties. A good approximationof the instantaneoustructureof a chainis an ellipsoid. The

chainsarethereforerepresentetby ellipsoidsin thefigure. Adjacentto a wall the two largest
principal axesof the ellipsoid arealignedparallelto the wall, whereaghe smallestaxis points

away fromit in perpendiculadirection. Furtherforethechainis distorted(i.e., flattened).Both

effectsare entropicallyunfavorable so that the numberof chainscloseto the wall is small at

high temperature If the film is sufiiciently large, thereis a bulk-like inner region, wherethe

chainscanfreely reorient(indicatedby dasheckllipsoidsin the left sketch). With decreasing
film thicknesshe bulk-lik e region shrinksmoreandmore,leadingfinally to parallelyoriented
chainsalsoin the middle of the film if the thicknessis D < 4R,. At high temperaturehe

walls arestill avoidedin sucha thin film sothata high concentratiorof chainsoccursin the

middle (indicatedby the threeellipsoidsin the right sketchinsteadof two in the left) [from J.

Baschnagel].



Chapter 8

Dynamics

In this chapterwe are going to investigatesomeaspectsof the dynamicalpropertiesof the
systemat high andlow temperatures However, contraryto the caseof the static properties
which arein a wide rangeindependenbf the specificnumberof particles, N, usedwithin a
simulation,the dynamicsof the systemcanstronglydependon N. In factthe dependencen
the numberof particlesis a consequencef the sizedependencef the dynamicproperties.
Keepingthetemperatur@taconstanwalue,it is clearthat,for agivendensityandpressurethe
systemsizeis the smaller the smallerthe numberof particles.

To reducefinite size effects, it is thereforeimportantto checkfor the dependencef the
guantity of intereston NV, and chooseN so that the size effects, at leastto first order are
negligible. In practice however, onemustoftenchoosea compromiséetweerthereductionof
thefinite sizeeffectsandcomputingtime.

8.1 Finite SizeEffects

Motivatedby the ideasjust mentionedwe first carriedout, for a film of thicknessD = 20,
simulationrunswith variousnumbersof particles.Thevariationof the lateralsystemsizewas
thenaresultof constantemperature-constaptessureondition.

We first shaw in Fig. 8.1 the meansquaredisplacementsf chaincenterdor aratherlarge
film thickness,D = 20. Two temperaturearedisplayed:Theleft panelcorrespondso arela-
tively hightemperaturd’ = 1 whereagheright panelto anintermediateone,namely’T” = 0.7
(T. = 0.41+0.01 for D = 20). As seerfrom thesefigures,strongsizedependencss limited to
very small systems.Thoughnot vanishing,the sizedependences very weakalreadyfor mod-
eratesystemsizesL > 10 atbothtemperaturesThereforeasa compromisebetweeraccuray
andcomputingtime, we have chosenV = 2000 for thisfilm thickness.

For D = 20, theobseredacceleratiorof dynamicsat smallersystensizesis in agreement
with MC-simulationresultsof the two dimensionalbond-fluctuation-mode(BFM) [43]. In
recentmoleculardynamicssimulationsof Lennard-Jone§l24] andhard core [125] systems,
however, anoppositebehaior is seen.

The size dependencef the dynamicsfor very small systemsizesis often relatedto the
conceptof cooperatre motion first introducedby Adam and Gibbs[32] to explain the sharp
riseof thetransportcoeficients,suchasviscosity inversediffusionconstanor relaxationtimes
in anarrov temperaturéangenearthe glasstransitiontemperature7,.

Accordingto AdamandGibbs,neartheglassransition thesystenis dividedinto clustersof
correlatednolecules.The motion of a moleculeinsidea givenclusterrequiresthe cooperatre
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Figure8.1: The meansquaredisplacementsf the chaincentersparallelto the walls, g3, for
variousparticle numbers.For eachparticlenumber the correspondindateral systemsize, L,
is indicatedin braclets. The film thicknesswas D = 20 andthe normal pressurevassetto
Pxext = 1. Theleft panelcontainsresultsat 7' = 1 andthe right panelat 7" = 0.7. Both at
high andlow temperatureghe mobility increasesor smallersystemsizes. However, thereis
no appreciablesizedependencéor L > 10 (N > 2000).

motion of the othermoleculeqof the samecluster),hencetheterm“cooperatvely rearranging
regions”. It is easyto seethatthe probability for sucha “cooperatve motion” decreasewith
thesize,&, of thecluster However, aslong asthesystemcomprisesnary clusterstheirrelative
motions(thesocalledcollective flow) will contributeto thestructuralrelaxationthuspreventing
thedivergenceof thetransporicoeficients.

Ontheotherhand,if thetypicalsize,£, of acooperatreregiongrows atlowertemperatures,
therewill beatemperaturatwhich thewhole systembuilds up a solecluster The mobility of
the systemwill thendecreaselrastically for it will directly dependon the cooperatre motion
of all particlesof the system.At the sametime, for L. < &, the relaxationtime will exhibit a
strongsizedependencdueto the mentionedargumentthatthe largerthe systemsize,theless
probablea cooperatie rearrangementThus, the diffusion constantwill decreasavith L for
L < &. Obviously, whenthe systensize L. becomedargerthané, we getbackto the situation
wherethe systemcomprisesamary clustersandthe alternatve relaxationprocessesomeinto
play thusleadingto a wealeningof the sizedependence.

Thus,following the above agumentspneobtainsan explanationof the acceleratiorof the
dynamicgor smallersystemsHowever, the sameconcepif cooperatie motionis sometimes
usedin a differentway to explain a slowing down of the dynamicsfor smallersystemgsee
for example[125]). It is indeedobsenredthatthe maincontribution to the structuralrelaxation
originatesfrom the cooperatrely rearrangingregions[124]. Therefore,it is aguedthat the
systemdynamicss accelerated thesystemcontaindargerclusters.Notethatthis agumentis
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exactly oppositeto theonegivenabove, namelythatthelarger theclustersize thelessprobable
a coopentive motionandthusthe slowerthedynamics

Onealsofindsthatthelinearsize,£, of acooperatre region decreasetor smallerL. Thus,
onearguesthatthe diffusion rate mustdecreasdf the systembecomesmaller This resultis
in agreementvith somerecentsimulationresults.However, usingthe concretenumericaldata
givenin [124] onecanshow thatthe sameresultcanalsobe obtainedstartingfrom the opposite
point of view, namelythat the larger clustersare slower. Threesystemsizesare considered
in [124]: L = 5.13 (108 particles),L = 10.8 (10? particles)and L = 23.2 (10* particles).The
correspondingizesof cooperatreregionsareé = 3.38, £ = 6.11 andfinally £ = 7.73. So,this
is really truethatsmallersystemsontainsmallerclusters. However, if onelooksattherelative
sizeof a cooperatie region, oneobtains:{/L = 0.659, 0.566 and0.333, respectrely. The
relative sizeof a clusteris obviously largerfor smallersystemavhich meanghatthereareless
individual clusters. The possibility of alternatve contributionsto the structuralrelaxationis
thereforedecreasedrl hesystenrelaxesmoreslowly, for themotionof a givenparticlerequires
thelessprobablecooperatre motionof alarge numberof molecules.

We concludefrom this discussiorthatthe conceptof cooperatre motion mustbe handled
with somecare. Although the existenceof regions of cooperatre motion seemsto be well
acceptedthereis still needfor morequantitatie investigations.

Next, we reporton a kind of “crossover” in the size dependencef our systemof study
asa resultof the variation of the film thickness,D. For the muchthinnerfilm of thickness
D =5, we found a sizedependencef the mobility from the lateralsize oppositeto that seen
for D = 20: the smallersystemsarenow slower This finding is displayedin Fig. 8.2, where
themeansquaredisplacementsf chaincentersarecomparedor variousparticlenumbersj.e.
for differentlateralsystemsizes,L. In theleft panelafilm of thicknessD = 10 is investigated
andin theright panelathinnerfilm with D = 5. A changen the“sign of thesizedependence”
occurswhengoingfrom D = 10to D = 5.

Note that, in a polymer system,the cooperatrity of motion in pronouncedy the chain
connecwity. It is clearthatamonomeicannotgofarwithoutbeingaccompaniedly its adjacent
“partner(s)”. Therefore,for a densepolymer liquid, the conceptof cooperatre motion has
relevanceevenat very high temperaturesRecallingtheimportanceof therelativeclustersize,
&/ L, within the conceptof cooperatre motion, an explanationof the reportedoppositesize
dependenctr small D comparedo thelargeronescouldbefoundassuminghaté /L increases
for smallerfilm thicknessesThis assumptionhowever, mustbe verifiedquantitatvely.

8.2 High Temperatures

Considertwo solid walls at restanda fluid with a non zero centerof massvelocity confined
betweenthesewalls. It is well known from textbook hydrodynamicghat the fluid velocity
vanishesat contactwith the solid. However, this agumentis a macroscopione. Nevertheless,
aswe will seein chapter9 this canindeedoccuralsoon a microscopiclevel: Whenaveraged
over sufficiently long times, the meanvelocity of a fluid particle at the solid-liquid interface
vanishegelative to thewall. Thisis the socallednon-slip(or stick) boundaryconditionwhich
is often usedin hydrodynamictreatmentsof the flow. On the macroscopidevel, the stick
boundaryconditionis relatedto theroughnes®f the solid-liquid interface. The fluid particles
loseenepgy dueto thefriction onthis surface.

Obviously, perfectslip is the oppositeto a stick boundarycondition. Although not very
usualin nature,it is very simpleto achievze sucha boundaryconditionin a moleculardynamics
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Figure 8.2: The meansquaredisplacement®f chain centersparallelto the walls, g; |, for
variousparticle numbers.For eachparticlenumber the correspondindateral systemsize, L,
is indicatedin braclets. Thetemperaturevas7 = 1 andthe normalpressurePy ¢, = 1. The
focusis now onthe “changeof the sign” of the sizedependenceshengoingfrom D = 10 (left
panel)to thethinnerfilm D = 5 (right panel).

simulation.Theonly thing to dois to choosea wall potentialwhich doesnot dependon lateral
coordinates.Hence,the 1/2° walls usedfor equilibrium simulationswithin the presentwork
correspondo the perfectslip limit.

Analyzingthe meansquaredisplacementsye find thatthe mobility of the confinedsystem
is enhanceadtomparedo thatof the bulk model. This increasen mobility is shavn in Fig. 8.3
wherethe meansquaredisplacementsf chaincenters gs, areplottedfor the bulk andfor the
film atvariousthicknessesk-or afilm, thecomponentsf thedisplacementparallelto thewalls,
x andy say aretakeninto accountwhereaghebulk datacontainsall threedirections.Thelatter
is thereforemultiplied with afactor2/3. Our resulton the acceleratiorof the dynamicsdue
to the presencef the soft walls may seemto bein contradictionto the obsened deceaseof
mobility in [124] wherealso soft walls were considered.However, the systemconsideredn
this referencesxhibits hugedensityoscillations[seefigure 5.(a) of the samereference].There,
the outermostdensity peak (closestto the walls) hasa value of approximately5 (LJ units)
decreasingowardsunity nearthefilm center It is clearthatat a densityof 4-5 atomsper unit
volume,thediffusive motionwill belessefficientthanatconsiderablysmallervalues.This may
explainthe obsereddecreasef the diffusionconstanivhenapproachinghewalls.

