
RUNNING ALPS ACROSS SCALES

Effective Field Theories

and Phenomenology

of Axion-Like Particles

Anne Mareike Galda
born in Mainz, Germany

Dissertation submitted for the award of the title

Doctor of Natural Sciences

to the Faculty of Physics, Mathematics and Computer Science
Johannes Gutenberg University Mainz

August 14, 2025



Betreuer und erster Gutachter: Removed for privacy reasons.

Zweiter Gutachter: Removed for privacy reasons.
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Units and Notation

In this work, natural units are employed, which means that one sets

ℏ = c = kB = G = 1 .

This implies that masses, temperatures and energies have the same units and that
length and time both carry inverse energy units, which are measured in eV where
1 eV ≈ 1.6 × 10−19 J. Unless explicitly stated otherwise, Einstein’s summation-
convention is imposed, where double indices are contracted. Vector components
provided with latin indices run from one to three, while greek indices are used for
spacetime vectors and extend from one to four. Indices are raised and lowered with
the metric tensor gµν of the Minkowski metric via kµ = gµνk

ν , where the signature
(+,−,−,−) is used. For the contraction of a four-vector kµ with a gamma matrix γµ
the Feynman-slash notation, /k ≡ kµγµ, is applied. For the Levi-Civita symbol ϵµναβ

the convention ϵ0123 = 1 is chosen.
Throughout this thesis, red dashed lines in Feynman diagrams correspond to axions
or ALPs, while black dashed lines denote the Higgs. Solid lines with (without) arrows
symbolize leptons and quarks (hadrons). Wavy lines show photons or heavy gauge
bosons, and curly lines are used for gluons.
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Abstract

The Standard Model of particle physics (SM) is an astonishingly successful theory that
describes nature with almost inconceivable accuracy. Yet, it is incomplete, as several
hints point toward the existence of additional particles outside its field content. One
of the most promising candidate for such a new state is the axion-like particle (ALP),
a generalization of the axion, initially proposed to solve the strong CP problem.
This thesis explores ALP effective theories and their phenomenological implications
across different energy scales, divided into four parts. The first part is based on the
ALP–SMEFT interference, where one-loop ALP exchange generates dimension-six
SMEFT operators. By running these effects down to experimental scales and using
existing bounds on SMEFT Wilson coefficients, strong model-independent constraints
on ALP–SM couplings are derived that are compatible with or even surpass direct
searches. In the second part, this concept is systematically extended to the low-energy
effective field theory (LEFT), showing how ALPs can contribute to the (g − 2)µ via
the ALP–LEFT interference. Moving down to even lower energies at and below the
scale of chiral symmetry breaking, a consistent ALP extension of chiral perturbation
theory at next-to-leading order is constructed. Applying this framework to the flavor-
violating decays K± → π±a provides the strongest constraints on ALP–SM couplings
for ma ≲ 300 MeV. Finally, by running the modified RG equation of the quartic
Higgs coupling up to the Planck scale, ALP influences on the electroweak stability are
analyzed, as well as a possible gauge coupling unification scenario in the presence of
this new particle.
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Kurzzusammenfassung

Das Standardmodell der Teilchenphysik (SM) stellt vermutlich einen der bedeutend-
sten Durchbrüche der Physik dar und erlaubt es, die Natur mit fast unvorstellbarer
Genauigkeit zu beschreiben. Dennoch wissen wir, dass es ein unvollständiges Mod-
ell ist, da eine Vielzahl von direkten und indirekten Hinweisen auf die Existenz von
Teilchen hindeuten, die über das Spektrum des SM hinausgehen. Einer der vielver-
sprechendsten Kandidaten für solch neue Felder ist das axionartige Teilchen (ALP),
eine Verallgemeinerung des Axions, das ursprünglich vorgeschlagen wurde, um das
starke CP Problem zu lösen. Diese Dissertation untersucht effektive Theorien für
ALPs auf verschiedenen Energieskalen, sowie die daraus resultierenden phänomenol-
ogischen Implikationen. Dazu ist diese Arbeit in vier Teile gegliedert. Der erste
Teil basiert auf dem Konzept der ALP–SMEFT-Interferenz, der Beobachtung, dass
Ein-Schleifen-Diagramme mit virtuellem ALP-Austausch Dimension-sechs SMEFT-
Operatoren erzeugen. Durch das Lösen der Renormierungsgruppen (RG)-Gleichungen
von der ALP-Skala bis hinunter zur experimentellen Skala und der Verwendung beste-
hender Grenzen an die SMEFT-Wilson-Koeffizienten werden starke, modellagnos-
tische Grenzen für die ALP–SM-Kopplungen abgeleitet, die mit direkten Suchergeb-
nissen übereinstimmen oder diese sogar übertreffen. Im zweiten Teil wird dieses
Konzept systematisch auf die effektive Feldtheorie niedriger Energien (LEFT) aus-
geweitet. Nach systematischer Konstruktion der ALP–LEFT-Interferenz wird ge-
zeigt, wie bisher nicht eingeschränkter ALP-Parameterraum zum Wert des promi-
nenten (g − 2)µ beitragen kann. Bei noch niedrigeren Energien, an und unterhalb
der Skala der chiralen Symmetriebrechung, wird die erste konsistente, nicht-triviale
Erweiterung der bekannten Operatorbasen der chiralen Störungstheorie in Anwesen-
heit von ALPs in führender und nächstführender Ordnung konstruiert. Als Anwen-
dung werden die flavorverletzenden Zerfälle K± → π±a betrachtet, die die stärk-
sten Teilchenphysik-Limits für ALP–SM-Kopplungen für ma ≲ 300 MeV liefern. Im
abschließenden Kapitel wird durch das Lösen der modifizierten RG-Gleichung der
quartischen Higgs-Kopplung gezeigt, welchen Einfluss ALPs auf die Stabilität des
elektroschwachen Vakuums haben können, sowie ein mögliches Szenario der Verein-
heitlichung der Eichkopplungen in Anwesenheit dieses neuen Teilchens untersucht.
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Preface: An ALPine Journey

Through Energy Scales

When we run or hike through mountains, the landscape around us changes constantly,
and new perspectives emerge with each step. Beginning our journey at the foothills,
we can observe the smallest details of our starting point, such as the leaves on the
trees or the structure of the buildings. But once we start climbing higher, these fea-
tures eventually fade and become unrecognizable to us. As we reach the summit,
however, a broader perspective unfolds, revealing a magnificent view that was hid-
den from sight below. Similarly, when we describe physical processes at very low
energy scales, we get a different view from that at very high energies, and the laws
of nature that describe phenomena at these levels even seem, at first glance, to be
completely decoupled from each other. Yet, we can traverse and describe all energy
scales smoothly and consistently, as long as we adjust our perspective accordingly.
For a physicist, this “perspective” is provided by the relevant degrees of freedom and
the corresponding effective (field) theory at a given scale. While we can apply New-
ton’s laws to macroscopic objects to describe their motion, moving down to the level
of nucleons requires chiral perturbation theory for a consistent treatment of their in-
teractions. The most fundamental degrees of freedom known today are those used
to calculate processes at the highest energies reachable at colliders: the particles of
the Standard Model of Particle Physics (SM), with the discovery of its last missing
piece, the Higgs boson, announced by the ATLAS and CMS collaborations at CERN
on July 4, 2012 [1, 2]. It is more than astounding with what accuracy this theory
allows us to compute physical quantities. For instance, the experimentally measured
value of the electron anomalous magnetic moment agrees with the theoretical predic-
tion to a precision of ∆ae = ae,exp − ae,theo = (4.8 ± 3.0) × 10−13 [3, 4]. Yet, even
tiny differences like this one make physicists wonder if there is a deeper explanation
to it. But there is even more striking evidence for physics beyond the particle spec-
trum of the SM: A plethora of independent observations points toward the fact that
“ordinary” matter contributes only 5% to the total energy density of the Universe,
while the dark matter, an unknown form of matter that interacts gravitationally but
has no or very weak interactions with light, accounts for roughly 27% [5]. Moreover,
there are inconsistencies within the SM that remain to be explained. For instance,
although neutrinos are theoretically predicted to be massless, the discovery of neu-
trino oscillations, recognized with the 2015 Nobel Prize in Physics [6], demonstrates
that they must possess a nonzero mass. Also in the Higgs sector, mysteries remain
to be explained, such as the so-called instability problem, which refers to the fact
that the measured value of the Higgs mass indicates that the electroweak vacuum is
only meta-stable [7–11]. Another notable problem arises from the observation that
CP is conserved in strong interactions, even though no symmetry of the SM prohibits
such an interaction. The last conundrum was elegantly addressed by Roberto Peccei
and Helen Quinn who proposed an additional global U(1)PQ symmetry, whose spon-
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1. An ALPine Journey Through Energy Scales

taneous breaking gives rise to a pseudo Nambu–Goldstone boson, called the axion1.
When it acquires a vacuum expectation value, the axion dynamically cancels the CP -
violating term of quantum chromodynamics (QCD), providing a natural solution to
the problem. A generalization of axions are axion-like particles (ALPs), which refer
to any light, gauge-singlet pseudo Nambu–Goldstone boson arising from the sponta-
neous breaking of a new, global U(1) symmetry at a high UV-scale Λ, but they do
not necessarily solve the strong CP problem. ALPs spanning a wide range of masses
and couplings naturally arise in many extensions of the SM, such as composite-Higgs
models [13, 14] or supersymmetric extensions [15–17], and can potentially solve many
more questions apart from the strong CP problem. They have, for instance, been
suggested as candidates for dark matter [18], but can also solve discrepancies be-
tween theoretical prediction and experimental measurement, with examples being the
anomalous magnetic dipole moments of the electron and the muon [19], although re-
cent developments have resolved these anomalies within the SM. Due to their classical
shift-symmetric interactions, ALP–SM couplings are of dimension-five order or higher,
yielding a suppression by at least one factor of 1/Λ. Search strategies for these elusive
particles involve a diverse range of approaches, including cosmological observations
[20, 21], astrophysical measurements [22, 23], collider probes [24–29], and precision
studies of flavor-violating transitions in the quark and lepton sectors [19, 30–34].
In this thesis, we will go on a journey through the theoretical and phenomenological
landscape of ALPs. As we cross different scales, we will encounter various effective
field theories with different degrees of freedom that provide complementary perspec-
tives on ALP searches. Beginning at the scale where it is generated from the breaking
of the global U(1) symmetry, we will see in Chapter 1 that its appearance as a vir-
tual particle in one-loop diagrams generates dimension-six operators of the Standard
Model Effective Field Theory (SMEFT), an effect called the ALP–SMEFT inter-
ference [35]. Chapter 2 of this work will explore how renormalization group (RG)
running of this phenomenon from the ALP scale down to the experimental scale, to-
gether with existing bounds on SMEFT Wilson coefficients, can be used to put strong
constraints on the dimension-five ALP–SM couplings. Moving further down to even
lower energies, below the scale of electroweak symmetry breaking, the effective degrees
of freedom of the SM change, and also the heavy particles are no longer present as
external states. The appropriate theory in this regime is the Low-Energy Effective
Field Theory (LEFT), and Chapter 3 systematically extends the previously described
concept to the ALP–LEFT interference. We will see how this framework and so far
unconstrained ALP parameter space contributes to the prominent value of (g − 2)µ.
Continuing our journey below the scale of chiral symmetry breaking in Chapter 4,
the effective degrees of freedom will change once more and are then given by the
pseudoscalar mesons and baryons instead of free quarks. Here, the first consistent,
non-trivial extension of the known operator bases of chiral perturbation theory in the
presence of ALPs at leading and next-to-leading order will be constructed. As an ap-
plication, the flavor-violating decays K± → π±a will be considered that provide the
strongest particle-physics constraints on ALP–SM couplings for ma ≲ 300 MeV. In
addition, these limits will be translated to ALP-nucleon couplings, which, so far, were

1The name “axion” was coined by Frank Wilczek after a brand of detergent, as the particle “cleans
up” the strong CP problem [12].
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1. An ALPine Journey Through Energy Scales

only constrained by astrophysical measurements and non-accelerator experiments. In
the final chapter, Chapter 5, we will run the energy scales back up and continue even
further, all the way to the Planck scale around O(1019GeV). From the highest en-
ergy scale where the known laws of physics apply, we will review the problem of the
metastability of the electroweak vacuum in the SM. We will see how the presence of
the ALP, by modifying the RG equations of the quartic Higgs coupling, can either
tighten or worsen this scenario, and what effect it can have on the scale evolution of
the three gauge couplings of the SM. To begin with, however, we need a few theoreti-
cal basics about the SM, its symmetries and particles, as well as ALPs, which will be
described in the next chapter.
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Chapter 1: Theoretical Foundations

This chapter provides a general overview of the fundamental concepts underlying this
thesis. It begins with an introduction to the Standard Model of Particle Physics
based on [36, 37], followed by a brief discussion of effective field theories. Next,
various unresolved phenomena and conceptual challenges within the Standard Model
are outlined, leading to an introduction to axions and ALPs. In addition to the
introduction provided here, each subsequent chapter starts with an explanation of the
specific theoretical foundations relevant to its subject.

1.1. The Standard Model of Particle Physics

The Standard Model of Particle Physics (SM) provides a unified description of three
of the four fundamental forces, the strong, the weak and the electromagnetic force,
and offers a mathematically consistent framework for the description of particle inter-
actions. It is based on the local symmetry group

SU(3)c × SU(2)L × U(1)Y , (1.1)

where the special unitary group SU(3)c corresponds to the strong interactions whose
spin-one force carriers are called gluons. The symmetry groups SU(2)L and U(1)Y
describe the weak and the electromagnetic interactions, mediated by the W - and
the B-bosons, respectively. Schematically, the physical particle content of the SM
Lagrangian and the interactions among those fields can be written as

LSM = Lgauge + Lfermion + LHiggs + LYukawa . (1.2)

In more detail, the first term, Lgauge, contains the kinetic terms of the gauge bosons,
as well as their self-interactions, and is given by

Lgauge = −
1

4

(
GaµνG

a,µν +W I
µνW

I,µν +BµνB
µν
)
, (1.3)

where Gaµν , W
I
µν and Bµν are the field-strength tensors of SU(3)c, SU(2)L and U(1),

respectively. Correspondingly, a runs from 1 to 8, while the SU(2)L index is I ∈
{1, 2, 3}. The second term in (1.2) contains the kinetic term of the fermions, as well
as the interactions with the gauge bosons. It is given by

Lfermion = ψ̄F i /D ψF , (1.4)

where the sum extends over the chiral fermion multiplets F = {q, l, uR, dR, eR} and
the covariant derivative reads

Dµ = ∂µ − ig1 YBµ − ig2 τjW j
µ − igs taGaµ . (1.5)

The set of fermions can be subdivided into two groups, the quarks, that transform
as triplets under SU(3)c, and leptons, that are SU(3)c singlets. No explicit mass
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Field Representation Isospin T3 Electric Charge

q =

(
uL
dL

) (
3, 2, 1/6

) (
1/2
−1/2

) (
2/3
−1/3

)
uR

(
3, 1, 2/3

)
0 2/3

dR
(
3, 1, −1/3

)
0 −1/3

l =

(
νL
eL

) (
1, 2, −1/2

) (
1/2
−1/2

) (
0
−1

)
eR

(
1, 1, −1

)
0 −1

H
(
1, 2, 1/2

)
-1/2 0

Table 1.1.: Representations of the fermions and the Higgs boson under the SM gauge groups,
as well as their isospin and electric charge. The hypercharge Y, the isospin T3 and the electric
charge are related via the Gell–Mann–Nishijima equation Q = T3 + Y [38, 39].

terms are present for the fermions in the SM. The full transformation properties of
the fermion fields under the SM gauge groups are summarized in Table 1.1. Next,
LHiggs contains the Higgs potential, as well as its kinetic term and reads

LHiggs = (DµH)†(DµH) +m2
HH

†H − λ

2
(H†H)2 , (1.6)

where the Higgs-doublet is given by H = (H+, H0)T and mH is the Higgs mass
parameter. Finally, the Higgs-fermion interactions are parametrized by

LYukawa = −
(
q̄ YdH dR + q̄ Yu H̃ uR + l̄YeH eR + h.c.

)
, (1.7)

where the Yi with i = u, d, e denote the Yukawa matrices and H̃ = iσ2H.

1.2. Electroweak Symmetry Breaking

Even though it may appear to contradict the statement made in the preceding section,
fermions are not massless particles and the observed mass spectrum even spans over
several orders of magnitude. This apparent contradiction is resolved by the Higgs
mechanism, which leads to a spontaneous breaking of the full SM symmetry down to

SU(3)c × SU(2)L × U(1)Y
EWSB−→ SU(3)c × U(1)EM . (1.8)

In more detail, the potential in (1.6) is minimized when the Higgs doublet acquires a
vacuum expectation value (vev) of the form

⟨0|H|0⟩ = 1√
2

(
0
v

)
, (1.9)

with v =
√

2m2
H/λ ≈ 246 GeV [40]. Applying a unitary gauge transformation, the

Higgs field can then be written as

H =
1√
2

(
0

v + h

)
, (1.10)
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1. Theoretical Foundations

where h denotes the physical Higgs field with ⟨h⟩ = 0. Expanding around the vev in
the Lagrangian yields the massive gauge bosons as a linear combination of Wµ and
Bµ as

W±
µ =

1√
2
(W 1

µ ∓ iW 2
µ) with mW =

g2 v

2
,

Z0
µ =

1√
g22 + g21

(gW 3
µ − g′Bµ) with mZ =

√
g22 + g21

v

2
. (1.11)

In addition, there is one vector boson, the photon, that does not acquire a mass,

Aµ =
1√

g21 + g22
(g1W

3
µ + g2Bµ) with mA = 0 . (1.12)

Analogously, inserting the Higgs-field expansion in the Yukawa-terms of the Lagrangian
(1.6) yields

LYukawa = −Y ij
u ūLi

(v + h)√
2

uRj − Y ij
d d̄Li

(v + h)√
2

dRj − Y ij
e ēLi

(v + h)√
2

eRj + h.c.

(1.13)

In order to find the physical fermion masses, the mass matrices

Mij
a =

v√
2
Y ij
a , (1.14)

remain to be diagonalized by means of a unitary transformation,

U−1
R Mu UL = diag(mu,mc,mt) ,

D−1
R MdDL = diag(md,ms,mb) ,

E−1
R MeEL = diag(me,mµ,mτ ) . (1.15)

1.3. Effective Field Theories

Although one might without doubt call the SM one of the most important achieve-
ments of mankind, it is a relatively recent theory. Many outstanding discoveries,
such as electromagnetism, thermodynamics, and general relativity, were successfully
explained long before the development of today’s most fundamental description of na-
ture. This raises the question of how a consistent theory can be constructed without
complete knowledge of its underlying elementary constituents. The key concept ad-
dressing this issue is effective field theory (EFT), and is based on three pillars [41]: the
expansion in a small parameter, the identification of the relevant degrees of freedom,
and symmetries. To illustrate this based on the review [42], consider the computation
of a scattering amplitude at an energy scale µ≪ Λ, where Λ corresponds to the mass
scale of a heavy, elementary state in the full theory. Since this state can appear as
a virtual, but not as an external degree of freedom at the low energy scale µ, it can
be removed from the Lagrangian by replacing the couplings of the remaining fields
with an effective interaction that accounts for the virtual effects of the heavy particle.
The effective Lagrangian is constructed by systematically including all operators that
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1. Theoretical Foundations

respect the symmetries of the underlying theory, ordered in an expansion in 1/Λ. This
approach, known as the operator product expansion, is given by

LEFT =
∑
d

nd∑
i

C
(d)
i (µ)

Λd−4
Q

(d)
i (µ) , (1.16)

where µ is called the factorization- or renormalization-scale and d denotes the mass-
dimension. In essence, by writing down (1.16), the full theory is simplified by retaining
only the relevant degrees of freedom at the expense of introducing an infinite tower
of local operators. They are multiplied by a-priori unknown couplings Ci that are
referred to as Wilson coefficients and implicitly contain information about the un-
derlying ultra-violet (UV) physics. Returning to the historical examples mentioned
earlier, such as the formulation of electromagnetism, it becomes clear that not all
fundamental degrees of freedom are necessary for describing a given process, as long
as those that contribute directly are correctly identified and accounted for.

Today, it is often assumed that the SM is the low-energy effective theory of a more
complete theory, which includes additional, yet-unknown heavy degrees of freedom
that lie beyond the energy scales accessible to current particle colliders. In this sce-
nario, one can write down an expansion as in 1.16, to include the effective higher
dimensional operators generated by the new heavy fields as

L = LSM +
1

Λ
L5 +

1

Λ2
L6 + . . . , (1.17)

and the framework that systematically organizes these additional operators is called
the Standard Model Effective Field Theory (SMEFT). At dimension five in the SMEFT,
there is only one operator, and it generates masses for the neutrinos. It reads [43]1

L5 = (H̃†lp)T C (H̃†lr) , (1.18)

with charge-conjugation matrix C = iγ2γ0. At dimension six, on the other hand, the
number of independent operators that can be built out of SM fields while respecting
the SM symmetries increases to 2499 (59 when omitting flavor indices)2. Since the
full list of non-redundant operators was found by four physicists affiliated with the
University of Warsaw, the dimension-six minimal SMEFT basis is commonly referred
to as the Warsaw basis [46].

Concerning the Ci’s in (1.16), there are in general two procedures via which they
can be determined: in a top-down EFT, one can calculate a physical process in both
theories, the full and the effective one, and require the two results to be equal, i.e.

⟨f | Lfull |i⟩ !
=
∑
d

nd∑
i=1

C
(d)
i (µ)

Λd−4
⟨f |Q(d)

i (µ) |i⟩ . (1.19)

1This operator is sometimes referred to as the “Weinberg operator”. In this thesis, this name is
used for the dimension-six three-gauge-boson operators. To avoid confusion, no specific name is
assigned to the dimension-five operator here.

2At higher mass dimensions, the number of effective operators increases and can be found using the
Hilbert series technique, as done in [44, 45].
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1. Theoretical Foundations

Truncating the sum at a fixed mass dimension then determines the Wilson coefficients
up to higher-order power corrections. On the other hand, if the full theory is unknown,
a bottom-up approach still allows for a systematic parametrization of the effects of
heavy, unknown states. In this case, however, the Wilson coefficients need to be fixed
by experiment. An important observation is the fact that the scale µ in (1.16), which
separates UV contributions between the operators Qi and the Wilson coefficients Ci,
is arbitrary. As a result, any physical amplitude must remain independent of µ. In
other words, the equation

d

d lnµ
Ci(µ) ⟨Qi(µ)⟩ !

= 0 (1.20)

must hold, where a summation over the double index is implied. If the operators are
linearly independent and defining the anomalous dimension matrix via

d

d lnµ
⟨Qi(µ)⟩ ≡ −γij(µ)⟨Qj(µ)⟩ , (1.21)

this automatically implies that

d

d lnµ
Cj(µ) = γij(µ)Ci(µ) . (1.22)

This important equation captures the scale dependence of the Wilson coefficients and
is called the renormalization group (RG) equation, while the right-hand side of (1.22)
is often called the β-function of Cj(µ). The concept of EFTs is a central one in this
thesis. In particular, the effects of ALPs in the SMEFT, the LEFT and χPT will be
examined, and details on the respective EFT and the impacts on the RG equations
will be given in the beginning of each corresponding chapter.

1.4. Physics Beyond the Standard Model

Despite its remarkable success in accurately predicting fundamental particle physics
processes, the SM is confronted with a variety of observations, of both experimental
and theoretical nature, that cannot be adequately explained within this framework.
Of particular importance to this thesis is the so-called strong CP problem, which is
reviewed in the following, based on [37]. In essence, it consists of the question of why
a CP -violating term of the form

θ̄

16π2
g2s G

a
µνG̃

a,µν , (1.23)

which could, in principle, be included in the SM Lagrangian, has a coupling θ̄ that
is unnaturally small or even exactly zero3. Naively, the presence of such a term may

3The parameter θ̄ ≡ θQCD − arg det(YuYd) is a combination of the Lagrangian parameter θQCD and
a phase induced by chiral rotations on the quarks. As such, it is basis independent and cannot
be removed from the theory. The situation is different for equivalent SU(2) and U(1) expressions,
where the angle can be removed by chiral rotations and is therefore unphysical.
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1. Theoretical Foundations

not seem problematic, as it can be rewritten as the total derivative of the so-called
Chern-Simons current Kµ [37],

∂µKµ = ϵµναβGaµνG
a
αβ , with Kµ = ϵµναβ

(
AaνG

a
αβ −

gs
3
fabcAaνA

b
αA

c
β

)
, (1.24)

and one would therefore expect it to give zero contribution to physical quantities.
When considering non-perturbative Quantum Chromodynamics (QCD) effects, how-
ever, the situation changes. Indeed, below the QCD confinement scale, instanton
effects generate a coupling between pions and the isospin doublet ψ containing the
proton p and the neutron n, of the form [37]

LπNN = πaψ̄ (iγ5 gπNN + ḡπNN ) τ
aψ , (1.25)

where ḡπNN (gπNN ) is a CP -violating (conserving) coupling. In more detail [37],

ḡπNN ∝
θ̄

fπ

mumd

mu +md
. (1.26)

The presence of such a term generates an electric dipole moment (EDM) of the neutron
dn from loop-diagrams such as [37, 47]

n

π π

np

γ

1

with dn, theo ∼ 10−16 e cm θ̄ . (1.27)

In contrast, experimental measurements tightly constrain the neutron EDM [48],

|dn, exp| < 1.8× 10−26 e cm (90 % C.L.) , (1.28)

which can be translated into an upper bound on θ̄, yielding

|θ̄| ≲ 10−10 . (1.29)

In principle a small but radiatively stable parameter does not directly pose a problem.
Comparing it to the remaining parameters of the SM, however, would rather suggest a
value of θ̄ ∼ O(1) and one can question the naturalness of this coupling. A dynamical
process, that automatically relaxes θ̄ to zero, would be much more elegant. For this
purpose, the QCD axion has been proposed and the mechanism by which it cancels
the QCD θ̄ term from the Lagrangian will be explained in Section 1.5. While the
strong CP problem provides one of the main motivations to search for axions, it is
not the only unsolved question regarding the SM. In fact, unexplained phenomena
and conceptual problems are encountered across multiple energy scales:

• Most evidently, the SM unifies only three of the four fundamental forces, leaving
the description of gravity unaccounted for. At very high energies above the so-
called Planck scale at O(1019 GeV), quantum effects of gravity become sizable
and therefore cannot be neglected.

10
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• Remaining at very high energies, the experimentally measured value of the Higgs
mass ofmh ∼ 125 GeV indicates that the electroweak vacuum is meta-stable. At
large scales, around 1011 GeV, the Higgs quartic coupling λ becomes negative,
resulting in an instability as the potential is then unbounded from below. The
electroweak vacuum we live in, however, has a lifetime that is longer than the
age of the Universe. While in principle this is not an inconsistency, it would be
much more elegant to avoid the scenario of a spontaneous vacuum decay. Any
kind of new physics model that has an influence on the RG equations of the
Higgs quartic coupling can, however, modify this situation.

• Moving down to slightly lower energies, around O(1016 GeV), another indication
of physics beyond the SM emerges. Solving the RG evolution equations for
the three gauge couplings reveals that they converge to nearly identical values
at this energy scale. While one can certainly argue that this behavior is a
coincidence, the presence of yet unknown new particles could potentially modify
the scale evolution of the gauge couplings and indeed yield a Grand Unified
Theory (GUT). The SM in this scenario could then be the subgroup of a broken
larger symmetry group. While the simplest form of such a unification, a SU(5)
gauge symmetry known as the Georgi-Glashow model [49], is experimentally
excluded [50], modifications to this scenario could potentially still be realized in
nature.

• The next challenge arises from the only fundamental physical scale in the SM,
the Higgs mass mh ∼ 125 GeV. While its value alone does not pose an issue in
the absence of additional new physics, the situation changes when considering
any new physics coupled to the Higgs with a cutoff scale Λ. In this case, mh

receives radiative loop corrections that are of the order of Λ. To arrive at the
experimentally measured Higgs mass, that is 17 orders of magnitude below the
Planck scale, extreme cancellations between the terms need to occur, which
can be considered unnatural and is therefore often referred to as the hierarchy
problem.

• In the SM, the masses of the fermions are generated via the Higgs mechanism.
In more detail, the mass terms are given by the diagonalized mass matrices,
that are proportional to the Yukawa matrices and the Higgs vev. A naive ex-
pectation would therefore be that the resulting fermion masses are roughly of
the same order of magnitude. Experimentally, however, one finds strong hier-
archies: In the quark sector, the mass gap between the heaviest quark, the top
quark, and the lightest one, the up quark, spans five orders of magnitude and
the neutrinos, which are massless in the SM, are found to have a tiny mass, with
mν/me ≲ 10−6.
Another central question in the flavor sector concerns the structure of the mix-
ing matrices: while the mixing angles between the neutrinos, parametrized in
the so-called Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix are large, the
Cabibbo–Kobayashi–Maskawa (CKM) matrix describing the mixing between the
quark flavors, exhibits an almost diagonal pattern.
The fact that there is no dynamic mechanism within the SM that could explain
these behaviors is referred to as the flavor problem.
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• Apart from the challenges within the SM, a variety of observational hints point
toward the existence of at least one more type of matter beyond the known
particle spectrum, that interacts gravitationally but has no or very weak inter-
actions with light and is therefore referred to as dark matter. In fact, today
it is believed that this unknown form of matter makes up approximately 27%
of the Universe’s energy density, while “ordinary” matter only contributes 5%
[5]. The first observations pointing toward this assumption have been made as
early as 1933, when F. Zwicky applied the virial theorem to the Coma cluster
and noticed a lack of luminous matter to explain the average velocity of about
1000 km/s, which would require about 400 times the observed average matter
density [51]. Since then, a plethora of independent observations have been made
that also suggest this conclusion: To name a few, they range from V. Rubin’s
observation of almost flat rotation curves of galaxies (instead of a 1/

√
r behav-

ior, as expected for instance outside a spherical symmetric matter distribution)
[52] to anisotropies in the cosmic microwave background (CMB) power spectrum
that are compatible with the Lambda cold dark matter model, ΛCDM [5].

While this list is by no means exhaustive, it provides clear evidence that searches for
physics beyond the SM are crucial to find a consistent model that accurately describes
nature. Axions and axion-like particles, introduced in the following section, have the
potential to address several of these key challenges of the SM, as this thesis will show.

1.5. Axions and Axion-Like Particles

An elegant solution to the strong CP problem that dynamically relaxes the parameter
θ̄ to zero has first been proposed by R. Peccei and H. Quinn in [53]. It consists of
extending the SM by a new U(1)PQ symmetry that is spontaneously broken at a high
scale Λ. The resulting pseudoscalar Goldstone boson is called the QCD axion. This
mechanism generates a coupling of the axion a to gluons of the form

L ⊃ a

f

g2s
16π2

GaµνG̃
a,µν , (1.30)

where f is the axion decay constant, related to the scale of spontaneous symmetry
breaking via Λ = 4πf . Most importantly for the solution of the strong CP problem is
that non-perturbative instanton effects below the QCD confinement scale generate a
potential for the axion [54]. It can, for instance, be obtained from the chiral effective
Lagrangian including the axion and reads [55]

V (a) = −m2
πf

2
π

√
1− 4mumd

(mu +md)2
sin2

(
a

2f
+
θ̄

2

)
, (1.31)

with a minimum at ⟨a⟩ = −θ̄f . In that way, the axion now provides a solution to the
strong CP problem, as the sum(

θ̄ +
⟨a⟩
f

)
αs
4π

GaµνG̃
a,µν = 0 (1.32)
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dynamically vanishes. In addition, a mass term is generated for the axion, even in the
case ma,0 = 0. Denoting the axion–gluon coupling by cGG, it is, up to higher-order
corrections in the chiral expansion and for ma,0 = 0, given by [56]

m2
a = c2GG

f2πm
2
π

f2
2mumd

(mu +md)2
, (1.33)

with mu and md the up- and down-quark mass, respectively, and fπ denotes the pion
decay constant.

Axion-Like Particles

As a generalization of the QCD axion, an axion-like particle (ALP) arises as generic
pseudo Nambu–Goldstone boson from a spontaneously broken global U(1)PQ sym-
metry4, but does not necessarily solve the strong CP problem. As ALPs are shift
invariant under a → a + const., the Lagrangian contains only derivative couplings
as well as anomalous couplings to gauge bosons. Including an additional bare mass
term5 ma,0 that explicitly breaks the shift symmetry, the most general Lagrangian up
to dimension-six order can be written as [59]

LD≤6
eff =

1

2
(∂µa)(∂

µa)−
m2
a,0

2
a2 +

∂µa

f

∑
F

Ψ̄F cF γµΨF + cϕ
∂µa

f
(H† i

←→
DµH)

+ cGG
αs
4π

a

f
Gaµν G̃

µν,a + cBB
α1

4π

a

f
Bµν B̃

µν + cWW
α2

4π

a

f
WA
µν W̃

µν,A

+
CHH
f2

(∂µa)(∂µa)H
†H . (1.34)

As for the axion, the ALP decay constant f is related to the new-physics scale via
Λ = 4πf and it is assumed that Λ ≫ µw, with µw denoting the scale of electroweak
symmetry breaking. The sum in the first line extends over the SM chiral fermion
multiplets F and the cF denote 3 × 3 hermitian matrices in generation space. The
second line of the Lagrangian includes the ALP couplings toGaµν ,W

A
µν and Bµν , i.e. the

field-strength tensors of SU(3)c, SU(2)L and U(1)Y , respectively. The corresponding
dual field strength tensors are defined as B̃µν = 1

2ϵ
µναβBαβ, where ϵ0123 = 1 and

equivalently for W̃µν,A and G̃µν,a.
The Lagrangian as given in (1.34) contains several redundant operators: The single-
ALP coupling to the two Higgs-fields in the first line can be written as a sum of
an operator that vanishes by the equations of motion plus a term that contains the
derivative coupling to fermions [60]. In addition, baryon number, as well as individual
lepton number conservation remove four redundant degrees of freedom, such that all
in all, the Lagrangian contains 46 free parameters. The bosonic couplings can, for

4To avoid confusion with the notation in following chapters, the global symmetry that generates
ALPs upon its breaking is also referred to as U(1)PQ, as it is in the case of the QCD axion.

5If this explicit mass term is absent, non-perturbative QCD effects nevertheless dynamically generate
a mass for the ALP, see (1.33) [57, 58].
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instance, be chosen as [34, 60]

c̃GG = cGG +
1

2
Tr[cu + cd −NL cQ] ,

c̃WW = cWW −
1

2
Tr[Nc cQ + cL] , (1.35)

c̃BB = cBB +
1

2
Tr[Nc (Y2

ucu + Y2
dcd −NL Y2

Q cQ) + Y2
e ce −NL Y2

L cL] ,

where the number of colors is Nc = 3, the number of weak isospin components is
NL = 2 and the hypercharges are denoted as Yu = 2/3, Yd = −1/3, Yq = 1/6, Ye =
−1, YL = −1/2. While in Lagrangian (1.34), the shift symmetry is explicit due
to the derivative interactions, it can be rewritten by applying the field redefinition
ΨF → ΨF + i af cF ΨF , yielding the equivalent form

LD≤6
SM+ALP =

1

2
(∂µa)(∂

µa)−
m2
a,0

2
a2

+ CGG
a

f
GAµν G̃

µν A + CWW
a

f
W I
µν W̃

µν I + CBB
a

f
Bµν B̃

µν

− a

f

(
q̄ H̃ Ỹu uR + q̄ H Ỹd dR + l̄ H Ỹe eR + h.c.

