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Abstract

Low-energy observables, such as the anomalous magnetic moment (AMM) of the muon and the
energy spectra of light muonic atoms, provide a unique avenue for testing the Standard Model (SM)
at the precision frontier of physics. However, the accuracy of SM predictions for these quantities is
constrained by uncertainties in hadronic contributions. Understanding these contributions, particularly
those related to light-by-light (LbL) scattering and Compton scattering processes, is therefore crucial
for precise theoretical predictions. This thesis primarily focuses on these hadronic contributions while
incidentally exploring exotic resonances, hadron polarizabilities, and briefly addressing parity and
time-reversal violation effects in Compton scattering.

The hadronic corrections to the muonic AMM are analyzed from two perspectives. To refine the
hadronic vacuum polarization (HVP) contribution using lattice QCD, a novel approach to compute
electromagnetic corrections via a Cottingham-like formula is introduced. Verified within quantum
electrodynamics (QED) and scalar QED, this approach demonstrates potential for lattice QCD
calculations by circumventing the power-law finite-volume effects associated with photons on the
lattice. Additionally, the Schwinger sum rule method–a dispersive, data-driven approach based on
doubly-virtual Compton scattering–is investigated. This method offers alternative calculations for both
the HVP and hadronic light-by-light (HLbL) contributions to the muon AMM. Tested within effective
field theories and the SM, it is applied to the calculation of the leading-order HLbL contribution
arising from neutral pion exchange.

Regarding exotic resonances, the recently observed fully charmed states in the di-𝐽/𝜓 spectrum
are examined within the context of real LbL scattering to study their possible contribution in LbL
cross sections at the Large Hadron Collider (LHC). To facilitate future LHC measurements, a
phenomenological model based on LbL scattering sum rules is proposed to simulate the hadronic
background at low energies or small scattering angles. An improved parametrization of scattering
amplitudes for resonances in the elastic scattering of spinless particles is also proposed, developing a
dispersive inverse amplitude method which will be helpful for analyzing lattice QCD data.

Within the Compton scattering framework, the Bernabéu-Tarrach sum rule for static electric dipole
polarizability is investigated. This sum rule is perturbatively verified within covariant baryon chiral
perturbation theory, yielding a dispersive formula for the subtraction contribution in the data-driven
approach to the Lamb shift in hydrogen-like atoms. Additionally, the puzzling negative electric
polarizability of the neutral pion, predicted by meson chiral perturbation theory (𝜒PT), is revisited.
For the first time, it is evaluated using a light-front quark model.

Forward Compton scattering analysis is also extended to cases involving parity and time-reversal
violation. New sum rules for the anapole and electric dipole moments are derived and perturbatively
verified.





Zusammenfassung
Niederenergie-Observablen, wie das anomale magnetische Moment (AMM) des Myons und die
Energiespektren leichter myonischer Atome, bieten eine einzigartige Möglichkeit, das Standardmodell
der Teilchenphysik (SM) durch Präzisionsmessungen und -vorhersagen zu testen. Die Genauigkeit
der SM-Vorhersagen für diese Größen wird jedoch durch Unsicherheiten in den hadronischen
Beiträgen eingeschränkt. Das Verständnis dieser Beiträge, insbesondere jener in Licht-Licht (LbL)
und Compton-Streuprozessen, ist daher entscheidend für präzise theoretische Vorhersagen. Diese
Dissertation befasst sich primär auf diese hadronischen Beiträge. Außerdem werden exotische
Resonanzen, Polarisierbarkeiten von Hadronen sowie Paritäts- und Zeitumkehrverletzungseffekte in
der Compton-Streuung untersucht.

Die hadronischen Korrekturen zum myonischen AMM werden aus zwei Perspektiven analysiert.
Um die Gitter-QCD-Vorhersage der hadronischen Vakuumpolarisation (HVP) zu verfeinern, wird
ein neuer Ansatz vorgestellt, der elektromagnetische Korrekturen über eine Formel ähnlich der
Cottingham Summenregel berechnet. Dieser Ansatz, der innerhalb der Quantenelektrodynamik (QED)
und der skalaren QED überprüft wurde, zeigt Potenzial für Gitter-QCD-Berechnungen, da er die mit
Photonen auf dem Gitter verbundenen Volumeneffekte nach dem Potenzgesetz umgeht.. Zusätzlich
wird die Schwinger-Summenregel-Methode, ein dispersiver, datenbasierter Ansatz auf der Grundlage
doppelt-virtueller Compton-Streuung, untersucht. Diese Methode bietet alternative Berechnungen
sowohl für die (HVP) als auch für den Beitrag der hadronischen Licht-Licht-Streuung (HLbL) zum
myonischen AMM. Innerhalb effektiver Feldtheorien und des SM getestet, wird sie auf die Berechnung
des führenden HLbL-Beitrags angewendet, der aus dem Austausch neutraler Pionen resultiert.

Im Hinblick auf exotische Resonanzen werden die kürzlich beobachteten vollständig charmhaltigen
Zustände im di-𝐽/𝜓-Spektrum im Kontext der realen LbL-Streuung untersucht, um ihren möglichen
Beitrag zu LbL-Wirkungsquerschnitten am Large Hadron Collider (LHC) zu analysieren. Um
zukünftige LHC-Messungen zu erleichtern, wird ein phänomenologisches Modell basierend auf LbL-
Streuungs-Summenregeln vorgeschlagen, das den hadronischen Untergrund bei niedrigen Energien
oder kleinen Streuwinkeln simuliert. Eine verbesserte Parametrisierung der Streuamplituden für
Resonanzen in der elastischen Streuung spinloser Teilchen wird ebenfalls vorgeschlagen, indem eine
dispersive Methode der inversen Amplitude entwickelt wird, die bei der Analyse von Gitter-QCD-Daten
hilfreich sein wird.

Im Rahmen der Compton-Streuung wird die Bernabéu-Tarrach-Summenregel für die statische
elektrische Dipolpolarisierbarkeit untersucht. Diese Summenregel wird innerhalb der kovarianten
baryonischen chiralen Störungstheorie perturbativ überprüft, was eine dispersive Formel für den
Subtraktionsbeitrag im datenbasierten Ansatz zur Lamb-Verschiebung in wasserstoffähnlichen Atomen
ergibt. Darüber hinaus wird die rätselhafte negative elektrische Polarisierbarkeit des neutralen Pions,
die durch die mesonische chirale Störungstheorie (𝜒PT) vorhergesagt wird, erneut untersucht. Zum
ersten Mal wird sie mithilfe eines lichtfrontbasierten Quarkmodells bewertet.

Die Analyse der Vorwärts-Compton-Streuung wird auch auf Fälle ausgeweitet, die Paritäts-
und Zeitumkehrverletzungen beinhalten. Neue Summenregeln für die Anapol- und elektrischen
Dipolmomente werden hergeleitet und perturbativ überprüft.
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Chapter 1

Introduction

1.1 Theory of strong interactions

The strong force is one of the four fundamental forces in nature, alongside gravity, electromagnetism,
and the weak force. It is responsible for forming protons, neutrons, and other hadrons, as well as
holding these nucleons together within atomic nuclei. Being the most powerful of the interactions at
the subatomic scale, the strong force presents significant complexities in theoretical analysis due to its
unique properties.

The journey toward the theory of strong interactions began in 1930’s, prominently with H. Yukawa’s
theory of mesons as carriers of the strong force between nucleons [10]. The Yukawa potential 𝑉 (𝑟),

𝑉 (𝑟) = − 𝑔
2

4𝜋
𝑒−𝑚𝜋𝑟

𝑟
, (1.1)

where 𝑚𝜋 is a Yukawa meson (pion) mass, 𝑟 is the distance between nucleons and 𝑔 is the coupling
constant, correctly captured the short-range behavior of the nuclear force, rapidly decreasing beyond
the scale of ∼ 1 fm. The mesons were discovered in 1947, which earned Yukawa the Nobel Prize in
1949. By the 1950s and 1960s, cosmic ray studies and particle accelerators had uncovered a plethora
of hadrons, leading to the so-called “particle zoo”. The observed variety of hadronic states suggested
an underlying structure to these particles. In 1953, to explain the behavior of these new particles,
M. Gell-Mann introduced the concept of “strangeness” [11] – the quantum number that is conserved
in strong, but not weak interactions. The empirical relation of the strangeness 𝑆 with electric charge
𝑄, third component of isospin 𝐼3 and baryon number 𝐵 was reflected by the Gell-Mann-Nishijima
formula [12, 13]:

𝑄 = 𝐼3 +
𝐵+ 𝑆

2
. (1.2)

This finding subsequently resulted in the eightfold way – an organization scheme for hadrons according
to representations of the 𝑆𝑈 (3) symmetry group - discovered by M. Gell-Mann [14] and independently
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by Y. Ne’eman [15]. Specifically, it was shown that the discovered particles follow an octet (mesons
and baryons) and a decuplet (baryons) representations of 𝑆𝑈 (3) group.

A major breakthrough came in 1964 when M. Gell-Mann [16] and G. Zweig [17] independently
proposed the quark model, introducing quarks as elementary building blocks for hadrons. Further
developments of this idea, supplemented with the idea of color charge to resolve issues with the Pauli
exclusion principle [18, 19], lead to successful categorization of all known hadrons and predicted the
existence of new particles.

During the same period, quantum field theory (QFT) faced significant challenges. Prominent
physicists such as L. Landau pointed out inconsistencies in the theory, particularly the problem of
the “Landau pole” or “zero-charge problem”. Landau and his colleagues showed that in quantum
electrodynamics (QED), the effective charge of the electron increases with energy, potentially becoming
infinite at a finite energy scale – a phenomenon suggesting the breakdown of the theory [20–22]. The
issue was particularly severe for strong interactions, where the coupling constant was large. This
led to a widespread belief in the 1950s and early 1960s that QFT might be fundamentally flawed, a
sentiment sometimes referred to as the “death of QFT”.

In response to these challenges, some physicists turned to alternative approaches. The S-matrix
theory, proposed by W. Heisenberg in the late 1940s and further developed in the 1960s by G. Chew,
S. Mandelstam, S. Frautschi, V. Gribov and others. It was focused on the observable quantities in
particle interactions without relying on unobservable intermediate states, thus avoiding the problematic
concepts of QFT. The S-matrix theory emphasized principles such as analyticity, relativity, unitarity,
and crossing symmetry to constrain the scattering amplitudes. While it provided valuable insights and
tools, e.g. giving the birth to the string theory, it lacked predictive power without additional inputs and
could not fully explain the underlying dynamics of strong interactions.

Parallel to these developments the deep inelastic scattering experiments were carried out at SLAC
[23], and were successfully explained by R. Feynman with a parton model [24]. In this model, protons
and neutrons are composed of point-like partons. The parton model laid the ground for understanding
the internal structure of hadrons and has later been reconciled with the quark model. The identification
of partons with quarks and gluons became clear with the development of Quantum Chromodynamics
(QCD), integrating the parton model into the QCD framework. H. Fritzsch, M. Gell-Mann, and
H. Leutwyler were instrumental in developing QCD as the theory of strong interactions [25].

The classical QCD Lagrangian is based on 𝑆𝑈 (3)𝑐 color group and is given by:

LQCD =

𝑁 𝑓∑︁
𝑓 =1
𝜓̄ 𝑗 , 𝑓

(
𝑖𝛾𝜇

[
𝐷𝜇

]
𝑗𝑘
−𝑚 𝑓 𝛿 𝑗𝑘

)
𝜓𝑘, 𝑓 −

1
4

𝑁2
𝑐−1∑︁
𝑎=1

𝐺𝑎𝜇𝜈𝐺
𝑎, 𝜇𝜈 , (1.3)

where 𝜓 𝑗 , 𝑓 represents the quark field of color 𝑗 , flavor 𝑓 , mass 𝑚 𝑓 and belongs to the fundamental
representation of the 𝑆𝑈 (3) group. The color index runs over three colors (𝑁𝑐 = 3): red, green, blue.
The mass term is diagonal in colors, being proportional to the Kronecker symbol 𝛿 𝑗𝑘 . The sum over
𝑓 runs over six quark flavors (𝑁 𝑓 = 6), which are up, down, strange, charm, bottom and top. The
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covariant derivative
[
𝐷𝜇

]
𝑗𝑘

is defined as:[
𝐷𝜇

]
𝑗𝑘
= 𝛿 𝑗𝑘𝜕𝜇 − 𝑖𝑔𝑠 [𝑇𝑎] 𝑗𝑘 𝐴𝑎𝜇, (1.4)

with 𝑔𝑠 being the strong coupling constant, 𝑇𝑎 are the 𝑎 = 8 generators of the 𝑆𝑈 (3) color group
satisfying the commutation relations:

[𝑇𝑎,𝑇𝑏] = 𝑖 𝑓 𝑎𝑏𝑐𝑇𝑐, (1.5)

and 𝐴𝑎𝜇 are the gluon fields, which belong to the adjoint representation of 𝑆𝑈 (3) group. The gluon
field strength tensor 𝐺𝑎𝜇𝜈 is given by:

𝐺𝑎𝜇𝜈 = 𝜕𝜇𝐴
𝑎
𝜈 − 𝜕𝜈𝐴𝑎𝜇 +𝑔𝑠 𝑓 𝑎𝑏𝑐𝐴𝑏𝜇𝐴𝑐𝜈 , (1.6)

where 𝑓 𝑎𝑏𝑐 are the structure constants of the 𝑆𝑈 (3) group.
One of the most important properties of QCD as a field theory is its renormalizability, which

was proven by G. ’t Hooft and M. Veltman [26, 27]. This became possible after Faddeev and Popov
formulated the proper quantization procedure for Yang-Mills theories [28], introducing ghost fields
through the functional integral. According to their procedure, the following Lagrangian terms should
supplement Eq. (1.3): the gauge-fixing term, Lgauge, and ghost term, Lghost, which are given by

Lgauge =
1

2𝜉
(𝜕𝜇𝐴𝑎𝜇)2, (1.7)

Lghost = 𝜕𝜇𝜂
†
𝑎 ( [𝐷𝜇]𝑎𝑏 𝜂𝑏) . (1.8)

Here 𝜉 is a gauge-fixing parameter for the class of covariant gauges, and 𝜂𝑎 is a complex scalar
anticommutative field.

Another remarkable property of QCD is asymptotic freedom, which means the interaction between
quarks becomes weaker at higher energies or shorter distances. This phenomenon was independently
discovered by D. Gross and F. Wilczek [29], and H. D. Politzer [30] in 1973, resolving the “zero-
charge problem” highlighted by L. Landau and others. The running of the strong coupling constant
𝑔𝑠 (𝜇) ≡

√︁
4𝜋𝛼𝑠 (𝜇) with the energy scale 𝜇 is governed by the renormalization group equation:

𝜇2 𝑑𝛼𝑠

𝑑𝜇2 = 𝛽(𝛼𝑠), (1.9)

where the beta function 𝛽(𝛼𝑠) at one-loop level is:

𝛽(𝛼𝑠) = −
𝛼2
𝑠

12𝜋
(
11𝐶𝐴−2𝑛 𝑓

)
. (1.10)

Here 𝐶𝐴 is the Casimir invariant of the adjoint representation of the gauge group (for 𝑆𝑈 (3) in QCD,
𝐶𝐴 = 3) and 𝑛 𝑓 is the number of active quark flavors. Since 11− 2

3𝑛 𝑓 > 0 for 𝑛 𝑓 < 16.5, the beta
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function is negative, leading to a decrease of 𝑔𝑠 with increasing 𝜇. Integrating the renormalization
group equation yields:

𝛼𝑠 (𝜇) =
1

𝑏0 log(𝜇2/Λ2
QCD)

, (1.11)

where 𝑏0 = (11−2𝑛 𝑓 /3)/(4𝜋) and ΛQCD is the QCD scale parameter, which is of order 200 MeV.
This parameter appears due to the violation of the scale invariance induced by quantum correction,
known as “dimensional transmutation”. The asymptotic freedom explains the success of the parton
model in deep inelastic scattering experiments, where quarks behave as free particles at high energies.

Despite the success of perturbative QCD at high energies, where the coupling constant is small
and perturbation theory is applicable, understanding QCD in the non-perturbative regime remains a
significant challenge. At low energies, the coupling constant becomes large, rendering perturbative
methods ineffective. This non-perturbative regime of Quantum Chromodynamics (QCD) is crucial for
explaining phenomena such as quark confinement—the fact that quarks have never been observed
in isolation—and the generation of hadron masses. For the proton, for instance, only about 1% of
its mass is explained by the Higgs mechanism, while the remaining 99% arises primarily from the
binding energy of the strong nuclear force, mediated by gluons, which confines quarks within hadrons.

To address these challenges, non-perturbative methods have been developed. One such approach
is Lattice QCD, proposed by K. Wilson in 1974 [31]. Lattice QCD discretizes Euclidean spacetime
into a finite grid or lattice, allowing numerical simulations of QCD processes using Monte Carlo
methods. The gauge fields are represented by link variables𝑈𝜇 (𝑥) = 𝑒𝑖𝑎𝑔𝑠𝐴𝜇 (𝑥 ) , where 𝑎 is the lattice
spacing. The Wilson action for pure gauge fields is given by:

𝑆G = 𝛽
∑︁

plaquettes

(
1− 1

𝑁𝑐
Re Tr𝑈𝜇𝜈 (𝑥)

)
, (1.12)

where 𝛽 = 2𝑁𝑐/𝑔2
𝑠 , 𝑁𝑐 is the number of colors, and𝑈𝜇𝜈 (𝑥) is the plaquette operator defined as:

𝑈𝜇𝜈 (𝑥) =𝑈𝜇 (𝑥)𝑈𝜈 (𝑥 + 𝜇̂𝑎)𝑈†𝜇 (𝑥 + 𝜈̂𝑎)𝑈†𝜈 (𝑥). (1.13)

For fermions, discretization introduces challenges such as fermion doubling and chiral symmetry
breaking. Various formulations, such as Wilson fermions, Kogut-Susskind staggered fermions, and
domain wall fermions, have been developed to address these issues. Expectation values of observables
are computed using Monte Carlo methods:

⟨O⟩ = 1
𝑍

∫
D𝑈D𝜓D𝜓̄O 𝑒−𝑆lat , (1.14)

with 𝑍 being the partition function. Gauge field configurations are generated according to the
probability distribution 𝑒−𝑆lat . Lattice QCD has become an indispensable tool for studying non-
perturbative aspects of QCD from first principles. It has been instrumental in calculating hadron
masses, decay constants and form factors, providing results that are in remarkable agreement with
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experimental data. For instance, the hadron spectrum computed in lattice QCD closely matches the
observed masses of low-lying mesons and baryons [32].

Another remarkable approach to tackling the non-perturbative regime of QCD at low energy is
Chiral Perturbation Theory (𝜒PT). This effective field theory works at the level of hadrons, the actual
degrees of freedom at low energies, rather than quarks and gluons. Its development is grounded on
S. Weinberg’s idea, which he provided in the seminal paper “Phenomenological lagrangians” [33]:

“If one writes down the most general possible Lagrangian, including all terms con-
sistent with assumed symmetry principles, and then calculates matrix elements with
this Lagrangian to any given order of perturbation theory, the result will simply be the
most general possible S-matrix consistent with analyticity, perturbative unitarity, cluster
decomposition and the assumed symmetry principles.”

The 𝜒PT systematically describes the interactions of the pseudo-Goldstone bosons resulting from the
spontaneous breaking of chiral symmetry in QCD [33–36]. It exploits the approximate chiral symmetry
of QCD for light quarks (up, down, and strange) and provides a systematic expansion in powers
of momenta and quark masses over the chiral symmetry breaking scale Λ𝜒 ∼ 1 GeV. This scale is
usually associated either with the 𝜌-meson mass, 𝑚𝜌 ≈ 770 MeV or with the 𝜒PT scale of spontaneous
chiral symmetry breaking 4𝜋 𝑓𝜋 ≈ 1160 MeV. The 𝜒PT has been extremely successful in describing
low-energy hadronic processes such as pion-pion scattering [37], meson-nucleon interactions [38],
also including the electromagnetic interactions [39], and even applied to few-nucleon systems and
nuclear physics, bridging the gap between QCD and nuclear phenomenology.

Although 𝜒PT and lattice QCD have significantly advanced our understanding of low-energy
strong interactions, they do not cover the entire non-perturbative domain of QCD. 𝜒PT, as an effective
field theory, is primarily applicable at energies well below the chiral symmetry breaking scale, and its
perturbative expansion may converge slowly, requiring higher-order terms and introducing numerous
low-energy constants that must be determined experimentally or through lattice QCD. The latter, while
offering a first-principles approach, faces computational limitations such as finite lattice spacing, finite
volume effects, and challenges in simulating real-time dynamics. In these cases, traditional S-matrix
methods become invaluable. Specifically, dispersion relations offer model-independent connections
between different observables by exploiting the analytic properties of scattering amplitudes. These
relations lead to integral equations known as sum rules.

Sum rules are particularly powerful tools because they provide a data-driven determination of
physical quantities without relying on specific theoretical models. Typically, they connect certain
physical observables with the integrals of another measurable quantities, e.g. scattering cross-sections.
This allows one to extract fundamental parameters directly from experimental data and serves as a
crucial test for theoretical models, which must satisfy these sum rules to be consistent with basic
physical principles. A classic example is the Gerasimov-Drell-Hearn (GDH) sum rule, which
connects the anomalous magnetic moment (AMM) of a particle to an integral over its spin-dependent
photoabsorption cross-sections. This sum rule offers a stringent test for models of nucleon structure
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and provides deep insights into the spin dynamics of the nucleon. Another important example is the
Cottingham sum rule, which estimates the electromagnetic contribution to the proton-neutron mass
difference by relating it to the nucleon’s forward virtual Compton scattering amplitude.

The present work employs all listed non-perturbative methods to evaluate certain hadronic
contributions. In particular, the dispersive methods are applied, sometimes in combination with 𝜒PT,
to make either standalone prediction or provide a support to the lattice QCD evaluations. The apparent
diversity of covered topics, such as exotic hadrons, light-by-light scattering, muon AMM, hadron
polarizabilities and atomic spectroscopy, demonstrates the power and flexibility of the used framework.

In what follows, brief introductory remarks on each of the covered topics are given.

1.2 Exotic hadrons

Over the past few decades, our understanding of strong interactions has been significantly deepened
by remarkable advancements in the field of hadron spectroscopy. Traditionally, hadrons—particles
composed of quarks and gluons bound together by the strong force—have been classified within
the quark model as either mesons, consisting of a quark and an antiquark, or baryons, comprising
three quarks. However, experimental observations, e.g. [40–43], suggest the existence of “exotic”
hadrons that do not fit neatly into this conventional classification, prompting a re-examination of the
fundamental principles governing hadronic matter.

Exotic states are hadronic particles whose quark configurations extend beyond the traditional
quark-antiquark or three-quark models. These states include tetraquarks, which consist of two quarks
and two antiquarks; pentaquarks, comprising four quarks and one antiquark or vice versa; hybrid
mesons, containing a quark-antiquark pair with an excited gluonic field; and glueballs, which are
bound states of gluons without valence quarks.

The lightest examples of exotic states are the 𝑓0(500) (or 𝜎) resonance observed in pion-pion
scattering and the 𝐾∗0 (700) (or 𝜅) resonance observed in pion-kaon scattering. The existence of these
resonances was a subject of debate for many years due to their broad widths and the complexities
involved in disentangling them from background processes. However, a precise dispersive analysis
of 𝜋𝜋 [44–49, 37] and 𝜋𝐾 [50–53] scattering data applying Roy (or Roy-Steiner) equations [54]
complemented by recent lattice QCD studies [55–65] have confirmed the existence of these resonances,
strongly supporting the idea of their tetraquark nature.

A proper determination of resonance parameters requires the search for poles in the complex
plane of the scattering amplitude. This is particularly important when there is an interplay between
several inelastic channels or when the pole lies very deep in the complex plane. For this purpose,
various complicated dispersive techniques have been developed, notably the aforementioned Roy
equations and the N/D approach [66]. They are designed to provide the correct analytic continuation
of the amplitude, driven by the fundamental constraints of the S-matrix. However, in practical
applications, the rigorous implementation of these methods is almost impossible, since it requires
either experimental knowledge of all partial waves with different isospin in the direct and crossed
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channels (Roy equations) or knowing the scattering amplitude in unphysical region (left-hand cut in
N/D method). Moreover, these methods require solving (a system of) integral equations. However,
since some of the resonances are connected almost exclusively to the elastic channels (especially in
the lattice calculations with unphysically-large masses for light quarks), it is not always necessary
to solve the dispersive integral equation for the direct amplitude. Therefore one often uses very
simplistic parametrizations of the scattering amplitude, which usually ignoring crossing and even
analyticity constraints. This brings a significant systematic uncertainty to the extracted resonance
parameters (see, e.g. [58]). In Chapter 3, we propose an improved, but still simple parametrization of
the single-channel scattering amplitude for spinless particles, while satisfying as much of the S-matrix
constraints as possible. This parametrization may be particularly useful for the analysis of lattice data.

Another way to investigate the properties of exotic states is to search for them in specific reactions.
One such reaction is the light-by-light (LbL) scattering of quasi-real photons, which was recently
observed at the Large Hadron Collider (LHC). The experimental results and theoretical status of this
reaction are briefly reviewed in the following section.

1.3 LbL scattering at LHC

The scattering of light by light is essentially a quantum process, which cannot be deduced from
classical electrodynamics. Given that the cross section of this process is suppressed by a factor
𝛼4

em ≈ 2.8× 10−9, the direct observation of such a scattering process is an extremely challenging
task. Indeed, even the most powerful modern lasers still cannot provide the intensity required for the
observation of LbL scattering. Nevertheless, there are several ways to measure this process indirectly.
Currently, the most accessible one is based on ultraperipheral heavy-ion collisions. It involves the
collision of two charged ions at a sufficiently large impact parameter, which should be greater than the
ion diameter. At such a large impact parameter, the ions do not interact strongly, but mostly through
the electromagnetic field, which in this case can be represented as a flux of quasireal photons emitted
by the ions. The virtuality 𝑄2 of such photons is smaller than the inverse charge radius of the ion 𝑅,
i.e., 𝑄2 < 𝑅−1. Typically, 𝑄2 < 10−3 GeV2, hence the flux of these photons can be safely considered
in the equivalent-photon approximation (see, e.g., [67–69]). The quasireal photons, emitted by the
colliding ions, do scatter, so one can detect the two-photon pair in the final state. The process of
𝛾𝛾→ 𝛾𝛾 scattering is then described by the exclusive LbL cross section 𝜎excl.

LbL , which corresponds to
the scattering process depicted in Fig. 1.1. This cross section can be expressed via the elementary
LbL cross section convoluted with the spectra of equivalent photons [70]:

𝜎excl.
LbL = 𝜎

(
𝐴𝐵

𝛾𝛾
−−→ 𝐴𝛾𝛾𝐵

)
=

∫
𝑑𝜔𝐴

𝜔𝐴

𝑑𝜔𝐵

𝜔𝐵
𝑓𝛾/𝐴(𝜔𝐴) 𝑓𝛾/𝐵 (𝜔𝐵)𝜎𝛾𝛾→𝛾𝛾

(√
𝑠𝛾𝛾

)
. (1.15)

Here 𝑓𝛾/𝐴 and 𝑓𝛾/𝐵 are the fluxes of equivalent photons with energies 𝜔𝐴 and 𝜔𝐵 emitted by the ions
𝐴 and 𝐵. The key idea of this method is manifested in the heavy-ion collisions, where the two-photon
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flux obtains an extremely large enhancement factor proportional to 𝑍4, where 𝑍 is a charge number of
the interacting ion. Indeed, for the fully ionized Pb-Pb collisions this factor reads 824 ≈ 4.5×107.

A

B

γ∗

γ∗

γ

γ

A

B

fγ/A(ωA)

fγ/B(ωB)

Fig. 1.1 The ultraperipheral heavy-ion collision with initiated LbL scattering.

The idea of measuring LbL scattering at the LHC was first proposed by d’Enterria and Silveira
[70] in 2013, who also provided theoretical estimates of the exclusive LbL cross sections for several
colliding nuclei: proton-proton, proton-lead, and lead-lead. By virtue of the 𝑍4 enhancement and
controllable background, only the latter reaction was argued to allow for an unambiguous observation
of LbL scattering.

Since 2017, experimental evidence for light-by-light (LbL) scattering at the LHC has been
reported by both the ATLAS [71–73] and CMS [74] Collaborations using data from Pb-Pb collisions.
In 2020, ATLAS performed a combined analysis of the previously collected data, increasing the
integrated luminosity. The remarkable feature of this analysis is that the unfolding procedure was
performed, and the differential fiducial cross sections of LbL scattering were obtained for the first time.
The corresponding distributions with respect to the diphoton mass 𝑚𝛾𝛾 , absolute diphoton rapidity
|𝑦𝛾𝛾 |, averaged photon transverse momentum (𝑝𝛾1

T + 𝑝
𝛾2
T )/2, and the absolute cosine of the diphoton

scattering angle in the c.o.m. frame | cos(𝜃★) | are shown in Fig. 1.2. The integrated fiducial cross
section, 𝜎LbL

fid. (Exp), compared to the various theoretical predictions, 𝜎LbL
fid. (Theo), amounts to

𝜎LbL
fid. (ATLAS) = 120±17 (stat.) ±13 (syst.) ±4 (luminosity) nb, [73] (1.16a)

𝜎LbL
fid. (Theo) =


80±8 nb, [75]

78±8 nb, [76, 77]
(1.16b)

Thus, the agreement between measured and predicted values was established only within two standard
deviations of the experimental result.

Given that the electromagnetic and weak contributions to real LbL are described by perturbative
diagrams with sufficiently high precision, the discrepancy may stem from the hadronic contributions.
Moreover, the discrepancy appears to be well beyond the leading-order (LO) pQCD contribution from
quark loops, used for theoretical predictions in Refs. [75] and [76, 77], which cannot be explained by
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Fig. 1.2 Differential fiducial cross sections of the exclusive LbL scattering measured by ATLAS [73]
at the LHC. Figures are taken from HepData [78].

the next-to-leading-order (NLO) pQCD corrections [79]. This fact hints towards the strong effect
of non-perturbative QCD, which is of high interest and may be useful for hadronic spectroscopy in
context of the recently observed resonance structures in di-𝐽/𝜓 mass spectrum [80–82]. Indeed, since
the production of vector states is forbidden in photon-photon fusion due to the Landau-Yang theorem,
the real LbL scattering may serve as a filter for exotic resonances with certain quantum numbers,
provided that the hadronic background is known with sufficient precision. Moreover, since the real
LbL scattering serves as an important reference point for the calculation of hadronic effects in the
muon AMM, having a correct model of the hadronic contributions at low and intermediate two-photon
energies will be of great interest.

1.4 Anomalous magnetic moment of the muon

The AMM of the muon is one of the most precisely measured physical observables, already at the
parts per million (ppm) level, which provides a stringent test of the SM. A discrepancy between
measured and theoretically predicted values could be an indication of physics beyond the SM, such
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as supersymmetry, dark photons, or leptoquarks [83]. Reducing the theoretical uncertainties of the
hadronic contribution to the SM predictions is essential for interpreting this anomaly.

The AMM is a fundamental parameter that quantifies the deviation of a spin-1/2 particle’s magnetic
dipole moment, ®𝜇, from the value predicted by Dirac’s theory for a point-like particle. In Dirac theory,
the gyromagnetic ratio 𝑔 is exactly 2, leading to a magnetic moment

®𝜇 = 𝑔 𝑞

2𝑚
®𝓈, (1.17)

where 𝑞 is the particle’s charge, 𝑚 is its mass, and ®𝓈 is the spin vector of the particle. Quantum loop
effects introduce corrections, causing 𝑔 to differ slightly from 2. Thus, it is convenient to define the
AMM as:

𝜘 =
𝑔−2

2
. (1.18)

A contribution to the AMM originating from a heavy particle with mass 𝑀 , scales as [84]

𝜘 ∼ 𝑚
2

𝑀2 . (1.19)

Therefore, the AMM of the muon is 𝑚2
μ/𝑚2

𝑒 ≈ 43× 103 times more sensitive to heavy-particle
contributions than the AMM of electron. Hence, the precise measurement of the muon AMM provides
a unique opportunity to examine the SM. Any significant deviation from the SM prediction, if detected,
is a signal for new physics.

From the 1950’s, a number of measuremets of the muon AMM have been carried out with
progressively enhanced accuracy. Currently, the most precise measurement is by the E989 experiment
at the Fermilab National Accelerator Laboratory (FNAL), which aims to reach the final precision of
140 ppb. This would be a factor of four improvement compared to the previous result, which has been
achieved at the Brookhaven National Laboratory (BNL) during the E821 experiment [85]. Recently,
the Fermilab reported their results having processed the data collected in runs 1-3 [86] and averaged
them with the BNL value:

𝜘μ (BNL) = 116592080(63) ×10−11 (0.54ppm), (1.20a)

𝜘μ (FNALrun1/2/3) = 116592055(24) ×10−11 (0.20ppm), (1.20b)

𝜘μ (Exp, averaged) = 116592059(22) ×10−11 (0.19ppm). (1.20c)

As one can see, the FNAL measurement agrees with BNL within the uncertainty, and the averaging
with BNL provides us with experimental knowledge of the muon AMM with the 0.19 ppm precision.
To achieve the same level of precision on the theory side, the Muon (𝑔−2) Theory Initiative was
established to comprehensively assess all aspects of the SM and provide a unified reference value
for comparing with experimental results. In 2020, the Theory Initiative published the first White
Paper (WP) [87], reflecting the contributions of numerous authors. The provided consensus for the
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1.4 Anomalous magnetic moment of the muon

theoretical value of the muon AMM was

𝜘μ (WP) = 116591810(43) ×10−11 (0.37ppm). (1.21)

As one can immediately see, this value is still more uncertain than the experimental FNAL result.
Thus, reducing the theoretical uncertainty is a primary goal, which the Muon (𝑔−2) Theory Initiative
community is intensively working on for the last five years.

κµ

had.

had.

QED EW HVP HLbL

W + W −

Fig. 1.3 The leading term and various contributions to the muon AMM: QED, electroweak (EW) and
hadronic corrections (HVP and HLbL). The hadronic blobs represent the contribution from QCD
alone.

For theoretical evaluations of the muon AMM, it is convenient to consider separately the
contributions from QED, electroweak and hadronic physics, as schematically shown in Fig. 1.3. Let
us briefly review the status of each of them.

QED The QED corrections to 𝜘μ can be conveniently expressed as a series in 𝛼em:

𝜘μ (QED) =
∞∑︁
ℓ=1

(𝛼em
𝜋

)ℓ
𝑎
(2ℓ )
μ , (1.22)

where each of the coefficients 𝑎 (2ℓ )μ can be splitted according to the muon, electron and tau mass
dependence as

𝑎
(2ℓ )
μ = 𝐴

(2ℓ )
1 + 𝐴(2ℓ )2

(
𝑚𝑒/𝑚μ

)
+ 𝐴(2ℓ )2 (𝑚𝑒/𝑚𝜏) + 𝐴(2ℓ )3

(
𝑚𝑒/𝑚μ,𝑚𝑒/𝑚𝜏

)
. (1.23)

The index ℓ thus indicates the number of loops in the diagrams, which are needed to evaluate
for each term. The first term, ℓ = 1, gives the LO contribution to 𝜘μ, which comes from the
one-loop vertex graph (the first one on the r.h.s. of Fig 1.3) yielding the celebrated “Schwinger
term” 𝛼em/2𝜋. However, to reach the sub-ppm accuracy, one needs to know all contributions up
to ℓ = 5. This was done numerically by Aoyama, Hayakawa, Kinoshita and Nio [88]. The total
result depends on the value of 𝛼em, extracted either from atomic spectroscopy measurement in
Rb atoms or from the measurement of the electron AMM 𝜘𝑒:

𝜘μ (QED) = 10−11×


116584718.951(80) 𝛼em from Rb,

116584718.846(37) 𝛼em from 𝜘𝑒 .
(1.24)

11



Introduction

The term 𝐴
(10)
1 was subsequently cross-checked by Volkov [89, 90], who found a small mistake.

The corresponding inaccuracy, however, is far below the leading uncertainty of the total SM
result for 𝜘μ.

Electroweak The LO contributions, discussed in Section 6.4 of Chapter 6, originate from the one-loop
graphs with 𝑍0, 𝑊± and Higgs bosons. They were obtained already in the 1970’s. The full
two-loop NLO contribution was obtained in [91, 92] and more recently it was cross-checked
numerically by [93]. The final result, quoted in the WP, is

𝜘μ (EW) = 153.6(1.0) ×10−11. (1.25)

Hadronic Due to the non-perturbative nature of the strong interactions, this contribution is the main
source of theoretical uncertainty. For the sake of conveniece, it is divided into the hadronic
vacuum polarization (HVP) and the hadronic light-by-light (HLbL) contributions. Despite the
latter being around two orders of magnitude smaller than the HVP contribution, it is much more
involved for theoretical calculations. In order to resolve non-perturbative QCD effects in these
contributions, dispersive and/or lattice QCD techniques are widely invoked. As of 2020, the
hadronic contributions, quoted in the WP, were

𝜘μ (HVP) = 6845(40) ×10−11, (1.26a)

𝜘μ (HLbL) = 92(18) ×10−11. (1.26b)

Although the relative uncertainty of the HLbL contribution is larger than that of the HVP
contribution, the latter has larger absolute uncertainty. Therefore reducing the HVP uncertainty
is nowadays the most important task for the theoretical community.

As a significant part of the present work is dedicated to both HVP and HLbL contributions to
the muon AMM, let us provide more details in what follows.

1.4.1 Hadronic contributions to muon AMM

A precise phenomenological evaluation of LO HVP [94–101] mainly relies on the dispersive data-driven
approach that can be concisely expressed via the well-known formula [102, 84]:

𝑎HVP LO
𝜇 =

(
𝛼em𝑚

2
μ

3𝜋

)2 ∫ ∞

𝑠th

𝑑𝑠

𝑠2 𝑅had(𝑠)𝐾 (𝑠). (1.27)

Here 𝑅(𝑠) is the ratio of the experimentally measured cross-section 𝜎(𝑒+𝑒−→ hadrons) to 𝜎(𝑒+𝑒−→
𝜇+𝜇−),

𝑅had(𝑠) =
3𝑠

4𝜋𝛼2
em
𝜎(𝑒+𝑒−→ hadrons), (1.28)

12



1.4 Anomalous magnetic moment of the muon

(a) (b)

Fig. 1.4 Hadronic contributions to the muon AMM with dispersive cuts through hadronic blobs: HVP
(a) and HLbL (b).
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GeV obtained from the CMD-3 data and other experiments. Figure is taken from [113].

and 𝐾 (𝑠) is a known kernel function

𝐾 (𝑠) = 3𝑠
𝑚4

μ

∫ 1

0
𝑑𝑥

𝑥2(1− 𝑥)
𝑥2 + 𝑠

𝑚2
μ

(1− 𝑥)
. (1.29)

The formula (1.27) corresponds to the cut through the HVP blob shown in Fig. 1.4 (a). While the
lowest hadroproduction threshold 𝑠th in Eq. (1.27) corresponds to 𝜋0𝛾 production, 𝑠th = 𝑚

2
𝜋0 , the main

contribuiton originates from 𝜋+𝜋− channel. During the past two decades, this particular contribution
has been measured by several collaborations: CMD-2 [103–105], SND [106], KLOE [107, 108],
BaBar [109], BESIII [110], CLEO [111] and very recently CMD-3 [112, 113]. The corresponding
contributions to the muon AMM are shown in Fig. 1.5 [113]. It is clearly seen that the CMD-3 result
significantly deviates from all the previous results, whose average is depicted by the yellow band (the
gray band includes additional uncertainty inflation due to the KLOE/BaBar tension). The difference
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amounts to around 5𝜎. Taken alone, the CMD-3 result reduces the discrepancy between the theoretical
(1.21) and experimental (1.20) results for the AMM from approximately 4𝜎 to 1.5𝜎. Unfortunately,
the reason why the CMD-3 result differs so much from the results of previous measurements, is still
unclear. Nevertheless, intensive work on the refinement of the contributions stemming from other
channels is ongoing. Thus, once the tension between CMD-3 and the other measurements is resolved,
a sub-percent uncertainty of the phenomenological HVP evaluation is expected to be achieved.

Fig. 1.6 Electromagnetic corrections to leading-order HVP.

Complementary to the dispersive data-driven approach, the HVP contribution has recently been
determined in several precise lattice QCD calculations from intermediate hadronic distance scales [114–
118, 101]. One of the lattice-QCD based calculations, done by the BMW Collaboration [115], has
already reached a subpercent-level of precision for the full LO HVP contribution, thus becoming
competitive with the data-driven dispersive approach. At this level of precision, care must also be
taken of the leading isospin-breaking corrections, both the strong isospin-breaking effect stemming
from the unequal 𝑢 and 𝑑 quark masses, and the e.m. effect arising from the quarks carrying electric
charges, as shown in Fig. 1.6. These effects are taken into account by lattice collaborations (e.g.,
Ref. [114, 115, 119]); however, few stringent cross-checks are possible at present. First of all, these
effects depend on the precise point in the parameter space of isospin-symmetric QCD, which is
not exactly the same in different calculations. Furthermore, it has not been possible to rigorously
compare the size of these effects to phenomenological predictions, partly because the (QED) radiative
correction to the HVP is divergent if one does not account for the counterterms associated with the
quark masses and the strong-coupling, whose finite parts depend on the conventional choice of the
“physical point” in isospin-symmetric QCD [120]. A new method, leveraging a Cottingham-like
formula and potentially addressing the listed issues, is proposed in Chapter 5.

The HLbL contribution is much more challenging than the HVP contribution due to the involved
full four-point LbL hadronic tensorM𝜇𝜈𝜌𝜆 with off-shell photons. A conventional phenomenological
approach relies on the dispersive representation of the hadronic blob shown in Fig. 1.4 (b), embedded
into the two-loop QED diagram. Thus, the contribution to the AMM can be expressed in terms of the
hadronic tensor componentsM𝑖 in some basis, which is free from kinematic singularities, integrated
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with known QED kernels 𝐾𝑖 [121–123]:

𝜘HLbL
μ =

2𝛼3
em

3𝜋2

∫ ∞

0
𝑑𝑄1

∫ ∞

0
𝑑𝑄2

∫ 1

−1
𝑑𝜏

√︁
1− 𝜏2𝑄3

1𝑄
3
2

∑︁
𝑖

𝐾𝑖 (𝑄1,𝑄2, 𝜏)M𝑖 (𝑄1,𝑄2, 𝜏). (1.30)

In this formula,𝑄𝑖 denote space-like virtualities of internal photons, provided that𝑄2
3 =𝑄

2
1+2𝑄1𝑄2𝜏+

𝑄2
2. The componentsM𝑖 can then be obtained applying, if possible, the data-driven dispersive analysis

of the hadronic intermediate states or, if not possible, use phenomenological models and constraints
from pQCD. Similar to the formula for HVP (1.27), the QED kernels in Eq. (1.30) suppress the
high-energy contributions. Consequently, the leading contribution comes from the long-range 𝜋0

exchange, i.e. 𝜋0-pole contribution1. In order to describe the 𝜋0-pole contribution, a sufficient
experimental input would be the pion transition form factor for space-like photons, 𝐹𝜋0𝛾∗𝛾∗ . This
form factor can be modelled [124], measured, e.g. at BESIII [125], or obtained from lattice QCD
[126]. Besides the pion-pole, the further contributions come from 𝜂- and 𝜂′- poles and from 𝜋+𝜋−

rescattering. These and other channels were extensively investigated in Refs. [127–137]. Along
with the long-range contributions, driven by the resonance exchanges, important estimations of the
short-distance constraints were carried out in Refs. [138–144].

The full HLbL contribution has already been evaluated on the lattice [145–147]. In particular, the
recent evaluation by the Mainz group, where 𝑢, 𝑑 and 𝑠 quarks have been taken into account, amounts
to [147]

𝜘HLbL
μ (Mainz) = (109.6±15.9) ×10−11. (1.31)

The obtained value agrees with phenomenological WP value (1.26b) within its uncertainty.
In view of the intensive development of the electron-muon scattering experiments, such as the

forthcoming MUonE experiment [148], which aims for an independent determination of the HVP
contribution, the Schwinger sum rule was proposed as an alternative approach suited for the evaluation
of both: HVP and HLbL [149]. The idea relies on the precise measurement of the hadronic channels
in polarized electron-muon scattering, which can be connected to 𝜘μ via the Schwinger sum rule in a
model-independent way. Several aspects of this approach are considered in Chapter 6.

1.5 Electromagnetic polarizabilities of hadrons and atomic spectroscopy

Another avenue of the precision frontier in hadron physics is atomic spectroscopy. The well-developed
theory of the lightest hydrogen-like atoms allows for testing hadronic contributions with extremely
high precision. A particularly important role is played by muonic hydrogen, where, due to the
comparatively large muon mass, and, consequently, the distinctly small Bohr radius, hadronic effects
are more pronounced than in ordinary hydrogen. One of the key fine-structure characteristics of
the energy spectrum of hydrogen-like atom is the Lamb shift - the energy difference between the
2𝑆1/2 and 2𝑃1/2 states. This shift arises from quantum electrodynamic effects and is sensitive to the

1Due to the dispersive cut, the exchange particle goes on-shell in this framework, yielding just a pole contribution

15



Introduction

proton’s internal structure, making it a valuable probe for hadronic physics. In 2013, the CREMA
Collaboration reported on the Lamb shift measurement in muonic hydrogen, which amounts [150]:

𝐸
exp
2P−2S(μH) = 202.3706(23)total meV. (1.32)

To achieve the same precision in theoretical description of this quantity, one needs assess the hadronic
contributions at the order (𝑍𝛼em)5, where 𝑍 is the charge number of the atom (here 𝑍 = 1 for the
proton). At this order, the nuclear polarizability effects start to play import role. The latter, in turn,
are responsible for the leading uncertainty in the theoretical prediction. At the given order, the
polarizability contribution can be conveniently described in terms of the forward two-photon exchange.
However, it has been argued that the latter cannot be expressed in a fully data-driven fashion due to
the necessity of a subtraction in the dispersion relations for the forward Compton amplitude. This
subtraction introduces significant model dependence, which leads to a large uncertainty in the full
contribution. Various estimates of the subtraction contribution in different models, which are then
combined with the data-driven parts, are provided in Tab. 1 of [151] (see also [152] for the rôle of
Δ(1232)-resonance in the polarizability contribution). Among these, the most precise evaluation of
two-photon exchange contribution is [153]:

𝐸
(2𝛾)
2P−2S = (33±2) μeV. (1.33)

Thus, in view of the forthcoming measurements of the Lamb shift in muonic hydrogen at PSI, which
will increase the precision by a factor of five, a significant refinement of the theoretical description is
highly needed.

In this work, we propose a method to construct a fully data-driven approach for the two-photon
exchange contribution to the Lamb shift. This approach became feasible after revisiting a dispersion
relation for the Compton scattering amplitude of longitudinally-polarized photons. If convergent, this
dispersion relation will define the subtraction contribution in terms of the measurable longitudinal
structure function, which is explained in detail in Chapter 7.

The convergence of this dispersion relation implies the convergence of the sum rule for the static
electric dipole polarizability, known as the Bernabéu-Tarrach sum rule [154, 155]. When combined
with the well-established Baldin sum rule for the sum of electric and magnetic dipole polarizabilities,
the Bernabéu-Tarrach sum rule shows great potential for model-independent, data-driven determination
of each nucleon polarizability independently. This is especially interesting in the context of a tension
between recent measurements of the proton polarizabilities made by HIGS [156] and A2 [157]
Collaborations. Given that a convergent Bernabéu-Tarrach sum rule constrains the static electric
dipole polarizability to be positive, one encounters a contradiction with the meson 𝜒PT prediction
for the neutral pion. In Chapter 7, we attempt to revisit the 𝜒PT calculation and provide a novel
alternative estimation of this quantity using a light-front quark model.
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1.6 Structure of the thesis

1.6 Structure of the thesis

In Chapter 2, we present the details of the framework used throughout this work. Along with a brief
explanation of the general roadmap for dispersion relations and sum rules, we explicitly provide those
utilized across the study. In Chapter 3, we develop a simple parametrization for the elastic scattering
of spinless particles, incorporating as many S-matrix constraints as possible. This parametrization
proves particularly useful for analyzing lattice QCD data on exotic resonances. We compare this
parametrization to other existing parametrizations and test it on various examples, interpreting both
real scattering data and lattice QCD results. Chapter 4 focuses on the hadronic contributions to the
real LbL scattering process, with an emphasis on investigating exotic states. Specifically, we fit the
existing LbL scattering data provided by ATLAS to the recently observed, potentially fully-heavy
tetraquark state X(6900). Chapters 5 and 6 address the muon AMM. In Chapter 5, we test and validate
a Cottingham-like formula for the electromagnetic corrections to the HVP on a lattice in both QED and
scalar QED (sQED). Chapter 6 discusses the Schwinger sum rule method, focusing on the Hadronic
Light-by-Light (HLbL) contribution. Also, the problem of asymptotic constant appearing in the sum
rule is analysed on examples of effective field theories and the electroweak contribution from the SM.
Chapter 6 utilizes the framework of Compton scattering, which is also employed in the subsequent
two Chapters. In Chapter 7, we investigate the convergence of the Bernabéu-Tarrach sum rule for the
static electric dipole polarizability in 𝜒PT and available low-energy experimental data on nucleon
photoabsorption. We particularly examine the dispersive formula for the subtraction contribution in
the data-driven approach to the Lamb shift. Additionally, we discuss the electric polarizability of the
neutral pion and provide a novel evaluation using a light-front quark model (albeit with scalar quarks).
The final Chapter, 8, is dedicated to extending Compton scattering to include parity and time-reversal
invariance violation. Here, we develop new sum rules for the anapole moment and electric dipole
moment. The thesis conclusions and outlook are provided in the Chapter 9.
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Chapter 2

General framework

Most methods used in the present work rely on the dispersive framework of field theory. In general,
it is based on the 𝑆-matrix concept, which is mainly centered on measurable quantities in particle
interactions, avoiding dependence on unobservable intermediate states. The S-matrix, or scattering
matrix, 𝑆 𝑓 𝑖 relates the initial state |𝑖⟩ of a physical system before an interaction to its final state | 𝑓 ⟩
after an interaction, encapsulating all possible scattering processes:

𝑆 𝑓 𝑖 = ⟨ 𝑓 |𝑆 |𝑖⟩, (2.1)

where 𝑆 is the S-matrix operator. It is decomposed into a trivial part, 𝑆 = 1 when the scattering does
not occur, and the part given by a transition matrix 𝑇 𝑓 𝑖 = ⟨ 𝑓 |𝑇 |𝑖⟩ as

𝑆 𝑓 𝑖 = 𝛿 𝑓 𝑖 + 𝑖𝑇 𝑓 𝑖 . (2.2)

Since the probability to find the system in all possible final states should be unit,∑︁
𝑓

��⟨ 𝑓 |𝑆 |𝑖⟩��2 = ⟨𝑖 |𝑆†𝑆 |𝑖⟩ = 1, (2.3)

the S-matrix should be unitary, 𝑆†𝑆 = 𝑆𝑆† = 1. This requirement, hereafter referred as unitarity,
translates into the relation for the transition matrix:

𝑇 −𝑇† = 𝑖𝑇𝑇†. (2.4)

If the transition matrix 𝑇 is symmetric with respect to the interchange of initial and final states,
𝑇 𝑓 𝑖 = 𝑇𝑖 𝑓 , then the relation (2.4) results in the so-called optical theorem:

2Im𝑇 𝑓 𝑖 =
∑︁
𝑛

∫
𝑑Φ𝑛𝑇 𝑓 𝑛𝑇

∗
𝑖𝑛, (2.5)
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where 𝑛 denotes the allowed intermediate state, which can be observed as a final state, and Φ𝑛 is the
𝑛-particle phase space. The transition (or scattering) amplitude 𝑓 is related to the transition matrix
element by a four momentum-conserving 𝛿-function:

𝑇 𝑓 𝑖 = (2𝜋)4𝛿 (4)
(∑︁

𝑝𝑖 −
∑︁

𝑝 𝑓

)
𝑓 (𝑝𝑖 , 𝑝 𝑓 ), (2.6)

where 𝑝𝑖 and 𝑝 𝑓 are the four momenta of initial and final particles, respectively.

2.1 A roadmap for dispersion relations and sum rules

The basic constraints on a physical scattering amplitude 𝑓 (𝑠) rely on the following fundamental
principles, usually referred as the scattering-matrix constaints:

• unitarity (a reflection of the conservation of probability, cf. Eq. (2.4))

• analyticity (due to causality)

• crossing (caused by particle-antiparticle duality)

Fig. 2.1 Analytic structure of a scattering amplitude 𝑓 (𝑧) with a branch cut that starts from 𝑧 = 𝑠0.
The contour 𝐶 encloses the analyticity domain of 𝑓 (𝑧).

These fundamental principles are reflected in dispersion relations, which the scattering amplitudes
should obey. Here we briefly consider the basics of dispersion relations and see how they become sum
rules.
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2.1 A roadmap for dispersion relations and sum rules

2.1.1 Analyticity and unitarity

Let us consider a simple case of forward particle scattering, when the scattering amplitude 𝑓 (𝑠)
depends on only one real kinematic variable 𝑠. Being an analytic function, the forward scattering
amplitude of this process satisfies the Cauchy theorem in a complex plane of variable 𝑧:

𝑓 (𝑧) = 1
2𝜋𝑖

∮
𝐶

𝑑𝑧′
𝑓 (𝑧′)
𝑧′− 𝑧 = 𝐼𝐶 (𝑧), (2.7)

where 𝐶 is any closed contour in an analyticity domain of the amplitude 𝑓 (𝑧). Let us assume that the
scattering amplitude contains no singularities except only one branch cut (or right-hand cut) along the
real axis due to unitarity, which starts from the inelastic particle-production threshold at 𝑧 = 𝑠0. Then
𝐶 can be chosen as shown in Fig. 2.1, and can be divided into four integrals:

𝐼𝐶 (𝑧) = 𝐼𝑟 (𝑧) + 𝐼+(𝑧) + 𝐼𝑅 (𝑧) + 𝐼− (𝑧), (2.8)

where

𝐼𝑟 (𝑧) =
𝑟

2𝜋

∫ 𝜋
2

3𝜋
2

𝑑𝜙𝑒𝑖𝜙
𝑓 (𝑠0 + 𝑟𝑒𝑖𝜙)
𝑠0 + 𝑟𝑒𝑖𝜙 − 𝑧

, (2.9)

𝐼±(𝑧) =±
1

2𝜋𝑖

∫ 𝑅

𝑠0

𝑑𝑠′
𝑓 (𝑠0± 𝑖𝑟)
𝑠′− 𝑧± 𝑖𝑟 , (2.10)

𝐼𝑅 (𝑧) =
1

2𝜋

∫ 2𝜋−arctan𝑟/𝑠0

arctan𝑟/𝑠0
𝑑𝜙
𝑒𝑖𝜙 𝑓 (𝑅𝑒𝑖𝜙)
𝑒𝑖𝜙 − 𝑧/𝑅 . (2.11)

In the limit 𝑟→ 0, the integral 𝐼𝑟 vanishes. Next the sum of the integrals 𝐼± can be expressed via an
integral over a discontinuity of 𝑓 (𝑧) across the branch cut:

𝐼DR(𝑧) = 𝐼+(𝑧) + 𝐼− (𝑧) =
1

2𝜋𝑖

∫ 𝑅

𝑠0

𝑑𝑠′
[
𝑓 (𝑠′ + 𝑖𝑟)
𝑠′ + 𝑖𝑟 − 𝑧 −

𝑓 (𝑠′− 𝑖𝑟)
𝑠′− 𝑖𝑟 − 𝑧

]
𝑟→0
=

1
2𝜋

∫ 𝑅

𝑠0

𝑑𝑠′
Disc𝑠 𝑓 (𝑠′)
𝑠′− 𝑧 . (2.12)

Due to the Schwarz reflection principle for analytic functions, i.e. 𝑓 ∗(𝑧) = 𝑓 (𝑧∗), the discontinuity in
this case is simply given by the imaginary part of 𝑓 (𝑧):

Disc𝑠 ≡ lim
𝜖→0
[ 𝑓 (𝑠+ 𝑖𝜖) − 𝑓 (𝑠− 𝑖𝜖)] = 2𝑖 Im 𝑓 (𝑠). (2.13)

Thus, if the integral 𝐼𝑅 vanishes at large radius 𝑅→∞, then the whole amplitude can be expressed
through its imaginary part without any further inputs.

What is the possible behavior of the integral 𝐼𝑅? It obviously depends on the asymptotic behavior
of 𝑓 (𝑧) at 𝑧→∞. Since we have no theory valid at arbitrary high energies so far, we must consider
all possible scenarios. The best one realizes if the scattering amplitude vanishes at high energies, i.e.

lim
|𝑧 |→∞

𝑓 (𝑧) = 0. (2.14)
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This condition ensures not only that the integral 𝐼𝑅 approaches zero as 𝑅→∞, but also guarantees
the convergence of the integral 𝐼DR at its upper limit. Thus, for the entire function 𝑓 (𝑧) one obtains

𝑓 (𝑧) = lim
𝑅→∞

𝐼DR =
1
𝜋

∫ ∞

𝑠0

𝑑𝑠′
Im 𝑓 (𝑠′)
𝑠′− 𝑧 , (2.15)

which is the simplest dispersive representation of the amplitude 𝑓 (𝑧).
The worst scenario realizes when the scattering amplitude behaves asymptotically as

𝑓 (𝑧) |𝑧 |→∞= O(|𝑧 |𝛼), 𝛼 > 0. (2.16)

In this case the integral 𝐼DR diverges at the upper limit, which is compensated by the nonvanishing
integral 𝐼𝑅. However, there is still a way to write a dispersive representation of such an amplitude, by
making a subtraction in Eq. (2.15). This procedure relies in moving the 𝐼𝑅-contribution together with
the divergence in 𝐼DR into an additive constant parameter. A single subtraction at the point 𝑧1 works
as follows:

𝑓 (𝑧) = 𝐼𝑅 (𝑧) |𝑅→∞ +
1
𝜋

∫ ∞

𝑠0

𝑑𝑠′
Im 𝑓 (𝑠′)
𝑠′− 𝑧

= 𝐼𝑅 (𝑧)) |𝑅→∞ +
1
𝜋

∫ ∞

𝑠0

𝑑𝑠′
Im 𝑓 (𝑠′)
𝑠′− 𝑧1︸                                       ︷︷                                       ︸

𝑓 (𝑧1 )

− 1
𝜋

∫ ∞

𝑠0

𝑑𝑠′
Im 𝑓 (𝑠′)
𝑠′− 𝑧1

+ 1
𝜋

∫ ∞

𝑠0

𝑑𝑠′
Im 𝑓 (𝑠′)
𝑠′− 𝑧

= 𝑓 (𝑧1) +
(𝑧− 𝑧1)
𝜋

∫ ∞

𝑠0

𝑑𝑠′
Im 𝑓 (𝑠′)

(𝑠′− 𝑧1) (𝑠′− 𝑧)
. (2.17)

This way we also end up with expression for the amplitude in terms of the convergent integral over
its imaginary part with the only additional information on the value of 𝑓 (𝑧) at some particular point
𝑧1. If a single subtraction is insufficient to obtain the convergent dispersive integral, the subtraction
procedure can be iterated as many times as needed. If during this iteration the subtraction is always
performed at the same point, e.g., 𝑧1, then the entire procedure is analogous to the Taylor series.

𝑓 (𝑧) =
𝑁∑︁
𝑛=0

𝑓 (𝑛) (𝑧1)
𝑛!

(𝑧− 𝑧1)𝑛 +
(𝑧− 𝑧1)𝑁

𝜋

∫ ∞

𝑠0

𝑑𝑠′
Im 𝑓 (𝑠′)

(𝑠′− 𝑧1)𝑁 (𝑠′− 𝑧)
. (2.18)

In general, it is feasible to implement subtractions at various points during each iterative step. Then
one obtains the following expression

𝑓 (𝑧) = 𝑃𝑁 (𝑧) +
𝑆(𝑧)
𝜋

∫ ∞

𝑠0

𝑑𝑠′
Im 𝑓 (𝑠′)

𝑆(𝑠′) (𝑠′− 𝑧) , 𝑆(𝑧) = Π𝑁
𝑖=1(𝑧− 𝑧𝑖), (2.19)

which contains a subtraction polynomial of order 𝑁 −1 in variable 𝑧 denoted by 𝑃𝑁 . Hence, in order
to establish a convergent dispersion relation for 𝑓 (𝑧), which has sufficiently “bad” asymptotic behavior,
one needs to know up to 𝑁 values of 𝑓 (𝑧) at 𝑁 different points or up to 𝑁-th order derivatives of 𝑓 (𝑧)
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2.1 A roadmap for dispersion relations and sum rules

at one point. A common physical interpretation of the subtraction procedure is a renormalization
program of QFT. Usually, one can establish exact correspondence between subtraction terms in
dispersion relations and counterterms in QFT amplitudes.

The interesting situation happens when the scattering amplitude at infinite energy tends to a
constant. In this case the dispersive integral in (2.15) is convergent, but the contribution from 𝐼𝑅 is
finite and not vanishing. Its value can be determined using the Sugawara-Kanazawa theorem [158]:
Sugawara-Kanazawa theorem (simplified): If one has a function 𝑓 (𝑧), which is

1. analytic everywhere in the complex 𝑧-plane except for the unitarity cut on the real axis,

2. assumed to have a divergence at |𝑧 | =∞ along some direction in a complex plane, not stronger
than a large but finite power of |𝑧 |,

3. has a finite limit 𝑓 (∞± 𝑖𝜖) along the cut,

then the limits of 𝑓 (𝑧) when 𝑧 approaches infinity in any other direction are

lim
|𝑧 |→∞

𝑓 (𝑧) = 𝑓 (∞+ 𝑖𝜖) in the upper half-plane,

= 𝑓 (∞− 𝑖𝜖) in the lower half-plane. (2.20)

Hence the dispersion relation for 𝑓 (𝑧) becomes

𝑓 (𝑧) = 1
𝜋

∫ ∞

𝑠0

𝑑𝑠′
Im 𝑓 (𝑠′)
𝑠′− 𝑧 +

1
2

lim
𝑠→∞
[ 𝑓 (𝑠+ 𝑖𝜖) + 𝑓 (𝑠− 𝑖𝜖)], (2.21)

where the limit is taken along the unitarity cut.
In other words, if the amplitude tends to a constant at infinite energy, then the dispersion relation
(2.15) should be modified by this constant, having

𝑓 (𝑧) = 𝑓 (∞) + 1
𝜋

∫ ∞

𝑠0

𝑑𝑠′
Im 𝑓 (𝑠′)
𝑠′− 𝑧 . (2.22)

Despite the right-hand cut structure, the other important consequence of unitarity is the optical
theorem, which, for a 2→ 2 particle scattering, relates imaginary part of the forward elastic scattering
amplitude with the total inclusive cross section 𝜎tot of 2→ 𝑋 scattering,

Im 𝑓 (𝑠) = Φ2(𝑠)
2

𝜎tot(𝑠), Φ2(𝑠) = 2
√︃
𝜆(𝑠,𝑚2

1,𝑚
2
2), (2.23)

where Φ2 is a relativistic flux factor of two incident particles with masses 𝑚1 and 𝑚2, and 𝜆(𝑥, 𝑦, 𝑧) =
𝑥2+ 𝑦2+ 𝑧2−2𝑥𝑦−2𝑥𝑧−2𝑦𝑧 is the Källén function. Therefore, having a convergent dispersion relation
(2.15), one can fully reconstruct the whole forward amplitude 𝑓 (𝑧) via the observable cross section
𝜎tot.
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2.1.2 Crossing

Crossing relations for a scattering process usually implies a certain symmetry of the scattering
amplitude. Consider the cases of 𝑓 (𝑧) being even or odd,

𝑓 even(−𝑧) = 𝑓 even(𝑧), 𝑓 odd(−𝑧) = − 𝑓 odd(𝑧). (2.24)

In this case, in addition to the unitarity cut, the amplitude will have a cut in a crossed channel, say
crossing cut, which starts from 𝑧 = −∞ and ends at 𝑧 = −𝑠0. Therefore the contour should be deformed
to avoid this cut. The dispersion relation will then be modified as follows:

𝑓 even(𝑧) = 2
𝜋

∫ ∞

𝑠0

𝑑𝑠′
𝑠′ Im 𝑓 even(𝑠′)

𝑠′2− 𝑧2 ,

𝑓 odd(𝑧) = 2𝑧
𝜋

∫ ∞

𝑠0

𝑑𝑠′
Im 𝑓 odd(𝑠′)
𝑠′2− 𝑧2 . (2.25)

When a dispersion relation works with subtractions, the subtraction polynomials will also obey certain
crossing properties. Specifically, it is impossible for odd amplitudes to approach a constant value at
infinite energy.

2.1.3 Low-energy theorems and sum rules

While the imaginary part of the 2→ 2 forward scattering amplitude is given by the observable total
cross section via the optical theorem (2.23), there exist several constraints that fix the low-energy
behavior of the amplitude. These constraints are called “low-energy theorems”. They can be derived
by associating terms in the low-energy expansion with certain terms of the corresponding effective
low-energy Hamiltonian. In other words, the low-energy theorems define the coefficients 𝑎𝑖 in the
low-energy expansion of the scattering amplitude 𝑓 ,

𝑓 (𝑠) =
𝑁∑︁
𝑖=0
𝑎𝑖𝑠

𝑖 +O(𝑠𝑁+1), (2.26)

in terms of certain physical observables. For instance, in the case of Compton scattering, a celebrated
example is the Thomson term, which represents the low-energy limit of the spin-independent forward
Compton scattering on a particle with mass 𝑀:

𝑓Compton(𝜈 = 0) = − 𝑒2

4𝜋𝑀
. (2.27)

Finally, the dispersive representation of a scattering amplitude (2.15) in combination with the
optical theorem (2.23) and the low-energy theorem (2.26) can provide an essentially new relation
between two different observables: the low-energy observable 𝑎𝑖 and the total scattering cross section
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2.2 Elastic scattering of scalar particles

𝜎tot. This relation, typically having a form of an integral relation

𝑎𝑖 =
1

2𝜋

∫ ∞

𝑠inel

𝑑𝑠′
Φ2(𝑠′)𝜎tot(𝑠′)

𝑠′ 𝑖+1
, (2.28)

where the integration starts from the first inelastic threshold, are called “sum rules”. As is usually
stated, the remarkable power of these relations lies in their model independence, i.e. the derivation
relies only on fundamental S-matrix constraints and requires no further assumptions on the particular
theoretical model behind the given scattering process. Practically, it depends on the theory, whether
the integral in Eq. (2.28) converges as it is, without requiring additional subtractions. Therefore it is
important to make perturbative verification of the sum rule in “reasonable” theories, i.e. theories that
exhibit tree-level unitarity or have the stronger constraint of renormalizability, as well as test them on
available data.

2.2 Elastic scattering of scalar particles

s

t
p1

p2

p′1

p′2

T (s, t)

Fig. 2.2 Elastic 2→ 2 scattering of particles of types 1 and 2 with initial four-momenta 𝑝1 and 𝑝2 and
final four-momenta 𝑝′1 and 𝑝′2 as a single-channel rescattering in 𝑠-channel.

In this section, we provide the basics of partial-wave single-channel analysis of elastic 2→ 2
scattering of spinless particles, which is schematically shown in Fig. 2.2. Here the formalism of
dispersion relations, discussed in the previous section, is already widely applied to make a proper
analytical continuation of the partial-wave amplitudes onto the whole complex plane. The latter is an
essential step for subsequent pole analysis in the complex plane of S-matrix and precise determination
of the resonance parameters. The content provided serves as a general introductive part to Chapter 3.

2.2.1 Partial-wave expansion and unitarity

The kinematics 2→ 2 elastic scattering, schematically depicted in Fig. 2.2, can be conveniently
described in terms of the Mandelstam invariants 𝑠, 𝑡 and 𝑢, which are related to the particle momenta
as

𝑠 = (𝑝1 + 𝑝2)2 = (𝑝′1 + 𝑝
′
2)

2, 𝑡 = (𝑝1− 𝑝′1)
2 = (𝑝2− 𝑝′2)

2, 𝑢 = (𝑝1− 𝑝′2)
2 = (𝑝2− 𝑝′1)

2. (2.29)
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Given that these invariants are linearly related, 𝑠+ 𝑡 +𝑢 = 2(𝑚2
1 +𝑚

2
2), the scattering amplitude depends

only on two of them. It is also convenient to consider this process in c.o.m. frame, where it
characterized by the c.o.m. scattering energy

√
𝑠 and the scattering angle 𝜃 between the initial and

final directions of two-particle motion. In this case, the three-momentum of the system reads

𝑝(𝑠) =
𝜆1/2(𝑠,𝑚2

1,𝑚
2
2)

2
√
𝑠

≡

√︄
(𝑠−𝑚2

−) (𝑠−𝑚2
+)

4𝑠
, (2.30)

with 𝜆 being the Källén function and 𝑚± = 𝑚1±𝑚2.
Then the 𝑠-channel partial-wave decomposition for the amplitude for 2→ 2 scattering process is

then given by

𝑇 (𝑠, 𝑡) = 16𝜋N
∞∑︁
𝐽=0
(2𝐽 +1) 𝑡𝐽 (𝑠) 𝑃𝐽 (cos𝜃) , (2.31)

where 𝑃𝐽 (𝑥) are Legendre polynomials of degree 𝐽, which corresponds to the total angular momentum.
For the scattering of identical particles, N = 2, while N = 1 for non-identical particles. This factor
is useful in ensuring the same unitarity condition for both identical and non-identical two-particle
scattering, which in the elastic approximation is given by

Im 𝑡𝐽 (𝑠) = 𝜌(𝑠) |𝑡𝐽 (𝑠) |2 𝜃 (𝑠− 𝑠th) , (2.32a)

Im [𝑡𝐽 (𝑠)]−1 = −𝜌(𝑠) 𝜃 (𝑠− 𝑠th) , (2.32b)

where 𝑠th = (𝑚1 +𝑚2)2 is the two-particle production threshold. The phase space factor 𝜌(𝑠) for
partial-wave amplitudes is given by

𝜌(𝑠) ≡ 16𝜋
∫

𝑑3 ®𝑝′1
(2𝜋)32𝐸 ′1

∫
𝑑3 ®𝑝′2
(2𝜋)32𝐸 ′2

(𝑃𝐽 (cos𝜃))2
2(2𝐽 +1) 𝛿 (4) (𝑝1 + 𝑝2− 𝑝′1− 𝑝

′
2) (2𝜋)

4

=
2 𝑝(𝑠)
√
𝑠
. (2.33)

At low energy, the effective range expansion for partial waves is conventionally defined as

2
√
𝑠𝑡ℎ

Re 𝑡𝐽 (𝑠) ≃ 𝑝2𝐽 (𝑠)
(
𝑎𝐽 + 𝑏𝐽 𝑝2(𝑠) + ...

)
, (2.34)

where 𝑎𝐽 and 𝑏𝐽 denote the scattering length and the slope parameter, respectively. At high energy,
the unitarity condition (2.32) guarantees that the partial-wave amplitudes at infinity approach at most
constants

− 1
2 𝜌(𝑠) ≤ Re 𝑡𝐽 (𝑠) ≤

1
2 𝜌(𝑠) , 0 ≤ Im 𝑡𝐽 (𝑠) ≤

1
𝜌(𝑠) (2.35)
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2.2 Elastic scattering of scalar particles

and in accordance with that, we assume throughout this section that

𝑡𝐽
𝑠→±∞→ const . (2.36)

2.2.2 Dispersion relations and their solutions

Here, for the sake of simplicity, let us consider the S-wave (𝐽 = 0) scattering of spinless particles,
since in this case we do not need to worry about angular momentum barrier factors. In view of the
maximal analyticity assumption [159, 160], the partial-wave amplitude 𝑡𝐽 has two cuts along the real
axis: right-hand cut due to unitarity, 𝑠 ∈ [𝑠th,∞), and left-hand cut due to crossing, 𝑠 ∈ (−∞, 𝑠𝐿].The
amplitude thus satisfies, according to Eq. (2.36), the once-subtracted dispersion relation,

𝑡0(𝑠) = 𝑡0(𝑠𝑀 ) +
𝑠− 𝑠𝑀
𝑠𝐵 − 𝑠𝑀

𝑔2
𝐵

𝑠𝐵 − 𝑠

+ 𝑠− 𝑠𝑀
𝜋

[∫ 𝑠𝐿

−∞

𝑑𝑠′

𝑠′− 𝑠𝑀
Im 𝑡0(𝑠′)
𝑠′− 𝑠 +

∫ ∞

𝑠th

𝑑𝑠′

𝑠′− 𝑠𝑀
Im 𝑡0(𝑠′)
𝑠′− 𝑠

]
≡ 𝑡0(𝑠𝑀 ) +

𝑠− 𝑠𝑀
𝑠𝐵 − 𝑠𝑀

𝑔2
𝐵

𝑠𝐵 − 𝑠
+ 𝑠− 𝑠𝑀

𝜋

∫
𝐿,𝑅

𝑑𝑠′

𝑠′− 𝑠𝑀
Im 𝑡0(𝑠′)
𝑠′− 𝑠 . (2.37)

The symbols 𝐿 and 𝑅 denote integrals over left- and right-hand cuts, respectively. The choice of the
subtraction point at 𝑠 = 𝑠𝑀 in general is irrelevant and will be discussed later. For completeness, we
admitted in Eq. (2.37) a possible bound state at 𝑠 = 𝑠𝐵 with the coupling 𝑔𝐵, which we will drop later
on for simplicity. Using the unitarity relation (2.32) on the right-hand cut, Eq. (2.37) simplifies to

𝑡0(𝑠) =𝑈 (𝑠) +
𝑠− 𝑠𝑀
𝜋

∫ ∞

𝑠th

𝑑𝑠′

𝑠′− 𝑠𝑀
𝜌(𝑠′) |𝑡0(𝑠′) |2

𝑠′− 𝑠 , (2.38)

where we combined the subtraction constant together with the left-hand cut contributions into the
function𝑈 (𝑠),

𝑈 (𝑠) ≡ 𝑡0(𝑠𝑀 ) +
𝑠− 𝑠𝑀
𝜋

∫
𝐿

𝑑𝑠′

𝑠′− 𝑠𝑀
Im 𝑡0(𝑠′)
𝑠′− 𝑠 . (2.39)

The solution to (2.38) can be written using the 𝑁/𝐷 ansatz [66]

𝑡0(𝑠) =
𝑁 (𝑠)
𝐷 (𝑠) , (2.40)

where the contributions of left- and right-hand cuts are separated into 𝑁 (𝑠) and 𝐷 (𝑠) functions,
respectively.

An interesting feature of the 𝑁/𝐷 ansatz lies in the ambiguity of having poles in both 𝑁 and 𝐷
functions simultaneously, provided that the pole positions coincide. This is the celebrated Castillejo-
Dalitz-Dyson (CDD) ambiguity [161], which can be used as a trick for explicit parametrization of
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poles or zeros in the 𝑁/𝐷 ansatz. The 𝐷-function with CDD pole at 𝑠 = 𝑠𝐶𝐷𝐷 reads

𝐷 (𝑠) = 1− 𝑠− 𝑠𝑀
𝑠− 𝑠𝐶𝐷𝐷

𝑅𝐷 −
1
𝜋

∫
𝑑𝑠′

𝑠− 𝑠𝑀
𝑠′− 𝑠𝑀

𝜌(𝑠′)𝑁 (𝑠′)
𝑠′− 𝑠 , (2.41)

where 𝑅𝐷 is a free parameter.The 𝑁-function then becomes

𝑁 (𝑠) =𝑈 (𝑠)𝐷 (𝑠) + 𝑠− 𝑠𝑀
𝑠− 𝑠𝐶𝐷𝐷

𝑅𝑁 +
𝑠− 𝑠𝑀
𝜋

∫
𝑑𝑠′

𝑠′− 𝑠𝑀
𝜌(𝑠′)𝑁 (𝑠′)𝑈 (𝑠′)

𝑠′− 𝑠 , (2.42)

where 𝑅𝑁 is the second parameter introduced by the CDD ambiguity. The ratio 𝑁/𝐷, provided by
Eqs. (2.41) and (2.42), is then fully independent on the CDD pole position 𝑠𝐴, which is manifested by
the CDD ambiguity.

The 𝑁/𝐷 ansatz implies a set of linear integral equations [162, 163], which can be solved by, e.g.,
the matrix inversion method. However, before solving them, one needs to model the left-hand-cut
contributions, i.e. 𝑈 (𝑠). This process typically involves expressing the function as a series in
terms of an appropriately constructed conformal variable 𝜔(𝑠) (see Appendix 2.B for details), which
encapsulates the analytic structure of the amplitude,

𝑈 (𝑠) =
∞∑︁
𝑛=0

𝐶𝑛𝜔
𝑛 (𝑠). (2.43)

The unknown coefficients 𝐶𝑛 of this series are then either treated as fit parameters to experimental
data or fixed using predictions from 𝜒PT.

Due to the technical complexity of solving integral equations of 𝑁/𝐷 method, simplified
parametrizations (or ansatzes) are widely used. They are especially important in interpretation of
the hadronic spectrum obtained by lattice QCD evaluations. The simplest one is the Breit-Wigner
parametrization:

𝑡0(𝑠) = −
1
𝜌(𝑠)

√
𝑠Γ(𝑠)

𝑠−𝑀2
0 + 𝑖
√
𝑠Γ(𝑠)

, (2.44)

where Γ(𝑠) is the energy-dependent width, given by

Γ(𝑠) = Γ0
𝑝(𝑠)
𝑝(𝑀2

0 )
𝑀0√
𝑠
. (2.45)

For narrow resonances, Γ0 and 𝑀0 correspond to the resonance width and mass, which is clearly
visible on the cross section data. However, if the resonance lies deep in the complex plane, the Breit-
Wigner parametrization produces various artifacts. Despite this parametrization satisfies unitarity, it
immediately violates crossing, since it has no left-hand cut contribution. Consequently, due to the
missing physics, the dispersion relation for 𝑡0 can be spoiled by unphysical (spurious) poles, thus
violating even analyticity.

A slightly improved, but still quite simple parametrization, the K-matrix approach, exploits the
unitarity relation for the inverse amplitude (2.32b). The partial-wave amplitude in this approach can
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2.2 Elastic scattering of scalar particles

be written in a general form as
[𝑡0(𝑠)]−1 = 𝐾−1(𝑠) − 𝑖𝜌(𝑠) . (2.46)

Due to unitarity, the function 𝐾 (𝑠) is real, and usually parametrized by a pole term and some
polynomial. While preserving unitarity, this parametrization, when applied, usually neglects the
left-hand cut at all and does not satisfy the dispersion relation (2.38), thus violating analyticity
constraint. Various forms of this kind of parametrizations will be discussed in details in Chapter 3.

2.2.3 Poles in the complex plane

Once the partial-wave amplitude is properly continued in the complex plane using any method
discussed above, we can start looking for poles of the 𝑆-matrix. For elastic scattering, the amplitude
possesses two Riemann sheets, which are continuously connected along the unitarity branch cut. The
first (physical) Riemann sheet is associated with physical scattering processes and is characterized
by the behavior of the partial-wave amplitude along the upper edge of the unitarity cut, say 𝑡I

𝐽
. This

sheet corresponds to the observable domain where real scattering events occur, with energy values
above the physical threshold. On this sheet, any pole, which lies on the real axis below the threshold,
correspond to a bound state.

The partial-wave amplitude 𝑡II
𝐽

on the second (unphysical) Riemann sheet can be found from 𝑡I
𝐽

by
crossing the unitarity cut. Using unitarity relation for the physical amplitude 𝑡I

𝐽
,

𝑡I𝐽 (𝑠+ 𝑖𝜖) − 𝑡I𝐽 (𝑠− 𝑖𝜖) = 2𝑖𝜌(𝑠)𝑡I𝐽 (𝑠+ 𝑖𝜖)𝑡I𝐽 (𝑠− 𝑖𝜖), (2.47)

we can relate the values of the amplitude above and below unitarity cut, hence defining this amplitude
on the second Riemann sheet:

𝑡II𝐽 (𝑠− 𝑖𝜖) = 𝑡I𝐽 (𝑠+ 𝑖𝜖) =
𝑡I
𝐽
(𝑠− 𝑖𝜖)

1−2𝑖𝜌(𝑠)𝑡I
𝐽
(𝑠− 𝑖𝜖)

𝜖→0→ 𝑡II𝐽 (𝑠) =
𝑡I
𝐽
(𝑠)

1−2𝑖𝜌(𝑠)𝑡I
𝐽
(𝑠)
. (2.48)

Thus, the solution to the equation
1−2𝑖𝜌(𝑠)𝑡I𝐽 (𝑠) = 0 (2.49)

will define a pole on the second Riemann sheet, which can be interpreted as either resonance
(complex-valued, lies above unitarity threshold) or virtual bound state (real-valued, lies below unitarity
threshold).

Since Eq. (2.49) usually cannot be solved analytically and has nontrivial dependence on the
parameters entering the amplitude 𝑡I

𝐽
, uncertainty propagation with respect to these parameters could

be a nontrivial task. Moreover, there could be cases when the pole moves from a resonance to a
(virtual) bound state within the parameter uncertainties. The most suitable approach in these cases is
the bootstrap technique. According to this technique, the mean value and the uncertainty are calculated
from a statistical pool of solutions to Eq. (2.49). Each solution entering the pool is obtained for
amplitude parameters that are randomly picked around their mean values according to their distribution
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functions. This approach allows one to handle skewed distributions and easily obtain the correct
shapes for a given confidence level.

2.3 Light-by-light scattering

This section provides the general formalism for the real and virtual LbL scattering. In general, the
structure of the fully off-shell LbL tensor is quite complicated [123]. It involves 138 Lorentz structures,
which reduce to 41 due to Ward identities. However, for this work it is enough to consider the
special cases of the forward doubly-virtual LbL scattering and the real LbL scattering. The dispersion
relations and sum rules, provided in this section, will be extensively used in Chapters 4 and 5.

2.3.1 Forward doubly-virtual LbL scattering

qµ

kν

qρ

kσ

Fig. 2.3 Forward doubly-virtual light-by-light scattering.

A convenient Lorentz-invariant basis for the forward doubly-virtual LbL scattering has been
worked out a long time ago by Budnev et al. [164, 165]. Following their prescriptions, the LbL tensor
can be written as follows [166]

M𝜇𝜈𝜌𝜎 =

8∑︁
𝑖=1
𝑇
𝜇𝜈𝜌𝜎

𝑖
M𝑖 = 𝑅

𝜇𝜌𝑅𝜈𝜎M𝑇𝑇 + [𝑅𝜇𝜈𝑅𝜌𝜎 −𝑅𝜇𝜎𝑅𝜌𝜈]M𝑎
𝑇𝑇

+𝑅𝜇𝜌𝑙𝜈𝑘 𝑙
𝜎
𝑘 M𝑇𝐿 +𝑅𝜈𝜎𝑙𝜇𝑞 𝑙𝜌𝑞M𝐿𝑇

+ 1
2
[𝑅𝜇𝜈𝑅𝜌𝜎 +𝑅𝜇𝜎𝑅𝜌𝜈 −𝑅𝜇𝜌𝑅𝜈𝜎]M𝜏

𝑇𝑇 + 𝑙
𝜌
𝑞 𝑙
𝜇
𝑞 𝑙
𝜎
𝑘 𝑙
𝜈
𝑘M𝐿𝐿

−
[
𝑅𝜇𝜈𝑙

𝜌
𝑞 𝑙
𝜎
𝑘 −𝑅

𝜇𝜎𝑙
𝜌
𝑞 𝑙
𝜈
𝑘 + (𝜇𝜈↔𝜌𝜎)

]
M𝜏

𝑇𝐿

−
[
𝑅𝜇𝜈𝑙

𝜌
𝑞 𝑙
𝜎
𝑘 +𝑅

𝜇𝜎𝑙
𝜌
𝑞 𝑙
𝜈
𝑘 + (𝜇𝜈↔𝜌𝜎)

]
M𝜏𝑎

𝑇𝐿 , (2.50)

where

𝑙
𝜇
𝑞 =

√︂
−𝑞2

𝑋

(
𝑘𝜇 − 𝜈

𝑞2 𝑞
𝜇

)
, 𝑙

𝜇

𝑘
=

√︂
−𝑘2

𝑋

(
𝑞𝜇 − 𝜈

𝑘2 𝑘
𝜇
)
, 𝑘 · 𝑙𝑘 = 𝑞 · 𝑙𝑞 = 0,
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2.3 Light-by-light scattering

𝑅𝜇𝜈 = −𝑔𝜇𝜈 + 1
𝑋

[
𝜈 (𝑞𝜇𝑘𝜈 + 𝑞𝜈𝑘𝜇) − 𝑞2𝑘𝜇𝑘𝜈 − 𝑘2𝑞𝜇𝑞𝜈

]
= 𝑅𝜈𝜇, 𝑅𝜇𝜈𝑞𝜈 = 𝑅

𝜇𝜈𝑘𝜈 = 0,

𝑋 = 𝜈2− 𝑞2𝑘2, 𝜈 = 𝑞 · 𝑘. (2.51)

and 𝑇𝑖 are eight independent invariant amplitudes that are free of kinematical zeros and singularities.
The polarization vectors 𝜀𝜇 are normalized by the following convention

𝑔𝜇𝜈𝜀
𝜇
𝑎 (𝑝𝑖)𝜀∗𝜈𝑏 (𝑝𝑖) = (−1)𝑎𝛿𝑎𝑏, (2.52a)∑︁

𝑎=0,±1
(−1)𝑎𝜀𝜇𝑎 (𝑝𝑖)𝜀∗𝜈𝑏 (𝑝𝑖) = 𝑔

𝜇𝜈 −
𝑝
𝜇

𝑖
𝑝𝜈
𝑖

𝑝2
𝑖

, (2.52b)

𝜀𝑎 (𝑝𝑖) · 𝑝𝑖 = 0. (2.52c)

Here 𝑎, 𝑏 = 0,±1 denote the photon polarizations, 𝑝𝑖 stand for the photon momenta, 𝑝1 = 𝑞, 𝑝2 = 𝑘 .
In c.o.m. frame, i.e. ®𝑞 = −®𝑘 , one can choose the polarization vectors such that

𝜀∗𝑎 (𝑝𝑖) = 𝜀−𝑎 (𝑝𝑖), 𝜀±1(𝑘) = 𝜀∓1(𝑞), 𝜀0(𝑞) = 𝑖𝑙𝑞, 𝜀0(𝑘) = 𝑖𝑙𝑘 . (2.53)

The remarkable feature of the chosen basis is that all the tensor structures are orthogonal to each other,
hence they immediately can be used as the projectors to certain combinations of helicity amplitudes.
In the aformentioned notations the helicity amplitudes are defined by

𝑀𝑎𝑏𝑎′𝑏′ = 𝜀
𝜇
𝑎 (𝑞)𝜀𝜈𝑏 (𝑘)M𝜇𝜈𝜌𝜎𝜀

∗𝜌
𝑎′ (𝑞)𝜀

∗𝜎
𝑏′ (𝑘) (−1)𝑏+𝑏′

= 𝑀−𝑎−𝑏−𝑎′−𝑏′ = 𝑀𝑎′𝑏′𝑎𝑏 . (2.54)

There are eight independent amplitudes, which absorptive parts𝑊𝑎′𝑏′𝑎𝑏 ≡ Im 𝑀𝑎′𝑏′𝑎𝑏 correspond
to certain cross sections via the optical theorem, namely

𝑊𝑇𝑇 = 2
√
𝑋𝜎𝑇𝑇 =

1
2
[𝑊++++ +𝑊+−+−] , (2.55a)

𝑊𝐿𝑇 = 2
√
𝑋𝜎𝐿𝑇 =𝑊0+0+, (2.55b)

𝑊𝑇𝐿 = 2
√
𝑋𝜎𝑇𝐿 =𝑊+0+0, (2.55c)

𝑊𝐿𝐿 = 2
√
𝑋𝜎𝐿𝐿 =𝑊0000, (2.55d)

𝑊𝑎
𝑇𝑇 = 2

√
𝑋𝜏𝑎𝑇𝑇 =

1
2
[𝑊++++−𝑊+−+−] , (2.55e)

𝑊 𝜏
𝑇𝑇 = 2

√
𝑋𝜏𝑇𝑇 =𝑊++−−, (2.55f)

𝑊 𝜏
𝑇𝐿 = 2

√
𝑋𝜏𝑇𝐿 =

1
2
[𝑊++00−𝑊0+−0] , (2.55g)

𝑊 𝜏𝑎
𝑇𝐿 = 2

√
𝑋𝜏𝑎𝑇𝐿 =

1
2
[𝑊++00 +𝑊0+−0] , (2.55h)
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with the correspondence 𝑊𝐿𝑇 (𝜈, 𝑞2, 𝑘2) =𝑊𝑇𝐿 (𝜈, 𝑘2, 𝑞2). The polarized cross sections 𝜎𝑎𝑏 are
associated with the fusion of two photons with polarizations 𝑎 and 𝑏. Only 𝜎𝑇𝑇 , 𝜎𝑇𝐿 , 𝜎𝐿𝑇 and 𝜎𝐿𝐿
are positive-definite. Only the amplitudesM𝑎

𝑇𝑇
andM𝜏𝑎

𝑇𝐿
are odd in 𝜈; the rest are even.