Letusnow have alook atdensityprofilesof ourmodel.It is shovn in Fig. 8.4 that,with the
exceptionof D = 3, the averagedensityvariesratherslowly with film thickness.In addition,
the obsened oscillationshave small amplitude. This is a consequencef the fact that our
simulationswere carriedout underthe conditionof constantpressue. The larger deviation of
thedensityfor D = 3 fromthebulk valueis relatedio thestrongwall contributionsto thenormal
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Figure8.3: Mean-squardisplacementf thechains’centerof masgarallelto thewalls, g5 | (%),
for films with variousfilm thicknessesomparedo thecorrespondindpulk quantity Thelateral
dimension L, is chosersuchthatthefinite sizeeffectsdiscussedn section8.1areabsent.The
externalpressureandtemperatureveresetto unity in all casesi.e. ppuk,ext = Pnext = 1, and
T.xs = 1. The smallerthe film thicknessthe strongerthe mobility enhancementThe initial
increaseof g(t) is ballistic, i.e., g3 |(t) ~ 2t*/10, the slopebeingdetermineddy the thermal
velocity andthechainlength(herel0).

pressurgseeFig. 3.2]. Thesystemexpandgo keepthe sumof all contributionsconstantBack
to the discussiorof the apparentiscrepang betweenthe mobility enhancemerit our model
andits decreasén the modelstudiedin [124] we notethatthesetwo systemsareseparatedby
afactorof 5 in densityprofile closeto the walls. Hence,the resultsfrom the one cannotbe
directly extrapolatedo the other

As shavnin Fig. 8.4,our studycorrespond$o asituationwhere atleastathigh 7', thestatic
propertiesof the systemare not stronglyaffectedby the presencef the walls. Thereforewe
canfocuson theinfluenceof geometricboundarieson the mobility. Following [126,127] we
first write the diffusionconstanin termsof the velocity autocorrelatiorfunction (VACF)

p=1 /0 " (wo(t)w(0))dt. (8.1)

It hasbeenshown in [128] thatthe shorttime contributionsto the integral in (8.1) canbe well
separatedrom thelong time partwhich coupleso thelong wavelength hydrodynamianotion
of thefluid. Theshorttime behaior of VACFis mainly determinedy theinteractiondetween
aparticleandits nearesheighbors.Thereforefor moderateonfinementg,e. for confinements
which do no modify the static structurein a crucial way; it is reasonabléo supposehatthe
shorttime partof VACF is not muchaffectedby the boundariesThelong time part, however,
canchangeif the long wavelengthmotion is hinderedby someboundaries:The part of the
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Figure8.4: Densityprofilesat7 = 1 and Py ex; = 1 for films of thicknessD = 20, 10, 7, 5
and3. With the exceptionof D = 3 which hasa muchlower density the averagedensityis
nearlyequalto the correspondindpulk valuefor all thicknessesThe enhancementf mobility
[seeFig. 8.3]is thereforenot a simpleconsequencef densitychanges.

velocity of a taggedparticle which is transferredto the hydrodynamicmotion can, at later
times, comebackto the original particle and thusinfluenceits velocity (“backflon” effect).
Now, if reflectingwalls are presentperfectslip), this effect will be enhancedthusleadingto
anincreaseof mobility comparedo the correspondindpulk system.On the otherhand,if the
walls areabsorbingnon-slipcase) the sameargumentwill predicta decreas®f the diffusion
constant.

In additionto this “mode-coupling”approachpnecanadopta hydrodynamigointof view:
Calculatethedragforce F' onaparticlemoving with agivenvelocity v throughafluid of viscos-
ity n. Usev = pF' to computethe mobility, . Finally, applythe EinsteinrelationD = kT
to obtainthediffusionconstantOf coursefor asystemconfinedbetweertwo parallelwalls the
componenbf theforce parallelto the walls hasto be computed.This leadsto 1 and D). The
above proceduranay seenmvery simple,but actuallyit requiresa considerablamountof alge-
bra. The problemliesin correctlytreatingthe boundaryconditions[128]. As we areinterested
in the caseof the perfectslip boundarycondition,we give herethe correspondingesult[128]

9R), (8.2)

D||(h) = Dbulk(l + gﬁ
whereR is theradiusof a particleandh thewall-to-wall separationAs we have chainsinstead
of sphericaparticles,we will approximatel? by theradiusof gyration i, of achain.

In Fig. 8.5 the mean-squareisplacemenbf the chain centersin directionparallelto the
walls, g3, (¢), divided by 4t aredisplayedversusl/¢. Fromthesecurves, onecanobtainthe
diffusionconstanfitting ahorizontalline to eachcurvefor 1/t — 0. As showvnin thisfigure,for
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Figure8.5: Mean-squareisplacementf chaincentersn directionparallelto thewalls, gs | (%),
dividedby 4t versusl /t. Thecorrespondingvall-to-wall separationsD, areindicateduponthe
curves.For 1/t — 0, eachcurve shouldcorvergetowardsthe appropriataiffusionconstant.

largefilm thicknessegheerrorin determininghediffusionconstants comparabléo its change
dueto thevariationof thefilm thickness.Thishastwo mainreasonsFirst,thesimulationlength
wasrathershort,sothatonly the beginning of the diffusive regime couldbereachedSecondly
equidistantsamplingof positions(and velocities)was doneon a logarithmic scale. This is

suitablefor the analysisof dynamicalcorrelationfunctionswhich usuallydecayexponentially

However, the disadwantageof sucha samplingstratey is that later times are sampledless
frequentlythanshortandintermediatdimes. The presensituationshows that,to obtainagood
estimateof the diffusion constantpneshouldhave enoughsamplesalsoatlarge¢. Thiswould

allow oneto integrateout the oscillationsof Dy (t) := g3 /4t andthus,to a certainamount,
to compensat¢he shortnes®f the simulationtime span. Therefore,aslong asit is feasible,
oneshouldadopta linear samplingstratey with long distancegfor exampleoncein 10* MD

stepsfor high T andoncein 10° at lowertemperatures}ombinedwith alogarithmicone. The
logarithmicpartwouldtake into accounthe needfor moresamplesatshorttimesandthelinear
partwould allow for a betteranalysisof thediffusive processes.

Figure8.6 comparesheresultsobtainedrom MD simulationswith Eq. (8.2) Theleft panel
correspondso arelative hightemperaturef T' = 1 (recallthatthe bulk critical temperaturef
the samemodelis 7, = 0.45) whereagheright panelcontainsresultsat a ratherintermediate
temperaturedf 7' = 0.7. A qualitatve agreemenbetweenthe simulateddataandEq. (8.2) is
obsened. However, it wasalreadynotedin [126] thata quantitatve agreementvith simulation
resultscannotbe expected.For theidealeadingto Eq. (8.2) takesinto accountthe “backflon”
effect only. Otherpossiblecontributionsto the mobility enhancemerlik e that of the density
depletioncloseto thewallsis notconsideredere.Fromtheright panelin Fig. 8.6it is seerthat
thedeviationsfrom Eqg. (8.2) becomdargeratlowertemperaturesrlhis canberelatedo thefact
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thatthederivationof Eq. (8.2) is basedon a hydrodynamicargument.It is thereforeapplicable
only if thesystemis in awell definedliquid state.At T" = 0.7 however, the relaxationtimesof

our systemof studyarealreadyquitelarge. The systemis in anintermediatestatebetweerthe

liquid andglassystatesHence theregime of validity of Eq.(8.2)is left.

8.3 Low Temperatures

As mentionedn chapter2, the presenpolymersystemcontaingwo incompatibldengthscales
whosecompetitionpreventscrystallizationat low temperaturesAs a consequencehe system
exhibits anamorphoustructureatlow 7'. Onthe otherhand,the chainlengthis choserrather
short so that entanglemeneffects are absent. Thesepropertiesmake our model a suitable
candidatdor studyinga supercoolednelt. Thestaticanddynamicpropertiesof thismodelwere
studiedn thebulk whengraduallysupercoolingowardstheglasstransition[37,46,48-50,129].
Not unexpectedly it was found that the model begins to develop sluggishrelaxationif the
temperaturelropsbelov T' &~ 0.7. Thisdramaticchangen the dynamicswvasthensuccessfully
analyzedvithin themode-couplingheory(MCT) [21,22,130,131]. As aresultof thisanalysis,
oneobtaineda correspondingritical temperatur®f 7t pux =~ 0.45 [48].
Themode-coupling@pproactio theglasstransitionis mainly basedna closedsetof differ-
entialequationgor densityfluctuationsvhichmustbesolvedin aself-consistenivay. Actually,
wewill discusssomepredictionsof theidealizedversionof MCT only. Oneof themostimpor-

Figure8.6: Left panel: Changen the Diffusion constant,D relatie to the bulk valueversus
1/h (h is thewall-to-wall separationt7 = 1 and Py ¢, = 1. Right panel: The samequantity
at a lower temperaturef 7' = 0.7. Thelinesindicatethefit ala Eq. (8.2) wherethe particle
radiusR is setto theradiusof gyration ;.
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tant predictionsof the ideal MCT is the existenceof a critical temperaturdl, > T; (T is the
glasstransitiontemperaturepeloy which the systembecomeson-egodic.

We recallthat,in a meanfield picture,asa point particlestartsto move aroundthroughthe
fluid, aftera very shortperiodof free (ballistic) motion, it feelsthe presencef its neighbors.
Theseneighborsuild up a sortof cage,in which the particlehasto spenda certainamountof
time beforebeingableto continueits “journey”. Within this picture,breakingof ergodicity can
be understoodasthe divergenceof the time which the particle spendsn the cageconstructed
by its neighbors.In termsof the meansquaredisplacementspne shouldthereforeobsenre a
plateauregion extendingto ¢ — oo. Indeed,at low 7', one doesobsene the formation of a
plateauwwhosewidth expandswhenloweringthetemperature.

Neverthelessneitherin real nor in computerexperiments,a divergenceof the relaxation
timeis everobsenred. It meanghatthe particledoesin factleave the cageof its neighborsafter
along, but finite time. Thus,theidealizedMCT overestimateshe cageeffect. In otherwords,
thereare mechanismslike somekind of “hopping processesWwhich enhancehe mobility of
particlesandthus“help” themto getrid of thecage.Theseprocessearenottakeninto account
in the idealizedversionof MCT. This mustbe keptin mind when verifying the ideal MCT
predictions.

It wasshawn in chapter7 thatsomestaticpropertiesof the systemlik e chains’alignement
andthedistribution of chainendschangecomparedo thebulk if the systemis confinedwithin
two smoothandpurelyrepulsve walls. Closeto thewalls, the densityof chainends for exam-
ple,is muchmorepronouncedhanthatof theinnermonomersFurthermoreparallelalignment
is favoredin thevicinity of thewalls. As thedynamicsf aphysicalsystems relatedto its static
propertiespneshouldthereforeexpectcorrespondinghangesn thedynamics.

However, asfarastheidealizedversionof MCT is concernedwe shouldfocusontheinflu-
enceof thewalls on the structureof the cage arounda given particle. If the cageof neighbors
is not stronglymodified,oneshouldbe ableto verify basicpredictionsof theidealizedMCT in
asimilarway asdonefor the correspondindpulk system.

We have seenin chapter7 (section7.3) that the effect of the distancefrom a wall on the
structureis very similar to thatof the temperaturg¢seepanels(a) and(b) of Fig. 7.2]. To work
out someconsequencesf this similarity, we are going to apply MCT fits on our dataand
calculatethecritical temperaturefor afew numberof film thicknessesWe will seethat,asfar
asthe meansquaredisplacementareconcernedthe effect of thewalls is mainly reducedo a
shift of thetemperaturaxistowardslowerT'. In otherwords,for films of differentthicknesses,
the meansquaredisplacementgxhibit similar time dependencerhencomparedor the same
tempeature difference T— T, (D) [seeFig. 8.11].

Let usfirst focus on the changeof mobility dueto the presenceof the walls. Figure 8.7
comparesl.5 g3 | for the inner portion and the wall region of the film at7 = 0.45 with g3
of thebulk at 7" = 0.46. Note that the bulk critical temperatureof mode-couplingtheory
is T. ~ 0.45 [48]. At very shorttimes,the displacementicreaseballistically (g3 ~ t2). The
centerof masghenbehaeslikea‘free particle’. It neitherfeelsthe presencef otherchainsnor
of thewalls. Thereforefilm andbulk datacoincide.However, astimeincreasestheinteraction
with the surroundingpolymersslows the dynamicsdown and a plateaudevelops: A chainis
thenblockedin a‘cage’formedby its neighborsfrom which it canonly escaparadually This
blockingis moreeffective in thebulk thanin thefilm. Chainscloseto the walls arefasterthan
thosein thefilm centerandthesearein turn fasterthanthoseof the bulk.

When averagingdisplacementsver the whole film, the resultingcurvesresemblecorre-
spondingoulk dataat highertemperatureTo quantifythis effect we calculated-elaxationtimes
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Figure 8.7: Mean-squaralisplacementf the chains’ centerof mass,gs(t), for the bulk (at
T = 0.46; noteT, ~ 0.45) andin thefilm (at7 = 0.45). For the film, the displacements
parallel to the wall are shovn, which were multiplied by 3/2 to adjustthemto the scaleof
the bulk. ‘Near walls’ and ‘film center’ meanaveragesover the regions closeto the walls
(0 <z < 3.5and6.5 < z < 10) andtheinnerportionof thefilm (3.5 < z < 6.5). Only those
chainswhich alwaysremainin theseregionswereusedfor averaging. Two horizontaldashed
linesindicatethebulk end-to-endlistancgR? ~ 12.3) andradiusof gyration(R? ~ 2.09). The
initial increaseof gs(t) is ballistic, i.e., g3(t) ~ t2, the slopebeingdeterminecby the thermal
velocity. This behaior is indicatedfor 7' = 0.46. Note alsothatthe particlesin the film at
T = 0.45 arefasterthanbulk particlesatthehighertemperaturef 7" = 0.46.

from go, g1, g3 andg, by

g,-,”(Tg,i) = RE,H y (83)

whereRg,|| is the contrikution of the parallelcomponent¢z andy, say)to R?. Next we tried to
fit 7,.; by

Tgi(T) o< |T —To(D)|77 . (8.4)

The fits gave valuesfor ~ closeto the bulk resulty = 2.09. Therefore,we fixedy = 2.09
anddeterminedl.(D). ThisyieldsT.(D = 10) ~ 0.39 (seeFig. 8.8), a valuewhich is sig-
nificantly smaller(about14%) thanT,(co) (~ 0.45) of thebulk. Contraryto T, v seemaot
to be affectedby the confinement.Sincer is directly relatedto other MCT-exponentswhich
determinghetime dependencef thedisplacements the plateauregion, it shouldbe possible
to superimposé¢he simulationdataof the bulk andthefilm whenusingthe samedistanceo the
respecte critical temperaturesFigure 8.8 supportghis expectation. The dominantinfluence
of completelysmoothwalls on the dynamicsseemgo be a reductionof 7, i.e., a mereshift
of thetemperaturaxis. This obsenationwill befurtherdiscussedelon whenanalyzingother
film thicknesses.