)
+

1

2

a2

f2

(
q̄ H̃ Y ′

u uR + q̄ H Y ′
d dR + l̄ H Y ′

e eR + h.c.
)

+
CHH
f2

(∂µa)(∂µa)H
†H , (1.36)

where

Ỹd = i (Yd cd − cQYd) , Ỹu = i (Yu cu − cQYu) , Ỹe = i (Ye ce − cLYe) , (1.37)

and

Y ′
d = c2Q Yd − 2 cQ Yd cd + Yd c

2
d , Y ′

u = c2Q Yu − 2 cQ Yu cu + Yu c
2
u ,

Y ′
e = c2L Ye − 2 cL Ye ce + Ye c

2
e . (1.38)

The axial anomaly generates additional contributions to the ALP-gauge boson cou-
plings of the form [60]

CGG =
αs
4π

[
cGG +

1

2
Tr(cd + cu − 2cq)

]
≡ αs

4π
c̃GG,

CWW =
α2

4π

[
cWW −

1

2
Tr(Nc cq + cl)

]
≡ α2

4π
c̃WW ,

CBB =
α1

4π

[
cBB +Tr

(
Nc (Y2

d cd + Y2
u cu − 2Y2

q cq) + Y2
e ce − 2Y2

l cL

)]
≡ α1

4π
c̃BB. (1.39)

The full set of RG evolution equations of the ALP–SM couplings in (1.34) and (1.36)
has been computed in [60, 61], and the matching corrections at the weak scale µw
in [60]. While most couplings evolve non-trivially under a scale variation, factoring
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out the SM gauge couplings αi in the cV V as introduced in (1.34) yields a scale
independence up to two-loop order, i.e.

d

d lnµ
cV V (µ) = 0 for V = G, W, B . (1.40)

In this work it is assumed that the ALP is the only degree of freedom beyond the
SM fields below the scale Λ of global U(1)PQ symmetry breaking. In the case with
new-physics particles beyond the ALP, matching corrections at the corresponding
thresholds would need to be taken into account, and further contributions to the RG
evolution equations could arise.

1.6. UV-Complete Axion and ALP Models

While the ALP Lagrangian in (1.34) comprises all terms that can, in general, appear
for a shift symmetric pseudo Nambu–Goldstone boson up to dimension-six order, con-
crete UV-complete models for the classical QCD axion typically only generate a subset
of these terms. The two most prominent UV-complete frameworks that generate the
QCD anomaly term via the presence of an axion are the Kim-Shifman-Vainshtein-
Zakharov (KSVZ) [62, 63] and the Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) [64, 65]
models, that have also been proposed as benchmark models for ALPs in [66]. They
are introduced in greater detail below, following [67].

1.6.1. KSVZ Model

In the KSVZ model, the SM is extended by two fermions, a left- (QL) and a right-
handed one (QR), as well as a heavy scalar S. All new particles are charged under
a U(1)PQ symmetry, but while the heavy scalar is a singlet under the SM gauge
groups, the heavy fermions transform non-trivially under SU(3)c. With this setup,
the Lagrangian takes the form

LKSVZ = LSM + |∂µS|2 + Q̄ i /DQ− yQ
(
S Q̄LQR + h.c.

)
− V (S) + LQq , (1.41)

where yQ, µS , λS , and λSH are real parameters. The term LQq denotes a portal
coupling between Q and a SM fermion that vanishes in the original description of
the model, where QL,R ∼ (3, 1, 0). In this case, however, the extra fermions be-
come stable. This problem can be circumvented, when for instance instead QL,R ∼
(3, 1, −1/3) with U(1)PQ charges XS = 1, XQL

= 1 and XQR
= 0, such that a

possible portal term reads

LQq = −ypq q̄pLH QR + h.c. . (1.42)

In order to solve the strong CP problem, the scalar potential V (S) in (1.41) can be
chosen as

V (S) =
λS
2

(
|S|2 − f2

2

)2

, (1.43)
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such that the U(1)PQ is spontaneously broken. In order to explicitly break the sym-
metry and generate a mass term for the Goldstone boson, one can modify the above
potential to

V ′(S) = −µ2S |S|2 +
λS
2
|S|4 + λSH |S|2(H†H)− κ2

2
(S2 + (S∗)2) ,

= V (S)− λSf
4

8
+ λSH |S|2(H†H)− κ2

2
(S2 + (S∗)2) , (1.44)

where µ2s = λSf
2/2. The parameters in this form of the potential will be examined in

Chapter 2. In the broken phase, it is convenient to parametrize the scalar in terms of
a heavy radial component, ρ, and the axion or ALP a as

S(x) =
1√
2
[f + ρ(x)] e

ia(x)
f , (1.45)

where f denotes the vev of S. The additional fermions receive a mass term with
mQ = yQ f/

√
2, which can be seen when replacing the scalar in the Yukawa-like term

in the first line of (1.41) by the form in polar coordinates in (1.45) and performing
the rotation

QL → e
ia(x)

f QL . (1.46)

Applying this fermion redefinition and focusing on the potential in (1.44), integrating
out the heavy fields ρ and QL,R at tree-level using Matchete [68] yields in the broken
phase

LEFT = LSM −
λSHf

2

2
(H†H) +

1

2

f2 λ2SH
M2
ρ

(H†H)2 +
1

2
(∂µa)

2 − 1

2
m2
a a

2

− a

f

αs
8π

GAµνG̃
µν A − 1

3

a

f

αY
4π

BµνB̃
µν

+ 4
m2
a

f2
a4

4!
+ λSH

m2
a

M2
ρ

a2(H†H)− λSH
M2
ρ

(∂µa)
2(H†H)

− λ2SHf
2

2M4
ρ

QH2 +
ypqyr ∗q
2M2

Q

(
Y rs
d [QdH ]ps −

1

2
[Q

(1)
Hq]pr −

1

2
[Q

(3)
Hq]pr + h.c.

)
,

(1.47)

where m2
a = 2κ2 and the last line contains dimension-six operators in the Warsaw

basis [46]. Certainly, in order to remove the double appearance of the quadratic and
quartic Higgs interactions in the first line, the SM parameters µ and λ need to be
redefined via

µ2 → µ̃2 = µ2 − λSHf
2

2
, and λ→ λ̃ = λ− f2 λ2SH

2M2
ρ

. (1.48)

From the Lagrangian in (1.47), it is possible to deduce the dimension-five ALP pa-
rameters of the model as cGG = −1/2, cBB = −1/3 and all other couplings are zero
at the scale Λ. This is also summarized in Table 1.2.
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1. Theoretical Foundations

1.6.2. DFSZ Model

The DFSZ model is based on a two-Higgs scenario in combination with an additional
heavy SM-singlet scalar S. The additional fields are assigned to the representation
H1 ∼ (1, 2, 1/2), H2 ∼ (1, 2, −1/2) and S ∼ (1, 1, 0). In general, there are two
types of the DFSZ model, distinguished by which of the two Higgs fields couples to
the SM leptons. For the DFSZ-I model, the Yukawa term reads

LDFSZ-I = −Yu q̄L uR H̃1 − Yd q̄L dRH2 − Ye l̄L eRH1 + h.c. , (1.49)

while for the DFSZ-II model,

LDFSZ-II = −Yu q̄L uR H̃1 − Yd q̄L dRH2 − Ye l̄L eRH2 + h.c. . (1.50)

Therefore, in the Lagrangian

LDFSZ ⊃ |DµH1|2 + |DµH2|2 + |∂µS|2

− (q̄ H̃1 Γu uR + q̄ H2 Γd dR + l̄ Hi Γe eR + h.c.)

−m2
1 |H1|2 −m2

2 |H2|2 −
λ1
2
|H1|4 −

λ2
2
|H2|4 − λ3 |H1|2|H2|2

− λ4 |H†
1H2|2 + µ2S |S|2 −

λS
2
|S|4 − λSH1 |S|2|H1|2 − λSH2 |S|2|H2|2

− λSH12

[
(H†

1H2)S
2 + h.c.

]
, (1.51)

the Hi in the second line is H1 for the DFSZ-I model and Hi = H̃2 for DFSZ-II. In
order to ensure the explicit breaking of the U(1)PQ symmetry, a potential for S needs
to be added to the Lagrangian, for instance

LDFSZ ⊃
κ2

2
(S2 + (S∗)2) . (1.52)

For the purpose of finding the effective Lagrangian that contains the ALP and the
SM fields only, it is imperative to first write the fields H1 and H2 in terms of the SM
Higgs and the heavy doublet Φ. This can be done by a rotation R(α) that obeys(

H1

H2

)
= R(α)

(
H
Φ

)
with R(α)T

(
m2

11 m2
12

m2
12 m2

22

)
R(α) =

(
−µ2 0
0 M2

Φ

)
. (1.53)

In the equation above, mii = m2
i + λSHii f

2/2 for i = 1, 2 and m2
12 = λSH12f

2/2. For
the SM Yukawa matrices, this implies

Yu = cα Γu , Yd = sα Γd , Ye =

{
cα Γe DFSZ-I

sα Γe DFSZ-II
, (1.54)

where cα (sα) are the cosine (sine) of the rotation angle α. As in the KSVZ model,
the next step is to perform field redefinitions such that the ALP is removed from the
potential,

H1 → e
2ia
f
s2α H1 , H2 → e

− 2ia
f
c2α H2 ,

uR → e
2ia
f
s2α uR , dR → e

2ia
f
c2α dR , eR → e

− ia
f
XHi eR , (1.55)
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and

eR →
{
e
− 2ia

f
s2α eR DFSZ-I

e
ia
f
c2α eR DFSZ-II

. (1.56)

Applying these transformations and integrating out the heavy fields ρ and Φ at tree
level with Matchete [68] results, up to dimension-six order, in

LEFT = LSM +
1

2
(∂µa)

2 − 1

2
m2
a a

2 + 3
a

f

αs
4π

GAµνG̃
µν A + cBB

a

f

αY
4π

BµνB̃
µν

+ cu
∂µa

f
ūRγ

µuR + cd
∂µa

f
d̄Rγ

µdR + ce
∂µa

f
ēRγ

µeR

+ 4
m2
a

f2
a4

4!
−
(
λSH
M2
ρ

− s22α
f2

)
(∂µa)

2|H|2 + λSH
m2
a

M2
ρ

a2 |H|2

− CψH
M2

Φ

(
tα [Yu]pr [QuH ]pr − t−1

α [Yd]pr [QdH ]pr − ηα [Ye]pr [QeH ]pr + h.c.
)

− [Y ∗
u ]sr [Yu]pt t

2
α

M2
Φ

(
1

6
[Q(1)

qu ]prst + [Q(8)
qu ]prst

)
− [Y ∗

d ]sr [Yd]pt t
−2
α

M2
Φ

(
1

6
[Q

(1)
qd ]prst + [Q

(8)
qd ]prst

)
− [Y ∗

e ]sr [Ye]pt η
2
α

2M2
Φ

[Qle]prst −
1

M2
Φ

(
[Yu]pr [Yd]st [Q

(1)
quqd]prst

− [Yu]st [Ye]pr tαηα [Q
(1)
lequ]prst − [Y ∗

d ]st [Ye]pr t
−1
α ηα [Qledq]prst + h.c.

)
+
CH
M2

Φ

QH −
λ2SHf

2

2M4
ρ

QH2 , (1.57)

where m2
a = 2κ2 and the dimension-six coefficients in and below the fourth line once

more correspond to operators in the Warsaw basis. While the exact relations between
the original scalar-potential parameters and the dimension-six ones that appear in
(1.57) are not relevant for this work, it is crucial to note that, with ηα = tanα ≡ tα
for DFSZ-I and ηα = t−1

α for DFSZ-II, all dimension-five ALP couplings in the two
models are now either fixed or depend solely on the angle α. This is shown in detail
in Table 1.2.

ALP coupling KSVZ DFSZ-I DFSZ-II

cu 0 −2sα −2sα
cd 0 −2cα −2cα
ce 0 2sα −2cα
cGG −1

2 3 3

cWW 0 0 0

cBB −1
3 2 8

Table 1.2.: ALP couplings in the KSVZ model with U(1)PQ charges XS = 1, XQL
= 1 and

XQR
= 0 and the DFSZ-I and DFSZ-II models at the scale Λ.
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1.7. ALP–SMEFT Interference

1

Figure 1.1.: One-loop Feynman diagrams yielding the ALP contribution to the Wilson coef-
ficient of the dimension-six Weinberg operator. The red dashed line indicates the ALP.

While it is straightforward to see that integrating out a heavy particle from a theory
generates higher dimensional operators from the matching computation, the situation
is far more subtle for light particles. This mechanism, however, is one of the most
crucial concepts of this thesis. It relies on the fact that light new states such as
the ALP with non-renormalizable interactions with the SM yield a non-trivial RG
flow into the SMEFT Wilson coefficients in a process that is independent of the ALP
mass. To explain this phenomenon in more detail, consider the one-loop diagrams in
Figure 1.1. The amplitude of these Feynman graphs is given by

A(gg(g)) = −C
2
GG

ϵ
[4gs ⟨QG⟩+ . . . ] + finite , (1.58)

where ⟨QG⟩ denotes the matrix element of the dimension-six Weinberg operator QG =

fabcGa,νµ Gb,ρν Gc,µρ . The dots refer to matrix elements of other operators that are not
needed for the illustration of the procedure. In order to remove the 1/ϵ pole multiply-
ing ⟨QG⟩, the bare Wilson coefficient of the Weinberg operator, CG,0, needs to have
the structure

CG,0 ∋
4gs

(4πf)2
C2
GG

(
1

ϵ
+ ln

µ2

M2
+ . . .

)
, (1.59)

where the dots denote a finite contribution and M is the mass scale of the UV theory.
The crucial term, the logarithm of µ2, arises generically from the loop-integral. When
the 1/ϵ pole is removed in order to obtain the renormalized Wilson coefficient from
the bare quantity, the µ-dependence remains in the expression, which leads to

d

d lnµ
CG(µ) ∋

8

(4πf)2
C2
GG ≡

SG
(4πf)2

. (1.60)

In essence, the term in (1.60) parametrizes an inhomogeneous source term in the RG
evolution equation of the dimension-six Weinberg operator. In other words: even if the
Wilson coefficient CG is zero above Λ, the presence of the ALP necessarily generates
a non-zero term, as long as its coupling to gluons, CGG, is non-zero. Via RG flow
to lower scales, this effect gets enhanced and by mixing effects with other SMEFT
Wilson coefficients it also affects further coefficients. Certainly, CG is not the only
coefficient that gets generated by this mechanism and the whole coupled set of RG
equations modified by the inhomogeneous source terms Si is given by

d

d lnµ
CSMEFT
i − γSMEFT

ji CSMEFT
j =

Si
(4πf)2

(for µ < 4πf) , (1.61)

19



1. Theoretical Foundations

where γSMEFT
ji is the one-loop anomalous dimension matrix of the minimal SMEFT

basis and has been found in [69–72]. The full set of inhomogeneous source terms Si
has been obtained as a part of the author’s Master’s thesis and is published in [35].
An important consequence of this ALP–SMEFT interference is that in the presence
of the ALP, the correct low-energy effective theory is given by

Leff =
1

2
(∂µa)(∂

µa)− m2
a

2
a2 + LSM+ALP + LSMEFT , (1.62)

with LSM+ALP containing all operators parametrizing the SM-ALP interactions.
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Chapter 2: A Global SMEFT Analysis of

Axion-Like Particle Interactions

In the hunt for a new particle, the most straightforward approach is to search for a
direct signal in experimental data. In the case of the ALP, this has been pursued
for instance with cosmological [20, 21] and astrophysical [22, 23] observations, as well
as collider [24–29] and flavor [19, 30–34] experiments, and these studies have placed
stringent constraints on the ALP parameter space. However, the bounds come with
conceptual limitations. Many rely on assumptions about ALP properties, such as its
lifetime, production mechanism, and decay channels. Additionally, fits to experimen-
tal data often assume that only a single ALP–SM coupling is nonzero at the scale
Λ. This hypothesis, which would require fine-tuned UV models, does not hold for
UV-complete frameworks like the KSVZ and DFSZ models introduced in Section 1.6.
This chapter presents an alternative approach to ALP searches via a global, model-
independent, indirect analysis based on the ALP–SMEFT interference. Specifically,
in a scenario where the ALP is the only new-physics particle between Λ and the ex-
perimental scale, the ALP-induced dimension-six Wilson coefficients are evolved via
RG running down to the experimental scale µexp. Since these low-scale SMEFT coef-
ficients can be expressed purely in terms of ALP couplings, existing tight constraints
on the SMEFT can be translated into bounds on ALP–SM couplings. This procedure
is largely ALP-model independent and nearly insensitive to the ALP mass. Never-
theless, this framework yields constraints that are competitive with or even stronger
than direct bounds in the GeV to TeV ALP mass range.
This chapter is structured as follows: Section 2.1 describes how the SMEFT RG evo-
lution equations are solved in the presence of the ALP. Section 2.2 outlines the input
data sets for the global fit, followed by a presentation of the results in Section 2.3.
Finally, Section 2.4 applies the framework to the KSVZ and DFSZ models, before
concluding in Section 2.5.

This chapter is based on

[67] A global analysis of axion-like particle interactions using
SMEFT fits
A. Biekötter, J. Fuentes-Mart́ın, A. M. Galda and M. Neubert
JHEP 09 (2023), 120, [arXiv:2307.10372].

2.1. Solutions of the ALP–SMEFT RG Evolution Equations

Solving the full set of coupled differential equations including the SM, ALP and
SMEFT parameters is a very complex, non-trivial task for which no analytical solution
exists. Therefore, one is in general forced to simplify the system by employing approx-
imations or imposing assumptions to make the problem tractable. Another option is
to choose a numerical framework, which in principle could allow for an exact solution.
Given the complexity of the set of equations, this, however, remains computationally
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2. A Global SMEFT Analysis of Axion-Like Particle Interactions

unfeasible. In order to obtain low-energy expressions for the SMEFT coefficients as
needed for a global analysis of ALP coefficients, a numerical approach is used where
higher orders in the EFT expansion are neglected. To explain the procedure more
systematically, it is convenient to write down the coupled differential RG evolution
equations in an explicit tensor notation for the dimension-four, dimension-five ALP
and dimension-six SMEFT Wilson coefficients as1

dC
(4)
a (µ)

d lnµ
= γ

(4)
ba

(
C(4),C(5),C(6)

)
C

(4)
b (µ) ,

dC
(5)
α (µ)

d lnµ
= γ

(5)
βα

(
C(4)

)
C

(5)
β (µ) ,

dC
(6)
i (µ)

d lnµ
= γ

(6)
ji

(
C(4)

)
C

(6)
j (µ) + γALP–SMEFT

iαβ

(
C(4)

)
C(5)
α (t) [C

(5)
β (µ)]∗ . (2.1)

In the equations above, a factor of 1/(16π2) is included in the definitions of the
anomalous dimension matrices γ(D) of the coefficients of operator dimension D in
order to simplify the notation. Greek indices are introduced for the ALP couplings,
while dimension-four and dimension-six couplings are dressed with roman letters. The
bold face of the coefficients indicates that they are collected into vectors. Since the
inhomogeneous ALP–SMEFT source terms Si defined in (1.61) are always propor-
tional to exactly two ALP couplings, they are parametrized as the tensor γALP–SMEFT

iαβ

in (2.1). The dimension-four coefficients C(4) are not the SM couplings, as the
presence of non-SM operators modifies their scale evolutions. However, since the
additional contributions start at O(Λ−2), it is a reasonable approximation to use
C(4)(µ) = CSM(µ) +O(Λ−2), such that the set of equations becomes

dC
(5)
α (µ)

d lnµ
= γ

(5)
βα

(
C(SM)

)
C

(5)
β (µ) ,

dC
(6)
i (µ)

d lnµ
= γ

(6)
ji

(
C(SM)

)
C

(6)
j (µ) + γALP–SMEFT

iαβ

(
C(SM)

)
C(5)
α (µ) [C

(5)
β (µ)]∗ . (2.2)

The solution to these equations can now be written in a closed form,

C(5)
α (µf ) = U

(5)
αβ (µf , µ0)C

(5)
β (µ0) , (2.3)

C
(6)
i (µf ) = U

(6)
ij (µf , µ0)C

(6)
j (µ0) + UALP–SMEFT

iαβ (µf , µ0)C
(5)
α (µ0) [C

(5)
β (µ0)]

∗ ,

where µf and µ0 are the final and initial renormalization scales. The evolution matrices
U (5) and U (6) are given by the matrix exponentials

U (D)(tf , t0) ≡ T exp

[∫ tf

t0

dw
[
γ(D)

(
CSM(w)

)]T ]
,

≡ 1+

∞∑
i=1

(∫ tf

t0

dw1

∫ w1

t0

dw2· · ·
∫ wn−1

t0

dwn

×
[
γ(D)

(
CSM(w1)

)]T
. . .
[
γ(D)

(
CSM(wn)

)]T)
,

1In this chapter, the convention employed for the covariant derivative differs by a sign from the one
in [35].
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UALP–SMEFT
iαβ (tf , t0) ≡ U (6)

ij (tf , t0)×∫ tf

t0

dw
[
U6
jk(t0, w) γ

ALP–SMEFT
kρσ

(
CSM(w)

)
× U (5)

ρα (w, t0) [U
(5)(w, t0)σβ]

∗] , (2.4)

where ti ≡ lnµi and T denotes the t-ordering of the exponential. While the numerical
evaluation of the expressions in (2.4) remains computationally demanding, the crucial
advantage is given by the fact that these matrices are initial-condition independent.
Thus, it suffices to evaluate the equations once for a set of initial scales, and to
interpolate the results. The actual evaluation of concrete low-scale coefficients given a
set of coefficients at a high scale Λ is then a straightforward multiplication of the input
vector with the previously evaluated evolution matrix U (D) and/or UALP–SMEFT.

2.2. Input Data Sets and Translation to ALP Coefficients

The input data sets used for the global analysis of ALP coefficients from SMEFT
fits can be split into three categories, for which linear parametrizations in terms of
SMEFT Wilson coefficients exist. In detail, predictions are taken from

• Higgs-data: Expressions in the Higgs sector are taken from [73], as well as
references therein. Measurements in this data set constrain the SMEFT coeffi-
cients CeH , CH , CHB, CH2, CHd, CHD, CHe, CHG, C

(1)
Hℓ , C

(3)
Hℓ , C

(1)
Hq, C

(3)
Hq, CHu,

CHW , CHWB, Cℓℓ, CuG, CuH , CG and CW .

• Top-data: Expressions from top data are taken from the fitmaker data-
base [74], as well as references therein, from which constraints on the coefficients

C
(3)
Hq, C

(1)
qq , C

(3)
qq , CuW , CHD, C

(3)
Hℓ , CHWB, Cℓℓ, CuG, CHd, CHe, C

(1)
Hℓ , C

(1)
Hq, CHu,

CuB, CW , CG, C
(8)
qd , C

(8)
qu , C

(8)
ud , Cuu are obtained.

• Low-energy data: The χ2 function for low-energy experiments provided in
[75] and [76] contains tree-level SMEFT predictions for quark pair production
in e+e− collisions, ν-scattering on electron and nucleon targets, atomic parity
violation, as well as pion, neutron, nucleon and τ -decays. These observables

are sensitive to the SMEFT coefficients Ced, Cee, Ceu, CHd, CHD, CHe, C
(1)
Hℓ ,

C
(3)
Hℓ , C

(1)
Hq, C

(3)
Hq, CHu, CHud, CHWB, Cℓd, Cℓe, Cℓedq, C

(1)
ℓequ, C

(3)
ℓequ, Cℓℓ, C

(1)
ℓq , C

(3)
ℓq ,

Cℓu, Cqe.

More details on the observables taken into account can be found in Appendix 2.7.B.
The numerical input required for the data sets is GF , α and MZ . The Venn diagram
relating the constraints for the SMEFT coefficients to the three data sets is shown in
Figure 2.1. In order to obtain limits on the ALP coefficients, the total χ2 function
from all three data sets,

χ2(Ci) =
[
d⃗− p⃗(Ci)

]T
V −1

[
d⃗− p⃗(Ci)

]
, (2.5)

with experimental data d⃗, predictions p⃗ and covariance matrix V , is minimized. While
for the low-energy data set the χ2-function is given in the supplemental material of
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Figure 2.1.: Venn diagram relating the constraints for the SMEFT coefficients to the Higgs,
top and low-energy data sets.

[75, 76] and includes all flavor indices, it has to be constructed explicitly for the Higgs-
and top-data. To compensate for the fact that some parametrization assume flavor
universality, missing flavor indices are replaced by third-generation ones wherever
quark-gluon or quark-Higgs SMEFT operators are involved, which concerns CuG →
[CuG]33 and CqH → [CqH ]33 for q = u, d. In all other cases, where first- and second-
generations dominate, the the index is set to two, i.e. Cx → [Cx]22.
In the next step, the χ2-function given purely in terms of SMEFT coefficients needs
to be translated to a function of ALP couplings. Remaining model-agnostic, possible
matching terms from integrating out the heavy new states are neglected, such that all
SMEFT Wilson coefficients that contribute to the data sets at a lower scale µexp ≪ Λ
are only generated via RG evolution from the presence of the inhomogeneous ALP
source terms in (1.61). Therefore, solution (2.3) simplifies to

C
(6)
i (µexp) = UALP–SMEFT

iαβ (µexp,Λ)C
(5)
α (Λ) [C

(5)
β (Λ)]∗ , (2.6)

yielding a direct relation between each low-scale SMEFT Wilson coefficient and the
high-scale ALP couplings. This equation implicitly includes the only ALP mass-
dependence of the framework: If the experimental scale µexp in the equation above
is lower than the ALP mass, the inhomogeneous new-physics contributions to the
RG evolution need to be removed below ma. This is done via a tree-level matching,
after which the pure SMEFT running is employed between ma and µexp. If, on the
other hand, ma < µexp, the system is evolved down to the scale associated with the
observable, e.g. µexp ∼ mh + 2mt for tt̄h production, without modification.

2.3. Global Fit Results

This section presents the results of the global ALP parameter fit from SMEFT con-
straints. The individual bounds for the six dimension-five couplings are shown in red
in Figure 2.2, together with the results from a one-parameter fit depicted in gray. To
obtain these limits, the symmetry breaking scale is taken as Λ = 4πTeV. Certainly,
the most prominent feature in the plot is the exclusion of a vanishing ALP-gluon cou-
pling CGG that in principle could be interpreted as a signal of new physics. When
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Figure 2.2.: Bounds on ALP couplings at 95% (dark) and 99% (light) confidence limit as
obtained from SMEFT constraints, translated via the ALP–SMEFT interference. The gray
limits are obtained from a one-parameter fit, where only one coupling is constrained at a
time, while the red limits correspond to a global fit. The symmetry breaking scale is set to
Λ = 4πTeV.

reconsidering the input data in more detail, it turns out that this effect is caused by
an anomaly in the CMS simplified template cross section for h → ZZ [77], where
three correlated bins favor non-zero values for CuH and CuG. This anomaly vanishes
at 99% confidence level, as the light lines for CGG in the figure indicate.
Returning to a more general description of the fit results, O(1) bounds are obtained
for the bosonic couplings CGG, CWW and CBB as well as Cu, while the limits on Cd
and Ce are weaker by more than an order of magnitude and still allow for values up to
O(50). The global fit results coincide roughly with the one-parameter ones for CWW ,
CBB, Ce and Cd, but are weaker by ∼ 18% for Cu and by ∼ 25% for CGG.

2.3.1. Leading-Log Approximation

To better understand the quantitative impact of the resummation of logarithms on
the bounds, it is instructive to compare the one-parameter results to those obtained
using a leading-logarithmic approximation. In this case, the solutions of the SMEFT
RG equations simplify to

CSMEFT
i (µ) ≈ γSMEFT-ALP

iαβ (Λ)C(5)
α (Λ) [C

(5)
β (Λ)]∗ ln

µ

Λ
, (2.7)

and the list of low-energy observables in this leading-logarithmic approximation can
be found in Appendix 2.7.A. A schematic comparison of the bounds obtained in the
leading-logarithmic (LL) and the fully resummed scenario is depicted in the upper
graph of Figure 2.3. While the four coefficients CWW , CBB, Cd and Ce get similar
constraints in both methods, this is not the case for CGG and Cu. On general grounds,
this can be explained as follows: When truncating the resummation at LL order,
essentially only bounds on SMEFT coefficients that are directly sourced by the ALP
can contribute to limits on the C(5). Therefore, if a SMEFT coefficient is tightly
constrained but has a vanishing ALP source term, then it improves the bounds on
the ALP coefficients only starting at next-to-leading logarithmic order. It is thus
important to deduce the most relevant SMEFT coefficients that contribute to the
bounds on Cu and CGG in more detail:
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Figure 2.3.: Upper row: Bounds on the ALP-couplings from a one-parameter fit using a
leading-logarithmic approximation (blue lines) and the exact, resummed results (black lines).
Lower row: Bounds obtained from individual data sets for the coefficients Cu (left) and CGG

(right) for the same scenarios.

• The individual bounds obtained from the three different data sets for Cu are
shown in the left graph in the second row of Figure 2.3. While Higgs- and
top-contributions are rather similar, the leading-logarithmic approximation ob-
tained from low-energy data does not produce a bound on the coupling. Further
analyzing this effect reveals that the absence of the strong constraint from CHD
is responsible for this discrepancy. Explicitly, the RG equation for CHD reads,
in the limit where all contributions proportional to αi ̸= αs and the Yukawa
couplings except for αt ≡ y2t /(4π) are neglected [71, 72],

d

d lnµ
CHD =

(
3αt
π

+
3λ

8π2

)
CHD +

6αt
π

[C
(1)
Hq]33 −

6αt
π

[CHu]33 . (2.8)

Since there is no ALP-induced source term in the equation, these limits do
not get translated to ALP-bounds at leading-logarithmic order. The situation
changes when non-trivial RG flow of other SMEFT coefficients is taken into
account. At lowest order, the relevant terms are [35]

d

d lnµ
[C

(1)
Hq]33 = −π αtC2

u + · · · ,
d

d lnµ
[CHu]33 = 2π αtC

2
u + · · · , (2.9)

which yields the two-loop, lowest-logarithmic solution

CHD(µ) = −9α2
t C

2
u ln2

µ

Λ
, (2.10)
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that is primarily responsible for the bound shown for the resummed result.

• For the ALP-gluon coupling CGG, the situation is similar to the one of Cu.
Again, there is no bound at leading-logarithmic order from the low-energy data
set. As these observables only play a minor role in the generation of the bound,
the main difference arises from the weaker bound obtained from the Higgs data.
In particular, gluon fusion processes put strong bounds on the SMEFT couplings
[CuG]33 and CHG, whose lowest-logarithmic solutions start at two- and three-
loop order, respectively, and are given by

[CuG]33(µ) ⊃ −
25 gs yt αs

π
C2
GG ln2

µ

Λ
, CHG(µ) ⊃

100α2
s αt

3
C2
GG ln3

µ

Λ
,

(2.11)

when taking into account the running of Cu.

2.3.2. Comparison with Direct Bounds

Figure 2.4.: Comparison of the 95% CL indirect bounds as obtained from the global fit
based on the ALP–SMEFT interference (red) with direct bounds from collider, flavor and
beam dump experiments, as well as supernova bounds (dark gray). In the derivation of the
direct bounds, only one ALP coupling is assumed to be non-zero at a time. In addition,
strongly model-dependent bounds are depicted in light gray as described in the main text.
For the ALP-gluon coupling CGG, the lower bound at 95% CL is not shown as it disappears
at 99% CL.

To quantify the significance of the indirect, global ALP–SMEFT interference bounds
presented in Section 2.3, these limits are compared to direct constraints, primarily
from flavor [34] and collider [28] experiments, in Figure 2.4 for ALP masses of order
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O(GeV). Two important aspects can be inferred from the figure: Firstly, the indirect
bounds exhibit a nearly flat behavior as a function of ma. The slight weakening
of the bounds at higher masses arises from integrating out the ALP when the scale
ma is crossed before running down to the experimental scale. Secondly and most
importantly, indirect bounds can indeed compete with or even exceed the direct limits
in the shown mass range. In a more detailed description, the strongest constraints
between ma = 10−2GeV and ma = 103GeV for each coupling are as follows:

• CGG: For the ALP coupling to gluons, flavor bounds dominate for ma ≲
O(1GeV). Above this scale, the indirect bounds from the ALP–SMEFT in-
terference exceed the direct ones except for ma ∼ 100GeV, where LHC multijet
constraints [78] outperform the indirect limits.

• CBB and CWW : Again, flavor bounds pose the strongest constraints on both
couplings for low ALP masses. While the indirect ALP–SMEFT limits become
important around O(0.1GeV) for CBB, this is only the case around O(10GeV)
for CWW . The mass-independent direct bounds that restrict the couplings up
to ma ∼ 100GeV stem from non-resonant ALP contributions to vector-boson
scattering [79]. Additionally, the light gray regions show collider constraints on
the photon coupling Cγγ = s2w CWW +c2w CBB, where sw (cw) is the sine (cosine)
of the weak mixing angle [29]. These bounds originally assume an ALP decay
predominantly to photons, which, however, is not likely for ma > mZ , where
further decays become possible, for instance a→ Zγ [80]. As a consequence, the
same bounds are also shown in dark gray, but with the branching ratio rescaled
by a factor of 10−3. It is important to note that strong direct bounds derived
from non-resonant gluon-fusion ALP production exist, however, they depend on
the product CZZ CGG or Cγγ CGG. In particular, the analyses in [81] and [82]
yield |CZZ CGG|/f2 < 4 × 10−2 TeV−2 and |Cγγ CGG|/f2 < 5 × 10−3 TeV−2,
respectively. Since the direct bounds shown in the plots are restricted to one
non-zero coupling at a time, these results are not included.

• Cu and Cd: The direct bounds constraining these two couplings in the mass
range shown are obtained from flavor data. In both cases, the indirect ALP–
SMEFT interference limits become important at around ma ∼ O(10GeV). The
additional gray region in the plot for Cu for ma ≤ 100GeV results from LHC tt̄
searches [83].

• Ce: The direct bounds for Ce up to an ALP mass of O(1GeV) stem from
SN1987A supernova observations [84], as well as beam dump experiments at
SLAC [85]. For higher masses up to roughly 10 GeV, bounds from flavor and
dark photon searches at BaBar are important [86]. The light gray region results
from LHC h→ aµµ̄ searches [87], which, however, assume that the ALP decays
only to muons. When other decays are taken into account as well, for instance
to τ leptons, the bound weakens severely. Apart from the region excluded by
BaBar, the indirect bounds exclude previously unconstrained parameter space,
both for ALPs with masses below 10−1 GeV, as well as above 50 GeV.

