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This review condenses the knowledge on variable selection methods imple-
mented in R and appropriate for datasets with grouped features. The focus is
on regularized regressions identified through a systematic review of the lit-
erature, following the Preferred Reporting Items for Systematic Reviews and
Meta-Analyses guidelines. A total of 14 methods are discussed, most of which
use penalty terms to perform group variable selection. Depending on how the
methods account for the group structure, they can be classified into knowl-
edge and data-driven approaches. The first encompass group-level and bi-level
selection methods, while two-step approaches and collinearity-tolerant meth-
ods constitute the second category. The identified methods are briefly explained
and their performance compared in a simulation study. This comparison demon-
strated that group-level selection methods, such as the group minimax concave
penalty, are superior to other methods in selecting relevant variable groups but
are inferior in identifying important individual variables in scenarios where not
all variables in the groups are predictive. This can be better achieved by bi-level
selection methods such as group bridge. Two-step and collinearity-tolerant
approaches such as elastic net and ordered homogeneity pursuit least absolute
shrinkage and selection operator are inferior to knowledge-driven methods but
provide results without requiring prior knowledge. Possible applications in
proteomics are considered, leading to suggestions on which method to use
depending on existing prior knowledge and research question.
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1 | INTRODUCTION

Feature selection methods are an appropriate choice for identifying variables that are associated with a particular
response. Their goal is to generate a model with the available variables that minimizes the error in predicting the depen-
dent variable with as few variables as possible. Accordingly, only variables related to the dependent variable are included
in the constructed model so that the selected variables can be considered relevant predictors.

Numerous methods for variable selection are now available, ranging from highly specialized to broadly applicable
approaches. While the latter perform well in many situations, it might be worthwhile to consider more specialized meth-
ods in certain situations.> One such situation is the analysis of variables that are interrelated based on correlations or
contextual similarities, since ignoring such group structure reduces the stability, consistency, and interpretability of the
selection.® Methods accounting for group structures have been investigated since at least 1999* and have been used in a
broad range of applications, including media classification,’ disease prediction,® automotive engineering,’” voting behav-
ior analysis,® emotion recognition,” and credit risk analysis.!? One of the most common applications is in omics research,
such as gene expression microarray or single nucleotide polymorphism data.!'"!> Here, the interest is often in identifying
genes that share a biological function or are involved in the same pathway related to a particular response. Since the inter-
relation of genes implies a natural group structure, the selection of variable groups is appealing. The same is valid for the
analysis of other omics data, like proteomics data, where external sources, such as protein-protein interaction or path-
way databases, are often used to enrich the analysis.'® Such additional knowledge can be incorporated in various forms
and steps into the research process,'” notably in the selection process. This enables the identification of relevant variable
groups, that is, variables that are interrelated and share a collective and traceable relationship with the response variable.

This review aimed to identify and evaluate group variable selection methods that are discussed in the scientific litera-
ture, sufficiently programmed and appropriate to select groups of important features in research on continuous outcome
types. Our interest was focused on methods suitable for settings where the number of features is less than, equal to,
and greater than the number of observations and that provide at least information about the direction of the relation-
ship between selected and response variables. The review was restricted to non-Bayesian methods programmed in R
that accounts for a natural group structure like those arising from biological processes. Since the majority of identified
approaches are regularized regression techniques, the emphasis of this article is on such approaches.

This article updates previous reviews with novel and lesser-known approaches, so that the assessment of methods is
more comprehensive. The following section describes the process for searching and selecting appropriate articles before
addressing the strategies for assigning the identified methods to an implementation and evaluating them. Then, results
of the literature research, an overview of the identified methods, and a summary of the results of a simulation study
comparing the methods are presented. The final section discusses potential applications of the methods in proteomics
research.

2 | METHODS

Methodology and reporting of this review follow the Preferred Reporting Items for Systematic Reviews and Meta-Analyses
(PRISMA) guidelines'® as appropriate for a review of statistical methods.

2.1 | Search strategy

For the systematic review, the query “[ GROUP* (VARIABLE OR FEATURE OR PROTE*) SELECTION] OR [(VARIABLE
OR FEATURE OR PROTE*) GROUP SELECTION]” was used to search eight electronic databases: IEEE Xplore, JSTOR,
MathSciNet, Project Euclid, Pubmed, Science Direct, Web of Science, and zbMATH, on February 19, 2020. An identical
search was conducted on February 19, 2021 to update the results of the literature search. Query extensions with “group
sparsity,” “group selection,” “group regularization” and combinations thereof were evaluated in a pretest but considered
to be either too specific or too general.

9 <

2.2 | Selection strategy

To be included in the review, articles had to be published in English between the inception of the corresponding database
and February 19, 2021 and had to meet the eligibility criteria of a screening and full-text phase. In the screening phase,
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the title, keywords, and abstract were screened to determine whether they contained “feature selection,” “variable selec-
tion,” “protein selection” or similar terms in content. For this review, articles dealing exclusively with Bayesian methods
or with outcome types other than continuous, binomial, or time-to-event were excluded. Articles that passed the screen-
ing phase were assessed based on full text against a further eligibility criterion: articles had to propose a new method
for selecting variable groups or to report on existing group variable selection methods. The latter included reviews, com-
parisons, and statements on group variable selection. For this purpose, a group variable selection method was defined as
an approach that accounts for a group structure in the selection process by using the correlation structure or predefined
group information. The latter were limited to non-overlapping group membership.

2.3 | Software identification strategy

All methods discussed in the articles under consideration that performed group variable selection were extracted. For all
these methods, the following process was performed: If no reference to a code was given in the article, a suitable package
or code was successively searched on the repositories “CRAN” (https://www.cran.r-project.org), “Bioconductor” (https://
www.bioconductor.org), or “GitHub” (https://www.github.com). This was done with the internal search function on the
respective websites and, if not successful, with the search engine “Google” (https://www.google.com). The name of the
methods and their abbreviation together with the letter “R” were used as a search query. The package or code should be
freely available and executable and the output should at least provide information about the direction of the relationship of
the selected variable(s) and the dependent variable. If multiple implementations could be identified, the most frequently
cited package was included in the review. Procedures that are combinations of several methods were only included in the
review if a program could be identified that covered the entire sequence of methods.