We saw in section8.2 that, at high temperatureghe increasen the rate of diffusivity can
bepartly explainedby sayingthatthelong wavelengthhydrodynamianodesarereflectedatthe
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Figure 8.8: Left panel: Plot of Tg_l/” versusI’ — T,(D = 10). Thetime 7, wasdetermined
by Eq. (8.3) for the mean-squarelisplacement®f inner, end and all monomersand of the

chains’centerof mass.The mode-couplingexponenty wastakenfrom the bulk analysis(y =

2.09 [48]). Holdingy = 2.09 fixedandfitting Eq. (8.4)to thelastfour datapoints(indicatedby

the solid lines)anaverageresultof T.(D = 10) ~ 0.39 wasobtained.This wasusedto rescale
thetemperaturexis. Rightpanel:Mean-squarelisplacementfor all monomersg, (), andfor

the chains’centerof massgs(t) atthesamel’ — T, = 0.07 for thebulk (7" = 0.52, T, = 0.45)

andfor thefilm (7" = 0.46, T, = 0.39). Thedisplacementsf thefilm werecalculatedparallel
to the wall and averagedover the whole system. They were multiplied by 3/2 to matchthe

scaleof thebulk. Thebulk end-to-endlistancg R? ~ 12.3) andradiusof gyration(Ré ~ 2.09)

areindicatedby vertical dashedines. The otherdashedine shows the initial ballistic motion

of themonomersij.e., go(t) ~ t?, whoseslopeis 37. The correspondingrumericalvaluesfor

T = 0.46 (= 1.38) andT = 0.52 (= 1.56) cannotbedistinguishedn the scaleof thefigure.

walls. It wasalsomentionedhatfor absorbingwalls, a decreas®f mobility is expected.At a
gualitative level, this agumentappliesalsoto low temperaturesThereis no reasorto assume
that the reflectingor absorbingpropertyof the walls changesat lower 7. However, adopting
a still macroscopidut slightly differentpoint of view, one canfind an alternatve explanation
of the samephenomena.This involvesthe conceptof friction. It is schematicallyshovn in
Fig. 8.9thata particlein a bulk systemis subjectto the friction forcesoriginatingfrom all its
neighborswhereasn a systemconfinedbetweernperfectlysmoothwalls the friction force on
a particleneara wall is dueto its neighborsn the inner side of the systemonly andhenceis
smallercomparedo the bulk case.However, if onereplaceghe smoothwalls by roughones
thesituationcanchangedramaticallydependingn thedegreeof roughnessNext we represent
MCT-fits resultsfor two furtherfilm thicknessespnamelya largerone, D = 20, anda smaller
one,D = 5. Defining7,;, 1 = 0, 1, 3, 4, asin Eq.(8.3) andfitting the obtaineddataby Eq. (8.4)
we obtain

T.(D =20) = 0.41+0.01,
T(D=5) = 0.31+0.02. (8.5)
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Figure8.9: lllustrationof a possiblenfluenceof confinemenbnthedynamicsof asupercooled
liquid. Two typesof confinementre comparedwith the bulk: completelysmoothwalls and
roughwalls which are perfectlyadaptedo the liquid structure. Let us considerthe bulk first
andimaginethatthe particle ) movesfrom its dashedositionin directionof the large arrow.
It opensspacewhichits neighbordry to occupy. Thedark-shadegarticlehasto competewith
all otherneighborswhich are simultaneouslymoving in the spaceformerly occupiedby O.
This exertsa friction on the dark particle,which is partly absentf it sits next to a completely
smoothwall (panelin themiddle). Onthe otherhand,thefriction shouldbe stronglyenhanced
if theparticleis next to aroughwall exhibiting cavities, into whichit perfectlyfits (right panel).
This constraintdoesnot relaxaway contraryto thebulk. So,onecanexpectthe mobility of the
darkparticleto decreasevith respecto the bulk for sucharoughwall (se€[132], for instance),
but to increasdor a completelysmoothwall which actslike a lubricantcomparedo the bulk
[from J.Baschnagel].

Thelargeruncertainityin the critical temperaturef thethinnerfilm (D = 5) is dueto thefact
that, for thisfilm thicknessthelowestinvestigatedemperature]” = 0.38, is still farabovethe
critical temperatureThe extrapolationto lower T" thuscontaindargererrors.

However, it is demonstratedn Fig. 8.8 that the relaxationtime 7, is lesssensitve to the
distancdrom T,. The corvergenceof all datatowardsa well definedlimit is alreadyseenfrom
the left panelwherer, Y7is displayedversusTl’ — T.(D = 5) (y = 2.09). Theright panel,on
the otherhand,demonstratethe relaxationtime, 7, in aslightly differentway: It is displayed
in alog-log plot shaving thatparallelstraightlines canwell befitted to thedata.

With the obtainedresultson the MCT-critical temperature&, (D), we investigateagainthe
guestionof the shifting propertyof thetemperaturexis. Recallthattheideawasthefollowing:
Aswe saw essentiallynodependencef theMCT-critical exponenty on D, we expectedhatthe
time dependencef thedynamicafunctionsshouldbesimilarfor film andbulk, whencompared
for thesamedistancefrom the correspondingritical temperaturei, e. for thesamel’ — T, (D).
We checled this propertyby plotting for 7 — T, (D) = 0.07 the meansquaredisplacements
of of afilm of thicknessD = 10 andthat of the bulk [seethe right panelin Fig. 8.8]. As the
resultof this comparisorwasratherconfirmatve, we repeatthe sametestcomparinggs | of
bulk andfilm for 7' — T.(D) = 0.03, 0.05 and0.07. However, in thecaseof D = 5, thelowest
simulatedemperaturés 7' = 0.38 which hasadistanceof 0.07 from the correspondingritical
temperature], (D = 5) = 0.31. Thereforefor thefirst two valuesof T — T, (D) we cancarry
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Figure 8.10: Left panel: Plot of Tg_l/” versusT’ — T, (D = 5). Thetime 7, wasdetermined
by Eq. (8.3) for the mean-squarelisplacement®f inner, end and all monomersand of the
chains’centerof mass.The mode-couplingexponenty wastakenfrom the bulk analysis(y =

2.09 [48]). Holding vy = 2.09 fixed andfitting Eqg. (8.4) to the lastfour datapoints (indicated
by the solid lines) an averageresultof T.(D = 5) ~ 0.31 4+ 0.02 wasobtained.Right panel:
log-log plot of therelaxationtimes, 7, versusl’ — T, (D = 5). As demonstratetly dottedlines,

parallelstraightlinesfit verywell to this data.

outthe comparisorbetweerthe bulk systemandfilms of D = 20 andD = 10 only.

As seenfrom Fig. 8.11, the datacoinciderelatively well for all threetemperaturdiffer-
ences. Note that the curves are very sensitve to a temperaturechange. This meansthat the
critical temperaturesalculatedfor variousfilm thicknesse$ave a certainphysicalrelevance.
Furthermorethey arenotinaccurate:A changeof 0.02, for example,would fully destry the
agreementlemonstratech Fig. 8.11.

At theend,aremarkmustbe madeconcerninghe analysedjuantity It is reportedthatthe
diffusionconstanttlow 7' is sometimesvell fitted bothby apowerlow (aspredictedoy MCT)
andby anArrheniuslaw [133] andthatit is sometimesot possibleto decidewhich functional
form bestfits the data[134]. Therefore,it is desirableto look at a quantity which contains
moredetailedinformationon the microscopicdynamicsof the systemthanis obtainablefrom
the diffusion constant.The intermediatescatteringfunction, for example,is a suitablechoice
andthereforeis extensiely investigatedn the literature. In fact, we did not calculateT, (D)
applyingfits to the diffusion constant. We actually usedthe definition (8.3) becauser /R,
correspondso awave vectorslightly smallerthang,,.x, the peakpositionof S(¢q) [seeFig. 2.2].
As 27 /gmax IS @ measureof the averagecagesize, it follows that R, correspondso a length
scaleslightly larger than the averagesize of a cage. If the meansquaredisplacementf a
particle reacheng, Is hasmostprobablyalreadyleft the neighborcage. The definition (8.3)
thereforecorrespondso theideathata-relaxationtime is thetime neededy a particleto leave
the cageof its neighbors.Our studyis thusbasedon one of the importantideasof the mode-
couplingtheory Neverthelessasataskfor furtherinvestigationsit is still interestingto check
the presentedesultsvia anextendedanalysisof theintermediatescatteringunction.
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Figure 8.11: Demonstratiorof the shifting property of the temperatureaxis. For threeval-

uesof the distancefrom the critical temperaturenamelyfor T — T.(D) = 0.03,0.05 and
0.07, the meansquaredisplacement®f chain centersare comparedfor films of thickness
D =10, D =20 andbulk. In thecaseof T"— T,(D) = 0.07, also D = 5 is involvedin the
comparison.The corrrespondin@bsolutetemperaturesomparedo eachotheraregiven be-
low. T —T.(D)=0.03: T = 0.48(bulk), 7= 0.44(D =20) andT = 0.42(D = 10). T —

T.(D) = 0.05: T = 0.50(bulk), T' = 0.46(D = 20) andT = 0.44(D = 10). T—T.(D) = 0.07:

T = 0.52(bulk), T = 0.48(D = 20), T = 0.46(D = 10) andT = 0.38(D = 5).

8.4 ScatterPlots

We will closethe brief discussiorof the systemdynamicsby shaving some*“scatterplots”. A
“scatterplot” is akind of visualizationof theheterogeneityif thereis any) of thesystemdynam-
ics[135]. Letusdefinea“scatterset”asthesetof thedisplacementectorsAr; = r;(t) —r;(to)
of all particles,;, whosepositionat theinitial time, »;(to), is within a certainregion of space.
A “scatterplot” is thenobtainedby simply displayingAr; aspointsin space.

For athinfilm, we define“scattersets”for two verydifferentlayerseachof unit thicknessA
layerin thevicinity of awall, termeddepletionlayer, andalayerin thefilm centerto whichwe
will referascentrallayer. Thefinite thicknesof thelayerintroducessomeaveragingwhichis,
however, necessaryo obtaina satisactorynumberof particlesandthusstatistics.Let S(t, z)
bethesetof all particles,containedn alayerat z attime t,. The correspondingcattersetat
alatertime t will be equialentto the setof displacemenvectorsAr;, wheretheindex i runs
over all particlesof S(%).
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We further refine the definition of a scatterset, focusingon the motion of certainchain
sgmentslike chainendsor inner monomers. In chapter7 we had alreadyseensignificant
differencesn densityprofilesof chainendsandinnermonomersDifferencesn dynamicsare
thereforenot unexpected.

First, we look at the high temperaturdehaior. In Fig. 8.12scattemlots aredisplayedfor
the end monomerg(left panel)andthe inner monomergright panel). Eachindividual panel
compareghe mobility in the depletionlayer (left clusters)with thatin the film center(right
ones). Thefilm thicknesswas D = 20 andthe temperaturél’ = 1. The shortesttime is be-
yond the end of ballistic motion in the regime wherethe presenceof the neighborsbecomes
apparent.As the preferredbondlengthis smallerthanthat of the Lennard-Jonegpotential,a
taggedparticlefirst “recognizes’its connectiorto the adjacenimonomer(spf the samechain.
Now, aninnermonomerhastwo suchbonds,whereasanendmonomeris tied to the chainby
asolebondonly. For intermediateimes,endmonomersarethereforemore mobile compared
to the inner sggmentsof the chain. This is clearly seenbothin scatterplot(Fig. 8.12) andin
Fig. 8.13. For sufiiciently long times,however, the diffusionis dominatedoy the displacement
of thechain’s centerof mass.Therelatively small“taggling around”of variouschainsegments
arethereforengyligible. Hence,in thelong time (or diffusive) limit, the differencein the mo-
bility betweennnerandendmonomersnustdisappearThis pointis alsonicely confirmedin
Figs.8.12and8.13.