In short, the indirect bounds for all ALP couplings contribute new constraints to
regions in the parameter space that has not been covered by direct bounds before.
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While in particular for higher ALP masses above 100 GeV they become relevant for
all couplings, also parameters from low-mass ALPs get constrained, most prominently
Ce.

2.4. Translation to UV-complete ALP Models

The framework to obtain indirect bounds from the ALP–SMEFT interference can
also be applied to UV-complete axion models. There are two main differences with
respect to the model-independent bounds: First, there are fixed relations among
the dimension-five ALP–SM couplings and second, there are non-zero dimension-six
SMEFT coefficients from the matching relations at the scale Λ that can modify the
limits found above. Concretely, in this section, bounds for the KSVZ and the DFSZ
models, as introduced in Section 1.6, are derived.

2.4.1. KSVZ Model

In the KSVZ model, only ALP-gauge boson couplings are non-zero at the scale of
global symmetry breaking Λ, but the SMEFT operator QH2 arises from the tree-
level matching computation independently of the choice of the fermion charges. The

operators QdH , Q
(1)
Hq and Q

(3)
Hq appear when the portal coupling yp in (1.42) is present.

Considering the coefficient in front of the operator QH2 in (1.47), the constraints
on the SMEFT Wilson coefficient CH2 can directly be translated onto a bound for
a combination of the ALP decay constant and parameters of the scalar potential as
|λ2S f/λSH | > 2.8 TeV. While the values of the ALP-gauge boson couplings are fixed
for concrete realizations of the KSVZ model as shown in Table 1.2, keeping them

general and profiling over the SMEFT coefficients CH2, CdH , C
(1)
Hq and C

(3)
Hq yields

results that are in agreement with those presented in Figure 2.2 and remain within
a 10% deviation of the one-parameter limits. Finally, the portal coupling yp gets
constrained as |yq/MQ| < 0.1TeV−1 when assuming a flavor universal scenario.

2.4.2. DFSZ Model

In the DFSZ model, the ALP–SM couplings are all expressed in terms of a single
parameter, the angle α. In addition, eleven dimension-six SMEFT operators arise in
the effective Lagrangian after the matching at the scale Λ, see (1.57). In order to find
limits on the α-f parameter space, two cases are considered: First, a scenario in which
the Wilson coefficients of QψH , QH2 and QH are assumed to be suppressed due to
small parameters in the scalar potential and second, a scenario in which these Wilson
coefficients are profiled over, but including the restriction |CψH |, |CH2| |CH | < 1.
Denoting these scenarios by S1 and S2, respectively, and given that the fit results
are nearly identical for the DFSZ-I and DFSZ-II models, the bounds can be found in
Figure 2.5. As can be seen from the plot, the exclusion regions generated by S1 and
S2 mostly overlap, but the limits from S1 are slightly stronger for all values of α. The

main contributions to the constraints arise from the Wilson coefficients Q
(1)
qu and Q

(8)
qu ,

which are generated by the matching computation. In more detail, strong restrictions

on these parameters are obtained from RG evolution into CHD, C
(1)
Hq and C

(3)
Hq, which

29



2. A Global SMEFT Analysis of Axion-Like Particle Interactions

Figure 2.5.: Excluded parameter space derived from the ALP–SMEFT interference for the
DFSZ model from a scenario in which the scalar potential parameters are suppressed (S1) and
from profiling over the SMEFT Wilson coefficients (S2). The dark gray region is excluded by
the perturbative unitarity bound Γ33

u ≲ 3 [88], while the light gray region shows Γ33
u ≲ 1.

all have strong bounds at the electroweak scale.
All in all, the indirect bounds are weak for regions in the parameter space where
Γ33
u < 1 and become stronger toward larger values of α. They also overlap nearly

completely with the region excluded by perturbative unitarity, Γ33
u ≲ 3 [88].

2.5. Summary and Conclusion

In this chapter, a global analysis of ALP interactions from SMEFT fits was pre-
sented, based on the phenomenon of the ALP–SMEFT interference that describes
the appearance of inhomogeneous source terms in the RG evolution equations of the
dimension-six SMEFT Wilson coefficients. Employing low-energy, Higgs and top data
sets, indirect bounds on dimension-five ALP–SM couplings were deduced that are
compatible with or even stronger than direct bounds in the GeV to TeV ALP mass
range. In addition to producing strong constraints, it was shown that the indirect
procedure offers a two-fold advantage: First, it does not require assumptions about
specific ALP properties such as its lifetime, branching ratios or couplings, and sec-
ond, the results are (mostly) independent of the ALP mass. In order to obtain these
results, a semi-analytic solution to the RG equations at dimension six under the as-
sumption of flavor-universal ALP interactions was derived based on evolution tensors.
As these tensors are initial-condition independent, they can be pre-computed and
therefore largely facilitate future analysis of dimension-six coefficients in the presence
of ALPs at any scale. Delving deeper into the constraints on dimension-five couplings
obtained in this chapter, the strongest results were found for the bosonic couplings
CGG, CWW and CBB that are of O(1), as is the bound on Cu. The remaining two
ALP-fermion couplings Cd and Ce are weaker and still allow for values up to O(50).
Disentangling the effects of RG evolution showed that the leading-logarithmic approx-
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imation captures the most important effects for all coefficients except CGG and Cu
that get constrained mainly by higher-order terms in the resummation. Following this
analysis, the indirect bounds were compared to existing direct limits. It was shown
that so far unconstrained parameter space gets excluded by the present analysis for
all dimension-five ALP couplings, which underlines the power of the indirect global
fit. While this primarily concerns ALP masses above 10 GeV, a significant portion of
the parameter space for Ce is also excluded for ALP masses below 1 GeV. Finally, the
framework was applied to the UV-complete KSVZ and DFSZ models. In both cases,
additional non-zero Wilson coefficients at the scale Λ arise from a tree-level matching
computation. In the first case, the KSVZ model, these contributions do not have a
significant impact on the coefficients of the theory compared to the vanilla fit without
UV completion. In the DFSZ model, by contrast, threshold corrections dominate the
constraints on the parameter α, particularly in regions where the UV Yukawa cou-
plings are large. Looking forward, several directions remain to be explored. Certainly,
a combined global fit on ALP couplings from both, direct and indirect constraints
would be of great value. Concerning the UV-complete models, different assumptions
on the mass spectrum might modify the results, as can one-loop matching corrections
which remain to be derived.
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2.7. Appendix

2.7.A. Contributions to Z-Pole Observables in the LL Approximation

In this section, the leading-logarithmic expressions for the Warsaw basis SMEFT
Wilson coefficients that are relevant for the Z-pole observables are given in terms of
the ALP coefficients at the scale Λ = 4πf . For simplicity, only the largest entries of
the Yukawa matrices are kept, i.e. [Yu]33 ≡ yt, [Yd]33 ≡ yb and [Ye]33 ≡ yτ . This yields
at the scale µ = mZ

CHWB = 4 gL gY CBB CWW ln
Λ

mZ
,

CHD = −8

3
g2Y C

2
BB ln

Λ

mZ
,[

C
(1)
Hq

]
ij
=

[
−4

9
g2Y C

2
BB δij +
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2
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d
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. (A.1)
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With this, the modifications of the weak gauge couplings and the W mass, parame-
trized as in [75], are given by

δm2
W =

v4
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g2Y g
2
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with δgZνL = δgZeL + δgWl
L and δgWq

L ≈ δgZuL − δgZdL for VCKM ≈ 1.
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2.7.B. Experimental Higgs and Top Input

In this section, the experimental Higgs and top data used as input for the global fit is
summarized.

Experiment/ Facility Observable # of Measurements References

7 and 8 TeV ATLAS & CMS combination 20 Table 8 of [89]

Run-I data h→ µµ ATLAS & CMS combination 1 Table 13 of [89]

h→ Zγ (ATLAS) 1 Figure 1 of [90]

ATLAS h→ Zγ 1 [91]

13 TeV h→ µµ 1 [92]

Run-II data h→ ττ 4 Figure 14 of [93]

h→ bb from vector boson fusion 1 [94, 95]

h→ bb from ttH 1 [94, 95]

STXS2 h→ γγ/ZZ/bb̄ 42 Figures 1 and 2 of [96]

STXS h→ WW in ggF, VBF 11 Figures 12 and 14 of [97]

dσ
d∆ϕjj

for EW Zjj production 12 Figure 7(d) of [98]

CMS h→WW in gluon-gluon fusion 1 [99]

13 TeV h→ µµ 4 Figure 11 of [100]

Run-II data h→ ττ/WW in tt̄h 3 Figure 14 of [101]

STXS h→WW in V h 4 Table 9 of [102]

STXS h→ ττ 11 Figures 11 and 12 of [103]

STXS h→ γγ 27 Table 13 and Figure 21 of [104]

STXS h→ ZZ 18 Table 6 and Figure 15 of [77]

h→ bb̄ in V h 2 Table 4 of [105]

Table 2.1.: Higgs data included in the global fit of the ALP coefficients.

2Simplified template cross-sections (STXS) are a model-independent framework to analyze Higgs
processes. They provide a tool to reduce the influence of theoretical uncertainties and allow for
the combination of different experimental measurements. For more details, see e.g. [106].
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Experiment/ Facility Observable # of Measurements References

Tevatron forward-backward asymmetry AFB(mtt̄) for tt production 4 [107]

ATLAS & CMS charge asymmetry AC(mtt̄) for tt production in the ℓ+jets channel. 6 [108]

7 and 8 TeV, Run-I W -boson helicity fractions in top decay 3 [109]

ATLAS charge asymmetry AC(mtt̄) for tt production in the dilepton channel 1 [110]

7 and 8 TeV σtt̄W , σtt̄Z 2 [111]

Run-I data dσ
dpTt

, dσ
d|yt̄ for t-channel single-top production 4 + 5 [112]

σtW in the single lepton channel 1 [113]

σtW in the dilepton channel 1 [114]

s-channel single-top cross section 1 [115]

dσ
dmtt̄

for tt̄ production in the dilepton channel 6 [116]

dσ
dpTt

for tt̄ production in the ℓ+jets channel 8 [117]

CMS σtt̄γ in the ℓ+jets channel 1 [118]

7 and 8 TeV charge asymmetry AC(mtt̄) for tt production in the dilepton channel. 3 [119]

Run-I data σtt̄W , σtt̄Z 2 [118]

σtt̄γ in the ℓ+jets channel. 1 [120]

s-channel single-top cross section 1 [121]

dσ
dpT

t+t̄

of t-channel single-top production 6 [122]

t-channel single-top and anti-top cross sections Rt 1 [123]

σtW 1 [124]

dσ
dmtt̄dytt̄

for tt̄ production in the dilepton channel 16 [125, 126]

dσ
dpTt

for tt̄ production in the ℓ+jets channel 8 [127, 128]

Table 2.2.: Top physics included in the global fit of the ALP coefficients.
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Experiment/ Facility Observable # of Measurements References

ATLAS σtW 1 [129]

13 TeV σtZ 1 [130]

Run-II data σt+t̄, Rt for t-channel single-top and anti-top cross sections 1+1 [131]

charge asymmetry AC(mtt̄) for tt production 5 [132]

σtt̄W , σtt̄Z 2 [133]

dσ
dpTγ

for tt̄γ production 11 [134]

CMS σtW 1 [135]

13 TeV σtZ in the Z → ℓ+ℓ− channel 1 [136]

Run-II data dσ
dpT

t+t̄

and Rt

(
pTt+t̄

)
for t-channel single-top quark production 5 + 5 [137]

dσ
dmtt̄

for tt̄ production in the dilepton channel 6 [138]

dσ
dmtt̄

for tt̄ production in the ℓ+jets channel 15 [139]

σtt̄W 1 [140]

dσ
dpTZ

for tt̄Z production 4 [141]

Table 2.3.: Top physics included in the global fit of the ALP coefficients.
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Chapter 3: ALP–LEFT Interference

So far, phenomenological ALP effects have only been considered above the scale µw ∼
v ≈ 246GeV. When crossing this threshold, several important changes take place:
The electroweak symmetry SU(2)L × U(1)Y gets broken down to U(1)EM via the
Higgs-mechanism. This process also gives masses to the fermions and the Z and W±

gauge bosons. Withmt ≈ 173GeV, mZ ≈ 91GeV, mW ≈ 80GeV andmh ≈ 125GeV,
the top-quark, the heavy gauge bosons Z and W± and the Higgs boson need to be
removed as degrees of freedom below the respective scales. Matching the full SM onto
this Low-Energy Effective Field Theory (LEFT) generates non-zero Wilson coefficients
of higher-dimensional local operators. For instance, “integrating out” the W± gauge
bosons yields dimension-six local four-fermion operators, as the heavy propagator
effectively contracts to a point, an effect that is schematically illustrated in Figure 3.1.
The operators generated in this procedure are suppressed by powers of 1/vd according
to their dimension d.

νe e−

W±

b u

νe e−

b u

Figure 3.1.: Generation of a local four-fermion interaction by shrinking the W±-propagator
to a point at scales below mW .

The presence of axions and ALPs withma ≪ µw contributes additional terms not only
to higher dimensional Wilson coefficients that are present below µw from integrating
out the heavy SM fields, but also generates additional operators. As in the SMEFT
case, this occurs via inhomogeneous source terms added to the RG equations that
are obtained from one-loop processes. In order to find the full list of ALP-induced
source terms, this chapter starts with a description of the ALP–SM interactions below
the electroweak scale. Afterwards, the set of LEFT source terms up to dimension-six
order is derived systematically. As an application, these results are then applied to
the anomalous magnetic moment of the muon.

This chapter is based on

[142] ALP–LEFT Interference and the Muon (g − 2)
A. M. Galda and M. Neubert
JHEP 11 (2023), 15, [arXiv:2308.01338].
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3. ALP–LEFT Interference

3.1. ALP-Interactions below the Electroweak Scale

Apart from the modifications that occur in the pure SM Lagrangian below the elec-
troweak symmetry breaking, also the ALP-Lagrangian needs to be rewritten in terms
of the appropriate effective degrees of freedom for µ < µw, meaning that the heavy
states are no longer present and the ALP-photon coupling is incorporated correctly.
This yields, up to dimension-six order1 [60],

LD≤6
eff =

1

2
(∂µa)(∂

µa)− m2
a

2
a2 + cGG

αs
4π

a

f
Gaµν G̃

µν,a + cγγ
α

4π

a

f
Fµν F̃

µν

+
∂µa

f

[
ūLkU γµuL + ūRkuγµuR + d̄LkDγµdL

+ d̄RkdγµdR + ēLkE γµeL + ēRkeγµeR

]
.

(3.1)

The matching conditions that connect Lagrangian (1.34) to this low-energy version
have been found in [60]. Remembering that the top-quark has been removed from
the theory, the fermion vectors are explicitly given by uL,R = PL,R (u c 0)T and
dL,R = PL,R (d s b)T with PL,R projecting onto the left/right-handed component of the
spinors. The covariant derivative entering the field-strength tensors below µw reads
Dµ = ∂µ − igsGaµ ta − ieQAµ. The hermitian matrices ki are defined in the fermion

mass basis and the matrices related to left-handed quarks obey kD = V †kUV , where
V denotes the CKM matrix.
Integrating by parts and using the equation for the chiral anomaly, the Lagrangian
(3.1) can be rewritten in the equivalent form [60, 67]

LD≤6
eff (µ < µw) =

1

2
(∂µa)(∂

µa)− m2
a

2
a2 + CGG

a

f
Gaµν G̃

µν,a + Cγγ
a

f
Fµν F̃

µν

− ia

f

[
ūLM̃uuR + d̄LM̃d dR + ēLM̃e eR − h.c.

]
+

a2

2f2

[
ūLM

′
uuR + d̄LM

′
d dR + ēLM

′
e eR + h.c.

]
,

(3.2)

which has the advantage that the explicit derivatives acting on the ALP are removed.
The matrices kF (F = u, d, e, U,D, F ) now appear in combination with the diagonal
mass matrices mF of the fermions as

M̃u = muku − kUmu , M̃d = md kd − kDmd , M̃e = me ke − kE me , (3.3)

as well as in the matrices parametrizing the dimension-six coupling that appears in
(3.2) after the rewriting,

M ′
u = muk

2
u − 2kUmuku + k2

Umu etc. (3.4)

Effectively, the ALP-fermion coupling is thus related to the mass of the corresponding
state, which justifies not writing neutrino terms in the Lagrangian (3.1). Finally, the

1Since the Higgs-field has been integrated out, operators of dimension-six are not present in the
effective Lagrangian.
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3. ALP–LEFT Interference

relations for the ALP-boson couplings are

CGG =
αs
4π

cGG +
1

2

∑
q ̸=t

cqq

 , Cγγ =
α

4π

cγγ +∑
f ̸=t

Nf
c Q

2
f cff

 , (3.5)

where the sum extends over all light fermionic degrees of freedom, N q
c = 3 for quarks

and N l
c = 1 for leptons.

Following the same concepts as for the ALP–SMEFT interference described in Sec-
tion 1.7, the presence of ALPs below the electroweak scale induced inhomogeneous
source terms in the RG evolution equations of Wilson coefficients of higher dimensional
operators through Feynman diagrams where the ALP appears as a virtual particle in
the loop. Again, the counterterms for these UV-divergences are of dimension six or
higher, but now the operators are those of the LEFT and there is one additional,
crucial difference: While in the absence of new physics, all Wilson coefficients of the
SMEFT are zero, the pure SM matching at µw already generates higher-dimensional
LEFT operators.
Before moving on to the calculation of the ALP induced inhomogeneous source terms
for the LEFT Wilson coefficients, it is instructive to consider this effective theory in
a bit more detail. The minimal basis of operators up to mass-dimension six compat-
ible with the remaining SU(3)c × U(1)EM symmetry and the corresponding minimal
basis was first found in [143]. Assuming three generations of fermions and including
those with non-zero ∆L and ∆B, the SM operators of dimension-four below µw are
extended by 12 dimension-three, 76 dimension-five, and 5995 dimension-six operators.
Certainly, the ALP does not generate all Wilson coefficients of these operators, but
this basis captures, in a systematic way, all possible effects of heavy new physics that
has been integrated out above µw, up to mass-dimension six. Since it might corre-
spond to a scale Λ ≫ µw, the LEFT in general is an expansion in two (or more)
scales, 1/v and 1/Λ, and matching conditions from the SMEFT to the LEFT have
been obtained in [143].
Moving now on to the concrete light (meaning ma < µw) ALP case, another effect
takes place, as already described for the SMEFT: Removing the 1/ϵ poles from the
amplitudes of one-loop Feynman diagrams with virtual ALP exchange generates in-
homogeneous source terms Si that enter the RG evolution equations of the LEFT
Wilson coefficients via

d

d lnµ
CLEFT
i − γLEFTji CLEFT

j =
Si

(4πf)2
(for µ < µw) , (3.6)

where γLEFT is the one-loop anomalous dimension matrix for the LEFT Wilson co-
efficients that has been computed in [144]. The correct effective field theory is thus
given by

Leff = LLEFT + LALP + LSM+ALP . (3.7)
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3. ALP–LEFT Interference

3.2. Green’s Functions requiring LEFT Counterterms

With these ingredients at hand, it is now possible to move on to the calculation of the
ALP-induced inhomogeneous source terms generating the LEFT Wilson coefficients.
To this end, it is convenient to work in a Green’s basis, i.e. a redundant basis that
is complete before applying the equations of motions, since it allows to restrict the
analysis to one-particle irreducible diagrams. In principle, there are three different
types of such operators at dimension-six, pure gauge boson operators, single and four
fermion-current operators, that can each be subdivided into different classes by the
number of covariant derivatives, fermion and gauge boson fields as shown in Table 3.1.

Operator Type Operator Class

pure gauge boson X3, X2D2, X2

single fermion-current ψ2XD, ψ2X, ψ2D3, ψ2D2, ψ2D, ψ2

four-fermion ψ4

Table 3.1.: LEFT operator classes up to dimension-six that need to be considered for the
ALP–LEFT interference. X denotes a normal or dual field strength tensor, ψ is a SM fermion.

In the following sections, all Feynman diagrams with virtual ALP exchange contribut-
ing to these classes are computed in the Green’s basis and subsequently transformed
to the minimal LEFT basis. To this end, the sum of diagrams are written as∑

i

DALP
i ≡ iA

(4πf)2
(3.8)

throughout and the matrix element of an operator Q is expressed as ⟨Q⟩.

3.3. Pure Gauge-Boson Operators

1

Figure 3.2.: Representative one-loop Feynman diagrams with virtual ALP exchange (red
dashed line) requiring pure gauge-boson operators as counterterms. The second and third
graph, which involve the three gauge-boson vertices, are both absent for photons.

The Feynman diagrams with one-loop virtual ALP exchange that contribute to the
purely bosonic (PB) LEFT counterterms are depicted in Figure 3.2. Defining the
auxiliary, redundant operators

Q̂G,2 = (DρGρµ)
a(DωG

ωµ)a ,

Q̂γ,2 = (∂ρFρµ)(∂ωF
ωµ) ,

(3.9)

40



3. ALP–LEFT Interference

the amplitudes can be written as

A(gg(g)) = −C
2
GG

ϵ

[
4gs ⟨QG⟩+

4

3
⟨Q̂G,2⟩ − 2m2

a ⟨GaµνGµν,a⟩
]
+ finite ,

A(γγ) = −
C2
γγ

ϵ

[
4

3
⟨Q̂γ,2⟩ − 2m2

a ⟨FµνFµν⟩
]
+ finite ,

(3.10)

with QG as defined below (1.58). From the first term in the amplitude A(gg(g)), the
contribution to the inhomogeneous source term of the LEFT Wilson coefficient CG
can directly be read off as SG ∋ 8gsC

2
GG. The remaining terms require a more careful

examination. Starting with the redundant operators Q̂G,2 and Q̂γ,2, one first needs to
apply the equations of motion for the gluon and the photon,

(DρGρµ)
a = gs

∑
q ̸=t

q̄ γµ t
aq , ∂ρFρµ = e

∑
f ̸=t

Qf f̄ γµf , (3.11)

where the sum over the quarks q and leptons l include all light fermion mass eigen-
states, in order to project them onto the minimal LEFT basis. This yields for the
auxiliary gluon operator in the notation of [143]

Q̂G,2 ∼= g2s

[
1

2

([
QV,LLuu

]
pssp

+
[
QV,RRuu

]
pssp

+
[
QV,LLdd

]
pssp

+
[
QV,RRdd

]
pssp

)
(3.12)

− 1

2Nc

([
QV,LLuu

]
ppss

+
[
QV,RRuu

]
ppss

+
[
QV,LLdd

]
ppss

+
[
QV,RRdd

]
ppss

)
+ 2

([
QV 8,LR
uu

]
ppss

+
[
QV 8,LR
dd

]
ppss

)
+ 2

([
QV 8,LL
ud

]
ppss

+
[[
QV 8,RR
ud

]
ppss

+
[
QV 8,LR
ud

]
+
[
QV 8,LR
du

]) ]
,

and for the auxiliary photon operator

Q̂γ,2 ∼= e2
[
Q2
u

([
QV,LLuu

]
ppss

+
[
QV,RRuu

]
ppss

+ 2
[
QV 1,LR
uu

]
ppss

)
(3.13)

+Q2
d

([
QV,LLdd

]
ppss

+
[
QV,RRdd

]
ppss

+ 2
[
QV 1,LR
dd

]
ppss

)
+Q2

e

([
QV,LLee

]
ppss

+
[
QV,RRee

]
ppss

+ 2
[
QV,LRee

]
ppss

)
+ 2QuQd

([
QV 1,LL
ud

]
ppss

+
[
QV 1,RR
ud

]
ppss

+
[
QV 1,LR
ud

]
ppss

+
[
QV 1,LR
du

]
ppss

)
+ 2QeQu

([
QV,LLeu

]
ppss

+
[
QV,RReu

]
ppss

+
[
QV,LReu

]
ppss

+
[
QV,LRue

]
ppss

)
+ 2QeQd

([
QV,LLed

]
ppss

+
[
QV,RRed

]
ppss

+
[
QV,LRed

]
ppss

+
[
QV,LRde

]
ppss

)]
.

In the same way as before, it is now straightforward to read off the contributions to
the inhomogeneous source terms of the Wilson coefficients of the respective operators
appearing in (3.12) and (3.13). Since other diagrams yield further terms, the full
expressions for the Si are collected at the end of this chapter.
Next, there remain terms multiplied by the ALP mass term in the amplitudes (3.10).
Since the m2

a multiplies two field strength tensors, these terms yield modifications of
the wave-function renormalizations and thus affect the running of the gauge couplings
αs(µ) and α(µ). A detailed derivation follows in Section 3.6.
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3. ALP–LEFT Interference

3.4. Single Fermion-Current Operators

Moving on to the single fermion-current operators, only the operator classes ψ2D, ψ2

as well as the dipole operators ψ2X are generated, while ψ2XD, ψ2D3 and ψ2D2 are
not sourced by the ALP at one-loop order when working with the second form of the
Lagrangian in (3.2). Certainly, the final results are independent of the choice of the
Lagrangian.

Dipole Operators

1

Figure 3.3.: One-loop Feynman diagrams with virtual ALP exchange (red dashed line) re-
quiring dipole operators as counterterms. The fermion line represents a quark or a charged
lepton.

The Feynman diagrams describing a chirality changing dipole interaction with a one-
loop ALP exchange are depicted in Figure 3.3. While the third diagram is UV-finite,
the sum of the first and the second one yields, for the example of (L̄R)X where the
fermion line represents a quark, the expression

A(q̄L,pqR,r g) = −
2gs
ϵ

(
M̃q

)
pr
CGG

[
⟨QqG⟩

]
pr

+ finite , (3.14)

while for the case where the fermion line is a charged lepton one obtains

A(f̄L,pfR,rγ) = −
2Qf e

ϵ

(
M̃f

)
pr
Cγγ

[
⟨Qfγ⟩

]
pr

+ finite , (f = u, d, e) . (3.15)

Notably, these amplitudes correspond to those of the dipole operators found in the
SMEFT case in [35], however with the external Higgs field replaced by its vacuum
expectation value. In both expressions, (3.14) and (3.15), no summation is implied
for the indices p and r for a given diagram with external fermion generations p, r.

Fermion Two-Point Functions

1

Figure 3.4.: One-loop Feynman diagrams with virtual ALP exchange (red dashed line) con-
tributing to the fermion self-energies. The fermion line represents a quark or a charged lepton.
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3. ALP–LEFT Interference

In the SMEFT case, the non-derivative basis ALP–fermion interaction always involves
a Higgs field. The absence of this heavy boson below the electroweak symmetry
breaking scale leads to the interesting phenomenon that fermion two-point functions
are generated, allowing the ALP to influence fermion masses. Systematically, the two
self-energy diagrams shown in Figure 3.4 can be decomposed as

Σ(f)(p) = Σ
(f)
LL +Σ

(f)
RR +Σ

(f)
LR +Σ

(f)
RL , (f = u, d, e) . (3.16)

The different contributions to Σ(f) read

Σ
(f)
LL =

1

(4πf)2
1

ϵ

(
− /p

2

)
PL M̃f M̃

†
f + finite ,

Σ
(f)
RR =

1

(4πf)2
1

ϵ

(
− /p

2

)
PR M̃ †

f M̃f + finite ,

Σ
(f)
LR =

1

(4πf)2
1

ϵ
PR

(
M̃f mf M̃f +

m2
a

2
M ′

f

)
+ finite ,

Σ
(f)
RL =

1

(4πf)2
1

ϵ
PL

(
M̃ †

f mf M̃
†
f +

m2
a

2
M ′ †

f

)
+ finite .

(3.17)

To obtain the full self-energies, these terms have to be added to the SM expression
and brought into canonical, diagonal form through appropriate field redefinitions.

3.5. Four-Fermion Operators

1

Figure 3.5.: One-loop Feynman diagrams with virtual ALP exchange (red dashed line) con-
tributing to the four-fermion amplitudes. The fermion line represents a quark or a charged
lepton. The diagrams are UV-finite.

Finally, the virtual ALP exchange could generate inhomogeneous source terms for four-
fermion operators with corresponding diagrams shown in Figure 3.5. When working
in the second basis (3.2), it is evident that all diagrams are UV-finite. Clearly, the
generation of the source terms must be basis independent. When employing the first
basis in (3.1) instead, the ALP-fermion vertices have an additional momentum. In
this case, still the sum of the four diagrams is UV-finite.
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3. ALP–LEFT Interference

ALP–SMEFT ALP–LEFT

1

Figure 3.6.: Representative one-loop Feynman diagrams with virtual ALP exchange (red
dashed line) requiring four-fermion operators as counterterms in the ALP–SMEFT case (left)
and in the ALP–LEFT (right). The fermion line represents a quark or a charged lepton, the
black curly line a W± or Z boson and the symbol ⊗ denotes an effective dimension-six four-
fermion vertex in the LEFT obtained from integrating out the heavy gauge boson. Similar
diagrams also exist for virtual Higgs exchange, generating four-fermion vertices of dimension-
eight order in the LEFT (not shown).

One could, however, ask the question, why four-fermion operators were generated
at dimension-six order in the ALP–SMEFT interference case in [35], while this does
not happen at low energies. The reason is the following: Considering the derivative
basis above µw, diagrams of the form as shown on the left-hand side of Figure 3.6 are
responsible for these terms. When integrating out the heavy boson, the propagator
shrinks to a point and generates the diagram shown on the right-hand side of the figure.
The effective four-fermion vertex required in the right-hand side diagram is therefore of
order six (∼ 1/v2) or eight (mfmf ′/v

4). The counterterms of such diagrams are thus
given by dimension-eight operators for a four-fermion vertex generated by integrating
out theW± or Z bosons and the Wilson coefficients scale as 1/(Λ2v2), or by dimension-
ten when it was induced by a Higgs with corresponding Wilson coefficient scaling as
1/(Λ2v4). A concrete example of source terms for dimension-eight operators in the
LEFT is shown in Appendix 3.10.A.

3.6. Derivation of the Source Terms

The derivation of the inhomogeneous LEFT source terms from the UV-divergent terms
of the one-loop amplitudes follows the exact same logic as explained in Section 1.7.
To summarize, if a Green’s function contains a term of the form

ξi
(4πf)2

1

ϵ
⟨Qi⟩ , (3.18)

then the source term entering the RG equation of the renormalized Wilson coefficient
contains (−2) times the coefficient of the 1/ϵ-term multiplying the corresponding
matrix element, i.e.

d

d lnµ
Ci(µ) ∋ −

2ξi
(4πf)2

≡ Si
(4πf)2

. (3.19)

The thus obtained results together with the corresponding operator definitions as
given in [143] are shown in Table 3.2.
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Operator Q Definition Source Term S

P
B QG fabcGa,νµ Gb,ρν Gc,µρ 8gsC

2
GG

[QuG]ij ūLiσ
µν tauRjG

a
µν 4gsCGG [M̃u]ij

[QdG]ij d̄Liσ
µν tadRjG

a
µν 4gsCGG [M̃d]ij

[Quγ ]ij ūLiσ
µνuRjFµν

8
3 eCγγ [M̃u]ij

[Qdγ ]ij d̄Liσ
µν dRjFµν −4

3 eCγγ [M̃d]ijD
ip
o
le

O
p
.

[Qeγ ]ij ēLiσ
µν eRjFµν −4eCγγ [M̃e]ij

[QV,LLee ]ijkl (ēLiγ
µeLj)(ēLkγµeLl)

8
3 e

2C2
γγ δij δkl

[QV,RRee ]ijkl (ēRiγ
µeRj)(ēRkγµeRl)

8
3 e

2C2
γγ δij δkl

[QV,LLeu ]ijkl (ēLiγ
µeLj)(ūLkγµuLl) −32

9 e
2C2

γγ δij δkl

[QV,RReu ]ijkl (ēRiγ
µeRj)(ūRkγµuRl) −32

9 e
2C2

γγ δij δkl

[QV,LLed ]ijkl (ēLiγ
µeLj)(d̄LkγµdLl)

16
9 e

2C2
γγ δij δkl

[QV,RRed ]ijkl (ēRiγ
µeRj)(d̄RkγµdRl)

16
9 e

2C2
γγ δij δkl

[QV,LLuu ]ijkl (ūLiγ
µuLj)(ūLkγµuLl) 32

27 e
2C2

γγ δij δkl +
4
3 g

2
sC

2
GG

(
δilδjk − 1

Nc
δij δkl

)
[QV,RRuu ]ijkl (ūRiγ

µuRj)(ūRkγµuRl) 32
27 e

2C2
γγ δij δkl +

4
3 g

2
sC

2
GG

(
δilδjk − 1

Nc
δij δkl

)
[QV,LLdd ]ijkl (d̄Liγ

µdLj)(d̄LkγµdLl) 8
27 e

2C2
γγ δij δkl +

4
3 g

2
sC

2
GG

(
δilδjk − 1

Nc
δij δkl

)
[QV,RRdd ]ijkl (d̄Riγ

µdRj)(d̄RkγµdRl) 8
27 e

2C2
γγ δij δkl +

4
3 g

2
sC

2
GG

(
δilδjk − 1

Nc
δij δkl

)
[QV 1,LL

ud ]ijkl (ūLiγ
µuLj)(d̄LkγµdLl) −32

27 e
2C2

γγ δij δkl

[QV 1,RR
ud ]ijkl (ūRiγ

µuRj)(d̄RkγµdRl) −32
27 e

2C2
γγ δij δkl

[QV 8,LL
ud ]ijkl (ūLiγ

µtauLj)(d̄Lkγµt
adLl)

16
3 g

2
sC

2
GGδij δkl

(L̄
L
)(
L̄
L
)
an

d
(R̄
R
)(
R̄
R
)

[QV 8,RR
ud ]ijkl (ūRiγ

µtauRj)(d̄Rkγµt
adRl)

16
3 g

2
sC

2
GGδij δkl

[QV,LRee ]ijkl (ēLiγ
µeLj)(ēRkγµeRl)

16
3 e

2C2
γγ δij δkl

[QV,LReu ]ijkl (ēLiγ
µeLj)(ūRkγµuRl) −32

9 e
2C2

γγ δij δkl

[QV,LRed ]ijkl (ēLiγ
µeLj)(d̄RkγµdRl)

16
9 e

2C2
γγ δij δkl

[QV,LRue ]ijkl (ūLiγ
µuLj)(ēRkγµeRl) −32

9 e
2C2

γγ δij δkl

[QV,LRde ]ijkl (d̄Liγ
µdLj)(ēRkγµeRl)

16
9 e

2C2
γγ δij δkl

[QV 1,LR
uu ]ijkl (ūLiγ

µuLj)(ūRkγµuRl)
64
27 e

2C2
γγ δij δkl

[QV 8,LR
uu ]ijkl (ūLiγ

µ tauLj)(ūRkγµ t
auRl)

16
3 g

2
sC

2
GGδij δkl

[QV 1,LR
ud ]ijkl (ūLiγ

µuLj)(d̄RkγµdRl) −32
27 e

2C2
γγ δij δkl

[QV 8,LR
ud ]ijkl (ūLiγ

µ tauLj)(d̄Rkγµ t
adRl)

16
3 g

2
sC

2
GGδij δkl

[QV 1,LR
du ]ijkl (d̄Liγ

µdLj)(ūRkγµuRl) −32
27 e

2C2
γγ δij δkl

[QV 8,LR
du ]ijkl (d̄Liγ

µ tadLj)(ūRkγµ t
auRl)

16
3 g

2
sC

2
GGδij δkl

[QV 1,LR
dd ]ijkl (d̄Liγ

µdLj)(d̄RkγµdRl)
16
27 e

2C2
γγ δij δkl

(L̄
L
)(
R̄
R
)

[QV 6,LR
dd ]ijkl (d̄Liγ

µ tadLj)(d̄Rkγµ t
adRl)

16
3 g

2
sC

2
GGδij δkl

Table 3.2.: LEFT operators and their definitions (second and third column) and the one-loop
ALP-generated inhomogeneous source terms entering the RG evolution equations of the LEFT
Wilson coefficients (last column).
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Wave-function, coupling and mass renormalization

Apart from the inhomogeneous source terms that enter the RG evolution equations,
ALPs also contribute to amplitudes that require dimension-four SM operators as coun-
terterms. This occurs for the purely gauge-boson amplitudes in (3.10), as well as for
the fermion self-energies in (3.17). In the first case, this results in a modification of
the wave-function renormalization constants of the gluon- and the photon-field of the
form

δZG =
8m2

a

(4πf)2
C2
GG

ϵ
, δZγ =

8m2
a

(4πf)2
C2
γγ

ϵ
. (3.20)

From αs,0 = µ2ϵ Zαs αs, where Zαs = Z2
q̄qgZ

−2
q Z−1

G , and the fact that αs,0 is scale
independent follows that

1

αs

dαs
d lnµ

= −2ϵ− 1

Zαs

dZαs

d lnµ
with Zαs = ZSM

αs
− 8m2

a

(4πf)2
C2
GG

ϵ
, (3.21)

such that the β-function of QCD, defined as dαs/d lnµ ≡ −2αsβQCD, gets modified
to

βQCD = βSMQCD +
8m2

a

(4πf)2
C2
GG . (3.22)

Similarly, for the β-function of Quantum Electrodynamics (QED),

βQED = βSMQED +
8m2

a

(4πf)2
C2
γγ . (3.23)

Finally, the contributions in (3.17) modify the fermion wave-functions and mass renor-
malizations. Assuming flavor-diagonal ALP-fermion couplings in the mass basis, the
additional terms for a fermion f read

δZf = −
m2
f

(4πf)2
c2ff
2ϵ

and δmf =
mf

(4πf)2
c2ff
ϵ

(
m2
f +

m2
a

2

)
. (3.24)

The presence of the 1/ϵ pole in the fermion mass term yields a modification to the
RG evolution equation dmf/d lnµ = γmf

mf of the form

γmf
= γSMmf

+
2m2

f +m2
a

(4πf)2
c2ff . (3.25)

3.7. ALP–LEFT Contributions to the Muon Anomalous
Magnetic Moment

The anomalous magnetic dipole moment (MDM) of the electron and the muon are
two important precision observables in particle physics that are highly sensitive to
physics beyond the SM. In general terms, the MDM µ⃗ quantifies the interaction of
the spin of a given fermion f with an external magnetic field and is given by

µ⃗ = gf
qf

2mf
S⃗ , (3.26)
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where qf and mf denote the fermion’s electric charge and mass and S⃗ its spin. The
Landé-factor gf can be decomposed as [36]

gf = 2 [F1(0) + 2F2(0)] = 2 + 2F2(0) . (3.27)

Classically, the F2 term is absent, such that gf = 2. In quantum field theory, however,
loop corrections yield a deviation from this result that is typically parametrized as

af ≡
(g − 2)f

2
, (3.28)

and called the anomalous magnetic dipole moment. In the SM, there are three types of
diagrams that contribute beyond the leading order: QED, electroweak and hadronic
corrections, such that aSMf = aQED

f +aEWf +ahadf . Representative lowest-order Feynman
graphs for each of these contributions in the SM are shown in Figure 3.7. Certainly,
at low energies, graphs containing explicit Z and W± bosons are absent.

