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Abstract

This thesis provides efficient and robust algorithms for the computation of the intersection curve
between a torus and a simple surface (e.g. a plane, a natural quadric or another torus), based on
algebraic and numeric methods.

The algebraic part includes the classification of the topological type of the intersection curve and
the detection of degenerate situations like embedded conic sections and singularities. Moreover,
reference points for each connected intersection curve component are determined. The required
computations are realised efficiently by solving quartic polynomials at most and ezactly by using
exact arithmetic.

The numeric part includes algorithms for the tracing of each intersection curve component,
starting from the previously computed reference points. Using interval arithmetic, accidental
incorrectness like jumping between branches or the skipping of parts are prevented. Furthermore,
the environments of singularities are correctly treated.

Our algorithms are complete in the sense that any kind of input can be handled including
degenerate and singular configurations. They are verified, since the results are topologically correct
and approximate the real intersection curve up to any arbitrary given error bound. The algorithms
are robust, since no human intervention is required and they are efficient in the way that the
treatment of algebraic equations of high degree is avoided.

Kurzzusammenfassung

Diese Arbeit liefert effiziente und robuste Algorithmen zur Berechnung der Schnittkurve zwischen
einem Torus und einer einfachen Flache (d.h. einer Ebene, einer natiirlichen Quadrik oder eines
weiteren Torus), basierend auf algebraischen und numerischen Methoden.

Der algebraische Teil umfasst die Klassifizierung des topologischen Typus der Schnittkurve und
das Auffinden von degenerierten Fillen, wie z.B. eingebettete Kegelschnitte und Singularitaten.
Dariiberhinaus werden Zeugenpunkte filir jede zusammenhangende Schnittkurvenkomponente bes-
timmt. Durch das Losen von Polynomen mit maximalem Grad von vier und durch Verwendung
exakter Arithmetik werden die erforderlichen Rechnungen effizient und exakt durchgefithrt.

Der numerische Teil umfasst Algorithmen fiir die Verfolgung der Schnittkurvenkomponenten,
ausgehend von den zuvor berechneten Zeugenpunkten. Durch die Verwendung von Intervall-
Arithmetik werden Fehler, wie z.B. das Springen zwischen Komponenten oder das Auslassen von
Kurventeilen, unterbunden. Desweiteren werden die Umgebungen von Singularitdten korrekt be-
handelt.

Unsere Algorithmen sind komplett in dem Sinne, dass jegliche Eingabe, inklusive degenerierter
und singuldrer Konfigurationen, bearbeitet werden kann. Sie sind verifiziert, da die Ergebnisse
topologisch korrekt sind und die eigentliche Schnittkurve bis zu jeder beliebigen Genauigkeit ap-
proximieren. Die Algorithmen sind robust, da keine Benutzerintervention erforderlich ist, und sie
sind effizient, da das Bearbeiten von hohergradigen algebraischen Gleichungen vermieden wird.
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Chapter 1

Introduction

Computer Aided Design (CAD) and Computer Aided Manufacturing (CAM) applications work
with curved objects for nearly fifty years already. One of the two most common approaches,
handling curved objects, uses free-form surfaces like B-splines and NURBS [62, 63]. A well-known
application in this context is Rhino!. Free-form surfaces are easy to design and to render, but it
is very difficult to examine, for instance, the intersection of two surfaces. The second approach
uses Constructive Solid Geometry (CSG), which combines simple objects like planes, spheres,
cylinders, cones and tori to more complex objects using Boolean operators like difference, union
and intersection. The advantage of working with CSG is the reduction of complex to simple objects.
However, the common implementations of both approaches suffer from approximation and rounding
errors while using fast but inexact floating-point arithmetic. Thus degenerate configurations, which
are frequent in the design of geometric objects, are either treated with much effort or not even
detected. The consequences are incorrect results or even application failure.

To counteract this defectiveness, new approaches in the range of CSG were developed, based
on Algebraic Geometry. In these approaches, objects are represented and treated by algebraic
equations. On the one hand, this is realisable exactly. On the other hand, these approaches are
very expensive due to the occurrence of large equation systems. Thus the implementations result
in unacceptable running times.

In this thesis we present a hybrid approach, which combines the efficiency of floating-point based
approaches with the exactness of algebraic approaches. Our goal was the ability to work on any kind
of input including degenerate configurations and to present verified results with exact topology.
Furthermore, our algorithms should be that efficient to be competitive to other applications already
in use.

We concentrate on a small group of objects consisting of plane, sphere, circular cylinder, circular
cone and torus, which we denote by simple surfaces. The set of sphere, circular cylinder and
circular cone is usually denoted by natural quadrics as well. Some papers also include the plane
as degenerate quadric. According to Requicha and Voelcker [65], these simple surfaces constitute
the major component of objects handled in CAD/CAM applications. Moreover simple surfaces
have nice properties we will get on to in Section 2.3. We compute the intersection curve of two of
these objects, where we consider only intersections involving the torus, since there already exists
a multitude of algorithms on intersecting natural quadrics, see next section.

Therewith this thesis provides a fundamental tool for CSG operations and the conversion into
Boundary Representation (B-rep), while working on the most established group of objects and
following the paradigm of exact computation.

1.1 Previous Work

The solid modeling community more and more favours exact and verified results, moving away
from approximations by polygonal meshes to exactly representable curved objects. This implicates

Lsee http://www.rhino3d.com/



2 CHAPTER 1. INTRODUCTION

algorithms which provide exact results as well. There exist several projects in this context.

The software package CGAL? (Computational Geometry Algorithms Library) provides data
structures and algorithms for numerous geometric problems like triangulations, Voronoi diagrams,
arrangements, convex hull computations and many more, see [31].

A similar package is LEDA®, which is specialised in graph algorithms, see also [14, 56]. Further-
more LEDA provides data types for an exact arithmetic like leda: :integer and leda: :rational,
which represent arbitrary large integer and rational numbers, respectively.

Another library, providing exact arithmetic, is CORE*, supporting the Ezact Geometric Compu-
tation (EGC) approach for numerically robust algorithms, see also [42]. This library relies on the
big number package GMP® (GNU Multiple Precision Arithmetic Library). Data types for arbitrary
large numbers are CORE: :BigInt and CORE: :BigRat. Since the implementation of our algorithms
is generic, we are able to interchange the number types, providing more flexibility in the low level
arithmetic.

The project, being decisive for the prospected problem of this thesis, is Exacus® (Efficient
and Exact Algorithms for Curves and Surfaces). There exists a lot of literature in this context.
Berberich et al. [7, 6, 8] considered the arrangement and the computation of planar maps of
conics and conic arcs. Eigenwillig et al. [25, 28, 29] extended this framework to cubic curves and
generalised it further to arbitrary algebraic plane curves [27, 26, 44]. Furthermore Hemmer et al.
[34, 39, 72, 66] considered the arrangement of quadrics. Implementations are available through the
ExAcus libraries CoNIX, CUBIX , ALCIX and QUADRIX, respectively.

Quite recently some work has been published by Berberich et al. [10], considering the topology
of algebraic surfaces of arbitrary degree. Their approach is similar to Collins’ cylindrical algebraic
decomposition (cad) [18], which consists of two phases: In the first phase, the projection phase,
a given algebraic manifold is projected onto subvarieties until a total decomposition into distinct
cells is possible. In the second phase, the lifting phase, these cells serve as a base for gaining higher
dimensional cells. The complete algebraic decomposition consists then of all cells being determined
during the lifting phase. The main problems of a cad are first the handling of sophisticated algebraic
equations, mainly consisting of polynomials whose coefficients are roots of algebraic equations as
well. The second problem is the loss of topological information during the projection phase, which
has to be regained during the lifting phase. Therefore most of the related approaches presume the
prospected algebraic manifold to lie in a generic position, i.e. there are no occurring degeneracies
during the projection phase such as vertical lines with respect to the projection direction. Even
though, Berberich et al. [10] presented an applicable implementation which computes a complete
decomposition for any arbitrary real algebraic surface, providing its exact topology. The ongoing
work is about the consideration of multiple surfaces and, relating to this, the examination of real
algebraic curves. However, the question is open, if this approach is then still applicable due to the
remaining problem of handling sophisticated algebraic equations of high degree.

A related approach is the computation of the arrangement induced by arbitrary algebraic sur-
faces on a parametrised ring Dupin cyclide by Berberich and Kerber [9]. An arrangement is the
subdivision of a manifold into distinct cells of less dimensionality. A Dupin cyclide, introduced by
Dupin [23], can be seen as the generalisation of a torus. The approach of Berberich and Kerber is
mainly based on Eigenwillig and Kerber [26], which is used to compute the 2D arrangement of the
induced intersection curves in the parameter space of the referenced Dupin cyclide. Like in [10],
Berberich and Kerber have to cope with algebraic equations of high degree as well. Another point
is the lack of an explicit representation of the intersection curves in real affine space.

Concerning this point, Lazard et al. [49] provide the exact parametrisation of intersection curves
of quadrics. This seems to be a restriction compared with [9], but quadrics make the biggest part
of primitives in a CSG framework and thus are worth to be considered in particular. Hemmer [39]

2The project CGAL was originally funded by European Union’s information technologies programme Esprit and
followed by similar projects GALIA, ECG and ACS, see http://www.cgal.org/

3LEDA is distributed by Algorithmic Solutions Software GmbH, see http://www.algorithmic-solutions.com/

4see http://cs.nyu.edu/exact/

5see http://gmplib.org/

6Exacus is developed by the Max Planck-Institute for Computer Science in Saarbriicken, see http://www.mpi-
inf.mpg.de/projects/EXACUS/
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extended this work to the full adjacency graph of an arrangement of quadrics, where an adjacency
graph specifies the connectivity between the lower dimensional cells in an arrangement. This is a
major step towards the full and exact 3D arrangement of quadrics.

The last project to be mentioned here is ESOLID?, presented by Keyser et al. [45]. They com-
pute already the exact boundary of Boolean operators on low-degree curved objects, in particular
quadrics. The approach is based on the examination of intersection curves in the parameter space
of each object and the determination of the correspondence between common intersection curve
components in different parameter space domains. ESOLID provides the highest level of function-
ality, compared with all other presented frameworks, and thus can be directly used by CAD/CAM
applications for CSG to B-rep conversion. However, it is not complete in the sense that it may
fail or even crash on degenerate input, involving intersection curves with singularities or common
intersection components. To countervail this, Keyser and Ouchi [61] presented an approach for the
detection of degeneracies in advance by the examination of common parts in the algebraic equa-
tion systems. In a degenerate case they perturb numerically the input data, assuming that the
objects are endued with a given tolerance, to generate a generic position. However, not all types of
degeneracies can be detected automatically, namely when two surfaces intersect in an exclusively
tangential curve.

Concerning the representation of implicitly given algebraic curves, there exist already several
algorithms. For a good survey see Krishnan and Manocha [47]. Some of the approaches even
claim to be able to detect degeneracies like singular points. In [47] this detection is based on
the vanishing of some energy function. In [3] singularities are indicated by the appearance of
near-singular matrices. However, they still use floating-point arithmetic for this detection. Hence
they need a user given error bound which operates as threshold to decide, whether a singularity is
present or two curve components just lie very close. Another problem of most of the numerically
based approaches is the use of Newton-like methods as in [4, 5]. These methods sometimes do not
converge, resulting in an inaccurate behaviour of the tracing up to component jumping or the miss
of some parts.

Our approach uses a marching method to trace the intersection curve. Therefor we compute
algebraically initial starting points on each intersection curve component, including singularities.
Outgoing from these points we trace each curve component using a numerical predictor-corrector
step method. For the corrector step we use interval arithmetic to verify the convergence of the
involved Newton method. Furthermore we make use of a test by Plantinga and Vegter [64], based
on interval arithmetic, which prevents component jumping. Due to this and the fact that we
compute singularities algebraically in advance, we guarantee topologically correct results.

Recapitulating there are approaches, considering a very general problem but coping with al-
gebraic equations of high degree and are thus only marginally applicable. There are specialised
approaches, considering just a small group of objects, namely quadrics. And there are approaches,
which are practical but not complete, or they are complete but assume a given tolerance attached
to the input data. Thus our motivation was firstly to extend the group of concerned objects by
including the torus as the next simple primitive occurring in most CAD/CAM applications aside
from quadrics. Secondly the degree of any occurring algebraic equation should be as small as
possible to speed up computation. Lastly our approach should provide exact results, based on
an exactly given input. The results should be extendable immediately to a full 3D arrangement
and thus serve for exact boundary computation. Regarding the first two directives, this thesis is
mainly based on the dissertation of Kim [46]. He considered the intersection between tori and sim-
ple surfaces based on a configuration space approach, see Section 2.3. Since he used floating-point
arithmetic, we were compelled to develop new techniques based on exact arithmetic, complying
with the last directive.

"see http://research.cs.tamu.edu/keyser/geom /esolid/
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1.2 Outline

We compute the topologically exact intersection curve between a torus T and a simple surface
S. The intersection curve is given by the set of distinct intersection curve components, where
each component consists either of a regular closed loop, an isolated touching point or some regular
curve branches, which are connected by singular points. Each curve segment is given exactly by
some square root expressions in case of singular points and embedded conic sections. This ensures
an exact comparison of common intersection parts between pairs of objects, which is essential for
the computation of the arrangement of more then two objects. Otherwise the curve segment is
approximated by a linear spline, where it is guaranteed that this approximation never exceeds a
given error bound.
The overall algorithm proceeds as follows:

1. Detect any common conic section of 7" and S.

2. Transform T and S into a trajectory C' and an obstacle O in configuration space, see Section
2.3.

3. Calculate the maximal connected components of C' inside O and the touching points between

C and O.

4. Transform C' and O back to the original surfaces 7" and S. Thereby for each connected
component of C' compute a reference point on the corresponding intersection curve compo-
nent between 7" and S. Touching points between C' and O become singular points on the
intersection curve.

5. For each singular point calculate the directions of all outgoing intersection curve branches.

6. Trace each intersection curve branch starting from its singular point into the calculated
direction.

7. Trace each remaining intersection curve component starting from its reference point.

Apart from the latter two points, any calculation can be done exactly by using exact arithmetic.
In the cases of conic sections and singular points we operate with a symbolic representation of
square root expressions. Calculating reference points on each intersection curve component requires
the computation of roots of algebraic equations. Our approach is efficient since these algebraic
equations are of degree four at most. Moreover there is no need of further operating on these roots
in contrast to algebraic approaches based on a cad. It suffices to approximate the roots and thus
the initial starting points for the tracing step due to the approximative nature of the whole tracing
step itself.

Hence this thesis splits into two parts: An algebraic one, where singularities and conic sections
are determined. Furthermore initial starting points for each intersection curve component are
computed. For some cases even a parametric representation of the intersection curve can be
provided. In this part all computations are based on an exact arithmetic and therewith the results
are given exactly as well.

In Chapter 2 we explain the notations used in this thesis and overview the mathematical back-
ground of our problem. Moreover some useful data type concepts of our implementation are
discussed. In Chapter 3 we give the necessary and sufficient conditions for any occurring conic
section in a torus-simple surface intersection. Chapter 4 provides algorithms for the intersection
between two objects, handling the remaining tasks of computing singular points, initial starting
points and parametric curves.

The second part is of numerical nature. From the set of singular points and initial starting points
from the Algebraic Part before, the intersection curve is traced using a typical predictor-corrector
approach. Additionally we guarantee a correct result, i.e. we are able to avoid branch-hopping
and the miss of curve parts. By using floating-point numbers with arbitrarily large bitsize the
computations are fast as well as correct in arbitrary environments, e.g. a nearly degenerate situa-
tion with very small perturbation. Chapter 5 provides algorithms for tracing a regular intersection



1.2. OUTLINE

curve component without any singularities. Furthermore the environments of singular points are
examined to compute the exact directions of outgoing intersection curve branches.
We conclude with a summary of our work and give an outlook on possible future work in Chapter

6.
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Chapter 2

Preliminaries

In this chapter we introduce some basic notations and mathematical backgrounds which will be
used in this thesis. First we introduce general notations and notations for geometric primitives
we use. We then present some useful definitions and basic data types we used in our prototypical
implementation. In this context we describe the arithmetical concepts which our algorithms are
based on. Since this thesis is closely linked to Ku-Jin Kim’s dissertation [46] we try to adopt his
notations as far as possible.

2.1 Basic Notations

Let K be a field. We presume that K is embeddable into R, e.g. the field of rational numbers Q
or some field extension of Q. Then K is particularly comparable and we can define K+ = {a €
Kla > 0}.

We denote by K[x] = K|[z1,...,x,] the ring of polynomials in the variables z1,...,2,. If
n = 3 we prefer to name the variables x,y, z. In the case of n = 2 we prefer u,v and in the case
n = 1 we prefer t. For n = 1,2,3 we denote polynomials to be univariate, bivariate or trivariate,
respectively. By using multi-indices o = (o, ..., @), a polynomial f € K[x] can be represented
by its polynomial function f(x) = > cox® with x* = 2" --- 23" and ¢, € K. The total degree
deg f of f is the highest occurring sum of exponents, i.e. deg f = max, |a| = max, ZZ=1 aj with
co # 0. In case of univariate polynomials we simply say degree. Depending on the degree we call
the first four types of univariate polynomials linear, quadratic, cubic or quartic. In our algorithms
we use the predicate coeff : K[t] x Ny — K, where coeff(f, k) returns the coefficient ¢ of an
univariate polynomial f.

A root of an univariate polynomial f € K[z], i.e. a number ¢ with f(§) = 0, is called algebraic.
The field K is called algebraically closed, if any root £ of any polynomial f € K[z] is again an
element of K. For each field K it exists an algebraically closed field containing K, called the
algebraic closure of K which we denote by K. If f is irreducible, i.e. f is non-constant and f
cannot be written as product of two or more non-constant polynomials, we call f the minimal
polynomial of £&. A square root /c with ¢ € K7 is algebraic, since 22 — ¢ is the corresponding
minimal polynomial. For a fixed ¢ € KT, the set K (/¢) = {a+by/c|a,b € K } is called an algebraic
extension of K. It is clear that K (1/c) is a field again. We denote elements of such field extensions
by one-root numbers.

We call an univariate polynomial f € K [z] square-free, if f has no root with a higher multiplicity
then 1. In this case we always have a sign change at a root &, i.e. f(§ —¢€)- f(§+¢€) <O for an
arbitrary small e. Each univariate polynomial f can be made square-free by dividing it by the
greatest common divisor of f and the first derivative % f, see [6].

Let V™ denote the Euclidean vector space over K. To explicitly specify the underlying field we
sometimes write V(K )3. We represent elements of V", namely points and vectors, by lowercase
letters in boldface and scalars by plain lowercase letters or Greek letters. By plain uppercase
letters we represent matrices, i.e. elements of V**". The only exception is the major radius of the

7
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P.q,a,b points in V"™

A, B,M matrices in V**™

p,q,a,b homogeneous coordinates in P

ej, e, es standard unit vectors, i.e. e; = (1,0,0),es = (0,1,0),e3 = (0,0,1)

n,ng normal unit vector and normal unit vector at specific point

L(p,d) line at point p and direction d, i.e. L(p,d) = {p + td|t eK}

P(p,n) plane containing p and normal to n

B;(p) ball with centre p and radius ¢

Ss(p) sphere with centre p and radius ¢, i.e. Ss5(p) = 9B;(p)

Cs(p,n) circle with centre p and radius ¢, contained in the plane P(p,n)

E(p, M) conic with coefficient matrix F, contained in a plane specified by p and local
coordinate system M

Ys(p,n) cylinder with radius ¢ and axis L(p,n)

K;s(p,n) cone with apex p, axis direction n and half angle 6, where § = tan 6

T, r(p,n) torus with minor radius r, major radius R, centre p and main circle Cr(p, n)

Table 2.1: Notations for geometric primitives

torus which we denote by R due to consistency to the minor radius r. In Section 2.4.2 we make
a short excurse to interval arithmetic, where we also use plain capitals for intervals. Even though
we make sure that no confusion occurs. For the inner product of two vectors p,q € V" we write
(p,q). Since we generally do not differ between row and column vectors, we also sometimes use
the notation p?q. In case of n = 3 we write the vector product p x q.

Let P™ denote the projective space over K. We use a Gothic font type for homogeneous coordi-
nates and corresponding homogeneous functions. In the case of n = 3 we write p = (x,vy, z,w) € P3
with z,y, z,w € K. The point p can be dehomogenised again by dividing z,y, z by the last coor-
dinate w. In our algorithms we describe this step by the predicate dehom : P* — V". In case of
n = 2 we prefer to name the components u, v, w, in case of n = 1 we name the components ¢, w.

Table 2.1 summarises the most usual notations. We reserve the letters r and R for the radii of
the torus, since the torus is the main object of interest of this thesis. Thus we mostly use § for the
radii of other objects. To simplify the computations in Chapter 3 we presume, that all direction
vectors and normals of geometrically given algebraic surfaces are unit, i.e. their length is equal to
1. We use the letter n for unit vectors, otherwise we prefer d for direction vectors which do not
necessarily have unit length.

2.2 Geometric Primitives

Let K be a field. An algebraic hypersurface H in V@ is the zero set of a polynomial equation
f(x) =0 with f:V? - K, ie.

H={x=(z1,...,2q) eVd|f(x17...,:z:d) =0}.
Algebraic hypersurfaces partition the underlying vector space into three parts
Vi=HUH, UH_,

where Hy = {x € Vd|f(x) >0} and H- = {x € Vd’f(x) < 0}, named by positive halfspace and
negative halfspace, respectively. In the case of d = 3 we use the term algebraic surface, and in case
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of d = 2 we say algebraic curve. The degree of an algebraic hypersurface is determined by the total
degree of the polynomial f, which is also called algebraic function.