The mostinterestingfeaturesof the scatterplotsin Fig. 8.12,however, areperhapghe fol-
lowing two obsenations:First, they shav theanisotroy in the motionof theendmonomes of
the depletionlayer. This anisotropy is seenfrom the secondargestclusteron the left side of
the left panelwhich correspondso the end monomersof the depletionlayerat¢ = 10%. The
correspondinglusterof the right panel(inner monomers)however, doesnot exhibit suchan
anisotropy. This disparityis pronouncedat lower temperaturefseeFig. 8.14]. Secondlythey
clearly demonstratehe heterogeneityn the mobility of particles. Already for intermediate
times,the dominanceof the mobility of the particleswithin the depletionlayeris obvious. To
seethis, we notethatthe size of the secondargestclusterwithin the depletionlayer (corre-
spondingto ¢ = 10%) is comparabléo thesizeof the clusterin the centrallayerata muchlater
timet = 10%. A comparisorof the clustersizesrevealsthatthe contritution of the centrallayer
to the diffusionconstanis lessthan10% of thatof thedepletionlayer.

Note, however, thatin calculatingthe “scattersets”for a layer closeto a wall, we do not
distinguishbetweenthe layer closeto the left wall andthatin the vicinity of theright wall. In
plotting the data,however, we attribute all displacemenvectorsto a solelayer closeto one of
thesewalls, the left onesay Thelarge negative z valuesseenin Fig. 8.12,therefore originate
from the motion of the particlescloseto the right wall, i.e. within the layer extendingfrom
z=8toz=10= D/2.

Now, we examinelow temperatures.For this purpose,we choosethe lowest simulated
temperaturel’ = 0.44 for D = 20 (recall that 7.(D = 20) = 0.41). At this temperaturehe
systemalreadyexhibits somefeaturesof the glassysystems:The dynamicsis slowed down
by mary ordersof magnitudeandthe diffusion constanis quite small. We thereforefirst look
at the behaior of the correspondingneansquaredisplacementsf chaincenterso obtainan
estimateof the appropriateime scalesf the systemat this temperature.

As plottedin panel(a) of Fig. 8.14a plateaudevelopsfor ¢, ~ 1 afterthe ballistic motion.
Again, for timescomparablédo ¢, thereis only a smalldifferencebetweerthe mobility of the
innerandendmonomers.The chainendsareagainfaster For latertimesthis gapenlagesand
the curvesseparateavell, becomingalmostparallelfor intermediatdimes. However, dueto the
hugerelaxationtimesat this temperaturethe diffusive limit is not well establishedTherefore
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Figure 8.13: The meansquaredisplacemenbf chain endscomparedto that of the inner
monomers.Threecutsin the time domainare considered:For shorttimesthe differencebe-
tweenthemobility of theinnerandendmonomerss smallor absenttall (for ¢t < 1). However,

alreadyfor timest~ 1, it is seenthatthe endmonomersarefaster For latertimes,this gapen-
largesandthecurvesseparatavell, becomingnearlyparallelfor intermediatd¢imes.In thelong

time (diffusive) limit, however, the main contribution to the meansquaredisplacementsomes
from themotionof thechain'’s centerof massandthedifferencedetweerthedisplacementsf

differentsggmentsvanish(notethat7;, (D = 20) ~ 0.41 atthis pressure).
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the curvesdo not coincideat theendof our simulation.

Examining the heterogeneityof the motion, we again obsenre in panels(b) and (c) of
Fig. 8.14 that the main contribution to the mobility originatesfrom the muchfasterparticles
within the layer closeto thewall. This effect, however, is muchmore pronouncedat this low
temperature.The particlesof the centrallayer seemto be still in the cageof their neighbors
whereaghoseof the depletionlayer have alreadyleft the cage.The anisotroy obseredatthe
highertemperaturef ' = 1 hasbecomealsoappreciablystronger Althoughasmallanisotroy
canbeobseredalsoin themotionof theinnermonomersthatof the chainendsis muchmore
pronouncedThus,we concludethattheendmonomergpreferamovementparallelto thewalls
whereagheinnermonomerslo notmuchbotherwhereto go.
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Figure8.14: Panel(a): Themeansquareadisplacementsf innermonomersomparedo thatof

theendmonomersThreecutsin thetime domainareconsideredFor shorttimes(ballistic mo-
tion andthebeginningof theplateauthereis only aweakdifferencebetweerthemobility of the
innerandendmonomerslt is, however, seenthattheendmonomersarefaster For latertimes
thecurvesseparataevell andbecomeparallel. Notethatevenatlongestsimulatedime, the sys-
temis far from the diffusive limit, wherethe curvesshouldcoincide[seeFig. 8.13]. Panel(b):

Scattemplot for endmonomersn afilm of thicknessD = 20 at7T = 0.44 (T.(D = 20) = 0.41).

Theleft clustervisualizeghedisplacementectorsfor endmonomerswithin thelayerclosesto

thewall (calleddepletionlayer)andtheright onethatof thecentrallayer. Eachlayerhasafinite

thicknessof Az = 1. Panel(c): Thesameplotsasin theleft panelfor innermonomers.in all

displayedcasegheinnermostclusterscorrespond$o ¢ = 1, thenext clusterfurtheroutwardto

t = 10 andfinally the outermosbnecontainsdisplacemenvectorsat ¢t = 102. In bothpanels,
theright andleft clustersareshiftedin z-direction. This senesto obtainanaspectatioof 1 : 1

while keepingthe sizeof the plot comparabldo thatof thelargestcluster



Chapter 9

Systemunder Shear Stress

We saw in chapter3 how the pressurdgensorof aninhomogeneousystemcanbe calculatedin
particular we obtainedEgs.(3.18)and(3.20)for the kinetic andconfigurationakontributions,
respectiely, to the pressurdensorin planarsystems.There,it hasalreadybeenemphasized
thattheseexpressionsarenot restrictedto systemsat thermalequilibrium. Now, we aregoing
to apply theseequationsto the presentpolymer model confinedbetweentwo parallel walls
in an externaldriving field and calculatean importanttransportcoeficient, namelythe shear
viscosity

9.1 The Pressue Tensorand the ShearViscosity

For afluid moving betweerflat parallelwalls the knowledgeof the off-diagonalcomponenbf
the pressurgensor P, (z), ontheonehandandthatof thevelocity profile, u,(z), ontheother
handallows the calculationof the local viscosity[56,57,136]

7() = lim <i’fz((5)> , 9.1)

x
whereu! (z) = du,(z)/0z is thederwvative of thevelocity profile in thedirectionperpendicular
to the walls and F*© is an external driving force (seebelow). As in previous chapters,(- - -)
denotethermalaveraging. Note that the velocity profile u,(z) is alsoobtainedas a thermal
averageof oneparticlevelocities,

Z Z V4,i0(2; — 2)

{Configurations} =1

ug(z) = : (9.2)

Z 25(Zz —2)

{Configurations} =1

It is well known thatP,, = 0 atthermalequilibrium. We thusneeda mechanisnto induce
anon-vanishingoff-diagonalpressureomponentin realexperimentsa pressurgradient,Vp,
is oftenused.However, we will seethatthisis notthe bestchoicefor moleculardynamicssim-
ulationof asystemundershearstress Considerafluid subjectto ahomogeneousBeld exerting
theforce F¢ = F*“e, on eachindividual particle. The momentumconsenration equationfor

121
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this systemis [56,57,137]

p(r,t) du((;;,t) = —-V-P+p(rt)F°

= —V-II—Vp+p(r t)F°, (9.3)

wherewe introducedthe viscosepressue tensorIl = P — pl;.3 (p is the well-known hydro-
staticpressure) Setting F* = 0 alongwith Vp # 0 in Eq. (9.3) correspondso the casewhere
the systemis driven by a pressuregradient. On the otherhand,the choice F¢ # 0 alongwith

Vp = 0 is the situationwe aregoingto study The pointis thatthe systemcannotdistinguish
betweerthesecaseg56]. In additionto thesimplicity of implementationn aMD-code,theuse
of anexternalfield insteadof apressurgradientallows thesystemto remainlongitudinally ho-

mogeneou$s6]. In realexperimentghefluid remainsnearlyincompressibleindertheapplied
pressuregradient. However, to obtain a satishctory signal-to-noiseratio, pressuregradients
usedin MD simulationsare considerablyhigherandleadto significantdensityvariations. A

combinationof thesedensityvariationswith periodicboundaryconditionswould thenleadto

discontinuitiedn the densityat systemboundariesi.e. whengoingfrom therealsystemto one
of its adjacenimagesystems.

9.2 Details of the Simulation

In all simulationswhoseresultswerediscussedn the majorpartof this work, the confinement
wasachiezedby placingtwo parallelwalls actingoninner particlesa repulsie force of 22, 2
beingthedistanceof a givenparticlefrom thewall. Obviously, theinnerparticlescanperfectly
slide on the surfaceof thesewalls. Therefore,if we apply an externalforce actingin lateral
direction,thesystemwill simply acceleratendlessly

However, a calculationof theshearviscosityvia laminarflow requiresanon-trivial velocity
profile. Thereforeacertaindegreeof stick conditionmustbe presentitthevicinity of thewalls.
For this purpose we introduced,on eachside, a layer of wall atomsarrangedn a triangular
lattice. Theseatomswerebondedto their lattice sitesvia a harmonicpotential

Uharm(ri) = % harm‘ri - rz’,eq‘Q . (94)
Here,the harmonicforce constant Ky,:m, is a measuref the stiffnessof the spring,r; ¢, is the
positionof the i-th wall atomon the lattice (“equilibrium position”) and, obviously, r; stands
for the actualpositionof the atom. The harmonicforce constaniwassetto K., = 100. This
valueis closeto 114.3 correspondingo the harmonicapproximationon LJ-forcein a linear
chain,i.e. two timesthe (linear) force betweentwo Lennard-Joneatomsat distancesloseto
the potentialminimum (the samevalueof 114.3 is obtainedalsofor anfcc-lattice).

As we wantedto usethe resultsof previous equilibrium simulations(with =% walls) as
initial configuration,we placedthe structuredwalls at a distanceof ~ 2'/6 from depletion
layers (the layers closestto the walls) of a density profile correspondingo an equilibrium
simulationat 7 = 1 and D = 20. This led to a separatiorof Az = 20.5 betweenstructured
walls. To avoid strongrescalingof particlecoordinatesn z, y-directionswe setthelateralsize
to the averagevalue computedirom the lateralsizesof 10 independeninitial configurations.
So,L, = L,=Lg = 11.11. Thenumberof particleswas N = 2000.

Notethatall simulationsreportedin this chapterhave beencarriedout at constantvolume
However, after somesimulationshave beencarriedout, we hadto decreasehe lateralsizeto
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avoid phaseseparatiorat low temperaturesTherefore the resultsdiscussederecorrespond
to two differentlateralsystemsizes,namelyto Lg = 11.11 andto Ls = 10.05. At T' =1, the
larger systemsize leadsto a densityat film centerof p(z = 0, Lg = 11.11) = 0.795 whereas
p(z =0, Lsg = 10.05) = 0.99. Thelatterremainedunchangedlsoat all lower simulatedtem-
peratures.

In additionto thestructuredwvalls, wereintroducedhe z~% wallsasabackgroundit zpoiwan = —
11.544 and ziopwan = 11.544 [seeFig. 9.1]. This senesto prevent possiblepenetratiorof the
structuredwalls by inneratoms. Suchan additionalwall potentialhasalsobeenusedby Jab-
barzadehAtkinsonandTannerin MD studiesof thewall slip in thin films of hexadecan§138].
Adopting the terminologyof Jabbarzadelkt al. we call thesewalls “barrier walls”. Note,
however, that the barrierwalls usedin [138] have a differentfunctionaldependencéx »~1°
comparedo z~? in our case)andacton the inner atomsonly. The walls usedin the present
work, however, form animpenetrabldackgroundor all particles,i.e. for bothinnerandwall
atoms.

For theinteractionbetweertheinneratomsfrom theonesideandthewall particlesfrom the
othersidewe chosethetruncatedshiftedLennard-Jonegotentialfrom chapte2 [seeEq.(2.1)],
whereweseto,; = 1 ande,; = 1. Here,theindex ‘w’ standdor a“wall atom”and‘i’ for “inner
atom”. The samepotentialwasalsousedfor thewall-wall interaction,againwith o, = 1 and
€ww = 1.

With this choiceof interactionparametersve first carriedout simulationsat 7 = 1. As

4.0 E' I . -9 I 'E
a impenetrable z ~ walls n
35 B 1
20 H |<— wall atoms ——>] H
: P,.=0.795, T=1 F
25 H bulk H
S 5 —-—- F°=0.01 5
320 B i! —-—- F°=0.03 ‘ 1
. —-—- F*=0.05 :
15 H —-—- F=0.1 T
- —-—- F=0.2 -
1.0 B 1
1 || -~ -~ 5
1 . -
05 H !k +t
oo LI . . . U F

~ -10.0 -5.0 0.0 5.0 10.0
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Figure 9.1: Density profile of inner andwall particlesas obtainedfrom MD-simulation for
variousvaluesof thedriving force, F©. The positionsof impenetrabldackgroundsealizedby
2~% walls arealsoindicatedin thefigure. Notethatfor z € [-5, 5] thesystemis homogeneous
atall valuesof F°. Resultscorrespondo oy, = 05 = 1, €y = €51 = 1, 0yj = 1/\/5 ~ 0.891
ande,; = 2.



