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Zusammenfassung

Untersuchtwurdeein Polymermodellder Kettenl̈ange
���

. Ein Lennard-Jones(LJ) Potential
wirkte zwischenallen Teilchenpaaren.Außerdemsorgte ein sogenanntesFENE-Potentialfür
die Bindung benachbarterTeilcheneinerKette. Die Filmgeometriewar realisiertdurchdas
Anbringenzweierglatter ����� -Wändean ���
	���
�� und ������
�� ( � is der Abstandvon einer
Wandund � die Filmdicke).

Als Vorbereitungfür SimulationenunterkonstantemDruck wurdezuerstder Drucktensor
in inhomogenenFlüssigkeitenuntersucht.DaszentraleResultatdieserStudiewar, daßeinein
derLiteraturhäufigbenutzteFormel(die so-genannteIK1-Formel)zu unphysikalischenOszil-
lationenderNormalkomponente,��� , desDrucktensorsführt. Man kannaberunterBenutzung
dermechanischenStabilität zeigen,daß ��������� eineKonstanteseinmuss.

Der Einfluß der Wändezeigt sich unter anderemin Dichteoszillationen,welchemit der
Temperaturimmerausgepr̈agterwerden.In derNähederWändedominiertdie paralleleAus-
richtung der Polymereund die Kettenwerdenflacher. Das sogenannteKorrelationslochist
größerin derNähederWände.Die statischenOrientierungseigenschaftendesSystemskonnten
in guterNäherungmit einerselbstkonsistentenFeldtheoriebeschriebenwerden.

Es wurde eine Beschleunigungder Dynamik desFilms verglichen zum “Bulk” (System
ohneWände)beobachtet.Eine Moden-Kopplungs(MC)-Analyseder Dynamik oberhalbdes
Glas̈ubergangsergabdannerwartungsgem̈aßeinestarke Abhängigkeit derkritischenTemper-
atur ��� von der Filmdicke � . Im Vergleich zum Bulk ( ���! ) ändertsich ��� von

�#"%$'&
auf�(")$*�,+-�("/.�0

und
�#").#�

für Filmdicken �1�2� �#+3��� und
&

(alleAngabensindin LJ-Einheiten).
Zudemwurdenfür eineDichteim Volumenvon 4�57678:9*� �("/0�0 umfangreicheNichtgleichgewichtssim-

ulationendurchgef̈uhrtundeswurdedieTemperaturabḧangigkeit derScherviskositätbestimmt.
Die soerhalteneScherviskositätkonntegutmit einemVogel-Fulcher-Tammann-Fitbeschrieben
werden.Eskonnteauchgezeigtwerden,daßdie Stokes-EinsteinBeziehungim beobachteten
Temperaturintervall nichtgilt.

Zudemkonntendie gewonnenenErkenntnissezur korrektenBerechnungdesDrucktensors
mit Erfolg beiderBerechnungderlokalenViskosität ;<�=��� angewendetwerden.

Auch ein Verfahrenzur BerechnungderWärmeleitf̈ahigkeit im gesamtenTemperaturbere-
ich ist erarbeitetworden.
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Chapter 1

Intr oduction

1.1 Moti vation

Macromolecularsciencehashadamajorimpactonthewaywelive. Just50yearsago,materials
we now take for grantedwere non-existent. With further advancesin the understandingof
polymersandwith new applicationsbeingexplored,it is reasonableto expectthatthisevolution
will provide us with still moreexotic materialsand thuswill enhancethe importanceof the
polymersciencefor themoderntechnology.

Due to their structuralcomplexity, polymersaregenerallynot crystallineat low tempera-
tures. Ratherthey exhibit anamorphous,glassystructure.Theconceptof theglasstransition
thusplaysanimportantrolein understandingthepropertiesof polymersystems.Let usstartata
(high)temperaturewherethesystemis in theliquid state.As temperaturedecreasesthepolymer
melt exhibits strongviscoelasticity, i.e. it becomesrubber-like. However, asthe temperature
dropsbelow the so calledglasstransitiontemperature,�W^ , the melt freezesfor the time scale
of theexperiment.For all practicalpurposesit canbeconsidered,however, asa solid, which
is amorphousandmechanicallyverybrittle. Thus,theknowledgeof �W^ is essentialin adapting
materialsto variousapplications.In general,valuesof �W^ well below roomtemperaturedefine
thedomainof thesocalledelastomers,i.e. polymerswith strongelasticpropertieslike rubber.
Polymerswith a ��^ above theroomtemperature,on thecontrary, areusuallyrigid andbrittle.

As a particularclassof polymericmaterials,polymerfilms find applicationsin the stabi-
lization of colloidsor asprotective coatingsin microelectronicsandthusplay an increasingly
importantrole in the industrialevolution. As mentionedabove, polymersandthusthesefilms
exhibit aglassystructureat low temperatures.An importantinformationfor materialsdesignis
thereforehow theglasstransitionis affectedby thethin film geometry. This is oneof thebasic
questionsto beaddressedin this work.

However, beforeelaboratingonheglasstransition,let mebriefly compilesomefactsof the
historyof polymers.Thevery first syntheticpolymerwasdiscoveredthousandsof yearsago.
It wasan artificially crosslinked form of the proteinsfound in animal-skin,the leather[1]. It
is reportedthat in 1496Europeandiscoverersfound Indiansusing tree latex to make shoes,
bottlesandclothing[2]. In thefirst half of thenineteenthcentury, 1823to beprecise,Charles
Goodyeardiscoveredvulcanization,a tire making process,throughan accident. The list of
discoveriesrelatedto polymersis quite long, however, for thosewho like cinema,I finish the
listing by mentioningthediscoveryof bakelite,a cellulosepolymerusedto make billiard balls
andmovie films [2].
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4 CHAPTER1. INTRODUCTION

1.2 A Short Intr oduction to the GlassTransition

A
_

qualitativeunderstandingof theglasstransitioncanbeachievedin thefollowing way. Glassy
materialsareoftenformedby substancescontaininglong chains,temporaryor permanentnet-
worksof linkedatomsor thosethatpossessacomplex molecularstructure.Whenthesystemis
rapidly cooledbelow themelting temperature,�W` , if crystallizationis not alreadyexcludedby
thecomplex structure,it will beavoideddueto theslow dynamics,i.e. themolecularmotion
becomestoo slow to take up a crystallineconformation.Therefore,the randomarrangement
characteristicof theliquid statepersistsdown to temperaturesbelow �W` [3].

Dueto thesimilarity of thestructureof aglassysystemto thatof a liquid, somestaticprop-
erties(like density, for example)behave smoothlyat ��^ . This is in contrastto a materialwhich
crystallizesat themelting temperature.This point is illustratedin panel(a) of Fig. 1.1 where
the specificvolume(volumeper particle, ab�cH-
dG ) is plottedschematicallyfor a crystalline
material(C) andfor anamorphoussystem(G). At �e` , thecrystallinematerialundergoesasharp
phasetransitionwhich is evidencedby theabruptchangeof thespecificvolume. Sucha tran-
sition,however, doesnot occurin theglassysystem.In this case,a changescontinuously. The
rateof changeof a (i.e. the slope f*a(
gf#� ), however, is smallerin the glassystatethanin the
liquid state.This differencecanbeusedto define �W^ asthe temperatureat which the straight
linestangentialto a��h�i� in theliquid andglassystatesintersect.

However, it mustbeemphasizedthat �W^ dependsonthecoolingrate[3–5]. Thus,for agiven
substance,�W^ is not a uniquenumber. Thedependenceof ��^ on thecoolingratecanbeunder-
stoodasfollows. Let XF�j�k� denotethetypical relaxationtime of a givensystemat temperature� . Whenthesystemis cooleddown at anarbitrary, but constantrate, U , it will spendlb�3U �nm
at each“visited” temperature,where lo� is the distancebetweentwo adjacenttemperatures.
If thecoolingprocessis startedat a sufficiently high temperatureso that XF�j�k�<pqlo�3U �nm , the
systemwill haveenoughtime to “visit” a sufficiently largenumberof configurationstypicalof
theactualvalueof temperature.This is whatis usuallymeantby sayingthatthesystemis equi-
libratedat thegiventemperature.However, thedynamicsof thesystemslowsdown at lower �
and,consequently, therelaxationtime, XF�j�k� , increases.Therefore,therewill bea temperature
atwhich XF�j�k�srclo��UF�nm . Furthercoolingwill now drivethesystem“out of equilibrium”. This
is the region in Fig. 1.1 where a��j�k� leavesthe straightline of the liquid phase.Obviously, a
larger cooling ratewill make the systemto fall “out of equilibrium” alreadyat a highertem-
perature. This idea is alsodepicted(againschematically)in panel(b) of Fig. 1.1. A larger
coolingratethusleadsto ahigherglasstransitiontemperature,�W^ . Theaboveideais qualitative
in character. However, onecanobtaina quantitative criterion by assumingthe validity of the
(empirical)Vogel-Fulcher-Tammann(VFT)-formulaX?�h�k�t�vuxwzy({ | }�~	�� V�� (1.1)

for temperaturescloseto �W^ . Rewriting Eq. (1.1) for �v�
�W^ and setting XF�j�W^��xr lb�3U �nm
yields[3–5] ��^��v� V 	 } 
������n�ju���U<� (1.2)

whereu � ��u�
,lo� and
}

arefit parameters.
Equation(1.2) hasbeenusedby Vollmayr et al. to fit ��^,�jU<� obtainedfrom computer

simulationsof a binaryLennard-Jonesmixtureandon �(�h�k� [3–6]. Theexcellentagreementof
thefit with thesimulationresultsis depictedin Fig. 1.2.
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Figure 1.1: Panel (a): Schematicillustration of the temperaturedependenceof the specific
volume, a��j�k���!H-
dG , for a crystallinematerial(C) anda glassforming material(G). There
is a sharpchangein a<�h�k� of thecrystallinematerialat meltingpoint, �e` , whereasa<�h�k� of the
amorphoussystemvariessmoothly, changing,however, slopewhengoingfromtheliquid region
to theglassyregime. The intersectionof tangentlinesdefinestheglasstransitiontemperature�W^ . Panel(b): Dependenceof ��^ on thecoolingrate, U . Highercoolingratesdrive thesystem
out of equilibriumat ahighertemperature,thusleadingto a larger ��^ .
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Figure1.2: Glasstransitiontemperature,�W^ , of abinaryLennard-Jonessystemversusthecool-
ing rate U . The solid line is a fit with the function given by Eq. (1.2) [From Ref. [5] with
permission].

Dependenceof ��^ on the cooling ratehasalsobeenobserved in both real andcomputer
experimentsof othersystems[7–10]. An importantimplicationof theabove pictureis that, in
principle,everymaterialcanbebroughtto anamorphousglassystateprovidedthatthecooling
rateis highenough.Thisexpectationis supportedby computersimulationsonliquid argon[11–
14].

Thus,aglassystateseemsto bea“frozen” non-equilibriumconfiguration.Thetimeneeded
for a transitiontowardsequilibriumis muchlargerthanthedurationof a typicalexperiment.In
fact, thereis alsoa phenomenologicaldefinitionof theglasstransitiontemperature,�W^ , based
onthis idea.Onedefines�W^ asthetemperatureatwhich therelaxationtimesareof order r ��� �
up to r ���,�

seconds[9].
It hasto be mentionedthat the time scalefor which the glasstransitioncanbe observed

in a particularsystemcan spanover more than 12 decades,i.e. from microscopictimes of
orderof about10 psto macroscopictime scalesof a dayor more[3]. Theinvestigationof this
phenomenonis thereforeagreatchallengefrom boththeexperimentalandthetheoreticalpoint
of view.

An intuitive and appealingpicture is provided by the free volume theory of Cohenand
Turnbull [15–17]. The main ideaof this theory is that a taggedparticlecan leave its initial
positiononly if it finds a “free volume” of size a�`?�1a�� ( a�� beingsomecritical volumeof the
orderof the sizeof a molecule)in its neighborhood.Let �=a�`¡  be theaveragefreevolumeper
particle.Assumingstatisticalindependence,onecanshow thattheprobabilityof finding a free
volume, a�`¢�ca�� , is proportionalto wQy({��£	�a��¤
*�=a�`¥ 7� [9]. It follows then for the self diffusion
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constant �§¦!wQy({ | 	 a���=a�`¡  � "
(1.3)

A temperaturedependencefor �=a�`¡  is foundin thefollowing way. Let ab�!H¨
dG bethespecific
volumeandlet a V bethe(average)volumeof aparticle.Obviously, therewill beanaveragefree
volumeperparticleof �=a�`¥ -�va�	\a V . Notethat a V is mainlydeterminedby theinteractionpoten-
tial andthuscanberegardedasindependentof temperature.However, undertheconditionof
constantpressure,which is usuallythecasein realexperiments,a is a functionof temperature.
Therefore,�=a�`¡ s�©�=a�`¡ ��j�k����a��j�k��	1a V . Let now a��j� V �s�
a V . Expandinga<�h�k� to first orderin� immediatelyleadsto �=a�`¡ ��h�k���ª�j��	�� V �¬«�a V , wheretheexpansioncoefficient « is defined
through a V «­�!®na(
,®*�\¯ °k±�°³² . Settingthis resultin Eq. (1.3) leadsto theVFT-formula for the
self diffusionconstant �§¦!wQy({ | 	 }��	�� V � +

(1.4)

where
} ��a��¤
*��a V «D� . Despiteof this success,it mustbe notedthat the free volumetheoryis

phenomenologicalin natureasit doesnotprovideaprecisedefinitionof thecritical volume, a�� .
An alternativeapproachto thephenomenonof glasstransitionwasproposedby Bengtzelius,

GötzeandSjölanderand,independently, Leutheusser[18,19] who extendeda mode-coupling
approachoriginally proposedto describethedynamicscloseto secondorderphasetransitions
and later further developedfor the descriptionof liquids at high temperaturesto this field of
the glasstransition,whencethe termmode-couplingtheory(MCT). Thecentralpredictionof
the simplestversionof the theory, the so called “ideal MCT”, is the existenceof a critical
temperature�W���´�W^ below which the relaxationtimesdivergeand,thus,the systembecomes
non-ergodic.For temperatureabove,but not too far from �W� thetheorymakesmany interesting
predictions.As anexamplewe noteherethepredictionof a power law dependenceof theself
diffusionconstantfor � closeto ��� �x�h�k��¦µ¯ �¶	�����¯ · + (1.5)

where U is a critical exponent.A completedescriptionof thetheoryandits predictionscanbe
foundin review articlesby Götze,GötzeandSjögren,Schilling andarticleseditedby Yip [20–
23]. Dueto thenovelty of its predictionsfor thedynamicsof supercooledliquids, i.e. liquids
at sufficiently low temperaturescloseto but above �W� ( �¸�~�W�3�~��^ ), mode-couplingtheory
hasbeenappliedby many groupsto a wide rangeof systemseitherin real experimentsor in
computersimulations[24–31].

Anotherline of thinkingconcerningtheglasstransitionis to askif theslowing down of the
dynamicswhenapproaching��^ canbeinterpretedin termsof thecritical slowing down of the
dynamicsneara secondorderphasetransition[3]. A secondorderphasetransitionis usually
characterizedby the divergenceof a lengthscale. However, the low temperaturebehavior of
the pair distribution function ¹<��º,� doesnot indicatethe existenceof sucha lengthscale[see
section7.3, panels(a) and (b) of Fig. 7.2, for example]. It does,however, not meanthat a
diverging lengthscalecannotbefoundin otherquantities.

The idea of a diverging length scalerelatedto the glasstransitionhasgiven rise to the
conceptof “cooperative motion” empirically introducedby AdamandGibbs[32]. According
to Adam andGibbs,nearthe glasstransition,individual particlemotion is frozenout. Thus,
theonly possibility for structuralrelaxationis thatof thecollective motionof many particles.
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Note that, here,the focusis no longeron the staticcorrelations,but on correlationsbetween
thedynamicsof particles.Theassociatedlengthscaleis thusa dynamicone. Let »e�j�k� denote
the
¼

typical sizeof a clusterof cooperatively moving particles.It is well-known thatcloseto a
secondorderphasetransitiontherelaxationtimeof sucha clusterscaleslike »�½ , where �s� � is
thesocalleddynamiccritical exponent[33]. Thesharpriseof the relaxationtimesnear ��^ is
thenexplainedby assumingthedivergenceof » whenloweringthetemperaturetowards��^ .

Theabovereasoning,however, is basedonanempiricalassumptionthat »e�j�k� increaseswith
decreasingtemperature.A significantimprovementwasachievedby EdwardsandVilgis [34].
Theseauthorsintroducedanexactlysolvablemodelsystemexhibiting glassybehavior at low �
andshowedthattheconceptof cooperativemotionalonewasenoughto giveraiseto aVFT-law
[seeEq. (1.4)].

Recentcomputerexperimentsalsosupporttheideaof cooperative motion. For example,it
wasobservedby Kob et al. [35,36] thatparticlesmove mainly in string-like clusters.Benne-
mannet al. [37] reporton a growing lengthscalefor thedynamicsof a polymermelt. Strong
heterogeneityin the dynamicshasalsobeenobserved in moleculardynamicssimulationsof
bondbreakageprocesses[38] andof binary mixture of soft spheres[39–41]. It is found that
particlesmove preferablywithin mobileclustersthusleadingto a heterogeneityin thedynam-
ics.

Beingeasilydetectablein asimulation,theregionsof heterogeneousdynamicsareunfortu-
natelynot aseasilyaccessibleto realexperiments[42]. This resultsfrom thefactthatdynamic
heterogeneityis not necessarilystronglycorrelatedto densityfluctuations. The structuresof
theseregionsarethereforemoreor lessidentical.Thus,onecannotusescatteringexperiments
to determinethe lengthscale»e�h�k� [42]. Fortunately, thereis an issueto this problem. Recall
that the relaxationtime of a clusterof strongly correlatedparticlessuchas that observed in
cooperative motion scaleslike » ½ , where �[� � . As the temperaturedecreases»n�j�k� becomes
largerandeventuallyreachesthesystemsize, »n�j�k���!¾ . If this occurs,therelaxationtime, X ,
of thesystemwill scalelike X�¦c¾ ½ . In otherwords,therelaxationdynamicsof thesystemwill
becomesizedependent.Thissizedependenceis indeedobservedin MonteCarlostudiesof the
so calledbond-fluctuationmodel (BFM) in 2D [43]. In the mentionedreference,the system
sizewasvariedwhile maintainingtheperiodicboundaryconditions(pbc). An accelerationof
thedynamicsof thesmallersystemshavebeenobservedin accordancewith X�¦c¾ ½ .

A simple way of changingthe systemsize in a real experimentis, for example,to vary
the thicknessof a planarfilm. Applying the sameargumentsasgivenabove to a thin film of
thickness� we shouldexpect finite-sizeeffects on the dynamicsfor temperaturesat which»e�h�k�2r � . Note that boundaryconditionsare no longer periodic, but can changefrom an
absorbingoneto anapproximatelyneutralor a repulsiveone.

Experimentsonpolymersystemsrevealthatif theinteractionbetweenthepolymersandthe
substrate(thewall) is attractive, theglasstransitiontemperature��^ of thefilms becomeslarger
thanthebulk valuefor smallfilm thicknesses[44], thusindicatingaslowerdynamicsin thefilm
comparedto thebulk system.

Ontheotherhand,experimentsonfreelystandingpolystyrenefilms (i.e.,nosolidsubstrate,
but two polymer-air interfaces)[45] find a dramaticdecreaseof �W^ by up to � ��¿ if the film
thicknessbecomesmuchsmallerthanthechainsize. Obviously, this decreasebecomesmuch
weaker if oneor even both of the free interfacesare replacedby a weakly interactingsolid
substrate.

Whereasthestrongdepressionof �W^ in thefreely standingfilm couldpossiblybeattributed
to thesignificantreleaseof geometricconstraintsat theair-polymerinterface,theacceleration
of the structuralrelaxationof a polymer melt betweentwo (almost)neutralsolid substrates
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is lessclear intuitively. The studyof the presentcontinuummodelmay help to improve our
understandingof this phenomenon.

1.3 Brief Outline of This Report

The model investigatedin this work will be introducedin the next chapter. Chapter2 also
containsa descriptionof themainstagesof acompletesimulationrun.

As real experimentson polymerfilms areusuallydoneunderthe conditionof a constant
pressurenormalto the surfaces,it is reasonableto carry out simulationsundersimilar condi-
tions. This leadsto chapter3 wherethepressuretensor, @À��Á�� , of inhomogeneoussystemsand,
in particular, thatof a systemwith planargeometryis investigated.We will addresssomeam-
biguity which still exists in the definition of @��jÁW� . Furthermore,througha detailedanalysis,
we will stresstheerroneouscharacterof a formulafor thepressureof a planarsystem,which,
due to its simpleandappealingform, is often usedin the literature[seeEq. (3.38) andalso
subsection3.3.4].

Chapter4 is partlydevotedto areview of theMD simulationtechniques.There,wealsogive
anextensionof thesocalledHoover-Melchionnaequationsof motion [seeEqs.(4.75)-(4.79)]
to planarsystems.In section4.4.3the integrationschemeusedto solve the extendedmotion
equationsis presented.

At the beginning of the presentstudies,we were facedwith the following problem. On
the onehand,asalreadymentioned,we were interestedin simulationsat a constantnormal
pressure.On the otherhand,to separatethe effectsof the temperaturefrom that of the film
thickness,� , it wasnecessaryto vary thetemperatureat a well definedvalueof � . However,
a simulationat a constantnormalpressureusuallyrequiresa fluctuatingfilm thickness.Thus,
thereseemsto be a conflict betweenthe criteria of �§�
Â³��Ã*Ä£Å " and ���B�
Âd��Ã*Ä£Å " We show in
chapter5 thatthis problemcanbesolvedvia aniterativecalculationof thesurfacetension.

Chapter6 comparesthestaticanddynamicpropertiesof thesystemwith respectto simula-
tions in GIHoZ , GIHC� and G\K*� ensembles.Staticpropertiesof thesystemareinvestigatedin
chapter7. In additionto a studyof thedensityprofilesanda brief discussionof the influence
of walls on thepackingstructure,we alsocompareMD resultson chainspecificprofileswith
self-consistentfield (SCF)calculationsof M. Müller. The lastsectionof chapter7 containsan
analysisof somequantitiesusefulto characterizetheaverageshapeof achain.

In chapter8 we focuson dynamicproperties,wherewe analyzeboth high and low tem-
peratures. In particular, the mode-couplingcritical temperatureis calculatedfor somefilm
thicknesses.Using(socalled)“scatterplots” we visualizein thelastsectionof this chapterthe
heterogeneityin thedynamics.

Finally, chapter9 containsresultsof MD simulationsof thepresentmodelsystemundera
homogeneousshearstress.We show in this chapterhow the knowledgeof the local pressure
tensorcanbeusedto calculatethelocal viscosity, ;Æ����� .

Thederivationof someformulais givenin appendixA.1.
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Chapter 2

Model

WestudyaLennard-Jonesmodelfor apolymermelt [46] embeddedbetweentwo impenetrable
walls. Two potentialsareusedfor theinteractionbetweenparticles.Thefirst oneis a truncated
andshiftedLJ-potentialwhich actsbetweenall pair of particlesregardlessof whetherthey are
connectedor not, Ç

LJ-ts ��º,����È Ç�É�Ê ��º,�D	 Ç�É�Ê ��ºd�¤� if ºbË�º³� +� �,Å¤Ì*wdÍ£Î3�ÏÄ¤w + (2.1)

where Ç�É�Ê ��º,�t� $ Y�Ð¡��º,
gÑ?� m � 	
�jº�
�Ñ?�£Ò¤Ó (2.2)

and ºd�s�c�bÔx� m=Õ Ò Ñ .
With theexceptionof themostpartof thischapter, wherewedefinethemodel,all simulation

resultswill begivenin Lennard-Jones(LJ) unitsin thefollowing, i.e. ÑS� �
, Y-� �

, etc.
In additionto theLennard-JonnespotentialaFENE-Potential[47]Ç�Ö�× � × �jº����Ø	ÀÙ�FÚ �V �ÏÃ­Û � 	ÝÜ ºÚ V'Þ �¤ß + (2.3)

actsbetweenadjacentmonomersof a chain thusensuringthe connectivity. Here Ù � .��
is

thestrengthfactorand Ú V � ��"/&
themaximumallowedlengthof a bond. Thus,theunbonded

monomersinteractvia theLJ-potential(2.1) only, whereasthebondedonesexert bothLJ and
FENEforcesononeanother.

Thewall potentialwaschosenas Ç?à �����s� | Ñ � � � + (2.4)

where�[�á¯:� particle 	´� wall ¯ ( � wall �!âã��
�� ). Thiscorrespondsto aninfinitely thick wall madeof
inifinitely smallparticleswhichinteractwith innerparticlesvia thepotential

$'& �jº�
gÑF� �nm � 
*�häF4,å'æ¡8:8ç�
where 4,å�æ¡8:8 denotesthe densityof wall particles. The sumover the wall particlesthenyields�jÑ?
,��� � .

Figure(2.1) comparesthebondpotential,i.e. thesumof LJ andFENEpotentialswith the
LJ-potential.It is obvious from this figure that thebondedmonomersprefershorterdistances
thantheunbondedones.In otherwords,we have two intrinsic lengthscalesin our system.If
theselengthscalesarechosento be incompatibleto fit into a crystallinestructure,onecould

11
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Figure2.1: Left panel:Lennard-Jonespotential(LJ) versusthebondpotential,thesumof the
LJ andFENE potentials.The minimum positionof the bond-potentialis smallerthanthat of
the LJ-potential: The bondpotentialhasits minumumat º�é �#")0�ê Ñ whereasthat of a pure
LJ-potentiallies at º��ìëí �gÑ . This incompatibilitypreventscrystallization,which is confirmed
by thebehavior of î3��ï,� [seeFig. 2.2]. Right panel:“Visualization”of thesamepotentials.

expectthatthesystemwould not crystallizeat low temperatures,but becomesamorphous.We
are,of course,interestedin suchan amorphousbehavior. We thusexaminein Fig. (2.2) the
structurefactorof our systemat varioustemperatures.As is seenfrom this figure,thestructure
of thesystemremainscloseto thatof a liquid evenatvery low temperatures( ���ðP 57678:93� �#"%$'&

, see
below). Thecentralpeakof thestructurefactorbecomesmorepronouncedasthetemperature
decreases,but thereareno Braggpeakswhich would be typical of a periodicstructure.The
staticanddynamicpropertiesof thismodelwerestudiedin thebulk whengraduallysupercool-
ing towardstheglasstransition[37,46,48–50]. Themodelbeginsto developsluggishrelaxation
if thetemperaturedropsbelow �
r �#"/ñ

andyieldsacritical temperatureof mode-couplingthe-
ory of �W�òP 5¤678:9�é �#"%$'&

[48] uponfurthercooling.Wequotethis valuefor thesakeof comparison
with thefilm resultsto bediscussedbelow. Wewill seein chapter8 thatthepresenceof smooth
walls resultsin anenhancementof themobility of particles.This in turn leadsto a decreaseof�W�òP ó78:ô with respectto thebulk.

2.1 A CompleteSimulation Run

In chapter4 wewill discusssomeimportanttechniqueswhichallow for asimulationatagiven
temperatureand/orexternalpressure.Therefore,wealsopostponeto thischaptertheinvestiga-
tionsconcerningthe choiceof an appropriatesetof equationsof motion andtheir discretized
integration.Thepurposeof thepresentsectionis adescriptionof themainstagesof asimulation
run, i.e. generationof aninitial configuration,equilibrationandproduction.

With theexceptionof simulationrunsundershearstress[seechapter9] wherethe equili-
brationof thesystemwasachievedat constantdensity, thesystemwasequilibratedunderthe
conditionof constantexternalpressure,GLK*� -ensemble.However, it will be demonstratedin
chapter6 that thedynamicsof thesystemis stronglyaffectedif thevolumeof thesimulation
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Figure 2.2: Left panel: Temperaturedependenceof the structurefactor, î3��ï,� , of a polymer
film of thichness�þ� ���

. Thoughthepeaksof î3��ï,� becomemorepronouncedat lower � ’s,
the Braggpeakstypical of a crystalare,however, absent.Right panel: Comparisonof î3��ï,�
for bulk, film centerandtheregion closeto thewalls at �v� �#")$�ê

. In bothpanelsïã�!��ä�
 Ú ^indicatesthe ï -valuecorrespondingto thebulk radiusof gyration Ú ^
cell is allowedto vary, i.e. within a G\K*� -ensemblesimulation. In contrastto that, it will also
bedemonstratedthat,within theNośe-Hooverapproach,thecouplingto aheatbathto perform
simulationsin a GIHC� -ensembleis lessproblematic.Therefore,all productionrunsweredone
at constantvolume,or moreprecisely, in the GIHC� -ensemble.

At thebeginningof thesimulationthevelocitiesof all particlesweresetto zeroandNRRW-
(Non-Reversal-Random-Walk-) chainswere“synthesized”,i.e. only the averagebondlength
andbondangle(known from previousbulk simulations)wereusedto build achainof G ( � ���

)
monomers.This initial statecorrespondsto very high energies(usually ZÀ�jÿ¢� � �k� ��� m V ) due
to theoccurrenceof extremelyshortdistancesbetweennon-bondedmonomers.

Thesurplusof energy mustberemovedto preventnumericalinstabilities.For thebulk this
canbedoneby replacingthefull LJ-potentialby asofterone.TheLJ-potentialis thenswitched
on smoothly[47]. For our model,however, it wasnecessaryto keepthe (full) wall potential
from the very beginning of the simulationto avoid penetrationof the walls. We thusleft the
potentialsunchanged,but usedanadaptive time step:First, themaximumforce �Tô?æ�� andthe
maximumvelocity a�ô?æ�� weredetermined.A time step l wasthenchosensothattheresulting
displacementof a particle,which is subjectto �Lô?æ�� andmoveswith initial velocity a�ô?æ�� in
directionof �Lô?æ�� , would be f*º³ô?æ��[� ��� � � . This (empirical)valueis only applicableif �Tô?æ��
doesnot point in directionof abondvectorwhosesize � is closerto themaximumbondlengthÚ V (see

Ç�Ö�× � × ) than
��� � � , sincea displacementof this sizecould breakthe bond. In sucha

situationwechosef*ºdô?æ����©� Ú V 	��7ô?æ����¤
�� insteadof
��� � � to adjustthetimestep( �7ô?æ�� denotes

thelargestmeasuredbondlength).Theequationsof motionwerethenintegratedwith this time
stepandtheprocedurewasrepeated.
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After about250MD stepsthevelocitiesof all particleswererenewedby drawing themfrom
theMaxwell distribution,andthetimederivativeof thevolumewassetto zero.Thesestepsare
important
�

to warrantthenumericalstability of our procedure.Our criterionfor theendof this
stagewas that the minimum distancebetweenparticlesshouldnot be smallerthana certain
value,empirically 0.8, andthat thenormalpressureof thesystemshouldnot be too far away
from theexternalvalue,i.e., ¯�����D�jÿ¬��	1���WP �	��
z¯:
,���eP ���

�� ��� � � , where ������jÿ¬� wascomputedasan
averageover thelast20samplesprecedingtime ÿ . Thesampledistancewasempiricallychosen
to
��� wzy({�� � 
��i� MD stepsto takeintoaccountstrongercorrelationsatlowertemperatures.Since

we keptthefilm thickness� fixed,thesimulationat constantpressurewasrealizedby varying
thearea( �¸u ) of thesimulationbox parallelto thewalls. During this initial stagea high bath
temperature,��� � , wasused.

After this initial stage(with a typical durationof
�����

MD steps)thetime stepcouldbeset
to lq� �("/���,.

. This valueis closeto thatusedin previousbulk simulations[46]. Thesystem
wasthenslowly cooleddown to thedesiredtemperatureby graduallyreducingtemperaturein
astep-wisefashion:Thebathtemperaturewassetto thenext smallervalueandthesystemwas
propagatedfor acertainamountof timebeforethebathtemperaturewasdecreasedagain.

At theendof thecoolingprocessthesamplingof themean-squaredisplacementof thechain
centersparallelto thewalls, ¹ ����� �jÿ¬� , andof thevolumewasstarted.Thesystemwaspropagated
until ¹ ����� � 0 Ú ���� ��� where Ú ��� ��� denotesthecomponentof thechain’s end-to-endvectorparallel
to thewalls. Thiscriterionsufficesto reachthefreediffusivelimit andto equilibratethesystem
completely. During thisperiodthesystemvolumewassampledonceevery1000timestepsand
theaveragevolumeof thesystemwascalculated.Theequilibratedconfigurationwasthenfur-
therpropagateduntil theinstantaneousvolumereachedtheaveragevaluewithin agivenrelative
accuracy, usually

��� � � . At this point the programfixed this volumeandswitchedto a (pure)
Nose-Hoover-Algorithm (NVT-Ensemble)for productionrunsin thecanonicalensemble.Dur-
ing aproductionrun samplingwasdoneonceevery1000timesteps.



Chapter 3

Pressure Tensorof Inhomogeneous
Systems

Usualexperimentson thin polymericfilms aredoneunderconstantexternalpressurenormalto
thesurfaceof thefilm, ���eP �	��
 . It is thereforedesirableto simulatein GLK*� -ensemble.Theques-
tion is now how to characterizethepressureof inhomogeneoussystems.For a homogeneous
system,pressure,K , is a scalarquantitywhich is constantwith respectto theposition Á where
it is determined:it is thewell known hydrostaticpressure.But whataboutinhomogeneoussys-
tems?It is intuitively expectedthat thepressureof an inhomogeneoussystemis a functionof
theposition Á . If onerecallsthatthepressureis equivalentto theforceacrossanareaonecould
furtherconcludethat,dueto theanisotropy of thesystem,thepressureshouldalsodependon
boththedirectionof thenormalto thesurfaceandthatof theactingforce. It is thereforenot a
scalar, but a tensor, @À��ÁW� . An understandingof thepropertiesof thepressuretensorof inhomo-
geneoussystemsis thusthefirst stepin anattemptto simulateat constantexternalpressure.In
this chapterwe aregoingto addressthis problem.

3.1 Simpler Case:Pressureof HomogeneousSystems

In hisfamous“lecturesonphysics”R.P. Feynmansaidthatoneshouldalwaysstartwith simpler
problemsbeforegoing on to morecomplicatedones[51]. It turnsout that he wasnot very
wrong. We thusstartwith a shortoverview of thepressureof homogeneoussystems.Consider
a systemof G particlesinsidea containerof volume H . We assumethat theparticlesinteract
via pairwiseforcesonly. Startingfrom thevirial theoremof classicaldynamicsonecaneasily
derive thefollowing expressionfor thepressure,K , of thesystem(seefor example [52])KÀ��4 Ù�� ��	 �ê H � �� ���±�� Á � ����� � �³  " (3.1)

Here, � � � denotestheforceof particle  on ! , Á � �#"/� Á$�¢	 Á � thedistancevectorpointingfrom! to  and �������¤  standsfor thestatisticalaverage.Thefirst termin (3.1)arisesfrom theaverage
kinetic energy andthemomentumtransferof theparticleson thecontainerwalls, whereasthe
secondterm accountsfor the contribution of the intermolecularforces. Obviously, the virial
approachis basedon themechanicaldefinitionof thepressureasthetime averageof theforce
perunit areaof particleson thecontainerwalls.

However, onecanobtainthesameexpression(3.1) usinga thermodynamicapproachK��
15
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,®WHL�¡°B� � 
(' ��®n�ÏÃ&)o��'��¤
,®WH[�¡° , where % denotesthefreeenergy of thesystem,and)o��'D��� �* � � G,+ -/.10� 0 f*Á � � wQy#{��ò	2' Ç �jÁ m +�"�"ç"ç+ Á � �¬� (3.2)

standsfor thecanonicalpartitionfunction, ' � � 
 Ù3� � theinversetemperature
* �54 ��ä76 � 
�8 Ù�� �the thermalde Broglie wavelengthandfinally

Ç
is the total potentialfunction of the system.

Thequantitiesappearingin
*

are: 6B�59e
���ä ( 9 beingthePlanck’s fundamentalconstant),Ù3�theBoltzmannconstant,� thetemperatureand 8 themassof aparticle.
Thederivationwearegoingto demonstratehereis basedontherescalingof particlecoordi-

natesasdescribedin( [53]). Let all particlesbeconfinedin acubeof side ¾��!H m=Õ � , onecorner
of which is theorigin of thecoordinatesystem.Introducingrescaledcoordinates: � �!H �nm=Õ � Á �
onecanwriteK � �' ®n�ÏÃ&)o��'��®WH (3.3)� �';)o��'�� ®®WH -/<>=@?�AV f*Á � � wQy#{��ò	2' Ç2B�C 
 ��Á m +�"ç"�"ç+ Á � �¤� (3.4)� �';)o��'�� ®®WH È H � - mV f1: � � wQy({��£	D'

Ç B�C 
 �¥H m=Õ � : m +�"�"ç"ç+ H m=Õ � : � �¤��E (3.5)� G'­H 	 H �. )[��'��¤H - mV f1: � �GF �� � ± m H m=Õ � : � � ® Ç B�C 
®��=H m=Õ � : � �IH (3.6)ÔÀwzy({��ò	2' Ç2B�C 
 �¥H m=Õ � : m +�"ç"ç"�+ H m=Õ � : � �¬�� G'­H 	 �. HJ)o��'�� - < =@?�AV f*Á � � F �� � ± m Á � � ®
Ç B�C 
®nÁ � H (3.7)ÔÀwzy({��ò	2' Ç B�C 
 ��Á m +�"ç"�"ç+ Á � �¤�� 4 Ù3� �LK �. H � �� � ± m Á � ��� �   " (3.8)

It is important to note that, in the above derivation, the potential

Ç B�C 
 doesnot containthe
externalpotentialsarisingfrom the containerwalls. The effect of thesepotentialsis already
taken into accountin fixing the integration limits. This is best seenby splitting the total
energy of the systemin internal and external contributions,

Ç � Ç B�C 
 K Ç �	��
 , and setting

Ç �	��
 �NM �� ± m H �	��
 ��O � ��H �	��
 ��P � ��H �	�

 ��� � � , where H �	��
 ��O��3� �
for ORQ/S � ¾UT and H �	�

 �	O��3�© 

otherwise.Theforce � � in (3.8) thuscontainsthecontribution of the interparticleinteractions
only. Wecanthereforeset � � �VM ���W �± �YX � � � in (3.8)andobtain,with abit of elementaryalgebra
andNewton’s third law, equation(3.1).

Both thevirial wayandthethermodynamicapproachgivenaboveassumethattheparticles
areconfinedwithin a vesselof a givensize. Thevalidity of Eq. (3.1) could thereforebeques-
tionablefor systemswith periodicboundarieswhich is thetypical casein moleculardynamics
(MD) or Monte Carlo (MC) simulations. In sucha situationthereis no vesselto confinethe
system;the particlesarethusallowed to move infinitely far from their initial positions. One
thusneedsanalternativederivationwhichdoesnotmakeuseof theassumptionof confinement.
Sucha derivationdoesexist (seeAppendixB of [54]). Onefinds thesameexpressionfor the
pressureK asgivenin Eq. (3.1).
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3.2 InhomogeneousSystems:TheMethod of Ir ving andKirk-
wood

In the derivationsoutlinedin the previous section,we madeuseof the homogeneityandthe
isotropy of spaceand take K as a scalar. However, asmentionedearlier, in inhomogeneous
systems,thepressurein generaldependson both thespatialdirectionandtheposition. It is a
local quantityasit dependson thepositionwherethepressureis determined.It is a tensorasit
dependsonthedirectionsof boththeactingforceandtheunit vectornormalto theinfinitesimal
surface. Onethusneedsa definition of the pressuretensorwhich takesinto accountboth the
inhomogeneityandtheanisotropy of thesystem.

In theirseminalpaper“The StatisticalTheoryof TransportProcesses”[55] Irving andKirk-
wood(IK) gavestatisticalmechanicalanaloguesof centralequationsof hydrodynamics:(mass)
continuityequation,hydrodynamicequationof motion(or momentumcontinuityequation)and
energy transportequation.As thedivergenceof thelocal stresstensor, Z[�]\[�jÁ<� , entersthesec-
ondandthird equations,they werenecessarilyled to adefinitionof \[�jÁ�� in termsof molecular
positionsandmomenta.This approachdemandsquitea bit of algebrawhich we arenot going
to givehere.As we areinterestedin a definitionof thepressuretensor, we use @À��Á��t�ª	^\A��Á��
to write thefinal IK-expressionsfor thepressuretensor@��jÁ�����@`_k��Á��>K�@`aD�jÁ�� (3.9)

where @b_i�jÁ<���dc �� � ± m 8 � ��e � 	Rf¢�F��e � 	gf¢�ih#�jÁ � 	 Á<�kj (3.10)

denotesthecontributionof themomentumflux to thepressuretensorand@ a ��Á�� � 	 �� c �� ���±�� Á � �zÁ � �º � � Ç � ��º � �z� È � 	 �� Á � �l�IZ Á Km�����K �n + �£	�Á � �l��Z Á �po �nm Kq������Erh#�jÁ � 	 Á<�]s (3.11)

is theconfigurationalpart,whicharisesfrom theinteractionbetweenparticles.Wehaveadopted
a notationin which the productbetweentwo vectorsis dyadic(thusleadingto a secondrank
tensor)unlessthereis anexplicit dot “ � ” denotingthecontractionof two tensorialquantities.In
Eqs.(3.10)and(3.11) e � is thevelocity of ! -th particle, 8 � its mass,f thestreamingvelocity;

Ç
standsfor thepair potentialand

Ç � �jº�����f Ç 
�f*º .
Consideran infinitesimalsurface fut moving with streamingvelocity. @ _ ��Á��v��fwt is the

momentumtransferredper unit time acrossthe area feî dueto the thermaldistribution of the
singleparticlevelocitiesaboutthemeanfluid velocity f . Obviously, @­�2@ _ whenno interac-
tion is present.Thekineticpartof thepressuretensorthuscorrespondsto thecontributionof an
idealgas.In a fluid however, dueto thestronginteractions,it is theconfigurationalpartof the
pressuretensor, @ a , which dominates.At first sight,theexactmeaningof @ a seemsnot to be
very clear. It is neverthelesspossibleto find a satisfactoryinterpretationof theconfigurational
part of the pressuretensor. Startingfrom a purely mechanicaldefinition of the @ a �jÁ�� , Irv-
ing andKirkwoodobtainedanexpressionequivalentto thatgivenin Eq. (3.11)(seeAppendix



18 CHAPTER3. PRESSURETENSOROFINHOMOGENEOUSSYSTEMS

A in [55]). They defined @ a ��Á�� asthe infinitesimal force f&� per unit areaactingacrossan
infinitesimalsurfacefwt dueto interactionof particlesonoppositesidesof feî ,f&�x�jÁW�s�¸	�@ a �jÁ��7��fwt "

(3.12)

With this choicethey obtainedthe following expressionfor the potentialpart of the pressure
tensor@ a �jÁ��t� 	 �� - xyxÚ

Ç � � Ú � | - mV fn« 4 W/�
X �jÁÀ	1« x{z Á|K!� � 	�«�� x � � f � x +

(3.13)

where4 W/� X �jÁ z Á � � denotesthetwo-particledensity4 W/� X �jÁ z Á � ���}c �� ���±�� h(��Á � 	�Á��~h#�jÁ��¨	 Á � �kj " (3.14)

Equation(3.13)canbeinterpretedasfollows: Theterm 	 xyx Ç � 
 Ú is atensorialgeneralization
of thevirial 	 Ú Ç � of theintegrandin Eq.(3.1). It accountsfor theforce

x Ç � 
 Ú thataparticleatÁ m experiencesfrom anotherparticleat Áe� (
x ��Áe�Æ	BÁ m ). Thevirial hasto bemultipliedby the

probabilityof finding two particlesat Á m and Áe� . Theprobability is proportionalto thedensity4 W/� X �jÁ m z Án�z� which dependsexplicitly on both particlepositionsfor inhomogeneoussystems.
Therefore,differentvaluesof 4 W�� X ��Á m z Án�z� areobtainedfor fixed

x
whenshifting particle1 or

2 to position Á , wherethe pressureshall be determined,i.e. for Á m � Á ( « � �
) or Áe�À� Á

( «
� �
) (seeFig. 3.1). The integral over « takesall of thesecontributionsinto account.The

outerintegralfinally sumsoverthepossiblevectors
x

whichpassthroughfwt . UsingEq.(3.14)
oneobtainsfrom (3.13)@ a ��Á�� � 	 �� c �� ���±�� Á � ��Á � �º � � Ç � �jº � �z� - mV fn«�h#�jÁ � 	 Á�K¶«oÁ � �z� j (3.15)� 	 �� c �� ���±�� Á � �k� � � - mV fn«�h(��Á � 	�Á�K�«oÁ � �³� j + (3.16)

where Á � �O� Á��ã	!Á � ( º � �´� ¯ Á � ��¯ ). It is now easyto verify the equivalenceof Eqs. (3.15)
and(3.11):theonly thingto dois to apply, in Eq.(3.15),aTaylorexpansionof h(��Á � 	TÁvKB«[Á � �z�
at «©� �

andcarryout theintegrationover « . Finally, wenotethatfor ahomogeneoussystem,
thesecondtermon the left sideof theEq. (3.1) canbefoundby averagingtheEq. (3.15)over
theentirevolume, H , of thesystemandsettingK a �ª��� a��� K¶� a��� K¶� a½£½ �¬
 . .

We recall thatthereis anarbitrarinessin thedefinitionof @À��ÁW� via hydrodynamicanalogy.
Thisis dueto thefactthatonly Z��ç@À��ÁW� enterstheequationsof hydrodynamics.Theseequations
arethusinvariantunderthegaugetransformation@À��ÁW��� @��jÁW�>K��ªÔ^���¬Á�� + (3.17)

where � is a vectorfunction of position[55–57]. The alternative routeof a mechanicaldefi-
nition doesnot remove theambiguityeither. First,we addresstheambiguityin thecalculation
of @ a �jÁ<� which containsthecontribution of theinterparticleforcesto thepressuretensorat Á .
Somehow thenon-localtwo-particleforce, � � � , hasto bereducedto a local force f&�x��Á�� [58].
Wecanreformulatethequestion:Which pairsof particlesshouldcontributeto theforceacross



3.3. PLANAR SYSTEMS 19fut situatedat Á ? This ambiguitywasalreadypointedout in the seminalwork of Irving and
Kirkwood. They requiredthat “all definitionsmusthave this in common– that thestressbe-
tweena pair of moleculesbe concentratednearthe line of centers. When averagingover a
domainlarge comparedwith the rangeof intermolecularforce, thesedifferencesarewashed
out,andtheambiguityremainingin themacroscopicstresstensoris of negligible order” (foot-
noteon p. 829 of [55]). The choiceof Irving andKirkwood wasto saythat only thosepairs
of particlesshouldgive rise to f&� for which the line connectingtheir centersof masspasses
through fwt . This is themostnaturalchoice[53]. This conventionwasusedby thederivation
of Eq. (3.13)Although lessproblematic,thereis alsoanambiguityin thekinetic contribution
to @��jÁ<� . This ambiguityis closelyrelatedto the interpretationof @ _ ��Á�����fwt asmomentum
flux acrossthe infinitesimalsurface fwt . Oneshouldthereforecalculatethe momentumflux
acrossfwt atagiventime,andthentakethetimeaverage.Thequestionis how thepoint in time
whentheparticlecrossesfwt is determined?Is it whentheparticlejust touchesthesurface?Or
is it whenits centerof masscoincideswith the positionof the surface? Obviously, thereare
infinitely many possibledefinitionsof a crossover time. For point particleshowever, thecenter
of mass

x �jô andthepositionvectorsÁ coincideandthustheambiguityis removed.