2.2.1 Quadrics

In the next two sections we will sketch the most relevant information on quadrics and conics. For
a more detailed discussion on this context we refer to [50].

A quadratic algebraic surface (or quadric for short) is an algebraic surface of degree 2. A quadric
@ is specified by a symmetric 4 x 4 matrix

—~ @ = 2
S o >«

f l
b m
h n
m d

The corresponding algebraic function with affine coordinates is determined by
fo(z,y,2) = pQp? with p=(z,y,2,1),
resulting in the affine polynomial representation of the quadric
folz,y,2) = az? + by? + cz® + 2fxy + 2gx2 + 2hyz + 2z + 2my + 2nz + d.

Analogue, homogeneous coordinates yield
fo(z,y,z,w) = pQp"  with p = (2,y,2,w)
with the homogeneous polynomial
fo(z,y, z,w) = ax® + by* + cz* + 2fzy + 2972 + 2hyz + 2lzw + 2myw + 2nzw + dw?.

A special class of quadrics, consisting of sphere, circular cylinder and circular cone, is called
natural quadrics, see Figure 2.1. We extend this concept by adding the plane which can be con-
sidered as a degenerate quadric where [, m,n,d are the only non-zero coefficients. We will give a
short overview of the relation between the geometric and the algebraic representation of natural
quadrics.

The algebraic function of a plane P(p,n), containing the point p and normal to n, is

fp(x) = (x —p,n).
A sphere Ss(p) with centre p and radius d can be represented by
fs(x) =[x - p|* - &%
For a cylinder Y;(p,n) with radius ¢ and axis L(p,n) we have
fr(x) = | (x—p) xn* - 5%

In Table 2.1 we specified a cone Ks(p,n) with apex p and axis direction n by the tangent 6 = tan @
instead of its half angle 6. This is because our algorithms presented in Chapters 3 and 4 use exact
arithmetic and so they demand an exact input as well. If we allowed angles for parameters, we
would have to evaluate trigonometric functions during computation, but these functions are not
necessarily defined over the underlying field K. Thus the algebraic function of a cone Ks(p,n)
becomes

fr(x) = ||(x = p) x n||* = 6*((x - p),n)*.
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L(p,n)

e

X

(b) Cylinder Ys(p,n)

(a) Sphere S5(p)

(c) Cone Ks(p,n)

Figure 2.1: Natural quadrics
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2.2.2 Conics

A conic is an algebraic curve of degree 2. Analogue to quadrics, conics are specified by a symmetric
3 X 3 matrix

a f 1
E=|f b m
I m d

with the algebraic function
fe(u,v) = pEp?  with p = (u,v,1)
and the resulting polynomial representation
fe(u,v) = au® + bv? + 2fuv + 2u 4 2mv + d.
Similar to quadrics we also have the homogeneous counterpart
fe(u,v,w) = pEpT  with p = (u,v,w)
and the homogeneous polynomial
fe(u,v,w) = au® + bv? + 2 fuv + 2uw + 2mow + dw?.

We call A = det E the determinant of the conic and

5:det<; g) —ab— f?

its discriminant. If A = 0, the conic degenerates into intersecting lines, parallel lines, a double
line or even a single point. Otherwise, depending on the sign of §, we can classify the conic as an
ellipse (6 > 0), a parabola (6 = 0) or a hyperbola (6 < 0). A circle is a specialised ellipse where
a=">b. If § <0 and a = —b we call the conic rectangular hyperbola.

Conics also emerge from the intersection between a quadric and a plane. Since we are working
with three-dimensional objects, we identify a conic by its matrix representation and the plane
it is embedded in. Therefore we have to specify a local coordinate system of the plane. So let
P = P(p,n) be the plane, and let a, b € V? be two unit vectors with ax b = n. Then the mapping

—M : +p with M:(a b n)
0

ISE S

transforms a point (u,v) from the local coordinate system of the plane to a point x = (z,y, 2)
in real affine space. The first two columns of the matrix M, namely the unit vectors a and b,
represent here the orthogonal basis, spanning the plane P. The third column n guarantees, that
the matrix M is non singular and furthermore, that det M = 1 which makes it easier to compute
the inverse M ~'. We reverse the mapping by

u
v|=M"1'x-p).

w

If w = 0 we know that x lies on the plane P. In this case (u,v) is the local representation of the
point x on P.

Thus we represent a conic by E(p, M) with M given from above, where E itself specifies the
symmetric matrix of the conic. The point p lies on the plane, the conic is embedded in, and it
represents the origin of the local coordinate system, given by M. In case of a circle it suffices to
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specify the plane normal instead of a matrix M, since we always specify a circle with the centre at
the origin of the local coordinate system, and circles are invariant under rotation. Hence we write
Cs(p,n), where ¢ denotes the radius, p denotes the origin of the local coordinate system and n
denotes the plane normal. From the normal n we can always specify a local coordinate system by

e.g.

1 Jf nZ+nl =0
~ngny(1+ns) ny —nin, "
M, — Qn% +2n§ n2 +n? ¥ . @2.1)
Ny — Nyn, NgNy (1 +n2) ,otherwise.
n2 4 n? n2 +n2 Y
Ny Ny ny

Though all conics have a parametrisation, we concentrate on circles since parametric representa-
tions of other conic types do not occur in our algorithms. A canonical parametrisation for a circle
C with radius § in the plane is

cos
C={6 ( , ¢> € V(R)*|¢ € [0,2m)}.
sin ¢
Since we want to avoid transcendental functions, we prefer to use the equivalent rational substi-
tutions cos,, sin, : K — K, defined by

1— ¢t 2t
cos,(t) = TIe and sin,(t) = TIe (2.2)
It should be clear from context, when transcendental functions or their rational respective homo-
geneous substitutions are used, thus we may omit the subscript . Therewith we have a rational
parametric representation of the circle and we can solve emerging equations even exactly. However,
we cannot represent the angle ¢ = 7 which would require evaluations at infinity. By using homoge-
neous coordinates we bypass this problem. Let be t = (¢,w) € P. The trigonometric substitutions

become then

2 _ 42
cos, (£) = 527;;2 and  sin (t) = 10227% (2.3)
Hence a point at infinity, represented by (¢,0), can be safely evaluated.
With homogeneous coordinates we specify the much simpler parameter form of a circle
S(w? —t2)
¢={ 20wt e P?|t= (t,w) € P}. (2.4)
w? 4 2

2.2.3 Torus

The torus belongs to the set of algebraic surfaces of degree 4. Given a plane P = P(p, n), the torus
can be constructed by revolving a circle with radius r around the axis L(p,n), where the circle
is coplanar to the axis and its centre lies on the plane P in the distance R to p. We call P the
main plane of the torus, p its centre and r and R the minor radius and major radius, respectively.
Furthermore we denote the circle Cr(p,n) by main circle, which is the trajectory of the revolving
circle’s centre, see Figure 2.2. Depending on the radii there are three types of a torus, see Figure
2.3, namely ring torus (r < R), horn torus (r = R) and spindle torus (r > R). In this thesis we
considered only ring tori as valid input. However, in our algorithms the other types my occur as
well by constructing configuration space obstacles, see Section 2.3.
The algebraic function of a torus 7, g(p,n) in general position and orientation is

fr(x) = ([x = p|? + B = 72)” — 4R%|(x — p) x n|®. (2.5)
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Figure 2.2: Torus T, r(p,n) with revolving circle

Figure 2.3: Ring torus (left), horn torus (middle) and spindle torus (right)
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By canonical position we denote the position at the origin with orientation collinear to the z-axis.
In this case, the algebraic representation for a torus T’ = T, (0, e3) simplifies to

T = {(m,y,z) € V3|(x2 +yP 22 R? %) —4AR*(2? 4+ 9°) = O}.

Since the torus is a surface of revolution, it can be easily parametrised. For simplicity and due
to the fact that we solely need this case, we parametrise the torus 7' in canonical position by

(R4 rcos¢)cost
T={|(R+rcos¢)sind EV(R)3‘¢,9€[0,27T)}.
rsin ¢

Analogue to the previous section we substitute the trigonometric functions by their rational coun-
terparts and gain the rational homogeneous parametrisation

[R(1+s%) +7r(1—sH))(1—1t%)
[R(1+ s?) +r(1—s?)2t
2rs(1 + t2)
(1+s%)(1+1t%)

T={ ePs,teK}. (2.6)

For a constant parameter s we obtain the parametric representation of a circle which is a subset
of the torus. We denote these circles by profile circles. Circles with a constant parameter ¢
are denoted by cross-sectional circles. In parameter space profile and cross-sectional circles are
represented by straight lines collinear to the s- respective t-axis. Furthermore there is a third type
of circles embedded in a torus called Villarceau circles after the french mathematician Antoine
Joseph Francois Yvon-Villarceau [75]. For more details see Section 3.1.3.

For a practical use this approach has the disadvantage, that we can neither represent the profile
circle Cgr—_.(0,e3) nor the cross-sectional circle C,.((—R,0,0), e2) parametrically, which would re-
quire evaluation at infinity. We could again bypass this problem by using homogeneous coordinates
for the parameters s and ¢, which would result in a four-dimensional parameter space. So we rather
use the substitutions 8 = 1/s and ¢ = 1/t instead, resulting in some sign changes in the parametric
representation (2.6). By the restriction of the parameter domain to the interval [—1,1], see [12],
we represent the torus by the union of four separate parametrisations.

2.3 Configuration Space

The Configuration Space (C-space) approach has been originally developed in robotics [51, 52].
Motivated by collision-free path finding, the C-space approach tests the trajectory of the moving
object against the blown-up area (so-called forbidden region) of the obstructive object, instead of
considering the relative positions of both objects. Thus it reduces the collision detection problem
of two objects to a simpler collision problem with less dimensionality.

In our case we treat one object as the envelope surface of a moving ball along a corresponding
trajectory (a sphere in C-space becomes a point, a cylinder becomes a line and a torus becomes
a circle). The other object is considered as an obstacle in C-space by adding an offset about the
moving ball’s radius. The computations reduce from pure 3D intersections to 3D-2D intersections.
The big advantage of working with tori and natural quadrics is, that an offset surface belongs to
the same object class as the original surface, i.e. the offset surface of a sphere becomes a sphere
again, etc., see [2].

For illustration we consider the case of intersecting a torus T' = T, r(0,e3) with a cylinder
Y =Ys5(p,n), see Figure 2.4. We regard the torus as envelope surface of a moving ball with radius
r along the circle C = Cr(0, e3). We gain the C-space obstacle by offsetting the cylinder about the
moving ball’s radius, which results in two cylinders Y© = Y;s,,.(p,n) and Y = Y;_,.(p, n). Instead
of intersecting the torus T with the cylinder Y, we consider intersections of the circle C' with the
offset surfaces Y9 and Y. These intersections reduce furthermore to cylinder-plane intersections
and circle-conic intersections.
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Figure 2.4: Torus-cylinder intersection in real affine space (left) and in C-space (right)

In case of § < 7, we consider the cylinder Y as a moving ball with radius § along the line
L(p,n) and build the obstacle by offsetting the torus T', resulting in two tori 7,15 r(0,e3) and
T,_s.r(0,e3). In this case we apply torus-line intersections.

Table 2.2 summarises all intersection
types and their respective C-space opera- affine space C-space
tions.

Kim [46] showed that connected compo-
nents in C-space correspond to connected
components in real affine space. In our il-

torus-plane plane-plane, circle-line
torus-sphere (i) sphere-plane, circle-circle

(ii) torus-point

lustration we have three separate circle arcs torus-cylinder | (i) cylinder-plane, circle-conic
without tangential intersections in C-space, (ii) torus-line
hence we get three corresponding regular torus-cone cone-plane, circle-conic

surface patches in real affine space. He
showed further that tangential intersections
in C-space correspond to intersection curve
components with singularities in real affine Table 2.2: Real affine space intersections and C-space
space. Thus we can determine the topology intersections

of the intersection curve already in C-space

by analysing the relative positions of simple objects like points, lines and circles.

torus-torus torus-circle

2.4 Arithmetic and Data Type Concepts

In this section we present the basic concepts for the arithmetic and the corresponding data types
we used in our implementation. Furthermore we clarify the terminology which is essentially used
in our algorithms.

Since we claim to provide exact results, we make no use of machine-intern floating-point arith-
metic due to rounding errors. Instead we use variable sized rational numbers for the computational
basis. This has the advantage that standard operators like +, —, %, / provide exact results, which
is essential for testing the sign of an expression, for instance. Note that, using floating-point
arithmetic, the question ”Is f(z) equal to zero?” with some function f may return three different
answers for the same value z, depending on how rounding errors propagate through the expression.
For a detailed discussion and some examples on this subject see [73, 56]. The disadvantages in
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using exact arithmetic are i.a. a higher computation time since the bitsize of numbers increases
normally after operations. Especially rational numbers should be cancelled after a few operations
to prevent exploding bitsizes in numerator and denominator. Another disadvantage is the lack of
transcendental functions like trigonometric functions, square-root and logarithm. In particular,
this makes the normalisation of a vector difficult. The major work of this thesis is made up of
bypassing these problems and finding alternative solutions.

For our implementation we used leda::rationall and CORE::BigRat? as data type for vari-
able sized rational numbers. Both types provide comparable functionality and by using generic
programming techniques we are able to interchange them without any additional effort. In some
cases it is necessary to handle objects with parameters lying in some algebraic extension of Q. We
use NiX::Sqrt_extension to handle these cases, see next section.

2.4.1 Algebraic Numbers

As we saw in Section 2.1, a root £ of a polynomial f € K[z] is called algebraic. In case of deg f =1
we write

f(z)=azx+b with a,beK and a#0.
Then the root £ can be computed exactly by

and therewith { € K. In the case of deg f = 2 we apply the well-known quadratic formula to
determine both roots &; 2, which lie in the algebraic closure K. So let be

f(z) =ax® +br+c with a,b,c€ K and a#0.

Then the quadratic formula yields

1
10 = —i + —+/b2 — 4ac.

2a 2a

We call the term under the square root discriminant of f and set d := b? — 4ac. Depending on the
sign of d we classify the roots:

e If d < 0, both roots &; 5 lie in the algebraic closure K.

e If d =0, the roots coincide and we gain the double root £ = 7% which is an element of K.

e If d > 0, we call the roots simple and both roots lie in the algebraic extension field K (v/d).

Interesting for us are the second and third case only, since we assume K to be embeddable into R
and so we omit possibly occurring complex roots.

To represent simple roots, we recall that elements of an algebraic extension K (v/d) are one-root
numbers and thus have the form ag 4+ a1v/d with some ag,a; € K. A data type for representing
one-root numbers is NiX: :Sqrt_extension®, which allows the interchangeability of the underlying
field K by the use of generic programming techniques. Therewith we can even represent nested
algebraic extensions by using NiX: : Sqrt_extension recursively. We generally denote such numbers
by square-root expressions and especially elements of a double nested extension K (v/d)(y/e) with
ecK (\/8) by two-root numbers. We note that only elements of the same algebraic extension are
interoperable, i.e. operating on two one-root numbers a € K (v/d) and b € K (y/e) with d # e does

LLEDA is a C++ class library for efficient data types and algorithms, distributed by Algorithmic Solutions Software
GmbH (see http://www.algorithmic-solutions.com/)

2CORE is a C++ class library, supporting the Ezact Geometric Computation (EGC) approach for numerically
robust algorithms (see http://cs.nyu.edu/exact/)

3NIX is a part of the Exacus library, developed by the Max Planck-Institute for Computer Science in Saarbriicken
(see http://www.mpi-inf. mpg.de/projects/EXACUS/)
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not normally yield an one-root number again. So we have to take care, that, once we defined an
algebraic extension, we have to stay inside of it.

However, we sometimes cannot prevent comparing elements of different algebraic extensions.
Therefor we define the predicates sign, less and equal for one-root numbers, given in Algorithms
1, 2 and 3, respectively. Thereby we presume the availability of standard operators and the
sign predicate on elements of K. Although we can evolve all standard comparison operators
<, <, >, > including =, # by use of the less predicate, we implemented an equal predicate due
to running time aspects. Using C++ as programming language, which provides template-based
operator overloading, we can even compare elements of nested algebraic extensions, e.g. if K itself
is an algebraic extension like Q (1/c).

Roots of polynomials of degree three and four can be determined explicitly by the formulae of
Cardano and Ferrari [16], but we do not dwell on these due to the utilisation of transcendental
functions like cubic roots and cosines. In the following we consider roots of a polynomial f with
deg f > 2. If f is irreducible under K, roots of f are not simple anymore, so we cannot represent
them exactly by using NiX::Sqrt_extension. Instead we first determine a separate domain for
each root to isolate them. There are various methods to achieve this like Uspensky’s algorithm [19],
Sturm sequences and isolation by differentiation. For a survey see [20]. A generic algebraic number
a with f(a) = 0 can then be represented by its defining polynomial f plus the corresponding
isolating interval [a, b] with a,b € K, i.e.

a€la,b and B¢ a,b] forall f#a with f(8)=0.

For a # b we furthermore presume f(a) # 0, f(b) # 0 and f to be square-free to guarantee a sign
change at the bounds of the interval, i.e. f(a)- f(b) < 0. Otherwise we have « =a =b € K and
so we even found an exact representation.

The isolating intervals can be arbitrarily refined by the bisection method. Since we often make
use of this and its quite fundamental, we shortly present the method. For an enhancement of this
method see [1].

Let [a,b] be an isolating interval. We know that [a, b] contains exactly one root «. Furthermore
it holds f(a) - f(b) < 0. Setting ¢ := %f2 € K, the rational midpoint of the interval, there are
three cases for the sign of f(c):

e f(c) =0: We found the rational root oz = ¢ and we can stop the algorithm.

e f(c)- f(a) < 0: There is a sign change in [a, ¢] and so o must lie in this interval. We set [a, c]
to be the new isolating interval and continue.

e f(c)- f(a) > 0: There is no sign change in [a, ] and so @ must lie in the interval [c,b]. We
set [¢,b] to be the new isolating interval and continue.

We repeat bisecting the interval until b — a < € for a given upper bound e. A data type providing
such functionality is NiX: :Algebraic_real. From now on we call instances of this data type alge-
braic reals. In our algorithms we use the term AlgebraicReal(f, [a,b]) which creates an algebraic
real with defining polynomial f and isolating interval [a,b]. From a given algebraic real a we ex-
tract the lower and upper bound of the isolating interval by the predicates lower(a) and upper(a),
respectively. To perform one interval refining iteration step, we use the predicate refine(a). To
refine to a given precision ¢, such that upper(a) — lower(a) < ¢, we write refine(, €).

Even though arbitrary algebraic numbers, represented by isolating intervals, can be compared
exactly, see [30, 72], we just need to compare algebraic numbers with common defining polynomial,
which can easily be done by comparing the corresponding isolating intervals. Therefor the intervals
must not overlap. Let a and (3 be two algebraic reals with common defining polynomial f and
isolating intervals [a, b] and [c, d]. We refine both intervals such that either b < ¢ or d < a. In the
first case we have a < 3, in the latter case we have 3 < a. To stay consistent to other number
types, we use the predicate less for comparison. Note that we change the status of the algebraic
reals inside the predicate. So we may assume, that two algebraic numbers are represented by
distinct intervals after comparison.



18 CHAPTER 2. PRELIMINARIES

Algorithm 1 sign(ag + a1V/d)

Requires: ag,a; €K, de K™+
71, ag + CLl\/& <0
Returns: 0, ao+aVd=0

1, ag+ alx/g >0
1: if sign(ag) = sign(a;) then
2:  return sign(ag)
3: else
4:  return sign(ap) sign(a?d — a3)
5: end if

Algorithm 2 less(ag + a1V/d, by + b1+\/€)
Requires: ag,a1,by,b1 €K, d,ec KT
true, ag+ a1vVd < by + biy/e
false, otherwise

Returns:

1: 8 «— sign(bl)

2: if s =0 then

3. return (sign(by —ag — a;Vd) = 1)
4: end if

5: if s = sign(a;) then
6: s« s-sign(ble — ald)

7. end if

8: t «— sign(ag — by)

9: if ¢ =0 then

10:  return (s=1)

11: else

12:  if s #t then

13: return (t=-1)

14: else

15: return (t-sign(a’d + be — (ag — by)? — 2a1b1V/de) = 1)
16:  end if

17: end if

Algorithm 3 equal(ag + aiv/d, by + b /e)
Requires: ag,a1,by,b1 €K, dijec KT

true, ag+ a1Vd = by + bive
false, otherwise

1: if ag = by then

2:  return (sign(a;) = sign(by) A a?d = b3e)
3: else

4: s« sign(by)

5 if s =0 then

6 return (sign(by — ag — a;v/d) = 0)
7. end if
8
9

Returns:

if s = sign(a;) then
: s « s-sign(ble — a?d)
10:  end if
11:  return (s =sign(ag — bo) and sign(a3d + bje — (ag — by)? — 2a1b1v/de) = 0)
12: end if
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2.4.2 Interval Arithmetic

Interval arithmetic is applicable in a broad field of scientific engineering, for a good survey see [43].
We focus on the estimation of function ranges, but nonetheless we shortly recall the basic ideas in
the following. For a detailed discussion see [70].