γ

γ

Z

γ

W± W±
γ

γ γ

γ

had.

1

Figure 3.7.: Representative Feynman diagrams contributing to the magnetic dipole moment
of the fermions. The first graph from the left shows the one-loop QED correction, which yields
the Schwinger term α/(2π) to F2(0). The second and third graph are the lowest order weak
corrections, while the graph on the right represents hadronic contributions to af .

There has been an anomaly in the anomalous magnetic moment of the electron and
the muon for a long time, and enormous effort has been made to improve both theory
prediction and experimental measurement. In a recent white paper, WP25, of the
Muon g−2 Theory Initiative [145], the improved lattice QCD average for the hadronic
vacuum polarization has led to a substantial upward adjustment of the predicted value
of aµ, which removed the tension between experiment and theory in this quantity.
Yet, contributions from ALPs can significantly affect its value and it is therefore
still of enormous interest when searching for hints of new physics. In the following
section, it will be examined in detail how ALP contributions to aµ arise from the
ALP–LEFT interference discussed in the previous section. In the LEFT without
ALP, contributions have been discussed in detail in [146]. Including the ALP, the
one-loop order result at µ0 ∼ mµ reads2

aµ =
α(µ0)

2π
− 4mµ

e
ℜe
[
Ceγ(µ0)

]
22

[
1− α

4π

(
5 ln

µ20
m2
µ

+ 2

)]
+ a4ℓµ (µ0) + a2ℓ2qµ (µ0) + aALP

µ (µ0)

≡ [aµ]
SM + [aµ]

ALP , (3.29)

where aALP
µ (µ0) denotes direct ALP contributions, while [aµ]

ALP contains all ALP-
generated contributions, including indirect ones. The individual terms are represented
by the graphs depicted in Figure 3.8. The terms that appear in (3.29) are the following

2The SM prediction for aµ is known to much higher accuracy than the one-loop result included here,
see [147].
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` q

1

Figure 3.8.: Representative Feynman diagrams contributing to the anomalous magnetic mo-
ment of the muon at one- and partial two-loop order when the SM is extended by an ALP.
LEFT operators are indicated by the ⊗ symbol, while the red dashed line shown the ALP.

ones:

• The SM Schwinger term, α(µ0)/(2π), results from the one-loop QED correction
(first diagram in Figure 3.8).

• The second term in the first line of (3.29) results from the one-loop matrix
element of the electromagnetic dipole operator in the LEFT (second and third
diagrams in the first row of Figure 3.8). The Wilson coefficient of the LEFT
dipole operator contains the pure SM contribution[
Ceγ(µ0)

]SM
22

=
GF emµ

48
√
2π2

(
−3− 8s2w + 16s4w

)
.

• Penguin diagrams involving four-lepton operators in the LEFT generate the
fourth diagram in the first row of Figure 3.8, which arise from the exchange of
W± and Z bosons. In detail, the contribution reads

a4ℓµ (µ0) = mµ

∑
ℓ=e,µ,τ

mℓ

4π2

[
ln
µ20
m2
ℓ

ℜe
[
CS,RRee (µ0)

]
2ℓℓ2
−ℜe

[
CV,LRee (µ0)

]
2ℓℓ2

]
.

(3.30)
Again, besides ALP effects on the coefficient, CV,LRee already contains the pure

SM term
[
CV,LRee (µ0)

]SM
2ℓℓ2

= 4GF√
2

(
1− 2s2w

)
s2w δ2ℓ. C

S,RR
ee does not get sourced

by the ALP and thus does not play a role in the following discussion.

• The term a2ℓ2qµ arises from penguin diagrams involving a quark loop (fifth di-
agram in the first row). It is given in (3.4) and (3.5) of [146] and involves the
coefficients CT,RReu and CT,RRed , which are not sourced by one-loop ALP exchange.

• Finally, there are the direct ALP contributions, shown at one- and partial two-
loop order in the second row of Figure 3.8.

The final goal is to obtain an expression for aµ in terms of the ALP couplings at the
UV-scale Λ. This can be done in three steps, and thus the next sections are structured
as follows: First, the direct ALP contributions to the muon anomalous magnetic dipole
moment are summarized. Subsequently, the relevant coefficients are scale evolved up
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to the electroweak scale, where matching corrections need to be taken into account.
Finally, the RG evolution above µw is applied up to the ALP-scale Λ.

3.7.1. Direct ALP Contributions to aµ

The direct ALP contributions to aµ, i.e. those in the second row of Figure 3.8, have
been computed in [28, 34] and read

aALP
µ (µ0) =

m2
µ

(4πf)2

(
− 8cµµ(µ0)Cγγ(µ0)

[
ln
µ20
m2
µ

+ δ2 + 3− h2(xµ)
]

− 2α(µ0)

π
cµµ(µ0)

∑
f ̸=t

Nf
c Q

2
f cff (µ0)

∫ 1

0
dz F

(
z(1− z)xf , xµ

)
+
α(µ0)

π
C2
γγ(µ0)∆LbL(µ0,ma,mµ)− c2µµ(µ0)h1(xµ)

+
mτ

mµ
ℜe
(
[ke]23 [kE ]

∗
23

)
h3(xτ )

− 1

2

(
|[ke]12|2 + |[kE ]12|2

)
h4(xµ)

)
,

(3.31)
where xf ≡ m2

a/m
2
f + i0, and the loop functions hi(x) are given by

h1(x) = 1 + 2x+ x(1− x) lnx− 2x(3− x)
√

x

4− x arccos

√
x

2
,

h2(x) = 1− x

3
+
x2

6
lnx+

2 + x

3

√
x(4− x) arccos

√
x

2
,

h3(x) =
1− 3x

(1− x)2 −
2x2

(1− x)3 lnx ,

h4(x) = 1 + 2x− 2x2 ln
x

x− 1
,

(3.32)

and

F (y, x) =
1

1− y

[
h2(x)− h2

(
x

y

)]
, (3.33)

which is a loop function arising at two-loop order from Barr–Zee diagrams [148] (third
diagram in the second row of Figure 3.8), calculated in [34, 149]. The constant δ2 in
the first line of (3.31) is a scheme dependent quantity related to the treatment of ϵµναβ

in dimensional regularization: when treated as four-dimensional, δ2 = 0, while for a d-
dimensional object, δ2 = −3 [28]. The scale µ0, where the expression aALP

µ is evaluated,
depends on the mass hierarchy between the ALP and the muon. When one of the
two particles is much heavier than the other, one needs to set µ0 ∼ max(mµ, ma).
In addition, the quantity ∆LbL in (3.31) accounts for the last two diagrams in the
second line of Figure 3.8 that show the contributions from light-by-light scattering
and ALP vacuum polarization. While this quantity has not yet been fully computed,
it was analyzed at leading logarithmic approximation for µ ≫ mµ,a in [150]. Finally,
the flavor off-diagonal contribution to the muon anomalous magnetic dipole moment,
the last term in (3.31), stems from the first diagram in the second line of Figure 3.8
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when the fermion in the loop is an electron or a tau and the mass ratios mµ/mτ and
me/mµ are neglected. Since the flavor off-diagonal ALP-fermion couplings are scale
independent up to O(α2), there is no argument µ0 in these terms.

3.7.2. Renormalization Group Evolution to the Electroweak Scale

For the goal of expressing the muon anomalous magnetic dipole moment in terms
of ALP couplings at the electroweak scale, it is necessary to solve the relevant RG
evolution equations, which in the following is performed at lowest non-trivial order in
the ALP couplings. In more detail, this requires the solutions to the ALP couplings
cµµ and Cγγ , the additional contribution to the scale evolution of α, as well as to the

LEFT Wilson coefficients [Ceγ ]22 and [CV,LRee ]2ℓℓ2.
For cµµ and Cγγ , the relevant RG evolution equations have been found in [60]. Omit-
ting quadratic and higher order terms of α, as well as its scale dependence, one can
deduce the following approximate solutions:

dcµµ
d lnµ

=
6α

π
Cγγ ⇒ cµµ(µ0) ≈ cµµ(µw)−

3α

π
Cγγ(µw) ln

µ2w
µ20

,

dCγγ
d lnµ

= −βQED
0

α

2π
Cγγ ⇒ Cγγ(µ0) ≈

[
1 + βQED

0

α(µw)

4π
ln
µ2w
µ20

]
Cγγ(µw) .

(3.34)

For the gauge coupling of QED, the ALP induced RG contribution in (3.23) yields,
up to linear order in α,

[
α(µ0)

]ALP ≈ α(µw)
[
1 +

8m2
a

(4πf)2
C2
γγ(µw) ln

µ2w
µ20

]
. (3.35)

Lastly, the inhomogeneous source terms for the relevant LEFT Wilson coefficients are
those summarized in Table 3.2. Since [CV,LRee ]2ℓℓ2 arises only at one-loop order in a4ℓµ ,

it suffices to integrate SV,LRee . The situation is only slightly different for the dipole
coefficient [Ceγ ]22: Even though the coefficient mixes under a scale evolution with

itself, with CT,RReu , CT,RRed , CS,RRee (not ALP sourced), as well as with Ceγ , Cuγ and
Cdγ times the mass of a light SM fermion [144], these mixing effects do not give rise
to contributions at the relevant order. Therefore, when neglecting higher order effects
in α, only the scale evolution of cµµ needs to be taken into account when integrating
the inhomogeneous source term of [Ceγ ]22. In total, this yields

[
Ceγ(µ0)

]ALP

22
≈
[
Ceγ(µw)

]ALP

22

+
2emµ

(4πf)2
Cγγ(µw)

[
cµµ(µw) ln

µ2w
µ20
− 3α

2π
Cγγ(µw) ln

2 µ
2
w

µ20

]
,

[
CV,LRee (µ0)

]ALP

2ℓℓ2
≈
[
CV,LRee (µw)

]ALP

2ℓℓ2
− 1

(4πf)2
32πα

3
C2
γγ(µw) δ2ℓ ln

µ2w
µ20

.

(3.36)
Inserting these results into the direct ALP contributions in (3.31), as well as the
Schwinger term in (3.29), and neglecting higher-order loop results of the ALP cou-
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plings, the final result in terms of the couplings at µw is given by

[aµ]
ALP = −4mµ

e
ℜe
[
Ceγ(µw)

]ALP

22
−mµ

∑
ℓ=e,µ,τ

mℓ

4π2
ℜe
[
CV,LRee (µw)

]ALP

2ℓℓ2

+
m2
µ

(4πf)2

{
− c2µµ(µw)h1(xµ)

− 8cµµ(µw)Cγγ(µw)

[
ln
µ2w
m2
µ

+ δ2 + 3− h2(xµ)
]

− 2α(µw)

π
cµµ(µw)

∑
f ̸=t

Nf
c Q

2
f cff (µw)

∫ 1

0
dz F

(
z(1− z)xf , xµ

)
+

12α(µw)

π
C2
γγ(µw)

[(
2δ2 +

56

9
− 2h2(xµ) +

xµ
3

)
ln
µ2w
µ20

+ ln2
µ2w
m2
µ

− ln2
µ20
m2
µ

+
1

12
∆LbL(µ0,ma,mµ)

]
+
mτ

mµ
ℜe
(
[ke]23 [kE ]

∗
23

)
h3(xτ )−

1

2

(
|[ke]12|2 + |[kE ]12|2

)
h4(xµ)

}
.

(3.37)
From this equation and the necessity of the low-energy scale to cancel out of the
expression, one can deduce that the term proportional to C2

γγ ,

1

12
∆LbL(µ0,ma,mµ)− ln2

µ20
m2
µ

−
(
2δ2 +

56

9
− 2h2(xµ) +

xµ
3

)
ln
µ20
m2
µ

, (3.38)

must be independent of µ0.

3.7.3. Electroweak Matching Contributions

As a next step, matching corrections at the electroweak scale need to be taken into
account and a rewriting in terms of the appropriate couplings is necessary, since the
degrees of freedom change at µw. Concretely, this affects the couplings Cγγ , cµµ, as
well as the LEFT dipole coefficient [Ceγ ]

ALP
22 .

Starting with the ALP coefficients, the matching relations have been obtained in [60].
Defining by µ+w and µ−w the scale infinitesimally above or below µw, they read

Cγγ(µ
−
w) = Cγγ(µ

+
w)−

α(µw)

4π
NcQ

2
u ctt(µ

+
w)

= c2w CBB(µ
+
w) + s2w CWW (µ+w)−

α(µw)

3π
ctt(µ

+
w) ,

(3.39)
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+
w)− Cγγ(µ−w)

1

Figure 3.9.: Representative Feynman diagrams contributing to the ALP-induced matching
corrections to the LEFT dipole coefficient Ceγ at the electroweak scale. The open red circle
in the last diagram accounts for the matching contribution obtained from the fact that the
ALP-photon coupling Cγγ differs in the effective theories above and below the electroweak
scale.

for the case of the photon coupling with short-hand notations c2w ≡ cos2 θw = m2
W /m

2
Z

and s2w ≡ sin2 θw, and

cµµ(µ
−
w) = cµµ(µ

+
w) +

3αt(µw)

4π
ctt(µ

+
w) ln

µ2w
m2
t

− α1(µw)

4π
CBB(µ

+
w)

[(
15

2
− 12c4w

)(
ln
µ2w
m2
Z

+ δ1 +
1

2

)
− 6c2w

(
1− 4s2w

)]
− α2(µw)

4π
CWW (µ+w)

[(
9

2
− 12s4w

)(
ln
µ2w
m2
Z

+ δ1 +
1

2

)
− 3 ln c2w + 6s2w

(
1− 4s2w

) ]
,

(3.40)
with mt ≡ mt(mt). For the LEFT dipole coefficient relevant Feynman diagrams for
the matching include those depicted in Figure 3.9. The three Z-boson graphs in
the first row are proportional to (geL + geR) = (−1

2 + 2s2w) ≈ −0.04. While the first
diagram has been obtained in [28], the last two graphs in the first line of the figure
haven not been calculated in the literature before. The second diagram vanishes up
to O(m2

f/m
2
Z), while the third one gives a contribution proportional to cµµ ctt, which

is independent of the scale µw but depends on the ratio m2
t /m

2
Z . It is a reasonable

approximation to neglect this unknown contribution, because it is much smaller than
other terms involving the same ALP couplings in the result (3.41) below. Shrinking the
heavy-particle propagators to a point and assuming that at least one of the remaining
loop momenta is soft leads to the low-energy subgraphs shown in Figure 3.10, where
effective vertices in the ALP–LEFT theory are shown as the red ⊗ symbols, that scale
as 1/(fv2) (first graph) and 1/(f2v2) (third graph). The operator symbolized by ⊗
scales as 1/v2. In all three cases, the result is proportional to ∼ m2

µ,a/v
2 and can

therefore be neglected in the matching.
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1

Figure 3.10.: Low-energy subgraphs for the three diagrams in the first row of Figure 3.9.
The effective vertex marked by a red ⊗ symbol in the first subgraph from the left corresponds
to the dimension-7 operator (∂µa) µ̄γνF

µνµ, the black ⊗ symbolizes the dimension-six four-
lepton LEFT operator and the red ⊗ symbol in the third subgraph is a dimension-8 four-lepton
operator. The diagrams are power suppressed and therefore do not contribute to the matching.

The three diagrams shown in the second row of Figure 3.9 correspond to the Barr–Zee
contribution of the top quark (first graph) as well as a matching contribution arising
from the fact that the ALP-photon coupling Cγγ in the effective theories just above
and below the electroweak scale differs by a contribution involving the top quark.
Both diagrams contain a non-zero low-energy contribution sensitive to the masses of
the ALP and the muon, but in their sum this contribution cancels out. Combining
[28, 34, 143, 149], this yields for the matching of the dipole coefficient at µw[

Ceγ(µ
−
w)
]ALP

22
=

v√
2

(
cw
[
CeB(µ

+
w)
]ALP

22
− sw

[
CeW (µ+w)

]ALP

22

)
− emµ

2(4πf)2
(
1− 4s2w

)
cµµ(µ

+
w)×[

CBB(µ
+
w)− CWW (µ+w)

](
ln
µ2w
m2
Z

+ δ2 +
3

2

)
+

emµ

(4πf)2
2α(µw)

3π
cµµ(µ

+
w) ctt(µ

+
w)×[(

ln
µ2w
m2
t

+ δ2 −
1

2

)
+ (1− 4s2w)(. . . )

]
,

(3.41)

where the dots refer to the unknown contribution from the third diagram in Figure 3.9.
For the coefficient CV,LRee , one-loop matching corrections arise from diagrams of the
form

eL eR

1

that have not yet been calculated. The relation is therefore written as [143][
CV,LRee (µ−w)

]ALP

2ℓℓ2
=
[
Cle(µ

+
w)
]ALP

2ℓℓ2
+ loop corrections . (3.42)

3.7.4. RG Evolution above the Electroweak Scale

Having obtained an expression for the anomalous magnetic dipole moment of the
muon in terms of couplings above the electroweak scale, it is now possible to RG
evolve these coefficients up to Λ. To this end it is necessary to collect and derive the
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required solutions to the RG equations. Starting once more with the ALP coefficients
cµµ and ctt, the leading-order RG-improved result was obtained in [60]. Neglecting
the scale dependence of the electroweak gauge couplings α1 and α2 as well as of the
ALP-boson couplings CBB and CWW , it reads

cµµ(µ
+
w) ≈ cµµ(Λ) + Ît(µw,Λ) ctt(Λ)−

[
15α1

8π
CBB(Λ) +

9α2

8π
CWW (Λ)

]
ln

Λ2

µ2w
,

ctt(µ
+
w) ≈

[
1− 3

2
Ît(µw,Λ)

]
ctt(Λ)−

16

7

[
αs(µw)

αs(Λ)
− 1

]
CGG(Λ)

−
[
17α1

24π
CBB(Λ) +

9α2

8π
CWW (Λ)

]
ln

Λ2

µ2w
,

(3.43)
with

Ît(µw,Λ) =

∫ Λ

µw

dµ

µ

3αt(µ)

2π

ctt(µ)

ctt(Λ)
=

3αt(µw)

αs(µw)

[
1−

(
αs(Λ)

αs(µw)

)1
7

]
. (3.44)

It is crucial to note that RG evolution effects generate the appearance of the ALP-top
quark coupling in the expression for cµµ(µ

+
w) in (3.43). Even in the absence of a direct

coupling to muons at Λ, this term generates a shift in aµ.
Finally, only the solution to the scale evolution of the SMEFT coefficients CeB and
CeW that enter in the expression (3.41) are missing. Taking into account one-loop
mixing effects, also the solutions for the ALP-sourced coefficients CHB, CHW and
CHWB are needed. Additionally, they also mix with C

HB̃
, C

HW̃
and C

HW̃B
, which,

however, are not generated by the ALP. It is therefore sufficient to obtain the solutions
for CHB, CHW and CHWB, which, at leading logarithmic order, are given by

[
CHB(µ)

]ALP ≈
[
CHB(Λ)

]ALP
+

4πα1

(4πf)2
C2
BB(Λ) ln

Λ2

µ2
,

[
CHW (µ)

]ALP ≈
[
CHW (Λ)

]ALP
+

4πα2

(4πf)2
C2
WW (Λ) ln

Λ2

µ2
, (3.45)

[
CHWB(µ)

]ALP ≈
[
CHWB(Λ)

]ALP
+

8π
√
α1α2

(4πf)2
CBB(Λ)CWW (Λ) ln

Λ2

µ2
.

Using the above relations, it is straightforward to integrate the RG equations for the
dipole coefficients in the leading logarithmic approximation, which results in

[
CeB(µ

+
w)
]ALP

22
≈
[
CeB(Λ)

]ALP

22

+
yµ

16π2

[
3g1
2

[
CHB(Λ)

]ALP − 3g2
4

[
CHWB(Λ)

]ALP
]
ln

Λ2

µ2w

+
g1yµ
(4πf)2

CBB(Λ)

{
3

2
cµµ(Λ) ln

Λ2

µ2w
(3.46)

+

[
9αt
16π

ctt(Λ)−
39α1

32π
CBB(Λ)−

33α2

32π
CWW (Λ)

]
ln2

Λ2

µ2w

}
,
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and

[
CeW (µ+w)

]ALP

22
≈
[
CeW (Λ)

]ALP

22

+
yµ

16π2

[
g2
2

[
CHW (Λ)

]ALP − 3g1
4

[
CHWB(Λ)

]ALP
]
ln

Λ2

µ2w

+
g2 yµ
(4πf)2

CWW (Λ)

{
− 1

2
cµµ(Λ) ln

Λ2

µ2w
(3.47)

+

[
−3αt
16π

ctt(Λ) +
21α1

32π
CBB(Λ) +

7α2

32π
CWW (Λ)

]
ln2

Λ2

µ2w

}
.

Finally, for the SMEFT coefficient Cle entering in (3.42), only the inhomogeneous
ALP source term needs to be integrated, leading to

[
Cle(µ

+
w)
]ALP

2ℓℓ2
≈
[
Cle(Λ)

]ALP

2ℓℓ2
− 1

(4πf)2
16πα1

3
C2
BB(Λ) δ2ℓ ln

Λ2

µ2w
. (3.48)

3.7.5. ALP-models with Loop-Suppressed Boson Couplings

Many ALP-models predict loop-suppressed couplings to the SM gauge bosons, which
is indicated by the explicit factors of αi/(4π) for i = 1, 2, s in the Lagrangian (3.1).
In this case, the ALP-fermion couplings are much larger than CBB and CWW and
terms containing these coefficients can be neglected. In particular, in this scenario,
also the source term for the Wilson coefficient CV,LRee vanishes, and the expression for
[aµ]

ALP gets simplified to

[aµ]
ALP = −4mµ

e
ℜe
[
Ceγ(µ

−
w)
]ALP

22
−

m2
µ

(4πf)2
cµµ(µw)×{

cµµ(µ
−
w)h1(xµ) + 8Cγγ(µ

−
w)

[
ln
µ2w
m2
µ

+ δ2 + 3− h2(xµ)
]

+
2α(µw)

π

∑
f ̸=t

Nf
c Q

2
f cff (µ

−
w)

∫ 1

0
dz F

(
z(1− z)xf , xµ

)}
.

(3.49)

In this equation, the flavor-changing ALP-fermion couplings have also been omitted,
as they are experimentally tightly constrained [34]. In this much simpler expression
for the muon anomalous magnetic dipole moment, it is now straightforward to insert
the relations for the expressions at the scale Λ obtained in the last sections. This leads
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f = 100GeV, Λ = 1.26TeV f = 300GeV, Λ = 3.77TeV

ALP couplings ma = 0 0.3GeV 1GeV ma = 0 0.3GeV 1GeV

c2µµ(Λ) −668.1 −166.8 −32.5 −74.2 −18.5 −3.6
cµµ(Λ)CBB(Λ)/α1(Λ) −781.63 −653.45 −557.95 −96.76 −82.94 −72.88
cµµ(Λ)CWW (Λ)/α2(Λ) −799.22 −671.04 −575.54 −100.53 −86.71 −75.40

cµµ(Λ) ctt(Λ) 31.7 66.9 64.7 −0.66 6.3 7.0

cµµ(Λ) cdd(Λ) 15.0 9.0 5.9 1.7 1.0 0.65

ctt(Λ)CBB(Λ)/α1(Λ) −47.75 −40.21 −33.93 −8.67 −7.41 −6.41
ctt(Λ)CWW (Λ)/α2(Λ) −49.01 −41.47 −35.19 −8.92 −7.67 −6.79

c2tt(Λ) 4.5 4.7 4.1 0.53 0.71 0.65

ctt(Λ) cdd(Λ) 0.92 0.55 0.36 0.15 0.089 0.058

Table 3.3.: Numerical contributions to [aµ]
ALP in units of 10−11 proportional to different

combinations of ALP couplings at Λ = 4πf assuming flavor-universal ALP-fermion couplings.

to

[aµ]
ALP = −4mµ

e

v√
2
ℜe
(
cw
[
CeB(Λ)

]ALP

22
− sw

[
CeW (Λ)

]ALP

22

)
−

m2
µ

(4πf)2

{[
cµµ(Λ) + Ît(mt,Λ) ctt(Λ)

]2
h1(xµ)

+
2α

π

[
cµµ(Λ) + Ît(mt,Λ) ctt(Λ)

]
×
[(

3πCBB(Λ)

α1c2w
+
πCWW (Λ)

α2s2w

)(
ln

Λ2

m2
Z

+ δ2 +
3

2

)
+
(4π
α1

CBB(Λ) +
4π

α2
CWW (Λ)

)[
ln
m2
Z

m2
µ

+
3

2
− h2(xµ)

]
+
∑
f

Nf
c Q

2
f cff (Λ)

∫ 1

0
dz F

(
z(1− z)xf , xµ

)]}
.

(3.50)
Having used that for the top quark∫ 1

0
dz F

(
z(1− z)xt, xµ

)
= − ln

m2
t

m2
µ

+ h2(xµ)−
7

2
, (3.51)

up to power corrections of O(m2
µ,a/m

2
t ), the sum in the last line now extends over

all quark flavors. The coupling α, as well as cw and sw, needs to be evaluated at
µw ∼ mZ .
Certainly, exact values of aµ in the presence of an ALP can only be given in the context
of a UV-model. Omitting the model-dependent terms in the first line of (3.50) that
would result from concrete matching computations at Λ, the contributions from the
different terms for representative values of ma and Λ = 4πf are shown in Table 3.3.
The values correspond to the assumption of a flavor-universal ALP, i.e. cee = cττ =
cµµ, cuu = ccc = ctt, and css = cbb = cdd. As an example, choosing ma = 300MeV,
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3. ALP–LEFT Interference

f = 100GeV, cµµ(Λ) = 1 and CBB(Λ) = −7α1(Λ)/(4π) produces an ALP contribution
to aµ of about 200×10−11, while the ALP parameter set ma = 300MeV, f = 100GeV,
cµµ(Λ) = 1, ctt(Λ) = 1 and CBB(Λ) = −3α1(Λ)/(4π) produces a positive contribution
of about 100× 10−11.
Overall, ALPs contribute directly to the theoretical prediction of (g − 2)µ, yielding a
shift in its expected value.

3.8. Summary and Conclusions

In this chapter, indirect ALP effects below the scale of electroweak symmetry breaking
were examined. Concretely, it was shown that UV-divergences of Green’s functions
with virtual one-loop ALP exchange and only SM external states require countert-
erms of operators starting at dimension-three and higher. Similar to the analogous
effect in the SMEFT, new operators are thus generated by the presence of the ALP
below µw. The effective field theory whose minimal basis systematically parametrizes
effects of unknown particles below µw is called the Low-Energy Effective Field Theory
(LEFT). The crucial difference between the SMEFT and the LEFT is that integrating
out the top quark, the W± and the Z, as well as the Higgs boson at the electroweak
scale already generates a subset of the operators, while the observation of a non-
zero SMEFT Wilson coefficient would necessarily imply the existence of new physics.
The mechanism by which the ALP generates new terms to the RG evolution equa-
tions of the operators, however, remains unchanged with respect to the high-energy
regime. The first part of this chapter was dedicated to the derivation of the full set
of these inhomogeneous ALP-induced source terms. In the second part, the impor-
tant phenomenological effects of these indirect ALP imprints on physical observables
were investigated. While direct ALP searches often rely strongly on the underlying
assumption of the ALP properties, such as its lifetime or branching ratios for decays
into Standard Model particles, the source terms derived here are model-independent
and hold as long as ma < µw. To highlight the predictive power of this ALP–LEFT
interference framework, the contributions to the anomalous magnetic moment of the
muon were investigated. In this state-of-the-art calculation, all relevant two-loop ef-
fects were included. The relevant couplings were scale evolved from the experimental
scale up to the electroweak scale, and matching corrections were taken into account.
After applying the UV scale evolution up to the scale Λ where the ALP is generated,
the expression for the anomalous magnetic dipole moment of the muon was also pre-
sented in terms of these high-scale ALP couplings and SMEFT Wilson coefficients.
Finally, assuming flavor-universal ALP-fermion couplings, numerical results for the
various ALP-induced effects were presented. All in all, this chapter paved the way
towards fully model-independent indirect ALP searches for small ALP masses at low
energies.
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3. ALP–LEFT Interference

3.10. Appendix

3.10.A. Dimension-8 Source Term Examples

As pointed out in Section 3.5, dimension-six four-fermion operators in the LEFT are
not sourced at one-loop order by the ALP, as integrating out the heavy propagators
at µw already generates effective vertices of higher-dimensional order. The inhomo-
geneous source terms that are one-loop ALP generated when the Feynman diagram
contains such an effective four-fermion LEFT vertex therefore correspond to source
terms of dimension-eight or higher. For the case of a LEFT operator with flavor struc-
ture (ūu)(ēe), obtained when integrating out the Z boson as shown in Figure 3.6, the
source terms have the following structure:[
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4
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(A.1)

and [
SS,RLeu

]
prst

=
2

v2
[M̃e]pr [M̃

†
u]st ,[

ST,RReu

]
prst

=
2

v2
(geR + geL)(g

u
R + guL) [M̃e]pr [M̃u]st ,[

SS,RReu

]
prst

=
2

v2
[M̃e]pr [M̃u]st ,

(A.2)

where geL = (−1
2 + s2w), g

e
R = s2w and guL = (12 − 2

3 s
2
w), g

u
R = −2

3 s
2
w denote the relevant

Z-boson couplings. For the hermitian conjugate operators of those in (A.2) one needs

to exchange M̃f ↔ M̃ †
f .
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Chapter 4: K± → π± a at Next-to-Leading

Order in Chiral Perturbation
Theory

The Flavor-Changing Neutral Current (FCNC) decays K± → π±νν̄ are predicted
by the SM to be exceedingly rare processes, making them are extremely sensitive
to contributions from physics beyond the SM. With a value of B(K+ → π+νν̄) =
(13.0+3.3

−3.0) × 10−11, this branching ratio is currently the smallest that has ever been
measured at a 5σ significance level, but agrees with the SM prediction only within
1.7σ [151]. Since the two neutrinos are only detected through missing energy and
momentum, the decay of the charged kaon to a pion and an ALP, K± → π±a, could
potentially significantly enhance the measured branching ratios. This is especially true
for large ALP couplings and hence the decay poses an important probe of ALP–SM
interactions.
Considering the kaon decay in its rest frame, a crucial modification of the fundamental
degrees of freedom with respect to the previous chapters needs to be taken into account
for the accurate description of this low-energy process. Given that Nc = 3 and nq the
number of active quark flavors, the β-function of QCD describing the scale evolution
of the strong coupling αs, at leading order given by [152, 153]

dαs(µ)

d lnµ
= −α

2
s

2π

(
11

3
Nc −

2

3
nq

)
, (4.1)

is always negative. Thus, when approaching lower and lower energy scales, αs becomes
larger, until a perturbative expansion in this coupling is no longer possible. Instead,
the appropriate fundamental degrees of freedom below µχ ≈ 1.6GeV are the pseu-
doscalar mesons which are color-neutral bound states of quark-antiquark pairs. To
analyze ALP interactions with mesons, this particle thus first needs to be incorporated
consistently into the appropriate effective field theory for parametrizing interactions
below µχ, the so-called Chiral Perturbation Theory (χPT). Before delving into the
embedding of ALPs into this framework, a brief introduction to χPT is given based
on [154]. Afterwards, this effective theory is extended to allow for the presence of
ALPs, followed by a detailed analysis of the process K± → π±a at next-to-leading
order (NLO).