3.3 Planar Systems

For systemswith pair potential,equations(3.10)and(3.11)arevalid regardlessof theshapeof
thesystem.Furthermore,they arenot restrictedto statesatthermalequilibrium.However, aswe
areinterestedin studyingequilibriumpropertiesof thin (polymer)films confinedbetweentwo
impenetrablewalls,wearegoingto focuson thecaseof planarsystems.First we introducethe
assumptionof planarsymmetry. Let � denotethedistancefrom asurface.AveragingEq.(3.10)
overdirectionsparallelto thesurfaceyields@ _ �=��� � �u - fiO�f~Po@ _ �jÁ<�� �u c �� � ± m 8 � ��e � 	Rf��F��e � 	gf��ih(�=� � 	 ��� j + (3.18)

whereu denotesthesizeof a surface.Similarly, oneobtainsfrom Eq.(3.15)@ a �=��� � ��gu - fiO�f~Po@ a �jÁW�� 	 ��gu c �� ���±�� Á � ��Á � �º � � Ç � ��º � �z� - mV fn«�h(�=� � 	1�2K¶«o� � �³��j (3.19)� 	 ��gu�� �� ���±�� Á � �QÁ � �º � � Ç � ��º � �d� �¯ � � ��¯	� | ��	1� �� � � � � | ���¨	1�� � � � s + (3.20)

wherewehaveused- mV fn«|h(�=� � 	 �2K¶«�� � �d�s� �¯:� � ��¯ � | �C	1� �� � � � � | ���¨	 �� � � � "
(3.21)

In Eq. (3.20) � �	O�� denotestheHeavisidestepfunction( � �	O���� � if O�Ë � and
�

for O � � )).
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It mustbe emphasizedthat, heretofore,no usewasmadefrom the assumptionof thermal
equilibrium. Equations(3.18)and(3.20)canthusbe usedto calculatethe pressuretensorof
non-equilibriumplanarsystems,suchasthoseundershearstress.

Wenow addtheassumptionof thermalequilibrium.It followsimmediatelythatthestream-
ing velocity mustvanish: f2��� . As positionsandvelocitiesareuncorrelated,onecanusethe
equipartitiontheoremandsimplify Eq. (3.18)to� _R�� �=���þ� Ù3� �S4W�=����h³R�� + (3.22)

where« + 'RQ���O + P + ��� . 4W�=��� denotesthedensityat � averagedovertangentialcoordinatesO andP . Thekinetic partof thepressuretensoris thusdiagonal.It is worth noting that thediagonal
characterof @ _ is ageneralpropertyof equilibriumstates.It doesnotdependon thegeometry
of thesystemunderconsideration.On theotherside, @ mustbediagonalfor planarsystemsat
thermalequilibrium[53,59,60] (otherwiseshearforceswould exist). It is easyto seefrom the
symmetryof thesystemthat thepressuretensorhasonly two independentcomponents,���������
and ��>��=��� , which arerespectively thenormalandthetangentialcomponents[53,59,60]. The
pressuretensor@À�=��� canthusbewrittenas@À�=���s�Ø��� � � � K�� � � � �¬��>������>K�� ½ � ½ ��������� + (3.23)

where � � , � � , � ½ areorthogonalunit vectorsand the lateral, ��>������ , andnormalcomponent,���D�=��� , of @À�=��� aregivenby� ½ò½ �=���s�!��������� and � ��� �����s�!� �
� �=���t���?>��=��� " (3.24)

Extractingthe appropriateexpressionsfrom Eqs.(3.20)and(3.22)oneobtainsthe following
resultfor thelateralandnormalcomponentsof thepressuretensor(IK-Method) [53,60]�#�Y�� �������Ø4W�=��� Ù3� �T	 ��gu � � ���±�� ¯:� � ��¯º � � Ç � ��º � �³� � Ü �C	 � �� � � Þ � Ü ���-	1�� � � Þ s + (3.25)� �Y�> �������Ø4W�=��� Ù3� �T	 �$ u�� � ���±�� O �� � K�P �� �º � �

Ç � �jº � �z�¯ � � ��¯ � Ü �ã	 � �� � � Þ � Ü ���¨	1�� � � Þ s "
(3.26)

Thereadermayhave noticedthat, in theabove formula, thereis no expressioncontainingthe
externalfields. It is neverthelesspossibleto take into accountany externalfield in the frame
of IK-method. First, we note that the lateral component��> of the pressuretensorremains
unchangedunderthe presenceof a potentialacting via � �	��
 �=��� , � ���

 being an arbitrary, but
differentiablefunction. To obtainthecontribution of thewalls actingvia suchanexternalfield
to ��� , onecanconsidereachwall asanadditionalparticleof infinite massanduseEq. (3.25)
for theextendedsystemof G�Kv� particles.Our systemof interestcontainstwo impenetrable
oppositewalls at �d5]� 
 å�æ¡8:8 and �k
@�¢¡òå'æ¡8:8 . Thus,we have �d5]� 
 å�æ¡8:8oË � � Ë �k
£�¢¡òå'æ¡8:8 for all (inner)
particles(i.e. excluding thewall particles).As we areinterestedin pressuretensorinside the
system,we considerplaneswith �d5¤� 
 å'æ¡8:8ÆË �\Ë �k
@�¢¡£å�æ¡8:8 only. Along with theidentity� �=«yO��s�§È � ��O�� "þ«1� �� �£	¥O�� "þ«1Ë � (3.27)

oneobtainsfrom Eq.(3.25)� å�æ¡8:8�¦=P �Y�� �����þ� �u�§ �� � ± m %
à ��� � 	1�d5]� 
 å�æ¡8:8�� � ��� � 	1���©¨	 �u § �� � ± m %
à ���k
£�¢¡òå'æ¡8:8(	1� � � � �=��	1� � � ¨ " (3.28)
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In Eq. (3.28) % à �����\�þ	 f Ç?à �=���¬
gfn� , From Eq. (3.28) it follows that the force % à of a
wall on a particlecontributesto thenormalpressureon a givenplaneif theplanelies between
theparticleandthewall.

3.3.1 Ambiguity in the Definition of ªD« : Harasima’sApproach

We recall thatEqs.(3.25)and(3.26)arebasedon a specificchoiceof mappingpairwiseforces
whicharenonlocal to agivenpoint Á in space(seesection3.2).As wehavealreadymentioned
in section3.2, thereis no uniqueway of defining which pairs of particlescontribute to the
force at Á . This ambiguitywasclearly demonstratedby Harasimain 1958[61]. He gave an
alternativeexpressionto thepressuretensorof planarsystemsbasedonadifferentchoiceof the
contributing interactions(seeFig. 3.1): Harasimaconsidereda prismawhosebaseis f*u . The
force f&�I��Á�� is thoughtto resultfrom all interactionsbetweenparticlesin theprismaandthose
on thesideof f*u to which thevector f&¬ points.Thisalsoincludesparticleswhosecenterline
doesnot passthrough f*u . Harasima’s choicecorrespondsto a contourwhich goesparallelto
thewalls (or theplanarsurface)from Á m to ��Oe� + Pg� + � m � andthenalongthenormalto ÁW� [53,62].
Using this conventionhe obtainedthe sameresultsfor the normalcomponentas Irving and
Kirkwood[Eq. (3.25)], �#­� �����s���®�Y�� �=��� + (3.29)

but adifferentexpressionfor thelateralcomponentof thepressuretensor[53,61]� ­> ����� � 4W�=��� Ù3� �~	 �$ u�� � ���±�� O �� � K�P �� �º � � Ç �j��º � �³�~h(�=� � 	 ��� s "
(3.30)

Thus,the tangential component, ��> , of the pressuretensoris not uniquelydefined. Con-
sequently, thepressure anisotropy, ���B	��?> , is ambiguous.This ambiguityis extensively dis-
cussedin theliterature[53,55,56,58–63]. However, theintegralover � of Eq.(3.26)is identical
to that of Eq. (3.30). This implies thatboth the IK andthe H-methodsyield the sameresults
for any physicalquantitywhich doesnot dependon the local profile of thepressuretensor. In
particular, they leadto thesamevaluesof thesurfacetensionU (Kirkwood–Buff formula[53])��U � - .1¯ Õ �� ¯ Õ � ÐÏ���D�=���D	1�?>��=���ðÓ�fn� (3.31)� �$ u c � ���±�� º �� � 	 . � �� �º � � Ç � �jº � �z� j "

(3.32)

Thefactor � arisesfrom theexistenceof two wallsat �[�Ø	���
�� and �o�
��
�� in oursimulation,� beingthedistancefrom onewall to the other(i.e. the film thickness).However, moments
of ��� 	 �?> , suchasthe so called“surfaceof tension” ��¦ , i.e. the positionwherethe surface
tensionacts, ��¦�� ���U -/.1¯ Õ �� ¯ Õ � � Ð ����������	1��>��=��� Ó fn� + (3.33)

dependson the different choicesmadeto determine@ a . This was alreadypointedout by
Harasima[61].
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Figure3.1: Schematicillustrationof thedifferentcontributionsto @ a ��Á�� which aretakeninto
accountby Irving andKirkwood (IK-method)andby Harasima(H-method). Let f&¬ be an
infinitesimalsurfacesituatedat position Á [panel (a)]. In the IK-methodall particleswhose
centerline passesthroughf&¬ contributeto theforcefelt acrossthesurface[panel(b)], whereas
Harasimaassumesthat the interactionbetweentheparticlesinsidea prismawith basef*u and
thoseon thesideto which f1¬ is pointingcausestheforceat Á [panel(c)]. Panel(b) showstwo
possiblecontributionsin theIK-method.If

x �vÁe��	ãÁ m , thepositionvectorsof theparticlescan
alsobeexpressedas: Á m �
ÁT	1« x and Áe�¨��Á|K�� � 	 «D� x (

� �v«R� �
) [seeEq. (3.13)].The

interactionbetweenÁ � m and Á � � is alsotakeninto accountin theH-method,but not thatbetweenÁ m and Áe� . On the other hand,particlesat Á � and Á&° ( � Á � K x
) contribute in Harasima’s

approach,whereasthey don’t in theIK-method.

In Sect.3.4 we want to show for the polymermodelconsideredthat the differencesin ��¦
obtainedfrom theIK andH-expressionsaresmallcomparedto thesize Ñ of a particle,but not
negligible. The ambiguousnatureof ��¦ wasdiscussedin detail in [53,62]. In [62] a liquid-
vapor interfaceis studied. Sincethereareno densityoscillationsneara free surface,which
arecharacteristicof liquid-wall interfaces[64,65] weexpectthedifferencebetweentheIK and
H-expressionsfor �?>��=��� to bemorepronouncedfor thethin films studiedhere.

3.3.2 The Method of Planes

Todd,EvansandDaivis [56,63] haveintroducedavariantof theoriginal IK-derivationto deter-
minethepressuretensor(termed“methodof planes”)whichavoidstheambiguityof defininga
contourto relatetwo interactingparticles.Theproblemis, however, not circumventedbecause
onehasto choosea gaugefor both the pressuretensorandthe momentumdensity[56]. The
derivationstartsfrom thecontinuityequationsfor themassandmomentumandleadsto±b²³�´�µ·¶�¸D¹ º»(¼�½[¾¿ ÀÂÁwÃÅÄ ³ À7Æ�Ç3È µ·¶ ÀuÉ ¶3¸kÊ (3.34)¹ º»(¼�½ ¿ À �Á � Ä ³ À �uË�Ì µ�¶ ÀuÉ ¶�¸ Ì µ·¶ É ¶ � ¸ É Ì µ�¶ � É ¶�¸ Ì µ·¶ É ¶ À ¸
ÍUÊ (3.35)
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for thepotentialpartof thepressuretensorandto±�Î³�´�µ·¶�¸�¹ º¼ ½[¾¿ ÀYÁwÃ�Ï ³ À Ï ´ ÀÐ Ñ µ·¶ É ¶ À ¸]Ê (3.36)

for the kinetic part ( Ò ¹ÔÓÖÕu×uÕ&¶ ), where Ð is the massof a particle. In Eq. (3.34)

ÆØÇ3È µ	Ów¸ is
thesignfunction(= º if Ó�ÙÛÚ and

É º for Ó�ÜmÚ ), Ä ³ À is the Ò -componentof theforceexerted
on particle ! by all otherparticlesand Ï ³ À is the Ò -componentof thepeculiarmomentum(i.e.Ý À ¹ Ð À µ�Þ ÀuÉRß ¸ ) of particle ! . Usingtheidentityà ¶ À � à Ì,á ¶ É ¶ À¶ À �ãâ Ì,á ¶ � É ¶¶ À �äâ ¹V¶ À �|å·Ì µ·¶ É ¶ À ¸ Ì µ·¶ � É ¶�¸ É Ì µ·¶ É ¶ � ¸ Ì µ�¶ À&É ¶�¸¢æ�ç (3.37)

onecanverify thatthediagonalcomponentsof theEqs.(3.35)and(3.36)yield theIK-expression
for thenormalpressure[Eq. (3.25)].SinceEq.(3.34)containsasinglesuminsteadof thedouble
sumof Eq.(3.25),it is computationallymoreconvenient.Therefore,weusedEqs.(3.34)to cal-
culatetheconfigurationalpartof thenormalpressure.Furthermore,we implementedEq(3.36)
for thecalculationof thekinetic partof

± ´¢è µ·¶�¸¤Õ ± ´¢é µ·¶3¸ and
± ´
´ µ·¶�¸ . However, Equations(3.35)

and(3.36)arenot sufficient for determiningthe surfacetension ê , asthey do not containthe
diagonalcomponentsof thepressuretensorparallelto thewalls, i.e.

± è�è and
± é
é . On theother

hand,they provideamethodfor thecalculationof theviscosity[56].

3.3.3 An Approximate Formula: IK1-method

In theliterature(see[66,67], for instance)thereis still anotherformulafor thepressuretensor,
which is a kind of a “tensorized”versionof the Harasimaexpression(3.30) (called“IK1” in
[56]) ë#ìYí Ã µ·¶�¸î¹ ïuµ�¶�¸Øð3ñiòôóõ É º»(¼ö½ ¿ À �Á �|÷ À � ÷ À �ø À � ùDú µ ø À � ¸ Ñ µ·¶ À&É ¶3¸kÊûç (3.38)

Todd,EvansandDaivis [56] noticedthatEq. (3.38)is equivalentto a zeroth-orderapproxima-
tion of the(full) IK-expressionandthatit leadsto spuriousunphysicaloscillationsof

±ýü
. They

thusconcludedthatthis formulashouldnotbeusedfor inhomogeneousfluids. In thesameref-
erence,they gave a physicalinterpretationof theIK1-approximationin ð ÉDÆØþ1ÿ�� � (seeEq. (24)
in [56]). Onecanalsofind a real-spaceinterpretationin thefollowing way. If onereplacesthe
integralover Ò in Eq.(3.13)by thevalueof theintegrandat thelowerboundÒ ¹ÛÚ andfollows
thesameargumentwhich led to Eq.(3.15),oneobtainsë ² µ ÷ ¸�¹ É º» ½ ¿ À �Á � ÷ À � ÷ À �ø À � ùDú µ ø À � ¸ Ñ µ ÷ ÀuÉ ÷ ¸]ÊyÕ (3.39)

which givesthepotentialpartof the IK1-expression(3.38)afteraveragingover the tangential
coordinates.

Thus,theIK1-methodcorrespondsto theassumptionthatthetwo-particledensityï ����� µ ÷ Ã � ÷ � ¸is unchangedupontranslationof bothargumentsalongthe line 	 ¹ ÷ � É ÷ Ã which connects
thepoints1 and2. However, thebreakingof translationalinvarianceis oneof thebasicchar-
acteristicsof inhomogeneoussystems.The morethe systemis inhomogeneous,the morethe
IK1-expression(3.38)for

±;ü µ·¶�¸ shouldbecomeinaccurate.Ontheotherhand,integrationover



24 CHAPTER3. PRESSURETENSOROFINHOMOGENEOUSSYSTEMS¶ yields thesameresultasthe IK- andH-approaches.Therefore,the IK1-methodleadsto the
samesurfacetensionê , but to adifferentvaluefor ¶�
 comparedto theothertwo methods.

In Sect.3.4weshow thattheIK1-resultfor ¶�
 is too largeto allow for aninterpretationof ¶�

astheeffective positionof theinterface,i.e. asthedistanceof closestapproachof a particleto
thewall. Furthermore,Eq. (3.38)leadsto strongoscillationsof

±ýü
in contrastto thecondition

of mechanicalstabilitywhich requiresaconstantprofile for
±ýü

(seesection3.3.4).
For thecontribution of smoothwalls within theIK1-approximationonefindsthefollowing

expressionin theliterature[68]±
��������
�� ìYí Ãü µ·¶3¸L¹ º¼�½[¾¿ ÀYÁwÃ7Ä�� µ·¶ ÀuÉ ¶��������������@¸ Ñ µ·¶ À&É ¶�¸]ÊÉ º¼�½[¾¿ ÀYÁwÃ7Ä�� µ·¶������ �!����� É ¶ À ¸ Ñ µ·¶ À&É ¶3¸kÊyÕ (3.40)

wherethesumrunsoverinnerparticlesonly, asbefore.Since
Ä"� µ·¶ À�É ¶ ú ¸ Ñ µ�¶ ÀIÉ ¶�¸ is equivalent

to
Ä"� µ·¶ É ¶ ú ¸ Ñ µ�¶ ÀÖÉ ¶�¸ , ±#��������
�� ìYí Ãü µ�¶�¸ canbe written asa productof the densityprofile anda

contribution from thewalls, i.e.± ��������
�� ìYí Ãü µ�¶�¸�¹ $ Ä"� µ�¶ É ¶��������������@¸ É Ä"� µ�¶��%����������� É ¶�¸�&�ïuµ·¶�¸©ç
Theformula(3.40)canbederivedfrom Eq.(3.38)by somewhatad-hocreplacingº(' »�) Ñ µ�¶ É ¶ À ¸"* Ñ µ·¶ É ¶�+-, ./.£¸10 by Ñ µ�¶ É ¶ À ¸ .
3.3.4 MechanicalStability Requires 24365 const

In equilibrium,mechanicalstabilityrequiresthatthegradientof thepressuretensorvanishes[53,
57,59,60] 7 � ë ¹98yÕ (3.41)

where 8 denotesthenil vector. As arguedin section3.3 non-diagonalcomponentsof

ë
must

vanishfor a systemwith planarsymmetryandthe lateralcomponentsshouldbeidentical. So,
wehave : ± è�è: Ó ; è * : ± é
é: × ; é * : ± ´
´: ¶ ; ´ ¹98 and

± è�è µ ÷ ¸Å¹ ± é
é µ ÷ ¸vç (3.42)

Since

: ± è�è ' : Ó�¹ Ú , : ± é
é ' : ×�¹�Ú on the onehand,and
± è�è ¹ ± é
é on the other, the lateral

componentscanbefunctionsof ¶ only. Furthermore,since

: ± ´p´ ' : ¶ ¹{Ú , thenormalcompo-
nentof thepressuretensoris independentof thedistancefrom thesurfacesandmustbeidentical
to theexternalpressure

±;ü � <>=?� . Thisgives±;ü µ·¶3¸�¹ ± ´p´ ¹ ±;ü � <@= �7¹ ��A3È~Æ B
and

±�C µ·¶�¸�¹ ± è�è µ·¶3¸�¹ ± é
é µ�¶�¸vç (3.43)

Theargumentpresentedhereessentiallyfollows thediscussionof [53] (seep. 44 of [53]). We
repeatedit hereto stressthe erroneouscharacterof expression(3.38). In Sect.3.4 we will
seethat only the IK- (or H-) formula (3.25) satisfiescondition(3.43). The independenceof
Eq. (3.25)on ¶ wasalreadyprovedanalyticallyin thework of Harasima(seep. 224of [61]).
Thisimportantpropertyhelpsusto setthepressurein thesimulationsfor agivenwall separation
andtemperature.
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3.4 Results

3.4.1 Profilesof 2D3FE?GIH : IK1 versus(full) IK

In order to analyzethe pressureprofiles for our modelwe studieddifferentfilm thicknesses
( J ¹LKiÕ�M�Õ º ÚiÕ » Ú ) at varioustemperatureswhile alwayskeeping

±;ü � <@= � ¹ º . For this external
pressuremany resultsfor thebulk behavior areknown [37,46,48–50]. Here,wewantto discuss
two representative cases: J ¹NK ( O »�PRQ

where
PRQTS º çVU�M is the bulk radiusof gyration)atòm¹ º , and J ¹ º Ú ( OXW PRQ

) at òm¹GÚiç/U » . The temperatureòm¹ º correspondsto the high-
temperature,(ordinary)liquid stateof themelt, whereasò�¹�Úiç/U » belongsto the supercooled
temperatureregime closeto the critical temperatureof mode-couplingtheory( òZYkµ J ¹ º Ú�¸ OÚ�ç[K]\ [69]).

For afilm of thicknessJ ¹TK tenindependentrunsof º Ú�^ timestepsweresimulatedat ò ¹ º
and

±;ü � <@= �i¹ º . The total numberof particleswas1000correspondingto 100chainsof length_ ¹ º Ú (this numberof monomersper chainwasalwayskeptfixed in our simulations).ForJ ¹ º Ú five independentrunsweredoneat ò�¹RÚiç/U » . The lengthof a run was U~çVUa` º Ú]b time
steps.Samplesweretakenevery 1000steps.Themuchlongersimulationtime in this caseis
necessaryto allow for a detailedanalysisof thedynamicsof thesystemwhich is very slow at
this temperature.

Figures3.2 and3.3 show thesimulationresultsfor thenormalcomponentof thepressure
tensor,

±ýü
, calculatedaccordingto theIK- andIK1-prescriptions,respectively [seeEq. (3.25)

andEq.(3.38)].Furthermore,they resolvethedifferentcontributionsstemmingfrom thekinetic
part, the virial (forcesbetweeninner particles,i.e. excluding the walls) and the walls. The
strikingdifferencebetweenbothprescriptionsis thattheIK1-methodyieldsstrongoscillations,
whereasthe pressureprofile of the IK-method is constantthroughoutthe film, in agreement
with theconditionof mechanicalstability [seeSect.3.3.4].

Sincethekineticcontributionto
±;ü

is proportionalto thedensityprofile ïuµ·¶�¸ , Fig.3.2shows
that practicallyno particleis presentin the vicinity of the walls. The excluded-volumeinter-
actioncreatesa depletionzoneof about ÚiçVc betweenthewall ( ¶��!������¹ed º ç�M ) andthemonomer
positionsat this temperature.Any planein this region separatesall particlesof the system,
which lie on the sideof the planefacingtowardsthe inner part of the film, from the wall on
theotherside.Thereis no interparticleforceacrosstheplaneandthusthevirial contribution to
thenormalpressurevanishes.Thebehavior of

±ýü µ�¶�¸ nearthewall arisesonly from thewall-
particleinteraction.This interactiondoesnot dependon thepositionof theplaneaslong asall
theparticlesstayontheoppositeside,i.e. aslongas ïuµ·¶�¸ O Ú . Thisexplainswhy

±ýü
is constant

in the region closeto the walls. With increasingdistancefrom the wall the densitystartsto
increasefrom zero.Then,thekinetic andvirial partsbegin to contribute,whereastheeffect of
thewallsdecreases.In this intermediateregionnoneof thecontributionsis negligible, but their
sumstill remainsconstant,in accordwith Eq. (3.43). Very far from thewalls thecontribution
of the walls to

±;ü
becomesnegligible. There,oneexpectsthat the variationsof the kinetic

andvirial termsmustbeoppositeto eachother. A first indicationof this oppositebehavior can
beobservedin Fig. 3.2. A betterdemonstrationis, however, shown in Fig. 3.4 wherethefilm
thicknessis largeenoughto exhibit aninnerregionwith negligible wall contribution.

On thecontrary, the variouscontributionsof the IK1-methodsare(almost)in phase.Fig-
ure3.3 illustratesthatthestrongdeviation of

± ìYí Ãü
from a constantis causedby theinteraction

of the wall with the monomerscloseto the maximumof ïuµ·¶�¸ if J ¹fK . If the film thickness
increases,Fig. 3.5 shows that the oscillationsof

±;ü
propagatethroughthe whole film. Close

to thewall, thedominantcontribution still comesfrom thewall-monomerinteraction,whereas
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Figure3.2: Dif ferentcontributionsto thenormalpressureprofile
±ýü µ�¶�¸ for a film of thicknessJ ¹jK ( O »kPlQ

) at òR¹ º (high-temperatureliquid state)and
±ýü � <>=?�&¹ º accordingto the (full)

IK-method[seeEq. (3.25)]. The H-methodyields the sameresult[seeEq. (3.29)]. The vari-
ousparts,kinetic (full line), virial (dashedline) andwall (dash-dotted),mutuallybalanceone
anotherto yield a constantprofile

±;ü µ·¶�¸�¹ ±ýü � <>= � (circles),asrequiredby mechanicalstability
(seeSect.3.3.4).Thedifferencebetween

±;ü � <>=?��¹ º (verticaldashedline) and
±ýü µ�¶�¸ shows the

accuracy to which we couldfix
±;ü � <>=?� in thesimulationfor this film thickness.Thedifference

is smallerthan
»]m

.
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Figure3.3: Dif ferentcontributionsto thenormalpressureprofile
±ýü µ�¶�¸ for a film of thicknessJ ¹6K ( O PlQ

) at òÛ¹ º (high-temperatureliquid state)and
±;ü � <>= �7¹ º (vertical dashedline)

accordingto the IK1-method[seeEq. (3.38)]. Contraryto Fig. 3.2, the variousparts,kinetic
(full line), virial (dashedline) andwall (dash-dotted),do not balance,but amplify oneanother,
resultingin a (non-physical)oscillatorystructureof

±;ü µ·¶�¸ (circles).
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Figure3.4: Dif ferentcontributionsto thenormalpressureprofile
±;ü µ·¶�¸ for a film of thicknessJ ¹ º Ú ( O}W PRQ

) at ò ¹ Úiç/U » (supercooledstatecloseto òZY O ÚiçVK]\ [69]) and
±;ü � <>= �(¹ º (vertical

dashedline) accordingto theIK-method[seeEq. (3.25)]. TheH-methodgivesthesameresult
[seeEq.(3.29)].As in Fig. 3.2,thevariousparts,kinetic (full line), virial (dashedline) andwall
(dash-dotted),mutually balanceoneanotherandsumup to a constantprofile

±;ü µ·¶3¸b¹ ±;ü � <>= �
(circles),in agreementwith theconditionof mechanicalstability (seeSect.3.3.4).
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Figure3.5: Dif ferentcontributionsto thenormalpressureprofile
±;ü µ·¶�¸ for a film of thicknessJ ¹ º Ú ( O W PRQ

) at ò5¹dÚiç/U » (supercooledstatecloseto ò�Y O ÚiçVK]\ [69]) and
±;ü � <@= �©¹ º

(verticaldashedline) accordingto theIK1-method[seeEq. (3.38)]. As in Fig. 3.3, thevarious
parts,kinetic (full line), virial (dashedline) andwall (dash-dotted),give riseto a non-constant
pressureprofile (circles)contraryto therequirementof mechanicalstability.
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the oscillationsin the inner part of the film are in phasewith the virial. The contribution of
thevirial is negativecloseto thewall, reflectingapredominantlyattractive interactionbetween
the
�

monomers. This dominanceof the attractive interactionis also visible for the (correct)
IK-method,but is muchlesspronouncedin this case.

Thesituationbecomesmorecomplicatedwhenstudyingthelateralcomponentof thepres-
suretensor. Here, the two alternative formulas,Eqs.(3.26)and(3.30), canyield completely
differentprofiles.Figures3.6and3.7comparetheIK andtheH-versionsto calculatethelateral
pressure

±�C µ·¶3¸ for J ¹�K , ò�¹ º and J ¹ º Ú , òg¹�Úiç/U » , respectively. Whereasboth methods
oscillatein phasewith oneanotherfor thethicker film, they areanti-correlatedfor J ¹DK . The
lateralpressureof the IK-methodis positive closeto the walls, but negative in the middle of
thefilm, whereasthebehavior is just vice versafor theH-method.Dueto theaforementioned
ambiguityof

±�C µ·¶�¸ it is impossibleto decidewhichmethodyieldsthephysicallymorerealistic
result.If thefilm thicknessincreases,thequalitativedifferencebetweentheIK- andH-methods
(almost)vanishesandonly quantitative differencesremain. The oscillationsof

±�C µ·¶�¸ clearly
reflect the monomerprofile. In the inner portion of the film they are much weaker for the
H-methodthanfor of the IK-method. This is relatedto the local natureof Eq. (3.30)dueto
the presenceof delta-function. Densityoscillationsare thus incorporatednot only in the ki-
neticterm,but alsoalsoin thevirial partof theHarasimaformula. Both termspartially cancel
eachother. Although the profile generatedby Eq. (3.30) is thuscloserto

±ýü � <>=?� thanthat of
Eq. (3.26), this shouldnot be consideredasan argumentin favor of the H-method. A clear
distinctionbetweenboth methodswould only be possibleif onecould find a quantitywhich
specificallyprobes

±�C µ·¶�¸ andwhosebehavior is known a priori , asit wasthecasefor
±;ü µ·¶3¸ .
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Figure 3.6: Tangentialcomponent
±�C µ�¶�¸ of the pressuretensoras obtainedfrom the IK-

formula [Eq. (3.26)] andfrom the H-formula [Eq. (3.30)] for J ¹6K ( O »kPRQ
), òÛ¹ º (high-

temperatureliquid state)and
±ýü � <>= �l¹ º . The thin solid line shows the kinetic contributionð3ñiòDïuµ·¶�¸ (dividedby 15 to put it on thescaleof thefigure).
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Figure 3.7: Tangentialcomponent
±�C µ�¶�¸ of the pressuretensoras obtainedfrom the IK-

formula [Eq. (3.26)] and from the H-formula [Eq. (3.30)] for J ¹ º Ú ( O W PRQ
), ò ¹}Úiç/U »

(supercooledstatecloseto òZY O Ú�ç[K]\ [69]) and
±;ü � <>= ��¹ º (verticaldashedline). Thethin solid

line showsthekinetic contribution ð�ñ�ò2ïuµ�¶�¸ .
3.4.2 SurfaceTensionand Surfaceof Tension

As mentionedin Sect.3.3.1,integrationof the pressureprofilesover ¶ yields the sameresult
for the IK-, H- and IK1-expressions.Therefore,all methodsmust lead to the samesurface
tensionê [i.e. Eq. (3.32)]. This expectationis nicely borneout by thesimulationdatafor all
film thicknessesandtemperaturesstudied,where ê wascalculatedby Eq. (3.31). Figure3.8
exemplifiesthis behavior for J ¹4M ( O K PRQ

). With decreasingtemperaturethesurfacetension
increasesby aboutafactorof 1.5. Qualitatively, this temperaturedependenceis expected.The
monomerdensityof a polymermelt closeto a hardwall exhibits a profile that is large at the
wall anddecaystowardsthebulk valuein anoscillatoryfashionwith increasingdistancefrom
the wall (seeFig. 3.11asan example)[65]. Sincetheaveragedensitygrows with decreasing
temperaturein asimulationatconstantpressure,themaximaandminimaof theprofilebecome
morepronounced.This meansthat therearemoremonomersin the highly populatedlayers
at low thanat high temperaturesandthat theoscillationsof profile becomemorelong-ranged.
Theseeffects tighten the film so that the free energy neededto move monomersout of the
interface,i.e. thesurfacetension,shouldincreaseastemperaturedecreases.Thesameeffect is
expectedwhenreducingthefilm thicknessbecausethelayeringis morepronouncedin thinner
films. Thisexpectationis borneout by thesimulationdata(seeFig. 3.9).

Contraryto ê , thediscussionof Sect.3.3.1impliesthatthesurfaceof tension,¶�
 , dependson
themethodapplied.Thisfactis illustratedin Fig.3.10whichshowsthetemperaturedependence
of ¶�
 for theIK-, H- andIK1-methods.ThedifferencebetweenIK andtheH-methodsis rather
small, whereasthe IK1-result lies substantiallyabove the valuesof the other two methods.
Since ¶�
 canbe interpretedasthe distanceof closestapproachof a monomerto the wall, i.e.
astheeffectivepositionof thewall, thefollowing simpleargumentrulesout theIK1-result: At
temperatureò , aparticlecanonly penetrateinto a(soft)wall upto thepoint, ¶�� , wherethewall
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Figure3.8: Temperaturedependenceof thesurfacetension,ê , calculatedby Eq. (3.31),using
theIK-, H- andIK1-methodsfor J ¹�M ( O K PlQ

) and
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from thehigh-temperature,liquid stateof thefilm to thesupercooledstate.
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(H- andIK1-methods)yield the sameê ’s within the errorbars,asexemplifiedin Fig. 3.8 forJ ¹£M . The external pressureis

±;ü � <>= ��¹ º . The temperaturesshown rangefrom the high-
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Figure3.10: Temperaturedependenceof the surfaceof tension ¶�
 [Eq. (3.33)] determinedby
theIK-, H- andIK1-methodsfor J ¹¥M and
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potentialbalancesthermalenergy of theparticle,i.e. ù �Åµ·¶���¸ ' ò ¹ º . UsingEq.(2.4) this gives¶�� ¹ á ºò â
Ã§¦�¨ ç (3.44)

Equation(3.44)is compatiblewith theIK- andH-predictions,but not with theIK1-result. An-
otherway to illustratethis point is shown in Fig. 3.11wherewe plottedthemonomerdensity
profile of a film of thicknessJ ¹ º Ú at òR¹ Ú�çVU » . With increasingfilm thicknessthe IK- and
H-valuesfor ¶�� approachoneanother– for J ¹ » Ú for example,they are indistinguishable
within theerrorbars(not shown here)–, but thedisparityto theIK1-resultremains.Thefigure
clearlyshows thattheIK1-methodplacestheeffective wall positiondeeplyinto theinterior of
thefilm, whereasit hasto besituatedin theregionwherethedensityprofileapproacheszero.
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Chapter 4

Molecular DynamicsSimulation
Techniques

Theaimof amoleculardynamics(MD) simulationis to solvetheNewtonianequationof motionÐ À ÷ À ¹³² À (4.1)

for eachparticle ! of a many body systemof
_

particles. Here, ² À is the force on particle !
and ÷ À its position.Obviously, thissetof equationswill conservethetotalenergy of thesystem,
providedthattheforce ² À canbederivedfrom a potential ù µ ÷ ´ ¸ . Thus,for anergodicsystem
with conservative forces,sucha simulationwill drive thesystemthroughonly that fractionof
thephasespacewhichcorrespondsto theinitial energy µl¶ of thesystem.In termsof statistical
mechanics,onecansay that the pointsof the phasespacevisited by the systembelongto a
microcanonicalensemble.It mustbe notedthat Eq. (4.1), in principle, could alsobe usedto
simulatea systemin thermalcontactwith a heatbath. Oneshouldthensolve this equation
for all particlesincluding thoseof theheatbath. This approachis clearly fully unpracticable.
Fortunately, techniqueshave successfullybeendevelopedto overcomethis difficulty. In this
chapterwe will discusssomeof them.However, if oneis interestedin analysingtheproperties
of isolatedsystems,it is satisfactorytoseekasolutionof Eq.(4.1).Thisleadsusto thefollowing
section,MicrocanonicalEnsembleSimulation.

4.1 Micr ocanonicalEnsembleSimulation

Wearegoingto derivehereanelaboratedalgorithmto carryoutasimulationatconstantenergy
known asvelocity-Verlet-algorithm.We follow a derivationgivenin [70,71]. Let usdenotea
point in phasespaceas · ¹ µ ÷ ´ Õ Ý ´ ¸�¹5µ ÷ Ã Õ�ç ç@ç Õ ÷ ´ � Ý Ã Õ�ç ç@Õ Ý ´ ¸
and let ¸ ¹ ¸ µ · ¸ be the Hamiltonianof the system. The time evolution of a dynamical
function

¼ µ · µ@¹�¸Ø¸ which doesnot explicitly dependon time, is givenbyº ¼º ¹ ¹ ¿wÀ¼»¾½÷ À �
:: ÷ À * ½Ý À � :: Ý À]¿ ¼¹ À%Á ¼ (4.2)

with theformal solution ¼ µ · µ@¹�¸�¸�¹ �ÃÂ þ µ�À�ÁÄ¹�¸ ¼ µ · µ·Ú�¸�¸�ç (4.3)

33
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The operatorÁ in Eq. (4.2) is called the Liouville operatorof the systemand,obviously, is
definedas

À%ÁLÅ ¿ À » ½÷ À �
:: ÷ À * ½Ý À � :: Ý À ¿ ç (4.4)

It will beshown in appendix(A.1) that Á is Hermitian,i.e. Ám¹eÁÇÆ . Oneof theconsequences
of theHermitianpropertyof Á is thatthepropagatorù µ>¹�¸ÈÅ ��Â þ µ ! ÁÄ¹�¸ (4.5)

is unitary, i.e. ùFÉ
Ã µ@¹�¸�¹ ù Æ µ@¹�¸¤ç (4.6)

Usingtheunitarypropertyof ù , it is demonstratedin appendix(A.1) thatthevolumeof agiven
regionin phasespaceremainsunchangedundertheactionof ù , i.e. undertimeevolutionwithin
Hamiltoniandynamics.Ontheotherhand,it followsdirectly from thedefinition(4.5)of ù , that
this operatoris time reversible ù É

Ã µ@¹�¸�¹ ù µ É ¹�¸©ç (4.7)

An importantimplicationof thetimereversibility of ù µ@¹�¸ is thattwo distinctphasepoints

· µ>¹ Ã ¸
and

· ú µ@¹ Ã ¸ remaindistinctatall times ¹ � beforeor after ¹ Ã . For, if

· µ@¹ � ¸�¹ · ú µ@¹ � ¸ for agiventime¹ � , onecanshow

· µ@¹ Ã ¸�¹ ù µ>¹ Ã&É ¹ � ¸ · µ>¹ � ¸�¹ ù µ@¹ Ã&É ¹ � ¸ · ú µ@¹ � ¸Å¹ · ú µ@¹ Ã ¸ which is in contradiction
to theassumptionof distinctnessat ¹ Ã .

Time reversibility and volume preservingpropertiesmake ù an attractive candidatefor
the constructionof numericallystableintegrationschemes[70,71]. One tries to decompose�ÃÂ þ µ@À%ÁÄ¹�¸ sothattherelation �ÃÂ þ µËÊ � ::�Ì ¸ÎÍUµ Ì ¸Å¹³ÍUµ Ì *fÊ�¸ (4.8)

canbeusedto propagatethesystem’spositionsandmomenta1. For thispurpose,oneintroducesÁ Ã and Á � ( À�Á�¹ÏÀ%Á Ã *�À%Á � )

À%Á Ã Å ¿wÀ ½÷ À �
:: ÷ À (4.9)

À%Á � Å ¿wÀ ½Ý À � :: Ý À ç (4.10)

As theoperatorsÁ Ã and Á � do not commute,oneappliestheTrotter formula[72] to obtainan
approximatedecomposition��Ð �[ÑÓÒ§Ô-Ñ!Õ���Ö ¹ × �ÃÐ ÑÓÒ@Ø

¦ � �ÃÐ Ñ!ÕËØ �ÃÐ ÑÓÒ@Ø ¦ �ÚÙÃÛ *ÝÜ µ@¹ Þ � ¸ (4.11)

where Þ ¹ß¹ ' ± is the time stepof the resultingalgorithm(seebelow) andmustbe chosen
small enoughto make the truncationerror, which scaleswith Þ �

, negligible. Onecould, of

1The validity of Eq. (4.8) is easilyseenin applyinga Taylor expansionto à-áãâ
äæå�ç which leadsto the lhs
of (4.8).
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course,interchangeÁ Ã with Á � on the rhsof Eq. (4.11)andthusobtainanotherequallyvalid
decomposition.Otherchoicesof theTrotterdecompositionarealsopossible,leadingin general
to differentalgorithms.Wenotethatthediscretizationerroris notonly propotionalto thesquare
of the time step, Þ �

, but alsoto the whole lengthof the simulation ¹ . Thus,for a given time
step, Þ , longersimulationrunswill leadon averageto greatererrors.In otherwords,in order
to maintainaconstantdiscretizationerror, oneshouldadaptthetimestepÞ to keeptheproduct¹ Þ �

unchanged.
Neglectingtheterm Ü µ@¹ Þ � ¸ in Eq. (4.11),theexact integrationof theequationsof motion

(from ¹b¹ Ú ) until time ¹ canbe approximatedby
±

discreteintegrationstepseachof lengthÞ5¹9¹ ' ± . A discreteintegrationstepis thusdefinedthroughanapplicationof theproduct��Ð Ñ Ò Ø ¦ � ��Ð Ñ Õ Ø �ÃÐ Ñ Ò Ø ¦ � ç
Applying thisproducton theinitial state

· µ>¹�¸Å¹5µ ÷ ´ µ@¹�¸ � Ý ´ µ>¹�¸Ø¸ andusingtherelation(4.8)one
obtainsthefollowing expressionsfor thepositionandmomentumof aparticle ! of thesystem

÷ À µ@¹�*�Þr¸î¹ ÷ À µ@¹�¸"* Ý À µ@¹�¸Ð À Þ6*f² À µ@¹�¸ Þ �» Ð À (4.12)Ý À µ@¹�*�Þr¸î¹ Ý À µ@¹�¸"* Þ» Ð Àêé ² À µ@¹�¸"*L² À µ>¹"*�Þ ¸�ë�ç (4.13)

This is thewell-known velocity-Verlet-Algorithm. Oneof the importantpropertiesof this al-
gorithm is that it preserves the phasespacevolume in eachdiscretestep[70]. This can be
easilyseenby evaluatingtheJacobiandeterminantof thetransformation

· µ@¹�¸Èì · µ>¹"*�Þ ¸ , i.e.à : · µ>¹í*9Þr¸ ' : · µ>¹�¸ à which turnsout to beunity. Also the time reversibility of thealgorithmis
valid on thediscretelevel. Thesearethemainreasonsfor greatstability andgoodaccuracy of
theEqs.(4.12)and(4.13).

4.2 ExtendedLagrangian Methods: î ïñð -Ensemble

As mentionedabove, the simple integrationof the Newtonianequationsof motion Eq. (4.1)
is only usefulwhenstudyingisolatedsystems.In practice,oneis often interestedin studying
physicalpropertiesatagiventemperatureand/orpressure.To simulateatconstantò , onecould
in principle consideran extendedsystemconsistingof a heatbathplus the actualsystemof
interestandapply Eq. (4.1) to that. However, this approachis not feasible. It is practically
impossibleto take into accounta hugenumberof particlesbuilding up the heatbath. The
situationdoesnot improve if onealsohasto keeptheexternalpressureat agivenvalue.

Therefore,a lot of work hasbeendonein this domainandseveralefficient techniqueshave
beendevelopedover the past20 yearsto performMD-simulationof a systemunderthe con-
dition of constanttemperatureand/orpressure[57,73–87]. We aregoing to describebelow a
popularapproachknown as“extendedLagrangianmethod”. Within this approacha physical
systemis extendedto a compositesystemconsistingof the physicalsystemandan external
system.The conservation laws still hold for the extendedsystem,but the total energy or the
volumeof thephysicalsystemis allowedto fluctuate[73,88].

A pioneeringwork in this field wasdoneby H. C. Andersen[73], who introducedan ex-
tendedLagrangianmethodfor deriving isobaricequationsof motion. He replacedthecoordi-
nates÷ À , ! ¹ º Õ�ç ç@ç Õ _ , of theatomsby scaledcoordinatesò À Å ÷ À ' è

Ã§¦�ó Õ ! ¹ º Õ�ç@ç ç Õ _ Õ (4.14)
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where
è

denotesthe volumeof the system.He thenintroduceda Lagrangiancontainingthe
systemvolume

è
asanadditionaldegreeof freedom

ô
Andersen ¹ è � ¦�ó ¿&À Ð À ½ò �À» É ù µ è Ã§¦�ó ò ´ ¸"*£õ÷ö» ½è � É ± <>= � è Õ (4.15)

whereò ´ Å µ ò Ã Õ�ç ç@ç Õ ò ´ ¸ and ù is thepotentialenergy of thesystemand
± <>=?� theexternalpres-

sure.Theparameterõøö playstheroleof themassfor thevolumemotion. It canbeinterpreted
asthemassof a movablepistonandthereforeis called“piston mass”.Andersencoulddemon-
stratethatfor anergodicsystem,theequationsof motionderivedfrom theLagrangian

ô
Andersen

drive the systemthroughthe phasespacedue to the isoenthalpic-isobaricprobability distri-
bution [73]. In the samereference,Andersenmentionedthat it might be possibleto find an
appropriateLagrangianwhich allows energy fluctuationsto generatetheisothermalcase.This
Lagrangianwas,however, unknown to him andthereforehe resortedto the useof stochastic
forcesto changethe kinetic energy of particlesin orderto keepthe meankinetic energy and
thusthetemperatureconstant.