2.4 | Evaluation strategy

All methods identified by the identification strategy were evaluated with a simulation study organized according to the
ADEMP structure.' The simulations were performed in R (R Foundation for Statistical Computing, Vienna, Austria;
https://www.R-project.org, version 4.0.3) with the packages given in Table 1 on a server with AMD EPYC 7542 32-core
processor @2.9 GHz with an Ubuntu 22.04.1 LTS operating system and 126 GB RAM.

Aims: The aim of the simulation study was to evaluate the performance of the identified methods in selecting variables
and groups of variables in different scenarios defined by varying numbers of predictive features within a fixed group
structure. The simulation study was designed to highlight the differences between approaches in a setting where all
methods are viable.

Data-generating mechanisms: We consider three different data-generating mechanisms. For all, generated datasets
consist of p = 500 variables and n = 500 observations. The variables belonged to 10 non-overlapping groups that differ in
size: two groups contain 2%, 6%, 10%, 14%, and 18% of all variables, respectively. A standard multivariate normal distri-
bution with a block-wise correlation structure was used to create the predictors. The correlation blocks were randomly
determined for each dataset, with corr (x;,x,,,) € {0.95,0.9,0.85, ... ,0.5} for | # m if x; and x;,,, belong to the same vari-
able group and corr (x}, x;,;,) € {0.4,0.35,0.3, ... ,0} forl # mifx; and x,,, belong to different groups, with [ and m denoting
columns of the dataset X.

In each of the 1000 simulated datasets, five groups were randomly chosen to contain variables related to a continuous
dependent variable. In the first scenario 100%, in the second scenario 50%, and in the last scenario 10% of all variables of the
five groups were assigned a nonzero association. Magnitude of nonzero effects was combinations of random group-specific
and random variable-specific effects, with a fixed signal-to-noise ratio of 1. That is, 7 VaxX)f/c? = 1 with elements of
P being generated using J * k, where J € {1,2, ... ,10} denotes the group index and k € {1, 2, ... ,Kj} with Kj denoting
the size of group j. The effect direction was determined randomly.

Target: Target is the identifier indicating which variables and variable groups were selected.

Methods: All methods with suitable implementation were applied to the simulated data. The methods were pro-
vided with correct group information that they could use in the selection process or afterwards to identify which groups
were selected. Once at least one variable in a group was estimated to have a nonzero effect, the group was considered
to be selected by the method. Tuning parameters of the methods were set to default values or determined with 10-fold
cross-validation (CV), as stated in Table 1.
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Performance measures: For the comparison of the methods, the Matthews correlation coefficient (MCC) of both vari-
able and group variable selection was computed, which can be interpreted as the correlation between the generated and
true indication of which variable and variable group were involved in generating the response. A MCC value of one
exhibits that the created model consists only of the groups and variables that defined the dependent variable when the
data were generated. Random selection would result in a value of zero, while a value of minus one indicates that the model
consists solely of groups and variables that played no role in generating the response. The MCC is defined according to (1).

MCC = TP « TN — FP * FN 1)

/(TP + FP)(TP + FN)(IN + FP)(TN + FN)

With TP for true positive, TN for true negative, FP for false positive, and FN for false negative.

For methods that do not include group information in the selection process but group variables themselves, MCC was
also used to evaluate group formation, according to the information provided in the Supplemental Appendix.

Other performance measures like sensitivity, specificity, mean squared error, and Rand index were calculated for
supporting comparisons. Sensitivity analyses encompassed different signal-to-noise ratios (0.5 and 3), numbers of relevant
variable groups (3 and 7), numbers of variables in the dataset (250 and 1000) and scenarios with variable groups of the
same size and correlation structure (more details in the Supplemental Appendix).

3 | RESULTS

The structured literature research revealed 501 articles in the first round (until February 19, 2020) and 56 further articles
in the second round (until February 19, 2021), which were processed as presented in the flowchart given in Figure 1.
Among the distinct articles, about half were assessed for eligibility using the full text, which reduced the number of
articles to 82, including three PhD theses. In about half of these articles, a new method was proposed, while most of the
others investigated, compared, or further developed existing approaches. Only one out of the six identified review articles
focused completely on group variable selection,?® while the remaining articles addressed the topic only partially.?!> No
method was included in the review based solely on the term “PROTE*” in the search query.

Since methods were only included in the review if a sufficient implementation could be identified, fewer methods
were reviewed than were invented. As a result, 14 programmed methods for group variable selection were identified,
implemented in eight different packages, all available on CRAN. The identified methods are summarized in Table 1 with
a brief description of their selection properties, dedicated R packages, and primary reference.

3.1 | Categories of group variable selection

A major difference between the identified methods lies in their conception of which characteristic defines a group
membership. The majority of the methods rely on prespecified group formations, which is particularly appropriate
when variables belong together because of their meaning, such as proteins that are involved in the same pathway or
single nucleotide polymorphisms in the same haplotype block. The alternative approach defined variable groups in a
data-dependent manner by exploiting the correlation structure, assuming that high correlations imply similar informa-
tion.2® Methods belonging to the first concept can be referred to as knowledge-driven, while the remaining methods can
be characterized as data-driven approaches.??