In this work we delimit intervals by brackets, IR denotes the set of intervals and capital letters
denote elements of IR. Interval vectors are therewith written in boldface capital letters and called
bozes. Further on underscores denote lower bounds of intervals and overscores denote upper bounds.
Basic operators on intervals with exact boundary number types are defined by:

A+B=[A+ B, A+ B]
—[A-BA-p
Ax B = [min{AB, AB,AB AB} max{AB, AB,AB AB}]

1JA=[1/A1/A] if A>0 or A<0
A/B = Ax(1/B)

The fundamental property of interval arithmetic is the inclusion property, i.e. for a function f
that can be extended to a function Of, defined on intervals, we always have f(z) € Of(X) for
all z € X. We call such a function Of inclusion function. The basic operators from above are
apparently inclusion functions. This property is very useful to gain some information about large
areas in one step. An example: If 0 ¢ Of(X), i.e. Of(X) > 0 or Of(X) < 0, we know that
there is no root of f in the whole interval X. Note that the negation is normally not correct, i.e.
from 0 € Of(X) we cannot conclude that there is a root € X with f(x) = 0, since inclusion
functions usually return an overestimation of the real function range. A task on working with
interval arithmetic is to minimise this overestimation.

The data type we used for our implementation is boost: :numeric::interval®. The use of
generic programming allows again the interchangeability of the number type for the interval bounds.
For built-in types like float or double, a correct rounding is provided to guarantee the inclusion
property. To be able to work with arbitrarily small intervals, we used leda: :bigfloat respectively
CORE: :BigFloat which have the same structure as floating-point numbers, but with arbitrarily
large mantissa and exponent.

2.4.3 Homogeneous Parameter Forms

Beside conic sections, which are in fact circles and exactly representable, the Algebraic Part returns
a set of initial starting points for the later tracing step. This set includes singularities as well as
regular starting points for each intersection curve component. We will see that singularities can
also be represented exactly by two-root numbers. Regular starting points on the other hand are
in general evolved from simple roots of quartic polynomials and thus are represented by algebraic
reals, which save the polynomials and the root isolating intervals, see Section 2.4.1. More precisely:

Let P(t) be the parameter form of object A and fp(x) the implicit algebraic function of object
B. The intersection points q between A and B can be computed by substituting the parameter
form into the implicit algebraic function, solving for roots ¢; and evaluating the parameter form at
these roots, i.e.

AﬂB:{qiz ft with fg(P —0}

For exact roots ts we can compute P(ts) exactly as well. An algebraic real o on the other hand
cannot be plugged into the parameter form P in practice. However, the regular curve tracing
operates with approximations of curve points, hence regular starting points as well, fulfilling a
given error bound condition in advance, see Section 5.1. Thus it suffices to refine the isolating
interval I = [a,b] of o and to evaluate Q = P(I), using interval arithmetic, until Q satisfies the
error bound condition.

4BoosT is a collection of software libraries, extending the functionality of C++ (see http://www.boost.org/)
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Let us now concentrate on the functionality to separate the Algebraic from the Numeric Part.
Since then we are able to change the error bound for the curve tracing without recomputing the
starting points.

We keep simple roots as algebraic reals, and we keep also the parameter form P for an evaluation
at a later point. Due to generalisation, we prefer homogeneous forms. A homogeneous parameter
form is therewith a map

LK — P
We have already seen such a form in (2.6).

The advantage to work with homogeneous coordinates is, we can apply linear transformations,

ie.

M(PB(t)) = (MP)(t) with M e P¥3,

The homogeneous parameter form of a circle C' = Cg(p,n) with M, = (a b n) becomes then

_(Ma P 20t | _ | Ipy — Baylt® + 26by]t + [p, + Bay]
Peo(t) = = 2 (2.7)
0 1 0 [p. — Ba.]t? + [2Bb.]t + [p. + Ba.]
1+¢2 t2+1
The homogeneous parameter form of a line L = L(p,d) is
dyt + Do
dyt+p
=17 " 2.8
wn= | (23)
1

The data type IntersectionPoint(¢,%3) saves an algebraic real t as parameter and a homoge-
neous parameter form . In the Numeric Part ¢ can be refined arbitrarily and 3 can be evaluated
at an interval representation of ¢, i.e. the enclosing interval of the real root. The set of all starting
points consists then of the union of exactly represented singularities and regular starting points
in the form of IntersectionPoint data types. We usually write {qs} for the set of singularities
and {q,} for the set of regular starting points. To stay variable, we may even represent tangential
intersection points by the IntersectionPoint data type, since we sometimes need to compare
intersection points depending on their parameter .

Additionally to initial starting points, the Algebraic Part returns even intersection curves which
can be parametrised. At any time we can parametrise a curve we prefer this representation since
then we can spare expensive computations during the Numeric Part which includes some Newton-
like iteration schemes in each tracing step. With a given parametrisation of the whole curve we
just have to evaluate some algebraic functions at different parameters. We give a more detailed
description in Section 5.2. Fortunately we can express all occurring parametrisations of intersection
curves by rational polynomial functions. So even here we use homogeneous parameter forms which
evaluate to a proper value after the dehomogenising step.

2.4.4 Useful Data Types

For a simpler reading of our algorithms we introduce some useful data types, which save the results
of both the Algebraic as well as the Numeric Part.

The Numeric Part is responsible for the tracing of the intersection curve. Since we use a typical
predictor-corrector approach to trace a regular curve, the results consists of a set of linear splines,
one linear spline for each intersection curve component. We save a linear spline in a list of vertices
[v]. We use brackets in order to distinguish a list from an unordered set. Although we use a
different approach to trace parametrised curves, the output here are linear splines as well.

In summary our algorithms for computing the intersection curve between a torus and another
simple surface return a data structure, representing the intersection curve by
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e a set of circles {C'} (containing conic sections),

e a set of singular points {qs},

e a set of regular starting points {q, },

e a set of homogeneous parameter forms {3} (containing parametrisable curve components),
e a set of linear splines {[v]} (containing traced curve components).

A vertex v of a linear spline is represented by variable-sized floating-point numbers. A regular
starting point q, is either an exact point from V2 or an IntersectionPoint data type. We will
see that a circle C' can be represented by one-root numbers, a singularity qs by two-root numbers
and that a homogeneous parameter form P consists of polynomials of degree four at most.
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Chapter 3

Conic Sections

The detection of conic sections in intersection algorithms is important since conics can be repre-
sented exactly and evaluated efficiently. Moreover they frequently occur in engineering applica-
tions. In the case of intersecting quadrics, there are several approaches to detect conic sections
[35, 58, 68, 69], some even provide a rational parametrisation [32]. In combination with the torus,
the conic sections become circles, which is a result of classical geometry. A proof can be found in
[46]. Since our algorithms for computing the intersections between a torus and a simple surface
are based on a geometric approach, we represent these circles geometrically, i.e. by the centre
q, the radius 8 and the normal n of the plane the circle is embedded in. As input we have a
torus T, r(0,e3), lying in canonical position, and a simple surface like a plane P(p,n), a natural
quadric S5(p), Ys5(p,n) or Ks(p,n), or another torus Ts a(p,n). Depending on the parameters
r, R, 0, A, p,n we formulate all necessary and sufficient conditions for any occurring conic section
and we present its exact representation.

This chapter is organised like Chapter 3 in Kim’s thesis [46]. First we determine the different
sets of possible circles embedded in each type of simple surface. Then we determine the necessary
and sufficient conditions by comparing any pair of circle sets in torus-plane intersections (TPI),
torus-sphere intersections (TSI), torus-cylinder intersections (TYT), torus-cone intersections (TKI)
and torus-torus intersections (TTI) (Sections 3.2-3.6). At last we present an alternative approach
for detecting conic sections by analysing the intersection curve in parameter space of the torus
(Section 3.7).

We note that we compute an exact representation of conic sections. Furthermore we try to avoid
transcendental functions like sine, cosine and square roots as far as possible. If we cannot get
around square roots, we use a minimal number of algebraic field extensions. This requires new
approaches of computing conic sections in most cases (e.g. in torus-sphere intersections). For the
few other cases, where basic operations suffice, we adopt Kim’s computations.

Since all coloured figures in this thesis are screenshots from our implementation, they may
contain additional intersection curve components which are no circles. Therefore we highlight
circles in intersection curves by using a yellow colour, whereas other intersection curve components
are coloured in green. Furthermore we mark singularities with small orange spheres.

Since this chapter consists almost completely of demanding computations, the reader may skip
this chapter without taking the risk of missing important parts for the understanding of the superior
algorithm to compute the whole intersection curve.

3.1 Circle Sets of Simple Surfaces

For simplicity we adopt Kim’s notations. So let I'r and I'g denote the sets of all circles embedded
in a torus T and a quadric @, respectively, where @ can be specialised into a sphere S, a cylinder
Y and a cone K. For simpler computations during the comparison step later on, we demand each
set to be a one-parameter family of circles. Therefore we partition the circle set of the torus I'p
into four disjoint subsets '}, with i € {p,c,v+,v—}, where p denotes profile circles, ¢ denotes
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cross-sectional circles and v denotes Villarceau circles. Furthermore we consider the torus lying in
canonical position first. Then we can easily evolve arbitrary positions from that by applying an
appropriate transformation on the results, since a torus T' = T}, g(p,n) can be represented by

T = {p + Mnx|x € Tr,R(07e3>}

with matrix My, from (2.1).

3.1.1 Profile Circles of the Torus

Given a torus T, r(0,e3) in canonical position with the rational parametric function (2.6) from
Section 2.2.3. Profile circles are obtained by retaining the parameter s to a constant sg. The
parametric function T'(sg, t) yields then a rotation of a point q = (R+7 cos(sg), 0,7 sin(sg)) around
the z-axis, which describes a circle with radius ¢, centre (0,0, ¢,) and normal es. The set of profile
circles consists therewith of

F]% = {CR+’I’COS(SO)(T Sin(80)63, 63)|So SIS } (31)

3.1.2 Cross-sectional Circles of the Torus

Analogue to Section 3.1.1 we can represent cross-sectional circles of a torus in canonical position
with parametric function (2.6) by retaining the parameter ¢ to a constant ty. For the value to =0
we get a rotation of the point q = (R 4 r,0,0) around the line L((R,0,0),e3), which describes a
circle C.((R,0,0),e2). Other values for ¢y just rotate this circle around the z-axis. Thus the set
of cross-sectional circles consists of

s = {C’T((Rcos(to), Rsin(to),0), (—sin(to), cos(to),0))[to € K } (3.2)

3.1.3 Villarceau Circles of the Torus

Villarceau [75] states, that each point on a torus lies on four different circles. Two of them are
obviously a profile and a cross-sectional circle. The other two circles lie in planes, each tangential
to the torus at two points. Consider the point g = (0, —(R + r),0) on the y-axis. The profile and
cross-sectional circles, going through q, are Cgy.(0,e3) and C,.((0, —R,0),e;), respectively. The
tangential planes are .
o, E(ir, 0,V R? —r2)).

Due to symmetry we may concentrate on one plane. The tangential intersections between Pt and

the torus are the points
1
iE(R2 — 72,0, -1V R? —r2),

see Figure 3.1(b). If we rotate the two objects around the y-axis about the angle ¢ = arcsin(%),
plane P* becomes equal to the zy-plane. Then the implicit function (2.5) of the rotated torus
T, r(o, %(77", 0,v'R? — r?)), constrained to the zy-plane, decomposes into

fr®)),_y = [+ (y+ 1) = R[a® + (y —)* — R?]

P* = P(

which represent two circles with radius R and centres (0,£r,0). Thus the Villarceau circles em-
bedded in PT are

Cr((0,+£r,0), =(r,0, v R? —r2)).

1
"R
Rotating around the z-axis yields the two distinct sets of Villarceau circles

Iyt = {C’R((—rsin(u), rcos(u), 0), = (r cos(u), r sin(uw), VRE — 12))|u € K} (3.3)

(r cos(u), rsin(u), VR2 — r2))|u € K } (3.4)

—

15" = {Crl(rsin(u), —r cos(u),0), 7
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€3

4R\ AW

7sin(so) ©

R + 7 cos(so)

(a) Profile circle

€3

R cos(to)
Rsin(to)
()

(b) Cross-sectional circle

(c) Villarceau circles

Figure 3.1: Circles of a Torus
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3.1.4 Circles of the Sphere

Each point q inside the ball Bs(p) can be centre of a circle lying on the sphere Ss(p) = dBs(p).
Let q be represented by q = p + ¢n with some unit normal vector n € S;(0) and 0 < ¢ < §.
In case of ¢ = §, q would lie on the sphere and the corresponding circle would degenerate into a
single point. We can easily disregard this case since these points (called touching points or isolated
singularities) will be detected by another modality anyway.

The resulting circle is then embedded in a plane P(q,n). The radius d of the circle can be
computed as follows, see Figure 3.2(a):

d=Vd%— 2.

In summary the set of embedded circles in a sphere Ss(p) is represented by
FS:{Cm(p+cn,n)|0§c<5, nESl(O)}. (3.5)

3.1.5 Circles of the Cylinder

A circle, embedded in a cylinder Ys(p,n), must lie in a plane perpendicular to the cylinder’s axis
L(p,n). The centre q of the circle can therewith be expressed by q = p + ¢n with some parameter
¢ € K. The circle’s radius equals the radius ¢ of the cylinder, see Figure 3.2(b).

The set of embedded circles in a cylinder Ys(p, n) consists therewith of

Iy = {C’g(p—f—cn,n)!ceK}. (3.6)

3.1.6 Circles of the Cone

Likewise to the cylinder case, a circle, embedded in a cone Ks(p,n), must lie in a plane perpen-

dicular to the cone’s axis L(p,n). The circle’s centre q can be expressed again by q = p + ¢n with

some parameter ¢ € K. But here the radius d computes to d = d||q — p|| = d|c|, see Figure 3.2(c).
The set of embedded circles in a cone Ks(p,n) consists therewith of

Ik = {Cg|c‘(p+cn,n)|c€K}. (3.7)

3.2 Circle Detection in TPI

To detect circles in a torus-plane intersection (Figure 3.3) it suffices to consider the four circle sets
of the torus I'},, 'S and F%i. Let P = P(p,n) be the given plane and T' = T, r(o, e3) the torus in
canonical position. Then a circle C = C5(q, m) is embedded in P, if and only if

e the normals n and m are collinear, i.e.

nxm=o, (3.8)

e q lies in the plane P, i.e.
(a—p,n) =0. (3.9)

In the following we specialise these conditions for any type of circles (profile, cross-sectional and
Villarceau circles). We will see that in each case of occurring circles exactly two circles are involved.
Since the algebraic degree of the intersection curve is equal to four and the algebraic degree of two
circles sum to four as well, there is no additional part of the intersection curve other than these
two circles. So we can even stop the algorithm for computing the whole intersection curve already
at this point.
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(a) Sphere Ss(p) (b) Cylinder Y;(p,n)

(c) Cone Ks(p,n)

Figure 3.2: Circles of Natural Quadrics
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3.2.1 Profile Circles in TPI
Adopting condition (3.8) on the set

U = { Ot cosen (sin(so)es. e3)|s0 € K |

yields
ng =mn, = 0. (3.10)

With condition (3.9) we get
rsin(sg) —p. = 0.

From this we can demand
Ip.| <. (3.11)

If the conditions (3.10) and (3.11) are fulfilled, the intersection curve consists of two circles of the
form

CRi r2—p2 ((07 Ovpz)a 93)~

If |p.| = r, the two circles coincide to one singular circle Cr((0,0,p,),es), where each point on
this circle is a touching point.

3.2.2 Cross-sectional Circles in TPI

Considering the set
s = {CT((Rcos(tO), Rsin(ty),0), (—sin(tg), cos(to), 0))|t0 eK },

condition (3.8) yields
n = £(—sin(tp), cos(tp),0)

with an appropriate ty € K, in particular
n, = 0. (3.12)

Together with the second condition (3.9) we get

(p,n) = 0. (3.13)
Since we can derive the midpoint of the resulting cross-sectional circles in terms of n, there is no
need to explicitly compute ¢y. So if conditions (3.12) and (3.13) are fulfilled, we get two cross-
sectional circles of the form

Cr(£R(n x e3),n).

3.2.3 Villarceau Circles in TPI

We can express the union of the circle sets T2 and T2 by one set
1
F%i = {CR(:ER(nu X e3),ny,)|n, = R(r cos(u), rsin(u), v B2 —r?),u € K }

Condition (3.8) demands n x n,, = o, in particular

7“2
n2+nl= T (3.14)

avoiding some square root expressions. Condition (3.9) yields again
(p,n) = 0. (3.15)
Similar to Section 3.2.2 the intersection curve consists of two circles of the form
Cr(£R(n x e3),n),
if conditions (3.14) and (3.15) are fulfilled.
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(a) Profile circles (b) Cross-sectional circles

(c) Villarceau circles

Figure 3.3: Circles in torus-plane intersection
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3.3 Circle Detection in TSI

Let S = S5(p) be a sphere and T' = T g(0, e3) be a torus in canonical position. A circle embedded
in the intersection curve of S and T must lie in one of the intersections of the circle set of the sphere
I's and the circle sets of the torus 'y, i € {p,c,v+}. In the following we formulate all necessary
and sufficient conditions to find non empty intersections I's N4, and we specify the representations
of their elements. We will see that in each case a non empty intersection consists of either one or
two circles. In case of one circle, each point of this circle is a touching point between S and T'. We
call such circles singular. Since the algebraic degree of an intersection curve between a sphere and
a torus is equal to four, see [46], there are no additional intersection curve components.
We consider the set of all circles embedded in the sphere S

I's = {Cm(p+cn7n)|0 <ec<d, ne Sl(o)}.

3.3.1 Profile Circles in TSI

We compare the set I's with the set of profile circles of the torus
Fg])“ = {CRJrr cos(sa)(r Sin(So)eg, 63) |SO eK }

For a circle C' € I's N I', the following conditions must hold:

n= ieg,

Pz =Dy = 0, (316)
p. £ ¢ =rsin(sp),
62 —c® = (R+7cos(s0))?.

Solving the last two equations for sy after eliminating ¢ we get

1
2 (R-r)
d=—[(5 1)~ R~ p2[(6 + 1) — B2~ 7).

80 = 5 [—2rp. + \/g], (3.17)

To gain real solutions, the discriminant d must be non negative. This yields the condition
(6—r)* <P+ RE<(6+7)% (3.18)

In case of equality both solutions coincide and the intersection curve consists of one singular circle,
where each point of this circle is a touching point between S and T

Otherwise, if conditions (3.16) and (3.18) are fulfilled, we can compute two circles by substituting
(3.17) into the profile circle representation of set I'}., which yields

C[;‘((O, 07 7)7 e3)

with
1
8= W[R(R2+p§—r2+62)ipzx/;l],
1
=y P R - ) R RV,

=—[(6 —7)* = R* = pZ][(6 +r)* — R? — p2].
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3.3.2 Cross-sectional Circles in TSI
We compare the set I's with the set of cross-sectional circles of the torus

s = {Cr((Rcos(to),Rsin(to),0), (—sin(to), cos(to), 0))|to € K }
For a circle C' € I's N I', the following conditions must hold:

n, =0,
px = Rcos(ty) £ csin(tp),
py = Rsin(ty) F ccos(to),
p. =0,
62 =r? 42
where the last equation yields immediately
o>
Together with equations (3.19) and (3.20) we follow that

pi+p, =R +8 -

33

(3.19)
(3.20)
(3.21)

(3.22)

(3.23)

If conditions (3.21)-(3.23) are fulfilled, we can find up to two cross-sectional circles embedded in
the intersection curve. In case of § = r both circles coincide to one singular circle. We note that
p as well as the centres of the circles q lie in the main plane of the torus. So we can express q by

q=/0p+(pxes)

with some appropriate constants 3,7 € K. From Figure 3.4(b) we derive the following relations:

IplI* = ¢* + R?,
R = 5 + 72,
¢ = (|lpll = £)* +~*
This yields

R2
ﬁ ETENTE)
Ip

v = iﬁ\/@ — 72,

The cross-sectional circles can then be expressed by

Cr(q,n)
with
Rpm T v 02 — 7ﬂ2py 1 *pr + v 0% — szm
q= e Rpy F V62 —12p, and n= e Rp, = V2% —r2p,
0 0

3.3.3 Villarceau Circles in TSI

We compare the set I's with the set of Villarceau circles of the torus

It = {OR((:FT sin(u), £7 cos(u), 0), %(r cos(u), rsin(u), vV R? — r?))|u € K }



34 CHAPTER 3. CONIC SECTIONS

For a circle C € I'g N I‘%i the following conditions must hold:

o =n X (rcos(u),rsin(u), v/ R? — r?),
p + cn = (Frsin(u), £r cos(u), 0), (3.24)
8 =R*+ 2 (3.25)
To avoid considering too many sign variations, we redefine the set I's as follows:
I's = {C’m(p—kcn,nﬂ —d<c< 5, nec Sl(O), n, > 0}

Then we can write directly

n= l(7" cos(u), rsin(u), v R2 — r?).

R
From equation (3.24) and (3.25) we gain the two conditions
§2T2
Jo +P§ = (3.26)
1
P = (67— RO(R? — 1) (327)
where the latter one already implies
0> R.

If conditions (3.26) and (3.27) are fulfilled, the intersection curve of the sphere S and the torus
T consists of two Villarceau circles

OR(qa Il)
To determine q and n we consider again the set of Villarceau circles of the torus and substitute

q = (Frsin(u), +r cos(u),0).

Then we can express the normal n by

n= %[j: (qa x e3) + VR? — r2es]. (3.28)
With equation (3.24) we get
RqFc(qxes)=Rp+ C\/meg. (3.29)
Building the cross-product of this equation with ez yields
R(q x e3) £ cq = R(p % e3). (3.30)

With (3.29) and (3.30) we can eliminate the term q x ez and gain the explicit formula for q

R

= W[RP—FC\/ R2 — 7“293 + C(p X 83)].
To avoid working with different radicals and loosing the right sign, we do not resolve ¢ by (3.25)
but by the third component of (3.24), what leads to

p=R

/R2 — 2’
With (3.25) the explicit representation of q becomes
g2 (P F RSEVEE -y
ﬁ Py + Rzp_zrz V R? — 7"2]71
0

q

c=—

q:

From (3.28) we get
o (e VE
n= T\ et s VT,
T



3.3. CIRCLE DETECTION IN TSI 35

(a) Profile circles

(b) Cross-sectional circles

(c) Villarceau circles

Figure 3.4: Circles in torus-sphere intersection
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3.4 Circle Detection in TYI

Let Y = Y5(p,n) be a cylinder and T' = T, r(0,e3) be a torus in canonical position. A circle
embedded in the intersection curve of Y and 7T must lie in one of the intersections of the circle set
of the cylinder I'y and the circle sets of the torus 'y, i € {p, c,v+}. In the following we formulate
all necessary and sufficient conditions to find non empty intersections I'y N T'% and we specify the
representations of their elements.