The next greatprogresswasachieved by Nośe [77–79] who introducedan extendedLa-
grangian,from whichhederivedequationsof motiongeneratinganisothermalprobabilityden-
sity

ôÅü ��
?ù<î¹ ú � ¿wÀ Ð À ½÷ �À» É ù µ ÷ ´ ¸"*eû » ½ú � Éýüþæÿ È µ§ú�¸ Õ (4.16)

where
þ ¹ º(' µ·ð3ñ�ò�<@= �
¸ is theinversetemperature.Theadditionalparameterú servesasdynam-

ical scalingof time.
Thereadermaynow guesstheform of theLagrangian,from whichonecanderiveequations

of motionfor theisothermal-isobariccase(
_ Ï ò -ensemble),

ôÅü�� ¹ ú � è � ¦�ó ¿wÀ Ð À ½ò � À» É ù µ è Ã§¦�ó ò ´ ¸
* õ÷ö» ½è � É ± <@= � è * û » ½ú � É üþ¥ÿ È µ§ú�¸ ç (4.17)

For thesakeof simplicity, wewill first deriveequationsof motionfrom thesimplerLagrangianôÅü ��
?ù< anddemonstratethatit generatesthe
_�è ò -probabilitydistribution. Theextensionto the

caseof
_ Ï ò -ensembleis thenstraightforward. To this end,we first apply theusualLagrange

formalismandcalculatetheappropriateexpressionsfor theconjugatemomenta� À ¹ : ôÅü ��
?ù<: ½÷ À ¹ Ð À ú � ½÷ À (4.18)��� ¹ : ôÅü ��
?ù<: ½ú ¹ û ½ú (4.19)

andthusconstructthecorrespondingHamiltonian

¸ ü ��
 ù< ¹ ºú � ¿wÀ � À �» Ð À * ù µ ÷ ´ ¸�* º» û ��� � * üþæÿ È µËúI¸ ç (4.20)
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Thecanonicalequationsof motionderivedfrom ¸ ü ��
?ù< are½÷ À ¹ � ÀÐ À ú � (4.21)½� À ¹ ² À (4.22)½ú ¹ ���
û (4.23)½��� ¹ ºú � ¿wÀ � À �Ð À ú � É ü ð3ñ�ò�<>=?���
	 (4.24)

Let ¸��¶ be the initial energy of the extendedsystemwith Hamiltonian 
��������� . Let us suppose
thatthesystemis ergodicandthatfor sufficient long timesthesystemis goingto visit approxi-
matelyall phasepointslying on thehypersurface 
��������������������� �"!#��$�%'&)( 
��* spendingat each
point equalamountof time. Time evolution will thusgeneratethemicrocanonicalprobability
distribution + �-,/. ��� � ��� � �"!#��$�%10 
 �* &2( 34 � 
 �* &65 � 
��7������98 
 �* & (4.25)

where
4 � 
��* & is themicrocanonicalpartitionfunctionwhichservesto normalize

+ �-,/.4 � 
 �* &:( ;=<>!?<�$�%@;=</�>A � </��A � 5 � 
���������B8 
 �* & 	 (4.26)

Thestatisticalaverageof avariableC cannow becalculatedD CFE'�7,/. ( ; <>!?<G$�% ; <G� A � </� A � C + �-,/. ��� � �H� � �"!#��$�%10 
 �* &( 34 � 
 �* & ;=<>!?<G$�%/;I<G� A � </� A � C 5 � 
���������B8 
 �* & 	 (4.27)

Onenow triesto makeuseof thefollowing identity for integralswith deltafunctions[89]; <GJ 5 �LKM�NJO&�&P(RQTS"U 5 �VJW8XJ * &�Y�Z[K/\]�VJ * &�Z (4.28)

whereJ * aresimplerootsof K andthederivative K \ �VJ * &F^(`_ . OnethusconsidersK?�T!a&cb 
��7������d8
 �* asa functionof ! . It is easyto seethatauniqueexponentialroot couldbefoundfor KM�L!a& , if
onecouldeliminatethefactor 3 Y#!fe in front of thekinetic termin Eq. (4.20). This observation
motivatestheintroductionof rescaledmomentagih bR� h Y#! . Onenow obtainsKM�T!j&:( Q h g h ekml h9npo �V� � & n 3kmq $�% e nsrtvuxw �T!j&B8 
 �* (4.29)KG\��T!j&:( rt ! (4.30)! * ( y"z�{}|98 t rX~ Q h g h ekml h9npo ��� � & n 3k�q $�% e 8 
 �* ��� 	 (4.31)

In Eq. (4.31) ! * is theuniqueroot of K . Thecrucial role of theterm u�w �L!a& in 
��7������ shouldnow
have becomeclear: It is necessaryto obtainanexponentialroot for KM�L!a& . Now, we canusethe
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identity (4.28)alongwith Eqs.(4.29),(4.30)and(4.31)to obtainfrom Eq.(4.27)D C�E��7,G. ( tr 4 � 
 �* & ;I<�$�%@;=</� A � < g A � C ! A �9�O�*( tr 4 � 
 �* & ;I<�$�%@;=</� A � < g A � C� ydz�{
|B8 �T�#� n 3 & tr ~ Q h g h ekml h npo �V� � & n 3k�q $�% e 8 
 �* ���( 34 � 
 �* & � k $ q t�T��� n 3 & r?� y"z�{ � �T�#� n 3 & t 
��*r �� ; </� A � < g A � C ydz�{ | 8 ���#� n 3 & tr ~ Q h gih ekml h npo �V� � & ����	 (4.32)

With thespecialchoiceof r (R��� n 3 , it follows from Eq.(4.32)D C�E��7,G. ( const.;I<G� A � < g A � C ydz�{?��8 t���� ��� � � g � &�&( D C�E��7,G� � (4.33)

where
D �����1E��-,/� standsfor canonicalensembleaverageand��� �V� � � g � &Pb Q h g h ekjl hinpo ��� � & 	 (4.34)

Fromtheaboveargument,it followsthattheobservable C canbeafunctionof thepositions� �
andof therescaledmomentag ��(`����Y#! only, sothatthesubstitutiong ��(�����Y#! wouldmapC �V�����H���)Y#!a& into C ����� � g ��& . As thethermalaveragesof physicalobservablesareexpressed
in termsof therescaledvariablesratherthantheoriginal ones,thelaterarecalled“virtual” and
therescaledones“real”. We notethat

� �
is merelytheenergy functionof therealsystem.It

is obviousthata Hamiltonianof the form
� �

would only leadto (pure)Newtonianequations
of motion without any thermostatingmechanism.Therefore,it cannot be usedto derive the
equationsof motion of a thermostatedsystem.Furthermore,in a thermostatedsystem,

� �
is

notaconstantof motion.This is notsurprising,for thesystemexchangesenergy with heatbath.
However, it is easyto seethattheHamiltonianof theextendedsystem,i.e. 
��7������ , is aconstant
of themotion.

In hisoriginalpaper[79] Nośegaveaninterpretationof thevariable! asascalingfactorfor
the time step � . He showedthatonly theratio � Y#! hasa realmeaningandconcludedthat the
lengthof thereal time step, � \ , mustbegivenby � Y#! . He furtherarguedthat in a simulation
with a constanttime step � thelengthof thereal time step � \ will in generalbea functionof
time. This is undesirableasoneis usuallyinterestedin equidistantsamplingin real time. This
problemwassolvedby Hoover [83,84] by rewriting Eqs.(4.21)-(4.24)in realtime < � \ (`< � Y#! .
Following Hoover, using << � ( 3! << � \ (4.35)
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andsomesimplemanipulationsoneobtains�� h ( g hl h (4.36)�g h ( � h 8X� g h (4.37)�!aY#! ( � (4.38)�� ( 3q ~ Q h g h el h 8 rG�#  ���N¡�¢ � � (4.39)

where �£b �!aY#! and’ � ’ standsfor thetime derivativewith respectto real time. As all equations
areexpressedin realtime,theequidistantsamplingis ensuredbychoosingaconstantintegration
time step � \ . Oneof thefurtheradvantagesof Hoover’s formulationis thatthescalingof time
is no longernecessary. Thepresenceof theheatbathis manifestedby the friction variable � .
However, contraryto theusualfriction whichalwaystendsto decreasethekineticenergy of the
system,� cantake bothpositiveandnegativevaluesandthusdecreaseor increasethevelocity
of particles.In fact,this is exactly what is neededto keepthemeankinetic energy constant.It
is seenfrom Eq.(4.39)thatathigh/low meankineticenergies � will increase/decreaseandthus
will slow down/accelerateparticles[seeEq. (4.37)].

From < 
����������Ym< � (`_ it follows that < 
���������HYj< � \ ( 3 Y#!�< 
����������Yj< � (�_ . Thus
 � ( Q h gih ekml h npo ��� � & n 3k�q � e n rt ; �@� � \¤&'< � \ (4.40)

is a constantof themotion. Here,we have usedthenotation 
�� insteadof 
��������� to stressthe
formal differenceof theexpressions(4.20)and(4.40): 
�� is not a HamiltonianandtheNośe-
Hoover equationsarenot canonical. 
��������� , on the contrary, is a Hamiltonianandgenerates
the canonicalequations(4.21)-(4.24).Theconstantpropertyof 
 � is usefulfor checkingthe
programcode.It canalsoserveto chooseasuitableintegrationtimestep� : It shouldnotbetoo
small for reasonsof efficiency, but not too largeeitherin orderto keepthe 
 � constantduring
thesimulation.Thismotivatestheuseof theEq.(4.38)which is actuallyredundantasfarasthe
time evolutionof thesystemis concerned.It is, however, necessaryfor thecalculationof 
�� .

Werecallthattheargumentwhichledto theappropriatechoiceof r (`�#� n 3 [seeEq.(4.33)]
wasbasedon virtual time averaging.Equations(4.36)-(4.39),however, areformulatedin real
time. We thusconsidertherelationbetweenthevirtual andrealtime averages.Let � and � \ de-
notethevirtual andrealtime,respectively. Following [70] therealtimeaverageof adynamical
quantity C canbewrittenasD C�E realtime ( ux¥�¦§H¨ª©�« 3¬ \ ; § ¨* < � \ C � � \­&

( ux¥�¦§"© « 3¬ ; §* < ��C � � &�Y#!-� � &u�¥x¦§1©�« 3¬ ; §* < � Y�!7� � &( D C Y�! E virtual timeD 3 Y#! E virtual time
	 (4.41)
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UsingEq.(4.41)andapplyingthesameprocedurewhich led to Eq. (4.32)yieldD CFE realtime
( ® <>!?<�$�% ® </� A �c</� A � C Y�! 5 � 
���������B8 
v�* &® <@!?<G$�% ® </� A � </� A � 3 Y#! 5 � 
��7������98 
 �* &
...( ® </� A ��< g A � C y"z�{?�'8 A �¯ t°� � &® </� A � < g A � ydz�{?�'8 A �¯ t°� � &( D CFE �9± � if r (`�#� 	 (4.42)

Therefore,in real time samplingonemustchooser (`�#� . However, if Eqs.(4.36)-(4.39)are
combinedwith a number ² of constraints,one must set r ( ���³8 ² . For example, if the
centerof massmomentumis kept constantexplicitly, i.e. by meansof subtractinǵ¶µV· from
themomentumof particlesin eachintegrationstep,r (¸�#�I8�� . Similarly, if ² constraintsare
usedin combinationwith Eqs.(4.21)-(4.24),r (R�#� n 3 8 ² is theappropriatechoice.

4.2.1 Choiceof the Parameter ¹
Now we discussthe choiceof the massparameter

q
appearingin Eq. (4.39). It is seenfrom

Eq. (4.39) that the rate of changeof � is proportional to the inverseof
q

. Furthermore,D q �#e E ( �#  ���V¡'¢ which is a consequenceof the equipartitionprinciple. Thus the magnitude
of � -oscillationsvarieswith º q [88]. Let now

q
bechosensmallenoughso that � oscillates

muchfasterthanthetypical time scalefor energy fluctuations.As � entersdirectly therateof
changeof themomenta[seeEq. (4.37)],thekinetic energy will mainly follow largemagnitude
oscillationsof � . Theconfigurationalpartof theenergy, however, will vary muchmoreslowly
andthusbedecoupledfrom � . This is thesocalledstrongcouplinglimit.

Ontheotherhand,rememberthatthelimit
q¼» ½

correspondsto themicrocanonicalcase.
Thus,too largevaluesof

q
will leadto veryslow energy exchangewith theheatbathwhich is

inefficient.
In [88] Nośe gave a criterionfor anappropriatechoiceof

q
. He linearizedtheequationof

motionof thevariable ! andthusobtainedaharmonicequationwith frequency¾ e% ( k�¿ � �À  �O�N¡'¢q � (4.43)

where
¿

is thedimensionto which � couples.Of course
¿ (s� for a homogeneoussystemin

threedimensionalspace.For an inhomogeneoussystemhowever, it canbe convenientto in-
troduceseparatefriction coefficients �fÁG�1ÂÃ(ÄJM��ÅO�1Æ , where �fÁ couplesto the Â componentof
momentaonly. This would leadto

¿ ( 3 . Nośe arguedfurtherthat theparameter
q

shouldbe
chosensuchthata resonanceconditionbetweentheoscillationsof ! andsometypical atomic
frequency is obtained.We applythesameideato Nośe-Hooverequations(4.36)-(4.39),differ-
entiate

�� in (4.39)andobtain Ç� ( kq Q h gihl h � �L� h 8X� gih &È 8 kq Q h g h el h �È 8 kq ¿ � �#  �O�N¡'¢M� 	 (4.44)
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We now justify theneglectof É h gih>� � h Y l h . The forces Ê h do not dependon the
l¶Ëjl¶ÌfÍ �'Î .

They only dependon positions.As positionsandmomentaarenot correlatedat thermalequi-
librium, theaveragevalueof É h gih>� � h Y l h mustvanish.Furthermore,thehigherderivatives
of positionsrelax fasterthanthe lower ones[90] whatmeansthat É h g h � � h Y l h will vary in
time fasterthanthe instantaneouskinetic energy, É h g eh Y l h . The fastoscillationsof the term
containingthe forceswill thus lead to a noiselike effect andcanbe ignoredto the first ap-
proximation.Figure4.1displaystime evolution of � , É h g h � � h Y l h and É h g eh Y l h . It is seen
from this figure that the termcontainingtheforcesoscillatesrapidly aroundzero. Thekinetic
contribution to

Ç� , on the contrary, is almostconstantwith a valueof approximately� �#  �O�N¡'¢ .We thusexpectEq. (4.44) to bea goodapproximationcloseto the equilibrium,which means
thatthevariable� obeysharmonicoscillationswith thefrequency¾ eÏ È k�¿ � �À  �O�N¡'¢q 	 (4.45)

To examinethe validity of Eq. (4.45) we carriedout simulationsof films of thicknessesÐ (XÑ and
Ð (X�#_ at differentvaluesof

q
while keepingall remainingparametersfixed. The

temperaturesandnumberof particleswere ��(�_ 	 Ñ�Ñ����Ò(¸Ñ�_#_ in thecaseof thinnerfilm and��( 3 ���Ò(`�#_#_�_ for
Ð (��#_ .

Note that the propertiesthe thinnerfilm (
Ð (¸Ñ ) arequite differentfrom that of the bulk

system[seechapters7 and8]. At ��( 3 and
Ð (`�#_ , on thecontrary, wedo notobservemuch

difference.In all cases,theexternalpressurenormalto theinterfacewassetto unity. After the

0.0 200.0 400.0 600.0 800.0 1000.0

time [MD step]

-400.0

-200.0

0.0

200.0

400.0

600.0

800.0
Σp i

2

ΣFipi

500ξ
NkBText

Figure4.1: Timeevolutionof thefriction parameter� andthecontributionsto

Ç� , namelyÉ h g h �� h Y l h and É h g eh Y l h . Wehavemultiplied � by afactorof 500to put it onthesamescaleasthe
otherquantities.The termcontainingthe forceexhibits fastoscillationsaroundzero,whereas
thekinetic contribution is alwayspositiveandnearlyconstant.
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simulation,wehavecomputedthepowerspectrumdensitiesof �fÓP� � & , i.e.Ô � ¾ &ibÕZ ; y"z�{?� ¥ ¾ � &��@� � &G< � Z e (4.46)

for variousvaluesof the parameter
q

. Figure(4.2) displaysthe frequencies¾ Ï � q & for which
thecorrespondingpowerspectrumis amaximum.

It is shown in Fig. 4.2,thatbothfor the
Ð (¸Ñ andfor

Ð (R�#_ theoscillationsfrequency of
thefriction variablecanbewell describedby theEq.(4.39).Thesomewhatbetteragreementof
theresultsin thecaseof

Ð (RÑ (seeleft panel)is dueto smallerrangeof
q

-valuesaroundthe
“optimum” choice,givenby Eq.(4.39).

Thereasonof thisgoodagreementfor boththevery thin film of threemonomerlayers2 and
thequasi-bulk systemliesin thefactthatthefriction variable,� , couplesto atomisticfrequencies
which arenot very sensitive to thepresenceof thewalls. This, in turn,canbeexplainedby the
factthatthesefrequenciesaredeterminedby stronginterparticleforces.

Now that the validity of Eq. (4.44) is well examinedalso for the caseof a confinedsys-
tem,we follow Nośe [88] andrequire¾ Ï ( ¾?Ö[× ¢�Ø Ö[× � Ö µ . This givesthefollowing criterionfor the
“optimumchoice”of

q q ��Ù ¢ È k�¿ � �À  �O�N¡'¢¾ eÖ[× ¢�Ø Ö[× � Ö µ � (4.47)

2notethat Ú denotesthewall-to-wall separation.Therefore,theeffective width of the region in thefilm with
non-vanishingdensityis roughly Ú�ÛcÜ
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Figure 4.2:
q

-dependenceof the oscillation frequency of the friction coefficient �@� � & [see
Eq. (4.39)]. Eachof thesefrequenciesis obtainedfrom the maximumof the corresponding
power spectrumof �fÓß� � & . Left panel:A film of thickness

Ð (`�#_ at a ratherhigh temperature
of ��( 3 ( � µ � Ð ( k _À&ß(`_Gàâá 3�ã � µ � Ð (R�#_#& ã � µ µ�ä åHæHç[è (`_GàâáÀÑ ) [seechapter8]. Left panel:A
film of thickness

Ð (RÑ atanintermediatetemperatureof of �Ã(R_GàªÑ#Ñ ( � µ � Ð (RÑ�&ß(R_Gàâ� 3 ) [see
chapter8]. Notethat,in thelater, ashorter

q
-rangeis investigatedwhichallowsabetterfit à la

Eq.(4.39).
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where¾ eÖ[× ¢xØ Ö[× � Ö µ is atypical intrinsicoscillationfrequency of thesystem.For asystemof particles
interactingvia pairwiseLennard-Jonespotential,onecanusetheharmonicapproximationof a
fcc-latticeto obtainanestimatefor thefrequency ¾?Ö[× ¢xØ Ö[× � Ö µ . We completethis discussionwith a
numericexamplefor typical valuesof

q
. For a fcc-latticeof Lennard-Jonesatomsoneobtains¾ eÖ[× ¢�Ø Ö[× � Ö µ È k o \[\é�ê � ² ( ëº kBì &l (4.48)( 3#3 áGàª� ílîì e � (4.49)

where
l

is the massof an atomand o \[\é�ê denotesthe secondderivative of the Lennard-Jones
potentialwith respectto thedistance² .

Untill now, we have only shown that one can understandthe influenceof the heatbath
parameter,

q
, onthetimeevolutionof � . However, thereis afurther(andin factmoreimportant)

point to examinebeforeusingtheNośe-Hooverthermostatin aMD simulation:doEqs.(4.36)-
(4.39)alwaysgeneratethesameenergy distributionregardlessof thespecificvalueof

q
? If this

is thecase,is theobtainedenergy distributioncanonical?
For thepresentpolymermodelin bulk, thesequestionshave beeninvestigatedin [91]. As-

suming that the specificheatof the systemonly slightly differs from that predictedby the
Dulong-Petitlaw, ï ± (R�#� �#  , an affirmative answerto the above questionwasfound. How-
ever, asthepropertiesof aconfinedsystemarein someaspectsstronglydifferentfrom thatof a
bulk system,it is worth investigatingtheabovequestionfor thin films separately.

Recalthat, in thecanonicalensemble,thefluctuationsof energy aredirectly relatedto the
system’sspecificheat[64], ï ± ( DLð e E 8 DTð E e�#  � e à (4.50)

The Dulong-Petitlaw, is basedon a harmonicapproximationto the interparticlepoten-
tial [92,93]. This is agoodapproximationfor solidsathighbut not toohightemperatures.“Not
toohigh” meansthatthetemperaturemuststill bewell below themeltingtemperature.Closeto
themeltingpoint, however, theamplitudeof atomicoscillationsbecomesvery largeand,con-
sequently, theharmonicapproximationis inaccurate.Therefore,for liquids,oneshouldexpect
deviationsfrom theDulong-Petitlaw.

If we knew the specificheatof the system,we could ckeck for the canonicalpropertyof
the energy distribution in examining the validity of Eq. (4.50). To our knowledge,thereis
unfortunatelyno generalformula for the specificheatof a fluid system. Therefore,we can-
not useEq. (4.50) in examiningthe energy distribution. However, we canat leastcheckthe
independenceof the simulationresultsfrom the specificvalueof the heatbathparameter,

q
.

Furthermore,we canverify, if the obtainedenergy distribution is gaussian.This later condi-
tion, however, is satisfiedby any randomvariableandthereforemustbe seenasa necessary
but not sufficient condition. In addition,a comparisonwith the Dulong-Petitapproximation,y"z�{B��8ñ� ð 8 DLð E e Y k � ð e & , canalsobehelpful for it yieldsasortof “orderof magnitudetest”.

Oncethereliability of theenergy distributionis ensured,onecanuseEq.(4.50)andcalculate
the constantvolumeheatcapacity, ï ± . So, in fact, we do not useEq. (4.50) in verifying the
canonicalproperty. We actuallyproceedin theinversedirection,i.e. we computeï ± usingthe
knowledgeof theenergy fluctuations.

Next, we examinethe reliability of the energy distribution generatedby the Nośe-Hoover
motionequations(4.36)-Eq.(4.39).For this purpose,we carriedout simulationrunsat various
valuesof

q
, for bothhighandlow temperatures,wherebythefilm thicknesswasalsovaried.We
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reportheretwo asymptoticcases:An extremelyconfinedsystemat low � (
Ð (`Ñ�����(R_�àª�#ò )

anda quasi-bulk systemat a relative high temperature
Ð (R�#_G����( 3 . Notethat for thethin-

ner film of
Ð (¸Ñ , we find a mode-couplingcritical temperatureof � µ � Ð (RÑ#&ß(R_Gàâ� 3 . The

corresponding� µ of thethickerfilm hasnotbeencomputed.Nevertheless,wecanestimateit to� µ � Ð ( k _À&P(�_Gàâá 3�ã � µ � Ð (��#_À& ã � µ åHæHç[è (�_GàâáÀÑ . [seechapter8].
Theindependenceof theenergy distributionfrom the“mass”,

q
, of theheatbath,is demon-

stratedin bothright andleft panelsof Fig. 4.3. Thedatashown in the left panelareextracted
from 3 _ timesshortersimulationrunsthanthe resultsdisplayedin the right panel. Sampling
wasdoneoncein � MD steps.Obviously, thermostatingratedoesnot have muchinfluenceon
theenergy distribution. However, thecaseof

q ( 3 _ A in the left panelalsoshows that in the
limit of very large

q
, thecouplingbecomesinefficient andtheenergy distribution is no longer

canonical.
Furthermore,it is shown in the right panelof Fig. 4.3 that theDulong-Petitlaw no longer

holds for
Ð (RÑ at ��(�_Gàâ�#ò . This implies that, for this film thicknessandtemperature,the

configurationalcontribution to the specificheatcannotbe replacedby a simpleharmonicap-
proximation.UsingEq.(4.50)weobtainï ± � Ð (`Ñ����Ã(R_Gàâ�#òÀ&�#� �À  ( 3 àª� k ó _�àª_#��à (4.51)

4.3 ôöõø÷ -EnsembleI: HomogeneousSystems

It is straightforward to extend the proceduredescribedabove to the isobaric-isothermalcase
which is known as �úù/� -ensemble.Onestartsfrom theLagrangian,ûß��ü , givenin (4.17),de-
rivestheconjugatemomenta,constructstheHamiltonianandfinally obtainsthecorresponding
canonicalequationsof motion. If onegoesa stepfurtherandintroducesthereal time andthe
derivativeswith respectto it, oneobtains[87]Ç� ( � hl h 8 �!! g hl h n � h� ¿ � Ç�¸8 � ¿ 8 3 & ���e¿ � & (4.52)Ç! ( �! e! n 3q ~ Q h g ehkml h 8 rG�À  �O�N¡'¢aý (4.53)Ç� ( �! ��! n !�eþ ± � Ô � � &98 Ô �N¡'¢�&�� (4.54)

where
Ô � � & is theinstantaneouspressureof thesystemÔ � � &2( 3¿ � | Q h g h el h n �Q h¤ÿ � � h � � h � à (4.55)

It is importantto note that the forcesappearingin (4.55) are extractedfrom the Lagrangianûß��ü via � h (�� ûß��ü Y��@� h . For a systemwith periodicboundaryconditions,onemusttherefore
modify ûß��ü to take into accountthe presenceof imageparticles. We postponethis problem
to section4.5,but just mentionthat in this casethecorrectexpressionfor

Ô � � & is not obtained
by just redefiningthe force � h on a particle ! asthe total forceon ! , i.e. by addingto � h the
contribution of imageparticlesin the formula (4.55). Similar to the caseof ����� -ensemble
in previoussection,onecandemonstratethatequationsof motionderivedfrom ûß��ü (seedef-
inition (4.17))generateexactly the � ù/� -probability distribution, supposedthat the systemis
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Figure4.3: Independenceof theenergy distribution from the“mass”,
q

, of theheatbath.Left
panel:A film of thickness

Ð (R�#_ ataratherhightemperatureof �Ã( 3 ( � µ � Ð ( k _#&ß(R_Gà á 36ã� µ � Ð (R�#_#& ã � µ å�æHç[è (`_Gà á-Ñ ) [seechapter8]. Right panel: A film of thickness
Ð (¸Ñ at

the lowest temperaturesimulatedfor this film thickness,��(`_Gàâ�#ò ( � µ � Ð (RÑ#&P(`_�àª� 3 ) [see
chapter8]. Thenumberof sampleswas È � � 3 _�� for theleft panneland È � � 3 _�
 for theright
one. Samplingwasdoneoncein � MD steps.Both panelsclearlydemonstratethat theenergy
distribution is, in a wide range,independentof theparameter

q
. For shortsimulationrunsand

extremelylargevaluesof
q

(see
q ( 3 _ A q ��Ù ¢ in the left panel),however, thedeviationsfrom

the correctdistribution becomeimportant. The inner gaussianin the right panelindicatesthe
expectedenergy distribution whenharmonicapproximationis applied,i.e. if thespecificheat,ï ± , obeys theDulong-Petitlaw, ï ± (`��� �#  � .

ergodic. Furthermore,onecaneasily verify that theseequationslet ûß��ü unchanged.How-
ever, asHoover wasrathersuccessfulin simplifying theNośe-motionequations4.21-4.24,he
introducednow the friction coefficient ��( �!jY�! alongwith the strain rate � ( ��ñY/� ¿ �£& and
proposed3 �� h ( gihl h9n � � h (4.56)�g h ( � h 8�� � n �-& g h (4.57)�� ( 3q ~ Q h g h el h 8 rG�#  �O�N¡'¢�ý (4.58)�� ( �þ�� � Ô � � &B8 Ô �N¡�¢�& (4.59)�� ( � � ¿ à (4.60)

We will show in appendix(A.2) that theseequationsarenot fully equivalent to Eqs.(4.52)-
(4.54) and that the discrepancy lies in the expressionfor

�� . However, we will show that

3In fact,Hooveruseda slightly differentnotation,namely ���� ������
.
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Eqs.(4.56)-(4.60)drivethesystemthroughthephasespaceaccordingto theprobabilitydensity+ ��� � � g � ���/� � �"��&�� 3� ydz�{?�'8 t 
 ��� � � g � ���/� � �"��&�& � (4.61)

wherethequantity 
 is givenby
 (¸Q h g h ekml h nÃo �V� � & n 3k q � e n 3k ¿ þ�� � e n Ô �N¡'¢��ßà (4.62)

Theproofmakesuseof theLiouville probabilityconservationtheorem:Let

+ �NJO&c( + �VJ � � àxà­àx��J � &
denotetheprobabilitydensityfor asetof variables� J���� � ÿ � ä"!"!"![ä � (Notethat,here,� is thetotal
numberof independentvariablesandnot theparticlenumber).It followsfrom theconservation
of thetotal probabilitythat

+
satisfiesthecontinuityequation� +� � (¼8 Q � ��/J�� � + �J��#& à (4.63)

Thetotal derivativeof

+
with respectto timecannow bewritten< +< � ( � +� � n Q � � +�/J�� �J�� (4.64)( 8 + Q � � �J���/J�� à (4.65)

Equation(4.64)is thedefinitionof totalderivativeof afunctionof many variables.Insertingthe
rhsof Eq.(4.63)for � + Y#� � in Eq.(4.64)leadsto Eq.(4.65).Notethatnoassumptionwasmade
aboutthecanonicalcharacterof equationsfor � �J��$� . In fact,in canonicalcaseÉ � � �J��ÀY��/J��£(R_
andthus < + Ym< � (¶_ . This is thewell-known Liouville theoremfor Hamiltoniandynamics.Thus,
givenasetof independentvariables� J���� andasetof (not necessarilycanonical)equationsfor� �J���� , thetotal time derivativeof thecorrespondingprobabilitydensitycanbecalculatedusing
Eq.(4.65).With thisbackground,verifying (4.61)becomesamatterof algebraicmanipulations.
UsingEqs.(4.56)-(4.60)thesumon therhsof (4.65)becomesQ � � �J���/J�� ( Q h ��@� h � �� h n Q h �� g h � �g h n � ���/� n � ��� � n � �����( � � ¿ 8Ã� � n �-&�� ¿ n � ¿( 8 �À� ¿ n � ¿ for Eqs.(4.56)-(4.60). (4.66)

Now calculatetherhsof (4.61)<< � � 3� y"z�{?�'8 t 
 & � ( 8 | ��� n t < 
< � � 3� ydz�{?��8 t 
 & à (4.67)



4.3. � Ô � -ENSEMBLEI: HOMOGENEOUSSYSTEMS 47

Usingthedefinition(4.62)of 
 alongwith Eqs.(4.56)-(4.60)yields< 
< � ( Q � � 
�@J�� �J��( Q h % 8�� h � �� h n g hl h � �gih'& n q � �� n þ�� � �� ¿ n Ô �N¡'¢ ��( Q h % 8`� h � � g hl h n � � h & n g hl h � �L� h 8�� � n �À& g h & &n � | Q h g h el h 8 �#  �O�N¡'¢�� ¿ � n � � ¿ � Ô � � &98 Ô �N¡'¢�& n Ô �N¡'¢�� � ¿( 8 � | Q h gih el h n Q h � h � � h � 8X� �À  �O�N¡'¢�� ¿ n � � ¿ Ô � � &( 8�� �#  �O�N¡'¢�� ¿ à (4.68)

wherewealsousedthedefinition(4.55)of theinstanteneouspressure
Ô � � & . If wesetEqs.(4.60)

and(4.68)in Eq. (4.67)weobtain<< � � 3� y"z�{?�'8 t 
 & � ( 8ø� � ¿ 8 �#� ¿ & 3� y"zG{?��8 t 
 &( 8 | Q � � �J���/J�� � 3� y"z�{?�'8 t 
 &d�
(4.69)

wherewemadeuseof Eq.(4.66).Thus 3 Y�� ydz�{?�'8 t 
 & satisfiesthenecessarycondition(4.65).
For thisconditionto besufficientwemustsupposeergodicity. Thus,the � ù/� -equations(4.56)-
(4.60)of Hoovergenerateaprobabilitydistributionwhich is notexactlyequal,but verysimilar
to the � ù/� -probabilitydensity y"zG{?��8 t 
 & .

An improvementof theseequationswasachieved by Melchionnaet al. [87]. They noted
that,if onereplacedEq.(4.56)by �� h ( g9hl h n � �V� h 8)( µV· &O� (4.70)

themodifiedsetof equations(4.70)and(4.57)-(4.60)wouldgeneratetheexact � ù/� -probability
distribution, i.e.

+ �:y"z�{?�'8 t 
 & . This is easilychecked by calculatingthe modificationof
Eq. (4.66)dueto thenew definitionof

�� h �Q h ��@� h � �� h ( Q h � � ��@� h �� h 8 ��@� h � ( µV· &( � � ¿ 8 � Q h l h ¿É+* l *( � � ¿ 8 � ¿ à (4.71)

The first term in Eq. (4.71) is the resultobtainedfrom Eq. (4.56). The secondterm, on the
contrary, is new. From the modifiedsetof equations(4.70)and(4.57)-(4.60)we thusobtain
[seeEq.(4.66)] Q � � �J���@J�� ( 8��#� ¿ for Eqs.(4.70)and(4.57)-(4.60)à (4.72)
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On the otherhand,the correspondingchangeof < 
 Ym< � is 8 � ( µV·��7É h � h (I_ . Combining
Eqs.(4.72),(4.68)and(4.65)yields< +< � ( 8 3�#  ���V¡'¢ < 
< �

+ � � & (4.73)

with thewell known solution+ �V� � � g � ���G� � �1�£&,� ydz�{.-M8 t 
 �V� � � g � ���G� � �"�£&0/cà (4.74)

To avoid possibleconfusion,we repeatthecompletesetof modifiedHoover equationswhich
generatetheprobabilitydistribution(4.74)�� h ( g hl h n � �V� h 8)( µV· & (4.75)�gih ( � h 8�� � n �-& gBh (4.76)�� ( 3q | Q h g ehl h 8�� �#  ���N¡�¢ ¿ � (4.77)�� ( �þ�� � Ô � � &B8 Ô �N¡'¢'& (4.78)�� ( � � ¿ à (4.79)

Fromnow on, we will refer to Eqs.(4.75)-(4.79)astheHoover-Melchionnaequationsof mo-
tion.

4.3.1 Choiceof the Parameter 132
Similar to the caseof heatbathparameter

q
we are facedwith the problemof a reasonable

choicefor the parameter
þ��

which entersEq. (4.78). In his pioneeringwork on simulation
techniques[73], H. C.Andersenhadalreadygivenacritierionfor thechoiceof themassvariableþ ± which hehadintroducedin extendedLagrangianû Andersen. In thesamereference,henoted
that”for a smallsampleof fluid imbeddedin a muchlargersampleof fluid, thevolumeof the
samplewill fluctuatein responseto an imbalancebetweenthe internalandexternalpressure.
The time scalefor the fluctuationsof the volumeof a sampleof fluid is approximatelyequal
to the lengthof thesampledividedby thespeedof soundin thesample.Thus,it is desirable
to choosethemass

þ ± so that the time scalefor thefluctuationsof � in thescaledsystemis
approximatelyequalto ���54 A dividedby thespeedof soundin thefluid.” However, we find that
it is often betterto choosea somewhat larger valuefor

þ��
so that a soundwave could make

a few roundtrips duringa periodof volumefluctuations.This allows a betterresponseof the
wholesystemto agivenvolumechange.

Keepingall that in mind we look at the time evolution of volume fluctuations 5 �W� � &F(� � � &i8 D � E . It follows immediatelythat 5 �� ( �� ( � ¿ � . Thefluctuationof theinstantaneous
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pressureis obviouslygivenby 5 Ô ( Ô � � &B8 Ô �N¡'¢ . Hencewecanwrite5 Ç� ( � ¿ �� n �� ¿ �( ¿ �6eþ�� 5 Ô n � ¿ � & e �( ¿ �6eþ�� 5 Ô5 � 5 � n | 5 ��� � e �( 8 ¿ ��eþ�� 6 � 5 �� n | 5 ��� � e � (4.80)( 8 ¿ �þ�� 6 � 5 � à (4.81)

whereweintroducedin (4.80)theisothermalcompressibility
6 � (:8 3 Y�� 5 �)Y 5 ùiZ � . Supposing

that 5 �� and 5 � areof thesameorderof magnitude,we have neglectedthesecondtermon the
rhsof (4.80),because,comparedto thefirst one,it containsafactorof 5 ��ñY#�87 3 . Furtheremore
a linearapproximationwasusedfor 5 Ô which allows to expressit in termsof compressibility.
Thus,thevolumefluctuationsobey harmonicoscillationswith a frequency¾ e± ( ¿ �þ��96 � à (4.82)

Let
Í Øx¢ bethenumberof roundtripsof asoundwaveduringafull periodof volumefluctuations.

Adoptingamodifiedversionof Andersen’scriterion[73] wesetÍ Ø­¢ ¾ ± ( ¾ �x��æ ×': ( k $k û Y#; ����æ ×<: � (4.83)

where û (R� �54 A , ; ����æ ×<: is thesoundvelocity andthe factor
k

in thedenominatorcomesfrom
themotionof thesoundwave throughthesimulationbox andback(“round trip”). Combining
Eqs.(4.82)and(4.83)yieldsthefollowing equationfor theparameter

þ��þ�� ( Í eØ­¢ ¿ �6 � û e$ e ; e����æ ×<: à (4.84)

If weusetheidealgasapproximation;-e����æ ×': ( 3 Y/�>= 6�? &P(R�)YG�T� 6�? & for thesoundvelocity (
6�?

beingtheadiabaticcompressibility),weobtainfrom Eq.(4.84)þ�� ( Í eØx¢ ¿ � 6�?6 � � û $ � e à (4.85)

Using
6�? Y 6 � ( 4 ± Y 4A@ we extract from Table1.2 of [64] valuesof

6�? Y 6 � for sometypical
simple monoatomicliquids: _Gà á-Ñ#Ñ for liquid argon, _�àCB#_�B for molecularliquid nitrogenand_�àCD k Ñ for a simple liquid metal,sodium. Although certainpropertiesof metals(for example
heatcapacityandthermalor electricconductivities) arein generalvery differentfrom thoseof
othersystems,theratio

6E? Y 6 � seemsto lie in thesamerangeasfor simplenon-metallicliquids.
Finally, recall that

6�? Y 6 � ( �ÀY#Ñ ( _GàFD for a monoatomicideal gasand
6�? Y 6 � ( Ñ#Y�G È_�àHG 3 á for a gasof a diatomicmolecules.This suggeststhat changesin

6E? Y 6 � areratherslow
with respectto materialproperties. Thus,we approximatethis quantityby unity andobtain
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from Eq. (4.85)anexpressionfor
þ��

containingonly thosequantitieswhich areknown at the
beginningof thesimulation þ�� È Í eØ­¢ ¿ � � û $ � e à (4.86)

We usuallyuse
Í Øx¢�( 3 _ which meansthat a soundwave makes10 roundtrips throughthe

systemduring a soleperiodof the volumefluctuations. This allows for a betterresponseof
theinternalpressureto thevolumechanges.Thechoiceof Andersen,however, correspondstoÍ Ø­¢9( 3 .
4.4 ôöõø÷ -EnsembleII: Planar Systems

Sofar, we have supposedthat thesystemof studyis homogeneousandisotropic. Only in this
casethepressureis a scalarquantityandindependentof theposition.However, asextensively
describedin chapter(3), the pressureis a local tensor, I ����& , in inhomogeneoussystems.To
simplify further discussions,we restrictourselvesto the caseof planarsystemsconfinedbe-
tweentwo walls. In thiscasethepressuretensoris diagonalat thermalequilibriumandhasonly
two independentcomponents,

Ô � and
Ô � in directionsparallelandperpendicularto thesurface

respectively (in nonequilibrium planarsystemstherearemorethantwo independentcompo-
nents).ThecorrespondingconjugatedquantitiesaretheareaC of a surfaceandthedistance

Ð
betweenthewalls. Contraryto thecaseof a homogeneoussystem,thethermodynamicstateof
sucha systemis no longeruniquelydeterminedby a choiceof threeindependentparameters,
say, � , ù and � . As themaindifferencewith respectto a homogeneoussystemis thepresence
of surfaces,it is naturalto completethe setof variables� ù/� by the area C of a surfaceor
by thesurfacetensionJ . However, asjust mentioned,thepressureof a planarsystemhastwo
independentcomponentsat thermalequilibrium.Therefore,wemustclarify themeaningof the
pressureù : If ù is associatedwith achangeof volumewhile keepingthearea,C , of thesurfaces
constant,it will correspondto thenormalcomponentof thepressure,

Ô � . However, if it is re-
latedto a volumechangeat fixedwall-to-wall distance

Ð
, it will bethelateralcomponent,

Ô � ,
whichwouldbetherelevantquantity.

A satisfactory answerto this questionis found by consideringthe energy changeof the
systemdueto achangeof lateraland/ortransversaldimensionsof thesystem.First,weconsider
theenergy change< ð � dueto achange,< Ð , of film thickness(wall-to-wall separation).In this
case,weusethefactthatthenormalpressure

Ô � (andthusthenormalforce)is constantoverall
in thefilm (seeEq.(3.43))sothatwecanimmediatelywrite< ð � ( 8 Ê9� < Ð ( 8 Ô ��C < Ð à (4.87)

However, the lateralcomponent
Ô � of thepressuretensordoesdependon thedistanceÆ from

a wall. To calculatethework < ð � againstthelateralforceswe thusdivide thefilm in layersof
thickness<@Æ , calculatetheenergy changewith respectto achange< C of theareaof thesurface
andfinally integrateover <@Æ . This leadsto< ð � ( 8 ; ��KL4 eM KL4 e <@Æ ÊM� �TÆÀ&c( 8�< C ; ��KL4 eM KL4 e <@Æ Ô � ��ÆÀ&P( 8 Ð < C+NÔ � � (4.88)

wherewehave introducedtheaveragelateralpressureNÔ � ( 3Ð ; ��KL4 eM KL4 e <@Æ Ô � ��ÆÀ&�à (4.89)
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Thetotalenergy change< ð with respectto anarbitrarychangeof film thicknessand/orsurface
areaof aplanarsystemis thusgivenby< ð ( < ð � n < ð �( 8 Ô ��C < Ð 8 NÔ � Ð < C à (4.90)

Theexpression(4.90)for < ð hasasomewhatunusualform. However, usingthedefinition(3.31)
of thesurfacetension,and <>�Ä( C < Ð n Ð < C , it is a matterof simplealgebrato obtainfrom
Eq.(4.90) < ð ( 8 Ô � <>� n J < C à (4.91)

So,whengoingfrom a homogeneoussystemto a systemwith planargeometry, thepair � ù°�1�ø&
of conjugatevariablesmustbe replacedby two pairs � Ô � �"�£& and � J � C & or, equivalently, by� C Ô � � Ð & and � Ð Ô � � C & . However, contraryto ahomogeneoussystem,whereadesiredvolume
changeis realizedin a uniqueway by rescalingthesystemsize,therearetwo distinctwaysof
changingthe volumeof a thin film: Onecanvary the surfaceareaand/orthe film thichness.
Thus,thevolumeis notanappropriatevariablefor themoleculardynamicssimulationof planar
systems.It is moreconvenientto choosethe secondsetof conjugatepairs. Note that within
this choice,

Ð
is conjugateto C Ô � andnot only

Ô � . Similarly, C is conjugateto
Ð Ô � . In

fact,once
Ð

and C arechosenasthethermodynamicvariablesof thesystem,thecorresponding
thermodynamicforcesareobtainedfrom achangeof energy while keepingall otherparameters
constant.Thisgives,whenusingEq.(4.90)OÔQP b 8 � � ð� Ð � ? ä R ( Ô ��C (4.92)OÔTS b 8 � � ð� C � ? ä K ( NÔ � Ð à (4.93)

Here, U standsfor the systementropy. Thus, the fluctuationsof the film thicknesscouple
to

OÔQP ( C Ô � and thoseof C are relatedto
OÔ S ( Ð NÔ � . Consequently, the external forces

correspondingto
Ð

and C are OÔQP ä �N¡�¢Ò( Ô �>ä �V¡'¢ C �OÔTS ä �N¡'¢ ( Ô �@ä �N¡�¢ Ð � (4.94)

respectively. It follows from this argumentthat,a priori, a formalismwhich makesuseof the
fluctuationsof

Ð
and/or C , will allow for simulationsat constant

OÔQP ä �N¡'¢ and/orconstant
OÔTS ä �N¡'¢

only. To obtaina simulationat constantnormalpressure,
Ô ��ä �N¡'¢ , for example,oneshouldadd

the conditionof constantsurfacearea.This meansthata � ù/� -simulationat constantnormal
pressuredoesnecessarilyinvolve fluctuationsof the film thicknesswhile keepingthe surface
areaconstant. Similarly, a �úù/� -simulationat NÔ � ( Ô �@ä �V¡'¢ requiressimultaneouslyboth a
fluctuating C andtheconditionof

�Ð ( _ .
Aswewantto formulateageneralizationof theHoover-Melchionnaequations(4.75)-(4.79),

we first define[seeEq. (4.62)]
WV1ç[· ( Q h gih ekjl h9nÃo ��� � & n � 3k q S � S e n 3k q P � P e �� 3k þ � ä S ¿ S � S e n 3k þ�� ä P ¿ P � P e � n OÔQP ä �N¡�¢ Ð n OÔ S ä �V¡'¢ C à (4.95)
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Here,
¿ S ( k

and
¿ P ( 3 are the dimensionsin directionsparallelandperpendicularto the

surfacerespectively. To simplify the notation,we further definethe reducedvolumeof each
subspacein directionsparallelandperpendicularto theinterface,respectively,� S b C �� P b Ð à (4.96)

Obviously, � ( � S � P is thevolumeof thesystem.Let ÂYX ��Z ��[\� . UsingEqs.(4.96)we can
write 
WV1ç[· in a compactform
WV1ç[· ( Q Á | Q h g eh ä Ákml h n 3k q Á#� Á e n 3k ¿ Á þ�� ä Á � Á e n OÔ Á-�@Á � nÃo ��� � & à (4.97)

A comparisonwith (4.62)revealsthestrikinganalogybetween
WV1ç[· andHoover’s 
 -function.
Usingthis formal analogyit is thereforestraightforwardto generalizetheHoover-Melchionna
equations(4.75)-(4.79)to thecaseof planarsystems�� h ä Á ( g h ä Ál hWn � Á���� h ä Á68)( µ�·9ä Á-& (4.98)�g h ä Á ( � h ä Á68�� � Á n �fÁÀ& g h ä Á (4.99)��fÁ ( 3q Á | Q h g eh ä Ál h 8�� �#  �O�N¡'¢ ¿ Á � (4.100)�� Á ( �@Áþ�� ä Á � OÔ Á�� � &B8 OÔ Á ä �N¡'¢�& (4.101)��>Á ( �@Á � Á ¿ Áúà (4.102)

Theexplicite formof theprobabilitydistribution

+ ��� � � g � � � Á/��� Á/�"�@Á-& , generatedbyEqs.(4.98)-
(4.102)is foundin asimilarwayasin section4.3wherewedemonstratedthatHoover-Melchionna
equations(4.75)-(4.79)generatetheprobabilitydistribution y"zG{?��8 t 
 & . For this purpose,we
first calculate(seeEqs.(4.65)and(4.66))Q � � �J���/J�� ( Q h - ¿ S � S n ¿ P � P /)� 3 8 l hÉ h l h & ] É h ä Á �� �� h ä Á � � h ä Á8��^- ¿ S � S n ¿ P � P n ¿ S � S n ¿ P � P / ] É h ä Á �� �g h ä Á �1g h ä Án ¿ S � S n ¿ P � P ] É Á � ��>Á���>Á( 8�� � ¿ S � S n ¿ P � P &dà

(4.103)

UsingEq.(4.65)this gives < +< � (R�X� ¿ S � S n ¿ P � P & + à (4.104)

If wecouldshow < 
WV1ç[·< � ( 8 �#  ���V¡'¢7� � ¿ S � S n ¿ P � P &"� (4.105)

it would immediatelyfollow from Eqs.(4.104)and(4.105)that+ �Ry"zG{?��8 t 
WV1ç[· &dà (4.106)
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As thecalculationof < 
WV1ç[· Ym< � is indeedverysimilar to thatleadingto Eq.(4.68),weskipsome
intermediatestepsto arriveat< 
WV1ç[·< � ( Q Á � ÁÀ�>Á ¿ Á ~ 8 3¿ Á-�@Á | Q h g eh ä Ál h n Q h � h ä Á � �V� h ä Á£8_( µV·Bä Á-& � n OÔ Á>� � & ý8 �#  �O�N¡'¢�� Q Á � Á ¿ Á@à (4.107)

The validity of Eq. (4.105) immediatelyfollows from Eq. (4.107) if we set the first sum in
Eq. (4.107)to zero.Thisamountsto thedefinitionof

OÔ Á�� � & asOÔ Á�� � & b 3¿ Á-�@Á | Q h g eh ä Ál hWn Q h � h ä Á � �V� h ä Á�8)( µV·Bä Á7& � à (4.108)

It is importantto notethat thespecificdefinitionof
OÔ Á@� � & is closelyrelatedto therequirement

thatthepropabilitydistribution

+
is proportionalto ydz�{?�'8 t 
WV1ç[· & . However, it is a remarkable

propertyof the Hoover-like constructionof 
WV1ç[· and of Eqs. (4.98)-(4.102)that the defini-
tion (4.108)doesindeedcorrespondto thedefinitionsof theaveragelateralandnormalcom-
ponentsof thepressuretensorof a planarsysten.To seethis, we setin Eq. (4.108) Âp( Z andÂ
(`[ . Using

¿ S ( k
,
¿ P ( 3 , � S ( C andfinally � P ( Ð

oneobtainsOÔ S � � & ( 3k C | Q h g eh ä Sl h n Q h � h ä S � �V� h ä S 8)( µV·Bä S & � (4.109)OÔQP � � & ( 3Ð | Q h g eh ä Pl hvn Q h � h ä P � �V� h ä P 8_( µV·Bä P & � à (4.110)

UsingEqs.(4.92)and(4.93),it follows from Eqs.(4.109)and(4.110)Ô � � � &:( 3k � | Q h g eh ä Sl h n Q h � h ä S � ��� h ä S 8)( µV·Bä S & � (4.111)Ô � � � &:( 3� | Q h g eh ä Pl h n Q h � h ä P � ��� h ä P 8)( µV·Bä P & � à (4.112)

Thesearethe well known expressionsfor the lateralandnormalcomponentsof the instanta-
neouspressuretensorin a planarsystemwhenaveragedover thewholesystem.