Within the framework of knowledge-driven approaches, a subdivision into two subcategories is possible, namely
group-level and bi-level selection.? The first comprises four of the identified methods, which select in an “all-in or all-out”
manner: When a group of variables is selected, all variables within that group will be considered relevant. This results in
a sparse group selection, but does not provide sparsity within a group.?’ When it is desired to select important groups as
well as important predictors within those groups, a bi-level selection is appropriate, which constitutes the second category.
The six identified methods of this category yield sparse solutions at the group and within-group level.!>13

Data-driven methods for group variable selection can also be further subdivided. A distinction can be made between
collinearity tolerant methods?’ and two-step approaches. For each type, two methods were identified. A two-step strategy
uses a data-driven group variable formation technique, like cluster analysis, to generate variable groups in the first step.?8
Then, these constructed variable groups are used in the selection process to identify predictive variable groups in an “all-in
or all-out” fashion.? In contrast, a collinearity tolerant method performs grouping and selection in one step by assigning
comparable coefficients to highly correlated variables so that they can be considered as a group.
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FIGURE 1 Flowchart of systematic literature review
3.2 | Methods for group variable selection

“WILEY——*

n=181

n=99

Almost all methods identified by the literature research perform group variable selection by using a penalty term. Thereby,
the methods minimize the objective function:

Q(BIX.y) = L(BIX.y) + P(B. A),

()

which is a combination of a loss function, L, and a penalty term, P. While the loss function does not change across the
methods, the penalty term differs. A loss function of the form L(B|X,y) = ﬁ lly — Xﬂ||§ was considered in the following,
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which corresponds to linear regression. Since the data consist of different variable groups, X is a n X p matrix that
composes J variable groups Xi,X;, ... ,X; with K; denoting the size of group j, so that the total number of variables
J
p= 2K

Although the penalty terms differ between the methods, they all have in common that they introduce a tuning param-
eter A, which is a weight multiplied by the penalty term. A 4 of zero removes the penalization and reduces Equation (2)
to that of classical regression, whereas a 4 > 0 elevates the second part of Equation (2) for any nonzero coefficient in the
model. Hence, minimizing the objective function (2) promotes that the g-coefficients of variables without correlation to
the dependent variable are shrunken towards zero. If the penalty term is not differentiable at the origin, the shrinkage
process can set the p-coefficients exactly to zero which corresponds to excluding them from the model. Commonly, 4 is
determined based on a CV procedure to optimize regularization, but information criteria like the AIC or BIC are also
frequently used.

The penalty terms of the group variable selection models differ in their formalization and incorporate further param-
eters. In Figure 2, each penalty function occurring in the identified methods is visualized with different perspectives in
three columns. The 3D visualization in the first column is common to illustrate penalties of group variable selection meth-
0ds'!?? and demonstrates the magnitude of penalization for a grid of two different coefficients belonging to two variables
of the same group with fixed tuning parameters. The magnitude of penalization is zero if the two variables are removed
from the model, and increases as soon as one or both coefficients are nonzero. Since the penalization rates in the 3D plots
have been scaled so that the graphs are the same size, additional perspectives are useful to highlight different aspects of
the penalty terms: In the second column, the contour plot of the same function represents the same rate of penalization
for different pairs of coefficient values with contour lines. If a contour line has edges at the origin of a dimension, it means
that the penalty here is non-differentiable, a property that encourages sparse solutions. Contrary, circular contours indi-
cate a differentiable penalty, which discourage sparse solutions. The next column illustrates how the rate of penalization
of a variable changes as its coefficient value varies. Note that the two-step methods are only indirectly represented in
Figure 2, as they apply the penalty terms of other methods in their selection process.

3.2.1 | Group-level selection methods

Altogether, four group-level selection methods were identified that in- or exclude all variables of a prespecified variable
group in their selection. This behavior is particularly desirable for selecting categorical variables, where the selection of
either all levels of the categorical variable or none would be preferable to selecting only individual levels. However, these
methods can also be valuable for non-categorical variables, if the “all-in or all-out” fashion fits the objective.

G-LASSO

The oldest group variable selection method identified within the scope of this review is group LASSO (G-LASSO),* devel-
oped by Yuan and Lin.?° The idea behind the method is to penalize the square root of the sum of the squared coefficient
values of a group (L,-norm), rather than penalizing the coefficients of individual covariates. That is, the variables within
a group are regularized similarly to ridge regression,* while the collective signal of a group is regularized as with LASSO.

POLASSO(p) ) = Ai 18, ©)
j=1

With B; denoting the vector of coefficients for the jth variable group.

The circles in the contour plot in Figure 2 of G-LASSO visualize its “all-in or all-out” property: Since the regularization
applied within a group is differentiable everywhere, the resulting contour lines are circular, and sparsity within a group
is not introduced. Therefore, coefficients are only set to zero when the whole group is excluded from the model.

A suitable implementation of this method is in the grpreg package.’! Here, the default is to weight ” ﬁj”2 by \/f that
is, the square root of the group size, to account for groups of different sizes.

G-SCAD and G-MCP
One disadvantage of G-LASSO received considerable attention in the literature: Like the classical LASSO, G-LASSO tends
to over-shrink large coefficients, as the penalization does not change with the magnitude of coefficients.>? Although
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3D-visualisation of Contourlines of 2D-visualisation of
penalty term penalty term penalty term

7\

Name (Abbreviation) Formula of penalty term

Group least absolute shrinkage
and selection operator
(G-LASSO)

Group smoothly clipped
absolute deviation
(G-SCAD)

J
PpID =2 g,
=1

P(BIAY) = z ric(llgil,)

Group minimax concave
penalty

P(RIAY) = Z re (lsll,)
(G-MCP)

Group Bridge

J
- Y| p.IY
(G-Bridge) P(BIAY) = 1;19 1l

Composite minimax concave
penalty
(cMCP)

P(BIA, y1,72) = Z A’V{,EP Z P},,yf(lﬁ]kl)

PBIAD = jl_( - (rllz;,-Hl))

Group exponential least
absolute shrinkage and
selection operator

(GEL)

Sparse-Group least absolute
shrinkage and selection
operator

(SGL)