124 CHAPTERY9. SYSTEMUNDER SHEARSTRESS

demonstrateth Fig. 9.2,thereis alargejumpin thevelocity profile very closeto thewalls. This
indicatesthattheinner particlesdo not very well stick to thewalls, but partially slide on them.
However, it was mentionedin section8.2 that hydrodynamictreatmentsof the flow usually
assumea stick boundarycondition. In particulay the useof this assumptiorin combination
with continuumhydrodynamicdeadsto the following simpleformulafor the velocity profile
u(z) of thelaminarflow of afluid confinedbetweerparallelplanarwalls [56,93]:

pbulkae 2 D2
(o) = — _P2y 9.5
(o) = o ( ) ©.5)

Here, prux 1S the bulk densityof the system,F the driving force per particle, 7y, Standsor
thebulk viscosityand D is thewall-to-wall separation.

As we wereinterestedn a calculationof 7,1, we improvedthe stick boundarycondition
by favoringtheinnerwall interactioncomparedo thatbetweerparticlesof thesametype. This
wasachievedby settingo,; = 1/\/5 ~ 0.891 ande,; = 2. Notethattheinnerwall interactions
arefavoredin two ways: First, aso; < o,w= 0i;, aninner atomcancomecloserto a wall
atomthanit is the casefor two particlesof the sametype. Secondlythe enepgy costto separate
a wall atomfrom aninneratomis two timeslarger thanthe price one mustpay to separate
two particlesof the sametype. This explainswhy the inner atomsnow better“stick” to the
walls comparedo the casewhereall parametersveresetto 1 [seeFig. 9.2]. Thereforeunless
otherwisestated,all simulationswhoseresultsare discussecerehave beencariedout with
Oww = 03 = 1, € = € = 1, 0 = 1/4/2 = 0.891 andfinally e,; = 2.

0.6

og,=land g, =1

—
N

A 03

= A g,=0.89 and ¢ =2
\

0.1
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~10.0 5.0 0.0 5.0 10.0

Figure9.2: Velocity profile asobtainedrom MD-simulationsfor two choicesof theparameters
of wall-innerinteractions.
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9.3 Thermostating the SystemThr oughthe Walls

We first shav in Fig. 9.1 thatthe systems structuredoesnot changemuchwhenvarying the
externaldriving force. Thisis animportantpreconditiorto checkthatwe arenottoofarfromthe
limit F* — 0. However, a satishctoryverificationof this propertyrequiresthe explicit check
whetheror not the quantity of interest,the bulk viscosity . for example,is independenof
F*. To verify thisimportantpoint, we carriedout simulationswhile varying F. For eachvalue
of F¢, the numberof independentunswas10 andthe durationof eachrunwas10® MD steps.
Tvux Wasthen computedusing quadraticfits to the correspondingaverage)velocity profiles
[seeEq. (9.5)]. Note thatto obtaina betterestimateof the bulk viscosity i.e. to suppresshe
contribution of thewalls to this quantity thefit rangewasrestrictedo z € [—5, 5] in all cases.

The velocity profiles(averagedover 10 independentuns)andthe correspondindits using
Eqg. (9.5) areshavn in Fig. 9.3. As expected,deviations from a parabolaincreasewith F*.
However, for the choserfit range a quadratidunctionis still agoodapproximatiorevenatthe
highestappliedforce.

Resultsfor ny,, . aredepictedn Fig. 9.4. First, asexpectedat small F¢, ny IS practically
independenof the driving force. However, at larger valuesof F*¢, significantchangen nyu
is obsened. Recallthatthe systemdensityis ratherinsensitve to £ for all investigateccases
[seeFig. 9.1]. In particular the densityremainshomogeneous the rangewherewe fit the
velocity profiles. Therefore at leastfor the film center we do not expecta significantchange
in the systemproperties provided that the temperaturas the samefor all valuesof F* (asit
shouldbe).

Indeed,as shown in Fig. 9.4, a checkof the systemtemperaturgevealsthat T strongly
changesat highershearstress.Thelarger F¢, thelargeris thetemperatureTherapiddecrease
of thebulk viscosityis thereforea consequencef increasingemperature.

It is easyto seewherethe mentionecheatingcomesfrom. Thedriving forceacceleratethe
inner particles. If the walls werenot presentor if they hadno structure(asin the caseof z=*
walls) thisaccelerationvouldleadto acontinuousncreasef thesystemvelocity. However, for
particlesin contactwith wall atoms,animportantamountof this kinetic enepy is transferred
into thermalmotion. As a consequencéhe streamingvelocity of alayerin the very vicinity of
thewalls is decreasedomparedo thatof a neighboringlayerin the innerside. The particles
of the slower layer now hinder their fasterneighborsand, again,a part of lateral motion is
transferrednto heat.Hence a velocity profile accompaniedby heatcreationdevelops.

Obviously, to keepthe systemtemperatureconstant,the extra heatmust be removed in
someway. At this place,it is interestingto note that, historically, the introductionof some
of the commonthermostatingalgorithmswas motivatedby the needto remove the extra heat
createdwithin a non-equilibriumsimulation. An exampleis the so called Gaussiarisokinetic
thermostatdevelopedby Hoover [139] and, independentlyby Evans[140]. Well, it is time
to look at the way the systemis thermostatedIn fact, no thermostatingvasappliedfor inner
particles.They werethuspropagatedvithin the NV E-ensemblei.e. integratingtheNewtonian
motionequationg4.1). Thewall particles however, werecoupledio aheatbathusingtheNose-
Hoover algorithm[seeEqgs(4.36)-(4.39)].

This approachis similar to (and wasin fact motivatedby) that describedin [56]. Both
in [56] andin the presentasetheinnerpartof the systemwasthermostatedhdirectly, i.e. via
interactionswith wall atomsthe temperatureof which was controlledby somethermostating
algorithm. Thisis anattractve way asit doesnotrequirethe knowledgeof the velocity profile,
which shouldbe taken into accountif the moving fluid wasto be directly coupledto a heat
bath.Furthermorepnehasnotto dealwith possiblenfluenceonthe systempropertief some
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additionaldegreesof freedomwhich aretypical of thermostatingalgorithms[seechapter4].
The latter point, however, is lessimportantbecauseas demonstratedn chapter6, both for
staticandfor dynamicpropertiesa NVT-simulationusing Nose-Hoover thermostateadsto
resultsin agreementvith thoseobtainedirom microcanonical-ensemb&gmulations.

However, thedravbackof this approachs thatheatconductiortowardsthewallsis theonly
mechanismo regulatethe temperaturef the inner part of the system.A heatcurrent,on the
otherhand,is driven by a temperatureggradient. So, for moderateheatconductvities, or for
largeratesof heatcreationthetemperaturef thefluid will significantlydiffer from thatof the
walls.

Next, we give an estimateof the increaseof the systemtemperature.Considera planeat
z > 0. As theinner part of the systemis not thermostatedit follows thatall the heatcreated
betweerthis planeandthefilm centermustpasshroughthis planetowardsthewall atz = D/2
if thesteadystateis reachedThis heatcurrentis, of coursedrivenby atemperaturgradientat
this plane.To first order we canwrite

or(z) 1 2o
8z _A)\(Z)/O dQ(=)
Fe z

- -5 /O () p(2)d7 (9.6)

for aplaneat0 < z < D/2. Here, A is the surfaceareaof awall (to which the heatcurrentis
perpendicular)d@(z') = F©Au,(2')p(z')d7 is theamountof heatcreatedoerunit time within
theregion [z’ 2’ + dz'] andA(z) is theheatconductvity at z.

<ux>(z)

Figure9.3: Profilesof the streamingvelocity, u,(z), for variousvaluesof thedriving forceand
the correspondindits ala Eq. (9.5). As indicatedin the panel,only valueswith z € [—5, 5]
aretakeninto accountduring thefit. This reduceghe effectsof the walls andthusleadsto a
betterestimateof the bulk viscosity 7.
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Figure 9.4: ResultingTemperatureof the inner part of the systemduring NV E simulation
versughedriving force peratom(diamonds).Thesolid line representabestfit usingEq.(9.7),
wheren,i A Wastaken asa fit parameter The opencirclesshow the bulk viscosity obtained
from fits onthe streamingvelocity profile, u.(z), ala Eqg. (9.5).

Letusassumehatthesystencanbeapproximatedby ahomogeneousontinuunfluid. This
might seemto be a crudeapproximation.However, for non-localpropertieq(i.e. for properties
definedasaveragesoverthewholesystemlik e the averageemperaturejuchanapproximation
maybejustifiedby sayingthattheinhomogeneoupgartof the systems relatively thin compared
to thewide homogeneoursegion aroundthefilm center With this assumptiorwe caninsertthe
rhsof Eq. (9.5)in Eg. (9.6) andobtainthetemperaturgradientat the wall,

0T (z)
0z

2 13

Pouc D 02
T F 9.7
2=D/2 127puA (2 = D/2) (9.7)

In general systempropertiesandthus A andn,,;, changewith a variationof thedriving force.
However, it is demonstratedn Fig. 9.4 that n,,;. changegatherslowly with F©. The driv-
ing force per atom variesby a factor of 30, whereasthe relative variationsof 7, areless
than50%. So, to first order the F¢-dependencef n,, canbeignoredin Eq. (9.7). Assum-
ing a similar behaior for the F¢-dependencef )\, we examinethe quadraticdependencef

ANz = D/Q)%—Z s b2 ~ 2\ (Tyans — Tinner)/ D from thedriving force F© by setting

ﬂnner = dyans + aFe2 ; (98)

whereq is thefit parameterThisleadsto
piulkD !

u =q=23.14+0.5789, (9.9)
24 Mok
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where) is the averageheatconductvity.

It canalsobe seenfrom Fig. 9.4 that, in the obsered temperatureange,n,x doesnot
changemuchwith temperature.The temperaturesariesby a factorof 3 whereaghe relative
variationsof nyy is lessthan50%. Thus,we setthe averagevalue of 7, ~ 5 in Eq. (9.9)
alongwith ppc = 0.795 and D = 20 andobtaina (rathercrude)estimateof the systems heat
conductvity

Thehugetemperaturehangesiemonstrateth Fig. 9.4 may hide,to someextent, the vari-
ationof T" atsmallerF®. Thereforewe notethatatemperaturehangeof 2% wasobsenedata
relative smalldriving forceof F¢ = 0.03. Notethat,usingtheNose-Hoover algorithm,we have
usuallybeenableto setthe averagesystemtemperaturevithin a relative error of 0.1% during
asinglerun. Averagingover mary runsyieldsstill betterresults.Thus,achangeof 2% in T is
far outsidethetypical statisticaluncertainity

Now, we arein factinterestedn systempropertiesat low temperaturesyherea strong7'-
dependencen systempropertiess expected.From our previous equilibrium simulations[see
chapte8, for example]we know that,atlow 7', atemperaturehangeof 1% canhave adramatic
impacton the systemproperties.We thereforeneeda bettercontrol of the systemtemperature
thanprovided by justthermostatinghewalls.

Finally, we shawv in panel(a) of Fig. 9.5 temperaturerofiles obtainedwithin this part of
thesimulation.As seerfrom thisfigure,thehighertheappliedforce,thefasterthetemperature
rises,i.e. thelargeris 97 /0z. Thisis intuitively clearbecaus¢herateof heatcreationincreases
with F*. It is alsoseenfrom thisfigurethat,for agivenvalueof F¢, thetemperaturgradientis
quitesmallin thefilm centerincreasingowardsthewalls. Recallthatthetemperaturgradient
at z is proportionalto the amountof heatcreatedper time unit betweerthe film centeranda
planeat z [seeEq. (9.6)]. Assumingthatthe increasein heatconductvity with temperature
is not fastenoughto compensatéhe growth of the heatcurrentwith distancefrom the film
center onecanconcludethatthetemperaturgradientshouldindeedincreasewith z, i.e. when
approachinghewalls.