Similar to theexpression(4.55)for thepressureof a homogeneoussystem,thevalidity of
expressions(4.111)and(4.112)is also limited to systemswithout periodicboundaries.The
caseof asystemwith periodicboundarieswill beinvestigatedin section4.5.

4.4.1 Constantsof Motion

It is easyto seefrom Eqs.(4.97)and(4.105)thata V1ç[· ( Q Á | Q h g eh ä Ákml h n 3k q Á#� Á e n 3k ¿ Á þ�� ä Á � Á e n OÔ Á7�@Á � nÃo ��� � &n � �#  ���V¡'¢�Q Á ¿ Á ; �fÁ>� � \ &'< � \ (4.113)
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is constantunderthe time evolution, i.e. < a V1ç[· Ym< � (`_ . This quantitycanthereforeserve to
checktheaccuracy of theintegration.

Next, weexaminethetimeevolutionof thecenterof massmomentum�´îµ�·9ä Á>� � &:( Q h �g h ä Á( Q h � h ä Á@� � &B8 - �fÁ>� � & n � Á�� � & / Q h g h ä Á � � &( Q h � �N¡'¢h ä Á � � &B8 - � Á>� � & n � Á�� � & / ´¶µV·iä Á>� � & � (4.114)

where � �N¡'¢h ä Á is theprojectionof theexternalforceon particle ! into the Â -subspace.In deriving
Eq. (4.114)we usedthefact thatthesumof internalforcesis zero. It is importantto notethat,
evenin theabsenceof externalforces,thecenterof massmomentumis notnecessarilyconstant.
In this case,oneobtainsfrom Eq.(4.114)�´îµV·Bä Á>� � &:( 8 - �fÁ�� � & n � Á@� � & / ´îµ�·9ä Á>� � & à (4.115)

Theconstancy of ´îµV·iä Á thusrequireśîµV·iä Á>��_À&#(cb . Wewill seein laterchaptersthatfor agiven
lengthof thediscretetime step � , a �úù/� -ensemblesimulation,i.e. a simulationallowing for
thefluctuationsof thesystemsize,leadsin generalto muchlargerdiscretizationerrorsthanthe��� ð or �v��� alternatives. If theseerrorsgive rise to an initial centerof massmomentum,
a furtheraccelerationcanfollow dependingon thesignof the rhsof Eq. (4.115). However, a
non-vanishingcenterof massmomentumis not problematicaslong asthe systemproperties
arecomputedin thecenterof masscoordinates.Indeed,the thermodynamicpropertiesof the
systemareusuallyformulatedin this coordinatesystem.The temperature,�#  � , for example,
is givenby

l D �d;�8 ã ;.e�&'e E andnot by
l D ;-e E . Here

D ; E is theaveragevelocity of particles
andthusthecenterof massvelocity. This simple,but importantdistinctionis usuallyignored
becausé¶µV· (cb in mostrelevantcases.

It alsofollows from Eq. (4.114)that,whenexternalforcesarepresent,́¶µV·Bä Á andthusthe
centerof massposition, ( µV·Bä Á , will vary with time. In particular, for a thin film embedded
betweentwo (identical)impenetrablerepulsivewalls ( µ�·9ä P will movearoundthefilm center.

Finally, it is directly seenfrom Eq.(4.98),thattheusualvelocity-momentumrelationis not
valid within thepresentedformalism,i.e.

�� h ä Á
^( gih ä Á Y l h . Nevertheless,this relationholdsfor
thecorrespondingcenterof massquantities,i.e.�( µV·Bä Áñ( |°Q h l h � M � ´îµ�·9ä Á>� � & à (4.116)

This caneasilybeseenby summingEq. (4.98)overall particlesandusingthedefinitionof the
centerof massposition,namely ( µ�·9ä Á?( É h l h � h ä Á-Y É h l h .
4.4.2 Choiceof 132�f g and ¹hg
As Eqs.(4.98)-(4.102)are formally identical to Hoover-Melchionnaequations(4.75)-(4.79),
theanalysisof subsections4.2.1and4.3.1concerningthechoiceof

q
and

þ��
candirectly be

adoptedfor
q Á and

þ�� ä Á . Actually, thedatausedto testthe theoreticaldiscussionof subsec-
tion 4.2.1wasobtainedfrom simulationsof thin films andnot from thoseof abulk system.This
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is justified by the formal analogyjust mentioned.However, for thesake of completeness,we
repeattheformulafor theoptimumchoiceof

q
for planarsystemsq Á È km¿ Ác� �À  �O�N¡'¢¾ eÖ[× ¢�Ø Ö[× � Ö µ à (4.117)

In rewriting Eq. (4.47) we shouldhave replaced¾ eÖ[× ¢xØ Ö[× � Ö µ by ¾ eÖ[× ¢�Ø Ö[× � Ö µ�ä Á to take into account
theanisotropy of thesystemwith respectto thedirectionsparallel( Â`( Z ) andperpendicular
( ÂR(i[ ) to thesurface.However, astheatomicfrequenciesarein generalratherinsensitive to
theseanisotropies,weusethesame¾ eÖ[× ¢xØ Ö[× � Ö µ for bothparallelandperpendiculardirections.The
approximation(4.49)canalsobeusedfor anestimateof ¾ eÖ[× ¢xØ Ö[× � Ö µ .

In a similar way, we cantranslatetheresultsobtainedin subsection4.3.1for a reasonable
choiceof

þ��
to thecaseof planarsystems.This readsþ � ä S È kmÍ eØ­¢ � � C �54 e$ � e (4.118)þ�� ä P È Í eØx¢ � � Ð $ � e � (4.119)

where
Í Ø­¢ is the requestedratio of the round trip frequency of a soundwave to the typical

frequency of thevolumefluctuations.

4.4.3 Integration of Equationsof Motion

In section4.1wederivedthesocalledvelocity-Verletalgorithm(4.13)for theintegrationof the
Newtonianequationof motion (4.1). The major advantageof this algorithmis that it is time
reversibileandvolumepreserving.Unfortunately, thisalgorithmcannotbeusedby theintegra-
tion of Eqs.(4.98)-(4.102).Thereasonlies in thecouplingbetween

�� h ä Á with � h ä Á in Eq. (4.98)
andin the presenceof the velocity dependentterm in Eq. (4.99). So, a decompositioninto a
purelyposition-translatingandapurelymomentumtranslatingterm[seeEqs.(4.9)and(4.10)]
is no longerpossible.

Nevertheless,we will start from a symmetricansatzandderive a propagationalgorithm,
whichreducesto thevelocity-Verletalgorithm(4.13)in theabsenceof couplingto theheatbath
andat constant

Ð
andconstantC .

Considerthefollowing symmetricapproximationto a functionf(t)+ � � n K>&:( + � � & n K k�j �+ � � & n �+ � � n K>&lk nnm �LK A & � (4.120)

where
�+ (�< + Yj< � . To seethat theabove expansionis indeedof theorder K@e , we applya first

orderTaylorexpansionto
�+ � � n K>&�+ � � n K>&:( �+ � � & n K Ç+ � � & n+m �TK e & à (4.121)

UsingEq. (4.121),oneobtainsfrom Eq.(4.120)+ � � n K>&:( + � � & n K �+ � � & n K/ek Ç+ � � & n K k m �TK e & à (4.122)

Clearly, thelasttermin Eq.(4.122)in of order m �TK A & .
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Let usapplytheexpansion(4.120)to Eq.(4.98).Thisgives� h ä Á>� � n K�& ( � h ä Á@� � & n K k � �� h ä Á>� � & n �� h ä Á>� � n K�&�&( � h ä Á@� � & n K k % g h ä Á � � &l h n � Á�� � &�- � h ä Á�� � &B8o( µV·Bä Á>� � &l/ & (4.123)n K k % gih ä Á � � n K>&l h n � Á�� � n K>&#-�� h ä Á@� � n K>&B8)( µV·Bä Á�� � n K>&l/ & à
Theproblemis now thatsomeexpressionson therhsof Eq. (4.123)requiretheknowledgeof
thepositionsandothervariablesatthelatertime � n K . Thesimplestwayof solvingthisproblem
is to applyafirst orderTaylorexpansionto all thosequantitieson therhsof (4.123)whichhave� n K asargument + � � n K>& È + � b + � � & n K �+ � � &dà (4.124)

This is thewell known Euler methodwhich explainstheorigin of thesuperscripton

+
. Note

that,althoughthe error introducedby the Euler step(4.124)is of the order m �TK@e1& , the corre-
spondingerror in � h ä Á@� � n K>& will beof theorder m �LK A & . This is dueto theextra factorof K in
front of � � n K>& -dependentquantitieson therhsof Eq.(4.123).Theorderof theapproximation
in Eq. (4.123)is thereforeunchangedwhenthe Euler stepis used. With this approximation,
Eq.(4.123)becomes� h ä Á�� � n K>& ( � h ä Á>� � & n g h ä Ál h � � &qp K 8 K eksr � Á�� � & n �fÁ@� � &ut n K ek � �Á�vn K ekjl h � h ä Á>� � &n - � h ä Á@� � &i8o( µV·Bä Á@� � & / p K k � Á>� � & n K ek � �Á � Á@� � & vn K ek � �Á - � h ä Á�� � &B8o( �µV·Bä Á � � &0/cà (4.125)

Note that thecalculationof ( �µV·Bä Á doesnot requirean extra loop over � �h ä Á . It canbe directly
calculatedfrom theknowledgeof ( µV·Bä Á and ´¶µV·Bä Á at thepreviousstep.This is aconsequence
of Eq.(4.116).

One could proceedfurther in a similar way andderive the correspondingexpressionforg h ä Á � � n K>& . However, thereis abetterwayin propagatingthemomenta.Theinformationonthe
new coordinates� h ä Á�� � n K>& canbeusedto calculatethecorrespondingnew forces,� h ä Á>� � n K>& .
This yieldsa betterresultthanapplyinganEulerstepto � h ä Á>� � n K>& . In fact,usingtheEuler-
approximationfor forcesis not only inaccurate,but alsomorecomplicatedas it requiresthe
knowledgeof their time derivatives.Thus,we first calculatethenew forcesandthenpropagate
themomenta.Within the force loopsthecontribution of forcesto thesystempressureshould
alsobecomputedfor thepressureentersthetimeevolutionof � Á [seeEq.(4.101)].

Oncethenew forcesarecomputed,onecanobtainthenew momentaby evaluatinggih ä Á � � n K>& ( gih ä Á � � & n K k j � h ä Á�� � & n � h ä Á>� � n K�&0k8 K k j �fÁ@� � & n � Á>� � & n � �Á � � & n � �Á � � &lk gih ä Á � � &8 K ek j � �Á � � & n � �Á � � & k � h ä Á>� � &n K ek j � �Á � � & n � �Á � � &lk j � Á>� � & n � Á�� � &0k gBh ä Á � � & à (4.126)



4.5. PBCAND THE CALCULATION OF THE PRESSURE 57

During thecalculationof thenew momenta,onecanalsocomputethenew kinetic energy, so
thatat theend,thefriction variables�fÁ canbepropagatedastepfurther[ for � �Á seeEq.(4.130)]� Á>� � n K>&:( �>� � & n � �Ák n Kk�q Á ~ Q h g eh ä Á � � n K>&l h 8 ¿ Á �#  ���V¡'¢aý à (4.127)

Thepropagationof � Á , however, requiresthecalculationof thepressure.As alreadymentioned,
thecontribution of forcesto the internalpressurecanbeobtainedduringtheforcecalculation.
The new kinetic energy is alsoknown at this stageof integration. Thus,the new generalized
forces

OÔ Á�� � n K>& canbecomputedusingEq. (4.108). This allows theevaluationof � Á�� � n K>&
via [ seeEqs.(4.131)and (4.132)]� Á�� � n K>&:( � Á�� � & n � �Ák n K>� �Ák þ�� ä Á - OÔ Á�� � n K>&B8 OÔ Á ä �N¡'¢ / à (4.128)

Finally, thenew (reduced)volumes�>Á arefoundto be�@Á>� � n K>&:( �>Á@� � & n � �Ák n K k ¿ Á-� �Á � Á>� � n K>& à (4.129)

Theintermediatequantities� �Á � � �Á and � �Á areobtainedfrom anEulerstep� �Á ( �>� � & n Kq Á ~ Q h g eh ä Á � � &l h 8 ¿ Á �#  �O�N¡'¢�ý (4.130)

� �Á ( � Á�� � & n K>�>Á�� � &þ�� ä Á - OÔ Á�� � &B8 OÔ Á ä �N¡'¢ / (4.131)� �Á ( ��� � & n K�� � � & � Á�� � & ¿ Á�à (4.132)

Next, we show that in the specialcaseof the microcanonical-ensemble,the integration
schemejust derived reducesto the velocity-Verlet algorithm. Within the presentedformal-
ism, a ��� ð -simulationis achievedby setting

q Á ( þ�� ä Á ( ½
aswell as � Á>� � (X_À&�( _ and� Á�� � (¸_#&)(¸_ . It follows then immediatelyfrom Eqs.(4.130)-(4.132)that � �Á ( � �Á ( _ and� �Á (}�>Á>��_À& . Insertingtheseresultsin Eqs.(4.127)-(4.129)yields � Á>�TK�&@( _ and � Á>�LK>&@( _ and�@Á��LK>&#( � ��_À& . Finally, Eqs.(4.125)and(4.126)simplify to� h ä Á@�LK>&:( � h ä Á>�T_#& n K g h ä Á ��_À&l h n K ekjl h � h ä Á>��_À& (4.133)g h ä Á �LK>&:( g h ä Á ��_À& n K k -�� h ä Á>��_À& n � h ä Á>�LK>&0/�� (4.134)

which areidenticalto thevelocity-Verletequations(4.12)-(4.13).
Recallingthecommentson thegeneralizedexternalforces

OÔqP ä �N¡'¢ and
OÔTS ä �N¡'¢ , we closethis

subsectionemphasizingthat, within the presentedapproachto the � ù/� -simulationof planar
systems,onemustset

þ � ä S ( ½ and � S (R_ , if one is interestedin performinga simulation
at constantnormal pressure,

Ô ��ä �N¡'¢ . Similarly, for a simulationat constantlateral pressure,þ�� ä P ( ½ and � P (¶_ arenecessarypreconditions.

4.5 PBC and the Calculation of the Pressure

We have alreadymentionedin a commenton the formula (4.55) that this formula is not ap-
propriatefor calculatingthe pressurewhen periodic boundaryconditionsare supplied. The
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sameobjectionwasmadein commentingtheexpressions(4.111)and(4.112)for thelateraland
transversalcomponentsof the pressuretensorin a planarsystem. We will now addressthis
problemwithin theHoover-Melchionnaapproachto the �úù/� -ensemblesimulation.Applying
thesameideasto theNośe-Andersenmethodwill leadto thesameresults.We further restrict
ourselvesto the caseof a homogeneoussystem,the generalizationto planarsystemswill be
givenat theend.

To obtainan expressionfor the pressurewhich takes into accountthe effectsof periodic
boundaries,it is necessaryto extend 
 so that it includesalsothe effectsof imageparticles.
Let usconsidera (real)systemof � particlesandits � �xw�� 8 3 periodicimages.If thenumber,� �yw�� 8 3 , of imagesystemsis chosenlarge enough,the ratio of the surfaceof the composed
system(containingtherealandimagesystems)to its volumewill tendto zero.Wecantherefore
formulatetheproblemfor asystemcomposedof a realsystemandasufficiently largebut finite
numberof imagesystems.Without lossof generality, we will restrictourselves to the case
wherethe imagesystemsaresymmetricallyorderedaroundthe realone,so that thecenterof
masspositionof thecomposedsystemwill be identicalto thatof the realsystem,i.e. ( «µV· (( µ�· , wherewe usedthesuperscript‘

½
’ to indicatethecomposedsystem.Furtherwe obtain� « ( � �xw�� � and � « ( � �xw�� � where � « is thevolumeand � « thenumberof particlesof

the composedsystem( � still standsfor the volumeof the real system).For a homogeneous
system,we now define[seeEq. (4.62)]
 « ( �QzQ h ÿ � g ehkml hBnÃo ��� � z & n 3k q « � e n 3k ¿ þ «� � e n Ô �N¡'¢�� « à (4.135)

alongwith theequationsof motion[seeEqs.(4.56)-(4.60)]�� h ( g hl hin � �V� h 8o( µV· & (4.136)�g h ( � h 8�� � n �-& g h (4.137)�� ( 3q « � � zQ h g ehl h 8�� « �#  �O�N¡'¢ ¿ & (4.138)�� ( � «þ «� � Ô � � &98 Ô �V¡'¢�& (4.139)�� « ( � « � ¿ à (4.140)

As readermay have noticed, theseequationsare exactly analogousto Hoover-Melchionna
Eqs.(4.75)-(4.79). The only differenceis that, now, the particle index ! runsover all parti-
clesincludingimageparticles,i.e. ! ( 3 � k �9{ { { ��� « andthatwe have replacedtheheatbath
parameter

q
by
q «

and
þ��

by
þ «�

to indicatethat � and � arenow coupledto � « particles.
Again,Eq.(4.65)canbeusedto show that< +< � (�� « ¿ � + � (4.141)

where

+ ( + �V� � z�� g � z����G�"� « � � & is the probability distribution generatedby Eqs. (4.136)-
(4.140). The total time derivative of 
 « can be calculatedin the sameway as we did for< 
 Yj< � [seeEq.(4.68)]. Theresultis thatthedesiredrelation,< 
 «< � ( 8�� �#  �O�N¡'¢�� « ¿ � (4.142)
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is ensuredby thefollowing definitionof theinstantaneouspressureÔ � � &:( 3¿ � « | � zQ h gih el h n � zQ h ÿ � � h {a� h � à (4.143)

In thepresentdefinition,
Ô � � & is definedover theentiresystem,containingtherealsystemand

its � �yw�� 8 3 images.Theforcesappearingin (4.143)thuscontainalsothecontributionsof the
socalledghostparticles(imagesof realparticles).

Whencalculating< 
 « Yj< � and < + Yj< � wehavesupposedthatall variablesappearingin 
 «
and

+
canbeconsideredasindependentof eachother. OtherwisewecouldneitheruseEq.(4.65)

in calculating< + Yj< � nor expand < 
 « Ym< � ( É � �>� 
 « Y��/J��-& �J�� . This assumption,however, is
not in contradictionto theobviousfact thattheknowledgeof thepositionandmomentumof a
real particleis sufficient to uniquelydeterminethatof all its periodicimages.To seethis, we
look at thetimeevolutionof thesystemcomposedof realandimageparticlesevolving accord-
ing to the motion equations(4.136)-(4.140).Imaginea perfectlyarrangedperiodicsystemat
someinitial time, � (�_ say. We supposethat the momentumof eachimageparticle is equal
to thatof thecorrespondingrealparticle. As thesurroundingof a givenparticleis identicalto
thatof eachof its periodicimages,they will all move alongparallellinesandwill never cross
eachother. The whole systemwill thuskeepits periodicstructure. It meansthat the initial
relationbetweenthepositionandvelocityof aparticleandthoseof its periodicimagesremains
unchangedundertime evolution. Therefore,thereis no fundamentalnecessityfor explicit use
of constraintsto maintainthe periodicstructure. The absenceof constraintsin a problemis
equivalentto sayingthatthecorrespondingvariablesareindependent.

As an example,we recall the rigid body problem. It is clear that onecould considerthe
positionsandvelocitiesof all particlesof a rigid bodyasindependentof eachother, formulate
theHamiltonianof thesystemandthenderive theappropriateequationsof motion. However,
for a rigid body, it is alsoclearthat theknowledgeof thepositionsandvelocitiesof only two
particlesis sufficient to determinethoseof all others.Thisobservationmakesclearthattheuse
of constraintsis notbasedonsomefundamentalrequirements,but in theverysimplefactthatit
cansimplify theproblemby anappreciableamount.It is not veryclever to solve �#� equations
(where � is practicallyinfinitely large)if onecouldachieve thesameresultby solvingonly D .

Next, we try to expresstheredundanttermsin theformula(4.143)for thepressurein terms
of the momentaandpositionsof real particles.Let ussupposethatwe first start to lable real
particlesandthentheghostparticlessothat É �h ÿ � will runoverrealparticlesonly. Usingthefact
that themomentumof an imageparticleis equalto thatof thecorrespondingrealparticle,the
kinetic contribution to

Ô � � & canimmediatelybesimplifiedto asumcontainingthecontribution
of realparticlesonly Ô}| � � &:( 3¿ � �xw�� � ��~C�5~N�Q h g ehl h( 3¿ � �Q h ÿ � g ehl h à (4.144)

One could think of applying the sameprocedureto the configurationalpart of the pressure.
Indeed,like for the momenta,also the forceson a real particle and on its periodic images
are equal. The positionof a real particle,however, differs from that of its periodic images.
Nevertheless,one can also obtain a well definedmappingof the configurationalpart of the
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pressureinto therealsystemandits boundaries.Recallingthattheforce � h ona particle ! is in
factasumover two particleforces,� h ( É �E~F��~��* ÿ � � h * , andusingNewton’s third law wewriteÔW� � � &:( 3¿ � �yw�� � � ~C�5~ �Q h ÿ � � h {j� h( 8 3¿ � �yw�� � ��~C�5~N�Q h�� * � h * {a� h * � (4.145)

where� h * (�� * 8}� h . Notethatthesumin Eq.(4.145)runsoverall pairsof particlesregardless
of whetherthey arerealor images.Let uscall apairof particlesasaninnerpair if bothparticles
lie insidethesame(realor image)system.In contrastto aninnerpairaboundarycrossingpair
is definedasa pair of particlesbelongingto two adjacentsystems.In Fig. 4.4, for example,� ! �  & , � ! \ �  \ & and � ! \ \ �  \ \ & areinnerpairswhereas� ! \ \ �  & and � ! �  \ & areboundarycrossingpairs.
We furtherassumethat the forces � h * aresufficiently short-rangedandthat thesystemsizeis
large enoughso that a particledoesnot interactwith its own periodic images. In particular,
particlesof a systeminteractwith thoseof thesamesystemandof theadjacentsystemsonly.
Thesumin (4.145)canthereforebesplit into two parts,Ô�� � � & ( 8 3¿ � �yw�� � Q

all innerpairs

� h * {j� h *8 3¿ � �yw�� � Q
all
boundary
crossing
pairs

� h * {�� h * à
(4.146)

It is clearthat,for agiveninnerpair � ! �  & in therealsystem,its imagepair in eachof theimage
systemsleadsto thesamecontribution to thefirst sumon the rhs of Eq. (4.146). Hence,the

�
i � i’� i”

� j � j’� j”

� � � �
� � � �������� � � � � �

� � � �������� �
� � � � � � � � � ������������� � � � � � � � � � � ������������� �� � � � � � � � � ������������� � left image realsystem right image

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
Figure4.4: A systemcomposedof arealsystemof �Ã( k particlesandtwo imagesystemssym-
metricallyorderedaroundtherealone.The inner pairs � ! �  & , � ! \ �  \ & and � ! \ \ �  \ \ & areequivalent
in thesensethat � h * {#� h * ( � h ¨ * ¨ {À� h ¨ * ¨ ( � h ¨ ¨ * ¨ ¨ {À� h ¨ ¨ * ¨ ¨ . However, thereareonly � �yw�� 8 3 ( k
equivalentboundarycrossingpairs, namely � ! \ \ �  & and � ! �  \ & .
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sumover theinnerpairscanberewrittenas3¿ � �yw�� � Q
all innerpairs

� h * {a� h * ( 3¿ � Q
realinnerpairs

� h * {�� h * � (4.147)

whereweusedthefactthatthecomposedsystemcontains� �yw�� identicalsystemsincludingthe
realone.

Now, we considerthesumover boundarytermsin Eq. (4.146). It is illustratedin Fig. 4.4
that,for afinite numberof imagesystems,asetof equivalentboundarycrossingpairshas� �yw�� 83 elementsonly. Note alsothat amongthe boundarycrossingpairsof the samecontribution,
thereare two pairscontaininga real particle. In Fig. 4.4, for example,eachof the boundary
crossingpairs � ! \ \ �  & and � ! �  \ & (whosecontributionsto the pressureareequal)containa real
particle.Let usdenoteby “boundarycrossingpairsof therealsystem”all thosepairswhichare
built up of a realparticleanda particlestemmingfrom oneof theadjacentimagesof the real
system.Now, wecanwrite3¿ � �xw�� � Q

all
boundary
crossing
pairs

� h * {j� h * ( � �xw�� 8 3kß¿ � �xw�� � Q
boundary
crossing
pairsof the
realsystem

� h * {j� h *
( 3k�¿ � Q

boundary
crossing
pairsof the
realsystem

� h * {j� h * � (4.148)

whereweusedthefactthat ux¥�¦ � ~C�5~ © « �T� �xw�� 8 3 &�Y�� �yw�� ( 3 . SummarizingEqs.(4.147)and(4.148),
we have shown that theappropriateexpressionfor theconfigurationalpartof thepressurein a
systemwith periodicboundariesis givenbyÔ � � � &:( 8 3¿ � | Q

innerpairs
of thereal

system

� h * {j� h * n 3k Q
boundary
crossing

pairsof the
realsystem

� h * {j� h * � à (4.149)

Next we try to convincethereaderthathehasnotbeenwastinghis time following all theabove
arguments. For this purpose,we usethe simple systemof Fig. 4.4 to demonstratethat the
correctresultgiven in Eq. (4.149) is indeeddifferent from the sum É h � h {�� h , where � h is
“generalized”to containalsothecontributionof theimageparticles.

It is seenfrom Fig. 4.4 that � * h ¨ ¨ ( 8�� h *�¨ and � h * ( 8�� * h . ThereforewecanwriteeQ h ÿ � � h {j� h ( ��� h 8X� * &Q{�� h * n �V� h 8X� * &Q{j� h *'¨( 8 - � h * {j� h * n � h * {j� h * ¨ / � (4.150)

wherewe further used � h * (R� * 8�� h . On the otherhand,evaluatingthe sumson the rhs of
Eq. (4.149)for thesystemof two particles! and  in Fig. 4.4yields8 Q

rhsof
Eq.(4.149)

� h * {a� h * ( 8 - � h * {j� h * n 3k � * h ¨ ¨ {j� * h ¨ ¨ n 3k � h *'¨ {j� h *'¨ /( 8 - � h * {j� h * n � h * ¨ {j� h * ¨ / à (4.151)
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Here,weused� h ¨ ¨ * ( � h * ¨ and � h * ¨ (¶� h ¨ ¨ * . It follows from Eqs.(4.150)and(4.151)that�Q h¤ÿ � � h {a� h n Q
ason the

rhsof
Eq.(4.149)

� h * {j� h * ( � h *'¨ -L� h *�¨ 8�� h * /F(R� h *'¨ � *�*�¨ ^(R_�à (4.152)

Hence,to obtain a correct formula for the instantaneouspressure,
Ô � � & , in the presenceof

periodicboundaries,it is not sufficient to addthecontribution of imageparticlesto the forces
appearingin Eq. (4.55).

We will closethe argumentby demonstratingthat Eqs.(4.56)-(4.60)canbe derived from
Eqs.(4.136)-(4.140).It will beshown thattheonly necessarymodificationto Eqs.(4.56)-(4.60)
is that of the definition of the instantaneouspressure,

Ô � � & , which entersthe time evolution
of the variable � [seeEq. (4.59)]. Equations(4.56)and(4.136)have alreadythe sameform.
Also Eqs.(4.57)and(4.137)areformally identical. We thusexaminethe time evolution of � ,� and � « . Using � « (�� �yw�� � anddividing both sidesof Eq. (4.140)by � �xw�� this equation
becomesidenticalto Eq. (4.60).Theidentity betweenEq. (4.138)andEq. (4.58)is ensuredby
choosing

q « (¶� �yw�� q . This is in agreementwith theoptimumchoiceof theheatbathparameter
given in Eq. (4.47), for

q�«
couplesto the momentaof � �xw�� timeslarger numberof particles

than
q

. Finally, recalling Eq. (4.86), it is reasonableto set
þ «� ( � �xw�� þ��

. Pluggingthis
choicein Eq. (4.139)leadsto anequationwhich is very similar but not identicalto Eq. (4.59).
The differencelies in the new definition of the instantaneouspressure,

Ô � � & . Therefore,in
the presenceof periodicboundaries,Eqs.(4.56)-(4.60)canstill be used,if in Eq. (4.59) the
configurationalpartof theinstantaneouspressure,

Ô � � & , is calculatedvia Eq.(4.149).
Applying thesameprocedureto thecaseof planarsystemsinvolvesnodifficulties.Onegen-

eralizes
WV1ç[· to 
 «VHç[· in asimilarwayaswedid in goingfrom 
 to 
 « . KeepingEqs.(4.98)-
(4.102)in mind, one thenwrites down the equationsof motion for � « particlesandfinally
simplifiestheappropriateexpressionsfor theparallelandnormalcomponentsof thepressure.
Noting that � zQ h �V� h ä Á�8)( µV·Bä Á7&Q{a� h ä Á?( 8 � zQ h�� * � h * ä Á�{j� h * ä Á��
it is easyto seethattheapplicationof theaboveprocedureleadingto Eq.(4.149)will now give
( Â�X ��Z ��[�� , ¿ S ( k and

¿ P ( 3 )Ô Á � � � &:( 8 3¿ ÁÀ�>Á | Q
innerpairs
of thereal

system

� h * ä Á�{j� h * ä Á n 3k Q
boundary
crossing

pairsof the
realsystem

� h * ä Á�{j� h * ä Á � à (4.153)

Finally, we describea situationwherethe discrepancy mentionedin inequality(4.152)disap-
pears:In aplanarsystemconfinedbetweentwo unpenetrablewalls, thetransversalcoordinates
of a real particleandits periodic imagesarealwaysequal. This is a consequenceof the fact
that,in thiscase,noparticlehasanimagein thedirectionperpendicularto thewalls. Hence,an
argumentsimilar to thatwhich led to (4.152)canbeusedto show that�Q h¤ÿ � � h ä P {j� h ä P ( Q

ason the
rhsof

Eq (4.153)

� h * ä P {j� h * ä P à (4.154)
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For directionsparallelto thewalls,however, thediscrepancy remainsunchanged.
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Chapter 5� � ��� �
-Simulation of Thin Films

Realexperimentsonthin films aremostlydoneundertheconditionof constantnormalpressure.
This motivatesus for simulationsat constantnormal pressure

Ô � . In addition, we are also
interestedin analyzingthetemperaturedependenceof thestaticanddynamicpropertiesof the
systemat agivenfilm thickness

Ð
. However, asimulationatconstantnormalpressurerequires

thefluctuationsof theconjugatelengthscale,
Ð

. Therefore,it is actuallynot possibleto carry
out a �úù/� -simulation,which directly fixesboth thenormalpressureandthe thicknessof the
film.

Nevertheless,thereis anindirectwayof simulatingathin film atconstant
Ô � and

Ð
. Let the

numberof particles� andthetemperature� beconstant.It is intuitively clearthat,at constant
film thickness,thenormalpressurecanbeadjustedchangingthedensityby a variationof the
surfacearea,C . Moreover, fluctuationsof thesurfacearea(while

�Ð (=_ ) suggestasimulation
at constantlateral pressure NÔ � . Actually, it immediatelyfollows from thedefinition (3.31)of
thesurfacetensionthatfor aplanarsystemcontainingtwo interfacesNÔ � ( Ô � 8 k JÐ � (5.1)

where NÔ � is thelateralpressureaveragedover thetransversaldimension,i.e.

NÔ � ( 3Ð ; KL4 eM KL4 e Ô � �TÆÀ&�<@ÆWà
Note that for a given setof � � � and

Ð
the surfacetensionis a function of oneremaining

parameter,
Ô � or NÔ � , only. Thus, NÔ � ( Ô � 8 k J � Ô � &�Y Ð is uniquelydefinedby thevalueof

Ô � .
A simulationat a constantlateral pressure NÔ � ( Ô ��ä �N¡�¢B8 k J � Ô ��ä �N¡'¢ &�Y Ð is thereforein many
aspectsequivalentto a simulationat aconstantnormalpressure

Ô � ( Ô �>ä �V¡'¢ .
In studyingthe dynamicpropertiesof physicalsystemsalong the isobariccurve, one is

facedwith the problemthat the fluctuationsof the volume disturb the dynamicsof the sys-
tem in a rathercrudeway [seechapter6]. A � ù/� -simulationis thusnot favorable. In such
a situation,oneresortsto a ��� ð or ����� simulation,wherethevolume � is chosenso that
the correspondingpressurewill fluctuatearoundthe requiredvalue [91]. Adopting this ap-
proachfor thesimulationof a thin film atagivennormalpressure

Ô ��ä �N¡'¢ undertheconditionofÐ (���� w��l� à , it is necessaryto determinethesurfaceareaC � Ô ��ä �N¡�¢ & for thespecificvalueof the
normalpressure.As seenfrom Eq. (5.1), this, in turn, requiresa � ù/� -simulationat a lateral
pressure NÔ � ( Ô ��ä �N¡'¢�8 k J Y Ð à Hence,theknowledgeof J � Ô � & is equivalentto thesolutionof
our problem.

65
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5.1 Iterati ve Calculation of the Surface Tension,   , While
Keepingboth ¡£¢ and ¤ Constant

Let J �d¥�( J � Ô � ( Ô �>ä �V¡'¢�& be theequilibriumvalueof thesurfacetension.If we considerthe
surfacetensionasa functionof thelateralpressurewecanwriteJ �>¥ ( J � NÔ � ( Ô ��ä �N¡'¢°8 k J �d¥Ð � à (5.2)

Thus, the surfacetension J , when consideredas a function of the lateral componentof the
pressure,satisfiesa self-consistentequationfor a givenvalueof

Ô �>ä �V¡'¢ . This self-consistency
canbeusedto formulateaniterativeprocedure:

(i) Choosefor
Í (R_ a reasonablevaluefor JE¦ . If abetterchoiceis unknown, set J * (R_ .

(ii) Carry out a simulationat
Ô ¦�@ä �N¡'¢ b Ô ��ä �N¡'¢#8 k J ¦ Y Ð for a certainamountof time, ¬ , and

calculate J ¦��æ ¢ ( 3¬ ;¨§ ¦ �O�5© §¦ § J � � \ &'< � \( J �>¥ � Ô ¦�>ä �N¡'¢ ( Ô ��ä �N¡�¢ 8 k JE¦Ð � (5.3)

and Ô ¦�>ä ��æ ¢ ( 3¬ ; § ¦ �O�5© §¦ § Ô � � � \¤&'< � \Oà (5.4)

(iii) If � Ô ¦��ä ��æ ¢ 8 Ô �>ä �V¡'¢�&�Y Ô ��ä �N¡�¢ ã í stoptheiteration,if not,set J ¦ �O�P( J ¦��æ ¢ andgo to (ii).

Theiterationcanin principlebestartedwith anarbitraryvalueof J * . It will, however, converge
fasterif J * is closeto theequilibriumvalue J �>¥ . Thereasonwhy wemonitortheconvergenceofÔ ¦�>ä ��æ ¢ andnot thatof JE¦ lies in thefact thatwe areinterestedin settingthenormalpressureto
thegivenexternalvalue

Ô ��ä �N¡'¢ . It is thereforereasonableto checkfor theconvergenceof
Ô ¦��ä ��æ ¢

alreadywithin theiterationprocedureanduseit astheexit-criterion.

5.2 Convergenceof the Iterati veMethod

In this section,we will provide evidencefor the convergenceof the methoddescribedin sec-
tion 5.1.First,wenotethatcloseto equilibriumJ ¦ �O� ( J ¦��æ ¢ ( J � Ô � ( Ô ��ä �N¡�¢°8 k J ¦Ð �È J �>¥ n kÐ � J �d¥�8 J ¦ & � � J� NÔ � � K ä � � (5.5)

wherewe useddefinition(5.2)of J �d¥ anda first orderTaylor expansionof J at NÔ � ( Ô ��ä �N¡'¢98k J �d¥ Y Ð . Note that we studya situation,where � � Ð and � arekept fixed. A changeof the
lateralpressureis thereforerealizedby achangeof surfacearea,C , only. If wenow assumethat� � J� NÔ � � K ä � eÃ_ (5.6)
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we obtainfrom Eq.(5.5) J ¦ e J �d¥ ª J ¦ �O� ã J �d¥jà� ã & �0e�& (5.7)

It follows from Eq.(5.7) thatthesuccessivevaluesof J ¦ oscillatearoundtheequilibriumvalueJ �d¥ . UsingEq. (5.7) we will usesemi-analyticargumentsto show that theseriesof JE¦ , when
calculatedvia Eq.(5.2),approachestheequilibriumvalue J �d¥ , i.e.«« J �d¥�8 J ¦ �O� «« ã Z J �d¥�8 J ¦ Z"à (5.8)

Let J ¦ ã J �d¥ . It follows from Eq.(5.7) that J ¦ �O�¬e J ¦ . Therefore,wehaveZ J �d¥�8 JE¦ �O� Z ã Z J �d¥�8 JE¦ Z­ ª J ¦ �O�B8 J �d¥ ã J �d¥�8 J ¦­ ª 8 kÐ � J �d¥�8 J ¦ & � � J� NÔ � � K ä � ã J �d¥�8 J ¦­ ª kÐ � � J� NÔ � � K ä � ã 3 (5.9)

Combiningthelastinequalityin (5.9)with theassumption(5.6), it follows thattheconver-
genceof themethodrequires _ ã kÐ � � J� NÔ � � K ä � ãR3 à (5.10)

A justificationof the left inequalityin (5.10)canbe found asfollows. Surfacetensionarises
from imbalancebetweenmolecularforceson particlescloseto theinterface[93]. Let thenum-
berof particles,film thicknessandtemperaturebekeptat somegivenvalues.Imaginethatthe
averagelateralpressure, NÔ � is increasedby a changeof the surfaceareato a certainamount,< C ã _ say. As a resultof this changeof thesurfacearea,thesystemvolumedecreasesto an
amountof

Ð < C [recall that
Ð (`�®� w¯�0� à ]. Consequently, themeanparticleseparationdecreases

leadingto anenhancementof theimbalancebetweenmolecularforcesat thesurfaceand,thus,
to anincreaseof thesurfacetension,J . Thisexplainsthevalidity of theleft inequalityin (5.10).

Theremaybesomesimilarargumentfor thevalidity ofkÐ � � J� NÔ � � K ä � ãR3 à (5.11)

However, we have not found a generalargument. Nevertheless,for sufficiently large
Ð

, it is
clearthattheinequalityholds.To seethis,weuse

k J ( Ð � Ô � 8 NÔ � & [seeEq.(5.1)],andrewrite
inequality(5.11) � � Ô �� NÔ � � K ä � ã k à (5.12)

For asufficiently largefilm thickness,onecanusetheapproximation
Ô � È NÔ � andthusobtain� � Ô �� NÔ � � K ä � È 3 ã k for large

Ð
. (5.13)
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Therefore,if thereis a limit to thevalidity of theinequality(5.12),it mustbeat smallfilm
thicknesses.We implementedthe methodandcarriedout simulationsat variousfilm thick-
nesses.Even at the very thin film of thickness

Ð (¸Ñ , whoseresultswill be reportedin the
next section,themethodconverges.Recallthat

Ð
standsfor thewall-to-wall separation.The

distanceof the closestapproachto a wall is approximatelyoneatomicdiameter. Therefore,
a valueof

Ð (`Ñ correspondsto theextremecaseof threemonomerlayersonly. Thereis no
regionwith bulk propertiesat this film thickness.

Therefore,at leastfor our model, the inequality (5.12) seemsto hold at all relevant film
thicknesses.Of course,we did not examinethe caseof a sole monomerlayer. But, if one
is interestedin sucha system,isn’t it moreefficient to startdirectly with a two dimensional
system?

5.3 On the Choiceof   _ and °
It will beshown later in this chapter(seeFigs.5.6 and5.7) that themethodalwaysconverges
towardsthe samelimit independentof the specificvalueof J * . However, it is obvious that a
valueof J * closeto J �>¥ is favorablefor theconvergenceof theiteration.Thus,if someestimate
of J �d¥ exists,for exampleif J �d¥ is known for adifferenttemperatureand/orpressure,oneshould
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Figure5.1: Dependenceof theconvergencerateof ´Eµ on theduration, ¶ , of an iterationstep.
The surfacetension ´ µ , computedwithin the iterative method[seeEq. (5.2)], is plotted for
threechoicesof the durationof an iterationstep: ¶¸·>¹»º½¼¾d¾À¿ (dashedline with circles), ¶¸·>Á»º½¼¾d¾<¿
(bold solid line with diamond)and ¶¸·5Â»Ã�º ¼¾d¾ ¿ (solid line with triangles)[for the definition of¶¸·ÅÄ ¿ , seedefinition (5.14)]. Rapidconvergenceis obtainedonly for the caseof ¶L·5Á»º½¼¾>¾<¿ [see
alsoFig. 5.2]. Note that, here,each́ µ is obtainedastime averageduring the corresponding
iterationsteponly, i.e. Æ�ÇhÈ [seethecombinationrule (5.16)].
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set ´ÊÉ to this value.
In additionto ´ÊÉ , the methoddescribedin section5.1 containsa further parameterwhich

mustbewell characterizedbeforeany concretesimulationcanbedone. It is the length, ¶ , of
an iterationstep. If ¶ is chosentoo small, the time integrals in (5.2) and (5.4) will lead to
inaccurateresultsfor ´ µ and Ë µÌEÍ Î�Ï<Ð , respectively. On thecontrary, if it is chosentoo large,the
methodbecomesinefficient.

It is generallyknown thatthemeansquaredisplacements(MSD) andrelaxationprocessesof
positiondependentphysicalquantitiesarecloselyrelated.Therefore,asthepressuretensorand
thusthesurfacetensiondependonintermolecularforcesanddistances,weexpectthemagnitude
of MSD to bea naturalmeasureof time for our purpose.Let usdefine¶¸·dÄ ¿ asthetime needed
by themeansquaredisplacementsof chains’centersof mass,Ñ#Ò , to satisfy Ñ#ÒÓ·Å¶¸·dÄ ¿l¿ ÇÔÄ , i.e.Ñ#ÒÓ·d¶L·dÄ ¿l¿TÕ Ä (definingequationfor ¶¸·dÄ ¿ ) Ö (5.14)

Wefind empiricallythat ¶L·5Á»º½¼¾d¾ ¿ is areasonablechoicefor thelengthof aniterationstep,whereº ¾>¾ is theaverageend-to-enddistanceof a chain. This leadsto muchfasterconvergencethan
the shortertime ¶¸·>¹»º ¼¾d¾ ¿ . Time integralscomputedwithin an interval of length ¶¸·d¹×º ¼¾d¾ ¿ are
inaccuratesothattheconvergenceof theserieś µ and/orË µÌÊÍ Î�ÏlÐ is no longerwarranted.On the
otherhand,thechoiceof a muchlargertime ¶L·�Â»Ã�º½¼¾>¾<¿ doesnot improve theresultsverymuch.
Therefore,¶L·5Á»º ¼¾>¾ ¿ seemsto bea goodcompromisebetweenaccuracy andcomputationtime.
Thisis demonstratedin Figs.5.1and5.2wheresimulationresultson ´Êµ and Ë�µÌÊÍ Î�Ï<Ð aredisplayed
ascomputedusingEqs.(5.2)and(5.4) for threechoicesof ¶ : ¶¸·>¹»º ¼¾d¾ ¿ , ¶L·5Á»º ¼¾>¾ ¿ and ¶¸·5Â»Ã�º ¼¾d¾ ¿ .
The resultscorrespondto a film of ØÙÇÚÃ containing Û ÇiÃ�Ü�Ü particlesat Ý ¾ÅÞ Ð ÇßÈ (high
temperatureliquid state). The aim of the iterationwasto find ´ ¾>à correspondingto a normal
pressureof Ë ÌÊÍ ¾ÅÞ Ð Ç^È . As shown in Fig. 5.1, ¶¸·5Á�º½¼¾d¾ ¿ leadsto arapidlyconvergingseriesof ´ µ
thussatisfyingtheinequality(5.8).For thesmaller¶ , however, convergenceis mainlylimited to
thebeginningof theiterationonly. After a few stepswith well definedconvergencetowardsthe
averagevalue,statisticalerrorsseemto dominateandresultsfor ´ µ improvemuchmoreslowly.
Thereis evenaregionof moreor lessconstantamplitudeoscillationsaroundtheaveragevalue,
in contradictionto the inequality(5.8). Finally, taking a muchlarger time ¶¸·�Â�Ã�º ¼¾d¾ ¿ doesnot
improvetheresultscomparedto thoseobtainedfrom iterationstepsof length ¶L·5Á»º½¼¾>¾<¿ . Werecall
that it is actuallytheconvergenceof Ë µÌÊÍ Î�Ï<Ð towardstherequiredvalue Ë ÌÊÍ ¾ÅÞ Ð which is usedas
theexit-conditionof theiterativeprocedure:

stoptheiterationif
Ë µÌÊÍ Î�Ï<Ðâá Ë ÌEÍ ¾dÞ ÐË ÌÊÍ ¾ÅÞ Ð ãnä for therequiredä ·5Ü ãnäåã È ¿ Ö (5.15)

A plot of Ë�µÌEÍ Î�Ï<Ð is displayedin Fig. 5.2 for threechoicesof ¶ . Therequiredrelative accuracy
wasset to ä ÇÚÜ�ÖFÜ»Ü×Ã . As expected,the situationis similar to that of ´Eµ (seeFig. 5.1). Also
in caseof Ë µÌEÍ Î�Ï<Ð , thebestconvergenceis obtainedfor ¶L·5Á»º½¼¾>¾ ¿ . It mustbenotedhere,that for¶L·>¹×º½¼¾>¾'¿ , theiterationactuallydid not satisfythecriterion(5.15)with ä Ç�Ü�ÖFÜ»Ü×Ã . This run was
thereforestoppedmanually, i.e. we did not wait long enoughto observe a convergence(why
shouldonewastecomputingtime?).