Bi-level selection
methods

2

£

J
P(BI2,@) = 2{ alfl + (1= @) Y g,
Jj=1
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P(BIA,a) = A +(1 - 2
. (E-Net) Bl a) = Aallplly + (1 = )IBIZ)
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FIGURE 2 Overview of penalty terms for group variable selection. The ” ﬁjuz in the group-level selection methods are often weighted
with \/I?, to account for different group sizes. The visualizations in the middle three columns show the magnitude of penalization for a grid
of two different coefficients belonging to two variables of the same group. Values for y and z were set to the values recommended in the
corresponding main source (see Table 1). Values for a were set to 0.5. Values for g and A were set to 1. G-LARS is not shown because it is an
algorithm that does not use a penalty function. BiSEE, HiSEE, and MLGL are not shown because the penalty functions used in these
approaches (SGL and G-LASSO) are shown as separate methods. OHPL is not shown because the penalty function used in this approach
(LASSO) does not lead to group variable selection by itself

shrinking coefficients towards zero is intended, the resulting bias can be reduced with more advanced methods. In addi-
tion to the generally applicable idea of adaptively weighting of penalties,**3* group minimax concave penalty (G-MCP)
and group smoothly clipped absolute deviation (G-SCAD) optimize the trade-off between selection and introduction of
bias.?> They penalize within a group like G-LASSO, but between groups with the minimax concave penalty (MCP),*¢ or
smoothly clipped absolute deviation (SCAD),?” respectively.

Both methods use thresholds triggered by the tuning parameter y to change the amount of penalization according to
the magnitude of the signal. They initially penalize like LASSO, but continuously relax this penalization until the rate
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drops to zero. The range where the penalization is reduced to zero can be determined with y.

Wl el
POSCAD(g| 4 ) = le W, if 1< Hﬂjuz <rh 4)
s’ e

ey I o =0
=g if ”ﬁj“2 > A

(5

For G-SCAD, a y of 4 and for G-MCP, a y of 3 is suggested.>? Their contour plots in Figure 2 are similar to those from
G-LASSO, as they all penalize the L,-norm of the coefficients of a group. However, their rate of penalization differs, as visu-
alized in the fourth column of Figure 2: while the penalization of G-LASSO increases strictly, it relaxes for G-SCAD and
G-MCP to a constant rate for large coefficients. Both methods are implemented in the R package grpreg. As in G-LASSO,
” ﬁj”2 is weighted by \/E in G-SCAD and G-MCP to account for the group size.

G-LARS
Another group-level selection method is the group LARS (G-LARS),?° which is the group version of the LARS algorithm. 33
LARS is a gentler version of a forward stepwise regression method and was the first efficient algorithm for delivering
the entire solution path of the LASSO. The G-LARS algorithm starts with a null model and includes in each iteration
the predictor group with the highest correlation to the current residual. Depending on how the correlation criterion is
defined, different G-LARS variations are possible.??

The G-LARS procedure from the RobustHD package®® uses the R? measure as criterion*® and offers options to prevent
outliers from distorting the results. In this implementation the maximum number of groups that should be included in
the final model has to be defined with the parameter sMax. The default is set according to formula (6)

(6)

sMax =

2*I_{’

with K denoting the average group size.

3.2.2 | Bi-level selection methods

Bi-level selection methods can identify important groups, without including all of its members in the model.’> Such
methods are appropriate if group information is available but it is not assumed that all variables of a group are necessarily
relevant.

The literature research conducted revealed four penalty-based methods and two algorithms based on generalized
estimating equations for bi-level selection. The penalty-based methods belong to different frameworks, depending on how
they introduce the bi-level sparsity. Breheny and Huang'® introduced a hierarchical approach, where an outer penalty
function is applied to the sum of an inner penalty function as given in formula (7).

; K,-
P(ﬁM) — ZPOuter ZPInner (lﬂjkl) , (7)
=1 k=1

where . denotes coefficient for the kth variable in the jth variable group in X.
The alternative approach combines different penalties in an additive fashion like in formula (8).

Kj
bl = 3 3P () + Feon (). ®
j=1

j=1k=1
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G-bridge
The pioneer method for bi-level selection is the group bridge (G-bridge),'* which extends the bridge penalty to group
variable selection.*! It belongs to the hierarchical framework, applying the bridge penalty as an outer function and the
LASSO penalty as an inner function.

If its tuning parameter y equals 1, the method simplifies to the LASSO penalty weighted by group sizes and does not
perform bi-level selection. A y greater than 1 does not introduce sparsity, but with a y between 0 and 1, bi-level selection
can be performed.

PO g1, ) = AZJ}K}HﬂjH; ©)
=1

A typical value for y is 0.5,'3%? which corresponds to penalizing the square roots of the sum over the absolute values of
the regression coefficients of a group. This value is also the default in the implementation of the method in the grpreg
package, which we used in the simulation study. Since the LASSO penalty is applied within groups, variables within a
nonzero group can still be removed, which is visualized in the contour plots of Figure 2: like for all bi-level selection
methods, the contour lines of G-bridge have edges at which coefficients can be set to zero.

cMCP

Similar behavior to G-bridge is exhibited by the composite MCP (¢cMCP),'> which applies the MCP as an outer and inner
penalty. As already mentioned, LASSO does not change the amount of penalization according to the magnitude of a
coefficient. The same holds for the LASSO penalty within the G-bridge, so the penalization rate of G-bridge never flattens
to zero. Since cMCP applies MCP at both levels of the selection hierarchy, the resulting approach relaxes not only the
shrinkage at the group level, but also at the within-group level. This can be seen in the fourth column of Figure 2, where
the rate of penalization relaxes, similar to G-SCAD and G-MCP.

s K,
PP (Bl A, y1,72) = D PYPL Y PP (18]) | (10)
j=1 k=1
Ay T 1 42 .
Sr a2, if [6] > yA.

In the R package grpreg y of the outer penalty is set as a function of the group sizes, while y of the inner penalty has to be
tuned. This tuning parameter handles the shrinkage reduction within a group. A small y increases the region of constant
penalization, whereas the opposite leads to a more LASSO-like penalization. Breheny, Huang'® recommend setting the
inner y to 3.

GEL

In a bi-level selection method, a variable can enter the model because of its own signal or due to its membership in a
group with a strong collective signal. While the influence of the group signal on the threshold for variables within a group
is not transparent for G-bridge and cMCP, it can be directly controlled in group exponential LASSO (GEL)!! and sparse
group LASSO (SGL),'? the latter of which is explained in the next subsection.