Note thatin Eg. (9.6) the heatconductvity appearsoutsidethe integral. Therefore,the
knowledgeof thetemperatur@rofile, 7'(z), densityprofile, p(z), andthatof thevelocity profile,
u,(2), allows a calculationof the heatconductvity profile

Az) = —F° (a%f))_l /0 T o ()p()de (9.11)

It mustbeemphasizedhatEqg. (9.11)providesaway of calculatingthe heatconductvity notat
asingletemperaturebut over atempeature range. This comesfrom the factthat,astheinner
part of the systemis thermostatedhroughinteractionwith the walls only, the temperaturas
necessarilya decreasindgunction of z. For, otherwise,anheatcurrenttowardsthe film center
wouldexist. Panel(a) of Fig. 9.5providessomeexamplesof temperatur@rofileswhereonecan
alsoobserethisdecreasingroperty ThereforeI'(z) canbeinvertedto yield A\(T') = A(2(T)).
Note, however, that the temperaturegradientis quite small closeto the film center In
fact, dueto symmetry it mustvanishat z = 0. As the inversetemperaturggradiententers
the calculationof the heatconductvity, it follows thata smallerrorin 7" will leadto alarge
uncertainityin A(z). Thereforethe applicationof Eq. (9.11) requiresa muchmore accurate
determinatiorof thetemperaturgrofile thanis usuallyachievedin atypical MD simulation.
As anexamplewe show in panel(b) of Fig. 9.5 resultson the heatconductvity A(7") com-
putedusingthe datacorrespondingo £ = 0.3. Notethatwe have chosemuite a large value
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of thedriving forceto createanappreciablédemperaturelifferencebetweerthe (thermostated)
wallsandthefilm centersothatthecomputed\(z) coversasuficiently largetemperatureange.
Thedatawasfirst smoothedby a sortof splineinterpolationknown as“spline undertension”)
beforedifferentiatingnumerically The derivative obtainedfrom the smoothedcurwve is also
shavnin this panel.Notethatthe sharprise of heatconductvity athighT" is anartefactof large
relative errorsin calculatingthederivative of 7" with respecto z. We have alsotried to fit 7'(z)
by symmetricpolynomialsof 6-th or 8-th orderandthenusethe correspondingoeficientsto
computethe derivative. Therelative errorsin fit coeficients,however, werelargerthan100%
indicatingagainthatan accuratecalculationof 07'/0z doesrequirea still moreprecisedeter
minationof thetemperaturerofile. Neverthelesspur numericalesultis, atleast,in qualitatve
agreementvith the generalobsenationthatthe heatconductvity is anincreasingfunction of
thetemperaturen amorphousglassysystemgseefor examplepage788 of [93]).

9.4 Thermostating a Flow via Nos=-Hoover

Theconsiderationsf section9.3 make clearthata certainamountof heatingwill alwaysoccur
if theinnerpartof thesystemis to bethermostatedhdirectly throughthe heattransportowards
the (thermostatedjvalls. A zerotemperaturgradientbetweenthe inner part (which actsas
a heatsource)and the walls (which play the role of a heatabsorbingmedium)requiresan
infinitely large heatconductvity.

Thestudyof thetemperaturelependencef theviscosity however, is oneof themajorgoals
of thepresennon-equilibriumsimulations.lt is thereforedesirableo have a safecontrolof the
systemtemperature.The simplestway, of course ,would be to apply the samethermostating
algorithm,i.e. the Nose-Hoover Eqs(4.36)-(4.39),not only to the wall atoms,but alsoto the
polymerchains.Recallingthe definitionof thetemperaturén aflow, 7 = m((v — (v))?)/3ks,
we seethata directthermostatingf theinner partof the systemrequiresthe knowledgeof the
velocity profile u,(z) = (v,)(2) (notethat(v,) = (v,) = 0).

This problemwassolvedin a simpleway. For eachrun, the correspondingelocity profile
was calculatedas statisticalaverageof particle velocitiesduring the preceedingequilibration
period.Notethat,in generaltheequilibrationis anecessarpartof aMD simulation.So,we do
not spendextra computatiorpower to computeu,(z) (comparedo the computatiorof forces,
the time neededfor averagingover velocitiesis negligible in a MD-run). The equilibration
itself startswith u,(z) = 0 andimprovesthis initial “guess”by samplingvelocities. Thatthis
proceduradoesindeedleadto areliableinformationon the velocity profile is demonstrateth
Fig. 9.2. As shawvn in this figure, the velocity profile computedwithin the equilibrationperiod
(which startswith avanishingvelocity profile) is of comparableccurag astheprofile obtained
duringthesubsequentroduction.

Combinedwith the above approachor the calculationof the velocity profile, we applied
the Nose-Hoover thermostafor the propagatiorof both the inner andthe wall atoms. Simu-
lationsat variousvaluesof the driving force F¢ shavedthat, evenat the largestappliedforce,
i.e. F* = 0.3, the averagesystemtemperatureould be set,to a high accurag, to the given
valueof T,,;. Thereforeall subsequergimulations have beencarriedout usingNose-Hoover
thermostabothfor thewall andfor theinnerparticles.

Thereademayhave noticedthat,contraryto thedatapresentedofar, Fig.9.2shavsresults
obtainedat a higherbulk densityof pnux = p(z = 0) = 0.99 andnot at py,,x = 0.795. In fact,
all simulationswhoseresultswe aregoingto discussn the next sectionhave beencarriedout
at this density Thereasorfor the choiceof a higherdensitywasthat,at 7" < 0.9, anomalous



130 CHAPTERY9. SYSTEMUNDER SHEARSTRESS

LTI T
- F°=0.01 N
2 r A F°=0.03 \ ]
/ —e--- F°=0.05 \
! ——— F'=0.1 \
~ I 7 —-—- F°=0.2 N
N I I \
X b o e TTTTTTT T T -\
N N I ."' // \\ | )
> T e e meme \\i
v 1gF l‘p-’»v zaql
[ |
! |
| | ]
| ]
(@) [ # :
O P TP N \
-10.0 0.0 10.0
z
Z
9 8 7 6 5
80 f o
; dTidz .~
60 - \ ,//
— 1 4
- ! s
N /
< i ,/
40 £ A=36.8
20 } / AT 104
(b) :
O :-J’.”.Il NP P TP TP P TP T ?‘ _05
20 22 24 26 28 30 32 34
T

Figure9.5: Panel(a): Temperaturgrofilesresultingfrom NV E simulationfor variousvalues
of F©. Theregion of nearlyconstantl’(z) in the film centercanbe ascribedto the fact that
the amountof the heatto be transmittedthrougha planeat the film centeris zeroandgrows
whenapproachinghewalls. This impliesthat VT mustbe larger closeto the walls provided
that \(z) is constanbr doesnotincreasefasterthanheatcurrent,Q(z) /A, with distancefrom
thefilm center Panel(b): Heatconductvity ascomputedusingEg. (9.11). Thecorresponding
temperaturgradientis alsoshawvn in this panel. An increasewith temperaturas clearly ob-
senedfrom this results. However, the strongincreasan A at highertemperaturess probably
anartefactof large errorsin computingdT’/0z.
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Figure9.6: Velocity profile, u,(z), asobtainedduring the equilibrationphase(equil) andthat
obtainedfrom the subsequenproductionrun (prod) for threevaluesof the driving force, F*.

Within the statisticaluncertainity the accurag of the profile obtainedwithin the equilibration
run,is comparabléo thatof the productionperiod. The formerwasthereforeusedasaninitial

guessof u,(z) in calculatingthe temperaturevia kg7 = m;{(v; — u)?)/3, where: denotesa
taggedparticleandu, = u, = 0.

behaior wasobsened in systemproperties. In particular the densityprofile was no longer
symmetric.

This situationin depicteds Fig. 9.7for T' = 0.8. As shovn in thisfigure,from 10 indepen-
dentruns,in 4 casesa sortof “drying” occursat the left wall andin the remaining6 onesat
theright wall. Dueto theincreaseof the bulk densityatlowertemperatureghe systemtriesto
contract.However, avolumechangas notfeasiblein a NV T-ensemblesimulation.Thehigher
densityin thefilm center(which exhibits bulk-lik e properties)s thereforeachiezed by particle
transportrom thewalls towardsthe inner part. Obviously, suchatransportdoesin generahot
setin simultaneoushat bothwalls. Thereforetheasymmetnyfirst developsat oneof thewalls.
Supposdhata particlecurrenttowardsthe film centerfirst setsin attheleft wall. As aconse-
guencethe systemdensitycloseto this wall decreaseand,at the sametime, increasesn the
remainingpartof thefilm approachinghe valueconsistentvith the actualtemperatureThus,
the new particledistribution is stablefrom a thermodynamigoint of view andthe asymmetry
will notvanishatlatertimes.

Formationof the regions of very low densityas a resultof cooling down the systemat
constantvolumehasalsobeenobsenedin MD-simulationsof the presentmodelin bulk [91].
Suchasituationwould of coursenot occurin a simulationat constanfpressue.

However, dueto the presencef the structuredwalls, we could not usethe sameprogram
codethat hasbeendevelopedfor (equilibrium) simulationsof a systemconfinedbetweenz—*



132 CHAPTERY9. SYSTEMUNDER SHEARSTRESS

walls to regulatethe normal pressuren the presentsituation. As we wantedto focusour at-
tentionon the new aspectf a non-equilibriumsimulation,we postponedhe generatiorof a
NpT-programcodeto further studies.The obsened problemof the phaseseparatiomearthe
walls hasbeensimply solved by choosinga higherbulk density[seesection9.5].

Note that the obsenation of the mentionedphaseseparatiorwas greatly simplified by an
analysisof thedensityprofilescomputedduringeachindependentun. An averagingoverthese
runs,for example,would have led to a symmetricprofile andthuswould have, at leastby part,
hiddenthe effect. This demonstratesneof the advantage®f whatis usuallycalled“on thefly
analysis”or, simply, onlineanalysis.Monitoring systempropertiegduringthesimulationyields
directinformationaboutwhatis goingonin the system.An informationwhich would probably
bewashedutin the caseof averagingoverindependentuns.

Recallalso,thatin a usualMD simulationof glassysystemshe systemconfigurationis
sampledin regular distancesandis saved on the disk. This resultsfrom the fact that such
simulationsare very time consumingand, therefore,not so easyto repeat. However, dueto
finite disk spacethe numberof samplesvhich canbesaredaremoderate Therefore anonline
analysisdoesusuallyyield muchbetterstatistics.
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Figure 9.7: Density profiles for 10 independentruns at 7 = 0.8 for a bulk density of
pruk = 0.795. As the volumeis kept constant the systemseparatesnto two phasesat this
low temperature A low densityregion closeto oneof the walls anda high densityonein the
otherpartof thefilm.
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9.5 Bulk Viscosity

We saw thata densityof pyux = p(z = 0) = 0.795 atthefilm centerleadsto phaseseparation
at lower temperaturesA region of low densitydevelopscloseto oneof the walls, whereasp
increase theremainingpartof thesystem.We thereforereducedhelateralsystemsizefrom
Lg =11.11 to Lg = 10.05 whichled to p,,x = 0.99. It is shavn in panel(a) of Fig. 9.8 that
the problemof phaseseparations indeedavoidedatthis density Furthermorewe obsere that
thebulk viscositydoesnot dependnuchon temperatureThe systenthusapproacheghe limit
of anincompressibldiquid. Comparedo the previous lower densitycase[seeFig. 9.1], the
presencef thewallsis now “felt” fartherinsidethe system.However, alook at panel(b) of the
samefigurerevealsthat,for z € [—5, 5], aquadratidfunctionvery well describeshe velocity
profile. Therefore we usedthe coeficient of 22 obtainedfrom afit of theform

ug(2) = a — b2? (9.12)

to computethe bulk viscosity[see(EqQ. 9.5)]

Pouk F°
Thoulk = % )
ik F

Anpae = 2 b, (9.13)

In EQ. 9.13 Anuuk, theerrorin bulk viscosity is simply estimatedrom that of corresponding
fit coeficient. Theaccurag of thefit manifestedtself in smallrelative errorsin b andthusin
Tbulk -

Next, we plot in Fig. 9.9 the bulk viscosityat p,,ix = 0.99 obtainedfrom Eq. (9.13). The
temperaturavasvaried (alonganisochoricline) from 0.9 down to 0.46 at a constantdriving
force of F* = 0.05. This valueof F** wasnecessaryn orderto obtain satisctory signalto
noiseratio notonly at high but alsoat low temperatures.

First, we notethat the changein viscosityis unexpectedlysmall for the investigatedem-
peraturerange.From equilibrium studiesof the presentpolymermodelin bulk, we know that
the relaxationtimes of the systemincreaseby mary ordersof magnitudewithin this temper
atureinterval [46,91]. As we saw in chapter8, similar slowing down was also obsered for
the confinedmodel. The obsened differencecomparedo the bulk wasa changan thecritical
temperatur@éowardslowerT'. This decreasef 7., however, hasbeenascribedat leastby part,
to the perfectslip boundaryconditionat smoothwalls. Following the agumentgivenin sec-
tion 8.2, anincreaseof T, shouldbe expectedwhenreplacingthe smoothwalls by structured
onesor, morepreciselywhenparticles stick” to thewalls. In otherwords,a dramaticincrease
in transportcoeficientslik e viscosity or inversediffusion constantshouldbe expectedat still
highertemperaturethanwasthe casein equilibriumbulk simulations.