Thus,whenapplyingEq. (5.2), the lengthof an iterationstepmustbe chosento ¶L·5Á»º½¼¾d¾<¿
to ensureconvergence.Oneshouldrealizethat ¶¸·5Á�º½¼¾d¾ ¿ is approximatelyequalto the typical
durationof a productionrun. To obtainanestimateof thetime necessaryfor a whole iteration
procedure,this timemustfurtherbemultipliedby thenumberof iterationsteps.FromFig. (5.2)
we count12 stepsfor a relative accuracy of ä ÇæÜ$ÖCÜ»Ü»Ã . So, the iterative methodintroducedin
section5.2 seemsto bevery time consuming.Thesituationbecomesevenmorecrucialwhen
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Figure5.2: Dependenceof theconvergencerateof Ë�µÌEÍ Î�Ï<Ð from theduration,¶ , of an iteration
step. Ë µÌEÍ Î�Ï<Ð , as computedusingEq. (5.4), is plotted for threechoicesof the durationof an
iterationstep: ¶¸·d¹×º½¼¾d¾<¿ (dashedline with circles), ¶L·5Á»º½¼¾>¾<¿ (bold solid line with diamonds)and¶¸·5Â»Ã�º½¼¾d¾ ¿ (solid line with triangles). [for the definition of ¶¸·ÅÄ ¿ , seedefinition (5.14)]. Rapid
convergenceis obtainedonly in thecaseof ¶¸·>Á»º½¼¾d¾<¿ [seealsoFig. 5.1].

cooling down the systemtowardsthe glasstransitiontemperaturewherethe dynamicsof the
systemstartsto freezeandthus ¶L·5Á»º½¼¾>¾<¿ tendsto infinity. Thelower thetemperature,thehigher
theimportanceof reducingthenumberandlengthof necessarysteps.

In fact, we will show in section5.4 that a major improvementof the convergencecanbe
achievedby introducingakind of memoryinto theiterationprocedure.This amountsto taking
into accountnotonly theactualiterationstep,but alsothepreviousonesin calculatingtheinput
of thenext step.

5.4 An Impr ovementof the Iterati veMethod

Let usfirst summarizetheresultsobtainedsofar. Wehaveintroducedaniterativemethodwhich
permitsthe calculationof the surfacetension, ´ ¾dà , of a thin film at a given normalpressure,Ë ÌEÍ ¾ÅÞ Ð , without varying the film thicknessØ . The surfacetensionso obtainedcanbe usedto
carryout a simulationin Ûíì¯Ý -ensembleat the lateralpressureË¸î Í ¾dÞ Ð ÇoË ÌÊÍ ¾ÅÞ Ð á ÂÓ´âï#Ø which,
in many aspects,is equivalentto a simulationat a constantnormalpressureË ÌÊÍ ¾ÅÞ Ð . We gave
in section5.2semi-analyticalevidencefor theconvergenceof themethod(seeinequality(5.8))
andfinally in section5.3wepresentedsimulationresultsconfirmingthisbehavior if thelength,¶ , of astepis approximatelychosento Ñ�Ò�·Å¶ ¿ Ç`Á�º ¼¾d¾ .

However, asmentionedat theendof section5.3,repeatingabout10 iterationstepsof length¶¸·>Á»º½¼¾d¾<¿ is very timeconsuming.It becomesevenmoreunpracticalat temperaturescloseto the
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glasstransition.
Fortunately, evenat low temperatures,themethodconvergesmuchfasterthanpresentedin

section5.3,if theresultsof previousiterationstepsaretakeninto accountwhencalculatinǵ µ ðòñ
whichservesastheinputof thenext step.In fact,this ideahasbeenalreadysucessfulin iterative
calculationof directcorrelationfunction, ó#·>ô ¿ [94] andwe wereled to it by a remarkin [64].
It is reportedtherethat “To ensureconvergence,it is generallynecessary, to mix successive
approximationsto ó�·dô ¿ beforethey areusedasinputatthenext levelof iteration(Boyles,1960)”
(seepage129of [64], seealso[94]).

We thusintroduceanextra parameter, Ü ã Æ ã È , andset´ µ9ðòñ ·5Æ ¿ Ç`Æõ´ µÎ�Ï<ÐÊö ·0È á Æ ¿ ´ µ Ö (5.16)

It is easyto seethatEq. (5.16)is equivalentto

´ µ9ðòñ ·5Æ ¿ Ç÷Æ µø ùÀú É ·uÈ á Æ ¿ ù ´ µ#û ùÎ�Ï<Ð ö ·0È á Æ ¿ µ ðòñ ´ É Ö (5.17)

The contribution of the ü -th stepbeforethe mostrecentoneis thusweakenedby a factorof·uÈ á Æ ¿ ù . We have thus introduceda kind of memoryinto the iteration taking into account
the informationaboutprevioussteps.Actually, Eq. (5.17) is a weightedsumover ´ µÎ�Ï<Ð which,
dueto inequality(5.7),oscillatesaround́ ¾dà . Therefore,theconvergenceof successive values
of ´ µ towards ´ ¾dà is acceleratedby the rule (5.17) as long as the lengthof an iterationstep
is long enoughto yield theoscillatingbehavior (5.7). It is clearfrom theelementaryanalysis
that theaverageof a converging serieswill converge to thesamevalue,i.e. ýxþ�ÿ µ�� � ´ µ ·5Æ ¿ Çýxþ�ÿ µ�� � ´Eµ8Ç ´ ¾dà . For finite � , however, thereis a differenceandthereforeoneshouldcarry
out someconsistency checkson theoutputof theiterationprocedure.In thesituationpresented
herethereis a well definedquantitywhich canbe usedto test the outputof the method. It
is the normalcomponentof the pressuretensor. In taking the convergenceof Ë µÌÊÍ Î�ÏlÐ towardsË ÌÊÍ ¾ÅÞ Ð asthe exit-criterion, we alreadycheckthe accuracy of the result, for an erroneouś µ
would manifestitself in Ë µÌÊÍ Î�Ï<Ð asthe former entersthe time evolution of the systemthroughË�µî Í ¾dÞ Ð Ç`Ë ÌÊÍ ¾ÅÞ Ð á Â�Ø ï�´Eµ . However, thesesimulationsprovidea furtherpossibilityto checkthe
outputof theiterationprocedure:At theendof theiterativestageof thesimulation,we setthe
volumeof thesystemto theonecalculatedduringthevery last iterationstep,����� Ç È¶ 	

laststep 
���
 � · ��
 ¿�� (5.18)

andthenswitchto the Û � Ý -ensemblesimulation.Within this ensemble,i.e. keepingboth Ø
and � constant,we carryout threesuccessive equilibrationstepsmonitoringthemeansquare
displacementsof chaincenters. For the resultspresentedhere,for example,the durationof
eachequilibrationstepwaschosento ¶¸·d¹×º½¼¾d¾'¿ . Finally, we carryout a productionrun (still inÛ � Ý -ensemble)of length È��+È Ü�� MD-stepsfor Ø�Ç`Ã � Ý ¾ÅÞ Ð Ç È and È»Ö����+È Ü�� MD-steps
for Ø�Ç`Ã � Ý ¾ÅÞ Ð ÇÚÜ�ÖCÃ»Ã . Now, if the normal pressureof the systemis sampledduring this
productionruns,onecanexaminewhetherthe volume,computedwithin the iterative part of
thesimulation,doesreally correspondto therequiredexternalpressureË ÌÊÍ ¾ÅÞ Ð Ç È . Table5.1
containsresultsobtainedfrom the constantvolumeproductionruns,where

�
wascomputed

usingEq. (5.18), i.e. astime averageduring the very last iterationstep. It is seenfrom this
tablethat theaveragevolume,computedwithin the iterative method,correspondsto thegiven
externalnormalpressureË ÌÊÍ ¾ÅÞ Ð ÇßÈ to ahighdegreeof accuracy.
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Table 5.1: Averagenormal pressure,
� Ë Ì � , as obtainedduring Û � Ý -productionruns. The

volumeusedin eachrunwascomputedwithin apreceedingiterativeapproachwith Ë ÌÊÍ ¾ÅÞ Ð ÇßÈ .
[seeEq. (5.18)]Thefilm thicknesswas Ø Ç÷Ã andthenumberof particlesÛ^ÇsÃ#Ü»Ü .Ý ¾dÞ Ð Æ ¶ ´ÊÉ � Ë Ì ����� �

1 0.5 ¶¸·d¹×º ¼¾d¾<¿ 0 0.996 ! 0.009
1 0.5 ¶¸·d¹×º½¼¾d¾ ¿ 2.6 0.994 ! 0.009
1 0.6 ¶¸·d¹×º ¼¾d¾ ¿ 2.6 1.004 ! 0.010
1 0.7 ¶¸·d¹×º½¼¾d¾<¿ 2.6 1.003 ! 0.010

0.55 0.7 ¶¸·>Á»º ¼¾d¾<¿ 2.6 0.990 ! 0.002
0.55 0.7 ¶¸·d¹×º½¼¾d¾ ¿ 2.6 0.994 ! 0.002
0.55 0.5 ¶¸·5Â�º½¼¾d¾<¿ 0 1.017 ! 0.015
0.55 0.5 ¶¸·5Â�º½¼¾d¾<¿ 2.6 0.997 ! 0.002
0.55 0.5 ¶L·5º ¼¾d¾ ¿ 2.6 1.004 ! 0.002

Wewill show in thefollowing thatthemodification(5.16)doesindeedspeeduptheconver-
genceof themethodandreducesthewholedurationof theiterationsby anorderof magnitude
or evenmore. This is clearlydemonstratedin Figs.5.3and5.4whereresultsaredisplayedon´Eµ and Ë�µÌEÍ Î�Ï<Ð , respectively for ÆçÇYÈ (no mixing), Ü�Ö#" � Ü�Ö�� andfinally ÆYÇ Ü$ÖHÃ . All otherpa-
rameters(includingtheinitial configuration)werethesamefor all runs,i.e. Ø ÇiÃ , Û ÇÚÃ#Ü»Ü ,Ý ¾dÞ Ð ÇßÈ and Ë ÌÊÍ ¾ÅÞ Ð ÇßÈ . Note that smallervaluesof theparameterÆ correspondto stronger
memoryeffects,for the older stepsareweighedby successive factorsof Ü ã È á Æ ã È . As
shown in Figs.5.3 and5.4, thesmaller Æ , the fasterthemethodconverges. However, thereis
not muchdifferencebetweenresultsobtainedfor ÆÔÇÚÜ�Ö$� and ÆÔÇÚÜ�ÖHÃ . This mayberelated
to the fact that, to someextent, Æ÷Ç Ü�ÖHÃ is a lower bound,asthe valuesbelow this limit, i.e.Æ ã Ü�ÖHÃ , correspondto overemphasizingthepast. Onemayalsohave noticedthatoscillations
of ´Eµ and Ë�µÌÊÍ Î�Ï<Ð arewashedout or totally absentin Figs.5.3 and5.4. However, this is not in
contradictionto inequality(5.7)sinceevidencefor thevalidity of (5.7)wasgivenin theabsence
of mixing only, i.e. for thecaseof Æ`Ç È . For this specificvalue,oscillationsof both ´ µ andË µÌEÍ Î�Ï<Ð havebeenillustratedin Figs.5.2and5.1.

Finally, we areinterestedin finding out to whatextentthemixing rule acceleratesthecon-
vergenceof the methodat low temperatures.Therefore,we have carriedout simulationsatÝ ¾dÞ Ð ÇÚÜ�ÖCÃ»Ã . At this temperature,the dynamicsof the systemis sloweddown by an orderof
magnitude(seechapter8). The questionwashow long the iterationprocedurewould take to
achievethesameaccuracy of ä ÇÚÜ�ÖCÜ�Ü×Ã asusedin previoushightemperatureexamples.Again,
theparametersof thesystemwere Ø ÇiÃ , Û ÇÚÃ�Ü»Ü and Ë Ì ÇßÈ . Figure5.5comparesresults
of two runsat Ý ¾dÞ Ð ÇÚÜ�ÖCÃ»Ã for Æ`Ç�Ü�Ö�" and ÆÔÇÚÜ�ÖHÃ . As we alreadyexpectedbetterconver-
gencefor smallerÆ , wewentastepfurtherandsetthedurationof aniterationstepto ¶¸·5Â�º½¼¾d¾ ¿ in
thecaseof Æ`Ç�Ü�ÖCÃ , whereasfor ÆÔÇÚÜ�Ö�" anapproximatelytwice aslargesteplength ¶¸·d¹×º½¼¾d¾<¿
waschosen.As seenfrom Fig. 5.5,for ÆÔÇÚÜ�ÖCÃ , it takesonly two stepsto achieve therequired
relative accuracy of ä ÇÚÜ�ÖFÜ»Ü×Ã . In thecaseof ÆÔÇÚÜ�Ö�" , however, it takesmany more(actually
7) stepsof largerlengthto satisfytheconvergencecriterion.

Now, we presentsimulationresultsproving that the methodis independentof the chosen
valueof the initial parameteŕòÉ . Figures5.6 and5.7 depictthesurfacetensioń µ ·>Æ ¿ andthe
normalpressureË�µÌÊÍ Î�Ï<Ð ascalculatedby theiterativemethod,Eqs.(5.16)and(5.4) respectively.
As expected,the methodconvergesrapidly for ´ÊÉ Ç Â�Ö�� which is closeto the equilibrium
value ´ ¾dà Ç,Â�ÖHÃ�%�! Ü�ÖFÜ»Ü×Ã . Nevertheless,the resultsobtainedwith ´ÊÉ ÇßÜ , a valuefar from
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Figure 5.3: Effect of mixing successive iteration stepson the convergenceof ´Eµ . Four
values of the parameter Æ appearingin the mixing rule (5.16) are compared: Æ ÇÈ (no mixing), Ü$Ö#" � Ü�Ö$� � Ü�ÖCÃ . All other parametersincluding the initial configurationwere
identical for all runs. Combinationrule (5.16) thusacceleratesthe rateof convergenceby an
appreciableamount.Smallervaluesof Æ (which correspondto strongermixing) leadto faster
convergence.

´ ¾dà , alsoconverge towardsthe samelimit. Thus,the methodsatisfiesan importantnecessary
condition,namelytheconvergencetowardsa well definedlimit, regardlessof thevalueof the
initial parameteŕÊÉ . However, it is not surprisingthat the rate of convergencedependson
the specificvalueof ´ÊÉ . Note that thereis no mixing in the calculationof Ë µÌÊÍ Î�ÏlÐ . For each
iterationstep,� , Ë µÌÊÍ Î�Ï<Ð is calculatedasthetimeaveragewithin thissteponly. However, aseach´ µ ·5Æ ¿ entersthetimeevolutionof thesystem,thereis animplicit memoryeffect in all physical
quantitiesincluding Ë µÌÊÍ Î�ÏlÐ .
5.5 Again on the Choiceof )
The readermay have noticedthat, for the caseof ´ÊÉ£Ç Ü , therearestrongirregularitiesforË�µÌÊÍ Î�Ï<Ð shown in Fig. 5.7. Actually, for ´ É Ç Ü , someiteration stepsfollow the other in a
muchshortertime thanthe averagedistancebetweenneighboringpoints. As a consequence,
the time integral (5.4) becomesinaccurate.To seethe origin of this irregularity in the length
of an iterationstep,we focuson what happenswhengoing from the endof an iterationstep
to the beginning of the next one. Thereis actuallya discretejump in the valueof the lateral
pressureË¸î Í ¾dÞ Ð whichenterstheequationsof motiondirectly: It changesfrom Ë ÌÊÍ ¾ÅÞ Ð á Â�´Eµ×ï»Â�Ø
to Ë ÌÊÍ ¾ÅÞ Ð á Â�´ µ ðòñ ï»Â#Ø . As ´ µ and ´ µ9ðòñ lie on oppositesidesof ´ ¾dà [seeinequality5.7] we can
write * ´ µ ðòñ á ´ µ *�Ç+* ´ µ ðòñ á ´ ¾>à * ö * ´ µ á ´ ¾dà *-, Â.* ´ ¾dà á ´ µ * . Therefore,thelarger thedifference
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Figure 5.4: Effect of mixing successive iteration steps on the convergence of Ë�µÌÊÍ Î�Ï<Ð .
Four valuesof the parameterÆ appearingin the mixing rule (5.16) are compared: ÆiÇÈ (nomixing), Ü�Ö�" � Ü�Ö$� � Ü�ÖCÃ . All other parametersincluding the initial configurationwere
identical for all runs. Combinationrule (5.16) thusacceleratesthe rateof convergenceby an
appreciableamount.Smallervaluesof Æ (which correspondto strongermixing) leadto faster
convergence.

* ´ ¾dà á ´ µ * , thestrongerthediscontinuitythusinduced.Theveryfirst jumpcanbeapproximated
by * ´Lñ á ´ É *5, Â6* ´ ¾dà á ´ É * . Valuesof ´ É with a larger distancefrom ´ ¾dà thus leadto more
pronounceddiscontinuitiesbetweenadjacentstepsat the beginning of the iteration. These
discretejumpsin Ëõî Í ¾ÅÞ Ð canacceleratethedynamicsof thesystem.It maythenhappenthatthe
meansquaredisplacements,whichserveasakind of chronometerin thepresentedmethod(see
commentsonthechoiceof ¶ ), will grow toofastandleadto anunexpectedlysoonterminationof
thecurrentiterationstep.However, dueto theconvergenceof themethod,thestrengthof these
discontinuitieswill tendtowardszeroduring the iteration,which meansthat the irregularities
shouldalsodisappear.

This explanationis confirmedin Fig. 5.7 whereit is demonstratedthat thebehavior of the
methodbecomessmootheratlateriterationsteps.Strongerevidencefor thispictureis,however,
found by resultsobtainedafter introducingan empirical lower boundfor ¶ . Actually, in all
simulationsat Ý ¾ÅÞ Ð Ç^È whoseresultshavebeenpresentedhere,amodifieddefinitionof ¶ was
used. We defined ¶ as ¶ Õ ÿ�798â· empiricallowerbound� ¶¸·ÅÄÊº½¼¾d¾À¿l¿ , where Ä is an adjustable
dimensionlessnumber(oftensetto ¹ ). During the iteration,thevalueof the lower boundwas
correctedto the averagelengthof a step. As shown in figurescorrespondingto Ý ¾ÅÞ Ð ÇßÈ , no
irregularitieshavebeenobserved,usingthismodification.
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Figure5.5: Effect of mixing successive iterationstepson theconvergenceof Ë�µÌEÍ Î�Ï<Ð at a rela-
tively low temperatureÝ ¾ÅÞ Ð Ç�Ü�ÖCÃ»Ã for two valuesof theparameterÆ appearingin themixing
rule (5.16) ÆÔÇÚÜ�Ö�" and ÆÔÇÚÜ�ÖCÃ . Thedurationof aniterationstepwas ¶¸·5Â�º½¼¾d¾'¿ for thecaseofÆ`ÇÚÜ�ÖCÃ . Thisvalueis approximatelytwiceasshortas ¶L·>¹×º½¼¾d¾ ¿ whichwaschosenfor Æ÷Ç�Ü$Ö#" .
For smaller Æ , the convergencecriterion is satisfiedwithin two steps,whereasfor Æ`Ç�Ü�Ö�" it
takes7 stepsof doublelengthto achieve thesameaccuracy.

5.6 How Small the AllowedRelativeErr or A Can Be?

Someremarksarenecessaryconcerningthechoiceof ä : It shouldnotbechosentoosmall.One
shouldrealizethateachindependentrun in a moleculardynamicssimulationsamplesa certain
portionof thephasespace.Evenfor ergodicsystems,it would take infinite time to samplethe
wholephasespace.But this is neitherfeasiblenor necessary. Oneis usuallynot interestedin
infinitely accurateresults.Moreover, thereis a betterway for improving statisticsthansimply
simulatinglongerandlonger. Wehavemadetheexperiencethattwo fully independentrunsof a
givenlengthgivemuchbetterresultsthanasolerun of doublelength.By theexpression“fully
independentruns” we meansimulationrunsstartingfrom independentrandomconfigurations.
It seemsthat the typical durationof a simulationrun is not sufficient to sampleall relevant
statesfor all relevantquantities.If onemultipliesthelengthof a simulationby a factorof two,
the systemwill still mostly visit neighboringstatesof the original region of the phasespace
duringthesecondhalf of thesimulation.Thus,thetwo halvesof thesimulationwill havesome
correlationswith eachotherwhich affect differentquantitiesof interestin differentways. The
problemis avoided,whenstartingfrom two different randomconfigurations.Thus, it is not
efficient to chooseä too small. (i.e. requiretoo high anaccuracy) asthis would requirelonger
and longer iterationsteps.The length, ¶ , of an iterationstepshouldbe chosensuchthat the
time integral (5.4) in combinationwith Eq. (5.16) is ableto yield resultson Ë µÌÊÍ Î�Ï<Ð within the
requiredrelativeaccuracy determinedby theparameterä . It meansthatthesmallerä , thehigher
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Figure5.6: Independenceof ýxþ�ÿ µ�� � ´Eµ of the initial value ´ É . In computingthesurfaceten-
sion, ´ µ , the mixing rule (5.16)wasusedwith Æ`ÇÚÜ$Ö#" (not the optimumchoice). The iter-
ationsshouldfind ´ ¾dà ·5Ë ÌÊÍ ¾ÅÞ Ð Ç È ¿ . Resultsshown herecorrespondto ´ÊÉ�ÇÚÜ (far from ´ ¾dà )
and ´ÊÉíÇÚÂ�Ö�� (closeto ´ ¾dà ). As expected,both seriesof ´ µ converge towardsthesamelimit,
irrespectiveof theinitial value ´ÊÉ .
¶ mustbechosen.Resultspresentedin this sectionsuggestthat ä Ç Ü�ÖFÜ�È is a reasonablevalue
leadingto convergenceafter 2-5 iterationsof length ¶¸·�Â#º½¼¾d¾ ¿ (seefor exampleFig. 5.5). A
furtherimprovementof theaccuracy couldthenbeachievedby carryingoutmany independent
runs.

Weclosethischapterby demonstratingin Fig. 5.8thepressureprofileof afilm of thicknessØ ÇsÃ at ÝnÇ÷Ü�Ö$%�G , thelowestsimulatedtemperaturefor this film thickness.Five independent
runshave beencarriedout andthepressureprofileshave beensampledoncein È9Ü Ò MD steps.
Lengthof eachrun was ¹H�nÈ Ü � . It is worth noting that dueto the sharpraiseof relaxation
timesat this temperature,a simulationrun of the length È Ü � á È Ü�I MD stepsis relative short.
At the endof mentionedruns, for example,the meansquaredisplacementsof chaincenters
hardly reachedº ¼¾d¾ . Therefore,as a criterion for the length of an iteration step,we did not
choose¶¸·>¹»º ¼¾d¾ ¿ but max(ÃJ�¨È Ü � , ¶¸·5Ü$ÖHÃ�º ¼¾>¾ ¿ ) for, otherwise,the simulationlengthwould be
inaccessiblewithin ourcomputationresources.

Despitethis crudechoiceof ¶ , theiterationconvergedwell. Onecouldof courseaskif the
resultsthusobtainedareaccurate.Hence,weplot in Fig. 5.8 theobtainedprofileof thenormal
pressure,Ë Ì ·LK ¿ , asan averageover all 5 independentruns. It is remarkablethatnot only the
averagevalueover the whole systemis well reproduced,but alsothe local profile is in good
agreementwith therequirementË Ì ·MK ¿ Ç÷Ë ÌÊÍ ¾ÅÞ Ð ÇONQP�R SUT�Ö [seealsosubsection3.3.4].Thus,the
iterativemethodworksnot only at smallfilm thicknesses,but alsoat very low temperatures.
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Figure5.7: Independenceof Z\[\]�^`_badc ^e6f g�hUi of the initial value j6k . In computingthe surface
tension, j ^ , the mixing rule (5.16) was usedwith lnmpo-q�r (not the optimum choice). The
iterationsshouldfind jts à�u c e6f s Þ i mwvyx . Resultsshown herecorrespondto j6kzm{o (far from jts à )
and j6k|m~}�q�� (closeto jts à ). As expected,both seriesof j ^ converge towardsthesamelimit,
irrespective of the initial value j k . The irregularitiesin the caseof j k m�o aredue to large
discretejumpsbetweentwo successive steps(seealso the main text). Even in sucha crude
case,themethodconvergestowardstherequiredvalueof c e6f s Þ i m�v .
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Chapter 6
� � �

versus
� � �

and
� �p�

As describedin chapter4, in extendedLagrangianapproach,a simulationat constanttemper-
atureand/orexternalpressureis realizedby introducingextra degreesof freedom. A ��� � -
ensemblesimulationrequiresa couplingbetweentheappropriateextra variable, � say, on the
onehandandboth the particlepositionsandmomentaon the otherhand. As the force on a
particle is a function of its positionand that of all otherparticles,thereis a direct coupling
between� and interparticleforces. This is an essentialdifferenceto a pure � � � -ensemble
simulation,where � couplesto the particlemomentaonly. However, the physicalproperties
of the system,shouldbe, within the well-known vy�Q� -dependentdeviations, independentof
the appropriatestatisticalensemble.In the ideal case,the propertiescalculatedvia � � � , or��� � -ensemblesimulationsmustbeidenticalto thoseobtainedby solvingthepureNewtonian
motionequations94.1),i.e. to a � ���

-ensemblesimulation.Therefore,if a differenceis ob-
served, � ���

-resultsmustbetakenasa guidingreference.
In thischapter, wewill examineif therequirementof ensembleindependenceis satisfiedby

a simulationat constanttemperatureand/orpressure.It will beshown thatthestaticproperties
of thesystemareindependentof theappropriatesimulationensemble.In thecaseof thecou-
pling to aheatbath,alsothedynamicsof thesystemis unchanged,if theNośe-Hooverapproach
is used.However, within a ��� � -ensemblesimulation,theperturbanceof thedynamicsof the
systemis notnegligible.

To comparethe � ���
, � � � and ��� � ensembles,we carriedout, for eachensemble,10

independentsimulationrunsfor a film of thickness� m�� at c e6f s�� i m�v and � m�o�q#��� . Note
that,for this film thickness,this is a relativehigh temperatureu �6� u � m���x5mno-q� �v¢¡£o-q�o�}�x .
6.1 EnsembleIndependenceof Static Properties

First, we focuson the dependenceof staticpropertieson the simulatedensemble.Figure6.1
containsresultson thedensityprofile,

¤ uL¥ x§¦ v¨d©«ª¬6­n® uM¥°¯±¥ ­ x �³² (6.1)

for a film of thickness� m�� at � mno-q���� . In Eq. (6.1)
¨

is thesurfaceof a wall. Thevariable¥ canbe taken asthe distancefrom a wall or from the film center. Unlessotherwisestated,
we adoptthe secondchoice,so that ¯ � ��}µ´ ¥ ´ � ��} . Threeprofilesarecompared:that
obtainedfrom � ���

-ensemblesimulation,the densityprofile within the � � � -ensembleand
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finally thesamequantitycomputedfrom ��� � -runs.As seenfrom thisfigure,thedensityprofile
is independentof theappropriatesimulationensemble.

Next, weconsiderthebehavior of thepairdistribution functionwithin thementionedsimu-
lationensembles.For aplanarsystem,this quantitycanbedefinedthrough

¶ uM¥¸· ² ¥�¹`º¼» x5m v¨ ¤ uL¥¸· x ¤ uL¥�¹ x © ¬ ­L½¾À¿ ® uM¥¸·�¯µ¥ ­ x ® uL¥�¹Á¯µ¥ ¿ x ® uL»«¯±» ­ ¿ x � q (6.2)

Here ¥¸· and ¥�¹ denotethetransversalcoordinateswithin thesystem,» ­ ¿ m uÃÂ ¹­ ¿ÅÄÇÆ ¹­ ¿ x ·MÈ�¹ is the
distancebetweentheparticlesparallelto thewalls andthedensity ¤ uL¥ x is definedby Eq. (6.1).
Givena particle,in a layer at ¥¸· , ¶ uM¥¸· ² ¥�¹Éº¼» x is thenthe probability to find anotherparticleat
distance» within a layerat ¥�¹ . As we focushereon thecase¥¸· m ¥�¹ which meansthat ¥ ­ ¿ m�o ,
wegivealsothedefinitionof thesimplifiedversion

¶ uM¥�º¼» x5m v¨ ¤ ¹ uM¥ x © ¬ ­L½¾À¿ ® uM¥°¯µ¥ ­ x ® uL¥Ê¯µ¥ ¿ x ® uL»«¯±» ­ ¿ x � q (6.3)

It follows from the above interpretationof ¶ uL¥¸· ² ¥�¹`º¼» x that, for a givenparticlewithin a layer
at ¥ , ¶ uL¥ ² » x is theprobabilityof finding anotherparticlein thesamelayer. Althoughtheexact
definition of ¶ uL¥¸· m ¥�¹ m ¥�º¼» x requiresa layer of zerothickness,we arein practiceforcedto
choosea finite thicknessË ¥ . In Fig. 6.2 ¶ uM¥¸· m ¥�¹ m ¥-º¼» x is displayedfor a layerof thicknesso-q�}�� . Thelayerwascenteredatadistance¥ mÌv�qÍv`}�� from thefilm centerwhich is equivalentto
a distance¥ mÎv�q� �r�� from a wall. Theindependenceof ¶ uL¥¸· m ¥�¹ m ¥-º¼» x from thechosenen-
sembleis clearlydemonstratedin Fig. 6.2.As wefind similar resultsfor otherstaticproperties,
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Figure6.1: Densityprofile ¤ uM¥ x asobtainedfrom simulationrunswithin the microcanonical
(solid line), canonical(dottedline) andthesocalled ��� � (dashedline) ensembles.Thenumber
of particleswas �ÑmÒ��o�o in all threecases.
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we concludethat,to thefirst approximationin theparticlenumber� , at leasta wide rangeof
staticpropertiesareindependentof thesimulationensemble.However, we will seein thenext
sectionthatthis is no longerthecasefor dynamicquantities.

6.2 ÓÑÔ�Õ -EnsembleSimulation and the Dynamics

Wearegoingto show thatthedynamicsof thesystemis practicallyunchangedif Nośe-Hoover
thermostatis used.A simulationwith fluctuatingvolume,however, seemsnot to bethatharm-
less.First, we notethat for time scalesduringwhich thevolumeis approximatelyunchanged,
thedynamicsof thesystemshouldbehavesimilar to thatof the �HÖ � -case.For very long time
scales,on theotherhand,theamplitudeof volumefluctuationswill besmall comparedto the
averagedisplacementof theparticles.Thismeansthat,alsofor longtimescales��� � and �HÖ �
simulationsshouldyield similar results.For intermediatetimes,however, adynamicalquantity
obtainedfrom a ��� � run will in generalbedifferentfrom thesamevariablecomputedwithin
a ��Ö � simulation.

Let us first look at the short time case.With “short” we meana time for which the mean
squaredisplacementof all particlesis still muchsmallerthanthe squareof chain’s radiusof
gyration, × ¹Ø . A comparisonof the shorttime dynamicswithin differentensembles,however,
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Figure6.2: Pair distribution function ¶ uM¥¸· m ¥�¹ m ¥-º¼» x computedwithin a layerof thicknessâ ¥ mno-q�}�� atadistance¥ m�v�q� Àr�� from theleft wall. Resultspresentedherewereobtainedfrom
simulationrunswithin themicrocanonical(solid line), canonical(dottedline) andthesocalled��� � (dashedline) ensembles.Thenumberof particleswas �Ñm��¸o�o in all cases.As seenfrom
the inset,thefirst peakoccursat anaveragedistancé v . This approximatelycorrespondsto
theminimumpositionof thebond-potentialãäo-q$å�� . Thesecondpeakarisesfrom thepreferred
distancebetweennon-connectedmonomerswhichinteractvia theLennard-Jonespotentialonly.
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makessenseonly if the testquantityvariesfastenoughover the time window of obervation.
Indeed,if we ignorethe long time tails for this moment,thevelocity autocorrelationfunction
(Væ ACF)is agoodcandidatefor suchacomparison.Weexpectacalculationof theVACFto yield
thesameresultswithin ��Ö � and ��� � -ensemblesimulations.Thisexpectationis nicelyborne
out in Fig. 6.3whereresultson theVACFaredisplayedfor ��Ö � , ��Ö � and ��� � -ensembles.

Thattherateof volumechangeis really small,is shown in Fig. (6.4). Fromtheinsetof the
samefigureonecanestimatea relative volumechangeof ´Òo-q$o�oÀ} correspondingto thewhole
timewindow of Fig. (6.3).

Next, weconsiderthemeansquaredisplacement(MSD), againcomputedwithin the ��Ö � ,�HÖ � and ��� � -ensembles.For apolymericsystemvariouskindsof MSD canbedefined.For
example,wecandeterminethedisplacementsof acertainchainsegment(monomer),thatof the
chain’s centerof massor simply thedisplacementsof all monomersregardlessof their relative
positionalongthechain.Furthermore,thedisplacementsof a chainsegmentcanbemonitored
in the coordinatesystemof the simulationbox or in the chain’s centerof masssystem. The
numberof possiblechoicesis thereforequitelarge.Let l±çéèëê ²íìzî denotethespecificdirection
(parallelor perpendicularto the walls) alongwhich the particledisplacementsaremonitored.
Following commonpractice[91,95], we pick up from the above setsix “representatives” for
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Figure 6.3: Velocity autocorrelationfunction as computedfrom simulationruns within the�HÖ � , �HÖ � and ��� � -ensembles.In the ��Ö � -casepresentedhere, the “mass” ñ of the
heatbathwaschosento o-q$o-v`ñ g�ò�i , where ñ g�ò�i is given by Eq. (4.117). The coupling to the
heatbathwasthereforemuchstrongerthanit is in a typical �HÖ � -simulation.Neverthelessthe
VACF seemsto beunaffectedby sucha coupling. Also thefluctuationsof thevolumedo not
affect thebehavior of this quantityat shorttimes.
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Figure6.4: Thevolumeof thesystemwithin a typical ��� � -simulation.Somerelevantparam-
etersof this simulationrun are: film thickness� mÒ� , numberof particles �úm���o�o andthe
externalpressurenormalpressurec e6f s�� i mÎv . ûýü i m~v�o wasusedin settingthe“piston mass”,þdÿ

[seeEq. (4.118)]. The insetdemonstratesthe volumevariationsduring the time window
for which thevelocityautocorrelationfunctionis computed[seeFig. 6.3]. Therelativevolume
changeduringthis timewindow is thuslessthan0.002.

eachdirection.First,wegive the(well-known) definitionof theMSD of all monomers,

¶ k f � u � x§m v� ª¬ ­ ¾ ·
����� ­ f � u � x ¯ � ­ f � u oÀx�� ¹
	 ²

(6.4)

where � is the total numberof particles.TheMSD of innermonomersis definedboth in the
coordinatesystemof the simulationbox, ¶ · f � , and in the chain’s centerof massframe, ¶ ¹ f � .
Theseread

¶ · f � u � x m vþ �¬ ­ ¾ · ��� � ­ f ��f ��
�
 sÃü u � x ¯ � ­ f ��f ��
�
 sÃü u oÀx � ¹
	 ²
(6.5)

¶ ¹ f � u � x m vþ �¬ ­ ¾ · ����� ­ f ��f ��
�
 sÃü u � x ¯�� ����f ­ f � u � x ¯ � ­ f ��f ��
�
 sLü u oÀx Ä � ��� f ­ f � u oÀx�� ¹�	 q (6.6)

Here,
þ

is the numberof chainsand � ����f ­ the centerof massvectorof the � -th chain. The
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correspondingMSD of endsegments,¶�� f � u � x and ¶�� f � u � x , aredefinedin asimilar fashion

¶�� f � u � x m vþ �¬ ­ ¾ · � � � ­ f ��f s 
�� u � x ¯ � ­ f ��f s 
�� u oÀx � ¹ 	 ²
(6.7)

¶�� f � u � x m vþ �¬ ­ ¾ · ��� � ­ f ��f s 
�� u � x ¯�� ��� f ­ f � u � x ¯ � ­ f ��f s 
�� u oÀx Ä � ����f ­ f � � ¹ 	 q (6.8)

Note that, to simplify the notation,we consideredin Eqs.(6.7) and(6.8) oneendmonomer
perchainonly. In practice,however, onetakesinto accountthecontribution of bothendsand
dividesthesumby } þ (insteadof

þ
).

The readermay have missedthe index   in the above set. This index is usuallyusedto
indicatethemeansquaredisplacementof thechains’centerof mass

¶�� f � u � x m vþ �¬ ­ ¾ · ��� � ����f ­ f � u � x ¯�� ����f ­ f � � ¹ 	 q (6.9)

Resultson the MSD of chain centers,¶ � f! u � x , is shown in Fig. 6.5. First, we note that,¶�� f! u � x obtainedfrom �HÖ � and ��Ö � runsagreewell for all times.For ��� � simulationruns,
however, theagreementis limited to shortandlong time scales.For intermediatetimes,on the
contrary, thedeviationbetween��� � resultson theonehandand �HÖ � and ��Ö � on theother
handis notnegligible.

The enhancementof theMSD dueto volumechangescanbe understoodin the following
way: Whenthesystemvolumeis increasedto acertainamount,theparticlesmustonaveragedo
work againsttheattractive forcesto occupy theavailablevolume. This necessarywork hasits
origin in vy� »�" termof theLJ-potential.Ontheotherhand,whenthesystemvolumeis decreased,
theexternalforcesmustdowork againstthemuchstrongervy� » ·L¹ forces.Theexpansionandthe
contractionof thesystemarethusnotsymmetric.Onaverage,theexpansionpartof thevolume
fluctuationswill leadto a largerenhancementof themobility thanthecorrespondingdecrease
of this quantityduring the contractionphase.This explainsthe observedenhancementof the
mobility within the ��� � -simulation.

Thesedeviations,however, areunphysical. To seethis, we notethat the relative volume
fluctuationsof a realsystemscalewith v`�$# � where � ã{v`o ¹ � . Therefore,thesefluctuations
andtheir effectson the dynamicsare fully negligible in a real system. The enhancementof
themobility asa consequenceof thevolumefluctuationswithin a ��� � simulationis thusan
artificial finite sizeeffect. Therefore,for smallsystemsizes,��� � simulationswill necessarily
leadto unphysicalresultson thedynamicsat intermediatetimes.
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Figure6.5: The panelon the top: The meansquaredisplacement(MSD) of chain’s centers,¶�� u � x , obtainedfrom �HÖ � , ��Ö � and ��� � simulationruns. As describedin thetext, results
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Chapter 7

Statics

Thestaticpropertiesof thepresentmodelhavealreadybeenstudiedfor thebulk [91]. Therefore,
we will focusour attentionto thechangesof thesepropertiesdueto thepresenceof thewalls.

7.1 A Brief Remark on Finite SizeEffects

Wehavecheckedfor finitesizeeffectsbyvaryingthenumberof particles,� . Forafilm of thick-
ness� m�� , for example,theparticlenumberhasbeenvariedfrom �Ñm�v`o�o up to �ÑmÒ�¸o�o�o
thus indirectly varying the systemsize by a factor of r (note that ' m)( � ¤ � � * � ·MÈ�¹

).
This wasdoneboth at a relative high temperature,� mÎv , and at somelower temperatures,� mno-q�r ² o-q���� for example.

A testof possible� -dependencewasalsoperformedfor thickerfilms. Evenattheextremely
small sizeof ' m� -q$  ( � mn}�o ² � m�v ² o-q#r ) hardly a sizedependencecould be observed for
staticproperties.As thereis nothinginterestingin displayingidenticalresultsdifferingonly in
labels(“this wasobtainedat a particlenumberof �ÑmÎv`o�o andthatwith �ÑmÒ��o�o�o ”, etc.),we
restrictourselvesto this brief remark.

7.2 DensityProfiles

Obviously, thepresenceof thewalls inducesaninhomogeneityin thesystem.Thecorrespond-
ing changeof the systempropertieswill alsomanifestitself in the particledistribution at dif-
ferentdistancesfrom a wall. The density, a uniquenumberin a homogeneoussystem,now
becomesa functionof thedistancefrom awall, ¥ say.

Let us first look at what happensto the densityprofile of all particlesregardlessof their
connectivity, whenkeepingthetemperaturefixed,but varyingthefilm thickness.Supposethat
thewall-to-wall distance(film thickness),� , is sufficiently large in thesensethatanapproxi-
matelyhomogeneousregion is formedin thefilm center. This impliesthattheeffectsof a wall
arenegligible there. Thus,they arenot “felt” in theotherhalf of the film. Consequently, the
distribution of particlescloseto a wall is determinedby the influenceof this wall only. This
meansthat,for “large” � , thedensityprofile(andotherlocalquantities)shouldbeindependent
of thefilm thickness.However, as � graduallydecreases,theparticlesin thefilm center“wake
up” andrealizethat,actually, they live in a confinedworld. Now, thepresenceof a wall is also
felt in the otherhalf of the system.In sucha situation,we expectchangesin local quantities
with respectto thevariationof thewall-to-wall separation.
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This ideais demonstratedin Fig. 7.1(a),wheredensityprofilesaredepictedfor threediffer-
entfilm thicknesses� mn� ² v`o and }¸o at � m�o-q���� . Fromthisfigureweseethatfor wall-to-wall
separationssmallerthan v�o , no bulk region is present.As expected,this leadsto a dependence
of thedensityprofilefrom thefilm thickness.Thiseffect,however, is smallevenat thestrongest
confinementpresentedhere( � m�� ).

In Fig. 7.1 (b), we focuson the dependenceof the densityprofilesfrom the temperature.
For thispurpose,thefilm thicknessis keptconstant( � mÒ}¸o ) andthetemperatureis varied.As
seenfrom this figure, the densityprofile exhibits a strongtemperaturedependence.This can
berelatedto pronouncedpackingeffects. Note thatwe simulateat constantnormalpressure.
However, atconstantdensity, thepressureis in generaladecreasingfunctionof thetemperature.
Therefore,as the temperaturedecreases,the systemcontractsto keepthe pressureconstant.
In other words the averagedensityincreaseswith falling temperature[seeFig. 7.1 (b)]. In
section7.3,thechangeof thepackingstructurewill bediscussedin moredetail.

The observed densityoscillationshave an importantconsequenceon the dynamicsof the
system.Wewill seein chapter8 that,at low � , theparticlespreferto moveparallelto thewalls.
This canberelatedto thestrongdensityoscillationsobservedhere.Considera particleat one
of theminimumsof thedensityprofile. It is clearthatif thisparticletriesto movein transversal
direction,it will entera region with higherdensity. Hence,the resulteddisplacementwill be
smallercomparedto astepin adirectionparallelto thewalls.

7.3 Wall Effectson the Packing Structur e

In section7.2we displayeddensityprofilesat variousfilm thicknessesandtemperaturesshow-
ing that,athigh � , theeffectof confinementonthedensityis rathersmall.However, it wasalso
demonstratedthat loweringthe temperatureenhancedthe inhomogeneityin a significantway.
Thesetemperatureeffectswererelatedto theincreaseof theaveragedensityasa consequence
of constantpressurecondition. However, parallel to the dependenceof systempropertieson
temperature,thelocal structureof a confinedsystemvariesstronglywith distancefrom a wall.
Whenaveragedover the whole system,this will lead to a dependencefrom the wall-to-wall
separation.

In Fig. 7.2(a), thevariationof thepair distribution functionwith respectto thetemperature
(left part) is comparedto thatcausedby changingthedistancesfrom a wall (right part). When
investigatingthetemperaturedependencethesamelayerwasconsidered.Similarly, in compar-
ing ¶ uL¥ ² » x for differentlayers,thesametemperaturewaschosenfor all layers. As seenfrom
this figure,thetemperaturehaspracticallyno effect on thefirst peakof ¶ uL¥ ² » x . Neverthelessit
hasa strongimpacton thesecondpeakcorrespondingto theLJ-preferreddistrance:Thelower
the temperature,themorepronouncedthis peak. Note that,at low temperatures,the effect of
the temperatureis presentalsoat relative large distancesof + monomerdiameter. It is seen
from theleft partof thesameplot thattheLennard-Jonespeakbecomesalsostronger, whenthe
temperatureis keptfixed,but thedistancefrom thewall is increased.Thesimilarity betweenthe
wall andtemperatureeffectsis moreapparentin panel(b) wherethe temperaturedependence
of ¶ uM¥ ² » x within a layer at film centeris comparedto its ¥ -dependenceat a low temperature
( � m�o-q,+-+ ).

At high temperatures,however, thepresenceof thewalls is morestriking whenlooking at
the changeof the first peakof ¶ uL¥ ² » x . In the vicinity of the walls, the bondpeakbecomes
dominantandgrows whenapproachingthewall. This canberelatedto a changeof thechain
conformationcloseto thewalls [68,96]. Thechainsbecomeflat sothatfor agivenmonomerat
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Figure7.1: Top: Densityprofilesat @BADCFE�G for HIAJGFKML�C and N�C . Thereis still a bulk-like
region in the centerof the largestfilm ( HOADN�C ). For the smallerfilms, however, this is no
longertrue.As aconsequence,for HQPRL�C , aslightdependenceof thedensityprofileonthefilm
thicknessdevelops.Bottom: Samequantityasabove. Now thefilm thicknessis keptconstant
( HSADN�C ), but the temperatureis varied. As the temperaturedecreases,the inhomogeneity,
causedby thewalls,propagatestowardstheinnerpartof thefilm. Thehorizontalline TUADCVEXW-W
is depictedto enablethecomparisonwith thedensityat film centerof isochoricsimulationsof
shearstress[seechapter9]. As seenhere,thisdensitycorrespondsto atemperatureof @YADCVEXZ[G .
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Figure7.2: Panels(a) and(b): Effectsof the temperatureversusthoseof a wall on the pair
distributionfunction, tvuxwVy�z-{ . Panel(c): Deepeningof the“correlationhole”betweenmonomers
of differentchains(calledhere“foreign” monomers).Whenapproachinga wall, theposition
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(Also thesumof thesetwo contributionsis plottedhere). No sizeeffect is observed for these
verydifferentparticlenumbers.The z -interval, for which tvu�wVy�z�{ is computed,is shorterfor the
smallersystem( ��A�L�C-C ).
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thewall, theprobabilityof finding a monomerof anotherchainat shortdistancesis depressed
comparedto thatof findingamonomerbelongingto thesamechain.To testthis idea,weplot in
panel(c) thecontribution of the“foreign” monomers,i.e. of thosemonomerswhich belongto
differentchains,to thepairdistributionfunctionin variouslayers.As demonstatedin thepanel,
thepositionof themaximumof t�u�wVy�z�{ is shiftedtowardslarger z for layerscloserto thewall.
In addition,a smallgapdevelopsbetweencurvescorrespondingto differentlayers,indicating
thatthesocalled“correlationhole” [97] becomeslargerwhenawall is approached.

Finally, we displayin Fig. 7.2(d) thetwo contributionsto tvuxwVK�z�{ andtheir sum.Thispanel
alsoservesto stressourremarkonthesize-independenceof thestaticproperties.Asshownhere,
thesameresultsfor tvuxwVK�z�{ areobtainedwith ��A�L�C-C aswell aswith ��AJG�C�C-C particles.

7.4 MD versusSelf-Consistent-FieldTheory

In this sectionwe will compareMD resultson thepolymerspecificprofileslike thedensityof
chainends(endmonomers),chains’centerof massdensity, the profilesof end-to-endvector
parallelandperpendicularto thewalls etc.with theself-consistentfield (SCF)calculationsof
Müller andGonzalezMacDowell [68,96].