PGEL(ﬁM’T)=§,I72 N _r“ﬁfnl | (12)

GEL applies an outer exponential penalty to an inner LASSO penalty. Its tuning parameter r controls the degree of “cou-
pling,” that is, the influence variables of a group have on the threshold of other variables within the same group. If 7 is
close to zero, the influence is small, meaning that variables have to overcome the threshold on their own. The closer =
gets to 1, the more the threshold is influenced by other variables of the same group. A suggested value for 7 is 1/3,'! which
we used in the simulation study with the implementation of GEL in the grpreg package.
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SGL

SGL combines the penalty term of LASSO with that of G-LASSO additively.**** The tuning parameter « balances the
sparsity between and within groups. An a of 1 reduces SGL to the LASSO, whereas an « of 0 corresponds to G-LASSO.
Values in between those extremes perform bi-level sparsity by including more variables of selected groups the closer «
gets to zero. If a variable is in a group where all other variables are not predictive, it receives the penalty of LASSO and
G-LASSO. However, if the variable belongs to a group with other important variables, shrinkage can be reduced to be
mainly determined by the rate of the LASSO penalty weighted by a.

POH(BlA,a) = 4 (anmh +a- a)i Hﬂsz)- (13)
j=1

Simon et al'? implemented SGL in the R package SGL and suggested an a of 0.95, which we used in the simulation study.
For the visualization of the method in Figure 2, « was set to 0.5 to highlight differences to other methods.

BiSEE and HiSEE
As the name suggests, bi-level stagewise estimation equation (BiSEE) and hierarchical stagewise estimation equation
(HiSEE) are forward stage-wise algorithms, performing bi-level selection within the generalized estimation equation
framework.*> Those algorithms start with a full model with all coefficients set to zero, followed by sequentially updating
the coefficients. In each iteration, the coefficients of the predictors that can best explain the current residuals are updated
by a small step size. To perform bi-level selection, only a subset of coefficients within a particular group should be updated
at each step. Therefore, BiSEE includes the SGL penalty in the update step, while HiSEE updates hierarchically: first the
most relevant variable group is identified using the G-LASSO penalty, then the most relevant variables within that group
are identified with the LASSO penalty. Compared to a direct application of the respective penalty methods, the imple-
mentation within the generalization estimation equation framework enables to account for clustered observations, such
as those obtained in a longitudinal setting.

The default for « is set to 0.5 for BiSEE in the R package sgee,*® which corresponds to the SGL visualization in Figure 2.
For both BiSEE and HiSEE the step size was set to the package default of 0.05 in the simulation study.

3.2.3 | Two-step approaches

A common motivation of two-step approaches is to account for a high correlation in the dataset to stabilize the selection
process.*’ The principal idea is to apply a data-driven group formation technique and a selection method sequentially.
The data-driven grouping step alone can be performed in several ways,* and derived group formation could be used in
all the knowledge-driven group variable selection methods, resulting in multiple different approaches. Therefore, this
review focused only on approaches that perform the complete group formation and selection sequence automatically.

MLGL

Multi-layer group-LASSO (MLGL) is a sequence of methods combining hierarchical clustering and group-level selec-
tion.*” It starts with hierarchically clustering the data, followed by a G-LASSO selection, where all levels of the hierarchical
partition are used as group information. This is achieved by duplicating variables and then assigning them to multiple
groups, so that selection across different levels of the hierarchy becomes possible. Since selected groups are potentially
located at different levels of the hierarchy and may overlap, the selection may suffer from redundancy and inflated groups.
Therefore, a hierarchical multiple testing procedure is necessary as a further step, to identify the smallest predictive
groups. The testing procedure starts with reducing each group to its first principal component to overcome potential high
dimensionality problems of testing. Those components are tested sequentially with partial F-tests, beginning at the top
of the hierarchical tree moving downwards, while controlling for the family-wise error rate.’® Significant groups are con-
sidered to be selected. The MLGL package performs the entire procedure automatically for the linear regression setting,
with an alpha level of 0.05 as default for the testing strategy.

OHPL
Originally, ordered homogeneity pursuit LASSO (OHPL)>! is a wavelength region selection method,>? requiring ordered
variables. However, OHPL can also be used in situations with a more general group structure.
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The first step of OHPL is fitting a partial least squares regression (PLS) to the dataset. Thereby, the number of principal
components has to be defined, for example, based on the standard errors of CV residuals. In the second step, Fisher’s
optimal partitions algorithm>? is applied to the regression coefficients of the PLS model to define variable groups. This
algorithm attempts to divide the values of the regression coefficients into groups, so that the values within a group are
homogenous but significantly different from the values of other groups. For the algorithm, the number of groups has to
be specified, which can be done with a grid search. In the third step, the variable with the highest correlation with the
dependent variable of each group is identified. Those variables are considered as representatives of the groups. At last,
LASSO is applied to the representative variables. The selected representatives, as well as their corresponding groups, are
considered to be selected. For this step A has to be defined, which can be done with CV. This approach is implemented in
the R package OHPL, which automatically determines an appropriate number of principal components and the number
of variable groups.

3.24 | Collinearity tolerant methods

When a variable selection method such as LASSO shrinks strongly correlated variables towards zero, one of them may
be set to zero while others remain in the model. If the interest lies in interpreting the selection output, such behavior
may be undesirable. In particular, if a high correlation is assumed to imply similar information, it would increase the
interpretability if those variables were treated analogously. Collinearity tolerant methods achieve this by assigning similar
coefficient values to correlated variables.