We consider the set of all circles embedded in the cylinder Y

Ty = {C’g(p—f—cn,n)!c € K}.

3.4.1 Profile Circles in TYI

We compare the set I'y with the set of profile circles of the torus
I = {C’R+rcos(so)(7’ sin(so)es, e3)|so € K }

For a circle C' € 'y NI, the following conditions must hold:

n = te;s, (3.31)
Pe =Py =0, (3.32)
p. + ¢ = rsin(sp), (3.33)
0 =R+ rcos(sp). (3.34)
From (3.34) we follow directly
|0 — R| <. (3.35)

Furthermore (3.34) leads to

r—6+R
e e Y )

Equation (3.33) contains no further information since p, does not occur in other equations and
¢ is free of choice. So if conditions (3.31),(3.32) and (3.35) are fulfilled, the intersection curve
consists of two profile circles

Cé(<07077)7e3) Wlth v = + ,r=2 — (6 _ R)Q

In case of equality in (3.35) both circles coincide to one singular circle

Cs(o,e3).

3.4.2 Cross-sectional Circles in TYI
We compare the set I'y with the set of cross-sectional circles of the torus
15 = {Co((Rcos(to), Rsin(to), 0), (= sin(to), cos(to), 0))|to € K }.

For a circle C' € I'y NI'% the following conditions must hold:

n = £(—sin(¢g), cos(to), 0), (3.36)
p + cn = (Rcos(tp), Rsin(tg), 0), (3.37)
§=r. (3.38)
From (3.36)-(3.37) we get directly
n. =0, (3.39)

Pz = 0. (340)
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From (3.37) we gain furthermore

Ipl* = R* + ¢,
and by building the dot-product with n we get

(p,n) +c=0.

Together we have
Ipll* = R* + (p,n)*. (3.41)

If conditions (3.38)-(3.41) are fulfilled, one and only one cross-sectional circle is embedded in the
intersection curve with the following representation:

C’r‘(p - <pa 1’1>Il, Il).

3.4.3 Villarceau Circles in TYI

We compare the set I'y with the set of Villarceau circles of the torus

ﬂ?:{Qﬂ;mkaﬂaMMﬁL%&aﬂ@mﬁmmﬂﬂﬁ—ﬂDWEK}

For a circle C e 'y N F%i the following conditions must hold:
o =n X (rcos(u),rsin(u), vV R? — r?), (3.42)

p -+ en = (Frsin(u), £r cos(u),0), (3.43)
5=R. (3.44)
From (3.42) we can follow directly
R2 _ 7“2
2

The dot-product of (3.43) with n yields

(p,n) +c=0. (3.46)
If we do the same with the cross-product we get

|p x n|* =72 (3.47)
At last we get from the third component of (3.43) and with (3.46)

R2p2
2 z
(pom)? = 5. (3.48)

If conditions (3.44)-(3.47) and (3.48) are fulfilled, a Villarceau circle with the representation

Cr(p — (p,n)n,n)

is embedded in the intersection curve.

3.5 Circle Detection in TKI

Let K = Ks(p,n) be a cone and T = T, g(0,e3) be a torus in canonical position. A circle
embedded in the intersection curve of K and T must lie in one of the intersections of the circle set
of the cone I'x and the circle sets of the torus 'y, i € {p,c,vE}. In the following we formulate
all necessary and sufficient conditions to find non empty intersections I'r N T4 and we specify the
representations of their elements.

We consider the set of all circles embedded in the cone K

I'x = {C(;M(ercn,n)]c € K}.
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(a) Profile circles

A

(b) Cross-sectional circles

(c) Villarceau circles

Figure 3.5: Circles in torus-cylinder intersection
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3.5.1 Profile Circles in TKI

We compare the set I'x with the set of profile circles of the torus
Fg])“ = {CRJrT cos(so)(r Sin(80)63, 93) |SO ek }

For a circle C' € ' NI, the following conditions must hold:

Ng = ny = 0, (
Pe =py =0, (350
p. + cn, = rsin(sg), (

dlc| = R+ rcos(sp). (

Note that (3.49) already implies
[n.| = 1.

From (3.51) and (3.52) we derive then
R+ 1rcos(sg) = €10(rsin(sg) —p,) with € = £1.
This leads to

or + 62\/(3

0= op. +e1(R—r)

with ep = 41, d = r2(1 +6?) — (R + €10p.)%.

Since ¢; and €3 are independent, we may find up to four different solutions, provided that the
discriminant d > 0. This is the case, if

_T\/1+52+61R< <T\/1+52—61R

5 p. < 5 (3.53)

Equality on one side in (3.53) leads to the case that two circles coincide to one singular circle, see
Table 3.1.

If conditions (3.49) and (3.50) are fulfilled and (3.53) holds for an €; € {1,—1}, we can find up
to two profile circles in each case:

Cﬁ((ov 07 PY)? 63)
with

_ 0°R—e16(p. £Vd)
N 1+ 62 ’
8?p, + e 0RF Vd
1+ 62 ’
d=7%(1+6% — (R+ e10p.)>

B

3.5.2 Cross-sectional Circles in TKI
We compare the set I'x with the set of cross-sectional circles of the torus

I = {Cr((R cos(to), Rsin(tg), 0), (— sin(tg), cos(to), 0))‘t0 e K }
For a circle C' € ' NI'% the following conditions must hold:

n = +(—sin(¢p), cos(to), 0), (3.54)
p + cn = (Rcos(tp), Rsin(tg), 0), (3.55)
8le| =r. (3.56)
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circles conditions

0 pr<c1Ver<p,<czVeg <p,

1 singular p. €{c1,ca} Vp, €{ca,c3} Aea < c3

2 regular c1 < p, <min{cg, c3} Vmax{cs,c3} < p, < ¢4
2 singular p,=cy=c3=0

2 regular + 1 singular | p, € {ca,c3} Aca > c3

4 regular c3 < p, < cCo

Table 3.1: Cases of profile circles in TKI

From (3.54)-(3.55) we get directly

n, =0,
Pz = 0
From (3.55) we gain furthermore
Ipll* = R* + ¢*.
By building the dot-product with n we get
(p,n) +c=0.

Together we have
Ipl* = R* + (p,n)

and (3.56) yields
S|P, m)| = .

C1 =

Co =

C3 —

Cy =

—rV1+62 R

T\/Hit(;—R

TTER

7‘\/1—|—7§2—|—R
§

(3.59)

(3.60)

If conditions (3.57)-(3.60) are fulfilled, one and only one cross-sectional circle is embedded in the

intersection curve with the following representation:

Cr(p— (p,m)n, m).

3.5.3 Villarceau Circles in TKI

We compare the set I'y with the set of Villarceau circles of the torus
vt = {CR((:FT sin(u), £r cos(u), 0), E(

For a circle C € ' N F%i the following conditions must hold:

o =n X (rcos(u),rsin(u), \/ R% — r?),
p + en = (Frsin(u), £r cos(u), 0),
dlc] = R.
From (3.61) we can follow directly
R2 _ T‘2
2
The dot-product of (3.62) with n yields
(p,n) +c=0.

If we do the same with the cross-product we get

Ip x nf* =72,

! rcos(u),rsin(u), vV R? —1r?))|u € K }

(3.61)
(3.62)
(3.63)

(3.64)

(3.65)

(3.66)
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At last we get from the third component of (3.62) and with (3.65)

R*p?
Equation (3.63) yields
5(p,m) = R (3.68)

If the four conditions (3.64) and (3.66)-(3.68) are fulfilled, a Villarceau circle with the represen-
tation

Cr(p — (P,m)n,m)

is embedded in the intersection curve.

3.6 Circle Detection in TTI

Let Ty = T, r(o,e3) and To = T5 a(p,n) be two tori. A circle embedded in the intersection curve
of T7 and T» must lie in one of the intersections FiTl N F%, 1,7 € {p,c,vt}. We do not need to
discuss all possible combinations of circle sets, since the case I'y, N I‘% is essentially the same as
the case FI}I N T, after an appropriate transformation and swapping the roles of 77 and T3. In
practice, however, all cases have to be considered. So if we had a routine

CheckProfileAndCrossSectionalCircles(TnR(o,e3), T5,A(Ps n))7
we would call the routine again with
CheckProfileAndCrossSectionalCircles(Ts (o, es), T r(—M; 'p, My 'e3)),
where My, is given as in (2.1). Due to the same reason we omit the cases I”:’Fli NT7, and F%f NTE,.
Note that we can represent circle sets of an arbitrary oriented torus T' = T5 a(p, n) by applying
an appropriate transformation on the circle set of a similar torus T* = T5 A (0, e3) in canonical

position, i.e.
Fé" = {Oﬁ(p + an7 MHHQ)|Oﬁ(q7 nq) S F%"* }7 Z € {pa c, Ui} (369)

3.6.1 Profile and Profile Circles in TTI
We compare the set of profile circles of the torus T3
F% = {CRJH.COS(SI)(T Sin(51)63,63)|51 € K}
with the set of profile circles of Ty
T, = {C’A+5COS(52)(p + dsin(sa)n, n)’sz cK }

For a circle C' € I';, NT%, the following conditions must hold:

ng =ny =0, (3.70)
Pz =py =0, (3.71)
p. + dsin(s2) = rsin(sy), (3.72)
A+ §cos(s2) = R+ rcos(sy). (3.73)

From (3.72)-(3.73) we get after eliminating so

P2 = 0% + (r = R+ A)’]s + [dp.rsi + [p2 = 8> + (r + R — A)*] = 0.
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(a) Profile circles

(b) Cross-sectional circles

(c) Villarceau circles

Figure 3.6: Circles in torus-cone intersection
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This can be solved for s; and leads to

_ 2p.r £ Vd
TR+ (r—R+A)

with
d=—[(r—6)> = (R—A)* = pZJ[(r+0)* = (R — A)* = pZ].

The two solutions coincide and the intersection curve consists of one singular circle, if and only if
the discriminant d vanishes, i.e.

Ir 6] = V(R - A)* +p2,

see Figure 3.7(a).
If conditions (3.70)-(3.71) are fulfilled and the discriminant d > 0, we have two profile circles of
the form

Cﬁ((o’ 0, 7)’ 63)

with
ﬂ_R+A (R—A)(r2 = 62) + p./d
T2 22+ (R-A)?)
_pe (P =) F(R- D)V
T3 202+ (R-A7)

d=—[(r—208)* = (R~ A)? = pZ][(r +6)* = (R~ A)* — pZ].

3.6.2 Profile and Cross-sectional Circles in TTI

We compare the set of profile circles of the torus T}
I = {CR+TCOS(81)(7" sin(s1)es, e3)|s1 € K}
with the set of cross-sectional circles of Ty (see 3.69)
I's, = {C(;(p + AM,m, My (ez x m))|m = (cos(to),sin(tg),0),to € K}.

For a circle C' € I';, NT'%, the following conditions must hold:

d =R+ rcos(sg), (3.74)
My (e3 x m) = +es, (3.75)
p + AM,m = rsin(sp)es. (3.76)

Since det My, = 1, see (2.1), we can write the left side of (3.75)
My(es x m) = (Myes) X (Mpym) =n x (Mym).
Building the dot product with n yields
(n,e3) =0. (3.77)
Furthermore the cross product of eg with (3.75) yields

0=-e3 x (fes3) =e3 X (n x (Mym))
= (e3, Mpym)n — (e3, n) M,,m,

from which we can follow

(e, Mym) = 0. (3.78)
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The cross product of e3 with (3.76) leads then to
p, = rsin(sg).

With (3.74) we gain
(6 — R)? +p? =12 (3.79)

Equations (3.76) and (3.78) yield
[p[|*> = ||rsin(so)es — AMpm|?
= r?sin%(sg) + A%
After subtraction of p? we get
P2 —|—p§ =A%, (3.80)
Finally we build the dot product of n with (3.76) and gain
0= (n,rsin(sg)es) = (n,p + AM,m)
= (n,p) + A(M; 'n, m)
= <n7 p> + A<e37 m>

Since (e3, m) = 0 we get
(n,p) =0. (3.81)

If conditions (3.77) and (3.79)-(3.81) hold, the intersection curve contains a profile circle of Tj
which is a cross-sectional circle of Ty, represented by

C5((0,0,p,), e3).

3.6.3 Profile and Villarceau Circles in TTI
We compare the set of profile circles of the torus T3

FI}I = {CR+TCOS(51)(TSin(81)63,63)’81 € ]K}

with the set of Villarceau circles of To

Flﬁ = {CA(p + Mp(—dsin(u), 0 cos(u),0),

%Mn((S cos(u), § sin(u), vV A? — 62))|u € K }

Set m,, = (—sin(u), cos(u),0) and q = p + 6 M, m,,, then a circle in F”T;t can be expressed by

CA(q7 nq)
with
1
ng = KMH [6(m, x e3) + VA2 — §2e5]

= %[(5(Mnmu) xn—+ VA2 - (52n]

= %[ §(q—p) x n+ /A2 —42n].
We follow directly

+(q — p,n) = §(Mym,,n) = §{m,,e;z) =0 (3.82)

and
la = pl? = 6% Mpm,||* = 6% (3.83)
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For a circle C € F’%l N I‘%;t the following conditions must hold:

A = R+ rcos(sg), (3.84)
0 =e3 X ng, (3.85)
q = rsin(sg)es. (3.86)

Building the dot product of n with (3.85) yields

0= (n,+[(e3,n)(q— p) — (e3,q — p)n] + VA2 — §2(e3 x n))
= :F(QZ - pz)
With (3.86) we get
q= (Oa Oapz)
and considering additionally (3.84) yields

p?=1r>—(0 - R)> (3.87)
From (3.82) and (3.83) we can derive two other conditions
DaNy + DyNy = 0 (388)
and
p:+p; =0% (3.89)
Consider (3.85) in the form

:tnz(pz,pyvo) = m(eg X Il).

With (3.89) we get
A2 _ 62
n? = R (3.90)
If conditions (3.87)-(3.90) hold, the intersection curve contains a profile circle of T} which is a
Villarceau circle of Ty, represented by

CA((Oa O;pz)ae3)~

3.6.4 Cross-sectional and Cross-sectional Circles in TTI

We compare the set of cross-sectional circles of the torus T3
e = {CT((Rcos(tl), Rsin(ty),0), (= sin(t1),cos(t1),0))|t1 € K}
with the set of cross-sectional circles of Ty (see (3.69))
T = {Cg(p + Mu (A cos(tz), Asin(tz),0), Myn(—sin(t2), cos(tz),0))|t2 € K }
Set my, = (cos(t2),sin(t2),0) and q = p + AM,my,, then a circle in I'7; can be expressed by

Cé (q7 Ilq)
with 1
ng = x[nx(a—p)
It is obvious that

(@—p,n) =0, (3.91)
la — p||* = A% (3.92)



46 CHAPTER 3. CONIC SECTIONS

(a) Profile circles

S
A

(b) Profile and cross-sectional circles

(c) Profile and Villarceau circles

Figure 3.7: Profile circles in torus-torus intersection
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For a circle C' € I', NI}, the following conditions must hold:

f=r (3.93)
q = R(cos(t1), sin(t1),0), (3.94)
ng = 6%(83 X q) (3.95)

with either € = 1 or ¢ = —1. Building the cross product of n with (3.95) yields

1
p=1 [(R — eAn.)q+ eA(n,p)es], (3.96)
from which we can follow
p:+p; =0, (3.97)

ap, = eA(ngpy + nypy) (3.98)

with & = R — eAn,. Furthermore the cross product of ez with (3.95) yields

R
a=ex [n-(q—p) + p.n].

Squaring both sides yields

Jal? = 2 (21 = pl + 20.p.4a - p.m) + 52
and with (3.91), (3.92) and (3.94) we get
p? = A?%|es x n|%. (3.99)
At last we build the dot product of eg with (3.95) and get
0=(nx(q—p) es)=(e3 xn,q)—(e3 x n,p).

Since (e3 x n,q) = 0, which follows from the dot product of n with equation (3.95), we gain the
condition
NgPy — NyPe = 0. (3.100)

Note that with (3.97) and (3.99) it holds
2 2 212 2,2 2
[lIplI* + R?* — A%]” — 4R*(p2 + p) = 0, (3.101)

i.e. p is embedded in a torus Ta r(o,es). To avoid the consideration of singularities of spindle
tori, we assume A < R. Otherwise we swap the tori 77 and T5. Furthermore we can exclude the
case p = o, since then both tori would coincide. So p is embedded on a ring torus, and since
P2+ p§ > ( this encloses our assumption to A < R. Now we can derive a simple representation of
the cross-sectional circle
CT(qv nq)7

embedded in the intersection curve of Ty and T5. Therefore the conditions (3.93) and (3.97)-(3.100)
have to be fulfilled. From (3.96) we derive

R
= — Pz, >07
a=—(ps,py,0)

where « is determined by (3.97). From (3.95) we finally gain the normal

1
nq = a(_py7p$70)
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3.6.5 Cross-sectional and Villarceau Circles in TTI
We compare the set of cross-sectional circles of the torus T}

'y = {C’T((Rcos(to),Rsin(to),O), (— sin(to),cos(to),O))’to = K}

with the set of Villarceau circles of 15
1
F% = {OA(p + My (—dsin(u), § cos(u),0), ZMH((S cos(u), dsin(u), VA2 — §2))|u € K }

Set m,, = (—sin(u), cos(u),0) and q = p + €;0M,m,, with e = 1 for circles in F}j and € = —1
for circles in F”T; A circle in F%zi can then be expressed by

Ca(a,nq)
with 1
ng = Z[El(q_p) xn+ /A2 —§%n],
see Section 3.6.3. It is obvious that
(g —p,n) =0, (3.102)
la—p[* =6 (3.103)

For a circle C € I'}, N F“T;t the following conditions must hold:

A=r, (3.104)
q = R(cos(tp), sin(t), 0), (3.105)
1
ng = 62*(83 X q) (3106)
R
with either e = 1 or e = —1. Building the cross product of n with (3.106) yields
1
b= E [(R + 61€2An2)q - 61€2A<n7 p>e3] ) (3107)
from which we can follow
P2 +pi =, (3.108)

@
sz
with & = R + €1e2/An,. Since we just consider ring tori and the major radius A of Ty is equal to
the minor radius r of T7, we note that a > 0. Keeping this in mind we gain a representation for q

NgPz + NyDy = €1€2 (3.109)

q= g(px,py,()),
and with (3.103), (3.105) and (3.108) we get
p? =62 — A’n?. (3.110)
At last we build the dot product of es with (3.106) and get
0={(e1(q—p) xn+ VA2 —-4§2n,e3)
=ei1{es X q,n) + €1 (p X e3,n) + VA2 — §2n,.

With (3.106) we gain the condition

NyPy — NyPx = —62%\/A27—52- (3111)
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(a) Cross-sectional circles

(b) Cross-sectional and Villarceau circles

Figure 3.8: Cross-sectional circles in torus-torus intersection

Note that with (3.108) and (3.110) it holds
2
[Ipl* + R? = 6°]” — 4R*(p3 + py) = 0,

i.e. p is embedded on a torus Tj r(o,es).

If conditions (3.104) and (3.108)-(3.111) hold for some suitable €1,e3 € {—1,+1}, a cross-
sectional circle of T}, which is a Villarceau circle of T5, is embedded in the intersection curve.
We represent this circle by

Cr(qynq)
with
R
= — Pz, 70 )
a=—(ps,py,0)
1
ng = a(—Pyvpmo),

where « is determined by (3.108).
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3.6.6 Villarceau and Villarceau Circles in TTI

We compare the set of Villarceau circles of the torus T3

I‘%E = {CR(j:(—r sin(u), r cos(u), 0), %(r cos(u), rsin(u), vV R? —r2))|u € K}

with the set of Villarceau circles of Ty

. 1 :
F%;E = {C’A(p + My (—dsin(v), § cos(v),0), EMH((; cos(v), 8 sin(v), VA% = 62))|v € K }
Like in the previous sections we substitute m,, = (—sin(u), cos(u),0), m, = (—sin(v), cos(v), 0),
q1 = e;rm,, and gz = p + €20 Mm, with €1,e2 € {—1,+1}. Note that the following equations

hold:

laul =, (3.112)
laz —pll =9, (3.113)
<q17 e3> = 07 (3114)
(q2 — p,n) = 0. (3.115)
For a circle C' € F}f N FE‘L the following conditions must hold:
A =R, (3.116)
Q=q=:q, (3.117)
€19 X e3 + V R? — r?e3 = e3[e2(q — p) X n + vV R? — §2n], (3.118)

with e5 € {—1,+1}.
We build the dot product of n with (3.118) and get

(q x e3,n) = e [e3VR? — 62 —n.\/R? — r2]. (3.119)

Applying the cross product to n and (3.118) yields

p = e1e263[aq + (p,n)es + €1V R? — r2(e3 x n)] (3.120)

with o = €1€9€3 — n,. From this we follow
P2 +p? = R%a2 + 2e300/(R? — 12)(R2 — 62), (3.121)
(P,n) = e1e2€3p,. (3.122)

Building the dot product of ez with (3.118) yields

(p,e3 xn) = afe;V R? — 12 + o/ R? — §2]. (3.123)

At last we build the cross product of ez with (3.118) and get

n.,p=—aq+p.n+ e/ R?—62(e3 X n).