A commonfeatureof meanfield theoriesis that they map the very complex many body
problemsonto thesimplerproblemof a particlein anexternalfield. The“externalfield” thus
introducedtakesinto accountthepresenceof otherparticlesin anaveragesense.Of course,the
routefrom amany bodyproblemto anappropriatemeanfield dependson thespecificsituation
to captureandcanbe(andusuallyis) quitecomplicated.

For our polymermodel,a discussionof thetheoryandof theunderlyingapproximationsis
givenin [68,96].

Let ��u�~�{ bethe“effectivefield” at ~ causedby all chainsandlet T�u�~�{ betheaveragedensity
measuredat the samepoint. The system’s free energy is approximatedby a functionalof �
and T . Theself-consistentequationsfor � and T arethendeterminedby theconditionthatthey
minimizethis freeenergy functional.Oneobtains[68,96]��u�~�{�A tvu��T�u�~�{�{���������~�����u�~���~���{�T�u�~���{ �Vt��T u�~���{ (7.1)T�u�~v{�A T[ �¡�¢�|£�¤¦¥¦§©¨ ~�ª�« §¬¨ ~�ª�­T § u�~�{V®°¯V±³²�� ¤ � � ~ � ��u�~ � {�­T § u�~ � {µ´¤ ¥M§¶¨ ~�ª�« §©¨ ~�ª�®°¯F±�²�� ¤ � � ~ � ��u�~ � {�­T § u�~ � {µ´ K (7.2)

with �T�u�~�{·A � � � ~ � ��u�~M�¸~ � {�T�u�~ � { (7.3)

and ��� � ~��Uu�~�{·A�L|E (7.4)

In Eq. (7.1) t is the bulk free energy densityand describesthe thermodynamicsof the ho-
mogeneoussystem,�|£ is the numberof segmentsof a chain(alsocalledthe degreeof poly-
merization)and T[ �¡¹Aº�¦»-¢ denotesthe averagedensityof all monomers.Obviously, � is a
normalizedsmoothingfunction. The density ­T § u�~�{ is the (microscopic)densityfunction of a
chain, ­T § u�~�{¼A ½�¾¿ À�Á § Â u�~���~

À {vE (7.5)
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¥¦§¬¨ ~�ª sumsoverall conformationsof a chainand « §©¨ ~�ª is theprobabilityfor theoccurrenceof
a givenconformation.The product ¥¦§¬¨ ~�ª�« §©¨ ~�ª canthereforebe approximatedby a sumover
chainconformationobtainedfrom aMC or MD simulationof thecorrespondinghomogeneous
system[98–105]. Note thateachconfigurationof a systemof �|Ã chainssimulatedvia MD or
MC provides �ÄÃ singlechainconfigurations.

Hence,therhsof Eq.(7.2) is nothingbut theBoltzmannaverageof thesinglechaindensity
in the external field � . At this stage,the thermodynamicpropertiesrelatedto the presence
of other chainsare implicitely containedin � and T . In fact, it is only the bulk free energy
density, t , which is relevant for thebulk thermodynamicsof thesystem.This functionenters
thecalculationof � andthus,indirectly, alsothatof T [seeEqs.(7.1) and(7.2)]. On theother
hand,thesmoothingfunction, � , describespackingeffects[68].

As alreadymentioned,� is akind of smoothingfunction.Choosing�DAÅL
»-¢ , for example,
would leadto �T�u�~�{¼AÆT[ �¡ÇAº�¦»-¢ , whereasthe otherextreme, �Uu�~È�Y~ � {·A Â u�~R�Q~ � { , corre-
spondsto thesocalledlocal-densityapproximation.Thelatterhasbeenusedby Sullivanin the
framework of a densityfunctionaltreatmentof inhomogeneous(simple)fluids [64,106–108].
This approximation,however, workswell whenno densityoscillationsoccuror whenthecor-
relationsarelong-ranged[64]. The local-densityapproximationdoesnot treattheshortrange
correlationscorrectlyandthereforebecomesinaccuratewhen,for example,densityoscillations
arepresent.Without ignoring the differencesbetweenthe densityfunctionalmethodusedby
SullivanandthepresentSCF-approach,weshould,however, keepin mind this importantresult
on �Uu�~�{ whenseekinga “guess”for this function.

It is commentedin [68,96] that �Uu�~�{ parametrizesthe packingstructureof the fluid on
the monomerscale. Furthermore,a link was found between��u�~v{ and the direct correlation
function, É�u�~v{ [109–112].Motivatedby this observation,Müller andGonzalezMacDowell set

��u�~�{·ASÊ �ÌËÍu�ÎÏ�J} ~Ð}!{ Ñ } ~¼}$ÒÓÎ�ÕÔ×Ö�Ø u�~�{Ù-Ú @ Ñ } ~¼}$ÛÓÎ (7.6)

where Ô�Ö�Ø denotesthe Lennard-Jonespotential [seeEq. 2.1]. Note that the case } ~Ð}ÄÛÜÎ ,
correspondsto theasymptotic(large ~ ) behavior of É�u�~�{ [64]. TheparameterË determinesthe
relativeweightof theattractionfor } ~·}ÝÛYÎ andtherepulsionfor } ~·}ÝÒYÎ . For ËÞA�L�C thebest
possibleagreementwith simulationdatawasobservedat @YA�L-EXZ-ß . FurtherSCFcalculations
have beencarriedout with this valueof Ë . However, astheeffect of attractionbecomesmore
importantat lower @ , weexpectstrongerdeviationsbetweentheSCFcalculationsandtheMD-
resultswhenloweringthetemperature.

Note thatwe areinvestigatinga planarsystem.Thus,systempropertiesdo not dependon
the lateral,say à and á , coordinates.Therefore,for eachquantityof interest,we averageover
lateralcoordinates.ThedensityT�u�~�{ , for example,now becomesT�u�w[{âA Lã ���Và���áÝT�u�àäK�á�K�w[{�E (7.7)

Therearemany routesfor finding anapproximateexpressionfor t , thefreeenergy density
of thehomogeneoussystem.Müller andGonzalezMacDowell chooseWertheim’s thermody-
namicperturbationtheory(TPT1) [113]. Using themonomerfluid of Lennard-Jonesparticles
asa referencesystem,thefreeenergy of the(homogeneous)polymersystemis determinedby
calculatingtheeffectsof thebondingpotential Ô�å
æ�çFæ [seeEq. (2.3)] asa thermodynamicper-
turbation[96]. Thefreeenergy density T-t is thenchosensuchthat thethermodynamicsof the
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homogeneoussystemin theSCFcalculationscoincideswith TPT1approximationT-t�u�TÝ{·A è�éëêÖ�ØÙ-Ú @ �ìT·í[Lî� LïOð|ñóò Â K (7.8)

where è éëêÖ�Ø is theexcessfreeenergy (i.e. freeenergy minustheidealgasterm)of theLennard-
Jones-referencesystemand[113–117]Â A � � � ~ §�ô�õ u�~ §�ô {V®°¯F±÷ö�� Ô×å
æ-çÝæ u�~ §�ô {Ù[Ú @ ø K (7.9)

whereg is the pair distribution of the referenceLennard-Jonessystem. To avoid confusion
with thefreeenergy density, t , we have useda differentcharactertypefor thepair distribution
function,g.

It wasshown in Fig. 7.1 (b) that,asthe temperaturefalls, thedensityoscillationsbecome
strongerandthattheseoscillationspropagatetowardsthefilm center. Thepresenceof thewalls
is thusfelt in a largerportionof thesystem.Therefore,it is instructiveto starttheinvestigation
of thepolymerspecificprofilesat a ratherlow temperature.Unfortunately, theself-consistent
field (SCF)theory, whoseresultswill be comparedto the outputof our MD-simulations,be-
comesinaccurateat lower temperatures.Soat low @ , wewill presentMD resultsonly.

The reasonfor the failure of SCF-theoryat low @ is that this theoryhassomedifficulties
in properly taking into accountthe attractive forces(which act at longerdistancescompared
to the repulsive forces)in an inhomogeneoussystem.Recall that SCFis a meanfield theory.
In a bulk system,it is not a crudeapproximationto supposethat the attractive contributions
to the force on a particlecancelout eachother. This is justified by the long rangecharacter
of theseforces. In an inhomogeneoussystem,however, the situationis differentcloseto the
interface. The sumover attractive forceson a particlecloseto the interfaceis definitely not
negligible. In fact,on average,therewill bea netattractive forcedecayingwith distancefrom
theinterface.However, it seemsnot to bevery easyto incorporatein a meanfield theorysuch
aneffect [96]. As theseattractive forcesbecomemoreimportantwith decreasingtemperature,
thetheorybecomesinaccurateat low @ .

In panel(a) of Fig. 7.3 we plot the densityprofiles for endmonomers,inner monomers,
chains’ centersof massandfinally all monomersregardlessof their positionwithin a chain.
Thedataareextractedfrom asimulationof afilm of thickness(wall-to-wall separation)HIA�L�C
at @BADCVEùG and c ç�ú éëêµû A�L . Note that the mode-couplingcritical temperatureof the systemis@�Ã©uxHIA�L�C-{·ADCVEXü-W . The chosentemperatureis thusrelative low. The oppositetrendof the
innerandendmonomerswith respectto thewalls is clearlydemonstrated.Theinnermonomers
avoid theveryvicinity of thewalls,whereasanenrichmentof endmonomersis observedin this
region. Note that all presentedprofilesarerescaledto give the total monomerdensityin the
isotropicandhomogeneouscase.Thehigherdensityof endmonomerscomparedto the inner
monomerscanberelatedto theirhigherentropy. They arebondedonly to onemonomerinstead
of to two. Consequently, comparedto an innermonomer, a move attemptof anendmonomer
towardsthewall is hinderedlessstrongly. Thus,endmonomerscanexploretheregion closeto
thewallsmoreefficiently.

Reportson neutronreflectivity experimentsdo confirm the enrichmentof the chainends
closeto the interface[118]. Also simulationsof hardchainsat hardwalls do show a higher
relative densityof endmonomersin thevicinity of thewalls [119,120]. Therefore,theoccur-
renceof endmonomerenrichmentseemsnot to dependon thedetailsof the interaction.This
observationis in favor of theaboveentropicargument.
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Figure 7.3: (a): Chain specificprofiles: end segments,inner segments,chains’ centersof
massand, finally, the density of all monomersregardlessof their position within a chain
( HIA�L�CVK�@ÆAÆCVE�G and c ç�ú é�ê�û AÅL ). Note that the mode-couplingcritical temperatureof the
film is @�Ã©uxHIA�L�C[{·AºCVEXü-W��JCVEXCVL [seechapter8]. Obviously, sufficiently closeto the walls,
the endmonomersprefer the vicinity of the walls whereasthe inner part of the chainskeep
a larger distancefrom it. (b): Comparisonof the relative densityof chains’centersof mass,
i.e. T-Ã�� uxw[{µ»�T�uxw-{ , at @BAÅL and CVE�� asobtainedfrom themoleculardynamicssimulation(MD)
andtheself-consistentfield calculation(SCF).Qualitative agreementis quitegood. However,
speciallyat low @ , SCFfails on the quantitative level. (c): The samecomparisonasin panel
(b), now for endmonomers.Again, goodqualitative agreementis observed. However, SCF
overestimatesthe extra entropy of endmonomers(comparedto the inner ones)and leadsto
highervaluesof T-Ã��îu�w[{�»�T�u�w[{ thanobtainedvia MD simulation.
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It is alsoseenfrom panel(a)of Fig. 7.3thatthedepletionof themonomerdensitiesstartsat
adistance� L , themonomersize,whereasthatof thechains’centersof mass,T-Ã��îuxw[{ , startsata
distanceof ����� from thewalls. This indicatesthat ��� canindeedbeinterpretedastheaverage
radiusof achain.Thewave lengthof themonomerdensityoscillationsis alsoverycloseto the
monomersize. Theoscillationsof T-Ã��îuxw[{ , however, have very smallamplitude.Nevertheless,
onecanseethat the lengthscaleof thevariationsof T-Ã��îu�w[{ is fairly larger thanthemonomer
size.

Let usstartwith a comparisonof MD resultsfrom onesideandtheSCFcalculationsfrom
theotherside. In panel(b) of Fig. 7.3we comparedensityprofilesof chains’centersof mass,
i.e. T-Ã�� uxw[{µ»�T�uxw[{ , at temperatures@ÆA�L and CVE�� asobtainedfrom moleculardynamicssimu-
lation (MD) andself-consistentfield calculation(SCF).Therescalingof T-Ã��îu�w[{ by theinverse
monomerdensityservesto separatepackingeffectson themonomerscalefrom thepolymeric
ones[96]. As seenfrom thisfigure,theSCFresultsarein goodqualitativeagreementwith those
obtainedfrom MD simulations.Theoscillatorynatureof theprofile, for example,is quitewell
reproducedby SCFcalculations.However, at @BA�L , the magnitudeof the first peakcloseto
thewalls is overestimatedby SCFcalculations.As ¤  "! ô#  "! ô ��w�T-Ã��Ìuxw[{¼A ï

(
ï

beingthenumber
of chains),this overemphasizeis then“compensated”by lower valuesof the T-Ã�� comparedto
thecorrespondingMD-curve in theregion just afterthepeakposition.

As seenfrom theright sideof thesamefigure,thediscrepancy betweenSCFandMD data
is enforcedat lower temperatureof @BAºCVE$� . Now, theoscillationsof SCFandMD curvesare
totally outof phase.Thisalreadyexplainswhy wedid not try comparisonsat still lower @ .

The samecomparisonis repeatedin panel (c) of Fig. 7.3 (now for three temperatures@BA�L-K CVEùß and CVE�� ) for the relative densityof endprofiles T é u�w[{�»�T�uxw[{ . Again, we observe
goodqualitativeagreements,but onthequantitativelevel theSCFoverestimatestheenrichment
of endmonomers.Furthermore,it is demonstratedin thesamepanelthat,contraryto therather
strongtemperaturedependenceof T-Ã�� uxw-{�»�T�u�w[{ , a variationof the @ from L to CVE$� seemsnot to
havemuchimpacton therelativedensityof endsegmentsT é uxw[{µ»�T�uxw-{ .In panel(a) of Fig. 7.4 the monomerdensityprofile, T�uxw[{ , is plottedat @BA�L and CVE$� as
outputof SCFcalculationsandthat obtainedfrom MD simulation. First, we notethat, for a
given temperature,SCFyields a lower densityin the film center. However, a comparisonof
theshapeof densityprofilesrevealsthata simplerescalingof theSCFresultto bring in accord
thevaluesof MD andSCFresultsat film center, would not remove theobserveddiscrepancy.
Furthermore,at @BADCFE$� the oscillationsin SCF-densityprofile propagatemuchfartherin the
innerpartof film thanobservedin MD simulations.Thesediscrepanciesshow thatSCFis not
ableto accuratelytake into accounttheeffectsof the long rangeattractive forceswhich come
into play asa resultof theconfinement.

Now, we comparetheorientationalproperties.In panel(b) of Fig. 7.4MD andSCFresults
are comparedfor the parallel and perpendicularcomponentsof the end-to-enddistance,i.e.� ôé�é ú � and � ôé�é ú % , at @ÆAÅL and CVE�� .

Contrary to the monomerand chain densityprofiles, remarkableagreementis observed
betweenSCFandMD. For theparallelcomponent,thecurvesarenearlyidenticalat bothtem-
peratures.A discrepancy, however, is observedfor thetransversalcomponent.Thesedeviations
areenhancedat lower temperature.Note that � ôé�é ú � decaysmonotonicallywithout any oscil-
lations,whereasthe variationof � ôé�é ú % is a bit morecomplex. It increasesup to a maximum
valueandthendecreasestowardsthebulk average.ThedifferencesbetweentheMD andSCF
calculationsat veryshortdistances,however, mustberelatedto statisticalerrors.It is shown in
panel(c) of Fig. 7.4 thattheradiusof gyrationexhibits verysimilar behavior to theend-to-end
distance.All remarksmadefor � ôé�é ú � and � ôé�é ú % arealsovalid for � ô� ú � and � ô� ú % .
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Finally, panel(d) of Fig. 7.4 comparestheaverageeigenvaluesof thegyrationtensor[see
below], & § Û'& ô Û(& � , for MD andSCF. Also here,theagreementis betterwhenthequantity
of interestis smoothenough.

Fromall thathasbeensaidandshown, we concludethat theself-consistentfield approach
of Müller andGonzalezMacDowell captureswell thequalitativefeaturesof ourconfinedpoly-
mermodel. For someof orientationalquantitieslike � ôé�é ú � , � ô� ú � alsoquantitative agreementis
observed.Thisquantitativeagreement,however, is satisfactoryfor smoothlyvaryingquantities,
i.e. in caseswhereno oscillationsarepresent.In thepresenceof oscillations,on thecontrary
significantdeviationsoccur.

Note however that the derivationof the SCFequations(7.1) and(7.2) is not basedon the
assumptionof a small externalfield [121]. In particular, no linear approximationis usedfor®¶¯F±×u�� Ô*)  ,+-+�» Ù[Ú @¹{ . Therefore,in principle,it shouldwork alsoat stronginhomogeneities.

Note that the input datain SCF-calculationswasobtainedfrom MD simulationsof a bulk
systemat @BA�L . Thesedatahave beenthenusedfor iterative calculationof themeanfield �
at othertemperatures.However, wewill seein section7.5thataveragechainshapesin thefilm
centerof a relative thick film ( HSAºN�C ) wherebulk-like behavior is observed, do not depend
muchonthetemperature.Chainconformationsin thebulk arethereforenotexpectedto exhibit
strong@ -dependenceandtheuseof bulk-dataat @YA�L seemsto bea reasonablechoice.Much
betterresultsarethereforenot expectedwhentakingbulk-dataat exactly thesametemperature
for whichSCFis applied.

It hasbeenshown in [68] thatthedensityprofile stronglydependson thespecificchoiceof
theweightfunction, ��u�z-{ [seeFig. 7 in thesameRef.]. An improvement,therefore,shouldbe
possiblewhenfocusingon a betterchoiceof this function. Also, taking into accountc ç A�L
whensearchingfor a suitablechoiceof the bulk free energy density, t�u�w[{ , could improve the
results.Thesesuggestionscouldbecheckedin furtherestudies.

However, thequitegoodagreementof theSCFcalculationswith our MD datain all cases
of smoothvaryingquantitiesdemonstratesthatthepresentSCFscheme,asit stands,is already
accurateenoughfor systemswith weakinhomogeneitieslike liquid-vapourinterfaces.Further
improvement,however, mayexpandthescopeof its applications.

7.5 AverageChain Shape

Wearegoingto closethischapterwith abrief analysisof thesocalledshapefactors.Aronovitz
andNelson[122] introducedrotationallyinvariantquantities,. and / (whosedefinition will
begivenbelow) to characterizetheaverageasymmetryanddegreeof prolate-or oblatenessof
apolymersystem.

Following [122] wefirst givethedefinitionof thegyrationtensor, 0 of achainconfiguration02143UA L�Ä£ ½ ¾¿ À�Á § u�~
À ú 1|�65ÕÃ�� ú 1${¬u�~ À ú 3Ç�75ÏÃ�� ú 3-{ K (7.10)

where 8 K:9¸A�àäKÌá�K w . �|£ is thenumberof chainsegments( �Ä£¹A�L�C in our model)and 5 Ã��
standsfor thechain’s centerof massvector. It is easyto seethat thestatisticalaverageof the
sumoverdiagonalelementsof 0 , i.e. ;�<:=?>A@©®-uB0³{DC , is equalto thesquareof theradiusof gyration; ¿ 1 0E1F1GC¼A L�Ä£ ½�¾¿ À�Á §

¿ 1 ;�u�~ À ú 1|�H5ÏÃ�� ú 1[{ ô CâAI5 ô� E (7.11)
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Figure7.4: Panel(a): Densityprofilesat ����� and ���I����� asobtainedfrom the molecular
dynamicssimulation(MD) andself-consistentfield calculation(SCF).For both temperatures
plotted here,SCF yields a lower density in the film center. However, it is also seenthat a
simplerescalingof theSCFresultwouldnotbring thesein accordwith MD data.Furthermore,
at ��������� the oscillationsin SCF-densityprofile propagatemuchfartherin the inner part of
film than observed in MD simulations. Panel (b)-(c): SCFversusMD for profilesof ���������� ,� ����B� � , � �� ��� and � �� � � . Qualitative agreementis quite remarkable.For monotonousquantities
like ���������� and ���� ��� for example,theagreementextendsto a quantitative level. In caseswhere
the � -dependenceis a bit morecomplicated,however, smalldeviationsoccur. Panel(d): Same
comparisonfor theeigenvaluesof thegyrationtensor � [seeEq. 7.10]. Within thementioned
(small)quantitativedeviations,alsohere,SCFcalculationsreproducethe � -dependenceof � ’s
quitewell.
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Notethat � is asymmetricmatrix. It canthusbediagonalized.However, asthetraceof amatrix
is unchangedunderanorthogonaltransformation,it follows that thesumover theeigenvalues
of � is alsoequalto � �� , ��   ¡£¢ �   �I� ���¤ (7.12)

where � ¢¦¥ � � ¥ � � aretheeigenvaluesof � . Then,onedefinesa tracelessmatrix §� via§�¨�(��©Iª�¬« � ¤ (7.13)

where ª�­�¯® �  ¡£¢ �  ±°A² and « � is the

²´³µ²
unit matrix. Note thatanorthogonaltransformation

which diagonalizes� will at the sametime alsodiagonalize §� and thusany function of it.
Therefore,it is easyto seethat ¶ ·?¸A¹»º½¼ §� �¿¾ � �£  ¼ �   © ª� ¾À� � (7.14)

Thepoint is now that

¶ ·?¸A¹»ºÁ¼ §�E� ¾ is thevarianceof theeigenvaluesof thegyrationtensor, � , and
thusameasureof how muchagivenpolymerchaindeviatesfrom sphericalsymmetry[122]. In
thesphericalcase,for example,� ¢ �I� � �I� � � ª� andthus

¶ ·:¸A¹ÂºÃ¼ §� � ¾ �I� .
On theotherhand,it is easyto seethat Ä º ¶ §� providesusefulinformationon theprolate-or

oblatenessof a givenchainconfiguration.For, if a chainis prolate,i.e. if � ¢ÆÅ � ��Ç � � , then� ¢ ©�ª�ÉÈ´� while � � ©�ª��ÊË� and � � ©Iª��ÊË� . ThereforeÄ º ¶ÍÌ�Î�¯Ï �  ¡£¢ ¼ �   ©�ª� ¾ È´� for aprolate
chain.Similarly, onecanseethatin theoblatecase,i.e. when � ¢ Ç � � Å � � , Ä º ¶ §�ÐÊ­� . Thus,
for agivenchainconfiguration,thesignof Ä º ¶ §� providesinformationonprolate-or oblateness
of thechainandits magnitude“measures”how prolateor oblatethepolymeris [122].

However, it follows from Eq. (7.12) that the eigenvaluesof � scalewith chain’s radius
of gyration. As a consequence,Ä º ¶ §� combinesthe shapeinformationwith that of the size.
Therefore,Ä º ¶ §� is not a suitablecandidatefor investigationsof thechainshape.Nevertheless,
with a slight modification, Ä º ¶ §� canstill beusedto definea sizeindependentquantitywhich
“measures”thepolymershapeonly [seebelow].

It wasshown in appendixA of [122] that�2Ê ¶ ·?¸A¹»º §� ��ÑÓÒ ª� � � (7.15)

Theargumentis indeedverysimple:

¶ ·?¸A¹»º §� � canbeconsideredasthesquarednormavector Ô
definedas Ô�Õ ¼ � ¢ ¤ � � ¤ � � ¾ © ¼ ª� ¤ ª� ¤ ª� ¾ . It is thenclearthat ÖG� is maximizedatoneof thecorners,¼ � ¢ ¤ � � ¤ � � ¾ � ¼ ² ª� ¤ � ¤ � ¾ say. In thiscaseoneobainsÖÃ�×� ¼ÙØ ª� ¾ �¬Ú ¼ ©2ª� ¾ �ÛÚ ¼ ©Eª� ¾ �¦� Ò ª�Û� . QED.

Inequality(7.15)motivatesthe definition of a normalized(andthussizeindependent)as-
phericity � Ñ�Ü2Ý Õ ¶ ·:¸A¹ÂºÁ¼ §� �¿¾Ò ª� � Ñ ��� (7.16)

Averaginginequality(7.16)overanstatisticalensembleyields� ÑßÞÙÜ2Ýáà � â ¶ ·:¸ã¹»ºÁ¼ §� �á¾Ò ª� � ä Ñ �å� (7.17)
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Unfortunately, ÞæÜEÝ¿à is not tractableanalytically[122]. Therefore,Aranovitz andNelsenintro-
ducedaseparableversionof ÞÙÜ2Ý¿à , namelyÜ Õèç ¶ ·:¸A¹ÂºÁ¼ §� �á¾Âéê Ò ª� �»ë � (7.18)

However, it is remarkablethattheinequality(7.17)“survives”theseparationansatz.In fact,the
situationis not thatcomplicated.Applying thestatisticalaveragingto theinequality(7.15)and
dividing bothsidesby

ê Ò ª�Û� ë immediatelyleadsto� Ñ�ÜìÑ �å� (7.19)

Usingsimilar arguments,it wasfurthershown in AppendixA of [122] that© �í ÑÓîïÝ Õ Ä º ¶ §�ª� � � Ø �ãÄ º ¶ §�¶ ·:¸A¹ÂºÃ¼ � ¾ � Ñ Ø (7.20)

which afteraveragingreads © �í ÑßÞÙîïÝáàÉÑ Ø � (7.21)

Thecorrespondingseparableversionof inequality(7.21)is© �í ÑÓî Õðç Ä º ¶ §� éê ª� � ë � Ø � ç Ä º ¶ §� éê ¶ ·?¸A¹»º½¼ � ¾ � ë Ñ Ø � (7.22)

As ª�ñÈ�� , it follows from the commentson Ä º ¶ §� that î and Þ,îïÝáà areboth measuresof the
averageprolate-or oblatenessof apolymersystem.For positivevaluesof î or ÞÙîïÝáà theaverage
shapeis prolatewhereasnegativevaluesindicateoblatenessof theaverageshape.

A greatadvantageof defining quantitieslike Ü , ÞÙÜ2Ýáà , î and Þ,îïÝòà is that they separate
theshapeinformationfrom thatof theorientation.Even if a polymerchaintakesall possible
orientations,theresultsobtainedby thesequantitieswill still yield thecorrectaverageshapeof
thechain.

Note,however, that thedefinitionof Ü and î wasmainly motivatedby difficulties in ana-
lytical treatmentof themorephysicalalternatives ÞÙÜ2Ý¿à , and Þ,îïÝáà [122,123].

Using MC-simulationresults,a detailedcomparisonof theanalyticallytractableversions,
i.e. Ü and î with the morenaturalalternatives ÞÙÜ2Ý¿à and Þ,îïÝ¿à hasbeendonein [122,123].
Simulationswere donefor a randomwalk (RW) on the one handand a self avoiding walk
(SAW) on the otherhand. It wasfound that the insensitivity of î and Ü to the detailsof the
interactions(which wasknown from theanalyticcalculationsof Aronovitz andNelson)arein
factartefactsof theseparableansatzunderlyingtheir definition.Themorenaturalversions,i.e.ÞæÜEÝ¿à and Þ,îïÝáà do dependon the detailsof the model. For a randomwalk, for example,one
obtainsasmallerasphericityanddegreeof prolatenessthanfor aself avoidingwalk.

This hasa simplephysicalinterpretation.Adding intermolecularinteractionsto a random
walk amountseffectively to reducingthe probability of high energy configurations.Suchsit-
uations,however, aremoreprobablewhena monomeris surroundedby othermonomers.In
otherwords,strongrepulsive forcesoccurmorefrequentlyin isotropicconfigurationsthanin
non-isotropicones.Hence,theformeraremoreefficiently suppressedcomparedto thelatter.
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If theabovepictureisnotwrong,weshouldexpectthatthepresenceof attractiveinteractions
shouldyield shapesbetweenthe randomwalk andthe self avoiding walk results. Indeed,as
shown in panel(a) of Fig. 7.5,our MD resultsdo confirmthis expectation.It is alsoshown in
panel(b) of Fig. 7.5that î and Ü arenearlyequalto thevalesobtainedfor RW andSAW [123].
This demonstratesagainthat the effectsof interactionsarenot properlytaken into accountin
thesequantities. Furthermore,they overestimatelatter Very similar resultsto the MD data
presentedherehave beenalso obtaindfrom MC simulationsof thin films within the Bond-
Fluctuation-Model(BFM) [95]. A striking agreementis observed in qualitative featuresofÞÙÜ2Ý ¼ � ¾?à and Þ,îïÝ ¼ � ¾?à for both MD and BFM. The bulk averages(valuesin the film center),
however, differ slightly in bothmodels.Tabel7.1comparesbulk valuesof ÞÙÜ2Ý¿à , Þ,îïÝáàóÜ and î
obtainedfor variousmodelsdiscussedin thissection.

Next, we commentthe shapeprofilesdisplayedin panel(a) of Fig. 7.5. It is seemfrom
this figure that the averagechain shapeof the presentpolymermodel is prolateboth in the
vicinity of thewallsandin thefilm center. Closeto thewalls,however, thisbehavior is strongly
pronounced.Now, a plot of ô½õ�ö ¼ � ¾ in thesamepanelrevealsthat,in fact, thereareonly a few
chainsin theregion of strongprolateness.Thesechainsarequenchedbetweenthewalls anda
denselayerof chainsindicatedby themaximumof ô½õ�ö ¼ � ¾ . They thusalignparallelto thewalls
andexplore thespaceavailablein lateraldirection. This explainsnot only theobservedshape
propertiescloseto thewallsbut alsotheenhancementof ������À��� and ���� ��� discussedin section7.4.

With increasingdistancefrom the walls an oppositetendency appears,i.e. the chainsbe-
comelessprolateandlessasphericuntil a minimum is reachedat a distanceof Ç Ø from the
walls. This,again,canberelatedto thefactthatthedensityof chaincentersexhibitsamaximum
atapproximatelythesamedistancefrom thewalls [seeFig.7.5]. It is thereforenot favorablefor
thechainsat this distanceto take a parallelorientation.Hence,they try to alsoexploreregions
in transversaldirectionsthusbecomingandlessprolateandlessaspheric.ÞæÜEÝ � ÷?ø:ù-ú à Þ,îïÝ � ÷:ø?ù-ú à Ü ÷:ø?ù-ú î ÷?ø:ù-úûýüÓþ ÿ

[123] 0.396 0.481 0.529 0.895ûýü ���
[122] - - 0.526 0.887

BFM [95] 0.411 0.499 - -
MD 0.432 0.541 0.539 0.89��� ü þ ÿ

[123] 0.447 0.572 0.543 0.879��� ü ���
[122] - - 0.534 0.893

Table7.1: Bulk valuesof ÞÙÜ2Ýáà , Þ,îïÝ¿à , Ü and î obtainedfrom MC simulationsof a random
walk (

ûýü þ ÿ
) andof aselfavoidingwalk (

��� ü þ ÿ
) [123], from MC simulationsof a thin film

within Bond-Fluctuation-Model(BFM) [95] andfinally moleculardynamicsresultswithin the
presentwork (MD). For RW andSAW wealsoshow Ü and î obtainedfrom a renormalization
groupcalculation[122] (indicatedby superscript“RG”). MD datacorrespondto ����� . At
lower temperatures,however, nosignificantchangeis observed[seealsoFig. 7.5].
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Figure7.5: Panel(a): ÞÙÜ2Ý ¼ � ¾?à and Þ,îïÝ ¼ � ¾?à asobtainedfrom moleculardynamicssimulations
(MD) at temperatures�Ó�ß� ¤ ���$� and ����
 ( � õ ¼
� � Ø � ¾ ����� í � ). Horizontallines indicatethe
correspondingMC bulk simulationresultsof a randomwalk (RW) andof a self avoiding walk
(SAW) [123]. Finally thedensityprofile of chains’centersis alsodepicted,wherebyit is mul-
tiplied by a factor of ��� ² to be within the scaleof the figure. The minimum valuesof the
asphericityandof theprolatenessareobservedapproximatelyat themaximumpositionof ô½õ�ö .
Note that the positionof the maximumof ô½õ�ö is insensitive to a changeof temperature(not
shown here). Panel(b): Samecomparison,now for Ü and î . Note that,within the scalesof
thefigure, theanalyticalresultsfor RW andSAW obtainedfrom a renormalizationgroupcal-
culation[122] canbe hardly distinguishedfrom the MC dataandthereforearenot presented
here.
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Figure7.6: Schematicsketchof theinfluenceof film thicknessandtemperatureon staticprop-
erties. A goodapproximationof the instantaneousstructureof a chain is an ellipsoid. The
chainsarethereforerepresentedby ellipsoidsin thefigure. Adjacentto a wall the two largest
principalaxesof theellipsoidarealignedparallelto thewall, whereasthesmallestaxispoints
awayfrom it in perpendiculardirection.Furtherfore,thechainis distorted(i.e.,flattened).Both
effectsareentropicallyunfavorableso that the numberof chainscloseto the wall is small at
high temperature.If the film is sufficiently large, thereis a bulk-like inner region, wherethe
chainscanfreely reorient(indicatedby dashedellipsoidsin the left sketch). With decreasing
film thicknessthebulk-like region shrinksmoreandmore,leadingfinally to parallelyoriented
chainsalso in the middle of the film if the thicknessis � � í � � . At high temperaturethe
walls arestill avoidedin sucha thin film so that a high concentrationof chainsoccursin the
middle (indicatedby the threeellipsoidsin theright sketchinsteadof two in the left) [from J.
Baschnagel].



Chapter 8

Dynamics

In this chapterwe are going to investigatesomeaspectsof the dynamicalpropertiesof the
systemat high and low temperatures.However, contraryto the caseof the staticproperties
which are in a wide rangeindependentof the specificnumberof particles, � , usedwithin a
simulation,thedynamicsof thesystemcanstronglydependon � . In fact thedependenceon
the numberof particlesis a consequenceof the sizedependenceof the dynamicproperties.
Keepingthetemperatureataconstantvalue,it is clearthat,for agivendensityandpressure,the
systemsizeis thesmaller, thesmallerthenumberof particles.

To reducefinite sizeeffects, it is thereforeimportantto checkfor the dependenceof the
quantity of intereston � , and choose� so that the size effects, at least to first order, are
negligible. In practice,however, onemustoftenchooseacompromisebetweenthereductionof
thefinite sizeeffectsandcomputingtime.

8.1 Finite SizeEffects

Motivatedby the ideasjust mentioned,we first carriedout, for a film of thickness� � Ø � ,
simulationrunswith variousnumbersof particles.Thevariationof thelateralsystemsizewas
thena resultof constanttemperature-constantpressurecondition.

We first show in Fig. 8.1 themeansquaredisplacementsof chaincentersfor a ratherlarge
film thickness,� � Ø � . Two temperaturesaredisplayed:Theleft panelcorrespondsto a rela-
tively high temperature���ß� whereastheright panelto anintermediateone,namely�Ó��� �$�
( �£õ �I��� í ���ñ��� ��� for � � Ø � ). As seenfrom thesefigures,strongsizedependenceis limited to
very smallsystems.Thoughnot vanishing,thesizedependenceis very weakalreadyfor mod-
eratesystemsizes� ¥ �4� at bothtemperatures.Therefore,asa compromisebetweenaccuracy
andcomputingtime,wehavechosen� � Ø �½�½� for this film thickness.

For � � Ø � , theobservedaccelerationof dynamicsat smallersystemsizesis in agreement
with MC-simulationresultsof the two dimensionalbond-fluctuation-model(BFM) [43]. In
recentmoleculardynamicssimulationsof Lennard-Jones[124] andhardcore[125] systems,
however, anoppositebehavior is seen.

The size dependenceof the dynamicsfor very small systemsizesis often relatedto the
conceptof cooperative motion first introducedby Adam andGibbs[32] to explain the sharp
riseof thetransportcoefficients,suchasviscosity, inversediffusionconstantor relaxationtimes
in anarrow temperaturerangeneartheglasstransitiontemperature,� � .

Accordingto AdamandGibbs,neartheglasstransition,thesystemisdividedintoclustersof
correlatedmolecules.Themotionof a moleculeinsidea givenclusterrequiresthecooperative

103
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Figure8.1: Themeansquaredisplacementsof thechaincentersparallelto thewalls, $ � ��� , for
variousparticlenumbers.For eachparticlenumber, thecorrespondinglateralsystemsize, � ,
is indicatedin brackets. The film thicknesswas � � Ø � and the normalpressurewasset to%�& � �('*) �ß� . The left panelcontainsresultsat ����� andthe right panelat �Ó�Ó����� . Both at
high andlow temperatures,themobility increasesfor smallersystemsizes.However, thereis
noappreciablesizedependencefor � ¥ �F� ( � ¥ Ø �½�½� ).
motionof theothermolecules(of thesamecluster),hencetheterm“cooperatively rearranging
regions”. It is easyto seethat theprobability for sucha “cooperative motion” decreaseswith
thesize,+ , of thecluster. However, aslongasthesystemcomprisesmany clusters,their relative
motions(thesocalledcollectiveflow) will contributeto thestructuralrelaxationthuspreventing
thedivergenceof thetransportcoefficients.

Ontheotherhand,if thetypicalsize,+ , of acooperativeregiongrowsat lowertemperatures,
therewill bea temperatureat which thewholesystembuilds up a solecluster. Themobility of
thesystemwill thendecreasedrastically, for it will directly dependon thecooperative motion
of all particlesof the system.At thesametime, for � Ê,+ , the relaxationtime will exhibit a
strongsizedependencedueto thementionedargumentthat thelarger thesystemsize,theless
probablea cooperative rearrangement.Thus, the diffusion constantwill decreasewith � for��Ê-+ . Obviously, whenthesystemsize � becomeslarger than + , we getbackto thesituation
wherethe systemcomprisesmany clustersandthe alternative relaxationprocessescomeinto
play thusleadingto aweakeningof thesizedependence.

Thus,following theabove arguments,oneobtainsanexplanationof theaccelerationof the
dynamicsfor smallersystems.However, thesameconceptof cooperativemotionis sometimes
usedin a differentway to explain a slowing down of the dynamicsfor smallersystems(see
for example[125]). It is indeedobservedthatthemaincontribution to thestructuralrelaxation
originatesfrom the cooperatively rearrangingregions [124]. Therefore,it is arguedthat the
systemdynamicsis acceleratedif thesystemcontainslargerclusters.Notethatthisargumentis
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exactlyoppositeto theonegivenabove,namelythatthelarger theclustersize, thelessprobable
a cooperativemotionandthustheslowerthedynamics.

Onealsofindsthatthelinearsize, + , of a cooperative regiondecreasesfor smaller � . Thus,
onearguesthat thediffusion ratemustdecreaseif thesystembecomessmaller. This result is
in agreementwith somerecentsimulationresults.However, usingtheconcretenumericaldata
givenin [124] onecanshow thatthesameresultcanalsobeobtainedstartingfrom theopposite
point of view, namelythat the larger clustersareslower. Threesystemsizesareconsidered
in [124]: �7�.
G� � ² (108particles),�7���4����/ ( �F� � particles)and �7� Ø ² � Ø ( �F�10 particles).The
correspondingsizesof cooperativeregionsare +�� ² � ² / , +�� Ò � �½� andfinally +���� �$� ² . So,this
is really truethatsmallersystemscontainsmallerclusters.However, if onelooksat therelative
sizeof a cooperative region, oneobtains: + ° �Ð� ��� Ò 
32 ¤ ���4
 Ò½Ò and ��� ²½²½² , respectively. The
relativesizeof a clusteris obviously largerfor smallersystemswhich meansthatthereareless
individual clusters. The possibility of alternative contributions to the structuralrelaxationis
thereforedecreased.Thesystemrelaxesmoreslowly, for themotionof agivenparticlerequires
thelessprobablecooperativemotionof a largenumberof molecules.

We concludefrom this discussionthat theconceptof cooperative motionmustbehandled
with somecare. Although the existenceof regions of cooperative motion seemsto be well
accepted,thereis still needfor morequantitative investigations.

Next, we reporton a kind of “crossover” in the sizedependenceof our systemof study
asa result of the variationof the film thickness,� . For the much thinnerfilm of thickness� �5
 , we founda sizedependenceof themobility from the lateralsizeoppositeto thatseen
for � � Ø � : thesmallersystemsarenow slower. This finding is displayedin Fig. 8.2, where
themeansquaredisplacementsof chaincentersarecomparedfor variousparticlenumbers,i.e.
for differentlateralsystemsizes,� . In theleft panela film of thickness� �ß�F� is investigated
andin theright panela thinnerfilm with � �6
 . A changein the“sign of thesizedependence”
occurswhengoingfrom � �ß�F� to � �5
 .

Note that, in a polymersystem,the cooperativity of motion in pronouncedby the chain
connectivity. It is clearthatamonomercannotgofarwithoutbeingaccompaniedby its adjacent
“partner(s)”. Therefore,for a densepolymer liquid, the conceptof cooperative motion has
relevanceevenat very high temperatures.Recallingtheimportanceof therelativeclustersize,+ ° � , within the conceptof cooperative motion, an explanationof the reportedoppositesize
dependencefor small � comparedto thelargeronescouldbefoundassumingthat + ° � increases
for smallerfilm thicknesses.Thisassumption,however, mustbeverifiedquantitatively.

8.2 High Temperatures

Considertwo solid walls at restanda fluid with a non zerocenterof massvelocity confined
betweenthesewalls. It is well known from textbook hydrodynamicsthat the fluid velocity
vanishesat contactwith thesolid. However, this argumentis amacroscopicone.Nevertheless,
aswe will seein chapter9 this canindeedoccuralsoon a microscopiclevel: Whenaveraged
over sufficiently long times, the meanvelocity of a fluid particleat the solid-liquid interface
vanishesrelative to thewall. This is thesocallednon-slip(or stick) boundaryconditionwhich
is often usedin hydrodynamictreatmentsof the flow. On the macroscopiclevel, the stick
boundaryconditionis relatedto theroughnessof thesolid-liquid interface.Thefluid particles
loseenergy dueto thefriction on this surface.

Obviously, perfectslip is the oppositeto a stick boundarycondition. Although not very
usualin nature,it is verysimpleto achievesuchaboundaryconditionin amoleculardynamics
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Figure 8.2: The meansquaredisplacementsof chain centersparallel to the walls, $ � ��� , for
variousparticlenumbers.For eachparticlenumber, thecorrespondinglateralsystemsize, � ,
is indicatedin brackets. Thetemperaturewas ����� andthenormalpressure

%�& � �:';) ��� . The
focusis now on the“changeof thesign” of thesizedependencewhengoingfrom � �(�F� (left
panel)to thethinnerfilm � �5
 (right panel).

simulation.Theonly thing to do is to choosea wall potentialwhich doesnot dependon lateral
coordinates.Hence,the � ° �3< walls usedfor equilibrium simulationswithin the presentwork
correspondto theperfectslip limit.

Analyzingthemeansquaredisplacements,wefind thatthemobility of theconfinedsystem
is enhancedcomparedto thatof thebulk model.This increasein mobility is shown in Fig. 8.3
wherethemeansquaredisplacementsof chaincenters,$ � , areplottedfor thebulk andfor the
film atvariousthicknesses.For afilm, thecomponentsof thedisplacementsparallelto thewalls,= and > say, aretakeninto accountwhereasthebulk datacontainsall threedirections.Thelatter
is thereforemultiplied with a factor Ø °A² . Our resulton theaccelerationof thedynamicsdue
to the presenceof the soft walls mayseemto be in contradictionto the observeddecreaseof
mobility in [124] wherealsosoft walls wereconsidered.However, the systemconsideredin
this referenceexhibits hugedensityoscillations[seefigure5.(a)of thesamereference].There,
the outermostdensitypeak(closestto the walls) hasa value of approximately
 (LJ units)
decreasingtowardsunity nearthefilm center. It is clearthatat a densityof 4-5 atomsperunit
volume,thediffusivemotionwill belessefficient thanatconsiderablysmallervalues.Thismay
explain theobserveddecreaseof thediffusionconstantwhenapproachingthewalls.

Let usnow havea look atdensityprofilesof ourmodel.It is shown in Fig. 8.4that,with the
exceptionof � � ²

, theaveragedensityvariesratherslowly with film thickness.In addition,
the observed oscillationshave small amplitude. This is a consequenceof the fact that our
simulationswerecarriedout undertheconditionof constantpressure. The largerdeviation of
thedensityfor � � ²

fromthebulk valueis relatedto thestrongwall contributionsto thenormal
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Figure8.3:Mean-squaredisplacementof thechains’centerof massparallelto thewalls, D3EGFIHJH4K:L*M ,
for films with variousfilm thicknessescomparedto thecorrespondingbulk quantity. Thelateral
dimension,N , is chosensuchthatthefinite sizeeffectsdiscussedin section8.1areabsent.The
externalpressureandtemperatureweresetto unity in all cases,i.e. OQPSRGTJU F V(W;XZY5[�\]F V:W;X�Y_^ , and` V(W*XaY_^ . The smallerthe film thickness,the strongerthe mobility enhancement.The initial
increaseof D E K(L*M is ballistic, i.e., D EGFIHJH K:L*McbedfLhgji ^lk , theslopebeingdeterminedby the thermal
velocityandthechainlength(here10).

pressure[seeFig. 3.2]. Thesystemexpandsto keepthesumof all contributionsconstant.Back
to thediscussionof theapparentdiscrepancy betweenthemobility enhancementin our model
andits decreasein themodelstudiedin [124] we notethat thesetwo systemsareseparatedby
a factorof 5 in densityprofile closeto the walls. Hence,the resultsfrom the onecannotbe
directly extrapolatedto theother.

As shown in Fig.8.4,ourstudycorrespondsto asituationwhere,at leastathigh
`

, thestatic
propertiesof thesystemarenot stronglyaffectedby thepresenceof thewalls. Therefore,we
canfocuson the influenceof geometricboundarieson themobility. Following [126,127] we
first write thediffusionconstantin termsof thevelocityautocorrelationfunction(VACF)m Y ^n oqpr s
t K(L*M t K k M*u*vwLyx (8.1)

It hasbeenshown in [128] that theshorttime contributionsto the integral in (8.1)canbewell
separatedfrom thelong timepartwhichcouplesto thelongwavelength,hydrodynamicmotion
of thefluid. Theshorttimebehavior of VACFis mainlydeterminedby theinteractionsbetween
aparticleandits nearestneighbors.Therefore,for moderateconfinements,i.e. for confinements
which do no modify the staticstructurein a crucial way, it is reasonableto supposethat the
shorttime partof VACF is not muchaffectedby theboundaries.Thelong time part,however,
can changeif the long wavelengthmotion is hinderedby someboundaries:The part of the
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Figure8.4: Densityprofilesat
` Y_^ and [�\�F V(W;X�Y�^ for films of thickness

m Y d k���^lkw�������
and

n
. With the exceptionof

m Y n
which hasa muchlower density, the averagedensityis

nearlyequalto thecorrespondingbulk valuefor all thicknesses.Theenhancementof mobility
[seeFig. 8.3] is thereforenot asimpleconsequenceof densitychanges.

velocity of a taggedparticle which is transferredto the hydrodynamicmotion can, at later
times,comeback to the original particleand thus influenceits velocity (“backflow” effect).
Now, if reflectingwalls arepresent(perfectslip), this effect will beenhanced,thusleadingto
an increaseof mobility comparedto thecorrespondingbulk system.On theotherhand,if the
walls areabsorbing(non-slipcase),thesameargumentwill predicta decreaseof thediffusion
constant.