2.3.1.1 Dispersion relations and sum rules

The analyticity of the forward doubly-virtual scattering amplitudes in the entire 𝜈-plane except for the
branch cuts on the real axis, allows one to express these amplitudes through dispersion relations. Thus,
for any fixed values 𝑄2, 𝐾2 > 0, depending on whether the amplitude is even/odd in 𝜈, it is defined by
its nonanalytic part as follows [167]

𝑀even(𝜈) =
2
𝜋

∫ ∞

𝜈0

𝑑𝜈′
𝜈′

𝜈′2− 𝜈2− 𝑖0+
Im 𝑀even(𝜈′), (2.56)

𝑀odd(𝜈) =
2𝜈
𝜋

∫ ∞

𝜈0

𝑑𝜈′
1

𝜈′2− 𝜈2− 𝑖0+
Im 𝑀odd(𝜈′), (2.57)

where 𝜈0 > 0 is the lowest particle production threshold. These dispersion relations are derived under
the assumption that the amplitudes decay sufficiently rapidly, so that only the integral along the branch
cut contributes. If this is not the case, then subtracted dispersion relations are needed. For our
purposes it is enough to consider once-subtracted relations,

𝑀even(𝜈) = 𝑀even(𝜈̄) +
2(𝜈̄2− 𝜈2)

𝜋

∫ ∞

𝜈0

𝑑𝜈′
𝜈′ Im 𝑀even(𝜈′)

(𝜈̄2− 𝜈′2) (𝜈′2− 𝜈2− 𝑖0+)
, (2.58)

𝑀odd(𝜈) = 𝑀odd(𝜈̄) +
2(𝜈̄− 𝜈)

𝜋

∫ ∞

𝜈0

𝑑𝜈′
(𝜈′2 + 𝜈𝜈̄) Im 𝑀odd(𝜈′)
(𝜈̄2− 𝜈′2) (𝜈′2− 𝜈2− 𝑖0+)

. (2.59)

Here 𝜈̄ is the subtraction point, which could be chosen arbitrarily. For simplicity, it is usually chosen
at zero energy of the two-photon pair, i.e. taking 𝜈̄ = 0, given that the LbL amplitudes will vanish at
this point if one of the photons is real.

The asymptotic behaviour of the helicity amplitude can be qualitatively estimated by means of a
Regge pole model, giving that [164]

𝑊𝑇𝑇 , 𝑊𝐿𝐿 ∼ 𝜈𝛼𝑃 (0) , 𝑊𝑇𝐿 , 𝑊𝐿𝑇 ≲ 𝜈
𝛼𝑃 (0) ,

𝑊 𝜏
𝑇𝑇 , 𝑊

𝑎
𝑇𝑇 ∼ 𝜈𝛼𝜋 (0) , 𝑊 𝜏

𝑇𝐿 , 𝑊
𝜏𝑎
𝑇𝐿 ∼ 𝜈𝛼𝜋 (0)−1, (2.60)

where 𝛼𝑃 (0) ≃ 1.08 and 𝛼𝜋 (0) ≃ −0.014 are the intercepts of the Pomeron and pion trajectories,
respectively. Taking into account this behaviour of the amplitudes at high energies, one can immediately
decide for each amplitude, whether or not it requires a subtraction, obtaining the following set of
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dispersion relations for the even helicity amplitudes,

𝑀++++(𝜈,𝑄2,𝐾2) +𝑀+−+− (𝜈,𝑄2,𝐾2) = 𝑀𝑇𝑇 (0,𝑄2,𝐾2) + 4𝜈2

𝜋

∫ ∞

𝜈0

𝑑𝜈′
√
𝑋 ′𝜎𝑇𝑇 (𝜈′,𝑄2,𝐾2)
𝜈′(𝜈′2− 𝜈2− 𝑖0+)

,

(2.61a)

𝑀0+0+(𝜈,𝑄2,𝐾2) = 𝑀𝐿𝑇 (0,𝑄2,𝐾2) + 4𝜈2

𝜋

∫ ∞

𝜈0

𝑑𝜈′
√
𝑋 ′𝜎𝐿𝑇 (𝜈′,𝑄2,𝐾2)
𝜈′(𝜈′2− 𝜈2− 𝑖0+)

(2.61b)

𝑀+0+0(𝜈,𝑄2,𝐾2) = 𝑀𝑇𝐿 (0,𝑄2,𝐾2) + 4𝜈2

𝜋

∫ ∞

𝜈0

𝑑𝜈′
√
𝑋 ′𝜎𝑇𝐿 (𝜈′,𝑄2,𝐾2)
𝜈′(𝜈′2− 𝜈2− 𝑖0+)

(2.61c)

𝑀0000(𝜈,𝑄2,𝐾2) = 𝑀𝐿𝐿 (0,𝑄2,𝐾2) + 4𝜈2

𝜋

∫ ∞

𝜈0

𝑑𝜈′
√
𝑋 ′𝜎𝐿𝐿 (𝜈′,𝑄2,𝐾2)
𝜈′(𝜈′2− 𝜈2− 𝑖0+)

(2.61d)

𝑀++−− (𝜈,𝑄2,𝐾2) = 𝑀 𝜏
𝑇𝑇 (0,𝑄2,𝐾2) + 4𝜈2

𝜋

∫ ∞

𝜈0

𝑑𝜈′
√
𝑋 ′𝜏𝑇𝑇 (𝜈′,𝑄2,𝐾2)
𝜈′(𝜈′2− 𝜈2− 𝑖0+)

(2.61e)

𝑀++00(𝜈,𝑄2,𝐾2) −𝑀0+−0(𝜈,𝑄2,𝐾2) = 8
𝜋

∫ ∞

𝜈0

𝑑𝜈′
𝜈′
√
𝑋 ′𝜏𝑇𝐿 (𝜈′,𝑄2,𝐾2)
𝜈′2− 𝜈2− 𝑖0+

, (2.61f)

and for the odd ones

𝑀++++(𝜈,𝑄2,𝐾2) −𝑀+−+− (𝜈,𝑄2,𝐾2) = 4𝜈
𝜋

∫ ∞

𝜈0

𝑑𝜈′
√
𝑋 ′𝜏𝑎

𝑇𝑇
(𝜈′,𝑄2,𝐾2)

𝜈′2− 𝜈2− 𝑖0+
, (2.62a)

𝑀++00(𝜈,𝑄2,𝐾2) +𝑀0+−0(𝜈,𝑄2,𝐾2) = 8𝜈
𝜋

∫ ∞

𝜈0

𝑑𝜈′
√
𝑋 ′𝜏𝑎

𝑇𝐿
(𝜈′,𝑄2,𝐾2)

𝜈′2− 𝜈2− 𝑖0+
, (2.62b)

where 𝑀𝑎𝑏 (0,𝑄2,𝐾2) denote the subtraction functions at 𝜈̄ = 0 subtraction point, and the following
relations between the cross sections were used

𝜎𝑇𝑇 ≡ 𝜎∥ +𝜎⊥ ≡ 𝜎0 +𝜎2, (2.63a)

𝜏𝑎𝑇𝑇 ≡ 𝜎0−𝜎2, (2.63b)

𝜏𝑇𝑇 ≡ 𝜎∥ −𝜎⊥. (2.63c)

Here the subscripts 0(2) stand for the total helicitiy of the photon pair, and ∥ (⊥) indicate the linear
polarizations of the incoming photons, with both photon polarization directions parallel (perpendicular)
to each other, respectively.
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2.3.2 Real LbL scattering

2.3.2.1 Off-forward real LbL scattering

q
µ
1

qν2

q
ρ
3

qσ4

Fig. 2.4 Light-by-light scattering with real photons.

For LbL scattering of real photons with all different four-momenta 𝑞1, ..., 𝑞4 (cf. Fig. 2.4), 𝑞2
𝑖
= 0,

there are in general sixteen different helicity amplitudes, which depend on the Mandelstam variables

𝑠 = (𝑞1 + 𝑞2)2 = 2𝑞1 · 𝑞2, 𝑡 = (𝑞1− 𝑞3)2 = −2𝑞1 · 𝑞3, 𝑢 = (𝑞1− 𝑞4)2 = −2𝑞1 · 𝑞4, (2.64)

which satisfy 𝑠+ 𝑡 +𝑢 = 0. It is convenient to work in c.o.m frame, setting

𝑞1 = 𝜔

©­­­­­«
1
0
0
1

ª®®®®®¬
, 𝑞2 = 𝜔

©­­­­­«
1
0
0
−1

ª®®®®®¬
𝑞3 = 𝜔

©­­­­­«
1

sin𝜃
0

cos𝜃

ª®®®®®¬
, 𝑞4 = 𝜔

©­­­­­«
1
−sin𝜃

0
−cos𝜃

ª®®®®®¬
, (2.65)

where the photon energy 𝜔 and functions of the scattering angle 𝜃 are related to the Mandelstam
invariants

𝜔 =

√
𝑠

2
, cos𝜃 =

𝑡 −𝑢
𝑠
, sin𝜃 =

2
√
𝑡𝑢

𝑠
. (2.66)

Bose and crossing symmetries, parity conservation and time-reversal invariance impose the
following relations between the helicity amplitudes:

𝑀±±∓±(𝑠, 𝑡, 𝑢) = 𝑀±∓±±(𝑠, 𝑡, 𝑢) = 𝑀±∓∓∓(𝑠, 𝑡, 𝑢)
= 𝑀−−−+(𝑠, 𝑡, 𝑢) = 𝑀+++− (𝑠, 𝑡, 𝑢), (2.67a)

𝑀±∓∓±(𝑠, 𝑡, 𝑢) = 𝑀±∓±∓(𝑠,𝑢, 𝑡)
= 𝑀++++(𝑡, 𝑠, 𝑢) = 𝑀++++(𝑡, 𝑢, 𝑠), (2.67b)

𝑀±∓±∓(𝑠, 𝑡, 𝑢) = 𝑀−−−− (𝑢, 𝑡, 𝑠) = 𝑀++++(𝑢, 𝑡, 𝑠), (2.67c)

𝑀−−++(𝑠, 𝑡, 𝑢) = 𝑀++−− (𝑠, 𝑡, 𝑢). (2.67d)
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2.3 Light-by-light scattering

From these relations, it follows that there are only five independent helicity amplitudes, namely

𝑀++++(𝑠, 𝑡, 𝑢), 𝑀+−−+(𝑠, 𝑡, 𝑢), 𝑀+−+− (𝑠, 𝑡, 𝑢),
𝑀+++− (𝑠, 𝑡, 𝑢), 𝑀++−− (𝑠, 𝑡, 𝑢) (2.68)

out of sixteen. It also follows that all LbL amplitudes are invariant under permutations of the last
two arguments, and the amplitudes 𝑀+++− (𝑠, 𝑡, 𝑢) and 𝑀++−− (𝑠, 𝑡, 𝑢) are totally crossing invariant
(invariant under permutations 𝑠↔ 𝑡↔ 𝑢). Hence, the first three helicity amplitudes from the set
(2.68) are described by the same function by permuting the variables. Thus, one can construct the
following crossing invariant combinations form the remaining amplitudes:

𝑀𝐶𝐼 (𝑠, 𝑡, 𝑢) = 𝑀++++(𝑠, 𝑡, 𝑢) +𝑀+−−+(𝑠, 𝑡, 𝑢) +𝑀+−+− (𝑠, 𝑡, 𝑢)
= 𝑀++++(𝑠, 𝑡, 𝑢) +𝑀++++(𝑡, 𝑠, 𝑢) +𝑀++++(𝑢, 𝑡, 𝑠). (2.69)

Thus, according to Refs. [168, 169], it is convenient to choose three independent helicity amplitudes
as 𝑀++++(𝑠, 𝑡, 𝑢), 𝑀+++− (𝑠, 𝑡, 𝑢) and 𝑀++−− (𝑠, 𝑡, 𝑢). Then the other amplitudes can be expressed via
the latter ones as follows

𝑀+−−− (𝑠, 𝑡, 𝑢) = 𝑀−+−− (𝑠, 𝑡, 𝑢) = 𝑀−−+− (𝑠, 𝑡, 𝑢) = 𝑀−−−+(𝑠, 𝑡, 𝑢)
= 𝑀−+++(𝑠, 𝑡, 𝑢) = 𝑀+−++(𝑠, 𝑡, 𝑢) = 𝑀++−+(𝑠, 𝑡, 𝑢) = 𝑀+++− (𝑠, 𝑡, 𝑢), (2.70)

𝑀−+−+(𝑠, 𝑡, 𝑢) = 𝑀+−+− (𝑠, 𝑡, 𝑢) = 𝑀++++(𝑢, 𝑡, 𝑠), (2.71)

𝑀−++− (𝑠, 𝑡, 𝑢) = 𝑀+−−+(𝑠, 𝑡, 𝑢) = 𝑀++++(𝑡, 𝑠, 𝑢), (2.72)

𝑀−−−− (𝑠, 𝑡, 𝑢) = 𝑀++++(𝑠, 𝑡, 𝑢), (2.73)

𝑀++−− (𝑠, 𝑡, 𝑢) = 𝑀−−++(𝑠, 𝑡, 𝑢). (2.74)

In terms of these amplitudes, the squared amplitude, averaged over initial and summed over final
polarizations, reads:

|𝑀 (𝑠, 𝑡, 𝑢) |2 =
∑︁

𝜆1𝜆2𝜆3𝜆4

��𝑀𝜆1𝜆2𝜆3𝜆4 (𝑠, 𝑡, 𝑢)
��2 = 8 |𝑀+++− (𝑠, 𝑡, 𝑢) |2 +2 |𝑀++−− (𝑠, 𝑡, 𝑢) |2+

+2 |𝑀++++(𝑠, 𝑡, 𝑢) |2 +2 |𝑀++++(𝑢, 𝑡, 𝑠) |2 +2 |𝑀++++(𝑡, 𝑠, 𝑢) |2 . (2.75)

Then the total unpolarized LbL cross section can be calculated in c.o.m. frame as follows

𝜎(𝑠) = 1
256𝜋𝑠

∫ 1

−1
𝑑 cos𝜃

���𝑀 (
𝑠,− 𝑠

2
(1− cos𝜃),− 𝑠

2
(1+ cos𝜃)

)���2 , (2.76)

where 𝜃 is the angle between incoming and outgoing photons.
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2.3.2.2 Forward limit and sum rules

In the limit of the forward scattering, i.e. 𝑡 = 0, the number of independent amplitudes reduces to
three: 𝑀++++, 𝑀+−+− and 𝑀++−− . Following Eqs. (2.61a), (2.62a) and (2.61e), they should obey the
sum rules

𝑀++++(𝑠) +𝑀+−+− (𝑠) =
2𝑠2

𝜋

∞∫
0

𝑑𝑠′
𝜎𝑇𝑇 (𝑠′)

𝑠
′2− 𝑠2− 𝑖0+

= SLbL
1 (𝑠), (2.77a)

𝑀++++(𝑠) −𝑀+−+− (𝑠) =
2𝑠
𝜋

∞∫
0

𝑑𝑠′
𝑠′𝜏𝑎

𝑇𝑇
(𝑠′)

𝑠
′2− 𝑠2− 𝑖0+

= SLbL
2 (𝑠), (2.77b)

𝑀++−− (𝑠) =
2𝑠2

𝜋

∞∫
0

𝑑𝑠′
𝜏𝑇𝑇 (𝑠′)

𝑠
′2− 𝑠2− 𝑖0+

= SLbL
3 (𝑠). (2.77c)

Note that due to the low-energy theorem, the LbL scattering amplitudes for the real photons should
vanish at low energy of the two-photon pair, thus the subtraction constants in the dispersion relations
are equal to zero.

2.4 Forward doubly-virtual Compton scattering on spin-1/2 particles

This Section is mainly based on the comprehensive reviews by Drechsel, Pasquini and Vanderhaeghen
[170], Hagelstein, Miskimen and Pascalutsa [171] as well as the manuscript by V. Pascalutsa “Causality
rule” [172] (see [173] for the second edition). In what follows, we specify the conventions on Compton
amplitudes, low-energy theorems, photoabsorption cross sections and sum rules that will be used in
Chapters 6, 7 and 8.

2.4.1 Invariant amplitudes and dispersion relations

In the forward scattering regime, the amplitude of the doubly-virtual Compton scattering on spin-1/2
target (say nucleon 𝑁 with electric charge 𝑒) 𝛾∗(𝑞,𝜆) +𝑁 (𝑝) → 𝛾∗(𝑞,𝜆) +𝑁 (𝑝) can be conveniently
described in terms of the Lorentz and gauge invariant Compton tensor 𝑇 𝜇𝜈 . Beind defined as the
matrix element of the two-current correlator,

𝑇 𝜇𝜈 (𝑝, 𝑞) ≡ 𝑖𝑒2
∫
𝑑4𝑦 𝑒−𝑖𝑞𝑦 ⟨𝑝 |𝑇

[
𝐽𝜈em(0)𝐽

𝜇
em(𝑦)

]
|𝑝⟩, (2.78)

the Compton tensor consists of four independent gauge-invariant tensor structures,

𝑇 𝜇𝜈 (𝑝, 𝑞) =
(
−𝑔𝜇𝜈 + 𝑞

𝜇𝑞𝜈

𝑞2

)
𝑇1(𝜈,𝑄2) + 1

𝑀2

(
𝑝𝜇 − 𝑝 · 𝑞

𝑞2 𝑞𝜇
) (
𝑝𝜈 − 𝑝 · 𝑞

𝑞2 𝑞𝜈
)
𝑇2(𝜈,𝑄2)

+ 𝑖𝜖
𝜇𝜈𝛼𝛽𝑞𝛼

𝑀

[
𝓈𝛽𝑆1(𝜈,𝑄2) +

(
𝓈𝛽 (𝑝 · 𝑞) − (𝓈 · 𝑞)𝑝𝛽

) 1
𝑀2 𝑆2(𝜈,𝑄2)

]
, (2.79)
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2.4 Forward doubly-virtual Compton scattering on spin-1/2 particles

having the spin-independent amplitudes 𝑇1 and 𝑇2 as well as the spin-dependent ones 𝑆1 and 𝑆2. These
amplitudes are functions of the photon energy 𝜈 = (𝑠−𝑢)/4𝑀 and virtuality 𝑄2 = −𝑞2; 𝑀 is a target
mass. The spin-dependent part is linear in the target spin four-vector 𝓈𝜇, which satisfies 𝑝 · 𝓈 = 0
and 𝓈

2 = −1. The invariant amplitudes 𝑇1, 𝑇2, 𝑆1 and 𝑆2 have certain symmetry properties under the
photon crossing, 𝜈→−𝜈,

𝑇1(−𝜈,𝑄2) = 𝑇1(𝜈,𝑄2), 𝑇2(−𝜈,𝑄2) = 𝑇2(𝜈,𝑄2),
𝑆1(−𝜈,𝑄2) = 𝑆1(𝜈,𝑄2), 𝑆2(−𝜈,𝑄2) = −𝑆2(𝜈,𝑄2), (2.80)

which can be easily read out from Eq. (2.79).
Given that the Compton amplitude satisfies general principles of unitarity, causality and crossing,

one can write down the following dispersion relations for the invariant Compton amplitudes 𝑇1, 𝑇2 and
𝑆1 as

{𝑇1, 𝑇2, 𝑆1} (𝜈,𝑄2) = 2
𝜋

∫ ∞

𝜈el

𝑑𝜈′𝜈′

𝜈′2− 𝜈2− 𝑖0+
Im {𝑇1, 𝑇2, 𝑆1} (𝜈′,𝑄2), (2.81)

where 𝜈el =𝑄
2/2𝑀 is the threshold energy for elastic scattering. The dispersive representation for the

amplitude 𝑆2, however, needs a remark. This amplitude has a pole in the subsequent limits of 𝑄2→ 0
and then 𝜈→ 0. As will be explained further, such a pole can only emerge in the pole part of the Born
contribution. Indeed, from Eqs. (2.93) it follows that the amplitudes 𝑇1, 𝑇2 and 𝑆1 do not have a pole
in the aforementioned limit, whereas 𝑆2 does. Therefore the dispersion relation that involves this
amplitude should be written for 𝜈𝑆2(𝜈,𝑄2), which is pole-free for real photons, as follows

𝜈𝑆2(𝜈,𝑄2) = 2
𝜋

∫ ∞

𝜈el

𝑑𝜈′
𝜈′2 Im𝑆2(𝜈′,𝑄2)
𝜈′2− 𝜈2− 𝑖0+

. (2.82)

The imaginary parts of the amplitudes that enter the dispersion relations (2.81) and (2.82) are
related via the optical theorem to the nucleon structure functions, 𝑓1, 𝑓2, 𝑔1 and 𝑔2, or equivalently, to
the cross sections of virtual-photon absorption 𝛾∗𝑁→ 𝑋 1:

Im𝑇1(𝜈,𝑄2) = 𝑒2 𝜋

𝑀
𝑓1(𝑥,𝑄2) =

√︁
𝜈2 +𝑄2𝜎𝑇 (𝜈,𝑄2), (2.83a)

Im𝑇2(𝜈,𝑄2) = 𝑒2 𝜋

𝜈
𝑓2(𝑥,𝑄2) = 𝑄2√︁

𝜈2 +𝑄2
[𝜎𝑇 +𝜎𝐿] (𝜈,𝑄2), (2.83b)

Im𝑆1(𝜈,𝑄2) = 𝑒2 𝜋

𝜈
𝑔1(𝑥,𝑄2) = 𝑀𝜈√︁

𝜈2 +𝑄2

[
𝜎𝑇𝑇 +

𝑄

𝜈
𝜎𝐿𝑇

]
(𝜈,𝑄2), (2.83c)

Im𝑆2(𝜈,𝑄2) = 𝑒2 𝜋𝑀

𝜈2 𝑔2(𝑥,𝑄2) = 𝑀2√︁
𝜈2 +𝑄2

[
𝜈

𝑄
𝜎𝐿𝑇 −𝜎𝑇𝑇

]
(𝜈,𝑄2), (2.83d)

1Hereafter we will mostly follow the conventions from the review [171], implying, however, the Gilman’s notation
[174, 170] for the normalization of the virtual photon flux.

37



General framework

where the Bjorken variable 𝑥 =𝑄2/2𝑀𝜈 is introduced. The cross sections 𝜎𝑇 , 𝜎𝑇𝑇 and 𝜎𝐿 can be
defined in terms of the cross sections 𝜎𝜆+ℎ for definite photon (𝜆) and target (ℎ) helicities as

𝜎𝑇 =
1
2

(
𝜎1/2 +𝜎3/2

)
, 𝜎𝑇𝑇 =

1
2

(
𝜎1/2−𝜎3/2

)
, 𝜎𝐿 =

1
2

(
𝜎1/2 +𝜎−1/2

)
. (2.84)

Here the subscript 𝐿 stands for longitudinally polarized photons while the subscript 𝑇 stands for the
transversely polarized photons. The cross section 𝜎𝐿𝑇 corresponds to the simultaneous helicity flip of
the photon and the spin flip of the target. While being a physical observable, it is not a cross section in
the usual sense, but a response function (it is not positive-definite).

×

Fig. 2.5 The inclusive cross section of electron scattering on a spin-1/2 target, schematically shown as
a two-photon exchange box.

These cross sections can be obtained by measuring inclusive inelastic cross section 𝜎 of the
process of electron - spin-1/2 target scattering depicted in Fig. 2.5. The directly-measured quantity
then can be written as

𝑑𝜎

𝑑Ω𝑑𝐸 ′
= Γ𝑉

[
𝜎𝑇 + 𝜖𝜎𝐿 − ℎ𝑃𝑥

√︁
2𝜖 (1− 𝜖)𝜎𝐿𝑇 − ℎ𝑃𝑧

√︁
1− 𝜖2𝜎𝑇𝑇

]
. (2.85)

Here Γ𝑉 is the virtual photon flux factor,

Γ𝑉 =
𝛼em

2𝜋2
𝐸 ′

𝐸

√︁
𝑄2 + 𝜈2

𝑄2
1

1− 𝜖 , (2.86)

with the photon polarization
𝜖 =

1

1+2
(
1+ 𝜈2

𝑄2

)
tan2 𝜃

2

. (2.87)

The virtual photon, in its turn, is emitted by the relativistic electron, which changes its energy from 𝐸

to 𝐸 ′ being scattered on the angle 𝜃. Since the electron is relativistic, its initial and final states are
characterized by the same helicity ℎ = ±1/2. The components of the target polarization with respect to
the direction of the virtual photon three-momentum are pointed as 𝑃𝑥 (perpendicular alignment in
scattering plane) and 𝑃𝑧 (parallel alignment).
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2.4 Forward doubly-virtual Compton scattering on spin-1/2 particles

Imposing the unitarity relations, given by Eqs. (2.83), into the dispersion relations (2.81) and
(2.82) yields

𝑇1(𝜈,𝑄2) = 2𝑒2

𝑀

∫ 1

0

𝑑𝑥

𝑥

𝑓1(𝑥,𝑄2)
1− 𝑥2(𝜈/𝜈el)2− 𝑖0+

=
2
𝜋

∫ ∞

𝜈el

𝑑𝜈′
𝜈′

√︁
𝜈′2 +𝑄2𝜎𝑇 (𝜈′,𝑄2)
𝜈′2− 𝜈2− 𝑖0+

, (2.88a)

𝑇2(𝜈,𝑄2) = 4𝑒2𝑀

𝑄2

∫ 1

0
𝑑𝑥

𝑓2(𝑥,𝑄2)
1− 𝑥2(𝜈/𝜈el)2− 𝑖0+

=
2𝑄2

𝜋

∫ ∞

𝜈el

𝑑𝜈′
𝜈′ [𝜎𝑇 +𝜎𝐿] (𝜈′,𝑄2)√︁
𝜈′2 +𝑄2(𝜈′2− 𝜈2− 𝑖0+)

, (2.88b)

𝑆1(𝜈,𝑄2) = 4𝑒2𝑀

𝑄2

∫ 1

0
𝑑𝑥

𝑔1(𝑥,𝑄2)
1− 𝑥2(𝜈/𝜈el)2− 𝑖0+

=
2𝑀
𝜋

∫ ∞

𝜈el

𝑑𝜈′
𝜈′2

[
𝜎𝑇𝑇 + 𝑄𝜈′𝜎𝐿𝑇

]
(𝜈′,𝑄2)√︁

𝜈′2 +𝑄2(𝜈′2− 𝜈2− 𝑖0+)
, (2.88c)

𝜈𝑆2(𝜈,𝑄2) = 4𝑒2𝑀2

𝑄2

∫ 1

0
𝑑𝑥

𝑔2(𝑥,𝑄2)
1− 𝑥2(𝜈/𝜈el)2− 𝑖0+

=
2𝑀2

𝜋

∫ ∞

𝜈el

𝑑𝜈′
𝜈′2

[
𝜈′

𝑄
𝜎𝐿𝑇 −𝜎𝑇𝑇

]
(𝜈′,𝑄2)√︁

𝜈′2 +𝑄2(𝜈′2− 𝜈2− 𝑖0+)
.

(2.88d)

It was established experimentally, that due to the convergence properties of 𝑇1 the unsubtracted
dispersion relation in the form (2.88a) does not hold. The easiest way to see the issue is to consider
this amplitude at zero energy and virtuality, where it should yield the (negative) Thomson term,

𝑇1(0,0) = −
𝑒2

𝑀
< 0, (2.89)

while the r.h.s is positively-defined:

2
𝜋

∫ ∞

𝜈el

𝑑𝜈′𝜎𝑇 (𝜈′,𝑄2 = 0) > 0. (2.90)

Therefore the dispersion relation (2.88a) requires one subtraction. Choosing the subtraction point at
𝜈 = 0, we obtain:

𝑇1(𝜈,𝑄2) = 𝑇1(0,𝑄2) + 2𝜈2

𝜋2

∫ ∞

𝜈el

𝑑𝜈′
√︁
𝜈′2 +𝑄2𝜎𝑇 (𝜈′,𝑄2)
𝜈′(𝜈′2− 𝜈2− 𝑖0+)

. (2.91)

2.4.2 Born and pole contributions

The Born contribution to the Compton amplitudes, which corresponds to the target particle exchange
in the intermediate state, can be found by calculation of the Born diagram (see Fig. 2.6) with
electromagnetic vertex of the form

Γ𝜇 (𝑄2) = 𝑒F1(𝑄2)𝛾𝜇 + 𝑒F2(𝑄2) 𝑖𝜎
𝜇𝜈𝑞𝜈

2𝑀
, (2.92)

where F1 and F2 are the Dirac and Pauli form factors, respectively. They are normalized to F1(0) = 1
and F2(0) = 𝜘, whith 𝜘 being the anomalous magnetic moment. Then the corresponding Born parts of
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Born non-Born

Born pole Born non-pole

Fig. 2.6 Schematic splitting of the Compton amplitude into the Born and non-Born parts.

the Compton amplitude read

𝑇Born
1 (𝜈,𝑄2) = 𝑒2

𝑀

{
𝜈2

el

𝜈2
el− 𝜈2

𝐺2
𝑀 (𝑄2) −F 2

1 (𝑄
2)

}
(2.93a)

𝑇Born
2 (𝜈,𝑄2) = 𝑒2 2𝜈el

𝜈2
el− 𝜈2

𝐺2
𝐸
(𝑄2) + 𝜏𝐺2

𝑀
(𝑄2)

1+ 𝜏 (2.93b)

𝑆Born
1 (𝜈,𝑄2) = 𝑒2

2𝑀

{
𝑄2

𝜈2
el− 𝜈2

𝐺𝑀 (𝑄2)F1(𝑄2) −F 2
2 (𝑄

2)
}

(2.93c)

𝑆Born
2 (𝜈,𝑄2) = −𝑒

2

2
𝜈

𝜈2
el− 𝜈2

𝐺𝑀 (𝑄2)F2(𝑄2), (2.93d)

where the electric (𝐺𝐸) and magnetic (𝐺𝑀 ) Sachs form factors were introduced. They are related to
the Dirac and Pauli form factors as follows

𝐺𝐸 (𝑄2) = F1(𝑄2) − 𝜏F2(𝑄2), 𝐺𝑀 (𝑄2) = F1(𝑄2) +F2(𝑄2), 𝜏 =
𝑄2

4𝑀2 . (2.94)

The Born contributions, given by Eqs. (2.93), are already divided into pole (proportional to [𝜈2
el−𝜈

2]−1)
and non-pole parts.

The elastic parts of the structure functions are given as follows

𝑓 el
1 (𝑥,𝑄

2) = 1
2
𝐺2
𝑀 (𝑄2)𝛿(1− 𝑥), (2.95)

𝑓 el
2 (𝑥,𝑄

2) = 1
1+ 𝜏

[
𝐺2
𝐸 (𝑄2) + 𝜏𝐺2

𝑀 (𝑄2)
]
𝛿(1− 𝑥), (2.96)

𝑔el
1 (𝑥,𝑄

2) = 1
2
F1(𝑄2)𝐺𝑀 (𝑄2)𝛿(1− 𝑥), (2.97)

𝑔el
2 (𝑥,𝑄

2) = −𝜏
2
F2(𝑄2)𝐺𝑀 (𝑄2)𝛿(1− 𝑥). (2.98)
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2.4 Forward doubly-virtual Compton scattering on spin-1/2 particles

Substituting these expressions to the dispersion relations (2.88), one obtains the pole contributions for
the corresponding invariant Compton amplitudes:

𝑇
pole
1 (𝜈,𝑄2) = 𝑒2

𝑀

𝜈2
el𝐺

2
𝑀
(𝑄2)

𝜈2
el− 𝜈2

= 𝑇Born
1 (𝜈,𝑄2) +

𝑒2F 2
1 (𝑄

2)
𝑀

, (2.99a)

𝑇
pole
2 (𝜈,𝑄2) = 2𝑒2𝜈el

𝜈2
el− 𝜈2

𝐺2
𝐸
(𝑄2) + 𝜏𝐺2

𝑀
(𝑄2)

1+ 𝜏 = 𝑇Born
2 (𝜈,𝑄2), (2.99b)

𝑆
pole
1 (𝜈,𝑄2) = 𝑒2𝜈el

𝜈2
el− 𝜈2

F1(𝑄2)𝐺𝑀 (𝑄2) = 𝑆Born
1 (𝜈,𝑄2) +

𝑒2F 2
2 (𝑄

2)
2𝑀

, (2.99c)

[𝜈𝑆2]pole (𝜈,𝑄2) = −𝑒
2

2
𝜈2

el

𝜈2
el− 𝜈2

F2(𝑄2)𝐺𝑀 (𝑄2)

= [𝜈𝑆2]Born (𝜈,𝑄2) − 𝑒
2

2
𝐺𝑀 (𝑄2)F2(𝑄2), (2.99d)

with the Born part for [𝜈𝑆2] given by

[𝜈𝑆2]Born (𝜈,𝑄2) = 𝑒
2

2

[
1−

𝜈2
el

𝜈2
el− 𝜈2

]
𝐺𝑀 (𝑄2)F2(𝑄2). (2.100)

Therefore it is useful to write the dispersion relations for the non-Born contributions, 𝑇 ≡ 𝑇 −𝑇Born, as

𝑇1(𝜈,𝑄2) = 𝑒2

𝑀
F 2

1 (𝑄
2) +𝑇1(0,𝑄2) + 2𝜈2

𝜋

∫ ∞

𝜈inel

𝑑𝜈′
√︁
𝜈′2 +𝑄2𝜎𝑇 (𝜈′,𝑄2)
𝜈′(𝜈′2− 𝜈2− 𝑖0+)

, (2.101a)

𝑇2(𝜈,𝑄2) = 2𝑄2

𝜋

∫ ∞

𝜈inel

𝑑𝜈′
𝜈′ [𝜎𝑇 +𝜎𝐿] (𝜈′,𝑄2)√︁
𝜈′2 +𝑄2(𝜈′2− 𝜈2− 𝑖0+)

, (2.101b)

𝑆1(𝜈,𝑄2) = 𝑒2

2𝑀
F 2

2 (𝑄
2) + 2𝑀

𝜋

∫ ∞

𝜈inel

𝑑𝜈′
𝜈′2

[
𝜎𝑇𝑇 + 𝑄𝜈′𝜎𝐿𝑇

]
(𝜈′,𝑄2)√︁

𝜈′2 +𝑄2(𝜈′2− 𝜈2− 𝑖0+)
, (2.101c)

𝜈𝑆2(𝜈,𝑄2) = 2𝑀2

𝜋

∫ ∞

𝜈inel

𝑑𝜈′
𝜈′2

[
𝜈′

𝑄
𝜎𝐿𝑇 −𝜎𝑇𝑇

]
(𝜈′,𝑄2)√︁

𝜈′2 +𝑄2(𝜈′2− 𝜈2− 𝑖0+)
. (2.101d)

where the energy 𝜈inel corresponds to the lowest inelastic particle production threshold.

2.4.3 Low-energy theorems

The low-energy behavior of Compton amplitudes is driven by the low-energy theorems, which relate
the expansion terms with particular electromagnetic quantities of the nucleon, such as polarizabilities.
For instance, the expansion in 𝜈 and 𝑄2 of the non-pole parts of spin-independent ampliudes 𝑇1 and
𝑇2 reads

𝑇
n/pole
1 (𝜈,𝑄2) ≡𝑇1(𝜈,𝑄2) −𝑇pole

1 (𝜈,𝑄2) = − 𝑒
2

𝑀
+

(
𝑒2

3𝑀
⟨𝑟2⟩1 +4𝜋𝛽𝑀1

)
𝑄2 +4𝜋(𝛼𝐸1 + 𝛽𝑀1)𝜈2
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+4𝜋
[
𝛼𝐸1𝜈 + 𝛽𝑀1𝜈 +

1
12
(𝛼𝐸2 + 𝛽𝑀2)

]
𝜈4 +O(E6), (2.102)

𝑇
n/pole
2 (𝜈,𝑄2) ≡𝑇2(𝜈,𝑄2) −𝑇pole

2 (𝜈,𝑄2) = 4𝜋 (𝛼𝐸1 + 𝛽𝑀1)𝑄2

+4𝜋
[
𝛼𝐸1𝜈 + 𝛽𝑀1𝜈 +

1
12
(𝛼𝐸2 + 𝛽𝑀2)

]
𝑄2𝜈2 +O(E6), (2.103)

where ⟨𝑟2⟩1 = −6𝑑/𝑑𝑄2F1(𝑄2) |𝑄2=0 is the Dirac radius, and the energy variable E refers to either 𝑄
or 𝜈. The parameters 𝛼𝐸1 and 𝛽𝑀1 are the electric and magnetic static dipole polarizabilities, while
𝛼𝐸1𝜈 and 𝛽𝑀1𝜈 represent their dispersive corrections. They describe a linear response of the system
to electric (𝑬) and magnetic (𝑯) fields, which depend on the photon frequency 𝜔, as [175]

𝒅(𝜔) = 4𝜋(𝛼𝐸1 +𝛼𝐸1𝜈𝜔
2 + ...)𝑬 (𝜔), (2.104)

𝝁(𝜔) = 4𝜋(𝛽𝑀1 + 𝛽𝑀1𝜈𝜔
2 + ...)𝑯(𝜔), (2.105)

with 𝒅 and 𝝁 being the electric and magnetic dipole moments, correspondingly. At the same time,
the coefficients 𝛼𝐸2 and 𝛽𝑀2 are quadrupole polarizabilities, quantifying the electric (𝑄𝑖 𝑗) and
magnetic (𝑀𝑖 𝑗) quadrupole moments induced in a system when subjected to an external field gradients
𝐸𝑖 𝑗 = 1/2

(
∇𝑖𝐸 𝑗 +∇ 𝑗𝐸𝑖

)
and 𝐻𝑖 𝑗 = 1/2

(
∇𝑖𝐻 𝑗 +∇ 𝑗𝐻𝑖

)
[175]:

𝑄𝑖 𝑗 =
2𝜋
3
𝛼𝐸2𝐸𝑖 𝑗 , (2.106a)

𝑀𝑖 𝑗 =
2𝜋
3
𝛽𝑀2𝐻𝑖 𝑗 . (2.106b)

Similarly, the spin-dependent amplitudes 𝑆1 and 𝑆2 can be expanded at low energies in terms of
the so-called spin polarizabilities [176]:

𝑆
n/pole
1 (𝜈,𝑄2) = −𝑒

2𝜘2

2𝑀
+4𝜋𝑀𝛾0𝜈

2 +𝑀𝑄2
{
𝑒2𝜘2

6𝑀2 ⟨𝑟
2⟩2 +4𝜋𝛾𝐸1𝑀2

−3𝑀𝑒2
[
𝑃′(𝑀1,𝑀1)1(0) +𝑃′(𝐿1,𝐿1)1(0)

] }
+O(E4) (2.107a)

𝜈𝑆
n/pole
2 (𝜈,𝑄2 = 0) = −𝑀2𝜈2

{
4𝜋(𝛾0 +𝛾𝐸1𝐸1)

−3𝑀𝑒2
[
𝑃′(𝑀1,𝑀1)1(0) −𝑃′(𝐿1,𝐿1)1(0)

] }
+O(𝜈4) (2.107b)

where 𝜘 ≡ F2(0) is the anomalous magnetic moment of the nucleon, ⟨𝑟2⟩2 = −6/𝜘𝑑/𝑑𝑄2𝐹2(𝑄2) |𝑄2=0

is the mean-square Pauli radius; 𝛾0 is the forward spin polarizability and 𝛾𝐸1𝑀2 and 𝛾𝐸1𝐸1 are the
spin polarizabilities that correspond to the effective interaction of the spin with the electromagnetic
fields via [177]

Heff = −4𝜋
[
1
2
𝛾𝐸1𝐸1𝝈 ·

(
𝑬 × ¤𝑬

)
+ 1

2
𝛾𝑀1𝑀1𝝈 ·

(
𝑯× ¤𝑯

)
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−𝛾𝑀1𝐸2𝐸𝑖 𝑗𝜎𝑖𝐻 𝑗 +𝛾𝐸1𝑀2𝐻𝑖 𝑗𝜎𝑖𝐸 𝑗

]
, (2.108)

where 𝝈 is a vector of Pauli matrices. The derivatives of the generalized polarizabilities 𝑃′(𝑀1,𝑀1)1(0)
and 𝑃′(𝐿1,𝐿1)1(0) come from the virtual Compton scattering [170, 171], provided that

𝑃′(𝑀1,𝑀1)1(0) ±𝑃′(𝐿1,𝐿1)1(0) ≡ 𝑑

𝑑𝒒2

[
𝑃 (𝑀1,𝑀1)1(𝒒2) ±𝑃 (𝐿1,𝐿1)1(𝒒2)

]
𝒒2=0

. (2.109)

In contrast to the spin-independent polarizabilities, the spin-dependent ones have no simple analogue
in classical electrodynamics. We will not delve further into details about them, as they are beyond the
scope of the present study.

2.4.4 Sum rules

2.4.4.1 Sum rules for AMM

In the soft-photon limit, i.e. both 𝜈 and 𝑄2 tend to 0, the non-Born part of spin-dependent amplitude
𝑆1 must vanish. Hence, in this limit, making use of the dispersive representation (2.101c), one obtains
a sum rule for the Born non-pole part of the amplitude,

−𝑒
2𝜘2

2𝑀
=

2𝑀
𝜋

∫ ∞

𝜈inel

𝑑𝜈′
𝜎𝑇𝑇 (𝜈′,0)

𝜈′
, (2.110)

which is the celebrated Gerasimov-Drell-Hearn-Hosoda-Yamamoto (GDH) sum rule [178–180].
Usually this sum rule is derived starting from the real forward Compton scattering. For this case the
Compton tensor reduces to (see, e.g. [181])

𝑇 𝜇𝜈 (𝑝, 𝑞) = −𝑔𝜇𝜈 𝑓 (𝜈) + 𝑖𝜎𝜇𝜈𝑔(𝜈), (2.111)

where 𝑓 (𝜈) (𝑔(𝜈)) are the invariant amplitudes, symmetric (antisymmetric) in 𝜈. The helicity
amplitudes then have the0 form

𝑇𝜆,ℎ→𝜆′ ,ℎ′ = 𝜒
†
ℎ′

{
𝑓 (𝜈) ®𝜀∗𝜆′ · ®𝜀𝜆 +𝑔(𝜈)𝑖

(
®𝜀∗𝜆′ × ®𝜀𝜆

)
· ®𝜎

}
𝜒ℎ, (2.112)

where 𝜀𝜆 = (0, ®𝜀𝜆) (𝜀∗
𝜆′ = (0, ®𝜀∗𝜆′)) is the polarization vector of the incoming (outgoing) photon with

helicitiy 𝜆 (𝜆′); 𝜒ℎ (𝜒†
ℎ′) is the Dirac spinor with helicity ℎ (ℎ′) for the incoming (outgoing) spin-1/2

target. The helicity combination responsible for the GDH sum rule is

1
2

[
𝑇1, 1

2→1, 1
2
−𝑇1,− 1

2→1,− 1
2

]
= 𝑆1(𝜈,0)

𝜈

𝑀
= 4𝜋𝑔(𝜈), (2.113)
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where the 4𝜋 normalization factor was added to follow the common convention for 𝑓 (𝜈) and 𝑔(𝜈)
amplitudes. Then the optical theorem for the amplitude 𝑔(𝜈) reads

Im𝑔(𝜈) = 𝜈𝜎𝑇𝑇 (𝜈)
4𝜋

. (2.114)

Given that the amplitude 𝑔(𝜈) is antisymmetric in 𝜈, it should satisfy the following dispersion relation

𝑔(𝜈) = 𝜈

2𝜋2

∫ ∞

𝜈el

𝑑𝜈′
𝜈′𝜎𝑇𝑇 (𝜈′)
𝜈′2− 𝜈2 , (2.115)

which is similar to Eq. (2.88c). Implying the low-energy theorem for 𝑔(𝜈) in the l.h.s. of Eq. (2.115),
one immediately obtains the GDH sum rule.

Owing to the fact that the amplitude 𝜈𝑆2 should vanish in the limit 𝜈→ 0, while keeping 𝑄2 ≥ 0,
the same steps lead to the well-known Burkhardt-Cottingham (BC) sum rule [182]:

𝑒2

2
(1+𝜘)𝜘 = 2𝑀2

𝑄2

∫ ∞

𝜈inel

𝑑𝜈′√︁
𝜈′2 +𝑄2

[
𝜈′

𝑄
𝜎𝐿𝑇 −𝜎𝑇𝑇

]
(𝜈′,𝑄2). (2.116)

Adding the elastic part to both sides of Eq. (2.116) yields the BC sum rule in the following form

0 =

∫ 1

0
𝑔2(𝑥,𝑄2)𝑑𝑥. (2.117)

Furthermore, the linear combination 𝑆𝐿𝑇 of the amplitudes 𝑆1 and 𝜈𝑆2,

𝑆𝐿𝑇 (𝜈,𝑄2) = 𝑀𝑆1(𝜈,𝑄2) + 𝜈𝑆2(𝜈,𝑄2), (2.118)

whose imaginary part is proportional to just 𝜎𝐿𝑇 ,

Im𝑆𝐿𝑇 (𝜈,𝑄2) = 𝑀2
√︁
𝜈2 +𝑄2

𝑄
𝜎𝐿𝑇 (𝜈,𝑄2) (2.119)

allows one to write one more interesting sum rule. Given that this combination is even in 𝜈, the
non-pole part should obey the following dispersion relation

𝑆𝐿𝑇 (𝜈,𝑄2) = 2𝑀2

𝜋

∫ ∞

𝜈inel

𝑑𝜈′
𝜈′

√︁
𝜈′2 +𝑄2

𝜈′2− 𝜈2− 𝑖0+
𝜎𝐿𝑇 (𝜈′,𝑄2)

𝑄
. (2.120)

The Born non-pole part of 𝑆𝐿𝑇 is given by

𝑆
Born, n/pole
𝐿𝑇

(𝜈,𝑄2) = 𝑒
2

2
F1(𝑄2)F2(𝑄2). (2.121)
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Thus, in the limit 𝜈,𝑄2→ 0 the dispersion relation (2.120) reduces to

F1(0)F2(0) =
4𝑀2

𝑒2𝜋

∫ ∞

𝜈inel

𝑑𝜈′
𝜎𝐿𝑇 (𝜈′,𝑄2)

𝑄

����
𝑄2→0

, (2.122)

which is the Schwinger sum rule [183–185]. For charged particles it linearly relates the integrated
polarized photoabsorption observable 𝜎𝐿𝑇 with the AMM of the particle

𝜘 =
4𝑀2

𝑒2𝜋

∫ ∞

𝜈inel

𝑑𝜈′
𝜎𝐿𝑇 (𝜈′,𝑄2)

𝑄

����
𝑄2→0

. (2.123)

Since the AMM appears linearly, determining its value to a given order in 𝛼em, e.g., O(𝛼em), requires
knowledge of the observable 𝜎𝐿𝑇 up to 𝛼2

em. In contrast, achieving the same precision using the GDH
or BC sum rules, where 𝜘 enters quadratically, necessitates knowledge of the corresponding cross
sections up to 𝛼3

em. This means that the Schwinger sum rule can be checked against the nontrivial
result for 𝜘 already at the one-loop level in perturbative calculations. It was firstly done in QED by J.
Schwinger and his group (W. Tsai, L. DeRaad and K. Milton) [183, 185], who reproduced the famous
𝛼em/2𝜋 correction. The leading-order verification of this sum rule also was made for the contribution
of a neutral massive vector field [149].

2.4.4.2 Sum rules for polarizabilities

The most prominent sum rule for spin-independent polarizabilities, namely for 𝛼𝐸1 and 𝛽𝑀1 is the
Baldin sum rule [186]:

𝛼𝐸1 + 𝛽𝑀1 =
1

2𝜋2

∫ ∞

𝜈inel

𝑑𝜈′
𝜎𝑇 (𝜈′,𝑄2 = 0)

𝜈′2
. (2.124)

It can be immediately obtained by equalling 𝜈2-terms in the low-energy expansion of the dispersion
relation (2.101a) for 𝑇1 with the corresponding low-energy theorem (2.102). Alternatively, it can
be also derived from the amplitude 𝑇2. This sum rule has been instrumental for the data-driven
evaluations of the nucleon polarizabilities, and since long [187] provides the most stringent empirical
constraint on the sum of proton polarizabilties, see [181] for the state of the art. Even in the recent
experimental determinations of the proton electromagnetic polarizabilities by the A2 [157] and HIGS
[156] Collaborations, the Baldin sum rule was used to constrain the fits to the experimental data,
serving as an additional experimental point (A2) or a strict constraint (HIGS).

Due to the squared energy factor in the denominator under the integral of Eq. (2.124), the Baldin
sum rule converges rather fast. The high-energy asymptotics, given by Regge phenomenology, either
does not spoil its convergence. Indeed, as was shown in [188] for the photoabsorption data on the
proton, the high-energy behavior of 𝜎𝑇 could be parametrized by the Reggeon (𝑅), soft (𝑃𝑠) and hard
(𝑃ℎ) Pomerons:

𝜎𝑇 (𝜈,𝑄2 = 0) ∝ 𝐴𝑅𝜈𝛼𝑅−1 + 𝐴𝑃𝑠𝜈𝛼𝑃𝑠 −1 + 𝐴𝑃ℎ
𝜈𝛼𝑃ℎ

−1, (2.125)
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with the intercept parameters 𝛼𝑅 = 0.524, 𝛼𝑃𝑠 = 1.0667, 𝛼𝑃ℎ
= 1.452. Thus, the integrand in

Eq. (2.124) behaves at worst as2

𝜎𝑇 (𝜈→∞,𝑄2 = 0)
𝜈2 ∝ 𝜈−1.548, (2.126)

providing the rapid convergence even at high energies.
While the Baldin sum rule for the sum of the polarizabilities is well-established, it is of great

interest to have similar relations for each individual polarizabilitiy. Unfortunately, one cannot write
down a sum rule for 𝛽𝑀1 from the 𝑄2-term of 𝑇1 amplitude given that it will be expressed through the
unknown subtraction function 𝑇1(0,𝑄2):

𝛽𝑀1 = −
𝑒2

12𝜋𝑀
⟨𝑟2⟩1 +

𝜕𝑇1(0,𝑄2)
𝜕𝑄2

����
𝑄2→0

. (2.127)

However, one can consider the invariant Compton amplitude 𝑇𝐿 , which corresponds to the scattering
of longitudinally-polarized photons:

𝑇𝐿 (𝜈,𝑄2) =
(
1+ 𝜈

2

𝑄2

)
𝑇2(𝜈,𝑄2) −𝑇1(𝜈,𝑄2). (2.128)

The low-energy behavior of its non-pole part is given by

𝑇
n/pole
𝐿

(𝜈,𝑄2) =
(
− 𝑒

2𝜘

4𝑀
+4𝜋𝛼𝐸1

)
𝑄2

+4𝜋
[
𝛼𝐸1𝜈 + 𝛽𝑀1𝜈 +

1
12
(𝛼𝐸2 + 𝛽𝑀2)

]
𝑄2𝜈2 +O(E6), (2.129)

where the term with anomalous magnetic moment 𝜘 comes from the Born non-pole part [170]. It can
be derived by substituting the Born parts for 𝑇1 and 𝑇2 amplitudes into Eq. (2.128), which yields

𝑇Born
𝐿 (𝜈,𝑄2) =

(
𝜈el(𝜈el +2𝑀)

2𝑀𝜈2
el

−
𝜈2

el− 𝜈
2

2𝑀𝜈2
el

)
𝑇Born

2 (𝜈,𝑄2) −𝑇Born
1 (𝜈,𝑄2)

= −
𝑒2𝑄2F 2

2 (𝑄
2)

4𝑀3 + 𝑒2 2𝜈el

𝜈2
el− 𝜈2

𝐺2
𝐸 (𝑄2). (2.130)

The unsubtracted dispersion relation for 𝑇𝐿 reads

𝑇𝐿 (𝜈,𝑄2) = 2
𝜋

∫ ∞

𝜈el

𝑑𝜈′
𝜈′

√︁
𝜈′2 +𝑄2𝜎𝐿 (𝜈′,𝑄2)
𝜈′2− 𝜈2− 𝑖0+

, (2.131)

2In reality, hard Pomeron decouples for 𝑄2→ 0, thus 𝜎𝑇 (𝜈→∞,𝑄2 = 0) behaves approximately as 𝜈0.07 modulo
logarithmic terms.
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were the optical theorem has been used to relate the imaginary part of 𝑇𝐿 with the polarized
photoabsorption cross section 𝜎𝐿 ,

Im𝑇𝐿 (𝜈,𝑄2) =
√︁
𝜈2 +𝑄2𝜎𝐿 (𝜈,𝑄2). (2.132)

Now, relating the low-energy behavior of 𝑇𝐿 , given by Eq. (2.129), with the dispersion relation (2.131),
we arrive at the sum rule for electric polarizability, a “virtual sibling” of the Baldin sum rule:

𝛼𝐸1−
𝛼em𝜘

2

4𝑀3 =
1

2𝜋2

∫ ∞

𝜈inel

𝑑𝜈′
𝜎𝐿 (𝜈,𝑄2)

𝑄2

����
𝑄2→0

. (2.133)

The smooth limit 𝑄2→ 0 of the integrand is guaranteed by gauge invariance, i.e. the longitudinal
photon brings a factor of 𝑄 in the photoabsorption amplitude. The sum rule (2.133), while mentioned
in 1972 by Sucher [154], has been explicitely written down by Bernabéu and Tarrach [155] in 1975.
The detailed discussion of its convergence and possible further useful outcomes will be discussed in
details in Chapter 7.
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Appendices

2.A Conventions

We perform the calculations in the natural units, ℏ = 𝑐 = 1 and rely on the following convention of the
Minkowski metric:

𝑔𝜇𝜈 =

©­­­­­«
1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

ª®®®®®¬
, (2.134)

defining the scalar product of four-vectors 𝑎𝜇 = (𝑎0, 𝒂) and 𝑏𝜇 = (𝑏0, 𝒃) as

𝑎 · 𝑏 = 𝑔𝜇𝜈𝑎𝜇𝑏𝜈 = 𝑎0𝑏
0− 𝒂 · 𝒃. (2.135)

For calculations at light cone, we use the metric

𝑔𝐿𝐶𝜇𝜈 =

©­­­­­«
0 1 0 0
1 0 0 0
0 0 −1 0
0 0 0 −1

ª®®®®®¬
, (2.136)

where the scalar product of light-cone four vectors 𝑎𝜇 = (𝑎+, 𝑎−, 𝒂⊥) and 𝑏𝜇 = (𝑏+, 𝑏−, 𝒃⊥), with
(𝑎±, 𝑏±) ≡ 1/2

{
(𝑎0, 𝑏0) ± (𝑎3, 𝑏3)

}
, as

𝑎 · 𝑏 = 𝑔𝐿𝐶𝜇𝜈 𝑎𝜇𝑏𝜈 = (𝑎+𝑏− + 𝑎−𝑏+) − 𝒂⊥ · 𝒃⊥. (2.137)

The Pauli matrices are defined as usual

𝜎𝑥 =

(
0 1
1 0

)
, 𝜎𝑦 =

(
0 −𝑖
𝑖 0

)
, 𝜎𝑧 =

(
1 0
0 −1

)
. (2.138)

We use the gamma matrices in Dirac representation, defined as

𝛾0 =

(
1 0
0 −1

)
, 𝛾𝑘 =

(
0 𝜎𝑘

−𝜎𝑘 0

)
, 𝛾5 = 𝑖𝛾

0𝛾1𝛾2𝛾3 =

(
0 1

1 0

)
. (2.139)

The one-loop results are usually expressed in terms of the scalar Passarino-Veltman integrals [189]
in LoopTools [7] or Package-X [5, 6] notations. In particular, the scalar integral 𝐶0 of the triangle
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loop is defined as

q

p1

p3

q + k1

q + k2

p2
m1

m2

m3

=


𝐶0(𝑝2

1, 𝑝
2
2, (𝑝1 + 𝑝2)2;𝑚2

1,𝑚
2
2,𝑚

2
3) LoopTools notations

𝐶0(𝑝2
1, 𝑝

2
2, (𝑝1 + 𝑝2)2;𝑚1,𝑚2,𝑚3) Package-X notations

=
𝜇4−d

𝑖𝜋d/2
Γ(1−2𝜖)

Γ2(1− 𝜖)Γ(1+ 𝜖)

∫
𝑑d𝑞

1
(𝑞2−𝑚2

1)
[
(𝑞 + 𝑘1)2−𝑚2

2
] [
(𝑞 + 𝑘2)2−𝑚2

3
] , (2.140)

where d = 4−2𝜖 , 𝑘1 = 𝑝1 and 𝑘2 = 𝑝1 + 𝑝2. The loop calculations in this work were performed mostly
employing Package-X and partially LoopTools.

Also, the Källén (or triangular) function 𝜆 is widely used,

𝜆(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧2−2𝑥𝑦−2𝑥𝑧−2𝑦𝑧. (2.141)

2.B Conformal mapping variable 𝜔(𝑠)

Fig. 2.7 Left-hand cut singularities (solid black curves) in the complex 𝑠-plane for the case when
𝑚1 = 𝑚2 (upper plane) and 𝑚2 > 𝑚1 (lower plane). In the plot, we schematically show the position of
the closest left-hand cut singularity (𝑠𝐿), threshold (𝑠𝑡ℎ), and the expansion point (𝑠𝐸). Dashed lines
determine the specific form of the conformal map and subsequently the domain of convergence of the
conformal expansion. Figure is taken from [190].
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The form of 𝜔(𝑠) depends on the cut structure of the reaction. Since it is impossible to write a
dispersive representation for the inverse amplitude in the coupled-channel case, we do not consider an
inclusion into 𝜔(𝑠) possible inelastic cuts3, as it was proposed in [193–195]. Therefore 𝜔(𝑠) is solely
specified by the position of the closest left-hand cut branching point (𝑠𝐿) and an expansion point (𝑠𝐸),
around which the series is expanded, 𝜔(𝑠𝐸) = 0. The latter typically is chosen in the middle between
the threshold and the energy of the last data point that is fitted to the data,

√
𝑠𝐸 =

1
2

(√
𝑠𝑡ℎ +
√
𝑠𝑚𝑎𝑥

)
. (2.142)

This particular choice guarantees a fast convergence of the conformal expansion in that region. To
access some of the systematic uncertainties, the value of 𝑠𝐸 can be varied around its central value
(2.142).

Since for the scattering of the particles with 𝑚1 = 𝑚2 = 𝑚 the left-hand cut lies on the real axis,
−∞ < 𝑠 < 𝑠𝐿 , one can use a simple function

𝜔(𝑠) =
√
𝑠− 𝑠𝐿 −

√
𝑠𝐸 − 𝑠𝐿√

𝑠− 𝑠𝐿 +
√
𝑠𝐸 − 𝑠𝐿

, (2.143)

𝑠𝐿 = 4𝑚2− 𝑡𝑥 ,

where 𝑡𝑥 is the lowest threshold in the crossed 𝑡 or 𝑢 channels. For instance for 𝜋𝜋→ 𝜋𝜋 or 𝐷𝐷̄→ 𝐷𝐷̄

scattering 𝑡𝑥 = 4𝑚2
𝜋 .

For the case when 𝑚2 > 𝑚1 (e.g. 𝜋𝐾→ 𝜋𝐾 or 𝜋𝐷→ 𝜋𝐷 scattering), the left-hand cut structure
is a bit more complicated (see Fig. 2.7). In addition to the left-hand cut lying on the real axis
−∞ < 𝑠 < (𝑚2−𝑚1)2, there is a circular cut at |𝑠 | = 𝑚2

2 −𝑚
2
1. The conformal map that meets these

requirements is defined as

𝜔(𝑠) = −
(√
𝑠−√𝑠𝐸

) (√
𝑠
√
𝑠𝐸 + 𝑠𝐿

)(√
𝑠+√𝑠𝐸

) (√
𝑠
√
𝑠𝐸 − 𝑠𝐿

) , (2.144)

𝑠𝐿 = 𝑚
2
2−𝑚

2
1 .

We note that for the forms of 𝜔(𝑠), given in Eqs. (2.143) and (2.144), the conformal series, being
truncated at any finite order, is bounded asymptotically. This is consistent with the assigned asymptotic
behavior.

3The correct way of implementing inelastic cuts is through the coupled-channel dispersion relation for the direct
amplitude [191, 192] or by considering Roy-like equations [44–49, 37, 50–53].
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Chapter 3

Dispersive inverse amplitude method for
elastic scattering of spinless particles

This Chapter introduces an improved approach to parameterizing elastic scattering amplitudes for
spinless particles that adheres to fundamental S-matrix constraints while offering practical applicability.
The method centers on writing a dispersion relation for the inverse amplitude. The left-hand cut
contribution in the physical region are parametrized using a conformal mapping expansion, respecting
its analytical structure. Possible Adler zeros are incorporated as additive pole terms in the inverse
amplitude and implements angular momentum barrier factors for higher partial waves. This dispersive
parameterization offers several advantages over conventional techniques. Unlike common Breit-
Wigner or K-matrix parameterizations, our method rigorously accounts for the left-hand cut and avoids
introducing spurious poles. It also allows for a more systematic implementation of the Adler zero
constraint, which is often overlooked or treated phenomenologically in other approaches. Furthermore,
our framework extends beyond existing methods like the K-matrix with Chew-Mandelstam phase
space or previous conformal map parameterizations. By requiring the inverse amplitude to satisfy
the dispersion relation, we significantly constrain the possible forms of the parametrization, leading
to more reliable results. We also demonstrate the equivalence of partial-wave dispersion relations
for direct and inverse amplitudes in elastic scattering and show how our approach encompasses
the modified Inverse Amplitude Method (mIAM) as a special case. This chapter will detail the
formalism of our dispersive parameterization, compare it conceptually with existing methods, and
present numerical test cases, with a particular focus on recent lattice data for S-wave isoscalar 𝜋𝜋 and
𝜋𝐾 scattering. Through this exploration, we aim to provide a more rigorous and versatile tool for
extracting resonance properties from both experimental and lattice QCD data.

The work presented in this Chapter is based on the publication [190], for which the author
conducted all the numerical calculations, and the proceeding [196].
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Dispersive inverse amplitude method for elastic scattering of spinless particles

3.1 Dispersive parametrization of inverse amplitude

3.1.1 S-wave scattering

We start explaining the method with the simplest case – the S-wave (𝐽 = 0) scattering. The possible
zero of the amplitude, 𝑡0(𝑠𝐴) = 0 (which in the case of the 𝜋𝜋 and 𝜋𝐾 scattering corresponds to the
Adler zero), can be incorporated either as a zero of 𝑁 (𝑠) or as a pole in 𝐷 (𝑠). In the former case, the
easiest is to choose 𝑠𝑀 = 𝑠𝐴, leading to

𝐷 (𝑠) = 1− 𝑠− 𝑠𝐴
𝜋

∫ ∞

𝑠𝑡ℎ

𝑑𝑠′

𝑠′− 𝑠𝐴
𝑁 (𝑠′) 𝜌(𝑠′)
𝑠′− 𝑠 , (3.1)

𝑁 (𝑠) =𝑈 (𝑠) + 𝑠− 𝑠𝐴
𝜋

∫ ∞

𝑠𝑡ℎ

𝑑𝑠′

𝑠′− 𝑠𝐴
𝑁 (𝑠′) 𝜌(𝑠′) (𝑈 (𝑠′) −𝑈 (𝑠))

𝑠′− 𝑠 .

where 𝑈 (𝑠𝐴) = 0 from (2.39). On another side, the set of integral equations with the so-called
Castillejo-Dalitz-Dyson (CDD) pole [161] at 𝑠𝐴 has the following form (for any 𝑠𝑀 ≠ 𝑠𝐴)

𝐷 (𝑠) = 1− 𝑠− 𝑠𝑀
𝜋

∫ ∞

𝑠𝑡ℎ

𝑑𝑠′

𝑠′− 𝑠𝑀
𝑁 (𝑠′) 𝜌(𝑠′)
𝑠′− 𝑠 + (𝑠− 𝑠𝑀 )

𝑔1
𝑠− 𝑠𝐴

,

𝑁 (𝑠) =𝑈 (𝑠) + 𝑠− 𝑠𝑀
𝜋

∫ ∞

𝑠𝑡ℎ

𝑑𝑠′

𝑠′− 𝑠𝑀
𝑁 (𝑠′) 𝜌(𝑠′) (𝑈 (𝑠′) −𝑈 (𝑠))

𝑠′− 𝑠 + (𝑠− 𝑠𝑀 )
𝑔1 (𝑈 (𝑠) −𝑈 (𝑠𝐴))

𝑠− 𝑠𝐴
.

(3.2)

Using a toy model, both (3.1) and (3.2) have been checked numerically to give the same solution that
satisfies the initial p.w. dispersion relation (2.38) with the constraint 𝑡0(𝑠𝐴) = 0. Even though the
realization through the CDD pole looks more complicated, it allows us to obtain a simple analytical
formula under the assumption that𝑈 (𝑠) ≈𝑈0 = 𝑐𝑜𝑛𝑠𝑡. In this case Eq.(3.2) reduces to

[𝑡0(𝑠)]−1 ≈ 1
𝑈0
+ 𝑠− 𝑠𝑀

𝜋

∫ ∞

𝑠𝑡ℎ

𝑑𝑠′

𝑠′− 𝑠𝑀
−𝜌(𝑠′)
𝑠′− 𝑠 + (𝑠− 𝑠𝑀 )

𝑔1/𝑈0
𝑠− 𝑠𝐴

. (3.3)

For the more complicated form of the left-hand cut, one needs to solve an integral equation numerically
using the matrix inversion method, which requires significant computation time in the case of bootstrap
fits.

Alternative to the conventional p.w. dispersion relation, for the elastic scattering one can write a
partial wave dispersion relation for the inverse amplitude

[𝑡0(𝑠)]−1 = [𝑡0(𝑠𝑀 )]−1 + 𝑠− 𝑠𝑀
𝜋

∫
𝐿,𝑅

𝑑𝑠′

𝑠′− 𝑠𝑀
Im [𝑡0(𝑠′)]−1

𝑠′− 𝑠 + 𝑠− 𝑠𝑀
𝑠𝐴− 𝑠𝑀

𝑔𝐴

𝑠− 𝑠𝐴
, (3.4)

where we allowed for the pole contribution at 𝑠 = 𝑠𝐴, which corresponds to the Adler zero in 𝜋𝜋 and
𝜋𝐾 scattering. The integral over the right-hand cut can be fixed again from unitarity in Eq. (2.32),
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leading to the following integral equation

[𝑡0(𝑠)]−1 = [𝑡0(𝑠𝑀 )]−1 + 𝑠− 𝑠𝑀
𝜋

∫
𝐿

𝑑𝑠′

𝑠′− 𝑠𝑀
Im [𝑡0(𝑠′)]−1

𝑠′− 𝑠 (3.5)

+ 𝑠− 𝑠𝑀
𝜋

∫ ∞

𝑠𝑡ℎ

𝑑𝑠′

𝑠′− 𝑠𝑀
−𝜌(𝑠′)
𝑠′− 𝑠 +

𝑠− 𝑠𝑀
𝑠𝐴− 𝑠𝑀

𝑔𝐴

𝑠− 𝑠𝐴
.

We emphasize that Eqs. (3.5) and (2.37) are equivalent: 𝑡0(𝑠) and [𝑡0(𝑠)]−1 have the same analytic
structure, except for the possible presence of the poles (or zeros) in 𝑡0(𝑠) and [𝑡0(𝑠)]−1. It could be a
pole in 𝑡0(𝑠) that correspond to the bound state and therefore [𝑡0(𝑠𝐵)]−1 = 0. Another possibility is
a pole in [𝑡0(𝑠)]−1, that correspond to the Adler zero, 𝑡0(𝑠𝐴) = 0. The constraints of 𝑡0(𝑠𝐴) = 0 and
[𝑡0(𝑠𝐵)]−1 = 0 can be easily incorporated in Eqs. (2.37) and (3.5) by choosing 𝑠𝑀 = 𝑠𝐴 and 𝑠𝑀 = 𝑠𝐵,
respectively. We checked numerically for the elastic isoscalar 𝜋𝜋 S-wave scattering that Eqs. (2.37)
and (3.5) are consistent with each other using a toy model for the left-hand cut discontinuity in Eq.
(2.37).

In a general scattering problem, little is known about the left-hand cuts, except their analytic
structure in the complex plane. The progress has been made in [197–200]. It relies on the consideration
of an analytic continuation of the left-hand cut contributions to the physical region, employing a series
expansion in terms of a suitably constructed conformal mapping variable 𝜔(𝑠). The latter is chosen
such that it maps the left-hand cut plane onto the unit circle [201]. For the most typical cases the exact
forms of 𝜔(𝑠) was given in Appendix 2.B. In [191, 192] the function𝑈 (𝑠) of Eq. (2.38) was expanded
in the conformal mapping series. Here we suggest to apply the conformal mapping expansion to the
first two terms of Eq. (3.5), which leads to the following parametrization of the inverse of 𝑡0(𝑠),

[𝑡0(𝑠)]−1 ≃
∞∑︁
𝑛=0

𝐶𝑛𝜔
𝑛 (𝑠) +𝑅(𝑠, 𝑠𝑀 ) +

𝑠− 𝑠𝑀
𝑠𝐴− 𝑠𝑀

𝑔𝐴

𝑠− 𝑠𝐴
, (3.6)

𝑅(𝑠, 𝑠𝑀 ) ≡
𝑠− 𝑠𝑀
𝜋

∫ ∞

𝑠𝑡ℎ

𝑑𝑠′

𝑠′− 𝑠𝑀
−𝜌(𝑠′)
𝑠′− 𝑠 . (3.7)

The unknown coefficients 𝐶𝑛, 𝑔𝐴 and 𝑠𝐴 can be adjusted to reproduce the experimental or lattice data
or fixed from the effective field theory by imposing some matching condition. Note that when the
conformal series is truncated to a single dominant term, Eq.(3.6) coincides with Eq.(3.3), which was
derived from the 𝑁/𝐷 ansatz.

The advantage of (3.5) compared to (2.38) in the elastic approximation is twofold. First of all,
when in both dispersion representations the left-hand cut is approximated by the conformal expansion,
Eq. (3.5) becomes much simpler than Eq. (2.38), because one does not need to solve numerically the
integral equation. Secondly, as it will be shown below, it is easy to extend the formalism to 𝐽 ≠ 0.
However, the dispersion relation for the inverse amplitude has a clear limitation: it cannot be extended
to the coupled-channel case [202, 203]. Due to the matrix inversion, there would be a mixture of the
left-hand cuts of all involved channels, which can also affect the physical region where one has an
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overlapping cut structure. The typical example is the coupled-channel {𝜋𝜋,𝐾𝐾̄} scattering [204], in
which the left-hand cut of 𝐾𝐾̄→ 𝐾𝐾̄ starts at 4 (𝑚2

𝐾
−𝑚2

𝜋) and the matrix inversion will therefore
produce a spurious contribution to the 𝜋𝜋→ 𝜋𝜋 unitarity cut. In contrast, the overlapping of the left
and right-hand cuts in 𝐾𝐾̄→ 𝐾𝐾̄ does not jeopardize the 𝑁/𝐷 framework, since it happens in the
non-physical region (see Ref. [191, 192] for more details and its application to 𝑓0(980)).

3.1.2 𝐽 ≠ 0, 𝑚1 = 𝑚2 scattering

For the case of scattering with 𝐽 ≠ 0 one needs to take into account the angular momentum barrier
factor which implies that around the threshold the amplitude should behave as

𝑡𝐽 (𝑠) ∼ 𝑝(𝑠)2𝐽
𝑚1=𝑚2∼ (𝑠− 𝑠𝑡ℎ)𝐽 . (3.8)

This is implemented by writing a 𝐽 +1 subtracted dispersion relation for the ratio

𝑓𝐽 (𝑠) ≡
(𝑠− 𝑠𝑡ℎ)𝐽
𝑡𝐽 (𝑠)

, (3.9)

which is free from kinematic constraints. It leads to

𝑓𝐽 (𝑠) =
𝐽∑︁
𝑖=0

1
𝑖!
𝑓
(𝑖)
𝐽
(𝑠𝑡ℎ) (𝑠− 𝑠𝑡ℎ)𝑖 (3.10)

+ (𝑠− 𝑠𝑡ℎ)
𝐽+1

𝜋

∫
𝐿,𝑅

𝑑𝑠′

(𝑠′− 𝑠𝑡ℎ)𝐽+1
Im 𝑓𝐽 (𝑠′)
𝑠′− 𝑠 ,

where no Adler-related pole was added since there is no known reaction where the amplitude has
an extra zero in addition to the one at 𝑠 = 𝑠𝑡ℎ given in Eq. (3.8). Note, that here we subtracted the
dispersion relation at the threshold. It allows us to bring the integral over the right-hand cut into the
form of Eq. (3.7). Indeed, re-expressing 𝑓𝐽 (𝑠) in terms of 𝑡𝐽 (𝑠) and applying the unitarity relation
(2.32), we obtain

[𝑡𝐽 (𝑠)]−1 =
1

(𝑠− 𝑠𝑡ℎ)𝐽
𝐽∑︁
𝑖=0

1
𝑖!
𝑓
(𝑖)
𝐽
(𝑠𝑡ℎ) (𝑠− 𝑠𝑡ℎ)𝑖 (3.11)

+ 𝑠− 𝑠𝑡ℎ
𝜋

∫
𝐿

𝑑𝑠′

𝑠′− 𝑠𝑡ℎ
Im [𝑡𝐽 (𝑠′)]−1

𝑠′− 𝑠

+ 𝑠− 𝑠𝑡ℎ
𝜋

∫ ∞

𝑠𝑡ℎ

𝑑𝑠′

𝑠′− 𝑠𝑡ℎ
−𝜌(𝑠′)
𝑠′− 𝑠 .

Since 𝑓 (𝑖)
𝐽
(𝑠𝑡ℎ) are in general unknown constants, one can write a general parametrization

[𝑡𝐽 (𝑠)]−1 ≃ 1
(𝑠− 𝑠𝑡ℎ)𝐽

𝐽−1∑︁
𝑖=0

1
𝑖!
𝑓
(𝑖)
𝐽
(𝑠𝑡ℎ) (𝑠− 𝑠𝑡ℎ)𝑖 +

∞∑︁
𝑛=0

𝐶𝑛𝜔
𝑛 (𝑠) +𝑅(𝑠, 𝑠𝑡ℎ) ,
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where as before, the contribution from the left-hand cut together with the constant term was expanded
in a suitably constructed conformal mapping series. For instance, for 𝐽 = 1 it corresponds to

[𝑡1(𝑠)]−1 ≃ 𝑎

𝑠− 𝑠𝑡ℎ
+
∞∑︁
𝑛=0

𝐶𝑛𝜔
𝑛 (𝑠) +𝑅(𝑠, 𝑠𝑡ℎ) , (3.12)

and similar for 𝐽 = 2

[𝑡2(𝑠)]−1 ≃ 𝑎

(𝑠− 𝑠𝑡ℎ)2
+ 𝑏

𝑠− 𝑠𝑡ℎ
+
∞∑︁
𝑛=0

𝐶𝑛𝜔
𝑛 (𝑠) +𝑅(𝑠, 𝑠𝑡ℎ). (3.13)

The parameters 𝑎, 𝑏 and 𝐶𝑛 will be fitted to the data in Sec. 3.4.

3.1.3 𝐽 ≠ 0, 𝑚1 ≠ 𝑚2 scattering

In case of non-equal masses, we propose to write a dispersive representation for the amplitude

𝑔𝐽 (𝑠) ≡
𝑝(𝑠)2𝐽
𝑡𝐽 (𝑠)

, (3.14)

which is free from any kinematic constraints. The corresponding 𝐽 +1-times subtracted dispersion
relation reads

𝑔𝐽 (𝑠) = 𝑃𝐽 (𝑠) +
𝑄𝐽+1(𝑠)

𝜋

∫
𝐿,𝑅

𝑑𝑠′

𝑄𝐽+1(𝑠′)
Im 𝑔𝐽 (𝑠′)
𝑠′− 𝑠 , (3.15)

where 𝑃𝐽 (𝑠) is a polynomial of degree 𝐽 and 𝑄𝐽+1(𝑠) is defined as

𝑄𝐽+1(𝑠) ≡ (𝑠− 𝑠𝑀1) (𝑠− 𝑠𝑀2) ... (𝑠− 𝑠𝑀𝐽+1) . (3.16)

The choice of the subtraction points 𝑠𝑀𝑖
is in general arbitrary. However, it is useful to choose 𝑠𝑀𝑖

in such a way, that the integral over the right-hand cut can be written in terms of 𝑅(𝑠, 𝑠𝑀 ) given in
Eq. (3.7) (which is known analytically). Therefore, for the case of 𝑚1 = 𝑚2 it is useful to put all
subtraction points at the threshold 𝑠𝑀𝑖

= 𝑠𝑡ℎ, thus reproducing Eq. (3.11). On another side, for 𝐽 = 1
and 𝑚1 ≠ 𝑚2, it is useful to choose 𝑠𝑀1 = 𝑚

2
− and 𝑠𝑀2 = 𝑚

2
+, which leads to Eq. (3.19). For 𝐽 > 1 and

𝑚1 ≠ 𝑚2 it is unfortunately impossible to express the answer in terms of 𝑅(𝑠, 𝑠𝑀 ). For simplicity, let
us choose 𝑠𝑀𝑖

at the same point 𝑠𝑀

[𝑡𝐽 (𝑠)]−1 =
1

𝑝2𝐽 (𝑠)

(
𝐽∑︁
𝑖=0

1
𝑖!
𝑔
(𝑖)
𝐽
(𝑠𝑀 ) (𝑠− 𝑠𝑀 )𝑖

+ (𝑠− 𝑠𝑀 )
𝐽+1

𝜋

∫
𝐿,𝑅

𝑑𝑠′

𝑠′− 𝑠𝑀
Im [𝑡𝐽 (𝑠)]−1

𝑠′− 𝑠
𝑝2𝐽 (𝑠′)
(𝑠′− 𝑠𝑀 )𝐽

)
(3.17)
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Dispersive inverse amplitude method for elastic scattering of spinless particles

and approximate (as described before) the contribution from the left-hand cut together with the
constant term in a suitably constructed conformal mapping series. It holds

[𝑡𝐽 (𝑠)]−1 =
1

𝑝2𝐽 (𝑠)

(
𝐽−1∑︁
𝑖=0

𝑎𝑖 (𝑠− 𝑠𝑀 )𝑖 + (𝑠− 𝑠𝑀 )𝐽
{ ∞∑︁
𝑛=0

𝐶𝑛𝜔
𝑛 (𝑠) +𝑅𝐽 (𝑠, 𝑠𝑀 )

})
,

where

𝑅𝐽 (𝑠, 𝑠𝑀 ) ≡
𝑠− 𝑠𝑀
𝜋

∫ ∞

𝑠𝑡ℎ

𝑑𝑠′

𝑠′− 𝑠𝑀
−𝜌(𝑠′)
𝑠′− 𝑠

𝑝2𝐽 (𝑠′)
(𝑠′− 𝑠𝑀 )𝐽

. (3.18)

In Eq. (3.18), the constants 𝑎𝑖 and 𝐶𝑛 are unknown.
To illustrate an application of the general formulas to a simple example, let us consider the 𝐽 = 1

case (with an example in mind of 𝜋𝐾 or 𝜋𝐷 scattering). In this case, we write a twice-subtracted
dispersion relation for 𝑔1(𝑠) in the following form

𝑔1(𝑠) = 𝑎 + 𝑏 𝑠+
(𝑠−𝑚2

−) (𝑠−𝑚2
+)

𝜋

∫
𝐿,𝑅

𝑑𝑠′

(𝑠′−𝑚2
−) (𝑠′−𝑚2

+)
Im𝑔1(𝑠′)
𝑠′− 𝑠 ,

where 𝑚± = 𝑚1±𝑚2. Re-expressing 𝑔1(𝑠) in terms of 𝑡1(𝑠) we obtain

[𝑡1(𝑠)]−1 =
𝑎 + 𝑏 𝑠
𝑝2(𝑠)

+ 𝑠
𝜋

∫
𝐿

𝑑𝑠′

𝑠′
Im [𝑡1(𝑠′)]−1

𝑠′− 𝑠 + 𝑠
𝜋

∫ ∞

𝑠𝑡ℎ

𝑑𝑠′

𝑠′
−𝜌(𝑠′)
𝑠′− 𝑠

≃ 𝑎 + 𝑏 𝑠
𝑝2(𝑠)

+
∞∑︁
𝑛=1

𝐶𝑛 (𝜔𝑛 (𝑠) −𝜔𝑛 (0)) +𝑅(𝑠,0) . (3.19)

Note that for 𝑚1 = 𝑚2, Eq. (3.19) reduces to Eq. (3.12) with the proper redefinition of the unknown
parameters.

3.2 Comparison to other parametrizations

Before applying dispersively justified representations to the physical cases, it is instructive to compare
Eqs. (3.6, 3.12, 3.13, 3.19) with the commonly used parametrizations.

3.2.1 K-matrix approach

For general 𝐽, the K-matrix approach can be written as

[𝑡𝐽 (𝑠)]−1 =
1

𝑝(𝑠)2𝐽
𝐾−1(𝑠) + 𝐼 (𝑠) , (3.20)
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3.2 Comparison to other parametrizations

where Im 𝐼 (𝑠) = −𝜌(𝑠). The standard K-matrix implementations correspond to [205]

𝐾 (𝑠) = 𝑔2

𝑚2− 𝑠
+
∑︁
𝑛

𝛾𝑛 𝑠
𝑛 , (3.21)

with 𝐼 (𝑠) being the conventional phase-space 𝐼 (𝑠) = −𝑖 𝜌(𝑠) or its Chew-Mandelstam [66] version,
𝐼 (𝑠) = 𝐼 (𝑠𝑀 ) + 𝑅(𝑠, 𝑠𝑀 ). The possible Adler zero is typically added by weighting 𝐾 (𝑠) by a factor
(𝑠− 𝑠𝐴) [58],

𝐾 (𝑠) = (𝑠− 𝑠𝐴)
(
𝑔2

𝑚2− 𝑠
+
∑︁
𝑛

𝛾𝑛 𝑠
𝑛

)
. (3.22)

The attempt of adding the left-hand cut contribution was made in [206], using the conformal mapping
expansion. The suggested parameterization for the case with Adler zero was written as

𝐾−1(𝑠) = 𝑚2
𝜋

𝑠− 𝑠𝐴

(
2𝑠𝐴
𝑚𝜋
√
𝑠
+
∞∑︁
𝑛=0

𝐶𝑛𝜔
𝑛 (𝑠)

)
(3.23)

or in an alternative form as [194, 195]

𝐾−1(𝑠) = 𝑚2
𝜋

𝑠− 𝑠𝐴

( ∞∑︁
𝑛=0

𝐶𝑛𝜔
𝑛 (𝑠)

)
. (3.24)

First of all, we emphasize that all the parametrizations with conventional phase-space are at best
limited to the physical region only. Below threshold, they have unphysical left-hand singularities
and cannot be connected to the dispersion relation. The non-analytic behaviour of 𝜌(𝑠) below the
two-particle threshold also often causes spurious poles in the complex plane. The attempt of fixing this
problem by adding an additional

√
𝑠 term in Eq.(3.23) only place this parameterization further away

from the dispersive construction. In the parametrizations with Chew-Mandelstam phase-space, the
subtraction point 𝑠𝑀 and the constant 𝐼 (𝑠𝑀 ) are typically freely chosen. However, in some cases it can
essentially affect the structure of the left-hand cut contribution. For instance, for 𝐽 = 1 and 𝑚1 ≠ 𝑚2

the particular form of Chew-Mandelstam phase space with 𝑠𝑀 = 0 is connected to the particular form
of the left-hand cut contribution (see Eq.(3.19)).

The commonly used K-matrix implementations given by Eqs. (3.21, 3.22) at best assume that
the left-hand cut contribution can be approximated by a constant. The inclusion of the left-hand cuts
in Eqs. (3.23, 3.24) is a step forward, however its implementation is non-dispersive for two main
reasons. First, the left-hand cut contribution in Eqs. (3.23, 3.24) is multiplied by the pole contribution
from the Adler zero. The correct implementation of the analytic properties, in turn, requires additive
contribution from the left-hand cut and the pole due to Adler zero as derived in Eqs. (3.5,3.11,3.19).
Second, the proposed form of 𝜔(𝑠) in [206, 194, 195] accounts not only for the left-hand cut, but also
for the inelastic cuts. This more general form of 𝜔(𝑠) can only help with an effective description
around the inelastic threshold. It does not improve the validity of the parameterization in the complex
plane, since both on the left-hand and inelastic cuts the conformal mapping expansion does not
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Dispersive inverse amplitude method for elastic scattering of spinless particles

converge by construction, i.e. 𝜔(𝑠) = 1. As emphasized before, it is not possible to write a dispersion
relation for the inverse amplitude in the coupled-channel case and therefore the inclusion of the
contribution from the inelastic cuts into 𝜔(𝑠) does not have a firm dispersive ground.

3.2.2 mIAM and IAM

Finally, let’s compare Eqs. (3.5) and (3.11) with the IAM (mIAM) [207–211]. The latter is a widely
used way of unitarizing 𝜒PT (see e.g. Refs.[212–214, 203, 215]). For the elastic S-wave scattering it
has the following form

𝑡mIAM
0 (𝑠) =

[
𝑡LO
0 (𝑠)

]2

𝑡LO
0 (𝑠) −

[
𝑡NLO
0 (𝑠) − 𝑡LO

0 (𝑠)
]
+ 𝐴mIAM(𝑠)

, (3.25)

where 𝑡LO
0 and 𝑡NLO

0 are leading order (LO) and next-to-leading order (NLO) S-wave scattering
amplitudes in 𝜒PT, respectively. Note, that Eq. (3.25) can be naively derived in the physical region by
performing NLO expansion of Re[𝑡 (𝑠)]−1 and plugging it into [𝑡 (𝑠)]−1 = Re[𝑡 (𝑠)]−1− 𝑖 𝜌(𝑠) relation.
On the other hand, it has been shown in Ref. [211] that Eq. (3.25) can be justified by writing the
p.w. dispersion relation for the inverse amplitude and approximating the subtraction constants and the
left-hand cut discontinuity by its chiral expansion. The 𝐴mIAM(𝑠) term in needed to remove a spurious
pole on the real axis below threshold and at the same time incorporate correctly the Adler zero.