Squaring yields

ng(pi erz) =a?(r? + 6% - R? fpz) + 2616271ZOL\/(R2 —7r2)(R? — §?),

and with (3.121) and for o # 0 (see below) we gain

p? =124 0% — R*(1 4+ n?) + 2e3n./(R2 — r2)(R2? — §2). (3.124)
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Assume o = 0, i.e. n, = €1eze3. From (3.119) we follow that n, = €3, 6 = r and additionally
€1 = €. From (3.115) we follow p, = 0 and with (3.121) we gain p = o, what results in identical
tori. Thus this case can be neglected.

If conditions (3.116) and (3.121)-(3.124) hold, we find up to four Villarceau circles in the inter-
section curve. Since a # 0 we can provide a representation for q and ng, resulting from (3.120):

. €2€3Py + Ny vV RZ — 12 L €263y — MgV RZ — 12
q= 2 €2€3py —NgVR? — 12 |, ng=— | —e2ezp, —nyVR? — 12 | . (3.125)
« aR
0 avVR? —r?

It is left to determine ¢; for ¢ = 1...3. From (3.122) we either get

eges = P (3.126)

z

or both p, and (p,n) are zero.
Let us first consider the latter case. With (3.112)-(3.115) we can follow

(a—p,n) = (g —p,e3) = (q,n) = (q,e3) = 0.

This means, assuming e; X n # o, that (q — p), q and ez x n are collinear. Thus we can write

ez X1n €3 X1n
q-Pp=€di———, q=€r——;
les x nl les x nl
with e4, €5 € {—1,+1}. This implies
(p,es X n) = (e5r — €40)|les x n||. (3.127)

If p = o, we follow r = § and ¢4 = €5. Equation (3.123) provides € = —e and from (3.121) we get
n,R? = e3(R* — 2r?). (3.128)

If n, =0, (3.128) implies
R =1rV2. (3.129)

This is the only case in detection of conic sections of simple surfaces, which cannot occur by the
application of rational input, i.e. if the underlying field K for the geometrical representation of
objects is equal to Q. So this special case of Villarceau circles in a torus-torus intersection can
only occur if at least K O Q[v/2]. From (3.125) we then get

= —€q€37(€3 X n ng = ——(e3 +e3n),
q 2€3r(€3 X n), ng ﬁ( 3+ €3m)
where €5 and e3 are not determinate. This case results in four different Villarceau circles, see
Figure 3.9(a).
Consider the case n, # 0. Then we can determine €3 from (3.128) and q and nq are given by

q= H(eg Xn), ng (es + e3n).

T -
lles x n Rlles x nl|

Here we get two Villarceau circles embedded in the same plane, since e is still free of choice, see
Figure 3.9(b).
Turning to the case p # o, we saw in (3.127) that we can express p by

ez X1n
P = (657" — 64(5)m.

Determining €4 and €5, q is given by

(3.130)



52 CHAPTER 3. CONIC SECTIONS

To compute ng we distinguish two cases. Let again n, = 0. Equation (3.124) yields then
R? =% 4 6% (3.131)

Since we have arbitrary signs, ng computes to

1
ng = E(&eg +rn),

so this case provides two Villarceau circles with the same centre, see Figure 3.9(c).
Consider the case n, # 0. Solving (3.124) for n, leads to

[e3v/(R2 — 12)(R2 — 62) + €7 (3.132)

Ny

_ L
=
with € € {—1,+1}. Substituting n. into (3.121) and with p2 + p2 = (57 — €46)* we get

€6 = €1€2€3€4€5.
To determine eg we transform (3.132) to
r? + 6% — R*(1 — n?) = 2esr6n.. (3.133)

Substituting n, into (3.119) and (3.123) yields

%63(7’ — €1€50) [e17V/ R2 — 62 — €zeqe50/ R? — 12] = e5(r — €4€56)\/1 — n2,
ie;;r[elr\/ R2 — 62 — ege4e50V/ R2 — 7"2] =e5ry/1 —n2.

R2

By subtraction of the equations we follow

B:=e1rVR2—02 —ee4650V/ R2—12>0 and €3 =e¢s.

We now determine €; which we need to compute the normal ng. Since 3 is always positive, we
have either ¢; = 1 if r > §. Otherwise it must be eseqe5 = —1 and therewith €1 = —e5e6. The
normal ng can then be expressed by

ha T Rl s P ) VI e,
See also Figure 3.9(d).

We note that the hitherto described cases have been derived under the assumption that es xn #
0. So now consider the case eg3 x n = 0. Then (3.118) tells us that e3 = n,, (3.123) yields €3 = —¢;
and r = 6. From (3.122) we get p, = 0 and from (3.121) we get ||p|| = 2r. Since ¢; is still
indeterminate, we get two Villarceau circles with the same centre

_ 1
q= 2P
and normals ) )
nqzﬁ[ig(pxeg)Jr R? — r2es],

see Figure 3.9(e).

We go back to (3.126) and consider the case where (p,n) # 0 # p,. We already determined
the product €jeze3. From (3.123) we determine €; and ey separately, and therewith we get €3 as
well. First we consider the case (p,es x n) = 0, see Figure 3.9(f). Then €3 = —¢; and r = 4.
Since ¢; is still indeterminate, we get two Villarceau circles with centres and orientations given in
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(3.125). Otherwise we get one Villarceau circle, see Figure 3.9(g). To determine €; and e, we first
determine the product €€ by squaring (3.123) which yields

(p,e3 x n)? — a?(2R% — r? — §%) = 202121/ (R? — 72)(R2 — 62).

So €1€5 is equal to the sign of the left hand side. Depending on r and § we can determine €;
respectively €5 by
€1, r<9

sign((p,es x n)) - sign(a) = { s

Since detecting Villarceau circles in torus-torus intersections is the most complex case, we provide
Algorithm 4 as summary.

Algorithm 4: ComputeVillarceauCircles(T, r(0,e3),T5A(p,n))

Requires: Two tori T} (0, e3) and T5(p,n)
Returns: A set of Villarceau circles {C'}
1: if R = A then

2: if (p,n) =0 and p, = 0 then
3: if es x n # o then
4: if p = o0 then
5: if r =6 then
6: if n, =0 then
7: if R?> =2r? then
8: return {Cgr(+ie3 x n, ;(e3+2n))}
9: end if
10: else
11: €3 «— R27R2§2
12: if |es| = 1 then
13: return {C’R(m(eg X n), im(eg +e3n))}
14: end if
15: end if
16: end if
17: else
e it e
19: if |eg5| = 1 then
20: €5 < sign((p,e3 x n)) - sign(r — €459)
21: q= r_;slsp
22: if n, =0 then
23: if R? =12+ 6 then
24: return {Cr(q, 5(des £ rn))}
25: end if
26: else
- o o P Rl
28: if |eg| = 1 then
29: €1« 1
30: if r < 6 then
31: €] < —€5€g
32: end if
33: return {Cr(q, 5la ——(p x e3) + VR? —r2e3])}
34: end if
35: end if
end if

w

end if

w
)
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38: else

39: if r = ¢ and p, = 0 and |p||? = 4r* then

40: return {Cr(3p, %[+1(p+ e3) + VR + r?e3))}
41: end if

42: end if

43:  else if (p,n) # 0 and p, # 0 then

44: €123 %

45: if ‘6123| =1 then

46: Q< €123 — Ny,

47: a «— (p,e3 x n)? — a?(2R? — r? — §?)

48: b—p:+p, —’R?

49: ce—p2+(1+n2)R? —r?—§2

50: d+— 4(R? — r?)(R? — §?)

51: if a®> = b?> = o’d and ¢®> = n?d and sign(b) = sign(c) then
52: if (p,e3 x n) =0 then

53: if r =4 then

54: a* = oi-leizs(es x p) x e3 F VRZ —r2(e3 x n)]
55: return {Cr(q*, %[+(q* x e3) + VR? —r2e3))}
56: end if

57: else

58: €12 < sign(a)

59: if 31gn(b) = €12€123 then

60: if 7 <6 then

61: €1 < sign((p,e3 x n)) - sign(a)

62: else

63: €1 < €12 - sign((p,e3 x n)) - sign(w)

64: end if

65: q«— é[elgg(eg X p) X e3 — 1V R? —r?(e3 x n)]
66: return {Cg(q, 5le1(q x e3) + VRZ — r2es))}
67: end if

68: end if

69: end if

70: end if

71:  end if

72: end if
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(b)

(d)

(e) ()

(8)

Figure 3.9: Villarceau circles in torus-torus intersection
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3.7 Circle Detection in Parameter Space

In this section we give an alternative approach for detecting conic sections in a torus-simple surface
intersection which is independent of the type of the simple surface. This leads to the advantage
that no extensive case differentiation is needed anymore. We do so by analysing the intersection
curve in the parameter space of the torus.

Let T : V2 — V2 with

[R(1+52) + (1 — s2)](1 — t2)
(1+s2)(1 +2)

T(s,t) = [R(1+ %) +r(1—s?))2t . steK
(14 s2)(1+¢2)
2rs
1+ s2

be the rational parameter form of the torus in canonical position, see Section 2.2.3, and let f :
V3 — K be the algebraic function of the simple surface. Then

F(s,t) == f(T(s,t)) =0

is the implicit equation of the intersection curve in the parameter space of the torus. To detect
conic sections in the real space curve, we now try to locate their representatives in parameter space.
From Section 2.2.3 we know that profile circles are obtained by retaining the parameter s, cross-
sectional circles are obtained by retaining the parameter ¢. This is equivalent to straight lines in
parameter space, lying parallel to the axes, profile circles to the t-axis and cross-sectional circles to
the s-axis. This means for the implicit function F, that linear terms can be separated. An inter-
section curve containing m profile circles and n cross-sectional circles, counted with multiplicity,
has therewith the form
m n
F(s,t) = G(s,t) H[s — 8] H[t — ]
, ot

i=1

with some rational polynomial G. Here we already see the disadvantage of this approach, since
the constants s;,¢; do not necessarily belong to the underlying field K. For example:
Consider the torus Tl’%(o,eg) and the plane P((0,0, §), e3). The numerator N of the implicit

function F' computes to N(s,t) = s> — 4s + 1 which is irreducible under Q, but decomposes into
(s—2—+/3)(s—2++/3) under Q[v/3]. Substituting the solutions s; o = 2++/3 into the parameter
form of the torus yields

(1$1¢§)142

T
Tlon,t) = (1:F6\/§)1+t2
1

6
which corresponds to two profile circles CDF%\/E((O, 0,%),e3).

If nevertheless K is algebraically closed, we can find any profile and cross-sectional circle by
factorisation of the implicit function F' into linear terms of the above form and looking for real
solutions. Detecting Villarceau circles in parameter space is a bit more complicated.

As we saw in Section 3.1.3, a Villarceau circle of a torus in canonical position is embedded in a

plane P(o,n,) with
1 w? — u? 2uw
_ 2 2
B =T (rw2—|—u2’rw2+u2’ R )

and suitable parameters u, w € K, not both zero. The corresponding implicit function is

r(w? —u?)x + 2ruwy + VR2 — r2(w? + u?)z
w? + u? '

fr(x) =
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The implicit function F'(s,t) = fp(T'(s,t)) can then be factorised into
rH™(s,t)HT(s,t)
R(1+ s2)(1+t2)(w? + u?)
H (s,t) = —vVR—r(w—uwst+vVR+r(w+ut+vVR—r(w+u)s+ vVR+r(w—u),
HT(s,t) = VR —r(w+u)st — VR+r(w —u)t + VR — r(w — u)s + VR + r(w + u),

where the factors H~ and H* correspond to Villarceau circles of the sets I'}. and I‘”T+, respectively.
Thus the shape of a Villarceau circle in parameter space equals the graph of a hyperbolic function

F(s,t) = with

as+b

cs+d

with some constants a,b, ¢,d € K. There are two exceptions, namely if u = +w. In these cases we
get straight lines of the form
R—7r
Rir>

If the implicit function F' of an intersection curve of a torus with a general simple surface
factorises into

t=F

!
F(s,t) = G(s,t) H [akst + bt + crs + di]
k=1

with some constants ay, by, cx, d, € K and rational polynomial G, Algorithm 5 decides, whether a
Villarceau circle is contained. In this case, an exact representation of this circle is returned. This
is done by comparing the coefficients ay, by, ¢, dj, with the form H~ and H™T.

Summary

We found all sufficient conditions to detect any conic section in the intersection curve between a
torus in canonical position and a simple surface. Therefore we just need the implicit function F' of
the intersection curve in parameter space of the torus, so we can avoid extensive case differentiation.
On the other side, it is necessary that F' decomposes into a form
m n l
F(s,t) = G(s,t) [ [ s = si) ][It — ;) [ [ awst + bt + cis + di]
j=1 k=1

1=

=

with some rational polynomial G and coefficients s;,t;, ax, bg, ¢k, d € K.
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Algorithm 5 Detect Villarceau Circles in Parameter Space

Requires: A non-trivial polynomial G(s,t) = ast 4+ bt + ¢s + d and the radii R, r of the torus in
canonical position
Returns: The corresponding Villarceau circle Cr(q, ng), if existent
1: if d =0 then

2. ifa=0and *(R+7)=b*(R—r) then

3: q < (r,0,0)

4: ng — +(0,sign(bc)r, VR? —1?)

5: return Cr(q,nq)

6: end if

7: else

8 if ab+cd=0and a*>(R+r)=d*(R—r) then
9: Cop })22_"_%

b2 —d?

10: S¢ < prraz
11: q «— (rsg, —rcg, 0)
12: ng — (—sign(ad)rcy, —sign(ad)rss, vV R? —r?)
13: return Cr(q,nq)

14: end if
15: end if




Chapter 4

Intersecting Two Objects

In this chapter we intersect two objects, where one object is always a torus and the other object is a
simple surface like plane, sphere, cylinder, cone or another torus. We do not consider intersections
between two quadrics, since these cases are already handled sufficiently by previous literature
[6, 24, 32, 49, 60, 68, 69, 72].

Analogue to Kim [46] we provide algorithms for any kind of input, computing reference points
for each intersection curve component. These reference points will become initial starting points
for the curve tracing step, see Chapter 5. Furthermore we detect degeneracies like embedded conic
sections and singularities.

In contrast to Kim’s work we provide exact results, i.e. all degeneracies can be represented by
exact number types. In Chapter 3 we already saw, that one algebraic field extension suffices to
represent embedded conic sections. In this chapter we will see, that two algebraic field extensions
suffice to represent any singularity, in other words: A singular point can be represented exactly by
two-root numbers in the worst case. The exact representation of degeneracies is important, since
those are highly responsible for the most instabilities of current CAD applications.

We represent reference points on regular intersection curve components by roots of algebraic
equations. Thus we do not employ the same accurate representation as for singular points, but
with methods of refinement we can guarantee that the exact points lie within any arbitrary small
environment. This is sufficient for the further processing, since the tracing of regular curve com-
ponents will be of numerical nature and therewith we only can give a guarantee that the exact
intersection curve lies within a given error bound of the traced curve.

Following Kim'’s configuration space approach, see Section 2.3, we first discuss planar intersec-
tions of simple objects such as plane-plane intersections and plane-quadric intersections (Section
4.1). Then we consider intersections of lower dimensional objects like circle-line intersections,
circle-conic intersections, etc. (Section 4.2). Intersections in C-space, involving a torus, will com-
plete the algorithms introduced in Table 2.2 (Section 4.3). Finally we present algorithms for the
computation of reference points and the detection of degeneracies for each torus-simple surface
intersection separately (Section 4.4).

4.1 Planar Intersections

In this section we consider the intersections of planes and intersections of a plane with a quadric.
Since the resulting intersection curves are planar and the involved objects are algebraic surfaces
of degree two at most, we will get conics as results. This is the first step in Kim’s configuration
space approach to simplify computations. The second step will be the computation of intersection
points of the computed conics, see Section 4.2.

99
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4.1.1 Plane-Plane Intersection

Given two planes P, = P(p1,n;) and P, = P(p2,ns), the set of common points consists of
PNP = {X € V3’<X - pl,n1> = <X — pg,n2> = 0}

It is clear that two planes intersect if and only if they are not coplanar, i.e. ny X ny # 0. Otherwise
the intersection is empty ((p2 — p1,1n1) # 0) or the planes are coincident ({ps — p1,n1) = 0).

Furthermore we know that the intersection of two
planes consists of a line L(q,d) where the direction
vector d is perpendicular to both plane normals n;
and nsy. Since direction vectors of lines have not nec-
essarily to be normalised, we can define

d:nlxng.

It is left to determine the suspension point q.
From Figure 4.1 we follow directly

b= (p1 — P2, ny),
sing = [[ny x nal],
d x n;
a— .
d]]

Note that the distance b is signed. It is positive (neg-
ative), if p; lies in the positive (negative) half space

of plane P,. Therewith we yield q as (?
q=P1— 2
sin ¢ Figure 4.1: Two intersecting planes viewed
—p1+ w(d X ). in the direction d

I

4.1.2 Sphere-Plane Intersection

Given a sphere S = Ss(p1) and a plane P = P(pso,n). If these objects intersect, the intersection
curve consists of a circle C = Cy(q,n). There is no intersection, if S lies completely in one of the
half spaces of P, i.e.

[(p1 — p2,m)| > 4.

In the case of equality S and P share the touching point
a=p1 — (P1 — p2,0)n

which is the orthogonal projection of p; on P. Otherwise q lies inside .S and q becomes the centre
of the resulting circle C, see Figure 3.2(a). As we already saw in Section 3.1.4, the radius d of C
then computes to

d= \/52 - <p1 —p2,n>2.

4.1.3 Cylinder-Plane Intersection

Given a cylinder Y = Y5(p1,n1) and a plane P = P(p2,n2). There is no intersection of these two
objects, if and only if Y lies completely in one of the half spaces of P, i.e.

(n1,n2) =0 and [(p1 — p2,ng)| > 0.

Otherwise the intersection curve consists of a conic F, embedded in the plane P. To represent
FE, we need a local coordinate system on P in the form of two orthonormal vectors a and b with
a x b =mny, e.g. the first two columns of the matrix M,y,,, see (2.1).
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A point x on P can then be represented by
x=p2t+ua+vb with wu,vekK.

Substituting this equation into the algebraic function fy of the cylinder Y, see Section 2.2.1, we
gain the polynomial representation of £

fe(u,v) = au® + bv? + 2fuv + 2u + 2mv + d
with

a=1-{an;)?

b=1- (b,nm)?

f=—(a,n1)(b,ny),

l = (p2 — p1,a) — (P2 — P1,n1)(a,ny),
m = (p2 — p1,b) — (P2 — p1,n1)(b,ny),
d = |p2 — p1l> — (P2 — p1,m1)* — 6°.

4.1.4 Cone-Plane Intersection

Given a cone K = Ks(p1,n;1) and a plane P = P(p2,ns). We know that there is always an
intersection between these two objects, and it consists of a conic E. Similar to the previous section
we determine the polynomial representation of E by substituting the parameter form of P into the
algebraic function fx of K and we gain

fe(u,v) = au® + bv? + 2fuv + 2u + 2mv + d
with

a=1-(1+5)am)?,

b=1-(14+6*(b,n;)?

f: 7(1+52)<a3n1><b7n1>3

l=(ps—p1.a) — (1+6*)(p2 — p1,n1)(a,ny),
= (p2 — p1,b) — (1 4+ 6*)(p2 — p1,m1 )(b,ny),

d=|p2 —p1l* = (1 +6*)(p2 — p1,n1)%

Algorithm 6 PlanePlaneIntersection(P(pi,ni), P(p2,n2))

Requires: Two planes P(p1,n1) and P(p2,ns)
Returns: A line L(q,d)
d n; X no
if ||d|| # 0 then
q« p1+ 7@2“;“12@) (d x ny)
return L(q,d)
end if
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Algorithm 7 SpherePlaneIntersection(Ss(p1), P(p2,n))

Requires: A sphere Ss(p1) and a plane P(p2,n)
Returns: A circle Cy(q,n)
¢+ (p1 — p2,n)
if ||c]] < § then
q—pL—cn
d < %2 — 2
return Cy(q,n)
end if

Algorithm 8 CylinderPlaneIntersection(Ys(p1,n1), P(p2,n2))

Requires: A cylinder Y5(p1,n;) and a plane P(ps, ng)
Returns: A conic E(pa, My,)
1: ¢+ (p1 — p2,N2)
2: if (n1,n3) #0or ||c|| < ¢ then
3 a<— My,e;
b «— Mn2€2
a+—1—(a,ng)
b—1- (b,l’l1>2
f— —{(a,n;)(b,ny)
l < (p2 — p1,a) — (P2 — P1,n1)(a,n1)
m < (p2 — P1,b) — (P2 — p1,n1)(b,n1)
10:  d— [|p2 — p1]|* — (P2 — p1,m1)* — 6°
a f 1
11: E<—|f b m
I m d
12:  return E(ps, My,)
13: end if

2

Algorithm 9 ConePlanelIntersection(Ks(p1,n1), P(p2,n2))

Requires: A cone Ks5(pi,n;) and a plane P(ps,ns)
Returns: A conic E(pa, My,)

1: a+— Mp,e;
2: b+ Mn262
3:a+ 1—(1+6%)(a,n;)?
4: b—1—(1+62)(b,n;)?
50 f — —(146%)(a,n;)(b,ny)
6: [ — (p2 — p1,a) — (1 4+ 6%)(p2 — p1,n1)(a,ny)
7. m — (pz — p1,b) — (1+ 6%)(p2 — p1,11)(b,ny)
8 d <« |p2 — p1ll* — (1 +6°)(p2 — p1,11)?
a [ 1
9: B «+— f b m
I m d

10: return E(p2, My,)
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q
d
P2e
Figure 4.2: Intersecting a circle with a line Figure 4.3: Intersecting two circles

4.2 Lower Dimensional Intersections

In this section we consider intersections of conics. This presumes that both conics to be examined
have to share the same plane. This is already prepared by our algorithms, for example: We intersect
a circle C' = Cg(p1,n1) with a cone K = K;5(p2,nz). Therefore we first intersect the cone K with
the plane P = P(p1,1n1) the circle C is embedded in, resulting in a conic E. Then we intersect
this conic F with the circle C, knowing that both lie in the same plane. The remaining problem is,
that both C and E have their own local coordinate system on P. So intersecting conics requires a
coordinate transformation at first. This will be discussed in the following.