In additionto this “mode-coupling”approach,onecanadoptahydrodynamicpointof view:
Calculatethedragforce � onaparticlemovingwith agivenvelocity t throughafluid of viscos-
ity � . Use t Y6� � to computethemobility, � . Finally, applytheEinsteinrelation

m Y5��� ` �
to obtainthediffusionconstant.Of course,for asystemconfinedbetweentwo parallelwalls the
componentof theforceparallelto thewalls hasto becomputed.This leadsto ��� and

m � . The
aboveproceduremayseemverysimple,but actuallyit requiresa considerableamountof alge-
bra. Theproblemlies in correctlytreatingtheboundaryconditions[128]. As we areinterested
in thecaseof theperfectslip boundarycondition,wegiveherethecorrespondingresult[128]m �jK��]M Y m PSRSTJU�� ^������� ��� � (8.2)

where� is theradiusof aparticleand � thewall-to-wall separation.As wehavechainsinstead
of sphericalparticles,wewill approximate� by theradiusof gyration ��� of a chain.

In Fig. 8.5 the mean-squaredisplacementof the chaincentersin directionparallel to the
walls, D EGF�� K:L*M , divided by  3L aredisplayedversus ^ ifL . From thesecurves,onecanobtainthe
diffusionconstantfitting ahorizontalline to eachcurvefor ^ ifL¢¡ k . As shown in thisfigure,for
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largefilm thicknesses,theerrorin determiningthediffusionconstantis comparableto its change
dueto thevariationof thefilm thickness.Thishastwomainreasons:First,thesimulationlength
wasrathershort,sothatonly thebeginningof thediffusiveregimecouldbereached.Secondly,
equidistantsamplingof positions(and velocities)was doneon a logarithmic scale. This is
suitablefor theanalysisof dynamicalcorrelationfunctionswhich usuallydecayexponentially.
However, the disadvantageof sucha samplingstrategy is that later times are sampledless
frequentlythanshortandintermediatetimes.Thepresentsituationshowsthat,to obtainagood
estimateof thediffusionconstant,oneshouldhave enoughsamplesalsoat large L . This would
allow oneto integrateout the oscillationsof

m � K:L*M«ª Y D EGF�� i1 3L andthus,to a certainamount,
to compensatethe shortnessof the simulationtime span. Therefore,as long asit is feasible,
oneshouldadopta linearsamplingstrategy with long distances(for exampleoncein ^lk1¬ MD
stepsfor high

`
andoncein ^lk3­ at lower temperatures)combinedwith a logarithmicone.The

logarithmicpartwouldtakeinto accounttheneedfor moresamplesatshorttimesandthelinear
partwouldallow for abetteranalysisof thediffusiveprocesses.

Figure8.6comparestheresultsobtainedfrom MD simulationswith Eq.(8.2)Theleft panel
correspondsto a relativehigh temperatureof

` Y®^ (recall thatthebulk critical temperatureof
thesamemodelis

`�¯ Y6k x°  � ) whereastheright panelcontainsresultsat a ratherintermediate
temperatureof

` Y±k x � . A qualitative agreementbetweenthe simulateddataandEq. (8.2) is
observed.However, it wasalreadynotedin [126] thataquantitativeagreementwith simulation
resultscannotbeexpected.For theidealeadingto Eq. (8.2) takesinto accountthe“backflow”
effect only. Otherpossiblecontributionsto the mobility enhancementlike that of the density
depletioncloseto thewalls is notconsideredhere.Fromtheright panelin Fig. 8.6it is seenthat
thedeviationsfromEq.(8.2)becomelargeratlowertemperatures.Thiscanberelatedto thefact
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thatthederivationof Eq. (8.2) is basedon a hydrodynamicargument.It is thereforeapplicable
only if thesystemis in a well definedliquid state.At

` Y.k x � however, therelaxationtimesof
our systemof studyarealreadyquite large. Thesystemis in anintermediatestatebetweenthe
liquid andglassystates.Hence,theregimeof validity of Eq.(8.2) is left.

8.3 Low Temperatures

As mentionedin chapter2, thepresentpolymersystemcontainstwo incompatiblelengthscales
whosecompetitionpreventscrystallizationat low temperatures.As a consequence,thesystem
exhibits anamorphousstructureat low

`
. On theotherhand,thechainlengthis chosenrather

short so that entanglementeffects are absent. Thesepropertiesmake our model a suitable
candidatefor studyingasupercooledmelt. Thestaticanddynamicpropertiesof thismodelwere
studiedin thebulk whengraduallysupercoolingtowardstheglasstransition[37,46,48–50,129].
Not unexpectedly, it was found that the model begins to develop sluggishrelaxationif the
temperaturedropsbelow

`³² k x � . Thisdramaticchangein thedynamicswasthensuccessfully
analyzedwithin themode-couplingtheory(MCT) [21,22,130,131]. As aresultof thisanalysis,
oneobtainedacorrespondingcritical temperatureof

`´¯ F PSRGTJU�µ k xI  � [48].
Themode-couplingapproachto theglasstransitionis mainlybasedonaclosedsetof differ-

entialequationsfor densityfluctuationswhichmustbesolvedin aself-consistentway. Actually,
wewill discusssomepredictionsof theidealizedversionof MCT only. Oneof themostimpor-
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Figure8.6: Left panel:Changein theDiffusionconstant,
m � relative to thebulk valueversus^ i�� ( � is thewall-to-wall separation)at

` Y®^ and [�\]F V(W*XZY_^ . Right panel:Thesamequantity
at a lower temperatureof

` Y5k x � . The lines indicatethe fit à la Eq. (8.2) wherethe particle
radius � is setto theradiusof gyration �º� .
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tantpredictionsof the idealMCT is theexistenceof a critical temperaturè
�¯�»�` � (

` � is the
glasstransitiontemperature)below which thesystembecomesnon-ergodic.

We recall that,in a meanfield picture,asa point particlestartsto movearoundthroughthe
fluid, aftera very shortperiodof free (ballistic) motion, it feelsthepresenceof its neighbors.
Theseneighborsbuild up a sortof cage,in which theparticlehasto spenda certainamountof
timebeforebeingableto continueits “journey”. Within thispicture,breakingof ergodicitycan
beunderstoodasthedivergenceof the time which theparticlespendsin thecageconstructed
by its neighbors.In termsof the meansquaredisplacements,oneshouldthereforeobserve a
plateauregion extendingto L¼¡ ½ . Indeed,at low

`
, onedoesobserve the formationof a

plateauwhosewidth expandswhenloweringthetemperature.
Nevertheless,neitherin real nor in computerexperiments,a divergenceof the relaxation

time is everobserved.It meansthattheparticledoesin factleavethecageof its neighborsafter
a long,but finite time. Thus,theidealizedMCT overestimatesthecageeffect. In otherwords,
therearemechanisms,like somekind of “hopping processes”which enhancethe mobility of
particlesandthus“help” themto getrid of thecage.Theseprocessesarenot takeninto account
in the idealizedversionof MCT. This must be kept in mind when verifying the ideal MCT
predictions.

It wasshown in chapter7 thatsomestaticpropertiesof thesystemlike chains’alignement
andthedistributionof chainendschangecomparedto thebulk if thesystemis confinedwithin
two smoothandpurelyrepulsivewalls. Closeto thewalls, thedensityof chainends,for exam-
ple,is muchmorepronouncedthanthatof theinnermonomers.Furthermore,parallelalignment
is favoredin thevicinity of thewalls. As thedynamicsof aphysicalsystemis relatedto its static
properties,oneshouldthereforeexpectcorrespondingchangesin thedynamics.

However, asfarastheidealizedversionof MCT is concerned,weshouldfocusontheinflu-
enceof thewalls on thestructureof thecage arounda givenparticle. If thecageof neighbors
is not stronglymodified,oneshouldbeableto verify basicpredictionsof theidealizedMCT in
a similarwayasdonefor thecorrespondingbulk system.

We have seenin chapter7 (section7.3) that the effect of the distancefrom a wall on the
structureis very similar to thatof thetemperature[seepanels(a) and(b) of Fig. 7.2]. To work
out someconsequencesof this similarity, we are going to apply MCT fits on our dataand
calculatethecritical temperaturesfor a few numberof film thicknesses.Wewill seethat,asfar
asthemeansquaredisplacementsareconcerned,theeffect of thewalls is mainly reducedto a
shift of thetemperatureaxistowardslower

`
. In otherwords,for films of differentthicknesses,

the meansquaredisplacementsexhibit similar time dependencewhencomparedfor thesame
temperaturedifference,

`¿¾�`´¯ K m M [seeFig. 8.11].
Let us first focuson the changeof mobility dueto the presenceof the walls. Figure8.7

compareŝ x � D1EGF�� for the inner portion and the wall region of the film at
` YÀk xI  � with D E

of the bulk at
` Y k xI ÂÁ . Note that the bulk critical temperatureof mode-couplingtheory

is
`�¯ µ k xI  � [48]. At very shorttimes,thedisplacementsincreaseballistically ( D E bÃLhg ). The

centerof massthenbehaveslikea‘free particle’. It neitherfeelsthepresenceof otherchainsnor
of thewalls. Therefore,film andbulk datacoincide.However, astime increases,theinteraction
with the surroundingpolymersslows the dynamicsdown anda plateaudevelops: A chain is
thenblockedin a ‘cage’ formedby its neighbors,from which it canonly escapegradually. This
blockingis moreeffective in thebulk thanin thefilm. Chainscloseto thewalls arefasterthan
thosein thefilm centerandthesearein turn fasterthanthoseof thebulk.

Whenaveragingdisplacementsover the whole film, the resultingcurvesresemblecorre-
spondingbulk dataathighertemperature.To quantifythiseffectwecalculatedrelaxationtimes
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( k¼É.ÊËÉ n x � and Á�x �¼É5ÊËÉ®^Ìk ) andtheinnerportionof thefilm (

n x �¼É5ÊËÉ Áwx � ). Only those
chainswhich alwaysremainin theseregionswereusedfor averaging.Two horizontaldashed
linesindicatethebulk end-to-enddistance( � gV µ ^ d�x n ) andradiusof gyration( � g� µ�dÍx k � ). The
initial increaseof D E K:L*M is ballistic, i.e., D E K:L*MÎbÏLhg , theslopebeingdeterminedby the thermal
velocity. This behavior is indicatedfor

` YÐk x° �Á . Note alsothatthe particlesin the film at` Y6k x°  � arefasterthanbulk particlesat thehighertemperatureof
` Y6k x° ÂÁ .

from D r , D�Ñ , D E and D ¬ by

DfÒ F�� K(Ó � F Ò:M�ª Y � g� F�� � (8.3)

where � g� F�� is thecontributionof theparallelcomponents( Ô and Õ , say)to � g� . Next we tried to
fit Ó � F Ò by

Ó � F ÒÖK ` MØ×ÚÙ `Û¾Ü`´¯ K m MÝÙIÞÂßàx (8.4)

The fits gave valuesfor á closeto the bulk result á Y dÍx k � . Therefore,we fixed á Y d�x k �anddetermined̀
�¯ K m M . This yields

`�¯ K m Y®^lk Mâµ k x n � (seeFig. 8.8), a valuewhich is sig-
nificantly smaller(about ^  Âã ) than

`�¯ K�½³M ( µ k xI  � ) of thebulk. Contraryto
`�¯

, á seemsnot
to be affectedby the confinement.Since á is directly relatedto otherMCT-exponentswhich
determinethetimedependenceof thedisplacementsin theplateauregion, it shouldbepossible
to superimposethesimulationdataof thebulk andthefilm whenusingthesamedistanceto the
respective critical temperatures.Figure8.8 supportsthis expectation.Thedominantinfluence
of completelysmoothwalls on the dynamicsseemsto be a reductionof

`�¯
, i.e., a mereshift

of thetemperatureaxis.Thisobservationwill befurtherdiscussedbelow whenanalyzingother
film thicknesses.

We saw in section8.2 that,at high temperatures,the increasein therateof diffusivity can
bepartlyexplainedby sayingthatthelongwavelengthhydrodynamicmodesarereflectedat the
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ê ß� versus̀
_¾-`´¯ K m Y�^lk M . The time Ó � wasdetermined

by Eq. (8.3) for the mean-squaredisplacementsof inner, end and all monomersand of the
chains’centerof mass.Themode-couplingexponentá wastakenfrom thebulk analysis( á YdÍx k � [48]). Holding á Y d�x k � fixedandfitting Eq.(8.4)to thelastfour datapoints(indicatedby
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`´¯ K m Y_^lk M¢µ k x n � wasobtained.This wasusedto rescale
thetemperatureaxis.Rightpanel:Mean-squaredisplacementsfor all monomers,D r K(L*M , andfor
thechains’centerof massD E K:L*M at thesamè

q¾ë`�¯ Y.k x k�� for thebulk (
` Y_k x � d , `�¯ Y.k xI  � )

andfor thefilm (
` Y_k x° ÂÁ , `�¯ Y�k x n � ). Thedisplacementsof thefilm werecalculatedparallel

to the wall andaveragedover the whole system. They weremultiplied by
n i�d to matchthe

scaleof thebulk. Thebulk end-to-enddistance( � gV µ ^ d�x n ) andradiusof gyration( � g� µ�d�x k � )areindicatedby verticaldashedlines. Theotherdashedline shows the initial ballistic motion
of themonomers,i.e., D r K(L*M�bÃLhg , whoseslopeis

n `
. Thecorrespondingnumericalvaluesfor` Y6k xI ÂÁ ( Y�^ x n � ) and

` Y5k x � d ( Y®^ x � Á ) cannotbedistinguishedon thescaleof thefigure.

walls. It wasalsomentionedthatfor absorbingwalls, a decreaseof mobility is expected.At a
qualitative level, this argumentappliesalsoto low temperatures.Thereis no reasonto assume
that the reflectingor absorbingpropertyof the walls changesat lower

`
. However, adopting

a still macroscopicbut slightly differentpoint of view, onecanfind analternative explanation
of the samephenomena.This involvesthe conceptof friction. It is schematicallyshown in
Fig. 8.9 thata particlein a bulk systemis subjectto the friction forcesoriginatingfrom all its
neighbors,whereasin a systemconfinedbetweenperfectlysmoothwalls the friction forceon
a particleneara wall is dueto its neighborsin the innersideof the systemonly andhenceis
smallercomparedto thebulk case.However, if onereplacesthesmoothwalls by roughones
thesituationcanchangedramaticallydependingonthedegreeof roughness.Next werepresent
MCT-fits resultsfor two furtherfilm thicknesses,namelya larger one,

m Y d k , anda smaller
one,

m Y.� . Defining Ó � F Ò , ì Y±kw�Ì^�� n �   , asin Eq.(8.3)andfitting theobtaineddataby Eq.(8.4)
we obtain `´¯ K m Y d k M Y k xI  ^�íqk x kw^î�`´¯ K m Y6� M Y k x n ^�íqk x k dàx (8.5)
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Figure8.9: Illustrationof apossibleinfluenceof confinementonthedynamicsof asupercooled
liquid. Two typesof confinementarecomparedwith the bulk: completelysmoothwalls and
roughwalls which areperfectlyadaptedto the liquid structure.Let us considerthe bulk first
andimaginethattheparticle � movesfrom its dashedpositionin directionof thelargearrow.
It opensspacewhich its neighborstry to occupy. Thedark-shadedparticlehasto competewith
all otherneighborswhich aresimultaneouslymoving in the spaceformerly occupiedby � .
This exertsa friction on thedarkparticle,which is partly absentif it sitsnext to a completely
smoothwall (panelin themiddle).On theotherhand,thefriction shouldbestronglyenhanced
if theparticleis next to aroughwall exhibiting cavities, into which it perfectlyfits (right panel).
Thisconstraintdoesnot relaxawaycontraryto thebulk. So,onecanexpectthemobility of the
darkparticleto decreasewith respectto thebulk for sucharoughwall (see[132], for instance),
but to increasefor a completelysmoothwall which actslike a lubricantcomparedto thebulk
[from J.Baschnagel].

Thelargeruncertainityin thecritical temperatureof thethinnerfilm (
m Y.� ) is dueto thefact

that,for this film thickness,thelowestinvestigatedtemperature,
` Y5k x n � , is still far above the

critical temperature.Theextrapolationto lower
`

thuscontainslargererrors.
However, it is demonstratedin Fig. 8.8 that the relaxationtime Ó � is lesssensitive to the

distancefrom
`�¯

. Theconvergenceof all datatowardsawell definedlimit is alreadyseenfrom
the left panelwhere Ó Þ Ñ
ê ß� is displayedversus̀

-¾ `�¯ K m Y.� M ( á Y d�x k � ). Theright panel,on
theotherhand,demonstratestherelaxationtime, Ó � , in a slightly differentway: It is displayed
in a log-log plot showing thatparallelstraightlinescanwell befitted to thedata.

With theobtainedresultson theMCT-critical temperatures̀́
¯ K m M , we investigateagainthe

questionof theshiftingpropertyof thetemperatureaxis.Recallthattheideawasthefollowing:
Aswesaw essentiallynodependenceof theMCT-critical exponentá on

m
, weexpectedthatthe

timedependenceof thedynamicalfunctionsshouldbesimilarfor film andbulk, whencompared
for thesamedistancefrom thecorrespondingcritical temperature,i.e. for thesamè

¾ `´¯ K m M .
We checked this propertyby plotting for

`_¾6`�¯ K m M Y±k x k�� the meansquaredisplacements
of of a film of thickness

m Y®^lk andthatof thebulk [seethe right panelin Fig. 8.8]. As the
resultof this comparisonwasratherconfirmative, we repeatthe sametestcomparingD3EGF�� of
bulk andfilm for

` ¾ `�¯ K m M Y±k x k n ��k x kÂ� and k x k�� . However, in thecaseof
m Y6� , thelowest

simulatedtemperatureis
` Y5k x n � whichhasadistanceof k x kÂ� from thecorrespondingcritical

temperature,
`�¯ K m Y.� M Y�k x n ^ . Thereforefor thefirst two valuesof

`³¾ë`´¯ K m M we cancarry
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wasobtained.Right panel:

log-logplot of therelaxationtimes, " � , versus�:�;���/�<�0�1�! . As demonstratedby dottedlines,
parallelstraightlinesfit verywell to this data.

out thecomparisonbetweenthebulk system,andfilms of �0� %=(
and �0� 5>(

only.
As seenfrom Fig. 8.11, the datacoinciderelatively well for all threetemperaturediffer-

ences.Note that the curvesarevery sensitive to a temperaturechange.This meansthat the
critical temperaturescalculatedfor variousfilm thicknesseshave a certainphysicalrelevance.
Furthermorethey arenot inaccurate:A changeof

(,&)(?%
, for example,would fully destroy the

agreementdemonstratedin Fig. 8.11.
At theend,a remarkmustbemadeconcerningtheanalysedquantity. It is reportedthatthe

diffusionconstantat low � is sometimeswell fittedbothby apower low (aspredictedby MCT)
andby anArrheniuslaw [133] andthatit is sometimesnot possibleto decidewhich functional
form bestfits the data[134]. Therefore,it is desirableto look at a quantity which contains
moredetailedinformationon themicroscopicdynamicsof thesystemthanis obtainablefrom
the diffusionconstant.The intermediatescatteringfunction, for example,is a suitablechoice
andthereforeis extensively investigatedin the literature. In fact, we did not calculate�.�@���A 
applying fits to the diffusion constant. We actuallyusedthe definition (8.3) because

%CBEDGF �
correspondsto awavevectorslightly smallerthan H@I�JLK , thepeakpositionof MN�OH! [seeFig.2.2].
As

%CBED HPI�JLK is a measureof the averagecagesize,it follows that
F � correspondsto a length

scaleslightly larger than the averagesize of a cage. If the meansquaredisplacementof a
particlereaches

FRQ� , is hasmostprobablyalreadyleft the neighborcage. The definition (8.3)
thereforecorrespondsto theideathat S -relaxationtime is thetimeneededby aparticleto leave
thecageof its neighbors.Our studyis thusbasedon oneof the importantideasof themode-
couplingtheory. Nevertheless,asa taskfor furtherinvestigations,it is still interestingto check
thepresentedresultsvia anextendedanalysisof theintermediatescatteringfunction.
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Figure 8.11: Demonstrationof the shifting propertyof the temperatureaxis. For threeval-
ues of the distancefrom the critical temperature,namely for �0�U���@�<�A V� (6&)(G46WX(6&-( � and(6&-(?Y

, the meansquaredisplacementsof chain centersare comparedfor films of thickness��� 5>(
, ��� %G(

andbulk. In the caseof �Z�����/�<�A [� (,&)(?Y
, also �0�1� is involved in the

comparison.The corrrespondingabsolutetemperaturescomparedto eachotheraregivenbe-
low. �\�:�.�/�<�] [� (6&-(!4

: ��� (6&_^?` � bulk  , ��� (6&_^!^ ���0� %G(  and �a� (6&-^?% �<��� 5�(  . �b��������A [� (,&)( � : ��� (6& � ( � bulk  , ��� (6&_^?c ���d� %G(  and ��� (6&_^!^ �<��� 5>(  . �N�[���/�<�A V� (,&)(?Y
:�e� (6& � % � bulk  , �e� (,&-^?` �<��� %G(  , �e� (6&-^!c �<�d� 5�(  and �e� (6&-4!` �����1�! .

8.4 ScatterPlots

We will closethebrief discussionof thesystemdynamicsby showing some“scatterplots”. A
“scatterplot” is akind of visualizationof theheterogeneity(if thereis any) of thesystemdynam-
ics[135]. Let usdefinea“scatterset”asthesetof thedisplacementvectorsfhg�i.�agjik�Olm n�ogjip�qlprs 
of all particles,t , whosepositionat the initial time, guik�OlprP , is within a certainregion of space.
A “scatterplot” is thenobtainedby simply displayingfvgui aspointsin space.

For athinfilm, wedefine“scattersets”for twoverydifferentlayerseachof unit thickness:A
layerin thevicinity of awall, termeddepletionlayer, anda layerin thefilm centerto whichwe
will referascentrallayer. Thefinite thicknessof thelayerintroducessomeaveraging,which is,
however, necessaryto obtaina satisfactorynumberof particlesandthusstatistics.Let MN�Olpr Wxw  
bethesetof all particles,containedin a layerat

w
at time lpr . Thecorrespondingscattersetat

a later time l will beequivalentto thesetof displacementvectorsfhgji , wherethe index t runs
overall particlesof MN�OlprX .
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We further refine the definition of a scatterset, focusingon the motion of certainchain
segmentslike chain endsor inner monomers. In chapter7 we had alreadyseensignificant
differencesin densityprofilesof chainendsandinnermonomers.Dif ferencesin dynamicsare
thereforenotunexpected.

First, we look at thehigh temperaturebehavior. In Fig. 8.12scatterplotsaredisplayedfor
the endmonomers(left panel)andthe inner monomers(right panel). Eachindividual panel
comparesthe mobility in the depletionlayer (left clusters)with that in the film center(right
ones). The film thicknesswas �y� %G(

andthe temperature��� 5
. The shortesttime is be-

yond the endof ballistic motion in the regime wherethe presenceof the neighborsbecomes
apparent.As the preferredbondlengthis smallerthanthat of the Lennard-Jonespotential,a
taggedparticlefirst “recognizes”its connectionto theadjacentmonomer(s)of thesamechain.
Now, an innermonomerhastwo suchbonds,whereasanendmonomeris tied to thechainby
a solebondonly. For intermediatetimes,endmonomersarethereforemoremobilecompared
to the inner segmentsof the chain. This is clearly seenboth in scatterplot(Fig. 8.12)andin
Fig. 8.13.For sufficiently long times,however, thediffusionis dominatedby thedisplacement
of thechain’scenterof mass.Therelatively small“tagglingaround”of variouschainsegments
arethereforenegligible. Hence,in the long time (or diffusive) limit, thedifferencein themo-
bility betweeninnerandendmonomersmustdisappear. This point is alsonicely confirmedin
Figs.8.12and8.13.

Themostinterestingfeaturesof thescatterplotsin Fig. 8.12,however, areperhapsthefol-
lowing two observations:First, they show theanisotropy in themotionof theendmonomersof
thedepletionlayer. This anisotropy is seenfrom thesecondlargestclusteron the left sideof
the left panelwhich correspondsto the endmonomersof the depletionlayer at l[� 5>( Q

. The
correspondingclusterof the right panel(innermonomers),however, doesnot exhibit suchan
anisotropy. This disparityis pronouncedat lower temperatures[seeFig. 8.14]. Secondly, they
clearly demonstratethe heterogeneityin the mobility of particles. Already for intermediate
times,thedominanceof themobility of theparticleswithin thedepletionlayer is obvious. To
seethis, we notethat the sizeof the secondlargestclusterwithin the depletionlayer (corre-
spondingto lV� 5>(=Q

) is comparableto thesizeof theclusterin thecentrallayerat a muchlater
time l[� 5>(=z

. A comparisonof theclustersizesrevealsthatthecontributionof thecentrallayer
to thediffusionconstantis lessthan

5>(!{
of thatof thedepletionlayer.

Note, however, that in calculatingthe “scattersets” for a layer closeto a wall, we do not
distinguishbetweenthelayercloseto the left wall andthat in thevicinity of theright wall. In
plotting thedata,however, we attributeall displacementvectorsto a solelayercloseto oneof
thesewalls, the left onesay. Thelargenegative

w
valuesseenin Fig. 8.12,therefore,originate

from the motion of the particlescloseto the right wall, i.e. within the layer extendingfromw � `
to
w � 5>( �9� D!% .

Now, we examinelow temperatures.For this purpose,we choosethe lowest simulated
temperature�a� (6&_^!^

for ��� %G(
(recall that ���@�<�0� %G(  [� (6&-^65

). At this temperaturethe
systemalreadyexhibits somefeaturesof the glassysystems:The dynamicsis slowed down
by many ordersof magnitudeandthediffusionconstantis quitesmall. We thereforefirst look
at thebehavior of thecorrespondingmeansquaredisplacementsof chaincentersto obtainan
estimateof theappropriatetimescalesof thesystemat this temperature.

As plottedin panel(a) of Fig. 8.14a plateaudevelopsfor lx|�} 5
after theballistic motion.

Again, for timescomparableto lx| , thereis only a smalldifferencebetweenthemobility of the
innerandendmonomers.Thechainendsareagainfaster. For latertimesthis gapenlargesand
thecurvesseparatewell, becomingalmostparallelfor intermediatetimes.However, dueto the
hugerelaxationtimesat this temperature,thediffusive limit is not well established.Therefore
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Figure 8.12: Left panel: Scatter-
plot for end monomers in a film
of thickness �y� %G(
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). The left clustervi-
sualizesfvg of chainendswithin thelay-
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w
-values).
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layer. Eachlayerhasa finite thicknessoff w � 5

. Rightpanel:Sameplotsasin the
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spondsto lV� 5

, the next clusterfurther
outward to lV� 5�( Q

andfinally the outer-
mostonecontainsdisplacementvectorsatlV� 5>( z

. Obviously, themobility of parti-
cleswithin thedepletionlayersdominates
thediffusionat largetimes.
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at this pressure).
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thecurvesdonotcoincideat theendof our simulation.
Examining the heterogeneityof the motion, we againobserve in panels(b) and (c) of

Fig. 8.14 that the main contribution to the mobility originatesfrom the muchfasterparticles
within the layercloseto thewall. This effect, however, is muchmorepronouncedat this low
temperature.The particlesof the centrallayer seemto be still in the cageof their neighbors
whereasthoseof thedepletionlayerhave alreadyleft thecage.Theanisotropy observedat the
highertemperatureof �e� 5

hasbecomealsoappreciablystronger. Althoughasmallanisotropy
canbeobservedalsoin themotionof theinnermonomers,thatof thechainendsis muchmore
pronounced.Thus,weconcludethattheendmonomerspreferamovementparallelto thewalls
whereastheinnermonomersdonotmuchbotherwhereto go.
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Figure8.14:Panel(a): Themeansquaredisplacementsof innermonomerscomparedto thatof
theendmonomers.Threecutsin thetimedomainareconsidered:For shorttimes(ballisticmo-
tion andthebeginningof theplateau)thereis only aweakdifferencebetweenthemobility of the
innerandendmonomers.It is, however, seenthattheendmonomersarefaster. For latertimes
thecurvesseparatewell andbecomeparallel.Notethatevenat longestsimulatedtime,thesys-
temis far from thediffusive limit, wherethecurvesshouldcoincide[seeFig. 8.13]. Panel(b):
Scatterplot for endmonomersin afilm of thickness��� %G(

at �a� (6&_^!^
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).
Theleft clustervisualizesthedisplacementvectorsfor endmonomerswithin thelayerclosestto
thewall (calleddepletionlayer)andtheright onethatof thecentrallayer. Eachlayerhasafinite
thicknessof f w � 5
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w
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while keepingthesizeof theplot comparableto thatof thelargestcluster.



Chapter 9

Systemunder ShearStress

Wesaw in chapter3 how thepressuretensorof aninhomogeneoussystemcanbecalculated.In
particular, we obtainedEqs.(3.18)and(3.20)for thekinetic andconfigurationalcontributions,
respectively, to the pressuretensorin planarsystems.There,it hasalreadybeenemphasized
that theseexpressionsarenot restrictedto systemsat thermalequilibrium. Now, we aregoing
to apply theseequationsto the presentpolymer model confinedbetweentwo parallel walls
in an externaldriving field andcalculatean importanttransportcoefficient, namelythe shear
viscosity.

9.1 The PressureTensorand the ShearViscosity

For a fluid moving betweenflat parallelwalls theknowledgeof theoff-diagonalcomponentof
thepressuretensor, �[�s�C� w  , on theonehandandthatof thevelocityprofile, �j�?� w  , on theother
handallows thecalculationof the local viscosity[56,57,136]

� � w  V� ������u��� r � � ���s�C� w  ���j�� � w  W
(9.1)

where� �� � w  ��a�u�j�,� w  D � w is thederivativeof thevelocityprofile in thedirectionperpendicular
to the walls and �3� is an externaldriving force (seebelow). As in previous chapters,

���>�>� �
denotethermalaveraging. Note that the velocity profile �u�'� w  is alsoobtainedasa thermal
averageof oneparticlevelocities,

�u�'� w  V 
¡¢¤£!¥k¦�§ �k¨�© JLª�« ¥k¦x¬<­

®¡ i°¯.|�± ��² iq³,� w ij� w  ¡¢¤£!¥k¦�§ �k¨x© JLª�« ¥k¦x¬<­
®¡ i°¯.| ³,� w i�� w  

&
(9.2)

It is well known that �[�s�´� (
at thermalequilibrium. We thusneeda mechanismto induce

anon-vanishingoff-diagonalpressurecomponent.In realexperimentsapressuregradient,µ3¶ ,
is oftenused.However, wewill seethatthis is not thebestchoicefor moleculardynamicssim-
ulationof asystemundershearstress.Considerafluid subjectto ahomogeneousfield exerting
the force · � �¸�¹�mº,� on eachindividual particle. The momentumconservation equationfor

121
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this systemis [56,57,137]

» ��g W lm C¼6½ ��g W lm ¼ l � �Rµ �>¾e¿ » ��g W lm �· �� �Rµ �nÀ �Áµ¹¶ ¿ » ��g W lm �· � W (9.3)

wherewe introducedtheviscosepressure tensor
À � ¾ �Â¶uÃPÄPÅGÄ (¶ is thewell-known hydro-

staticpressure).Setting · � �9Æ alongwith µ3¶;Ç� ( in Eq. (9.3)correspondsto thecasewhere
thesystemis drivenby a pressuregradient.On theotherhand,thechoice · � Ç� ( alongwithµ3¶]�9Æ is thesituationwe aregoing to study. Thepoint is that thesystemcannotdistinguish
betweenthesecases[56]. In additionto thesimplicity of implementationin aMD-code,theuse
of anexternalfield insteadof apressuregradientallowsthesystemto remainlongitudinallyho-
mogeneous[56]. In realexperimentsthefluid remainsnearlyincompressibleundertheapplied
pressuregradient. However, to obtaina satisfactorysignal-to-noiseratio, pressuregradients
usedin MD simulationsareconsiderablyhigherandleadto significantdensityvariations. A
combinationof thesedensityvariationswith periodicboundaryconditionswould thenleadto
discontinuitiesin thedensityatsystemboundaries,i.e. whengoingfrom therealsystemto one
of its adjacentimagesystems.

9.2 Detailsof the Simulation

In all simulationswhoseresultswerediscussedin themajorpartof this work, theconfinement
wasachievedby placingtwo parallelwalls actingon innerparticlesa repulsive forceof

wÉÈ'Ê
,
w

beingthedistanceof agivenparticlefrom thewall. Obviously, theinnerparticlescanperfectly
slide on the surfaceof thesewalls. Therefore,if we apply an external force acting in lateral
direction,thesystemwill simplyaccelerateendlessly.

However, acalculationof theshearviscosityvia laminarflow requiresanon-trivial velocity
profile. Therefore,acertaindegreeof stickconditionmustbepresentatthevicinity of thewalls.
For this purpose,we introduced,on eachside,a layer of wall atomsarrangedin a triangular
lattice.Theseatomswerebondedto their latticesitesvia aharmonicpotentialËEÌ J © I8�Og�i� [� 5%�Í Ì J © IÏÎ guij�+gui�² �OÐ Î Q & (9.4)

Here,theharmonicforceconstant,Í Ì J © I , is ameasureof thestiffnessof thespring, gui�² �OÐ is the
positionof the t -th wall atomon the lattice (“equilibrium position”) and,obviously, gui stands
for theactualpositionof theatom.Theharmonicforceconstantwassetto Í Ì J © I\� 5>(!(

. This
value is closeto

5!5�^6&)4
correspondingto the harmonicapproximationon LJ-force in a linear

chain,i.e. two timesthe(linear) forcebetweentwo Lennard-Jonesatomsat distancescloseto
thepotentialminimum(thesamevalueof

5G5�^�&-4
is obtainedalsofor anfcc-lattice).

As we wantedto usethe resultsof previous equilibrium simulations(with
wÉÈ'Ê

walls) as
initial configuration,we placedthe structuredwalls at a distanceof } % |<Ñ¤Ò from depletion
layers(the layersclosestto the walls) of a densityprofile correspondingto an equilibrium
simulationat �e� 5

and ��� %G(
. This led to a separationof f w � %G(6& � betweenstructured

walls. To avoid strongrescalingof particlecoordinatesin Ó WxÔ -directions,wesetthelateralsize
to the averagevaluecomputedfrom the lateralsizesof

5>(
independentinitial configurations.

So, Õ��¹�aÕ�Öj :ÕV×Ø� 5!5!&Ù5!5
. Thenumberof particleswas ÚÛ� %G(!(!(

.
Notethatall simulationsreportedin this chapterhave beencarriedout at constantvolume.

However, after somesimulationshave beencarriedout, we hadto decreasethe lateralsizeto
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avoid phaseseparationat low temperatures.Therefore,the resultsdiscussedherecorrespond
to two differentlateralsystemsizes,namelyto ÕV×Ï� 5!5!&Ù5!5

andto ÕV×8� 5>(6&-( � . At �a� 5
, the

larger systemsizeleadsto a densityat film centerof » � w � (6W ÕV×8� 5!5!&Ù5!5  Ü� (6&)YG* � whereas» � w � (,W ÕV×Ø� 5>(6&-( �! [� (6&)*G*
. The latter remainedunchangedalsoat all lower simulatedtem-

peratures.
In additionto thestructuredwalls,wereintroducedthe

w'È'Ê
wallsasabackgroundat

w/Ý ¥ ªßÞÉJ¤àáàu���5G5!& � ^!^ and
w ª ¥kâ Þ?J¤àáàj� 5G5!& � ^!^ [seeFig. 9.1]. This servesto preventpossiblepenetrationof the

structuredwalls by inneratoms.Suchanadditionalwall potentialhasalsobeenusedby Jab-
barzadeh,AtkinsonandTannerin MD studiesof thewall slip in thin films of hexadecane[138].
Adopting the terminologyof Jabbarzadehet al. we call thesewalls “barrier walls”. Note,
however, that the barrierwalls usedin [138] have a differentfunctionaldependence( ã w È |�r
comparedto

wÉÈ'Ê
in our case)andact on the inner atomsonly. The walls usedin the present

work, however, form animpenetrablebackgroundfor all particles,i.e. for both innerandwall
atoms.

For theinteractionbetweentheinneratomsfrom theonesideandthewall particlesfrom the
othersidewechosethetruncatedshiftedLennard-Jonespotentialfrom chapter2 [seeEq.(2.1)],
wherewesetä6Þ'«�� 5

and å�Þ'«u� 5
. Here,theindex ‘w’ standsfor a“wall atom”and‘i’ for “inner

atom”. Thesamepotentialwasalsousedfor thewall-wall interaction,againwith ä6ÞÉÞ:� 5
andåpÞ'Þæ� 5

.
With this choiceof interactionparameterswe first carriedout simulationsat ��� 5

. As
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Figure 9.1: Density profile of inner and wall particlesas obtainedfrom MD-simulation for
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demonstratedin Fig.9.2,thereis alargejumpin thevelocityprofileverycloseto thewalls. This
indicatesthattheinnerparticlesdo not very well stick to thewalls,but partially slideon them.
Ho
ð

wever, it was mentionedin section8.2 that hydrodynamictreatmentsof the flow usually
assumea stick boundarycondition. In particular, the useof this assumptionin combination
with continuumhydrodynamicsleadsto the following simpleformula for the velocity profile�u�É� w  of thelaminarflow of afluid confinedbetweenparallelplanarwalls [56,93]:

�j�É� w  V�U� » Ý ¨ àáñ/� �% � Ý ¨ àáñ ò w QôóZõ Q^÷ö &
(9.5)

Here, » Ý ¨ àáñ is thebulk densityof thesystem,�¹� thedriving forceperparticle, � Ý ¨ àáñ standsfor
thebulk viscosityand õ is thewall-to-wall separation.

As we wereinterestedin a calculationof � Ý ¨ àáñ , we improvedthestick boundarycondition
by favoringtheinner-wall interactioncomparedto thatbetweenparticlesof thesametype.This
wasachievedby settingä6Þ'«�ø 5nD ï % } (6&)`G*65

and å�Þ'«�ø %
. Notethattheinner-wall interactions

are favored in two ways: First, as ä6Þ'«úù�ä6ÞÉÞuøaä�«á« , an inner atomcancomecloserto a wall
atomthanit is thecasefor two particlesof thesametype.Secondly, theenergy costto separate
a wall atomfrom an inner atomis two times larger than the price onemustpay to separate
two particlesof the sametype. This explainswhy the inner atomsnow better“stick” to the
walls comparedto thecasewhereall parametersweresetto 1 [seeFig. 9.2]. Therefore,unless
otherwisestated,all simulationswhoseresultsarediscussedherehave beencariedout withä6ÞÉÞ:ø9ä�«á«6ø 5

, å�ÞÉÞ:ø1åm«á«6ø 5
, ä6Þ,«�ø 5nD ï % } (6&-`!*65

andfinally å�Þ'«uø %
.

−10.0û −5.0ü 0.0 5.0 10.0û
z

0.0

0.1

0.2

0.3

0.4

0.5

0.6

<u
x>

(z
) σý wi=1 and  εwi=1

σý wi=0.89 and  εwi=2

F
e
=0.03  ρbulk=0.795

Figure9.2: Velocityprofileasobtainedfrom MD-simulationsfor two choicesof theparameters
of wall-innerinteractions.



9.3. THERMOSTATING THE SYSTEMTHROUGHTHE WALLS 125

9.3 Thermostating the SystemThr ough the Walls

We first show in Fig. 9.1 that the system’s structuredoesnot changemuchwhenvarying the
externaldriving force.Thisis animportantpreconditionto checkthatwearenottoofarfrom the
limit �3�Øþ (

. However, a satisfactoryverificationof this propertyrequirestheexplicit check
whetheror not thequantityof interest,thebulk viscosity � Ý ¨ àáñ for example,is independentof� � . To verify this importantpoint,wecarriedoutsimulationswhile varying � � . For eachvalue
of �¹� , thenumberof independentrunswas

5>(
andthedurationof eachrun was

5>( Ò MD steps.� Ý ¨ àáñ wasthencomputedusingquadraticfits to the corresponding(average)velocity profiles
[seeEq. (9.5)]. Note that to obtaina betterestimateof thebulk viscosity, i.e. to suppressthe
contributionof thewalls to thisquantity, thefit rangewasrestrictedto

wÿë+ì ó�� W � í in all cases.
Thevelocity profiles(averagedover

5>(
independentruns)andthecorrespondingfits using

Eq. (9.5) are shown in Fig. 9.3. As expected,deviations from a parabolaincreasewith �3� .
However, for thechosenfit range,aquadraticfunctionis still agoodapproximationevenat the
highestappliedforce.

Resultsfor � Ý ¨ àáñ aredepictedin Fig. 9.4. First,asexpected,at small �¹� , � Ý ¨ àáñ is practically
independentof thedriving force. However, at larger valuesof �¹� , significantchangein � Ý ¨ àáñ
is observed. Recallthat thesystemdensityis ratherinsensitive to �¹� for all investigatedcases
[seeFig. 9.1]. In particular, the densityremainshomogeneousin the rangewherewe fit the
velocity profiles. Therefore,at leastfor thefilm center, we do not expecta significantchange
in the systemproperties,provided that the temperatureis the samefor all valuesof �¹� (as it
shouldbe).

Indeed,as shown in Fig. 9.4, a checkof the systemtemperaturerevealsthat � strongly
changesat highershearstress.Thelarger � � , thelargeris thetemperature.Therapiddecrease
of thebulk viscosityis thereforeaconsequenceof increasingtemperature.

It is easyto seewherethementionedheatingcomesfrom. Thedriving forceacceleratesthe
innerparticles. If thewalls werenot presentor if they hadno structure(asin thecaseof

w'È'Ê
walls) thisaccelerationwouldleadto acontinuousincreaseof thesystemvelocity. However, for
particlesin contactwith wall atoms,an importantamountof this kinetic energy is transferred
into thermalmotion.As aconsequence,thestreamingvelocityof a layerin theveryvicinity of
thewalls is decreasedcomparedto thatof a neighboringlayer in the innerside. Theparticles
of the slower layer now hinder their fasterneighborsand, again,a part of lateral motion is
transferredinto heat.Hence,avelocityprofileaccompaniedby heatcreationdevelops.

Obviously, to keepthe systemtemperatureconstant,the extra heatmust be removed in
someway. At this place,it is interestingto note that, historically, the introductionof some
of the commonthermostatingalgorithmswasmotivatedby the needto remove the extra heat
createdwithin a non-equilibriumsimulation. An exampleis thesocalledGaussianisokinetic
thermostat,developedby Hoover [139] and, independently, by Evans[140]. Well, it is time
to look at theway thesystemis thermostated.In fact,no thermostatingwasappliedfor inner
particles.They werethuspropagatedwithin the Ú���� -ensemble,i.e. integratingtheNewtonian
motionequations(4.1).Thewall particles,however, werecoupledto aheatbathusingtheNośe-
Hooveralgorithm[seeEqs(4.36)-(4.39)].

This approachis similar to (and was in fact motivatedby) that describedin [56]. Both
in [56] andin thepresentcase,theinnerpartof thesystemwasthermostatedindirectly, i.e. via
interactionswith wall atomsthe temperatureof which wascontrolledby somethermostating
algorithm.This is anattractivewayasit doesnot requiretheknowledgeof thevelocityprofile,
which shouldbe taken into accountif the moving fluid was to be directly coupledto a heat
bath.Furthermore,onehasnot to dealwith possibleinfluenceonthesystempropertiesof some
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additionaldegreesof freedomwhich aretypical of thermostatingalgorithms[seechapter4].
The latter point, however, is lessimportantbecause,as demonstratedin chapter6, both for
staticandfor dynamicproperties,a Ú���� -simulationusingNośe-Hoover thermostatleadsto
resultsin agreementwith thoseobtainedfrom microcanonical-ensemblesimulations.

However, thedrawbackof thisapproachis thatheatconductiontowardsthewalls is theonly
mechanismto regulatethe temperatureof the innerpartof thesystem.A heatcurrent,on the
otherhand,is driven by a temperaturegradient. So, for moderateheatconductivities, or for
largeratesof heatcreation,thetemperatureof thefluid will significantlydiffer from thatof the
walls.

Next, we give an estimateof the increaseof the systemtemperature.Considera planeatw��+(
. As the inner part of the systemis not thermostated,it follows that all the heatcreated

betweenthisplaneandthefilm centermustpassthroughthisplanetowardsthewall at
w ø õ D!%

if thesteadystateis reached.Thisheatcurrentis, of course,drivenby atemperaturegradientat
this plane.To first order, wecanwrite�	��
 w
�� w ø ó 5��� 
 w
� � �r ¼��� 
 w � �ø ó � �� 
 w�� � �r �u��
 w � � » 
 w � � ¼ w � & (9.6)

for a planeat
( ù w ù õ DG% . Here,

�
is thesurfaceareaof a wall (to which theheatcurrentis

perpendicular),¼��� 
 w � � øa� � � �j�

 w � � » 
 w � � ¼ w � is theamountof heatcreatedperunit timewithin
theregion

ì w � w � ¿ ¼ w � í and
� 
 w
� is theheatconductivity at

w
.
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Figure9.3: Profilesof thestreamingvelocity, �u�

 w
� , for variousvaluesof thedriving forceand
thecorrespondingfits à la Eq. (9.5). As indicatedin thepanel,only valueswith

w$ë1ì ó�� W � í
aretaken into accountduring the fit. This reducesthe effectsof the walls andthusleadsto a
betterestimateof thebulk viscosity, � Ý ¨ àáñ .
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Figure 9.4: ResultingTemperatureof the inner part of the systemduring Ú ��� simulation
versusthedriving forceperatom(diamonds).Thesolid line representsabestfit usingEq.(9.7),
where � Ý ¨ àáñ � wastaken asa fit parameter. The opencirclesshow thebulk viscosityobtained
from fits on thestreamingvelocityprofile, �j��
 w
� , à la Eq.(9.5).