By taking LO and NLO SU(2) 𝜒PT amplitudes from [216] with low energy constants from [217]
for the isoscalar S-wave 𝜋𝜋 scattering we have checked that mIAM given in Eq. (3.25) indeed satisfies
the dispersion relation for the inverse amplitude (3.5)

[
𝑡mIAM
0 (𝑠)

]−1
=

[
𝑡mIAM
0 (𝑠𝑀 )

]−1 + 𝑠− 𝑠𝑀
𝑠𝐴− 𝑠𝑀

𝑔𝐴

𝑠− 𝑠𝐴
+ 𝑠− 𝑠𝑀

𝜋

∫
𝐿,𝑅

𝑑𝑠′

𝑠′− 𝑠𝑀
Im

[
𝑡mIAM
0 (𝑠′)

]−1

𝑠′− 𝑠 ,

𝑔𝐴 =

(
d𝑡mIAM

0 (𝑠)
d𝑠

�����
𝑠=𝑠𝐴

)−1

. (3.26)

This implies that mIAM is a specific case of the proposed parameterization given in Eq.(3.6). We have
checked that for fixed 𝑠𝐴, 𝑔𝐴 to the mIAM and by adjusting just one leading term in the conformal
expansion 𝐶0 = 𝑡

mIAM
0 (𝑠𝑀 = 𝑠𝑡ℎ) we can reproduce the results of the mIAM in the physical region and

in the complex plane around 𝜎/ 𝑓0(500) resonance with ∼ 5% accuracy.
Note that it is not guaranteed by the dispersion construction (see e.g. Eq.(3.5) or Eq.(3.26)) that

the inverse amplitude would not turn zero somewhere in the complex plane leading to unphysical
poles of the amplitude itself. That is exactly what happens with mIAM, which does not satisfy the
dispersion relation for the direct amplitude (2.38) due to two spurious poles on the 1st Riemann sheet
at 𝑠 = −0.87±0.49 𝑖 GeV2. These spurious poles are an artifact of a specific model for the left-hand
cuts. In general, the mIAM, or the more general parameterization given in Eq.(3.6), is not meant to be
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3.2 Comparison to other parametrizations

Fit parameters Pole position

𝑔𝐴 𝑎 𝑏 𝐶0 𝐶1 𝜒2/d.o.f √
𝑠𝑝, MeV

√︃
𝑠

Roy-like
𝑝 , MeV

𝜋𝜋→ 𝜋𝜋

(𝐽 = 0, 𝐼 = 0), Exp 0.44 - - 4.86 - 0.4 468− 𝑖239 457+14
−13− 𝑖279+11

−7

(𝐽 = 0, 𝐼 = 0), Lattice 0.56 - - 1.37 - 0.8 560− 𝑖169 -
𝑚𝜋 = 239 MeV
(𝐽 = 0, 𝐼 = 2), Exp -0.84 - - -23.98 - 0.0 - -
(𝐽 = 1, 𝐼 = 1), Exp - 2.30 - -5.42 - 3.0 758− 𝑖73 763.7+1.7−1.5− 𝑖73.2+1.0−1.1

- 1.92 - -4.26 -4.44 0.9 762− 𝑖71
(𝐽 = 2, 𝐼 = 0), Exp - 0.04 10.01 -7.87 - 1.1 1261− 𝑖94 1267.3+0.9−0.9− 𝑖87(9)
𝜋𝐾→ 𝜋𝐾

(𝐽 = 0, 𝐼 = 1/2), Exp 0.44 - - 2.30 - 2.1 707− 𝑖246 648(7) − 𝑖280(16)
0.22 - - 1.48 1.54 0.0 684− 𝑖312

(𝐽 = 0, 𝐼 = 1/2), Lattice 0.63 - - 1.53 - 0.4 764− 𝑖278 -
𝑚𝜋 = 239 MeV
(𝐽 = 0, 𝐼 = 3/2), Exp -0.86 - - -7.86 - 0.5 - -
(𝐽 = 1, 𝐼 = 1/2), Exp - 0.86 -1.05 - - 0.7 889− 𝑖27 890(2) − 𝑖25.6(1.2)

Table 3.1 Fit parameters entering Eqs. (3.6, 3.12, 3.13, 3.19) which were adjusted to reproduce available
pseudo-data from the Roy-like analyses [44–46, 52, 53] or lattice data [58, 60]. In Eq. (3.6), the Adler
position 𝑠𝐴 is fixed from the LO 𝜒PT (given in Eq. (3.29)), while the subtraction constant is chosen to
be at threshold, 𝑠𝑀 = 𝑠𝑡ℎ. In the right columns we collect pole positions found on the 2nd Riemann
sheet and compare them with the Roy-like extractions [218, 44–46, 52, 53]. See text for more details.

applied in the unphysical region of the 1st Riemann sheet. What is more important, is that there are no
spurious poles on the 2nd Riemann sheet, where the 𝜎/ 𝑓0(500) pole resides.

For the P-wave 𝜋𝜋 scattering, we checked that 𝑡IAM
1 (𝑠) given by [207–210]

𝑡IAM
1 (𝑠) =

[
𝑡LO
1 (𝑠)

]2

𝑡LO
1 (𝑠) −

[
𝑡NLO
1 (𝑠) − 𝑡LO

1 (𝑠)
] , (3.27)

satisfies the p.w. dispersion relations for the inverse amplitude given by Eq. (3.11), i.e.

[
𝑡IAM
1 (𝑠)

]−1
=
𝑓 IAM
1 (𝑠𝑡ℎ)
𝑠− 𝑠𝑡ℎ

+
[
𝑓 IAM
1 (𝑠𝑡ℎ)

] ′ + 𝑠− 𝑠𝑡ℎ
𝜋

∫
𝐿,𝑅

𝑑𝑠′

𝑠′− 𝑠𝑡ℎ
Im

[
𝑡IAM
1 (𝑠′)

]−1

𝑠′− 𝑠 , (3.28)

𝑓 IAM
1 (𝑠) ≡ 𝑠− 𝑠𝑡ℎ

𝑡IAM
1 (𝑠)

.

Here, similarly to the S-wave, one can adjust the parameters of the conformal expansion in Eq.(3.12)
such that Eq.(3.12) reproduces IAM almost exactly. We have also checked that in P-wave IAM does
not have any spurious poles.
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Fig. 3.1 Results of the fits (𝛿𝐼
𝐽
) to the pseudo-data from the Roy-like analyses (top and central panels)

[44–46, 52, 53] and lattice data (bottom panels) [58, 60]. In all cases (except 𝛿0
0 and 𝛿2

0 and fits to
lattice data) the last fitted data point is around ∼ 1 GeV, which corresponds to the validity of Roy-like
solution. In the case of 𝛿0

0, however, we limited the fit till 700 MeV, since above the effect of the
𝑓0(980) becomes important. For 𝛿2

0 we took 𝑠1/2
𝑚𝑎𝑥 = 1.42 GeV, which correspond to the highest point

where the set of forward dispersion relations was applied [44–46, 52, 53].

The main difference between the proposed dispersive inverse amplitudes given in Eqs. (3.6, 3.12, 3.13, 3.19)
and mIAM (IAM) is that the former can be applied to any elastic scattering, and it is not limited to the
Lagrangian based resummation scheme [219]. The unknown parameters in Eqs. (3.6, 3.12, 3.13, 3.19)
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3.3 Adler zero

can be fixed directly from the experimental or lattice data (some numerical examples will be shown
below). The only required input for the 𝜋𝜋 and 𝜋𝐾 scattering is the Adler zero position, since it lies
in the unphysical region and typically can not be constrained well by the data. On another side, the
unknown parameters in Eqs. (3.6, 3.12, 3.13, 3.19) can be estimated from 𝜒PT (an example is shown at
the end of Section 3.4), which allows to connect continuously the results with different quark masses,
similar to mIAM.

3.3 Adler zero

For the S-wave 𝜋𝜋 and 𝜋𝐾 scattering one has to account for an Adler zero of the amplitude required
by chiral symmetry. Its position typically lies very close to the left-hand cut and cannot be determined
precisely from the fit to data in the physical region. Around the Adler zero the chiral perturbation
theory (𝜒PT) converges relatively fast. For the physical pion mass the higher-order corrections shifts
the LO results

𝑠𝐼=0
𝐴 =

𝑚2
𝜋

2
, 𝑠𝐼=2

𝐴 = 2𝑚2
𝜋 , 𝑠

𝐼=3/2
𝐴

= 𝑚2
𝜋 +𝑚2

𝐾 ,

𝑠
𝐼=1/2
𝐴

=
1
5

(
𝑚2
𝜋 +𝑚2

𝐾 +2
√︃

4 (𝑚2
𝐾
−𝑚2

𝜋)2 +𝑚2
𝜋𝑚

2
𝐾

)
. (3.29)

only slightly. For larger than physical pion mass values the position of the Adler zero becomes more
sensitive to the input from the LECs, which enter at higher orders. As an example, in Fig. 3.2 we

sA
I=0(mπ) [GeV2]

LO χPT
NLO χPT

0.15 0.20 0.25 0.30
0.00
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0.02
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0.04
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0.07
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Fig. 3.2 Adler zero position 𝑠𝐴 as a function of the pion mass for the S-wave isoscalar 𝜋𝜋 scattering.
In the plot we used SU(2) 𝜒PT p.w. amplitudes at leading order (LO) and next-to-leading order (NLO)
from [216] (expressed in terms of the pion decay constant in the chiral limit) and low-energy constants
(LECs) 𝑙𝑟1 = −4.03(63) ×10−3, 𝑙𝑟2 = 1.87(21) ×10−3, 𝑙𝑟3 = 0.8(3.8) ×10−3, 𝑙𝑟4 = 6.2(1.3) ×10−3 from
[217].
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show the isoscalar Adler zero position as a function of the pion mass up to NLO order using the
expressions of the p.w. amplitudes [216] in terms of the pion decay constant in the chiral limit, 𝑓0.
The maximal 𝑚𝜋 is considered to be ∼ 300 MeV, which lies well within the 𝜒PT range of applicability.
The LECs were taken from [217] and assumed to be uncorrelated. This assumption is rather strong
and effectively includes an uncertainty related to the truncation error of the chiral expansion.
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Fig. 3.3 The positions of the Adler zero, predicted by LO and NLO 𝜒PT, with respect to the pion
mass. For 𝐼 = 1/2,3/2 we fixed the strange-quark mass effectively via the LO 𝜒PT meson mass
relations with 𝑚𝜋 = 239 MeV and 𝑚𝐾 = 508 MeV taken from [60]. The gray bands illustrate the 1𝜎
uncertainty propagated from the LECs using the bootstrap technique. The black curves correspond to
the central values of LECs. Top panel: 𝐼 = 0,2 from SU(2) 𝜒PT with LECs from [217]. Bottom panel:
𝐼 = 1/2,3/2 from SU(3) 𝜒PT with LECs (“𝑝4”-fit) from [217]. The blue dot-dashed line shows the
closest left-hand cut branch point.

For isospin 𝐼 = 3/2, however, the p.w. amplitudes, being expanded in terms of 𝑓0, have quite a bad
convergence at high pion masses. This can be partially improved employing an alternative expansion
of the 𝜒PT amplitudes in terms of the physical pion decay constant 𝑓𝜋 . The pion mass dependence of
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the latter is then fixed by its NLO perturbative expansion. This strategy effectively resumes some
of the higher-order 𝜒PT corrections, enhancing the 𝜒PT convergence. The corresponding behavior
of the Adler zero, given by SU(2) and SU(3) 𝜒PT at LO and NLO, is shown in Fig. 3.3. The SU(3)
𝜒PT amplitudes are taken from [203], while both the LECs for the SU(2) and SU(3) 𝜒PT theories are
taken from [217] (for SU(3), the “p4”-fit values are taken). The error bands on both Figs. 3.2 and 3.3
are estimated by propagating the uncertainties from the low-energy constants1 (LECs) of the theory,
assuming that they are uncorrelated.

Since the lattice data do not provide enough information to control the amplitude around the Adler
zero, it is important to implement this chiral constraint in the fits. As it will be shown in the next
section, for 𝑚𝜋 = 239 MeV the error on the 𝑓0(500) pole parameters due the Adler zero position is
suppressed compared to the statistical error from the lattice data [58]. For pion masses sufficiently
larger than 300 MeV, the Adler zero constraint may be less accurate. In this case, a reasonable strategy
is to perform the fit both with and without the Adler zero constraint.

3.4 Numerical examples

In this section, we present some test fits to the well-established 𝜋𝜋 and 𝜋𝐾 scattering with 𝐽 = 0,1,2
in the low energy region. Here we do not attempt to provide a detailed analysis of experimental data.
Instead, we opt for fitting the result of the Roy (Roy-Steiner) analyses [44–46, 52, 53], as the best
representation of the data. The goal is to show that the proposed dispersive parametrizations are
suitable to the search for poles in the complex plane and can describe both: wide tetraquark states
(like 𝜎/ 𝑓0(500)) and relatively narrow quark-antiquark states (like the 𝜌(770) or 𝑓2(1270) mesons).
For simplicity, we present our numerical test results using the LO input (3.29)

As one can see in Table 3.1 and Fig. 3.1, an accurate description of the Roy (Roy-Steiner)
pseudo-data is achieved with at most 3 parameters. We also observed, that adding more terms in the
conformal expansion, one can systematically improve the fits. Note that by fitting the Roy (Roy-Steiner)
results, which are smooth functions, the 𝜒2/𝑑.𝑜. 𝑓 loses its statistical meaning and can be < 1.

As an example, we also perform a numerical comparison between Eq.(3.6) and the most
advanced analytical 𝜎/ 𝑓0(500) parameterization given by Eqs. (7, 10, 12, 14) of Ref. [194]. That
parameterization corresponds to Eqs.(3.20,3.24) with 𝐼 (𝑠) = 𝑅(𝑠,0) and the conformal variable,

𝜔(𝑠) =
√
𝑠−𝛼

√︃
4𝑚2

𝐾
− 𝑠

√
𝑠+𝛼

√︃
4𝑚2

𝐾
− 𝑠

, (3.30)

with the typical choice of 𝛼 = 1.0 [194]. The variation of 𝛼 around 1.0 or replacing Eq. (3.30) by
(2.143), leads to the very compatible results. The two parameter fit to Roy solution up to 𝑠1/2

𝑚𝑎𝑥 = 700

1We use those LECs that do not depend on meson masses, but on the regularization scale. Hence they are treated as
fixed parameters in chiral extrapolation.
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MeV gives 𝜒2/d.o.f = 1.7, 2 and the pole position at√𝑠𝑝 = 448(7) − 𝑖205(4)MeV. In order to improve
the obtained width of 𝜎/ 𝑓0(500), one needs to add a third parameter. This is clearly not as good as
the fit given in Table 3.1, which produces a pole position at √𝑠𝑝 = 468(8) − 𝑖239(4)MeV, i.e. much
closer to the Roy solution with just two parameters. Another useful comparison of Eq.(3.6) and
Eqs. (3.20,3.24,3.30) is the employment of them as the unitarization method of 𝜒PT. By constraining
two unknown parameters in Eqs. (3.20,3.24,3.30) and Eq. (3.6) from the 𝜒PT threshold parameters
𝑎0,NNLO = 0.220(5) and 𝑏0,NNLO = 0.276(6) [37] one obtains √𝑠𝑝 = 389(15) − 𝑖262(13)MeV and
√
𝑠𝑝 = 426(29) − 𝑖263(22)MeV, respectively. Clearly, the dispersive parameterization (3.6) produces

the results closer to the Roy-like analysis.
For the description of the lattice data of S-wave isoscalar 𝜋𝜋→ 𝜋𝜋 (𝑚𝜋 = 239 MeV) scattering

[58] HadSpec collaboration used 8 different parameterizations, leading to the wide spread of the
𝜎/ 𝑓0(500) pole position, √𝑠𝑝 = 550 . . .780− 𝑖 (115 . . .285)MeV. We would like to emphasize, that
out of all applied parameterizations, only the “fit 3a” (which corresponds to Eqs.(3.20,3.22) with
𝛾𝑛 = 0 and 𝐼 (𝑠) = −Re[𝑅(𝑚2, 𝑠𝑡ℎ)] + 𝑅(𝑠, 𝑠𝑡ℎ)) can be cast into the dispersive form for the inverse
amplitude with the conformal series truncated at 𝑛𝑚𝑎𝑥 = 0. However, it translates one-to-one only
under an assumption that 𝑔2 and 𝑚2 in Eq.(3.22) can also take on negative values. It can also be
reinforced by the fact that in order to reproduce 𝜒PT threshold parameters for the physical pion mass
𝑎0,NNLO = 0.220 and 𝑏0,NNLO = 0.276, one needs to use 𝑔2 = −3.78 and 𝑚2 = −1.47. In turn, for
𝑚𝜋 = 239 MeV the “fit 3a” from HadSpec and Eq.(3.6) truncated at 𝑛𝑚𝑎𝑥 = 0 coincide, leading to
a significant reduction of the spread of the 𝜎/ 𝑓0(500) pole position. When more precise data will
be available, the extension of “fit 3a” dispersively goes with additional parameters related to the
left-hand cuts 𝐶𝑛 in Eqs.(3.6,2.143), rather than polynomial 𝛾𝑛 terms in Eq.(3.22). In Table 3.1 we
reproduced the results of “fit 3a” close enough, given the fact that we performed a simple fit to 𝑝 cot𝛿
instead of the energy levels. The former is sufficient for our following discussion related to the chiral
extrapolation.

As a first step, we quantify the uncertainty due to the Adler zero position. Using NLO 𝜒PT
amplitudes expanded in 𝑓0, we obtain (see Fig. 3.2)

𝑠𝐼=0
𝐴,NLO(𝑚𝜋 = 239MeV) = 0.023(10)GeV2 , (3.31)

which is a very conservative estimate, since the LECs were assumed to be uncorrelated. The
propagation of Eq.(3.31) into the pole position gives √𝑠𝑝 = 561(4) − 𝑖171(7)MeV. In case when
both the uncertainties of lattice data and Adler zero input are taken into account, one gets

√
𝑠𝑝 = 559+48

−53− 𝑖168+20
−17 MeV , (3.32)

2The fit of Eqs. (3.24,3.30) to Roy-like solution up to 𝑠1/2𝑚𝑎𝑥 = 800 MeV gives 𝜒2/d.o.f = 4.0 compared to 𝜒2/d.o.f = 1.5
using Eq. (3.6).
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where the error corresponds to 1𝜎 confidence level provided by the bootstrap analysis. We have also
checked that exactly the same result is achieved when only the uncertainty of lattice data is accounted
for, while the Adler zero is fixed to its central NLO position. This points out that the current lattice
data completely dominate the uncertainty, and the final result is not very sensitive to the exact position
of the Adler zero in Eq.(3.31).

Next, we compare the values of the fitted parameters to lattice data [58]

𝑔𝐴 = 0.58(10), 𝐶0 = 1.36(26) , (3.33)

with the corresponding estimations from NLO 𝜒PT (𝑚𝜋 = 239 MeV)

𝑔𝐴,NLO =

(
d𝑡NLO

0 (𝑠)
d𝑠

�����
𝑠=𝑠𝐴

)−1

= 0.45(3) ,

𝐶0,NLO =
[
𝑡NLO
0 (𝑠𝑡ℎ)

]−1
= 1.42(6) . (3.34)

As one can see, the fitted parameters are consistent with 𝜒PT extrapolation. Similarly, expanding 𝜒PT
amplitudes in physical pion decay constant, we obtain...

Pole Adler zero bootstrap Full bootstrap
√
𝑠𝜎 , MeV 555(3) − 𝑖171(4) 553+46

−52− 𝑖167+19
−16

√
𝑠𝜅 , MeV 765(2) − 𝑖279(13) 765+61

−58− 𝑖275+40
−31

Table 3.2 The parameters of 𝜎 and 𝜅 poles, which correspond to the left panel of Fig. 3.4.

Unfortunately, currently the error bars of the lattice data are too large to impose some constraints
on the LECs. However, more data is expected in the near future with the improved precision. In
addition, the existing lattice data for the P-wave [220–222] (calculated also at the physical pion mass
[223, 224]) can help to constraint LECs even at the two loop level, as has been demonstrated in [216].
We emphasise that in the proposed dispersive parametrizations, we are free to choose where to do
the matching to 𝜒PT. The natural choice is around the Adler zero and/or the threshold. Once the
matching is done, the proposed parameterizaition can be used to predict the pion mass dependence and
the obtained LECs will correspond exactly to the ones in perturbative 𝜒PT calculations, as opposed
to mIAM (IAM). We have checked that Eq. (3.6), truncated to the leading term in the conformal
expansion with parameters fixed from NLO 𝜒PT (see left hand side of Eq. (3.34)), produces the same
qualitative behaviour of the 𝑓0(500) pole as in mIAM [212]. With increasing pion mass values the
imaginary part of the pole decreases, and then 𝑓0(500) becomes a virtual bound state.
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Fig. 3.4 Left panel: the 𝜎 and 𝜅 poles (𝑚𝜋 ∼ 240MeV) are shown with their 1𝜎 uncertainties. The
full bootstrap mean value (black point), its uncertainty (black line) and bootstrap points (gray points)
are given. The mean value of the Adler zero bootstrap (red point), the corresponding uncertainties (red
line) and the bootstrap points (white points) are also shown. The central value (blue point) corresponds
to the pure fit without an error analysis. Right panel: The dispersive inverse amplitudes (DIA) from
the fit to the lattice data (blue bands) [58, 60] compared to the extrapolated NLO 𝜒PT results (gray
bands).

3.5 Conclusion and outlook

In this Chapter, improved parametrizations for elastic p.w. amplitudes are proposed, see Eqs.
(3.6, 3.12, 3.13, 3.19). They are based on dispersive representations for the inverse p.w. amplitudes. In
this approach unitarity and analyticity constraints are implemented exactly. The contributions from
the left-hand cuts were accounted for in a model-independent way using the expansion in a conformal
variable, which maps the left-hand cut plane onto the unit circle. For the S-wave scattering special
attention was paid to the possible Adler zero contribution. For the higher partial waves, the angular
momentum barrier factors were carefully implemented. The approach was also compared with the
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mIAM (IAM) and argued that both for the S and P-waves the constructed parametrizations can be
understood as a more general method, where one is not assuming a particular Lagrangian-based form
for the left-hand cuts and subtraction constants. The latter is useful for lattice calculation with the
relatively large 𝑚𝜋 or scattering of 𝜋𝐾 , 𝜋𝐷, 𝐾𝐷, etc.

The new parametrizations were applied to the well-studied test cases of 𝜋𝜋 and 𝜋𝐾 scattering with
𝐽 = 0,1,2, showing that at most 3 parameters are needed to reproduce very precise Roy/Roy-Steiner
pseudo-data in the physical region. The obtained pole positions lie fairly close to the exact solutions.

The main motivation for developing these so-called dispersive inverse amplitudes (DIA), is
their application to the upcoming lattice data in 𝜋𝜋, 𝜋𝐾, 𝜋𝐷 and 𝐾𝐷 channels. In addition, these
parametrizations can be beneficial for the fits to data constrained by Roy-like equations or forward
dispersion relations [218, 44–46, 195, 225]. However, the framework is general and not specific to the
particular reactions, thus laying the groundwork for analyses of any lattice or experimental data in the
elastic region.
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Chapter 4

Real light-by-light scattering in
ultraperipheral heavy-ion collisions at
LHC

In this chapter, the real LbL scattering is considered in view of the recent measurements of this reaction
in ultraperipheral heavy-ion collisions at LHC by ATLAS [71–73] and CMS [74] Collaborations.
The first evidence of this reaction was reported by ATLAS in 2017 [71]. The analyzed data were
from Pb-Pb collisions at a center-of-mass energy of 5.02 TeV with an integrated luminosity of 0.48
nb−1, which were recorded in 2015 during Run 2 at LHC. Around seven 𝛾𝛾→ 𝛾𝛾 signal events
out of thirteen observed were reported in the diphoton mass region 5-30 GeV. The significance of
the observation was estimated at approximately 4𝜎. The obtained integrated fiducial cross section
amounted to 𝜎fid. = 70± 24, (stat.),±17(syst.) nb. This corresponded to the experimental cuts on
the transverse energy of each photon, 𝐸𝛾T > 3 GeV, diphoton invariant mass 𝑚𝛾𝛾 > 6 GeV, photon
pseudorapidity |𝜂 | < 2.4, and diphoton acoplanarity 𝐴𝜙 < 0.01. The available theoretical predictions
for the integrated cross section over this fiducial phase space were 45± 9 nb [70] and 49± 10 nb
[75]. Hence, agreement between the observed and predicted values was declared within the (large)
experimental uncertainty, albeit the theoretical central value lay at the edge of the experimental
uncertainty.

Later, in 2018, the CMS Collaboration also established evidence of LbL scattering in Pb-Pb
collisions [74] by analyzing the data collected in 2015. The measurement was performed at the same
center-of-momentum (c.o.m.) energy of the Pb beam, however, with a smaller integrated luminosity
of 0.39 nb−1. The fiducial phase space was limited by cuts on the transverse photon energy, 𝐸𝛾T > 2
GeV, diphoton invariant mass 𝑚𝛾𝛾 > 5 GeV, photon pseudorapidity, and diphoton acoplanarity. The
latter two were the same as in the case of the ATLAS 2017 observation. Fourteen event candidates
were detected, nine of which were treated as a signal with around 3.5𝜎 significance. The obtained
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integrated fiducial cross section was 𝜎fid = 120±46 (stat.) ±28 (syst.) ±12 (theo.) nb 1, compared
to the theoretically estimated value 116±12 nb from [70]. Thus, despite the very low statistics, a
remarkably good agreement between theory and experiment was observed. In 2019, the ATLAS
Collaboration analysed the dataset with higher luminosity of 1.73 nb−1, collected in 2018, and
observed the LbL scattering signal with 8.2𝜎 significance [72]. For this analysis, relatively stringent
cuts were used on the diphoton mass, 𝑚𝛾𝛾 > 6 GeV, and the single-photon transverse energy, 𝐸𝛾T > 3
GeV.

Finally, in 2020, ATLAS performed a combined analysis of the data recorded in 2015 and 2018,
with a total luminosity of 2.2 nb−1 [73]. The improved trigger efficiency and purity in the proton
identification allowed for the employment of wider kinematic cuts: in diphoton invariant mass,
𝑚𝛾𝛾 > 5 GeV, and single-photon transverse energy, 𝐸𝛾T > 2.5 GeV, which has increased the signal
yield by about 50% compared to the previous more stringent cuts. The performed analysis resulted in
97 event candidates, where 45 signal events and 27 are background events were expected.

As was pointed out in section 1.3, Eqs. (1.16), the unfolded data show the discrepancy with
theoretical prediction of around 2𝜎. The distributions, shown in Fig. 1.2 demonstrate that the
discrepancy comes from the 5-10 GeV region in diphoton mass and wide 𝛾𝛾→ 𝛾𝛾 scattering angle (or,
equivalently, small photon rapidity), whereas the remaining experimental points follow the theoretical
predictions pretty well. Moreover, it is assumed that the phase space related to aforementioned
discrepancy is still such that the pQCD can be safely applied. The latter fact is incorporated in all
existing event generators for LbL scattering [70, 75, 226], where the process at wide angles is modeled
just by the sum of one-loop contributions of leptons and quarks. Therefore, assuming the correct data
analysis, several scenarios can be served as an explanation of the observed discrepancy:

1. the underlying theoretical model for the LbL scattering is incomplete or inadequate at diphoton
energies below 10 GeV; the next-to-leading order SM corrections and/or nonperturbative QCD
effects should be properly included;

2. there exist some unknown resonance structures with pronounced 𝛾𝛾-decay width, which are
pertinent to the energy region 5-10 GeV.

Furthermore, the intriguing aspect is that the specified energy regime has not been investigated
previously. The available data, obtained on the hadroproduction via the two-photon fusion, consists
of the production of the lowest-lying pseudoscalar mesons 𝜋0, 𝜂 and 𝜂′[227–229] and the total
unpolarized cross section of 𝛾𝛾→hadrons [230–236]. While the data on the former are collected
only at low energies ranging from 0.1 to 4 GeV, the total two-photon fusion hadronic cross section was
measured up to 160 GeV, covering the region of interest. However, in this region the total unpolarized
two-photon fusion cross section is fully dominated by QCD background, making impossible the
observation of the narrow resonances with small 𝛾𝛾 couplings.

1The 10% theo. uncertainty was derived from the spread of various approaches to implement the nonhadronic-overlap
condition in the simulation.
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Therefore, a brief review of the theoretical models of real LbL scattering at various energies is
first provided. Subsequently, a simple update to the pQCD-based model, which is used in modern
event generators, is presented. The proposed model, based on the forward LbL sum rules, is designed
to cover the low-energy region and the soft diffractive regime of near-forward scattering. Finally, the
observed discrepancy is addressed by fitting the fully charmed tetraquark state into the LbL scattering.

The content of this Chapter is partially based on the publication [237] and the proceeding [238].
It also contains a significant part of unpublished results concerning the hadronic model for LbL
scattering and the two-photon width estimation in the diquark-antidiquark picture using the quark
model.

4.1 Real LbL scattering at various energies

4.1.1 QED contribution

(a) (b)

Fig. 4.1 Leading-order QED contribution to the LbL scattering (a) and its approximation by an
effective low-energy theory (b).

According to QED, the leading contribution to the LbL scattering is of order 𝛼2
em and comes from

the one-loop box diagram depicted in Fig. 4.1 (a) together with its crossed-channel versions. Electrons,
muons and 𝜏-leptons are running in the loop, but the leading contribution stems from the former. This
contribution was firstly obtained directly by Karplus and Neuman in 1951 [239] and subsequently
proven via dispersive evaluation by De Tollis et al. [240, 241]. The corresponding helicity amplitudes,
compactly written in terms of Passarino-Veltman scalar integrals in, e.g., [169] and [242], are given in
Appendix 4.A. The behavior of the helicity amplitudes at the limiting values of energies is given in
Tab. 4.1. It can be seen that only the spin-conserving helicity amplitudes survive at high energies,
whereas the double helicity-flip amplitude 𝑀+++− is suppressed compared to the others at all energies.

The low-energy result can be also obtained invoking the low-energy effective field theory. When
the photon energies are much smaller than electron mass, one can integrate out the heavy degrees of
freedom from the generating functional and build the corresponding low-energy effective theory with
constant photon-photon interaction, as shown in Fig. 4.1 (b). Quantitatively this constant can be read
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helicity amplitude 𝜔≪ 𝑚𝑒, O(𝜔6/𝑚6
𝑒) 𝜔≫ 𝑚𝑒, O(𝑚𝑒/𝜔)

𝑀++++(𝑠, 𝑡, 𝑢) 𝑒4 11𝑠2

45𝑚4
𝑒

−16𝑒4 log2
(
𝜔
𝑚𝑒

)
𝑀+−−+(𝑠, 𝑡, 𝑢) 𝑒4 11𝑡2

45𝑚4
𝑒

0

𝑀+−+− (𝑠, 𝑡, 𝑢) 𝑒4 11𝑢2

45𝑚4
𝑒

−16𝑒4 log2
(
𝜔
𝑚𝑒

)
𝑀++−− (𝑠, 𝑡, 𝑢) −𝑒4 𝑠2+𝑡2+𝑢2

15𝑚4
𝑒

0
𝑀+++− (𝑠, 𝑡, 𝑢) 0 0

Table 4.1 The leading behavior of the LbL helicity amplitudes in QED at low and high photon c.o.m.
energy 𝜔.

out from the Euler-Heisenberg Lagrangian [243],

LEH = −1
4
𝐹𝜇𝜈𝐹

𝜇𝜈 − 𝛼em
8𝜋

∫ ∞

0

𝑑𝑠

𝑠
𝑒−𝑖 (𝑠+𝑖 𝜀)𝑚

2 Recos(𝑒𝑠𝑋)
Imcos(𝑒𝑠𝑋) 𝐹𝜇𝜈𝐹

𝜇𝜈 , (4.1)

where the function 𝑋 depends on the electromagnetic fields as

𝑋 =

√︂
1
2
𝐹𝜇𝜈𝐹

𝜇𝜈 + 𝑖
2
𝐹𝜇𝜈𝐹

𝜇𝜈 , (4.2)

with the dual electromagnetic tensor 𝐹𝜇𝜈 = 1/2𝜖 𝜇𝜈𝛼𝛽𝐹𝛼𝛽. This Lagrangian can be obtained by
integrating out the electrons from the QED generating functional, and is essentially the low-energy
approximation of the interaction of an arbitrary amount of photons at the one-loop level in QED
(cf. Fig. 4.2). At low photon energies, the leading-order terms in effective Lagrangian for 𝛾𝛾→ 𝛾𝛾

(a) (b)

Fig. 4.2 The one-loop QED diagrams that are resummed by the Euler-Heisenberg Lagrangian.

scattering are given by

L (8) = 𝑐1
(
𝐹𝜇𝜈𝐹

𝜇𝜈
)2 + 𝑐2

(
𝐹𝜇𝜈𝐹

𝜇𝜈
)2
, (4.3)
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thus containing the operators of dimension eight. In QED the constants 𝑐1 and 𝑐2 are given by [244]

𝑐1 =
𝛼2

em
90𝑚4 , 𝑐2 =

7𝛼2
em

360𝑚4 . (4.4)

The independent helicity amplitudes at this order read

𝑀
(8)
++++(𝑠, 𝑡, 𝑢) = 8𝑠2(𝑐1 + 𝑐2), (4.5a)

𝑀
(8)
+++− (𝑠, 𝑡, 𝑢) = 0, (4.5b)

𝑀
(8)
++−− (𝑠, 𝑡, 𝑢) = 8(𝑠2 + 𝑡2 +𝑢2) (𝑐1− 𝑐2). (4.5c)

Note that the same low-energy behavior of these amplitudes and the QED boxes that are given in
Tab. 4.1 is a general consequence of gauge invariance. Since the LbL amplitude should satisfy Ward
identities,

𝑘
𝜇

1 𝑀𝜇𝜈𝛼𝛽 = 0, 𝑘𝜈2𝑀𝜇𝜈𝛼𝛽 = 0, 𝑘𝛼3 𝑀𝜇𝜈𝛼𝛽 = 0, 𝑘
𝛽

4 𝑀𝜇𝜈𝛼𝛽 = 0, (4.6)

it should be proportional to a quadruple product of the photon momenta 𝑘1, ..., 𝑘4. Hence its low-energy
expansion should start at least from the energy to the power of four.

In general case, the low-energy constants 𝑐1 and 𝑐2 can be determined in a data-driven way via the
polarized two-photon fusion cross sections [245, 167] as

𝑐1 =
1

8𝜋

∫ ∞

𝑠th

𝑑𝑠

𝑠2 𝜎∥ (𝑠), 𝑐2 =
1

8𝜋

∫ ∞

𝑠th

𝑑𝑠

𝑠2 𝜎⊥(𝑠). (4.7)

The next-to-leading order effective Lagrangian for the two-photon scattering with the operators of
dimension ten, can be constructed using derivatives of the electromagnetic tensor [167].

Given that the Euler-Heisenberg Lagrangian was derived using one-particle Dirac equation
neglecting the electron-positron pair, its prediction is not valid already at the pair-creation threshold.
Moreover, as an effective low-energy theory, it violates unitarity such that the amplitudes grow with
energy too fast, which is a consequence of the high power of the photon momenta in the numerator.

4.1.2 Hadronic contribution

A much more subtle contribution comes from the hadron physics. It could be nominally splitted into
the different regions in energy 𝜔 and scattering angle 𝜃 of the two-photon pair:

1. low-energy region, where 𝜔 ≲ 1-2 GeV, which roughly corresponds to the B𝜒PT and resonance
applicability region,

2. high-energy near-forward (diffractive, Regge) region, for which 𝜔≫ 1 GeV and cos𝜃 ∼ 1,

3. high-energy off-forward (perturbative QCD) region with 𝜔≫ 1 GeV and cos𝜃 ∼ 0,

4. intermediate region, where the above regions go one to another.
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The low-energy region is represented by the contributions from low-energy hadron spectrum, say
pions, kaons etc. and the corresponding scalar and tensor resonances that emerge in meson-meson
rescattering2. While the pion and kaon contributions can be successfully described in the framework
of the SU(2) or SU(3) meson 𝜒PT, a proper account for the 𝜂-mesons and resonances is more involved.
For instance, the lowest-lying scalar resonance 𝑓0(500), or 𝜎, has a quite large total decay width,
Γ𝜎 ≈ 250 MeV, which is essentially dominated by the decay channel into two pions. The decay of this
state into two photons, however, has an estimated width of just a few keV. Thus, in order to correctly
account for its effect on the LbL process, a couple-channel analysis is unavoidably required. A
situation for 𝜂- and 𝜂′-mesons is even more subtle. For 𝜂-meson, there are three main decay channels,
namely 𝛾𝛾 (40%), 3𝜋0 (33%) and 𝜋+𝜋−𝜋0 (23%), while the 𝜂′-meson decays to the photon pair only
in 2.3% cases. Its decay is mainly driven by 𝜋+𝜋−𝜂 (43%), 𝜌0𝛾 (30%) and 𝜋0𝜋0𝜂 (22%). Moreover,
one should not forget about the 𝜂-𝜂′ mixing.

4.1.2.1 Low-energy region: Lagrangian-based model for hadronic exchanges

Due to the aforementioned numerous complications, a precise and self-consistent treatment of all the
known low-energy hadronic states is a highly-nontrivial task. However if we are not interested in a
high precision, but just in an approximate model for the hadronic background, we can simplify the
picture by relaxing certain physical criteria. Following [248], the most simple way is to consider the
meson exchanges in the narrow-width approximation, choosing the Breit-Wigner parametrization with
the energy-dependent total (Γtot(𝑠)) and two-photon decay (Γ𝑥→𝛾𝛾 (𝑠)) widths. Then the propagator
Δ𝑥 for the meson exchange will read

Δ
𝜇1𝜇2...𝜇2𝑁 ,𝜈1𝜈2...𝜈2𝑁
𝑥 (𝑘) = 𝑖P̂

𝜇1𝜇2...𝜇2𝑁 ,𝜈1𝜈2...𝜈2𝑁 (𝑘)
𝑘2−𝑚2

𝑥 + 𝑖𝑚𝑥Γtot(𝑘2)
. (4.8)

Here P̂𝜇1𝜇2...𝜇2𝑁 ,𝜈1𝜈2...𝜈2𝑁 (𝑘2) is the projection operator, which is given by the nature of the resonance
exchange. It couples to the 𝑥𝛾𝛾 vertex by 2𝑁 indices, 𝜇1...𝜇2𝑁 or 𝜈1...𝜈2𝑁 . For instance, for
(pseudo)scalar exchanges the projection operator is equal to unity, and for the tensor exchanges it is
given by

P̂𝜇1𝜇2,𝜈1,𝜈2 =
1
2
(𝑔̃𝜇1𝜈1 𝑔̃𝜇2𝜈2 + 𝑔̃𝜇1𝜈2 𝑔̃𝜇2𝜈1) − 1

3
𝑔̃𝜇1𝜇2 𝑔̃𝜈1𝜈2 , (4.9)

with 𝑔̃𝛼𝛽 = −𝑔𝛼𝛽 + 𝑘𝛼𝑘𝛽/𝑘2.
The 𝑥𝛾𝛾 interaction vertices in turn are given by the corresponding interaction Lagrangian terms.

In the present work, we are interested in the scalar, pseudoscalar and tensor interactions:

1. 𝛾𝛾-scalar vertex, ΔL = −𝑔𝑥𝛾𝛾𝜙𝐹𝜇𝜈𝐹𝜇𝜈:

Γ𝜇𝜈 (𝑞1, 𝑞2) = −2𝑖𝑔𝑥𝛾𝛾 (𝑞1 · 𝑞2𝑔
𝜇𝜈 − 𝑞𝜈1𝑞

𝜇

2 ). (4.10)
2Exchange of the vector states are forbidden due to the Landau-Yang theorem [246, 247].
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2. 𝛾𝛾-pseudoscalar vertex, ΔL = −𝑔𝑥𝛾𝛾2 𝜙𝜖 𝜇𝜈𝛼𝛽𝐹𝛼𝛽𝐹
𝜇𝜈:

Γ𝜇𝜈 (𝑞1, 𝑞2) = 2𝑖𝑔𝑥𝛾𝛾𝜖 𝜇𝜈𝛼𝛽𝑞1𝛼𝑞2𝛽 . (4.11)

3. 𝛾𝛾-tensor vertex, ΔL =
[
𝑎𝑥𝛾𝛾 (𝜕𝜌𝐹𝜇𝜈) (𝜕𝜆𝐹𝜇𝜈) + 𝑏𝑥𝛾𝛾𝐹𝜇𝜌𝐹𝜇𝜆

] (
𝑔𝜌𝜌

′ − 1
4𝑔
𝜌𝜆𝑔𝜌

′𝜆′
)
𝜙𝜌′𝜆′ :

Γ𝜇𝜈𝜌𝜆(𝑞1, 𝑞2) = 2𝑎𝑥𝛾𝛾Γ (0)𝜇𝜈𝜌𝜆(𝑞1, 𝑞2) − 𝑏𝑥𝛾𝛾Γ (2)𝜇𝜈𝜌𝜆(𝑞1, 𝑞2), (4.12)

where the helicity-0 and helicity-2 parts are defined, correspondingly, as

Γ
(0)
𝜇𝜈𝜌𝜆
(𝑞1, 𝑞2) =

(
𝑞1 · 𝑞2𝑔𝜇𝜈 − 𝑞2𝜇𝑞1𝜈

) (
𝑞1𝜌𝑞2𝜆 + 𝑞2𝜌𝑞1𝜆−

1
2
𝑞1 · 𝑞2𝑔𝜌𝜆

)
(4.13)

Γ
(2)
𝜇𝜈𝜌𝜆
(𝑞1, 𝑞2) =𝑞1 · 𝑞2

(
𝑔𝜇𝜈𝑔𝜌𝜆 +𝑔𝜇𝜆𝑔𝜌𝜈

)
+𝑔𝜇𝜈

(
𝑞1𝜌𝑞2𝜆 + 𝑞2𝜌𝑞1𝜆

)
− 𝑞1𝜈𝑞2𝜆𝑔𝜇𝜌 − 𝑞1𝜈𝑞2𝜌𝑔𝜇𝜆− 𝑞2𝜇𝑞1𝜆𝑔𝜈𝜌 − 𝑞2𝜇𝑞1𝜌𝑔𝜈𝜆

−
(
𝑞1 · 𝑞2𝑔𝜇𝜈 − 𝑞2𝜇𝑞1𝜈

)
𝑔𝜌𝜆. (4.14)

Here the four-momenta of the two photons incoming into each vertex are 𝑞𝜇1 and 𝑞𝜈2 .

The corresponding sets of the helicity amplitudes read

• (pseudo)scalar exchanges

𝑀S
++++(𝑠, 𝑡, 𝑢) =−𝑔2

𝑥𝛾𝛾

𝑠2

𝑠−𝑚2
𝑥 + 𝑖𝑚𝑥Γtot(𝑠)

, (4.15a)

𝑀S
+++− (𝑠, 𝑡, 𝑢) =0, (4.15b)

𝑀S
++−− (𝑠, 𝑡, 𝑢) =−P𝑥𝑔2

𝑥𝛾𝛾

[
𝑠2

𝑠−𝑚2
𝑥 + 𝑖𝑚𝑥Γtot(𝑠)

+ 𝑡2

𝑡 −𝑚2
𝑥 + 𝑖𝑚𝑥Γtot(𝑡)

+ 𝑢2

𝑢−𝑚2
𝑥 + 𝑖𝑚𝑥Γtot(𝑢)

]
, (4.15c)

where P𝑥 = ±1 stands for the parity of the exchanged meson state 𝑥.

• tensor exchanges

𝑀T
++++(𝑠, 𝑡, 𝑢) =𝑠2

[
𝑎2
𝑥𝛾𝛾

6
𝑠2−6𝑡𝑢

𝑠−𝑚2
𝑥 + 𝑖𝑚𝑥Γtot(𝑠)

+ 𝑏𝑥𝛾𝛾
(

1
𝑡 −𝑚2

𝑥 + 𝑖𝑚𝑥Γtot(𝑡)
+ 1
𝑢−𝑚2

𝑥 + 𝑖𝑚𝑥Γtot(𝑢)

) ]
, (4.16a)

𝑀T
+++− (𝑠, 𝑡, 𝑢) =𝑎𝑥𝛾𝛾𝑏𝑥𝛾𝛾𝑠𝑡𝑢

[
1

𝑠−𝑚2
𝑥 + 𝑖𝑚𝑥Γtot(𝑠)

+ 1
𝑡 −𝑚2

𝑥 + 𝑖𝑚𝑥Γtot(𝑡)
+ 1
𝑢−𝑚2

𝑥 + 𝑖𝑚𝑥Γtot(𝑢)

]
, (4.16b)
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𝑀T
++−− (𝑠, 𝑡, 𝑢) =

𝑎2
𝑥𝛾𝛾

6

[
𝑠2(𝑡2 +𝑢2−4𝑡𝑢)
𝑠−𝑚2

𝑥 + 𝑖𝑚𝑥Γtot(𝑠)
+ 𝑡2(𝑠2 +𝑢2−4𝑠𝑢)
𝑡 −𝑚2

𝑥 + 𝑖𝑚𝑥Γtot(𝑡)
+ 𝑢2(𝑡2 + 𝑠2−4𝑡𝑠)
𝑢−𝑚2

𝑥 + 𝑖𝑚𝑥Γtot(𝑢)

]
.

(4.16c)

It worth mentioning that the real part of the decay width Γtot(𝑠), which enters the above expressions,
has the natural step-like behavior generated by the square root,

Γtot(𝑠) ∼
√
𝑠− 𝑠thr.→

√
𝑠− 𝑠thr.𝜃 (𝑠− 𝑠thr.) + 𝑖

√
𝑠thr. − 𝑠𝜃 (𝑠thr. − 𝑠), (4.17)

so in the physically allowed kinematic domain it does not produce any imaginary contribution to the 𝑡-
and 𝑢-channel exchanges.

Neglecting the energy dependence in the decay width in Eqs. (4.15) and (4.16) , one obtains the
amplitudes, which reproduce the correct behavior only in a small vicinity of the resonance, while
strongly violate unitarity at high energies. This can be clearly seen from the high power of the momenta
in the numerator than in the denominator, which is more severe for the tensor exchanges than for the
scalar ones and causes dramatic asymptotic behavior. This problem is nothing but a manifestation of
the non-renormalizability (ultraviolet-incompleteness) of the low-energy effective field theory.

A straightforward phenomenological way to overcome this issue is to introduce the form factors,
which suppress the dramatic increase of the amplitudes at high energies. However, such an approach
is usually implemented in purely ad hoc way having no systematic theory behind and ignoring
fundamental physical constraints. The situation becomes especially complicated, when there is no
experimental way to measure such a form factor. For instance, in case of the meson exchange in
𝛾𝛾→ 𝛾𝛾, currently there is no way for direct measure of the meson-𝛾-𝛾 vertex for real photons and
virtual meson. Therefore, in [248] authors use the phenomenological form factors of exponential form,

𝐹𝑥𝛾𝛾 (𝑠) = exp

[
− (𝑠−𝑚

2
𝑥)2

Λ4
exp

]
, 𝐹𝑥𝛾𝛾 ({𝑡, 𝑢}) = exp

[
{𝑡, 𝑢} −𝑚2

𝑥

Λ2
exp

]
, (4.18)

for s- or t- and u-channel with a free phenomenological parameter Λexp = 2GeV. Clearly, among
other fundamental S-matrix constraints, e.g. unitarity and analiticity, these form factors explicitly
violate crossing symmetry. A possible improvement on the purely ad-hoc form factors like (4.18) is to
consider the one-loop 𝛾𝛾-meson vertex instead of the constant one, as shown in Fig. 4.3:

𝐹𝑥𝛾𝛾 (𝑠) = 2𝑀2
𝜓

∫ 1

0
𝑑𝑥

∫ 1−𝑥

0
𝑑𝑦

1
𝑀2
𝜓
− 𝑥𝑦 𝑠

≡ −2𝑚2
𝑥𝐶0(0,0, 𝑠;𝑀2

𝜓, 𝑀
2
𝜓, 𝑀

2
𝜓). (4.19)

It is normalized such that
𝐹𝑥𝛾𝛾 (0) = 1. (4.20)

A particle 𝜓 that runs inside the loop could be thought as some fermion with sufficiently large mass
𝑀𝜓. This form factor has a straightforward physical meaning, giving, e.g., the leading correction to
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γ

γ

φ

γ

γ

φ
ψ

Fig. 4.3 ChPT-inspired 𝛾𝛾-meson form factor with heavy fermion field 𝜓 in the loop. The two-particle
cut, which causes cusps in the cross section, is shown by orange dashed line.

the chiral anomaly in B𝜒PT. In this case the heavy fermion in the loop is nothing but the nucleon, say
proton, which is the lowest physical fermionic d.o.f. at energies below 1 GeV . Despite the simplicity of
such a model (it has only one free parameter 𝑀𝜓), it does not contradict any basic physical principles,
i.e. unitarity, analyticity, crossing-symmetry, gauge invariance etc. Effectively, the explicit inclusion
of a heavy d.o.f. works as an ultraviolet completion of the considered low-energy model.

However, the price one needs to pay for such a simple solution is the cusp-like behavior of the
cross section near 𝑠 = 4𝑀2

𝜓
. This behavior originates from the s-channel amplitudes, when the energy

of the two-photon pair is enough to put the two particles 𝜓 on shell. Basically, it corresponds to the
two-particle cut of the loop, shown in Fig. 4.3. If one assumes the loop particle to be a proton, then
the cut starts well above the applicability of B𝜒PT, and could be treated as unphysical. Thus, such a
model should work well in the low-energy region, but fail for higher energies, where the perturbative
QCD and/or diffractive effects come into play.

An alternative way to correct the Lagrangian-based model is to require it to satisfy the dispersion
relations or sum rules pertinent to the process under consideration. In case of the real LbL scattering
one has three sum rules for the forward scattering, given by Eqs. (2.77). Since the sum rules are
formulated based on the general assumptions of S-matrix theory, their satisfaction implies that all
fundamental S-matrix constraints are inherently incorporated into the model. In this way, the sum
rules can be used as an essential physical constraints for the constructed model of hadronic exchanges
in LbL scattering.

Now let us focus on the single-channel (pseudo)scalar meson exchanges and first test the helicity
amplitudes (4.15) against the sum rules (2.77) in the narrow-width approximation, i.e. Γtot ≈ Γ𝛾𝛾 ≪𝑚𝑥 .
The polarized 𝛾𝛾→meson-fusion cross sections are given by [167, 237]:

𝜎0(𝑠) = 16𝜋2 Γ𝛾𝛾

𝑚𝑥
𝛿(𝑠−𝑚2

𝑥), 𝜎2(𝑠) = 0, (4.21a)
𝜎∥ (𝑠) = 𝜎0(𝑠), 𝜎⊥(𝑠) = 0, for scalar,

𝜎⊥(𝑠) = 𝜎0(𝑠), 𝜎∥ (𝑠) = 0, for pseudoscalar.
(4.21b)
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Thus the dispersive integrals yield the following helicity amplitudes:

2𝑠2

𝜋

∞∫
0

𝑑𝑠′
𝜎0(𝑠′)

𝑠
′2− 𝑠2− 𝑖0+

=
32𝜋Γ𝛾𝛾
𝑚𝑥

𝑠2

𝑚4
𝑥 − 𝑠2− 𝑖0+

(4.22a)

2𝑠
𝜋

∞∫
0

𝑑𝑠′
𝑠′𝜎0(𝑠′)

𝑠
′2− 𝑠2− 𝑖0+

= 32𝜋Γ𝛾𝛾
𝑠𝑚𝑥

𝑚4
𝑥 − 𝑠2− 𝑖0+

(4.22b)

2𝑠2

𝜋

∞∫
0

𝑑𝑠′
𝜎∥ (𝑠′) −𝜎⊥(𝑠′)
𝑠
′2− 𝑠2− 𝑖0+

= P𝑥
32𝜋Γ𝛾𝛾
𝑚𝑥

𝑠2

𝑚4
𝑥 − 𝑠2− 𝑖0+

, (4.22c)

where the overall sign +(−) in the last expression corresponds to the scalar (pseudoscalar) exchange.
However, the model, given by Eqs. (4.15), in the forward limit leads to the following results for

the l.h.s. of Eqs. (2.77)

𝑀S
++++(𝑠) +𝑀S

+−+− (𝑠) =
32𝜋Γ𝛾𝛾
𝑚𝑥

𝑠2

𝑚4
𝑥 − 𝑠2− 𝑖0+

, (4.23a)

𝑀S
++++(𝑠) −𝑀S

+−+− (𝑠) =
32𝜋Γ𝛾𝛾
𝑚3
𝑥

𝑠3

𝑚4
𝑥 − 𝑠2− 𝑖0+

, (4.23b)

𝑀S
++−− (𝑠) = P𝑥

32𝜋Γ𝛾𝛾
𝑚𝑥

𝑠2

𝑚4
𝑥 − 𝑠2− 𝑖0+

. (4.23c)

Comparing Eqs. (4.22) and (4.23), namely, r.h.s. and l.h.s. of the sum rules (2.77), one can see that
the considered model for the meson exchanges satisfy the sum rules (2.77a) and (2.77c), but does not
satisfy the sum rule (2.77b). Indeed, comparing the model calculation, given by Eq. (4.23b), with the
dispersive integral result (4.22b), one obtains inconsistency by a factor of 𝑠2/𝑚4

𝑥 . This contradiction
can be easily resolved by modifying the numerators of the model amplitudes (4.15) by removing
one power of the Mandelstam variable, i.e. making the substitution {𝑠2, 𝑡2, 𝑢2} → {𝑠, 𝑡, 𝑢} ×𝑚𝑥 . The
modified nonzero amplitudes then read

𝑀S★
++++(𝑠, 𝑡, 𝑢) =−

𝑔2
𝑥𝛾𝛾

𝑚2
𝑥

𝑠

𝑠−𝑚2
𝑥 + 𝑖𝑚𝑥Γtot(𝑠)

, (4.24a)

𝑀S★
++−− (𝑠, 𝑡, 𝑢) =−P𝑥

𝑔2
𝑥𝛾𝛾

𝑚2
𝑥

[
𝑠

𝑠−𝑚2
𝑥 + 𝑖𝑚𝑥Γtot(𝑠)

+ 𝑡

𝑡 −𝑚2
𝑥 + 𝑖𝑚𝑥Γtot(𝑡)

+ 𝑢

𝑢−𝑚2
𝑥 + 𝑖𝑚𝑥Γtot(𝑢)

]
, (4.24b)

In the forward scattering limit, the expressions for 𝑀S
++++ +𝑀S★

+−+− and 𝑀S★
++−− remain unchanged

compared to Eqs. (4.23a) and (4.23c), whereas the problematic combination 𝑀S★
++++−𝑀S★

+−+− will read

𝑀S★
++++(𝑠) −𝑀S★

+−+− (𝑠) = 32𝜋Γ𝛾𝛾
𝑠

𝑚4
𝑥 − 𝑠2− 𝑖0+

, (4.25)
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4.1 Real LbL scattering at various energies

which agrees with the dispersive integral result given by Eq. (4.22b).
The comparison of the total LbL cross section, calculated using different models, is shown in

Fig. 4.4. Here one can explicitly see the problematic high-energy behavior of the “bare” amplitudes,
which are obtained just from the effective low-energy Lagrangian, and how it can be corrected either
including 𝐶0 or exponential form factors or modifying the amplitudes according to the LbL sum rules.
A questionable cusp, which originates from the 𝐶0 form factor, moves the cross section even higher
than the whole pQCD prediction in the vicinity of the two-proton production threshold.

bare amplitudes
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w/ exp form factors (Lebiedowicz & Szczurek)
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Fig. 4.4 The total LbL cross section for the 𝜋0-exchange, calculated using various models for the
helicity amplitudes is shown compared to the pQCD loops (gray band). “Bare” amplitudes are given
by Eqs. (4.23).The 𝐶0 form factor is given by Eq. (4.19). The exponential form factors are taken
from Lebiedowicz & Szczurek [248] and given by Eq. (4.18). The sum rule - imroved amplitudes are
written in Eqs. (4.24)

While the performed modification corrects the high-energy behavior of the LbL amplitudes,
it spoils their threshold behavior (the behavior around 𝑠 = 0). Indeed, as was mentioned before,
the low-energy expansion of the amplitudes should start at least from the energy in fourth power,
say 𝑠2, meanwhile the modified expressions show linear dependence on 𝑠 in this regime. In order
to maintain both the correct 𝛾𝛾-production threshold and high-energy behavior, a comprehensive
analysis in (unitarized) field theory is needed. It must involve the introduction of the energy-dependent
decay width, the realistic shape of the photoabsorption cross section etc. However, since at very low
energies the LbL process is totally dominated by the QED contribution, the hadronic part below the
𝜋0- production threshold is beyond the scope of the current work.
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4.1.2.2 Perturbative QCD contribution

The leading-order perturbative QCD contribution to the LbL helicity amplitudes is given by the quark
loops. The expressions for the amplitudes are the same as for the QED contribution, but now they
shoud be summed over all six quark flavors, supplemented by the correct charges of each quark, and
over three colors as well. Given that the free quarks have not been observed, it seems more correct to
consider just a real part of the amplitudes instead of the whole expressions, removing in this way the
part that corresponds to the on-shell quark pair creation. However, this has no pronounced effect on
the total cross section, which is shown in Fig. 4.5

full pQCD boxes
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Fig. 4.5 The total LbL cross section obtained from the full pQCD amplitudes or from the real parts of
these amplitudes.

Recently, the effect of NLO pQCD corrections was investigated in details in [79]. In this work,
the two-loop LbL scattering amplitudes were calculated in pQCD (and QED) using two different
numerical methods. Within the ATLAS fiducial phase space [72], the obtained LO+NLO pQCD+QED
total fiducial cross section increases by ≈ 6.5+2.1−1.2% with respect to the LO cross section, yielding
81.2+1.6−0.9 nb vs. 76 nb. It was found that the influence of NLO correction is more pronounced for
lower diphoton masses. In particular, the 13% effect in the diphoton-mass bin at 5-10 GeV reduces to
0.7% in the bin at 20-30 GeV. However, in view of the non-perturbative nature of QCD either at low
energies or low scattering angles, the pQCD predictions should be used cautiously below 5 GeV in
diphoton mass or for the near-forward LbL scattering regime.
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4.1 Real LbL scattering at various energies

4.1.2.3 Regge region

At high energies in the near-beam scattering regime, the hadronic part of LbL cross section should
have a power-like, or Regge, behavior. Among the hadronic two-photon fusion cross sections, which
are connected to the LbL scattering via sum rules (2.77), only the total unpolarized one, 𝜎𝑇𝑇 , is known
experimentally. It can be described empirically by a simple fit inspired by the Regge theory, which
consists of a few power-like terms. The main assumption, which is usually made for the fit function
for the 𝛾𝛾→had. cross section relies on the Gribov factorization, when the photon is treated like a
proton. It implies that all the cross sections 𝛾𝛾→had., 𝑝𝑝→had. and 𝑝𝑝→had. can be fitted with
the same pomeron (X) plus reggeon (Y) ansatz as [249]

𝜎𝐴𝐵tot (𝑠) = 𝑋𝐴𝐵𝑠𝜖 +𝑌 𝐴𝐵𝑠−𝜂 , (4.26)

with 𝐴 and 𝐵 being the photon or the proton. The powers 𝜖 and 𝜂 are the same for all listed processes
and are determined in, e.g., the combined fit by Donoghue et al. [250] . Assuming the factorization of
pomeron and reggeon terms,

𝑋𝐴𝐵 = 𝜒𝐴𝑃𝜒
𝐵
𝑃 , 𝑌 𝐴𝐵 = 𝜐𝐴𝑅𝜐

𝐵
𝑅 , (4.27)

one can connect the fit parameters for 𝛾𝛾→had. cross section with the ones for 𝛾𝑝→had., 𝑝𝑝→had.
and 𝑝𝑝→had. cross sections:

𝑋𝛾𝛾 =
(𝑋𝛾𝑝)2
𝑋 𝑝𝑝

, 𝑌 𝛾𝛾 =
2(𝑌 𝛾𝑝)2
𝑌 𝑝𝑝 +𝑌 𝑝 𝑝̄ . (4.28)

One can weaken the factorization assumption, assuming that it holds for the entire total cross
sections, arriving to the following approximate formula

𝜎
𝛾𝛾

tot =
2(𝜎𝛾𝑝tot )2

𝜎
𝑝𝑝
tot +𝜎

𝑝 𝑝̄
tot
. (4.29)

Practically, this formula works with a good accuracy of around a percent [249].
A current fit of the existing data on 𝜎𝛾𝛾tot provided by Particle Data Group [251], also relies on

the Gribov factorization and implies the simultanious fitting of 𝜎𝛾𝛾tot , 𝜎𝛾𝑝tot , 𝜎𝑝𝑝tot and 𝜎𝑝 𝑝̄tot . The fit
function reads (see p.583 in [252])

𝜎𝛾𝛾 (𝑠) = 𝛿2
[
𝐻 log2

(
𝑠

𝑠𝛾𝛾

)
+𝑃𝛾𝛾

]
+𝑅𝛾𝛾

(
𝑠

𝑠𝛾𝛾

)−𝜂
, (4.30)

whith the parameters

𝛿 = (3.063±0.014) ×10−3, (4.31a)

𝑠𝛾𝛾 = 𝑀
2, 𝑀 = (2.1206±0.0094)GeV (4.31b)
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𝐻 = 𝜋
(ℏ𝑐)2
𝑀2 = (0.272±0.0024)mb, (4.31c)

𝑃𝛾𝛾 = (34.41±0.13)mb, (4.31d)

𝑅𝛾𝛾 = (−4±11) ×10−6 mb, (4.31e)

𝜂 = (0.4473±0.0077). (4.31f)

Here, 𝑃𝛾𝛾 is the Pomeranchuk’s constant term, 𝑅𝛾𝛾 is the effective Regge pole contribution.
Furthermore, the Heisenberg’s log2(𝑠) term [253] was included as well. However, the PDG fit has
minimum theory behind it and can be thought as just an empirical one.

A qualitative theoretical explanation of the 𝛾𝛾→had. cross section behavior can be given by
considering the wave function of realistic (not a point-like) virtual photon, splitting it into the following
terms [249, 254]:

|𝛾⟩ = 𝑐0 |𝛾0⟩+
∑︁

𝑉=𝜌0,𝜔,𝜙,𝐽/𝜓,Υ...
𝑐𝑉 |𝑉⟩+

∑︁
𝑞=𝑢,𝑑,𝑠,𝑐,𝑏,𝑡

𝑐𝑞 |𝑞𝑞⟩+
∑︁

𝑙=𝑒,𝜇,𝜏

𝑐𝑙 |𝑙+𝑙−⟩+
∑︁
𝑊±

𝑐𝑊 |𝑊+𝑊−⟩. (4.32)

Here |𝛾0⟩, |𝑉⟩, |𝑞𝑞⟩, |𝑙+𝑙−⟩ and |𝑊+𝑊−⟩ are wave functions of the point-like photon, a vector meson
𝑉 , a pair of quarks 𝑞±, leptons 𝑙± or weak bosons𝑊±. In this form of the photon wave function the
low-energy and high-energy as well as low-virtuality and high-virtuality parts are separated. The vector
meson part, which is responsible for low virtualities, can be described by the vector-meson-dominance
(VMD) model. The vector meson coefficients 𝑐𝑉 are defined in terms of the decay constant 𝐹𝑉 ,

𝑐𝑉 =

√
4𝜋𝛼em
𝐹𝑉

, (4.33)

whereas 𝑓𝑉 can be found from the experimental data on the decay𝑉→ 𝑙+𝑙− . Above some characteristic
virtuality scale 𝑝0 the perturbative QCD comes into play with the coefficients 𝑐𝑞 , which now behave
like

𝑐
high-virtuality
𝑞 ≈ 𝛼em

2𝜋
2𝑒2
𝑞 log

𝜇2
had

𝑝2
0
, (4.34)

where 𝜇had is the characteristic energy scale of the considered parton process. Note that the VMD part
does not depend on the scale 𝜇had. Thus, the 𝛾𝛾→had. cross section consists of the VMD × pQCD
terms as follows [255]

𝜎𝛾𝛾 (𝜈,𝑄2) = (VMD)2 + (pQCD)2 +2(VMD) × (pQCD). (4.35)

For the real photons the first term with both photons being soft is the dominating one. Hence one
can sum up all of the contributions from the known vector mesons, assuming that they lie on the
same Regge trajectory. This approach was implemented in, e.g., Badełek et al. [256], obtaining the
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following prediction on the 𝜎𝛾𝛾

𝜎𝛾𝛾 (𝑠) = 𝛼em
∑︁

𝑉=𝜌0,𝜔,𝜙

𝜎𝑉𝛾 (𝑠)
𝐶𝑉

, (4.36)

with the Regge ansatz for the vector meson cross sections with one pomeron and one reggeon terms:

𝜎𝑉𝛾 (𝑠) = 𝑎𝑃𝑉
(
𝑠

𝑠0

)𝜆𝑃
+ 𝑎𝑅𝑉

(
𝑠

𝑠0

)𝜆𝑅
. (4.37)

The pomeron and reggeon powers, 𝜆𝑃 = 0.0808 and 𝜆𝑅 =−0.4525 were taken from the fit by Donnachie
et al. [250], whereas the coefficients 𝐶𝑉 were fixed from the vector meson decay constants:

𝐶𝑉 = {1.98,21.07,13.83}. (4.38)

The pomeron an reggeon couplings were estimated assuming the additive quark model and duality
(for reggeon), yielding

𝑎𝑃𝑉 = {1,1,2} × 2
3
𝑎𝑃𝛾𝑝, 𝑎𝑃𝛾𝑝 = 0.0677mb, (4.39)

𝑎𝑅𝑉 = {1,1,0} × 5
9
𝑎𝑅𝛾𝑝, 𝑎𝑅𝛾𝑝 = 0.129mb. (4.40)

This model describes the existing data for 𝜎𝛾𝛾 with 𝜒2 = 1.04.
However, for our purposes of modelling just the real LbL scattering, the precise fit to the 𝜎𝛾𝛾 (𝑠)

data is needed. Therefore it is desirable to have a simple but precise fit to 𝛾𝛾→had. data individually.
Such a fit has been done by O. Gryniuk [257]. It relies just on two power-like terms and has a
reasonably better 𝜒2 compared to PDG fit, 0.91 versus 1.52, respectively3. It is seen from Fig. 4.6 that
the fit by Gryniuk follows the data the best, especially at high energies. Therefore it was chosen to be
used in our calculations of the dispersive integrals containing 𝜎𝛾𝛾

𝑇𝑇
.

4.1.2.4 Sum-rule-inspired ansatz for off-forward real LbL

The LbL sum rules can be used not only to constrain Lagrangian-based models, but rather build the
new ones on their own. Having in mind the full crossing invariance of the LbL helicity amplitude
𝑀++−− and the combination 𝑀++++ +𝑀+−−+ +𝑀+−+−, one can assume [237] that they should satisfy
the following sum rules:

𝑀++++(𝑠, 𝑡, 𝑢) +𝑀+−−+(𝑠, 𝑡, 𝑢) +𝑀+−+− (𝑠, 𝑡, 𝑢) =

3The provided values of 𝜒2 have been obtained taking into account only the 𝑦-axis (cross section) uncertainties of the
data.
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Fig. 4.6 The central curves of the fits by PDG [252] (black solid line), Badełek et al. [256] (red dashed
line) and Gryniuk [257] (blue dashed line) to the data on the hadronic two-photon fusion cross section
(grey points with vertical errorbars) are shown.

=
1
𝜋

∞∫
0

𝑑𝑠′𝜎𝑇𝑇 (𝑠′)
( 𝑠

𝑠′− 𝑠 +
𝑡

𝑠′− 𝑡 +
𝑢

𝑠′−𝑢

)
= SLbL,𝑎1

sum (𝑠, 𝑡, 𝑢), (4.41a)

𝑀++−− (𝑠, 𝑡, 𝑢) =
1
𝜋

∞∫
0

𝑑𝑠′𝜏𝑎𝑇𝑇 (𝑠′)
( 𝑠

𝑠′− 𝑠 +
𝑡

𝑠′− 𝑡 +
𝑢

𝑠′−𝑢

)
= SLbL,𝑎1

3 (𝑠, 𝑡, 𝑢). (4.41b)

The r.h.s. of these relations are manifestly crossing-invariant, and in the forward limit they reduce to
Eqs. (2.77a) and (2.77c). Note that for the real photons, the ansatz could be written in an equivalent
form, using the identity( 𝑠

𝑠′− 𝑠 +
𝑡

𝑠′− 𝑡 +
𝑢

𝑠′−𝑢

)
=

1
𝑠′

(
𝑠2

𝑠′− 𝑠 +
𝑡2

𝑠′− 𝑡 +
𝑢2

𝑠′−𝑢

)
+ 𝑠+ 𝑡 +𝑢

𝑠′
, (4.42)

where the second term in r.h.s. is zero.
This ansatz could be obtained from the twice-subtracted fixed-𝑡 dispersion relation for the S-wave

(scalar) crossing-invariant scattering amplitudeM(𝑠, 𝑡) (cf. Appendix E in [121]), which is given by

M(𝑠, 𝑡) = 𝐶 (𝑡) + 1
𝜋

∫ ∞

0

𝑑𝑠′

𝑠′2

{ 𝑠2

𝑠′− 𝑠 +
𝑢2

𝑠′−𝑢

}
ImM(𝑠′, 𝑡), (4.43)
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where 𝐶 (𝑡) is the subtraction function that does not depend on 𝑠. Imposing 𝑠↔ 𝑡 crossing symmetry,
one obtains

M(𝑠, 𝑡) = 𝐶 (0) + 1
𝜋

∫ ∞

0

𝑑𝑠′

𝑠′2

{ 𝑠2

𝑠′− 𝑠 +
𝑡2

𝑠′− 𝑡 +
𝑢2

𝑠′−𝑢

}
ImM(𝑠′, 𝑡)

+ 2𝑡2

𝜋

∫ ∞

0

𝑑𝑠′

𝑠′(𝑠′2− 𝑡2)

[
ImM(𝑠′,0) − ImM(𝑠′, 𝑡)

]
, (4.44)

or, alternatively,

M(𝑠, 𝑡) = 𝐶 (0) + 1
𝜋

∫ ∞

0

𝑑𝑠′

𝑠′2

{ 𝑠2

𝑠′− 𝑠 +
𝑢2

𝑠′−𝑢 −
𝑡2

𝑠′ + 𝑡

}
ImM(𝑠′, 𝑡)

+ 2𝑡2

𝜋

∫ ∞

0

𝑑𝑠′

𝑠′(𝑠′2− 𝑡2)
ImM(𝑠′,0). (4.45)

Neglecting the second integral term in Eq. (4.44) and observing the vanishing𝐶 (0) for real photons, we
exactly obtain the crossing-invariant ansatz discussed above. Hence one can conclude that the ansatz
given by Eqs. (4.41a) and (4.41b) is just an S-wave approximation of the full angular dependence.
Therefore we can expect that this ansatz should work exactly for the (pseudo)scalar exchanges, but
could fail for the exchanges of higher angular momenta or LbL boxes. The latter will be considered in
details in the following section.

4.1.3 Weak contribution

The leading contribution of the weak sector of SM comes from the one-loop LbL diagrams with𝑊±-
bosons in the loop. The corresponding independent helicity amplitudes are obtained in Refs. [168, 169]
and explicitely written in Appendix 4.A. The high energy scale of the weak force, compared to the
other contributions stemming from SM, implies that this contribution becomes important at the phonon
c.o.m. energies of order of two gauge boson masses, i.e. > 100 GeV.

4.2 Model for hadronic LbL scattering at low and moderate energies

4.2.1 Crossing-invariant sum rule

Written as a dispersive integral over the observable two-photon fusion hadronic cross section, the
crossing-invariant ansatz (4.41), if it works, provides a very powerful and fully data-driven tool for
the main contribution to the off-forward LbL scattering. This ansatz will be tested here on QED and
sQED one-loop contributions and on the (pseudo)scalar hadronic exchanges in LbL. Firstly, let us
note that except the considered ansatz, which implies the following substitution under the dispersive
integral (we will refer to it as 𝑎1),

Ansatz 𝑎1 :
𝑠2

𝑠′2− 𝑠2 →
𝑠

𝑠′− 𝑠 +
𝑡

𝑠′− 𝑡 +
𝑢

𝑠′−𝑢 or
1
𝑠′

(
𝑠2

𝑠′− 𝑠 +
𝑡2

𝑠′− 𝑡 +
𝑢2

𝑠′−𝑢

)
, (4.46)
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another fully crossing-invariant ansatz can be written. It will correspond to the substitution

Ansatz 𝑎2 :
𝑠2

𝑠′2− 𝑠2 →−
[

𝑠𝑡

(𝑠′− 𝑠) (𝑠′− 𝑡) +
𝑠𝑢

(𝑠′− 𝑠) (𝑠′−𝑢) +
𝑡𝑢

(𝑠′− 𝑡) (𝑠′−𝑢)

]
. (4.47)

However, it will be seen in the following, that the latter one does not reproduce the correct threshold
behavior for the LbL one-loop contributions and cannot reproduce the (pseudo)scalar exchanges.

Newertheless, it is important to keep in mind that both ansatze 𝑎1 and 𝑎2 have the correct forward
limit, i.e.

Ansatze 𝑎1, 𝑎2
��
𝑡→0 =

𝑠2

𝑠′2− 𝑠2 . (4.48)

4.2.1.1 (Pseudo)scalar exchanges

Inserting the two-photon fusion cross sections for the narrow (pseudo)scalar state given by Eqs. (4.21)
into the dispersive integrals of Eqs. (4.41), we immediately obtain the corresponding set of modified
helicity amplitudes of meson exchanges (4.24). Alternatively, the equivalent version of the ansatz
𝑎1 with squared Mandelstam variables in numerators (cf. Eq. (4.42)) yields the unmodified helicity
amplitudes (4.15). The crossing-invariant ansatz 𝑎2, despite it reproduces the forward LbL sum rule
in the limit 𝑡→ 0, results in completely wrong expressions for the helicity amlitudes. Thus, we can
concude that both equivalent versions of the ansatz 𝑎1 work with the (pseudo)scalar meson exchanges
in the narrow width approximation, but not the ansatz 𝑎2.

4.2.1.2 (S)QED one-loop boxes

Given that in forward scattering limit both ansatze 𝑎1 and 𝑎2 reduce to the LbL sum rules (4.22a)
and (4.22c), which are exact relations between cross sections and amplitudes, the most pronounced
difference between exact amplitudes and ansatz predictions should show up in wide-angle scattering
regime. Let us compare the behavior of the LbL polarized amplitudes in this regime, say when the
c.o.m. scattering angle is 𝜃 = 𝜋/2 with the ansatz predictions.

A comparison of the exact one-loop LbL amplitudes with those given by the ansatz 𝑎1 is shown
on Fig. 4.7. The first important observation, which outcomes from these plots, is the relatively weak
dependence of the amplitudes with the scattering angle. Indeed, the imaginary part, given by the
ansatz, is totally independent on the scattering angle, while the real part changes with this angle
very weakly. The second observation one can point out is that the ansatz reproduces the helicity
amplitude 𝑀++−− significantly better than the crossing-invariant combination of the helicity amplitudes
𝑀++++ +𝑀+−−+ +𝑀+−+− . This also applies for the near-threshold behavior as well as the high-energy
behavior. These facts provide a hint that the amplitude 𝑀++−− is mainly driven by the S-wave, while
the amplitude 𝑀++++ has a significant D-wave admixture. Thus, while the considered ansatz 𝑎1 can
be served as a good data-driven model for the helicty amplitude 𝑀++−−, it should be improved by
inclusion of the D-waves for the case of other helicity amplitudes.
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4.2 Model for hadronic LbL scattering at low and moderate energies

The results for ansatz 𝑎2, shown in Fig. 4.8, demonstrate that this ansatz works considerably
worse in comparison to the ansatz 𝑎1 for all helicity amplitudes. It incorrectly reproduces either the
near-threshold region or the high-energy behavior. This fact may point to the dominance of S-wave
contribution to all of the considered helicity amplitudes.
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Fig. 4.7 The LbL helicity amplitudes in QED and sQED, given by the exact one-loop calculation
(red) and the crossing-invariant ansatz 𝑎1 (black) at the scattering angle 𝜃 = 90◦. The real (solid) and
imaginary (dashed) parts are shown. The gray and yellow bands show the real and imaginary parts,
respectively, of exact LbL amplitudes in forward limit.

4.2.2 Partial-wave expansion and formulation of the model

The scattering amplitude for the two particles with spin, which obeys the azimuthal symmetry, with
the initial and final helicities 𝜆𝑖 and 𝜆 𝑓 correspondingly, can be expanded in the following series of
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Fig. 4.8 The LbL helicity amplitudes in QED and sQED, given by the exact one-loop calculation
(red) and the crossing-invariant ansatz 𝑎2 (black) at the scattering angle 𝜃 = 90◦. The real (solid) and
imaginary (dashed) parts are shown. The gray and yellow bands show the real and imaginary parts,
respectively, of exact LbL amplitudes in forward limit.

partial waves

𝑇𝜆𝑖 ,𝜆 𝑓
(𝑠, 𝜃) =

∞∑︁
𝐽=0
(2𝐽 +1)T 𝐽𝜆𝑖 ,𝜆 𝑓

(𝑠)𝑑𝐽𝜆𝑖 ,𝜆 𝑓
(𝜃), (4.49)

where, for LbL scattering, 𝐽 = 2𝑘 , 𝑘 ∈ N, and 𝑑𝐽
𝜆𝑖 ,𝜆 𝑓
(𝜃) stands for the Wigner’s function. We quote

here explicitely the first few Wigner’s functions, which will be needed in further calculations. They
are given in terms of the c.o.m. scattering angle 𝜃 and, alternatively, in terms of the Mandelstam
invariants 𝑠, 𝑡 and 𝑢:

𝑑2
0,0(𝜃) =

1
2
(3cos2 𝜃 −1) = 1−6

𝑡𝑢

𝑠2 𝑑2
2,0(𝜃) =

√
6

4
sin2 𝜃 =

√
6
𝑡𝑢

𝑠2
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𝑑2
2,2(𝜃) =

(
1+ cos𝜃

2

)2
=

(𝑢
𝑠

)2
, 𝑑2

2,−2(𝜃) =
(
1− cos𝜃

2

)2
=

( 𝑡
𝑠

)2
. (4.50)

Expanding the LbL helicity amplitudes into the partial waves according to Eq. (4.49), we obtain:

𝑀++++(𝑠, 𝑡, 𝑢) = 𝑎0(𝑠) +5𝑎1(𝑠) −30𝑎1(𝑠)
𝑡𝑢

𝑠2 , (4.51a)

𝑀+−−+(𝑠, 𝑡, 𝑢) = 5𝑏1(𝑠)
( 𝑡
𝑠

)2
, (4.51b)

𝑀+−+− (𝑠, 𝑡, 𝑢) = 5𝑐1(𝑠)
(𝑢
𝑠

)2
, (4.51c)

𝑀+++− (𝑠, 𝑡, 𝑢) = 5
√

6𝑑1(𝑠)
𝑡𝑢

𝑠2 , (4.51d)

𝑀++−− (𝑠, 𝑡, 𝑢) = 𝑒0(𝑠) +5𝑒1(𝑠) −30𝑒1(𝑠)
𝑡𝑢

𝑠2 , (4.51e)

where 𝑎0(𝑠), 𝑒0(𝑠) and 𝑎1(𝑠) − 𝑒1(𝑠) are some functions on the Mandelstam variable 𝑠. It is clear
from (4.51) that the partial wave expansion conserves the 𝑡↔ 𝑢 crossing symmetry, whereas the total
crossing symmetry, 𝑠↔ 𝑡↔ 𝑢 is violated, e.g. for the amplitudes 𝑀+++− (𝑠, 𝑡, 𝑢) and 𝑀++−− (𝑠, 𝑡, 𝑢).

In forward scattering regime (𝑡 = 0), from Eqs. (2.77) and (4.51), one has the following set of
equations

𝑎0(𝑠) +5𝑎1(𝑠) + 𝑐1(𝑠) = SLbL
1 (𝑠), (4.52)

𝑎0(𝑠) +5𝑎1(𝑠) − 𝑐1(𝑠) = SLbL
2 (𝑠), (4.53)

𝑒0(𝑠) +5𝑒1(𝑠) = SLbL
3 (𝑠), (4.54)

Combining Eqs. (4.52) and (4.53) one immediately obtains

𝑎0(𝑠) +5𝑎1(𝑠) ≡ 𝑎̃0(𝑠) =
1
2

[
SLbL

1 (𝑠) +SLbL
2 (𝑠)

]
, 𝑐1(𝑠) =

1
2

[
SLbL

1 (𝑠) −SLbL
2 (𝑠)

]
. (4.55)

Due to the unviolated 𝑡↔ 𝑢 crossing symmetry, the functions 𝑏1 and 𝑐1 are given by

𝑏1(𝑠) = 𝑐1(𝑠) =
1
2

[
SLbL

1 (𝑠) −SLbL
2 (𝑠)

]
. (4.56)

Unfortunately, at this level, it is not possible to separate the function 𝑎1(𝑠) from the sum 𝑎̃0(𝑠) nor to
define the term, proportional to 𝑡𝑢/𝑠2, since the essentially “off-forward” input is required. Hence,
neglecting this term, the final expressions for the first three amplitudes become

𝑀++++(𝑠, 𝑡, 𝑢) =
1
2

[
SLbL

1 (𝑠) +SLbL
2 (𝑠)

]
(4.57a)

𝑀+−−+(𝑠, 𝑡, 𝑢) =
1
2

[
SLbL

1 (𝑠) −SLbL
2 (𝑠)

] ( 𝑡
𝑠

)2
(4.57b)

𝑀+−+− (𝑠, 𝑡, 𝑢) =
1
2

[
SLbL

1 (𝑠) −SLbL
2 (𝑠)

] (𝑢
𝑠

)2
(4.57c)
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The results of the model (4.57) are shown in Figs. 4.9, 4.10 and 4.11 for both QED and sQED
cases, with the comparison to the exact one-loop helicity amplitudes. It worth noting that due to the
various crossing-invariance relations, the helicity amplitudes obey the following relations:

𝑀++++(𝑠, 𝜃 = 0) = 𝑀++++(𝑠, 𝜃 = 𝜋), (4.58)

𝑀+−−+(𝑠, 𝜃 = 0) = 0, (4.59)

𝑀+−+− (𝑠, 𝜃 = 0) = 𝑀+−−+(𝑠, 𝜃 = 𝜋). (4.60)

Therefore, the model (4.57) automatically reproduces exactly the amplitudes 𝑀++++(𝑠, 𝜃 = 0, 𝜋),
𝑀+−−+(𝑠, 𝜃 = 0), 𝑀+−+− (𝑠, 𝜃 = 0) and, subsequently, 𝑀+−−+(𝑠, 𝜃 = 𝜋).
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Fig. 4.9 The cases when the most pronounced difference between exact LbL helicity amplitudes in
sQED and their approximation by the model (4.57) is observed.

Looking at the Figs. 4.9-4.11, one can conclude that the set of equations (4.57) successfully
describes the scalar and fermion boxes up to (and near the) two-particle threshold, whereas at sufficiently
high energy its prediction starts to deviate significantly from the correct result. Nevertheless, the sum
of helicity amplitudes 𝑀++++ +𝑀+−−+ +𝑀+−+−, which is shown in Fig. 4.11, behaves better than the
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Fig. 4.10 Cases where the most pronounced difference between exact LbL helicity amplitudes in QED
and their approximation by the model (4.57) is observed.

one predicted by the ansatz (4.41a). Moreover, in contrast to the ansatz 𝑎1, the considered model
describes the helicity amplitudes 𝑀++++, 𝑀+−−+ and 𝑀+−+− separately, which is very important for,
e.g., calculation of the total LbL cross section (2.76).

Let us now turn to the crossing invariant amplitude 𝑀++−−. Repeating the arguments above, one
anticipates the following form for this amplitude:

𝑀++−− (𝑠, 𝑡, 𝑢) = SLbL
3 (𝑠). (4.61)

Since this amplitude is totally crossing-invariant, one can also try to approximate it by the aforemen-
tioned ansatz 𝑎1,

𝑀
𝑎1
++−− (𝑠, 𝑡, 𝑢) ≡ SLbL,𝑎1

3 (𝑠, 𝑡, 𝑢). (4.62)

It turns out (cf. Fig. 4.12), that the partial-wave expansion model (4.61) gives better approximation for
the high-energy behavior of 𝑀++−− (𝑠, 𝑡, 𝑢) than the 𝑎1-ansatz (4.62), while the latter describes more
precisely the region up to and near the two-particle threshold.
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Fig. 4.11 A comparison of the model prediction, given by Eq. (4.57), with the exact result for the
sum of helicity amplitudes 𝑀++++ +𝑀+−−+ +𝑀+−+− in QED and sQED at wide scattering angle 𝜃.

The numerical analysis of the remaining totally crossing-invariant helicity amplitude, 𝑀+++−,
which vanishes in the forward limit, shows, that it is small in comparison with the other amplitudes
even at large scattering angles for all considered cases of particles in boxes. Thus, despite the fact
that it cannot be obtained in considered framework from the forward sum rules, one can neglect its
contribution to the total amplitude, especially at energies below the two-particle threshold.

4.2.3 Limits of applicability and matching to pQCD

Both the ansatz 𝑎1 and the model based on the partial wave expansion correctly reproduce the LbL
amplitudes in forward limit, i.e. when 𝑡 = 0. Also, these models reproduce sufficiently well the
low-energy behavior of the LbL amplitudes, namely up to the two-particle threshold. However, they
fail to describe the high-energy regime with wide scattering angle. Given that this region can be
correctly described by pQCD, a matching between the model and pQCD prediction is needed. Let us
define the residue function as

Δ𝜎 (𝑠, 𝜃) ≡
𝑑𝜎LbL

model(𝑠, 𝜃) − 𝑑𝜎
LbL
exact(𝑠, 𝜃)

𝑑𝜎LbL
exact(𝑠, 𝜃)

, (4.63)

where 𝑑𝜎LbL
model and 𝑑𝜎LbL

1-loop are the modeled and exact one-loop LbL differential cross sections,
respectively. Thus, the matching curve can be defined as a solution of the equation

Δ𝜎 (𝑠, 𝜃) = 𝑅𝜎 , (4.64)

with respect to 𝑠 and 𝜃, where 𝑅𝜎 is a predefined characteristic scale representing the accuracy of
matching procedure. The solution to the mentioned equation can be found numerically and then fitted
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Fig. 4.12 A comparison of the 𝑎1-ansatz (4.62) (left) and partial-wave expansion model (4.61) (right)
results on estimation of 𝑀++−− LbL helicity amplitude in QED (top string) and sQED (bottom string).

with appropriate fit function. Given that Δ𝜎 is fully crossing-invariant, in order to construct the fit
function it worth turning from 𝑠 and 𝜃 to the fully crossing-invariant variables 𝜂 and 𝜉 as

𝜂 = 𝑠𝑡𝑢 =
𝑠3

4

(
1− cos2 𝜃

)
, (4.65)

𝜉 = −(𝑠𝑡 + 𝑡𝑢 + 𝑠𝑢) = 𝑠
2

4

(
3+ cos2 𝜃

)
. (4.66)

These variables are related via the Mandelstam variable 𝑠 as follows

𝜉 = 𝑠2− 1
𝑠
𝜂, (4.67)
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Fit parameter Δ𝜎 = 0.1 Δ𝜎 = 1
sQED QED sQED QED

A 166 182 1.26 52.56
B - - 169 -
𝛼 -2.51 -2.84 3.84 -0.543
𝛽 - - -5.58 -
𝜌 0.957 0.861 -5.11 0.960

Table 4.2 Fit parameters to the functions (4.69) and (4.70).

and have the following behavior in the forward limit

𝜂(𝜃 = 0) = 0, 𝜉 (𝜃 = 0) = 𝑠2. (4.68)

Hence, one can anticipate the following simple parametric form for the fit function:

𝑠(𝜃) = 𝐴 (3+ cos𝜃)𝛼
(1− cos2 𝜃)𝜌

, (4.69)

where 𝐴, 𝛼 and 𝜌 are free parameters. Choosing 𝑅𝜎 = 0.1, we obtain a good description of the
exact numerical solution by the fit function (4.69) with the parameter values listed in Tab. 4.2. The
corresponding curve is plotted in Fig. 4.14 on top of the exact numerical solution. For higher values of
𝑅𝜎 the behavior of the QED boxes does not change significantly, and can be successfully parametrized
by the same function (4.69). The corresponding curve for 𝑅𝜎 = 1 is shown on the left side of Fig. 4.15.
However, this is not valid for sQED boxes, provided that the fit function should be adjusted by inclusion
of an extra term:

𝑠(𝜃) = 𝐴(3+ cos𝜃)𝛼 +𝐵(1− cos𝜃)𝛽
(1− cos2 𝜃)𝜌

. (4.70)

For 𝑅𝜎 = 1, this function parametrizes the numerical solution sufficiently well, which is demonstrated
on the right side of Fig. 4.15. The corresponding parameters are listed in Tab. 4.2 as well.