Compared to knowledge-driven approaches, their penalty acts directly at the variable level, without considering
predefined groupings. They also do not group variables like the two-level approaches, so that their results do not
provide information about which variables belong together per se. Only their tendency to treat correlated variables sim-
ilarly justifies the widely held view in the literature that collinearity tolerant approaches are group variable selection
methods. 64754

E-Net

The elastic net (E-Net)> combines the L; and L, norms in its penalty term, which corresponds to combining LASSO with
Ridge regression. Since the L,-norm introduces parsimonious models, while L,-norm assigns similar coefficient values
to correlated variables, the E-Net selects relevant variables and introduces similarity between correlated predictors. The
combination of the two penalty terms is a weighting, controlled by the parameter a, ranging from 0 to 1. In glmnet* an
a of 0 sets the total weight to the Ridge penalty, while the other extreme leads to LASSO. Setting a to 0.5 leads to a 50/50
mix of both methods, which is hereafter defined as an E-Net.

PENYBIA, ) = A (allBllh + (1 = a)lIBII3) - (14)
The idea of including the L,-norm into the penalty term to account for collinearity has been adopted to many penalties.?!>’
However, the LASSO-Ridge-mix was the only combination for which an article was found introducing the approach as a
separate method.

OSCAR

An alternative approach to account for collinearity across predictors within the selection process is the octagonal
shrinkage and clustering algorithm for regression (OSCAR),*® which combines the L;-norm with a pairwise Le,-norm.
The method is based on a stronger assumption than the E-Net, as it assumes that correlated variables will have the
same absolute values of their coefficients. This tendency arises from the name-giving octagonal shape of its contour
lines in the third column of Figure 2. While other methods introduce edges only at zero points, penalization with
OSCAR proposes stronger restrictions: it forces correlated variables to have similar coefficients. This is achieved with the
L,-norm, which promotes equal values of nonzero coefficients, by penalizing two equal coefficient values fewer than two
different ones.

POSCAR(BI A, q) = 4 <||ﬂ||1 +q )" max(|fl, |ﬂ1|)> : (s)

m<I
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FIGURE 3 Simulation results. MCC for three scenarios. 5 out of 10 variable groups are related to the dependent variable. 100%, 50%, or
10% of their variables have nonzero effect. Number of observations: 500, total number of variables: 500. The performance of the methods is
described by the median values derived from 1000 simulated replicates. MCC values close to 1 imply that relevant groups/variables are
selected and irrelevant groups/variables are excluded. Random selection results in values close to 0

The parameter ¢ is used in the R package SLOPE® to tune the grouping effect. Low values for g lead to LASSO-like
selections, while larger values result in more equal coefficients. Values of 0.1 or lower are the default for OSCAR in the
SLOPE package. For the visualization in Figure 2, the value for g was set to 1 to highlight differences from other penalties.

3.3 | Results of simulation studies

The performance of the identified methods was evaluated using simulated data. For this purpose, the methods of each
category were compared with each other to identify the best among them. The primary evaluation criterion was the MCC
for variable and group variable selection, which are shown in Figure 3 for all scenarios. An alternative visualization in
which the results are stratified by simulation scenario is provided in the Supplemental Appendix.
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3.3.1 | Selection performance of knowledge-driven approaches

The first result to note is that across the three scenarios, different methods demonstrated the best performance, yet they
always belong to the knowledge-driven approaches. Thereby, group-level selection methods comprised the method that
outperformed the others in identifying relevant groups and variables in the first two scenarios: G-MCP. Its superiority is
particularly evident in the first scenario, while it achieved less outstanding results in the second situation. Even though
the method was still leading here, its performance in variable selection dropped substantially, while that of group selection
even slightly increased. In the third scenario, a critical disadvantage of group-level selection methods becomes apparent,
as they are prone to include irrelevant variables when not all variables of a group are truly related to the dependent
variable. In this scenario, only 10% of the variables should be selected out of the predictive groups, so the “all-in or all-out”
approach is too extreme. In such cases, bi-level selection methods demonstrated better performance in terms of variable
and group variable selection.

Methods of this category achieved heterogeneous results in both group and variable selection. First, there is a substan-
tial difference between GEL and G-bridge compared to the other bi-level selection methods for the selection of variable
groups: GEL and G-bridge performed remarkably well, while all other bi-level selection methods were inferior to the
two-step methods, which had not even received the true group information. Second, a comparison regarding variable
selection performance showed also distinct patterns of behavior: the MCC of BiSEE, GEL, and G-bridge decreased with
fewer relevant variables per group, whereas it increased for SGL and cMCP.

This heterogeneous behavior can be attributed to how parsimoniously the methods perform selection at the group
or variable level. The average number of selected groups (Supplemental Appendix, Tables S1-S3) demonstrates that GEL
and G-bridge were parsimonious in the selection of groups, while the other bi-level selection methods selected an average
of nine or more groups, which does not correspond to the idea of highlighting only relevant signals. However, although
GEL and G-bridge selected fewer groups, cMCP was even more parsimonious at the variable level in scenarios two and
three. This implies that cMCP tends to select variables with a strong signal among many groups, while GEL and G-bridge
include fewer groups but more of their variables in the model.

Regarding group selection, G-bridge achieved the best performance of the bi-level selection methods in the first two
scenarios, but remained below the performance of G-MCP. GEL had slightly lower MCC values in scenarios 1 and 2, but
then outperformed all methods in scenario 3 in terms of group selection. Despite this performance, GEL always fell behind
G-bridge in terms of variable selection, which was among the top three for this performance measure in all scenarios.
In scenario 3, it is only outperformed by cMCP, which, however, was less successful in the other scenarios. So overall,
G-bridge seems to be the most consistent bi-level selection performer in both group and variable selection, while GEL
and cMCP are specialized to certain selection tasks.

3.3.2 | Selection performance of data-driven approaches

As already described, data-driven methods performed inferior to knowledge-driven methods over the scenarios. As such,
OHPL and MLGL operated poorly in identifying relevant variables across all scenarios. Only when 100% of a group
had nonzero effects (scenario 1) or few groups were relevant (Supplemental Appendix, Table S4) did they outperform
collinearity tolerant methods. However, in scenario 3, they were superior to all group-level selection methods except for
G-MCP in group and variable selection. Although other methods performed even better, this achievement is remarkable,
as two-step approaches perform the grouping of variables on their own, while group-level selection methods receive prior
information and thus have an advantage.