This chapter is based on

[155] K± → π±a at Next-to-Leading Order in Chiral Perturbation Theory
and Updated Bounds on ALP Couplings
C. Cornella, A. M. Galda, M. Neubert and D. Wyler
JHEP 06 (2024), 29, [arXiv:2308.16903].
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4. K± → π± a at Next-to-Leading Order in Chiral Perturbation Theory

4.1. Chiral Perturbation Theory

In the limit of zero quark masses, the global, chiral symmetry group of QCD is

Gχ × U(1)A := SU(nq)L × SU(nq)R × U(1)V × U(1)A , (4.2)

with nq = 3 below µχ. While the U(1)V vector symmetry ensures baryon number con-
servation, the U(1)A axial symmetry is explicitly broken at the quantum level, giving
rise to the heavy η′ meson. For the description of the low-energy interactions, the rel-
evant generators are therefore those of SU(3)L×SU(3)R, which can be rearranged to
form the axial and vectorial combinations QaV = QaR+QaL and QaV = QaR−QaL. While
it can be shown that the low-energy spectrum is still invariant under the subgroup
SU(3)V [156], Coleman’s theorem [157] requires that degenerate states of opposite
parity would need to exist for the QaA to annihilate the ground state. Since this con-
tradicts experimental observations, it follows that below µχ, the chiral symmetry is
broken down to

SU(3)L × SU(3)R × U(1)V × U(1)A → SU(3)V × U(1)V =: Hχ × U(1)V . (4.3)

Physically, the reason for this spontaneous chiral symmetry breaking is that the large
value of αs leads to a non-vanishing chiral quark condensate, that is

⟨0|q̄q|0⟩ ≠ 0 . (4.4)

From Goldstone’s theorem [158, 159] it is known that for each generator of a broken
global symmetry, there exists a massless Nambu-Goldstone boson. Taking into account
that quantum effects break the U(1)A symmetry already above µχ which generates
the η′, one expects to find dim(Gχ)−dim(Hχ) = 8 pseudo Nambu-Goldstone bosons1.
Indeed, the neutral and charged pions and kaons and the octet component of the η-
field, that is π0, π±, K0, K̄0, K±, η8, are parity odd pseudoscalar mesons that form
the octet as expected.

4.2. Construction of the Effective Lagrangian

Although the exact Lagrangian of QCD at high energies is known, the low-energy ef-
fective theory in terms of the pseudoscalar mesons cannot be derived straightforwardly
by a matching computation due to the non-perturbatvity of the strong coupling below
µχ. Thus, χPT needs to be constructed in a bottom-up procedure, relying solely on
symmetry arguments. For the construction of the effective Lagrangian it is therefore
necessary to first determine the transformation properties of the pseudoscalar meson
octet under Gχ. To this end, one defines a vector space V spanned by the eight-
component vectors built out of the pseudo Nambu–Goldstone fields that are described
by continuous scalar functions ϕa from the four-dimensional Minkowski space to R.
It can then be shown [154] that V is connected to the left coset or quotient group
Gχ/Hχ := {gHχ|g ∈ Gχ} by an isomorphic mapping φ : Gχ × V → V that transforms

any vector according to the group action, ϕ⃗ → ϕ⃗′ = φ(g, ϕ⃗). In order to obtain a

1Since the chiral symmetry is only approximate due to the finite quark masses, the resulting bosons
are also not exactly massless.
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transformed state ϕ⃗′ from ϕ⃗ = φ(gh, 0⃗), it needs to be mapped with the appropriate
g′,

ϕ⃗′ = φ(g, ϕ⃗) = φ(g′gh, 0⃗) . (4.5)

Concretely for the chiral symmetry of Gχ, g = (gL, gR), where gL ∈ SU(3)L and
equivalently for gR. The left coset, gHχ = {(gLV, gRV )|V ∈ Hχ}, can be rearranged to

gHχ = (1, gRg
†
L)Hχ and thus transforms according to g′gHχ = (1, gR (gRg

†
L) g

†
L)Hχ.

Hence, if one defines an SU(3) matrix2 Σ†
0 := gRg

†
L
∼= ϕ⃗, it transforms under Gχ as

Σ†
0 → (Σ†

0)
′ = gR Σ†

0 g
†
L , (4.6)

and equivalently,

Σ0 → Σ′
0 = gLΣ0 g

†
R . (4.7)

In the canonical form, Σ0 is written as

Σ0(x) = exp

[
i
√
2

F
Φ(x)

]
, (4.8)

where F is the meson decay constant, which can experimentally be extracted from the
charged pion decay π+ → µ+ν (F ≈ Fπ with ⟨0|q̄γµγ5q|π+(p)⟩ = i

√
2Fπp

µ), yielding
F ≈ 130.2MeV [160]. Finally, the eight pseudo Nambu–Goldstone fields are collected
in the matrix Φ(x) as

Φ(x) = λa πa(x) =


1√
2
π0 + 1√

6
η8 π+ K+

π− − 1√
2
π0 + 1√

6
η8 K0

K− K̄0 − 2√
6
η8

 , (4.9)

where the λa are the Gell-Mann matrices, i.e. the generators of the broken SU(3)A.

4.3. Power Counting in χPT

The non-perturbative nature of QCD within the validity range of χPT is manifest
due to the infinite number of possible interaction terms for the pseudoscalar mesons.
This raises questions about the predictability of the theory. Although a counting
scheme in terms of αs is not possible, one can however still define an alternative
power expansion that offers a systematic framework for perturbative predictions of
the interactions. Given that the momenta and masses of the mesons are small at the
given energy scale, a meaningful ansatz is to define the scaling [154]

∂µ ∼ pµ → t pµ and M2 → t2M2 , (4.10)

2This definition is different from the convention in [154], where U = Σ†
0 is chosen. The meson octet

then transforms as U → U ′ = gR U g†L, while in this work, Σ0 → Σ′
0 = gL Σ0 g

†
R. The index ”0”

is chosen to distinguish this quantity from the analogous one in the presence of the ALP that is
introduced later.
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where M denotes a pseudoscalar meson mass and pµ the four-momentum. The full
effective Lagrangian of χPT can then be decomposed as

LχPT(Σ0) =

∞∑
n=1

L(p
2n)

χPT (Σ0) , (4.11)

where the index (2n) denotes the chiral dimension D of the operators at the given

order. For instance, the terms in L(p
2)

χPT may contain operators with two derivatives or
one mass term. Since the operators need to respect Lorentz-invariance, only an even
number of derivatives is allowed, hence the factor of two3. Even before constructing the
concrete operator basis at this order, it is now possible to assign a scaling dimension
to an amplitude obtained from a given diagram in χPT by [154]

M(t pi , t
2mq) = tDM(pi ,mq) , (4.12)

where mq denotes a quark mass and pi the external momenta. The chiral dimension
D can be obtained from the number of loops in the diagram, NL, and the number of

vertices from L(2n)χPT, N2n, via

D = 2 +
∞∑
n=1

2 (n− 1)N2n + 2NL . (4.13)

This becomes clear when taking into account that each loop comes with an integral
of the form ∫

d4k

(2π)4
→ t4

∫
d4k

(2π)4
, (4.14)

and each propagator contributes a factor

i

k2 −M2 + iϵ
→ i

t2 k2 − t2M2 + iϵ
= t−2 i

k2 −M2 + iϵ′
. (4.15)

Denoting by a vertex stemming from an arbitrary operator in L(p
2)

χPT, the two dia-
grams

1

thus both have D = 4 in the chiral power counting scheme4. From this also immedi-
ately follows that the term that renormalizes the divergence resulting from the loop

3While this limits the number of possible operators at each dimension, the fact that the meson octet
appears as the exponent in Σ0 still gives rise to an infinite tower of interaction vertices at each
order.

4Two-point vertices indeed appear in χPT and are discussed in more detail in Section 4.8.1.
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integral in these graphs must necessarily come from the operators in the L(p
4)

χPT-basis.
Denoting the corresponding vertex by □, the Feynman graph is of the form

1

4.4. Spurion Analysis and Lowest Order Strong Chiral
Lagrangian

While in the symmetry considerations above, the lightest quark flavors, u, d, and s,
were assumed to be massless, taking into account their mass terms leads to a different
breaking pattern. In detail, assuming mu = md ̸= ms, the low-energy symmetry
is SU(2)V × U(1)S × U(1)V , where SU(2)V is called isospin symmetry and U(1)S
accounts for the conservation of strangeness in the process. If instead no equal masses
are assumed, i.e. mu ̸= md ̸= ms, then the resulting low-energy symmetry is U(1)V ×
U(1)Q × U(1)S , which includes electromagnetic charge conservation via U(1)Q.
The systematic procedure to incorporate effects of small breaking terms of a given
symmetry such as the finite quark masses is called spurion analysis. Here, symmetry
breaking terms are treated as external sources and assigned transformation properties
under SU(3)L×SU(3)R such that the symmetry is preserved. In detail, the full QCD

Lagrangian is then written as a massless term L(0)QCD and general source terms,

LQCD = L(0)QCD + q̄ γµ (vSMµ + γ5 a
SM
µ ) q − q̄ (s− iγ5 p) q . (4.16)

At low energies, where the dynamical degrees of freedom are the mesons, photons and
gluons, the terms in (4.16) are, by comparison with the full QCD Lagrangian, given
by

s = diag(mu, md, ms) , p = 0 ,

vSMµ = eQAµ , aSMµ = 0 , (4.17)

with Q = 1
3 diag(2,−1,−1). The necessary spurious transformation properties of these

terms are thus

χ ≡ 2B0(s+ ip)→ gL χ g
†
R ,

lSMµ ≡ vSMµ − aSMµ → gL l
SM
µ g†L + i gL∂µg

†
L ,

rSMµ ≡ vSMµ + aSMµ → gR r
SM
µ g†R + i gR∂µg

†
R , (4.18)

where the terms containing the partial derivative in the second and third line of (4.18)
ensure local invariance. The constant B0 appearing in the equation for χ is an a priori
undetermined parameters of mass dimension one.
In order to retain invariant Lagrangian terms, this automatically implies that the
covariant derivative acting on the object Σ0 defined in (4.8) must read [161]

DµΣ0 = ∂µΣ0 − i lSMµ Σ0 + iΣ0 r
SM
µ = ∂µΣ0 − i eAµ[Q,Σ0] ,

DµΣ
†
0 = ∂µΣ

†
0 − i rSMµ Σ†

0 + iΣ†
0 l

SM
µ = ∂µΣ

†
0 − i eAµ[Q,Σ†

0] . (4.19)

63



4. K± → π± a at Next-to-Leading Order in Chiral Perturbation Theory

The leading order strong chiral Lagrangian that includes the meson mass terms can
then be written in terms of these ingredients. Since Σ†

0Σ0 = 1, it necessarily needs to
contain at least two covariant derivatives or one insertion of χ in combination with
Σ0 and is thus of order p2 in the chiral power counting. Denoting the trace in flavor
space by ⟨. . . ⟩, it reads [161]

L(p2)χQCD
=
F 2

8
⟨(DµΣ

†
0)(D

µΣ0) + χΣ†
0 +Σ0χ

†⟩

=
F 2

8
⟨L0µL

µ
0 + S0⟩ , (4.20)

where in the second line the chiral representation of the left-handed current, Lµ0 =

iΣ0D
µΣ†

0, is used together with the identity

Dµ(Σ0Σ
†
0) = 0 ⇔ Σ0DµΣ

†
0 = −(DµΣ0) Σ

†
0 , (4.21)

and S0 = χΣ†
0 +Σ0χ

†.

4.5. Lowest Order Non-Leptonic Weak Chiral Lagrangian

For |∆S| = 1 strangeness changing processes below µχ, the strong chiral Lagrangian
derived above is not sufficient. Instead, the effective weak interactions as obtained
after integrating out the W±-bosons as well as the top-, bottom- and charm-quarks
also need to be represented in terms of the pseudoscalar mesons. Neglecting the
electroweak penguin operators, the relevant transformation properties under SU(3)L×
SU(3)R of the operators in the effective weak Hamiltonian at the partonic level are
(8L, 1R) and (27L, 1R) [162]. Thus, the effective weak chiral Lagrangian at orderO(p2)
can be constructed by collecting all possible operators obeying these transformation
rules. To describe the s→ d transitions, it is convenient to define

λ+ =
1

2
(λ6 + i λ7) , (4.22)

where λ6 and λ7 are Gell-Mann matrices. An insertion of this matrix then ensures

the selection of |∆S| = 1 processes. With this, one finds that L(p
2)

χweak can be written
as [163, 164]

L(p2)χweak
=
F 4

4

[
G8O8 +G

1/2
27 O

1/2
27 +G

3/2
27 O

3/2
27 + h.c.

]
, (4.23)

where

O8 = ⟨λ+L0µL
µ
0 ⟩ ,

O1/2
27 = [L0µ]32[L

µ
0 ]11 + [L0µ]31[L

µ
0 ]12 + 2 [L0µ]32[L

µ
0 ]22 − 3 [L0µ]32[L

µ
0 ]33 ,

O3/2
27 = [L0µ]32[L

µ
0 ]11 + [L0µ]31[L

µ
0 ]12 − [L0µ]32[L

µ
0 ]22 , (4.24)

and Lµ0 as defined below (4.20). The 27-plet operators O1/2
27 and O3/2

27 describe isospin
changing interactions with ∆I = 1

2 and ∆I = 3
2 , respectively. The coefficients Gi can
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be decomposed as

Gi = −
GF√
2
V ∗
udVus

(
gi −

V ∗
tdVts

V ∗
udVus

gti

)
. (4.25)

Since the ratio of the CKM matrix elements is small,
V ∗
tdVts

V ∗
udVus

∼O(10−3), the second

term in the bracket above is neglected in the following and with it the imaginary
contributions to the Gi, that hence become real quantities. The numerical values of
the gi including isospin-breaking corrections are [165, 166]

g8 = 3.61± 0.28 , g27 ≡ 9 g
1/2
27 = 0.297± 0.028 , g

3/2
27 = 5 g

1/2
27 , (4.26)

which yields5

g
1/2
27 ≈ 0.033± 0.003 , g

3/2
27 ≈ 0.165± 0.016 . (4.27)

In the equation above, the values for the gi27 are deduced assuming an exact SU(3)
symmetry, implying

G
1/2
27 O

1/2
27 +G

3/2
27 O

3/2
27 = 9G

1/2
27

(
[L0µ]32[L

µ
0 ]11 +

2

3
[L0µ]31[L

µ
0 ]12 −

1

3
[L0µ]32 ⟨Lµ0 ⟩

)
.

(4.28)

In the SM, ⟨Lµ0 ⟩ = 0. This is no longer true when adding the ALP as is discussed
in Section 4.8.2. In principle, it is possible to add another octet operator to (4.23),
the so-called weak mass term G′

8⟨λ+S⟩. It is, however, redundant in the SM and can
therefore be dropped from the Lagrangian. This does no longer hold true when adding
the ALP to the theory and it is therefore imperative to fully understand the reasoning,
that has first been described in [167]. The weak mass term itself contributes non-zero
tadpole vertices, which are a sign of an expansion around the wrong vacuum. Indeed,
Σ0 = 1 is not the correct ground state in this case. Crewther found that a chiral
transformation of the form

Σ0 → gLΣ0 g
†
R = ei αL Σ0 e

−i αR , (4.29)

with

αL = G′
8F

2

(
ms +md

ms −md
+
ms −md

ms +md

)
λ7 ,

αR = G′
8F

2

(
ms +md

ms −md
− ms −md

ms +md

)
λ7 ,

(4.30)

removes the weak mass term explicitly. This is the case as under the redefinition,
Σ0 → Σ0 + δΣ0, where

δΣ0 = iαLΣ0 − iΣ0 αR +O(G2
F ) , (4.31)

the kinetic term remains invariant, while

χD ≡
(
1 + 2F 2G′

8 λ6
)
χ→ χ+O(G2

F ) . (4.32)

5The hierarchy between the g27 and g8 is also referred to as the ∆I = 1
2
selection rule.
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The fact that the weak mass term is redundant reflects itself in the fact that when
summing up all amplitudes to a given SM process, the contributions from this term
cancel. For instance, the tree-level terms for the process KS → π0π0 corresponding
to the Feynman graphs

KS KS

π0

π0

KS

π0

π0

1

where the black dot • denotes an insertion of the weak mass term operator and the
black square an insertion of a term from the strong chiral Lagrangian of order O(p2),
is zero.

4.6. The Strong Chiral Lagrangian at O(p4)

SM Object Definition

S0 χΣ†
0 +Σ0χ

†

P0 i(χΣ†
0 − Σ0χ

†)

Lµ0 Σ0 i(D
µΣ0)

†

Wµν
0 2 (DµLν0 +DνLµ0 )

Aµν Σ0 F
R
µν Σ

†
0 − FLµν

Vµν Σ0 F
R
µν Σ

†
0 + FLµν

Table 4.1.: Building blocks as needed for the construction of the O(p4) chiral effective La-
grangian.

In addition to the objects S0 and Lµ0 defined above, several additional building blocks
are needed for the construction of the O(p4) strong chiral effective Lagrangian. They
are summarized in Table 4.1. The left- and right-handed field strength tensors are
defined in terms of the external sources,

FR,Lµν = ∂µF
R,L
ν − ∂νFR,Lµ − i [FR,Lµ , FR,Lν ] , (4.33)

where

FRµ = vSMµ + aSMµ , FLµ = vSMµ − aSMµ . (4.34)

With this, the basis of the 12 non-redundant operators for SM processes at O(p4) has
first been derived in [161]. It is conventionally written as

L(p4)χQCD
=

10∑
i=1

LiOi +

12∑
i=11

HiOi , (4.35)
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with the concrete operators as given in Table 4.3. A coefficient Li or Hi is called a
low-energy constant (LEC), and the bare quantity is related to the scale dependent
one via

Li = L
(θ)
i,r (µ) + λΓi . (4.36)

The values of the anomalous dimensions Γi have been obtained in [161] and are shown
in the third and last column of Table 4.3. Finally,

λ =
µd−4

32π2

(
2

d− 4
− ln 4π + γE − 1

)
, (4.37)

with d the number of spacetime dimensions. The scale evolutions of the LECs are
governed by the evolution equations

d

d lnµ
Li,r(µ) = −

Γi
16π2

. (4.38)

For the numerical values of these coefficients, there exist phenomenological estimates
that also assign an uncertainty at the scale µ = mρ ≈ 775 MeV. In this work, two
different data sets are used: On one hand, the values obtained from a p4 fit given in
[168], and on the other hand the results from a lattice computation of the HPQCD
collaboration [169]. While the last one does not provide a value for L7, it is in good
agreement with the large-Nc results in [170], such that the missing fit for this coefficient
is taken from these results, together with a conservative estimate of the uncertainty6,
i.e. L7 = (−0.175 ± 0.2) × 10−3. The values of the LECs that are relevant for this
work are summarized in Table 4.2 and the corresponding scale dependence is depicted
in Figure 4.1.

103 Li,r Ref. [168] Ref. [169]

103 L4,r(µ) 0.0± 0.3 0.09± 0.34

103 L5,r(µ) 1.2± 0.1 1.19± 0.25

103 L7 −0.3± 0.2 –

103 L8,r(µ) 0.5± 0.2 0.55± 0.15

Table 4.2.: Phenomenological values of the relevant renormalized QCD low-energy constants,
evaluated at the scale µ = mρ. L7 is scale independent.

The Chiral Power Expansion

Before moving on the the weak analogous of (4.35), it is instructive to consider again
the chiral expansion: Writing down the full strong Lagrangian, one obtains a sum of

6While this justifies the replacement of L7, there are two problems with the results obtained in the
large-Nc limit. First, there is no scale associated to the LECs and second, the value of g8 obtained
in this limit is off by more than a factor of two [166]. Therefore, only the data sets in [168, 169]
are used in this analysis.
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Figure 4.1.: Scale dependence of the relevant QCD LECs Li,r(µ). The colored bands show
the corresponding uncertainties and the dots show to the values as obtained in [169].

i Oi Γi i Oi Γi

1 ⟨L2
0⟩

2 3
32 7 −⟨P0⟩2 0

2 ⟨LµLν⟩ ⟨L0µL0ν⟩ 3
16 8 1

2 ⟨S2
0 − P 2

0 ⟩ 5
48

3 ⟨L4
0⟩ 0 9 i

2 ⟨Vµν [L
µ
0 , L

ν
0 ]⟩ 1

4

4 ⟨L2
0⟩ ⟨S0⟩ 1

8 10 1
2 (VµνV

µν −AµνAµν) −1
4

5 ⟨L2
0S0⟩ 3

8 11 1
2 (VµνV

µν +AµνA
µν) −1

8

6 ⟨S0⟩2 11
144 12 1

4 ⟨S2
0 + P 2

0 ⟩ 5
24

Table 4.3.: Operators in the O(p4) strong chiral effective Lagrangian (4.35). In the expres-
sions in the table, L2

0 ≡ L0µL
µ
0 . The coefficients Γi are taken from [161].

the form

LχQCD =
F 2

8

∑
i

O
(p2)
i +

∑
i

L
(p4)
i O

(p4)
i +

1

F 2

∑
i

L
(p6)
i O

(p6)
i + . . . . (4.39)

In a “classical” EFT, the Wilson coefficients are of O(1). Taking into account that a
chiral effective operator of p2n scales as m2n

K or m2n
π , one would naively expect that

the series shown above does not converge, as it produces matrix elements of the form

M∝ F 2m2
K,π + L

(p4)
i m4

K,π +
1

F 2
L
(p6)
i m6

K,π + . . . . (4.40)

Considering the values in Table 4.2 or the plot in Figure 4.1, it is clear that the
phenomenological values of the LECs are, in fact, strongly suppressed. Rescaling
these coefficients according to

L
(p2n)
i ≡ L̂

(p2n)
i

8 (4π)2n−2 , (4.41)
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does lead to an explicit convergence. The Lagrangian now reads

LχQCD =
F 2

8

[
O(p2) +

1

(4πF )2

∑
i

L̂
(p4)
i O

(p4)
i +

1

(4πF )4

∑
i

L̂
(p6)
i O

(p6)
i + . . .

]
,

(4.42)

where the effective scale of the chiral expansion, µχ ≈ 4π F , is now explicit in the
sum. Even though the rescaling factor is large, e.g. 8 (4π)2 ≈ 1263 for the case of the
p4 LECs, the new coefficients are now indeed of O(1) as shown in Table 4.4.

L̂i,r Ref. [168] Ref. [169]

L̂4,r(µ) 0.0± 0.38 0.11± 0.43

L̂5,r(µ) 1.52± 0.13 1.50± 0.32

L̂7 −0.38± 0.25 –

L̂8,r(µ) 0.63± 0.25 0.69± 0.19

Table 4.4.: Rescaled low-energy constants L̂
(p4)
i of the strong chiral effective Lagrangian at

µ = mρ.

4.7. The Weak Chiral Lagrangian at O(p4)

When computing one-loop processes involving the weak effective chiral Lagrangian at

O(p2), clearly also the Lagrangian L(p
4)

χweak is needed to remove the arising divergences
from the expressions. As the contributions from the octet operators are strongly
enhanced in comparison to the 27-plet operators, a fact commonly referred to as the
∆I = 1/2 selection rule, the NLO computation of the kaon decays K± → π± a and
KS,L → π0 a is limited to the octet operators, besides the contributions from the
strong chiral ones. It is therefore sufficient to restrict the following discussion on p4

weak chiral operators to those transforming as (8L, 1R). The complete, non-redundant
basis was first derived in [171]. It consists of 37 operators but, as in the previous cases,
is only valid in the pure SM framework and is therefore extended in Section 4.8. The
Lagrangian is normalized as

L(p4)χweak
=
G8F

2

2

37∑
i=1

NiW
8
i =

G8 F
4

4

1

(4πF )2

37∑
i=1

N̂iW
8
i , (4.43)

where in the second step the Ni are, similarly to (4.41), rescaled as

Ni ≡
N̂i

2 (4π)2
, (4.44)

in order to make the convergence of the chiral expansion manifest. Out of these 37
operators, the ones that are relevant for the kaon decays to an ALP and a pion are
shown in Table 4.5. In particular, all operators containing four times the object Lµ0
cannot contribute, since the presence of four covariant derivatives acting on a Σ0

selects processes with at least four particles. Equivalently to (4.36), the renormalized
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i W 8
i Zi Z ′

i i W 8
i Zi Z ′

i

6 ⟨λ6L0µ⟩ ⟨SLµ0 ⟩ −1
4 0 12 −⟨λ6P 2

0 ⟩ − 5
12

5
12

7 ⟨λ6S0⟩ ⟨L2
0⟩ −9

8
1
2 13 −⟨λ6P0⟩ ⟨P0⟩ 0 0

8 ⟨λ6L2
0⟩ ⟨S0⟩ −1

2 0 20 i
2 ⟨λ6 [lµ, {L0ν ,W

µν
0 }]⟩ 3

4 0

9 i ⟨λ6[P0, L
2
0]⟩ 3

4 −3
4 21 −⟨λ6 [lµ, [S0 , Lµ0 ]]⟩ 5

6 0

10 ⟨λ6S2
0⟩ 2

3
5
12 23 −i ⟨λ6 [lµ, {P0 , L

µ
0}]⟩ 5

12 0

11 ⟨λ6S0⟩ ⟨S0⟩ −13
18

11
18 24 −i ⟨λ6 [lµ, Lµ0 ]⟩ ⟨P0⟩ 0 0

Table 4.5.: Operators of the L(p4)
χweak weak effective chiral Lagrangian as found in [171] that

are important for the processes K± → π± a. The Zi denote the corresponding anomalous
dimensions. The anomalous dimension coefficients Z ′

i become important when adding the
ALP.

weak LECs are defined as

Ni = Ni,r(µ) + λZi , (4.45)

with evolution equation

d

d lnµ
Ni,r(µ) = −

1

16π2
Zi . (4.46)

In contrast to the strong LECs, these coefficients have not been consistently estimated
in the literature so far7. For the phenomenological analysis, these values therefore need
to be estimated, which is explained in detail in Section 4.10.

7From the K → 3π data, three combinations of the coefficients have been constrained in [172–174].
They are, however, not relevant for the decay K± → π±a, as most operators associated with the
coefficients in this combination do not contribute to the charged kaon decay to a pion and an
ALP. In addition, the uncertainties are of order O(1) to O(10), and hence these findings are not
included in the following.
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4.8. ALP Chiral Perturbation Theory

For the extension of χPT to ALP Chiral Perturbation Theory (χaPT), the ALP–SM
interaction terms need to be mapped onto operators containing the pseudo-Goldstone
boson fields. Since the heavy gauge fields and the top-, bottom- and charm-quarks are
not present at and below µχ and omitting ALP-lepton terms, the effective Lagrangian
has the form

LSM+ALP = cGG
αs
4π

a

f
GaµνG̃

a,µν + cγγ
α

4π

a

f
FµνF̃

µν

+
∂µa

f
(q̄LkQγ

µqL + q̄Rkqγ
µqR) , (4.47)

with q = (u d s)T . The matrices kQ and kq thus contain only five possible non-zero
entries,

kQ =

[kU ]11 0 0
0 [kD]11 [kD]12
0 [kD]21 [kD]22

 , kq =

[ku]11 0 0
0 [kd]11 [kd]12
0 [kd]21 [kd]22

 . (4.48)

The ALP-gluon coupling in (4.47), however, poses a problem: the explicit appearance
of αs parametrizes a non-perturbative interaction and prohibits meaningful predictions
for physical processes at energy scales where αs is large. Therefore, it is crucial to
remove this term by a suitable field redefinition. In detail, this can be achieved by
means of a chiral rotation on the quark fields,

q(x)→ exp

[
−i (δq + κq γ5) cGG

a(x)

f

]
q(x) ≡ U(x) q(x) , (4.49)

with δq and κq being arbitrary hermitian 3 × 3 matrices in flavor space. Following
[175], the reason why (4.49) eliminates the ALP coupling to gluons is as follows: Since
ŪU ̸= 1, the quark measures transform non-trivially,∫

DqDq̄ →
∫
DqDq̄ (det(ŪU)))−1 , (4.50)

where ⟨x|U|y⟩ = δ(4)(x−y)U(x). Inserting 1 =
∫
d4x |x⟩⟨x| and using that exp(⟨log(U)⟩)) =

det(U) with det(ŪU))−1 = det(exp(−2i κq γ5 cGG a
f ))

−1, one finds

(det(ŪU))−1 = exp

[
2i

∫
d4x δ(4)(0) ⟨κq γ5⟩ cGG

a

f

]
. (4.51)

To regulate the divergence, a function f
( (
i /D/M

)2 )
with a cut-off M is inserted.

Based on the technical derivation in [175], that essentially Taylor expands this function
for small momenta and writes explicitly the gauge field strength tensors, one finally
arrives at

(det(ŪU))−1 = exp

[
− i
∫
d4x cGG

a

f

(
⟨κq⟩

αs
4π

Gaµν G̃
µν, a

+
α

4π
(2Nc) ⟨κqQ2⟩Fµν F̃µν

)]
. (4.52)
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The additional term in (4.52) obtained by the chiral rotation cancels the ALP-gluon
term in (4.47) when imposing the condition

⟨κq⟩ = κu + κd + κs = 1 . (4.53)

In addition, the ALP-photon coupling gets shifted to

ĉγγ = cγγ + 2Nc ⟨κq Q2⟩ cGG . (4.54)

It is essential to note that the parameters of the chiral rotation in (4.49) are unphysical,
which means that in any physical quantity they must necessarily cancel.

4.8.1. Strong Chiral Lagrangian at O(p2) including the ALP

With the ALP-gluon term removed from the Lagrangian (4.47), it is now possible to
find its equivalent form in terms of the pseudoscalar mesons instead of the explicit
quark fields. To accomplish this, three steps must be completed: Firstly, the ALP
needs to be included in the external sources, similar to (4.16). Secondly, the chiral
rotation in (4.49) has to be consistently translated onto the chiral building blocks.
Finally, the presence of the ALP necessitates the introduction of new operators that
extend the basis and must be identified.
Starting with the first point and following the literature convention for the naming of
external sources [161], the ALP is parametrized in a θ(x) source as

LQCD ⊃ q̄ γµ (vµ + γ5 aµ) q − q̄ (s− iγ5 p) q −
αs
8π

θ(x)Gaµν(x) G̃
µν, a , (4.55)

such that

θ(x) = −2 cGG
a(x)

f
. (4.56)

The external sources vµ(x) and aµ(x), defined equivalently to (4.18), can then be
identified as

vµ(x) = vSMµ (x) + cv
∂µ a(x)

2f
, aµ(x) = aSMµ (x) + ca

∂µ a(x)

2f
, (4.57)

with vector and axial couplings cv = kq + kQ and ca = kq − kQ, respectively, while s
and p remain unchanged with respect to the pure SM case. Neglecting electroweak
interactions, which is a reasonable approximation for processes like K± → π± a, the
SM contributions to vµ(x) and aµ(x) are absent and only the ALP terms in (4.57)
remain. Next, the chiral rotation performed on the quark fields needs to be translated
to χaPT. This can be achieved by promoting

Σ(x) = e−
i
2
θ(x)κq Σ0(x) e

− i
2
θ(x)κq . (4.58)

The determinant of this object is no longer zero. Instead,

detΣ(x) = exp(−i θ(x)) , (4.59)
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which reflects the fact that the symmetry group in the presence of a non-zero θ is
changed to Gχ, a = U(3)L × U(3)R. Under this symmetry, the ALP transforms as

θ(x)→ θ(x) + i log(det(gLg
†
R)) , (4.60)

and the covariant derivative can be defined as

Dµθ = ∂µθ − 2 ⟨aµ⟩ = −2 c̃GG(µχ)
∂µa

f
, (4.61)

where c̃GG denotes the effective coupling at the chiral scale µχ,

c̃GG = cGG +
cauu + cadd + cass

2
. (4.62)

The strong chiral Lagrangian at order O(p2) with external ALP fields is the equiv-
alent to the Lagrangian given in (4.20), but with the corresponding building blocks
substituted by those accounting for the external source and one additional operator,
i.e.

L(p2)χQCD
=
F 2

8
⟨(DµΣ

†)(DµΣ) + χΣ† +Σχ†⟩+ F 2

8
H0 (Dµθ)(D

µθ)

=
F 2

8
⟨LµLµ + S⟩+ F 2

8
H0 (Dµθ)((D

µθ) , (4.63)

where H0 is an undetermined constant. Since it multiplies a term containing two ALP
fields, it is not relevant to the subsequent analysis of the decay of kaons to a pion and
an ALP at order O(1/f), but it is included here for completeness. Omitting again
electroweak interaction terms, the covariant derivative is given by

DµΣ = ∂µΣ− i lµΣ+ iΣ rµ = ∂µΣ− i
∂µa

f
(kQΣ− Σ kq) ,

DµΣ
† = ∂µΣ

† − i rµΣ† + iΣ† lµ = ∂µΣ
† − i ∂µa

f
(kq Σ

† − Σ† kQ) . (4.64)

Diagonalization of the strong chiral Lagrangian

Since the chiral effective theory including the ALP comprises three electrically neutral
states, that is the ALP, π0 and η8, the general Lagrangian contains terms that describe
kinetic and mass mixing of these fields. It is therefore convenient to diagonalize L
in order to remove the two-particle vertices from the theory. The diagonalization
has already been performed in [60] at order O(p2) for the π0 - a mixing, while in the
following also the η8 is included. Collecting these particles as φT = (π0, η8, a), the
kinetic and mass terms can be written as

LALP
χ ⊃ 1

2
(∂µφ)

TZ (∂µφ)−
1

2
φTM2 φ . (4.65)
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By comparison, the matrices Z and M read

Z =


1 0 F

f
ĉauu−ĉadd
2
√
2

0 1 F
f
ĉauu+ĉ

a
dd−2ĉass

2
√
6

F
f
ĉauu−ĉadd
2
√
2

F
f
ĉauu+ĉ

a
dd−2ĉass

2
√
6

1 + F 2

4f2

(
⟨ĉaĉa⟩+H0 (⟨ca⟩+ 2cGG)

2
)
 ,

(4.66)

and

M2 =


B0(mu +md)

B0(mu−md)√
3

√
2B0cGGF gκ(mu,−md,0)

f

B0(mu−md)√
3

B0(4ms+mu+md)
3

√
2cGGB0F gκ(mu,md,−2ms)√

3f√
2cGGB0F gκ(mu,−md,0)

f

√
2cGGB0F gκ(mu,md,−2ms)√

3f
m2
a,0 +

2c2GGB0F 2

f2
⟨mqκ

2
q⟩

 ,

and the short-hand notation

ĉa = ca + 2cGG κq ,

gκ(a, b, c) = a κu + b κd + c κs ,
(4.67)

was introduced. In order to remove the mixing, three redefinitions of φ need to be
performed:

• First, the redefinition φ → UZ φ, with an orthogonal matrix UZ , diagonalizes
the kinetic term such that UTZ Z UZ = Zdiag.

• Then, to normalize this term, another rescaling of the form φ→ Z
−1/2
diag φ needs

to be performed.