The important observation, which one can immediately make looking at Figs. 4.13, 4.14 and 4.15
is that the sQED boxes are described by the model sufficiently well up to much higher energies, then
the QED ones. In particular, the relative difference between the modeled unpolarized differential
LbL cross sections does not excess 60% even at 𝑠 = 100𝑚2 (cf. Fig. 4.13). Since the observed lowest
charged hadronic degrees of freedom are scalar particles (pions and kaons), the model should work
with appropriate accuracy up to ≈ 1 GeV. Moreover, since the observed hadronic charged spin-1/2
degrees of freedom start from protons, the reasonable limits of applicability could be defined via
sQED box soving the equation

Δ
sQED
𝜎 (𝑠/𝑚2

𝜋± , 𝜃) = 𝑅𝜎 , (4.71)
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Fig. 4.13 The behavior of residue function Δ𝜎 (𝑠,cos𝜃) for QED (left) and sQED (right) boxes.
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Fig. 4.14 The exact numerical solution of the equation Δ𝜎 (𝑠, 𝜃) = 0.1 (red points) together with its fit
given by Eq. (4.69) (blue solid line) is shown for QED (left) and sQED (right) boxes.

with 𝑅𝜎 in a range limited by 0.9. The latter corresponds to the two-proton threshold. Thus, we
can conclude that the considered model can cover the hadronic LbL scattering at wide angles with
reasonable accuracy only up to the c.o.m. two-photon energies of

√
𝑠 ≈ 2 GeV.

A matching function, which connects the partial wave-expansion model and pQCD predictions
along the matching curve, should be chosen as, e.g. a Fermi function

𝑓 (𝑥;𝑥0,𝑤) =
1

1+ 𝑒
𝑥−𝑥0
𝑤

, 𝑓 (∞,𝑤) = 0, 𝑓 (−∞,𝑤) = 1, 𝑓 (𝑥0,𝑤) =
1
2
, (4.72)
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Fig. 4.15 The exact numerical solution of the equation Δ𝜎 (𝑠, 𝜃) = 1 (red points) together with its fit
given by Eq. (4.69) (blue solid line) is shown for QED (left) and sQED (right) boxes.

with additional parameters 𝑥0 and 𝑤, which define the central transition point and the effective width
of the transition between two solutions, respectively.

Finally, we arrive at the following set of helicity amplitudes comprising our full model for real
LbL scattering, which is valid at all energies up to electroweak scale:

𝑀++++(𝑠, 𝑡, 𝑢) = 𝑀model
++++ (𝑠, 𝑡, 𝑢) 𝑓 (𝑠; 𝑠(𝜃),𝑤) +𝑀

pQCD
++++ (𝑠, 𝑡, 𝑢) (1− 𝑓 (𝑠; 𝑠(𝜃),𝑤)), (4.73a)

𝑀+−−+(𝑠, 𝑡, 𝑢) = 𝑀model
+−−+ (𝑠, 𝑡, 𝑢) 𝑓 (𝑠; 𝑠(𝜃),𝑤) +𝑀

pQCD
+−−+ (𝑠, 𝑡, 𝑢) (1− 𝑓 (𝑠; 𝑠(𝜃),𝑤)), (4.73b)

𝑀+−+− (𝑠, 𝑡, 𝑢) = 𝑀model
+−+− (𝑠, 𝑡, 𝑢) 𝑓 (𝑠; 𝑠(𝜃),𝑤) +𝑀

pQCD
+−+− (𝑠, 𝑡, 𝑢) (1− 𝑓 (𝑠; 𝑠(𝜃),𝑤)), (4.73c)

𝑀+++− (𝑠, 𝑡, 𝑢) = 0, (4.73d)

𝑀++−− (𝑠, 𝑡, 𝑢) = 𝑀model
++−− (𝑠, 𝑡, 𝑢) 𝑓 (𝑠; 𝑠(𝜃),𝑤) +𝑀

pQCD
++−− (𝑠, 𝑡, 𝑢) (1− 𝑓 (𝑠; 𝑠(𝜃),𝑤)). (4.73e)

Here the amplitudes 𝑀model are given by Eqs. (4.57) and (4.62) (or (4.61)), while 𝑀pQCD are the
leading-order one-loop pQCD amplitudes, which are listed in Appendix 4.A. The matching function 𝑓
depends on the variable 𝑠 and the scattering angle 𝜃 via the matching curve 𝑠(𝜃) discussed above. The
parameter 𝑤 can be conveniently chosen around 1 GeV2.

In conclusion, the full model provided by Eqs. (4.73) can cover exactly the pQCD region, the
non-perturbative forward scattering regime, and can approximate the low-energy scattering up to
the two-proton threshold with reasonable accuracy. The intermediate region is covered by smooth
transition between the partial wave-expansion and sum rule-based model and pQCD amplitudes. Since
all the polarized two-photon fusion cross sections will be measured, it can be applied to simulate the
background of the real LbL scattering at low and intermediate energies in a simple fashion. For the
present moment, when only the unpolarized two-photon fusion cross section is known experimentally,
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the model seems to be applied as well, but just for qualitative estimations (giving the correct order of
magnitude for the off-forward LbL cross section).

4.3 LbL scattering and fully-charmed tetraquarks

4.3.1 Observation of fully-charmed tetraquarks in di-𝐽/𝜓 and 𝐽/𝜓𝜓(2𝑆) spectra
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Fig. 4.16 The invariant mass spectrum of weighted di-𝐽/𝜓 candidates with transverse momentum cut
𝑝

di-𝐽/𝜓
T > 5.2 GeV and overlaid projections of the fit using (a) the NRSPS plus DPS model, (b) model I, and (c)

model II. Figures are taken from [40].

In 2020 the LHCb Collaboration reported on the observation of several structures in the di-𝐽/𝜓
mass spectrum that are inconsistent with the non-resonant single-parton scattering (NRSPS) and
double-parton scattering (DPS) production mechanisms of a 𝐽/𝜓 pair [40]. It can be clearly seen from
the Fig. 4.16 (a), taken from [40], where the obtained data points are shown together with the NRSPS
plus DPS prediction. The most sharp structure was observed at around 6.9 GeV in di-𝐽/𝜓 mass and
treated as a novel narrow resonant state X(6900). The other observed structures, such as a pronounced
di-𝐽/𝜓 threshold enhancement at approximately 6.5 GeV and a small peak at around 7.2 GeV were
also reported. In order to describe the data, two different models were developed. The first model
(referred as model I, or “No-int. sc.”) contained one Breight-Wigner function to describe a peak at
6.9 GeV and two other Breight-Wigner functions were utilized for the threshold enhancement. In this
model all Breight-Wigner functions did not interfere with the NRSPS and DPS background. However,
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Parameter model I model II
𝑚𝑋 [MeV] 6905±11±7 6886±11±11

Γ𝑋→𝐽/𝜓𝐽/𝜓 [MeV] 80±19±33 168±33±69

Table 4.3 Parameters of X(6900) state according to LHCb analysis [40].

Parameter X(6600) X(6900) X(7200)

𝑚𝑋 [MeV] 6638+43
−38
+16
−31 6841+44

−28
+48
−20 7134+48

−25
+41
−15

Γ𝑋→𝐽/𝜓𝐽/𝜓 [MeV] 440+230
−200

+110
−240 191+66

−49
+25
−17 97+40

−29
+29
−26

Table 4.4 Best-fit Parameters of the states observed by CMS [81].

being fitted to the data, this model was unable to reproduce the dip around 6.8 GeV, which is shown in
Fig. 4.16(b). Therefore another fitting model (referred as model II, or “Int. sc.”) was applied, where
the observed peak at 6.9 GeV was described by the Breight-Wigner function allowing for interference
with the NRSPS background. This made it possible to describe both the threshold enhancement and
the dip, which is demonstrated in Fig. 4.16(c). Thus, the X(6900) state was established with around a
5𝜎 significance. Depending on the fitting scenario, its mass 𝑚𝑋 and di-𝐽/𝜓 decay width Γ𝑋→𝐽𝜓𝐽𝜓

are given in Tab. 4.3.
The subsequent measurements by CMS [81] and ATLAS [82] Collaborations confirmed the results

obtained by LHCb. Measuring the di-𝐽/𝜓 invariant mass spectrum, the CMS Collaboration observed
three structures at around 6.6, 6.9 and 7.1 GeV with the local significance of 7.9, 9.8 and 4.7 𝜎,
correspondingly. Similarly to LHCb analysis, the best fit, which correctly described peaks and dips in
between, was achieved allowing the interfrence between components of the fit function. Specifically,
the interference between all three Breigt-Wigner structures that describe three peaks was allowed. The
resonance parameters obtained from this fit are listed in Tab. 4.4. Thus, the X(6900) resonance and
the structure at around 7.2 GeV (say X(7200)), observed by LHCb, were confirmed.In addition, the
third resonance was found in a region where only a threshold enhancement was previously observed in
LHCb data. This resonance is referred to as X(6600).

The ATLAS Collaboration [82] has provided the analysis of both di-𝐽/𝜓 and 𝐽/𝜓𝜓(2𝑆) invariant
mass spectra. According to their analysis, the X(6900) state was confirmed in di-𝐽/𝜓 events with more
than 5𝜎 significance, and it has also been observed in 𝐽/𝜓𝜓(2𝑆) invariant mass spectrum. In addition,
observations of a broad resonance similar to X(6600) in the di-𝐽/𝜓 spectrum and a resonance around
7.2 GeV in the 𝐽/𝜓𝜓(2𝑆) spectrum were reported. Depending on the different fitting models (see [82]
for details), the parameters of the observed resonances are given in Tab. 4.5.

According to various quark-model calculations [258–274], QCD-sum rules [262, 275–279], pole
search [280–282] and other theoretical analyses [283–286], the observed series of structures could be
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di-𝐽/𝜓, model A
Parameter X(6400) X(6600) X(6900)

𝑚𝑋 [GeV] 6.41±0.08+0.08
−0.03 6.63±0.05+0.08

−0.01 6.86±0.03+0.01
−0.02

Γ𝑋→𝐽/𝜓𝐽/𝜓 [GeV] 0.59±0.35+0.12
−0.20 0.35±0.11+0.11

−0.04 0.11±0.05+0.02
−0.01

di-𝐽/𝜓, model B
Parameter X(6400) X(6600) X(6900)

𝑚𝑋 [GeV] − 6.65±0.02+0.03
−0.02 6.91±0.01±0.01

Γ𝑋→𝐽/𝜓𝐽/𝜓 [GeV] − 0.44±0.05+0.06
−0.05 0.15±0.03±0.01

𝐽/𝜓𝜓(2𝑆), model 𝛼
Parameter X(6900) X(7200)

𝑚𝑋 [GeV] fixed from
di-𝐽/𝜓 channel

7.22±0.03+0.01
−0.04

Γ𝑋→𝐽/𝜓 𝜓 (2𝑆) [GeV] 0.09±0.06+0.06
−0.05

𝐽/𝜓𝜓(2𝑆), model 𝛽
Parameter X(6900) X(7200)
𝑚𝑋 [GeV] 6.96±0.05±0.03 −

Γ𝑋→𝐽/𝜓 𝜓 (2𝑆) [GeV] 0.51±0.17+0.11
−0.10 −

Table 4.5 Parameters of the states observed by ATLAS [82].
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associated with excitations 4 of a (possibly the lightest) fully-charmed tetraquark state (see also [289]
for review). Given that the discovered states still have unknown quantum numbers of the total angular
momentum and parity, the theoretical models have to consider all possibilities: 𝐽𝑃𝐶 = 0±+,1−+,2±+, ...
(see, e.g. [290] for the allowed quantum numbers). Unfortunately, various cited analyses yield quite
dense excitation spectra, so one cannot really distinguish between different quantum numbers pertinent
to the observed states at the current level of experimental precision. However, the new X-states with
even spin, as long as they decay to two vector particles, would also couple to two photons and hence
contribute to the LbL scattering [291, 292, 237]. From this point of view, the LbL channel can be
used as a filter for the resonances with even spin. Such resonances can in principle be responsible
for the aforementioned discrepancy between theory and experiment observed in LbL scattering by
the ATLAS Collaboration [72]. Therefore it is interesting to either estimate the width of possible
electromagnetic two-photon decay of X-states or extract the resonance parameters fitting the states to
existing data on LbL scattering.

In general, the electromagnetic decay width of a hadronic state is highly sensitive to its internal
structure. Indeed, usually the compact state has smaller decay width than the molecular state (see,
e.g. [293]). At the quark level, the internal structure of X-states allows for two different pictures:
charmonium molecule (𝑞𝑞 − 𝑞𝑞) or diquark-antidiquark state (𝑞𝑞 − 𝑞𝑞). The former implies the
decay mechanism that at leading order corresponds to the VMD model. Below both the decays of
charmonium molecule and diquark-antidiquark state are considered.

4.3.2 Two-photon decay width estimation in VMD model

X
c
c
c̄
c̄

J/ψ

J/ψ

X
J/ψ

J/ψ

⇒

Fig. 4.17 (Left) Electromagnetic decay of fully charmed tetraquark as a charmonium molecule. (Right)
The picture of this decay in VMD model.

Firstly we estimate the two-photon decay width of the fully-charmed tetraquark state X by exploiting
the VMD hypothesis as shown in Fig. 4.17. The VMD implies that the photon |𝛾⟩ couples via a

4It should be mentioned that in [287, 288] the non-resonant mechanism for the observed structures was proposed,
explaining them simply by threshold cusp effects. However, the fits were performed with more than ten parameters, which
seems to be already quite a substantial number in the considered cases (cf. the pole analysis by Dong et al. [280]).
Furthermore, the 𝜒2 values of approximately 0.7 could indicate a slight overfitting.
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vector-meson state |𝑉⟩ as follows [294, 295]:

|𝛾⟩ → 𝑒

𝑀𝑉
𝑓𝑉 |𝑉⟩, (4.74)

where 𝑒 is the electron charge, 𝑓𝑉 is the corresponding vector-meson decay constant, which is observed
in 𝑉 → 𝑒+𝑒− decay, and 𝑀𝑉 is the vector-meson mass. Introduced in this way, the decay constant has
a dimension of mass.

J/ψ

γ∗
e+

e−

Fig. 4.18 The VMD mechanism of 𝐽/𝜓→ 𝑒+𝑒− decay which determines the 𝛾-𝐽/𝜓 coupling.

The 𝐽/𝜓 decay decay constant 𝑓𝜓 can be obtained from the 𝐽/𝜓→ 𝑒+𝑒− decay width, cf. Fig. 4.18:

Γ𝐽/𝜓→𝑒+𝑒− =
4𝜋𝛼2 𝑓 2

𝜓

3𝑚𝜓
. (4.75)

Using recent values [251] for 𝐽/𝜓 mass 𝑚𝜓 = 3096.900±0.006 MeV and electron-positron decay
width Γ𝐽/𝜓→𝑒+𝑒− = 5.55±0.17 keV, one finds 𝑓𝜓 = 278±9 MeV.

Assuming the zeroth spin of the X-state, the decay widths Γ𝑋→𝛾𝛾 and Γ𝑋→𝐽/𝜓𝐽/𝜓 can be obtained
via the imaginary part of the X-resonance self-energy derived from the following effective interactions

L𝑋𝛾𝛾 = −𝑔𝑋𝛾𝛾𝜙𝑋𝐹𝜇𝜈𝐹𝜇𝜈 , (4.76)

L𝑋 𝐽/𝜓𝛾 = −𝑔𝑋𝛾𝜓𝜙𝑋𝐺𝜇𝜈𝐹𝜇𝜈 , (4.77)

L𝑋 𝐽/𝜓𝐽/𝜓 = −𝑔𝑋𝜓𝜓𝜙𝑋𝐺𝜇𝜈𝐺𝜇𝜈 , (4.78)

where 𝑔𝑋𝛾𝛾 , 𝑔𝑋𝛾𝜓 and 𝑔𝑋𝜓𝜓 are dimensionful coupling constants, 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 is the photon
field tensor, and 𝐺𝜇𝜈 = 𝜕𝜇𝐵𝜈 − 𝜕𝜈𝐵𝜇 is the 𝐽/𝜓 field tensor, 𝜙𝑋 is the scalar field of the 𝑋-meson.
Note that we require gauge-invariance with respect to vector fields, including the massive one. For the
pseudoscalar case, one of the field tensors is replaced by its dual, i.e.,

𝐹𝜇𝜈→ 𝐹𝜇𝜈 =
1
2
𝜖 𝜇𝜈𝛼𝛽𝐹𝛼𝛽 , (4.79)

𝐺𝜇𝜈→ 𝐺𝜇𝜈 =
1
2
𝜖 𝜇𝜈𝛼𝛽𝐺𝛼𝛽 . (4.80)

The X-V-V vertex that correspond to each of the Lagrangians (4.76)-(4.78) is (cf. Eq. (4.10))

𝑉 𝜇𝜈 (𝑞1, 𝑞2) = −2𝑖𝑔𝑋𝑉1𝑉2 (𝑞1 · 𝑞2 𝑔
𝜇𝜈 − 𝑞𝜈1𝑞

𝜇

2 ). (4.81)
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X

γ

γ

X

γ

J/ψ

J/ψ

X

J/ψ

Fig. 4.19 The one-loop graphs of the X-self energy caused by two photons, photon and 𝐽/𝜓-meson,
and two 𝐽/𝜓-mesons, correspondingly.

For the pseudoscalar, the vertex reads as (cf. Eq. (4.11)):

𝑉 𝜇𝜈 (𝑞1, 𝑞2) = 2𝑖𝑔̃𝑋𝑉1𝑉2𝜖
𝜇𝜈𝛼𝛽𝑞1𝛼𝑞2𝛽 . (4.82)

Employing the optical theorem, one can write the imaginary part of the self-energy

ImΠ𝑉1𝑉2 (𝑠) =
𝜆1/2(𝑠,𝑚2

1,𝑚
2
2)

16𝜋𝑠

∑︁
𝜆1𝜆2

��M𝜒1𝜒2
𝑋→𝑉1𝑉2

��2, (4.83)

where 𝜒𝑖 are the helicities,

∑︁
𝜆1𝜆2

|M𝜆1𝜆2
𝑋→𝑉1𝑉2

|2 =


4𝑔2
𝑋𝑉1𝑉2

[
2(𝑞1 · 𝑞2)2 + 𝑞2

1𝑞
2
2
]
,

8𝑔̃2
𝑋𝑉1𝑉2

[
(𝑞1 · 𝑞2)2− 𝑞2

1𝑞
2
2
]
,

(4.84)

and 𝜆(𝑠,𝑚2
1,𝑚

2
2) = [𝑠− (𝑚1 +𝑚2)2] [𝑠− (𝑚1−𝑚2)2].

Hence, for the scalar and pseudoscalar cases of the X-state we obtain,

ImΠ𝛾𝛾 (𝑠) =
𝑠2

16𝜋
𝜃 (𝑠) ×

{
𝑔2
𝑋𝛾𝛾 ,

𝑔̃2
𝑋𝛾𝛾 ,

(4.85)

ImΠ𝛾𝐽/𝜓 (𝑠) =
(𝑠−𝑚2

𝜓
)3

8𝜋𝑠
𝜃

(
𝑠−𝑚2

𝜓

)
×

{
𝑔2
𝑋𝛾𝜓,

𝑔̃2
𝑋𝛾𝜓,

(4.86)

ImΠ𝐽/𝜓𝐽/𝜓 (𝑠) =
1

16𝜋

√︄
1−

4𝑚2
𝜓

𝑠
𝜃

(
𝑠−4𝑚2

𝜓

)
×


𝑔2
𝑋𝜓𝜓

[ (
𝑠−2𝑚2

𝜓

)2
+2𝑚4

𝜓

]
,

𝑔̃2
𝑋𝜓𝜓𝑠

(
𝑠−4𝑚2

𝜓

)
.

(4.87)

The corresponding diagrams for Π𝛾𝛾 , Π𝛾𝐽/𝜓 and Π𝐽/𝜓𝐽/𝜓 self energies are show in Fig. 4.19.
Assuming Γtot = Γ𝑋→𝐽/𝜓𝐽/𝜓, one thus obtains the following relations between the decay widths

of 𝑋 (6900) into the two-photon and di-𝐽/𝜓 channels:

Γ𝑆𝑋→𝛾𝛾 = Γ𝑋→𝐽/𝜓𝐽/𝜓

(
𝑒 𝑓𝜓

𝑚𝜓

)4 
√√

1−
4𝑚2

𝜓

𝑚2
𝑋


(
1−

2𝑚2
𝜓

𝑚2
𝑋

)2

+2
(
𝑚𝜓

𝑚𝑋

)4

−1

(4.88)
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for the scalar X-resonance, which is consistent with a result provided by Esposito et al. [291], and

Γ𝑃𝑆𝑋→𝛾𝛾 = Γ𝑋→𝐽/𝜓𝐽/𝜓

(
𝑒 𝑓𝜓

𝑚𝜓

)4
(
1−

4𝑚2
𝜓

𝑚2
𝑋

)− 3
2

(4.89)

for the pseudoscalar X-state. Applying these relations to the 𝑋 (6900) state observed by LHCb
[40] with parameters given in Tab. 4.3, we obtain the following estimate for branching ratios
B(𝑋→ 𝛾𝛾) ≡ Γ𝑋→𝛾𝛾/Γ𝑋→𝐽/𝜓𝐽/𝜓 in the scalar and pseudoscalar case, respectively [237]:

BS
VMD(𝑋 (6900) → 𝛾𝛾) = (2.8±0.4) ×10−6, (4.90a)

BPS
VMD(𝑋 (6900) → 𝛾𝛾) = (6.4±0.8) ×10−6. (4.90b)

The uncertainties originate from the parameters entering Eqs. (4.88) and (4.89), i.e. the X and 𝐽/𝜓
masses and 𝐽/𝜓 decay constant. Analogously, for the X-states, observed by CMS [81], we obtain
the branching ratios listed in Tab. 4.6. It worth mentioning that in [238] the parameters of X-states,

X-state nature BVMD(𝑋 (6600) → 𝛾𝛾) BVMD(𝑋 (6900) → 𝛾𝛾) BVMD(𝑋 (7300) → 𝛾𝛾)

scalar (3.67±0.52) ×10−6 (2.98±0.41) ×10−6 (4.47±0.65) ×10−6

pseudoscalar (11.7±2.2) ×10−6 (7.11±1.2) ×10−6 (2.40±0.32) ×10−6

Table 4.6 The VMD estimate of two-photon branching ratios for resonances detected at CMS [81]
with the parameters from Tab. 4.4.

detected by CMS, were taken from CMS preprint [296]. These parameters do not correspond to the
best-fit parameters in [81], which causes a slight discrepancy between the results provided in [238]
and in Tab. 4.6. The obtained branching ratios of the X-state decay into two photons are quite small.

X-state nature Γ𝑋 (6600)→𝛾𝛾 [keV] Γ𝑋 (6900)→𝛾𝛾 [keV] Γ𝑋 (7300)→𝛾𝛾 [keV]

scalar 1.6±1.1 0.57±0.18 0.23±0.11
pseudoscalar 5.1±3.4 1.4±0.4 0.43±0.21

Table 4.7 The VMD estimate of two-photon branching ratios for resonances detected at CMS [81]
with the parameters from Tab. 4.4.

Assuming that the main decay channel of X-state comes is the di-𝐽/𝜓 decay, we find that the absolute
values of the two-photon decay are of order 1 keV. These results are close to the ones obtained in the
corresponding quark-model calculations [297, 298], where the electromagnetic decay of the tetraquark
X-resonance is considered as the decay of dicharmonium system.
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4.3.3 Two-photon decay width estimation in diquark-antidiquark picture

While the Vector Meson Dominance (VMD) mechanism is the most straightforward approach to
explain the two-photon decay of a tetraquark that decays into two neutral hadronic vector states, other
possibilities exist that do not involve the formation of vector states prior to photon emission. One such
possibility involves a specific assumption about the internal structure of the tetraquark ground state,
considering it as a diquark-antidiquark molecule. Moreover, various quark-model analyses, which
predict the spectrum of X-states very close to those observed by LHCb, CMS, and ATLAS, rely on
this assumption (cf., e.g., [263, 266, 274, 285, 290, 299]). Therefore, it is important to estimate the
two-photon decay width of such a state and compare it with the VMD prediction, which, again, is
based on a completely different assumption about the internal structure of the tetraquark.

X
c
c
c̄
c̄

Fig. 4.20 Electromagnetic decay of fully charmed tetraquark in diquark-antidiquark picture.

The way we choose to estimate the two-photon decay of the fully-charmed tetraquark is similar
to the well-known analysis of the charmonium decay. As a particular example of such an analysis,
we refer to the Appendix of [300]. The idea is to consider the X-state as a bound state of diquark
and antidiquark, bounded by the QCD-inspired potential, and calculate its decay into two photons as
shown in Fig. 4.20. The potential should be taken similar to the one used for the charmonium, but
with properly adjusted color factor. In what follows, we focus on the X(6600) state seen by CMS and
ATLAS, assuming that it is a scalar state.

In terms of SU(3) group representations, the tetraquark state can be expressed as the diquark-
antidiquark state as follows:

[3⊗ 3] ⊗
[
3̄⊗ 3̄

]
=

[
3̄⊕ 6+ ...

]
⊗

[
3⊕ 6̄+ ...

]
=

[
3̄
]
⊗ [3] +

[
6̄
]
⊗ [6] + .... (4.91)

This means that starting from the charm quarks in fundamental representation of SU(3) group, we
firstly arrive at diquark and antidiquark configurations belonging to the color triplet and antitriplet,
respectively. These representations yield the attractive potential between the quarks inside the
(anti)diquark, with a color factor 𝜅 = −2/3. Secondly, the corresponding term

[
3̄
]
⊗ [3] can be
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decomposed as 1⊕ 8, thus forming a color singlet. This causes the leading attractive component of
the diquark-antidiquark binding potential.

To proceed further, one needs to solve the Schrödinger or Dirac equation with the corresponding
quark-model potential and find a wave function that correctly reproduces the spectrum. Such an
information is given, e.g., in the work by Debastiani & Navarra [263]. According to their analysis, the
simplest state that corresponds to X(6600) state detected is a scalar bound state with quantum numbers
𝑁

2𝑆T+1
T 𝐿T = 21𝑆, which is composed of diquark and antdiquark being in a ground state with spin-1

and zeroth angular momentum. The value of the tetraquark wave function Ψ at the origin is given by

|𝑅(0) |2/GeV3 ≡ 4𝜋 |Ψ(0) |2 = 2.8414 (4.92)

whereas the mass of the tetraquark state is 𝑀𝑇 = 6.6633 GeV.
The relevant 𝑞𝑞 + 𝑞𝑞→ 𝛾 +𝛾 tree-level helicity amplitudes are

M++;++(𝑠) =M−−;−− (𝑠) = 2𝑒2
𝑐𝑐

(1+ 𝛽)2
1− 𝛽2 cos2 𝜃

, (4.93)

M++;00(𝑠) =M−−;00(𝑠) = 2𝑒2
𝑐𝑐

1− 𝛽2

1− 𝛽2 cos2 𝜃
, (4.94)

M++;−− (𝑠) =M−−;++(𝑠) = 2𝑒2
𝑐𝑐

(1− 𝛽)2
1− 𝛽2 cos2 𝜃

, (4.95)

whereM𝜆1𝜆2;𝜒1,𝜒2 ≡ ⟨ ®𝑝 |𝑀𝜒1,𝜒2 | ®𝑞,𝜆1,𝜆2⟩ is the helicity amplitude of two photons with helicities 𝜆1

and 𝜆2 that go into vector diquark and antidiquark with corresponding helicities 𝜒1 and 𝜒2; 𝛽(𝑠)
stands for 2| ®𝑝 |/

√
𝑠 =

√︁
1−4𝑚2/𝑠, where 𝑚 = 3.1334 GeV and 𝑒𝑐𝑐 = 4/3𝑒 are the diquark mass and

electric charge correspondingly. The momenta ®𝑞 and ®𝑝 denote the photon and (anti)diquark momenta
in c.o.m. frame, respectively.

Since the mass of the tetraquark bound state is comparable to the sum of the masses of diquark and
antidiquark, i.e. 𝑀𝑇 ≈ 2𝑚, a nonrelativistic approximation can be applied. Thus, the decay amplitude
reduces to a product of the nonrelativistic tetraquark wave function Ψ𝑁𝑇𝐿𝑇𝑚𝐿

( ®𝑝), taken at the origin,
®𝑝 = 0, and a combination of the tree-level helicity amplitudes of the free diquark-antidiquark pair that
scatter into the pair of real photons. For the chosen 21𝑆 tetraquark state it reads

⟨ ®𝑞,±± |𝑀 |21𝑆,0⟩ =

=

∫
𝑑3 ®𝑝
(2𝜋)3

√
2𝑀𝑇

2
√︁
𝐸1( ®𝑝)𝐸2( ®𝑝)

Ψ∗200( ®𝑝)⟨00|0000⟩
∑︁
𝑠1,𝑠2

⟨00|1 𝑠1 1 𝑠2⟩⟨ ®𝑞,𝜆1,𝜆2 |𝑀𝜒1𝜒2 | ®𝑝⟩

=
𝐶𝐹√
𝑚
Ψ∗200(0)

1
√

3
(
M±±;++−M±±;00 +M±±;−−

) ����
®𝑝→0

, (4.96)

where 𝐶𝐹 = 4/3 is a color factor. A nonrelativistic expansion for the sum of helicity amplitudes reads(
M±±;++−M±±;00 +M±±;−−

)
= 2+2(3+ cos2 𝜃)𝛽2 +2(3cos2 𝜃 + cos4 𝜃)𝛽4 +O(𝛽5), (4.97)
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with 𝛽(𝑠) ≈ | ®𝑝 |/𝑚. The 𝑋→ 𝛾𝛾 decay rate can then be calculated as follows:

Γ𝛾𝛾 ≈
1
2
𝐶2
𝐹

∫
𝑑Ω

32𝜋2
1

2𝑀𝑇

[��⟨ ®𝑞,++ |𝑀 |21𝑆,0⟩
��2 + ��⟨ ®𝑞,−− |𝑀 |21𝑆,0⟩

��2]
=
𝐶2
𝐹

𝑚2
2𝜋
3

(
4
3

)4
𝛼2 |Ψ200(0) |2 = 𝐶2

𝐹 ×8.12keV = 14.4keV. (4.98)

As one can see, the obtained estimate is around one-two orders bigger than the VMD prediction. This
is due to the fact that the diquark-antidiquark state is more compact than the charmonium molecule.
Thus, measuring the strength of the electromagnetic decay width would provide strong evidence in
favor of one scenario or another regarding the internal structure of the X-state.

It is important to note, however, that the non-relativistic approximation, which was used to obtain
Eq. (4.98) is known not to work very accurately for charm quarks. Hence, in order to refine the
prediction, one should carefully take into account the relativistic effects.

4.3.4 Fitting X-states into LbL scattering

According to the recent comprehensive analysis of the LbL events in ultraperipheral Pb-Pb scattering
done by ATLAS Collaboration [73], a mild excess over the Standard Model prediction is centered on
the diphoton invariant mass region of 5 to 10 GeV (cf. Fig. 1.2). A similar excess between 5-7 GeV of
the diphoton invariant mass was seen by CMS Collaboration [74] as well. Given that the observed
states in di-𝐽/𝜓 spectrum are pertinent to the same mass region, we can explore the possibility of the
excess seen in ATLAS experiment is due to the two-photon decay of these states.

Firstly we fitted the data on the LbL scattering with only one X-resonance, namely X(6900),
with parameters given by LHCb [40] (cf. Tab. 4.3). We have extended the Monte-Carlo code
SuperChic v3.05 [226, 301, 77]5 used in the original interpretation of the ATLAS data [73], by
including the X(6900) resonance along with the well-known bottomonium states [302] pertinent
to this energy region, see Table 4.8. Note that SuperChic v3.05 includes otherwise only the
simplest pQCD contributions to LbL scattering, i.e., the quark-loop contribution. However, given
the experimental cuts, it is unnecessary to extend the hadronic LbL model to diphoton masses below
5 GeV or to the near-forward scattering regime with small scattering angles. The next-to-leading
order pQCD corrections were shown to contribute at the order of few percent [303–305, 79], which is
negligible at the current level of experimental precision.

The X-state together with bottomonium resonances were implemented at the level of helicity
amplitudes using the model described by Eqs. (4.24). In the narrow resonance approximation, the
LbL cross section depends only on the ratio Γ𝑋→𝛾𝛾/

√
Γtot, and hence we take it as a fitting parameter.

The total width is assumed to be dominated by the di-𝐽/𝜓 decay (i.e., Γtot ≃ Γ𝑋→𝐽/𝜓 𝐽/𝜓).
The fit has been performed to the unfolded diphoton invariant mass spectrum of the ATLAS data.

The CMS data is not used in the present analysis since the corresponding spectrum is not unfolded.

5Although this is not the most recent version, subsequent updates do not relate to LbL scattering.
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4.3 LbL scattering and fully-charmed tetraquarks

Meson 𝐽𝑃𝐶 𝑀 , [MeV] Γtot, [MeV] Γ𝛾𝛾/Γtot [%]
𝜂𝑏(1S) 0−+ 9399.0 17.9 5.87×10−3

𝜂𝑏(2S) 0−+ 9999.0 8.34 5.86×10−3

𝜒𝑏0(1P) 0++ 9859.44 3.39 5.87×10−3

𝜒𝑏0(2P) 0++ 10232.5 3.54 5.41×10−3

Table 4.8 Bottomonium resonances included in this work.

Γtot = 80 MeV
Γtot = 168 MeV
1σ level
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Fig. 4.21 The profile of 𝜒2 (divided by #d.o.f. = 3) for the values of Γtot used in the two LHCb
scenarios. The gray dashed line cuts out the 1𝜎 interval.

We have explored both the scalar and pseudoscalar nature of 𝑋 (6900), but the corresponding results
of the fit turn out to be indistinguishable at the current level of statistical accuracy. We therefore show
only the results for the scalar X(6900). Since the main uncertainties in ATLAS data has a statistical
origin, then for reasons of simplicity we take the total experimental uncertainties as the uncertainties
for 𝜒2 function. The resulting 𝜒2 is shown in Fig. 4.21, for the two scenarios provided by the LHCb
experiment. The best fit yields the following branching ratio (Γ𝑋→𝛾𝛾/Γtot):

B(𝑋→ 𝛾𝛾) =


5.6+1.3−1.6×10−4, No-int. sc,

4.0+0.9−1.1×10−4, Int. sc..
(4.99)

The corresponding values for the 𝑋→ 𝛾𝛾 decay width are

Γ𝑋→𝛾𝛾 =


67+15
−19 [keV], No-int. sc,

45+11
−14 [keV], Int. sc..

(4.100)
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Fig. 4.22 Differential fiducial cross sections of 𝛾𝛾→ 𝛾𝛾 production in Pb+Pb collisions at a centre-of-
mass energy of √𝑠𝑁𝑁 = 5.02 TeV with integrated luminositiy 2.2 nb−1 for four observables (from left
to right and top to bottom): diphoton invariant mass 𝑚𝛾𝛾 , diphoton absolute rapidity |𝑦𝛾𝛾 |, average
photon transverse momentum (𝑝𝛾1

𝑇
+ 𝑝𝛾2

𝑇
)/2 and diphoton |𝑐𝑜𝑠(𝜃∗) | ≡ | tanh(Δ𝑦𝛾1,𝛾2/2) |. The red

band represents an uncertainty (1𝜎 range) of the fit with 𝑋 (6900). The blue band contains only the
statistical uncertainty of the SuperChic simulation without 𝑋-resonance.

Figure 4.22 shows the exclusive differential cross sections with and without the inclusion of
𝑋 (6900), versus the the ATLAS data [73]. The statistical uncertainties of the SuperChic results
were highly reduced by simulating a large enough number of events (104), thus they were neglected in
analysis and are not visible on the plots of Fig. 4.22. The fit yields the integrated fiducial cross section
of 𝜎𝑋fid = 121±20 nb. It can be compared with the reference SuperChic value without 𝑋-resonance,
𝜎0

fid = 76 nb and with the experimental value, 𝜎exp.
fid = 120±17(stat.) ±13(syst.) ±4(lumi.) nb, reported

by ATLAS [73]. The description of ATLAS data with 𝑋 (6900) is better than without it by about
2.3𝜎.

The ratio Γ𝑋→𝛾𝛾/Γ𝑋→𝐽/𝜓𝐽/𝜓 can be estimated via the VMD mechanism described in Sect. 4.3.2.
As one can see from Eqs. (4.90a) and (4.90b) , the central values of this estimate is about two orders
of magnitude smaller than we obtained from the fit, Eq. (4.99); although, given the large uncertainties,
the difference is fairly insignificant. Moreover, the inclusion the X(6600) and X(7200) states, observed
by CMS and ATLAS, with VMD-predicted two-photon decay widths (cf. Tab. 4.7) is still not sufficient
to describe the excess in LbL data [238]. However, as was shown in the previous section, the decay
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4.4 Summary

of diquark-antidiquark state has bigger two-photon decay width than the charmonium molecule.
Therefore, the obtained results from fitting the X-states into the LbL scattering data may indicate
a possible diquark-antidiquark internal structure of these states. Certainly, a more thorough and
detailed analysis of the tetraquark spectra, as well as higher statistical precision in LbL scattering
measurements, is necessary to validate these assumptions. However, such investigations are beyond
the scope of the present work.

4.4 Summary

The LbL scattering of real photons is a complicated, essentially quantum process with a small
cross section, which is hard to measure. Nevertheless, it has been measured for the first time in
ultraperipheral heavy-ion collisions at LHC during Run-2 by ATLAS and CMS Collaborations. This
measurement provided a unique opportunity to test SM prediction, especially the hadronic part, for
the LbL scattering. Obtaining a consistent description of the hadronic contribution, which would
be valid at all energies, is extremely challenging task due to the non-perturbative nature of QCD. In
particular, the low-energy region below 1 GeV in diphoton mass, where QCD possesses a hadronic
spectrum, can be described by the chiral perturbation theory and partial-wave dispersive approaches.
However, due to the multitude of intermediate states, such as hadronic bound states and resonances, it
is practically too complicated to account for them altogether consistently in the mentioned approaches.
Moreover, at high energies, the perturbative regime of QCD at short distances coexists with the
non-perturbative diffractive phenomena at small scattering angles. While the former can be calculated
in systematic fashion in perturbation theory, the latter is an area of Regge phenomenology. Lastly, all
listed approaches should be properly matched in a region, where no approach to find a QCD solution
has been found so far.

A simple receipt to overcome the aforementioned issues is to use the phenomenological model
based on forward LbL sum rules, which treats both low-energy and Regge energy regions on the same
footing. This model incorporates only three observables (polarized 𝛾𝛾→had. cross sections) that
are pertinent to the forward real LbL scattering. It is shown on various examples of QED, sQED
and scalar meson exchange contributions that this input is enough to describe the low-energy region
sufficiently well. The pQCD region, however, requires different approach involving direct calculation
of leading pQCD contributions. Therefore the pQCD and low-energy plus Regge regions should
be systematically matched in the end. The proposed model could serve as a simple background
estimate for the low-energy real LbL scattering at all scattering angles. Moreover, it could be easily
incorporated at the level of helicity amplitudes into the existing simulators of LbL events, which is of
great practical interest for the future runs at LHC.

Being sensitive to new physics, the LbL scattering could serve a precise filter for exotic resonances.
In particular, the contribution to the LbL scattering from the new states in di-𝐽/𝜓 mass spectrum,
observed by LHCb and confirmed by CMS and ATLAS, were analysed in details. Their two-photon
decay widths were estimated in various ways: in the VMD model, in the quark-model treating the
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resonance as a diquark-antidiquark bound state, and by fitting the resonance parameters to the LbL
scattering data measured by ATLAS. It turns out that these states indeed could be responsible for
the mild excess in the LbL scattering data over the SM prediction seen by ATLAS between 5 and
10 GeV. The two-photon decay width, extracted from the fit, hints towards the diquark-antidiquark
nature of the (at least one) tetraquark state. To make the statistically significant conclusion, however,
more LbL scatterin data is needed, which become available from the future LHC runs. Moreover,
a prospective measuremet of two-photon hadroproduction in ultraperipheral heavy-ion collisions
could be an alternative and very clean channel to study the aforementioned exotic states. Being
complemented with possible lattice QCD studies, these experiments could reveal the nature of fully
charmed tetraquarks in details, identifying their internal structure and quantum numbers.
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4.A One-loop contributions to real LbL

Appendices

4.A One-loop contributions to real LbL

The one-loop contributions to LbL that come from QED, perturbative QCD (quarks) and𝑊± bosons
are given in a compact way in terms of the one-loop scalar integrals in works [169, 168]. Here we
quote these results.

The {++++} helicity amplitude is described by different functions for each case of the charged
particle in the loop, scalar (S), fermion (f) or vector (W), namely

𝑀𝑆
++++(𝑠, 𝑡, 𝑢) = 4𝛼2

em𝑄
4
𝑆

{
1−

(
1+ 2𝑢

𝑠

)
𝐵0(𝑢) −

(
1+ 2𝑡

𝑠

)
𝐵0(𝑡) +

2𝑚2
𝑆
𝑡𝑢

𝑠
𝐷0(𝑡, 𝑢)

−
2𝑚2

𝑆

𝑠

(
1+ 𝑢𝑡

2𝑚2
𝑆
𝑠

)
[2𝑡𝐶0(𝑡) +2𝑢𝐶0(𝑢) − 𝑡𝑢𝐷0(𝑡, 𝑢)]

+2𝑚4
𝑠 [𝐷0(𝑠, 𝑡) +𝐷0(𝑠,𝑢) +𝐷0(𝑡, 𝑢)]

}
, (4.101)

𝑀
𝑓
++++(𝑠, 𝑡, 𝑢) = 8𝛼2

em𝑄
4
𝑓

{
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𝑠

)
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𝑓 (𝑠−2𝑚2
𝑓 ) [𝐷0(𝑠, 𝑡) +𝐷0(𝑠,𝑢)]
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𝑓
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}
, (4.102)

𝑀𝑊
++++(𝑠, 𝑡, 𝑢) = 12𝛼2
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𝑊

𝑠
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𝑊 ) [𝐷0(𝑠, 𝑡) +𝐷0(𝑠,𝑢) +𝐷0(𝑡, 𝑢)]

}
. (4.103)

Here 𝑄 {𝑆, 𝑓 ,𝑊 } stands for the electromagnetic charge of the corresponding particle. Note that the
expressions above show the explicit crossing symmetry with respect to the exchange 𝑡↔ 𝑢.

The fully crossing-invariant {+++−} helicity amplitude has the same functional dependence for
scalars, fermions and vectors in the loop, with the only difference in an overall factor:

𝑀𝑆
+++− (𝑠, 𝑡, 𝑢) =4𝛼2

em𝑄
4
𝑆

{
−1+2𝑚4
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+𝑚2
𝑆𝑠𝑡𝑢

[
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𝑡2
+ 𝐷0(𝑡, 𝑢)

𝑠2

]
−2𝑚2

𝑆

(
1
𝑠
+ 1
𝑡
+ 1
𝑢

)
[𝑡𝐶0(𝑡) +𝑢𝐶0(𝑢) + 𝑠𝐶0(𝑠)]

}
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The same is true for the fully crossing-invariant {++−−} helicity amplitude as well:
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. (4.105)

4.B Two-photon fusion cross sections with real photons in QED and
sQED

In the real-photon limit, the tree-level two-photon fusion QED cross sections, which enter the forward
LbL sum rules, are given by

𝜎𝑇𝑇 (𝑠) =
4𝜋𝛼2

em
𝑠

{
(𝑎̄−2)

√
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)
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}
, (4.106a)
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}
, (4.106c)

while in case of sQED they read

𝜎𝑇𝑇 =
4𝜋𝛼2

em
𝑠

{
(2− 𝑎̄)

√
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𝜏𝑇𝑇 ≡𝜎∥ −𝜎⊥ =
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𝜏𝑎𝑇𝑇 ≡
𝜎0−𝜎2

2
=

2𝜋𝛼2
em
𝑠

{
2(1− 𝑎̄) 𝐿̄−

√
𝑎̄

}
. (4.107c)

In the Eqs. (4.106) and (4.107) we use the following notations:

𝑎̄ = 1− 4𝑚2

𝑠
, 𝐿̄ = log

(
1+
√
𝑎̄

√
1− 𝑎̄

)
, 𝑠 = 2𝜈, 𝜈thr. = 4𝑚2. (4.108)
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Chapter 5

Electromagnetic corrections to HVP via
the Cottingham-like formula

In this Chapter, a computational strategy that enables much more direct comparisons between lattice
QCD and hadron phenomenology in the evaluation of electromagnetic corrections to HVP, is discussed.
In its simplest realization, the idea is to add and subtract a Pauli-Villars term [306] to the photon
propagator1,

1
𝑘2 =

(
1
𝑘2 −

1
𝑘2 +Λ2

)
+ 1
𝑘2 +Λ2 , (5.1)

where 𝑘 is the Euclidean four-momentum and Λ is a typical hadronic scale. The first term leads to
a UV-finite effect on the HVP and is sensitive to long-distance contributions such as the 𝜋0𝛾 and
𝜂𝛾 channels; it can be treated analogously to the HLbL contribution to the muon AMM by using
coordinate-space methods [308, 309, 146], whereby power-law effects due to the internal photon
propagators are avoided. The second can be treated entirely in lattice regularization by having the
photon field defined on the same lattice as the QCD fields [120]. However, since a photon regulator
mass is now present, no issue with the photon zero-mode arises, nor do power-law finite-size effects
occur. We return to this aspect in section 5.7 but remark here that a number of different methods have
been used in the extensive literature on incorporating the coupling of quarks to photons into lattice
QCD calculations (see [310–323] for a representative set of publications).

How then can one predict the leading QED correction to the HVP with a UV-regularized photon
propagator in place? We shall express it through the forward HLbL amplitude [324–326], as shown in
Fig. 5.1. As has been noted [326], the connection between the forward HLbL amplitude and the e.m.
correction to the HVP bears a strong resemblance with the Cottingham formula [327–331], which
expresses e.m. mass splittings in terms of the forward Compton scattering amplitude. The analogy
becomes apparent if one views light-by-light (LbL) scattering as Compton scattering off a photon.

1Such a decomposition of the photon propagator has been found to be helpful in other contexts; see in particular Ref.
[307].
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q q

k k

Fig. 5.1 Cottingham-like formula for QCD LbL amplitude.

However, not much practical use has so far emerged from this connection. Perhaps the main
reason is that the insertion of two standard 𝑞𝑞𝛾 vertices leads to a divergence, requiring the insertion
of O(𝑒2) counterterms to cancel it. From the standpoint of the HLbL amplitude, the divergence
appears due to the forward HLbL falling off too slowly (as 1/𝑘2) for one of the incoming photon
momenta becoming large. However, the first term on the right-hand side of Eq. (5.1) amounts to
a UV-regularization of the photon propagator, and in this case the integral over the forward HLbL
amplitude yielding an e.m. correction to the HVP becomes finite. Therefore, with sufficient knowledge
of the forward HLbL amplitude, obtained either by using the dispersive sum rules [167] or direct
lattice calculations [332], one can make a definite prediction for this correction. The comparison can
even be done in a more differential way, at the integrand level, as we shall illustrate. Also, accumulated
knowledge on the HLbL amplitudes, for example concerning the relative importance of the different
quark Wick-contraction topologies [333, 166], can be usefully applied to the leading QED corrections
to the HVP.

The work in this Chapter is based on the publication in Ref. [334].

5.1 A Cottingham-like formula for light-by-light amplitude

The first correction ΔΠ(𝑄2) to the leading HVP2 Π𝑒2 (𝑄2) can be written in the form

ΔΠ(𝑄2) = lim
Λ→∞

(
Π4pt(𝑄2,Λ) +Πct(𝑄2,Λ)

)
, (5.2)

where Λ is a UV-regularization parameter. We begin by establishing a formula for Π4pt(𝑄2,Λ), named
in this way because it involves the four-point function of the e.m. current, which at the same time
provides the quantum field-theoretic definition of the LbL scattering amplitude. The second term,
Πct(𝑄2,Λ), consists of the required counterterms and the strong-isospin breaking contribution. While
its precise form is not needed here, more details will be given in section 5.7.

The LbL scattering amplitudeM𝜇1𝜇2𝜇3𝜇4 depends on the four-momenta of the incoming (𝑞1, 𝑞2)
and outgoing (𝑞3, 𝑞4) photons. The forward kinematics correspond to 𝑞1 = 𝑞3 ≡ 𝑘 and 𝑞2 = 𝑞4 ≡ 𝑞,

2In our notation throughout this section, the HVP contains an additional factor 𝑒2 relative to the notation widely used in
lattice QCD calculations, for instance in Refs. [335, 336].
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5.1 A Cottingham-like formula for light-by-light amplitude

see Fig. 5.1. Contracting the photon-line 1 with 3, we obtain a contribution to the VP tensor:

Π
𝜇2𝜇4
4pt (𝑞

2,Λ) = 1
2

∫
𝑑4𝑘

(2𝜋)4

[−𝑖𝑔𝜇1𝜇3

𝑘2 + 𝑖0+

]
Λ

M𝜇1𝜇2𝜇3𝜇4 (𝑘, 𝑞) , (5.3)

where the factor of one-half is the symmetry factor; in square brackets is the Feynman-gauge photon
propagator, regulated at the scale Λ, for instance à la Pauli-Villars, [1/𝑘2]Λ = 1/𝑘2 − 1/(𝑘2 −Λ2).
Due to gauge invariance, the VP tensor has the following general form,

Π𝜇𝜈 (𝑞) = Π(𝑞2) (𝑞2𝑔𝜇𝜈 − 𝑞𝜇𝑞𝜈), (5.4)

and hence its scalar part can be expressed as:

Π4pt(𝑞2,Λ) = 1
6𝑞2

∫
𝑑4𝑘

(2𝜋)4

[
−𝑖

𝑘2 + 𝑖0+

]
Λ

M(𝑘, 𝑞) , (5.5)

where
M ≡ 𝑔𝜇1𝜇3𝑔𝜇2𝜇4M𝜇1𝜇2𝜇3𝜇4 (𝑘, 𝑞) , (5.6)

is the traced LbL amplitude. The latter is a scalar function of three invariants: 𝑘2, 𝑞2, and 𝜈 ≡ 𝑘 · 𝑞.
It is even in 𝜈 and symmetric under the interchange of 𝑘 and 𝑞. We shall write it asM(𝜈,𝐾2,𝑄2),
where 𝐾2 = −𝑘2 and 𝑄2 = −𝑞2 will further be assumed to be positive, i.e., the photons are spacelike.

Introducing the helicity LbL amplitudes as (cf. (2.54))

𝑀𝜆1𝜆2𝜆3𝜆4 = 𝜀
𝜇1
𝜆1
(𝑞1) 𝜀𝜇2

𝜆2
(𝑞2) 𝜀∗𝜇3

𝜆3
(𝑞3)𝜀∗𝜇4

𝜆4
(𝑞4)M𝜇1𝜇2𝜇3𝜇4 , (5.7)

with 𝜀𝜇
𝜆
(𝑞) the photon polarization vectors, the traced amplitude can be written as [164]:

M =
∑︁

𝜆,𝜎=±,0
(−1)𝜆+𝜎𝑀𝜆𝜎𝜆𝜎 = 4M𝑇𝑇 −2M𝐿𝑇 −2M𝑇𝐿 +M𝐿𝐿 , (5.8)

where the following combinations of the helicity amplitudes are used:

M𝑇𝑇 = 1
2
(
𝑀++++ +𝑀+−+−

)
, M𝐿𝐿 = 𝑀0000 ,

M𝐿𝑇 = 𝑀0+0+, M𝑇𝐿 = 𝑀+0+0 . (5.9)

For spacelike photon virtualities, the optical theorem relates the imaginary part of these amplitudes to
a 𝛾∗𝛾∗-fusion cross section [167, Eq. (16)], so that

ImM(𝜈, 𝑘2, 𝑞2) = 2
√
𝑋 𝜎(𝜈, 𝑘2, 𝑞2), (5.10)
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where 𝜎 = 4𝜎𝑇𝑇 − 2𝜎𝑇𝐿 − 2𝜎𝐿𝑇 +𝜎𝐿𝐿 3 is the total unpolarized 𝛾∗𝛾∗-fusion cross section, and
𝑋 = 𝜈2 − 𝑞2 𝑘2. Furthermore, the analytic properties of the 𝜈-dependence warrant a dispersive
representation. Since all relevant LbL amplitudes are even in 𝜈 and require one subtraction [167,
Section II. C], the dispersion relation takes the form

M(𝜈,𝐾2, 𝑄2) =M(𝜈̄, 𝐾2, 𝑄2) +M(𝜈,𝐾2, 𝑄2),

M(𝜈,𝐾2, 𝑄2) = 2
𝜋
(𝜈2− 𝜈̄2)

∞∫
𝜈thr.

𝑑𝜈′
𝜈′ ImM(𝜈′,𝐾2,𝑄2)
(𝜈′2− 𝜈̄2) (𝜈′2− 𝜈2)

, (5.11)

where we are free to choose any subtraction point 𝜈̄, and 𝜈thr. is the lowest particle production
threshold. For example, in QED, 𝜈thr. = 1/2(𝐾2 +𝑄2) +2𝑚2

𝑒 is the threshold for 𝑒+𝑒− production; see
Appendix 5.B for further details.

To proceed further, let us choose the convenient reference frame, where the four momentum 𝑞𝜇 is
given by

𝑞𝜇 =

{
𝑖𝑄, ®0

}
, (5.12)

so that the components of the four vector 𝑘𝜇 can be expressed in terms of 𝜈, 𝐾 and 𝑄 in a simple way:

𝑘0 = −𝑖 𝜈
𝑄
, | ®𝑘 | =

√︄
𝐾2− 𝜈

2

𝑄2 . (5.13)

The dispersive representation justifies the Wick rotation in the evaluation of Eq. (5.5). Under this
rotation, the loop integral transforms as

−𝑖
∫
𝑑4𝑘→ 4𝜋

∫
𝑑 (𝑘0)2

2
√︁
(𝑘0)2

∫ ®𝑘2𝑑®𝑘2

2
√︁
®𝑘2
→ 𝜋

∫
𝑑𝜈2

∫
𝑑𝐾2

√︂
𝐾2𝑄2

𝜈2 −1. (5.14)

and we obtain the Cottingham formula analogue,

Π4pt(𝑄2,Λ) = 1
6𝑄4(2𝜋)3

∞∫
0

𝑑𝐾2
[

1
𝐾2

]
Λ

𝐾2𝑄2∫
0

𝑑𝜈2
(
𝐾2𝑄2

𝜈2 −1
)1/2
M(𝜈, 𝐾2, 𝑄2) , (5.15)

which by a variable change, 𝜈 = 𝐾𝑄𝑥, is cast into

Π4pt(𝑄2,Λ) = 1
3(2𝜋)3𝑄2

∞∫
0

𝑑𝐾2
1∫

0

𝑑𝑥
√︁

1− 𝑥2M(𝐾𝑄𝑥, 𝐾2, 𝑄2), (5.16)

where the explicit cutoff dependence has been suppressed for brevity, but is still assumed.

3The conventions on the polarization vectors, which lead to this relation among the corss sections, are defined in
Eqs. (2.52) and (2.53). In these notations, all of the cross sections entering the relation are positively defined.
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Substituting the dispersive representation of the LbL amplitude (5.11) and the optical theorem
(5.14), we obtain the dispersive representation of the Cottingham formula in therms of 𝛾∗𝛾∗-fusion
cross sections:

Π4pt(𝑄2,Λ) = 1
3(2𝜋)3𝑄2

∞∫
0

𝑑𝐾2

[
𝜋

4
M(𝜈̄, 𝐾2, 𝑄2)

+
∞∫

𝜈thr.

𝑑𝜈

(
2

𝜈 +
√
𝑋
− 𝜈

𝜈2− 𝜈̄2

)√
𝑋 𝜎(𝜈,𝐾2, 𝑄2)

]
. (5.17)

As indicated in Eq. (5.2), the contribution Π4pt must be combined with the appropriate counterterm,
to which we return in section 5.7, in order to obtain the first correction ΔΠ(𝑄2) to the HVP.

At this point, let us briefly comment on the flavor structure of the HLbL amplitudeM, particularly
regarding to isospin, which plays an important role at low energies. The e.m. current carried by the
quarks contains both an isovector and an isoscalar component. The LbL amplitude can be written as
the sum of the three partial contributions where (i) all four currents are isovector; (ii) all four currents
are isoscalar; and (iii) in one pair of currents, both are isovector, while in the complementary pair,
both are isoscalar, and one sums over all six possible pairings. Pole contributions of isovector mesons
such as the pion only occur in the third contribution, while isoscalar-meson exchanges appear in all
three contributions.

5.2 Reproducing the two-loop vacuum polarization in QED and sQED

5.2.1 The two-loop QED vacuum polarization

In order to test our Cottingham analogue, Eq. (5.15), we apply it to the QED VP: we expect the
one-loop LbL amplitude to provide the two-loop VP, see Fig. 5.2.

2×

Fig. 5.2 One-loop LbL scattering (left three diagrams) and the resulting two-loop vacuum polarization
in QED.

Substituting the one-loop LbL amplitude (cf. 5.A.1) into Eq. (5.15) yields a complicated expression,
which we only show here in the expanded form:

Π
QED
4pt (𝑄

2,Λ) =
𝛼2

em
𝜋2

−
1
2
+ 329

1620
𝑄2

𝑚2
ℓ

− 2333
75600

(
𝑄2

𝑚2
ℓ

)2

+ 43579
7938000

(
𝑄2

𝑚2
ℓ

)3

+O
(
𝑄8

𝑚8
ℓ

)
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−
𝛼2

em
𝜋2 log

Λ

𝑚ℓ

−
1
2
+ 1

5
𝑄2

𝑚2
ℓ

− 3
70

(
𝑄2

𝑚2
ℓ

)2

+ 1
105

(
𝑄2

𝑚2
ℓ

)3

+O
(
𝑄8

𝑚8
ℓ

) , (5.18)

up to terms that vanish for Λ→∞. Hereafter 𝑚ℓ stands for the lepton mass appearing in the loops. In
this calculation we have in fact adopted a simpler, momentum-cutoff regularization: [ 1

𝑘2 ]Λ =
𝜃 (Λ2−𝑘2 )

𝑘2 .
In the present context, this form of regularization is equivalent to Pauli-Villars regularization, up to
terms suppressed by 1/Λ2.

The counterterm, Πct(𝑄2,Λ), can be obtained in the following way

Πct(𝑞2,Λ) = −
[
𝑚ℓ𝛿2− 𝛿𝑚ℓ

] 𝜕

𝜕𝑚ℓ
Π𝑒2 (𝑞2), (5.19)

where in the on-shell renormalization scheme4 and in Minkowski-space notation

𝑚ℓ𝛿
QED
2 − 𝛿QED

𝑚ℓ
= Σ

QED
2 (/𝑝 = 𝑚ℓ) = 𝛿𝑚ℓ = 3𝑚ℓ

𝛼em
2𝜋

[
1
4
+ log

Λ

𝑚ℓ

]
, (5.20)

Π
QED
𝑒2 (𝑞2) = −2𝛼em

𝜋

∫ 1

0
𝑑𝑥(1− 𝑥)𝑥 log

𝑚2
ℓ

𝑚2
ℓ
− 𝑥(1− 𝑥)𝑞2

, (5.21)

leading to

Π
QED
ct (𝑄2,Λ) = 6

𝛼2
em
𝜋2

(
1
4
+ log

Λ

𝑚ℓ

) [
1
6
− 1
𝜅2 +

4
𝜅3
√

4+ 𝜅2
arctanh

(
𝜅

√
4+ 𝜅2

)]
=
𝛼2

em
𝜋2

(
1
4
+ log

Λ

𝑚ℓ

) [
1
5
𝜅2− 3

70
𝜅4 + 1

105
𝜅6 +O(𝜅8)

]
, (5.22)

where 𝜅 =𝑄/𝑚ℓ . Altogether [cf. Eq. (5.2)], we obtain the following result for the small-𝑄2 expansion
of the two-loop VP:

ΔΠ
QED(𝑄2) =

𝛼2
em
𝜋2


41
162

𝑄2

𝑚2
ℓ

− 449
10800

(
𝑄2

𝑚2
ℓ

)2

+ 62479
7938000

(
𝑄2

𝑚2
ℓ

)3

+O
(
𝑄8

𝑚8
ℓ

) . (5.23)

Note that:
Π(𝑄2) ≡ Π(𝑄2) −Π(0), (5.24)

with Π4pt(0,Λ) given, in general, by:

Π4pt(0,Λ) =
1

3(2𝜋)3

∞∫
0

𝑑𝐾2
∫ 1

0
𝑑𝑥

√︁
1− 𝑥2M(𝐾𝑄𝑥,𝐾

2,𝑄2)
𝑄2

���
𝑄2=0

. (5.25)

4See Ref. [337], whose notation we borrow, in particular their Eqs. (7.28) and (7.91).
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In the case of two-loop QED we obtain:

Π
QED
4pt (0,Λ) = −

𝛼2
em

4𝜋2

∞∫
0

𝑑𝐾2

{12𝑚4
ℓ

(
𝐾2 +2𝑚2

ℓ

)
log

[
1
2
𝐾2

𝑚2
ℓ

(√︃
1+ 4𝑚2

ℓ

𝐾2 +1
)
+1

]
𝐾3

(
𝐾2 +4𝑚2

ℓ

)5/2

−
(
𝐾2 +2𝑚2

ℓ

)2 +8𝑚4
ℓ

𝐾2
(
𝐾2 +4𝑚2

ℓ

)2

}
, (5.26)

which is finite upon any regularization set by Λ.
To check this result, we use the well-known dispersion relation:

Π(𝑄2) = −𝑄
2

𝜋

∫ ∞

4𝑚2
ℓ

𝑑𝑡

𝑡 (𝑡 +𝑄2)
ImΠ(𝑡). (5.27)

together with the well-known O(𝑒4) imaginary part, first computed in 1955 [338] as well as in [339],
given for instance in [340] (Eq. (5-4.200) on p. 109) and in [341]. Using this well-known result, we
reproduce Eq. (5.23) obtained via the Cottingham formula. We have also checked this numerically for
arbitrary 𝑄2.

5.2.2 The two-loop sQED vacuum polarization

+ crossed

+ crossed

2×

2×4×

Fig. 5.3 One-loop LbL scattering (left three diagrams) and the resulting two-loop vacuum polarization
in sQED.

In the context of phenomenological models for LbL amplitudes, particularly with the inclusion of
charged meson loops, it is also crucial to test the Cottingham-like formula (5.15) in sQED. Due to a
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presence of seagull photon-scalar vertices, the number of diagrams increases in comparison to QED,
as is shown in Fig. 5.3.

Again, substitution of the one-loop LbL amplitude (cf. 5.A.2) into Eq. (5.15) yields a complicated
expression, which we can expand into a series in 𝑄:

Π
sQED
4pt (𝑄

2,Λ) =
𝛼2

em
𝜋2

[
3
16
+ 707

25920
𝑄2

𝑚2
𝜋

− 589
302400

(
𝑄2

𝑚2
𝜋

)2

+ 26113
127008000

(
𝑄2

𝑚2
𝜋

)3

+O
(
𝑄8

𝑚8
𝜋

)]
+
𝛼2

em
𝜋2

(
Λ2

𝑚2
𝜋

+ log
Λ2

𝑚2
𝜋

) [
− 3

16
− 1

160
𝑄2

𝑚2
𝜋

+ 1
1120

(
𝑄2

𝑚2
𝜋

)2

− 1
6720

(
𝑄2

𝑚2
𝜋

)3

+O
(
𝑄8

𝑚8
𝜋

)]
+
𝛼2

em
4𝜋2

Λ2

𝑚2
𝜋

, (5.28)

where 𝑚𝜋 stands for the mass of charged scalar particle in the LbL loop (e.g. pion). The value of the
two-loop vacuum polarization at zero photon virtuality reads

Π
sQED
4pt (0,Λ) =

𝛼2
em

4𝜋2

∞∫
0

𝑑𝐾2


3𝑚4

𝜋 log
[

1
2
𝐾2

𝑚2
𝜋

(√︃
1+ 4𝑚2

𝜋

𝐾2 +1
)
+1

]
𝐾3 (

𝐾2 +4𝑚2
𝜋

)3/2 + 𝐾
4 +𝑚2

𝜋𝐾
2−6𝑚4

𝜋

4𝑚2
𝜋𝐾

2 (
𝐾2 +4𝑚2

𝜋

)  . (5.29)

Due to the gauge invariance, the counterterm in sQED is also given by Eq. (5.19). The one-loop
vacuum polarization in sQED has the form

Π
sQED
𝑒2 (𝑞) = −𝛼em

2𝜋

∫ 1

0
𝑑𝑥𝑥(2𝑥−1) log

𝑚2
𝜋

𝑚2
𝜋 − 𝑞2𝑥(1− 𝑥)

(5.30)

so that the derivative with respect to the mass reads

𝜕

𝜕𝑚2
𝜋

Π
sQED
𝑒2 (𝑞) =𝛼em

𝜋

©­­­­«
√︁

4𝑚2
𝜋 − 𝑞2 tan−1

(
𝑞√

4𝑚2
𝜋−𝑞2

)
𝑞3 + 1

12𝑚2
𝜋

− 1
𝑞2

ª®®®®¬
=
𝛼em
𝜋

1
𝑚2
𝜋

[
−𝑞

2/𝑚2
𝜋

120𝜋
− (𝑞

2/𝑚2
𝜋)2

840𝜋
− (𝑞

2/𝑚2
𝜋)3

5040𝜋
+O

(
𝑞8

𝑚8
𝜋

)]
(5.31)

Fig. 5.4 Self energy in sQED via the Cottingham formula.

Due to the worse asymptotic behavior of sQED, even the leading-order results would depend on the
regularization. In particular, contrary to QED, the cutoff, Pauli-Villars and dimensional regularizations
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will result in a different finite parts for the scalar particle self energy at one loop. In order to follow
the same regularization scheme in both Cottingham-like formula and counterterm calculations, we
can also apply Cottingham formula for derivation of the one-loop self-energy counterterm Σ(𝑚),
depicted on Fig. 5.4. For that purpose we need to integrate the tree-level scalar QED forward Compton
amplitude over the photon momentum. This amplitude, being contracted with 𝑔𝜇𝜈 , has the following
form

M𝑒2 (𝜈, 𝑘2) ≡𝑔𝜇𝜈M𝜇𝜈

𝑒2 (𝜈, 𝑘2)

=4𝜋𝛼em

(
4𝑚2

𝜋 −𝐾2 +2(𝑠−𝑚2
𝜋 +𝐾2)

𝑠−𝑚2
𝜋

+ 4𝑚2
𝜋 −𝐾2−2(𝑠+𝐾2−𝑚2

𝜋)
−2𝐾2 +𝑚2

𝜋 − 𝑠
−8

)
, (5.32)

where 𝑠 = (𝑝 + 𝑘)2 = 𝑚2
𝜋 −𝐾2 +2𝜈 is the usual Mandelstam variable, 𝜈 = 𝑝 · 𝑘 , with 𝑝 and 𝑘 being

the (on-shell) four-momentum of the scalar particle, 𝑝2 = 𝑚2
𝜋 , and the four-momentum of the virtual

photon, 𝑘2 = −𝐾2, respectively. Introducing the variable 𝑥 as 𝑥 = 𝜈/(𝑖𝑚𝜋𝐾), one arrives to a very
simple expression for the traced Compton amplitude

M𝑒2 (𝑥,𝐾2) = −8𝜋𝛼em
4+8𝑥2 +3𝐾2/𝑚2

𝜋

4𝑥2 +𝐾2/𝑚2
𝜋

. (5.33)

Thus the application of the Cottingham formula reduces to the integration of that amplitude over the
photon momentum, which yields

Σ
sQED
2 (𝑝2 = 𝑚2

𝜋) =𝛿𝑚2
𝜋 =

∫
𝑑4𝑘

(2𝜋)4
1
𝑘2M𝑒2 (𝜈, 𝑘2) =

∫ Λ

0
𝐾𝑑𝐾

∫ 1

0
𝑑𝑥

√︁
1− 𝑥2M𝑒2 (𝑥,𝐾2)

=− 𝛼em
𝜋
𝑚2
𝜋

[
9
8
+ 3

4

(
Λ2

𝑚2
𝜋

+ log
Λ2

𝑚2
𝜋

)]
. (5.34)

Here, similarly to Eq. (5.28), the cutoff regularization was applied. Finally, we obtain the following
series expansion for the counterterm

Πct(𝑄,Λ) =
𝛼2

em
𝜋2

[
3
2
+

(
Λ2

𝑚2
𝜋

+ log
Λ2

𝑚2
𝜋

)] (
𝑄2/𝑚2

𝜋

160
− (𝑄

2/𝑚2
𝜋)2

1120
+ (𝑄

2/𝑚2
𝜋)3

6720
+O

(
𝑄8

𝑚8
𝜋

))
. (5.35)

This counterterm, being added to Π
sQED
4pt , gives the finite result, which corresponds to the one obtained

following either Eq. (5.27) with the correct imaginary part (cf. Appendix 5.C) or exact two-loop
calculation [342]. Its series expansion reads:

ΔΠ
sQED(𝑄2) =

𝛼2
em
𝜋2

𝑄2

𝑚2
𝜋

(
95

2592
− 71

21600
𝑄2

𝑚2
𝜋

+ 54463
127008000

(
𝑄2

𝑚2
𝜋

)2

+O
(
𝑄6

𝑚6
𝜋

) )
. (5.36)
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5.3 Evaluation of the fourth-order vacuum polarization contribution to
the muon (𝑔−2)

We now test the Cottingham-like formula beyond the small-𝑄2 expansion and compute the fourth-
order VP contribution to the muon AMM using numerical integration. In order to avoid numerical
instabilities emerging in loop integrals, that in the case of the virtual LbL amplitude we found to
persist in all familiar packages for one-loop numerical integration, we choose the more elegant way
and calculate the LbL amplitudeM(𝜈,𝐾2, 𝑄2) itself via the dispersive approach, utilizing Eq. (5.17)
The imaginary part ImM(𝜈,𝐾2,𝑄2) in terms of the tree level two-photon fusion cross sections in
QED and sQED, as well as expressions for the subtraction termM(𝜈̄, 𝐾2, 𝑄2) for the two choices of
subtraction point 𝜈̄1 = 0 and 𝜈̄2 = 𝐾𝑄 are provided in Appendix 5.A.

The O
(
𝑒6) contribution of the regulated fourth-order vacuum polarization to the AMM can be

computed using the general formula [343–345]:

𝜘μ =
𝛼em
𝜋

∞∫
0

𝑑𝑄2K(𝑄2)Π(𝑄2), (5.37)

where the kernel function is given by

K(𝑄2) = 1
2𝑚2

μ

(𝑣−1)3
2𝑣(𝑣 +1) , 𝑣 =

√︄
1+

4𝑚2
μ

𝑄2 , (5.38)

with 𝑚μ the muon mass. The integral over the kernel function alone gives the Schwinger term,
Δ𝜘μ = 𝛼em/2𝜋. Therefore, substituting the renormalized vacuum polarization, we obtain:

𝜘μ = −
𝛼em
2𝜋

Π(0) + 𝛼em
𝜋

∞∫
0

𝑑𝑄2K(𝑄2)Π(𝑄2). (5.39)

Consequently, the subtraction term inΠ4pt(𝑄2,Λ) contributes−𝛼em/2𝜋Π4pt(0,Λ) to 𝜘μ . To facilitate the
comparison of continuum results with lattice calculations, it is advantageous to define the contribution
to the anomalous magnetic moment (AMM) arising solely from the Cottingham formula result
subtracted at 𝑄 = 0:

𝜘∗μ ≡ −
𝛼em
2𝜋

Π4pt(0) +
𝛼em
𝜋

∫ ∞

0
𝑑𝑄2K(𝑄2)Π4pt(𝑄2) (5.40)

This component can be directly computed on the lattice in its entirety, whereas the evaluation of the
counterterm necessitates a distinct computational approach.
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Fig. 5.5 Anomalous magnetic moment 𝑎∗μ ≡ 𝜘∗μ via the Cottingham formula without the counterterm
to be compared with lattice QCD: varying the mass inside the VP. The cutoff scale is chosen to be
Λ ≡ 𝑀𝛾 = 3𝑚𝜇.

For QED, results obtained with a Pauli-Villars regulator,[
1
𝑘2

]PV

Λ

→ Λ2

𝑘2(Λ2− 𝑘2)
, (5.41)

and Λ = 3𝑚μ 5 are provided as a function of the lepton mass 𝑚ℓ appearing in the vacuum polarization
in Fig. 5.5. Furthermore, adding the contribution of the appropriate counterterm and subsequently
taking the limit Λ→∞, we obtain the full O(𝑒4) QED vacuum polarization to 𝜘μ . For a muon in the
vacuum polarization loop, we obtain:

Δ𝜘μ ≃ 6.6×10−10. (5.42)

The result numerically agrees with Ref. [346].
For sQED, a single Pauli-Villars regulator to the photon propagator is not sufficient to regularize

the UV divergences. Instead one can consider a “double Pauli-Villars” regulator of the form:[
1
𝑘2

]dPV

Λ

→
(

1
𝑘2 −𝐺sub(𝑘2, 𝜁 ,Λ)

)
+𝐺sub(𝑘2, 𝜁 ,Λ), (5.43)

𝐺sub(𝑘2, 𝜁 ,Λ) = 1
1− 𝜁

(
1

𝑘2 + 𝜁Λ2 −
𝜁

𝑘2 +Λ2

)
, 0 < 𝜁 < 1. (5.44)

5This cutoff value serves as one of several reference points used to further validate the lattice QCD setup and benchmark
its results against continuum calculations. The selection of this specific value is primarily methodological rather than
physical; it serves as a computational tool for comparison and validation purposes.
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This regularization with 𝜁 ≠ 1 is particularly useful for the lattice application in the position space,
where it allows one to improve convergence while removing unnecessary singular terms. The photon
propagator in position space is then written as

𝐺 (𝑥) = 𝐺0(𝑥) +
𝜁2

1− 𝜁2𝐺 (𝑚,𝑥) −
1

1− 𝜁2𝐺 (𝜁𝑚,𝑥), (5.45)

where

𝐺0(𝑥) =
∫

𝑑4𝑘

(2𝜋)4
𝑒𝑖𝑘 ·𝑥

𝑘2 =
1

4𝜋2𝑥2 , 𝐺𝑚(𝑥) =
∫

𝑑4𝑘

(2𝜋)4
𝑒𝑖𝑘 ·𝑥

𝑘2 +𝑚2 =
𝑚

4𝜋2 |𝑥 |
𝐾1(𝑚 |𝑥 |). (5.46)

Another possibility to regularize the vacuum polarization is to supplement each 𝛾𝜋+𝜋− vertex with
the VMD vector form factor of the monopole form

𝐹𝛾𝜋+𝜋− (𝑄2) =
𝑀2
𝑉

𝑄2 +𝑀2
𝑉

. (5.47)

The chiral-limit behavior of the contribution to AMM through the Cottingham formula with a
charged pion loop is defined just by the subtraction term −𝛼em/2𝜋Π(0). Being regularized by the VMD
form factors, it behaves at 𝑚𝜋 → 0 as

𝜘∗μ = −
𝛼em
2𝜋
[Π(0)]VMD

𝑀𝑉
+O(𝑚0

𝜋) = −
𝛼3

em
32𝜋3

𝑀2
𝑉

𝑚2
𝜋

+O(𝑚0
𝜋). (5.48)

Here 𝑀𝑉 is the vector-meson mass from VMD form factor. For double Pauli-Villars regulator without
VMD form factors, it reads

𝜘∗μ = −
𝛼em
2𝜋
[Π(0)]dPV

Λ +O(𝑚0
𝜋) = −

𝛼3
em

32𝜋3
Λ2

𝑚2
𝜋

log(𝜁2)
𝜁2−1

+O(𝑚0
𝜋) (5.49)

We also calculate the pion mass dependence at small muon mass, while keeping 𝑚μ ≪ 𝑚𝜋 < 𝑀𝑉 .
To get the analytical result, we use the low-𝑄 expansion of the two-loop vacuum polarization. By
straightforward calculation we obtain

𝜘∗μ = −
𝛼em
2𝜋

Π(0) + 𝛼em
𝜋

∞∫
0

d𝑄2K(𝑄2)Π(𝑄2)

≈ 𝛼em
𝜋

∞∫
0

d𝑄2K(𝑄2) 1(
𝑄2/𝑀2

𝑉
+1

)2

[
− 𝛼2

160𝜋2

𝑀2
𝑉

𝑚4
𝜋

𝑄2 +O(𝑄4)
]

𝑚μ→0
= −

𝛼3
em

480𝜋3

𝑚2
μ𝑀

2
𝑉

𝑚4
𝜋

(5.50)
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Without any approximations and regulators, the exact on-shell renormalized O(𝑒4) sQED vacuum
polarization with the charged pion loop contributes to 𝜘μ as follows:

Δ𝜘μ ≃ 7.0×10−11. (5.51)

5.4 Sum rule for the subtraction function in Cottingham-like formula

Although the dispersive representation (5.17) relates the vacuum polarization with the total unpolarized
two-photon fusion cross section in a model-independent way, the unknown subtraction function due
toM(𝜈̄, 𝐾2,𝑄2) persists. This prevents one from constructing a fully data-driven approach for the
Cottingham formula. Fortunately, there exists a way how to relate the subtraction function to the
polarized two-photon fusion cross sections under some assumptions.

Let us consider the LbL amplitude M𝜇𝛼𝜈𝛽, summed over polarizations of the incoming an
outgoing photons with virtuality 𝐾2 = −𝑘2,

𝑔𝛼𝛽M𝜇𝛼𝜈𝛽 = −
(
𝑔𝜇𝜈 −

𝑞𝜇𝑞𝜈

𝑞2

)
𝑀1 +

𝑘̂𝜇 𝑘̂𝜈

𝑘2 𝑀2, (5.52)

where
𝑘̂𝜇 = 𝑘𝜇 −

𝑘 · 𝑞
𝑞2 𝑞𝜇 . (5.53)

The Eq. (5.52) is basically a spin-independent part of the Compton tensor (cf. Eq. (2.79)). The traced
amplitudeM, given by Eq. (5.8), then can be written in terms of 𝑀1 and 𝑀2 as

M = −3𝑀1−
𝑋

𝑞2𝑘2𝑀2, (5.54)

It is convenient to introduce the longitudinal amplitude,

M𝐿 = 𝑀𝜇𝜈𝜀
𝜇

𝐿
𝜀∗𝜈𝐿 = −𝑀1−𝑀2

𝑋

𝑞2𝑘2 . (5.55)

which corresponds to the scattering of longitudinally-polarized photon with momentum 𝑞 on the
unpolarized one with momentum 𝑘 . Its imaginary part is related via the optical theorem to the
polarized two-photon fusion cross sections 𝜎𝐿𝐿 and 𝜎𝐿𝑇 as follows:

ImM𝐿 = Im (𝑀0000−𝑀0+0+−𝑀0−0−)
=2
√
𝑋 (𝜎𝐿𝐿 −2𝜎𝐿𝑇 ) ≡ 2

√
𝑋𝜎𝐿 . (5.56)
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Let us assume that the longitudinal amplitude should satisfy the unsubtracted dispersion relation

M𝐿 (𝜈,𝐾2,𝑄2) = 4
𝜋

∞∫
𝜈thr.

𝑑𝜈′
𝜈′
√
𝑋 ′𝜎𝐿 (𝜈′,𝐾2,𝑄2)
𝜈′2− 𝜈2− 𝑖0+

, (5.57)

where 𝑋 ′ = 𝜈′2−𝐾2𝑄2. Similarly, one can introduce the transverse amplitude,

M𝑇 = 𝑀𝜇𝜈 (𝜀𝜇+ 𝜀∗𝜈+ + 𝜀𝜇−𝜀∗𝜈− ) = −2𝑀1, (5.58)

which corresponds to the scattering of longitudinally-polarized photon with momentum 𝑞 on the
unpolarized one with momentum 𝑘 . Its imaginary part, in its turn, is related to the polarized two-photon
fusion cross sections 𝜎𝑇𝐿 and 𝜎𝑇𝑇 :

ImM𝑇 = Im (−2𝑀+0+0 +2𝑀++++ +2𝑀+−+−)
=2
√
𝑋 (−2𝜎𝑇𝐿 +4𝜎𝑇𝑇 ) . (5.59)

At the “Siegert” point 𝜈 =𝑄𝐾 (where three-momenta of both photons are zero) the longitudinal
and the transverse (and hence the total) LbL amplitudes are related as follows:

M𝐿 (𝜈 =𝑄𝐾,𝐾2,𝑄2) = −𝑀1(𝜈 =𝑄𝐾,𝐾2,𝑄2) =M(𝜈 =𝑄𝐾,𝐾2,𝑄2)/3. (5.60)

Combining the dispersion relation for the total LbL amplitude, given by Eq. (5.11) with the dispersion
relation for the longitudinal amplitude (5.57) at the Siegert point (5.60), one can write down the
dispersive representation for the subtraction function:

M(𝜈̄, 𝐾2, 𝑄2) = 4
𝜋

∞∫
𝜈thr.

𝑑𝜈′
𝜈′
√
𝑋 ′

[
3𝜎𝐿 (𝜈′,𝑄2) + 𝜈̄

2− (𝐾𝑄)2
𝜈′2− 𝜈̄2 𝜎(𝜈′,𝑄2)

]
. (5.61)

This relation, if valid, can be further substituted into Eq. (5.11), providing a unique opportunity to
define the total LbL amplitude in a fully data-driven fashion. The resulting expression for the amplitude
M(𝜈,𝐾2, 𝑄2) then follows from Eq. (5.61) by replacing 𝜈̄ with 𝜈. This leads to the following master
formula for the data-driven evaluation of the vacuum polarization correction:

Π4pt =
1

3(2𝜋)3𝑄2

∫ ∞

0
𝑑𝐾2

∫ ∞

𝜈thr.

𝑑𝜈′
𝜈′
√
𝑋 ′

[
3𝜎sym

𝐿
+

(
−1+ 2𝑋 ′

𝐾2𝑄2

(
1−
√
𝑋 ′

𝜈′

))
𝜎

]
. (5.62)

However, in QED the sum rule (5.61) works up to a 𝜈-independent function:

M(𝜈̄, 𝐾2, 𝑄2) = 4
𝜋

∞∫
𝜈thr.

𝑑𝜈′
𝜈′
√
𝑋 ′

[
3𝜎𝐿 (𝜈,𝑄2) + 𝜈̄

2− (𝐾𝑄)2
𝜈′2− 𝜈̄2 𝜎(𝜈,𝑄2)

]
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+96𝛼2
em

1−2
log 1

2

(
𝑄2 +

√︁
𝑄2(𝑄2 +4) +2

)
√︁
𝑄2(𝑄2 +4)

 , (5.63)

where the lepton mass is taken as unity. This expression can be written in symmetric form,

M(𝜈̄, 𝐾2, 𝑄2) = 4
𝜋

∞∫
𝜈thr.

𝑑𝜈′
𝜈′
√
𝑋 ′

[
3𝜎sym

𝐿
(𝜈,𝑄2) + 𝜈̄

2− (𝐾𝑄)2
𝜈′2− 𝜈̄2 𝜎(𝜈,𝑄2)

]

+48𝛼2
em

1−2
log 1

2

(
𝑄2 +

√︁
𝑄2(𝑄2 +4) +2

)
√︁
𝑄2(𝑄2 +4)


+48𝛼2

em

1−2
log 1

2

(
𝐾2 +

√︁
𝐾2(𝐾2 +4) +2

)
√︁
𝐾2(𝐾2 +4)

 , (5.64)

where the symmetrized longitudinal cross section was introduced:

𝜎
sym
𝐿
(𝜈,𝑄2) = 𝜎𝐿𝐿 (𝜈,𝑄2) −

[
𝜎𝐿𝑇 (𝜈,𝑄2) +𝜎𝑇𝐿 (𝜈,𝑄2)

]
. (5.65)

The same is true for the sQED case. These 𝜈-independent functions are caused by the nonvanishing
value of the longitudinal amplitude at infinite energy. Thus, according to the Sugawara-Kanazawa
theorem [158], the dispersion relation (5.57) should be changed as follows

M𝐿 (𝜈,𝐾2,𝑄2) =M𝐿 (𝜈→∞,𝐾2,𝑄2) + 4
𝜋

∞∫
𝜈thr.

𝑑𝜈′
𝜈′
√
𝑋 ′𝜎𝐿 (𝜈′,𝐾2,𝑄2)
𝜈′2− 𝜈2− 𝑖0+

. (5.66)

The situation when the real physical amplitude (and any connected physical quantity) at arbitrary low
energies “feels” the physics at infinitely large energies looks ridiculous. Indeed, it means that we
can probe the physics beyond the Planck scale by the low-energy observables. Therefore, assuming
the convergence of the dispersive integral, which is proven in QED and sQED, we tend to treat the
nonzero amplitude at infinite energy as an artifact of the (low-energy) theory. Further discussion of
this phenomenon in the Compton scattering will continue in Chapter 7.

5.4.1 Formula forM𝑇𝑇

A formula similar to Eq. (5.61) can be derived for the polarized LbL amplitudeM𝑇𝑇 . Defining 𝐿𝑇 as
a symmetric combination 𝐿𝑇 +𝑇𝐿,

M
𝐿̃𝑇
(𝜈,𝐾2,𝑄2) ≡M𝑇𝐿 (𝜈,𝐾2,𝑄2) +M𝐿𝑇 (𝜈,𝐾2,𝑄2), (5.67)
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the following dispersive representations for polarized LbL amplitudes can be written:

M𝑇𝑇 (𝜈,𝐾2,𝑄2) =M𝑇𝑇 (𝜈̄, 𝐾2,𝑄2) + 4
𝜋
(𝜈2− 𝜈̄2)

∫ ∞

𝜈thr.

𝑑𝜈′
𝜈′
√
𝑋 ′𝜎𝑇𝑇 (𝜈′,𝐾2,𝑄2)
(𝜈′2− 𝜈̄2) (𝜈′2− 𝜈2)

, (5.68)

M
𝐿̃𝑇
(𝜈,𝐾2,𝑄2) =M

𝐿̃𝑇
(𝜈→∞,𝐾2,𝑄2) + 4

𝜋

∫ ∞

𝜈thr.

𝑑𝜈′
𝜈′
√
𝑋 ′𝜎

𝐿̃𝑇
(𝜈′,𝐾2,𝑄2)

𝜈′2− 𝜈2 , (5.69)

M𝐿𝐿 (𝜈,𝐾2,𝑄2) = 4
𝜋

∫ ∞

𝜈thr.

𝑑𝜈′
𝜈′
√
𝑋 ′𝜎𝐿𝐿 (𝜈′,𝐾2,𝑄2)

𝜈′2− 𝜈2 , (5.70)

In QED, the asymptotic valueM
𝐿̃𝑇
(𝜈→∞,𝐾2,𝑄2) is given by

M
𝐿̃𝑇
(𝜈→∞,𝐾2,𝑄2) = −32𝛼2

em

{
1−

log 1
2 (2+𝐾

2 +
√︁
𝐾2(4+𝐾2))√︁

𝐾2(4+𝐾2)
−

log 1
2 (2+𝑄

2 +
√︁
𝑄2(4+𝑄2))√︁

𝑄2(4+𝑄2)

}
(5.71)

From Eq. (5.54) written in the point 𝜈 =𝑄𝐾 one can read off the following relation

2M𝑇𝑇 (𝜈 = 𝐾𝑄,𝐾2,𝑄2) =M𝐿𝐿 (𝜈 = 𝐾𝑄,𝐾2,𝑄2) − 1
2
M

𝐿̃𝑇
(𝜈 = 𝐾𝑄,𝐾2,𝑄2). (5.72)

Inserting the dispersive representations for the amplitudes into the latter relation, one can determine
the subtraction functionM𝑇𝑇 (𝜈̄, 𝐾2,𝑄2)

M𝑇𝑇 (𝜈̄, 𝐾2,𝑄2) = 2
𝜋

∫ ∞

𝜈thr.