4.2.1 Circle-Line Intersection

Given a circle C = Cs(p1,n) and a line L = L(pz,d). We presume both objects to lie in the same
plane, i.e.
(n,d)=0 and (p2—p1,n)=0.

From Figure 4.2 we follow

<p1 - p27d> d

a=py+ T
d]] d]]
= [lp1 —a
_ l(p1 — p2) x d||

d]]

If b < S, there is no intersection. In case of equality we get a single touching point a. Otherwise
we get two intersection points

1
q=p2+w[<p1 — p2.d) = Vd|d
with
d=g*d|”> - ||(p1 — p2) x d||*.
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4.2.2 Circle-Circle Intersection

Given two circles C1 = Cg(p1,1n1) and Cy = C,(p2,n2). We presume both circles to lie in the
same plane, i.e.
n; xny =0 and (py—pi,n;) =0.

If we additionally have ps = p1, both circles either coincide (G = ), or they are concentric and
thus we have no intersection. So we can assume ps # p;. From Figure 4.3 we follow

y ="+ P2 —palf?

i

2|lp2 — p1l|
ap +p P2TPL
P2 — pull
— X n
g=at ﬁQ—bQ—(pQ P1) L
P2 — p1ll
Together we get the intersection points
3 =7+ |lp2 — pi? vd
q=p1+ P2 —P1)* 55— (P2 —P1) Xm
pa—piP P2 PV g, P2 P
with
d=—[pz = pill> = (B+7)?lp2 = p1[> = (B —)°]-

Depending on d, we get two different intersection points if

18 =91 <lp2 —p1ll < B+
In case of equality of one of the above relations we get one single touching point a. Otherwise

there is no intersection.

4.2.3 Circle-Conic Intersection

Given a circle C = Cg(p1,n1) and a conic E = E(pa, Mz), where E simultaneously denotes the
coefficient matrix of the conic, see Section 2.2.2

a f 1
E=1f b m
I m d

We specify the local coordinate systems of both objects by

M, = M,,,
a; — Miel, = 1,2
bi = Miez, 1= 1,2

n; = Mses,

where M, = (al, by, nl) and My = (ag, bo, n2) denote the orientation matrices of C and

E, respectively. We further presume both objects to lie in the same plane, i.e.
n; Xxny=o0 and (py—pi,n;)=0.

To find the intersection points between two objects, we usually substitute the parameter form of
one object into the implicit equation of the other one, we solve the resulting univariate polynomial
and evaluate the parameter form at the computed roots. But therefor both objects must belong
to the same coordinate system.
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Let a; and b; the two orthogonal unit vectors, building the coordinate system S¢ of the circle
C, see Figure 4.4. A point x = (x,y,2) € V? in the plane P(p1,n;) can then be expressed by

X = p1 + ua; + vby
with x’ = (u,v) € V2. We can derive x’ from

i
v | = Ml_l(x— p1),
0

see Section 2.2.2. Analogue, let as and by build the local coordinate system Sg for the conic E.
Then we can determine aj, b}, and p’ in the coordinate system S¢ of the circle by neglecting the
last coordinate of M, 'ay, M; 'by and M; !(ps — p1), respectively.

We determine the transformation A from S¢ to Sg, represented by its homogeneous transfor-
mation matrix. A point xg in coordinate system Sg can then be expressed by a point x¢ in
coordinate system S¢, where xo = Axg. For a point xg lying on conic E it holds

0=xLExp = (A '%0)TB(A '%¢) = xcT(A"TEA Y%,

Thus the conic F in coordinate system Sg is also represented by a conic B/ = A“TEA~! in
coordinate system Sc.

To determine the transformation A consider Figure 4.4(b). A consists of a rotational and a
translational part. We write

A:(R p’) with RZ(COS(Z) sinqb).
0 1 sing cos¢

The inverse transformation computes then to

Afl _ RT _RTp/
0 1 '

We can avoid the computation of the angle ¢, since we derive directly

cos ¢ = (af,ah) = (aj, as),
sing = —cosf = —(ay, by).

Once we have determined conic E’ in the coordinate system of the circle C, we substitute the
implicit polynomial equation of E’ into the parameter form of C, yielding

f(t) = C4t4 + Cgts + Cgtz + Clt + Co (41)
with

ca=dp?=2p+d,

c3 = —4f'3% +4m'B,

co = —2d' 3% 4+ 4V 3% + 2d',

c1 = 4f'5% +4m'B,

co=ap+2A'3+d.
A root ty of this quartic polynomial corresponds to an intersection point qg between C and E’,
which can be computed by evaluating the parameter form of C' at fy3. Since there are at most

four different roots, the intersection between a circle and a conic can have up to four intersection
points. Furthermore we can state that singular intersection points or touching points correspond
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<

(a) Circle and conic in real affine space (b) Circle and conic in circle’s coordinate system

Figure 4.4: Circle-conic intersection

to roots with higher multiplicity. To determine the complexity of singular points, we consider the
following:

Let f be a polynomial with deg(f) < 4 and a root tg with multiplicity of at least two. Then we
can write f = ¢g¥ - h with g(tg) = 0, deg(g) > 1 and k > 2. It follows immediately that deg(g) < 2.
That means for the root to that we can represent it by an one-root number. If f has another root
t1 with higher multiplicity, we distinguish between two cases: Firstly ¢; is also a root of g. Then
both roots lie in the same extension field, see Algorithm 12. Otherwise ¢; must be a root of h and
f decomposes into f = g%-h?. Then g and h are linear terms and therewith ¢y and ¢; are rational.

To find all roots of a quartic polynomial f, we first factorise f into

n
F=11d"
=1

with Yun’s square-free factorisation algorithm, see [74]. Then the roots of the factors g; with
multiplicity k; > 2 can be computed by a quadratic formula. The remaining roots can be found
by a root isolation algorithm like Descartes’ rule of signs, see [40]. We assume in our algorithms
that the two predicates SquarefreeFactorisation and RootIsolator are available. Moreover we
presume that the roots, returned by RootIsolator, are given as AlgebraicReal numbers, ordered
by their respective intervals.

Asimplied in Section 2.2.2, we cannot evaluate the parameter form of a circle at infinity. Thus we
will eventually miss intersections. Going over to homogeneous coordinates, equation (4.1) becomes

Ft,w) = cat* + est®>w + cot?w? + crtw® + cow™.
A point at infinity can be represented by to, = (7,0) € P with v # 0. So ¢4 = 0 is equivalent to an
intersection at point (—f3,0) € V2. Is even c3 = 0, f has a root at infinity with higher multiplicity
and thus the intersection at (—(,0) is tangential.
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Algorithm 10 CircleLineIntersection(Cs(p1,n), L(p2,d))

Requires: A circles Cs(p1,n) and a line L(pg, d)
Returns: A set of intersection points {q}

1: if (n,d) = 0 and (ps — p1,n) = 0 then

22 c—|d]?

3 d— % —|(p1 — p2) x n|?

4: if d =0 then
5: return {ps + &d}

6: else if d > 0 then

7 a « py + P1=P2d) de)d
8 b — fd

9 return {a+b,a—b}
10: end if
11: end if

Algorithm 11 CircleCircleIntersection(Cg(p1,n1), Cy(p2,n2))

Requires: Two circles Cg(p1,n1) and C,(p2,n2)
Returns: A set of intersection points {q}
1: if n; x np = o and (pz — p1,n;) = 0 then
2 ce[p2—pif?
3 de——[c—(B+7)c—(8-7)?
4: if d =0 then .
5: return {p; + 25 1 ¢(p, — p1)}
6: elseif d >0 then
7 a— py + Lt 7+C(p2—p1)
8 b<—7\/E(P2—I)1)><H1
9 return {a+ b,a— b}
10:  end if
11: end if

Algorithm 12 SolveQuadratic(f)

Requires: A polynomial f = cot? 4+ c1t + ¢
Returns: A set of roots {t}
1: if ¢o # 0 then
2. d— c? — 4deacy
3 if d =0 then
4 return {— 262}
5: else if d > 0 then
6 return {7%77%}
7 end if
8: else if ¢; # 0 then
9: return {—;—‘1]}
10: end if
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Algorithm 13 SolveQuartic(f)

Requires: A polynomial f with deg(f) <4

Returns: A set of simple roots {ts} and a set of roots with higher multiplicity {t4}
1: {(g:,k;)} < SquarefreeFactorisation(f)
2: for all i do

3: if k; =1 then

4: {ts} < RootIsolator(y;)

5:  else

6: {ta} < SolveQuadratic(yg;)
7. end if

8: end for

9: return {t.}, {tq}

Algorithm 14 CircleConicIntersection(Cs(p1,n1), E(p2, M2))

Requires: A circle C' = C3(p1,1n1) and a conic E(pa, Ma)
Returns: A set of regular intersection points {q,} and a set of singular intersection points {qs}
1: if n; x (Mse3) = o and (ps — p1,n;) = 0 then

2: a; «— Mnlel

3 pe— M '(p2—p1)

4: ¢y — (ar, Mreq)

5: Sp — —<31,M262>
C¢ —S¢ Px

6: A ss cp Py
0 0 1

7 E — ATEpA™!

8 ¢ (1—122t,1+1¢?)

9:  f«cE'cT

10:  {ts},{ta} < SolveQuartic(f)

11:  for allt € {t;} do

12: {a,} < IntersectionPoint (¢, Pc)
13:  end for

14:  for all ¢t € {t4} do

15: {qs} < IntersectionPoint(¢,Pc)
16: end for

17:  if coeff(f,4) =0 then

18: if coeff(f,3) =0 then

19: {qs} < IntersectionPoint(co,P¢)
20: else

21: {a,} < IntersectionPoint (oo, P¢)
22: end if

23:  end if

24: end if

25: return {qr }, {qS}
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4.3 Torus Involved Intersections

As we see in Table 2.2, there is a type of intersections involving a torus and a lower dimensional
object like a point, a line or a circle. We will see that, although a torus is an algebraic surface with a
higher degree than a quadric, we can even here reduce these intersections to solving an univariate
polynomial of degree four at most. Similar to previous algorithms a set of regular respective
singular intersection points will be returned. The only exception are torus-point intersections.
Here we just can determine the region where the given point is lying in.

All the following algorithms assume that the torus lies in canonical position.

4.3.1 Torus-Point Intersection

Given a torus T' = T, g(0, e3) and a point p. The torus subdivides the space into three regions T
T_ and T}, see Section 2.2, where

e p € T means, p lies on the surface,
e p € T_ means, p lies inside the torus,
e p € T, means, p lies outside the torus.

We determine the region p is lying in by evaluating the algebraic function of the torus at the point
p. Computing the sign of fr(p), the values of —1,0,1 are equivalent to p lies inside, on or outside
T, respectively.

4.3.2 Torus-Line Intersection

Given a torus T = T, g(0,e3) and a line L = L(p,d). Substituting the parameter form of L into
the implicit algebraic equation of T yields

f(t) = C4t4 + CgtS + Cgt2 +cit + g
with

ca =[],

¢z = 4/d|*(p, d),

co =2|[d|*([pl* + R* — %) + 4(p,d)* — 4R*(d2 + d),
c1 = 4(p, d)([p* + R? — 1*) = 8R*(pody + pydy),

co = (Ipll* + R* —1*)* — 4R*(p} + p3).

Analogue to previous sections we solve the polynomial and save the intersection points as pairs of
a root and a parameter form.

4.3.3 Torus-Circle Intersection

Given a torus T = T, r(0,e3) and a circle C = Cg(p,n). Again we perform two steps: First we
intersect T with the plane P = P(p,n) the circle is embedded in. This results in a planar algebraic
curve of degree four. Then we intersect this algebraic curve with C' and gain the intersection
points we are looking for. According to Bezout’s theorem, the second step might yield up to
eight intersection points. However, we will show that the problem reduces to a quartic univariate
polynomial and we just get up to four solutions, compare also [46].

To compute the intersection between T and P, we substitute the parameter form of P into the
implicit algebraic function fr (2.5) of T. Therefore we determine two orthogonal unit vectors lying
in P, e.g. the first two columns of the matrix My, see (2.1), and denote these with a and b. The
parameter form of P then becomes

P(u,v) = p + ua+ vb.
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Substituting into fr yields

fr(P(u,v)) = [u2+v2—|—2u<p, a)+2v(p, b>+||pH2+R2—r2] 2_AR? [(pw—l—uaw—i—va)2—|—(py+uay+vby)2] .

Expanding this yields a quartic bivariate polynomial. However, we can simplify the polynomial by
substituting
uw+0P—p2=0

which comes from the implicit form of the circle C. Therewith we gain

fr(P(u,v)) = au® + bv* + 2 fuv + 2lu + 2mv + d

with
a = 4(p,a) — 4R*(a? + afj),
b= 4(p,b) — 4R*(b2 +b7),
f=4(p,a)(p,b) — 4R*(azb, + ayby),
I =2(p,a)(|lp||* + 6 + R* — r?) — 4R*(p,a. + pyay),
m = 2(p,b)([p[|* + 82 + R? — %) — 4R* (psbs + pyby),
d=(|lp|*+ 8% + R* = r?)* — 4R*(p} + p}).

This corresponds to a conic E. Thus we can use the algorithm CircleConicIntersection to
compute the intersection points between E and C| corresponding to the intersection points between
T and C.

4.4 Torus-Simple Surface Intersections

This section considers the intersections between a torus and a simple surface like plane, sphere,
cylinder, cone, or another torus. Thereby we restrict ourselves to the computations of singularities
and regular initial starting points for each intersection curve component. We stay close to Kim’s
configuration space approach [46] and since our higher level algorithms are based on his results,
we omit to reinvestigate the categorisation of topologically different types of intersection curves.
Instead we concentrate on the feasibility of all necessary computations with exact arithmetic. We
will see that this is possible with some additional effort, gaining exact and simply representable
results.

Furthermore we assume that algorithms to compute conic section are available, see Chapter
3. We denote them by ComputeProfileCircles, ComputeCrossSectionalCircles and Compute-
VillarceauCircles, where a torus and a simple surface are given as parameters and a set of
circles, which may be empty, is returned.
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Algorithm 15 TorusPointIntersection(7), r(0,e3),p)

Requires: A torus T, r(o,e3) with algebraic function fr(x) and a point p
—1, plies inside T’
Returns: 0, pliesonT
1, p lies outside T'
1: return sign(fr(p))

Algorithm 16 TorusLineIntersection(7; r(0,es), L(p,d))

Requires: A torus T, r(o,e3) and a line L = L(p,d)
Returns: A set of regular intersection points {q,} and a set of singular intersection points {qs}
o p?

b |d|f?

¢+ (p,d)

d—a+R?>—1r?

cq — b?

c3 < 4bc

¢y 2bd + 4¢* — AR (d2 + d2)

c1 « 4ed — 8R%(pydy + pydy)

co — d* — 4R*(p} +p})

{ts}, {ta} < SolveQuartic(ct* + c3t® + cat? + c1t + o)
: for all ¢t € {t;} do

{q,} < IntersectionPoint(¢,P)

: end for

: for all ¢t € {t;} do

{as} < IntersectionPoint(¢,Pr)

: end for

: return {q,},{qs}

e e e
N O U W PO

Algorithm 17 TorusCirclelIntersection(7, r(o,e3), Cs(p,n))

Requires: A torus T, r(o0,e3) and a circle C' = Cg(p,n)
Returns: A set of regular intersection points {q,} and a set of singular intersection points {qs}

Lo ||p|?

2: 7 — (p, Mney)

3: § «— (p, Mpes)

4: € —a+ %+ R? —r?

5. a— 4y —4R*(a} +a)

6: b — 46 — 4R*(b2 + b2)

7. f — 4v6 — 4R?(azb, + ayby)

8: |« 2ve — 4R?(pya, + pyay)

9: m « 25€ — 4R*(pyby + pyby)

10: d — €% — 4R*(p2 + p?)
a f 1

11: E— E(p,My)withE=|f b m
I m d

12: {q,},{qs} + CircleConicIntersection(C, F)
13: return {qr},{qs}
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4.4.1 Torus-Plane Intersection

Given a torus T = T, g(0,e3) and a plane P = P(p,n). Following Kim’s C-space approach we
consider the torus as the envelope surface of a moving ball along a circular trajectory and the plane
as an obstacle. The trajectory is precisely the main circle Cr = Cg(0,e3) of the torus T. The
obstacle is bounded by two offsets P° and P! of the plane P, where

P° = P(p+rn,n) and P!=P(p—rn,n),

i.e. the obstacle becomes P9 N Pi, where P_ and P, denotes the negative and positive halfspace
of P, respectively, see Section 2.2.
The C-space approach prescribes the following:

1. Intersect the trajectory Cr with the obstacle P9 N P1.

2. Each connected component in C-space corresponds to a connected intersection curve compo-
nent in affine space.

3. For each connected circle arc C' in Cr N PP N Pfr do:

a. Determine a representative point p on C' (prefer tangential intersection points).
b. Intersect the plane P with the cross-sectional circle C). of T with centre p.

c. Save the intersection points q; of PN, as initial starting points for the corresponding
intersection curve component.

In step 3.a we prefer tangential intersection points p since in that case q; are singular points and
the corresponding intersection curve components, which can be traced from the points q;, are
singular as well. For more details we refer to [46].

In case of a regular circle arc C without any tangential intersection point we need to determine a
point p on C such that we can guarantee that the cross-sectional circle C. with centre p intersects
with the plane P. So let C(t) be a regular circle arc of C'g with a rational parametrisation and end
points a = C(¢1) and b = C(t2). Then the balls B,.(a) and B,.(b) touch the plane P in two points
a’ and b’ which are precisely the projections of a and b onto the plane P under the direction of
the normal n. From Kim [46] we know that the intersection curve component 7, corresponding to
C(t), consists of a closed loop. Points on this loop result from the intersection of cross-sectional
circles between a and b with the plane P, i.e.

v = U {C,'(O(t),nc(t)) N P} with t; <t; <ty <ty and No) = %(C(t) X e3).
&1t in
The relation ¢; <ito means that the circle arc starts with point C(¢;), continues in counter clockwise
direction and ends with point C(t2), even if ¢; > to. In this case the circle arc passes the point
C(00) where a sign change in the parameter happens.
Since a’ and b’ lie inside the area of P, surrounded by the intersection curve v, there are t; and
t, such that

oty Aty <t) Ath <ty <ty
e a' € P(C(t)),no())s
e b e P(C(té),nc(té)).

This means we can choose any arbitrary to with ¢t} <1 tg < t}, and we can be sure that the cross-
sectional circle C,.(C(to), ne(4,)) will intersect with the plane P at two different intersection points.
The problem is to determine the parameters ¢) and t).

A point x € V(K )? on the xy-plane can be written as

1—t2
1+¢2

_ ./ 2t
= Vet +y? |

0

o w B
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If we want to solve for the parameter ¢, we must consider two cases:

e y = 0: Depending on the sign of x we conclude

0, z>0
to =
oo, x<0.
Technically we represent infinity by setting a flag connected to a variable. Working with
homogeneous parameters t = (¢, w), this is equivalent to w = 0.

y # 0: The explicit solution becomes

—x+ /2% +y?
tO = )
Yy
which corresponds to a root of the polynomial f(t) = 2+ 24t—1. From the constant term of
f we follow, that f has always one positive and one negative root. Geometrically this means
that the points on a circle, represented by these roots, lie on the same line going through the
origin. Depending on the sign of 4y we choose the right root.

Although we have an exact representation of the parameter ¢, we prefer the representation as

algebraic real due to generality. We will see later that end points of a circle arc may be defined by
either parameters of more complex number types or elements of vector spaces over algebraically
extended fields. Nevertheless we want to choose a rational number inside an interval bounded by
more complex number types to simplify further computations. Algebraic reals are the most general
number type for this occasion. Since this is a quasi inverse tangent computation, we name the
predicate to compute the circle parameter to a given point atan, see Algorithm 18.

Algorithm 18 atan(x)

Requires: x = (z,y,2) € V(K)? with 22 + 3> #0
Returns: The corresponding circle parameter ¢t € K U {oo}

e e
L e =

Sy < sign(x)

sy — sign(y)
if s, =0 then

if s, =1 then
return 0
else

return oo
end if

else

if s, =0 then
return s,
end if
[t1,t2] < RootIsolator(t? + 20t —1)
if s, =1 then
return to
else
return t;
end if

: end if

It will also happen that the point x consists of a more complex number type, e.g. one-root

numbers. Let us denote the first two components of x by z = z¢ + z1/c and y = yo + y1/¢
with some ¢ € KT. In this case we represent the parameter ¢ by a suitable root of the quartic
polynomial

_ 2 2 _
Ft) =t 4 4200 " TG ys | g 70 T TIC g2 g TOY0 T TUIC, |
2 2 2 2 2 2
Yo — Yic Yo — Yic Yo — Yi¢
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The roots of f have the form

—z+ /22 +y? — \/1:2—|—y —xo+x1\f—|—\/x2+y —x0+x1\f Var+y?
y ’ Yo — y1v/e Yo — y1v/c ’

where the product of the first pair of roots as well as the product of the latter two roots equals to —1.
So again we have pairs of roots representing two points in opposite direction, and we follow that we
always have two positive and two negative roots. Depending on the sign of y we distinguish them,
since in case of y > 0 only the positive roots are relevant, in case of y < 0 analogously the negative
ones. Solving f with a RootIsolator we get four algebraic reals t1,ts,%3,%4 in increasing order.
Each algebraic real t; consists of the defining polynomial f and an enclosing interval I; = [l;, u;]
for i = 1,2,3,4. Furthermore we know that

U1+12

us + 1
t<up < <l <ty<0<ty<uz< ——2 <, <ty

In the case of y > 0 let p = (cos(m),sin(m),0) with m = “3+l4. If & < pz then t4 is the root
corresponding to x, otherwise it is ¢3. In the case of y < 0 we compute p = (cos(m),sin(m),0)
with m = WTM and take root tg if % < i " otherwise we take t;. For a summary see Algorithm
19.