• Finally, to diagonalize the mass term as well, a rotation matrix is needed that

yields UTM Z
−1/2
diag UTZ M

2 UZ Z
−1/2
diag UM = M2

diag, which means that the neutral
states are once more rescaled, φ→ UM φ.

In total, the Lagrangian states are connected to the physical fields via a total rotation
R as

φ = Rφphys , with R = UZ Z
−1/2
diag UM , (4.68)

that can be written as

R =

 1 0 θπ0a

0 1 θη8a
θaπ0 θaη8 1

+O
(
F 2

f2

)
. (4.69)

As stated above, the rewriting in terms of these physical fields removes the two-point
interactions from the strong chiral Lagrangian in the presence of the ALP. Since the
analysis is performed at O(p2), two-point vertices, however, reappear in any higher
order as well as in the lowest order weak chiral effective Lagrangian as shown later.
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In the isospin limit, where mu = md, the explicit expressions for the mixing angles θ
in (4.69) between the neutral states are, up to order O(F/f),

θπ0a =
F

f

(ĉauu − ĉadd)m2
a,0 − 2cGG (κu − κd) m̃2

π0

2
√
2 (m̃2

π0 −m2
a,0)

,

θη8a =
F

f

(ĉauu + ĉddd − 2ĉass)m
2
a,0 − 2cGG m̃

2
π0 + 6cGG κs m̃

2
η8

2
√
6 (m̃2

η8 −m2
a,0)

,

θaπ0 = −F
f

(cauu − cadd) m̃2
π0

2
√
2 (m̃2

π0 −m2
a,0)

,

θaη8 = −F
f

(ĉauu + ĉadd − ĉass + 6cGG κs) m̃
2
η8 − 2cGG m̃

2
π0

2
√
6 (m̃2

η8 −m2
a,0)

. (4.70)

The tilde on the meson masses and the index on ma,0 in the relations above indicates
bare Lagrangian parameters that receive corrections that are discussed at the end of
this section. There is no mixing between the neutral mesons for mu = md as can
be seen in (4.66), since the corresponding entries in M2 vanish in this limit. Before
moving on to the physical masses, there are two features in the mixing angles that
need to be discussed in more detail: First, there are divergences that arise when the
ALP mass is exactly equal to the mass of one of the neutral mesons. On one hand,
this is an artefact of the linearization in F/f and the expressions are only valid in
a regime where |m̃2

i − m2
a,0| ≫ m̃2

i × F/f for i ∈ {π0, η8}. On the other hand, the
exact degeneracy scenarios are even experimentally excluded, as they would alter the
behavior of the neutral mesons, for instance in the decay π0 → γγ. The second detail
that requires some discussion is the explicit appearance of the chiral rotation param-
eters κq. As such, they are unphysical and need to cancel in physical expressions.
This implies that the mixing angles themselves are not physical quantities, and the
κq parameters need to vanish when writing down the full decay amplitudes.
Finally, from the considerations above, the physical masses of the neutral states are
obtained by computing the eigenvalues of the mass matrix M̂2 after the transforma-
tions, which is given by

M̂2 = Z
−1/2
diag UTZ M

2 UZ Z
−1/2
diag . (4.71)

This leads to

m2
π0 = m̃2

π0

[
1 +

F 2

8f2
m̃2
π0

m̃2
π0 −m2

a,0

(cauu − cadd)2
]
,

m2
η8 = m̃2

η8

[
1 +

F 2

24f2
m̃2
η8

m̃2
η8 −m2

a,0

(
4cGG

ms − m̂
2ms + m̂

+ cauu + cadd − 2cass

)2
]
,

m2
a = m2

a,0

{
1− F 2

4f2

[
∆+H0 (⟨ca⟩+ 2cGG)

2 +
m2
a

2 (m̃2
π0 −m2

a,0)
(cauu − cadd)2

]}

+ c2GG
F 2 m̃2

π0

2f2
− F 2

24f2

(
(cauu + cadd − 2cass)m

2
a,0 + 2cGG (m2

a,0 − m̃2
π0)
)2

m̃2
η8 −m2

a,0

,

(4.72)
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with

∆ = 2cGG (cGG + cauu + cadd) + ⟨caca⟩ . (4.73)

The masses of the kaons do not receive corrections in F/f ,

m2
K− = B0 (mu +ms) ,

m2
K̄0 = B0 (md +ms) .

(4.74)

Using that ⟨κq⟩ = 1, the relations between the zeroth order physical mass parameters
in F 2/f2 in (4.72) and the quark masses are given by

m̃2
π0 = m̃2

π− = B0 (mu +md) , (4.75)

m̃2
η8 =

B0

3
(mu +md + 4ms) . (4.76)

Finally, in the isospin limit where m2
K− = m2

K̄0 , the mass of the η8 reads

m̃2
η8 =

4m2
K− −m2

π−

3
. (4.77)

4.8.2. Weak Chiral Lagrangian at O(p2) including the ALP

Similar to the strong chiral effective Lagrangian, the transition from the pure SM
case to the ALP scenario primarily has the effect of dropping the index “0” from
the building blocks of the Lagrangian. However, as pointed out in Section 4.5, the
transformation that removes the weak mass term in the pure SM case does no longer
eliminate this operator, and the full Lagrangian becomes

L(p2)χweak
=
F 4

4

[
G8O8 +G′

8 ⟨λ+S⟩+Gθ8 (Dµθ) ⟨λ+Lµ⟩

+G
1/2
27 O

1/2
27 +G

3/2
27 O

3/2
27 + h.c.

]
, (4.78)

where O8, O1/2
27 and O3/2

27 as defined in (4.24), but with the replacement Lµ0 → Lµ.
The presence of the ALP also implies that

⟨Lµ⟩ = −Dµθ . (4.79)

The reason why the weak mass term ⟨λ+S⟩ is now necessarily present in (4.78) is the
following: Consider again the chiral transformation in (4.29), but this time applied to
the matrix Σ instead of Σ0. In contrast to the SM situation, the kinetic term is no
longer invariant, as the covariant derivative becomes

DµΣ→ DµΣ+ i (αLDµΣ−DµΣαR)− [αL, lµ] Σ + Σ [αR, rµ] . (4.80)

The main difference is the appearance of the commutator terms, that are zero as long
as the sources lµ and rµ contain only the photon field, since [Q, λ7] = 0. For general
ALP couplings, the commutators evaluate to

[iλ7, lµ] =
∂µa

f

[(
[kQ]33 − [kQ]22

)
λ6 +Re [kQ]23 (

√
3λ8 − λ3)

]
,

[iλ7, rµ] =
∂µa

f

[(
[kq]33 − [kq]22

)
λ6 +Re [kq]23 (

√
3λ8 − λ3)

]
. (4.81)
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All in all, this demonstrates that the weak mass term is not a redundant operator
when the ALP with general, non flavor-universal couplings is present. Instead of
employing the original form of this operator as given in (4.78), in what follows, the
rotated version after the transformation is used. In total, this amounts to using a
weak chiral Lagrangian of the form

L′ (p2)χweak
=
F 4

4

[
G8O8 +Gθ8 (Dµθ) ⟨λ+Lµ⟩+G

1/2
27 O

1/2
27 +G

3/2
27 O

3/2
27 + h.c.

]
+
F 2

4
⟨[iαL, lµ]Lµ + [iαR, rµ]R

µ⟩ , (4.82)

where the right-handed object Rµ is defined as

Rµ = −Σ† LµΣ = Σ† iDµΣ . (4.83)

Certainly, this still removes the tadpole diagrams at order O(p2), however, they reap-
pear at higher orders. In addition to the modifications at order p2, the transformation
(4.29) needs to be applied in higher order operators as well, generating additional
terms. Since the transformations already contain one factor of the Fermi constant
and the following analysis is performed at first order in GF , it is sufficient to addition-
ally apply (4.29) only in the strong chiral effective Lagrangian at O(p4). This amounts
to shifting the building blocks of the corresponding operators by some additional term
as discussed in the following section.

4.8.3. Strong Chiral Lagrangian at O(p4) including the ALP

As in the previous sections, the construction of L(p
4)

χQCD including the ALP first requires
to drop the index “0” from all the building blocks in the p4 operators in Table 4.3.
In the case where electroweak interactions are neglected, the external sources only
contain the ALP term, such that the field strength tensors defined in (4.33) vanish,
since

FR,Lµν = kq,Q

(
∂µ ∂ν

a

f

)
− kq,Q

(
∂ν ∂µ

a

f

)
− kq,Q

[
∂µ a

f
,
∂ν a

f

]
= 0 . (4.84)

Thus, O9,10,11 = 0. In addition, operator O12 does not have any field dependence and
therefore does not contribute to amplitudes. On the other hand, the basis needs to be
extended by operators linear in the ALP field, i.e. one insertion of the object Dµθ. A
basis with corresponding external sources was derived in [176]. Here, working to first
order in 1/f , it suffices to include the three operators shown in Table 4.6.

Oθi Γθi

1 −(∂µDµθ) ⟨P ⟩ 0

2 −(Dµθ) ⟨LµS⟩ −1
4

3 (Dµθ) ⟨LµL2⟩ 0

Table 4.6.: Operators extending the basis of L(p4)
χQCD in the presence of the ALP. The coeffi-

cients Γθ
i were derived in [176].
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4.8.3.1. Additional Operators from the Weak Mass Term

If the tadpoles stemming from the weak mass term had not been rotated away by the
transformation in (4.29), the list of QCD p4 operators above would be exhaustive for
the decay of a kaon to a pion and an ALP. Instead, in this case, additional operators
are generated due to effective shifts of the building blocks,

Lµ → gL Lµ g
†
L + δLµ ,

S → gL S g
†
L + δS ,

P → gL P g
†
L + δP .

(4.85)

The expressions for δS and δP have already been derived in [177],

δS = −G′
8F

2
(
{λ6, S} − i [λ6, P ]

)
,

δP = −G′
8F

2
(
{λ6, P}+ i [λ6, S]

)
.

(4.86)

Additionally,

δLµ = [iαL, lµ]− Σ [iαR, rµ] Σ
† . (4.87)

Effectively, this can be translated to a shift of the operators

O
(θ)
i → O

(θ)
i + δO

(θ)
i . (4.88)

Inserting (4.86) and (4.87) into the definition of the Oi, one obtains the explicit ex-
pressions of the additional δOi terms,

δO1 = 4 ⟨[iαL, lµ]Lµ + [iαR, rµ]R
µ⟩ ⟨L2⟩ ,

δO2 = 4 ⟨[iαL, lµ]Lν + [iαR, rµ]Rν⟩ ⟨LµLν⟩ ,
δO3 = 2 ⟨[iαL, lµ]{Lµ, L2}+ [iαR, rµ]{Rµ, R2}⟩ ,
δO4 = −2G′

8F
2 ⟨λ6S⟩ ⟨L2⟩

+ 2 ⟨[iαL, lµ]Lµ + [iαR, rµ]R
µ⟩ ⟨S⟩ ,

δO5 = −G′
8F

2 ⟨λ6
(
{S,L2} − i [P,L2]

)
⟩

+ ⟨[iαL, lµ]{Lµ, S}+ [iαR, rµ]{Rµ, SR}⟩ ,
δO6 = −4G′

8F
2 ⟨λ6S⟩ ⟨S⟩ ,

δO7 = 4G′
8F

2 ⟨λ6P ⟩ ⟨P ⟩ ,
δO8 = −2G′

8F
2 ⟨λ6(S2 − P 2)⟩ ,

(4.89)

and

δOθ1 = 2G′
8F

2 (∂µDµθ) ⟨λ6P ⟩ ,
δOθ2 = G′

8F
2 (Dµθ) ⟨λ6 ({Lµ, S}+ i [Lµ, P ])⟩

− (Dµθ) ⟨[iαL, lµ]S + [iαR, rµ]SR⟩ ,
δOθ3 = (Dµθ) ⟨[iαL, lµ]L2 + [iαR, rµ]R

2⟩
+ (Dµθ) ⟨[iαL, lν ]{Lµ, Lν}+ [iαR, rν ]{Rµ, Rν}⟩ ,

(4.90)
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where SR, PR and Rµ are right-handed objects transforming as SR → gR SR g
†
R and

equivalently for PR and Rµ. These additional objects, that are not relevant when
working purely in a SM context, are defined in Table 4.7. Here, also their transforma-
tion properties, along with those of the left-handed counterparts defined earlier, are
presented.

SM Object Definition P C CP

S χΣ† +Σχ† S → SR S → (SR)
T S → ST

P i(χΣ† − Σχ†) P → PR P → −(PR)T P → −P T
Lµ Σ i(DµΣ)

† Lµ → Rµ Lµ → −(Rµ)T Lµ → −(Lµ)T
Wµν 2 (DµLν +DνLµ) Wµν →WRµν Wµν → −(WR

µν)
T Wµν → −(Wµν)T

ALP Object Definition P C CP

Dµθ ∂µθ − 2 ⟨aµ⟩ Dµθ → −Dµθ Dµθ → Dµθ Dµθ → −Dµθ

SR χ†Σ+ Σ†χ SR → S SR → ST SR → (SR)
T

PR i(χ†Σ− Σ†χ) PR → P PR → −P T PR → −(PR)T
Rµ Σ†iDµΣ Rµ → Lµ Rµ → −(Lµ)T Rµ → −(Rµ)T
WR
µν 2 (DµRν +DνRµ) WR

µν →Wµν WR
µν → −(Wµν)

T WR
µν → −(WRµν)T

Table 4.7.: Building blocks and corresponding transformation properties under parity P ,
charge conjugation C and CP of the chiral effective Lagrangians. While all building blocks
implicitly contain an ALP field after the substitution Σ0 → Σ, the first block shows objects
that are needed to describe kaon decays in the pure SM case and were defined in [161, 177].
The “ALP Object” part of the table refers to objects needed when adding a pseudoscalar
singlet such as axions or axion-like particles as external sources.

In (4.89), all terms that do not contain an insertion of lµ or rµ are of a structure of the
building blocks that already appeared in the SM construction of the weak NLO chiral
Lagrangian, see Table 4.5. Effectively, the weak mass term transformation therefore
modifies the weak LECs according to

Ni → N ′
i , (4.91)

with

N ′
5 = N5 − 2

G′
8

G8
L5 , N ′

11 = N11 − 8
G′

8

G8
L6 ,

N ′
7 = N7 − 4

G′
8

G8
L4 , N ′

12 = N12 − 4
G′

8

G8
L8 ,

N ′
9 = N9 + 2

G′
8

G8
L5 , N ′

13 = N13 − 8
G′

8

G8
L7 ,

N ′
10 = N10 − 4

G′
8

G8
L8 ,

(4.92)

and the remaining Ni are unchanged. Since in the SM the weak mass term does not
contribute to UV divergences from one-loop diagrams, the additional poles provided
by the bare Li must cancel in the N ′

i . This uniquely fixes the values of the Z ′
i in

Table 4.5. For instance,

λ
G′

8

G8

(
Z ′
11 − 8Γ6

) !
= 0 ⇒ Z ′

11 =
11

18
. (4.93)

79



4. K± → π± a at Next-to-Leading Order in Chiral Perturbation Theory

While expressions containing a combination of Dµθ and rµ or lµ are of order O(1/f2)
and are henceforth neglected, terms in (4.90) that do contain one explicit insertion of
the ALP field via Dµθ instead parametrize operators that have not been discussed so
far. Similarly to the weak SM LECs, also the Wilson coefficients of these operators
then need to be shifted. In detail,

N θ′
1 = N θ

1 + 2
G′

8

G8
Lθ2 ,

N θ′
2 = N θ

2 + 2
G′

8

G8
Lθ2 , (4.94)

N θ′
5 = N θ

5 + 4
G′

8

G8
Lθ1 ,

Finally, there remain terms in (4.89) that have exactly one insertion of rµ or lµ, but no
Dµθ. While they cannot be cast into a structure containing only the building blocks
of Table 4.7, it is nonetheless necessary to take them into account. In particular, they
are crucial for the cancellation of the poles arising from one-loop diagrams.

4.8.4. Weak Chiral Lagrangian at O(p4) including the ALP

As before, the first step to extend the weak chiral basis at O(p4) to account for the
ALP is to perform the substitution B0 → B for all building blocks B0 ∈ {S0, Lµ0 , P0}
in Table 4.5. Since an exhaustive list of operators containing the ALP does not exist in
the literature at this order, the next step is to write down all allowed combinations of
Dµθ with the building blocks that generate a p4 operator. This results in the following
12 combinations:

1) (∂µDµθ) ⟨λ6P ⟩ , 7) (2Dµθ) ⟨λ6Lµ⟩ ,
2) (∂νDµθ) ⟨λ6Wµν⟩ , 8) (Dµθ) ⟨λ6{Lµ, L2}⟩ ,
3) (Dµθ) ⟨λ6{Lµ, S}⟩ , 9) (Dµθ) ⟨λ6LνLµLν⟩ ,
4) i(Dµθ) ⟨λ6[Lµ, P ]⟩ , 10) (Dµθ) ⟨λ6Lµ⟩ ⟨L2⟩ ,
5) i(Dµθ) ⟨λ6[Lν ,Wµν ]⟩ , 11) (Dµθ) ⟨λ6Lν⟩ ⟨LµLν⟩ ,
6) (Dµθ) ⟨λ6Lµ⟩ ⟨S⟩ , 12) iϵµνρσ(D

µθ) ⟨λ6LνLρLσ⟩ .

(4.95)

Two relationships significantly limit the number of terms in (4.95): First, any covariant
derivative that acts on a B ∈ {S, P, Wµν} can be moved to the θ-term via integration
by parts, so that these terms do not need to be written down. Second, contracted
indices on Wµ

µ do not appear, since the equation [161]

W µ
µ + 2P − 2

3
⟨P ⟩1+

4

3
∂µDµθ 1 = O(GF ) (4.96)

implies that these terms can be eliminated. Still, the list above contains redundant
operators that need to be reduced. Integrating by parts and recalling the definition
W ν
µ = 2 (Dµ Lν +Dν Lµ), operator seven in (4.95) can be rewritten as

(2Dµθ) ⟨λ6Lµ⟩ =
1

2
(∂µDµθ) ⟨λ6P ⟩+O

(
a2

f2

)
. (4.97)
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This also automatically implies that in the second operator, the covariant derivative
inside the Wµν can be moved to the θ part, such that

(∂νDµθ) ⟨λ6Wµν⟩ = −4 (2Dµθ) ⟨λ6Lµ⟩ = −2 (∂µDµθ) ⟨λ6P ⟩ . (4.98)

This already reduces the list from 12 to 10 additional operators. An additional one,
operator nine, can be removed by the Cayley-Hamilton theorem, that implies [177]

(Dµθ) ⟨λ6LνLµLν⟩ = −(Dµθ) ⟨λ6{Lµ, L2}⟩+ (Dµθ) ⟨λ6Lν⟩ ⟨LµLν⟩

+
1

2
(Dµθ) ⟨λ6Lµ⟩ ⟨L2⟩+O

(
a2

f2

)
.

(4.99)

While this yields the final, non-redundant list of nine operators containing Dµθ, in
principle a “weak mass term”-like operator including an insertion of m2

a,0 is possible.
Since this term certainly needs to vanish in the SM limit, it must contain (Dµθ), such
that the only possible form ism2

a,0 (Dµθ)(λ6L
µ). However, rewriting the mass in terms

of derivatives yields

m2
a,0 (Dµθ) ⟨λ6Lµ⟩ = −(2Dµθ) ⟨λ6Lµ⟩ = −

1

2
(∂µDµθ) ⟨λ6P ⟩ , (4.100)

such that it clearly is redundant.
After these considerations, the full weak chiral Lagrangian at O(p4) can be written as

L(p4)χweak
=
G8F

2

2

(
37∑
i=1

NiW
8
i +

9∑
i=1

N θ
i W

θ 8
i

)
,

=
G8F

4

4

1

(4πF )2

(
37∑
i=1

N̂iW
8
i +

9∑
i=1

N̂ θ
i W

θ 8
i

)
, (4.101)

and in the second line again the rescaling of the weak LECs as defined in (4.44) is
performed. The bare weak LECs are now related to the scale dependent ones via

Ni = Ni,r(µ) + λ

(
Zi +

G′
8

G8
Z ′
i

)
,

N θ
i = N θ

i,r(µ) + λ

(
Zθi +

G′
8

G8
Z ′θ
i +

Gθ8
G8

Zθθi

)
.

(4.102)

The full list of additional weak chiral ALP operators is shown in Table 4.8 together
with the corresponding anomalous dimensions. The values of the Z ′

i and Z ′θ
i were

determined from the considerations described in Section 4.8.3.1. Requiring the can-
cellation of the pole terms from the one-loop integrals yields relations between the
remaining coefficients, but does not fix all free parameters. In particular, for the Zθi
it yields

Zθ1 =
1

2
+

1

2
Zθ5 , Zθ2 = −1

2
+ 2Zθ3 +

1

2
Zθ5 , (4.103)

and for the Zθθi

Zθθ1 =
3

4
+

1

2
Zθθ5 , Zθθ2 = 2Zθθ3 +

1

2
Zθθ5 . (4.104)

In the relations above, G′
8 and Gθ8 are defined in analogy to (4.25), but with so far

undetermined values for g′8 and gθ8.
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i W θ 8
i Zθi Z ′θ

i Zθθi i W θ 8
i Zθi Z ′θ

i Zθθi

1 (Dµθ) ⟨λ6{Lµ, S}⟩ (4.103) 1
2 (4.104) 6 (Dµθ) ⟨λ6{Lµ, L2}⟩ – 0 –

2 i(Dµθ) ⟨λ6[Lµ, P ]⟩ (4.103) 1
2 (4.104) 7 (Dµθ) ⟨λ6Lµ⟩ ⟨L2⟩ – 0 –

3 i(Dµθ) ⟨λ6[Lν ,Wµν ]⟩ Zθ3 0 Zθθ3 8 (Dµθ) ⟨λ6Lν⟩ ⟨LµLν⟩ – 0 –

4 (Dµθ) ⟨λ6Lµ⟩ ⟨S⟩ −3
4 0 1

2 9 iϵµνρσ(D
µθ) ⟨λ6LνLρLσ⟩ – 0 –

5 (∂µDµθ) ⟨λ6P ⟩ Zθ5 0 Zθθ5

Table 4.8.: Additional operators extending the O(p4) weak octet chiral Lagrangian when the
SM is extended by an ALP. The values of the anomalous dimensions Zθ

i , Z
′θ
i and Zθθ

i are
derived by requiring that the poles in the amplitudes K± → π±a cancel. If no value is given,
the coefficient does not get constrained by this computation.

4.9. Calculation of the Decays K± → π± a at NLO

Contribution G8 G′
8 Gθ8 G

1/2
27 G

3/2
27 ϵ(2)

LO ✓ ✓ ✓ ✓ ✓ ✓

NLO ✓ ✓ ✓ ✗ ✗ ✗

Table 4.9.: Contributions to the LO and NLO amplitude as computed for the decay K− →
π−a.

With all the necessary building blocks in place to compute the decays K± → π± a in
χaPT, it is now possible to move on to determining the amplitude up to next-to-leading
order. More concretely, this section presents detailed expressions for K− → π− a at
first order in 1/f and GF . The corresponding decay of a positively charged kaon can be
obtained by taking the complex conjugate of the results. In the following discussion,
products of flavor-changing ALP couplings and GF are consistently neglected. On
the other hand, isospin-breaking corrections at first order in (mu −md) are included

at leading order (LO). In addition, due to the fact that g8 is much larger than g
1/2
27

and g
3/2
27 , contributions from the 27-plet operators are only considered at LO in what

follows. A full summary of the computed contributions to the LO and the NLO is
shown in Table 4.9.
The structure of the amplitude can be decomposed into a piece in which the flavor-
violating s → d transition is mediated by a flavor off-diagonal ALP coupling [kD]12
or [kd]12, in the following denoted by AFV, and a piece where the flavor change stems
from the SM flavor violation in the weak sector, which is referred to as AFC. Therefore,
the full amplitude can schematically be written as

A = AFV +AFC , (4.105)

where the explicit ALP couplings in these partial amplitudes are

AFV = −(m2
K− −m2

π−)
[kd + kD]12

2f
AFV ,

AFC =
∑

cALP, G

GF 2
π− m

2
K− cALP

2f
AG, cALP ,

(4.106)
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with8

G ∈
{
G8, G

θ
8, G

′
8, G

1/2
27 , G

3/2
27

}
,

cALP ∈
{
c̃GG, c

a
uu, (c

a
dd + cass), (c

a
dd − cass), (cvdd − cvss)

}
.

(4.107)

As the flavor-change in AFC is solely mediated by the weak interactions, the amplitude
is also referred to as weak amplitude, while AFV is called QCD or strong amplitude.
Certainly both, AFC and AFV, have leading order, i.e. O(p2), and NLO, i.e. O(p4),
contributions, that are discussed in detail the following section.

4.9.1. Leading Order Amplitude

T1 T2 T3 T4

T5 T6

1

Figure 4.2.: Tree level graphs contributing to the decay K− → π−a at leading order in
the chiral expansion. The ALP is shown as a dashed line. Insertions from the strong chiral
Lagrangian at O(p2) are indicated as the square , while vertices from the weak O(p2) chiral
Lagrangian are shown as a dot •. The fact that the diagonalization of the strong chiral
Lagrangian is performed in the isospin conserving limit reflects itself in the reappearance of
the two-particle vertices π0 – η8, π

0 – a and η8 – a in diagrams T5 and T6, where isospin breaking
terms are taken into account.

At leading order in the chiral expansion, the Feynman diagrams that contribute to
the decay amplitude of the process K− → π− a are tree level graphs with an arbitrary
number of vertices from the QCD effective chiral Lagrangian, zero or one insertion of
the weak effective chiral Lagrangian and exactly one ALP interaction that is either

flavor violating (if the graph has an insertion of a term from L(p
2)

χweak), or flavor con-

serving (no insertion of L(p
2)

χweak). This yields the six distinct topologies that are shown
in Figure 4.2.

8As the vector currents f̄γµf are conserved, only the difference of the ALP–SM couplings (cvdd− cvss)
is observable, while the sum (cvdd + cvss) remains unobservable when considering flavor-changing
neutral-current processes.
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Leading Order QCD Amplitude

At leading order, there is only the tree level diagram T1 that contributes to the pure
QCD piece of the amplitude. Factoring out [kD]12 and [kd]12 according to (4.106), it
is simply given by

iAFV
LO = 1 . (4.108)

Leading Order Weak Amplitude

In diagrams T2 to T6, the flavor change is mediated by an insertion of a CKM matrix

element stemming from L(p
2)

χweak . At this order, also isospin breaking terms are taken
into account that are suppressed by

ε(2) =
md −mu

ms − m̂
≈ 0.028 , m̂ =

mu +md

2
. (4.109)

These terms lead to the diagrams in the second row of Figure 4.2, where the two-point
vertices are present because the strong chiral effective Lagrangian is only diagonalized
in the isospin conserving limit in Section 4.8.1. Defining the mass ratios of the ALP
and pion to the kaon mass as

x =
m2
a

m2
K

, y =
m2
π

m2
K

, (4.110)

the full, weak leading order contribution to the decay can be expressed as

iAG8, c̃GG
LO =

8 (1− x)(1− y)
4− y − 3x

[
1− ε(2) 2(1− y)

4− y − 3x

]
,

iA
G8, cauu
LO = − y(1− y)

4− y − 3x

[
1− ε(2) (1− y)

(
8 y − x (4 + 7 y) + 3x2

)
y (y − x)(4− y − 3x)

]
,

iA
G8, (cadd+c

a
ss)

LO = −(1− y)(4 + y − 6x)

2 (4− y − 3x)

×
[
1− ε(2) (1− y)

(
16 y − x (20 + 17 y) + 21x2

)
(y − x)(4 + y − 6x)(4− y − 3x)

]
, (4.111)

iA
G8, (cadd−cass)
LO =

x (1 + 2 y − 3x)

2 (4− y − 3x)

×
[
1− ε(2) (1− y)

(
4 + 13 y + y2 − 3x (7 + 5 y) + 18x2

)
(y − x)(1 + 2 y − 3x)(4− y − 3x)

]
,

iA
G8, (cvdd−cvss)
LO =

1− x+ y

2
,

as well as

iA
Gθ

8, c̃GG

LO = −2 (1− y) . (4.112)
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Furthermore,

iA
G′

8, (c
a
dd−cass)

LO = (1− y)2
[
1− ε(2) (1− y)

]
,

iA
G′

8, (c
v
dd−cvss)

LO = −
[
1 + ε(2) (1− y)

]
,

(4.113)

and all G′
8 contributions from the remaining coefficients vanish. The two 27-plet

tree-level contributions read

iA
G

1/2
27 , c̃GG

LO =
4 (1− y)(4− 3 y − x)

4− y − 3x

[
1− ε(2) (1− y)(4− 5 y + x)

(4− y − 3x)(4− 3 y − x)

]
,

iA
G

1/2
27 , cauu

LO =
4 y (1− y)
4− y − 3x

[
1 + ε(2)

(1− y)
(
y (4− 5 y) + x (8− y)− 6x2

)
2 y (y − x)(4− y − 3x)

]
,

iA
G

1/2
27 , (cadd+c

a
ss)

LO = −(1− y)(12− 7 y − 3x)

4− y − 3x

×
[
1− ε(2) (1− y)

(
2 y (4− 5 y)− x (20− 19 y) + 3x2

)
(y − x)(4− y − 3x)(12− 7 y − 3x)

]
,

iA
G

1/2
27 , (cadd−cass)

LO =
1

2 (4− y − 3x)

[
20− 25 y + 5 y2 + x+ 2x y − 3x2

− ε(2) 6x(1− y)
(
4 + 3 y − 4 y2 − x (11− 5 y) + 3x2

)
(y − x)(4− y − 3x)

]
,

i A
G

1/2
27 , (cvdd−cvss)

LO =
1

2
(1− x+ y) ,

(4.114)

and

iA
G

3/2
27 , c̃GG

LO =
4 (1− x)(1− y)

4− y − 3x

×
[
1 + ε(2)

(1− y)
(
12− 13 y + 9x y − 1x+ x2 + 2 y2

)
(1− x)(y − x)(4− y − 3x)

]
,

iA
G

3/2
27 , cauu

LO =
2 y (1− y)(3− y − 2x)

(y − x)(4− y − 3x)

×
[
1− ε(2) (1− y)

y (3− y − 2x)

(
5− 2 y − 4x− 2(4− 7x+ 3x2)

4− y − 3x

)]
,

iA
G

3/2
27 , (cadd+c

a
ss)

LO = − (1− y)
(y − x)(4− y − 3x)

[
y (6− y)− x (3 + 5 y) + 3x2

+ ε(2)
1− y

4− y − 3x

(
24− 26 y + 4 y2 − x (16− 17 y)− 3x2

) ]
,
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iA
G

3/2
27 , (cadd−cass)

LO = − 1

2(y − x)(4− y − 3x)

×
[
y
(
4− 5 y + y2

)
+ x

(
2− 8 y + 3 y2

)
+ x2 (1 + 5 y)− 3x3

− ε(2) 6x (1− y)
(
2− 6 y + y2 + x (2 + 4 y)− 3x2

)
4− y − 3x

]
,

i A
G

3/2
27 , (cvdd−cvss)

LO =
1

2
(1− x+ y) .

(4.115)

The isospin limits of the G8 and G27 terms have already been computed in [56] and
[34], respectively. Several features of these amplitudes need to be highlighted:

• The κq parameters cancel in the amplitudes. This is an important cross-check
of the results, as the rotation (4.49) is unphysical.

• While the isospin breaking effects are suppressed by (md − mu)/ms for terms

proportional to G8 and G
1/2
27 (as also found in [56]), this suppression does not

apply to the G
3/2
27 terms, which are proportional to (md −mu)/m̂.

• Some amplitudes in (4.111), (4.113) and (4.115) diverge in the limit ma → m̃π0

(or x → y). Although maximal π0–ALP mixing is experimentally excluded, it
is insightful to better understand this diagonalization remnant up to first order
in F/f of the leading order strong chiral Lagrangian. For terms proportional to

G8 and G
1/2
27 , it happens only in the isospin breaking corrections proportional

to ϵ(2), while in some terms proportional to G
3/2
27 this already appears in the

isospin conserving limit. It is illuminating to examine it in the unrotated basis,
where the neutral mesons again mix via explicit two-particle vertices. Here, the
following diagrams are responsible for the divergences:

π0 ϵ(2)
π0

η8
ϵ(2)

η8

π0

O3/2
27 O1/2

27 , O3/2
27

O8

O3/2
27

1

Focusing on the first diagram from the left, the pole that creates the divergence in
the unrotated basis stems from the pion propagator and is of the form 1/(m̃2

π0−
m2
a) (or the corresponding factor in the mixing angle θπ0a in the rotated basis).

This requires the transition K− → π− π0, which cannot be mediated on-shell

by the operators O8 and O1/2
27 , as they only describe isospin changes of ∆I =

1/2. These two operator types instead generate vertices proportional to (m̃2
π0 −

p2π0) that cancel the pole. The operator O3/2
27 , in contrast, does provide the
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necessary isospin transition for this process. Hence, there is no cancellation of
the divergence, even in the isospin conserving limit. The middle diagram shows
the same situation, but with an additional isospin violating vertex that mixes the
neutral pion and the η8-meson. The last diagram above requires the transition

K− → π− η8 that is allowed for all operator types O8, O1/2
27 and O3/2

27 . To
generate a divergence, the η8 needs to mix into the neutral pion, which, again,
is of O(ϵ(2)). Thus, this behavior only appears in the isospin violating limit for

O8 and O1/2
27 .

Due to kinematic constraints, there is no corresponding pole for ma → m̃η8 , as
only ma < mK −mπ is allowed.

4.9.2. Next-to-Leading Order Amplitude

At NLO in the chiral expansion, one must compute one-loop diagrams generated by
O(p2) operators, as well as tree-level diagrams with insertions of O(p4) operators.
Furthermore, the meson masses and the pion decay constant get a correction, and
external leg corrections yield wave-function renormalizations that multiply the leading
order. The sum of the LO and NLO amplitudes can thus schematically be written as

(ALO +ANLO)|NLO =
√
ZπZK A′

LO +A(p4)

∆m2
i ,∆Fπ

+A(p4)
1-loop +A

(p4)
tree , (4.116)

where the Zπ and ZK denote the wave-function renormalizations of the pion and the
kaon, respectively. In the expression above,

ALO(m
2
i , F ) = ALO(m

2
i,NLO, Fπ) +A(p4)

∆m2
i ,∆Fπ

≡ A′
LO +A(p4)

∆m2
i ,∆Fπ

. (4.117)

Both amplitudes on the right-hand side of (4.117) are computed from the tree-level

diagrams in Figure 4.2, but in the second term, A(p4)

∆m2
i ,∆Fπ

, NLO corrections for the

meson masses and the decay constant F are inserted. Therefore, only A′
LO is formally

of order O(p2) (and thus gets multiplied by the wave-function renormalization factors

Zi such that the product is a NLO term), while A(p4)

∆m2
i ,∆Fπ

is already of order O(p4).
The term A(p4)

1-loop represents all one-particle irreducible one-loop diagrams with O(p2)
vertices, while the last term in (4.116) denotes tree-level graphs built out of O(p4)
vertices. Details on the calculation of all NLO contributions are given in the next
sections.
Given that g

1/2
27 /g8 ≈ 0.01 and g

3/2
27 /g8 ≈ 0.05, the 27-plet contributions are neglected

in the NLO amplitude. In addition, also isospin corrections are not taken into account
at this order. In contrast, since no estimates of g′8 and gθ8 exist, they are included for
completeness. As the analytic expression for the NLO amplitude is rather elaborate,
the following text focusses on the conceptual aspects, while the full result is presented
in the appendix of this chapter.
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4.9.2.1. Wave-Function Renormalization and Mass Correction

1

Figure 4.3.: Feynman graphs contributing to the mesons self-energy at NLO in the chiral ex-
pansion. The black square denotes the insertion of a vertex from the O(p2) QCD Lagrangian
in (4.63), while the empty square □ refers to a vertex from the O(p4) QCD Lagrangian in
(4.35).