𝑑𝜈′
𝜈′
√
𝑋 ′

[
2
𝜈̄2−𝐾2𝑄2

𝜈′2− 𝜈̄2 𝜎𝑇𝑇 (𝜈′,𝐾2,𝑄2)

+𝜎𝐿𝐿 (𝜈′,𝐾2,𝑄2) − 1
2
𝜎
𝐿̃𝑇
(𝜈′,𝐾2,𝑄2)

]
− 1

4
M𝜈→∞

𝐿̃𝑇
(𝐾2,𝑄2). (5.73)

It worth noting that all the dispersion relations above are also valid in sQED, however, with the
different asymptotic function

M
𝐿̃𝑇, sQED(𝜈→∞,𝐾

2,𝑄2) = 4𝛼2
em

{
4−

√︂
1+ 4

𝐾2 log
1
2
(2+𝐾2 +

√︁
𝐾2(4+𝐾2))

−

√︄
1+ 4

𝑄2 log
1
2
(2+𝑄2 +

√︁
𝑄2(4+𝑄2))

}
. (5.74)

Again, we opt to treat the asymptotic function as a high-energy artifact of the theory, which should
vanish in real physical amplitude as long as the dispersive integral is convergent. Thus, the data-driven
dispersion formula forM𝑇𝑇 becomes

M𝑇𝑇 (𝜈,𝐾2,𝑄2) = 1
𝜋

∫ ∞

𝜈thr.

𝑑𝜈′
𝜈′
√
𝑋 ′

[
4

𝑋

𝜈′2− 𝜈2𝜎𝑇𝑇 (𝜈
′,𝐾2,𝑄2)
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+2𝜎𝐿𝐿 (𝜈′,𝐾2,𝑄2) −𝜎
𝐿̃𝑇
(𝜈′,𝐾2,𝑄2)

]
. (5.75)

5.4.2 Scalar and pseudoscalar exchanges

Along with the lepton and scalar LbL boxes, it is interesting to test the formula (5.73) on a more
elementary case of the scalar particle exchange. The amplitude of the two-photon fusion into the
scalar particle of mass 𝑚𝑆 consists of two pieces, transversal and longitudinal [167]:

M𝜆𝑘 ,𝜆𝑞 (𝜈,𝐾2,𝑄2) = 4𝜋𝛼em𝜀𝜇 (𝑘,𝜆𝑘)𝜀𝜈 (𝑞,𝜆𝑞)
𝜈

𝑚𝑆

×
{
−𝑅𝜇𝜈 (𝑘, 𝑞)𝐹𝑇𝑆𝛾∗𝛾∗ (𝐾

2,𝑄2) + 𝑄𝐾𝜈
𝑋

𝑙
𝜇

𝑘
𝑙𝜈𝑞𝐹

𝐿
𝑆𝛾∗𝛾∗ (𝐾

2,𝑄2)
}
. (5.76)

Here 𝜀(𝑘 (𝑞),𝜆𝑘 (𝜆𝑞)) are the polarization vectors of the photons with corresponding helicities 𝜆𝑘 (𝑞)
and four-vectors 𝑘 (𝑞) with virtualities 𝑘2 = −𝐾2 and 𝑞2 = −𝑄2. The notations for the tensor structures
are given by Eq. (2.51). A scalar exchange is described by its mass𝑚𝑆 and the longitudinal (transverse)
transition form factors 𝐹𝐿 (𝑇 )

𝑆𝛾∗𝛾∗ .
There are only three non-vanishing amplitudes for this process:

M++(𝜈,𝐾2,𝑄2) =M−− (𝜈,𝐾2,𝑄2) = 4𝜋𝛼em
𝜈

𝑚𝑆
𝐹𝑇𝑆𝛾∗𝛾∗ (𝐾

2,𝑄2) (5.77)

M00(𝜈,𝐾2,𝑄2) = −4𝜋𝛼em
𝐾𝑄

𝑚𝑆
𝐹𝐿𝑆𝛾∗𝛾∗ (𝐾

2,𝑄2), (5.78)

so the corresponding cross sections are simply given by

𝜎𝑇𝑇 (𝜈,𝐾2,𝑄2) = 𝛿(𝜈− 𝜈S)
𝜋

8
16𝜋2𝛼2

em

𝑚2
𝑆

𝜈2
√
𝑋
𝐹𝑇𝑆𝛾∗𝛾∗ (𝐾

2,𝑄2) (5.79)

𝜎𝐿𝐿 (𝜈,𝐾2,𝑄2) = 𝛿(𝜈− 𝜈S)
𝜋

4
16𝜋2𝛼2

em

𝑚2
𝑆

𝐾2𝑄2
√
𝑋
𝐹𝐿𝑆𝛾∗𝛾∗ (𝐾

2,𝑄2), (5.80)

where 𝜈S = (𝑚2
𝑆
+𝐾2 +𝑄2)/2. From Eq. (5.76), the amplitudesM𝑇𝑇 andM𝐿𝐿 of the forward LbL

scattering via the scalar exchange can be easily obtained, yielding

M𝑇𝑇 (𝜈,𝐾2,𝑄2) =1
2

16𝜋2𝛼2
em

𝑚2
𝑆

[
𝐹𝑇𝑆𝛾∗𝛾∗ (𝐾

2,𝑄2)
]2 𝜈2𝜈S

𝜈2
S− 𝜈2

, (5.81)

M𝐿𝐿 (𝜈,𝐾2,𝑄2) =
16𝜋2𝛼2

em

𝑚2
𝑆

[
𝐹𝐿𝑆𝛾∗𝛾∗ (𝐾

2,𝑄2)
]2 𝐾2𝑄2𝜈S

𝜈2
S− 𝜈2

. (5.82)

It is straightforward to see that Eq. (5.70) is satisfied.
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Let us then find the subtraction function forM𝑇𝑇 using Eq. (5.73):

M𝑇𝑇 (𝜈̄, 𝐾2,𝑄2) = 2
𝜋

∫ ∞

𝜈0

𝑑𝜈′
𝜈′
√
𝑋 ′

[
2
𝜈̄2−𝐾2𝑄2

𝜈′2− 𝜈̄2 𝜎𝑇𝑇 (𝜈′,𝐾2,𝑄2) +𝜎𝐿𝐿 (𝜈′,𝐾2,𝑄2)
]

=
8𝜋2𝛼2

em

𝑚2
𝑆

∫ ∞

𝜈0

𝑑𝜈′
𝜈′

𝑋 ′

[
𝜈̄2−𝐾2𝑄2

𝜈′2− 𝜈̄2 𝜈′2
(
𝐹𝑇𝑆𝛾∗𝛾∗ (𝐾

2,𝑄2)
)2
+𝐾2𝑄2

(
𝐹𝐿𝑆𝛾∗𝛾∗ (𝐾

2,𝑄2)
)2

]
𝛿(𝜈′− 𝜈S)

=
8𝜋2𝛼2

em

𝑚2
𝑆

𝜈3
S

𝜈2
S−𝐾2𝑄2

[
𝜈̄2−𝐾2𝑄2

𝜈2
S− 𝜈̄2

(
𝐹𝑇𝑆𝛾∗𝛾∗ (𝐾

2,𝑄2)
)2
+ 𝐾

2𝑄2

𝜈2
S

(
𝐹𝐿𝑆𝛾∗𝛾∗ (𝐾

2,𝑄2)
)2

]
, (5.83)

where 𝜈0 is the first inelastic threshold of 𝛾𝛾 fusion process, so that 𝜈𝑆 > 𝜈0. At this point
one can make an assumption that the transversal and longitudinal form factors are the same, i.e.
𝐹𝑇
𝑆𝛾∗𝛾∗ = 𝐹

𝐿
𝑆𝛾∗𝛾∗ ≡ 𝐹𝑆𝛾∗𝛾∗ . The subtraction function then simplifies to

M𝑇𝑇 (𝜈̄, 𝐾2,𝑄2) =
8𝜋2𝛼2

em

𝑚2
𝑆

(
𝐹𝑆𝛾∗𝛾∗ (𝐾2,𝑄2)

)2 ∫ ∞

𝜈0

𝑑𝜈′
𝜈′

𝜈′2− 𝜈̄2
𝜈̄2 (

𝜈′2−𝐾2𝑄2)
𝑋 ′

𝛿(𝜈′− 𝜈S)

=
8𝜋2𝛼2

em

𝑚2
𝑆

(
𝐹𝑆𝛾∗𝛾∗ (𝐾2,𝑄2)

)2 𝜈S𝜈̄
2

𝜈2
S− 𝜈̄2

. (5.84)

On the other hand, applying the dispersive representation Eq.(5.68), one obtains the following reference
expression for the subtraction function:

M𝑇𝑇 (𝜈̄, 𝐾2,𝑄2) =M𝑇𝑇 (𝜈,𝐾2,𝑄2) − 4
𝜋
(𝜈2− 𝜈̄2)

∫ ∞

𝜈0

𝑑𝜈′
𝜈′
√
𝑋 ′𝜎𝑇𝑇 (𝜈′,𝑄2,𝐾2)
(𝜈′2− 𝜈̄2) (𝜈′2− 𝜈2)

=
1
2

16𝜋2𝛼2
em

𝑚2
𝑆

(
𝐹𝑇𝑆𝛾∗𝛾∗ (𝐾

2,𝑄2)
)2

[
𝜈2𝜈S
𝜈S− 𝜈

−
𝜈3

S(𝜈
2− 𝜈̄2)

(𝜈2
S− 𝜈̄2) (𝜈2

S− 𝜈2)

]
=

1
2

16𝜋2𝛼2
em

𝑚2
𝑆

(
𝐹𝑇𝑆𝛾∗𝛾∗ (𝐾

2,𝑄2)
)2 𝜈S𝜈̄

2

𝜈2
S− 𝜈̄2

. (5.85)

Under an assumption of equivalence of the transversal and longitudinal squared form factors, this
subtraction function is identical to the one given by Eq. (5.84), which was obtained using the dispersive
formula (5.73). Thus the latter, if it works, can provide useful constraints on the two-photon transition
form factors of the scalar particles.

A simple scenario arises in the case of pseudoscalar exchanges, which are characterized by a
single transverse two-photon transition form factor [167],

M𝜆𝑘 ,𝜆𝑞 = −4𝑖𝜋𝛼em𝜖𝜇𝜈𝛼𝛽𝜀
𝜇 (𝑘,𝜆𝑘)𝜀𝜈 (𝑞,𝜆𝑞)𝑘𝛼𝑞𝛽𝐹𝑃𝛾∗𝛾∗ (𝐾2,𝑄2), (5.86)

only the amplitudes with transversal photons are non-zero:

M++(𝜈,𝐾2,𝑄2) = −M−− (𝜈,𝐾2,𝑄2) = −4𝜋𝛼em
√
𝑋. (5.87)
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Hence the LbL amplitude with the longitudinally-polarized photons does not emerge. Performing the
same steps as for the case of the scalar exchange, one obtains similar expression for the subtraction
function,

M(𝜈̄, 𝐾2,𝑄2) =
8𝜋2𝛼2

em

𝑚2
𝑃

(
𝐹𝑃𝛾∗𝛾∗ (𝐾2,𝑄2)

)2 𝜈S(𝜈̄2−𝐾2𝑄2)
𝜈2

S− 𝜈̄2
, (5.88)

with 𝑚𝑃 being the mass of the exchanged particle. However, this subtraction function can be exactly
reproduced by the formula (5.73) without any further assumptions.

5.5 Forward LbL amplitude at large virtuality from the Operator
Product Expansion

Since the forward HLbL amplitudeM(𝑘, 𝑞) is finite, the divergence of Eq. (5.5) as Λ→∞ can only
arise from performing the 𝑘 integral. The question is then, what is the large-𝑘 behaviour ofM(𝑘, 𝑞)
for fixed 𝑞. This is a typical application for the Operator Product Expansion (OPE). In this section we
work in Euclidean space and our starting point is〈

𝑉em
𝜇 (𝑥)𝑉em

𝜈 (𝑦)𝑉em
𝜎 (𝑧)𝑉em

𝜆 (0)
〉
=

∫
𝑞1,𝑞2,𝑞3

𝑒𝑖 (𝑞1𝑥+𝑞2𝑦+𝑞3𝑧) Π𝜇𝜈𝜎𝜆(𝑞1, 𝑞2, 𝑞3), (5.89)

the e.m. current carried by the quarks, in units of the positron charge, being given by 𝑉em
𝜇 =

2
3 𝑢̄𝛾𝜇𝑢 −

1
3𝑑𝛾𝜇𝑑 − ... We recall that the HLbL amplitude is directly related to Π𝜇𝜈𝜎𝜆 [332]. In

particular, for the forward amplitude Eq. (5.6), the connection reads

M(𝑘 · 𝑞, 𝑘2, 𝑞2) = 𝑒4𝛿𝜇𝜈𝛿𝜎𝜆Π𝜇𝜈𝜎𝜆(−𝑘, 𝑘,−𝑞), (5.90)

where the scalar products on the left-hand side are Euclidean. The large momentum 𝑘 “forces” the two
vertices 𝑥 and 𝑦 to come close together. From a power-counting perspective, it is the dimension-four
operators that can cause a logarithmically divergent behaviour in Eq. (5.5), since they contribute
as 𝑂 (4)/𝑘2. It is then only necessary to know their Wilson coefficients to order 𝛼𝑠 included, since
𝛼𝑠 (𝑘2)2𝑂 (4)/𝑘2 multiplied by a photon propagator already yields a UV-finite integral.

Note that the two indices of the vector currents are contracted with each other (thus cancelling
the axial current contribution in the OPE), and that we may average the result over the direction of 𝑘 ,
given that we are interested in subsequently integrating over 𝑘 in Eq. (5.5). The result of the OPE can
then only contain operators with vacuum quantum numbers.

From a different perspective, the divergence resulting from the integral over the photon momentum
𝑘 must be removable by the available counterterms of the theory. Moreover, since vector currents do
not renormalize in QCD, the relevant counterterms are only those associated with the parameters of
the theory, which are the gauge coupling and the quark masses. These parameters are respectively
associated with the operators 𝐺𝑎

𝛼𝛽
𝐺𝑎
𝛼𝛽

and 𝑚 𝑓 𝜓̄ 𝑓𝜓 𝑓 for each quark flavor 𝑓 .
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The Wilson coefficients of scalar operators appearing in the OPE of QCD currents have been
calculated a long time ago [347]. We report only the result up to the order required for our purposes6,〈∫

𝑑4𝑥 𝑒𝑖𝑘𝑥 T(𝜓̄ 𝑓 (𝑥)𝛾𝜇𝜓 𝑓 (𝑥) 𝜓̄ 𝑓 (0)𝛾𝜇𝜓 𝑓 (0))
〉
𝑘̂

(5.91)

𝑘2→∞
=

3
𝑘2

[
2
(
1+ 𝛼𝑠

3𝜋

)
𝑚 𝑓 𝜓̄ 𝑓𝜓 𝑓 +

𝛼𝑠

12𝜋

(
1+ 7

6
𝛼𝑠

𝜋

)
𝐺𝑎𝛼𝛽𝐺

𝑎
𝛼𝛽

]
.

Interpreting the gluonic operator in terms of the (renormalization group invariant) trace anomaly
𝜃 (𝑥) = 2𝛽 (𝑔)

𝑔
Lg, whereLg =

1
4𝐺

𝑎
𝛼𝛽
𝐺𝑎
𝛼𝛽

is the gluonic Lagrangian density and 𝛽(𝑔) = 𝜇 𝜕𝑔
𝜕𝜇

= −𝑔3(𝑏0+
𝑏1𝑔

2 + ...) the QCD beta function7, we rewrite

𝛼𝑠

12𝜋

(
1+ 7

6
𝛼𝑠

𝜋

)
𝐺𝑎𝛼𝛽 (𝑥)𝐺𝑎𝛼𝛽 (𝑥) =

−1
24𝜋2𝑏0

(
1+𝑔2 ( 7

24𝜋2 − 𝑏1
𝑏0

)
+O(𝑔4)

)
𝜃 (𝑥) . (5.92)

Thereby we arrive at the following prediction for the asymptotic large-𝑘2 behaviour of the four-point
amplitude ∫

𝑑Ω𝑘

2𝜋2

〈∫
𝑑4𝑥

∫
𝑑4𝑦 𝑒𝑖𝑘 (𝑥−𝑦)𝑉em

𝜇 (𝑥)𝑉em
𝜇 (𝑦)𝑉

(1)
𝜎 (𝑧)𝑉 (2)𝜆 (0)

〉
(5.93)

𝑘2→∞
=

3
𝑘2

∑︁
𝑓

Q2
𝑓

[
2
(
1+ 𝛼𝑠

3𝜋

)
𝑚 𝑓

〈∫
𝑑4𝑥 𝜓̄ 𝑓𝜓 𝑓𝑉

(1)
𝜎 (𝑧)𝑉 (2)𝜆 (0)

〉
− 1

24𝜋2𝑏0

(
1+𝑔2 ( 7

24𝜋2 − 𝑏1
𝑏0

) ) 〈∫
𝑑4𝑥 𝜃 (𝑥)𝑉 (1)𝜎 (𝑧)𝑉 (2)𝜆 (0)

〉 ]
,

where Q 𝑓 = {2/3, −1/3, . . .} are the quark electric charges. At this point, we keep the currents 𝑉 (1)𝜎 (𝑧)
and 𝑉 (2)

𝜆
(0) unspecified, in particular in their flavour structure.

The effect of inserting the mass operator into a correlation function is to differentiate the latter
with respect to the quark mass, 〈

𝐴

∫
𝑑4𝑥 𝑚𝜓̄𝑥𝜓𝑥

〉
= −𝑚 𝜕

𝜕𝑚
⟨𝐴⟩ , (5.94)

while the effect of the trace anomaly on a renormalization-group invariant correlation function of
mass-dimension 𝑛 is to differentiate with respect to all scales on which the correlation function
depends,〈

𝐴(𝑦, 𝑧, ...,𝑚1,𝑚2, ...)
∫
𝑑4𝑥 𝜃 (𝑥)

〉
=

(
−𝑛− 𝑦𝜈

𝜕

𝜕𝑦𝜈
− 𝑧𝜈

𝜕

𝜕𝑧𝜈
− · · · +

∑︁
𝑗

𝑚 𝑗

𝜕

𝜕𝑚 𝑗

)
⟨𝐴(𝑦, 𝑧, ...)⟩ ,

(5.95)

6As we shall see explicitly in the following subsection, the leading term (6/𝑘2)𝑚 𝑓 𝜓̄ 𝑓 𝜓 𝑓 also applies to the QED case.
The other displayed terms are for the gauge group SU(3) and do not depend on the number of quark flavors 𝑛 𝑓 . The leading
coefficient of 𝑚 𝑓 𝜓̄ 𝑓 𝜓 𝑓 and the leading coefficient of 𝐺𝑎

𝛼𝛽
𝐺𝑎
𝛼𝛽

are consistent with the calculation of [348].
7In these conventions, 𝑏0 = 1

(4𝜋 )2 (11− 2
3𝑛 𝑓 ) and 𝑏1 = 1

(4𝜋 )4 (102− 38
3 𝑛 𝑓 ).
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where 𝑦 and 𝑧 are space-time coordinates. We now set 𝑉 (1)𝜎 (𝑧) =𝑉em
𝜎 (𝑧) and 𝑉 (2)

𝜆
(0) =𝑉em

𝜆
(0). Let

𝐻𝜆𝜎 (𝑧) be the kernel yielding the leading-order subtracted VP when integrated over with the correlator
𝑒2 〈

𝑉em
𝜎 (𝑧)𝑉em

𝜆
(0)

〉
(see Eqs. 5.135 and 5.136 below). Acting with the linear operator

−𝑒
4

2

∫
𝑑4𝑘

(2𝜋)4
[ 1
𝑘2

]
Λ

∫
𝑑4𝑧 𝐻𝜆𝜎 (𝑧) , (5.96)

on both sides of Eq. (5.93), we conclude that the asymptotic large-Λ behaviour of the four-point
amplitude contribution to the fourth-order VP is given by

Π4pt(𝑄2,Λ) Λ→∞= 3𝑒2

8𝜋2

∑︁
𝑓

Q2
𝑓

[(
log

( Λ

𝜇IR

)
+ 1

24𝜋2𝑏0
log

(𝛼𝑠 (𝜇IR)
𝛼𝑠 (Λ)

))
𝑚 𝑓

𝜕

𝜕𝑚 𝑓

(5.97)

+ 1
48𝜋2𝑏0

(
log

( Λ

𝜇IR

)
+ 1

2𝑏0

( 7
24𝜋2 − 𝑏1

𝑏0

)
log

(
𝛼𝑠 (𝜇IR )
𝛼𝑠 (Λ)

)) (
2𝑞2 𝜕

𝜕𝑞2 +
∑
𝑓 ′𝑚 𝑓 ′

𝜕
𝜕𝑚 𝑓 ′

)]
Π𝑒2 (𝑄2).

5.5.1 Explicit OPE calculation at leading order

Consider then the OPE of two vector currents at leading order,

𝜓̄𝑥𝛾𝜇𝜓𝑥 𝜓̄𝑦𝛾𝜈𝜓𝑦 = 𝜓̄𝑥𝛾𝜇𝑆(𝑥− 𝑦)𝛾𝜈𝜓𝑦 + 𝜓̄𝑦𝛾𝜈𝑆(𝑦− 𝑥)𝛾𝜇𝜓𝑥 , (5.98)

with 𝑆(𝑥) the position-space fermion propagator, which is given by

𝑆(𝑥) = 𝑚2

4𝜋2 |𝑥 |

[
/𝑥
𝐾2(𝑚 |𝑥 |)
|𝑥 | +𝐾1(𝑚 |𝑥 |)

]
, (5.99)

𝑆(𝑥→ 0) = 1
2𝜋2𝑥4

[
/𝑥 +

1
2
𝑚𝑥2 +O

(
|𝑥 |3 log𝑚 |𝑥 |

)]
. (5.100)

If points 𝑥 and 𝑦 are far from the origin and 𝑧, then the expansion of the fields at y around the point 𝑥
yields the following expression for the symmetric part of two currents:

𝜓̄𝑥𝛾{𝜇𝜓𝑥 𝜓̄𝑦𝛾𝜈}𝜓𝑦 =
1

2𝜋2 |𝑥− 𝑦 |4

{
𝑚(𝑥− 𝑦)2𝛿𝜇𝜈𝜓̄𝑥𝜓𝑥

− (𝑥− 𝑦)𝛽
[
(𝑥− 𝑦)𝜇𝑂𝜈𝛽 (𝑥) + (𝑥− 𝑦)𝜈𝑂𝜇𝛽 (𝑥) − 𝛿𝜇𝜈 (𝑥− 𝑦)𝛼𝑂𝛼𝛽 (𝑥)

] }
,

(5.101)

where the operator 𝑂𝜇𝜈 (𝑥) was introduced as

𝑂𝜇𝜈 (𝑥) = 𝜓̄𝑥𝛾𝜇 (
−→
𝜕 𝜈 −

←−
𝜕𝜈)𝜓𝑥 . (5.102)

The Fourier-transformed expression (5.101), being subsequently contracted with 𝛿𝜇𝜈 , reads

𝛿𝜇𝜈

∫
𝑑4𝑦𝑒𝑖 (𝑥−𝑦) 𝜓̄𝑥𝛾{𝜇𝜓𝑥 𝜓̄𝑦𝛾𝜈}𝜓𝑦 =

8𝑚
𝑘2 𝜓̄𝑥𝜓𝑥 +

2
𝑘2𝑂𝛼𝛽 (𝛿𝛼𝛽 −2𝑘𝛼𝑘𝛽). (5.103)

133



Electromagnetic corrections to HVP via the Cottingham-like formula

Eventually, after averaging over direction of 𝑘 and rearranging the terms, one finds∫
𝑑Ω𝑘

2𝜋2

∫
𝑑4𝑦 𝑒𝑖𝑘 (𝑥−𝑦) 𝜓̄𝑥𝛾𝜇𝜓𝑥 𝜓̄𝑦𝛾𝜇𝜓𝑦 =

6𝑚
𝑘2 𝜓̄𝑥𝜓𝑥 +

2
𝑘2

(
1
2 𝜓̄𝑥𝛾𝛼 (

−→
𝜕 𝛼 −

←−
𝜕𝛼)𝜓𝑥 +𝑚𝜓̄𝑥𝜓𝑥

)
.

(5.104)
We have already noted the effect of the mass-operator insertion in terms of differentiating the correlation
function with respect to the quark mass. To understand the effect of inserting the ‘equation of motion’
(EOM) operator appearing in brackets in Eq. (5.104), imagine multiplying the Euclidean quark action
by 𝜆, 𝑆𝐸 (𝜆) = 𝜆𝜓̄( /𝐷 +𝑚)𝜓. In the Euclidean path integral, we can take expectation values ⟨𝐴⟩𝜆 using
exp(−𝑆𝐸 (𝜆)) as weight: it simply means that each quark propagator contains an additional 1/𝜆 factor.
Thus, if computing ⟨𝐴⟩𝜆 involves 𝑛𝑝 propagators,

− 𝜕
𝜕𝜆
⟨𝐴⟩𝜆

���
𝜆=1

= 𝑛𝑝 ⟨𝐴⟩𝜆=1 . (5.105)

On the other hand, the same derivative can be expressed as

− 𝜕
𝜕𝜆
⟨𝐴⟩𝜆

���
𝜆=1

=

〈
𝐴

∫
𝑑4𝑥 ( 12 𝜓̄𝑥𝛾𝛼 (

−→
𝜕 𝛼 −

←−
𝜕𝛼)𝜓𝑥 +𝑚𝜓̄𝑥𝜓𝑥)

〉
. (5.106)

Thus the insertion of the EOM operator simply multiplies the observable with the number of propagators
𝑛𝑝 needed to compute it. Thus the leading contribution of 𝑥 and 𝑦 being close together in the vector
four-point function (𝑉𝜇 ≡ 𝜓̄𝛾𝜇𝜓) is∫

𝑑Ω𝑘

2𝜋2

〈∫
𝑑4𝑥

∫
𝑑4𝑦 𝑒𝑖𝑘 (𝑥−𝑦)𝑉𝜇 (𝑥)𝑉𝜇 (𝑦)𝑉𝜎 (𝑧)𝑉𝜆(0)

〉
𝑘2→∞
=

(
− 6
𝑘2𝑚

𝜕

𝜕𝑚
+ 4
𝑘2

)
⟨𝑉𝜎 (𝑧)𝑉𝜆(0)⟩ .

(5.107)

We now move to the case of 𝑥 and 𝑦 simultaneously being in close vicinity of a third current at
position 𝑧. In terms of Wick contractions, the relevant case is where the connecting point is 𝑧, i.e.
there are propagators (𝑦→ 𝑧→ 𝑥) or (𝑥→ 𝑧→ 𝑦). The cases where the connecting point is 𝑥 or 𝑦
do not contribute to the O(1/𝑘2) behaviour, given that the corresponding integrals of the type∫

𝑑4𝑥

∫
𝑑4𝑦𝑒𝑖𝑘 (𝑥−𝑦)

(𝑥− 𝑦)𝛼
|𝑥− 𝑦 |4

(𝑦− 𝑧)𝛼
|𝑦− 𝑧 |4

(5.108)

vanish due to the symmetry arguments. A straightforward if somewhat tedious calculation then gives
the following expression for the Fourier-transformed 𝛿𝜇𝜈-contracted expansion of three currents∫

𝑑4𝑥

∫
𝑑4𝑦𝑒𝑖𝑘 (𝑥−𝑦) 𝜓̄𝑥𝛾𝜇𝜓𝑥𝜓̄𝑧𝛾𝜎𝜓𝑧𝜓̄𝑦𝛾𝜇𝜓𝑦 =

4𝑘𝜎
|𝑘 |4

𝜓̄𝑧/𝑘𝜓𝑧 +
4
|𝑘 |4

(
𝑘𝜎𝑘𝜆− 𝛿𝜎𝜆𝑘2

)
𝜓̄𝑧𝛾𝜆𝜓𝑧

(5.109)

134



5.5 Forward LbL amplitude at large virtuality from the Operator Product Expansion

Finally, averaging over 𝑘 yields∫
𝑑Ω𝑘

2𝜋2

∫
𝑑4𝑥

∫
𝑑4𝑦 𝑒𝑖𝑘 (𝑥−𝑦) 𝜓̄𝑥𝛾𝜇𝜓𝑥 𝜓̄𝑧𝛾𝜎𝜓𝑧 𝜓̄𝑦𝛾𝜇𝜓𝑦

𝑘2→∞
= − 2

𝑘2 𝜓̄𝑧𝛾𝜎𝜓𝑧 . (5.110)

The same contribution appears when (𝑥, 𝑦) are close to the origin, thus doubling this contribution in
the four-point function of the vector current.

Altogether, from Eqs. (5.107) and (5.110), we then find in leading order of the OPE∫
𝑑Ω𝑘

2𝜋2

〈∫
𝑑4𝑥

∫
𝑑4𝑦 𝑒𝑖𝑘 (𝑥−𝑦)𝑉𝜇 (𝑥)𝑉𝜇 (𝑦)𝑉𝜎 (𝑧)𝑉𝜆(0)

〉
𝑘2→∞
= − 6

𝑘2𝑚
𝜕

𝜕𝑚
⟨𝑉𝜎 (𝑧)𝑉𝜆(0)⟩ .

(5.111)

The terms not leading to mass-derivatives cancel, and only the mass-derivative of the vector two-point
function determines the large-𝑘2 asymptotics of the forward LbL amplitude. Thus we have reproduced
the very first term in Eq. (5.93). Acting on both sides of Eq. (5.111) with Eq. (5.96) leads to the first
term in Eq. (5.97) (with 𝑛 𝑓 = 1 and Q 𝑓 = 1).

The leading-order calculation above is equally valid for the QED as for the QCD four-point
function. In the pure QED context, one easily verifies with the help of Eqs. (5.19) and (5.20) that the
textbook O(𝑒2) mass counterterm removes the log(Λ) term in Π4pt predicted by the OPE. We have
thus verified Eq. (5.97) in the pure QED case: given that Π𝑒2 (𝑄2) given in Eq. (5.21) only depends on
𝑄2/𝑚2, the effect of inserting the trace anomaly, proportional to (2𝑄2 𝜕

𝜕𝑄2 +𝑚 𝜕
𝜕𝑚
), would cancel.

5.5.2 Cottingham-like formula for the isovector contribution to HVP

Starting from Eq. (5.93) with
𝑉
(1)
𝜌 =𝑉

(2)
𝜌 :=

1
2
(𝑢̄𝛾𝜌𝑢− 𝑑𝛾𝜌𝑑) (5.112)

the isovector component of the e.m. current, the same steps lead to the analogue of Eq. (5.97), with
Π𝑒2 now replaced by the isovector contribution Π

33
𝑒2 (𝑄2) to the leading HVP, and Π

𝛾𝛾33
4pt (𝑄2,Λ) the

corresponding QED correction to that contribution. The same steps once again could be taken with
the charged isovector currents

𝑉
(1)
𝜌 :=

1
√

2
𝑢̄𝛾𝜌𝑑, 𝑉

(2)
𝜌 :=

1
√

2
𝑑𝛾𝜌𝑢, (5.113)

which leads to the quantities Π−+𝑒2 (𝑄2) and its QED correction Π
𝛾𝛾−+
4pt (𝑄2,Λ). Taking the difference

of Eq. (5.93) obtained once with the choice of currents from Eq. (5.112) and once with the choice of
Eq. (5.113), one finds that all terms on the right-hand side cancel. This is clear for the contribution
from the insertion of isoscalar operators, whose correlation function is identical with two members
of the same isospin multiplet. For the isovector mass insertion (𝑢̄𝑢− 𝑑𝑑), 𝐺-parity ensures that this
insertion vanishes separately in the neutral and in the charged isovector channel. In other words, all
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counterterms from the action cancel in this difference8, as has been noted in Ref. [349], which contains
an exploratory lattice-QCD calculation of this quantity. However, care must be taken of the fact that,
unlike the cases considered so far, the currents of Eq. (5.113) are not gauge invariant with respect
to QED. Therefore this case requires further study. We note that, in the radiative corrections to the
leptonic decay of a charged pion [350], the e.m. correction to a charged-current correlator represents
one of several contributions.

Other flavor cases may be of interest, in particular the correlator between the isovector and the
isoscalar components of the photon, which vanishes in isospin-symmetric QCD in the absence of
quark electric charges. In this case, the action counterterms do not vanish altogether, though only the
isovector mass insertion (𝑢̄𝑢− 𝑑𝑑) contributes in the analogue of Eq. (5.97).

5.5.3 Moving UV divergences into subtraction function

In the context of the dispersive representation of the Cottingham formula (5.17), it is interesting to
determine whether the leading UV divergence, predicted by the OPE, is contained in the dispersive
term, the subtraction function, or both. To answer this question, it worth considering the subtraction
point

𝜈̄ =
1
2
𝐾𝑄. (5.114)

If the euclidean four-vectors 𝑞𝜇 and 𝑘𝜇 have the following hyperspherical components

𝑞𝜇 =𝑄

©­­­­­«
1
0
0
0

ª®®®®®¬
𝑘𝜇 = 𝐾

©­­­­­«
cos𝜙

sin𝜙cos𝜃
sin𝜙 sin𝜃 cos𝜑
sin𝜙 sin𝜃 sin𝜑

ª®®®®®¬
, 𝜙, 𝜃 ∈ [0, 𝜋], 𝜑 ∈ [0,2𝜋], (5.115)

then the aforementioned subtraction point corresponds to fixing the value of the angle 𝜙 between the
temporal components of 𝑞𝜇 and 𝑘𝜇 to 60°. At this point, the dispersive term is suppressed due to the
coefficient (𝜈2− 1/4𝐾2𝑄2) (cf. Eq. (5.11)), which itself vanishes after the integration over 𝑥,∫ 1

0
𝑑𝑥

√︁
1− 𝑥2

(
𝑥2− 1

4

)
= 0. (5.116)

This effect was also discussed in the work by Gasser et al. [329] in context of the usual Cottingham
formula.

Turning to the leading-order OPE contribution, one can point out that the Eqs. (5.103) and (5.109)
contain terms either scalar in 𝑘𝜇 or of combination of two vectors 𝑘𝛼𝑘𝛽 . For both these structures the
averaging over all three angles 𝜙, 𝜃 and 𝜑 is equivalent to averaging over two angles 𝜃 and 𝜑 while

8A very similar observation was already made in the case of the pion e.m. mass splitting in Ref. [120].
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keeping the angle 𝜙 fixed to 60°. Indeed, in the coordinate system defined by Eq. (5.115) one obtains∫ 2𝜋
0 𝑑𝜑

∫ 𝜋

0 𝑑𝜃 sin𝜃
∫ 𝜋

0 𝑑𝜙 sin2 𝜙𝑘𝜇𝑘𝜈∫ 2𝜋
0 𝑑𝜑

∫ 𝜋

0 𝑑𝜃 sin𝜃
∫ 𝜋

0 𝑑𝜙 sin2 𝜙
=

∫ 2𝜋
0 𝑑𝜑

∫ 𝜋

0 𝑑𝜃 sin𝜃𝑘𝜇𝑘𝜈∫ 2𝜋
0 𝑑𝜑

∫ 𝜋

0 𝑑𝜃 sin𝜃

����
cos 𝜙=1/2

= 𝐾2diag
(
1
4

)
. (5.117)

Therefore, the forward LbL amplitude taken at the energy given by Eq. (5.114), fully determines the
UV behavior of the total result. For QED, this can be seen exactly from the series expansion at low
𝑄2 of the vacuum polarization, calculated from the LbL subtraction function at the point(5.114) via
the Cottingham formula. Imposing the hard cut-off Λ→∞, one obtains

Πsubtr(𝑄2,Λ) =
𝛼2

em
𝜋2

−
1
2
+ 53

270
𝑄2

𝑚2
ℓ

− 2167
75600

(
𝑄2

𝑚2
ℓ

)2

+ 2167
441000

(
𝑄2

𝑚2
ℓ

)3

+O
(
𝑄8

𝑚8
ℓ

)
−
𝛼2

em
𝜋2 log

Λ

𝑚ℓ

−
1
2
+ 1

5
𝑄2

𝑚2
ℓ

− 3
70

(
𝑄2

𝑚2
ℓ

)2

+ 1
105

(
𝑄2

𝑚2
ℓ

)3

+O
(
𝑄8

𝑚8
ℓ

) . (5.118)

This result can be compared with Eq. (5.18) concluding that both expressions have the same divergent
part.

It is also instructive to look at the vacuum polarization contributions stemming from the particular
LbL helicity amplitudes via the Cottingham formula. The finite piece Δ̄Π4pt, which remains after
removing the part Π𝑥=1/2

4pt that correspond to the LbL subtraction function at the considered subtraction
point (5.114) from the full result of Cottingham formula, namely

ΔΠ4pt(𝑄2,Λ) = Π4pt(𝑄2,Λ) −Π𝑥=1/2
4pt (𝑄

2,Λ), (5.119)

is of particular interest. It corresponds to applying the Cottingham formula for the dispersive part of
the LbL amplitude. For QED, we obtain the following series terms at low 𝑄2:

ΔΠ𝑇𝑇4pt (𝑄
2,Λ) =1

2
𝛼2

em
𝜋2


5

1296
𝑄2

𝑚2
ℓ

− 19
18144

(
𝑄2

𝑚2
ℓ

)2

+ 12529
47628000

(
𝑄2

𝑚2
ℓ

)3

+O
(
𝑄8

𝑚8
ℓ

) , (5.120a)

ΔΠ𝐿𝑇4pt (𝑄
2,Λ) =

𝛼2
em
𝜋2


31

226800

(
𝑄2

𝑚2
ℓ

)2

− 41
793800

(
𝑄2

𝑚2
ℓ

)3

+O
(
𝑄8

𝑚8
ℓ

) , (5.120b)

ΔΠ𝑇𝐿4pt (𝑄
2,Λ) =

𝛼2
em
𝜋2


1

2160
𝑄2

𝑚2
ℓ

− 1
15120

(
𝑄2

𝑚2
ℓ

)2

+ 13
793800

(
𝑄2

𝑚2
ℓ

)3

+O
(
𝑄8

𝑚8
ℓ

) , (5.120c)

ΔΠ𝐿𝐿4pt (𝑄
2,Λ) =

𝛼2
em
𝜋2


1

25200

(
𝑄2

𝑚2
ℓ

)2

− 1
48600

(
𝑄2

𝑚2
ℓ

)3

+O
(
𝑄8

𝑚8
ℓ

) . (5.120d)
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Here the subscripts 𝑇𝑇 , 𝐿𝑇 , 𝑇𝐿 and 𝐿𝐿 refer to the particular LbL helicity amplitude, which the
vacuum polarization was obtained from. From Eqs. (5.120) one can see that Π𝑥=1/2

4pt fully cancels the
Π4pt(0)-part in all cases of photon polarizations. Moreover, for Π𝐿𝑇4pt and Π𝐿𝐿4pt , the cancellation of the
finite parts occurs for the terms of order 𝑄2. The same results can be obtained in sQED.

In conclusion, we would like to outline two attractive features of using the subtraction point
(5.114):

1. The subtraction of Π𝑥=1/2
4pt from the full Cottingham formula result renders it finite without

invoking any additional counterterms, which is proven by the leading-order OPE calculation.
Thus, this procedure should be associated with a form of physical renormalization, albeit distinct
from the on-shell scheme.

2. It makes possible to completely isolate the full UV-divergence within the LbL subtraction
function. This separation can be particularly important for improving the stability of numerical
calculations.

5.6 The 𝜋0-exchange contribution

Fig. 5.6 𝜋0-exchange contribution to the VP via Cottingham-like formula.

In this section, the form of the 𝜋0-exchange contribution to the forward HLbL amplitudeM,
cf. Fig. 5.6, is presented, since it is the longest-range contribution. Working in Euclidean space,
we define the Fourier transform of the four-point function of this current as in Eq. (5.89) and the
forward amplitude is obtained as in Eq. (5.90). The O(𝑒4) contribution to the polarization tensor with
a regularized internal photon propagator then reads

Π4pt;𝜇𝜆(𝑞,Λ) = −
𝑒4

2

∫
𝑑4𝑘

(2𝜋)4
[ 1
𝑘2

]
Λ
Π𝜇𝜎𝜎𝜆(𝑞, 𝑘,−𝑘) = (𝑞𝜇𝑞𝜆− 𝛿𝜇𝜆𝑞2) Π4pt(𝑞2,Λ). (5.121)

For the 𝜋0-exchange contribution, proportional to the square of its transition form factor F , we
have

Π𝜇𝜎𝜎𝜆(𝑞, 𝑘,−𝑘) = −𝜖𝜇𝜎𝛼𝛽 𝜖𝜎𝜆𝛾𝛿 𝑞𝛼 𝑘𝛽 𝑘𝛾 𝑞 𝛿 F (−𝑞2,−𝑘2)2 (5.122)

×
[

1
(𝑞 + 𝑘)2 +𝑚2

𝜋

+ 1
(𝑞− 𝑘)2 +𝑚2

𝜋

]
.
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We perform the angular integration by using the Gegenbauer polynomial expansion of propagators
(see for instance [124]), and the final expression is

Π4pt(𝑞2,Λ) = −𝑒4

16𝜋2 |𝑞 |

∫ ∞

0
𝑑 |𝑘 | |𝑘 |4

[ 1
𝑘2

]
Λ
F (−𝑞2,−𝑘2)2 𝑍𝑚𝜋

|𝑞 | , |𝑘 |

(
1− 1

3
(𝑍𝑚𝜋

|𝑞 | , |𝑘 |)
2
)
, (5.123)

𝑍𝑚|𝑞 | , |𝑘 | =
1

2|𝑞 | |𝑘 |

(
𝑞2 + 𝑘2 +𝑚2−

√︃
(𝑞2 + 𝑘2 +𝑚2)2−4𝑞2𝑘2

)
. (5.124)

This expression, once inserted into Eq. (5.37), can be viewed as the VP analogue of the Jegerlehner-
Nyffeler relation for the 𝜋0 contribution to HLbL scattering in the muon (𝑔−2) [351, 352]. In the
present case, the kinematics are simpler, and correspondingly Δ𝜘𝜋

0
μ takes the form of a two- rather

than three-dimensional integral for a yet to be specified transition form factor F . The unsubtracted
VP is UV-finite for fixed Λ, while the subtracted VP Π4pt(𝑞2,Λ) remains UV-finite for Λ→∞, unlike
in the full QCD case, as we have seen in section 5.5, when short-distance contributions from quarks
are taken into account.

As an example, for the VMD parameterization of the transition form factor,

F (−𝑞2
1,−𝑞

2
2) =

F (0,0)
(1+ 𝑞2

1/𝑚
2
𝑉
) (1+ 𝑞2

2/𝑚
2
𝑉
)
, (5.125)

one obtains, near the chiral limit, the singular behaviour

lim
Λ→∞

𝜕Π4pt

𝜕𝑄2 (𝑄
2 = 0,Λ) =

𝛼2
em
6
F (0,0)2

[
5+ log

(
𝑚2
𝑉

𝑚2
𝜋

)
+O(𝑚2

𝜋/𝑚2
𝑉 )

]
. (5.126)

For a pion mass which is still heavy relative to the muon mass, the contribution reads Δ𝜘μ ≃
𝛼em𝑚

2
𝜇

3𝜋 Π′4pt(0). Parametrically, this contribution behaves similarly to the 𝜋0 contribution to the HLbL
contribution to 𝜘μ [353, 325], except that in the latter case the chiral logarithm enters quadratically.

Numerically, with F (0,0) = (4𝜋2 𝑓𝜋)−1 and 𝑓𝜋 = 92.4 MeV, 𝑚𝑉 = 0.77549GeV, and the physical
𝜋0 mass one obtains from Eq. (5.123) with the QED kernel (5.37) the following contribution to 𝜘μ,

Δ𝜘𝜋
0

μ = 0.370×10−10. (5.127)

This result agrees with the value given in [325]. We note that the result is more than an order of
magnitude smaller than the contribution of the 𝑒+𝑒−→ 𝜋0𝛾 channel in the dispersive representation
of 𝜘VP

μ 9, however the quantity Δ𝜘𝜋
0

μ computed here is not precisely the same. We finally remark that
the master relation Eq. (5.123) applies equally well to the other pseudoscalar mesons, notably the 𝜂
and 𝜂′.

9The vastly different size of the result of Ref. [325] as compared to the 𝑒+𝑒− → 𝜋0𝛾 channel contribution was pointed
out to one of us in 2016 by Andreas Nyffeler. See also the recent Ref. [354], appendix D.
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5.7 Electromagnetic correction to the HVP in lattice QCD: a computa-
tional strategy

The general structure of Eq. (5.2) also applies to the calculation of the isospin-breaking contribution
to the leading HVP Π𝑒2 (𝑄2) (from QED and strong isospin breaking) in lattice regularization, in
which case the inverse lattice spacing 1/𝑎 plays the role of the UV cutoff. To be more specific, we
note that lattice QCD admits (𝑁f + 1) bare parameters, i.e., the SU(3) gauge coupling and the 𝑁f

quark masses, which we assemble into a vector ®b lat. When correcting the isosymmetric theory for
isospin breaking, the bare parameters must be readjusted. The shifts 𝛿blat

𝑖
in the bare parameters are

determined by requiring that the theory with isospin breaking reproduces (𝑁f +1) suitable experimental
observables [120]; typically, the masses of hadrons which are stable in the absence of weak interactions,

𝑀
phys
ℎ

= 𝑀 iso
ℎ +𝑀

lat
4pt,ℎ (𝑎;0) +

𝑁f+1∑︁
𝑖=1

𝐽 lat
ℎ
(𝑖) 𝛿blat

𝑖 (ℎ = 1, . . . , 𝑁f +1), (5.128)

where 𝑀phys
ℎ

is the experimental hadron mass, 𝑀 iso
ℎ

is its value at the chosen expansion point in
isosymmetric QCD, 𝑀 lat

4pt,ℎ (𝑎;𝑀𝛾) is the O(𝑒2) e.m. contribution computed with (in general) a photon

mass 𝑀𝛾 and 𝐽 lat
ℎ
(𝑖) ≡ 𝜕𝑀ℎ/𝜕blat

𝑖
=

〈
ℎ|𝑂 (𝑖)lat |ℎ

〉
is given by the forward matrix element of the operator

conjugate to parameter blat
𝑖

. Thus, given a lattice calculation of ®𝑀 iso, ®𝑀 lat
4pt(𝑎;0) and the matrix 𝐽 lat,

the vector 𝛿®b lat is obtained by solving a linear system.
We are now in a position to write the lattice-regularization analogue of Eq. (5.2) for the subtracted

HVP as
ΔΠ(𝑄2) = lim

𝑎→0

(
Π

lat
4pt(𝑄2, 𝑎;0) +Πlat

ct (𝑄2, 𝑎)
)
, (5.129)

where the counterterm has the form

Π
lat
ct (𝑄2, 𝑎) =

𝑁f+1∑︁
𝑖=1

𝛿blat
𝑖

𝜕

𝜕blat
𝑖

Π𝑒2 (𝑄2), (5.130)

and Π
lat
4pt(𝑄2, 𝑎;𝑀𝛾) denotes the e.m. four-point function contribution to the HVP, computed (in

general) with an internal photon of mass 𝑀𝛾 . Massive QED has previously been used to control
photon zero modes in finite volume, with the physical limit 𝑀𝛾 → 0 taken after extrapolating to
infinite volume [314, 322, 355, 356]; our approach, by contrast, is to keep Λ = 𝑀𝛾 fixed and use it for
separating long-range contributions from UV-divergent ones. Based on the identity of Eq. (5.1) for the
photon propagator with a fixed Λ ∼ 400 MeV, we propose to perform the following decompositions10,

Π
lat
4pt(𝑄2, 𝑎;0) = Π4pt(𝑄2,Λ = 𝑀𝛾) +Π

lat
4pt(𝑄2, 𝑎;𝑀𝛾), (5.131)

®𝑀 lat
4pt(𝑎;0) = ®𝑀4pt(Λ = 𝑀𝛾) + ®𝑀 lat

4pt(𝑎;𝑀𝛾). (5.132)

10Eq. (5.131) and Eq. (5.132) hold up to corrections suppressed by one or two powers of the lattice spacing.
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Up to the subtraction at 𝑄2 = 0, the function Π4pt(𝑄2,Λ) is the same as in Eq. (5.2). Since Λ plays
the role of the Pauli-Villars UV regularization scale, the continuum limit 𝑎→ 0 can be taken for
this quantity. Similarly, ®𝑀4pt(Λ) represents the e.m. hadron-mass corrections computed with the
Pauli-Villars regulated photon propagator. The continuum limit can also be taken in this case, since the
same OPE, as reviewed in section 5.5, determines the asymptotic behaviour of the forward Compton
amplitude on hadron ℎ [348].

Given a choice of 𝑀𝛾 , each term on the right-hand side of Eq. (5.131) is affected by rather different
systematics on the lattice and is meant to be evaluated separately. The same observation applies to
the two terms on the right-hand side of Eq. (5.132). The UV-finite part Π4pt(𝑄2,Λ) of Eq. (5.131)
receives long-distance contributions due to the long-range photon propagator. A coordinate-space
representation free of power-law finite-volume effects is presented below in subsection 5.7.1. The result
can be compared to an evaluation based on our Cottingham-like formula, Eq. (5.11) and Eq. (5.15). For
the second term of Eq. (5.131), one possible expression in the time-momentum representation [336] is

Π
lat
4pt(𝑄2, 𝑎;𝑀𝛾) = −

𝑒4

2
𝑎12

𝐿3𝐿0

∑︁
𝑧0>0

(
𝑧2

0−
4
𝑄2 sin2 |𝑄 |𝑧0

2

) ∑︁
𝑘

𝐺 lat
𝜇𝜈 (𝑘) (5.133)〈∑︁

𝑥,𝑦

𝑒𝑖𝑘 (𝑥−𝑦)
∑︁
®𝑧
𝑉em
𝜎 (𝑧)𝑉em

𝜈 (𝑦)𝑉em
𝜇 (𝑥)𝑉em

𝜆 (0) + tadpoles

〉
,

where 𝑉em
𝜈 (𝑦) and 𝑉em

𝜇 (𝑥) are discretized as conserved currents and the simplest form of the photon
propagator (in Feynman gauge) is

𝐺 lat
𝜇𝜈 (𝑘) =

𝛿𝜇𝜈

𝑘̂2 +𝑀2
𝛾

, 𝑘̂2 ≡ 4
𝑎2

3∑︁
𝜇=0

sin2 𝑎𝑘𝜇
2 , (5.134)

and the tadpole terms ensure the transversality of the four-point function with respect to contracting it
with 𝑘̂𝜇 or 𝑘̂𝜈 . Similarly, ®𝑀 lat

4pt(𝑎;𝑀𝛾) can be determined by well-established methods where the (now
massive) photon is treated as part of the finite-volume lattice field theory.

We now briefly discuss how to compute the hadronic mass shifts ®𝑀4pt(Λ) with a long-range, but
Pauli-Villars regulated photon propagator. As for Π4pt(𝑄2,Λ), it is possible to avoid power-law effects
in the volume [357] by using coordinate-space methods and, additionally, by explicitly correcting the
elastic contribution of the forward Compton amplitude for finite-volume effects. As a slight variation
to the concrete proposal in [357], this correction could be done with the help of a separate calculation
of the e.m. form factor(s) of the hadron whose mass correction is being computed. These methods
could also be applied to the difference of 𝑀4pt,ℎ (Λ) between proton and neutron, a quantity that could
be compared to predictions based on the original Cottingham formula.

We remark that the currently most frequently used formulation of lattice QCD coupled to photons
consists in removing the photon zero-mode in every time-slice [358]. The corresponding finite-size
effects on the HVP have recently been investigated and found to be parametrically of order 1/𝐿3,
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and numerically small in the framework of scalar QED [342]. Another recent investigation provides
a systematic analysis of various finite-size effects beyond the pointlike approximation of hadrons,
in particular of pseudoscalar mesons masses [359] (see also references therein). As an alternative
method, first results (primarily on hadron masses) based on simulating QCD+QED with 𝐶∗ boundary
conditions have recently been presented [360].

In conclusion, while the numerical practicability of the presented method remains to be demon-
strated, we have established that it is possible to avoid power-law finite-volume effects altogether in
computing ΔΠ(𝑄2) on the lattice. How large the discretization errors on this quantity are at finite
lattice spacing with the method proposed above will need to be explored in practice. Here we remark
that the Pauli-Villars regularization of the photon propagator is only one of many posssible choices.
For instance, with the double Pauli-Villars regularization (5.43) of the photon propagator, the same
strategy as described above can be carried out, now with the expression in brackets in (5.43) falling
off as fast as 1/𝑘6 at large 𝑘2.

5.7.1 Coordinate-space representation of Π4pt(𝑄2,Λ) free of power-law finite-size
effects

A Euclidean coordinate-space expression for the subtracted HVP is

Π(𝑄2) =
∫
𝑧

𝐻𝜆𝜎 (𝑧) Π̃𝜎𝜆(𝑧) , (5.135)

where the leading contribution is Π̃𝑒2;𝜎𝜆(𝑧) = 𝑒2 〈
𝑉em
𝜎 (𝑧)𝑉em

𝜆
(0)

〉
, the relevant (𝑄-dependent)

coordinate-space kernel 𝐻𝜆𝜎 (𝑧) was derived in [361] (Sect. II.B.2) and we have abridged
∫
𝑧
≡

∫
𝑑4𝑧.

Expanding a QCD correlation function to second order in the e.m. coupling leads to the insertion
of the product of two e.m. currents, whose relative positions are weighted by the internal photon
propagator. Thus, using Feynman gauge for the latter, we arrive at the expression

Π4pt(𝑄2,Λ) = −𝑒
4

2
𝛿𝜇𝜈

∫
𝑥,𝑦,𝑧

𝐻𝜆𝜎 (𝑧)
[
𝐺0(𝑦− 𝑥)

]
Λ

〈
𝑉em
𝜎 (𝑧)𝑉em

𝜈 (𝑦)𝑉em
𝜇 (𝑥)𝑉em

𝜆 (0)
〉
, (5.136)

for the regulated contribution to the subtracted HVP. The Pauli-Villars regulated photon propagator in
position space reads [

𝐺0(𝑥)
]
Λ
=

1
4𝜋2𝑥2 −

Λ𝐾1(Λ|𝑥 |)
4𝜋2 |𝑥 |

, (5.137)

which is only logarithmically divergent for 𝑥2→ 0. Here 𝐾1 is the modified Bessel function of the
second kind. We note a close analogy of expression (5.136) with the master relation used for the HLbL
contribution to the AMM in Refs. [362, 146, 147]. Similarly, 𝜘VP

μ can be obtained from Eq. (5.136) by
replacing the kernel 𝐻𝜆𝜎 by the appropriate one given in Sect. II.B.3 of Ref. [361]. The main feature
of our proposal is that no IR-regularization of the photon propagator is needed. Thus finite-size effects
are expected to be on the order of exp(−𝑚𝜋𝐿/2), as in the case of the HLbL contribution [362].
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Fig. 5.7 Comparison between the normalized integrands from different representations of the 𝜋0-
exchange contribution to 𝜘μ for Λ = 3𝑚𝜇 (left panel) and Λ = 200𝑚𝜇 (right panel), where ’kerO’
is obtained with the original coordinate-space kernel, ’kerM6’ with improved kernel (see [334] for
details). The integrands are normalized such that the area under the curves equals unity. Figure is
taken from [334].

5.7.2 Computing 𝜘HVP
μ : 𝜋0-exchange contribution to the coordinate-space integrand

By Fourier-transforming the polarization tensor associated with Eq. (5.123) (see Eq. (5.121)), one
obtains the O(𝑒4) contribution Π̃4pt;𝜎𝜆(𝑧,Λ). After insertion into Eq. (5.135) and contraction of the
indices, the integrand is a scalar function of |𝑧 |. We illustrate the integrand of this last scalar integral
in the following. Alternatively to the proposed position-space approach, one can reach the widely
used time-momentum representation (TMR) [336] by Fourier-transforming the polarization tensor at
vanishing spatial momentum only with respect to 𝑞0.

Choosing the same parameters as in section 5.6 for the VMD parameterisation of the transition
form factor, we obtain the integrands as functions of 𝑅 ≡ |𝑧 | (and 𝑅 ≡ 𝑧0 for the TMR case) as shown
in Fig. 5.7, where the results with the original [361] position-space kernel (kerO) and the TMR are
compared, calculated in the continuum and infinite volume at two different Pauli-Villars masses
Λ = 3𝑚𝜇 and 200𝑚𝜇; recall that the 𝜋0-exchange contribution by itself remains finite as Λ→∞.
Both integrands are rather long-range, an observation which implies a certain difficulty for lattice
calculations if the O(𝑒4) contribution is to be computed with good relative precision. We remark that
the integrand displayed in Fig. 5.7 corresponds to the sum of all Wick contractions contributing to the
four-point function of the e.m. current, but, using the results in appendix A of Ref. [146], it would be
fairly straightforward to adapt the prediction to individual Wick contractions of the quark fields.

As a consequence of the Ward-Identity of the vector current, a term 𝜕𝜆 [𝑧𝜎𝐹 ( |𝑧 |)] can be added
to the position-space kernel 𝐻𝜆𝜎 (𝑧) without changing the integrated result of Eq. (5.135) in infinite
volume [363]. With a judiciously chosen subtraction, one can make the 𝑧-integrand in Eq. (5.136)
more peaked in the small-|𝑧 | region. As in practice, a calculation on the lattice is limited by the
degrading signal-to-noise ratio when the arguments of the correlator are far apart in position-space,
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the possibility of reshaping the integrand makes the position-space representation appealing. Such
a technique has also been used for lattice determinations of the HLbL scattering contribution to
𝜘μ [364, 362]. Figure 5.7 thus also shows the result of improving the kernel (kerM6) to make the
integrand shorter-range; details of its construction are given in [334]. For the Λ = 3𝑚𝜇 case, the
partially-integrated 𝜘μ (𝑅) obtained with kerM6 already reaches about 70% of its final value 𝜘μ (∞) at
𝑅 = 2 fm, but only about 50% with the TMR. For Λ = 200𝑚𝜇, the benefit becomes even more apparent:
95% with kerM6 and merely about 65% with the TMR. We thus expect that the position-space method
with an improved kernel should offer a good opportunity to compute the e.m. correction to 𝜘HVP

μ on
the lattice, with better controlled finite-volume effects.

5.8 Conclusions and outlook

We have derived a Cottingham-like formula for the leading QED correction to the HVP, Π4pt, expressed
primarily in terms of the traced forward HLbL scattering amplitude,M, (see Eqs. (5.16) and (5.17)
with corresponding explanations):

Π4pt(𝑄2,Λ) = 1
3(2𝜋)3𝑄2

∞∫
0

𝑑𝐾2
1∫

0

𝑑𝑥
√︁

1− 𝑥2M(𝐾𝑄𝑥, 𝐾2, 𝑄2)

=
1

3(2𝜋)3𝑄2

∞∫
0

𝑑𝐾2

[
𝜋

4
M(𝜈̄, 𝐾2, 𝑄2) +

∞∫
𝜈thr.

𝑑𝜈

(
2

𝜈 +
√
𝑋
− 𝜈

𝜈2− 𝜈̄2

)√
𝑋 𝜎(𝜈,𝐾2, 𝑄2)

]
.

(5.138)

AlthoughM a physical amplitude, contracting the incoming and outgoing photon lines leads to a
logarithmically divergent momentum integral in the UV. The necessary counterterms to cancel this
divergence have been outlined in Section 5.5, using the OPE. These counterterms involve derivatives
with respect to the quark masses and the virtuality of the leading HVP. However, the finite part of
these counterterms is sensitive to the specific point in the parameter space of isospin-symmetric QCD
chosen as the basis for calculating isospin-breaking effects.

Currently, the most promising application of the Cottingham-like formula seems to involve
implementing it with a finite regulator on the order of a few hundred MeV. This regularization approach
entails replacing the internal photon line with a Pauli-Villars regulated propagator, or any other
convenient form of propagator regularization. The leading QED correction to the HVP, with such a
regularized photon propagator, can be computed in lattice QCD using coordinate-space techniques
similar to those used for calculating the HLbL contribution to the muon AMM, while avoiding
power-law finite-size effects.

When working on very large lattices, as seen in master-field simulations [365, 366], these
techniques are particularly natural [367]. Whether using this new approach or the established method
involving the removal of the spatial zero-mode of the photon, a direct comparison becomes possible
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between the lattice QCD calculation and the Cottingham-like formula prediction. For the latter, it is
important to note that the traced forward HLbL amplitude can be represented dispersively in terms
of the 𝛾∗𝛾∗→ hadrons fusion cross-section, with one subtraction term. The complementary part,
i.e., the second term in Eq. (5.1), features a massive photon propagator in the case of Pauli-Villars
regularization. Here, the lattice naturally provides UV regularization, eliminating the need for handling
the photon zero mode on a finite lattice due to the photon mass.

Lastly, in the context of the original Cottingham formula, it would be intriguing to compute
the electromagnetic contribution to the proton-neutron mass difference using a regularized photon
propagator. This could then be directly compared, without scheme uncertainties, to predictions from
the well-established dispersive treatment of the forward Compton amplitude (see [330] and references
therein).
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Appendices

5.A One-loop forward doubly-virtual LbL amplitudes

Here the exact expressions for the forward doubly-virtual LbL amplitudes are provided in terms of
the Passarino-Veltman scalar integral 𝐶0(𝑝2

1, 𝑝
2
2, (𝑝1 + 𝑝2)2;𝑚1,𝑚2,𝑚3). The latter is given in the

Package-X [5, 6] notation. The directions of the space-like photon momenta 𝑘 and 𝑞 correspond to
the left part of Fig. 5.1. Other conventions are explained in Sect. 5.1. The forward one-loop LbL
amplitudes has been derived with the help of Package-X. For the sake of brevity, in this section the
lepton and charged scalar masses are taken to be unity.

5.A.1 QED

The helicity-averaged forward LbL amplitude is given by:

MQED(𝜈,𝐾2,𝑄2) = 16𝛼2
em

(
6−

{2log
[

1
2𝑄

(√︁
𝑄2 +4+𝑄
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√︁
𝑄2 +4
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)
+ (𝐾

2 +𝑄2)2 +2𝜈(𝐾2 +𝑄2) +2𝜈(𝜈−2) −4
𝜈

𝐶0

(
−𝐾2,−𝑄2,−𝐾2−2𝜈−𝑄2;1,1,1

)
+
{
𝜈→−𝜈

}})
(5.139)

The expressions for the subtraction function for the cases of 𝜈̄ = 0 and 𝜈̄ = 𝐾𝑄 are, respectively:

MQED(0,𝐾2, 𝑄2) =−32𝛼2
em

{
𝑄6 +𝑄4 (

3𝐾2 +2
)
+2𝑄2 (

𝐾4 +7𝐾2−4
)
+4𝐾2(2𝐾2 +5)

𝐾2𝑄
√︁
𝑄2 +4

(
𝐾2 +𝑄2 +4

)
× log

[
1
2
𝑄

(√︁
𝑄2 +4+𝑄

)
+1

]
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+
𝐾6 +𝐾4 (

3𝑄2 +2
)
+2𝐾2 (

𝑄4 +7𝑄2−4
)
+4𝑄2 (

2𝑄2 +5
)

𝑄2𝐾
√
𝐾2 +4

(
𝐾2 +𝑄2 +4

)
× log

[
1
2
𝐾

(√︁
𝐾2 +4+𝐾

)
+1

]
− 𝑄

6 +𝐾6−2(𝑄4 +𝐾4) +5𝑄2𝐾2(𝑄2 +𝐾2)

𝐾2𝑄2
√︃(
𝐾2 +𝑄2) (𝐾2 +𝑄2 +4

)
× log

[
1
2

(
𝐾2 +

√︃(
𝐾2 +𝑄2) (𝐾2 +𝑄2 +4

)
+𝑄2 +2

)]
−2

(
𝐾2 +𝑄2−2

)
𝐶0

(
−𝑄2,−𝐾2,−𝐾2−𝑄2;1,1,1

)
−3

}
, (5.140)

MQED(𝐾𝑄,𝐾2, 𝑄2) =−16𝛼2
em

{
−6+

(
𝐾2 +𝑄2−2

) [
(𝐾 +𝑄)2 +4

]3/2

𝐾2𝑄2(𝐾 +𝑄)

× log
[
1
2
(𝐾 +𝑄)

(√︁
(𝐾 +𝑄)2 +4+𝐾 +𝑄

)
+1

]
+

(
𝐾2 +𝑄2−2

) [
(𝐾 −𝑄)2 +4

]3/2

𝐾2𝑄2 |𝐾 −𝑄 |

× log
[
1
2
|𝐾 −𝑄 |

(
|𝐾 −𝑄 | +

√︁
(𝐾 −𝑄)2 +4

)
+1

]
−

2
[ (
𝐾4 +2𝐾2 +28

)
𝑄2 +𝐾6 +6𝐾4−32

]
𝐾𝑄2
√
𝐾2 +4

(
𝐾2−𝑄2)

× log
[
1
2
𝐾

(√︁
𝐾2 +4+𝐾

)
+1

]
−

2
[ (
𝑄4 +2𝑄2 +28

)
𝐾2 +𝑄6 +6𝑄4−32

]
𝐾2𝑄

√︁
𝑄2 +4

(
𝑄2−𝐾2)

× log
[
1
2
𝑄

(√︁
𝑄2 +4+𝑄

)
+1

] }
. (5.141)

5.A.2 sQED

The helicity-averaged forward LbL amplitude is given by:

MsQED(𝜈,𝐾2,𝑄2) = 2𝛼2
(
−24+

{
2
√︁
𝑄2 +4log

[
1
2
𝑄(𝑄 +

√︁
𝑄2−4)

]
×

(
𝐾2𝑄4(4+7𝐾2) (4+𝐾2 +𝑄2)2

−4𝜈2𝑄2 [
(4+𝐾2) (4+15𝐾2) +𝑄2(4+17𝐾2 +7𝐾4)

]
+96𝜈4

)/ (
𝑄

[
(𝐾𝑄)4(4+𝐾2 +𝑄2)2
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−4(𝐾𝑄)2
(
𝐾2(𝑄2 +2) +2(𝑄2 +4)

)
𝜈2 +16𝜈4] ) + {𝐾↔𝑄}

}
−

{2
√︃

1+ 4
𝐾2+𝑄2+2𝜈 log

[
1
2

(√︁
(𝐾2 +2𝜈 +𝑄2) (𝐾2 +2𝜈 +𝑄2 +4) +𝐾2 +2𝜈 +𝑄2 +2

)]
𝐾2𝑄2(𝐾2 +𝑄2 +2𝜈 +4) −4𝜈2

×
(
(16+4(𝐾2 +𝑄2) +5𝐾2𝑄2) (𝜈 +2(𝐾2 +𝑄2)) +8((𝐾2 +𝑄2)𝐾2𝑄2− 𝜈2)

)
+

(
𝐾2 +𝑄2 +2𝜈 +6

)
(𝐾2 +𝑄2) + 1

2𝐾
2𝑄2 +8(𝜈 +1)

𝜈
𝐶0(−𝐾2,−𝑄2,−𝐾2−2𝜈−𝑄2;1,1,1)

+ {𝜈→−𝜈}
})

(5.142)

The expressions for the subtraction function for the cases of 𝜈̄ = 0 and 𝜈̄ = 𝐾𝑄 are, respectively:

MsQED(0,𝐾2, 𝑄2) = 4𝛼2
em

{
−12+4(𝐾2 +𝑄2 +4)𝐶0(−𝐾2,−𝑄2,−𝐾2−𝑄2;1,1,1)

+
√
𝐾2 +4

[
−2𝐾4 +2𝐾2(𝑄2−2) +5𝑄2(𝑄2 +4)

]
𝐾𝑄2(𝐾2 +𝑄2 +4)

log
[
1
2
𝐾

(
𝐾 +

√︁
𝐾2 +4

)
+1

]
+

√︁
𝑄2 +4

[
−2𝑄4 +2𝑄2(𝐾2−2) +5𝐾2(𝐾2 +4)

]
𝑄𝐾2(𝐾2 +𝑄2 +4)
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[
1
2
𝑄

(
𝑄 +

√︁
𝑄2 +4

)
+1

]
+2

√︄
𝐾2 +𝑄2 +4
𝐾2 +𝑄2

(𝐾4 +𝑄4)
𝐾2𝑄2 log

[
1
2

(
𝐾2 +𝑄2

√︁
(𝐾2 +𝑄2) (𝐾2 +𝑄2 +4)

)
+1

] }
(5.143)

MsQED(𝐾𝑄,𝐾2, 𝑄2) = 4𝛼2
em

{
−12+

(
𝐾2 +𝑄2−2

) √︁
(𝐾 +𝑄)2 +4

𝐾2𝑄2(𝐾 +𝑄)

×
[
(𝐾2 +𝑄2)

(
(𝐾 +𝑄)2 +4

)
+3

(
8+2(𝐾 +𝑄)2 +𝐾2𝑄2

)]
× log

[
1
2
(𝐾 +𝑄)

(√︁
(𝐾 +𝑄)2 +4+𝐾 +𝑄

)
+1

]
+

(
𝐾2 +𝑄2−2

) √︁
(𝐾 −𝑄)2 +4

𝐾2𝑄2 |𝐾 −𝑄 |
×

[
(𝐾2 +𝑄2)

(
(𝐾 −𝑄)2 +4

)
+3

(
8+2(𝐾 −𝑄)2 +𝐾2𝑄2

)]
× log

[
1
2
|𝐾 −𝑄 |

(
|𝐾 −𝑄 | +

√︁
(𝐾 −𝑄)2 +4

)
+1

]
+
√
𝐾2 +4

[
2(𝐾2 +4)2 +4(2𝐾2−1)𝑄2−9𝑄4]

𝐾𝑄2 (
𝐾2−𝑄2)

× log
[
1
2
𝐾

(√︁
𝐾2 +4+𝐾

)
+1

]
+

√︁
𝑄2 +4

[
2(𝑄2 +4)2 +4(2𝑄2−1)𝐾2−9𝐾4]

𝐾2𝑄
(
𝑄2−𝐾2)
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× log
[
1
2
𝑄

(√︁
𝑄2 +4+𝑄

)
+1

] }
. (5.144)

5.B Polarized two-photon fusion cross sections in QED and sQED

Here the tree-level cross sections for the 𝛾∗𝛾∗-fusion process in QED and sQED with polarized virtual
photons. The conventions are the same as in Refs. [167] and [165]:

𝐿 ≡ log
(

1+
√
𝑎

√
1− 𝑎

)
, 𝑎 ≡ 𝑋

𝜈2

(
1− 4𝑚2

𝑠

)
, 𝑋 = 𝜈2−𝑄2𝐾2, (5.145)

where 𝑠 = (𝑘 + 𝑞)2 = 2𝜈 −𝐾2 −𝑄2, 𝜈 = 𝑘 · 𝑞; 𝑄2 = −𝑞2 and 𝐾2 = −𝑘2 are the spacelike photon
virtualities. The threshold energy in this case is given by 𝜈thr. = 2𝑚2 + 1/2(𝐾2 +𝑄2).

5.B.1 QED

The cross sections corresponding to the fusion of two polarized photons, either transverse (𝑇) or
longitudinal (𝐿), to two spinor QED fermions, read:

𝜎𝑇𝑇 (𝜈,𝑄2,𝐾2) =1
2

(
𝜎∥ +𝜎⊥

)
=
𝜋𝛼2

em
2

𝑠2𝜈3

𝑋3

{
√
𝑎

[
−4

(
1− 𝑋

𝑠𝜈

)2
− (1− 𝑎) + 𝐾

2𝑄2

𝜈2

(
2− 1
(1− 𝑎)

4𝑋2

𝑠2𝜈2

) ]
+

[
3− 𝑎2 +2

(
1− 2𝑋

𝑠𝜈

)2
− 2𝐾2𝑄2

𝜈2 (1+ 𝑎)
]
𝐿

}
. (5.146)

𝜎𝐿𝑇 (𝜈,𝑄2,𝐾2) =𝜎𝑇𝐿 (𝜈,𝐾2,𝑄2)

=𝜋𝛼2
em𝑄

2 𝑠

𝜈𝑋2

{[ (
𝜈−𝐾2

)2
(
−2(1− 𝑎) − (3− 𝑎)𝑄

2𝐾2

𝑋

)
+2𝜈𝐾2(1+ 𝑎)

−𝐾4(3+ 𝑎)
]
𝐿 +
√
𝑎

[ (
𝜈−𝐾2

)2
(
2+ 3𝑄2𝐾2

𝑋

)
−2𝜈𝐾2 +𝐾4 3− 𝑎

1− 𝑎

]}
. (5.147)

𝜎𝐿𝐿 (𝜈,𝑄2,𝐾2) = 2𝜋𝛼2
em𝑄

2𝐾2 𝑠2

𝜈𝑋2

{
√
𝑎

[
−2− 3−2𝑎

1− 𝑎
𝑄2𝐾2

𝑋

]
+

(
2+ 3𝑄2𝐾2

𝑋

)
𝐿

}
. (5.148)

The total cross section requied for the Cottingham formula is given by

𝜎 =4𝜎𝑇𝑇 −2𝜎𝐿𝑇 −2𝜎𝑇𝐿 +𝜎𝐿𝐿 =
8𝜋𝛼2

em
𝑋𝜈

{
2𝜈

√︄
𝑋

4+𝐾2 +𝑄2−2𝜈
𝐾2 +𝑄2−2𝜈

× 2𝜈[𝐾2𝑄2 +2+ 𝜈] −𝐾2 [𝐾2(𝑄2−1) +2(1+ 𝜈)] −𝑄2 [𝑄2(𝐾2−1) +2(1+ 𝜈)]
𝐾2𝑄2(4−2𝜈 +𝐾2 +𝑄2) −4𝜈2
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+
[
(𝐾2 +𝑄2− 𝜈)2 + 𝜈2 +4(𝜈−1)

]
log

1+
√︃
𝑋

𝜈2
4+𝐾2+𝑄2−2𝜈
𝐾2+𝑄2−2𝜈√︃

1− 𝑋

𝜈2
4+𝐾2+𝑄2−2𝜈
𝐾2+𝑄2−2𝜈

}
, (5.149)

where the fermion mass 𝑚 is set to be equal to unity.

5.B.2 sQED

The cross sections corresponding to the fusion of two polarized photons, either transverse (𝑇) or
longitudinal (𝐿), to two charged spin-0 particles, read:

𝜎𝑇𝑇 (𝜈,𝑄2,𝐾2) =1
2

(
𝜎∥ +𝜎⊥

)
=
𝛼2

em𝜋

4
𝑠2𝜈3

𝑋3

{√
𝑎

[
2− 𝑎 +

(
1− 2𝑋

𝑠𝜈

)2
]

− (1− 𝑎)
[
3+ 𝑎− 4𝑋

𝑠𝜈

]
𝐿

}
, (5.150)

𝜎𝐿𝑇 (𝜈,𝑄2,𝐾2) =𝜎𝑇𝐿 (𝜈,𝐾2,𝑄2)

=
𝜋𝛼2

em
2

𝑄2 𝑠𝜈

𝑋3 (𝜈−𝐾
2)2

{
−3
√
𝑎 + (3− 𝑎)𝐿

}
, (5.151)

𝜎𝐿𝐿 (𝜈,𝑄2,𝐾2) =𝜋𝛼2
em𝑄

2𝐾2 𝑠
2𝜈

𝑋3

{√
𝑎

[
2+

(
1− 𝑋

𝑠𝜈

)2

1− 𝑎

]
−

[
3+ 𝑋

𝑠𝜈

] [
1− 𝑋

𝑠𝜈

]
𝐿

}
(5.152)

The total cross section requied for the Cottingham formula is given by

𝜎 =4𝜎𝑇𝑇 −2𝜎𝐿𝑇 −2𝜎𝑇𝐿 +𝜎𝐿𝐿 =
𝜋𝛼2

em
𝑋𝜈

{
𝜈

√︄
𝑋

4+𝐾2 +𝑄2−2𝜈
𝐾2 +𝑄2−2𝜈

× 𝐾
2 [𝐾2(5𝑄2 +4) +8(2− 𝜈)] +𝑄2 [𝑄2(5𝐾2 +4) +8(2− 𝜈)] −2𝜈[8(2+ 𝜈) +5𝐾2𝑄2])

𝐾2𝑄2(4−2𝜈 +𝐾2 +𝑄2) −4𝜈2

+
[
2(𝐾2 +𝑄2) (𝐾2 +𝑄2 +2(3− 𝜈)) +𝐾2𝑄2 +16(1− 𝜈)

]
log

1+
√︃
𝑋

𝜈2
4+𝐾2+𝑄2−2𝜈
𝐾2+𝑄2−2𝜈√︃

1− 𝑋

𝜈2
4+𝐾2+𝑄2−2𝜈
𝐾2+𝑄2−2𝜈

}
(5.153)
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5.C Imaginary parts of two-loop vacuum polarization in QED and
sQED

The two-loop vacuum polarization can be found via its imaginary part according to the dispersion
relation (5.27). The imaginary part of the two-loop vacuum polarization for QED reads

ImΠ
QED
2-loop(𝑡) =−

𝛼2
em

3𝜋

{
3
8
𝑣(5−3𝑣2) − 𝑣(3− 𝑣2)

[
2log(𝑣) −3log

(
1+ 𝑣

2

)]
− 1

16

(
−33+72𝑣−22𝑣2−24𝑣3 +7𝑣4

)
log

(
1+ 𝑣
1− 𝑣

)
+ 1

2
(3− 𝑣2) (1+ 𝑣2)

[
𝜋2

6
+ log

(
1+ 𝑣

2

)
log

(
1+ 𝑣
1− 𝑣

)
+Li2(𝑣2) +2

(
Li2

(
1− 𝑣
1+ 𝑣

)
+Li2

(
1+ 𝑣

2

)
−Li2

(
1− 𝑣

2

))
−4Li2(𝑣)

]}
, (5.154)

The imaginary part of the two-loop vacuum polarization for sQED is provided in the same
book [340] (Vol.III, p.99, Eq.(5-4.132))

ImΠ
sQED
2-loop(𝑡) =−

𝛼2
em

12𝜋

{
𝑣2(1+ 𝑣2)

[
𝜋2

6
+ log

1+ 𝑣
2

log
1+ 𝑣
1− 𝑣

+2Li2
(
1− 𝑣
1+ 𝑣

)
+2Li2

(
1+ 𝑣

2

)
−2Li2

(
1− 𝑣

2

)
−4Li2(𝑣) +Li2(𝑣2)

]
+

[
5
(
1+ 𝑣2

2

)2

−2−3𝑣2

]
log

1+ 𝑣
1− 𝑣 +6𝑣3 log

1+ 𝑣
2

−4𝑣3 log 𝑣 + 3
2
𝑣(1+ 𝑣2)

}
, (5.155)

where 𝑣 =
√︁

1−4𝑚2
𝜋/𝑡. This answer satisfies the low- and high-energy limits, which are also provided

in the book - see Eqs.(5-4.133) and (5-4.134) in [340]. They read

−1
𝜋

lim
𝑡≫(2𝑚𝜋 )2

ImΠ
sQED
2−loop(𝑡) =

𝛼2
em

4𝜋2 (5.156)

−1
𝜋

lim
𝑡→(2𝑚𝜋 )2

ImΠ
sQED
2−loop(𝑡) =

𝛼2
em

24
𝑣2. (5.157)
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However, the imaginary part 5.155 results in a strange series of ΠsQED
2−loop(𝑄2) in 𝑄2, which contains

irrational numbers (log(2))

Π
sQED
2−loop(𝑄2) =

𝛼2
em
𝜋2

𝑄2

𝑚2
𝜋

(
119−648log(2)

12960
− 29−270log(2)

75600
𝑄2

𝑚2
𝜋

+O(𝑄4)
)

(5.158)

Moreover, it does not satisfy the result given on p.95 in Eq.(5-4.104) 11

1
𝜋

∫
𝑑𝑣2𝑡 ImΠ2−loop(𝑡) =

4𝑚2
𝜋

𝜋

∫
𝑑𝑡

ImΠ2−loop(𝑡)
𝑡2

=
𝛼2

em
12𝜋2

95
54
. (5.159)

The direct evaluation of the integrals in Eqs.(5-4.71), (5-4.80) and (5-4.87), which are assumed to
give the answer (5.155), gives the expression, different to (5.155). The missing piece, which should
be added to the answer (5.155), reads

Δ ImΠ
sQED
2−loop(𝑡) =−

𝛼2
em

12𝜋
1
4
𝑣2

{
12(1− 𝑣) log

1+ 𝑣
1− 𝑣

+ (1+ 𝑣2)
[
𝜋2 + log

1+ 𝑣
1− 𝑣

(
8log(𝑣) −6log

1+ 𝑣
2

)
+2

(
Li2

(
1− 𝑣

2

)
−Li2

(
1+ 𝑣

2

))
+4

(
Li2

(
2𝑣
𝑣−1

)
−Li2

(
2𝑣
𝑣 +1

)
−Li2

(
𝑣 +1
𝑣−1

))
−8Li2

(
1− 𝑣
1+ 𝑣

) ]}
(5.160)

The corrected answer satisfies both energy limits and the integral result of Eq.(5-4.104). Furthermore,
it gives the series of Π2−loop(𝑄2) with rational numbers only. Thus, we conclude that now we indeed
have the correct answer. It yields the series coefficients given by Eq. (5.36).

As an ultimate check, the same series can be obtained by direct calculation of the two-loop
integrals in dimensional regularization, as was done in [342, 368].

5.D Contribution of different helicity amplitudes to the Cottingham-like
formula

The contribution to vacuum polarization via the Cottingham-like formula can be divided based on the
different LbL helicity amplitudes involved in the calculation:

Π = 4ΠTT−2ΠLT−2ΠTL +ΠLL. (5.161)

11It is proportional to the first term of the series in 𝑄2 of the dispersion relation integral 5.27
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The first letter in the superscript refers to the polarization of the photon with momentum 𝑞. For
instance, LT means that we integrate the amplitude with longitudinal photons with momentum 𝑞 and
transversal photons with integration momentum 𝑘 . In QED, the first terms of the series expansion in
𝑄2 of these parts of the vacuum polarization are
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, (5.162)

ΠLT(𝑄2,Λ) =
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ΠLL(𝑄2,Λ) =
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where Λ→∞ is the hard cut-off adopted in the same way as in Eq. (5.18). One can also introduce the
combinations that correspond to longitudinal or transversal polarization of the photon with momentum
𝑞 being averaged over helicity of the photon with momentum 𝑘 as

ΠT =2ΠTT−ΠTL, (5.166)

ΠL =ΠLL−2ΠLT, (5.167)

such that Π = 2ΠT +ΠL. These terms have the following series expansion in 𝑄2:
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Series terms for the integrated subtraction function at the subtraction point 𝜈̄ = 1/2𝐾𝑄 read
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Chapter 6

Anomalous magnetic moment of the
muon via the Schwinger sum rule

Schwinger sum rule approach, proposed in [149], provides the way to obtain all the leading hadronic
contributions to AMM in a unified data-driven fashion. The authors have shown that the Schwinger
sum rule already encodes the well-known dispersive data-driven relation for HVP, and they have
proposed a scheme to evaluate the leading-order meson contributions to HLbL in a data-driven fashion
as well. However, in the theoretical estimation of the HLbL contribution following this scheme,
additional difficulties may occur: the divergence of the dispersive integral and the emergence of
nonzero subtraction constants for some particular contributions. While the former is usually associated
with oversimplified effective couplings that violate unitarity, the latter points to an extra physics input.

In this chapter, we investigate the origins of the violation of the Schwinger sum rule in perturbative
examples such as LO B𝜒PT, the linear 𝜎-model, and the electroweak sector of the SM. We demonstrate
that with appropriate UV completions – such as introducing the 𝜎-meson for the 𝜋0 in 𝜒PT or the
Higgs field for the 𝑍0 boson in the SM – the Schwinger sum rule remains entirely valid. Additionally,
we discuss subtleties in the treatment of contributions from𝑊± bosons. We conclude the chapter by
reviewing the 𝜋0 exchange contribution to HLbL correction to AMM, obtained through the Schwinger
sum rule approach.

The results described in this Chapter are based upon the work, which is currently in preparation
for publication.

6.1 Longitudinal-transverse photoabsorption cross section

For 𝑃̂- and 𝑇-symmetric theories, such as QED, the longitudinal-transverse photoabsorption cross
section can be defined in the following way (see Fig. 6.1):

𝜎𝐿𝑇 (𝜈,𝑄2) = 1
√

2
(2𝜋)4

4𝑚
√︁
𝜈2 +𝑄2

∫ 𝑛∏
𝑖=1

𝑑3𝑘𝑖

(2𝜋)32𝐸𝑖
𝛿4

(
𝑝 + 𝑞−

𝑛∑︁
𝑖=1

𝑘𝑖

)
|M(𝜈,𝑄2, 𝑘𝑖) |2𝐿𝑇 . (6.1)
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Fig. 6.1 Schematic definition of the polarized observable 𝜎LT in terms of the unitarity cut (red dashed
line) of the forward LT-polarized Compton amplitude. Spin alignment of each external particle is
shown by colored double arrows.

Here the “squared modulus” of the scattering amplitude is defined as

|M(𝜈,𝑄2, 𝑘𝑖) |2𝐿𝑇 = Re
∑︁

𝜒1,...,𝜒𝑛

M†
1, 1

2→𝜒1,...,𝜒𝑛
M0,− 1

2→𝜒1,...,𝜒𝑛
, (6.2)

where the sum runs over all possible polarization states 𝜒1, ..., 𝜒𝑛 of the intermediate particle states
with momenta 𝑘1, ..., 𝑘𝑛.

However, in theories that do not respect the aforementioned symmetries, the definition (6.1) should
be improved. In order to exclude the terms in 𝜎𝐿𝑇 that violate 𝑃̂ and 𝑇 symmetries and are related to
the nonzero anapole and electric dipole moments, Eq. (6.1) should be symmetrized with respect to 𝑃̂
and 𝑇 symmetries. Let us define:

𝑑𝜎+
𝐿𝑇

𝑑𝑘1...𝑑𝑘𝑛
∼

∑︁
𝜒1,...,𝜒𝑛

M†
−1,− 1

2→𝜒1,...,𝜒𝑛
M0, 1

2→𝜒1,...,𝜒𝑛
, (6.3a)

𝑑𝜎−
𝐿𝑇

𝑑𝑘1...𝑑𝑘𝑛
∼

∑︁
𝜒1,...,𝜒𝑛

M†
1, 1

2→𝜒1,...,𝜒𝑛
M0,− 1

2→𝜒1,...,𝜒𝑛
, (6.3b)

𝑑𝜎̄+
𝐿𝑇

𝑑𝑘1...𝑑𝑘𝑛
∼

∑︁
𝜒1,...,𝜒𝑛

M†
0, 1

2→𝜒1,...,𝜒𝑛
M−1,− 1

2→𝜒1,...,𝜒𝑛
, (6.3c)

𝑑𝜎̄−
𝐿𝑇

𝑑𝑘1...𝑑𝑘𝑛
∼

∑︁
𝜒1,...,𝜒𝑛

M†
0,− 1

2→𝜒1,...,𝜒𝑛
M1, 1

2→𝜒1,...,𝜒𝑛
. (6.3d)

Then 𝜎LT in Eq. (2.123) must be replaced by the 𝑃̂- and 𝑇-symmetrized photoabsorption cross section

𝜎
sym.
𝐿𝑇

=
1
4

[
𝜎+𝐿𝑇 +𝜎−𝐿𝑇 + 𝜎̄+𝐿𝑇 + 𝜎̄−𝐿𝑇

]
, (6.4)
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where 𝜎+LT, 𝜎−LT, 𝜎̄+LT and 𝜎̄−LT are the quantities given by Eqs. (6.3), integrated over phase-space.
Particularly, it is important to symmetrize the cross section when dealing with contributions of the
parity-violating currents of the SM (e.g. 𝑍0-boson contribution). In that cases the non-symmetrized
definition (6.2) may contain contributions to the anapole moment along with the AMM. Thus, the
symmetrization (6.4) isolates only the contribution to the AMM.