However, recallthattherelaxationtimesnotonly dependnthetemperaturéut alsoonden-
sity. Within a NpT-ensembleimulationthedensityincreasesvhenthetemperaturés lowered.
In the presentase however, it is keptconstantat all temperaturesindeed,an examinationof
the densityprofilesof equilibriumsimulationsrevealsthat, ata normalpressuref Py ¢ = 1,
adensityof 0.99 in thefilm centercorrespondso arelative high temperaturef 7'~ 0.65 [see
Fig. 7.1].

The sameargumentcanbe formulatedin a slightly differentway. In [91], the bulk density
of thepresentnodelatthecritical temperaturef 7. = 0.45 (correspondingo apressure = 1)
hasbeenestimatedo p = 1.042. Then,in thesamereferencethesystemhasbeencooleddown
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Figure9.8: Panel(a): Densityprofile of innerparticlesasobtainedrom MD-simulationfor var-
ioustemperaturesContraryto the caseof pyui. = 0.795, wherearelatve wide rangeof homo-
geneousegion couldbe obsened[seeFig. 9.1], now oscillationsoccurevenin thefilm center
The magnitudeof thesedensityvariationsis, however, muchsmalleraroundz = 0. Panel(b):
Velocity profile at varioustemperaturesSolid lines areresultsof afit usingu,(z) = a — bz>.
Notethatthe coeficient is directly relatedto the bulk viscosity via nyux = pou F¢/(20) [SEE
Eq.9.5].
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towardsthe glasstransitionpoint alonganisochoriccurve at this densityand,finally, the cor-
respondingMC critical temperaturdnasbeencomputedo 7, (p = 1.042) = 0.445. Obviously,
if coolinghadbeencarriedout atanisochoricof a higherdensity critical slowing down would
have setin at a highertemperature Similarly, anisochoricof a lower densitywould have in-
tersectthe modecouplingcritical line at a lower temperature Therefore to obsene the sharp
rise of thetransportcoeficientsat a densityof 0.99, the systemshouldbe further cooleddown
beyondour lowestsimulatedtemperaturef 7' = 0.46.

It is alsoshavnin Fig. 9.9that,in the obsenedtemperatureange the T-dependencef the
sheawiscosityis notwell describedy anArrheniuslaw.

Therefore,we tried to fit the datawith the (empirical) Vogel-FulchefTammann(VFT)-
formula,

Noutk (T7) = Mouic(00) €xp (T ?To) ) (9.14)
Theresultof this fit is shavn in panel(a) of Fig. 9.10. As seenfrom this panel,the simulated
temperatureangeseemso becloseenoughto theglassyregionto verify animportantproperty
of fragile glassformers[141], namelythe validity of the (VFT)-law. Fitting Eq. (9.14) to
our data,we obtainedfor thefit parameterst,(oc) = 13.8 + 0.05, B = 0.592 + 0.036 and
Ty = 0.194+0.012. As seerfrom panel(a) of Fig. 9.10,the“goodness’of thefit is remarkable.

Next, we discusswhatis behindan Arrheniuslaw. Supposehatthe particlesof a system
areeffectively surroundedoy moreor lessrigid potentialbarriers. In suchan ervironment,a
particlecanonly move aroundif it hasenoughenepy to jump from onepotentialminimumto
anotherone. Obviously, the probability of suchajump scaleswith exp(—E, /T'), whereE, is
the averageactivationenepy. This givesriseto a similar temperaturelependencef transport
coeficients. Theobserednon-Arrheniudbehaior thusindicateghatthe pictureof aneffective
“potentiallandscapeis notappropriatdor the obseredtemperatureange.

As the driving force actsin z-directiononly, we wereableto usethe y-componenof the
meansquaralisplacementto determinghediffusionconstant,D. This allowedusto examine
thevalidity of the Stokes-Einsteirrelationbetweernthe viscosityandthediffusionconstant,

kgT
Dy

= A\ = const. , (9.15)

where) characterizethelengthof anelementandiffusive procesg§142].

It is shovn in panel(b) of Fig. 9.10that A is not a constantut decreasewith theinverse
temperatureA decreasef \ with T-! hasbeenalsoobseredin MD simulationsof SiO, [71]
andin experimenton fragile glassformersbelow thecritical temperature],, [143—-148].How-
ever, anaccuratecalculationof the diffusion constanis alwaysa difficult problemat low tem-
peraturesThereforegerrorsin D arequitelarge. This, of course Jeadsto correspondinggrrors
in \. Neverthelessthe generaldecreasef A with theinversetemperatureannotbe explained
by statisticalerrors,it is a physicaleffect. We closethis sectionby noting that, insteadof a
VFT-law, nyux (7') canbealsowell describedy assumingapower law aspredictedby MCT,

() = elT = T 77, (9.16)

wherec, T, and-y arefit parametersA fit usingEq.(9.16)yieldsc = 18.74+0.6, v = 0.78 +0.04

and7, = 0.376 + 0.009. Theresultof thisfit is shovn in Fig. 9.11. However, a comparison
with Fig.9.11revealsthatthe VFT-formula(9.14)is in betteragreementvith the MD-datathan
thepowerlaw (9.16).
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Figure9.9: The sheawiscosityin bulk, 7.y, versusl /T. Thedashedine correspondso the
bestfit assuminghe Arrheniuslaw. Theinsetcontainsthe samedatain alinearlog plot. The
MD-datais obviously notwell describedy thefit.

9.6 Local Viscosity

Sofar, we have focusedour attentionon ananalysisof the shearviscosityin bulk. However, it
is alsointerestingto look atwhathappen<loseto thewalls.

EvaluatingEg. (3.18)we have computedhelocal pressuréensorP(z). Of particularinter-
estto us, is, of course the off diagonalcomponent?,,(z). This quantityis depictedin panel
(a) of Fig. 9.12. As seenfrom this panel,within the simulatedtemperatureange, P, (z) is
ratherinsensitve to a changeof 7. Contraryto that,a strongvariationis obsenedin thelocal
viscosityn(z) asthetemperaturés lowered. In particular the effect of thewalls is enhanced.
This enhancemeris manifestedby a strongz-dependencef 7(z) atlowerT. n(z) increases
rapidly whenapproachinghewalls. As seenfrom panel(b) of Fig. 9.8, the streamingvelocity
vanishesdn thevery vicinity of thewalls. This meanshatthe particlesin the very vicinity of
the walls do at leastpartially stick on the latter Therefore,the mobility decreasesndasa
consequencthe viscositygrows. Althoughnot asdramaticasin the presentcase anincrease
in sheawiscosityatsmallerz hasbeenalsoreportedn [56] for asystemwith WCA interaction
atanaveragedensityof p = 0.

In the samepanel,we have plotted horizontallines indicatingthe bulk viscosity at corre-
spondingtemperaturesFor T' = 0.5 the bulk viscosityis approximatelyequalto the average
overtherangez € [—5, 5. Recallthatn,, hasbeencomputedapplyingquadraticfit to the
velocity profile within this interval.

The determinatiorof the local viscosity profile thus providesanindependentheckof the
reliability of thecomputedesults.

The deviations from the bulk viscosity obsened at a highertemperatureof 7= 0.9 are
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Figure9.10: Panel(a): Temperaturalependencef the bulk viscosity 7. (diamonds)and
the corresponding/FT-fit. Our polymer modelis, obviously, a fragile glassformer Panel
(b): Diffusionconstanin y-direction(circles)andtheratio 7'/ Dk (diamonds).The latter
shouldbea constanprovidedthatthe Stokes-Einsteinrelationholds. This, obviously, is notthe

case.
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Figure9.11: Temperaturadependencef the bulk viscosity 7, (diamonds)andthe corre-
spondingmode-couplindit [seeEq. (9.16)].

mostprobablydueto the errorin computingdu,(z)/0z, the derivative with respecto z of the
velocity profile. Themagnitudeof theerror, howeveris smallerthan5% andthereforerelatively
small.

Notealsothatr(z) is susceptibléo largenumericalerrorswhenevaluatedn thefilm center
i.e. for z = 0. This comesfrom thefactthatthe streamingvelocity is a symmetricfunction of
z, thedistancefrom thefilm center Therefore Qu,(z)/0z = 0 for z = 0. Insertingthis result
in Eq. (9.1)would leadto infinitely large values.Thelarge deviationsin theregion aroungthe
film centerarethereforeanartefactsof this numericalinstability [56].

However, it hasalsoto be saidthat the mentionedobjectionis not a physical,but a nu-
mericalproblem.Let usrecallherethetrivial examplefrom elementaryanalysisthatalthough
sin(z) = 0 atx = 0, lim,_,o z/ sin(z) is notinfinity, but 1.

Finally, to besurethatthechangen theviscosityprofile is not causedy sometemperature
gradientdikewhathasbeenobsenedin section9.3,we plotin Fig. 9.13thedensityprofilesata
few temperaturesangingfrom 7" = 0.9, thehighestemperatureliscussedhereto 7 = 0.5, the
lowestone.As aguidenceor theeye,ahorizontalline is dravn for eachexaminedtemperature
profile. As seerfrom thesegemperatur@rofiles,ourappliedmethodwasindeedableto generate
ahomogeneoutemperaturgrofile evenatthe lowestvalueof T = 0.46.
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Figure 9.12: Panel (a): Off diagonalcomponenif the pressurgensor P,,(z), as obtained
from MD simulationsat varioustemperaturesApparently P,,(z) doesnot dependmuchon
temperaturePanel(b): Localviscosity n(z), computedisingEq. (3.18)from chapter3. At low
temperaturesa significantincreasen 7(z) is obseredwhenapproachinghewall. Horizontal
linesindicatethe correspondindpulk valuescomputedn section9.5. The datacorresponding
to 7 = 0.9 is multiplied by afactorof 10 to matchin the scaleof thefigure.



140 CHAPTERY9. SYSTEMUNDER SHEARSTRESS

1.0 rr——r—r—r—r—————————————————————

0.9 e vy ;
0.8 T | k. T(2):=<(v,—<v,_>)">(z2)
0.7 b | -
0.6 —
0.5

04 F

0.3 F
0.2

-
a 2 2 2 2 1 2 2 2 2 1 2 2 2 2 1 2 2 2 2 "‘
—10.0 —-5.0 0.0 5.0 10.0

z

Figure9.13: Profilesof thethermalenegy perparticlein theflow direction,i.e. (v, — (v4))?(2)
(m =1 andkg = 1). As seenhere,all profiles coincidewith horizontallines indicatingthe
correspondingxternaltemperaturd .



Chapter 10

Conclusion

Thepresenivork was,in somesensethenaturalextensionof the previousstudiesof apolymer
meltin the bulk [91] the mainfocusof which wasthe studyof the relaxationdynamicsof the
model systemat temperaturesloseto the glasstransition. This analysisof the bulk datahas
led to anunderstandingf someimportantaspectof the glassybehaior of the presentmodel
atlow 7. Oneof the main goalsof the presentwork wasto furtherimprove this knowledge.
An importantquestionrelatedto the glasstransitionis whetheror not a diverging lengthscale
is the origin of the transition. In recenttimes,therehave beenhintsfor the existenceof sucha
lengthscale[34-38,42,43].

The studyof confinedsystemsyields animportantapproacho the questionof a diverging
length scale,¢ say If sucha length scaleexists, systempropertiesshouldshawv strongsize
dependencé the systemsize, L, is smallerthané. Onecancarry out simulationsvaryingthe
lengthof the simulationbox. In areal experiment,however, periodicboundaryconditionsdo
not exist. Oneresortsto confinementsn oneor two directionslike film or nano-pores.Our
choicewasto startwith thin films.

“Aller Anfangist schwer”. Thefirst problemto solve wasthatof the pressure Motivated
by realexperimentson thin films, we wantedto carry out simulationsat constanexternalpres-
sure.Whatis the pressuren aninhomogeneousystem?sn’t it a complicatedunction of the
position?Therefore we investigatedhis problemendingup with theresultthat:

¢ In aninhomogeneoukquid thepressurés nolongerasimplenumberbut atensor P(r),
which, in generaldepend®n the positionwhereit is measured.

¢ In planarsystemsat equilibrium only two componentf P(r) “survive”, namelythe
componennormalto the interface(surface), Py, andthe tangentialone, Pr. All other
componentyanishprovidedthatthe systemis in thermalequilibrium.

¢ In all situationswhere a steadystateconditionis satisfied(equilibrium systemsbeing
regardedasaspecialcase),Py is auniquenumberconstanthroughouthe system.Other
component(s)however, do dependon z, thedistancefrom thefilm center

Althoughall theseconclusionanalreadybe foundin someprevious papersn the literature,
otherpapershave reachedlifferentconclusionsandthuswe felt thata thoroughnew analysis
of the problemwaswarranted.

Chapter3 hasbeendevotedto thisimportanttopic, wherewe alsopresentedD-resultson
the surfacetensionof the presentonfinedmodel.