Let t;,7 = 1,2, be two algebraic reals defined by polynomials f; and enclosing intervals I; =
[l;,u;]. To determine a rational parameter ¢ with ¢; <t <ty we first have to ensure that the
intervals do not overlap. We refine both intervals until either uy < Iy or Iy > uy. This is done in
the less predicate, see Algorithm 2. In the latter case we simply set t = co. Otherwise we may
set t = “1312, see Algorithm 20.

Our algorithm TorusPlaneIntersection, see Algorithm 22, is strictly based on [46]. Summaris-
ing the results we have the following case analysis for the intersection of the circle Cr with the
offset surfaces P and P!:

1. CrCc P9n Pfr, i.e. the circle Cg lies completely inside the obstacle:

a. Cr and P are coplanar: The TPI curve consists of two profile circles (Figure 3.3(a)).

b. Otherwise: The TPI curve consists of two regular closed loops. Starting points can be
found by intersecting P with any arbitrary cross-sectional circle of T' (Figure 4.5(a)).

2. Cg intersects tangentially with both P© and P!: The TPI curve consists of two Villarceau
circles (Figure 3.3(c)).

3. Cp intersects tangentially with either P© or P': The TPI curve is a singular curve with one
singular point qs (Figure 4.5(b)).

4. Cpg intersects with either P® or P! at two regular points, i.e. there is one circular arc C
inside the obstacle: The TPI curve consists of one regular closed loop. Starting points can
be found by intersecting P with a suitable cross-sectional circle of T', which lies on C' (Figure

4.5(c)).

5. Cg intersects with both P° and P! at two regular points each, i.e. there are two circular
arcs (7 and C5 inside the obstacle:

a. P splits T vertically in exact two halves: The TPI curve consists of two cross-sectional
circles (Figure 3.3(b)).
b. Otherwise: The TPI curve consists of two regular closed loops. Starting points can be
found by intersecting P with any arbitrary profile circle of T' (Figure 4.5(d)).
6. Cgr C Pf UP!, i.e. the circle Cg lies completely outside the obstacle: There is no intersection.

Consider case 3 and let C'r intersect tangentially with P at a point q. To determine the
singular point qs; we make use of the following lemma, which generalises tangential intersections
between arbitrary objects:
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Definition 1. Given a differentiable space curve a : R — R® and a radius r. Then we call
F =9( B, (a(t))) the envelope surface of a moving ball with radius v along the space curve a(t).
We call further a(t) the trajectory of F and C.(p,n) with p = a(ty) and n x a(tg) = 0 the
cross-sectional circle of F at point p.

Lemma 1. a) Given a surface F with trajectory a(t) and another surface G with an offset surface
O, which evolves by offsetting surface G about a given distance r. Let a(ty) be an intersection
point between the trajectory a(t) of F and the offset surface O of G. Then the ball B.(a(ty)) has
tangential intersections q with surface G.

b) If a(ty) is a tangential intersection, all tangential intersections q with surface G lie on the
cross-sectional circle C' of F at point a(tg).

Proof. a) Since a(tg) € O there must be a q € G with ||g —a(to)|| = and VG|q X (q—a(tp)) =0
(q is the orthogonal projection of a(ty) onto G). Since VB, |p X (p—a(tp)) = 0 and ||p—a(t)|| = r
for all p € B, we have q € B, N G with VG|q x VB,|q =0.

b) Since q is the orthogonal projection of a(tp) onto G and O is the offset surface of G we have
VGlq x VOl|ag,) = 0. Since a(tg) is a tangential intersection we have

0= (a(to), VOla(to)) = (alto), VGlq) = (alto), VB:|q) = (a(to), a — alto))-
So q lies in the normal plane of a(ty) and so we have q € C. O

Now we can directly follow, that the singular point q; is the orthogonal projection of the tangen-
tial intersection point q onto the plane P. Depending on the offset surface involved, it computes
to

) q—rn, qe Crn PO
s q+m™m, qeCrnP!

To shorten the algorithm TorusPlaneIntersection we combine a plane-plane intersection with
a circle-line intersection to a new algorithm CirclePlaneIntersection.
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Algorithm 19 atan(x)

Requires: x = (z,y,2) € V(K (/¢))? with 2° +y* # 0 and = = x9 + £1/¢,y = yo + y1V/¢
Returns: The corresponding circle parameter ¢t € K U {oo}

1: 8, < sign(x)
2: sy < sign(y)
3: if Sy = 0 then

4: if s, =1 then

5: return 0

6: else

7: return oo

8: end if

9: else

10 if s, = 0 then

11: return s,

12:  end if

13:  a+«— %

14:  if sign(a;) =0 then
15: return atan(sg|ao|, sy)
16: end if

17 b a%—air

18: if b =0 then

19: return atan(2s;|agl, sy)

20: end if

21:  [t1,t2,t3,t4] < RootIsolator(t? + daght® + (4b — 2)t% — daght + 1)

22:  if 5, =1 then

23: m «— “3T+l4

24: if less(a, %
25: return t4
26: else

27: return i3
28: end if

29:  else

30: m <« ulTJrlz

31: if less(a, 15:7’;2
32: return to
33: else

34: return t;
35: end if

36: end if

37: end if
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Algorithm 20 RationalBetween(i1,t2)

Requires: Two algebraic reals t1,t; € K U {oo} with t; <15
Returns: A rational number t € K U {oo} with ¢; <1t <ty
1: if t; = co then

2: if t5 = co then

3: return oo

4:  else

5: if lower(t2) > 0 then

6: return 0

7 else

8: return lower(tg) — 1
9: end if

10:  end if

11: else

12:  if t9 = co then

13: if upper(t1) < 0 then
14: return 0

15: else

16: return upper(t;)+1
17: end if

18: else

19: if less(t1,?2) then

20: return upper(tl);lower(tg)
21: else

22: return oo

23: end if

24: end if

25: end if

Algorithm 21 CirclePlaneIntersection(Cg(p1,n1), P(p2,ng))

Requires: A circle C = Cg(pi1,n1) and a plane P = P(ps,ns)
Returns: A set of intersection points {q}

1: if ny X ny = o then

2: L < PlanePlaneIntersection(P(p;,n), P)

3: return CirclelLineIntersection(C, L)

4: end if
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Algorithm 22 TorusPlanelIntersection(7), r(o,e3), P(p,n))

Requires: A torus T' =T, r(0,e3) and a plane P = P(p,n)
Returns: A set of conic sections {C'}, a set of regular intersection points {q, } and a set of singular

intersection points {qs}

1: if e3 X n = o then

2: if |p,| < r then

3: return ComputeProfileCircles(T, P)

4:  end if

5: else

6: Cr HCR(O,eg)

7. {q} « CirclePlaneIntersection(Cg, P(p + rn,n))
8:  {q'} « CirclePlaneIntersection(Cg, P(p — 7n, n))
9: if |{q9}| = 0 and |{q’}| = 0 then

10: if (p+rn,n) >0and (p—rn,n) <0 then

11: {q,} < CirclePlaneIntersection(C,(Rej,es3), P)
12: end if

13:  elseif |{q°}| =1 and |{q’'}| = 1 then

14: {C} < ComputeVillarceauCircles(T, P)

15 {as} — {am —rm,q2 +rn}, a1 € {q°}, a2 € {q'}
16: return {C},{qs}

17:  else if |[{q”}| =1 then

18: {q.} —q—m, g€ {q°}

19:  else if [{q’}| = 1 then

200 {a;} —aq+m, qge{q'}

21:  else if [{qY} U{q’}| = 2 then

22: 4 —q — (@ —p,n)n, q; € {q°}U{q’}, i =1,2
23: q — Cr(RationalBetween(atan(q ), atan(qz)))

24: {q,} < CirclePlanelIntersection(C,(Rq,es3 X q), P)
25:  else

26: if (p,n) =0and n, =0 then

27: return ComputeCrossSectionalCircles(T, P)
28: else

29: {q,} <« CirclePlanelIntersection(Cr,(0,e3), P)
30: end if

31:  end if

32: end if

33: return {qT‘ }7 {QS}
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Figure 4.5: Torus-plane intersections
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4.4.2 Torus-Sphere Intersection

Given a torus T = T, r(0,e3) and a sphere S = S5(p). In case of § < r we build the obstacle
from the torus T, bounded by two offset surfaces 7€ = vio.r(0,e3) and T! = T,_5 (o, e3).
The trajectory of the sphere S consists of the point p. Note that, if § = r, it happens that T
degenerates into the main circle Cr = Cr(0,e3) of T. In case of § > r we consider the torus T
as envelope surface of a moving ball with radius r along a trajectory, which consists of the main
circle Cg. The sphere S becomes an obstacle, bounded by two offset surfaces S© = S5, ,.(p) and
S! = Ss_,.(p). In the following we will handle both cases separately, resulting in two algorithms
TorusSpherelIntersectionI and TorusSphereIntersectionII.

Case 6 <r

Although we just consider ring tori in our algorithms, i.e. < R, the offset surface T may become
a horn torus, when r + & = R or even a spindle torus, when r + ¢ > R. The case analysis becomes
more difficult due to the self intersection part of TC. To stay consistent to Kim’s thesis we name
this self intersection part T'P. In addition we denote the vertices of TP by q = (0,0, 2*) with
2zt = 4./(r 4+ 6)2 — R2. In case of 7+§ = R the vertices degenerates into one single point q = o.
To distinguish the part TP from T itself, we notice that a point p lies on TP if and only if p lies
on T9 and ||p|| < z*. Let SP = S.+(0) be the sphere enclosing the part TP. Then we can write

peT? opeT?n(SPUSP) < fro(p) =0A fen(p) <0.

In this way we determine if p is one of the vertices q*, namely if fro(p) = 0 and fgn(p) = 0.

We define TP for the interior region of T and Tf for the exterior region. To specify a condition
for the case p € T”, we notice that the sign of the algebraic function fro changes, passing 7.
So inside the self intersecting part of a spindle torus, the algebraic function is positive. Therefore
we specify a point p € TP by fro(p) > 0 and fgo(p) < 0.

Figure 4.6 shows the partition of a spindle torus into separate regions. Table 4.1 lists all condi-
tions to specify the corresponding region for a given point x. We may use these results even for
ring tori and horn tori if we admit the regions TP, TP and {q*} to be empty.

In the following we summarise Kim'’s results for this case:

1. p is a vertex of TP: The TSI curve consists of one profile circle (Figure 4.9(a)).

2. p € T9: The TSI curve consists of a single touching point q, (Figure 4.9(b)).

3. p € TP: The TSI curve consists of a singular curve with a singular point qs (Figure 4.9(c)).
4. pe T

a. d = r: The TSI curve consists of a cross-sectional circle (Figure 4.9(d)).

b. Otherwise: The TSI curve consists of a single touching point qs (Figure 4.9(e)).

5. peT9n Tfr N Tf: The TSI curve consists of one regular closed loop. Starting points can
be found by intersecting S with a suitable cross-sectional circle of T' (Figure 4.9(f)).

6. peTh:

a. p lies on the z-axis: The TSI curve consists of two profile circles (Figure 3.4(a)).

b. Otherwise: The TSI curve consists of two regular closed loops. Starting points can be
found by intersecting S with any arbitrary cross-sectional circle of T' (Figure 4.9(g)).

7. p€ Tf UTZ: There is no intersection.

Consider case 1. In Figure 4.7(a) we see that all conditions for profile circles are fulfilled, since
Pz = py = 0 and p?+ R? = (§+7)?, see Section 3.3.1. Since we have equality in the latter condition,
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region condition
TI fTI (X) = O
o I D
"N NTy TP fro(x) =0A fsp(x) <0
T° fro(x) =0A fop(x) >0
{¢*) Fro(x) = 0 A fs(x) =0
T! fri(x) <0
T_? fTO (X) >0A st (X) >0
T fro(x) >0A fop(x) <0
TONTENTP | fro(x) <OA fri(x) >0
Figure 4.6: Regions of a spindle torus Table 4.1: Classification of regions of a
(cross-section) spindle torus

the two resulting profile circles coincide to a singular one, where all points of this profile circle are
touching points. We represent this circle by

. R6
Cs(q,e3) with 5:m and q=

s+t

To compute the touching point qs in case 2 consider Figure 4.7(b) where we can see that

R Pz

B,
Vi t+ry |

qs = [rp+da] with a=

r+0

Since fro(p) = 0 we further substitute

2RV p2 +p, = |pl* + R* = (r +6)* = fsn(p) > 0.

So we get for the point a

o2 [P*
a=—— ,
fsp(P) ]Z)y

which even has rational components. Fortunately there is no difference to case 3, since we keep
the right sign using fso(p). In case 4.b, however, the touching point q, computes to

! [ da] with a 217 o
s = rp— wi =
R o+ =07 (2

In case 5 we get a regular closed loop as intersection curve, which is symmetric to the plane P
containing the z-axis and the point p. Therefore the cross-sectional circle of T, which is embedded
in that plane and nearest to .S, intersects with S. Its centre q is that point on the main circle Cg,

which is nearest to p, namely
R

ﬁ(e‘g X p) X es.
Vi + Dy

The normal of the plane P computes then to

1
ng = —

(q x e3) = —=—=(e3 x p).
R Vi +p;
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(a) (b)

Figure 4.7: Tangential intersections between torus and sphere (cross-section)

So the suitable cross-sectional circle, which will be intersected with S, is C,(q,nq). Note that all
computations from this point on will take place in an algebraic extension of the field K, namely
K (v/p2 + p?/) However, due to generic programming we can use the same algorithms for this
intersection.

Case 6 >r

Let Cr = Cg(0,e3) be the main circle and simultaneously the trajectory of the torus 7. Let
further S = Ss5,,.(p) and ST = S5_,.(p) be the offset surfaces of the sphere S. These surfaces
partition the space into five regions: The exterior region Sf, the outer bound of the obstacle S©,
the obstacle itself S N Si, the inner bound S’ and the interior region S’. Depending on the
relative position of the torus T, we may have the following types of intersection curves:

1.
2.
3.

Cr is embedded in S: The TSI curve consists of one profile circle (Figure 4.10(a)).
Cr is embedded in ST: The TSI curve consists of one profile circle (Figure 4.10(b)).
CrcC S9N S_{_, i.e. the circle Cg lies completely inside the obstacle:

a. p2 +p; = 0: The TSI curve consists of two profile circles (Figure 3.4(a)).

b. Otherwise: The TSI curve consists of two regular closed loops. Starting points can be
found by intersecting S with any arbitrary cross-sectional circle of T' (Figure 4.10(c)).

Cr intersects tangentially with both S© and S': The TSI curve consists of two Villarceau
circles (Figure 4.10(d)+3.4(c)).

CR intersects tangentially with either S© or S’: The TSI curve is a singular curve with one
singular point qs (Figure 4.10(e)+(f)).

Cg intersects with either S© or ST at two regular points, i.e. there is one circular arc C
inside the obstacle: The TSI curve consists of one regular closed loop. Starting points can
be found by intersecting S with a suitable cross-sectional circle of T', which lies on C' (Figure
4.10(g)).

Cr intersects with both S© and S! at two regular points each, i.e. there are two circular
arcs C7 and C5 inside the obstacle:

a. p lies in the main plane of T and fulfils the condition ||p||? = R% + r? — §2: The TSI
curve consists of two cross-sectional circles (Figure 3.4(b)).
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b. Otherwise: The TSI curve consists of two regular closed loops. Starting points can be

found by intersecting S with any arbitrary profile circle of 7' (Figure 4.10(h)).
8. Cr C SQUSL i.e. the circle Cp lies completely outside the obstacle: There is no intersection.

In case 1 we have the same constellation as in the former case 1. Again the conditions for profile
circles are fulfilled and we can compute the resulting profile circle in the same way, see Figure
4.7a+4.8. Case 2 is very similar. Here the profile circle is represented by

Cs(q,e3) with ﬂ:R—(s and q=

§—r P

In case 5 we have a tangential intersection point q between the main circle C'z and one of the
offset surfaces of S. From Lemma 1 we know, that in this case we have a singular point qs between
torus 7" and sphere S, namely the orthogonal projection of q onto the surface S. Thus we compute
qs to

s—[6q—rp], qe S’

q :{ sl0a+rp], qes°

As before we get in case 6 an intersection curve symmetric to the plane containing the z-axis
and the point p. However, the centre q of the cross-sectional circle is not necessarily the nearest
point to p, since the radius § may be large enough, such that we should prefer the cross-sectional
circle on the opposite site. To decide which cross-sectional circle we should choose, we check if the
point q lies inside the obstacle, i.e. q € SN Si. In this case it should hold

fso(a)fsr(a) <O0.

Otherwise we take the opposite point, which is simply —q. Note again that the computations
afterwards take place in an algebraic extension field.

Figure 4.8: Tangential intersections between torus and sphere (cross-section)
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Algorithm 23 CircleSphereIntersection(Cg(pi,n), Ss(p2))

Requires: A circle C = Cg(p1,n) and a sphere S = Ss(p2)
Returns: A set of intersection points {q}

1. if (p2 — p1,n) < § then

2: (' <« SpherePlaneIntersection(S, P(p1,n))

3:  return CircleCirclelntersection(C,C’)

4: end if

Algorithm 24 TorusSphereIntersectionI(7} r(o,e3),Ss(p))

Requires: A torus T =T, r(0,e3) and a sphere S = Ss(p) with § <r
Returns: A set of conic sections {C'}, a set of regular intersection points {q, } and a set of singular
intersection points {qs}
so < TorusPointIntersection(7,5(0,€e3),p)
sy < TorusPointIntersection(7,_s(0,e3),p)
a— |pl*+ R?* — (r +9)?
sp < sign(a)
if so =0 then

if sp =0 then

return {C%(ﬁrép,eg)}
else

2
{a.} — 745 [rp + 225 (e3 x p) x €3]

end if
: else if s; = 0 then
if § = r then
return {C,(p, 4 (p x es))}
else

N e
L N T

2
{a:} — 25 [rp — 225 (e3 x p) x es]

end if

else if sp < 0 and s; > 0 then

Ng < ,21,2(e3xp)

19: q «— R(n; X yes)
20:  {q,} < CircleSpherelIntersection(C,(q,ng),S)
21: else if sp > 0 and sp < 0 then

22:  if p? +p32] =0 then

_.
o

— =

—
o

23: return ComputeProfileCircles(T,.S)

24: else

25: {q,} < CircleSphereIntersection(C,(Rej,e3),S)
26:  end if

27: end if

28: return {q,},{qs}

Algorithm 25: TorusSphereIntersectionII(7), r(o,es3),Ss(p))

Requires: A torus T =T, g(0,e3) and a sphere S = S5(p) with § < r
Returns: A set of conic sections {C'}, a set of regular intersection points {q, } and a set of singular
intersection points {qs}
1. if [p,| < 6+ r then
2. C9 « SpherePlanelIntersection(Ssi,(p), P(o,e3))
3. if p2 +p7 > (6+ R)? then
4: return
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5. else if CY = Cg then

6: return {C’%(#p&g)}

7. else

8: {q9} « CircleCircleIntersection(C?, Cg)

9:  end if

10:  if |p,| <46 —r then

11: C! + SpherePlaneIntersection(Ss_,(p), P(o,e3))
12: if R <~ andp}+p. < (y— R)* then

13: return

14: else if C' = Cy then

15: return {C%(ﬁp,eg)}

16: else

17: {q'} « CircleCircleIntersection(C’,Cg)
18: end if

19:  end if
20:  if [{q®}U{q’}| =0 then
21: if R <[ then
22: if p2 +p; = 0 then
23: return ComputeProfileCircles(T,S)
24: else
25: {q,} < CircleSphereIntersection(C,(Rej,e2),S)
26: end if
27: end if

28:  else if [{q”}| = 1 and |{q’}| = 1 then

29: {C} < ComputeVillarceauCircles(T,S)
300 {as} — {557 (0a1 +7p), 515 (6a2 —rp)}, a1 € {a°}, a2 € {d"}
31: return {C},{qs}
32 elseif |{q°}| =1 then
332 {as} — 57(0a+7rp), g € {q}
34:  else if |{q’}| = 1 then
35 {as} — 55:(6a—7rp), a € {q"}
36:  else if [{q°} U{q’}| = 2 then
37: ng — T%(eg X p)
38: q — R(nq x e3)
39: if fso(q)fsr(q) > 0 then
40: q<+<— —q
41: end if
42: {q,} « CircleSphereIntersection(C,(q,ng),S)
43:  else
44; if p. = 0 and p? + p; = R* + 1% — §° then
45: return ComputeCrossSectionalCircles(7,.5)
46: else
47: {q,} < CircleSphereIntersection(Cr,(0,e3),S)
48: end if
49:  end if

50: end if

51: return {q,}, {qs}
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Figure 4.9: Torus-sphere intersections (§ < r)
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(a) (b)

(c) (d)

S
=
=
<

(e)

(h)

Figure 4.10: Torus-sphere intersections (§ < )
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4.4.3 Torus-Cylinder Intersection

Given a torus T = T, g(o,e3) and a cylinder Y = Y5(p,n). In case of 6 > r we consider the
torus T" as envelope surface of a moving ball with radius r along a trajectory, which consists of the
main circle Cgr = Cr(0,e3). The cylinder Y becomes an obstacle, bounded by two offset surfaces
Y? =Ys,,.(p,n)and Y! = Y;5_,.(p,n). Note that, if § = r, it happens that Y/ degenerates into the
line L = L(p,n). In case of § < r we build the obstacle from the torus T', bounded by two offset
surfaces 7O = r+s,r(0,€3) and T = r—s,r(0,e3). The trajectory of the cylinder Y consists
of the line L. In the following we will treat both cases separately, resulting in two algorithms
TorusCylinderIntersectionI and TorusCylinderIntersectionII.