6.2 Flavour-conserved neutral-current contributions to anomalous mag-
netic moment

µ

γ

S, P, V, A

Fig. 6.2 One-loop diagram contributing to 𝜘. Here 𝑆, 𝑃, 𝑉 , 𝐴 denote several types of neutral particle
exchanges.

Let us consider the one-loop contributions to 𝜘 that originate from the neutral scalar (𝑆),
pseudoscalar (𝑃), vector (𝑉) and axial-vector (𝐴) particle exchanges, depicted diagrammatically in
Fig. 6.2. We assume that these particles interact with the muon via the following simple Lagrangian
interaction terms

L𝑆int = 𝐶S𝜓(𝑥)𝜓(𝑥)𝜙(𝑥) (6.5a)

L𝑃int = 𝐶P𝜓(𝑥)𝑖𝛾5𝜓(𝑥)𝜙(𝑥) (6.5b)

L𝑉int = 𝐶V𝜓(𝑥)𝛾𝜌𝜓(𝑥)V𝜌 (𝑥) (6.5c)

L𝐴int = 𝐶A𝜓(𝑥)𝛾𝜌𝛾5𝜓(𝑥)A𝜌 (𝑥). (6.5d)

In these terms 𝜓(𝑥) stands for the muon spinor, 𝜙(𝑥) is the real (pseudo)scalar field,V𝜌 (𝑥) A𝜌 (𝑥)
are the real vector and axial vector fields, respectively, and 𝐶{S,P,V,A} are corresponding coupling
constants. The corresponding LT-polarized tree-level cross sections, shown in Fig. 6.3, are
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(6.6b)
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γ

µ

S, P, V, A

Fig. 6.3 Tree-level muon photoabsorption amplitudes, which contribute to the 𝐿𝑇-polarized tree-level
cross section in order to reproduce 𝜘 via the Schwinger sum rule at the same order as the one-loop
diagram depicted in Fig. 6.2.
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where the following conventions are used

𝑠 =
𝑠

𝑚2
μ

, 𝜂𝑋 =
𝑀𝑋

𝑚μ

,

𝛽𝑋 =
𝑠+𝑚2

μ −𝑀2
𝑋

2𝑠
, 𝜆𝑋 =

√︃
[𝑠− (𝑚μ +𝑀𝑋)2] [𝑠− (𝑚μ −𝑀𝑋)2]

2𝑠
,

for each type of particles 𝑋 = {𝑆, 𝑃,𝑉, 𝐴}. Integration of the Eqs. (6.6) within the Schwinger sum
rule should yield the corresponding contributions to the AMM of the muon, i.e. reproduce results of
computation of the corresponding one-loop vertex diagram. However, the sum rule integral results in
the following:
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(6.10)

Comparing these results to the well-known direct loop calculation [369], we obtain the following
tension for scalar, pseudoscalar and axial-vector exchanges:

𝜘𝑆μ [sum rule] = 𝜘𝑆μ [loop] −
𝐶2
𝑆

8𝜋2 (6.11)

𝜘𝑃μ [sum rule] = 𝜘𝑃μ [loop] +
𝐶2
𝑆

8𝜋2 (6.12)

𝜘𝐴μ [sum rule] = 𝜘𝐴μ [loop] +
𝐶2
𝑆

8𝜋2

(2𝑚μ

𝑀𝑋

)2
. (6.13)

The issue with the sum rule-based evaluation stems from the high-energy behavior of the Compton
amplitude. If the latter approaches a nonzero constant value at infinite energy, then, following the
Sugawara-Kanazawa theorem [158], this value should be added to the sum rule dispersive integral in
order to obtain the correct result. Hence the Schwinger sum rule should be modified as follows

𝜘 =
1

2𝜋𝛼em
lim
𝜈→∞

𝑆𝐿𝑇 (𝜈,𝑄2 = 0) +
𝑚2

μ

𝜋2𝛼em

∫ ∞

𝜈0

d𝜈
[
𝜎𝐿𝑇 (𝜈,𝑄2)

𝑄

]
𝑄2→0

, (6.14)

where the value of the Compton amplitude at infinite energy (asymptotic value) for each kind of
interactions from Eq. (6.5) is given by

1
2𝜋𝛼em

lim
𝜈→∞

𝑆𝑆𝐿𝑇 (𝜈,𝑄
2 = 0) =

𝐶2
𝑆

8𝜋2 , (6.15a)

1
2𝜋𝛼em

lim
𝜈→∞

𝑆𝑃𝐿𝑇 (𝜈,𝑄2 = 0) = −
𝐶2
𝑃

8𝜋2 , (6.15b)

1
2𝜋𝛼em

lim
𝜈→∞

𝑆𝑉𝐿𝑇 (𝜈,𝑄
2 = 0) = 0, (6.15c)

1
2𝜋𝛼em

lim
𝜈→∞

𝑆𝐴𝐿𝑇 (𝜈,𝑄2 = 0) = −
𝐶2
𝐴

8𝜋2

(2𝑚μ

𝑀𝑋

)2
. (6.15d)

Note that the Compton amplitude for the vector contribution tends to zero at infinite energy regardless
of the mass of the vector field. The asymptotic values for the scalar and pseudoscalar contributions
are also mass-independent and have the opposite signs and the same absolute values as long as their
coupling constants are identical.

However, the constant for axial-vector contribution depends on both lepton and axial-vector masses.
This dependence, though, is expectable due to the equivalence of the pseudoscalar and axial-vector
couplings at this level (similar to the pseudoscalar and pseudovector coupling equivalence in 𝜒PT). It
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stems from the “longitudinal” part ∝ 𝑘𝜇𝑘𝜈/𝑀2
𝑋

of the axial-vector propagator. In order to show it
explicitly, let us choose the loop momentum 𝑘𝜇 along the axial-vector exchange going in clockwise
direction in Fig. 6.2, and fix the initial (𝑝𝜇) and final (𝑝′𝜇 = (𝑝 + 𝑞)𝜇) four-momenta of the muon.
Then we need to consider the following loop integral:

𝐼
𝜇

𝐴
= − 1

𝑀2
𝑋

∫
𝑑4𝑘

μ̄(𝑝′ + 𝑘)/𝑘𝛾5Δ
μ (𝑝′)𝛾𝜇Δμ (𝑝 + 𝑘)/𝑘𝛾5μ(𝑝)
𝑘2−𝑀2

𝑋

, (6.16)

where Δμ is the muon propagator defined in Appendix 6.C and μ(𝑝) and μ̄ are the on-shell muon
spinors. By expressing the loop momentum as /𝑘 = /𝑝′ + /𝑘 − /𝑝′ = /𝑝+ /𝑘 − /𝑝 and using the Dirac equation
for the on-shell muons, the integral can be simplified to the following form

𝐼
𝜇

𝐴
=

4𝑚2
μ

𝑀2
𝑋

𝐼
𝜇

𝑃
+ μ̄(𝑝′)𝛾𝜇μ(𝑝) (...), (6.17a)

𝐼
𝜇

𝑃
=

∫
𝑑4𝑘

μ̄(𝑝′ + 𝑘)𝛾5Δ
μ (𝑝′)𝛾𝜇Δμ (𝑝 + 𝑘)𝛾5μ(𝑝)
𝑘2−𝑀2

𝑋

, (6.17b)

where the integral 𝐼𝜇
𝑃

essentially corresponds to the the exchange with the pseudoscalar coupling
inside the loop, while the second term in Eq. (6.17a) does not contribute to the AMM.

The situation when the physical Compton amplitude at infinite energy approaches some particular
model-dependent constant value, which is not driven by any of the fundamental physical principles,
looks very unnatural. Although the unitarity is not violated in this case, it can be treated as an artifact
due to incompleteness of the theory (e.g. incorrect behaviour at high energies). By contrast, in the
complete physical theory we expect that the Schwinger sum rule holds without any additional constant.

Since the contributions written in Eqs. (6.15a)-(6.15d) have different signs, the key observation
lies in the following: if the theory contains different types of particles, the cancellation between the
asymptotic values of the corresponding Compton amplitudes may occur. Indeed, the simplest case
of such a cancellation may occur between the scalar and pseudoscalar contributions, i.e. between
Eqs. (6.15a) and (6.15b). It happens, e.g., in the linear 𝜎-model for the neutral-current contribution to
the AMM of the proton, arising from the 𝜋0 and 𝜎 mesons. The more complicated scenario, when the
cancellation occurs between the scalar and axial-vector asymptotic values, say between Eqs. (6.15a)
and (6.15d), is realized in the SM for 𝑍0-boson and Higgs particle contributions. These two mentioned
cases will be considered in more details in the following sections.

6.3 Schwinger sum rule in low-energy effective field theories

The Schwinger sum rule was verified in heavy-baryon chiral perturbation theory two decades ago
(see, e.g., [370]). Here, we focus on its verification at the leading-order contributions in relativistic
low-energy theories, such as the linear 𝜎-model and B𝜒PT. In what follows, we argue that the
Schwinger sum rule remains valid and that the high-energy artifacts of low-energy effective field
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6.3 Schwinger sum rule in low-energy effective field theories

theories can always be removed through proper UV-completion. This argument is particularly relevant
to the evaluation of the pseudoscalar meson exchange contribution to the HLbL of the muon AMM,
which will be discussed in Section 6.5.

6.3.1 AMM of the proton

Fig. 6.4 The one-loop contributions to the nucleon anomalous magnetic moment.

The leading-order hadronic correction to the anomalous magnetic moment of the proton can be
estimated by considering the one-loop pion contributions to the nucleon-photon vertex, as shown in
Fig. 6.4. One of the simplest models to account for the pion-nucleon interactions is the linear 𝜎-model.
Its meson-nucleon part, which contributes to the AMM of the proton, reads

L 𝜋𝑁int = 𝑔𝜋𝑁
(
𝜓̄𝑝𝜓𝑝

)
𝜎 +𝑔𝜋𝑁

(
𝜓̄𝑝𝑖𝛾5𝜓𝑝

)
𝜋0

+
√

2𝑔𝜋𝑁 𝜓̄𝑝𝑖𝛾5𝜓𝑛𝜋
+ +
√

2𝑔𝜋𝑁 𝜓̄𝑛𝑖𝛾5𝜓𝑝𝜋
−, (6.18)

where𝜓𝑝 and𝜓𝑛 are the proton and neutron spinors whereas the part responsible for the electromagnetic
interactions, consists of the QED term for proton and the scalar QED for charged pions,

LEM
int = −𝜓̄𝑝𝛾𝜇𝜓𝑝𝐴𝜇 + 𝑖𝐴𝜇 (𝜋+𝜕𝜇𝜋− − 𝜋−𝜕𝜇𝜋+)

+𝐴𝜇𝐴𝜇𝜋+𝜋− . (6.19)

In this model, the LT-polarized cross section in the Schwinger sum rule contains contributions from
three different channels,depicted in the three lines of Fig. 6.5, which differ by the particles in the final
states. The contribution to the Schwinger sum rule from the amplitudes in the first line of Fig. 6.5
corresponds to the left vertex diagram in Fig. 6.4. We checked that the loop answer for this contribution
(see, e.g. [371]) is exactly reproduced via the Schwinger sum rule without any additional constants.

Being taken separately, the 𝜋0 contribution, however, cannot be reproduced via Eq. (2.123) because
of the nonvanishing constant behavior of the corresponding Compton amplitude at infinite energy,
given by Eq. (6.15b) with 𝐶𝑆 = 𝑔𝜋𝑁 . The Schwinger sum rule result for the 𝜎-meson contribution
is also shifted with respect to the loop result by the value given in Eq. (6.15a) with 𝐶𝑃 = 𝑔𝜋𝑁 .
Fortunately, the constants for 𝜋0 and 𝜎-meson have the same moduli, but the opposite signs. Therefore
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the Schwinger sum rule holds exactly when these contributions are both taken into account,

𝜘𝜎-model
𝑝 [loop] = 𝜘𝜎-model

𝑝 [sum rule], (6.20)

where the loop result 𝜘𝜎-model [loop] is provided in Eq. 6.112 of Appendix 6.A.
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γ π+

n

π+

n

π0
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π0

p

σ

p

σ

p

Fig. 6.5 Amplitudes that contribute to the proton photoabsorption cross section. The inclusion of the
𝜎 along with the 𝜋0 with the same coupling fixes the Schwinger sum rule.

In B𝜒PT, however, the situation is different. In contrast to the linear 𝜎-model, this theory does
not contain scalar degrees of freedom. Therefore, at the order O(𝑝3) the Schwinger sum rule fails to
reproduce the correct result of the proton AMM since the asymptotoic constant is not compensated:

𝜘
B𝜒PT
𝑝 [loop] = 𝜘B𝜒PT

𝑝 [sum rule] −
𝑔2
𝜋𝑁

8𝜋2 , (6.21)

where the loop result 𝜘B𝜒PT [loop] is given in Eq. (6.111) of Appendix 6.A. Analyzing the behavior of
the corresponding one-loop diagrams, which constitute the Compton scattering amplitude, one can find
out that the nonzero asymptotic constant stems from the box diagram with the neutral pion (Fig. 6.6).
Moreover, the part of the box diagram, which is responsible for the constant at infinite energy, has a
“triangular” topology (i.e. the box with cancelled pion propagator) that is shown in the right-hand side

Fig. 6.6 Box diagram of Compton scattering at LO in B𝜒PT, which is responsible for an asymptotic
constant (left) and its effective UV completion (right).
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6.3 Schwinger sum rule in low-energy effective field theories

of Fig. 6.6. In fact, this triangular diagram corresponds to the nucleon-antinucleon interaction, which
cannot be described by just the LO B𝜒PT. In this case one can introduce the effective UV completion
of B𝜒PT, which implies the subtraction of such contributions from the Compton amplitude. In this
way, the Schwinger sum rule remains valid.

6.3.2 Comment on Schwinger sum rule for neutron

n

γ π−

p

π−

p

φ−

p

φ−

p

Fig. 6.7 Amplitudes that contribute to the neutron photoabsorption cross section.

The magnetic moment of the neutron, as a pointlike neutral particle, equals zero, while the
anomalous part of the magnetic moment can appear in higher-order quantum corrections. For example,
taking into account the O(𝑝3) 𝜒PT correction, depicted diagrammatically in Fig. 6.4, already results
in the nonzero contribution to the neutron AMM (see, e.g. [371]).

Though the quantum corrections produce the nonzero AMM of the neutron, the Schwinger sum
rule must always give zero on the l.h.s. due to the zero charge of the neutron, i.e.,

0×𝜘𝑛 =
𝑚2
𝑛

𝜋2𝛼

∫ ∞

𝜈0

d𝜈

[
𝜎𝑛
𝐿𝑇
(𝜈,𝑄2)
𝑄

]
𝑄2→0

= 0, (6.22)

serving as a superconvergent relation. However, the sum rule integral over the corresponding polarized
cross section (the amplitudes are schematically shown in the top line of Fig. 6.7) yields the nonzero
answer,

𝑚2
𝑛

𝜋2𝛼

∫ ∞

𝜈0

d𝜈

𝜎
𝑛, (𝑝3 )
𝐿𝑇

(𝜈,𝑄2)
𝑄

𝑄2→0

=
𝑔2
𝜋𝑁

4𝜋2 . (6.23)

This mass-independent constant is also due to the nonzero asymptotic value of the corresponding
Compton amplitude. It comes from the same box diagram as in the case of the proton (see Fig. 6.6),
but with the charged pion inside the loop. This constant can be cancelled by adding a contribution from
a charged scalar field 𝜙±, as shown in the bottom line of Fig. 6.7. Moreover, it was checked explicitly,
that at this order of 𝜒PT, the presence or absence of the charged scalar particle in the theory does not
have any influence on the result for the proton AMM. However, there is no experimental evidence for
the existence of the charged scalar particle that consists of 𝑢 and 𝑑 quarks: the lowest-lying charge
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scalar is 𝐷∗
𝑠0(2317)±, which has the quark content 𝑐𝑠 or 𝑠𝑐. Nevertheless, the arguments on the

effective UV completion of B𝜒PT could be repeated here as well: in order to make the sum rule
valid in this theory, one needs to effectively fix the nucleon-antinucleon interaction by subtracting the
ill-behaved contributions from the Compton amplitude.

6.4 Electroweak contributions to muon AMM

γ

µ µ
Z

µ µ

γ

µ µ
H

µ µ

γ

µ µνµ

W− W−
(a) (b) (c)

Fig. 6.8 Electroweak contributions to the AMM of the muon at one loop: (a) 𝑍0-boson, (b) Higgs and
(c)𝑊±-boson.

The leading-order correction to the AMM of the muon due to the electroweak sector of the SM is
shown in Fig. 6.8. These diagrams have been calculated long time ago by Brodsky and Sullivan [372],
Bars and Yoshimura [373], Jackiw and Weinberg [374], Fujikawa et al. [375], Aydin et al. [376] and
others. There has been an intensive discussion on the correct evaluation of the 𝑍0-boson contribution
due to the apparent arbitrariness of the result. This puzzle was fundamentally explained in the work
by Fujikawa et al. [375]. It was shown that the specific divergence structure (linearly-divergent loop
integral), which is similar to the case of celebrated axial anomaly, was responsible for this issue, but, in
contrast to the axial anomaly, can be easily overcome. The work of Fujikawa et al. is also remarkable
for the clear formulation of the spontaneously broken gauge theories using generalized renormalizable
(linear) 𝑅𝜉 gauge. In particular, it was demonstrated that in the Weinberg-Salam model the one-loop
contributions to the AMM of the lepton, depicted in Fig. 6.8, are gauge-independent as long as the
AMM of the𝑊±-boson vanishes, i.e. 𝑔𝑊 = 2 at tree-level. The latter guarantees the tree-level unitarity
for Compton cross sections. However, it was pointed out that the electromagnetic form factors with
the nonzero photon virtuality are, in general, gauge-dependent quantities, since they are not the
observable S-matrix elements. This fact brings the ambiguity into the definition of, e.g., the neutrino
charge radius. Subsequently, numerous efforts have been performed in order to find an unambiguous
definitions for the electromagnetic form factors. The calculations using background-field method and
current algebra formalism have been led to the formal prescription called “pinch technique” (see the
comprehensive review [377] and references therein).

Regarding the Compton scattering sum rules, to the best of our knowledge, so far only the GDH
sum rule was tested against the electroweak theory [378, 379]. The test was performed at leading
order, when only the tree-level diagrams were included in the polarized cross section. The sum rule
then yielded zero, as it should be at the considered order. What is also important, the corresponding
Compton amplitude as well as its imaginary part are gauge-independent in the limit of real photons.
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In view of this history of direct calculations, the verification of the Schwinger sum rule in the
electroweak theory becomes a highly intriguing task. On the one hand, similar to the GDH sum rule, it
involves an observable of lepton-muon scattering – the LT-polarized cross section. On the other hand,
since this observable involves a virtual photon, thus it can suffer from the same gauge-dependence
issues as the electromagnetic form factors in gauge theories. In following, an attempt to solve the
mentioned task is provided. It is convenient to separate the 𝑍0-boson and Higgs scalar contributions
from 𝑊± one, since they are independent in a sense of the gauge parameters and also different in
technical complexity.

6.4.1 Neutral-current contribution from 𝑍0 and Higgs
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µ
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µ
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H
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Fig. 6.9 𝑍0-boson and Higgs contributions to the forward doubly-virtual Compton amplitude at
one-loop level (first and second rows) and the corresponding cross sections (third row), that reproduces
its imaginary part.

According to the SM Lagrangian, the interactions of 𝑍0 and Higgs bosons with the charged lepton
𝑙 = 𝑒, 𝜇, 𝜏, which has a mass 𝑚𝑙, have the following form

L𝑍0+𝐻
int =

𝑔

4cos𝜃𝑊
𝑙 /𝑍0 [

1(1−4sin2 𝜃𝑊 ) −𝛾5
]
𝑙 − 𝑔𝑚𝑙

2𝑀𝑍 cos𝜃𝑊
𝐻𝑙𝑙. (6.24)

Here 𝑔 =
√

4𝜋𝛼/sin𝜃𝑊 is the electroweak coupling constant and 𝜃𝑊 is the Weinberg angle.
The corresponding one-loop Compton amplitudes that are important for the Schwinger sum rule,

are shown in Fig. 6.9 along with the tree-level amplitudes, relevant for the LT-polarized cross sections1.
These diagrams immediately bring us to the conclusion: at this order, the Schwinger sum rule result
cannot depend on the gauge of 𝑍0-boson. It simply follows from the absence of the virtual intermediate
𝑍0-bosons in the tree-level diagrams, which enter the LT-polarized cross section.

1Given that in 𝑅𝜉 gauges fixing the gauge of the 𝑍0-boson is independent of the gauge of the photon and𝑊±-bosons, it
is enough to consider neutral bosons just in unitary gauge.
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Given that the 𝑍0-boson contribution includes the vector and axial-vector part, the latter causes
the following nonzero constant behavior of the Compton amplitude at infinite energy

1
2𝜋𝛼em

lim
𝜈→∞

𝑆𝑍
0

𝐿𝑇 (𝜈,𝑄2 = 0) = − [𝑔/(4cos𝜃𝑊 )]2

8𝜋2

(2𝑚μ

𝑀𝑍

)2
. (6.25)

However, the Compton amplitude with the contribution from the Higgs particle also produces the
constant at infinite energy,

1
2𝜋𝛼em

lim
𝜈→∞

𝑆𝐻𝐿𝑇 (𝜈,𝑄2 = 0) = 1
8𝜋2

[
𝑔𝑚μ

2𝑀𝑍 cos𝜃𝑊

]2
. (6.26)

Finally, we observe that

lim
𝜈→∞

[
𝑆𝑍

0

𝐿𝑇 (𝜈,𝑄2 = 0) + 𝑆𝐻𝐿𝑇 (𝜈,𝑄2 = 0)
]
= 0. (6.27)

Consequently, the dispersive integral in the Schwinger sum rule exactly reproduces the direct loop
calculation (cf. [369, 372–375]) only for the entire contribution of 𝑍0-boson and Higgs, but fails for
the individual contributions when taken separately. This example clearly illustrates the point that the
sum rule should hold in the UV-complete theories without any additional constants.

6.4.2 The charged-current contribution from𝑊±-boson

Besides the 𝑍0-boson and the Higgs scalar, the charged𝑊±-boson also contributes to the lepton AMM
at the same order of the electroweak coupling, as shown in Fig: 6.8(c). The calculation of this diagram
in unitary gauge gives the following result for the AMM contribution (see, e.g. [369], eq. (4))

𝜘μ (𝑊) =
𝑔2𝑚2

μ

16𝜋2

∫ 1

0
𝑑𝑥 𝑥

1+ 𝑥− 𝑚2
μ

2𝑀2
𝑊

(1− 𝑥)

𝑚2
μ 𝑥 + (𝑀2

𝑊
−𝑚2

μ)
(6.28)

=
𝑔2

64𝜋2
𝜇2 (

𝜇4 +8𝜇2−4
)
−2

(
3𝜇4−5𝜇2 +2

)
log

(
1− 𝜇2)

𝜇4

=
5𝑔2

96𝜋2 𝜇
2 +O(𝜇4) ≈ 5

√
2

24𝜋2𝐺𝐹𝑚
2
μ (6.29)

with the mass ratio 𝜇 = 𝑚μ/𝑀𝑊 and the Fermi constant 𝐺𝐹 =
√

2(𝑔2/8𝑀2
𝑊
). It was shown in several

works, e.g. [373–375], that this result is independent on the gauge of the 𝑊±-boson as long as the
AMM of this boson vanishes (see Appendix 6.B). One might expect that this contribution can be
reproduced using the Schwinger sum rule as well. We will discuss this in the following subsections.
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Fig. 6.10𝑊±-boson contribution to the forward doubly-virtual Compton amplitude at one-loop level
(first and second rows) and the corresponding cross sections (third row), that reproduces its imaginary
part.

6.4.2.1 Unitary gauge

Let us start with the calculation of the doubly-virtual one-loop Compton LT-polarized amplitude 𝑆𝐿𝑇
with 𝑊±-bosons in unitary gauge. The diagrams for this amplitude are shown in Fig. 6.10 and are
explicitly written in Appendix 6.D. The total amplitude divided by 𝑄, in the limit 𝑄→ 0 reads

lim
𝑄→0

1
𝑄
𝑆𝐿𝑇 (𝜈,𝑄) =

𝑔2𝑒2

512𝜋2𝑚μ𝜇
2

{8𝜇4 (
4𝜇2−15𝑤2)
𝜇2−4𝑤2

+
2
(
1− 𝜇2) (𝜇4 (

𝑤2−11
)
+ 𝜇2 (

3𝑤2−13
)
+2

)
𝑤2 log

[
1− 𝜇2]

+
[
𝜇
(
𝜇2−2𝜇𝑤−1

)
𝑤2(𝜇−2𝑤)2

(
−4𝑤

+ 𝜇
(
2−13𝜇2−11𝜇4 +42𝜇(1+ 𝜇2)𝑣 + (−32−37𝜇2 + 𝜇4)𝑣2−2𝜇(4+ 𝜇2)𝑣3

) )
× log [1− 𝜇(𝜇−2𝑤)]

+
4𝜇4(𝜇(−((𝜇−2𝑤) (𝜇+𝑤)) −10) +6𝑤)𝐶0

(
0, 𝜇2, 𝜇(𝜇−2𝑤);1,1,0

)
𝑤

+ {𝑤→−𝑤}
]}
, (6.30)

where the rescaled energy 𝑤 ≡ 𝜈/𝑀𝑊 was introduced.
The low-energy limit of this amplitude,

lim
𝑄→0
𝜈→0

1
𝑄
𝑆𝐿𝑇 (𝜈,𝑄) =

𝑔2𝑒2

2𝑚μ

[
𝜇2(𝜇4 +8𝜇2−4) −2

(
3𝜇4−5𝜇2 +2

)
log

(
1− 𝜇2)

64𝜋2𝜇4

]
, (6.31)
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in full agreement with the low-energy theorem, exactly reproduces the result for the AMM given by
Eq. (6.29).

According to the optical theorem, the imaginary part of the aforementioned amplitude,

Im lim
𝑄→0

1
𝑄
𝑆𝐿𝑇 (𝜈,𝑄) =

𝑔2𝑒2

512𝜋𝑚μ𝜇
2𝑤2(𝜇+2𝑤)2

𝜃

[
𝑤− 𝜇

2−1
2𝜇

]
×

{
(−1+ 𝜇(𝜇−2𝑤))

[
𝜇4𝑤2(𝜇+2𝑤) − 𝜇2

(
42𝑤𝜇2 +11𝜇3−8𝑤3 +37𝑤2𝜇

)
+2(𝜇+2𝑤) − 𝜇(𝜇+2𝑤) (13𝜇+16𝑤)

]
−2𝜇2(𝜇+2𝑤)2

[
𝑤𝜇2 + 𝜇3−2𝑤2𝜇+2(5𝜇+3𝑤)

]
log [𝜇(𝜇+2𝑤)]

}
, (6.32)

should be directly related to the corresponding LT cross section, namely

Im lim
𝑄→0

1
𝑄
𝑆𝐿𝑇 (𝜈,𝑄) = 𝑚μ lim

𝑄→0

√︁
𝜈2 +𝑄2𝜎𝐿𝑇 (𝜈,𝑄2)

𝑄
. (6.33)

The tree-level amplitude for this cross section reads

M𝜆,ℎ→𝜆′ ,ℎ′ =
𝑔𝑒

2
√

2
𝜈ℎ′ (𝑙′)

{𝛾𝜎 (1−𝛾5) (/𝑙 + /𝑞 +𝑚μ)𝛾𝜇
𝑠−𝑚2

μ

+ 1
𝑡 −𝑀2

𝑊

[
−𝑔𝜌𝛼 + (𝑞

′− 𝑞)𝜌 (𝑞′− 𝑞)𝛼

𝑀2
𝑊

]
ΓU
𝛼𝜇𝜎 (𝑞, 𝑞′)𝛾𝜌 (1−𝛾5)

}
μℎ (𝑙)𝜀𝜇𝜆 (𝑞)𝜒

𝜎 ∗
𝜆′ (𝑞′), (6.34)

where 𝑞 and 𝑞′ (𝜀 and 𝜒) are the four-momenta (polarization vectors) of the incoming photon
and outgoing𝑊−-boson, respectively, while μℎ and 𝜈ℎ′ are, correspondingly, the Dirac spinors for
initial muon and final neutrino states. The three-boson vertex in unitary gauge has the form (cf.
Appendix 6.C)

ΓU
𝛼𝜇𝜎 (𝑞, 𝑞′) = 𝑔𝜇𝜎 (𝑞 + 𝑞′)𝛼 +𝑔𝛼𝜇 (𝑞′−2𝑞)𝜎 +𝑔𝛼𝜎 (𝑞−2𝑞′)𝜇, (6.35)

In order to obtain the matrix element responsible for the LT-polarized cross section, the following
completeness relation for the𝑊±-boson polarization vectors is applied∑︁

𝜆=−1,0,1
𝜒𝛼𝜆 (𝑞′)𝜒

∗𝛽
𝜆
(𝑞′) = −𝑔𝛼𝛽 + 𝑞

′ 𝛼𝑞′𝛽

𝑀2
𝑊

. (6.36)

Then, for the LT cross section one finds the result, which is in full agreement with the optical theorem
(6.33). At the asymptotically high energies, the cross section behaves as

lim
𝑄→0
𝜈→∞

𝜎𝐿𝑇 (𝜈,𝑄)
𝑄

=
𝑔2𝑒2

512𝜋𝑚2
μ𝑀𝑊

[
1+4

𝑀2
𝑊

𝑚2
μ

(
1− log

2𝑚μ𝜈

𝑀2
𝑊

)]
1
𝜈
+O

(
log𝜈
𝜈2

)
. (6.37)
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Thus, the integral over this cross section in the Schwinger sum rule (2.123) will be logarithmically
divergent at the upper limit. At this point, we can conclude, that in unitary gauge

• the optical theorem (unitarity) holds,

• the sum rule integral is logarithmically divergent.

It is well known, however, that in unitary gauge the gauge theory with vector bosons has several
caveats connected to the tree-level unitarity. The simplest way to overcome these issues is to carry out
the calculations in a different gauge, e.g., in the Feynman-t’Hooft gauge.

6.4.2.2 Feynman-t’Hooft gauge in the linear gauge condition

As soon as the linear gauge condition on the 𝑊±-bosons is imposed [375, 380], the propagators
of the bosons become gauge-dependent. Furthermore, now one needs to take care of the charged
scalar modes with gauge-dependent propagators, which will be present in the diagrams along with
𝑊±-bosons. The three-boson interaction vertex, however, stays gauge-independent in this case (cf.
Appendix 6.C). In the Feynman-t’Hooft gauge, the gauge parameter 𝜉 is set to be equal to unity. In this
way, the longitudinal degrees of freedom of the exchanged𝑊±-bosons are absorbed into the charged
scalar exchanges with the same mass, and no unphysical thresholds will be introduced. The total
Compton amplitude is then given by

lim
𝑄→0

1
𝑄
𝑆𝐿𝑇 (𝜈,𝑄) =

𝑔2𝑒2

512𝜋2𝑚μ𝜇
2

{
48𝜇4

+
2
(
𝜇2−1

) (
11𝜇4 + 𝜇2 (

8𝑣2 +13
)
−2

)
𝑤2 log

(
1− 𝜇2

)
+

[
𝜇 (1− 𝜇(𝜇−2𝑤))
𝑤2(𝜇−2𝑤)

(
𝜇

(
11𝜇3 +13𝜇+8𝜇𝑤2−8

(
3𝜇2 +2

)
𝑤

)
−2

)
× log (1− 𝜇(𝜇−2𝑤))

−
4𝜇4 (

𝜇3 +10𝜇−
(
𝜇2 +8

)
𝑤
)
𝐶0

(
0, 𝜇2, 𝜇(𝜇−2𝑤);1,1,0

)
𝑤

+ {𝑤→−𝑤}
]}
, (6.38)

and has the same low-energy limit (6.31). The tree-level amplitude for the Schwinger sum rule reads

M𝜆,ℎ→𝜆′ ,ℎ′ =
𝑔𝑒

2
√

2
𝜈ℎ′ (𝑙′)

{𝛾𝜎 (1−𝛾5) (/𝑙 + /𝑞 +𝑚μ)𝛾𝜇
𝑠−𝑚2

μ

+ 1
𝑡 −𝑀2

𝑊

[
−𝑔𝜌𝛼Γ𝛼𝜇𝜎 (𝑞, 𝑞′)𝛾𝜌 (1−𝛾5) +𝑚μ𝑔𝜇𝜎 (1+𝛾5)

] }
μℎ (𝑙)𝜀𝜇𝜆 (𝑞)𝜒

𝜎 ∗
𝜆′ (𝑞′).

(6.39)

Now it includes the extra exchange of the scalar mode (second term in the rectangular brackets).
Calculation of the LT cross section is carried out similarly to the case of unitary gauge, and gives the
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following result

lim
𝑄→0

𝜎𝐿𝑇 (𝜈,𝑄2)
𝑄

=
𝑔2𝑒2

512𝜋𝑚3
μ𝑤

3(𝜇+2𝑤)

×
{
(−1+ 𝜇(𝜇+2𝑤))

(
−2+ 𝜇(16𝑤 + 𝜇(13+ (𝜇+2𝑤) (11𝜇+2𝑤)))

)
−2𝜇2(𝜇+2𝑤)

(
2𝑤𝜇2 + 𝜇3 +10𝜇+7𝑤

)
log [𝜇(𝜇+2𝑤)]

}
=

𝑔2𝑒2

128𝜋𝜈𝑀2
𝑊

+O
(

1
𝜈2

)
. (6.40)

This cross section also has O(𝜈−1) asymptotic behavior, hence the sum rule integral is again divergent
as for the calculation in unitary gauge. Moreover, Eq. (6.40) does not coincide with the imaginary
part of the corresponding Compton amplitude - the unitarity is violated!

µ

γ∗

νµ

W−
⊥ 2

W−

γ∗

νµ

W−
⊥

µ

S−

γ∗

νµ

W−
⊥

µ

µ

γ∗

νµ

S− 2

W−

γ∗

νµ

S−

µ

S−

γ∗

νµ

S−

µ

Fig. 6.11 The alternative way to obtain the cross section in Feynman-t’Hooft gauge, invoking the
unphysical scalar modes in the final state.

In order to check the result (6.40), the alternative way of calculating this cross section is performed.
It resides in dropping out the longitudinal polarizations of𝑊± from the sum (6.36), taking∑︁

𝜆=−1,1
𝜒𝛼𝜆 (𝑞′)𝜒

∗𝛽
𝜆
(𝑞′) = −𝑔𝛼𝛽 . (6.41)

while adding the cross section of the similar process, but with the scalar modes in final states, to the
final answer (see Fig. 6.11). This way should result in the same answer due to the Goldstone boson
equivalence theorem. Evaluation of the corresponding cross sections gives

lim
𝑄→0

𝜎
𝑊⊥
𝐿𝑇
(𝜈,𝑄2)
𝑄

= − 𝑔2𝑒2

256𝜋𝑀𝑊𝑤2𝑄2(𝜇+2𝑤)
{𝜇(𝜇+2𝑤) [1− log (𝜇(𝜇+2𝑤))] −1}

+ 𝑔2𝑒2

1024𝜋𝑚3
μ𝑤

4(𝜇+2𝑤)2

{
(𝜇(𝜇+2𝑤) −1)

[
16𝑤𝜇5−3𝜇4

(
1−24𝑤2

)
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+6𝑤𝜇3
(
16𝑤2 +1

)
+ 𝜇2

(
32𝑤4 +44𝑤2−1

)
−8𝑤𝜇

(
1−6𝑤2

)
−12𝑤21

]
−2𝜇(𝜇+2𝑤)2

[
17𝑤𝜇2−2𝜇

(
1−8𝑤2

)
−3𝑤𝑀2] log (𝜇(𝜇+2𝑤))

}
, (6.42)

lim
𝑄→0

𝜎𝑆
𝐿𝑇
(𝜈,𝑄2)
𝑄

=
𝑔2𝑒2

256𝜋𝑀𝑊𝑤2𝑄2(𝜇+2𝑤)
{𝜇(𝜇+2𝑤) [1− log (𝜇(𝜇+2𝑤))] −1}

+ 𝑔2𝑒2

1024𝜋𝑚3
μ𝑤

4(𝜇+2𝑤)2

{
(𝜇(𝜇+2𝑤) −1)

[
6𝑤𝜇5 +16𝑤3𝜇

(
𝜇2 +1

)
+4𝑤2

(
10𝜇2 +5𝜇4 +1

)
+4𝑤𝜇

(
5𝜇2 +1

)
+ 𝜇2

(
3𝜇2 +1

) ]
−2𝜇(𝜇+2𝑤)2

[
2𝜇3𝑤(𝜇+𝑤) +3𝜇2𝑤 + (2𝜇+3𝑤)

]
log (𝜇(𝜇+2𝑤))

}
. (6.43)

The terms that are inversely proportional to 𝑄2 indicate the violation of the gauge invariance with
respect to the incoming virtual photon. However, the sum of these cross sections results in the
gauge-invariant expression,

lim
𝑄→0

𝜎
𝑊⊥
𝐿𝑇
(𝜈,𝑄2) +𝜎𝑆

𝐿𝑇
(𝜈,𝑄2)

𝑄
=

𝑔2𝑒2

512𝜋𝑚3
μ𝑤

3(𝜇+2𝑤)

×
{
(−1+ 𝜇(𝜇+2𝑤))

(
−2+ 𝜇(16𝑤 + 𝜇(13+ (𝜇+2𝑤) (11𝜇+2𝑤) +4𝑤2))

)
−2𝜇2(𝜇+2𝑤)

(
𝑤𝜇2 + 𝜇3 +10𝜇+8𝑤

)
log [𝜇(𝜇+2𝑤)]

}
. (6.44)

While not agreeing with Eq. (6.40), this expression exactly reproduces the corresponding imaginary
part of the doubly-virtual Compton amplitude via the optical theorem, thus the unitarity relation is
restored. Unfortunately, the cross section given by Eq. (6.44) also behaves as O(1/𝜈) at high energies,

lim
𝑄→0

𝜎
𝑊⊥
𝐿𝑇
(𝜈,𝑄2) +𝜎𝑆

𝐿𝑇
(𝜈,𝑄2)

𝑄
=

𝑔2𝑒2

64𝜋𝑀2
𝑊
𝜈
+O

(
1
𝜈2

)
, (6.45)

thus making the integral over this cross section logarithmically divergent in the upper limit.

6.4.2.3 Feynman-t’Hooft gauge in the nonlinear gauge condition

First introduced by Lee and Yang [381] and then used by Fujikawa for electroweak gauge theories [380],
the non-linear gauge condition implies the gauge-dependent three-boson vertex (cf. Appendix 6.C).
The technical advantage of this gauge lies in the absence of the three-boson vertices with one scalar
mode, say the 𝛾𝑊𝑆-vertices. This fact crucially reduces the number of Feynman diagrams compared
to the case when the linear gauge is applied, leaving us with just sixteen diagrams (see Fig. 6.12)
instead of thirty six. Moreover, in Feynman-t’Hooft gauge, the 𝛾𝑊𝑊 vertex has an especially simple
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γ∗ γ∗
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µ

Fig. 6.12 𝑊±-boson contribution in arbitrary gauge (nonlinear gauge condition is imposed) to the
one-loop doubly-virtual Compton scattering amplitude (first and second rows, crossed diagrams are
not shown) and the corresponding cross section (third row), that reproduces its imaginary part.

form

W−
ν

W−
σ k

q′
q

Aµ Γnonlin;FtH
𝜇𝜎𝜈 = 𝑖𝑒

(
𝑔𝜈𝜎 (2𝑞′− 𝑞)𝜇 −2𝑔𝜇𝜈𝑞𝜎 +2𝑔𝜎𝜇𝑞′𝜈

)
. (6.46)

Calculation of the one-loop Compton amplitude in Feynman-t’Hooft gives

lim
𝑄→0

1
𝑄
𝑆𝐿𝑇 (𝜈,𝑄2) = 𝑔2𝑒2

512𝜋2𝑚μ𝜇
2

{
32𝜇4 + 2

𝑤2

(
11𝜇6 +2𝜇4−15𝜇2 +2

)
log

[
1− 𝜇2]

+
[
− 𝜇(𝜇(𝜇−2𝑤) −1)

(𝜇−2𝑤)𝑤2

(
11𝜇4 +13𝜇2−4𝜇(2𝜇2 +4)𝑤−2

)
log [1− 𝜇(𝜇−2𝑤)]

−
4𝜇4 (

𝜇3 +10𝜇− (𝜇2 +6)𝑤
)

𝑤
𝐶0

(
0, 𝜇2, 𝜇(𝜇−2𝑤);1,1,0

)
+ {𝑤→−𝑤}

]}
(6.47)

The low-energy limit of this amplitude again reproduces the loop result for the AMM, thus is in full
agreement with the low-energy theorem for the LT-polarized Compton amplitude. The high-energy
behavior of this amplitude acquires a constant value at infinite energy,

lim
𝑄→0
𝜈→∞

1
𝑄
𝑆𝐿𝑇 (𝜈,𝑄2) = 𝑔2𝑒2

16𝜋2
𝑚μ

𝑀2
𝑊

+O
(

1
𝜈

)
. (6.48)

This fact already gives a hint that, as soon as the optical theorem works, the integral in the Schwinger
sum rule should converge in this case, but, possibly, to a wrong value. In order to check this guess, the
corresponding LT cross section should be obtained independently. As in the previous case with linear
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gauge condition, we decide to obtain the physical degrees of freedom of the𝑊±-boson in the final
state by considering the scalar mode instead of the longitudinal polarization of𝑊±. The tree-level
diagrams are similar to those in linear gauge (see Fig. 6.11, excluding those with 𝛾𝑊𝑆-vertices).

The tree-level amplitudes for LT cross section read

M𝑊
𝜆,ℎ→𝜆′ ,ℎ′ = −

𝑔𝑒

2
√

2
𝜈ℎ′ (𝑙′)

{𝛾𝜎 (1−𝛾5) (/𝑙 + /𝑞 +𝑚μ)/𝜀𝜆
𝑠−𝑚2

μ

+ 1
𝑡 −𝑀2

𝑊

[
2/𝜀𝜆𝑞𝜎 +𝛾𝜎 (2𝑞′− 𝑞) · 𝜀𝜆−2𝜀𝜆𝜎/𝑞

]
(1−𝛾5)

}
μℎ (𝑙)𝜒𝜎 ∗𝜆′ (𝑞′), (6.49)

M𝑆
𝜆,ℎ→ℎ′ =

𝑔𝑒

2
√

2
𝑚μ

𝑀𝑊
𝜈ℎ′ (𝑙′)

{ (1+𝛾5) (/𝑙 + /𝑞 +𝑚μ)/𝜀𝜆
𝑠−𝑚2

μ

+ 1
𝑡 −𝑀2

𝑊

[(2𝑞′− 𝑞) · 𝜀𝜆] (1+𝛾5)
}
μℎ (𝑙) (6.50)

and the LT cross sections are

lim
𝑄→0

𝜎
𝑊⊥
𝐿𝑇
(𝜈,𝑄2)
𝑄

=
𝑔2𝑒2

256𝜋𝑚3
μ𝜈

3𝑀2
𝑊
(𝑚μ +2𝜈)

×
{
(−1+ 𝜇(𝜇+2𝑤)) [−1+ 𝜇(8𝑤 + 𝜇(7+4𝜇(𝜇+2𝑤)))]

−2𝜇2(𝜇+2𝑤) (5𝜇+3𝑤) log [𝜇(𝜇+2𝑤)]
}
, (6.51)

lim
𝑄→0

𝜎𝑆
𝐿𝑇
(𝜈,𝑄2)
𝑄

=
𝑔2𝑒2

512𝜋𝑚μ𝑤
3𝜇(𝜇+2𝑤)

×
{
(−1+ 𝜇(𝜇+2𝑤))

(
3𝜇2 +4𝑤𝜇−1

)
−2𝜇2(𝜇+𝑤) (𝜇+2𝑤) log (𝜇(𝜇+2𝑤))

}
. (6.52)

It is remarkable to mention that, in contrast to linear gauge, in nonlinear gauge these cross sections do
not elucidate the violation of the gauge invariance – the terms, inversely proportional to the photon
virtuality, are absent. The total cross section reads

lim
𝑄→0

𝜎𝐿𝑇 (𝜈,𝑄2)
𝑄

= lim
𝑄→0

𝜎
𝑊⊥
𝐿𝑇
(𝜈,𝑄2) +𝜎𝑆

𝐿𝑇
(𝜈,𝑄2)

𝑄

=
𝑔2𝑒2

512𝜋𝑚3
μ𝑤

3(𝜇+2𝑤)

{
(−1+ 𝜇(𝜇+2𝑤))

[
−2+13𝜇2 +11𝜇4 +4𝜇𝑤(4+5𝜇2)

]
−2𝜇2(𝜇+2𝑤) (6𝑤 + 𝜇(10+ 𝜇(𝜇+𝑤))) log [𝜇(𝜇+2𝑤)]

}
. (6.53)
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This cross section satisfies the optical theorem, and the Schwinger sum rule holds as follows

𝑚2
μ

𝜋2𝛼

∫ ∞

𝜈th.

𝑑𝜈 lim
𝑄→0

𝜎𝐿𝑇 (𝜈,𝑄2)
𝑄

= lim
𝑄→0
𝜈→0

1
𝑄
𝑆𝐿𝑇 (𝜈,𝑄2) − lim

𝑄→0
𝜈→∞

1
𝑄
𝑆𝐿𝑇 (𝜈,𝑄2) (6.54)

6.4.2.4 Arbitrary gauge in the nonlinear gauge condition

The aforementioned results show that, despite of the correct low-energy behavior of the Compton
amplitude in all considered cases, the unitarity relation (optical theorem) works only in a particular
calculation scheme, which is obviously nonsense. This might point to the fact that something is
missing in the calculation, so the cross section defined by Eq. (6.1) is in general gauge-dependent. In
order to check this, a calculation of the polarized Compton amplitude in arbitrary gauge is performed.
The nonlinear gauge condition was chosen for the sake of simplicity: as was already mentioned, it
reduces the number of relevant diagrams to just sixteen. The result for the Compton amplitude reads

lim
𝑄→0

1
𝑄
𝑆𝐿𝑇 (𝜈,𝑄2) = 𝑔2𝑒2

512𝜋2𝑚μ𝜇
2

×
{
32𝜇4 + 2

𝑤2

(
2−15𝜇2 +2𝜇4 +11𝜇6

)
log(1− 𝜇2)[

− 𝜇
4(1+ 𝜉) (−1+ 𝜇𝜉 (𝜇−2𝑤)) log(−𝜉𝜇(𝜇−2𝑤) +1)

𝑤(𝜇−2𝑤)𝜉2

−
𝜇(−1+ 𝜇(𝜇−2𝑤))

(
𝜇3𝑤−2𝜉 + 𝜇(−16𝑤 + 𝜇(13+11𝜇2−21𝜇𝑤))𝜉

)
𝑤2(𝜇−2𝑤)𝜉

× log(1− 𝜇(𝜇−2𝑤))

−
4𝜇4 (

𝜇3(𝜉 −1) −6𝑤(𝜉 −1) +2𝜇(5(𝜉 −1) +𝑤2) + 𝜇2𝑤(1− 𝜉)
)

𝑤(𝜉 −1)
×𝐶0(0, 𝜇2, 𝜇(𝜇−2𝑤);1,1,0)

+
𝜇4 (

4𝑤𝜉 (𝜉 −1) +2𝜇2𝑤𝜉 (𝜉2−1) + 𝜇(1− 𝜉 + (−1+8𝑤2)𝜉2 + 𝜉3)
)

𝑤𝜉2(𝜉 −1)
×𝐶0(0, 𝜇2, 𝜇(𝜇−2𝑤);1, 𝜉−1/2,0)

−
𝜇4 (

4𝑤𝜉 (𝜉 −1) +2𝜇2𝑤𝜉 (𝜉2−1) − 𝜇(1− 𝜉 + (−1+8𝑤2)𝜉2 + 𝜉3)
)

𝑤𝜉2(𝜉 −1)
×𝐶0(0, 𝜇2, 𝜇(𝜇−2𝑤), 𝜉−1/2,1,0)

− 8𝜇5𝑤

𝜉 −1
𝐶0(0, 𝜇2, 𝜇(𝜇−2𝑤);𝜉−1/2, 𝜉−1/2,0) + {𝑤→−𝑤}

]}
, (6.55)

where 𝜉 is an arbitrary gauge-fixing parameter. The low-energy limit of this amplitude is gauge-
independent and coincides with the common result given by Eq. (6.31). The high-energy behavior,
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however, turns to be gauge-dependent

lim
𝑄→0
𝜈→∞+𝑖0

1
𝑄
𝑆tot
𝐿𝑇 (𝜈,𝑄, 𝜉) =

𝑔2𝑒2

32
𝑚μ

2𝜋2𝑀2
𝑊

{
1+ log2 𝜉

8 (𝜉 −1)

}
(6.56)

𝜉→1
−−−−−−−−−−−→
Feynman gauge

𝑔2𝑒2

32
𝑚μ

2𝜋2𝑀2
𝑊

(6.57)

𝜉→0
−−−−−−−−−−→
unitary gauge

𝑔2𝑒2

32
𝑚μ

4𝑀2
𝑊
𝜋2

[
1− 1

2
log2 𝜉

]
. (6.58)

The latter expression demonstrates that the amplitude is divergent at high energies in unitary gauge, so
the limits 𝜈→∞ and 𝜉→ 0 cannot be interchanged.

As expected, the imaginary part of the Compton amplitude is gauge-dependent and reads

Im lim
𝑄→0

𝑆𝐿𝑇 (𝜈,𝑄2, 𝜉)
𝑄

= 𝜃 [−1+ 𝜇(𝜇+2𝑤)] lim
𝑄→0

𝑚μ𝜈𝜎𝐿𝑇 (𝜈,𝑄, 𝜉)
𝑄

+ 𝜃
[
𝜇(𝜇+2𝑤) − 𝜉−1] 𝜇2

1024𝜋𝑚μ𝜇𝑤
2(𝜇+2𝑤) (𝜉 −1)𝜉2

×
{
2𝜇𝑤 (−1+ 𝜇(𝜇+2𝑤)𝜉) (𝜉2−1)

+ (𝜇+2𝑤)
[
(−1+ 𝜉 +2𝜇𝑤𝜉)

(
4𝑤𝜉 + 𝜇(𝜉2−1)

)
log

𝜇(𝜉 −1) +2𝑤𝜉
(𝜇+2𝑤) (−1+ 𝜉 +2𝜇𝑤𝜉)

+8𝜇𝑤2𝜉2 log (𝜉𝜇(𝜇+2𝑤))
]}
, (6.59)

where 𝜎𝐿𝑇 is the corresponding (gauge-dependent) LT-polarized cross section, calculated for the
physical W-boson in the final state (with all three physical polarization states encountered). The
explicit expression for this cross section reads

lim
𝑄→0

𝜎𝐿𝑇 (𝜈,𝑄, 𝜉)
𝑄

=
𝑒2𝑔2

1024𝜋(𝜉 −1)𝑚3
μ𝜉

2𝑤3(𝜇+2𝑤)

×
{
2(𝜉 −1)𝜉

(
𝜇2 +2𝜇𝑤−1

) ((
11𝜇4 +13𝜇2−2

)
𝜉 + 𝜇3(21𝜉 +1)𝑤 +16𝜇𝜉𝑤

)
+ 𝜇2(1− 𝜉) (𝜇+2𝑤)

(
𝜇+2

(
𝜇2 +2

)
𝜉𝑤 + 𝜉2

(
4𝜇3 +39𝜇+6

(
𝜇2 +4

)
𝑤

))
log(𝜇(𝜇+2𝑤))

+ 𝜇2(𝜇+2𝑤) (𝜉 (2𝜇𝑤−1) +1)
(
−𝜇𝜉2 + 𝜇+4𝜉𝑤

)
log

(1− 𝜉) +2𝜇𝑤𝜉
𝜇 (𝜇(1− 𝜉) +2𝑤)

}
=

𝑔2𝑒2

128𝜋𝑀2
𝑊
𝜈(𝜉 −1)

log𝜉 +O
(

1
𝜈2

)
. (6.60)

Substituting the Eqs. (6.59) and (6.60) into the optical theorem (6.33), one can see that for an
arbitrary value of the gauge parameter 𝜉 the optical theorem is violated. It is worth mentioning here,
that despite the two different 𝜃-functions, the imaginary part is smooth in 𝜈. Another important
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feature of the imaginary part is its behavior at 𝜈→∞ as O(1/𝜈), thus the dispersive integral will be
convergent. However, the LT cross section has a different behavior

lim
𝑄→0
𝜈→∞+𝑖0

𝜎𝑊
𝐿𝑇
(𝜈,𝑄, 𝜉)
𝑄

=
𝛼em𝑔

2

4𝑀2
𝑊

log(𝜉)
(𝜉 −1)

1
𝜈
+O

(
1
𝜈2

)
, (6.61)

which makes the corresponding dispersive integral divergent at the upper bound.
These results are an unavoidable indication of the missing contribution, which should enter at the

same order in couplings, but cannot be described in terms of the forward doubly-virtual Compton
scattering process. Before finding the source of this missing contribution, let us first consider the
dispersion relation for the one-loop vertex diagram with one off-shell muon leg, the so-called sideways
dispersion relation. It is simpler than the doubly-virtual Compton scattering, but should have similar
features regarding the gauge-dependence.

6.4.2.5 Sideways dispersion relation

γ

µ µνµ

W− W−

γ

µ µνµ

S− W−

γ

µ µνµ

W− S−

γ

µ µνµ

S− S−

(a) (b)

(c) (d)

p1

q

p2

Fig. 6.13 The cuts for sideways dispersion relations of the muon form factor.

According to [382] we can write the dispersion relation for the Pauli form factor,

F2(𝑠) =
1
𝜋

∫ ∞

𝑀2
𝑊

𝑑𝑠′
ImF2(𝑠′)
𝑠′− 𝑠 , (6.62)

which corresponds to the cuts shown in Fig. 6.13. The form factor can be defined with the help of the
corresponding projector

F2(𝑠) = tr
[
(/𝑝2 +𝑚μ)Γ𝜆(𝑝1, 𝑝2)PF2

𝜆
(𝑝1, 𝑝2)

]
, (6.63)

where Γ𝜆 is the 𝛾μμ vertex with the off-shell photon with momentum 𝑞 = 𝑝2 − 𝑝1, 𝑞2 = −𝑄2, the
off-shell muon with momentum 𝑝1, 𝑝2

1 = 𝑠 and the on-shell muon with momentum 𝑝2, 𝑝2 = 𝑚
2
μ . The
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projector is given by [383, 384]

PF2
𝜆
(𝑝1, 𝑝2) = −

𝑚μ

2(𝑠−𝑚2
μ)2

[
(/𝑝1 +𝑚μ)𝑖𝜎𝜆𝜏 (𝑝1− 𝑝2)𝜏 +3(𝑝1− 𝑝2)𝜆(/𝑝1−𝑚μ)

]
. (6.64)

In the unitary gauge one has only one loop diagram (a) out of four shown in Fig. 6.13, and for F2

one obtains 2

F2(𝜁) =
𝑔2

32𝜋2(𝜁 − 𝜇2)

{
1
𝜁
−3𝜇

(
𝜁 − 𝜇2

)
𝐶0(0, 𝜇2, 𝜁 ;1,1,0)

+ 𝜇
2

𝜁2

(
1−5𝜁 +4𝜁2

)
log(1− 𝜁) − 1−5𝜇2 +4𝜇4

𝜇2 log(1− 𝜇2)
}
, (6.65)

where 𝜁 = 𝑠/𝑀2
𝑊

, with the imaginary part

ImF2(𝜁) =
𝜃 (𝜁 −1)

32𝜋
𝜇2 1−5𝜁 +4𝜁2−3𝜁2 log 𝜁

𝜁2 (
𝜇2− 𝜁

) (6.66)

The corresponding dispersive integral in Eq. (6.62) converges, and the sideways dispersion relation
works without any subtraction, but the limit 𝑠→ 𝑚2 (or 𝜁 → 𝜇2) differs from the correct result (6.29)
by the term 𝑔2𝑚2/(64𝜋2𝑀2):

F2

(
𝜁 → 𝜇2

)
=

𝑔2

64𝜋2𝜇4

[
𝜇2(8𝜇2−4) −2

(
3𝜇4−5𝜇2 +2

)
log

(
1− 𝜇2

)]
. (6.67)

For the case of Feynman-t’Hooft gauge with the full set of diagrams shown in Fig. 6.13 one obtains

F2(𝜁) =
𝑔2

64𝜋2𝜁2𝜇2 (
𝜁 − 𝜇2) {8𝜁2𝜇4

(
𝜇2− 𝜁

)
𝐶0

(
0, 𝜁 , 𝜇2;1,1,0

)
+ (𝜁 −1)𝜇4

(
(𝜁 −1)𝜇2 +10𝜁 −2

)
log(1− 𝜁)

+ 𝜁
((
𝜇2 +2

)
𝜇2

(
𝜇2− 𝜁

)
− 𝜁

(
𝜇6 +8𝜇4−11𝜇2 +2

)
log

(
1− 𝜇2

)) }
(6.68)

with corresponding imaginary part

ImF2(𝜁) = 𝜃 (𝜁 −1)
𝜇2 (1− 𝜁)

[
𝜇2 (1− 𝜁) +2−5𝜁

]
−8𝜁2 log 𝜁

64𝜋𝜁2 (
𝜇2− 𝜁

) . (6.69)

2Here 𝐶0
(
0,𝑚2, 𝑠;𝑀,𝑀,0

)
=

[
2Li2

(
𝑀2

𝑚2

)
+ log2

(
−𝑀2

𝑚2

)
−2Li2

(
𝑀2

𝑠

)
− log2

(
−𝑀2

𝑠

)]
/(2𝑚2 − 2𝑠) and the imaginary

part is given by Im𝐶0
(
0,𝑚2, 𝑠;𝑀,𝑀,0

)
= −𝜋𝜃

(
𝑠−𝑀2

)
log

(
𝑀2

𝑠

)
/(𝑚2 − 𝑠)
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The corresponding sideways relation works without any additional subtractions just as in the previous
case, however, now the limit F2(𝑠→ 𝑚2) reproduces the correct answer for the AMM correction

F2(𝜁 → 𝜇2) = 𝑔2

64𝜋2𝜇4

[
𝜇2(𝜇4 +8𝜇2−4) −2

(
3𝜇4−5𝜇2 +2

)
log

(
1− 𝜇2

)]
. (6.70)

The general expression for F2(𝑠) in arbitrary gauge (the nonlinear gauge is used, given that only
(a) and (d) graphs from Fig. 6.13 contribute) reads

F2(𝜁, 𝜉) =
𝑔2

64𝜋2𝜁2𝜇2𝜉2 (
𝜇2− 𝜁

) {2𝜉2𝜁2
(
4𝜇4−5𝜇2 +1

)
log

(
1− 𝜇2

)
+ 𝜇2 [𝜁𝜉 (

𝜁 − 𝜇2
) (
𝜇2 +2𝜉

)
+ 𝜁2

(
𝜇4𝜉2−1

)
log

(
1− 𝜇2𝜉

)
+ 𝜇2{− (𝜁𝜉 −1)

(
𝜁

(
𝜇2𝜉 +2

)
− 𝜇2

)
log(1− 𝜁𝜉)

−2(𝜁 −1) (4𝜁 −1)𝜉2 log(1− 𝜁)
}]

+2𝜉𝜁2𝜇4
(
𝜁 − 𝜇2

) (
3𝜉𝐶0

(
0, 𝜁 , 𝜇2;1,1,0

)
+𝐶0

(
0, 𝜁 , 𝜇2;

1
√
𝜉
,

1
√
𝜉
,0

)) }
(6.71)

where 𝜉 is the gauge-fixing parameter. It can be shown by explicit calculation, that the result given by
Eq. (6.71) obey the following dispersion relations

F2(𝜁, 𝜉) =



1
𝜋

∫ ∞

1
𝑑𝑠′

ImF2(𝑠′, 𝜉)
𝑠′− 𝜁 , 𝜉−

1
2 > 1 > 𝜇;

1
𝜋

∫ ∞

𝜉 −1
𝑑𝑠′

ImF2(𝑠′, 𝜉)
𝑠′− 𝜁 , 1 > 𝜉−

1
2 > 𝜇;

1
𝜋

∫ ∞

−∞
𝑑𝑠′

ImF2(𝑠′, 𝜉)
𝑠′− 𝜁 , 1 > 𝜇 > 𝜉−

1
2 .

(6.72)

Taken at the limit 𝑠→ 𝑚2 (𝜁 → 𝜇2), the obtained form factor yields the correct gauge-independent
result for the AMM

F2(𝜁 → 𝜇2, 𝜉) = 𝑔2

64𝜋2𝜇4

[
𝜇2(𝜇4 +8𝜇2−4) −2

(
3𝜇4−5𝜇2 +2

)
log

(
1− 𝜇2

)]
. (6.73)

The same result can be obtained imposing the linear gauge condition as well.
As a result, the off-shell Pauli form factor obtained via the sideways dispersion relation is

gauge-dependent akin to the LT-polarized doubly-virtual forward Compton amplitude with𝑊±-bosons
in arbitrary gauge. The low-energy behavior of the off-shell vertex and the Compton amplitude
is similar as well: both give the correct gauge-independent result for the AMM. However, the
sideways dispersion relation does not require the subtraction, while the Schwinger sum rule has a
gauge-dependent subtraction constant, given by Eq. (6.56), in the considered gauge.
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6.4.3 𝑊±-boson contribution inside physical process

Now we want to understand the origin of the gauge dependence in the doubly-virtual forward Compton
amplitude with 𝑊±-bosons. The fact that this amplitude depend on the gauge parameter does not
contradict with the physical principles, given that the doubly-virtual Compton process is not an
observable process with external physical particles (two photons are off-shell). Thus one needs to wrap
the Compton amplitude in a physical process and analyse its observables. Here we limit ourselves
by considering only the imaginary part of such a process, since the corresponding real part can be
anyway reconstructed via a dispersion relation.

Let us consider the simplest physical process, which incorporates the discussed Compton amplitude
with 𝑊± bosons: the inelastic electron-muon scattering with the electron 𝑒, the 𝑊-boson and the
muonic neutrino 𝜈μ in the final state, say μ(𝑝) + 𝑒(ℓ) → 𝜈μ (𝑝′) + 𝑒(ℓ′) +𝑊− (𝑞′) (the letters in the
brackets mean the corresponding particle momenta). At tree level there are only two topologies that
contain the internal off-shell W-boson, that causes the gauge dependence. They are shown in Fig. 6.14.
Here the linear gauge condition is imposed, hence the three-boson vertex with one charged scalar
mode is possible. Moreover, since the gauge-fixing conditions of the photon, 𝑍0- and𝑊±-bosons are
independent, it is convenient to consider photon and 𝑍0-boson just in unitary gauge. The diagram on
the left-hand side of Fig. 6.14 with a photon is related to the virtual Compton scattering, while all the
other diagrams cannot be related to that process. However, these Compton-unrelated diagrams appear
at the same order of the electroweak coupling and should guarantee the gauge invariance of the final
result.

µ µ

ee e e

W−
W, S

A, Z

W−
W, S

νµ νµ

νe

Fig. 6.14 The physical process of 𝜇𝑒→ 𝜈𝜇𝑒𝑊
− scattering, which contains the gauge-dependence in

𝑊 propagators (and vertices if the gauge-dependent vertex is used, cf. [380]).

Let us write the W propagator Δ𝑊𝜇𝜈 in arbitrary gauge, separating out the part that corresponds to
the unitary gauge:

Δ𝑊𝜇𝜈 (𝑘) =𝑈𝜇𝜈 (𝑘) −
𝑘𝜇𝑘𝜈

𝑀2
𝑊

Δ𝑆 (𝑘), (6.74)

where𝑈𝜇𝜈 is the𝑊-boson propagator in unitary gauge,

𝑈𝜇𝜈 (𝑘) ≡ −𝑖
𝑔𝜇𝜈 − 𝑘𝜇𝑘𝜈/𝑀2

𝑊

𝑘2−𝑀2
𝑊
+ 𝑖0

. (6.75)
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Splitting the 𝑊-boson propagator in such a way allows one to hide all gauge dependence into the
second term of (6.74), which is proportional to the propagator of the unphysical Goldstone boson Δ𝑆 ,

Δ𝑆 (𝑘) = 𝑖

𝑘2−𝑀2
𝑊
/𝜉
. (6.76)

Starting with the right diagram on Fig. 6.14, one can write down the gauge-dependent part of the
amplitude

M𝑊 =− 𝑖
(
𝑔
√

2

)3 1
𝑀2
𝑊

Δ𝑆 (𝑞)𝑒( ®ℓ′ )/𝑞PLΔ
𝜈𝑒 (ℓ− 𝑞′) /𝜒∗(𝑞′)𝑃𝐿𝑒( ®ℓ ) 𝜈̄μ ( ®𝑝′ )/𝑞PLμ( ®𝑝 )

=− 𝑖
(
𝑔
√

2

)3 1
𝑀2
𝑊

Δ𝑆 (𝑞)𝑒( ®ℓ′ )
[
/ℓ′− (Δ𝜈𝑒 (ℓ− 𝑞′))−1

]
Δ𝜈𝑒 (ℓ− 𝑞′) /𝜒∗(𝑞′)PL𝑒( ®ℓ )

× 𝜈̄μ ( ®𝑝′ )
[
/𝑝′− /𝑝

]
PLμ( ®𝑝 )

=− 𝑖
(
𝑔
√

2

)3 𝑚μ

𝑀2
𝑊

Δ𝑆 (𝑞)𝑒( ®ℓ′ ) /𝜒∗(𝑞′)PL𝑒( ®ℓ ) 𝜈̄μ ( ®𝑝′ )PRμ( ®𝑝 )

+ 𝑖
(
𝑔
√

2

)3 𝑚μ𝑚𝑒

𝑀2
𝑊

Δ𝑆 (𝑞)𝑒( ®ℓ′ )Δ𝜈𝑒 (ℓ− 𝑞′) /𝜒∗(𝑞′)PL𝑒( ®ℓ ) 𝜈̄μ ( ®𝑝′ )PRμ( ®𝑝 ) (6.77)

where the chiral projectors PL =
1−𝛾5

2 and PR =
1+𝛾5

2 were introduced; 𝜒∗(𝑞′) is the polarization vector
of the outgoing𝑊−-boson.

The contribution from the unphysical charged Goldstone mode gives

M𝑆 = −𝑖
(
𝑔
√

2

)3 𝑚μ𝑚𝑒

𝑀2
𝑊

Δ𝑆 (𝑞)𝑒( ®ℓ′ )Δ𝜈𝑒 (ℓ− 𝑞′) /𝜒∗(𝑞′)PL𝑒( ®ℓ ) 𝜈̄μ ( ®𝑝′ )PRμ( ®𝑝 ), (6.78)

which cancel the second term in (6.77). Thus the total gauge-dependent contribution from the right
diagram in Fig. 6.14 is

M𝑊 +M𝑆 = −𝑖
(
𝑔
√

2

)3 𝑚μ

𝑀2
𝑊

Δ𝑆 (𝑞)𝑒( ®ℓ′ ) /𝜒∗(𝑞′)PL𝑒( ®ℓ ) 𝜈̄μ ( ®𝑝′ )PRμ( ®𝑝 ). (6.79)

It should be cancelled by the contribution from the left diagram in Fig. 6.14. In order to evaluate these
diagrams, let us consider the gauge-independent 𝛾𝑊𝑊 vertex,

W−
ν

W−
µ

k

q′

Aρ

q

Γ𝜇𝜈𝜌 = 𝑖𝑒
[
𝑔𝜇𝜈 (𝑞 + 𝑞′)𝜌 +𝑔𝜈𝜌 (𝑞−2𝑞′)𝜇 +𝑔𝜇𝜌 (𝑞′−2𝑞)𝜈

]
= 𝑖𝑒

[
𝑔𝜇𝜈 (𝑞 + 𝑞′)𝜌 +𝑔𝜈𝜌 (𝑘 − 𝑞′)𝜇 +𝑔𝜇𝜌 (−𝑘 − 𝑞)𝜈

]
, (6.80)
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where 𝑘 = 𝑞−𝑞′. The contraction of this vertex with the on-shell𝑊-boson polarization vector 𝜒∗𝜈 (𝑞′)
is given by

𝜒∗𝜈𝑊 Γ𝜇𝜈𝜌 = 𝑖𝑒
[
𝜒∗𝜇 (𝑞 + 𝑞′)𝜌 + 𝜒∗𝜌 (𝑞−2𝑞′)𝜇 −2𝑔𝜇𝜌 (𝑞 · 𝜒∗)

]
, (6.81)

and subsequent contraction with the off-shell photon momentum 𝑞𝜇 gives

𝑞𝜇𝜒∗𝜈𝑊 Γ𝜇𝜈𝜌 = 𝑖𝑒
[
𝜒∗𝜌 (𝑘2−𝑀2

𝑊 ) − 𝑘𝜌 (𝑞 · 𝜒∗)
]
. (6.82)

For the 𝑊𝑊𝑍 vertex the similar expressions can be obtained, but with the different overall factor,
which corresponds to the 𝑍0 coupling to𝑊±-bosons. Consequently, the amplitudes with𝑊-𝑊-vector
vertices can be written as

M△𝑊𝑊𝐴 =𝑖
𝑔
√

2
𝑒2 𝑚μ

𝑀2
𝑊

Δ𝑆 (𝑞)
𝑘2−𝑀2

𝑊

𝑘2 𝑒( ®ℓ′ ) /𝜒∗(𝑞′)𝑒( ®ℓ ) 𝜈̄μ ( ®𝑝′ )PRμ( ®𝑝 ) (6.83)

M△𝑊𝑊𝑍𝑉 =𝑖
𝑔
√

2
𝑒2 cos𝜃𝑊

sin𝜃𝑊
1−4sin2 𝜃𝑊

4cos𝜃𝑊 sin𝜃𝑊

×
𝑚μ

𝑀2
𝑊

Δ𝑆 (𝑞)
𝑘2−𝑀2

𝑊

𝑘2−𝑀2
𝑍

𝑒( ®ℓ′ ) /𝜒∗(𝑞′)𝑒( ®ℓ ) 𝜈̄μ ( ®𝑝′ )PRμ( ®𝑝 ). (6.84)

Substitution 𝑒 = 𝑔 sin𝜃𝑊 yields

M△𝑊𝑊𝐴 =𝑖
𝑔3
√

2
sin2 𝜃𝑊

𝑚μ

𝑀2
𝑊

Δ𝑆 (𝑞)
𝑘2−𝑀2

𝑊

𝑘2 𝑒( ®ℓ′ ) /𝜒∗(𝑞′)𝑒( ®ℓ ) 𝜈̄μ ( ®𝑝′ )PRμ( ®𝑝 ) (6.85)

M△𝑊𝑊𝑍𝑉 =𝑖
𝑔3
√

2

(
1
4
− sin2 𝜃𝑊

)
𝑚μ

𝑀2
𝑊

Δ𝑆 (𝑞)
𝑘2−𝑀2

𝑊

𝑘2−𝑀2
𝑍

𝑒( ®ℓ′ ) /𝜒∗(𝑞′)𝑒( ®ℓ ) 𝜈̄μ ( ®𝑝′ )PRμ( ®𝑝 ). (6.86)

The axial part of 𝑍0-boson gives

M△𝑊𝑊𝑍𝐴
=− 𝑖 𝑔

3

4
√

2
𝑚μ

𝑀2
𝑊

Δ𝑆 (𝑞) 1
𝑘2−𝑀2

𝑍

[
𝑒( ®ℓ′ ) /𝜒∗(𝑞′)𝛾5𝑒( ®ℓ ) (𝑘2−𝑀2

𝑊 )

+2𝑚𝑒𝑒( ®ℓ′ )𝛾5𝑒( ®ℓ )𝑞 · 𝜒∗(𝑞′) sin2 𝜃𝑊

]
𝜈̄μ ( ®𝑝′ )PRμ( ®𝑝 ). (6.87)

The corresponding contribution of the internal charged scalar Goldstone mode propagation instead of
the internal𝑊−-boson reads

M△𝑆𝑊𝐴 =𝑖
𝑔3
√

2
sin2 𝜃𝑊

𝑚μ

𝑀2
𝑊

Δ𝑆 (𝑞)
𝑀2
𝑊

𝑘2 𝑒( ®ℓ′ ) /𝜒∗(𝑞′)𝑒( ®ℓ ) 𝜈̄μ ( ®𝑝′ )PRμ( ®𝑝 ) (6.88)

M△𝑆𝑊𝑍𝑉 =− 𝑖 𝑔
3
√

2

(
1
4
− sin2 𝜃𝑊

)
𝑚μ

𝑀2
𝑊

Δ𝑆 (𝑞)
𝑀2
𝑍
−𝑀2

𝑊

𝑘2−𝑀2
𝑍

𝑒( ®ℓ′ ) /𝜒∗(𝑞′)𝑒( ®ℓ ) 𝜈̄μ ( ®𝑝′ )PRμ( ®𝑝 ). (6.89)
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M△𝑆𝑊𝑍𝐴
=− (−𝑖) 𝑔

3

4
√

2
𝑚μ

𝑀2
𝑊

Δ𝑆 (𝑞) 1
𝑘2−𝑀2

𝑍

[
𝑒( ®ℓ′ ) /𝜒∗(𝑞′)𝛾5𝑒( ®ℓ ) (𝑀2

𝑍 −𝑀2
𝑊 )

+2𝑚𝑒𝑒( ®ℓ′ )𝛾5𝑒( ®ℓ )𝑞 · 𝜒∗(𝑞′) sin2 𝜃𝑊

]
𝜈̄μ ( ®𝑝′ )PRμ( ®𝑝 ). (6.90)

Finally we observe the following cancellation

M△𝑊𝑊𝐴+M△𝑆𝑊𝐴+M△𝑊𝑊𝑍 +M△𝑆𝑊𝑍

= 𝑖

(
𝑔
√

2

)3 𝑚μ

𝑀2
𝑊

Δ𝑆 (𝑞)𝑒( ®ℓ′ ) /𝜒∗(𝑞′)PL𝑒( ®ℓ ) 𝜈̄μ ( ®𝑝′ )PRμ( ®𝑝 )

= −(M𝑊 +M𝑆). (6.91)

This simple calculation shows, that in the real physical process, the non-Compton contributions
with the off-shell 𝑍0 and𝑊±-bosons should be taken into account in order to obtain the gauge-invariant
result. This mechanism is well-known and very important for the correct definition of the off-shell
form factors. For example, even in the earliest work on this topic by Fujikawa et al. [375] it was
mentioned that in order to obtain the gauge-invariant Pauli form factor at nonzero photon virtuality,
one needs to consider the vertex correction inside the real physical process along with the𝑊𝑊-box
(see Fig. 6.15).

W W
W W

A,Z

Fig. 6.15 A set of contributions that produces the gauge-invariant result for𝑊±-boson contribution to
the off-shell Pauli form factor.

6.4.3.1 Real photons and Gerasimov-Drell-Hearn sum rule

The above discussion revealed several caveats with electroweak corrections to the AMM, which are
evaluated via the sum rules that involve off-shell photons. It is then interesting to consider the sum
rules with real photons and see whether we will run into the same issue with gauge dependence of the
observables. The natural candidate to compare with the Schwinger sum rule is the GDH sum rule. It
defines the AMM 𝜘μ via the helicity difference cross section 𝜎TT for real photons (𝑄2 = 0)

𝜘2
μ = −

𝑚2
μ

𝜋2𝛼em

∫ ∞

𝜈th

𝑑𝜈
𝜎𝑇𝑇 (𝜈)
𝜈

. (6.92)
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Since the l.h.s. of the GDH sum rule is given by the squared AMM, the leading-order (tree-level)
electroweak contribution to 𝜎TT should not contribute to AMM, resulting in a vanishing the sum rule
integral. This fact has been already verified long time ago, although without much details, in the
work by Altarelli et al. [378]. In this note, the𝑊±-boson contribution to the TT-polarized Compton
amplitude and, subsequently, the GDH sum rule is revisited.

Let us consider the one-loop correction to the Compton amplitude in a general gauge, with a
nonlinear gauge condition imposed for simplicity (depicted in Fig. 6.12). In the real photon limit, the
spin-dependent amplitude 𝑆1 reads (𝑀𝑊 > 𝑚μ is assumed)

𝑆1(𝑤) =
𝑔2𝑒2

256𝜋2

{
−

4
(
𝜇2 +2

)
𝜇(𝜇2−4𝑤2)

+
2
(
𝜇6 +18𝜇4−17𝜇2−2

)
log

(
1− 𝜇2)

𝜇3𝑤2

+
[(
− 𝜇

(
𝜇6 +18𝜇4−17𝜇2−2

)
+4𝜇2

(
𝜇2 +26

)
𝑤3−4𝜇

(
2𝜇4 +45𝜇2−10

)
𝑤2

+
(
5𝜇6 +100𝜇4−55𝜇2−6

)
𝑤

) log
(
−𝜇2 +2𝜇𝑤 +1

)
𝜇2𝑤2(𝜇−2𝑤)2

−4
(
5𝜇2−4𝜇𝑤 +6

)
𝑤

𝐶0

(
0, 𝜇2, 𝜇(𝜇−2𝑤);1,1,0

)
+ {𝑤→−𝑤}

]}
(6.93)

=
𝑒2𝑔2

96𝜋2𝜇7(𝜇2−1)

{
𝜇2

(
24−36𝜇2 +10𝜇4 + 𝜇6

)
−2

(
−12+24𝜇2−13𝜇4 + 𝜇6

)
log(1− 𝜇2)

}
𝑤2 +O(𝑤4), (6.94)

where 𝑤 = 𝜈/𝑚μ , 𝜇 =𝑚μ/𝑀𝑊 and 𝑀𝑊 = 1. This amplitude is entirely gauge invariant and has correct
low-energy behavior, O(𝜈2), respecting the low-energy theorem at the given order.

The corresponding TT-polarized photoabsorption cross section is given by

𝜎TT(𝑤) =
𝑔2𝑒2

256𝜋𝑤2𝜇3𝑀2
𝑊
(𝜇+2𝑤)2

×
{

2𝜇(𝜇+2𝑤)2(5𝜇2 +4𝜇𝑤 +6) log [𝜇(𝜇+2𝑤)]

− (𝜇2 + 𝜇𝑤−1) [2𝜇𝑤2
(
𝜇2 +26

)
+𝑤

(
3𝜇4 +65𝜇2 +6

)
+ 𝜇5 +19𝜇3 +2𝜇]

}
, (6.95)

which is in agreement with [379] (see Appendix of the arXiv version). It is gauge-invariant as well
and respects the optical theorem

Im𝑆1(𝑤) = 𝑀𝑊𝑚μ𝑤𝜎TT(𝑤). (6.96)
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Finally, the direct evaluation of the dispersive integral in (2.88c) for 𝑄2 = 0 exactly reproduces the
amplitude 𝑆1 given by Eq. (6.93).

The considered example shows that in the real-photon limit there is a decoupling of the (in general
gauge-dependent) photoabsorption process from the other electroweak interactions (see Fig. 6.14)
in such a way, that it does not depend on the gauge of the 𝑊±-bosons. Thus, all of the sum rules
that originate from the Compton scattering with real photons, can be applied to evaluate perturbative
electroweak corrections without any caveats.

6.5 𝜋0-exchange contribution to HLbL via Schwinger sum rule

An important test of the Schwinger sum rule approach [149] is to evaluate the leading HLbL
contribution, which comes from the lightest meson exchange: the 𝜋0-exchange. For this purpose, the
various contributions to the LT-polarized photoabsorption cross section, shown in Fig. 6.16, should be
calculated. In general, these contributions are divided into hadron photoproduction channels with
hadrons in the final state (Fig. 6.16, I. and II.), and electromagnetic channels with only a muon and
photons in the final state (Fig. 6.16, III. and IV.). Although all the depicted contributions contribute at

(a) (b) (c) (d)

(a) (b) (c) (d)

×

×

2

2

I.

II.

III.

IV.

(a) (b) (c) (d) (e)

(a) (b) (c) (d) (e)

Fig. 6.16 Hadron photoproduction channels (I. and II.) and electromagnetic channels (III. and IV.) that
contain a neutral pion and contribute to HLbL via the Schwinger sum rule.

the same O(𝛼3
em), it is natural to expect the hadron photoproduction channels to dominate. If this

hypothesis is true, then the HLbL contibution to the AMM could be determined predominantly with
hadron photoproduction data, which could potentially be measured at muon beam facilities, e.g. as
background to the MUonE experiment. This will make the Schwinger sum rule approach a very
powerful and essentially data-driven method for both HVP and HLbL.
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6.5 𝜋0-exchange contribution to HLbL via Schwinger sum rule

In order to confirm the dominance of the hadron photoproduction channels, a calculation of all
contributions shown in Fig. 6.16 is needed. This calculation should be carried out with models for the
𝜋0𝛾𝛾 vertex, which are presently accepted by the Muon 𝑔−2 Theory Initiative [87]. The obtained full
result then could be compared to the one, obtained in an alternative framework (e.g. [123]), which
will verify the approach in general. After that a comparison of particular contributions of the hadron
and electromagnetic channels could be performed. In this way, the aforementioned hypothesis will
be confirmed or disproved. Only the contributions from channels I. and III. were evaluated so far,
and the obtained results support the mentioned hypothesis. Although the channels II. and IV. contain
three-particle cuts and thought to be smaller then I. and III., their evaluation is also required for the
complete picture.

Let us consider the evaluation of the 𝜋0-exchange contribution starting with channel I, which
among other channels should contribute the most. It was found [385] that the squared diagram I.(a),
which is usually called Primakoff scattering diagram, does not contribute at all. On one hand, from
naïve counting, it should contribute at O(𝛼2

em), while on the other hand its contribution is identiacally
zero, which can be also proven by looking at the asymptotic behavior of the corresponding Compton
amplitude:

MPrimakoff
𝐿𝑇 ∼

∫
𝑑4𝑘

(2𝜋)4
μ̄( ®𝑝 )𝛾𝜌 (/𝑝 + /𝑘 +𝑚μ)𝛾𝛼μ( ®𝑝 )𝜖𝛼𝛽𝛼′𝛽′𝜀𝛽 (𝑞)𝑘𝛼

′
𝑞𝛽
′
𝜖𝜌𝜎𝜌′𝜎′𝜀

∗𝜎 (𝑞)𝑘𝜌′𝑞𝜎′

𝑘4
[
(𝑘 + 𝑝)2−𝑚2

μ

]
[(𝑞− 𝑘)2−𝑚2

𝜋0]

=
𝑄

64𝜋2𝜈2

[ (−3𝑚μ𝑚
2
𝜋0 +5𝑚2

𝜋0𝜈 +2𝑚μ𝜈
2)

√︃
(𝑚2

𝜋0 +2𝑚μ𝜈)2− (2𝑚μ𝑚𝜋0)2

𝑚μ (𝑚μ −2𝜈)

× log
𝑚2
𝜋0 +2𝑚μ𝜈 +

√︃
(𝑚2

𝜋0 +2𝑚μ𝜈)2− (2𝑚μ𝑚𝜋0)2

2𝑚μ𝑚𝜋0

−𝑚2
𝜋0 (−3𝑚μ𝑚

2
𝜋0 +2𝑚2

𝜋0𝜈 +4𝑚μ𝜈
2)𝐶0

[
0,𝑚2

μ,𝑚
2
μ −2𝑚μ𝜈,𝑚𝜋0 ,0,𝑚μ

]
+ {𝜈→−𝜈}

]
+O(𝑄3)

=𝑄
𝜈2

240𝜋2𝑚5
μ𝑚𝜋0

[
53𝑚4

μ𝑚𝜋0 −18𝑚2
μ𝑚

3
𝜋0 −2

(
30𝑚4

μ𝑚𝜋0 −40𝑚2
μ𝑚

3
𝜋0 +9𝑚5

𝜋0

)
log

𝑚μ

𝑚𝜋0

−2
√︃
𝑚2
𝜋0 −4𝑚2

μ

(
4𝑚4

μ −22𝑚2
μ𝑚

2
𝜋0 +9𝑚4

𝜋0

)
log

𝑚𝜋0 +
√︃
𝑚2
𝜋0 −4𝑚2

μ

2𝑚μ

]
+O(𝑄𝜈4) +O(𝑄3)

= O(𝑄𝜈2) +O(𝑄3). (6.97)

Hence only the interference between I.(a) and I.(b)-(d) survives, contributing at O(𝛼3
em). The

contribution of the squared diagrams I.(b)-(d) is of higher-order in 𝛼em, O(𝛼4
em), and therefore can

be neglected. The proper computation of the contribution from channel I requires knowledge of the
𝜋0→ 𝛾𝛾 pion transition form factor, 𝐹𝜋0𝛾𝛾 (𝑄2

1,𝑄
2
2), shown in Fig. 6.17, where 𝑄1 and 𝑄2 are the

virtualities of incoming photons.
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π0

γ

γ

Fπ0γγ

Fig. 6.17 Pion transition form factor.

This form factor is rather challenging observable either for experimental measurement or for the
lattice QCD evaluation. It is especially hard to obtain the behavior in doubly-virtual case, which
will be valid at all energies. Unfortunately, in contrast to the rest II.-IV. contributions in Fig. 6.16,
which involve just a single-virtual pion transition form factor, the leading contribution I. requires the
knowledge of this form factor in doubly-virtual region. Therefore the first estimation of the leading
contribution was performed using the constant effective 𝜋0𝜇𝜇 coupling, the value of which can be
precisely fixed from the pion-muon decay width combined with the dispersion relation [386, 387] for
such a vertex. This means that the effects of the off-shell internal muon, as well as the contribution
from the box diagram I.(c) have been neglected. This simple estimation yielded the following result
for the neutral pion exchange contribution:

Δ𝜘𝜇 (I.) = 166+41
−37×10−11. (6.98)

The obtained value is more than two times larger than the most recent value of the pion-pole
contribution, which has entered the White Paper in 2020 [87], is Δ𝜘𝜇 (𝜋0-pole) = (63.6±2.7) ×10−11.
This could point to the fact that the dispersive pion-pole approach [123] cannot be trivially mapped
to the Schwinger sum rule approach, since discontinuities of different quantities are considered:
𝜋0𝜇 cut of the pion photoproduction amplitude in case of the Schwinger sum rule versus 𝜋0 cut of
the two-loop 𝛾𝜇-vertex correction in case of the pion-pole approach. Nevertheless, the significant
difference between the results could mean that either the neglected off-shell effects play an important
role in channel I. Hence, in order to refine the estimation, we decided to take into account the off-shell
effects in that channel by evaluating all the diagrams I.(b)-(d). These diagrams do not contain UV
divergences, but being taken without the form factors attached to the 𝜋0𝛾𝛾 vertex, they lead to a
divergent sum rule integral over the cross section. One of the simplest form factors that makes the
integral finite is the VMD transition form factor of the form

𝐹𝜋0𝛾𝛾 (𝑞2
1, 𝑞

2
2) ∝

Λ4

(𝑞2
1−Λ2) (𝑞2

2−Λ2)
, (6.99)

186
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where 𝑞1 and 𝑞2 are the photon momenta, Λ is a typical hadronic scale (e.g. 𝜌-meson mass) that
plays the role of a soft cut-off. Such a simple form of the pion transition form factor does not respect
the correct high-energy behavior that follows from the short-distance constraints, but has been used
among other parametrizations to evaluate the pion-pole contribution in the classical work by Knecht
and Nyffeler [124]. For the improved forms of this form factor one can consider, e.g. LMD-V, which
was also used in [124] and in calculation of Melnikov and Vainshtein [138], or the pQCD-inspired
parametrization proposed in [388, Eq. 83]. Alternatively, one can incorporate the dispersive treatmet
of this form factor combined with the asymptotic constraints from QCD, provided in [389, 390].
However, in order to simplify the calculations while aiming for the comparison of the results to the
ones obtained by Knecht and Nyffeler, we decided to use the the VMD pion transition form factor of
the form given by Eq. (6.99), with the parameters quoted in [124].

p p′

q q′
γ∗

µ µ

π0

Fig. 6.18 Neutral pion photoproduction on the muon.