Both the external leg and mass correction are derived from the self-energy9 Σ, that is
computed from the Feynman diagrams shown in Figure 4.3. It is important to note
again that neither the ALP mass nor its external legs receive corrections, since every
ALP interaction is already suppressed by its decay constant and additional corrections
should not be taken into account when working consistently at O(1/f). External leg
and mass corrections hence only need to be computed for the pion and the kaon. The
expressions for the wave-function renormalization factors Zi are obtained from the
self-energies Σi via

Z−1
i = 1− dΣi(p

2)

dp2

∣∣∣∣
p2=m2

i

. (4.118)

Concretely, this yields

ZK = 1− 1

(4πF )2

[(
4md−2

K +
1

2
md−2
π − 1

2
md−2
η8

)(
2

d− 4
− ln 4π + γE − 1

)
+ 5m2

K ln
µ2

m2
K

+m2
π ln

µ2

m2
π

+ 2m2
K

(
2L̂4,r(µ) + L̂5,r(µ)

)
+ 2m2

π L̂4,r(µ)

]
, (4.119)

Zπ = 1− 1

(4πF )2

[(
4

3
md−2
K +

8

3
md−2
π

)(
2

d− 4
− ln 4π + γE − 1

)
+ 2m2

K ln
µ2

m2
K

+ 4m2
π ln

µ2

m2
π

+ 4m2
K L̂4,r(µ) + 2m2

π

(
L̂4,r(µ) + L̂5,r(µ)

)]
.

The Lagrangian masses get shifted via ∆m2
i = Σi(m

2
i ) to the NLO masses as

m2
i,NLO = m2

i +∆m2
i , (4.120)

9Although the matrix containing the exponential of the meson fields is also denoted by Σ, the
standard convention for the self-energy is maintained here, as the context makes it clear which
quantity is being referred to.
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where, in agreement with [161],

∆m2
π− =

m2
π

(4πF )2

[
−m2

π ln
µ2

m2
π

+
m2
η8

3
ln

µ2

m2
η8

+ (4m2
K + 2m2

π)
(
2L̂6,r(µ)− L̂4,r(µ)

)
+ 2m2

π

(
2L̂8,r(µ)− L̂5,r(µ)

)]
,

∆m2
K− =

m2
K

(4πF )2

[
− 2

3
m2
η8 ln

µ2

m2
η8

+ (4m2
K + 2m2

π)
(
2L̂6,r(µ)− L̂4,r(µ)

)
+ 2m2

K

(
2L̂8,r(µ)− L̂5,r(µ)

)]
.

(4.121)

The expression for the NLO pion decay constant was derived in [161]. Taking into
account the different normalization and rewriting the LECs according to (4.41), the
correction reads

Fπ = F +∆Fπ , (4.122)

with

∆Fπ =
Fπ

(4πF )2

[
m2
K ln

µ2

m2
K

+ 2m2
π ln

µ2

m2
π

+ 2m2
K L̂4,r(µ)

+m2
π

(
L̂4,r(µ) + L̂5,r(µ)

)]
. (4.123)

4.9.2.2. One-Loop Amplitude

In the next step, all one-particle irreducible one-loop Feynman diagrams are added to

the NLO amplitude as parametrized by the term A(p4)
1-loop in (4.116). As in the tree-

level graphs, the flavor-changing interaction needed for the decay K− → π−a can be
provided by a flavor off-diagonal ALP coupling or by the insertion of a corresponding
weak interaction, and both contributions are considered separately in what follows.

One-Loop QCD Amplitude

D1 D2 C1

1

Figure 4.4.: Feynman graphs with a flavor-violating ALP coupling, contributing to theK− →
π−a decay amplitude at NLO in the chiral expansion. The black and red squares denote the
insertion of a vertex from the O(p2) QCD Lagrangian in (4.63).

There are only two one-loop topologies for K− → π−a that do not require an insertion
of a weak O(p2) operator, which are shown in Figure 4.4. In topology D1, five different
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internal states in the loop (K±, π±, η8, π0, K0/ K̄0) contribute to the amplitude, while
in D2, the combinations K0-η8, K

0-π0 and K±-π± are possible.

One-Loop Weak Amplitude

D3 D4 D5 D6

D7 D8 D9 D10

D11 D12 D13 D14

D15 D16 D17 D18

D19 D20 D21

1

Figure 4.5.: One-loop Feynman graphs with ALP flavor-conserving ALP interactions con-
tributing to the K− → π−a decay amplitude at NLO in the chiral expansion. The flavor
change results from an insertion of a vertex from the O(p2) weak chiral Lagrangian in (4.78)
(black and red dots •). The black and red squares refer to a vertex from the O(p2) QCD
chiral Lagrangian in (4.63).

All one-loop topologies with exactly one insertion of a weak O(p2) vertex are de-
picted in Figure 4.5. Since the diagonalization of the Lagrangian is only performed
in the LO strong chiral Lagrangian in (4.63), the mixing is still present in the weak
O(p2) Lagrangian and in particular also reappears at NLO, which can be seen in D11.
In the sum of the diagrams, the unphysical rotation parameters κq cancel as they
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should. While in principle one would expect absorptive parts from diagrams where
the internal state pions can go on-shell (i.e. in D4, D8, D9, D20, D21), this feature is
entirely absent in the amplitude. The reason is that the necessary isospin transitions
(e.g. K− → π−π0 for the case of D8) are not allowed by O8. If isospin-violating
corrections were considered at NLO as well, imaginary contributions would indeed
appear in the amplitude.

4.9.2.3. NLO Tree-Level Amplitude

At NLO in the chiral expansion, also O(p4) tree-level graphs contribute to the process,
which are discussed below.

NLO QCD Tree-Level Amplitude

D1 D2 C1

1

Figure 4.6.: The Feynman tree-level graph that contributes to the K− → π−a decay ampli-
tude at NLO in the chiral expansion involving only flavor-violating ALP interactions and one
insertion of the O(p4) QCD Lagrangian in (4.35) (empty square □).

The single O(p4) QCD tree-level Feynman diagram describing the decay K− → π−a
is shown in Figure 4.6, contributing ALP flavor-changing couplings to the amplitude.
This diagram possesses a finite and a UV-divergent piece, and the latter needs to
cancel the divergence stemming from the one-loop diagrams discussed above. Indeed,
when adding up D1, D2 and C1, this divergence vanishes.

NLO Weak Tree-Level Amplitude

The O(p4) weak tree-level Feynman diagrams that describe the decay K− → π−a are
shown in Figures 4.7, contributing ALP flavor conserving couplings to the amplitude.
As for the flavor-violating part, the divergence from the one-loop weak Feynman dia-
grams needs to be canceled by the NLO weak tree level contributions. The situation,
however, is more subtle than in the pure QCD case: In the limit where θ = 0 and
⟨aµ⟩ = 0, the anomalous dimension coefficients Zi, Γi and Γθi , shown in Tables 4.3, 4.5
and 4.6, ensure the necessary cancellation. With non-zero ALP source, the additional
anomalous coefficients, Z ′

i, Z
′θ
i , Z

θ
i and Zθθi , as introduced in (4.102), need to be fixed

such that the full UV-pole cancels. While the values of the Z ′
i have already been ob-

tained in Section 4.8.3 (for the explicit results, see Table 4.5), this requirement can be

used to deduce values for the coefficients Zθ4 = −3/4 and Z
θ(θ)
4 = 1/2. The remaining

Z
θ(θ)
i are only constrained up to the consistency relations (4.103) and (4.104), or not

fixed at all by the charged kaon decay to a pion and an ALP.
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C2 C3 C4

C5 C6 C7

C8 C9 C10

1

Figure 4.7.: Feynman graphs contributing to the K− → π−a decay amplitude at NLO in
the chiral expansion involving only flavor-conserving ALP interactions and one insertion of
the O(p4) QCD Lagrangian in (4.35) (empty square □) or O(p4) weak Lagrangian in (4.35)
(empty dot #). The black and red squares (circle •) refer to an insertion from the O(p2)
QCD (weak) chiral Lagrangian.

In the thus obtained finite NLO expression for the decay amplitude, also the µ-
dependence from the loops is removed by the scale dependence of the low-energy

constants. The final result then still contains the unknown LECs N
(θ)
i,r . Since a phe-

nomenological analysis of the decay process requires assigning reasonable values to
these parameters, an estimate and the corresponding reasoning is presented in the
next section.
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4.10. Phenomenological Implications

Quantity Value Reference

mK− 493.7MeV [40]

mπ− 139.6MeV [40]

ΓK− 5.31× 10−14MeV [40]

Fπ− (130.2± 0.8)MeV [160]

Table 4.10.: Numerical input values for the meson masses, the kaon decay width and the
pion decay constant.

This section examines the phenomenological consequences of the NLO K− → π−a
decay amplitude. Concretely, the numerical sizes of the LO and NLO contributions
from the various couplings are analyzed as a function of the ALP mass. The numeri-
cal results are then translated to bounds on the effective scales Λeff

ci ≡ f/|ci|. Finally,
implications for bounds to neutrons and protons are deduced.
The numerical input values of mK− , mπ− , ΓK− and Fπ− as required for the phe-
nomenological analysis of the NLO contributions are collected in Table 4.10. The
relevant renormalized strong low-energy constants Li,r from fits to low-energy data
and lattice QCD are presented in Table 4.2 along with the corresponding uncertain-

ties. However, no numerical analysis exists for the remaining weak LECs N
(θ)′
i,r , nor

for the Lθi,r. In order to estimate these coefficients, it is instructive to reconsider the
scale evolution of the strong LECs in Figure 4.1. While the numerical values have
been obtained at µ = mρ, it is evident that around µ = 1.4GeV, all coefficients are
roughly compatible with zero. The reason behind this behavior is that around the
scale of chiral symmetry breaking, these effective Wilson coefficients are naturally free
of large logarithms. It is thus reasonable to assume that the unknown coefficients ex-

hibit similar patterns, and setting all N
(′θ)
i,r (µ0 = 1.4GeV) = 0 appears to be a sensible

choice. To assign an uncertainty to this consideration, a variation of this default scale
µ0 by a factor of

√
2 is taken into account and added in quadrature to the remaining

LEC uncertainties in the following analysis.
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4.10.1. ALP Flavor-Violating Contributions to the Amplitude

Figure 4.8.: LO + NLO contribution of the ALP flavor-violating couplings to the decay
amplitude of the process K− → π−a. The dashed lines show the results for the central value
of the QCD low-energy constant L5,r from the first (second) column of Table 4.2 in gray (blue),
the colored bands correspond to the 1σ uncertainties presented in the same table. The gray
vertical line at ma ≈ mπ0 indicates that this region is experimentally excluded.

Starting with the flavor-violating ALP couplings and employing again the parametri-
zation in (4.106), the dimensionless decay amplitude equals the K− → π− form factor
FK→π
0 at q2 = m2

a [34]. At LO, this quantity is momentum-independent and equals
1. The sum of the LO and NLO is shown in Figure 4.8 as a function of the ALP
mass ma. There is only one strong LEC that enters the amplitude, L5,r, and clearly
no weak LEC. Taking into account the uncertainty of L5,r, the NLO amounts to a
correction of less than 10% over the entire kinematically allowed ALP mass range. It
decreases the amplitude for ma ≲ 170MeV and increases it for larger ALP masses.
In particular, for the case of a vanishing ALP mass, the flavor-violating contribution
reads

iAFV
LO+NLO = −(m2

K −m2
π)

[kd + kD]12
2f

(1LO − 0.023NLO) . (4.124)

Since in the limit ma = 0 the analytical expression is independent of L5,r, the uncer-
tainty on the values in (4.124) is negligible.
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4.10.2. ALP Flavor-Conserving Contributions to the Amplitude

Figure 4.9.: LO (solid line) and NLO (dashed line) contributions of the G8 ALP flavor-
conserving couplings to the decay amplitude of the process K− → π−a. The colored bands
comprise the uncertainties from the QCD LECs, as well as from the variation of the scale µ0,
where all unknown weak LECs are set to zero.

The contributions from flavor-conserving ALP couplings proportional to G8 are de-
picted in Figure 4.9, individually for the LO (solid line) and NLO (dashed line). Here,
the uncertainties from the QCD low-energy constants and the scale variation around
the default choice of µ0 = 1.4GeV (the scale where the 18 weak LECs entering the
analytical expressions are set to zero) are combined in quadrature to generate the
colored uncertainty bands around the central dashed lines in the plots. In total, this
results in corrections ranging from a few percent up to approximately 60% for most
couplings. An exception is given by iAG8, cadd−cass , since it is mostly zero at LO over
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the allowed ALP mass range. The corresponding expressions for ma = 0 are given by

iAG8
LO =

G8F
2
π m

2
K

2f

[ (
1.88− 0.88 ε(2)

)
c̃GG −

(
0.02− 0.44 ε(2)

)
cauu

−
(
0.48− 0.44 ε(2)

)
(cadd + cass) + 0.54 (cvdd − cvss)

]
,

iAG8
NLO =

G8F
2
π m

2
K

2f

[
(−0.25± 0.43± 0.61) c̃GG

+ (5.21± 1.03± 6.52)× 10−3 cauu

+ (0.06± 0.11± 0.16) (cadd + cass)

− (0.27± 0.10± 0) (cadd − cass)

+ (0.24± 0.23± 0.18) (cvdd − cvss)
]
, (4.125)

where the first uncertainty represents the variation of µ0 and the second one stems
from the QCD LECs as given in Table 4.2. Again, the combination cvdd+c

v
ss is absent in

the expressions, as only the difference, cvdd− cvss, becomes observable when considering
flavor-changing neutral currents. As mentioned before, the divergence that can be
seen at LO for some couplings in Figure 4.9 is an artifact of the linearization in F/f
that would vanish in an all-order diagonalization. Nonetheless, the different limits
for ma → m+

π0 and ma → m−
π0 are physical: in the scenario of maximal mixing, the

neutral pion and the ALP become indistinguishable. Thus, it is necessary to also
include the amplitude of the orthogonal state in order to obtain the physical result.
Only the sum of the two expressions is continuous over the entire ALP mass range.
As experiments exclude this scenario, this computation is not presented here.
Finally, the new octet operators proportional to G′

8 and Gθ8 yield the amplitudes
depicted in Figure 4.10, and the numerical evaluation for vanishing ALP mass reads

iAG
′
8

LO =
G′

8 F
2
π m

2
K

2f

[ (
0.85− 0.78 ε(2)

)
(cadd − cass)−

(
1 + 0.92 ε(2)

)
(cvdd − cvss)

]
,

iAG
′
8

NLO =
G′

8F
2
π m

2
K

2f

[
(−0.29± 0.14) (cadd − cass) + (0.35± 0.16) (cvdd − cvss)

]
.

(4.126)
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Figure 4.10.: LO (solid line) and NLO (dashed line) contributions of the G′
8 and Gθ

8 ALP
flavor-conserving couplings to the decay amplitude of the process K− → π−a. The colored
bands comprise the uncertainties from the QCD LECs, as well as from the variation of the
scale µ0, where all unknown weak LECs are set to zero.

For completeness, the LO contributions from the 27-plets for ma = 0 are

iAG
1/2
27

LO =
G

1/2
27 F

2
π m

2
K

2f

[ (
3.53− 0.79 ε(2)

)
c̃GG +

(
0.08 + 0.40 ε(2)

)
cauu

−
(
2.7− 0.4 ε(2)

)
(cadd + cass) + 2.31 (cadd − cass)

+ 0.54 (cvdd − cvss)
]
,

iAG
3/2
27

LO =
G

3/2
27 F

2
π m

2
K

2f

[ (
0.9 + 30.2 ε(2)

)
c̃GG +

(
1.4− 15.1 ε(2)

)
cauu

−
(
1.4 + 15.1 ε(2)

)
(cadd + cass)− 0.46 (cadd − cass)

+ 0.54 (cvdd − cvss)
]
.

(4.127)

4.10.3. Bounds on ALP couplings from K− → π−a

The most stringent bounds on rare kaon decays such as K± → π±X are currently
provided by the NA62 experiment at CERN. In the SM, such a process is given by
the FCNC decay with X = ν̄ν, while the process K± → π±a represents a beyond
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Λeff
ci [TeV]

ci(µχ) ma = 0 ma = 200MeV

[kD + kd]12 2.9× 108 6.5× 108

c̃GG
(∗) 43 84

cauu 1.5 4.3

cadd + cass 15 19

cadd − cass(∗∗) 8 8

cvdd − cvss(∗∗) 23 47

Table 4.11.: Lower bounds on the effective scales Λeff
ci ≡ f/|ci| at µχ with 90% CL for one

non-zero ALP coupling at a time as obtained from the upper limit on the branching ratio as
given by NA62 in [178]. In these results, gθ8 = g′8 = 0 was used. The (∗) highlights that the
result for the coupling depends on the value of gθ8 , while

(∗∗) refers to a dependence on g′8.

the Standard Model (BSM) example. In order to access information on the branching
ratios, a proton beam from the Super Proton Synchrotron (SPS) is used that hits
a fixed beryllium target. Among the cascade of secondary particles, approximately
6% are positively charged kaons. They get extracted by a series of dipole magnets
and collimation systems, and their subsequent decay is studied. For X being a light
pseudoscalar particle, this yields the bounds10 B(K+ → π+X) < (3 – 6) × 10−11 at
90% CL for mX ∈ [0, 110]MeV, and B(K+ → π+X) < 1 × 10−11 (90% CL) for
mX ∈ [160, 260] [178].
Using the decay width of the kaon in Table 4.10, along with these upper bounds on the
branching ratios, lower limits on the effective scales Λeff

ci ≡ f/|ci| can be obtained for
one non-zero ALP coupling at a time. When working with the amplitudes obtained
in Section 4.9, where implicitly ci ≡ ci(µχ), the thus obtained results refer to the
couplings at this scale µχ. Setting the unknown coefficients g′8 and gθ8 to zero, the
corresponding results for ma = 0 and ma = 200GeV are listed in Table 4.11. Clearly,
g′8 = gθ8 = 0 is a choice that impacts the concrete values of the bounds. For instance,
Λeff
c̃GG

≳ 10 TeV for gθ8 = 1 and ma = 0.

4.10.4. Decay amplitudes in terms of UV couplings

In addition to constraints on the couplings at µχ, RG evolution equations obtained in
[60, 61] can be used to express the amplitudes in terms of the couplings at the scale
Λ of global U(1)PQ symmetry breaking. As flavor-violating couplings are strongly
constrained by experiment (see e.g. [34]), it is a reasonable choice to consider an
ALP that has only flavor-conserving, universal couplings at Λ. Working in the basis
in which the shift-symmetry is manifest via the derivative interactions to fermions,
i.e. the Lagrangian in 1.34, this assumption then translates to

c̃F (Λ) = c̃F (Λ)1 for F = u, d, Q, e, L . (4.128)

10These limits correspond to the most recent bounds at the time when this analysis was performed,
while the measured branching ratio in [151] and the analysis in [179] were published afterwards.
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Λeff
ci [TeV]

ci(Λ) ma = 0 ma = 200MeV

c̃GG(Λ) 49 97

c̃WW (Λ) 2.6 6

c̃BB(Λ) 0.02 0.04

c̃u(Λ) 1.9× 103 4.2× 103

c̃d(Λ) 51 78

Table 4.12.: 90% CL lower bounds on the effective scales Λeff
ci ≡ f/|ci| of the ALP couplings ci

at the high scale Λ in the flavor-universal ALP model for the casesma = 0 andma = 200MeV.
The bounds are derived by setting Λ = 4πf with f = 1TeV, and using the 90% CL upper
bound on the K+ → π+X branching ratio provided by NA62 [178]. The bounds shown here
are obtained by setting gθ8 = 0.

Although this ensures flavor symmetry at Λ, flavor off-diagonal entries are nonetheless
generated via RG flow, but they remain CKM suppressed, in detail, for the s → d
transition, via an insertion of V ⋆

tdVts ≈ −(3.0+1.3 i)×10−4 [40]. In particular, for the
choice f = 1TeV, this yields at the top-quark scale [34]

[kD(mt)]
univ
ij ≃ 10−5 V ∗

tiVtj
[
− 6.1 c̃GG(Λ)− 2.8c̃WW (Λ)

− 0.02 c̃BB(Λ) + 1.9× 103 c̃u(Λ)
]
,

[kd(mt)]
univ
ij = 0 .

(4.129)

Furthermore, since kD is approximately scale invariant belowmt, [kD(mt)]ij = [kD(µχ)]ij .
The remaining relations, that have also been obtained in [34], are given by

[cauu(µχ)]
univ ≃ 0.90 c̃u(Λ) + 0.008 c̃d(Λ)− 0.042 c̃GG(Λ)

− 10−4
[
2.1 c̃WW (Λ) + 0.34 c̃BB(Λ)

]
,

[cadd,ss(µχ)]
univ ≃ 0.13 c̃u(Λ) + 1.00 c̃d(Λ)− 0.042 c̃GG(Λ)

− 10−4
[
2.3 c̃WW (Λ) + 0.10 c̃BB(Λ)

]
.

[cvdd(µχ)]
univ =[cvss(µχ)]

univ . (4.130)

The last relation above removes the vector couplings from the amplitude, since they
appear only in the combination (cvdd − cvss), which in particular also removes the de-
pendences on g′8. The full, numerical expression of the NLO amplitude for f = 1TeV
in the limit where gθ8 = 0 then becomes

iAuniv = −10−11GeV

[
1TeV

f

] [
(2.4± 1.0 + 0.1 i) c̃GG(Λ)

+ (9.37± 0.02 + 3.97 i)× 10−2 c̃WW (Λ)

+ (0.57± 0.02 + 0.26 i)× 10−3 c̃BB(Λ)

− (68± 1 + 28 i) c̃u(Λ)− (2.5± 1.0) c̃d(Λ)
]
.

(4.131)
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The errors in the expression again combine the uncertainties from the scale variation
of µ0 and the uncertainties on the strong LECs. As before, this amplitude in terms of
the UV scale coefficients can now be used to obtain lower bounds on the effective scales
Λeff
ci ≡ f/|ci| of the ALP couplings. The results for turning on one such coupling at a

time are shown in Table 4.12 for f = 1TeV. The flavor-universal and flavor-conserving
partial amplitudes thereby contribute as follows:

• The bounds on the effective scales of the couplings c̃u(Λ), c̃WW (Λ) and c̃BB(Λ)
are dominated by their contributions to the flavor-violating coupling kD(µχ) via
RG evolution (see (4.129)). The fact that c̃u(Λ) appears with an additional factor
of 103 reflects itself in a bound that is of three orders of magnitude stronger than
the one on the effective scale of c̃WW (Λ) and five orders of magnitude stronger
than the one on the effective scale of c̃BB(Λ), which only appears at a two-loop
order in (4.129).

• The bounds on the effective scales of the couplings c̃GG(Λ) and c̃d(Λ) are in-
stead dominated by the flavor-conserving part of the decay amplitude. Due to
the large uncertainties provided by the strong and weak LECs, the bounds ob-
tained from the NLO amplitude are weaker than the ones obtained at LO. For
instance, the LO amplitude, where no weak LECs enter, would, for ma = 0,
result in Λeff,LO

c̃GG
≳ 73TeV and Λeff,LO

c̃d
≳ 76TeV instead of Λeff,NLO

c̃GG
≳ 49TeV

and Λeff,NLO
c̃d

≳ 51TeV.

Clearly, the concrete choice of the ALP decay constant influences the bounds. For f
between 1TeV and 1PeV, these dependences are shown in Figure 4.11 for ma = 0
and ma = 200MeV. While most bounds on the effective scales only vary weakly
when increasing the scale of global U(1)PQ symmetry breaking, they generally become
stronger for larger values of f . This is a result of the longer scale evolution down to
µχ, which yields large logarithms and therefore strengthens the bounds on the Λeff

ci .
All in all, the bounds obtained from K± → π±a pose the strongest constraints

on the ALP¸ –SM couplings for ma smaller or approximately equal to 350MeV. In
particular, the effective scale of flavor off-diagonal couplings mediating a s→ d quark
transition needs to exceed 109GeV, yielding a lower value for the decay constant of
f ≳ 1011GeV, which contradicts (model-dependent) cosmological bounds [180].
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Figure 4.11.: Lower bounds on the effective scales Λeff
ci ≡ f/|ci| as a function of the ALP

decay constant f for gθ8 = 0 in a flavor-universal scenario. The solid (dashed) line corresponds
to ma = 0 (ma = 200MeV).

4.10.5. Bounds on ALP-Nucleon Couplings

Figure 4.12.: Excluded regions of the ALP-neutron (left) and ALP-proton (right) couplings
from various experiments (adapted from [181]). The red solid lines correspond to the bounds
obtained from the analysis of the decay K± → π±a.
The red dashed lines indicate a potential exclusion limit, assuming that both the theoretical
uncertainty and the experimental bound can be improved by a factor of 3.

By comparison with the effective Lagrangian describing the interaction of ALPs with
protons and neutrons, the bounds obtained in the previous section can also be trans-
lated to bounds on the ALP-nucleon couplings. Denoting the neutron and the proton
by ψn and ψp with masses mn and mp, respectively, the Lagrangian can be written as
[181]

LaN =
gan
2mn

(∂µa) ψ̄nγ
µγ5ψn +

gap
2mp

(∂µa) ψ̄pγ
µγ5ψp . (4.132)
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It is possible to decompose the ALP-nucleon couplings in terms of the ALP-fermion
and ALP-gluon couplings as [34]

gan =
mn

2

(
g0 c

+ − gA
m2
π

m2
π −m2

a

c−
)
, gap =

mp

2

(
g0 c

+ + gA
m2
π

m2
π −m2

a

c−
)
,

(4.133)

where

c+ =

[
cauu
f

+
cadd
f

+ 2
cGG
f

]
and c− =

[
cauu
f
− cadd

f
+ 2

cGG
f

mu −md

mu +md

]
, (4.134)

with dimensionless constants g0 = 0.440(44) and gA = 1.2754(13) [182]. When em-
ploying the limits on the couplings cGG (instead of c̃GG) and caqq obtained from the
analysis of the charged kaon decay11 and avoiding assumptions on the underlying
structure of the couplings at µχ, however, no competitive limits on gan and gap can be
found. The situation changes when assuming the scenario of flavor-universal couplings
at Λ = 4πTeV, although the bound on Λeff

c̃d
is relaxed from 51TeV to 22TeV when

working with cGG instead of c̃GG, while Λeff
c̃u

does not change significantly. The NLO
bounds on the ALP-nucleon couplings are then approximately

gan <
mn

2Λeff
c̃d

|g0 + gA| ≈ 3.7× 10−5 , gap <
mp

2Λeff
c̃d

|g0 − gA| ≈ 1.8× 10−5 . (4.135)

Figure 4.12 compares these limits with the exclusion regions from various experiments
for illustration. Additionally, hypothetical results are shown for the scenario where
both the theoretical uncertainty and the experimental bound are improved by a factor
of 3. Importantly, the bounds obtained from the charged kaon decay represent the
sole particle-physics probes of the ALP-nucleon couplings in the mass range shown
in the figure. While for ALP masses smaller than 10−10 eV, a variety of experiments
pose stronger bounds on gan and gap, the results from the analysis of K± → π±a can
compete with most bounds above this scale. SN 1987A supernova and neutron star
cooling bounds are several orders of magnitude stronger than the limits in (4.135),
but they have the disadvantage of being highly model dependent. More specifically,
several assumptions, including those regarding the core composition, are incorporated
into the derivations, but have yet to be validated.

11As c̃GG and caqq are not independent parameters, these bounds do not correspond to those presented
in Table 4.11.
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4.11. Summary and Conclusions

In this chapter, ALP effects at and below µχ ∼ 1.6 GeV were investigated. At this
scale, quarks are confined to color-neutral bound states, such that the fundamental
degrees of freedom are the pseudoscalar mesons. To analyze ALP interactions in
this regime, a consistent incorporation of the ALP into chiral perturbation theory
was presented, up to order O(p4) in the chiral expansion. This extended effective field
theory framework allowed for the study of the rare kaon decays K± → π±a at next-to-
leading order. These flavor-changing processes are especially powerful for constraining
ALP–SM couplings due to the extremely suppressed branching ratio B(K± → π±X).
As a result, the analysis of these decays provide the strongest particle-physics bounds
on ALP couplings for ALP masses ma ≲ 350 MeV.
More specifically, the analysis presented here expanded on the existing leading-order
calculation in several key aspects:

• Operator basis extension at O(p2): The presence of the ALP necessitated an
enlargement of the chiral operator basis already at leading order. Notably, the
so-called weak mass term, which is redundant in the pure SM case, had to be
accounted for, which is an observation that had not been made in the literature
before. Additionally, an operator explicitly involving an ALP source emerged in
the O(p2) weak chiral basis.

• Operator basis extension at O(p4): At O(p4), the situation became even more
intricate: the strong chiral Lagrangian at NLO had to be extended by three
operators, while nine new operators needed to be added to the weak chiral
Lagrangian when the ALP is present. This yielded a complete basis as required
for the computation of the full NLO amplitude for K− → π−a.

• Tree-level and loop contributions: The full NLO amplitude for the decay K− →
π−a was presented in this chapter. At O(p2), the literature result was extended
by isospin breaking corrections of first order in (md −mu), while at NLO, the
analysis included the 89 possible one-loop Feynman diagrams and the 11 NLO
tree-level graphs.

• Numerical results and uncertainties: It was shown that the NLO correction pro-
portional to ALP flavor-violating couplings ranges between roughly −3% and
+8%, depending on the value of ma, and the only source of uncertainty is the
low-energy constant L5,r. The contributions from the part of the NLO ampli-
tude in which the flavor change results from the SM weak interaction involved
the two unknown couplings g′8 and gθ8, as well as 15 independent combinations
of weak low-energy constants, which provide a significant source of uncertainty.
In order to estimate the size of the weak NLO corrections, the unknown LECs
were set to zero at the scale µ0 ∼ µχ and an uncertainty to these values was
assigned by varying µ0 and employing the corresponding RG equations. With
this setup, it was shown that the contributions of the amplitude proportional to
g8 and the two unknown couplings g′8 and gθ8 ranges between a few percent up
to ±60%, with an exception given by iAG8, (cadd−cass) for which the LO is almost
zero for the entire allowed ALP mass range.
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• Bounds on effective scales and ALP-nucleon interactions: The derived results
were used to deduce bounds on the effective scales of the ALP–SM couplings,
Λeff
ci ≡ f/|ci|, for ma = 0 and ma = 200 MeV, both at the scale µχ, and, by

applying the ALP RG equations, also at the symmetry breaking scale Λ. While
it was shown that the concrete choice of Λ has little impact on the bounds,
the fact that the two coefficients g′8 and gθ8 are unknown significantly limits the
conclusiveness of the results. While the NLO results slightly weaken the bounds
compared to the LO one, they nevertheless remain the strongest limits on ALP
couplings in the kinematically allowed mass range. Finally, by comparison with
the effective Lagrangian parametrizing the ALP-nucleon interactions, bounds on
the respective couplings were obtained. Remarkably, these results represent not
only the sole particle-physics probes of these parameters, but are even compet-
itive with non-accelerator and astrophysical limits.

To conclude, this chapter presented the first rigorous chiral effective field theory frame-
work for studying ALP-meson interactions, which was applied to the flavor-violating
decays K± → π±a. While this allowed for constraining ALP-meson interactions with
a yet unprecedented precision, it remains to be stressed that a better determination of
the QCD low-energy constants, as well as of the many completely unknown additional
low-energy constants is of great importance for obtaining robust results.
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4.13. Appendix

4.13.A. AFC at NLO

In the following, the contributions AG,cALP entering the AFC term in (4.106) at NLO
are collected. The low-energy constants L̂i,r, L̂

θ
i,r, N̂

′
i,r, and N̂ θ′

i,r appearing in this
appendix are understood to be evaluated at the scale µ.