The ability to both group and select variables gives MLGL and OHPL a special position, as they provide additional
information that other methods do not reveal. Therefore, the MCC of group formation was determined for both methods
(Supplemental Appendix, Tables S1-S3). The correlation suggests a better group formation by MLGL compared to OHPL,
but the opposite holds for selecting variables and variable groups in scenarios 1 and 2. Here, OHPL outperformed MLGL,
mainly because the parsimonious models that MLGL built (Supplemental Appendix, Tables S1 and S2) are inappropriate
here.

Considering the group variable selection performance of collinearity tolerant methods, it becomes evident that this
technique is unsuitable for selecting variable groups. OSCAR and E-Net selected on average between nine and ten variable
groups, which was rated with MCC values close to zero (Supplemental Appendix, Tables S1-S3). On the other hand,
they were quite convincing in the third scenario regarding the selection of variables: Followed by OSCAR, E-Net was
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the best method after G-bridge and cMCP concerning this evaluation criterion. So they performed relatively well here,
even though they have received no group information. Part of the reason for this is that in the third scenario, the group
information was less valuable than in other scenarios, as only small parts of the groups were truly relevant. Another reason
is that compared to group-level and two-step methods, collinearity tolerant methods are independent of the “all in or all
out” constraint, which allows them to select only a fraction of variables out of a group, like bi-level selection methods.
In the scenarios considered here, E-Net always performed better than OSCAR in both evaluation criteria, although the
differences were steadily diminishing from scenarios 1 to 3.

3.3.3 | Performance on supporting measures

To further compare the methods, other evaluation criteria, such as mean squared error, sensitivity and specificity, were
computed. The corresponding performance can be found in Table 2. Regarding the prediction performance of the models,
group-level selection and two-step approaches show quite stable performance. Across the three scenarios, they achieve
similar results, while that of the bi-level and collinear tolerant methods improved from scenario 1 to 3. Since variables
within a group can be highly correlated (up to 0.95), a good prediction model can be generated without activating all
members of a group. For example, in scenario 1, it may be sufficient to select only part of a group to reflect the main signal
of it in the model. Hence, also the classical LASSO performs well on this evaluation criterion and is partially superior to
the data-driven approaches (Supplemental Appendix, Tables S1-S3). Only the knowledge-driven methods can increase
the prediction substantially (G-SCAD, G-MCP, cMCP). Thereby, G-MCP seems to be recommendable when many features
of a group are associated with the response, while cMCP is preferable when few variables of the groups have a predictive
effect. However, since in such situations, collinear tolerant methods, such as the E-Net, perform almost equally well, the
benefit of using prior information seems limited.

Comparing the approaches regarding their sensitivity and specificity, it is noticeable that some methods optimize
only one of the two criteria. The methods performing best in sensitivity are often the methods performing worst in speci-
ficity of the scenario, such as OSCAR in scenario 1, which has the best sensitivity but also the worst specificity on group
selection. This is because OSCAR tends to include almost all groups in the model (Supplemental Appendix, Table S1).
Likewise, the highest values in variable and group specificity are regularly accompanied by moderate sensitivity within the
same scenario. Corresponding models are often too sparse, like that of G-LARS in the first scenario, which activates only
1.6 groups on average (Supplemental Appendix, Table S2). Regarding group and variable selection, G-LASSO, G-SCAD,
BiSEE, OSCAR and mostly OHPL achieve higher sensitivity than specificity, whereas the opposite is true for G-LARS,
G-bridge, GEL, MLGL, and largely G-MCP. The selection procedures SGL, cMCP, E-Net, and HiSEE are sensitive in group
selection and specific in variable selection. To identify methods with a balanced specificity and sensitivity in variable and
group selection, the mean squared error provides a first indication. But this evaluation criterion does not differentiate
precisely in some settings, like in scenario 1, where G-SCAD and G-MCP achieved both values of 0.67 but had very dif-
ferent performances in sensitivity and specificity. The MCC discriminated much better here and was therefore chosen as
primary evaluation criterion.

The computing time required by the methods for the selection was also measured within the simulation study. The
slowest methods by far were OSCAR and SGL, with runtimes of over an hour in some cases. Both approaches were 10
to 20 times slower than for example, two-step methods. Thereby, changing the sample size (Supplemental Appendix,
Tables S8 and S9) or simplifying the correlation structure (Supplemental Appendix, Tables S10-S12) leads to strong speed
advances for OSCAR but not for SGL. The fastest method was G-LARS with a runtime of only 4 to 5 seconds. Only in the
situation with 1000 observations (Supplemental Appendix, Table S9) did G-LARS slow down and G-MCP and G-SCAD
were slightly faster.

The effect of different signal-to-noise ratios (Supplemental Appendix, Tables S4 and S5), number of predictive variable
groups (Supplemental Appendix, Tables S6 and S7), and total number of observations (Supplemental Appendix, Tables S8
and S9) were investigated in further scenarios presented in the supplement and support the main findings. In general,
methods perform better in terms of MCC for variable and group variable selection when the signal-to-noise ratio or the
number of observations is increased, or the number of predictive variable groups is decreased.

It is noteworthy that the relative ranking of the methods in terms of performance hardly changes across the scenarios
in the Supplemental Appendix. The best methods in regard to variable or group selection as well as prediction performance
were always G-MCP or G-bridge. Moreover, with the following exceptions, both methods are always the best in their
category. In scenario 10, G-LARS is the best group-level selection method in variable and group selection, and G-LASSO
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and G-SCAD share the first rank in prediction performance in scenario 12. Both scenarios differ from the others in having
a simplified group and correlation structure, which is also beneficial for some bi-level selection methods: in Scenario 11
and 12, G-bridge is replaced by BiSEE as the favorite in terms of predictive performance. This approach also outperforms
G-bridge in variable and group selection when the dataset consists of fewer observations than predictors, as in Scenario
8, where SGL achieves the best predictive performance of all bi-level selection techniques.