In order to obtain the one-loop pion photoproduction amplitudeM𝜇 (𝑠, 𝑡), we expand it in the
following tensor basis

M𝜇 (𝑠, 𝑡) =
6∑︁
𝑖=1

𝑀𝑖 (𝑠, 𝑡)𝑂𝜇𝑖 (𝑞, 𝑝, 𝑝
′), (6.100a)

𝑂
𝜇

1 (𝑞, 𝑝, 𝑝
′) = ⟨𝑖𝜎𝜇𝜌 (𝑝′− 𝑝)𝜌 𝛾5⟩, (6.100b)

𝑂
𝜇

2 (𝑞, 𝑝, 𝑝
′) = ⟨𝑖𝜎𝜇𝜌𝑞𝜌𝛾5⟩, (6.100c)

𝑂
𝜇

3 (𝑞, 𝑝, 𝑝
′) = ⟨𝛾5⟩ (𝑝′− 𝑝)𝜇 , (6.100d)

𝑂
𝜇

4 (𝑞, 𝑝, 𝑝
′) = ⟨𝛾𝜇𝛾5⟩, (6.100e)

𝑂
𝜇

5 (𝑞, 𝑝, 𝑝
′) = ⟨/𝑞𝛾5⟩𝑝𝜇, (6.100f)

𝑂
𝜇

6 (𝑞, 𝑝, 𝑝
′) = ⟨/𝑞𝛾5⟩𝑝′𝜇 . (6.100g)

All the momenta are shown in Fig. 6.18 and related to the Mandelstam invariants as 𝑠 = (𝑝 + 𝑞)2 =
(𝑝′ + 𝑞′)2, 𝑡 = (𝑞− 𝑞′)2 = (𝑝− 𝑝′)2. The Ward-Takahashi identity implies

𝑞𝜇M𝜇 (𝑠, 𝑡) =
6∑︁
𝑖=1

𝑀𝑖 (𝑠, 𝑡)𝑞𝜇𝑂𝜇𝑖 (𝑞, 𝑝, 𝑝
′) = 0, (6.101)
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which was checked by explicit calculation. Since we are interested in the real-photon limit 𝑄2→ 0 it
is enough to consider the scalar amplitudes 𝑀𝑖 up to O(𝑄2) in the photon virtuality, namely

𝑀𝑖 (𝑠, 𝑡) = 𝑎𝑖 (𝑠, 𝑡) + 𝑏𝑖 (𝑠, 𝑡)𝑄2 +O(𝑄4). (6.102)

According to the gauge invariance, the amplitude with longitudinally polarized photon should be
proportional to its virtuality,

𝜀𝐿 𝜇M𝜇 (𝑠, 𝑡) ∼𝑄. (6.103)

Meanwhile the tensor structures in Eqs. (6.100), being contracted with the longitudinal photon
polarization vector, are proportional to 𝑄−1. Thus, the first expansion terms 𝑎𝑖 of the amplitudes 𝑀𝑖
should satisfy the following relation[

(𝑡 −𝑚2
𝜋)2 +4𝑡𝜈2] [

𝑎1(𝑠, 𝑡)
(
𝑡 −𝑚2

𝜋 +4𝜈
)
+ 𝑎3(𝑠, 𝑡) (𝑡 −𝑚2

𝜋)
]

−2𝜈(𝑡 −𝑚2
𝜋)

[
2𝑎4(𝑠, 𝑡) (𝑡 −𝑚2

𝜋) +2𝑎5(𝑠, 𝑡)𝜈 + 𝑎6(𝑠, 𝑡) (𝑡 −𝑚2
𝜋 +2𝜈)

]
= 0, (6.104)

which can be obtained requiring the absence of terms proportional to 𝑄−1 in the LT-polarized cross
section. This relation has also been proven by explicit calculation. The numerical integration of the
obtained LT-polarized cross section reads

Δ𝜘𝜇 (I.) = (49±5) ×10−11. (6.105)

This value is already very close to the one obtained by Knecht and Nyffeler [124] in the pion-pole
approach with the same pion transition form factor,

Δ𝜘𝜇 (Knecht&Nyffeler) = (56±10) ×10−11, (6.106)

and almost coincides with the pion-pole dispersive calculation (6.98). So far we can conclude that the
off-shell effects in the pion photoproduction channel I. are indeed of high importance.

Now let us turn to the hadron photoproduction channels. Given that the contributions III and
IV contain 𝜋0𝛾𝛾 vertices with off-shell photons, a knowledge of the pion transition form factor is
inevitably needed. Moreover, in both mentioned contributions the neutral pion can go off-shell. This
means that the 𝜋0-exchange contribution to these channels cannot be directly fixed from experimental
data on, e.g. transition form factors, and requires a considerable part of modelling. A simple estimation
for this channel was performed in V.B.’s master thesis (2019). It results in

Δ𝜘𝜇 (III.) = (5±3) ×10−11, (6.107)

where the uncertainty has only systematical origin and comes from different ways of regularizing the
integral over the LT-polarized cross section. The major contribution to the number (6.107) comes from
the diagrams (a) and (b). With a constant 𝜋0𝛾𝛾 coupling, these diagrams yield a cross section, which
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at the energies 𝜈 ≳ 1 GeV grows faster than O(1). As a result, this contribution strongly depends on
the model for 𝜋0𝛾𝛾 vertex. In particular, the implementation of a VMD-inspired monopole form factor
for each virtual photon propagator does not yield satisfactory results. This modification, represented
by the transformation of the propagator as

1
𝑘2 →

1
𝑘2 −

1
𝑘2−Λ2 =

1
𝑘2

Λ2

Λ2− 𝑘2 , (6.108)

where 𝑘 denotes the virtual photon momentum and Λ represents a characteristic hadronic scale,
dramatically overestimates the result. Similarly, employing a dipole form factor for each photon also
proves inadequate in achieving the reasonable outcome. Only the tripole form factor, i.e.

1
𝑘2 →

1
𝑘2

3∏
𝑖=1

Λ2
𝑖

Λ2
𝑖
− 𝑘2

, (6.109)

with three regulator masses Λ1..Λ3, can effectively regularize the integral and bring us to the physically
reasonable answer mentioned above. It worth mentioning that a similar number was obtained in
two alternative approaches, either imposing a hard cut-off or evaluation of the leading convergent
part of the integral via its expansion into a series of the suitably-constructed “velocity-like” variable
𝑣 =

√︃
1−𝑚2

μ/𝑠. The diagram III.(c) was estimated using the dispersive model for the 𝜋0𝜇𝜇 coupling
from [386, 387], and the effective 𝜋0𝛾𝛾 vertex with a triangular nucleon loop inserted. Its contribution
turned out to be negligible.

6.6 Summary and outlook

In this Chapter, we examined the Schwinger sum rule approach to the hadronic contributions to the
anomalous magnetic moment (AMM) of the muon. Starting with basic examples of neutral scalar,
pseudoscalar, vector, and axial-vector contributions at one-loop level, described by the interaction
terms (6.5), we identified the contributions influenced by asymptotic constants. These constants,
which, according to the Sugawara-Kanasawa theorem [158], correspond to the values of the amplitude
at infinite energy, were shown to vanish in a complete calculation within a properly UV-completed
theory, thereby validating the Schwinger sum rule. Specifically, this cancellation was explicitly
demonstrated in baryon chiral perturbation theory (B𝜒PT) for the proton’s AMM, where the theory
was completed by the inclusion of the 𝜎-meson. A similar result was found for the one-loop Standard
Model (SM) contribution to the muon’s AMM, which arises from 𝑍0 and Higgs boson exchanges.
However, regarding the contribution from the𝑊± bosons, certain caveats were identified, particularly
related to virtual photons involved in the Schwinger sum rule observable. Thus, fully incorporating
this contribution into the Schwinger sum rule framework requires further modifications. Nonetheless,
these challenges do not hinder the application of the Schwinger sum rule to the hadronic contributions
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to the muon AMM, as the electroweak corrections influence the hadronic photoabsorption cross
section only at higher orders.

To demonstrate the applicability of the Schwinger sum rule to the hadronic light-by-light (HLbL)
correction to the muon AMM, we considered the leading contribution, which arises from 𝜋0 exchange.
In terms of the photoabsorption cross section, the dominant contribution related to this exchange likely
originates from the pion photoproduction channel (cf. Fig.6.16, I.). Employing a simple vector meson
dominance (VMD) parametrization, commonly used in the literature [124] for the pion transition
form factor, we obtained a reasonable estimate (6.105) for the muon’s AMM from this channel. Other
contributions depicted in Fig.6.16 were discussed to be small, a conclusion further supported by an
estimation of the contribution from the electromagnetic channel III.

As a prospective direction for future research, we consider the extension of the Schwinger sum rule
methodology to non-abelian gauge theories, a crucial step for accurately incorporating the electroweak
sector of the Standard Model, viz. 𝑊±-bosons. With regard to the dominant hadronic light-by-light
(HLbL) contributions, a comprehensive evaluation of the approach necessitates the estimation of all
channels illustrated in Fig.6.16. Ideally, this assessment should be conducted using a self-consistent
theoretical framework.
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Appendices

6.A Nucleon AMM

The one-loop computation of the nucleon anomalous magnetic moment (AMM) in B𝜒PT and the
linear 𝜎-model involves evaluating the diagrams shown in Fig. 6.4. The general contributions arising
from these diagrams can be expressed as

𝜘(𝜋 ) (𝜇) =
𝑔2
𝜋𝑁

16𝜋2

∫ 1

0
𝑑𝑥

2𝑥(1− 𝑥)2
𝑥𝜇2 + (1− 𝑥)2

=
𝑔2
𝜋𝑁

16𝜋2

{
1−2𝜇2− 𝜇√︁

1− 𝜇2/4

(
2−4𝜇2 + 𝜇4

)
arccos

𝜇

2
+ 𝜇2(−2+ 𝜇2) log𝜇2

}
, (6.110a)

𝜘(𝑁 ) (𝜇) =
𝑔2
𝜋𝑁

16𝜋2

∫ 1

0
𝑑𝑥

2𝑥3

(1− 𝑥)𝜇2 + 𝑥2

=
𝑔2
𝜋𝑁

16𝜋2

{
1+2𝜇2 + 𝜇3√︁

1− 𝜇2/4

(
−3+ 𝜇2

)
arccos

𝜇

2
+ 𝜇2(1− 𝜇2) log𝜇2

}
, (6.110b)

where 𝜘(𝜋 ) refers to the diagram on the right-hand side of Fig. 6.4, while 𝜘(𝑁 ) comes from the diagram
shown on the left-hand side of this Figure. Here 𝜇 ≡ 𝑚/𝑀 is the ratio of the (pseudo)scalar meson
mass 𝑚 and the nucleon mass 𝑀 , appearing in the loop.

The one-loop calculation of the proton anomalous magnetic moment at O(𝑝3) in B𝜒PT then reads

𝜘
B𝜒PT
𝑝 [loop] =

[
2𝜘(𝜋 ) −𝜘(𝑁 )

]
(𝜇𝜋)

=
𝑔2
𝜋𝑁

16𝜋2

{
− 𝜇𝜋

4−11𝜇2
𝜋 +3𝜇4

𝜋√︁
1− 𝜇2

𝜋/4
arccos

𝜇𝜋

2
+1−6𝜇2

𝜋 + 𝜇2
𝜋 (−5+3𝜇2

𝜋) log𝜇2
𝜋

}
𝜇𝜋→0
=

𝑔2
𝜋𝑁

16𝜋2

{
1−2𝜋𝜇𝜋 −2(2+5log𝜇𝜋)𝜇2

𝜋 +
21𝜋

4
𝜇3
𝜋 +O(𝜇4

𝜋)
}
, (6.111)

where 𝜇𝜋 = 𝑚𝜋/𝑀𝑁 . The proton AMM in the linear 𝜎-model is then given by

𝜘𝜎-model
𝑝 [loop] = 2𝜘(𝜋 ) (𝜇𝜋) −𝜘(𝑁 ) (𝜇𝜋) +𝜘(𝑁 ) (𝜇𝜎)

=
𝑔2
𝜋𝑁

16𝜋2

{
2−6𝜇2 +2𝜇2

𝜎 + 𝜇2(−5+3𝜇2) log𝜇2 + 𝜇2
𝜎 (1− 𝜇2

𝜎) log𝜇2
𝜎

− 𝜇𝜋
4−11𝜇2

𝜋 +3𝜇4
𝜋√︁

1− 𝜇2
𝜋/4

arccos
𝜇𝜋

2
+ 𝜇3

𝜎

−3+ 𝜇2
𝜎√︁

1− 𝜇2
𝜎/4

arccos
𝜇𝜎

2

}
, (6.112)

with 𝜇𝜎 = 𝑚𝜎/𝑀𝑁 .
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6.B Nonlinear 𝑅𝜉 gauges

The Lagrangian of the bosonic sector of 𝑆𝑈 (2) ×𝑈 (1) SM consists of four parts

L = LYM +L𝐻 +Lgauge +LFP, (6.113)

where LYM is the Yang-Mills Lagrangian of the𝑊±- and 𝑍0-bosons and electromagnetic gauge fields
𝐴, L𝐻 is the Lagrangian of Higgs field and two last terms, Lgauge and LFP are the gauge-fixing term
and the Lagrangian of the Faddeev-Popov ghosts. The latter are usually given by

Lgauge +LFP = −1
2
𝐺 (𝜔)2− 𝑐 𝛿𝐺 (𝜔)

𝛿𝜔
𝑐. (6.114)

Here, 𝑐 and 𝑐 are the Faddeev-Popov ghosts (anticommuting scalar fields), 𝐺 (𝜔) is the gauge-fixing
function that depends on the parameter 𝜔 of the infinitesimal gauge transformation.

The crucial step towards the quantization of the non-Abelian theory was performed by t’Hooft,
who considered the theory in 𝑅𝜉 gauge introducing the (linear) gauge function as

Llinear
gauge = −

1
2𝜉𝐴

(
𝜕𝜇𝐴

𝜇
)2− 1

2𝜉𝑍
(
𝜕𝜇𝑍

𝜇 + 𝜉𝑍𝑀𝑍 𝜒
)2− 1

𝜉𝑊

��𝜕𝜇𝑊+𝜇 + 𝑖𝜉𝑊𝑀𝑊𝜙+��2 . (6.115)

Here 𝜉𝐴, 𝜉𝑍 and 𝜉𝑊 are the gauge-fixing parameters, 𝜒 and 𝜙± are the unphysical components of the
Higgs doublet 𝜙,

𝜙 =
1
√

2

(
𝜙1 + 𝑖𝜙2

𝐻 + 𝑖𝜒

)
+ 1
√

2

(
0
𝑣

)
. (6.116)

This choice of the gauge function results in cancellation of the terms that are non-diagonal in gauge
bosons and derivatives of Higgs field,

𝑖𝑀𝑊𝑊
− 𝜇𝜕𝜇𝜙

+− 𝑖𝑀𝑊𝑊+𝜇𝜕𝜇𝜙− −𝑀𝑍𝑍
𝜇𝜕𝜇𝜒, (6.117)

and allows for the proper renormalization of the theory. However, this choice of this type of gauge
function is not unique, and in general it could be done as [391]

Lnon-linear
gauge = − 1

2𝜉𝐴
(
𝜕𝜇𝐴

𝜇
)2

− 1
2𝜉𝑍

(
𝜕𝜇𝑍

𝜇 + 𝜉𝑍
𝑔

2cos𝜃𝑊
(𝑣 + 𝑒𝐻)𝜒

)2

− 1
𝜉𝑊

��� (𝜕𝜇 + 𝑖𝑒𝑎̃𝐴𝜇 + 𝑖𝑔 cos𝜃𝑊 𝑏̃𝑍𝜇
)
𝑊+𝜇 + 𝑖𝜉𝑊

𝑔

2
(𝑣 + 𝑑𝐻 − 𝑖 𝑘̃ 𝜒)𝜙+

���2 , (6.118)

with the real parameters 𝑎̃, 𝑏̃, 𝑑, 𝑒 and 𝑘̃ . The certain values of these parameters can yield a gauge
function that respects a symmetry of some subgroup of 𝑆𝑈 (2) ×𝑈 (1) and remove some types of
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interaction vertices from the initial Lagrangian. For instance, one can choose [380, 392, 393]

𝑎̃ = 𝑏̃ = 1, 𝑑 = 𝑘̃ = 𝑒 = 0, (6.119)

which corresponds to the replacement of the partial derivative in the linear gauge function by the
covariant one that is associated with the𝑈 (1) ×𝑈 (1) subgroup of 𝑆𝑈 (2) ×𝑈 (1)

𝜕𝜇𝑊
+𝜇→ 𝐷̂𝜇𝑊

+𝜇 =
(
𝜕𝜇 + 𝑖𝑒𝐴𝜇 + 𝑖𝑔 cos𝜃𝑊𝑍𝜇

)
𝑊+𝜇 . (6.120)

Thus, the gauge-fixing function explicitly invariant with respect to the electromagnetic𝑈 (1) group.
The main advantage of the chosen gauge-fixing function is that it gets rid of the vertex 𝛾𝑊±𝜙∓

and keeps the same Lorentz structure for the𝑊𝑊𝛾 and𝑊𝑊𝑍 vertices. Therefore the number of the
Feynman diagrams can be essentially reduced, while the structure of remaining ones is simplified.
The Feynman rules, which are relevant to this study, are listed in (see (6.121i) in Appendix 6.C).

6.C Feynman rules for electroweak sector of SM

A list of the Feynman rules in nonlinear gauges can be found in, e.g., [392] (contains incorrect rule
for𝑊𝑊𝛾𝛾 contact vertex!), [393] or [391]. The classical works on the subject in general gauge are
[375] and [380]. In what follows, only those Feynman rules are provided, which are needed for our
calculations.

Propagators:

lepton: Δ𝑙 (𝑘) =
𝑖

/𝑘 −𝑚 + 𝑖0+
photon: Δ𝜇𝜈 (𝑘) = −𝑖

𝑔𝜇𝜈

𝑘2 + 𝑖0+

𝑊±-boson: Δ𝑊𝜇𝜈 (𝑘) = −𝑖
[
𝑔𝜇𝜈 −

(
1− 1

𝜉

)
𝑘𝜇𝑘𝜈

𝑘2−𝑀2
𝑊
/𝜉

]
1

𝑘2−𝑀2
𝑊
+ 𝑖0+

scalar: Δ𝑆 (𝑘) =
𝑖

𝑘2−𝑀2
𝑊
/𝜉 + 𝑖0+

Vertices:

µ

µ

Aα = −𝑖𝑒μ𝛾𝛼μ, (6.121a)

µ

µ

Zα = −𝑖 𝑔

cosΘ𝑊
μ𝛾𝛼

[
sin2 𝜃𝑊

(
1+𝛾5

2

)
− cos2𝜃𝑊

2

(
1−𝛾5

2

)]
μ, (6.121b)
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ν

µ

W+
σ = −𝑖 𝑔√

2
𝜈𝛾𝜎

(
1−𝛾5

2

)
μ, (6.121c)

µ

µ

χ = −𝑖
𝑔𝑚μ

2𝑀𝑊
μ𝑖𝛾5μ, (6.121d)

µ

µ

H = −𝑖
𝑔𝑚μ

2𝑀𝑊
μμ, (6.121e)

ν

µ

S+ = −𝑖
𝑔𝑚μ√
2𝑀𝑊

𝜈

(
1+𝛾5

2

)
μ, (6.121f)

S−

W−
σ

Aµ = −𝑖𝑒 𝑀𝑊𝑔𝜇𝜎 , R𝜉 linear gauge (6.121g)

S−

S−

Aµ

k

q′

= −𝑖𝑒 (𝑘 + 𝑞′)𝜇, (6.121h)

W−
ν

W−
σ k

q′
q

Aµ =

=


𝑖𝑒

[
𝑔𝜈𝜎 (𝑘 + 𝑞′)𝜇 −𝑔𝜇𝜈 (𝑞 + 𝑞′)𝜎 −𝑔𝜎𝜇 (𝑘 − 𝑞)𝜈

]
R𝜉 linear gauge

𝑖𝑒
[
𝑔𝜈𝜎 (𝑘 + 𝑞′)𝜇 −𝑔𝜇𝜈 (𝑞′ + 𝑞− 𝜉𝑘)𝜎 −𝑔𝜎𝜇 (𝑘 − 𝑞− 𝜉𝑞′)𝜈

]
R𝜉 nonlinear gauge

(6.121i)

W−
ν

W−
σ Aµ

Aν

=


−𝑖𝑒2 [

2𝑔𝜇𝜈𝑔𝛼𝛽 −𝑔𝜇𝛼𝑔𝜈𝛽 −𝑔𝜈𝛼𝑔𝜇𝛽
]

R𝜉 linear gauge

−𝑖𝑒2 [
2𝑔𝜇𝜈𝑔𝛼𝛽 − (1− 𝜉) (𝑔𝜇𝛼𝑔𝜈𝛽 +𝑔𝜈𝛼𝑔𝜇𝛽)

]
R𝜉 nonlinear gauge

(6.121j)

6.D One-loop VVCS amplitude with𝑊±-bosons in unitary gauge

The diagrams for this amplitude are shown in Fig. 6.10. The s-channel graph with the muon self-energy
correction is given by the following loop integral

[𝑆𝐿𝑇 ]SE
𝑠 (𝜈,𝑄2) = 𝑒2𝑔2

2(2𝑚μ𝜈−𝑄2)2

(
−𝑔𝛼𝛽 +

𝑘𝛼𝑘𝛽

𝑀2
𝑊

)
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×
∫

𝑑4𝑘

(2𝜋)4
𝑢̄( ®𝑝 )/𝜀∗(𝑞) (/𝑝 + /𝑞 +𝑚μ)𝛾𝛽𝑃𝐿 (/𝑝 + /𝑞 + /𝑘)𝛾𝛼𝑃𝐿 (/𝑝 + /𝑞 +𝑚μ)/𝜀(𝑞)𝑢( ®𝑝 )

(𝑘2−𝑀2
𝑊
) (𝑝 + 𝑞 + 𝑘)2

.

(6.122)

The s-channel amplitudes with vertex correction are

[𝑆𝐿𝑇 ]V1
𝑠 (𝜈,𝑄2) =− 𝑒2𝑔2

2(2𝑚μ𝜈−𝑄2)

[
−𝑔𝛽1𝛽2 +

(𝑘 + 𝑞)𝛽1 (𝑘 + 𝑞)𝛽2

𝑀2
𝑊

] [
−𝑔𝛼1𝛼2 +

𝑘𝛼1𝑘𝛼2

𝑀2
𝑊

]
×

∫
𝑑4𝑘

(2𝜋)4
𝑢̄( ®𝑝 )/𝜀∗(𝑞) (/𝑝 + /𝑞 +𝑚μ)𝛾𝛽1𝑃𝐿 (/𝑝− /𝑘)𝛾𝛼1𝑃𝐿𝑢( ®𝑝 )

(𝑘2−𝑀2
𝑊
)
[
(𝑘 + 𝑞)2−𝑀2

𝑊

]
(𝑝− 𝑘)2

×
[
𝑔𝛼1𝛼2 (2𝑘 + 𝑞)𝜇 −𝑔𝜇𝛼2 (𝑘 − 𝑞)𝛽2 −𝑔𝜇𝛽2 (𝑘 +2𝑞)𝛼2

]
𝜀𝜇 (𝑞), (6.123)

[𝑆𝐿𝑇 ]V2
𝑠 (𝜈,𝑄2) =− 𝑒2𝑔2

2(2𝑚μ𝜈−𝑄2)

[
−𝑔𝛽1𝛽2 +

𝑘𝛽1𝑘𝛽2

𝑀2
𝑊

] [
−𝑔𝛼1𝛼2 +

(𝑘 + 𝑞)𝛼1 (𝑘 + 𝑞)𝛼2

𝑀2
𝑊

]
×

∫
𝑑4𝑘

(2𝜋)4
𝑢̄( ®𝑝 )𝛾𝛽1𝑃𝐿 (/𝑝− /𝑘)𝛾𝛼1𝑃𝐿 (/𝑝 + /𝑞 +𝑚μ)/𝜀(𝑞)𝑢( ®𝑝 )

(𝑘2−𝑀2
𝑊
)
[
(𝑘 + 𝑞)2−𝑀2

𝑊

]
(𝑝− 𝑘)2

×
[
𝑔𝛼1𝛼2 (2𝑘 + 𝑞)𝜈 −𝑔𝜈𝛼2 (𝑘 +2𝑞)𝛽2 −𝑔𝜈𝛽2 (𝑘 − 𝑞)𝛼2

]
𝜀∗𝜈 (𝑞). (6.124)

The s-channel box amplitude is

[𝑆𝐿𝑇 ]B𝑠 (𝜈,𝑄2) =
∫

𝑑4𝑘

(2𝜋)4
𝑢̄( ®𝑝 )𝛾𝜌1𝑃𝐿 (/𝑝− /𝑘 + /𝑞)𝛾𝛼1𝑃𝐿/𝜀(𝑞)𝑢( ®𝑝 )

(𝑘2−𝑀2
𝑊
)
[
(𝑘 − 𝑞)2−𝑀2

𝑊

]2 (𝑝− 𝑘 + 𝑞)2

×
[
−𝑔𝜌1𝜌2 +

(𝑘 − 𝑞)𝜌1 (𝑘 − 𝑞)𝜌2

𝑀2
𝑊

] [
𝑔𝜌2𝛽2 (2𝑘 − 𝑞)𝜈 −𝑔𝛽2𝜈 (𝑘 + 𝑞)𝜌2 −𝑔𝜌2𝜈 (𝑘 −2𝑞)𝛽2

]
×

[
−𝑔𝛽1𝛽2 +

𝑘𝛽1𝑘𝛽2

𝑀2
𝑊

] [
𝑔𝛼2𝛽1 (2𝑘 − 𝑞)𝜇 −𝑔𝛼2𝜇 (𝑘 −2𝑞)𝛽1 −𝑔𝛽1𝜇 (𝑘 + 𝑞)𝛼2

]
×

[
−𝑔𝛼1𝛼2 +

(𝑘 − 𝑞)𝛼1 (𝑘 − 𝑞)𝛼2

𝑀2
𝑊

]
𝜀∗𝜈 (𝑞)𝜀𝜇 (𝑞). (6.125)
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Chapter 7

A sum rule for electric polarizability

This chapter is devoted to the Bernabéu-Tarrach (BT) sum rule for electric polarizability, given by
Eq. (2.133). Being complemented with Baldin sum rule [186], this sum rule, if convergent, provides
a separate data-driven evaluation of proton electric and magnetic polarizabilities, which would be
extremely interesting in comparing these polarizabilities with Compton scattering experiments at
HIGS [156] and MAMI [157] as well as with B𝜒PT predictions [39, 394–396], as shown in Tab. 7.1.
Another important implication of such BT sum rule estimate would be the possibility of a data-driven

Polarizability HIGS [156] A2 [157] B𝜒PT

𝛼
𝑝

𝐸1 [×10−4fm3] 13.8(1.2) 10.99(0.63) 10.65(0.47) [394, 395]
10.8(0.7) [39, 396]

𝛽
𝑝

𝑀1 [×10−4fm3] 0.2(1.2) 3.14(0.51) 3.25(0.47) [394, 395]
3.9(0.7) [39, 396]

Table 7.1 Electric and magnetic dipole polarizabilities of the proton measured by HIGS and A2
Collaborations in comparison to B𝜒PT predictions.

evaluation of the “subtraction-function contribution” to the proton-structure effects in the Lamb shift
of muonic hydrogen. This contribution brings one of the significant uncertainties in the extraction of
the proton charge radius from muonic hydrogen spectroscopy [397–400, 153], see also [151, 401] for
the most recent reviews.

The first attempt to verify the BT sum rule was performed by Llanta and Tarrach [402], who
computed the l.h.s and r.h.s of Eq. (2.133) in QED to leading order in 𝛼em. They showed that the
dispersive integral over the photoabsorption cross section, while convergent, does not reproduce the
correct value of the electric polarizability. Moreover, they demonstrated that the difference arises due
to the real constant value of the corresponding Compton amplitude at infinite energy. This finding is
not surprising if one recalls the Sugawara-Kanazava theorem [158], which was briefly explained in
Sec. 2.1.
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A sum rule for electric polarizability

Another argument casting doubt on the validity of the BT sum rule was provided by calculating
the electric polarizability of the neutral pion1: various pre-𝜒PT models (see [403] and references
therein) together with the linear 𝜎-model [404] predicted the negative value of this quantity. Moreover,
the calculations in meson 𝜒PT at NLO [405, 406] and even NNLO [407, 408] also provided the
negative result within the theoretical uncertainty. Although the charged pion polarizabilities has been
extracted in the Primakoff process using charged pion beam by the COMPASS Collaboration [409], the
experimental extraction of the polarizabilities of the neutral pion still remains a serious experimental
challenge. Existing indirect extractions, based on dispersive analysis of 𝛾𝛾→ 𝜋𝜋 scattering data,
cannot fix the sign of this polarizability within the uncertainty just from the data without imposing
additional constraints, such as the Adler zero [410, 411], or relating the polarizabilities with chiral
couplings [412].

Finally, there exist the argument against the convergence of the integral of BT sum rule due to the
Regge asymptotics of the amplitude 𝑇𝐿 [331, 413]. It relies on the expectation from the Regge theory
that 𝑇𝐿 may also have a soft-Pomeron behavior at high energies,

𝑇𝐿 (𝜈,𝑄2) ∼ 𝜈𝛼𝑃𝑠 , 𝛼𝑃𝑠 ≈ 1.0667, (7.1)

thus making the integral in Eq. (2.133) approximately linearly divergent.
In view of the provided arguments, the BT sum rule was discarded [413] (more recently, in [331]);

its use for nuclei was discussed in [414]. However, in what follows, we revisit the aforementioned
arguments, making an effort to rehabilitate the (BT) sum rule.

In Section 7.1, the application of the BT sum rule to nucleons, specifically protons, is considered.
This section identifies specific cases where the sum rule holds exactly and derives the sum rule
for the subtraction-function contribution to proton-structure effects in the Lamb shift of muonic
hydrogen, with perturbative verification. Furthermore, the saturation of both sum rule integrals is
investigated using available low-energy data. The section concludes with a discussion on the BT sum
rule convergence at high energies, contextualized within available high-energy data on the longitudinal
structure function. Section 7.2 revisits the status of electromagnetic polarizabilities of the neutral
pion. It begins by examining the meson 𝜒PT calculations that yield a negative electric polarizability
for 𝜋0. Subsequently, an alternative estimation of this quantity is provided, conducted within the
non-perturbative framework using the light-front valence quark wave function. The Chapter concludes
with remarks addressing the question: “To subtract or not to subtract?” in relation to the BT sum rule.

The work presented in this chapter on nucleon polarizabilities is based on the publication [415].
The section addressing pion polarizabilities is currently being prepared for publication.

1Written initially for the Compton scattering on a spin-1/2 particle, it can be easily generalized for the spinless particles
by dropping out the term with the anomalous magnetic moment.
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7.1 Nucleons
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Fig. 7.1 The 𝜋+𝑛 contributions to the sum rule, where the loops contribute to the left-hand side and
the tree-level cross sections to the right-hand side.

7.1 Nucleons

For nucleons, notably protons, there is quite a lot of experimental information on scattering and
low-energy observables. Extensive experimental study of pion photoproduction gave rise to the
comprehensive models for the corresponding amplitudes and cross sections, such as SAID [416] and
MAID [417]. These models provide a precise behavior of the scattering observables at low photon
energies up to first nucleon resonances, i.e. Δ(1232)-resonance. On the other hand, a manifestly
covariant B𝜒PT was proven to have large predictive power on low-energy observables, such as
spin-independent and spin-dependent polarizabilities. Despite the direct measurements, the 𝜒PT
predictions on the polarizability effects were precisely tested by spectroscopy experiments in light
hydrogen-like atoms. These facts prove B𝜒PT to be particularly successful in describing strong
interaction effects in Compton scattering at low-energies. Therefore we begin by testing the BT sum
rule at the leading order in this theory.

7.1.1 Validation in Baryon 𝜒PT

Consider the manifestly covariant baryon 𝜒PT calculation of the proton polarizabilities to leading order
[418, 419], and check whether it can be reproduced by the Baldin and BT sum rules. For the Baldin
sum rule, this exercise was done in [420, 421] by calculating the tree-level pion photoproduction, see
Figs. 7.1 and 7.2. Here, we have verified the BT sum rule, by using the longitudinal cross section 𝜎𝐿
of charged-pion photoproduction [422, 423] (note that at this order the 𝜘2 contribution to the sum

199



A sum rule for electric polarizability

p

π0

p

p

π0

p

2

Fig. 7.2 The 𝜋0𝑝 contributions to the sum rule, where the loops contribute to the left-hand side and
the tree-level cross sections to the right-hand side.

rule is 0). We have also verified explicitly that in this case the VVCS amplitude at infinite energy is
vanishing,

𝑇
𝜋+𝑛-loops
𝐿

(∞,𝑄2) = 0. (7.2)

Hence the sum rule works exactly, and not just up to a constant.
For the loops involving the neutral pion, corresponding to the 𝜋0𝑝-channel on the cross-section

side, the amplitude at infinity is not vanishing. As in QED, the constant in the asymptotic value of
𝑇𝐿 2,

𝑇
𝜋0𝑝-loops
𝐿

(∞,𝑄2) = −𝛼em
12𝜋

𝑔2
𝜋𝑁

𝑀3 𝑄
2 +𝑂 (𝑄4) (7.3)

(here 𝑔𝜋𝑁 is the pion-nucleon coupling constant) comes from the one-particle-irreducible graph,
where both photons couple to the Dirac fermion in the loop. It suggests that this artefact may be
handled by a simple ultraviolet completion involving a short-range fermion-fermion interaction.

We therefore conclude that the sum rule works, albeit only for the 𝜋+𝑛 channel without the caveat.
For an empirical evaluation of the sum rule, one can safely neglect the value of the amplitude at
infinity. As the next step, we check the empirical sum rule estimate for the proton polarizability.
Unfortunately, we have found only one viable empirical model for

[
𝜎𝐿/𝑄2]

𝑄2=0 of the proton – the
MAID [417]. Other parametrizations [424, 425] do not have a good behavior in the small 𝑄2 limit
and consequently do not allow for a stable extrapolation to 𝑄2 = 0. The MAID, however, provides
only one of the contributions to the inclusive cross sections – the single-pion production (𝜋𝑁) channel.
At least it is the dominant channel at low energies.

We have studied the sum rule integrals as functions of the upper limit of integration,

𝐼BT(Λ) =
1

2𝜋2

∫ Λ

𝜈0

𝑑𝜈

[
𝜎𝐿 (𝜈,𝑄2)

𝑄2

]
𝑄2→0

, (7.4a)

2The asymptotic values of the Compton amplitudes were conveniently calculated using Package-X [5, 6].
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7.1 Nucleons

𝐼Baldin(Λ) =
1

2𝜋2

∫ Λ

𝜈0

𝑑𝜈
𝜎𝑇 (𝜈)
𝜈2 . (7.4b)

The MAID results are shown in Fig. 7.3 by dashed curves. They can be compared to the solid curves
representing the 𝜒PT calculation of the 𝜋𝑁 channel, as explained above. Note that for the Baldin
sum rule the discrepancy between MAID and 𝜒PT is very large because of the Δ(1232) and other 𝑁∗

resonances. For the BT sum rule, the leading-order 𝜒PT describes the empirial MAID cross section
rather well, and hence their BT integrals agree at such low cutoffs.

Furthermore, from the 𝜒PT calculation we know that the full BT integral gives, 𝐼BT(Λ→∞) ≃
7×10−4 fm3. Taking into account the anomalous magnetic moment term,

𝛼em𝜘
2
𝑝

4𝑀3
𝑝

≃ 0.54×10−4 fm3, (7.5)

we obtain the proton electric polarizability of about 7.5 (in the usual units). This can be compared to
the PDG value [426]: 𝛼𝑝

𝐸1 = 11.2±0.4. It is quite plausible that this difference will be diminished by
inclusion of other channels, predominately the 𝜋𝜋𝑁 channel. One can see that for the Baldin sum rule
the single-𝜋𝑁-channel value of about 11.6 is also different from the inclusive result of 14±0.2. The
relative difference here is smaller than in the BT sum rule, because apparently the Baldin sum rule
converges faster.

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0

2

4

6

8

10

12

Fig. 7.3 Saturation of the Bernabéu-Tarrach and Baldin integrals [Eqs. (7.4a), (7.4b)] for the proton,
using the leading-order 𝜒PT and the empirical MAID model.
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A sum rule for electric polarizability

7.1.2 Sum rule for the subtraction function

p

µ

φ φ

Fig. 7.4 Leading-order O((𝑍𝛼em)5) two-photon exchange contribution to the Lamb shift of muonic
hydrogen.

It remains to be seen whether the BT sum rule converges, but if it does, there would be a few
important implications. First of all, it will provide an independent determination of the nucleon electric
polarizability and can be compared with the two most recent Compton experiments: HI𝛾S [156]
versus MAMI [157]. Secondly, it will allow to evaluate the VVCS amplitude 𝑇𝐿 via the dispersion
relation (2.131). This is particularly important for the data-driven evaluation of the leading-order
proton polarizability effect on the Lamb shift in muonic hydrogen. This effect is described by the
(forward) two-photon exchange diagram (cf. Fig. 7.4), which incorporates the spin-independent
Compton scattering, yielding

Δ𝐸
2𝛾
LS (𝑛𝑆) = 8𝜋𝛼em𝑚μ𝜙

2
𝑛

1
𝑖

∫ ∞

−∞

𝑑𝜈

2𝜋

∫
𝑑q
(2𝜋)3

(𝑄2−2𝜈2)𝑇1(𝜈,𝑄2) − (𝑄2 + 𝜈2)𝑇2(𝜈,𝑄2)
𝑄4(𝑄4−4𝑚2

μ𝜈
2)

. (7.6)

Here 𝜙𝑛 = 1/(𝜋𝑛3𝑎2
𝐵
) is the wave function of the 𝑛𝑆-level at the origin, and 𝑎𝐵 = [𝛼em𝑚μ𝑀/(𝑚μ +

𝑀)]−1 is the Bohr radius; 𝑀 and𝑚μ are the proton and the muon masses, respectively, and𝑄2 = q2−𝜈2.
While the invariant Compton amplitude 𝑇2 obeys unsubtracted dispersion relation, thus can be fully
determined by the corresponding proton structure function or the photoabsorption cross section,
see Eq. (2.88b), the invariant amplitude 𝑇1 requires a subtraction (2.88a). However, provided that
the unsubtracted relation for 𝑇𝐿 holds (2.131), this subtraction function can be calculated via 𝑇𝐿
using Siegert’s theorem [427], which equates (up to a phase factor) the transverse and longitudinal
amplitudes in the limit of 𝜈→ 𝑖𝑄:

𝑇1(𝑖𝑄,𝑄2) = −𝑇𝐿 (𝑖𝑄,𝑄2). (7.7)

Now, this is all that is needed for the subtraction point of 𝜈 = 𝑖𝑄 [428]. More usual is the subtraction
at 𝜈 = 0, which implies the following dispersion relation for 𝑇1, given by Eq. (2.88a). Combining
it with the dispersion relation for 𝑇𝐿 (𝑖𝑄,𝑄2) and the Siegert theorem, the conventional subtraction
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7.1 Nucleons

function has the following expression:

𝑇1(0,𝑄2) = 2
𝜋
𝑄2

∫ ∞

𝜈0

𝑑𝜈

√︃
1+ 𝑄2

𝜈2

𝜈2 +𝑄2

[
𝜎𝑇 −

𝜈2

𝑄2𝜎𝐿

]
(𝜈,𝑄2). (7.8)

We have verified this sum rule exactly in the 𝜒PT example above, including the charged-pion channel.
Note that at this order we only verify the polarizability contribution and not any of the possible
non-pole VVCS contributions coming from the Born term (expressed by the elastic form factors).

In Fig. 7.5, we show the non-Born part of the VVCS amplitudes as functions of 𝑄2 evaluated
through the integrals on the right-hand side of Eq. (7.8) (left panel) and Eq. (2.131) (right panel) using
MAID [417]. In order to obtain the non-Born part, from the above dispersion relations, one has to
subtract the non-pole Born parts. For 𝑇𝐿 , it is given by (cf. Eq. (2.130))

𝑇𝐿 (nonpole Born) = −𝜋𝛼em𝑄
2

𝑀3 F2(𝑄2). (7.9)

In the case of 𝑇1(0,𝑄2) evaluated through Eq. (7.8), one has to add Eq. (7.9). At first glance, this might
look counterintuitive, since the non-pole Born part of 𝑇1(𝜈,𝑄2) is given by 𝑇1(non-pole Born) =
−4𝜋𝛼emF 2

1 (𝑄
2)/𝑀 . The difference comes from the mismatch of the non-pole parts in Eq. (7.7): this

equality is valid for the full Born amplitudes, but not separately for the pole and non-pole contributions.
As the result, we have the following expressions for the non-Born parts of the subtraction functions,
plotted in Fig. 7.5:

𝑇1(0,𝑄2) = −𝜋𝛼em𝑄
2

𝑀3 F 2
2 (𝑄

2) + 2
𝜋
𝑄2

∫ ∞

𝜈0

𝑑𝜈

𝜈2
√︃

1+ 𝑄2

𝜈2

[
𝜎𝑇 −

𝜈2

𝑄2𝜎𝐿

]
(𝜈,𝑄2),

𝑇𝐿 (𝑖𝑄,𝑄2) = 𝜋𝛼em𝑄
2

𝑀3 F 2
2 (𝑄

2) + 2
𝜋

∫ ∞

𝜈0

𝑑𝜈
𝜎𝐿 (𝜈,𝑄2)√︃

1+ 𝑄2

𝜈2

= −𝑇1(𝑖𝑄,𝑄2),

where 𝜈0 is again the inelastic threshold. In calculating the Pauli form factor (F2) contribution, we are
using the empirical parametrization of nucleon form factors from Ref. [429].

In the limit of 𝑄2 = 0, the 𝑇𝐿 (𝑖𝑄,𝑄2)/4𝜋𝑄2 amplitude yields 𝛼𝐸1, cf. (2.129), whereas
𝑇1(0,𝑄2)/4𝜋𝑄2 yields 𝛽𝑀1. Their sum is consistent with the MAID evaluation of the Baldin
sum rule shown in Fig. 7.3.

Besides the data-driven evaluations of the subtractions functions based on the MAID pion-
production cross sections, we show in Fig. 7.5 the leading and next-to-leading 𝜒PT predictions of the
amplitudes, and the PDG values of the proton polarizabilities. The Figure (right panel) shows that the
agreement of B𝜒PT prediction with the empirical value of 𝛼𝑝

𝐸1 is only achieved at the next-to-leading
order, where the 𝜋Δ-loops are included. This would correspond to the inclusion of 𝜋Δ-production
channel in 𝐿, which goes beyond MAID. Hence one would need to include at least the two-pion
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A sum rule for electric polarizability

production channel (second diagram in r.h.s of Fig 7.6) to saturate the BT sum rule in a data-driven
evaluation.
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Fig. 7.5 Non-Born part of the subtraction functions, 𝑇1(0,𝑄2) (left panel) and 𝑇𝐿 (𝑖𝑄,𝑄2) (right
panel), evaluated with MAID [417] through Eqs. (7.8) and (2.131) (black dotted). For comparison
we show: the heavy-baryon 𝜒PT calculation [153] (gray band); the next-to-leading-order 𝜒PT
calculation [422, 430] (blue solid with a band); the leading 𝜒PT 𝜋𝑁-loop contribution (red solid);
At the real photon point, the PDG value for 𝛼𝐸1 = (11.2±0.4) ×10−4 fm3 [426] is shown. Figure is
taken form [415].
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Fig. 7.6 One- and two-pion photoproduction channels that contribute to 𝜎𝐿 saturating the BT sum rule.

7.1.3 Validation in the parton model

Another interesting regime where the relations (2.131) and (7.8) could be checked theoretically is the
domain of Bjorken scaling. In this limit the virtuality 𝑄2 and the energy 𝜈 of the incoming photon
are taken to be very large, while preserving the finiteness of the Bjorken variable 𝑥 =𝑄2/2𝑀𝜈. The
Bjorken scaling implies the validity of the perturbative expansion of QCD, with the leading-order
contribution given by the naïve parton model.

In this model the deep inelastic scattering off the proton is described by the scattering off the
individual partons (quarks) with electric charges 𝑒𝑞 and parton distribution functions 𝑓𝑞 (𝑥). The
structure functions 𝑓1 and 𝑓2 are then given by (see, e.g., Sec. 18.5 in [337])

𝑓1(𝑥,𝑄2) = 1
𝑒2

∑︁
𝑞

𝑒2
𝑞 𝑓𝑞 (𝑥), (7.11a)
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7.1 Nucleons

𝑓2(𝑥,𝑄2) = 2𝑥 𝑓1(𝑥,𝑄2), (7.11b)

while the corresponding forward Compton amplitudes are:

𝑇1(𝑥,𝑄2) = 2
𝑀

∫ 1

0

𝑑𝜉

𝜉

∑
𝑞 𝑒

2
𝑞 𝑓𝑞 (𝜉)

( 𝑥
𝜉
)2−1− 𝑖𝜖

, (7.12a)

𝑇2(𝑥,𝑄2) = 8
𝑀𝑥2

𝑄2

∫ 1

0

𝑑𝜉

𝜉

∑
𝑞 𝑒

2
𝑞 𝑓𝑞 (𝜉)

( 𝑥
𝜉
)2−1− 𝑖𝜖

. (7.12b)

The longitudinal structure function 𝑓𝐿 is given in this model by

𝑓𝐿 (𝑥,𝑄2) =
(
1+ 4𝑀2𝑥2

𝑄2

)
𝑓2(𝑥,𝑄2) −2𝑥 𝑓1(𝑥,𝑄2)

=
4𝑀2𝑥2

𝑄2 𝑓2(𝑥,𝑄2) (7.13)

=
𝑀2

𝑒2

∑︁
𝑞

𝑒2
𝑞 𝑓𝑞 (𝑥)

8𝑥3

𝑄2 ,

and the corresponding Compton amplitude is

𝑇𝐿 (𝑥,𝑄2) =
(
1+ 𝜈

2

𝑄2

)
𝑇2(𝑥,𝑄2) −𝑇1(𝑥,𝑄2)

= 𝑇2(𝑥,𝑄2) (7.14)

This relation immediately implies the convergence of the unsubtracted dispersion relation for 𝑇𝐿 , as
long as the unsubtracted relation is valid for 𝑇2.

A remarkable feature of the parton model is the Callan-Gross relation [431] in Eq. (7.11b) or,
equivalently, in terms of the cross sections,

𝜎𝐿 =
𝑄2

𝜈2 𝜎𝑇 =
4𝑀2𝑥2

𝑄2 𝜎𝑇 , (7.15)

which implies that 𝜎𝐿 falls with energy considerably faster than 𝜎𝑇 at twist-2 accuracy. Writing the
unsubtracted dispersion relations for the Compton amplitudes in the parton model,

𝑇1(𝑥,𝑄2) = 2𝑒2

𝑀

∫ 1

0

𝑑𝜁

𝜁3
𝑥2 𝑓1(𝜁,𝑄2)
( 𝑥
𝜁
)2−1− 𝑖𝜖

, (7.16a)

𝑇2(𝑥,𝑄2) = 4𝑀𝑒2

𝑄2

∫ 1

0

𝑑𝜁

𝜁2
𝑥2 𝑓2(𝜁,𝑄2)
( 𝑥
𝜁
)2−1− 𝑖𝜖

, (7.16b)

one can deduce that the amplitude 𝑇2 (and, consequently, 𝑇𝐿) satisfies the unsubtracted dispersion
relation, but 𝑇1 does not. The latter, however, satisfies the once-subtracted dispersion relation with
vanishing subtraction function. Using the Callan-Gross relation one trivially verifies the sum rule for
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the subtraction function 𝑇1(0,𝑄2), given by (7.8). Hence, we conclude that the dispersion relation for
𝑇𝐿 (2.131) as well as the sum rule for the subtraction function (7.8) hold exactly in the naïve parton
model.

7.1.4 Longitudinal cross section at high energies and BT sum rule convergence

Coming back to the BT sum rule integral convergence, we need to consider also the high-energy
behavior of the longitudinal cross section. In the limit of interest, 𝜈→∞ and 𝑄2→ 0, this behavior
corresponds to the soft diffractive scattering, where QCD becomes essentially non-perturbative.
Therefore one cannot make ab initio theoretical predictions on a certain behavior of the amplitudes.
Practically, this region is described by Regge phenomenology, fitting the data by a simplest Regge
ansatz, which gives the best 𝜒2 with the smallest number of parameters. Of course, having no systematic
theory behind, this way should be treated as an ad hoc approach, which should not necessarily be
extended on any other amplitudes. In this sense, one should not expect that the amplitude 𝑇𝐿 must
have the same asymptotic energy behavior as 𝑇1 or 𝑇2 even so it is a linear combination of both. In
other words, no one knows a priori whether 𝑇𝐿 has a hard or soft-Pomeron behavior at high energies
until the precise independent measurement of this amplitude will be performed.

Another important remark concerns the experimental extraction of the corresponding proton
structure functions 𝑓2 and 𝑓𝐿 from the data on inclusive electron-proton scattering. The analyses
of the SLAC data [432–434] at relatively low photon energy 𝜈 ∼ 10...20 GeV as well as the results
of New Muon Collaboration (NMC) [435] at the photon energies 𝜈 ∼ 100 GeV and various photon
virtualities, do not provide the directly measured 𝑓𝐿 . In fact, the longitudinal structure function is
extracted from 𝑓2 using certain model assumptions stemming from perturbative QCD (see, e.g., [378]).
In the soft scattering regime, however, these assumptions can potentially lead to inadequate values
for 𝑓𝐿 . Therefore the sufficiently large values of 𝑓𝐿 at low 𝑄2, which were obtained in the listed
experiments, look somewhat questionable.

A model-independent extraction of 𝑓𝐿 was performed by ZEUS [436] and H1 [437] Collaborations
at HERA. The total data points were collected for the photon energies 𝜈 ∼ 14...30 TeV and virtualities
𝑄2 ∼ 1.5...800 GeV2. These results has been already used in a global Regge fit [438], where 𝑓1, 𝑓2
and 𝑓𝐿 structure functions are treated within the same unified Regge framework. Concerning the
𝑓𝐿 structure function, this fit suggests the presence of the soft-Pomeron component at high energies.
However, despite the high statistics, the data on 𝑓𝐿 are quite uncertain, especially in comparison to the
𝑓2 structure function, for making concrete statements on the precise behavior of 𝑓𝐿 . Moreover, as was
mentioned above, if 𝑓𝐿 is measured directly, then it is natural to fit it without relying on any additional
constraints from 𝑓2 or 𝑓1. To the best of our knowledge, this was not done so far.

Thus, we can conclude that currently it is still not possible to make a rigorous statement on the
high-energy behavior of the longitudinal structure function (and hence on the 𝜎𝐿), and hence make a
conclusion on the convergence of the BT sum rule at least for protons. Further investigations of the
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inclusive electron-proton scattering, with increased sensitivity on 𝑓𝐿 , are highly required. This input
can be given in future by Electron-Ion Collider (EIC) project [439].

7.2 Neutral pion

The study of pion static electric (𝛼𝐸1) and magnetic (𝛽𝑀1) dipole polarizabilities provides crucial
insights into the underlying dynamics of QCD at low energies. In contrast to nucleons, currently
it is impossible to measure pion polarizabilities directly via the Compton scattering reaction. This
is because of extreme experimental difficulties in creation and maintaining a target of pions due to
their highly unstable nature. Therefore the reaction of two-photon fusion into two pions is usually
studied. While the charged pion polarizabilities are known sufficiently well from direct measurement
performed by COMPASS [409],

𝛼𝜋
±

𝐸1 = −𝛽
𝜋±

𝑀1 = [2.0±0.6(stat.) ±0.7(syst.)] ×10−4fm3, (7.17)

no direct measurement was performed for the neutral pion polarizabilities so far. The indirect
extractions of the polarizabilities from the 𝛾𝛾→ 𝜋0𝜋0 scattering data via dispersive techniques have
relatively weak sensitivity to the dipole polarizabilities [440], thus resulting in rather uncertain results
[441, 442]. Even with the high-statistics data from Belle [443, 444], there is still lack of the precise
data near two-pion threshold, which makes impossible to even constrain the sign of polarizability.
Therefore one needs to impose additional constraints, such as the Adler zero [410, 411] or relate
the polarizabilities with chiral couplings [412], stemming from the meson 𝜒PT. Recent lattice QCD
simulations [445, 446] also have rather uncertain results for the electric polarizability of 𝜋0. These
facts make the subject of the 𝜋0 electromagnetic polarizabilities of a great theoretical interest.

In this section, we consider the polarizabilities of the 𝜋0 by analyzing forward doubly-virtual
Compton scattering on the pion at low energies, in conjunction with the Baldin and BT sum rules.
Compton scattering on a spinless particle is described by the spin-independent part of the Compton
tensor (2.79)

𝑇 𝜇𝜈 (𝑝, 𝑞) =
(
−𝑔𝜇𝜈 + 𝑞

𝜇𝑞𝜈

𝑞2

)
𝑇1(𝜈,𝑄2) + 1

𝑚2
𝜋

(
𝑝𝜇 − 𝑝 · 𝑞

𝑞2 𝑞𝜇
) (
𝑝𝜈 − 𝑝 · 𝑞

𝑞2 𝑞𝜈
)
𝑇2(𝜈,𝑄2). (7.18)

The low-energy theorems for the invariant Compton amplitudes 𝑇1, 𝑇2, and 𝑇𝐿 , expressed for their
non-Born components, take the form

𝑇1(𝜈,𝑄2) = 4𝜋(𝛼𝜋0

𝐸1 + 𝛽
𝜋0

𝑀1)𝜈
2 +4𝜋𝑚𝜋𝛽𝜋

0

𝑀1𝑄
2 +O(𝐸4), (7.19a)

𝑇2(𝜈,𝑄2) = 4𝜋(𝛼𝜋0

𝐸1 + 𝛽
𝜋0

𝑀1)𝑄
2 +O(𝐸4), (7.19b)

𝑇𝐿 (𝜈,𝑄2) = 4𝜋𝛼𝜋
0

𝐸1𝑄
2 +O(𝐸4). (7.19c)
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where E refers to either 𝑄 or 𝜈. The imaginary parts of these amplitudes are connected to the
corresponding photoabsorption cross sections via the optical theorem according to Eqs. (2.83a),
(2.83b) and (2.132).

Let us start by revisiting the meson 𝜒PT results for pion polarizabilities, which are state-of-the-art
theoretical predictions of these quantities.

7.2.1 Pion polarizabilities in meson 𝜒PT

π0

π±

Fig. 7.7 One-loop contribution to the electromagnetic polarizabilities of the neutral pion in meson
𝜒PT at O(𝑝4).

Before meson (𝜒PT) was concretely established, several “pre-𝜒PT” calculations of the neutral
pion polarizabilities were conducted, as partly summarized in [403]. Perhaps the most notable
calculation was carried out by L’vov using the linear 𝜎-model. His results for 𝜋0 are equivalent to
those of meson 𝜒PT in the limit of infinitely large 𝜎-meson mass. The first calculation in pure meson
𝜒PT was performed in the works by Bijnens and Cornett [406] and Donoghue, Holstein and Lin
[405], which focused on the 𝛾𝛾→ 𝜋𝜋 scattering process. It was found that the leading non-vanishing
contribution to 𝛾𝛾→ 𝜋0𝜋0 appears only at one loop with charged pions, i.e. at O(𝑝4) in meson
𝜒PT power counting. Similar finding was previously seen in pre-𝜒PT calculations by [447], who
demonstrated that the contribution from the nucleon box is suppressed by the pion-nucleon mass ratio
(𝑚𝜋/𝑀𝑁 )4, thus only the charged pion loops contribute. Moreover, in contrast to the charged pions,
the amplitudes for neutral pions at this order are convergent hence do not require any low-energy
constants for renormalization from the 𝜒PT Lagrangian. Thus, evaluating the set of diagrams shown
in Fig. 7.7 results in the following answer for the polarizabilities:

𝛼
𝜋0, O(𝑝4 )
𝐸1 = −𝛽𝜋

0, O(𝑝4 )
𝑀1 = − 𝛼em

96𝜋2 𝑓 2
𝜋𝑚𝜋

≈ −0.5×10−4fm3. (7.20)

As one can see, Eq. (7.20) contains just the fundamental constants of the theory: pion mass 𝑚𝜋 , pion
decay constant 𝑓𝜋 and fine structure constant 𝛼em. It is worth mentioning that the calculation in
[406, 405] was carried out assuming the equal masses of charged and neutral pion. If one wants to
account for the difference between these masses, one arrives at Eq. (7.83). In contrast to Eq. (7.20),
the latter result has the correct behavior in chiral limit.

The obtained negative result for static electric dipole polarizability is highly nontrivial and
counter-intuitive, because it violates not only classical electrodynamics and thermodynamics (cf.
Section 14 in [448]), but also the quantum mechanics. Indeed, using second-order perturbation theory,
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one defines the electric polarizability in quantum mechanics in terms of the dipole operator 𝑑 as

𝛼𝐸1 = 2
∑︁
𝑛

��⟨𝑛|𝑑 |0⟩��2
𝐸𝑛 −𝐸0

≥ 0, (7.21)

which is obviously positive-definite. A possible negative sign was qualitatively explained in [449, 450]
by a large negative QFT vacuum contribution, which is absent in quantum mechanics. From the
experimental side, however, no stable systems with negative static electric dipole polarizability were
evidently detected so far.

As shown in Appendix 7.A, the result (7.20) is robust. It does not depend on a representation
of pion matrix and has a definite sign independent of the energy range of running internal loop
momentum. Moreover, in the given low-energy limit, the negative sign of the electric polarizability
corresponds to a stable vacuum of the theory. Indeed, the forward Compton tensor (7.82), obtained in
meson 𝜒PT, is equivalent to the one calculated in 𝜙4 theory with the interaction Lagrangian

L𝜙
4

int = −𝜆𝜋
+𝜋−𝜋0𝜋0, (7.22)

with the positive coupling 𝜆 = 𝑚2
𝜋

𝑓 2
𝜋
> 0.

Regarding the polarizability sum rules, the result (7.20), obviously, satisfies the Baldin sum rule
and violates the BT sum rule, since the diagrams in Fig. 7.7 have no dispersive parts. In principle, this
fail of the BT sum rule could be illusive if the contributions of the higher orders of 𝜒PT will come with
the opposite signs making the polarizability positive at the end. However, the next-to-leading order
calculation in 𝜒PT at O(𝑝6) also suggests the negative contribution within the uncernainty [407, 408]:

𝛼
𝜋0, O(𝑝6 )
𝐸1 = [−0.4±0.2] ×10−4 fm3, 𝛽

𝜋0, O(𝑝6 )
𝑀1 = [1.5±0.2] ×10−4 fm3. (7.23)

This contribution already has non-vanishing dispersive part, which stems from the diagrams depicted
in Fig. 7.8. However, due to momentum-dependent couplings, the corresponding L-polarized cross
section of 𝛾𝜋0→ 𝜋0𝜋+𝜋− process grows linearly with energy, which makes impossible to check the
BT sum rule.

(a) (b)

Fig. 7.8 The diagrams for Compton scattering on a pion at NNLO ChPT that have nonzero s-channel
cut. The box (a) and acnode (b) topoligies are shown.
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In context of possibly missed contributions, it could be interesting to look at the 𝜒PT extention
with 𝜌-mesons included. Given that incorporating vector particles in a gauge-invariant renormalizable
framework is a nontrivial task, we can do a simple estimation using a toy model with “scalar” 𝜌-mesons.
According to calculations provided in Appendix. 7.B, both Baldin and BT sum rules hold exactly in
this theory, while the electric dipole polarizability is positive. This result leaves an intriguing avenue
for further investigations.

7.2.2 Neutral pion polarizabilities in light-front quark model

An interesting alternative way to obtain the pion polarizabilities is to invoke the light-front quark model.
This model particularly succeed in description of the charged-pion electromagnetic form factor and the
pion transition form factor. Thus, we can apply similar formalism here for calculating the low-energy
Compton scattering. The essence of the model is comprised in the so-called light-front wave function
(LFWF), which corresponds to the valence quark component and carries out the non-perturbative
nature of QCD ineraction of quarks forming a pion.

We consider the valence quark-antiquark state in the pion in which the quark has light-front
momentum fraction 𝑥 of the pion light-front momentum 𝑝+, i.e. 𝑘+ = 𝑥𝑝+, and has a relative transverse
momentum 𝜿⊥, whereas the antiquark having momentum fraction 𝑥 and relative transverse momentum
−𝜿⊥. The LFWF for the valence quark component in the pion Ψ𝑞𝑞̄/𝜋 (𝑥, 𝜿⊥), denoted for simplicity as
Ψ𝜋 (𝑥, 𝜿⊥), is defined through the bilocal matrix element at equal light-front time 𝑦+ = 0:

Ψ𝜋 (𝑥, 𝜿⊥) ≡
1
√

6

∫
𝑑2𝒚⊥𝑒

−𝑖𝜿⊥ ·𝒚⊥
∫
𝑑𝑦−𝑒𝑖𝑥 𝑝

+𝑦− ⟨0|𝑑 (0)𝛾+𝛾5𝑢(𝑦) |𝜋+(𝑝)⟩
��
𝑦+=0. (7.24)

In Eq. (7.24), the LFWF definition is shown for the 𝜋+ flavor state, with 𝑑 (0) and 𝑢(𝑦) the quark
spinor fields in position space, and where

√
2𝑁𝑐 =

√
6 is a conventional normalization factor related to

the number of colors 𝑁𝑐. Due to the approximate isospin symmetry, the same LFWF also applicable
for 𝜋0.

The normalization of the valence quark LFWF in the pion is obtained from the local matrix
element:

⟨0|𝑑 (0)𝛾𝜇𝛾5𝑢(0) |𝜋+(𝑝)⟩ =
√

2 𝑓𝜋 𝑝𝜇, (7.25)

through the pion decay constant 𝑓𝜋 = 92.4 MeV. This yields the integral∫ 1

0
𝑑𝑥𝜙𝜋 (𝑥) =

∫ 1

0
𝑑𝑥

∫
𝑑2𝜿⊥
16𝜋3 Ψ𝜋 (𝑥, 𝜿⊥) =

𝑓𝜋

2
√

3
. (7.26)

On the other hand, the probability for the valence quark Fock component in the pion state is given by
the integral of the squared modulus of the valence quark wave function:

𝑃𝑞𝑞̄ =

∫ 1

0
𝑑𝑥

∫
𝑑2𝜿⊥
16𝜋3 |Ψ𝜋 (𝑥, 𝜿⊥) |

2. (7.27)
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In QCD hard processes, the non-perturbative object which enters factorization theorems is obtained
by integrating the LFWF over the quark transverse momentum up to a scale 𝜇, yielding the distribution
amplitude (DA):

𝜙𝜋 (𝑥, 𝜇) ≡
∫ 𝜇2

𝑑2𝜿⊥
16𝜋3 Ψ𝜋 (𝑥, 𝜿⊥). (7.28)

For 𝜇→∞, the expression of the distribution amplitude is given by its asymptotic form, denoted by
𝜙𝑎𝑠𝜋 (𝑥):

𝜙𝜋 (𝑥, 𝜇→∞) = 𝜙𝑎𝑠𝜋 (𝑥) =
𝑓𝜋

2
√

3
6𝑥𝑥. (7.29)

In the following, we don’t write the explicit 𝜇 dependence of the DA, which can be expressed as the
one-dimensional Fourier integral along the light-cone direction 𝑦−, at equal light-front time 𝑦+ = 0
and equal transverse distance 𝒚⊥ = 0:

𝜙𝜋 (𝑥) ≡
1
√

6
1

4𝜋

∫
𝑑𝑦−𝑒𝑖𝑥 𝑝

+𝑦− ⟨0|𝑑 (0)𝛾+𝛾5𝑢(𝑦) |𝜋+(𝑝)⟩
��
𝑦+=𝒚⊥=0. (7.30)

Perturbative QCD allows to express observables at large momentum transfers in terms of the LFWF
of the leading (valence quark) Fock component. A well-studied example is the 𝛾∗(𝑞1)𝛾∗(𝑞2) → 𝜋0

transition form factor (TFF), defined as:∫
𝑑4𝑦𝑒−𝑖𝑞1𝑦 ⟨𝜋0(𝑝) |𝑇

[
𝐽𝜇 (𝑦)𝐽𝜈 (0)

]
|0⟩ = 𝑖 𝜀𝜇𝜈𝛼𝛽𝑞𝛼1 𝑞

𝛽

2 𝐹𝜋0𝛾∗𝛾∗ (𝑞2
1, 𝑞

2
2), (7.31)

with 𝐽𝜇 (𝑦) the electromagnetic current operator, and 𝐹𝜋0𝛾∗𝛾∗ (𝑞2
1, 𝑞

2
2) the TFF. As example, the

asymptotic expression for the TFF when one photon has a large spacelike virtuality −𝑞2 =𝑄2→∞,
while the second photon is real, is given by:

𝐹𝜋0𝛾∗𝛾∗ (𝑞2,0) −→ 1
𝑄2

2
√

3

∫ 1

0
𝜙𝜋 (𝑥)

[
1
𝑥
+ 1
𝑥

]
. (7.32)

Using the asymptotic pion DA of Eq. (7.29), this yields the leading-order prediction at large 𝑄2:
𝐹𝜋0𝛾∗𝛾∗ (𝑞2,0) → 2 𝑓𝜋/𝑄2. Thus, the Eqs. (7.26) and (7.32) put the constraints on the possible form
of LFWF.

p
p− k

k

Γ

Fig. 7.9 Pion-quark-antiquark vertex function Γ(𝑘, 𝑝− 𝑘).
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Now let us discuss the connection of LFWF with the covariant formalism. In time-ordered QFT,
the pion-quark-antiquark vertex function Γ(𝑘, 𝑝 − 𝑘), which is shown in Fig. 7.9, is related to the
covariant Bethe-Salpeter wavefunction of a pion [451–453], denoted by ΨBS(𝑘, 𝑝− 𝑘), as:

ΨBS(𝑘, 𝑝− 𝑘) = Γ(𝑘, 𝑝− 𝑘)
(𝑘2−𝑚2 + 𝑖𝜖)

[
(𝑝− 𝑘)2−𝑚2 + 𝑖𝜖

] . (7.33)

The valence quark light-front wave function (LFWF), in its turn, is obtained as a light-front projection
of the Bethe-Salpeter wave function, integrating the latter over the “−” component of the active quark
momentum:

Ψ𝜋 (𝑥, 𝜿⊥) = 𝑖2𝑝+
√
𝑥𝑥

∫
𝑑𝑘−

2𝜋
ΨBS(𝑘, 𝑝− 𝑘). (7.34)

To establish the connection between covariant and light-front descriptions in actual calculation of the
Compton amplitudes, we will consider the simple model for the vertex function corresponding to the
local (contact) interaction between the pion and its constituents derived from the Lagrangian term:

Lint = −𝑔𝜑†(𝑥)𝜑(𝑥)𝜋(𝑥) +h.c. (7.35)

Here 𝜑(𝑥) is a complex scalar quark field with a charge 𝑒𝑞 and mass 𝑚, and 𝜋(𝑥) is the pion field.
Note that the coupling 𝑔 in this theory has a dimension of mass. For this model, the Bethe-Salpeter
wave function is given by:

ΨBS(𝑘, 𝑝− 𝑘) = 𝑔

(𝑘2−𝑚2 + 𝑖𝜖)
[
(𝑝− 𝑘)2−𝑚2 + 𝑖𝜖

] . (7.36)

The valence quark LFWF, in its turn, is obtained from Eq. (7.34), yielding the following form in the
covariant model:

Ψ𝜋 (𝑥, 𝜿⊥) = 𝑖2𝑝+
√
𝑥𝑥

∫
𝑑𝑘−

2𝜋
ΨBS(𝑘, 𝑝− 𝑘) = 𝑔

√
𝑥𝑥

1(
𝑚2
𝜋 −

𝜿2
⊥+𝑚2

𝑥𝑥̄

) = − 𝑔
√
𝑥𝑥

𝜿2
⊥ + 𝜇2(𝑥)

. (7.37)

Here the relative transverse quark momentum 𝜿⊥ = 𝒌⊥−𝑥 𝒑⊥ was introduced, and 𝜇2(𝑥) ≡𝑚2−𝑥𝑥𝑚2
𝜋 .

Note that for a bound state (𝑚𝜋 < 2𝑚) one has 𝜇2(𝑥) > 0.
In what follows, we will focus on the Compton scattering on the neutral pion, whose valence quark

flavor structure is given by:
|𝜋0⟩ = 1

√
2

(
|𝑢𝑢̄⟩ − |𝑑𝑑⟩

)
. (7.38)

Furthermore, in the following calculation, the 𝑢 and 𝑑 quarks, with corresponding charges 𝑒𝑢 = 2/3
and 𝑒𝑑 = −1/3, will be taken as scalar particles for simplicity. The structure of the neutral pion state
will be reflected in the overall charge factor 𝐶 𝜋0

𝑞 in the Compton amplitudes, which is given by the
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7.2 Neutral pion

combination of the quark charges:

𝐶 𝜋
0

𝑞 =
1
2

(
𝑒2
𝑢 + 𝑒2

𝑑

)
=

5
18
. (7.39)

7.2.2.1 Covariant calculation

We start by calculating the forward Compton scattering amplitudes in the covariant model, which
was defined by Eqs. (7.35) and (7.36). In such model, where the pion-quark-antiquark vertex is given
by a contact term, the Compton scattering process is described by the Feynman diagrams shown in
Fig. 7.10. There are two types of contributions: the seagull, direct, and crossed diagrams involve one
active quark, whereas the cat-ear diagrams, which are required to satisfy the low-energy theorem
involve two active quarks.

seagull handbag (direct) handbag (crossed) cat-ears

Fig. 7.10 Valence scalar quark contribution to the Compton scattering on the neutral pion: the seagull,
direct, and crossed handbag diagrams involve one active quark, whereas the cat-ears diagram involves
two active quarks.

In order to evaluate the pion polarizabilities through the valence quark light-front wave function,
we choose a reference frame with purely transversal momentum transfer (Drell-Yan-West frame),

𝑝 = (𝑝+, 𝑝−, 𝒑⊥), 𝒑⊥ ≡ (𝑝𝑥 , 𝑝𝑦) =
(
−𝑚𝜋𝜈
𝑄

,0
)
, 𝑝− =

𝑚2
𝜋

2𝑝+

(
1+ 𝜈

2

𝑄2

)
(7.40a)

𝑞 = (0,0, 𝒒⊥), 𝒒⊥ ≡ (𝑞𝑥 , 𝑞𝑦) = (𝑄,0), (7.40b)

By considering different light-front components of the Compton tensor (7.18), one can extract the
invariant Compton amplitudes:

𝑇++ =
(𝑝+)2

𝑚2
𝜋

𝑇2, (7.41a)

𝑇+− = −𝑇1 +
1
2

(
1+ 𝜈

2

𝑄2

)
𝑇2, (7.41b)
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𝑇−− =
𝑚2
𝜋

4(𝑝+)2

(
1+ 𝜈

2

𝑄2

)2

𝑇2, (7.41c)

𝑇 𝑥𝑥 = 𝑇+𝑥 = 𝑇+𝑦 = 0, (7.41d)

𝑇 𝑦𝑦 = 𝑇1. (7.41e)

The tensor structures which do not contain the “−” component are free of endpoint singularities
[454, 455], and are therefore of particular interest.

In the Drell-Yan-West frame, the analogous procedure as was applied in Ref. [456] to obtain the
valence quark contribution to the pion vector form factor via the residue analysis in the 𝑘−-complex
plane yields the following individual contributions to the forward Compton tensor 𝑇 𝜇𝜈 , where 𝜇 and 𝜈
stand for either “+” or “⊥” components:

𝑇
𝜇𝜈

seagull = 2𝑔𝜇𝜈𝐶 𝜋
0

𝑞

𝛼em𝑔
2

4𝜋𝑚𝜋

∫ 1

0
𝑑𝑥

𝑥

μ2(𝑥)
, (7.42a)

𝑇
𝜇𝜈

direct = 𝐶
𝜋0
𝑞

𝛼em𝑔
2

4𝜋2𝑚𝜋

∫ 1

0
𝑑𝑥

∫
𝑑2𝒌⊥

𝑥2(2𝑘 + 𝑞)𝜇 (2𝑘 + 𝑞)𝜈[
(𝒌⊥− 𝑥 𝒑⊥)2 + μ2(𝑥)

]2

×
[
(𝒌⊥− 𝑥 𝒑⊥)2 + 𝑥(𝒒2

⊥ +2𝒌⊥ · 𝒒⊥) + μ2(𝑥) − 𝑖𝜖
]−1

,

(7.42b)

𝑇
𝜇𝜈

crossed = 𝐶
𝜋0
𝑞

𝛼em𝑔
2

4𝜋2𝑚𝜋

∫ 1

0
𝑑𝑥

∫
𝑑2𝒌⊥

𝑥2(2𝑘 − 𝑞)𝜇 (2𝑘 − 𝑞)𝜈[
(𝒌⊥− 𝑥 𝒑⊥)2 + μ2(𝑥)

]2

×
[
(𝒌⊥− 𝑥 𝒑⊥)2 + 𝑥(𝒒2

⊥−2𝒌⊥ · 𝒒⊥) + μ2(𝑥)
]−1

, (7.42c)

𝑇
𝜇𝜈
cat-ears = 𝐶

𝜋0
𝑞

𝛼em𝑔
2

4𝜋2𝑚𝜋

∫ 1

0
𝑑𝑥

∫
𝑑2𝒌⊥

𝑥𝑥(2𝑘 + 𝑞)𝜇 (2(𝑘 − 𝑝) + 𝑞)𝜈[
(𝒌⊥− 𝑥 𝒑⊥)2 + μ2(𝑥)

] [
(𝒌⊥− 𝑥 𝒑⊥ + 𝒒⊥)2 + μ2(𝑥)

]
×

{
2𝜋𝑖
𝑥
𝛿(𝒒2
⊥ +2𝒌⊥ · 𝒒⊥)

+ 1
(𝒌⊥− 𝑥 𝒑⊥ + 𝑥𝒒⊥)2 + 𝑥𝑥(𝒒2

⊥ +2𝑚𝜋𝜈) + μ2(𝑥)

+ 1
(𝒌⊥− 𝑥 𝒑⊥ + 𝑥𝒒⊥)2 + 𝑥𝑥(𝒒2

⊥−2𝑚𝜋𝜈) + μ2(𝑥) − 𝑖𝜖

}
.

(7.42d)

Here 𝜇2(𝑥) ≡ 𝑚2− 𝑥𝑥𝑚2
𝜋 . Note that the Eqs. (7.42) are valid only for the “+” and “⊥” components

which are free of endpoint singularities. For the Compton tensor involving “−” components, the result
of the contour integration over the infinitely large semicircle should be added [455]. It is worth
mentioning that the symmetry properties of the amplitudes were used in the derivation of Eqs. (7.42),
i.e. the top and bottom rows of the diagrams shown in Fig. 7.10 yield the same contribution for the
Compton amplitude on a neutral pion target.

By calculating the ++ and 𝑦𝑦 Compton tensor components of Eqs. (7.42) allows to extract the
invariant amplitudes 𝑇1 and 𝑇2 according to Eqs. (7.41a) and (7.41e) respectively. An explicit
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7.2 Neutral pion

calculation of the low-energy series terms of 𝑇1 and 𝑇2 is in full agreement with the low-energy
theorems (7.19a) and (7.19b) respectively, yielding the polarizability results:

𝛼𝐸1 = 𝐶
𝜋0
𝑞

𝛼em𝑔
2

48𝜋2𝑚5
𝜋

𝜁2

(1− 𝜁2)2

(
−

(
3−10𝜁2 +4𝜁4

)
+

(
3−4𝜁2 +4𝜁4

) arcsin 𝜁
𝜁
√︁

1− 𝜁2

)
, (7.43a)

𝛽𝑀1 = −𝐶 𝜋
0

𝑞

𝛼em𝑔
2

12𝜋2𝑚5
𝜋

𝜁4

(1− 𝜁2)

(
1+ arcsin 𝜁

𝜁
√︁

1− 𝜁2

)
, (7.43b)

with dimensionless ratio 𝜁 = 𝑚𝜋/(2𝑚). These results agree to the Feynman diagram calculation
obtained in time-ordered perturbation theory. It can be shown as well that in the considered model these
polarizabilities can be obtained from the Baldin and Bernabéu-Tarrach sum rules. The corresponding
cross sections for 𝛾𝜋0→ 𝑞𝑞 scattering at tree-level, which is shown in Fig. 7.11, are calculated in
Appendix 7.C.

p

q
p1

p2

p1

p2

q

Fig. 7.11 The (scalar) quark-antiquark photoproduction on a neutral pion.

We show the results for the neutral pion polarizabilities in the covariant model with scalar quarks
in Fig. 7.12 as function of the mass ratio 𝑚𝜋/2𝑚 under the assumption that we fix the normalization
constant 𝑔 in Eq. (7.43) considering the probability of valence quark state in the pion to be 𝑃𝑞𝑞̄ = 1,

𝑃𝑞𝑞̄ =

∫ 1

0
𝑑𝑥

∫
𝑑2𝜿⊥
16𝜋3 |Ψ𝜋 (𝑥, 𝜿⊥) |

2 = 1. (7.44)

Hence, the coupling constant will be given by

𝑔 =
4𝜋𝑚√︁
𝑁 (𝜁)

, 𝑁 (𝜁) = 1
4𝜁2

[
arcsin 𝜁
𝜁
√︁

1− 𝜁2
−1

]
, 𝜁 =

𝑚𝜋

2𝑚
< 1. (7.45)

We notice from Fig. 7.12 that for all values of 𝑚𝜋/2𝑚 the electric polarizability of the valence quark
contribution is positive, while the magnetic polarizability is negative. The small positive value of
𝛼𝐸1 + 𝛽𝑀1 results from a strong cancellation between both individual components.

7.2.2.2 Calculation using non-perturbative valence quark light-front wave functions

We are now in a position to generalize the result for the forward Compton amplitudes obtained in the
covariant model and express it in terms of a general non-perturbative LFWF. Using the identification
of Eq. (7.37) for the LFWF, the forward Compton tensor, corresponding to the diagrams of Fig. 7.13,
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0.0 0.2 0.4 0.6 0.8

-0.10

-0.05

0.00

0.05

0.10

Fig. 7.12 The behavior of electromagnetic polarizabilities calculated using the covariant model
depending on the pion over constituent quark mass ratio is shown. The electric 𝛼𝐸1 (blue dashed line)
and magnetic polarizabilities 𝛽𝑀1 (red dash-dotted line) as well as their sum (black solid line) are
displayed.

is given by:

𝑇
𝜇𝜈

seagull = 2𝑔𝜇𝜈𝐶 𝜋
0

𝑞

𝛼em

4𝜋2𝑚𝜋

∫ 1

0

𝑑𝑥

𝑥

∫
𝑑2𝜿⊥ |Ψ𝜋 (𝑥, 𝜿⊥) |2, (7.46a)

𝑇
𝜇𝜈

direct = 𝐶
𝜋0
𝑞

𝛼em

8𝜋2𝑚𝜋

∫ 1

0
𝑑𝑥

∫
𝑑2𝜿⊥ |Ψ𝜋 (𝑥, 𝜿⊥) |2

×
{ 𝑥 (2𝑘 + 𝑞)𝜇 (2𝑘 + 𝑞)𝜈

��
𝒌⊥=𝜿⊥+𝑥𝒑⊥

𝑥
[
𝜿2
⊥ +2𝑥𝜿⊥ · 𝒒⊥ + 𝑥𝑄2−2𝑥𝑥𝑚𝜋𝜈 + μ2(𝑥) − 𝑖𝜖

] + [
𝑘→ 𝑝− 𝑘

]}
,

(7.46b)

𝑇
𝜇𝜈

crossed = 𝐶
𝜋0
𝑞

𝛼em

8𝜋2𝑚𝜋

∫ 1

0
𝑑𝑥

∫
𝑑2𝜿⊥ |Ψ𝜋 (𝑥, 𝜿⊥) |2

×
{ 𝑥 (2𝑘 − 𝑞)𝜇 (2𝑘 − 𝑞)𝜈

��
𝒌⊥=𝜿⊥+𝑥𝒑⊥

𝑥
[
𝜿2
⊥−2𝑥𝜿⊥ · 𝒒⊥ + 𝑥𝑄2 +2𝑥𝑥𝑚𝜋𝜈 + μ2(𝑥)

] + [
𝑘→ 𝑝− 𝑘

]}
,

(7.46c)

𝑇
𝜇𝜈
cat-ears = 𝐶

𝜋0
𝑞

𝛼em

8𝜋2𝑚𝜋

∫ 1

0
𝑑𝑥

∫
𝑑2𝜿⊥Ψ

∗
𝜋

(
𝑥, 𝜿⊥ +

𝒒⊥
2

)
Ψ𝜋

(
𝑥, 𝜿⊥−

𝒒⊥
2

)
× (2𝑘 + 𝑞)𝜇 (2(𝑘 − 𝑝) + 𝑞)𝜈

��
𝒌⊥=𝜿⊥+𝑥𝒑⊥−𝒒⊥/2

×
{

2𝜋𝑖
𝑥
𝛿 (2𝒒⊥ · (𝜿⊥ + 𝑥 𝒑⊥))
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seagull

handbag (direct) handbag (crossed) cat-ears

Fig. 7.13 Valence scalar quark contribution to the Compton scattering on the neutral pion with the
non-perturbative pion LFWF shown as a gray blob: seagull, direct and crossed handbag, and cat-ears
diagrams.

+ 1
𝜿2
⊥− (𝑥− 𝑥)𝜿⊥ · 𝒒⊥ +𝑄2/4+2𝑥𝑥𝑚𝜋𝜈 + μ2(𝑥)

+ 1
𝜿2
⊥ + (𝑥− 𝑥)𝜿⊥ · 𝒒⊥ +𝑄2/4−2𝑥𝑥𝑚𝜋𝜈 + μ2(𝑥) − 𝑖𝜖

}
+

[
𝑞→−𝑞

]
, (7.46d)

where we introduced the quark relative transverse momentum 𝜿⊥ ≡ 𝒌⊥−𝑥 𝒑⊥ in the handbag diagram,
and 𝜿⊥∓ 𝒒⊥/2 ≡ 𝒌⊥− 𝑥 𝒑⊥ in the direct (− sign) and crossed (+ sign) cat ears diagrams respectively.

The essential subtlety, which immediately arises as soon as one moves from the covariant Feynman
diagram calculation to the nonperturbative calculation using the LFWF identification of Eq. (7.37),
is the violation of gauge invariance. It is clearly manifested in the amplitude 𝑇1, calculated from
the 𝑦𝑦 component of the Compton tensor, as a violation of the low-energy theorem. The reason of
such a violation is not surprising as for a general momentum dependence of the vertex function Γ

entering Eq. (7.33), which is the case for a general non-perturbative LFWF, one also needs terms where
the photon couples to the vertex in order to preserve gauge invariance. In the covariant calculation
above, which approximates the vertex function by a constant contact term, such vertex correction
terms are absent. A straightforward way to obtain a gauge invariant result also in the case of a
general non-perturbative LFWF is to exclude the gauge invariance-violating pieces from the Compton
amplitudes, through the procedure discussed next.

In general, a Lorentz-invariant forward Compton tensor 𝑇 𝜇𝜈 can be written as

𝑇 𝜇𝜈 (𝑝, 𝑞) = 𝑇 𝜇𝜈 (𝑝, 𝑞) +T 𝜇𝜈 (𝑝, 𝑞), (7.47)
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where 𝑇 𝜇𝜈 is the gauge-invariant part given by Eq. (2.79), and T 𝜇𝜈 is the gauge invariance-violating
part, which for a spin-0 target can be parametrized introducing two extra scalar amplitudes 𝑇3 and 𝑇4:

T 𝜇𝜈 (𝑝, 𝑞) = 𝑔𝜇𝜈𝑇3(𝜈,𝑄2) + 𝑝
𝜇𝑝𝜈

𝑚2
𝜋

𝑇4(𝜈,𝑄2). (7.48)

For the “+” or “⊥” components of 𝑇 𝜇𝜈 , which are free of endpoint singularities, the expressions read

𝑇++ =
(𝑝+)2

𝑚2
𝜋

(𝑇2 +𝑇4), (7.49a)

𝑇+𝑥 = − 𝑝
+𝜈

𝑚𝜋𝑄
𝑇4, (7.49b)

𝑇 𝑥𝑥 = −𝑇3 +
𝜈2

𝑄2𝑇4, (7.49c)

𝑇 𝑦𝑦 = 𝑇1−𝑇3. (7.49d)

Therefore the gauge-invariant amplitudes 𝑇1 and 𝑇2 are given by

𝑇1 = 𝑇
𝑦𝑦 −𝑇 𝑥𝑥 −𝑇+𝑥𝑚𝜋𝜈

𝑝+𝑄
, 𝑇2 =

𝑚2
𝜋

(𝑝+)2

(
𝑇++ + 𝑝

+𝑄

𝑚𝜋𝜈
𝑇+𝑥

)
. (7.50)

Using these definitions, one can also construct the gauge-invariant longitudinal amplitude 𝑇𝐿 of
Eq. (2.128) as:

𝑇𝐿 =

(
1+ 𝜈

2

𝑄2

)
𝑇2−𝑇1 =

𝑚2
𝜋

(𝑝+)2

(
1+ 𝜈

2

𝑄2

)
𝑇++ + 𝑚𝜋

𝑝+

(
𝑄

𝜈
+2

𝜈

𝑄

)
𝑇+𝑥 +𝑇 𝑥𝑥 −𝑇 𝑦𝑦 . (7.51)

We note from Eqs. (7.46) that the quadratic LFWF combination entering the forward Compton
amplitudes is given by

Ψ∗𝜋 (𝑥, 𝜿⊥ +𝚫⊥)Ψ𝜋 (𝑥, 𝜿⊥−𝚫⊥), (7.52)

with 𝚫⊥ = 0 for the seagull and handbag diagrams, and 𝚫⊥ = 𝒒⊥/2 for the cat-ears diagrams.
Furthermore, for a spin-0 system as the pion, the LFWF Ψ(𝑥, 𝜿⊥) can only have a dependence on 𝜿2

⊥.
We therefore denote the LFWF in the following explicitly as Ψ𝜋 (𝑥, 𝜿2

⊥). As we are interested in a
low-energy expansion of the forward Compton amplitudes, we need the 𝑄2 expansion of the quadratic
wave function combination entering the amplitude for the cat-ears diagrams in Eqs. (7.46). It can be
expressed as:

Ψ𝜋

(
𝑥, (𝜿⊥− 𝒒⊥/2)2

)
Ψ∗𝜋

(
𝑥, (𝜿⊥ + 𝒒⊥/2)2

)
= |Ψ𝜋 (𝑥, 𝜿2

⊥) |2

+ 𝑄
2

2

[
1
2
𝜕𝜿2
⊥
|Ψ(𝑥, 𝜿2

⊥) |2 + 𝜿2
⊥ cos2 𝜙D𝑄2 |Ψ𝜋 (𝑥, 𝜿2

⊥) |2
]
+O(𝑄4), (7.53)
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with cos𝜙 = 𝒌̂⊥ · 𝒒̂⊥, where 𝜕𝜿2
⊥

is a partial derivative with respect to 𝜿2
⊥, and where the derivative

D𝑄2 is defined as:

D𝑄2 |Ψ𝜋 (𝑥, 𝜿2
⊥) |2 ≡ 2Re

[
Ψ∗𝜋 (𝑥, 𝜿2

⊥)𝜕2
𝜿2
⊥
Ψ𝜋 (𝑥, 𝜿2

⊥)
]
−2

���𝜕𝜿2
⊥
Ψ𝜋 (𝑥, 𝜿2

⊥)
���2 . (7.54)

We note that for a class of LFWF models, which the gaussian models belong to, the wave function
product of Eq. (7.52) exhibits an azimuthal symmetry, and only depends upon 𝜿2

⊥ and 𝚫2
⊥. For such

models, the cos2 𝜙 dependent term in Eq. (7.53), proportional to D𝑄2 |Ψ𝜋 (𝑥, 𝜿2
⊥) |2, is absent.