4.13.A.1. G8 contribution

For the G8 contribution proportional to c̃GG, one finds

iAG8,c̃GG

NLO =
m2

K−

8π2F 2
π

{
ln

µ

mK
gG8,c̃GG(x, y) + fG8,c̃GG

0 (x, y) +

7∑
i=1

si(x, y)f
G8,c̃GG

i (x, y)

− 4(1− y)(1− x)
(4− y − 3x)2

[
L̂5,r

(
4 + 9y − 4y2 − x− 5xy − 3x2

)
+ 4L̂4,r(2 + y)(4− y − 3x)− L̂7,r

6y(4− y2)− 4x(2 + 11y − 4y2) + 6x2(2 + y)

1− x
− 2L̂8,r

1− y
1− x

(
y(2 + y)− 2x(1 + 2y) + 3x2

) ]
+

2(1− y)
(4− y − 3x)

[
x(2 + y − 3x)(L̂θ

1,r − L̂θ
2,r)

+ 4
(
N̂ ′

5,r + 2N̂ ′
8,r + N̂ ′

9,r − N̂θ′
1,r + N̂θ′

2,r − 2N̂θ′
3,r − 2N̂θ′

4,r

)
+ y

(
6N̂ ′

5,r + 6N̂ ′
6,r + 4N̂ ′

8,r − 8N̂ ′
10,r − 12N̂ ′

12,r − 12N̂ ′
13,r − 3N̂θ′

1,r + 3Nθ′
2,r

−6N̂θ′
3,r − 2N̂θ′

4,r

)
− y2

(
2N̂ ′

5,r + 3N̂ ′
6,r − 4N̂ ′

10,r − 4 N̂ ′
12,r − 6N̂ ′

13,r − N̂θ′
1,r +Nθ′

2,r − 2Nθ′
3,r − N̂θ′

4,r

)
− x

(
2N̂ ′

5,r + 2N̂ ′
6,r + 8N̂ ′

8,r + 4N̂ ′
9,r − 4N̂ ′

12,r − 4N̂ ′
13,r + N̂θ′

1,r + 7Nθ′
2,r − 14N̂θ′

3,r

−6N̂θ′
4,r − 4N̂θ′

5,r

)
− xy

(
4N̂ ′

5,r + N̂ ′
6,r + 4N̂ ′

8,r − 4N ′
10,r − 4N̂ ′

12,r − 2N̂ ′
13,r − 4N̂θ′

1,r + 2N̂θ′
2,r

−4N̂θ′
3,r − 3N̂θ′

4,r + N̂θ′
5,r

)
− x2

(
2 N̂ ′

5,r − 3N̂θ′
1,r − 3N̂θ′

2,r + 6N̂θ′
3,r + 3N̂θ′

5,r

)]}
,

(A.1)
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where the functions gG8,c̃GG(x, y) and fG8,c̃GG
0,1,...,7 (x, y) are given by

gG8,c̃GG(x, y) = − 4 (1− y)
3(4− y − 3x)2

[
2(24 + 36y − 10y2 + y3)

−x(108 + 139y − 16y2) + 3x2(29 + 23y)− 27x3
]
,

fG8,c̃GG
0 (x, y) = − 2(1− y)

3xy(4− y − 3x)

[
5y(1− y)2 + x

(
2− 7y + 16y2 − 5y3

)
−x2

(
2 + 5y + 8y2

)
+ 9x3y

]
,

fG8,c̃GG
1 (x, y) = − (1− y)(1− x)

3x (4− y − 3x)

(
2(1 + y)− 3x+

(1− y)2
x

)
,

fG8,c̃GG
2 (x, y) = −4 y(1− y)(2− x− y)

3 (4− y − 3x)
,

fG8,c̃GG
3 (x, y) = − 1

18x2y2(4− y − 3x)2
[
−y2(4− y)(1− y)4

+ xy2(1− y)2
(
83− 54y + 14y2 − y3

)
− x2

(
4− 93y + 255y2 − 432y3 − 169y4 + 333y5 − 130y6 + 16y7

)
+ x3

(
7− 190y + 403y2 − 747y3 − 107y4 + 266y5 − 64y6

)
−3x4

(
1− 30 y + 25y2 − 44y3 − 40y4 + 16y5

)
+ 27x5y2(1− y)

]
,

fG8,c̃GG
4 (x, y) =

1

18x2y2(4− y − 3x)2
[
−27y2(4− y)(1− y)4

+ 9xy2(1− y)2
(
25− 42y + 26 y2 − 3y3

)
− x2

(
36− 261 y + 423 y2 − 1534y3 + 1283y4 − 153 y5 − 26y6 + 16y7

)
+ x3

(
63− 414y + 135y2 − 1625y3 + 1323y4 + 150y5 − 64y6

)
−3x4

(
9− 54y − 87y2 − 128y3 + 172y4 + 16y5

)
− 135x5y2(1− y)

]
,

fG8,c̃GG
5 (x, y) = − 1− y

3y2(4− y − 3x)

(
1− 7y2 + 4y3 − x(1− 7y + 4y2)

)
,

fG8,c̃GG
6 (x, y) = − 1− y

y(4− y − 3x)

(
1

y
− 4 + y + x

(
3− 1

y

))
,

fG8,c̃GG
7 (x, y) = −(1− x)(1− y)

x (4− y − 3x)

(
3(1− y)2

x
+ 2(1 + y)− 5x

)
. (A.2)
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The contribution proportional to cauu are
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+
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)
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)
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)
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)]}
,

(A.3)

with

gG8,cauu(x, y) =
y (1− y)

6(4− 3x− y)2
[
4y(25− 4y) + 3x(16− 35y)− 27x2

]
,

f
G8,cauu
0 (x, y) =

(1− y)
(
(1− y)2(8 + 3y)− 2x

(
10− 27y + 5 y2

)
+ x2(12− 45 y)

)
12x(4− 3x− y) ,

f
G8,cauu
1 (x, y) = − y (1− y)(1− x)

6x2(x− y)(4− 3x− y)
(
(1− y)2 + 2x(1 + y)− 3x2

)
,

f
G8,cauu
2 (x, y) =

y(1− y)(4− 3x− 2 y)

3(4− 3x− y) ,

f
G8,cauu
3 (x, y) = − 1

72x2 y(4− y − 3x)2
[
8y − 34 y2 + 56y3 − 44 y4 + 16y5 − 2 y6

+ x
(
8− 200y + 496y2 − 454 y3 + 182 y4 − 34 y5 + 2 y6

)
− x2

(
26− 589y + 1256y2 + 147y3 − 635y4 + 259y5 − 32 y6

)
+ x3

(
27− 633y + 1464 y2 + 393y3 − 639y4 + 144 y5

)
−x4

(
9− 225y + 360y2 + 324 y3 − 144 y4

)]
,

f
G8,cauu
4 (x, y) =

1

72x2 y(4− y − 3x)2
[
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− 9y7 + x
(
72− 360y + 873y2 − 1125y3 + 711y4 − 171y5

)
− x2

(
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)
+ x3

(
243− 783y + 777y2 + 1902y3 − 1203y4 + 144 y5

)
−x4

(
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)]
,
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f
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5 (x, y) =

(1− y)
(
2 + 3y + 5y2 − 6y3 − x

(
5 + 8y − 12y2

)
+ x2(3− 6y)

)
12y (4− 3x− y)(x− y) ,

f
G8,cauu
6 (x, y) =

(1− y)
(
2 + 3y − y2 − x(5 + 2y) + 3x2
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(A.4)

The contribution proportional to (cadd + cass) is given by
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, (A.5)
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with
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)
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The contribution proportional to (cadd − cass) reads
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where

gG8,cadd−cass(x, y) =
1

36(4− 3x− y)2
[
−2(31 + 26y)

(
4− 5y + y2

)2
+ 12x

(
68− 138y − 146y2 + 143y3 − 26y4

)
+ 9x2

(
74 + 143y + 126y2 − 52y3

)
−27x3(29 + 33y) + 243x4

]
,

f
G8,cadd−cass
0 (x, y) = − 1

72xy(4− y − 3x)

[
4y(4− y)(1− y)3

+ x
(
72− 271y + 460y2 − 347y3 + 86y4

)
− 3x2

(
24− 109y + 112y2 − 51y3

)
−9x3y(9 + 8y) + 81x4y

]
,

f
G8,cadd−cass
1 (x, y) = − 1

144x2(x− y)(4− y − 3x)

[
y(4− y)(1− y)3

− x
(
16− 54y + 53y2 − 20y3 + 5y4

)
− x2

(
17 + 43y − 38y2 + 14y3

)
+3x3

(
23 + 4y + 6y2

)
− 9x4(7 + 3y) + 27x5

]
,

f
G8,cadd−cass
2 (x, y) = − xy(1− y)

2(4− y − 3x)
,

f
G8,cadd−cass
3 (x, y) = − 1

864x2y2(4− y − 3x)2
[
(4− y)2(1− y)4y2

− 2xy(1− y)2
(
24 + 110y − 89y2 + 19y3 − y4

)
− 3x2

(
48− 1120y + 4715y2 − 6236y3 + 3792y4
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)

+ 3x4
(
36− 198y + 458y2 + 228y3 + 561y4 − 248y5

)
−18x5y2(52y + 23) + 135x6y2

]
,

f
G8,cadd−cass
5 (x, y) =

1− y
24y2(x− y)(4− y − 3x)

[
y
(
4 + 3y − 9y2 + 2y3

)
−x
(
6 + 7y − 48y2 + 20y3

)
+ 3x2

(
2− 13y + 6y2

)]
,

f
G8,cadd−cass
6 (x, y) =

1− y
8y2(x− y)(4− y − 3x)

[
y
(
4− 21y + 21y2 − 4 y3

)
−x
(
6− 17y + 6y2 + 8y3

)
+ 3x2

(
2− 5y + 4y2

)]
,

f
G8,cadd−cass
7 (x, y) =

1

16x2(x− y)(4− y − 3x)

[
y(4− y)(1− y)3

+ xy
(
8 + 7y − 26y2 + 11y3

)
− x2

(
3 + 25y − 48y2 + 8y3

)
+x3

(
7− 26y − 20y2

)
+ x4(11 + 31y)− 15x5

]
. (A.8)
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Finally, the contribution proportional to (cvdd − cvss) is given by
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, (A.9)

with
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4.13.A.2. Gθ
8 contribution

By construction, the Gθ8 contribution is proportional to the single ALP coupling c̃GG.
It is given by
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4.13.A.3. G′
8 contribution

The contribution proportional to G′
8 is non-zero only for two combinations of ALP

couplings, (cadd − cass) and (cvdd − cvss). The corresponding NLO contributions to AFC

are given by
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,
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4.13.B. AFV at NLO

Finally, the contribution proportional to flavor-violating ALP couplings between strange
and down quarks is

iAFV
NLO =
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π
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Chapter 5: Saving or Destroying the Universe

with Axion-Like Particles

The experimental confirmation of the Higgs boson at the LHC by the ATLAS and
CMS collaborations in 2012 [1, 2] was a landmark achievement that validated the
mechanism of electroweak symmetry breaking, which endows elementary particles
with mass. This discovery not only marked a major milestone in particle physics but
also showcased the remarkable synergy between theoretical predictions and experimen-
tal verification. Yet, while the completion of the SM was a triumph, a closer analysis
of the results has led to new, unexpected questions, revealing that our understanding
of fundamental nature is far from complete. As already indicated in Section 1.4, one
of the most intriguing questions emerging from this discovery is the so-called Higgs
instability: Precise measurements of the Higgs mass of 125.25±0.17 GeV [40] suggest
that the electroweak vacuum does not correspond to the absolute minimum of the
Higgs potential. Instead, it resides in a long-lived yet ultimately temporary state,
which, in principle, could undergo a global phase transition at any given time. For
humanity, this would be a rather unpleasant event, as it would mean the destruction
of the Universe as we know it! Fortunately, since the SM is unlikely to be the ultimate
theory of fundamental physics, there may be a mechanism beyond it that prevents us
from this terrifying scenario. In particular, the question arises of how the presence of
the ALP would change this situation.
In order to reveal whether ALPs drive the Universe’s fate rather towards a stable
or unstable future, in this chapter, the ALP-SMEFT contributions to the β-function
of the Higgs quartic coupling is examined. Depending on the magnitude of the ad-
ditional dimension-five couplings, the ALP could either exacerbate or alleviate the
stability problem of the Universe. By requiring that the Universe remains at least in
a metastable state, these effects can be used to derive constraints on the ALP–SM
couplings.
Finally, at the end of this chapter, it is also shown that through modifications of the
β-function of the three gauge couplings, ALPs can lead to a unification around the
Planck scale, even in non-supersymmetric models.

This chapter is based on

[183] Saving or Destroying the Universe with Axion-Like Particles
A. M. Galda and M. Neubert
[arXiv:2506.06426].
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5.1. Instability of the Electroweak Vacuum in the Standard
Model and Beyond

In the SM, the Higgs potential is given by

V =
λ

2
(H†H)2 −m2

H H
†H , (5.1)

where the physical mass mh of the Higgs particle is related to the mass parameter
of the quadratic term via mh =

√
2mH = 125.25GeV. For large values of the Higgs

field where its mass can be neglected and the field value is approximated by the RG
scale µ, the quartic term dominates and it therefore suffices to analyze the behavior of
this quantity when determining the stability of the electroweak vacuum: In a scenario
where the quartic coupling λ is larger than zero for all RG scales, the electroweak
vacuum would be absolutely stable. On the other hand, when λ becomes negative
at an instability scale ΛI , the electroweak vacuum does not correspond to the true
ground state and a non-zero tunneling probability from this false vacuum to the true
ground state arises. Without additional new physics, solving the one-loop order β-
function of the quartic coupling yields an instability scale around 1011 GeV, as shown
in Figure 5.1. The exact value of the instability scale is highly sensitive to the input

Figure 5.1.: Scale dependence of the Higgs quartic coupling λ in the SM. Around 1011 GeV,
λ becomes negative.

parameters. A smaller Higgs mass would lower the instability scale, whereas a larger
value of mH could stabilize the Universe (see e.g. [7–11] for more detailed studies).
In other words, any kind of physics beyond the SM that has a direct or indirect
influence on the RG evolution of λ can potentially relax or worsen the instability of
the electroweak vacuum.
The presence of the ALP modifies the RG evolution equations of the quartic coupling
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1

Figure 5.2.: Feynman diagrams contributing to the RG evolution of the coefficient CHH

multiplying the dimension-6 operator that contains two ALP and two Higgs fields as defined
in (1.34). A red dotted line represents the ALP, while the Higgs fields are shown as black
dashed lines with the arrow pointing in the direction of the SU(2)Y charge flow.

by two-fold: First, a direct contribution proportional to the dimension-five coupling
CWW enters the equation for λ as [35]

dλ

d lnµ
⊃ 16g2s

3

m2
H

(4πf)2
C2
WW , (5.2)

where also the Higgs mass receives a contribution from the dimension-6 operator in
(1.34) that reads [67]

dm2
H

d lnµ
⊃ 2m4

a

(4πf)2
CHH . (5.3)

To fully solve the set of coupled differential equations, in principle the RG evolution
equation of CHH is also required. The Feynman diagrams that contribute are those
depicted in Figure 5.2, yielding, for Nc = 3, the β-function

dCHH
d lnµ

=
1

(4π)2

(
36 g2LC

2
WW + 12 g2Y C

2
BB − 6Tr[ỸdỸ

†
d + ỸuỸ

†
u +

1

3
ỸeỸ

†
e ]

− 3

2
CHH

(
3 g2L + g2Y − 4λ− 4Tr[YdY

†
d + YuY

†
u +

1

3
YeY

†
e ]
))

.

(5.4)

In the RG equation of λ, the explicit Higgs mass mH enters only via dimension-six
SMEFT coefficients [71], or via the term in (5.2). Thus, effects of CHH are at least
two-loop power suppressed and do not have a significant effect on the scale evolution of
the Higgs quartic coupling. In the following discussion, it will therefore be dropped.
The second mechanism by which the ALP modifies λ is the generation of SMEFT
coefficients of dimension-six order, via the ALP–SMEFT interference, that enter the
RG equation. Thus, it does not suffice to consider the pure SM running only, but
the full SMEFT running, which has been obtained in [70–72], needs to be taken into
account when evaluating ALP effects on the stability of the electroweak vacuum.
In detail, these ALP effects can be obtained in the following way: For a given scale
of global symmetry breaking Λ = 4π f , ALP mass ma and ALP–SM couplings at Λ,
the SMEFT and ALP couplings at MZ need to be obtained by solving the full set
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of SMEFT RG evolution equations. Depending on the ALP mass, this either means
running the full dimension-six system including the ALP coefficients down to the scale
where λ is measured (for ma ≤ MZ), or integrating out the ALP in an intermediate
step (which is preformed at tree level) and continue with the pure SMEFT running
without ALP modifications. The thus obtained initial conditions of the dimension-five
ALP and dimension-six SMEFT parameters are then used as inputs at the appropriate
scale (i.e. ALP couplings only contribute for µ ≥ ma).
The concrete effect of the ALP generated SMEFT contributions is non-trivial and
depends on the configuration of ALP–SM couplings at the scale of global symmetry
breaking Λ. This is the case, as the RG flow generates different sets of SMEFT
and ALP couplings at low scales, and modifications to the SM couplings can thus be
generated even without the direct contribution of CWW in (5.2). While one would
maybe expect that this direct ALP contribution dominates the evolution of λ in the
presence of the ALP and that one-loop suppressed ALP contributions play a minor
role in the evolution of λ, terms that are proportional tom2

a can get strongly enhanced
for large ALP masses as will be shown later.
This setup therefore allows to constrain the ALP–SM couplings, which are assumed
to be flavor-universal in the UV, from the requirement that the electroweak vacuum is
supposed to remain (at least) in a meta-stable state also in the presence of the ALP,
i.e. the resulting lifetime is larger than the age of the Universe.

5.2. Effects of the ALP on the Quartic Higgs Coupling

In the pure SM scenario without additional new physics, the instability scale of the
electroweak vacuum is approximately given by ΛI = 1011GeV. The objective is to an-
alyze how different ALP couplings influence this scale. To this end, the two benchmark
cases ma = 0 and ma = 100GeV are considered, with one non-zero dimension-five
coupling at a time at the scale of global U(1)PQ symmetry breaking Λ. Employing the
RG evolution equations for the ALP coefficients [60] and SMEFT Wilson coefficients
[71, 72] within a modified version of the DsixTools framework, and using the input
values provided in [184, 185], the numerical values of all relevant coefficients governing
the scale evolution of λ at the electroweak scale are obtained, keeping λ(MZ) ≈ 0.28
fixed. The magnitude of the ALP-induced SMEFT Wilson coefficients at the elec-
troweak scale depends on their evolution from Λ down to µ. Specifically, when sym-
metry breaking occurs at a very high scale, the ratio Λ/µ generates large logarithms
that enhance the effects of the SMEFT and ALP coefficients.
For illustration, the parameter f is set to 1TeV, and the resulting modifications to
the instability scale for various ALP couplings are shown in Figure 5.3. As expected,
the direct contribution of CWW to the RG evolution of λ in (5.2) shifts the insta-
bility scale ΛI towards higher values, thereby making the electroweak vacuum more
stable. While this effect is relatively straightforward to understand, disentangling the
influence of other parameters is more nuanced:

• CGG: Any nonzero value of CGG generally shifts the instability scale to higher
values. Although this coupling does not directly enter the RG equation of λ, it
induces nonzero SMEFT Wilson coefficients and modifies the β-function of the
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Figure 5.3.: Instability scale of the electroweak vacuum in the presence of nonzero ALP-SM
couplings. The solid lines show the result for ma = 100 GeV, while the dashed lines assume
a vanishing ALP mass.

strong coupling through an ALP-mass-dependent term:

dαs
d lnµ

⊃ −16αs
m2
a

Λ2
C2
GG . (5.5)

Since the dominant contribution of the strong coupling to the RG evolution of
λ is given by dλ/d lnµ ⊃ −αs [Yu]3,3, the signs cancel, resulting in a positive
contribution to the evolution of λ and shifting the instability scale upward.

When ma = 0, the generation of SMEFT Wilson coefficients, particularly C
(3)
Hq,

still raises ΛI , but the effect is much smaller than for ma = 100 GeV, as can be
seen in Figure 5.3.

• CWW : Similar to the ALP-gluon coupling, nonzero ALP couplings toW -bosons
have a stabilizing effect on the electroweak vacuum. This occurs because the
square of this Wilson coefficient directly contributes to the RG evolution of λ
with a positive sign, as shown in Eq. (5.2).

• Cu: The coupling of ALPs to up-type quarks, parameterized by Ỹu = i Cu Yu
and Y ′

u = C2
u Yu in the flavor-universal scenario, has the strongest destabilizing

effect among all ALP coefficients for ma = 100 GeV. However, it has almost no
impact when ma = 0, as illustrated in Figure 5.3. This behavior arises because
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Cu enters the RG equation of yt via the term

d yt
d lnµ

⊃ −m
2
a

2Λ2
C2
u yt, (5.6)

leading to a destabilizing effect in the flavor-universal scenario.

• CBB: Similarly to the ALP-gluon case, the coupling CBB enters the scale evo-
lution of λ mainly via the SM gauge coupling α1 with

dα1

d lnµ
⊃ −16α1

m2
a

Λ2
C2
BB . (5.7)

The effect is, however, small in comparison to CGG.

• Ce, Cd, : These ALP couplings have no significant impact on the scale evolution
of λ.

5.3. Bounds on the ALP Couplings from the Higgs Instability

After analyzing the effects of individual nonzero dimension-five ALP–SM couplings on
the instability scale ΛI , this section presents two-dimensional results for the stability
of the electroweak vacuum, both for varying ALP mass and one non-zero ALP-SM
coupling, as well as two nonzero ALP-SM couplings and fixed ALP mass.

5.3.1. Estimating the Lifetime of the Electroweak Vacuum

To estimate the lifetime of the electroweak vacuum, τEW, the approach outlined in
[11] is followed. Below, their key findings are summarized.
Approximating the Universe as a sphere with radius c TU , where the age of the Universe
TU and the Hubble constantH0 are related by TU ≈ 0.96H0, the probability of vacuum
decay to the true ground state is given by

p0 = 0.15
Λ4
B

H4
0

e−S(ΛB) , (5.8)

where the action S is related to the quartic Higgs coupling by

S(ΛB) =
16π2

3|λ(ΛB)|
. (5.9)

In this expression, ΛB corresponds to the scale at which λ(ΛB) reaches its minimum.
In a vacuum-energy-dominated Universe, the electroweak vacuum lifetime is given by

τEW =
3H3eS(ΛB)

4πΛ4
B

≈ 0.02TU
p0

. (5.10)

Thus, the tunneling probability to the true electroweak vacuum depends on both the
scale at which λ is minimized and the magnitude of λ at this point.
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Figure 5.4.: Scale evolution of λ for the case CWW /f = 5TeV−1, ma = 90GeV. The gray
solid line shows the ALP + SM running until Λ = 4πTeV. Above this scale, the dashed gray
line is obtained by taking only SM effects into account, while the dotted line employs ALP
effects on the running up to the Planck scale. The orange line shows the pure SM case (no
ALP) for comparison.

5.3.2. Scanning ALP–SM Couplings and Electroweak Vacuum Stability

The following section presents a scan of the ALP–SM couplings Ci/f in the range
0 − 12TeV−1 for Λ = 4π TeV, identifying those couplings that lower the lifetime of
the false electroweak vacuum to values below the age of the Universe. In general,
effects from additional model-dependent degrees of freedom arising from heavy new
physics can further modify the behavior of λ above Λ, meaning that precise conclu-
sions can only be drawn up to this scale. To consider the most conservative scenario,
the ALP–SM RG evolution is applied up to the scale of U(1)PQ symmetry breaking,
with ALP effects neglected above Λ. A direct comparison of this scenario with the
case where ALP effects are included up to the Planck scale is depicted in Figure 5.4.
As shown in the plot, the extended ALP running imposes even tighter constraints on
the couplings, as the instability becomes more severe.
In Figure 5.5, results are shown for one nonzero coupling at the UV scale Λ and an
ALP mass ma varied between 0 and 200 GeV. Each plot also includes the quartic
Higgs coupling λ as a function of the RG scale µ, comparing a parameter point in the
meta-stable and (un)stable regions with the pure SM running as a reference. While
the coupling Cu exhibit a destabilizing effect on the Higgs quartic coupling, as previ-
ously observed in Section 5.2, large values of CWW and CGG at Λ can result in a stable
Universe. In Figure 5.6, the ALP mass is fixed to either 0 or 100 GeV, and the regions
of stability, meta-stability, and instability are shown for two nonzero coefficients at
Λ = 4π TeV. Certainly, larger values of ALP couplings have stronger stabilizing or
destabilizing effects on the electroweak vacuum. Consequently, the strongest effects
are tightly constrained by experimental bounds. While for low ALP masses, direct
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collider, flavor, and astrophysical constraints provide the most stringent limits, the
indirect bounds obtained in [67] dominate for ma ∼ O(GeV). As a result, the coef-
ficients required for the (de)stabilizing effects are experimentally excluded by several
orders of magnitude for ma = 0. However, for ma = 100GeV, bounds on CGG/f ,
CWW /f , and Cu/f in TeV−1 are of O(1). While the precise non-metastable regions
identified in this study lie within excluded parameter spaces, it is important to stress
that already small modifications from a UV completion of the ALP model can be
sufficient to evade these bounds.
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Figure 5.5.: Left: Unstable (red), stable (blue), and meta-stable (gray) regions for various
ALP masses between 0 GeV and 200 GeV with one coupling turned on at the UV-scale at
Λ = 4π TeV. Right: Exemplary RG evolution of λ. The kink at 4π TeV arises from the
generation of the ALP at this scale, which modifies the set of beta functions. The solid line
represents the evolution below 4π TeV, where ALP effects influence the running.
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Figure 5.6.: Unstable (red), meta-stable (gray), and stable (blue) regions for various pairs
of ALP couplings turned on at the scale Λ = 4π TeV for a massless ALP and ma = 100 GeV.
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5.4. ALP unifying Gauge Forces?

In addition to the Higgs quartic coupling λ, ALP–SM interactions also modify the
β-functions of the three gauge couplings. Defining dαs/d lnµ ≡ −2αs β(3)({αi}) and
equivalently for α1 and α2, ALP interactions modify the SM contributions directly
via [35]

β(1)({αi}) = β
(1)
SM({αi}) +

40

3

m2
a

Λ2
C2
BB ,

β(2)({αi}) = β
(2)
SM({αi}) +

8m2
a

Λ2
C2
WW ,

β(3)({αi}) = β
(3)
SM({αi}) +

8m2
a

Λ2
C2
GG , (5.11)

where in the first line the SU(5) GUT normalization, g1 =
√
5/3 gY , was used [11].

Any ALP with nonzero mass will thus necessarily have an impact on the RG evolution
of the gauge couplings. An example for a specific ALP–SM configuration at the scale
of global symmetry breaking Λ = 4π TeV that results in a unification of α1, α2 and αs
at around 1015 GeV is shown in Figure 5.7. Here, ma = 120 GeV, as well as the ALP-
boson couplings at Λ as CGG = 5.2TeV−1, CWW = 5.0TeV−1, CBB = 1.0TeV−1 are
chosen.

Figure 5.7.: RG evolution of α1, α2 and αs in the presence of an ALP with ma = 120 GeV,
Λ = 4π TeV and CGG = 5.2TeV−1, CWW = 5.0TeV−1, CBB = 1.0TeV−1. The solid line
shows the evolution below 4π TeV, where ALP effects modify the running, while the dashed
lines above Λ would in principle be subject to additional new physics in concrete ALP models.
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5.5. Summary and Conclusion

In this chapter, ALP effects on the electroweak instability were investigated. While
a direct contribution to the β-function of the Higgs quartic coupling proportional to
the ALP-W -boson coupling CWW generated by the ALP-SMEFT interference relaxes
the Higgs instability problem and can, depending on its magnitude and the ALP
mass, even stabilize the Universe, also indirect, higher-loop contributions impact the
electroweak vacuum. In particular, also the ALP-gluon coupling CGG relaxes the
instability scenario, while the coupling Cu, on the other hand, tends to drive the
Higgs quartic coupling to values lower than in the SM. The coefficients CBB, Ce and
Cd have only minor effects on the scale evolution. Assuming flavor-universal ALP-
fermion couplings in the UV, this setup therefore enabled a systematic analysis to
exclude couplings that would drive the Universe from a metastable to an unstable
state. After briefly reviewing the estimate of the Universe’s lifetime based on the
tunneling probability to the true ground state, this analysis was performed for various
combinations of ALP masses and couplings, identifying regions of total stability, meta-
and instability. Although the concrete values found to generate the (un)stable regions
are already excluded by experiment, it needs to be stressed that the analysis was
performed in a minimal, model-independent framework. While applying the setup to
concrete ALP models would require the derivation of the respective β-functions of the
UV-couplings, these contributions could, together with possible threshold corrections,
modify the scenario and tighten of relaxing the scenario.
In addition to the effects on the electroweak vacuum, this chapter also investigated
the ALP contributions to the SM gauge couplings. Specifically, it examined whether
these modifications could enable a unification at a high scale, which was found to occur
near µ ≈ 1015 GeV. As before, UV-complete models would modify the conservative
approach presented here.
In summary, this chapter showed that ALPs may contribute to resolving two fur-
ther key challenges of the SM: the electroweak vacuum meta-stability and the non-
unification of gauge couplings. Through their impact on the Higgs potential and the
SM gauge couplings, via modifications to the RG evolution equations, ALPs once again
prove to be well-motivated extensions, with meaningful implications for high-energy
physics, including the UV regime.
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Epilogue: The ALPine Path Traversed and

Journeys Ahead

In this thesis, we explored the theoretical and phenomenological landscape of ALPs,
unveiling new trails in the ongoing pursuit of physics beyond the Standard Model.
Traversing a wide range of energy scales, we advanced the search for these elusive
particles by constructing consistent effective field theories, mapping their phenomeno-
logical imprints, and translating these insights into stringent bounds on the ALP–SM
couplings.
We started our journey at the scale of global U(1)PQ symmetry breaking Λ, where
the ALP is generated. At this scale, we encountered a well-known phenomenon, the
so-called ALP–SMEFT interference, which describes the generation of dimension-six
operators of the SMEFT from virtual ALPs in one-loop diagrams. Building on this
framework, we found that the non-trivial renormalization group flow of ALP couplings
into SMEFT Wilson coefficients at lower energies enables a new, systematic global
analysis that has not been performed so far: Running the ALP-induced SMEFT Wil-
son coefficients down until the experimental scale yields expressions that relate these
coefficients to the dimension-five ALP couplings at the high scale Λ, enhanced by
the corresponding logarithmic scale ratio obtained from the scale evolution. By em-
ploying existing SMEFT bounds derived from Higgs, top, and low-energy data, this
procedure enabled us to constrain the ALP couplings in a model-independent and
indirect approach. Notably, for ALPs with masses in the GeV to TeV range, these
indirect bounds turned out to be competitive with, or even stronger than, many direct
constraints, which often rely on specific model assumptions such as the ALP lifetime
or branching ratios.
Subsequently, our path took us to even lower energies: As we crossed the scale of
electroweak symmetry breaking, the heavy fields of the SM were removed from the
theory, and also the effective SM–ALP Lagrangian was modified accordingly. To ex-
tend the model-independent predictive power of the ALP–SMEFT interference also to
this energy regime, the source terms induced by virtual ALP exchange were deduced
for the appropriate effective field theory, the LEFT. Following a systematic derivation
of these inhomogeneous terms, we highlighted the phenomenological impact of this
formalism by applying it to an important observable: Including all relevant two-loop
effects, we derived the expression of the anomalous magnetic dipole moment of the
muon in terms of ALP couplings and SMEFT Wilson coefficients, both at the scale Λ
and the electroweak scale, and found numerical contributions for the case of a flavor-
universal ALP.
We then continued our journey below the scale of chiral symmetry breaking, where the
effective degrees of freedom changed once more. Here, our goal was to investigate the
processes K± → π±a at next-to-leading order. Due to the tiny branching fraction of
these decays, they impose the strongest constraints on ALP-gluon and ALP-fermion
couplings for ma < 300 MeV and are therefore of extreme phenomenological impor-
tance. These processes were recently revisited in [56] at LO, where it was found that
the decay rates are approximately 37 times larger than those obtained using the effec-
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tive chiral Lagrangian derived in [59], due to an omission in the representation of the
weak-interaction quark currents in the effective theory. Yet, we found that already at
this order, two additional operators must be included, which had not been considered
before. First, the so-called “weak-mass term” becomes non-redundant in the presence
of the ALP and second, the operator involving the explicit ALP source term θ with
coupling Gθ8 had also been omitted in the literature so far. At NLO, we encountered an
even more intricate situation, as further non-trivial extensions of the QCD and weak
Lagrangian operator bases were required. After deriving the consistent bases also at
NLO, we turned towards the computation of the one-loop amplitudes for K± → π±a.
One of the main purposes of deriving these NLO expressions is to assign a theoret-
ical uncertainty to the amplitudes and branching ratios. While we found that the
part of the amplitude proportional to the low-energy flavor-violating ALP couplings
depends only on one QCD low-energy constant with minor uncertainty, the part of
the amplitudes proportional to the flavor-conserving ALP couplings involves not only
known QCD low-energy constants but also 17 additional, independent, and currently
unknown parameters, resulting in a significant theoretical uncertainty. Estimating
these coefficients by setting them to zero at the scale µ0 ∼ µχ, we found corrections to
the LO amplitudes between a few and ±60 percent. Another core result of this chapter
was the translation of the amplitude to the NLO lower bounds on the effective scales of
the ALP coupling Λeff

ci = f/|ci| for two ALP mass values, ma = 0 and ma = 200 GeV.
This was done both at the scale µχ, and, employing the solutions of the RG evolution
equations for the ALP couplings, also at the high scale Λ. Once more, the result
depends on the choice of the new, so far unconstrained parameters, gθ8 and g′8. This
showcases the extreme importance to determine the values of these constants in order
to make meaningful statements about the bounds. Lastly, we translated our results
onto bounds on the ALP couplings to nucleons. This result is particularly significant
as it provides the first particle-physics probe of the effective ALP-nucleon interaction
in this mass range.
In the last section of this thesis, we climbed the energy scales back up and even fur-
ther, until the Planck scale at O(1019GeV). From this highest summit, we reviewed
the metastability of the electroweak vacuum, which, while having a lifetime larger
than the age of the Universe, resides in a long-lived yet temporary state, such that
in principle, a global phase transition is possible at any given time. We found that
the ALP plays a significant role in this setup, as its couplings to the SM particles
modify the β-function of the quartic Higgs coupling λ in two distinct ways: First, a
direct contribution from the ALP-W -boson coupling CWW and second, higher loop
contributions, mostly from modifications of the β-functions of the top-quark Yukawa
coupling and the SM gauge couplings. All in all, we found that the couplings CGG and
CWW have a stabilizing effect on the electroweak vacuum by shifting the instability
scale towards higher energies, while Cu has a (mostly) destabilizing effect. CBB, Ce
and Cd do not have a significant effect on the scale evolution of λ. We then pro-
ceeded by scanning over various combinations of ALP–SM couplings and ALP masses
in order to deduce stable or unstable regions. We also saw that the modifications of
the SM β-functions by the presence of the ALP in principle allow for a unification
around 1015 GeV. In the approach chosen in this thesis, a focus was given on model
agnostic ALPs. Therefore, in concrete models, threshold corrections and additional
modifications to the scale evolution of λ can arise, which would yield additional mod-
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ifications of the scale evolution of λ. However, even in this conservative scenario, we
saw that significant changes in the Higgs vacuum stability and the gauge couplings
can be obtained.

To conclude, this thesis advanced the search for ALPs in several direction by com-
bining complementary approaches and effective field theories across different energy
scales. We have seen that these elusive particles could play a key role in resolving
several of the most pressing and unresolved questions in the SM. To push the search
forward, this work laid the foundation for several important further steps, such as a
combined, global fit from both direct and indirect bounds for improved constraints in
the ALP–SM couplings or the application of the framework established for the ALP
in the chiral perturbation context to scenarios such as KL → π0a or π− → e−ν̄ea. In
this context, determining the currently unknown LECs is of critical importance for
achieving reliable and predictive theoretical results. Moreover, rigorously assessing
the electroweak vacuum instability in the context of specific ALP models could yield
valuable insights and presents a promising avenue for future investigation.
All in all, while this thesis has taken us along several remarkable and previously un-
explored ALP trails, much remains to be discovered along the ALPine path that lies
ahead.
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Acronyms

χaPT ALP Chiral Perturbation Theory

ALP axion-like particle

BSM beyond the Standard Model

CMB cosmic microwave background

χPT Chiral Perturbation Theory

CKM Cabibbo–Kobayashi–Maskawa

CMS Compact Muon Solenoid

DFSZ Dine-Fischler-Srednicki-Zhitnitsky

EDM electric dipole moment

EFT effective field theory

FCNC Flavor-Changing Neutral Current

GUT Grand Unified Theory

KSVZ Kim-Shifman-Vainshtein-Zakharov

LEFT Low-Energy Effective Field Theory

LEC low-energy constant

LHC Large Hadron Collider

LL leading-logarithmic

LO leading order

MDM magnetic dipole moment

NLO next-to-leading order

PB purely bosonic

PMNS Pontecorvo–Maki–Nakagawa–Sakata

QCD Quantum Chromodynamics

QED Quantum Electrodynamics

RG renormalization group

SM Standard Model of Particle Physics
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SMEFT Standard Model Effective Field Theory

SPS Super Proton Synchrotron

UV ultra-violet

vev vacuum expectation value
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