Letusassumethatthesystemcanbeapproximatedbyahomogeneouscontinuumfluid. This
might seemto bea crudeapproximation.However, for non-localproperties(i.e. for properties
definedasaveragesoverthewholesystemliketheaveragetemperature)suchanapproximation
maybejustifiedby sayingthattheinhomogeneouspartof thesystemis relatively thin compared
to thewidehomogeneousregionaroundthefilm center. With thisassumptionwecaninsertthe
rhsof Eq. (9.5) in Eq.(9.6)andobtainthetemperaturegradientat thewall,�	��
 w
�� w !!!! ��¯#"úÑ Q ø ó » QÝ ¨ àáñ õ Ä$&% � Ý ¨ àáñ � 
 w ø õ D�%�� � � Q(' (9.7)

In general,systempropertiesandthus
�

and � Ý ¨ àáñ changewith a variationof thedriving force.
However, it is demonstratedin Fig. 9.4 that � Ý ¨ àáñ changesratherslowly with �¹� . The driv-
ing force per atom variesby a factor of )+* , whereasthe relative variationsof � Ý ¨ àáñ are less
than

� * { . So, to first order, the �¹� -dependenceof � Ý ¨ àáñ canbe ignoredin Eq. (9.7). Assum-
ing a similar behavior for the � � -dependenceof

�
, we examinethe quadraticdependenceof� 
 w ø õ D+%�� �	�� w !!! �j¯,"úÑ Q } %.-� 
/�jÞÉJ¤àáà ¬ ó ��« ¦x¦ � © �mD õ from thedriving force �¹� by setting

�.« ¦�¦ � © ø0��Þ?J¤àáà ¬ ¿21 � � Q W (9.8)

where
1

is thefit parameter. This leadsto» QÝ ¨ àáñ õ z%=^ -� � Ý ¨ àáñ ø 1 ø % ) ' $�^43 * '5� YG`�66W (9.9)



128 CHAPTER9. SYSTEMUNDERSHEARSTRESS

where
-�

is theaverageheatconductivity.
It canalsobe seenfrom Fig. 9.4 that, in the observed temperaturerange, � Ý ¨ àáñ doesnot

changemuchwith temperature.The temperaturevariesby a factorof ) whereasthe relative
variationsof � Ý ¨ àáñ is lessthan

� * { . Thus,we setthe averagevalueof -� Ý ¨ àáñ } � in Eq. (9.9)
alongwith » Ý ¨ àáñØø7* ' Y+6 � and õ ø % * andobtaina (rathercrude)estimateof thesystem’s heat
conductivity -� 
/��ø $�8 » Ý ¨ àáñ8ø7* ' Y+6 � � }9) c ' ` ' (9.10)

Thehugetemperaturechangesdemonstratedin Fig. 9.4mayhide,to someextent,thevari-
ationof � atsmaller�¹� . Therefore,wenotethata temperaturechangeof

%G{
wasobservedata

relativesmalldriving forceof �3�[ø:* ' *�) . Notethat,usingtheNośe-Hooveralgorithm,wehave
usuallybeenableto settheaveragesystemtemperaturewithin a relative errorof * ' $n{ during
a singlerun. Averagingovermany runsyieldsstill betterresults.Thus,a changeof

%!{
in � is

faroutsidethetypical statisticaluncertainity.
Now, we arein fact interestedin systempropertiesat low temperatures,wherea strong � -

dependencein systempropertiesis expected.Fromour previousequilibriumsimulations[see
chapter8, for example]weknow that,at low � , atemperaturechangeof

$n{
canhaveadramatic

impacton thesystemproperties.We thereforeneeda bettercontrolof thesystemtemperature
thanprovidedby just thermostatingthewalls.

Finally, we show in panel(a) of Fig. 9.5 temperatureprofilesobtainedwithin this part of
thesimulation.As seenfrom thisfigure,thehighertheappliedforce,thefasterthetemperature
rises,i.e. thelargeris �	� D � w . This is intuitivelyclearbecausetherateof heatcreationincreases
with �3� . It is alsoseenfrom thisfigurethat,for agivenvalueof �3� , thetemperaturegradientis
quitesmall in thefilm centerincreasingtowardsthewalls. Recallthatthetemperaturegradient
at
w

is proportionalto the amountof heatcreatedper time unit betweenthe film centeranda
planeat

w
[seeEq. (9.6)]. Assumingthat the increasein heatconductivity with temperature

is not fastenoughto compensatethe growth of the heatcurrentwith distancefrom the film
center, onecanconcludethatthetemperaturegradientshouldindeedincreasewith

w
, i.e. when

approachingthewalls.
Note that in Eq. (9.6) the heatconductivity appearsoutsidethe integral. Therefore,the

knowledgeof thetemperatureprofile, ��
 w
� , densityprofile, » 
 w
� , andthatof thevelocityprofile,�u��
 w
� , allowsacalculationof theheatconductivity profile� 
 w
� ø ó � � ò �	��
 w
�� w ö È | � �r �u��
 w � � » 
 w � � ¼ w � ' (9.11)

It mustbeemphasizedthatEq.(9.11)providesawayof calculatingtheheatconductivity notat
a singletemperature,but over a temperature range. This comesfrom thefact that,astheinner
part of the systemis thermostatedthroughinteractionwith the walls only, the temperatureis
necessarilya decreasingfunctionof

w
. For, otherwise,anheatcurrenttowardsthefilm center

wouldexist. Panel(a)of Fig.9.5providessomeexamplesof temperatureprofileswhereonecan
alsoobservethisdecreasingproperty. Therefore,��
 w
� canbeinvertedto yield

� 
/� �   � 
 w 
;� �<� .
Note, however, that the temperaturegradientis quite small closeto the film center. In

fact, due to symmetry, it must vanishat
w ø0* . As the inversetemperaturegradiententers

the calculationof the heatconductivity, it follows that a small error in � will leadto a large
uncertainityin

� 
 w
� . Therefore,the applicationof Eq. (9.11) requiresa muchmoreaccurate
determinationof thetemperatureprofile thanis usuallyachievedin a typicalMD simulation.

As anexamplewe show in panel(b) of Fig. 9.5 resultson theheatconductivity
� 
/� � com-

putedusingthedatacorrespondingto �¹�Vø0* ' ) . Note thatwe have chosenquitea largevalue
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of thedriving forceto createanappreciabletemperaturedifferencebetweenthe(thermostated)
wallsandthefilm centersothatthecomputed

� 
 w
� coversasufficiently largetemperaturerange.
Thedatawasfirst smoothed(by a sortof splineinterpolationknown as“spline undertension”)
beforedifferentiatingnumerically. The derivative obtainedfrom the smoothedcurve is also
shown in thispanel.Notethatthesharpriseof heatconductivity athigh � is anartefactof large
relativeerrorsin calculatingthederivativeof � with respectto

w
. Wehavealsotried to fit ��
 w
�

by symmetricpolynomialsof
c
-th or

`
-th orderandthenusethecorrespondingcoefficientsto

computethederivative. Therelative errorsin fit coefficients,however, werelarger than
$ *�* {

indicatingagainthatanaccuratecalculationof �	� D � w doesrequirea still moreprecisedeter-
minationof thetemperatureprofile. Nevertheless,ournumericalresultis, at least,in qualitative
agreementwith thegeneralobservation that theheatconductivity is an increasingfunctionof
thetemperaturein amorphous,glassysystems(seefor examplepage

YG`!`
of [93]).

9.4 Thermostating a Flow via Nośe-Hoover

Theconsiderationsof section9.3makeclearthatacertainamountof heatingwill alwaysoccur
if theinnerpartof thesystemis to bethermostatedindirectly throughtheheattransporttowards
the (thermostated)walls. A zerotemperaturegradientbetweenthe inner part (which actsas
a heatsource)and the walls (which play the role of a heatabsorbingmedium)requiresan
infinitely largeheatconductivity.

Thestudyof thetemperaturedependenceof theviscosity, however, is oneof themajorgoals
of thepresentnon-equilibriumsimulations.It is thereforedesirableto haveasafecontrolof the
systemtemperature.The simplestway, of course,would be to apply the samethermostating
algorithm,i.e. theNośe-Hoover Eqs(4.36)-(4.39),not only to the wall atoms,but alsoto the
polymerchains.Recallingthedefinitionof thetemperaturein aflow, �� := � 
?> ó � >E� ��Q � D )
@�A ,
we seethata directthermostatingof theinnerpartof thesystemrequirestheknowledgeof the
velocityprofile �u�

 w
�   � ± �C�B
 w�� (notethat

� ± Ö/�ôø � ± �P��ø7* ).This problemwassolvedin a simpleway. For eachrun, thecorrespondingvelocity profile
wascalculatedasstatisticalaverageof particlevelocitiesduring the preceedingequilibration
period.Notethat,in general,theequilibrationis anecessarypartof aMD simulation.So,wedo
not spendextra computationpower to compute�u�C
 w
� (comparedto thecomputationof forces,
the time neededfor averagingover velocitiesis negligible in a MD-run). The equilibration
itself startswith �u��
 w
�  D* andimprovesthis initial “guess”by samplingvelocities.That this
proceduredoesindeedleadto a reliableinformationon thevelocity profile is demonstratedin
Fig. 9.2. As shown in this figure,thevelocity profile computedwithin theequilibrationperiod
(whichstartswith avanishingvelocityprofile) is of comparableaccuracy astheprofileobtained
duringthesubsequentproduction.

Combinedwith the above approachfor the calculationof the velocity profile, we applied
the Nośe-Hoover thermostatfor the propagationof both the inner andthe wall atoms. Simu-
lationsat variousvaluesof thedriving force � � showedthat,evenat the largestappliedforce,
i.e. �¹�Vø:* ' ) , the averagesystemtemperaturecould be set, to a high accuracy, to the given
valueof � � Kmª . Therefore,all subsequentsimulations,have beencarriedout usingNośe-Hoover
thermostatbothfor thewall andfor theinnerparticles.

Thereadermayhavenoticedthat,contraryto thedatapresentedsofar, Fig.9.2showsresults
obtainedat a higherbulk densityof » Ý ¨ àáñ�  » 
 w ø7* � ø:* ' 6�6 andnot at » Ý ¨ àáñØø7* ' Y+6 � . In fact,
all simulationswhoseresultswe aregoingto discussin thenext sectionhave beencarriedout
at this density. The reasonfor the choiceof a higherdensitywasthat,at � ù�* ' 6 , anomalous
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Figure9.5: Panel(a): Temperatureprofilesresultingfrom N���� simulationfor variousvalues
of O�P . The region of nearlyconstant��
RQ � in the film centercanbe ascribedto the fact that
the amountof the heatto be transmittedthrougha planeat the film centeris zeroandgrows
whenapproachingthewalls. This implies that SUT mustbe larger closeto thewalls provided
that VXW?Q
Y is constantor doesnot increasefasterthanheatcurrent, Z[ WRQ�Y]\_^ , with distancefrom
thefilm center. Panel(b): Heatconductivity ascomputedusingEq. (9.11).Thecorresponding
temperaturegradientis alsoshown in this panel. An increasewith temperatureis clearly ob-
served from this results.However, thestrongincreasein V at highertemperaturesis probably
anartefactof largeerrorsin computing̀#T�\+`.Q .
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obtainedfrom the subsequentproductionrun (prod) for threevaluesof the driving force, O�P .
Within thestatisticaluncertainity, theaccuracy of theprofile obtainedwithin theequilibration
run, is comparableto thatof theproductionperiod.Theformerwasthereforeusedasaninitial
guessof d#eCWRQ
Y in calculatingthe temperaturevia f�ghTDikjmlonpW/qrltsvuwYoxzy]\+{ , where | denotesa
taggedparticleand d#}4~7d.�w~0� .
behavior wasobserved in systemproperties. In particular, the densityprofile wasno longer
symmetric.

Thissituationin depictedis Fig. 9.7for T�~:�h��� . As shown in thisfigure,from �B� indepen-
dentruns,in � casesa sort of “drying” occursat the left wall andin the remaining � onesat
theright wall. Dueto theincreaseof thebulk densityat lower temperatures,thesystemtriesto
contract.However, avolumechangeis not feasiblein a N���T -ensemblesimulation.Thehigher
densityin thefilm center(which exhibits bulk-likeproperties)is thereforeachievedby particle
transportfrom thewalls towardstheinnerpart.Obviously, sucha transportdoesin generalnot
setin simultaneouslyatbothwalls. Therefore,theasymmetryfirst developsatoneof thewalls.
Supposethata particlecurrenttowardsthefilm centerfirst setsin at theleft wall. As a conse-
quence,thesystemdensitycloseto this wall decreasesand,at thesametime, increasesin the
remainingpartof thefilm approachingthevalueconsistentwith theactualtemperature.Thus,
thenew particledistribution is stablefrom a thermodynamicpoint of view andtheasymmetry
will not vanishat latertimes.

Formationof the regions of very low densityas a result of cooling down the systemat
constantvolumehasalsobeenobservedin MD-simulationsof thepresentmodelin bulk [91].
Suchasituationwouldof coursenotoccurin asimulationat constantpressure.

However, dueto the presenceof the structuredwalls, we couldnot usethesameprogram
codethathasbeendevelopedfor (equilibrium)simulationsof a systemconfinedbetweenQC� Ê
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walls to regulatethe normalpressurein the presentsituation. As we wantedto focusour at-
tentionon thenew aspectsof a non-equilibriumsimulation,we postponedthegenerationof aN��hT -programcodeto furtherstudies.Theobservedproblemof thephaseseparationnearthe
wallshasbeensimplysolvedby choosingahigherbulk density[seesection9.5].

Note that the observation of the mentionedphaseseparationwasgreatlysimplified by an
analysisof thedensityprofilescomputedduringeachindependentrun. An averagingoverthese
runs,for example,would have led to a symmetricprofile andthuswould have,at leastby part,
hiddentheeffect. Thisdemonstratesoneof theadvantagesof whatis usuallycalled“on thefly
analysis”or, simply, onlineanalysis.Monitoringsystempropertiesduringthesimulationyields
directinformationaboutwhatis goingon in thesystem.An informationwhichwouldprobably
bewashedout in thecaseof averagingover independentruns.

Recallalso, that in a usualMD simulationof glassysystemsthe systemconfigurationis
sampledin regular distancesand is saved on the disk. This resultsfrom the fact that such
simulationsarevery time consumingand, therefore,not so easyto repeat. However, dueto
finite diskspace,thenumberof sampleswhichcanbesavedaremoderate.Therefore,anonline
analysisdoesusuallyyield muchbetterstatistics.
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Figure 9.7: Density profiles for 10 independentruns at T0~0�h�5� for a bulk density of���p�p��� ~:�h�5�+�
� . As the volume is kept constant,the systemseparatesinto two phasesat this
low temperature.A low densityregion closeto oneof thewalls anda high densityonein the
otherpartof thefilm.



9.5. BULK VISCOSITY 133

9.5 Bulk Viscosity

We saw thata densityof ���p�]��� i � W?Q�~7�
Y�~:�h�5�+�
� at thefilm centerleadsto phaseseparation
at lower temperatures.A region of low densitydevelopscloseto oneof thewalls, whereas�
increasesin theremainingpartof thesystem.Wethereforereducedthelateralsystemsizefrom��� ~����+����� to

��� ~����h���
� which led to ���p�p��� ~:�h����� . It is shown in panel(a) of Fig. 9.8 that
theproblemof phaseseparationis indeedavoidedat thisdensity. Furthermore,weobserve that
thebulk viscositydoesnot dependmuchon temperature.Thesystemthusapproachesthelimit
of an incompressibleliquid. Comparedto the previous lower densitycase[seeFig. 9.1], the
presenceof thewalls is now “felt” fartherinsidethesystem.However, a look atpanel(b) of the
samefigurerevealsthat,for Q �2¡¢s��C£¤�¦¥ , a quadraticfunctionverywell describesthevelocity
profile. Therefore,weusedthecoefficientof Q§x obtainedfrom afit of theformd#eCW?Q
Y�~:¨©s«ªzQ x (9.12)

to computethebulk viscosity[see(Eq.9.5)]¬¦�p�p��� ~ ���p�]��� O P­ ª £® ¬¦�p�p��� ~ ���p�]��� O P­ ª x ® ª�� (9.13)

In Eq. 9.13
® ¬¦�p�p��� , theerror in bulk viscosity, is simply estimatedfrom thatof corresponding

fit coefficient. Theaccuracy of thefit manifesteditself in small relative errorsin ª andthusin¬¦�p�p��� .
Next, we plot in Fig. 9.9 thebulk viscosityat ���p�p��� ~:�¯�5��� obtainedfrom Eq. (9.13). The

temperaturewasvaried(alongan isochoricline) from �h��� down to �h����� at a constantdriving
force of O,P�~:�¯�5�
� . This valueof O,P wasnecessaryin order to obtainsatisfactorysignal to
noiserationotonly at highbut alsoat low temperatures.

First, we notethat the changein viscosity is unexpectedlysmall for the investigatedtem-
peraturerange.Fromequilibriumstudiesof thepresentpolymermodelin bulk, we know that
the relaxationtimesof the systemincreaseby many ordersof magnitudewithin this temper-
atureinterval [46,91]. As we saw in chapter8, similar slowing down wasalsoobserved for
theconfinedmodel.Theobserveddifferencecomparedto thebulk wasa changein thecritical
temperaturetowardslower T . Thisdecreaseof T±° , however, hasbeenascribed,at leastby part,
to the perfectslip boundaryconditionat smoothwalls. Following the argumentgiven in sec-
tion 8.2, an increaseof T²° shouldbeexpectedwhenreplacingthesmoothwalls by structured
onesor, moreprecisely, whenparticles“stick” to thewalls. In otherwords,adramaticincrease
in transportcoefficientslike viscosityor inversediffusionconstantshouldbeexpectedat still
highertemperaturesthanwasthecasein equilibriumbulk simulations.

However, recallthattherelaxationtimesnotonlydependonthetemperaturebut alsoonden-
sity. Within a N��	T -ensemblesimulationthedensityincreaseswhenthetemperatureis lowered.
In thepresentcase,however, it is keptconstantat all temperatures.Indeed,anexaminationof
thedensityprofilesof equilibriumsimulationsrevealsthat,at a normalpressureof ³µ´²¶ P;·o¸ ~�� ,
a densityof �h����� in thefilm centercorrespondsto a relative high temperatureof T�¹��h���
� [see
Fig. 7.1].

Thesameargumentcanbeformulatedin a slightly differentway. In [91], thebulk density
of thepresentmodelatthecritical temperatureof T±°º~0�h�»��� (correspondingto apressure�¼~½� )
hasbeenestimatedto � ~¾�+�5�+� ­ . Then,in thesamereference,thesystemhasbeencooleddown
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Figure9.8: Panel(a): Densityprofileof innerparticlesasobtainedfrom MD-simulationfor var-
ioustemperatures.Contraryto thecaseof ���p�p��� ~0�h�5�+�
� , wherea relativewide rangeof homo-
geneousregioncouldbeobserved[seeFig. 9.1], now oscillationsoccurevenin thefilm center.
Themagnitudeof thesedensityvariationsis, however, muchsmalleraroundQ�~7� . Panel(b):
Velocity profile at varioustemperatures.Solid linesareresultsof a fit using d#eCW?Q
Y4~Æ¨ÇsvªzQ x .
Notethatthecoeficientª is directly relatedto thebulk viscosity, via ¬§�p�]��� ~ ���p�p��� O,P<\	W ­ ªÈY [see
Eq.9.5].



9.5. BULK VISCOSITY 135

towardstheglasstransitionpoint alongan isochoriccurve at this densityand,finally, thecor-
respondingMC critical temperaturehasbeencomputedto T²°_W � ~¾�����+� ­ Y�~0�h�»����� . Obviously,
if coolinghadbeencarriedout at anisochoricof a higherdensity, critical slowing down would
have setin at a highertemperature.Similarly, an isochoricof a lower densitywould have in-
tersectthemodecouplingcritical line at a lower temperature.Therefore,to observe thesharp
riseof thetransportcoefficientsat a densityof �h�5�+� , thesystemshouldbefurthercooleddown
beyondour lowestsimulatedtemperatureof T0~7�¯���
� .

It is alsoshown in Fig. 9.9that,in theobservedtemperaturerange,the T -dependenceof the
shearviscosityis not well describedby anArrheniuslaw.

Therefore,we tried to fit the datawith the (empirical) Vogel-Fulcher-Tammann(VFT)-
formula, ¬¦�p�p��� W/T�Y�~ ¬§�]�p��� WÊÉ�YhËÈÌ¯Í�Î ÏTvsÐTrÑ�Ò � (9.14)

Theresultof this fit is shown in panel(a) of Fig. 9.10. As seenfrom this panel,thesimulated
temperaturerangeseemsto becloseenoughto theglassyregionto verify animportantproperty
of fragile glassformers [141], namely the validity of the (VFT)-law. Fitting Eq. (9.14) to
our data,we obtainedfor thefit parameters:¬¦�p�p��� WÊÉ�Y�~½��{h����ÓÔ�h�5��� , Ï ~:�h�5�+� ­ Ó0�h����{�� andT±ÑÕ~0�h�Ö���+�tÓ¼�h���h� ­ . As seenfrom panel(a)of Fig.9.10,the“goodness”of thefit is remarkable.

Next, we discusswhat is behindan Arrheniuslaw. Supposethat the particlesof a system
areeffectively surroundedby moreor lessrigid potentialbarriers. In suchan environment,a
particlecanonly movearoundif it hasenoughenergy to jump from onepotentialminimumto
anotherone.Obviously, theprobabilityof sucha jump scaleswith ËzÌhÍµW×s�ØÕÙÚ\&T�Y , where ØÛÙ is
theaverageactivationenergy. This givesriseto a similar temperaturedependenceof transport
coefficients.Theobservednon-Arrheniusbehavior thusindicatesthatthepictureof aneffective
“potentiallandscape”is notappropriatefor theobservedtemperaturerange.

As the driving force actsin Ü -directiononly, we wereableto usethe Ý -componentof the
meansquaredisplacementsto determinethediffusionconstant,Þ . Thisallowedusto examine
thevalidity of theStokes-Einsteinrelationbetweentheviscosityandthediffusionconstant,f�ghTÞ ¬§�p�]��� ~9Vm~7ß_à�á	âoãB�#£ (9.15)

where V characterizesthelengthof anelementarydiffusiveprocess[142].
It is shown in panel(b) of Fig. 9.10that V is not a constantbut decreaseswith the inverse

temperature.A decreaseof V with T,�#ä hasbeenalsoobservedin MD simulationsof å¯æ;ç x [71]
andin experimentson fragileglassformersbelow thecritical temperature,T²° [143–148].How-
ever, anaccuratecalculationof thediffusionconstantis alwaysa difficult problemat low tem-
peratures.Therefore,errorsin Þ arequitelarge. This,of course,leadsto correspondingerrors
in V . Nevertheless,thegeneraldecreaseof V with theinversetemperaturecannotbeexplained
by statisticalerrors,it is a physicaleffect. We closethis sectionby noting that, insteadof a
VFT-law, ¬§�p�]��� W;T�Y canbealsowell describedby assumingapower law aspredictedby MCT,¬¦�p�p��� W/T�Y�~7è
é TvsêT±°&é �
ë £ (9.16)

whereè , T±° andì arefit parameters.A fit usingEq.(9.16)yields èÛ~½���h�5�#Óí�h��� , ìî~:�¯�ï�+�.Ó��h���+�
and T²°�~:�¯�5{
�§��Ó:�h������� . The resultof this fit is shown in Fig. 9.11. However, a comparison
with Fig.9.11revealsthattheVFT-formula(9.14)is in betteragreementwith theMD-datathan
thepower law (9.16).
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Figure9.9: Theshearviscosityin bulk, ¬¦�p�p��� , versus�&\¦T . Thedashedline correspondsto the
bestfit assumingtheArrheniuslaw. Theinsetcontainsthesamedatain a linear-log plot. The
MD-datais obviouslynotwell describedby thefit.

9.6 Local Viscosity

Sofar, we have focusedour attentionon ananalysisof theshearviscosityin bulk. However, it
is alsointerestingto look atwhathappenscloseto thewalls.

EvaluatingEq.(3.18)wehavecomputedthelocalpressuretensorñ WRQ
Y . Of particularinter-
estto us, is, of course,theoff diagonalcomponent³µeò}+WRQ
Y . This quantityis depictedin panel
(a) of Fig. 9.12. As seenfrom this panel,within the simulatedtemperaturerange, ³Úeò}�W?Q
Y is
ratherinsensitive to a changeof T . Contraryto that,a strongvariationis observedin thelocal
viscosity ¬ WRQ�Y asthe temperatureis lowered. In particular, theeffect of thewalls is enhanced.
This enhancementis manifestedby a strong Q -dependenceof ¬ WRQ�Y at lower T . ¬ W?Q
Y increases
rapidly whenapproachingthewalls. As seenfrom panel(b) of Fig. 9.8, thestreamingvelocity
vanishesin thevery vicinity of thewalls. This meansthat theparticlesin thevery vicinity of
the walls do at leastpartially stick on the latter. Therefore,the mobility decreasesandasa
consequencetheviscositygrows. Althoughnot asdramaticasin thepresentcase,an increase
in shearviscosityatsmallerÜ hasbeenalsoreportedin [56] for asystemwith WCA interaction
at anaveragedensityof ó� ~:�h�

In the samepanel,we have plottedhorizontallines indicatingthe bulk viscosityat corre-
spondingtemperatures.For TÔ~7�h�ï� the bulk viscosity is approximatelyequalto the average
over therangeQ �0¡¢s��¯£¾�¦¥ . Recallthat ¬§�p�]��� hasbeencomputedapplyingquadraticfit to the
velocityprofilewithin this interval.

Thedeterminationof the local viscosityprofile thusprovidesan independentcheckof the
reliability of thecomputedresults.

The deviations from the bulk viscosity observed at a higher temperatureof TÔ~7�h��� are
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Figure9.10: Panel (a): Temperaturedependenceof the bulk viscosity, ¬¦�p�p��� (diamonds)and
the correspondingVFT-fit. Our polymer model is, obviously, a fragile glassformer. Panel
(b): Dif fusionconstantin Ý -direction(circles)andtheratio TÕ\+Þ�} ¬§�p�p��� (diamonds).Thelatter
shouldbeaconstantprovidedthattheStokes-Einsteinrelationholds.This,obviously, is not the
case.
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Figure9.11: Temperaturedependenceof the bulk viscosity, ¬§�p�p��� (diamonds)and the corre-
spondingmode-couplingfit [seeEq.(9.16)].

mostprobablydueto theerror in computing̀#d.e¯W?ú
Y]\§`²ú , thederivativewith respectto ú of the
velocityprofile. Themagnitudeof theerror, howeveris smallerthan ��û andthereforerelatively
small.

Notealsothat ¬ WRú
Y is susceptibleto largenumericalerrorswhenevaluatedin thefilm center,
i.e. for ú©~:� . This comesfrom thefact that thestreamingvelocity is a symmetricfunctionofú , thedistancefrom thefilm center. Therefore,̀#d#e¯WRú�Y]\+`.úÇ~0� for ú�~7� . Insertingthis result
in Eq. (9.1)would leadto infinitely largevalues.Thelargedeviationsin theregion aroungthe
film centerarethereforeanartefactsof this numericalinstability [56].

However, it hasalso to be said that the mentionedobjectionis not a physical,but a nu-
mericalproblem.Let usrecallherethetrivial examplefrom elementaryanalysisthatalthoughâ]æ�áÚW/Ü±Y�~0� at Ü¼~7� , ü�æþý�eÈÿÕÑ#Ü±\ â]æ�átW/Ü±Y is not infinity, but � .

Finally, to besurethatthechangein theviscosityprofile is notcausedby sometemperature
gradientslikewhathasbeenobservedin section9.3,weplot in Fig.9.13thedensityprofilesata
few temperaturesrangingfrom TÔ~7�h��� , thehighesttemperaturediscussedhere,to T0~0�h�5� , the
lowestone.As aguidencefor theeye,ahorizontalline is drawn for eachexaminedtemperature
profile. Asseenfromthesetemperatureprofiles,ourappliedmethodwasindeedableto generate
ahomogeneoustemperatureprofileevenat thelowestvalueof T0~0�h�»�
� .
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Figure 9.12: Panel (a): Off diagonalcomponentof the pressuretensor, ³µeò}��Rú�
 , as obtained
from MD simulationsat varioustemperatures.Apparently, ³Úeò}��?ú�
 doesnot dependmuchon
temperature.Panel(b): Localviscosity, ¬ �Rú�
 , computedusingEq.(3.18)from chapter3. At low
temperatures,a significantincreasein ¬ �Rú�
 is observedwhenapproachingthewall. Horizontal
lines indicatethecorrespondingbulk valuescomputedin section9.5. Thedatacorresponding
to �Ô~:�¯�5� is multipliedby a factorof ��� to matchin thescaleof thefigure.
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Chapter 10

Conclusion

Thepresentwork was,in somesense,thenaturalextensionof thepreviousstudiesof apolymer
melt in thebulk [91] themain focusof which wasthestudyof the relaxationdynamicsof the
modelsystemat temperaturescloseto the glasstransition. This analysisof the bulk datahas
led to anunderstandingof someimportantaspectsof theglassybehavior of thepresentmodel
at low � . Oneof the main goalsof the presentwork wasto further improve this knowledge.
An importantquestionrelatedto theglasstransitionis whetheror not a diverging lengthscale
is theorigin of thetransition.In recenttimes,therehave beenhintsfor theexistenceof sucha
lengthscale[34–38,42,43].

Thestudyof confinedsystemsyieldsanimportantapproachto thequestionof a diverging
lengthscale, 1 say. If sucha lengthscaleexists, systempropertiesshouldshow strongsize
dependenceif thesystemsize, 2 , is smallerthan 1 . Onecancarryout simulationsvaryingthe
lengthof thesimulationbox. In a realexperiment,however, periodicboundaryconditionsdo
not exist. Oneresortsto confinementsin oneor two directionslike film or nano-pores.Our
choicewasto startwith thin films.

“Aller Anfangist schwer”. Thefirst problemto solve wasthatof thepressure.Motivated
by realexperimentson thin films, wewantedto carryout simulationsat constantexternalpres-
sure.What is thepressurein aninhomogeneoussystem?Isn’t it a complicatedfunctionof the
position?Therefore,we investigatedthis problemendingupwith theresultthat:3 In aninhomogeneousliquid thepressureis nolongerasimplenumber, but a tensor, 4*��5-
 ,

which, in general,dependson thepositionwhereit is measured.3 In planarsystemsat equilibrium only two componentsof 4*��5-
 “survive”, namelythe
componentnormalto the interface(surface), 6�7 , andthe tangentialone, 698 . All other
componentsvanishprovidedthatthesystemis in thermalequilibrium.3 In all situationswherea steadystatecondition is satisfied(equilibrium systemsbeing
regardedasaspecialcase),697 is auniquenumberconstantthroughoutthesystem.Other
component(s),however, do dependon : , thedistancefrom thefilm center.

Althoughall theseconclusionscanalreadybefound in somepreviouspapersin the literature,
otherpapershave reacheddifferentconclusions,andthuswe felt thata thoroughnew analysis
of theproblemwaswarranted.

Chapter3 hasbeendevotedto this importanttopic,wherewealsopresentedMD-resultson
thesurfacetensionof thepresentconfinedmodel.

In chapter4 weinvestigatedsomecommonsimulationtechniquesand,havegeneralizedthe
so calledHoover-Melchionnaequationsof motion [seeEqs.(4.75)-(4.79)]to planarsystems.

141



142 CHAPTER10. CONCLUSION

At theendof this chapter, a subtlepoint hasbeenaddressed.This concernsthecontribution of
the interparticleforcesto the pressurein the presenceof periodicboundaryconditions(pbc).
W
;

e have shown that the appropriateexpressionfor the systempressureshouldbe written in
termsof relativedistances( 5=<?> ) andpairwiseforces( @A<B> ). Thewell-known expressionof the
form C < 5D<E@A< is not valid whenpbcis applied.

Within the presentwork, an iterative methodhasbeendevelopedandsuccessfullyimple-
mentedwhich effectively allows a simulationat a given normalpressurewithout varying the
film thickness, thelatterbeingconjugateto 697 [seechapter5]

Studyingthe influenceof the FHGJI , FHGLK and FNMOK -ensemblesimulationson thesystem
propertieswehave foundthat[seechapter6]:3 Staticpropertiesareindependentof thespecificensemblewithin thesimulation.3 For the dynamics,Nośe-Hoover algorithmyields resultsin agreementwith the micro-

canonicalone ( FHGPI ), whereasa simulationwith fluctuatingvolume ( FNMOK -ensemble
simulation)disturbsthesystemdynamicsat intermediatetimes.For shortandlongtimes,
however, resultsobtainedfrom a FNMOK run arein agreementwith thosecomputedwithinFQGRI or FHGLK -runs.

Concerningtheinfluenceof thewallson thestaticpropertieswefind that:3 Densityoscillationsoccurcloseto thewalls andbecomestrongerwhenthe temperature
is lowered.3 Influenceof the walls on the packingstructureis similar to that of the temperature.In
particular, whenapproachingthe walls, the pair distribution function (measuredwithin
a planeparallelto thewalls) varies(qualitatively) in a similar way asif the temperature
wasincreased.3 Parallelalignmentof thechainsis favoredby thewalls.3 Within thedepletionlayer(layerof closestapproach),innermonomerstendto avoid the
walls,whereasendmonomersexhibit ahigherdensitycloseto thewalls.3 Chainsarein generalprolate(rod-like), thedegreeof prolatenessbeinga functionof the
distancefrom thewalls. At veryshortdistancesamaximumprolatenessoccursindicating
that thechainsalign parallelto thewalls andareflattened.The latterpoint is supported
by theobservationof anenhancedbond-peakof thepairdistributionfunctioncloseto the
walls.

Furthermorewe have comparedour MD-resultson chainspecificprofileswith self-consistent-
field (SCF)calculationsof Müller andGonzalezMacDowell [68,96] [seechapter5]. Theresult
is: 3 Qualitativeagreementis observedin all comparedcases.3 Verygoodquantitativeagreementis achievedfor non-oscillatingquantities,like ST!UWVBXZY :�[ ,S !,/, VBX Y :�[ .3 Discrepancieson a quantitative level have beenobservedfor morecomplex functionsof

thedistancefrom thewalls.
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We have suggestedin chapter5 thata betterchoiceof theweightfunction, \ Y�] [ , which enters
theSCFequations,alongwith considerationon theconstancy of thenormalpressureto obtain
a betterguessof the bulk free energy density ^ Y :�[ shouldimprove the agreement.It remains
a taskfor thefuturestudiesto examinewhetheror not thesesuggestionsdo yield theexpected
improvement.

Thefollowing resultshavebeenobtainedfrom afinite sizeanalysis.First, thestaticproper-
tiesdonotdependmuchon thesystemsize.Resultsfor pairdistribution function,for example,
did not changewhen going from 2_$`&�a to 2b$dcfegc . Contraryto the static properties,the
systemdynamicsexhibitsastrongsizedependencewhen 2ihkj .

The importantpoint is that thesizedependencewhich occursat very small lateralsystem
sizes,2 , “changessign”:3 For lm$dn�o the dynamicsslows down as 2 increases,i.e. systemswith smaller 2 are

faster.3 For lm$dj theoppositebehavior occurs.Systemswith smaller 2 arenow slower.

An explanationof this behavior could be found in termsof cooperative motion, if onecould
show that the relative size, 1qp�2 , of a cooperatively rearrangingregion becomessmallerwith
smaller l .

For systemsizesmuchlargerthanvaluestypicalof finite sizeeffects,thedynamicproperties
of theconfinedpolymermodelhavebeeninvestigatedbothathighandat low temperatures.At
high K ahydrodynamictreatmenthasbeenadoptedwith theresultthatthesocalled“backflow”
effectplaysanimportantrole in theaccelerationof thedynamicsin ourmodel[seesection8.1].

At low K we computedthemode-couplingcritical temperature,Ksr , for film thicknessesoflm$dn�o , lt$'&uo and lm$dj showing a significantdecreaseof K-r at smaller l . This result
is consistentwith the observed accelerationof the systemdynamicsdue to the confinement.
Furthermoreit wasshown that the time dependenceof meansquaredisplacementsat various
film thicknessesis approximatelythe samewhencomparedfor the samedifferencefrom the
critical temperatureof thecorrespondingfilm thickness.Thisfinding,however, mustbefurther
examined. A morepreciseanalysiscould reveal morecomplex behavior. An analysisof the
intermediatescatteringfunction,for example,woulddeepentheinsightof theproblem.

“Scatterplots” have beenusedin the samechapterto visualizethe heterogeneityin the
dynamics.Wecoulddemonstratethatthemotionof endmonomersis moreheterogeneousthan
that of inner monomersin the sensethat the former do preferablymove parallel to the walls
whereasthemotionof innermonomersis nearlyisotropic. A direct improvementof the ideas
underlyingthe“scatterplots” wouldbeto quantifytheheterogeneityin motion.

Wealsoreportedsimulationresultsof ourpolymermodelconfinedbetweenstructuredwalls
andsubjectto aconstantdriving force.

First, we investigatedsometechnicalaspectsof the new situation. An importantresultof
thesestudieswasthat the systemwill necessarilyheatup if the inner particlesareto be ther-
mostatedindirectly throughinteractionswith thermostatedwall atoms.Obviously, theamount
of heatingwill dependon the magnitudeof the driving force andalsoon the heatconductiv-
ity. Searchingfor anexpressionfor the local temperaturegradientwe found that, in fact,one
canusetheknowledgeof thetemperatureprofile obtainedfrom asimulationalongwith thatof
thedensityand(streaming)velocityprofilesto computetheheatconductivity, v Y Kw[ , within the
observedtemperaturerange.

Usingtheknowledgeof thevelocity profiles,we couldalsodeterminethetemperaturede-
pendenceof thebulk viscosityof themodelalongan isochoriccurve of density x�y{z |?}~$dofeg��� .
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Thetemperaturedependenceof ��y{z{|?} Y KT[ couldbefitted by a VFT-law. Furthermore,comput-
ing thediffusionconstantwe couldshow thattheStokes-Einsteinrelationdoesnot hold in the
in
�

vestigatedtemperaturerange.
Finally, usingthe knowledgeobtainedduring this work on the calculationof the pressure

tensor, the local viscosity profile � Y :�[ could be computed. This quantity exhibits strong : -
dependenceat lower temperatureandgrows rapidly whenapproachingthe walls. This is in
agreementwith the fact that particlesin the very vicinity of the walls do stick to them. The
mobility thusdecreaseswhenapproachingthe walls and,consequently, the viscosityshould
raise.Thus,beingableto calculatethelocal viscosityprofile, we have a furtherimportanttool
for analyzingthelocaldynamics.
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Appendix A

A.1 Propertiesof the Liouville operator �
Let ��$ Y 5�����e�e�e��{5-����� � ��e�e���� � [ denotesapoint in phasespace.Let � and ^ besquareintegrable
functionsof thephasespacevariables.Wedefineascalarproductbetweensuchfunctionsas����� ^f��� ��� ���s� Y �9[�^ Y ��[�e (A.1)

We recallthattheadjunctoperator�i� of anoperator, � , is definedas����� � � � ^f������^ � �H�?��� � (A.2)

for all pairsof vectors Y �=� ^f[ . An operator� is said to be Hermitian if it is adjunctto itself,
i.e. if �i�¡$%� . To demonstratethe Hermitianpropertyof the Liouville operator¢ it is thus
sufficient to show ����� ¢R� ^O��$'��^ � ¢R�?��� � (A.3)

for all pairsof quadraticintegrablefunctions Y �-� ^f[ . Usingthedefinition(4.4) of theLiouville
operatorwecanwrite����� ¢R� ^f�£$ �¥¤ � � 5-¦ � � ��¦ � � ��§�¨ < © ^© 5=< ©=ª© � < � © ^© � < ©=ª© 5=<¬« (A.4)$ �¥¤ �­� 5 ¦ � � � ¦ � �®� §�¨ < ©© 5=<w¯ ^ ©=ª© � <{° � ©© � < ¯ ^ ©=ª© 5-< ° « (A.5)$ �¥¤ ¨ < � � � ¦ � � 5��s±u±u± � 5D<³²D� � 5=<µ´s�®±u±u± � 5-�¶¸· � � ^ ©=ª© � <�¹¹¹¹

²»º´Dº � �%� 5D<u^ ©-ª© � < © �®�© 5=<�¼�¥¤ ¨ < � � 5 ¦ � � � � ±u±u± � � <�²D� � � <½´s� ±u±u± � � �¶ · � � ^ ©=ª© 5-< ¹¹¹¹
²»º´Dº � � � � < ^ ©=ª© 5=< © �®�© � < ¼ (A.6)$ ¤ � � 5 ¦ � � � ¦ � ^ §�¨ < © �s�© 5=< ©-ª© � < � © �®�© � < ©=ª© 5=< « (A.7)$ ¾{�~¤ � � 5 ¦ � � � ¦ � ^»� § ¨ < © �© 5=< ©=ª© � < � © �© � < ©=ª© 5=< «À¿ �

(A.8)$ ��^ � ¢R�?��� ��e (A.9)
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In theabovederivation,(A.5) wasobtainedfrom(A.4) byadding Y © ! ª p © 5-< © � < � © ! ª p © � < © 5=</[�$Áo .
Thestepleadingto (A.6) makesuseof partial integrationin many dimensions.Finally, (A.7)
wasobtainedby assumingthatthefunctions � and ^ vanishat infinity.

It follows from theunitarypropertyof Â , Eq. (4.6), thatthenormof a quadraticintegrable
function � Y �9[ is conservedundertimeevolution��� YEÃ [��B� Y/Ã [ ��$ÅÄZ� Y o�[u� Â � ÂÆ�B� Y o�[�ÇD$È��� Y o�[u�B� Y o�[ ��É � � �Ê�B� Y/Ã [�� ! $ � � �Ê�B� Y o�[�� ! e (A.10)

Weusethispropertyto demonstratetheconservationof thephasespacevolumeundertheaction
of Â Y/Ã [ . Let Ë Y o�[ denotethesetof all pointswhich,attime Ã $Áo , arecontainedin agivenregion
of phasespaceandlet Ë Y/Ã [ be the setof the samepointsat a later time Ã . At later times,the
phasepointsin Ë will probablymoveapartandthustheshapeof Ë maychange.However, using
Eq. (A.10) onecanshow that the volumeof Ë remainsunchangedundertime evolution. The
only thing to do is to define � Y/Ã [ asthecharacteristicfunctionof thesetof phasepoints Ë YEÃ [ ,
i.e. � Y �9[�� Ì & ÍÎ��ÏÐË YEÃ [o Í elsee (A.11)

Pluggingthisdefinitionin Eq.(A.10) yields�¬Ñ�ÒgÓ�Ô�� �Õ$ �¬Ñ�Ò×Ö�Ô�� �Øe (A.12)

A.2 Hoover- ÙÕÚRÛ EquationsversusNośe-Andersen

Westartfrom theNośe-AndersenLagrangian(4.17)2�7¬Ü $ Ý ! G !�Þ�ß ¨ < #k<�à !<n �âá Y G � Þ�ß à � [äã'åØæn çG ! �_69,E."0�GãÆè n çÝ ! � ^éëê³ì Y Ý�[íe (A.13)

Thecorrespondingconjugatemomentaareî <®$ © 2�7»Ü© çà < $ #k<�Ý ! G !�Þ�ß çà < (A.14)ï-ð $ © 2�7»Ü© çÝ $ è çÝ (A.15)ï æ $ © 2�7»Ü© çG $ åØæ çGñe (A.16)

TheHamiltonianof thesystemis thusfoundto be

ª 7»Ü $ Ý ² ! G ² !�Þ�ß ¨ < î < !n�#k< ãñá Y G � Þ�ß à � [äã ï æ !n åÈæ ãÊ6 ,E.ò0óGã &n è ï-ð ! ã ^é ê�ì Y Ý�[®e (A.17)
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Thecanonicalequationsof motionderivedfrom ª 7»Ü are

çà < $ ©=ª 7»Ü© î < $ î <#k<EÝ ! G !�Þ�ß (A.18)çî <­$ � ©=ª 7¬Ü© à < $dG � Þ�ß @N< (A.19)çÝ $ ï-ðè (A.20)

çï-ð $ &Ý § ¨ < î < !#k</Ý ! G !�Þ�ß �Ø^f(�)»K-,/."0 « (A.21)çG $ ï æåØæ (A.22)çï æ $ &ô G ¨ < ¯ î < !#k<EÝ ! G !�Þ�ß ãÊG � Þ�ß à < ±�@i< ° �_69,E."0{e (A.23)

If wenow introducetherealtime
� Ãóõ � � Ã p�Ý while keepingthesuperiordotnotationfor deriva-

tiveswith respectto thenew time,(i.e. çÝT$ � Ý�p � Ãóõ etc.)weobtain

çà < $ î <#k</Ý�G !�Þ�ß (A.24)çî <­$ Ý�G � Þ�ß @A< (A.25)çÝ�p�Ý $ ï-ðè (A.26)çï-ð $ ¨ < î < !#k<�Ý ! G !�Þ�ß �Ø^f(�)fKs,E."0 (A.27)çG $ Ý ï æåØæ (A.28)çï æ $ Ý &ô G ¨ < ¯ î < !#k<�Ý ! G !�Þ�ß ãâG � Þ�ß à < @i< ° �_Ýu69,E."0 (A.29)

Thenext stepis to introducerealvariables� < � î <Ep Y Ý�G � Þ�ß [��{M ð � ï-ð p�Ý , M æ � ï æ p�Ý andfinally5D<®$¸G � Þ�ß à < . After tediousbut simplealgebraicmanipulations,oneobtainstheNośe-Andersen
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equationsof motionfor realvariablesin realtime

ç5=<­$ � <#k< ã çGô G 5D< (A.30)

ç� < $ çî <Ý�G � Þ�ß � · çÝÝ ã çGô Gë¼ î <Ý�G � Þ�ß$ @A<=� · çÝÝ ã çGô G ¼ � < (A.31)

çÝ�p�Ý $ Ý M ðè (A.32)

çM ð $ &Ý · ¨ < � < !#k< �b^O(�)¬Ks,E."0 ¼ � çÝÝ M ð (A.33)çG $ Ý ! M æåÈæ (A.34)çM æ $ ¨ < ¯ � < !#k< ãö5D<-±�@A< ° �÷6 ,E.ò0 � çÝÝ M æ$ Y 6 YEÃ [ø�÷69,E."0�[ø� çÝÝ M æ (A.35)

wherewe usedthedefinition(4.55)of the instantaneouspressure.Thereadermayverify that,
if derivedwith respectto thetime,theseequations,directly leadto thesetof Eqs.(4.52)-(4.54).
Thelaststepto deriveasetof equationscomparableto Hoover FNMOK -equations(4.56)-(4.60)is
theintroductionof thefriction coefficient 1J$ çÝ�p�Ý andthestrainrate �i$ çGPp Y ô GJ[ . Eqs.(A.30)-(A.35)
now read ç5D<­$ � <#k< ã_�ù5O< (A.36)ç� < $ @N<-� Y �¡ã_1�[�� < (A.37)ç1 $ &è § ¨ < � < !#k< �È^O(�)fK-,E.ò0 « (A.38)

ç� $ � Y 1ú� ô �f[äã Ý !ô G åØæ Y 6 Y/Ã [��_6 ,E.ò0ó[ (A.39)çG $ G¡� ô e (A.40)

Note that the Eq. (A.39) still containsthe Nośe-time scalevariable Ý . Actually, within theFNMfK -ensemble,it is notpossibleto eliminateall threevariablesÝ�� çÝ and çG by theintroduction
of new variables1 and � . Theorigin of thisproblemlies in thefactthatthetimescaleparameterÝ influencesthe time evolution of the volume by rescalingthe kinetic part of the pressure.
Hoover’s Eq. (4.59) for ç� is thusheuristicin the sensethat it cannotbe obtainedwithin the
framework of anextendedLagrangianapproach.However, aswe have shown in chapter4, the
Hooverequations(4.56)-(4.60),alongwith aslight modification,ç5D<®$ � <#k< ãö� Y 5D<=�öûÆr/ü�[®�
generatetheexact FNMOK -probabilitydistribution.
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[6] K. Vollmayr, W. Kob,andK. Binder, J.Chem.Phys.105, (1999).

[7] G. B. McKenna,in ComprehensivePolymerScience, editedby C. Booth andC. Price
(PergamonPress,New York, 1989),Vol. II.

[8] J.Baschnagel,Ph.D.thesis,Mainz,1993.
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