We next perform the low-energy expansion of the Compton tensor expressions of Eqs. (7.46)
corresponding with the seagull, handbag, and cat-ears diagrams. Keeping the terms proportional to
𝑄2 and 𝜈2 in the expansion, we can perform the angular integration in Eqs. (7.46) analytically. The
explicit expressions for the forward Compton tensor components of Eqs. (7.49), as well as for the
non-Born invariant amplitudes 𝑇1, 𝑇2, and 𝑇𝐿 are given in Appendix 7.D. The low-energy expansion
of 𝑇1, 𝑇2, and 𝑇𝐿 allows to extract the dipole polarizabilities, using Eqs. (7.19a), (7.19b), and (7.19c).
For the gauge-invariance corrected amplitudes, we verified explicitly that the 𝜈2-dependent term in 𝑇1

and the 𝑄2-dependent term in 𝑇2 yield the same polarizability combination 𝛼𝐸1 + 𝛽𝑀1, as required by
the low-energy expansion, see Eqs. (7.123). Furthermore, the 𝑄2-dependent term in 𝑇1 yields 𝛽𝑀1.
In this way, we extract the polarizability expressions for the neutral pion as:

𝛼𝐸1 + 𝛽𝑀1 = 𝐶
𝜋0
𝑞 𝛼em𝑚𝜋

∫ 1

0
𝑑𝑥 4𝑥𝑥

∫ ∞

0

𝑑𝜿2
⊥

(4𝜋)2
|Ψ𝜋 (𝑥, 𝜿2

⊥) |2[
μ2(𝑥) + 𝜿2

⊥
]3

[
μ2(𝑥) − 𝜿2

⊥
]
, (7.55a)

𝛽𝑀1 = −𝐶 𝜋
0

𝑞

𝛼em
𝑚𝜋

∫ 1

0
𝑑𝑥

∫ ∞

0

𝑑𝜿2
⊥

(4𝜋)2

{ |Ψ𝜋 (𝑥, 𝜿2
⊥) |2[

μ2(𝑥) + 𝜿2
⊥
]3

(
(1−4𝑥𝑥)
𝑥𝑥

[
μ2(𝑥) − 𝜿2

⊥
]2 +2μ4(𝑥)

)
+
D𝑄2 |Ψ𝜋 (𝑥, 𝜿2

⊥) |2[
μ2(𝑥) + 𝜿2

⊥
] 𝜿4

⊥

}
. (7.55b)

Note that the last term in Eq. (7.55b), which contains D𝑄2 , is due to the cat-ears diagrams for the
case of a LFWF product in Eq. (7.53) which has an explicit dependence on cos2 𝜙.

As in the covariant model, the Eqs. (7.55) can be exactly reproduced via Baldin (2.124) and
BT (2.133) sum rules. The corresponding cross sections can be obtained by following the steps of
calculation in the covariant model (cf. Appendix 7.C). The nonperturbative pion wave functions
can be associated to the the perturbative ones, which appear from the denominators of the tree-level
amplitude (7.113) as follows:

𝑔

(𝑝1− 𝑞)2−𝑚2 + 𝑖𝜖
= − 𝑔𝑥[

𝜿2
⊥ + μ2(𝑥)

] →√︂
𝑥

𝑥
Ψ𝜋 (𝑥, 𝜿⊥), (7.56a)

𝑔

(𝑝2− 𝑞)2−𝑚2 + 𝑖𝜖
= − 𝑔𝑥[

(𝜿⊥ + 𝒒⊥)2 + μ2(𝑥)
] →√︂

𝑥

𝑥
Ψ𝜋 (𝑥, 𝜿⊥ + 𝒒⊥), (7.56b)
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where the relative momentum is introduced as

𝜿⊥ = ( 𝒑1⊥− 𝒒⊥) − 𝑥 𝒑⊥ = ( 𝒑⊥− 𝒑2⊥) − 𝑥 𝒑⊥. (7.57)

7.2.2.3 Results and discussion

In order to estimate pion polarizabilities through the Eqs. (7.55), we applied the LFWF model taken
from Refs. [457, 458]. This LFWF belongs to a class of gaussian models, in which the LFWF can be
parameterized as

Ψ𝜋 (𝑥, 𝜿⊥) =
4𝜋
√
𝜎
𝑓 (𝑥)𝑒−

𝜿2
⊥

2𝜎𝑥𝑥̄ . (7.58)

Here 𝜎 is a parameter, proportional to the average squared transverse momentum of the valence quarks
in the pion, and 𝑓 (𝑥) is a shape function, which for the considered model is given by the constant

𝑓 (𝑥) =
√︂

3
2
. (7.59)

Using Eq. (7.28), this leads to the pion distribution amplitude,

𝜙𝜋 (𝑥) =
√

2𝜎
4𝜋

6𝑥𝑥
2
√

3
. (7.60)

The LFWF normalization of Eq. (7.26) is ensured by the choice 𝜎 = 8𝜋2 𝑓 2
𝜋 ≃ 0.674 GeV2, which

leads to the identification with the asymptotic pion DA of Eq. (7.29). In this model, the valence quark
probability is given by

𝑃𝑞𝑞̄ =
1
4
. (7.61)

Substituting this model into Eqs. (7.55), we obtain the results for polarizabilities shown in Fig. 7.14.
The obtained result for electric polarizability is positive in the full range of the model parameters. In
particular, at 𝑚𝜋/2𝑚 = 0.2, which is close to the value typically chosen in light-front quark model
calculaitons of the pion vector form factor [459], the polarizabilities amount

𝛼𝜋
0

𝐸1 = 3.24×10−4 fm3, 𝛽𝜋
0

𝑀1 = −3.18×10−4 fm3, 𝛼𝜋
0

𝐸1 + 𝛽
𝜋0

𝑀1 = 0.05×10−4 fm3. (7.62)

Since the calculations were carried out in the model with scalar quarks, the obtained results could serve
as a qualitative estimate. Moreover, the valence quark probability (7.61), pertinent to the considered
model, suggests that the non-valence contribution might be significant. The latter requires much more
involved modeling, being less constrained from the measurable quantities. Thus, the solid conclusions,
which can be made at this stage, are

• In the light-front quark model with scalar quarks, both Baldin and BT sum rules work exactly
for the valence quark contribution. We expect this to be also true in the model with spin-1/2
quarks.
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7.2 Neutral pion
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Fig. 7.14 Neutral pion electric and magnetic polarizability as well as their sum, calculated using
gaussian model from Refs. [457, 458] for the valence quark LFWF.

• The obtained positive contribution into 𝛼𝜋0

𝐸1, which contradicts with 𝜒PT results (7.20) and
(7.23), could potentially be explained by large negative counterpart stemming from disconnected
quark contributions shown on Fig. 7.15. In lattice QCD studies, such a part arises naturally, and
always should be taken into account to obtain the full result.

Fig. 7.15 Disconnected quark contributions from QCD to the Compton scattering on the neutral pion.
The quark lines interact nonperturbatively via the gluon field.
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7.3 Conclusion

We conclude that the BT sum rule for the nucleon electric polarizability is at the same level of validity
as the commonly used Baldin sum rule, despite an appreciably worse convergence. Previously, the
arguments leading to the dismissal of this sum rule were based on the failure of the perturbative QED
[402] and 𝜒PT [413] tests, as well as the heuristic arguments of Regge phenomenology [413, 331].

We have established at least one simple example where the BT sum rule passes the perturbative
test – the 𝜋+𝑛 channel at leading-order 𝜒PT. In other cases, most notably the leading-order QED, the
sum rule holds up to a constant yielded by an unphysical behavior of the VVCS amplitude at infinite
energy. Thus the aspect of perturbative verifications is well understood.

The projected Regge behavior of the longitudinal photoabsorption cross section𝜎𝐿 would invalidate
the entire hypothesis of the unsubtracted dispersion relation for the longitudinal VVCS amplitude 𝑇𝐿 .
However, at the present there are no reliable experimental data corroborating the equivalent Regge
behavior for transverse and longitudinal photons, 𝜎𝐿 ∼ 𝜎𝑇 . In fact, the naïve parton model yields quite
a different behavior, encompassed in the Callan-Gross relation which shows a significant suppression
of 𝜎𝐿/𝜎𝑇 with energy. The parton model thus verifies the unsubtracted dispersion relation for the
longitudinal amplitude, while confirming the need for a subtraction in the transverse amplitude 𝑇1.

Another implication of the unsubtracted dispersion relation for 𝑇𝐿 is a sum rule for the subtraction
function (7.8), which may allow for a fully data-driven evaluation of the proton polarizability
contribution to the Lamb shift of (muonic-)hydrogen. To carry out such an evaluation, we need
high-quality and precision parametrization of 𝜎𝐿 (𝜈,𝑄2) for the proton [equivalently, the longitudinal
structure function 𝑓𝐿 (𝑥,𝑄2)]. High-quality parametrizations of 𝜎𝐿 are needed as well to determine
the proton electric polarizability from the BT sum rule itself. We expect that the inclusion of the
two-pion production channel, in addition to the single-pion production parametrized by MAID, will
be sufficient to saturate the sum rule to a large extent.

While the negative sign of electric polarizability of the neutral pion, as robustly predicted by 𝜒PT,
immediately invalidates the BT sum rule, this result looks rather aberrant. Conversely, the light-front
calculation of valence (scalar) quark contribution suggest the positive sign of this observable, thereby
preserving the validity of the BT sum rule. Consequently, a definitive resolution to this discrepancy
might be drawn only after a precise lattice QCD calculation of this quantitiy is executed.
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Appendices

7.A Neutral pion polarizabilities at O(𝑝4) in meson 𝜒PT

Let us consider the chiral Lagrangian at O(𝑝4). Follwing [406, 405], it is written as

L =
𝑓 2
𝜋

4
tr

(
𝐷𝜇Σ𝐷

𝜇Σ†
)
+ 𝑓

2
𝜋

4
𝑚2tr

(
Σ+Σ†

)
, (7.63)

where Σ is the meson matrix, which is the function of 𝜋̂ ≡ ®𝜋 · ®𝜏. The covariand derivative of the meson
matrix Σ is defined as follows

𝐷𝜇Σ = 𝜕𝜇Σ+ 𝑖𝑒𝐴𝜇 [𝑄,Σ] , (7.64)

𝐷𝜇Σ
† = 𝜕𝜇Σ

† + 𝑖𝑒𝐴𝜇
[
𝑄,Σ†

]
. (7.65)

with the charge matrix 𝑄, defined as

𝑄 =

(
2
3 0
0 −1

3

)
. (7.66)

The commutator of the charge matrix 𝑄 and the pion fields 𝜋̂ reads

[𝑄, 𝜋̂] =
(

0
√

2𝜋+

−
√

2𝜋− 0

)
. (7.67)

Writing the covariant derivatives explicitly in Eq. (7.63), we arrive at the following expression for the
𝜒PT Lagrangian:

L =
𝑓 2
𝜋

4

{
𝜕𝜇Σ𝜕

𝜇Σ† + 𝑖𝑒𝐴𝜇
(
𝜕𝜇Σ

[
𝑄,Σ†

]
+ [𝑄,Σ] 𝜕𝜇Σ†

)
− 𝑒2𝐴𝜇𝐴

𝜇 [𝑄,Σ]
[
𝑄,Σ†

]
+𝑚2tr

(
Σ+Σ†

) }
. (7.68)

Let us now consider the meson matrix in general representation up to O(1/ 𝑓 4
𝜋)

Σ = 1+ 𝑖𝑎1
𝜋̂

𝑓𝜋
− 𝑎2

𝜋2

2! 𝑓 2
𝜋

− 𝑖𝑎3
𝜋2𝜋̂

3! 𝑓 3
𝜋

+ 𝑎4
𝜋4

4! 𝑓 4
𝜋

+O
(

1
𝑓 5
𝜋

)
. (7.69)

Particularly, in the exponential representation, Σexp = exp 𝑖 𝜋̂
𝑓𝜋

, all the 𝑎𝑖 equal to one. Requiring the
meson matrix to be unitary, i.e. ΣΣ† = 1, we can set up the following constraints on the coefficients 𝑎𝑖:

𝑎2
1− 𝑎2 = 0, 3𝑎2

2−4𝑎1𝑎3 + 𝑎4 = 0. (7.70)
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Now we can expand the Lagrangian (7.68) up to O(1/ 𝑓 4
𝜋) and derive the Feynman rules. For the

first term in Eq. (7.68) we have

𝑓 2
𝜋

4
tr𝜕𝜇Σ𝜕𝜇Σ†

=
𝑓 2
𝜋

4
tr

(
𝑖𝑎1

𝜕𝜇 𝜋̂

𝑓𝜋
− 𝑎2

𝜕𝜇 (𝜋2)
2! 𝑓 2

𝜋

− 𝑖𝑎3
𝜕𝜇 (𝜋2𝜋̂)

3! 𝑓 3
𝜋

) (
−𝑖𝑎1

𝜕𝜇 𝜋̂

𝑓𝜋
− 𝑎2

𝜕𝜇 (𝜋2)
2! 𝑓 2

𝜋

+ 𝑖𝑎3
𝜕𝜇 (𝜋2𝜋̂)

3! 𝑓 3
𝜋

)
=
𝑎2

1
2
𝜕𝜇 𝜋̂𝜕

𝜇 𝜋̂ + 𝑓
2
𝜋

2

(
𝑎2

2

4 𝑓 4
𝜋

𝜕𝜇 (𝜋2)𝜕𝜇 (𝜋2) − 𝑎1𝑎3

3 𝑓 4
𝜋

𝜕𝜇 𝜋̂𝜕
𝜇 (𝜋2𝜋̂)

)
=
𝑎2

1
2
𝜕𝜇 𝜋̂𝜕

𝜇 𝜋̂ + 1
2 𝑓 2
𝜋

(
𝑎2

2(𝜋̂ · 𝜕𝜇 𝜋̂) (𝜋̂ · 𝜕
𝜇 𝜋̂) − 𝑎1𝑎3

3

(
2(𝜋̂ · 𝜕𝜇 𝜋̂) (𝜋̂ · 𝜕𝜇 𝜋̂) + 𝜋2𝜕𝜇 𝜋̂𝜕

𝜇 𝜋̂

))
. (7.71)

Requiring the coefficient near the kinetic term 𝜕𝜇 𝜋̂𝜕
𝜇 𝜋̂ to be equal to 1/2, we immediately obtain an

additional constraint on 𝑎1. Together with Eq. (7.70), this constraint fixes the possible values of the
coefficients 𝑎1...𝑎4 to be

𝑎1 = 𝑎2 = 1, 𝑎4−4𝑎3 +3 = 0. (7.72)

Substituting these relations in Eq. (7.71) gives the following result for the first term of the Lagrangian
(7.68),

𝑓 2
𝜋

4
tr𝜕𝜇Σ𝜕𝜇Σ† =

1
2
𝜕𝜇 𝜋̂𝜕

𝜇 𝜋̂ + 1
6 𝑓 2
𝜋

(
(3−2𝑎3) (𝜋̂ · 𝜕𝜇 𝜋̂) (𝜋̂ · 𝜕𝜇 𝜋̂) − 𝑎3𝜋̂

2𝜕𝜇 𝜋̂𝜕
𝜇 𝜋̂

)
, (7.73)

where the second term in r.h.s is responsible for the four-pion interaction. For the 𝜋+𝜋−𝜋0𝜋0 vertex,
this term becomes

1
6 𝑓 2
𝜋

(
(3−2𝑎3) (𝜋̂ · 𝜕𝜇 𝜋̂) (𝜋̂ · 𝜕𝜇 𝜋̂) − 𝑎3𝜋

2𝜕𝜇 𝜋̂𝜕
𝜇 𝜋̂

)
→ 1

3 𝑓 2
𝜋

[
(3−2𝑎3) (𝜋−𝜕𝜇𝜋+ + 𝜋+𝜕𝜇𝜋−)𝜋0𝜕𝜇𝜋0− 𝑎3

(
𝜋+𝜋−𝜕𝜇𝜋

0𝜕𝜇𝜋0 + (𝜋0)2𝜕𝜇𝜋+𝜕𝜇𝜋−
) ]
. (7.74)

Taking into account the mass term in Eq. (7.68), it results in the following Feynman rule:

π+

π− π0

π0p+ p1

p− p2
=

𝑖

3 𝑓 2
𝜋

[
2𝑎3(𝑝1 · 𝑝2+ 𝑝+ · 𝑝−) − (3−2𝑎3) (𝑝++ 𝑝−) · (𝑝1+ 𝑝2) +𝑎4𝑚

2] . (7.75)

From the second and third terms of the Lagrangian (7.68), one can read out the four-pion interaction
vertices with an electromagnetic field insertions. Particularly, the second term in (7.68) yields a
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four-pion vertex with one electromagnetic field insertion,

𝑓 2
𝜋

4
𝑖𝑒𝐴𝜇tr

(
𝜕𝜇Σ

[
𝑄,Σ†

]
+ [𝑄,Σ] 𝜕𝜇Σ†

)
→−𝑎3

𝑓 2
𝜋

4
𝑖𝑒𝐴𝜇

6 𝑓 4
𝜋

2(𝜋0)2tr {𝜕𝜇 𝜋̂, [𝑄, 𝜋̂]} = 𝑎3
𝑖𝑒𝐴𝜇

3 𝑓 2
𝜋

(𝜋0)2
(
𝜋−𝜕𝜇𝜋+− 𝜋+𝜕𝜇𝜋−

)
, (7.76)

with the corresponding Feynman rule

π+

π−
π0

π0
p+

p1

p−
p2

Aµ = 𝑎3
2𝑖𝑒
3 𝑓 2
𝜋

(𝑝+− 𝑝−)𝜇 . (7.77)

The third term in (7.68) results in a four-pion interaction with two electromagnetic field insertions,

− 𝑓
2
𝜋

4
𝑒2𝐴𝜇𝐴

𝜇tr [𝑄,Σ]
[
𝑄,Σ†

]
→−𝑎1𝑎3

𝑒2

3 𝑓 2
𝜋

𝐴𝜇𝐴
𝜇 (𝜋0)2𝜋+𝜋−, (7.78)

which yields the following Feynman rule:

π+

π−
π0

π0p+
p1

p−

p2

Aν

Aµ

= −𝑖4𝑎3𝑒
2

3 𝑓 2
𝜋

𝑔𝜇𝜈 . (7.79)

Now we want to consider the case of different charged and neutral pion masses caused by
electromagnetic interactions. This can be taken into account by adding to the Lagrangian (7.63) the
following isospin-breaking term:

ΔL = Δ𝑚2
𝜋±
𝑓 2
𝜋

2
tr

(
𝑄Σ𝑄Σ†

)
= Δ𝑚2

𝜋±
𝑓 2
𝜋

2

{
tr𝑄2 + 1

𝑓 2
𝜋

(
tr𝑄𝜋̂𝑄𝜋̂− 𝜋2tr𝑄2

)
+ 1
𝑓 4
𝜋

(
𝑎4
12
𝜋4tr𝑄2− 𝑎3

3
𝜋2tr𝑄𝜋̂𝑄𝜋̂ + 1

4
𝜋4tr𝑄2

) }
.

(7.80)
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where Δ𝑚2
𝜋± = 𝑚

2
𝜋± −𝑚

2
𝜋0 > 0 is the differece of the squared masses of the charged and neutral pions.

Calculating the traces and omitting the constant term, we obtain

ΔL = −Δ𝑚2
𝜋±𝜋
+𝜋− + 𝑎3

Δ𝑚2
𝜋±

3 𝑓 2
𝜋

(𝜋0)2𝜋+𝜋− . (7.81)

Here the first term in r.h.s belongs to the mass term of the charged pion, while the second term
modifies the four-pion interaction. Hence, the Feynman rule (7.75) should be modified by adding a
term 2𝑎3Δ𝑚

2
𝜋± in the square brackets and treating mass 𝑚 as a mass of the neutral pion.

Calculation of the diagrams shown in Fig. 7.7 using Feynman rules (7.77), (7.79) and modified
(7.75) yields the representation-independent result for the Compton tensor:

𝑇𝜇𝜈 =
𝑒2𝑚𝜋0

16𝜋2 𝑓 2
𝜋

(
𝑔𝜇𝜈 +

𝑞𝜇𝑞𝜈

𝑄2

) 4−2

√︄
1+

4𝑚2
𝜋±

𝑄2 log
1+

𝑄2

2𝑚2
𝜋±

©­«1+

√︄
1+

4𝑚2
𝜋±

𝑄2
ª®¬



=
𝑒2𝑚𝜋0

16𝜋2 𝑓 2
𝜋

(
𝑔𝜇𝜈 +

𝑞𝜇𝑞𝜈

𝑄2

) −
1
3
𝑄2

𝑚2
𝜋±
+ 1

30

(
𝑄2

𝑚2
𝜋±

)2 +O ©­«
(
𝑄2

𝑚2
𝜋±

)3ª®¬ . (7.82)

Hence, the electric and magnetic dipole polarizabilities are given by

𝛼𝜋
0

𝐸1 = −𝛽
𝜋0

𝑀1 = −
𝛼em𝑚𝜋0

96𝜋2 𝑓 2
𝜋𝑚

2
𝜋±
. (7.83)

The obtained result exhibits the correct physical behavior as pion masses approach zero: it vanishes
when the neutral pion mass becomes zero, while demonstrating a singular behavior as the charged pion
mass approaches small values. In the SU(2)-symmetric point, when there is no mass splitting between
charged and neutral pions, Eq. (7.83) exactly reproduces the well-known literature result [406, 405].

Since the 𝜒PT is valid at low energies, it is also instructive to ensure ourselves that the result
(7.83) is primarily saturated by the low values of the loop momentum. For this purpose, let us impose
a hard cut-off regularization on the Euclidean loop momentum while evaluating (7.83). The part of
the one-loop Compton amplitude, which is sensitive to polarizabilities, is given by the following loop
integral 3:

𝐼𝜇𝜈 (𝑞,Λ) = 2
𝑒2

𝑓 2
𝜋

∫
Λ

𝑑4𝑙

𝑖(2𝜋)4
𝑔𝜇𝜈 (𝑙2−𝑚2) − (2𝑙 + 𝑞)𝜇 (2𝑙 + 𝑞)𝜈[
(𝑙 + 𝑞)2−𝑚2

]2 (𝑙2−𝑚2)
=

(
𝑔𝜇𝜈 − 𝑞

𝜇𝑞𝜈

𝑞2

)
𝑓 (𝑞2,Λ). (7.84)

To avoid the discussion of the correct determination of the integral∫
Λ

𝑑4𝑙

(2𝜋)4
𝑙𝜇𝑙𝜈

(𝑙2−𝑚2)3
(7.85)

3In this calculation we take the same mass 𝑚 for all pions without loss of generality.
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in the cut-off regularization scheme (see, e.g. [460]), we will focus on the second term that is
proportional to 𝑞𝜇𝑞𝜈 . Employing the Feynman parameterization, we obtain

𝑓 (𝑞2,Λ) = 𝑒2

4𝜋2 𝑓 2
𝜋

∫ 1

0
𝑑𝑥𝑥

∫ Λ

0
𝑙3𝐸𝑑𝑙𝐸

2𝑞2(2𝑥−1)2[
𝑙2
𝐸
+ (𝑚2− 𝑞2𝑥(𝑥−1))

]3

= − 𝛼em

4𝜋2 𝑓 2
𝜋

𝑄2

3𝑚2
Λ4

(𝑚2 +Λ2)2
+O(𝑄4), (7.86)

so that the polarizabilities are given by

𝛼𝜋
0

𝐸1(Λ) = −𝛽
𝜋0

𝑀1(Λ) = −
𝛼em

96𝜋2 𝑓 2
𝜋𝑚

1(
1+ 𝑚2

Λ2

)2 . (7.87)

We can conclude that the obtained result has a definite sign for all values of the hard cut-off Λ.
The alternative way is to impose a soft cut-off imposing the Pauli-Villars regularization with large

mass 𝑀 for each pion propagator,

1
𝑘2−𝑚2 →

1
𝑘2−𝑚2 −

1
𝑘2−𝑀2 . (7.88)

This yields the following dependence of the polarizabilities on the cut-off parameter 𝑀:

𝛼em = −𝜆 𝛼em

96𝜋2𝑚3

(
1− 𝑚

2

𝑀2

)
, (7.89)

which also has a definite sign as long as 𝑀 > 𝑚.
The obtained results with hard and soft cut-off demonstrate that the loop integral mainly saturates

by low loop momenta, i.e. of order of the pion mass. Moreover, the cut-off dependence is monotonic
and sign-definite at all values of the cut-off parameter.

7.B Neutral pion polarizabilities in 𝜙3-theory with massive charged
scalar

Let us consider a theory with pions which couple to a charged scalar field 𝜙± with mass 𝑀 ≫ 𝑚𝜋 :

Lint = 𝑔𝜋
0𝜋+𝜙− +h.c.. (7.90)

The scalar field in this theory can be thought as a “scalar version” of 𝜌-meson.
The forward Compton scattering on a neutral pion is then given by the one-loop diagram shown in

Fig. 7.16 with all possible photon insertions. These diagrams have nonzero dispersive contribution,
thus we can easily test the Baldin and BT sum rule in this model. The low-energy expansion of the
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π0

π+

φ−

Fig. 7.16 Compton scattering on the neutral pion in 𝜙3-theory described by the interaction (7.90)

corresponding Compton amplitude yields the following result for 𝛼𝜋0

E1 :

𝛼𝜋
0

E1 =
𝛼𝑔2

48𝜋2𝑀3(𝑀2−4)3

{
28𝑀3−11𝑀5 +𝑀7 +4

√︁
𝑀2−4(𝑀2 +8) log

[
1
2

(
𝑀 +

√︁
𝑀2−4

)] }
(7.91)

=
𝛼𝑔2

48𝜋2𝑀2 +O(𝑀
−4), (7.92)

where the pion mass is set to unity. The BT sum rule exactly reproduces this result, which can be
shown by explicit integration of the corresponding L-polarized cross section

𝜎𝐿 =
𝛼em𝑔

2

16𝜈5𝑀2

{√︁
𝑀4 +4𝜈2−4𝑀2(1+ 𝜈)

(
𝑀6 + 𝜈2−𝑀4(3+2𝜈) +𝑀2(4+ 𝜈(6+ 𝜈))

)
+4𝑀2(𝑀2− 𝜈−2) (𝑀2 + 𝜈)arccoth

[
2𝜈−𝑀2√︁

𝑀4 +4𝜈2−4𝑀2(1+ 𝜈)

] }
. (7.93)

Moreover, the obtained polarizability is positive-definite for all values of 𝑀. The sum of electric
and magnetic polarizabilities can be found from unpolarized forward Compton amplitude with real
photons. It reads

𝛼E1 + 𝛽𝑀1 =
𝛼em𝑔

2

12𝜋2𝑀3

{
− 3𝑀
(𝑀2−4)2

+2
(2+𝑀2) log

[
1
2 (𝑀 +

√
𝑀2−4)

]
(
𝑀2−4

) 5
2

}
. (7.94)

This result can be exactly reproduced via the Baldin sum rule, integrating the unpolarized cross section
𝜎𝑇

𝜎𝑇 (𝜈) =
𝛼𝑔2

4𝜈3

{
−

√︁
𝑀4 +4𝜈2−4𝑀2(1+ 𝜈) + (𝑀2−2𝜈)arccoth

[
𝑀2−2𝜈√︁

𝑀4 +4𝜈2−4𝑀2(1+ 𝜈)

]
.

}
(7.95)

Thus, both Baldin and BT sum rules work exactly in the considered theory, providing the positive
electric polarizability.
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7.C Photoabsorption cross section with non-perturbative light-front
wave function

In order to derive the formula for the photoabsorption cross section with the 𝑞𝑞-pair in the final state
(see Fig. 7.11) in light-front formalism, let us firstly rewrite the two-particle phase space integral Π in
light-cone coordinates,

Π(𝑝, 𝑞; 𝑝1, 𝑝2) ≡
∫

𝑑3 𝒑1
(2𝜋)32𝐸𝑝1

∫
𝑑3 𝒑2

(2𝜋)32𝐸𝑝2

𝛿 (4) (𝑝 + 𝑞− 𝑝1− 𝑝2)

=

∫
𝑑𝑝+1𝑑𝑝

−
1 𝑑 𝒑1⊥

(2𝜋)3

∫
𝑑𝑝+2𝑑𝑝

−
2 𝑑 𝒑2⊥

(2𝜋)3
𝛿(𝑝2

1−𝑚
2)𝛿(𝑝2

2−𝑚
2) (2𝜋)4𝛿 (4) (𝑝 + 𝑞− 𝑝1− 𝑝2)

=
1
(2𝜋)2

∫
𝑑𝑝+1𝑑 𝒑1⊥

2𝑝+1

∫
𝑑𝑝+2𝑑 𝒑2⊥

2𝑝+2
𝛿 (4) (𝑝 + 𝑞− 𝑝1− 𝑝2)

=
1

4𝜋2

∫
𝑑𝑝+1𝑑 𝒑1⊥

4𝑝+1 𝑝
+
2
𝛿(𝑝− + 𝑞− − 𝑝−1 − 𝑝

−
2 ). (7.96)

Given that the quarks in the final state are on-shell, we have

𝑝−1,2 =
𝒑 2

1,2⊥ +𝑚
2

2𝑝+1,2
, (7.97)

so that the phase-space integral becomes

Π(𝑝, 𝑞; 𝑝1, 𝑝2) =
1

4𝜋2

∫
𝑑𝑝+1𝑑 𝒑1⊥

4𝑝+1 𝑝
+
2
𝛿

(
𝑝− + 𝑞− −

𝒑2
1⊥ +𝑚

2

2𝑝+1
−

𝒑2
2⊥ +𝑚

2

2𝑝+2

)
. (7.98)

Now let us choose the frame given by Eqs. (7.40). In this frame, the perpendicular momenta of the
quarks are related via

𝒑2⊥ + 𝒑1⊥ = 𝒒⊥

(
1− 𝑚𝜋𝜈

𝑄2

)
. (7.99)

In order to easily reveal the light-front wave function of 𝜋0 in the end, it is convenient to change
variables introducing the four-momentum 𝑘 as

𝑝1− 𝑞 = 𝑘, 𝑝2 = 𝑝− 𝑘, (7.100)

and introduce the momentum fraction 𝑥 so that

𝑘+ = 𝑥𝑝+. (7.101)

Then the phase-space integral becomes

Π(𝑝, 𝑞; 𝑝1, 𝑝2) =
1

16𝜋2𝑝+

∫
𝑑𝑥

𝑥𝑥

∫
𝑑𝒌⊥𝛿

(
𝑝− − (𝒌⊥ + 𝒒⊥)

2 +𝑚2

2𝑥𝑝+
− ( 𝒑⊥− 𝒌⊥)

2 +𝑚2

2𝑥𝑝+

)
. (7.102)
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Introducing the relative quark momentum 𝜿⊥ inside the pion,

𝜿⊥ = 𝒌⊥− 𝑥 𝒑⊥, (7.103)

we obtain

Π(𝑝, 𝑞; 𝑝1, 𝑝2) = −
1

8𝜋2

∫
𝑑𝑥

∫
𝑑𝜿⊥𝛿

[
𝜿2
⊥ +2𝑥𝜿⊥ · 𝒒⊥ + 𝑥𝑄2−2𝑥𝑥𝑚𝜋𝜈 + μ2(𝑥)

]
. (7.104)

The argument of the delta-function reads

𝜿2
⊥ +2𝑥𝜿⊥ · 𝒒⊥ + 𝑥𝑄2−2𝑥𝑥𝑚𝜋𝜈 + μ2(𝑥)

= (𝜅 + 𝑥𝑞 cos𝜙)2 +𝑚2− 𝑥𝑥𝑠+ 𝑥2𝑄2 sin2 𝜙, (7.105)

where 𝜅 = |𝜿⊥ |, 𝑠 = 𝑚2
𝜋 +2𝑚𝜋𝜈−𝑄2, and implies two roots with respect to 𝜅:

𝜅± = −𝑥𝑞 cos𝜙±
√︃
𝑥𝑥𝑠−𝑚2− 𝑥2𝑄2 sin2 𝜙. (7.106)

The positiveness of the modulus of 𝜅 dictates to take the positive root (with “+”), while keeping the
square root real. The latter constraints the integration domain of the variable 𝑥 as follows:

𝑥 ∈ {𝑥−, 𝑥+}, 𝑥± =
𝑠+2𝑄2 sin2 𝜙±

√︃
𝑠(𝑠−4𝑚2) −4𝑚2𝑄2 sin2 𝜙

2(𝑠+𝑄2 sin2 𝜙)
. (7.107)

Note that the integration boundaries in 𝑥-variable are now 𝑄2-dependent. To remove this dependence,
one can choose the new variable 𝜉 such that:

𝑥 =
𝑠+2𝑄2 sin2 𝜙+ 𝜉

√︃
𝑠(𝑠−4𝑚2) −4𝑚2𝑄2 sin2 𝜙

2(𝑠+𝑄2 sin2 𝜙)
, 𝜉 ∈ {−1,1}, (7.108)

with the 𝑄2- and 𝜙-dependent Jakobian

𝐽𝑥→𝜉 (𝑄2, 𝜙) = 𝜕𝑥
𝜕𝜉

=

√︃
𝑠(𝑠−4𝑚2) −4𝑚2𝑄2 sin2 𝜙

2(𝑠+𝑄2 sin2 𝜙)
. (7.109)

Thus the integrated photoabsorption cross section could be represented by the following formula:

𝜎(𝜈,𝑄2) = 1
64𝜋2𝑚𝜋

√︁
𝜈2 +𝑄2

∫ 1

−1
𝑑𝜉

∫ 2𝜋

0
𝑑𝜙
𝐽𝑥→𝜉 (𝑄2, 𝜙)
1+ 𝑥̄𝑄

𝜅
cos𝜙

|M(𝑥, 𝜙, 𝜅) |2
����
𝜅=𝜅+

, (7.110)

whereM(𝑥, 𝜙, 𝜅) is the scattering amplitude of the photoabsorption process shown in Fig. 7.11.
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For the Baldin and BT sum rule calculations, where the cross section is integrated over 𝜈 with
some weight, it is technically more convenient to rearrange the integration order over 𝑥 and 𝜈,∫ ∞

𝜈th

𝑑𝜈

∫ 𝑥+

𝑥−

𝑑𝑥→
∫ 1

0
𝑑𝑥

∫ ∞

𝜈th (𝑥 )
𝑑𝜈 =

∫ 1

0
𝑑𝑥

∫ ∞

1
𝜈th(𝑥)𝑑𝜈̃, (7.111)

whith
𝜈th(𝑥) =

μ2(𝑥) +𝑄2𝑥(1− 𝑥 cos2 𝜙)
2𝑥𝑥

. (7.112)

In a considered theory with scalar quarks the photoabsorption amplitude is given by

M𝜆 = 𝑀𝜇𝜀
𝜇

𝜆
(𝑞) = 𝑔𝑒𝑞

[ (2𝑝1− 𝑞)𝜇
(𝑝1− 𝑞)2−𝑚2 −

(2𝑝2− 𝑞)𝜇
(𝑝2− 𝑞)2−𝑚2

]
𝜀
𝜇

𝜆
(𝑞), (7.113)

where 𝜀𝜇
𝜆

is polarization vector of the photon carrying the momentum 𝑞 and helicity 𝜆, while the
neutral pion was treated for simplicity as a neutral system consisting of a quark and an antiquark of
one flavour having the electric charge 𝑒𝑞. In terms of the four-momentum 𝑘 , the denominator of the
first propagator in the amplitude is given by

(𝑝1− 𝑞)2−𝑚2 = 𝑘2−𝑚2 = 2𝑘+𝑘− − 𝒌2
⊥−𝑚2. (7.114)

Given that this propagator corresponds to the diagram for wich 𝑝2
2 = 𝑚

2, we have

(𝑝− 𝑘)2 = 𝑚2→ 𝑘− = 𝑝− − (𝑥 𝒑⊥− 𝜿⊥)
2 +𝑚2

2𝑥𝑝+
. (7.115)

Then, with 𝜿⊥ introduced via Eq. (7.103), the denominator reads

2𝑘+𝑘− − 𝒌2
⊥−𝑚2 = 2𝑥𝑝+

[
𝑝− − (𝑥 𝒑⊥− 𝜿⊥)

2 +𝑚2

2𝑥𝑝+

]
− (𝑥 𝒑⊥ + 𝜿⊥)2−𝑚2

=
1
𝑥

[
2𝑥𝑥𝑝+𝑝− −𝑚2− 𝜿2

⊥− 𝑥𝑥 𝒑2
⊥
]
= −1

𝑥

[
𝜿2
⊥ + μ2(𝑥)

]
. (7.116)

Analogously, the denominator of the second propagator reads

(𝑝2− 𝑞)2−𝑚2 = −1
𝑥

[
(𝜿⊥ + 𝒒⊥)2 + μ2(𝑥)

]
. (7.117)

In order to obtain polarized photoabsorption cross sections, it is convenient to consider the
photoabsorption amplitudes for different light-front components, not the photon helicities. Making
use of the optical theorem and (7.41), we can write

𝜎𝑇 (𝜈,𝑄2) ≡ 𝜎𝑦𝑦 (𝜈,𝑄2)

=
1

64𝜋2𝑚𝜋
√︁
𝜈2 +𝑄2

∫ 1

−1
𝑑𝜉

∫ 2𝜋

0
𝑑𝜙
𝐽𝑥→𝜉 (𝑄2, 𝜙)
1+ 𝑥̄𝑄

𝜅
cos𝜙

|𝑀 𝑦 (𝑥, 𝜙, 𝜅) |2
����
𝜅=𝜅+
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𝑄2

𝜈2 +𝑄2

[
𝜎𝑇 (𝜈,𝑄2) +𝜎𝐿 (𝜈,𝑄2)

]
≡ 𝑚2

𝜋

(𝑝+)2
𝜎++(𝜈,𝑄2)

=
𝑚𝜋

64𝜋2
√︁
𝜈2 +𝑄2(𝑝+)2

∫ 1

−1
𝑑𝜉

∫ 2𝜋

0
𝑑𝜙
𝐽𝑥→𝜉 (𝑄2, 𝜙)
1+ 𝑥̄𝑄

𝜅
cos𝜙

|𝑀+(𝑥, 𝜙, 𝜅) |2
����
𝜅=𝜅+

, (7.118a)

from which one can find both 𝜎𝑇 and 𝜎𝐿 . However, in case of the model that does not preserve gauge
invariance, these definitions should be modified according to Eqs. (7.50) and (7.51), yielding

𝜎𝑇 (𝜈,𝑄2) = 𝜎𝑦𝑦 (𝜈,𝑄2) −𝜎𝑥𝑥 (𝜈,𝑄2) − 𝑚𝜋𝜈
𝑝+𝑄

𝜎+𝑥 (𝜈,𝑄2), (7.119a)

𝜎𝐿 (𝜈,𝑄2) =
(
1+ 𝜈

2

𝑄2

)
𝑚2
𝜋

(𝑝+)2
𝜎++(𝜈,𝑄2) +

(
𝑄

𝜈
+2

𝜈

𝑄

)
𝑚𝜋

𝑝+
𝜎+𝑥 (𝜈,𝑄2)

+𝜎𝑥𝑥 (𝜈,𝑄2) −𝜎𝑦𝑦 (𝜈,𝑄2). (7.119b)

with the gauge-invariance-violating cross sections 𝜎𝑥𝑥 and 𝜎+𝑥 included. These cross sections
are defined in a way similar to Eqs. (7.118), namely with the substitutions |M|2 → |𝑀 𝑥 |2 and
|M|2→ (𝑀+)∗𝑀 𝑥/𝑝+, respectively.

In the covariant model, the leading terms in 𝑄2 of the polarized cross sections 𝜎𝑇 and 𝜎𝐿 are
given by

𝜎𝑇 (𝜈,𝑄) =
𝑔2𝑒2

𝑞

32𝜋𝑚3
𝜋𝜈

3

{
− 𝑠

√︂
1− 4𝑚2

𝑠
+2(𝑠−2𝑚2)arctanh

√︂
1− 4𝑚2

𝑠

}
+O(𝑄2), (7.120a)

𝜎𝐿 (𝜈,𝑄) =𝑄2 𝑔2𝑒2
𝑞

256𝜋𝑚5
𝜋𝑚

2𝜈5
(𝑠+𝑚2

𝜋)2
{
𝑠

√︂
1− 4𝑚2

𝑠
−4𝑚2arctanh

√︂
1− 4𝑚2

𝑠

}
+O(𝑄4). (7.120b)

Substituting these cross sections into the Baldin (2.124) and BT (2.133) sum rules and correcting the
charge factor in accordance with the realistic pion,

𝑒2
𝑞→ 𝐶 𝜋

0
𝑞 , (7.121)

we immediately obtain the exact expressions (7.43) for the electromagnetic polarizabilities in the
covariant model.

7.D Light-front components of the Compton tensor

In this Appendix we provide the general expressions for the relevant light-front components of the
Compton tensor. The explicit calculation of the diagrams shown in Fig. 7.13, assuming that the quarks
with momentum fractions 𝑥 (𝑥) have charges 𝑒1(𝑒2) respectively, results in the following expressions
for the ++, 𝑥𝑥, 𝑦𝑦 and +𝑥 light-front components:
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𝑚2
𝜋

(𝑝+)2
𝑇++ = 2𝑚𝜋

∫ 1

0
𝑑𝑥 𝑥𝑥

∫ ∞

0

𝑑𝜿2
⊥

(4𝜋)2

��Ψ𝜋 (
𝑥, 𝜿2
⊥
) ��2[

𝜿2
⊥ + μ2(𝑥)

]3

{
2(𝑒1 + 𝑒2)2

×
(
[𝜿2
⊥ + μ2(𝑥)]2 +4𝑚2

𝜋𝜈
2(𝑥𝑥)2

)
−𝑄2

(
2𝑒2

1𝑥
[
𝜿2
⊥(𝑥− 𝑥) + μ2(𝑥)

]
+2𝑒2

2𝑥
[
𝜿2
⊥(𝑥− 𝑥) + μ2(𝑥)

]
+ 𝑒1𝑒2

[
𝜿2
⊥(8𝑥𝑥−1) + μ2(𝑥)

− [𝜿2
⊥ + μ2(𝑥)]2

𝜕𝜿2
⊥
|Ψ𝜋 (𝑥, 𝜿2

⊥) |2 + 𝜿2
⊥D𝑄2 |Ψ𝜋 (𝑥, 𝜿2

⊥) |2

|Ψ𝜋 (𝑥, 𝜿2
⊥) |2

] )}
+ . . . , (7.122a)

𝑇 𝑥𝑥 =
1

2𝑚𝜋

∫ 1

0
𝑑𝑥

1
𝑥𝑥

∫ ∞

0

𝑑𝜿2
⊥

(4𝜋)2

��Ψ𝜋 (𝑥, 𝜿2
⊥)

��2[
𝜿2
⊥ + μ2(𝑥)

]3

×
{
[𝜿2
⊥ + μ2(𝑥)]2

×
[
−2𝑒2

1𝑥
[
𝜿2
⊥(𝑥− 𝑥) + μ2(𝑥)

]
−2𝑒2

2𝑥
[
𝜿2
⊥(𝑥− 𝑥) + μ2(𝑥)

]
−8𝑒1𝑒2𝑥𝑥𝜿

2
⊥

]
+ 8𝑚2

𝜋𝜈
2

𝑄2 (𝑒1 + 𝑒2)2(𝑥𝑥)2 [𝜿2
⊥ + μ2(𝑥)]2

+𝑄2
(
2𝑒2

1𝑥
2
[(
(1−3𝑥)𝜿2

⊥ + μ2(𝑥)
)2
−3𝑥2𝜿4

⊥

]
+2𝑒2

2𝑥
2
[(
(1−3𝑥)𝜿2

⊥ + μ2(𝑥)
)2
−3𝑥2𝜿4

⊥

]
+ 𝑒1𝑒2𝑥𝑥𝜿

2
⊥

[
−4(1−6𝑥𝑥)𝜿2

⊥ +2μ2(𝑥)

− [𝜿2
⊥ + μ2(𝑥)]2

2𝜕𝜿2
⊥

��Ψ𝜋 (𝑥, 𝜿2
⊥)

��2 +3𝜿2
⊥D𝑄2

��Ψ𝜋 (𝑥, 𝜿2
⊥)

��2��Ψ𝜋 (𝑥, 𝜿2
⊥)

��2 ] )
−4𝑚2

𝜋𝜈
2(𝑥𝑥)2

(
6𝑒2

1𝑥
[
(1−4𝑥)𝜿2

⊥ + μ2(𝑥)
]
+6𝑒2

2𝑥
[
(1−4𝑥)𝜿2

⊥ + μ2(𝑥)
]

+ 𝑒1𝑒2

[
3(1−4𝑥) (1−4𝑥)𝜿2

⊥ + μ2(𝑥)

− [𝜿2
⊥ + μ2(𝑥)]2

𝜕𝜿2
⊥

��Ψ𝜋 (𝑥, 𝜿2
⊥)

��2 + 𝜿2
⊥D𝑄2

��Ψ𝜋 (𝑥, 𝜿2
⊥)

��2��Ψ𝜋 (𝑥, 𝜿2
⊥)

��2 ] )}
+ . . . , (7.122b)

𝑇 𝑦𝑦 =
1

2𝑚𝜋

∫ 1

0
𝑑𝑥

1
𝑥𝑥

∫ ∞

0

𝑑𝜿2
⊥

(4𝜋)2

��Ψ𝜋 (𝑥, 𝜿2
⊥)

��2[
𝜿2
⊥ + μ2(𝑥)

]3
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×
{
[𝜿2
⊥ + μ2(𝑥)]2

×
[
−2𝑒2

1𝑥
[
𝜿2
⊥(𝑥− 𝑥) + μ2(𝑥)

]
−2𝑒2

2𝑥
[
𝜿2
⊥(𝑥− 𝑥) + μ2(𝑥)

]
−8𝑒1𝑒2𝑥𝑥𝜿

2
⊥

]
−𝑄2𝜿2

⊥

(
4𝑒2

1𝑥
3 [𝑥𝜿2

⊥ + μ2(𝑥)] +4𝑒2
2𝑥

3 [𝑥𝜿2
⊥ + μ2(𝑥)]

− 𝑒1𝑒2𝑥𝑥

[
2[4𝑥𝑥𝜿2

⊥ + μ2(𝑥)]

− [𝜿2
⊥ + μ2(𝑥)]2

2𝜕𝜿2
⊥

��Ψ𝜋 (𝑥, 𝜿2
⊥)

��2 + 𝜿2
⊥D𝑄2

��Ψ𝜋 (𝑥, 𝜿2
⊥)

��2��Ψ𝜋 (𝑥, 𝜿2
⊥)

��2 ] )
+16𝑚2

𝜋𝜈
2(𝑥𝑥)2(𝑥𝑒2− 𝑥𝑒1)2𝜿2

⊥

}
+ . . . , (7.122c)

𝑚𝜋

𝑝+
𝑇+𝑥 = 2𝑚𝜋

∫ 1

0
𝑑𝑥 𝑥𝑥

∫ ∞

0

𝑑𝜿2
⊥

(4𝜋)2

��Ψ𝜋 (
𝑥, 𝜿2
⊥
) ��2[

𝜿2
⊥ + μ2(𝑥)

]3

×
{
− 𝜈
𝑄

2(𝑒1 + 𝑒2)2
(
[𝜿2
⊥ + μ2(𝑥)]2 +4𝑚2

𝜋𝜈
2(𝑥𝑥)2

)
+𝑄𝜈

(
4𝑒2

1𝑥
[
(1−3𝑥)𝜿2

⊥ + μ2(𝑥)
]
+4𝑒2

2𝑥
[
(1−3𝑥)𝜿2

⊥ + μ2(𝑥)
]

+ 𝑒1𝑒2

[
(24𝑥𝑥−5)𝜿2

⊥ + μ2(𝑥)

− [𝜿2
⊥ + μ2(𝑥)]2

𝜕𝜿2
⊥

��Ψ𝜋 (𝑥, 𝜿2
⊥)

��2 + 𝜿2
⊥D𝑄2

��Ψ𝜋 (𝑥, 𝜿2
⊥)

��2��Ψ𝜋 (𝑥, 𝜿2
⊥)

��2 ] )}
+ . . . , (7.122d)

where the ellipsis stands for higher order terms in either𝑄 or 𝜈. Note that in the above expressions,
the terms proportional to 𝑒2

1(𝑒
2
2) originate from the handbag diagrams resulting from the Compton

scattering off a quark (anti-quark) with momentum fraction 𝑥(𝑥) respectively. The terms proportional
to 𝑒1𝑒2 result from the cat-ears diagrams.

Using Eqs. (7.50), one can then extract the non-Born parts of the gauge-invariance corrected
amplitudes 𝑇1 and 𝑇2 as:

𝑇1 =
1

2𝑚𝜋

∫ 1

0
𝑑𝑥

1
𝑥𝑥

∫ ∞

0

𝑑𝜿2
⊥

(4𝜋)2

��Ψ𝜋 (
𝑥, 𝜿2
⊥
) ��2[

𝜿2
⊥ + μ2(𝑥)

]3

×
{
−2𝑄2

(
𝑒2

1𝑥
2 [𝜿2
⊥(𝑥− 𝑥) + μ2(𝑥)]2 + 𝑒2

2𝑥
2 [𝜿2
⊥(𝑥− 𝑥) + μ2(𝑥)]2
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− 𝑒1𝑒2𝑥𝑥𝜿
4
⊥

[
2(1−4𝑥𝑥) + [𝜿2

⊥ + μ2(𝑥)]2
D𝑄2 |Ψ𝜋 (𝑥, 𝜿2

⊥ |2

|Ψ𝜋 (𝑥, 𝜿2
⊥ |2

] )
+8𝑚2

𝜋𝜈
2(𝑥𝑥)2

(
𝑒2

1𝑥 [𝜿
2
⊥(1−4𝑥) + μ2(𝑥)]

+ 𝑒2
2𝑥 [𝜿

2
⊥(1−4𝑥) + μ2(𝑥)]

−2𝑒1𝑒2𝜿
2
⊥(1−4𝑥𝑥)

)}
+O(E4), (7.123a)

𝑇2 = 4𝑚𝜋
∫ 1

0
𝑑𝑥 𝑥𝑥

∫ ∞

0

𝑑𝜿2
⊥

(4𝜋)2

��Ψ𝜋 (
𝑥, 𝜿2
⊥
) ��2[

𝜿2
⊥ + μ2(𝑥)

]3

×𝑄2

{
𝑒2

1𝑥 [𝜿
2
⊥(1−4𝑥) + μ2(𝑥)] + 𝑒2

2𝑥 [𝜿
2
⊥(1−4𝑥) + μ2(𝑥)] −2𝑒1𝑒2𝜿

2
⊥(1−4𝑥𝑥)

}
+O(E4),

(7.123b)

up to terms of fourth-order proportional to 𝑄4, 𝜈4, or 𝑄2𝜈2.
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Chapter 8

Sum rules for parity- and
time-reversal-violating Compton
scattering

In this chapter, we consider an elementary extension of the forward doubly-virtual Compton scattering
on a spin-1/2 particle to the cases of parity (𝑃) and time-reversal (𝑇) invariance violation. We obtain
new sum rules, which relate 𝑃-violating anapole moment 𝔞 [461] and 𝑃𝑇-violating electric dipole
moment 𝔡 with certain polarized photoabsorption cross sections, and verify them in simple extensions
of 𝜒PT. The obtained results, while being rather academic, may provide additional checks towards
self-consistency of various models of new physics.

The results presented in this Chapter have not been published yet.

8.1 Compton tensor structure and dispersion relations

Let us consider the electromagnetic current of the spin-1/2 particle 𝑁 with mass 𝑀, which violates
𝑃 and 𝑇 symmetries. The most common parametrization of the parity-violating Compton tensor is
provided by Particle Data Group [462] in Eq. (18.6). In order to violate the time-reversal invariance,
it should be supplemented with the 𝑇-violating tensor structures (𝑝𝜇𝓈̂𝜈 − 𝑝𝜈𝓈̂𝜇) and (𝑝𝜇𝓈𝜈⊥ + 𝑝𝜈𝓈

𝜇
⊥)

with corresponding spin-dependent invariant amplitudes 𝑆6 and 𝑆7 (see, e.g., [463]):

𝑇
𝜇𝜈

PVTV(𝑝, 𝑞) =
(
−𝑔𝜇𝜈 + 𝑞

𝜇𝑞𝜈

𝑞2

)
𝑇1 +

𝑝𝜇𝑝𝜈

𝑀2 𝑇2 +
𝑖𝜖 𝜇𝜈𝛼𝛽𝑞𝛼

𝑀

[
𝓈
𝛽𝑆1 +

(
𝓈
𝛽 (𝑝 · 𝑞) − (𝓈 · 𝑞)𝑝𝛽

) 1
𝑀2 𝑆2

]
+
𝑖𝜖 𝜇𝜈𝛼𝛽𝑝𝛼𝑞𝛽

2𝑀2 𝑇3 +
[ (
𝑝𝜇𝓈̂𝜈 + 𝑝𝜈𝓈̂𝜇

) (𝑝 · 𝑞)
2
− (𝓈 · 𝑞)𝑝𝜇𝑝𝜈

]
1
𝑀3 𝑆3 +

𝑝𝜇𝑝𝜈 (𝓈 · 𝑞)
𝑀3 𝑆4

+
(
−𝑔𝜇𝜈 + 𝑞

𝜇𝑞𝜈

𝑞2

)
(𝓈 · 𝑞)
𝑀

𝑆5 +
𝑝𝜇𝓈̂𝜈 − 𝑝𝜈𝓈̂𝜇

2𝑀
𝑆6 +

𝑝𝜇𝓈𝜈⊥ + 𝑝𝜈𝓈
𝜇
⊥

2𝑀
𝑆7, (8.1)
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with the conventions

𝑝𝜇 = 𝑝𝜇 −
𝑝 · 𝑞
𝑞2 𝑞𝜇, 𝓈̂𝜇 = 𝓈𝜇 −

𝓈 · 𝑞
𝑞2 𝑞𝜇, 𝓈

𝜇
⊥ =

𝑖𝜖 𝜇𝛼𝛽𝛾 𝑝𝛼𝑞𝛽𝓈𝛾

𝑀2 . (8.2)

Similar to Eq. (2.79), 𝑝 and 𝓈 are the momentum and spin four-vectors of the spin-1/2 target, and 𝑞 is
the four-momentum of the incident virtual photon. Given that the invariant amplitudes 𝑇𝑖 and 𝑆𝑖 are
analytic functions of 𝜈 having definite parity under crossing 𝜈→−𝜈,

{𝑇1,𝑇2,𝑇3, 𝑆1}(𝜈,𝑄2) = {𝑇1,𝑇2,𝑇3, 𝑆1}(−𝜈,𝑄2), (8.3)

{𝑆2, 𝑆3, 𝑆4, 𝑆5, 𝑆6, 𝑆7}(𝜈,𝑄2) = −{𝑆2, 𝑆3, 𝑆4, 𝑆5, 𝑆6, 𝑆7}(−𝜈,𝑄2), (8.4)

they should satisfy the following dispersion relations{
𝑇1,𝑇2,𝑇3, 𝑆1,

𝜈(𝑆2, 𝑆3, 𝑆4, 𝑆5, 𝑆6, 𝑆7)

}
(𝜈,𝑄2) =

=
2
𝜋

∫ ∞

𝜈el

𝑑𝜈′𝜈′

𝜈′2− 𝜈2− 𝑖0+
Im

{
𝑇1,𝑇2,𝑇3, 𝑆1,

𝜈′(𝑆2, 𝑆3, 𝑆4, 𝑆5, 𝑆6, 𝑆7)

}
(𝜈′,𝑄2). (8.5)

We define the helicity amplitudes of the forward Compton scattering as

𝑇 (𝜆, ℎ→ 𝜆′, ℎ′) = 𝜀∗𝜇 (𝜆′)𝑇
𝜇𝜈

PVTV(ℎ
′, ℎ)𝜀𝜈 (𝜆), (8.6)

where 𝜆(𝜆′) and ℎ(ℎ′) are the helicities of an initial (final) virtual photon and a spin-1/2 target,
respectively. Then the ten nonvanishing helicity amplitudes could be written in terms of the invariant
amplitudes as follows 1

𝑇 (±1,±{∓} 1
2 →±1,±{∓} 1

2 ) = 𝑇1±
√︁
𝜈2 +𝑄2

2𝑀
𝑇3− {+}

(
𝑆1
𝜈

𝑀
− 𝑄

2

𝑀2 𝑆2

)
∓ {±}

√︁
𝜈2 +𝑄2

𝑀
𝑆5, (8.7a)

𝑇 (0,± 1
2 → 0,±1

2 ) = 𝑇2

(
1+ 𝜈

2

𝑄2

)
−𝑇1±

√︁
𝜈2 +𝑄2

𝑀

[
𝑆3− 𝑆4

(
1+ 𝜈

2

𝑄2

)
+ 𝑆5

]
, (8.7b)

𝑇 (0,± 1
2 →∓1,∓1

2 ) = −
√

2𝑄
𝑀

(
𝑆1 +

𝜈

𝑀
𝑆2

)
∓

√︁
𝑄2 + 𝜈2
√

2𝑄

( 𝜈
𝑀
𝑆3 + 𝑆6

)
− (𝑄

2 + 𝜈2)
√

2𝑄𝑀
𝑆7, (8.7c)

𝑇 (∓1,∓ 1
2 → 0,±1

2 ) = −
√

2𝑄
𝑀

(
𝑆1 +

𝜈

𝑀
𝑆2

)
∓

√︁
𝑄2 + 𝜈2
√

2𝑄

( 𝜈
𝑀
𝑆3− 𝑆6

)
+ (𝑄

2 + 𝜈2)
√

2𝑄𝑀
𝑆7. (8.7d)

These helicity amplitudes correspond to the amount of the invariant amplitudes 𝑇𝑖 and 𝑆𝑖 thus forming
a complete basis in helicity space. It is convenient to introduce the T, TT and LT helicity amplitudes as

𝑇±T ≡
1
2

[
𝑇 (±1,± 1

2 →±1,± 1
2 ) +𝑇 (±1,∓ 1

2 →±1,∓1
2 )

]
, (8.8)

1Similar expressions can be found in [463, 464]. They can be reduced to ours via a linear transformation.
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𝑇±TT ≡
1
2

[
𝑇 (±1,±1

2 →±1,± 1
2 ) −𝑇 (±1,∓1

2 →±1,∓ 1
2 )

]
, (8.9)

𝑇±L ≡ 𝑇 (0,± 1
2 → 0,±1

2 ), (8.10)

𝑇±LT ≡ 𝑇 (0,± 1
2 →∓1,∓1

2 ), (8.11)

𝑇±TL ≡ 𝑇 (∓1,∓ 1
2 → 0,±1

2 ). (8.12)

The imaginary parts of these helicity ammplitudes are related to the corresponding polarized
photoabsorption cross sections 𝜎 via the optical theorem,

Im𝑇 (𝜈,𝑄2) =
√︁
𝜈2 +𝑄2

4𝜋
𝜎(𝜈,𝑄2). (8.13)

8.1.1 Low-energy theorems and sum rules

The leading low-energy behavior of the invariant amplitudes𝑇𝑖 and 𝑆𝑖 is given by the Born contributions.
Given in Appendix 8.A, these contributions can be substituted in Eqs. (8.12), yielding the low-energy
behavior of the helicity amplitudes. The corresponding Born non-pole terms of Compton helicity
amplitudes in terms of the vertex form factors2, which are useful for deriving sum rules, are given
below:

4𝜋𝑀𝑇Born, n/pole(±1,±{∓} 1
2 →±1,±{∓} 1

2 ) = −F
2

1 −G
2
1
𝑄4

𝑀4 − {+}(F
2

2 −G
2
2 )

𝜈

2𝑀

∓ {±}
√︂

1+ 𝑄
2

𝜈2
2𝑄2

𝑀2 (F1 +F2)G1, (8.14a)

4𝜋𝑀𝑇Born, n/pole(0,± 1
2 → 0,± 1

2 ) = −
𝑄2

4𝑀2

(
F 2

2 −G
2
2

)
, (8.14b)

4𝜋𝑀𝑇Born, n/pole(0,± 1
2 →∓1,∓ 1

2 ) =
𝑄
√

2𝑀

(
F1F2 +G2

2 +
4𝑄2

𝑀2 G
2
1

)
+
√

2𝑄(𝑄2 + 𝜈2)
𝑀2𝜈

G1G2

± 𝑄
√︁
𝑄2 + 𝜈2
√

2𝑀𝜈

[
2
𝜈

𝑀
F2G1− (F1 +F2) G2

]
(8.14c)

4𝜋𝑀𝑇Born, n/pole(∓1,∓1
2 → 0,± 1

2 ) =
𝑄
√

2𝑀

(
F1F2−G2

2 +
4𝑄2

𝑀2 G
2
1

)
−
√

2𝑄(𝑄2 + 𝜈2)
𝑀2𝜈

G1G2

± 𝑄
√︁
𝑄2 + 𝜈2
√

2𝑀𝜈

[
2
𝜈

𝑀
F2G1 + (F1 +F2) G2

]
(8.14d)

Finally, combining the dispersion relations (8.5) with the optical theorem (8.13) and the low-energy
theorems (8.14), we obtain the sum rules for the anapole moment,

(𝑍 +𝜘) 𝔞 =
𝑀3

8𝜋2𝛼em
lim
𝑄2→0

∫
𝑑𝜈

[
𝜎−
𝑇𝑇
−𝜎+

𝑇𝑇

]
(𝜈,𝑄2)

𝑄2 (8.15)

2Here the limit 𝑄→ 0 is taken before 𝜈→ 0

239



Sum rules for parity- and time-reversal-violating Compton scattering

𝜘𝔞 =
𝑀3

8
√

2𝜋2𝛼em
lim
𝑄2→0

∫
𝑑𝜈

[
𝜎+
𝐿𝑇
−𝜎−

𝐿𝑇
+𝜎+

𝑇𝐿
−𝜎−

𝑇𝐿

]
(𝜈,𝑄2)

𝜈𝑄
. (8.16)

and, similarly, for EDM

(𝑍 +𝜘)𝔡 = 𝑀2

4
√

2𝜋2𝛼em
lim
𝑄→0

∫
𝑑𝜈

𝑄

[
𝜎−𝐿𝑇 −𝜎+𝐿𝑇 +𝜎+𝑇𝐿 −𝜎−𝑇𝐿

]
(𝜈,𝑄2). (8.17)

Here 𝜘 is the AMM of particle 𝑁 , and 𝑍 is its charge number. Regarding Eq. (8.15), it is worth
mentioning that the following relation is assumed∫

𝑑𝜈
[
𝜎−𝑇𝑇 −𝜎+𝑇𝑇

]
(𝜈,𝑄2) = 0, (8.18)

which reflects the anapole moment renormalization. Thus, for the renormalized anapole moment, the
sum rule (8.15) should be written as

(𝑍 +𝜘) 𝔞 =
𝑀3

8𝜋2𝛼em
lim
𝑄2→0

∫
𝑑𝜈

𝜕

𝜕𝑄2

[
𝜎−𝑇𝑇 −𝜎+𝑇𝑇

]
(𝜈,𝑄2). (8.19)

Moreover, if one takes the limit 𝜈→ 0 before 𝑄2→ 0 for the invariant amplitude 𝜈𝑆3, then its Born
non-pole contribution will be

𝜈𝑆
Born, n/pole
3 = − 2

𝜋
𝑀F1G1, (8.20)

which allows for another sum rule for the anapole moment

𝑍𝔞 =
𝑀2

16
√

2𝜋2𝛼em
lim
𝑄2→0

∫
𝑑𝜈

[
(𝜎−
𝐿𝑇
+𝜎−

𝑇𝐿
) − (𝜎+

𝐿𝑇
+𝜎+

𝑇𝐿
)
]
(𝜈,𝑄2)

𝑄
. (8.21)

It also possible to find the generalization of the GDH and Schwinger sum rules to the considered
case of parity- and time-reversal-violation. Owing that at𝑄→ 0 for the parity-conserving combination
of TT helicity amplitudes we have(

𝑇+𝑇𝑇 +𝑇−𝑇𝑇
)Born, n/pole

= − 𝜈

2𝑀2𝜋
(F 2

2 −G
2
2 ), (8.22)

one can identify the extended GDH sum rule:

𝜘2−𝔡2 = − 𝑀2

4𝜋2𝛼em

∫
𝑑𝜈

𝜈

[
𝜎+𝑇𝑇 +𝜎−𝑇𝑇

]
(𝜈), (8.23)

which is in agreement with [465]. Given that the parity-conserving combination of LT helicity
amplitudes reads

𝑇𝐵+𝐿𝑇 +𝑇𝐵−𝐿𝑇 +𝑇𝐵+𝑇𝐿 +𝑇𝐵−𝑇𝐿 =𝑄
F1F2 +4G2

1𝑄
2/𝑀2−G2

2√
2𝜋𝑀2

, (8.24)
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we can write down the extended Schwinger sum rule

𝑍𝜘+𝔡2 =
𝑀2
√

2𝜋
lim
𝑄→0

∫
𝑑𝜈

𝑄

[
𝜎+𝐿𝑇 +𝜎−𝐿𝑇 +𝜎+𝑇𝐿 +𝜎−𝑇𝐿

]
(𝜈,𝑄2). (8.25)

8.2 Perturbative verification of the sum rules

8.2.1 Parity-violating pion-nucleon Yukawa coupling

p p
n

π+

p p
n

π+

Fig. 8.1 One-loop electromagnetic vertex with PV Yukawa coupling

At low energies, the P-violating 𝜋𝑁 interaction can be introduced in 𝜒PT Lagrangian via the
following term [466, 467]:

LPV
𝜋𝑁𝑁 =

ℎ1
𝜋√
2
𝜀𝑎𝑏3𝜋

𝑎 𝑁̄𝜏𝑏𝑁 = 𝑖ℎ1
𝜋 (𝜋+𝑝𝑛− 𝜋− 𝑛̄𝑝), (8.26)

with the parity-violating coupling ℎ1
𝜋 of pions to nucleons. The leading parity-violating contribution to

the electromagnetic current arises from the one-loop diagram shown in Fig. 8.1, where the P-violating
coupling (8.26) interferes with the parity-conserving coupling given by

L𝜋𝑁𝑁 = 𝑔𝜋𝑁 𝑁̄𝑖𝛾5 ®𝜋 · ®𝜏𝑁 =
√

2𝑖𝑔𝜋𝑁
(
𝜋+𝑛̄𝛾5𝑝 + 𝜋−𝑝𝛾5𝑛

)
+ ..., (8.27)

where 𝑔𝜋𝑁 = 𝑔𝐴𝑀𝑁/ 𝑓𝜋 . The corresponding renormalized contribution to the proton anapole moment
is calculated in [468]. In our notations, it reads

𝔞𝑝 =
𝑔𝐴𝑀𝑁 ℎ

1
𝜋

8
√
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(−4+ 𝜁2

𝜋𝑁
)

log
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√︃
−4+ 𝜁2
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
}
, (8.28)

where 𝜁𝜋𝑁 = 𝑚𝜋/𝑀𝑁 .
The sum rule (8.21) has been tested for both proton and neutron in the model with parity-violating

pion-nucleon Yukawa coupling, which is described above, at leading order. Note that at this order,
one has no contribution to the Pauli form factor. Therefore, the l.h.s. of the sum rule should give just
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the one-loop result for the anapole moment multiplied by the charge of the nucleon. However, the
tests showed that the sum rule holds up to (asymptotic) constants for both the proton and the neutron
cases. In accordance with the Sugawara-Kanazawa theorem [158], these constants originate from the
(constant) values of the corresponding Compton amplitudes at the infinite energies. The results can be
summarized as follows

1×𝔞p =
𝜕

𝜕𝑄2

[
2𝜋𝑀2

√︁
𝑄2 + 𝜈2𝑆

p
5 (𝜈,𝑄

2)
] ����
𝑄2→0
𝜈→∞

+ 𝑀3

8𝜋2𝛼em
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−𝜎+, p
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����
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,

(8.29)
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√︁
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𝑄2→0
𝜈→∞
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����
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.

(8.30)

The asymptotic constants for the proton and neutron are related as

𝜕
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48
√

2𝜋2
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𝑓𝜋
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48
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𝜋2

𝑔𝐴𝑀𝑁 ℎ
1
𝜋

𝑓𝜋
. (8.31)

The reason of such a relation becomes clear after looking at the diagrams which could contribute to
the asymptotic values of the Compton amplitudes in both cases. These diagrams are shown in Fig. 8.2.
In case of the proton, only the diagram (a) contributes, whereas for the neutron all three diagrams

(a) (b) (c)

Fig. 8.2 Box diagrams that may contribute to the asymptotic values of the Compton amplitudes.
Crossed diagrams are omitted as well as the diagrms with interchanged parity-conserving and parity-
violating couplings.

(a)-(c) could contribute. It turns out, however, that the last diagram (c) vanishes at infinitely large
energy. Given that the mathematical expression for diagram (a) is similar for proton and neutron, we
have the relation (8.31).
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8.2.2 Parity- and time-reversal-violating Yukawa coupling

The simplest way to introduce the parity and time-reversal violation simultaneously in 𝜒PT is to
consider the following Yukawa-type non-derivative interactions [469]:

L = 𝑔0𝑁 ®𝜋 · ®𝜏𝑁 +𝑔1𝑁𝜋3𝑁 +𝑔2𝑁𝜋3𝜏3𝑁. (8.32)

These terms correspond to the isospin singlet, vector and tensor interactions, respectively. Let us focus
on the singlet interaction and test sum rule (8.17) by obtaining the nucleon EDM.

N

π(a)

(b)

Fig. 8.3 The diagrams that are responsible for the nucleon EDM contribution. The parity- and
time-reversal-violating coupling is pointed by gray square.

The nucleon EDM, produced by the coupling 𝑔0, receives the contributions from the diagrams
shown in Fig. 8.3. In particular, the proton EDM comes form the diagrams (a) with the charged pion,
and the diagrams (b) with the neutral pion, while the neutron EDM involves the diagrams (a) and (b)
with only charged pion in the loop. Thus, the loop calculation yields the following results:

𝔡p = 𝑔0𝑔𝐴
𝑀

𝑓𝜋

[
𝑑𝑁 +2𝑑 𝜋

]
, (8.33)

𝔡p = 2𝑔0𝑔𝐴
𝑀

𝑓𝜋

[
𝑑𝑁 − 𝑑 𝜋

]
, (8.34)

where the loop integrals 𝑑𝑁 and 𝑑 𝜋 are given by
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. (8.36)
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Now let us obtain the polarized photoproduction cross sections relevant for the sum rules (8.17)
and (8.17). They can be divided by the charged and neutral pion photoproduction channel, 𝛾𝑁→ 𝜋±𝑁

and 𝛾𝑁→ 𝜋0𝑁 correspondingly:
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] }
, (8.37)

𝜎
𝛾𝑝→𝜋0𝑝
EDM =𝑄
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. (8.39)

where 𝑤 = 𝜈/𝑀 is the dimensionless energy, and 𝜆 ≡ 𝜆(
√

1+2𝑤, 𝜁𝜋𝑁 ,1) is the Kállen function.
Integration of these cross sections according to the sum rule (8.17) yields:
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1
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8.3 Summary and conclusions

We have extended the framework of forward doubly-virtual Compton scattering to include cases of
parity and time-reversal invariance violations, thereby establishing new sum rules for the anapole
moment (8.19) and electric dipole moment (8.17). These sum rules have been perturbatively tested in
B𝜒PT, which was extended to account for parity and time-reversal violations. In all cases, the sum
rule integrals were convergent but affected by asymptotic constants. Similar to the Schwinger sum
rule in 𝜒PT (cf. Sect. 6.3), we propose treating these constants as artifacts of low-energy theories,
which should be absent in properly UV-completed theories. Furthermore, neither of the sum rules
(8.19) and (8.17) is likely to be affected by problematic high-energy behavior due to the absence of
Pomeron contributions in these channels. The only possibility might be a parity-violating Odderon,
whose existence is questionable and, to the best of our knowledge, has not been evidently observed in
available data. Consequently, we consider the derived sum rules to be valid.

The direct practical application of these derived relations is somewhat nuanced. In the case of parity
violation, alongside the electromagnetic interaction described by the anapole moment contribution,
one must consider weak contributions primarily stemming from 𝑍0 boson exchange, which is beyond
the scope of the considered Compton scattering formalism. Moreover, the experimental measurement
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8.3 Summary and conclusions

of polarized cross sections with virtual photons, necessary for these sum rules, presents a significant
experimental challenge. For instance, determining the EDM of the neutron requires knowledge of the
corresponding cross sections to an extremely high precision. Therefore, the primary application of
these derived sum rules may lie in providing additional constraints on new physics models and testing
their self-consistency.
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Appendices

8.A Born contributions

q

N N
Γµ

p p′

µ

Fig. 8.4 Electromagnetic vertex of spin-1/2 particle 𝑁 .

Let us consider the electromagnetic current of the spin-1/2 particle 𝑁 with mass 𝑀 , which violates
𝑃 and 𝑇 symmetries. The gauge-invariant 𝛾𝑁𝑁 vertex, shown in Fig. 8.4 can be then parameterized
in the following way:

𝑢̄( ®𝑝 ′)Γ𝜇 (𝑞2)𝑢( ®𝑝) = 𝑢̄( ®𝑝 ′)
[
𝛾𝜇F1(𝑞2) + 𝑖𝜎

𝜇𝜈𝑞𝜈

2𝑀
F2(𝑞2)

+
𝑞2𝛾𝜇 − /𝑞𝑞𝜇

𝑀2 𝛾5G1(𝑞2) + 𝑖𝜎
𝜇𝜈𝑞𝜈

2𝑀
𝛾5G2(𝑞2)

]
𝑢( ®𝑝), (8.42)

𝑞𝜇𝑢̄( ®𝑝 ′)Γ𝜇 (𝑞2)𝑢( ®𝑝) = 0. (8.43)

Along with Dirac and Pauli form factors, F1 and F2, it contains the anapole form factor G1 and
the electric dipole form factor G2. At the limit of zero photon virtuality, the anapole form factor
corresponds to the anapole moment, G1(𝑄2→ 0) = 𝔞, while the electric dipole form factor yields
the EDM, G2(𝑄2→ 0) = 𝔡 of the target particle. These observables correspond to the following
non-relativistic electromagnetic interactions

H anapole
int = −𝔞 ®𝜎 ·

[
®∇× ®𝐵− 𝜕

®𝐸
𝜕𝑡

]
, HEDM

int = − 𝔡

2𝑀
®𝜎 · ®𝐸, (8.44)

where ®𝐸 and ®𝐵 are electric and magnetic fields, respectively, and ®𝜎 is the spin vector of Pauli matrices.
Substituting this vertex into the Born graph of Compton scattering, we obtain the following Born
contributions to the invariant amplitudes 𝑇𝑖 and 𝑆𝑖:

𝑇Born
1 = −

F 2
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, (8.45b)
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𝑇Born
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Chapter 9

Summary and outlook

In this thesis, several outstanding problems in contemporary hadronic physics, with a particular
focus on exotic hadrons, LbL scattering, the muon AMM, Compton scattering and electromagnetic
polarizabilities, have been addressed. The key findings are summarized below, accompanied by a
brief outlook on potential directions for future research.

1. Summary: An improved parametrization for elastic partial-wave amplitudes based on the
dispersive representations for the inverse amplitudes was proposed. This so-called dispersive
inverse amplitude approach (DIA) rigorously incorporates unitarity and analyticity constraints.
The left-hand cut contributions were accounted for in a model-independent manner using an
expansion in a conformal variable that maps the left-hand cut plane onto the unit circle. Special
attention was given to the S-wave scattering, considering the possible Adler zero contribution,
while higher partial waves were treated with carefully implemented angular momentum barrier
factors. Our method generalizes existing approaches like the inverse amplitude method and its
modified versions, without relying on specific Lagrangian-based forms for the left-hand cuts
and subtraction constants. This generality is particularly advantageous for analyzing lattice
calculations with relatively large pion masses or for scattering processes involving particles
like 𝜋𝜋, 𝜋𝐾, 𝜋𝐷, and 𝐾𝐷. Additionally, these parametrizations are beneficial for fitting
experimental data constrained by Roy-like equations or forward dispersion relations. The
framework’s generality makes it a robust tool for analyzing any lattice or experimental data
within the elastic scattering region.

Outlook: Although the DIA method may be employed in future lattice analyses, it can compete
with the mIAM method in the context of chiral extrapolation. By incorporating the essence of
𝜒PT through Adler zero or threshold parameters while fitting highly precise lattice QCD data,
the DIA could impose additional constraints on the low-energy constants.

2. Summary: In exploring the real LbL scattering in ultraperipheral heavy-ion collisions, we
developed a phenomenological model based on forward LbL sum rules that treat both low-energy
and Regge high-energy regions uniformly. This model relies on only three observables (polarized
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𝛾𝛾→ hadrons cross sections) pertinent to forward real LbL scattering. We demonstrated,
through various examples like QED, sQED, and scalar meson exchange contributions, that this
minimal input suffices for a satisfactory low-energy description. For the pQCD region at high
energies, direct calculations of leading pQCD contributions are necessary, and we proposed a
systematic matching between the low-energy plus Regge regions and the pQCD regime. This
model serves as a practical background estimate for LbL scattering at all scattering angles and
can be readily incorporated into existing LbL event simulators, which is highly beneficial for
future LHC runs.

We also investigated the sensitivity of LbL scattering to new physics by analyzing the contribu-
tions from newly observed states in the di-𝐽/𝜓 mass spectrum, which have been identified by
the LHCb Collaboration and confirmed by CMS and ATLAS. We estimated their two-photon
decay widths using various methods, including the VMD model, quark models treating the
resonances as diquark-antidiquark bound states, and by fitting the resonance parameters to LbL
scattering data measured by ATLAS. Our findings suggest that these states could account for
the mild excess observed in the LbL scattering data over the SM predictions between 5 and 10
GeV. The extracted two-photon decay widths hint at a diquark–antidiquark nature of at least one
of the tetraquark states.

Outlook: In order to draw statistically significant conclusions, more LbL scattering data
from future LHC runs are necessary. Additionally, prospective measurements of two-photon
hadroproduction in ultraperipheral heavy-ion collisions offer an alternative and clean channel
to study these exotic states. Complemented by lattice QCD studies, these experiments could
elucidate the nature of fully charmed tetraquarks in detail, identifying their internal structures
and quantum numbers.

3. Summary: Further, we derived a Cottingham-like formula for the leading electromagnetic
correction to the HVP, expressed primarily in terms of the traced forward hadronic LbL scattering
amplitude. Despite being a physical amplitude, contracting the incoming and outgoing photon
lines leads to a logarithmically divergent momentum integral in the UV region. We outlined the
necessary counterterms to cancel this divergence using the OPE and verified all the results in
QED and sQED at two loops. Importantly, the finite parts of these counterterms are sensitive to
the specific point in the parameter space of isospin-symmetric QCD chosen as the basis for
calculating isospin-breaking effects.

Implementing the Cottingham-like formula with a finite regulator on the order of a few hundred
MeV appears to be the most promising approach. This regularization involves replacing
the internal photon line with a Pauli-Villars regulated propagator or any convenient form of
propagator regularization. The leading QED correction to the HVP, with such a regularized
photon propagator, can be computed in lattice QCD using coordinate-space techniques similar to
those used for calculating the HLbL contribution to the muon AMM, while avoiding power-law
finite-size effects. This approach is particularly natural when working on very large lattices, as
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demonstrated in master-field simulations. Within this new method, a direct comparison becomes
possible between the lattice QCD calculation and the Cottingham-like formula prediction. For
the latter, it is crucial that the traced forward HLbL amplitude can be represented dispersively
in terms of the 𝛾∗𝛾∗→ hadrons fusion cross section, with one subtraction term. The lattice
provides UV regularization, eliminating the need to handle the photon zero mode on a finite
lattice due to the photon mass introduced in the regularization.

Outlook: The proposed approach to electromagnetic corrections to the HVP should be fully
implemented on the lattice, an effort that is already underway. Future measurements of polarized
two-photon fusion cross sections, involving photons with space-like virtualities, will enable
data-driven results based on the dispersive formulation of a Cottingham-like formula. Within the
framework of the original Cottingham formula, there is potential to compute the electromagnetic
contribution to the proton-neutron mass difference using a regularized photon propagator on
the lattice. Such a computation could then be directly compared, without scheme-dependent
uncertainties, to predictions from the well-established dispersive treatment of the forward
Compton amplitude.

4. Summary: We examined the Schwinger sum rule approach to the hadronic contributions to
the AMM of the muon. Starting with basic examples of neutral scalar, pseudoscalar, vector,
and axial-vector contributions at the one-loop level, we identified contributions influenced
by asymptotic constants. According to the Sugawara–Kanazawa theorem, these constants,
corresponding to the values of the amplitude at infinite energy, vanish in a complete calculation
within a properly UV-completed theory, thereby validating the Schwinger sum rule. This
cancellation was explicitly demonstrated in B𝜒PT for the proton’s AMM, where the theory was
completed by the inclusion of the 𝜎-meson. A similar result was found for the one-loop SM
contributions to the muon’s AMM arising from 𝑍0 and Higgs boson exchanges. However, for
contributions from the𝑊± bosons, certain caveats were identified, particularly related to virtual
photons involved in the Schwinger sum rule observable, indicating that fully incorporating this
contribution may require further modifications. Nonetheless, these challenges do not hinder the
application of the Schwinger sum rule to the hadronic contributions to the muon’s AMM, as the
electroweak corrections influence the hadronic photoabsorption cross section only at higher
orders.

To demonstrate the applicability of the Schwinger sum rule to the HLbL correction to the
muon AMM, we considered the leading contribution from the 𝜋0 exchange. In terms of
the photoabsorption cross section, the dominant contribution related to this exchange likely
originates from the pion photoproduction channel. Using a simple VMD parametrization for
the pion transition form factor, we obtained a reasonable estimate for the muon AMM from this
channel. Other contributions were discussed and determined to be small, further supported by
an estimation of contribution from one of the electromagnetic channels.
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Outlook: A proper generalization of the Schwinger sum rule approach to the entire electroweak
sector of the SM is of significant interest. Moreover, to provide stronger support for the
Schwinger sum rule approach to the HLbL contribution to the muon AMM, quantitative
estimates for the remaining channels, specifically II and IV, depicted in Fig. 6.16, should be
provided. As soon as the LT-polarized cross section is measured in electron-muon scattering 1,
the Schwinger sum rule will offer an alternative and fully data-driven check of the hadronic
contributions to the AMM of the muon.

5. Summary: We also revisited the Bernabéu-Tarrach (BT) sum rule for the nucleon electric
polarizability, concluding that it is valid in perturbative QFT, despite exhibiting slower con-
vergence compared to the commonly used Baldin sum rule. Previous dismissals of this sum
rule were based on its failure in perturbative QED tests, and heuristic arguments from Regge
phenomenology. We established at least one simple example where the BT sum rule passes
the perturbative test – the 𝜋+𝑛 channel at LO B𝜒PT. In other considered cases the sum rule
holds up to a constant resulting from unphysical behavior of the virtual Compton scattering
amplitude at infinite energy, an artifact understood within low-energy theories. The Regge
behavior of the longitudinal photoabsorption cross section, 𝜎𝐿 , when naïvely inferred from
the transversal photoabsorption cross section, 𝜎𝑇 , would invalidate the applicability of the
unsubtracted dispersion relation for the longitudinal amplitude, 𝑇𝐿 . An implication of the
unsubtracted dispersion relation for 𝑇𝐿 is a sum rule for the 𝑇1 subtraction function, potentially
allowing for a fully data-driven evaluation of the proton polarizability contribution to the Lamb
shift in (muonic) hydrogen.

In context of the BT sum rule, we also revisited the meson 𝜒PT result for the static electric
polarizability of the neutral pion. By the alternative calculation in the light-front quark model
with scalar quarks, we obtained a positive result for this polarizability, thus qualitatively
contradicting the leading-order 𝜒PT result. However, the obtained contradiction can be
interpreted as a quark-connected contribution, which, in terms of the lattice QCD, should
be supplemented with a (possibly negative and large) disconnected one. This disconnected
contribution may then correspond with a charged-pion loop between the photons and the neutral
pion in the LO 𝜒PT result, as shown in Fig. 9.1.

Outlook: Although the naïve parton model suggests a significant suppression of 𝜎𝐿/𝜎𝑇 with
increasing energy, the Regge behavior of the longitudinal cross section remains insufficiently
understood to draw definitive conclusions. Future data from the Electron-Ion Collider (EIC)
may provide deeper insights into this behavior. The data-driven evaluation of the subtraction
function 𝑇1 via the proposed sum rule requires high-quality parametrizations of 𝜎𝐿 (𝜈,𝑄2)

1For MuOnE kinematics, provided in [470], with a muon beam line energy 𝐸μ = 150GeV, the coverage of the
hadroproduction region starting from the pion photoproduction up to 400 MeV requires detection of the scattered electrons
at the energy 𝐸 ′𝑒 ≈ 1 GeV spanning the scattering angle 𝜃𝑒 = 0..3 mrad.
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Fig. 9.1 Disconnected contributions to the forward Compton scattering on a nucleon or pion in lattice
QCD (left) and the associated terms in 𝜒PT (left).

for the proton. We expect that including the two-pion production channel, in addition to the
single-pion production parametrized by MAID, will sufficiently saturate the sum rule.

Concerning the neutral pion electric polarizability, the lattice QCD calculation of these separate
contributions is highly desirable. The obtained results, in turn, should be compared to the
upcoming calculation in the light-front quark model with spin-1/2 quarks.

6. Summary: Finally, we extended the framework of forward doubly-virtual Compton scattering
to include cases of parity and time-reversal invariance violations, establishing new sum rules for
the anapole moment and EDM. These sum rules were perturbatively tested in B𝜒PT, which was
extended to account for parity and time-reversal violations. In all cases, the sum rule integrals
were convergent but affected by asymptotic constants. Similar to the Schwinger sum rule in 𝜒PT,
we propose treating these constants as artifacts of low-energy theories, which should be absent
in properly UV-completed theories. The derived sum rules are likely valid due to the absence of
Pomeron contributions in these channels. Practical applications of these relations are nuanced;
for instance, measuring the EDM of the neutron requires knowledge of corresponding cross
sections to extremely high precision, presenting significant experimental challenges. Therefore,
the primary application of these sum rules may lie in providing additional constraints on new
physics models and testing their self-consistency.

Outlook: Further testing of these sum rules in the SM and its extensions is an intriguing
avenue for exploration, which already requires a generalization of the framework to properly
account for all electroweak contributions. On the experimental side, precise measurements of
doubly-polarized electron-proton scattering are essential.
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Nomenclature

Greek Symbols

𝛼em electromagnetic fine structure constant

𝜘 anomalous magnetic moment

Acronyms / Abbreviations

AMM anomalous magnetic moment

B𝜒PT (covariant) baryon chiral perturbation theory

c.o.m center-of-momentum frame

c.o.m. center-of-momentum frame

d.o.f. degree(s) of freedom

EDM electric dipole moment

HLbL hadronic light-by-light

HVP hadronic vacuum polarization

LbL light-by-light

LO leading order

NLO next-to-leading order

NNLO next-to-next-to-leading order

ppm parts per million

pQCD perturbative quantum chromodynamics

QCD quantum chromodynamics

QED quantum electrodynamics
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Nomenclature

QFT quantum field theory

SM Standard Model

sQED scalar quantum electrodynamics (with scalar electrons)

UV ultraviolet

VMD vector meson dominance

VP vacuum polarization
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