In chapted we investigateddsomecommonsimulationtechniquesnd,have generalizedhe
so called Hoover-Melchionnaequationsof motion [seeEqgs. (4.75)-(4.79)]to planarsystems.
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At theendof this chapteya subtlepoint hasbeenaddressedThis concernghe contritution of
the interparticleforcesto the pressuran the presencef periodicboundaryconditions(pbc).
We have shavn that the appropriateexpressionfor the systempressureshouldbe written in
termsof relativedistanceqr;;) andpairwiseforces(F';;). Thewell-known expressiornof the
form ). r,F; is notvalid whenpbcis applied.

Within the presentwork, an iteratve methodhasbeendevelopedand successfullymple-
mentedwhich effectively allows a simulationat a given normal pressurewithout varying the
film thicknessthe latterbeingconjugateo Py [seechapter5]

Studyingthe influenceof the NV E, NVT and NpT-ensemblesimulationson the system
propertiesve have foundthat[seechapterf]:

e Staticpropertiesareindependentf the specificensemblavithin the simulation.

e For the dynamics,Nose-Hoover algorithmyields resultsin agreementvith the micro-
canonicalone (NV F), whereasa simulationwith fluctuatingvolume (NpT-ensemble
simulation)disturbsthe systemdynamicsatintermediatdimes. For shortandlong times,
however, resultsobtainedfrom a NpT runarein agreementvith thosecomputedwithin
NV E or NVT-runs.

Concerningheinfluenceof thewalls on the staticpropertiesve find that:

e Densityoscillationsoccurcloseto the walls andbecomestrongerwhenthe temperature
is lowered.

¢ Influenceof the walls on the packingstructureis similar to that of the temperature.In
particular whenapproachinghe walls, the pair distribution function (measuredvithin
a planeparallelto the walls) varies(qualitatively) in a similar way asif thetemperature
wasincreased.

e Parallelalignmentof thechainsis favoredby thewalls.

e Within thedepletionlayer (layer of closestapproach)innermonomergendto avoid the
walls, whereasendmonomersexhibit a higherdensitycloseto thewalls.

e Chainsarein generabprolate(rod-like), the degreeof prolatenesseinga functionof the
distancdrom thewalls. At very shortdistancestmaximumprolatenessccursindicating
thatthe chainsalign parallelto the walls andareflattened.The latter point is supported
by theobsenationof anenhancedbond-pealof the pair distribution functioncloseto the
walls.

Furthermorave have comparedur MD-resultson chainspecificprofileswith self-consistent-
field (SCF)calculationof Muller andGonzaleavlacDowell [68,96] [seechaptel5]. Theresult
is:

e Qualitatve agreemenis obseredin all comparecases.

e \erygoodquantitatve agreemenis achiezedfor non-oscillatinggquantities ik e R;H (2),
Ree) (2)-

¢ Discrepancie®sn a quantitatve level have beenobseredfor morecomple functionsof
thedistancerom thewalls.



143

We have suggestedh chapter5 thata betterchoiceof the weightfunction,w(r), which enters
the SCFequationsalongwith consideratioron the constang of the normalpressuredo obtain
a betterguessof the bulk free enegy densityg(z) shouldimprove the agreementlt remains
ataskfor thefuture studiesto examinewhetheror not thesesuggestionslo yield the expected
improvement.

Thefollowing resultshave beenobtainedrom afinite sizeanalysis.First, the staticproper
tiesdo notdependnuchonthe systemsize.Resultsfor pair distribution function,for example,
did not changewhen going from L = 17 to L = 3.3. Contraryto the static properties,the
systemdynamicsexhibits a strongsizedependencehen L < 5.

The importantpoint is that the size dependenc&hich occursat very small lateral system
sizes,L, “changessign”:

e For D = 20 the dynamicsslows down as L increasesi.e. systemswith smallerL are
faster

e For D = 5 theoppositebehaior occurs.Systemswith smallerL. arenow slower.

An explanationof this behaior could be foundin termsof cooperatre motion, if one could
show thatthe relative size, £/ L, of a cooperatiely rearrangingegion becomesmallerwith
smallerD.

For systensizesmuchlargerthanvaluestypical of finite sizeeffects,thedynamicproperties
of the confinedpolymermodelhave beeninvestigatedothat high andatlow temperaturesit
highT ahydrodynamidreatmenhasbeenadoptedwvith theresultthatthesocalled“backflow”
effectplaysanimportantrolein theacceleratiorof thedynamican our model[seesection3.1].

At low T" we computedhe mode-couplingeritical temperature]y, for film thicknesse®sf
D =20, D =10 and D = 5 shawving a significantdecreasef 7. at smaller D. This result
is consistentwith the obsened acceleratiorof the systemdynamicsdue to the confinement.
Furthermordt wasshown thatthe time dependencef meansquaredisplacementat various
film thicknessess approximatelythe samewhencomparedor the samedifferencefrom the
critical temperatur®f the correspondingilm thickness.Thisfinding, however, mustbe further
examined. A more preciseanalysiscould reveal more comple< behaior. An analysisof the
intermediatescatteringunction,for example would deepertheinsightof the problem.

“Scatterplots” have beenusedin the samechapterto visualizethe heterogeneityn the
dynamics.We coulddemonstrat¢hatthe motionof endmonomerss moreheterogeneoufian
that of inner monomersn the sensethat the former do preferablymove parallelto the walls
whereaghe motion of innermonomerss nearlyisotropic. A directimprovementof theideas
underlyingthe “scatterplots” would beto quantifythe heterogeneityn motion.

We alsoreportedsimulationresultsof our polymermodelconfinedbetweerstructuredvalls
andsubjectto a constandriving force.

First, we investigatedcsometechnicalaspectof the new situation. An importantresultof
thesestudieswasthatthe systemwill necessarilyheatup if the inner particlesareto be ther
mostatedndirectly throughinteractionswith thermostatedvall atoms.Obviously, theamount
of heatingwill dependon the magnitudeof the driving force andalsoon the heatconductiv-
ity. Searchingor anexpressionfor the local temperaturgradientwe foundthat, in fact,one
canusethe knowledgeof thetemperaturgrofile obtainedfrom a simulationalongwith thatof
the densityand(streaming)velocity profilesto computethe heatconductvity, A\(7"), within the
obseredtemperatureange.

Usingthe knowledgeof the velocity profiles,we could alsodeterminethe temperaturale-
pendencef the bulk viscosity of the modelalonganisochoriccurve of density ppux = 0.99.
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Thetemperaturelependencef n,,x (7') could befitted by a VFT-law. Furthermorecomput-
ing the diffusion constantve could show thatthe Stokes-Einsteirrelationdoesnot hold in the
investigatedemperaturgange.

Finally, usingthe knowledgeobtainedduring this work on the calculationof the pressure
tensor the local viscosity profile n(z) could be computed. This quantity exhibits strong z-
dependencat lower temperatureand grows rapidly when approachinghe walls. This is in
agreementvith the fact that particlesin the very vicinity of the walls do stick to them. The
mobility thus decreasesvhen approachinghe walls and, consequentlythe viscosity should
raise. Thus,beingableto calculatethelocal viscosityprofile, we have a furtherimportanttool
for analyzingthelocal dynamics.
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Appendix A

A.1 Propertiesof the Liouville operator £

LetT' = (74, ...,7n; Py, --, Py ) denotesapointin phasespacelet f andg besquarentegrable
functionsof the phasespacevariables We definea scalarproductbetweersuchfunctionsas

(fla)= [ v Og(r). (A1)
We recallthatthe adjunctoperatorAf of anoperator A, is definedas

(flATlg) = (g|Alf)* (A.2)

for all pairsof vectors(f, g). An operatorA is saidto be Hermitianif it is adjunctto itself,
i.e. if A = A. To demonstratehe Hermitianpropertyof the Liouville operatorf it is thus
sufficientto show

(fILlg) = (9lL|f)" (A.3)

for all pairsof quadraticintegrablefunctions(f, g). Usingthe definition (4.4) of the Liouville
operatomwe canwrite

. dg OH 0g OH
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) OH 0 OH
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In theabove derivation,(A.5) wasobtainedrom (A.4) by adding(8*> H/dr ;0p,— 0> H/0p,0r;) = 0.
The stepleadingto (A.6) makesuseof partialintegrationin mary dimensions.Finally, (A.7)
wasobtainedby assuminghatthefunctionsf andg vanishatinfinity.

It follows from the unitary propertyof U, Eq. (4.6), thatthe norm of a quadratiantegrable
function f(I") is conseredundertime evolution

O = (FOTUIF0))=(£(0)|£(0)) = / ar [£(t) / dr [f(0)%.  (A.10)

We usethis propertyto demonstratéheconserationof thephasespacesolumeundertheaction
of U(t). LetC(0) denotethesetof all pointswhich,attimet = 0, arecontainedn agivenregion
of phasespaceandlet C(t) be the setof the samepointsat a latertime ¢. At latertimes,the
phasepointsin C will probablymove apartandthustheshapeof C maychange However, using
Eq. (A.10) onecanshaw thatthe volumeof C remainsunchangedindertime evolution. The
only thing to dois to define f(¢) asthe characteristidunction of the setof phasepointsC(t),
ie.
_ |1 Teclw
F) = { 0 : else (A-11)

Pluggingthis definitionin Eq. (A.10) yields

/ dr = / dar . (A.12)
() c(0)

A.2 Hoover-NpT Equations versusNose-Andersen

We startfrom the Nos2-AnderserLagrangian4.17)

. 02 M- .
Lya = s*V°/1 Z m;pl — UV pN) + TVVQ — PextV

%SZ - Sin(s). (A.13)
Thecorrespondingonjugatanomentaare
™= aL%\IA = ms’ VZ/dpz’ (A.14)
op;
o= 0 (A.15)
0s
O0Lxa .
=—— = MyV. A.16
A% v \% ( )

The Hamiltonianof the systemis thusfoundto be

H — 72 2/d l/d N PX
NA V- ; T U\ )+—2MV+ otV
1 g
+—7m2+ Z1In(s). (A.17)
20 5 (s)
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Thecanonicakequation®f motionderivedfrom Hy, are

p;

Ty

OHxa
om;  m;s2V2/d
_OHya _ Vviip,
op;
7TS
Q
1 71'1'2
; {Z eV ngTw}
v Z
My
1

2
i 1/d
a7 3 (o V00 ) = P

1
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(A.18)

(A.19)
(A.20)
(A.21)
(A.22)

(A.23)

If we now introducetherealtimedt’ = dt/s while keepingthe superiordot notationfor deriva-
tiveswith respecto thenew time, (i.e. § = ds/dt’ etc.)we obtain

Ty

1 m;° 1/d
SWZ(W+V/ Pin‘> — $Pext

(A.24)

(A.25)
(A.26)

(A.27)
(A.28)

(A.29)

Thenext stepis to introducerealvariablegp; = m;/(sV'/?), p, = 7, /s, pv = Ty /s andfinally
r; = V/4p,.. After tediousbut simplealgebraiananipulationspneobtainsthe Nosz-Andersen
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equationof motionfor realvariablesn realtime

. p, V
o= PV A.30
7 - + dVr ( )
r — ﬂ-Z _ f + L L
P = @ = \sTav ) svud
sV
= F,—[2+—|p A.31
(8 + dv) p; (A.31)
ils = s (A.32)
Q
) 1 ;2 $
Ps = - ( b _ ngText) _ 2, (A.33)
S — m; S
: 9 Pv
— 2P A.34
1% S My (A.34)
2 .
. D; S
= Lt By ) = Pog — -
Pv ; (mi +7r ) t SPV
$
= (P(t) = Pext) = pv (A.35)

wherewe usedthe definition (4.55) of the instantaneoupressure Thereademay verify that,

if dervedwith respecto thetime, theseequationsdirectly leadto the setof Eqgs.(4.52)-(4.54)
Thelaststepto derive a setof equationcomparabléo Hoover NpT-equationg4.56)-(4.60)s
theintroductionof thefriction coeficient¢ = $/s andthestrainraten = V /(dV). Egs.(A.30)-(A.35)
now read

D;

p; = Fi—(n+&p; (A.37)
£ = L PC_ kT, (A.38)
- Q i m; GRBLext .

2
i = (€= dn)+ g (P(0) = Pea) (A39)
V = Vnd. (A.40)

Note that the Eq. (A.39) still containsthe Nos-time scalevariables. Actually, within the

NpT-ensembileit is not possibleto eliminateall threevariabless, $ andV by theintroduction

of new variablest andr. Theorigin of thisproblemliesin thefactthatthetime scaleparameter
s influencesthe time evolution of the volume by rescalingthe kinetic part of the pressure.
Hoover’s Eqg. (4.59) for 7 is thus heuristicin the sensethat it cannotbe obtainedwithin the

framavork of anextendedLagrangiarapproach However, aswe have shovn in chapterd, the

Hoover equationg4.56)-(4.60) alongwith a slight modification,

. D;
Ti:—Z—FT)(TZ'—Rcm),
m

1

generatehe exact N pT-probability distribution.
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