4 | DISCUSSION

The objective of this work was to summarize and evaluate the current knowledge on established group variable selection
methods appropriate for research on continuous outcome types. A systematic review of the literature identified 14 candi-
date methods, which were classified into knowledge-driven and data-driven approaches. The first category encompasses
group-level and bi-level selection methods, while two-step and collinearity tolerant approaches belong to the second cat-
egory. A simulation study was then conducted to reveal relevant strengths and weaknesses of the methods in the linear
regression situation. The results show that group-level selection methods comprise approaches that are superior to other
methods in selecting relevant variable groups, but inferior in identifying important individual variables, once not all vari-
ables in the groups are predictive. In such situations, an identification of important individual variables can be better
achieved through bi-level selection methods. Interestingly, two-step approaches and collinearity tolerant methods pro-
vide comparable results to knowledge-driven methods without prior knowledge when only a few variables per group are
predictive. Hence, methods in all four categories are suitable for analyzing data with variables exhibiting a natural group
structure, such as proteomics data.

Our systematic approach was able to complement the earlier overview? with less visible (G-LARS), recently emerged
(GEL, HiSEE, BiSEE) and data-driven approaches (OHPL, MLGL, OSCAR, E-Net). Also novel is the comparison of the
methods via a simulation study conducted by independent authors, that is, authors who have not already introduced a
group variable selection approach. This may make the results less biased by conflicts of interest than in previous eval-
uations.®® These results can be used to consider which method might be appropriate for a particular application. Of
relevance is the research question and whether prior information about the group structure is available. The research
question should clarify what the primary goal of the investigation is: to identify interrelated variables associated with a
response variable or to identify variables associated with a particular response from a structure of related variables. The
former might correspond to the selection of relevant pathways or functional groups and may be best addressed using
group-level selection methods or two-step approaches. The latter refers to the identification of the most relevant variables
from these structures, such as highlighting the most relevant proteins of the important pathways, in which case the use
of bi-level selection or collinearity tolerant methods should be considered. Since the results of the simulation study indi-
cate that incorporation of prior information improves the selection process, such information should be used if available.
Therefore, knowledge-driven methods should be preferred over data-driven methods. This presumes that prior informa-
tion is accurate and meaningful, as in the simulation study described here. In practice, prior knowledge may be incorrect,
incomplete, or difficult to convert into overlap-free grouping. In proteomics, for example, databases may be incomplete
or erroneous and measured proteins have multiple and overlapping functions. This is where bi-level selection methods
can provide a solution, as they are not forced to treat all variables in a group equally. This feature allows them to handle
group information more flexibly than group-level selection methods, so bi-level selection methods should be considered
when the accuracy of prior information is in doubt.

When data-driven approaches are used, underlying assumptions imply that highly correlated variables contain related
information and should therefore be treated similarly in the selection process. However, high correlation does not guar-
antee similarity in content. In a real-world application, it would therefore be more advisable not to trust the automatism
blindly, but to assess each step of the pipeline manually.

Typically, the use of selection methods is motivated by improved prediction performance and increased interpretabil-
ity. The strength of the group variable selection approaches appears to lie more in variable selection performance (e,
increased interpretability) than in building good predictive models. In particular, the data-driven approaches are lit-
tle or no better than classical LASSO in terms of predictive performance, and the additional benefit obtained with
knowledge-driven methods is rather moderate.

To build a good prediction model, it may be sufficient to include only a few representatives of a group in order to
account for the group information adequately. However, when exploring biological processes, this behavior can lead to
a spotty picture that is hard to interpret. As such, one protein may be responsible for multiple tasks, and its function,
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central to the object of study, may still be unclear even after selection. This is why, in proteomics, selection results are
often enriched with information from databases, such as Metascape®! to map the identified markers into interpretable
structures. Knowledge-based group variable selection methods can optimize this approach. The prior knowledge could
be used to group the proteins ahead of the selection process so that relevant functional groups can be identified. In this
way, the interpretability of the results increases and sensitivity is enhanced, as the identification of weak signals that have
high explanatory power only when considered as a joint entity becomes possible.

According to the results of the simulation study, G-MCP can be recommended when prior information on group
structure is available and the goal of an analysis is to identify variable groups associated with a response variable. In case
where prior information is available but primary interest is in selecting predictive variables from these groups, G-bridge
is appropriate. When no prior information is available but yet there is interest in selecting variable groups, two-step
approaches such as OHPL can be useful. If highly correlated variables are to be treated similarly in the selection process,
E-Net is an appropriate choice. These recommendations are based on a general comparison between methods. Depending
on the research objective, additional properties should be considered to refine the choice of method. For example, G-MCP
and G-bridge are more specific than E-NET and OHPL in selecting groups of variables, which is appropriate when the
research interest is related to the most relevant groups. The sensitivity of E-NET and OHPL, on the other hand, is helpful
in obtaining a broader and more exploratory view.

However, it should be kept in mind that this research was not exhaustive and that further investigations are needed.
Especially the simulation study could be elaborated by tuning control parameters of the methods or extending the sce-
narios to include noncontinuous distributed response variables. The literature search could have been expanded with a
more general search query to broaden the scope of this review. For example, methods that consider overlapping groups®
and approaches that model the functional form of predictors using group variable selection methods®® are missing.

Further research on group variable selection methods would be desirable to follow up on the results of this article.
The findings from this literature review revealed that the diverse possibilities of the two-step approaches fall short of their
potential. There are a variety of group formation techniques,®** each of which can be combined with one of the bi-level
selection methods to circumvent the “all-in or all-out” limitation. Research on bi-level selection methods still offers many
additional possibilities, even though most of the methods identified in this literature review belong to this category. The
framework of additive combination of penalty terms, as with SGL, offers promising but as yet unexplored possibilities. For
example, the additive combination of G-MCP and MCP has already been considered in the literature,?*® but a suitable
implementation is still missing.

In summary, this review identified and compared a series of different methods for selecting related variables. Different
methods are appropriate depending on prior knowledge and research question, which has been highlighted here in order
to provide guidance regarding application of these methods in practice.
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