Case 6 >r

The offset surfaces YO and Y! partition the space into five regions: The exterior region Yf,
the outer bound of the obstacle Y©, the obstacle itself Y.© N Yi, the inner bound Y7 and the
interior region Y. Denote the intersections between the trajectory C'z and the closed obstacle

YONY!=2nY)uY©PuYT by circle arcs C; of the circle Cg. A circle arc C; has tangential
intersections with the obstacle, if Cr has tangential intersections with either YO or Y/ or both.
In this case we call C; a singular circle arc, otherwise we call it regular. In case of § = r the
intersections with Y, which becomes geometrically the line L, have always higher multiplicity,
since we keep on treating Y/ as algebraic surface of degree two. Thus the intersections with Y/
counts twice, i.e. if a circle arc C; has k intersections with L, not necessarily tangential, then the
corresponding intersection curve component consists of a singular curve with 2k singular points.
We summarise Kim’s results [46] for torus-cylinder intersections:

1. CrCY9n Yi, i.e. the circle Cg lies completely inside the obstacle:

a. Py = Py = Ny = ny = 0: The TYI curve consists of up to two profile circles (Figure
3.5(a)).
b. Otherwise: The TYI curve consists of two regular closed loops. Starting points can

be found by intersecting Y with any arbitrary cross-sectional circle of T (Figures
4.13(a)+(b)).

2. CRnY°n Yl decomposes into circle arcs C;:

a. 8 < rand C; has k tangential intersections with Y?UY!: The corresponding TYI curve
component consists of a singular curve with k singular points (Figures 4.13(c)+(d)).

b. § = r and C; has k intersections with Y and m tangential intersections with Y©: The
corresponding TYT curve component consists of a singular curve with 2k + m singular
points (Figure 4.13(e)).

c. C; has regular intersections with Y© UY!: The corresponding TYI curve component

consists of one regular closed loop. Starting points can be found by intersecting 7" with
a suitable profile line of Y (Figures 4.13(f)-(h)).

3. Cr C YJrO UYZ: There is no intersection.

In our algorithms we will detect any conic sections in advance, so it suffices to consider singular
and regular circle arcs inside the obstacle. The singular arcs are easy to handle, since we just need
to compute the singular points on the corresponding intersection curve component, which become
starting points for the tracing step. To find these singular points, consider Lemma 1 from Section
4.4.1. Let q be a tangential intersection point between the circle arc C; and the obstacle Y N Y_{.
Let further be C, = C,(q,nq) the cross-sectional circle of T' at the point q. Then the lemma
states that the singular intersection points qs between T and Y, which lie on the intersection curve
component corresponding to Cj, are precisely the tangential intersections between C,. and Y. So for
each tangential intersection point on the trajectory Cr we intersect the respective cross-sectional
circle with the cylinder Y and gain the set of all singular intersection points between 7" and Y.
From this we can directly follow a statement about the complexity of singularities.
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Lemma 2. A singularity qs of the intersection curve between a torus and a cylinder can be
represented by two-root numbers, i.e.

q. € VK (Va)(v/B))? with a €K, B € K(Va).

Proof. Intersecting a circle with a torus results in solving a quartic polynomial. According to
the description from above, this has to be done twice, where the roots of the first polynomial
effects the coefficients of the second one. Since singular points computes both times to roots with
higher multiplicity, these roots can be expressed by one-root numbers. So we have to extend the
original field twice by square root expressions, where the second root is an element of the first field
extension. O

In Sections 4.4.1 and 4.4.2 we have already seen, that singularities in TPI and TSI curves are
even rational. The general procedure to compute singular points in TKI and TTI curves is similar
to this section. Thus we can widen the statement of Lemma 2 onto singularities of any torus-simple
surface intersection.

We now concentrate on regular circle arcs. First of all we have to identify such arcs, since all
we know are the regular and tangential intersections of the trajectory C'r with the offset surfaces
Y© and Y. Therefore we first sort the intersection points along the trajectory, consider pairs of
adjacent regular points and check, whether an arbitrary point between two points lies inside or
outside the obstacle. In details:

1. Intersect the main plane P = P(o,e3) of the torus 7' with the offset surfaces Y© and Y/ of
the cylinder Y, resulting in two conics E¢ and E.

2. Intersect the trajectory C'r of T with both conics E€ and E!, resulting in a set of regular
intersection points {q,} and a set of singular intersection points {qs}. For each point keep
the corresponding offset surface in mind.

3. Sort all intersection points along the trajectory according to their parameter ¢ in increas-
ing order (remember that all points of circle-conic intersections are represented by the
IntersectionPoint data type, see Section 2.4.3). Keep in mind whether the points are
singular or regular.

4. For each pair of adjacent regular points q; and qo with respective circle parameters ¢; and

t2 and common homogeneous transformation 9 (since both points belong to the same circle)
do:

a. If q; and g2 come from intersections with different surfaces, then the circle arc, bounded
by qi1 and qo, is regular and lies inside the obstacle.

b. Otherwise compute the midpoint q,, = dehom(‘ﬁ(w)).

c. Check if q,, lies inside the obstacle, i.e. fyo(qm,) <0 and fyr(qm,) > 0.

d. If q,, passes the test, then the circle arc, bounded by q; and qo, is regular and lies
inside the obstacle.

Note that in step 3 we need the functionality of comparing parameters in form of algebraic reals
and one-root numbers. The algebraic reals come from regular intersection points, the one-root
numbers come from singular ones. Comparisons among themselves are provided, see Section 2.4.1.
To compare an algebraic real a with an one-root number 3, we first refine o until 3 lies outside
the isolating interval of a. Then we compare 3 with the boundary of the isolating interval, which
are rational numbers.

Once we found all regular circle arcs inside the obstacle, we need to compute a regular starting
point on each corresponding intersection curve component. Therefor we consider the projection of
the whole scene onto the main plane P = P(p,n) of the cylinder Y, such that ¥ becomes a circle
Cs = Cs(p,n) and the trajectory Cg of the torus T becomes an ellipse E, see Figure 4.11.

Let C(t) be a regular circle arc of Cr with endpoints a; = C(¢;) and ay = C(t3). We assume
t1 < tg, i.e. the circle arc is oriented counter clockwise, seen in direction of the negative z-axis.
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Figure 4.11: Projection onto the main plane Figure 4.12: Finding a rational point on a
of the cylinder circle arc

Then C(t) is the corresponding connected component of E with endpoints aj and a}. As we saw
in Lemma 1, the intersection point of a ball at an endpoint a;, ¢ = 1,2 with cylinder Y is precisely
the orthogonal projection of a; onto Y. Denote these points by b; and the projection onto P by
b}. Then p, a; and b, are collinear. Furthermore the balls B,.(C(t)) for ¢; <t < t2 become disks
on P and each disk D, (C(t)") intersects with Cs. Since C(t)’ is continuous we have a connected
circle arc

Co= U @nD.c))=Csn( J DA(CE))).

11 <t t2 t1 <t ]t

So each profile line of Y, going through a point on Cj, intersects with T" and we can use at least
two of the resulting intersection points as initial starting points for the corresponding intersection
curve component. In the tracing step we will automatically eliminate redundant regular starting
points, thus we may add all intersection points to the set of regular starting points.

The last problem we need to solve is, that we cannot evaluate the endpoints a; and as of the
regular circle arc C(t) exactly, since the respective parameters t; and ty are algebraic reals in
general. By merging the intersections of both offset surfaces, we can not even guarantee that the
respective enclosing intervals Iy = [l1, u1] and Iy = [l3, us] do not overlap. Thus we first refine both
intervals until they become disjoint. Then it holds t; <wuy <ls <t5. Since u; and lo are rational we
can now evaluate ¢; = C(uy) and cg = C(lz). Therewith we shortened the circle arc C'(¢). Denote
the projections of the new endpoints onto P by ¢} for i = 1,2, then we can compute the respective
parameters for the circle Cs by #; = atan(c}), which are again algebraic reals, see Figure 4.12.
Doing the same as before, i.e. isolating the enclosing intervals, computing a rational parameter ¢
in between by the Algorithm RationalBetween and evaluating Cy at this parameter, we finally
gain a rational point g, which lies on the circle arc Cy. Additionally we know, that a profile line of
Y, going through q, intersects at least twice with the corresponding intersection curve component.

Depending on the relative position of the projected circle E to the centre p of the cylinder’s
main circle Cy, we have to consider four cases:

1. The ellipse E degenerates into a straight line through the origin, i.e. the points p, ¢} and
¢}, are collinear and we cannot generally find a rational parameter ¢ between t; and t5. This
case should be intercepted in advance.

2. t; = 1o, i.e. p, ¢} and ¢} are collinear again, but here we can choose any other rational point
on the circle arc C(t) as new endpoint, e.g. the midpoint c,, = C(*1}2), since in contrast

to the first case, we know that f,, = atan(c/,) # &;, i = 1,2.
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3. The point p lies inside E, i.e. we have always ¢, # 5. If E and Cs have the same orientation,
we have t; <9, otherwise we just swap t; with t,.

4. The point p lies outside E and we have f; # 5. Then we know that the angle between the
endpoints of the circle arc Cj is less than 7. If (n x (¢} — p), c5 —p) > 0 then we have t; <ts,
otherwise we swap again.

Case 1 can be handled by intersecting the torus T with two profile lines of the cylinder Y,
lying in the main plane of T. These lines split the intersection curve into two symmetric halves,
one at the upper part on the torus and one at the lower part. The other cases are summarised
in the Algorithm RationalBetweenProjectedCircle, which computes the rational parameter £,
discussed above.

Algorithm 28 computes conic sections and starting points for a torus-cylinder intersection. In
the first part (up to line 13) we detect and compute conic sections. In the case of cross-sectional
circles and Villarceau circles we additionally specify all singular points on the curve. Then we
compute all intersections of the main circle Cr with the offset surfaces Y© and Y. In the part
from line 19 we handle the case where Cp lies completely inside the obstacle. Lines 25ff computes
all singular points from the tangential intersections between C'g and the offset surfaces. In line 30
we construct all regular circle arcs inside the obstacle as described above. Due to the readability
of this algorithm and the following ones we omit going into details.

The next part handles the case where the projection of the main circle Cr onto the main plane of
the cylinder Y would result in a degenerate line through the origin, see above. The last part from
line 34 computes starting points on regular intersection curve components. Therefor we transform
the main circle Cr of the torus T into the local coordinate system of the cylinder Y. For each
regular circle arc C; with endpoints in form of circle parameters t1,t2 we find a rational point q on
the main circle Cs of the cylinder. Finally we intersect the profile line of Y, going through q, with
the torus T to compute the starting points on the corresponding intersection curve component.
Although we may get more than one point, we save all points, since it would be too expensive
to decide which point belongs to the intersection curve component. Anyway, redundant starting
points will be detected and deleted during the tracing step later on.

Case 6 <r

In this case we consider the torus T' = T, r(0,e3) as an obstacle, bounded by two offset surfaces
T? = T,isr(0,e3) and TT = T,_s5r(0,e3). In case of a self intersection of T, i.e. when
r 4+ 0 > R, we denote the self intersection part by TP, see Section 4.4.2. The trajectory of the
cylinder Y = Y5(p,n) consists of the line L = L(p,n). We have an intersection between T and Y,
if and only if L intersects with the obstacle T9 NTL. Let L, = LNT2 N T denote the connected
line segments of L inside the obstacle. Depending on the position of each line segment L; we may
have the following cases:

1. L; passes through q* and q~: The TYT curve consists of up to two profile circles (Figure
3.5(a)).

2. L; passes through neither q* nor q—:

a. L; C Tf, i.e. the line segment L; has no intersection with 7'7:

i. L; has no tangential intersection with 7€ U T': The corresponding TYI curve
component consists of one regular closed loop. Starting points can be found by
intersecting Y with a suitable cross-sectional circle of T' (Figures 4.14(a)+(b)).

ii. L; has k tangential intersections with 7€ U T!: The corresponding TYI curve
component consists of a singular curve with k singular points (Figure 4.14(c)).

b. L; N TP # ), i.e. the line segment L; intersects transversely with T7:

i. L; has no tangential intersection with 7¢ U T': The corresponding TYI curve
component consists of two regular closed loops. Starting points can be found by
intersecting Y with any arbitrary cross-sectional circle of T' (Figure 4.14(d)).
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ii. L; has k tangential intersections with T: The corresponding TYI curve component
consists of two singular curves or one regular closed loop and a singular curve with
k singular points. Starting points for the regular closed loop can be found by
intersecting Y with any arbitrary cross-sectional circle of T' (Figures 4.14(e)-(f)).

c. L; intersects tangentially with T7:

i. L; has no tangential intersection with 7"7: The corresponding TYI curve component
consists of a singular curve with one singular point (Figure 4.14(h)).

ii. L; has k tangential intersections with 7"7: The corresponding TYI curve component
consists of a singular curve with k 4 1 singular points (Figure 4.14(i)).

3. L; passes through either q* or q~:
a. L; C Tf:
i. L; has no tangential intersection with 7: The corresponding TYT curve component
consists of a singular curve with two singular points (Figure 4.14(j)).

ii. L; has k tangential intersections with T7: The corresponding TYI curve component
consists of a singular curve with k + 2 singular points.

b. L; N TP +

i. L; has no tangential intersection with 77: The corresponding TYT curve component
consists of two regular closed loops. Starting points can be found by intersecting Y
with any arbitrary cross-sectional circle of T' (Figure 4.14(k)).

ii. L; has k tangential intersections with 7"': The corresponding TYI curve component
consists of one regular closed loop and a singular curve with k singular points.
Starting points for the regular closed loop can be found by intersecting Y with any
arbitrary cross-sectional circle of T.

c. L; intersects tangentially with T'7:

i. L; has no tangential intersection with 7: The corresponding TYT curve component
consists of a singular curve with one singular point (Figure 4.14(1)).

ii. L; has k tangential intersections with 77: The corresponding TYI curve component
consists of a singular curve with k + 1 singular points.

Since singular intersection curve components can be traced from their singular points and these
points can be computed from the tangential intersections between the trajectory L and the offset
surfaces T¢ and T, see lines 10ff in Algorithm 29, we may concentrate on finding starting points
on regular closed loops, see cases 2.a.i, 2.b and 3.b.

Consider a regular connected line segment L; which has no intersection with the self intersecting
part TP of the torus 7. Denote the endpoints of L; by a; = L;(t;) and ay = L;(t2). We know
that L; corresponds to one regular closed loop in the intersection curve. Starting points can be
found by intersecting Y with a suitable cross-sectional circle of T'. Similar to the previous section
we project the scene onto the main plane P = P(o,e3) of the torus T. The line L becomes a line
again or it degenerates into a point, if L is orthogonal to P. The balls Bs(a;) with ¢ = 1,2 intersect
with T" at two touching points b;, which are the projections of the endpoints a; onto the surface
T. Again it is clear, that each triple o,a} and b} for ¢ = 1,2, where a’ denotes the projection of
the point a onto P, are collinear. Furthermore the balls Bs(L;(t)) with t; <t < t5 intersect with
T. Thus we have a circle arc Cy of the main circle C'r of the torus T', bounded by the endpoints
Cr(atan(a;)), where each cross-sectional circle on this circle arc intersects with the cylinder Y. In
the case that the line L crosses the z-axis or L is orthogonal to P, the circle arc Cy degenerates
into a single point g, see line 23. Otherwise we choose q to be a rational point on Cj, depending
on the orientation of the line L relative to the main circle Cr. The suitable cross-sectional circle
becomes then Cy(q, %(e3 x q)). Note that in the degenerate case all further computations take
place in an algebraically extended field.

Consider now a regular connected line segment L; with L; N TP # (), see Figures 4.14(d)+(k).
In this case we have § > R — r and the cylinder Y fills the hole of the torus 7. Thus we have
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two regular closed loops in the intersection curve, corresponding to L;, one at the upper part of
T and one at the lower part. Since both loops surround the hole, we can choose any arbitrary
cross-sectional circle of T to intersect with Y, and it will cross both loops, see lines 14ff.

If additionally L; has tangential intersections with 77, the regular closed loops become singular
curves, see Figures 4.14(e)-(g).

Algorithm 26 RationalBetweenProjectedCircle(Cs(p,n),t1,t2)

Requires: A circle C = Cg(p,n) and two algebraic reals t1,to € K U {oo} with #; <1ty and
respective enclosing intervals Iy = [l1,u;] and Iy = [la, us]
Returns: A rational number t € K U {oco} such that a ray from the origin with direction
(cos(t),sin(t), 0) intersects with the projected circle arc of C, bounded by ¢; and ¢,
while I; NI, # () do
refine(t;)
refine(ts)
end while
¢y « (e3 x C(upper(t1))) X e3
¢y — (e3 x C(lower(t2))) x e3
t; < atan(c))
ty « atan(c))
if (pena + pyny)® +nZ(p2 +p;) < 5° then
if n, > 0 then
return RationalBetween(f,%)
else
return RationalBetween(fs,?)
end if
: end if
:if Ltl = 52 then
C/1 - (e3 « C(upper(tl);lower(tg))) X e3
t; « atan(c})
: end if
. if (n x (¢} — p),ch — p) > 0 then
return RationalBetween(f,s)
: else
return RationalBetween(fy,?;)
: end if

NN N N N R e e e e e e e
B 2o © 0 gk ® o

Algorithm 27 CircleCylinderIntersection(Cg(p1,1n1),Y5(p2,ns))

Requires: A circle C' = Cg(p1,n1) and a cylinder Y = Ys(p2, ns)
Returns: A set of regular intersection points {q,} and a set of singular intersection points {qs}
if (ny,ns) # 0 or (pa — p1,n;) < 0 then
E — CylinderPlaneIntersection(Y, P(p1,n1))
return CircleConicIntersection(C, E)
end if
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Algorithm 28 TorusCylinderIntersectionI(T; g(o,e3),Ys(p,n))

Requires: A torus T' =T, r(0,e3) and a cylinder Y = Y5(p,n) with § > r
Returns: A set of conic sections {C'}, a set of regular intersection points {q, } and a set of singular
intersection points {qs}
1. if p, =py, =n, =ny, =0and |6 — R| < r then
2:  return ComputeProfileCircles(7,Y)
3: else if p, =n, =0and § = r and ||p||? = R? + (p,n)? then
4:  {C} « ComputeCrossSectionalCircles(7,Y)
5. q+p—(p,n)n
6:  {as} < {a+re3 q—res}
7. return {C},{qs}
8: else if § = R and R?>n? = R?> —r? and ||p x n||?> = r? and R?p? = (p,n)?(R? — r?) then
{C} « ComputeVillarceauCircles(7,Y)
10: q+<p-(p,n)n
1 {qs} — {#fq, “q}
12:  return {C},{q,}
13: else
14: Y9 « Y5, (p,n)
15: Y« Y5 . (p,n)
16: Cgr CR(O,eg)
172 {p+},{ps} « CircleCylinderIntersection(Cg,Y?)
18 {p,},{ps} « CircleCylinderIntersection(Cg, V')
19:  if {p,} U{ps} =0 then

20: q <« Re;

21: if fyo(q)fyr(q) <0 then

22: {a,} < CircleCylinderIntersection(C,(q,ez),Y)

23: end if

24:  else

25: for all p; = IntersectionPoint(¢,P) € {p;s} do

26: q < dehom(PB(¢))

27: ng — »(e3 x q)

28: {qs} <+ CircleCylinderIntersection(C,(q,ng),Y)

29: end for

30: {Ci}HCRﬂY,OﬁYi

31: if [{C;}| > 0and p, =n, =0 then

32: {q,} < TorusLineIntersection(7, L(p + d(n x e3),n))
33: {q,} < TorusLineIntersection(7, L(p — d(n x e3),n))
34: else

35: C « Cr(Mg'(~p), M, 'n)

36: for all C; = [t1,t2] € {C;} do

37: q — Cs(RationalBetweenProjectedCircle(C, t1,t2))
38: {q,} < TorusLineIntersection(T, L(p + Mnyq,n))
39: end for

40: end if

41:  end if

42: end if

43: return {Qr }, {qs}
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Algorithm 29 TorusCylinderIntersectionII(7} r(o,es3),Ys(p,n))

Requires: A torus T' =T, g(0,e3) and a cylinder Y = Y5(p,n) with § < r
Returns: A set of conic sections {C'}, a set of regular intersection points {q, } and a set of singular
intersection points {qs}
1. if p, =py, =n, =ny, =0and | — R| <r then

2:  return ComputeProfileCircles(7,Y)

3: else

4: 79 — TT+5’R(O, eg)

5. TT—T._spr(o,es3)

6: L« L(p,n)

7. {p+},{Ps} < TorusLineIntersection(7T?, L)

8 {pr},{ps} < TorusLineIntersection(7T’, L)

9: if {p,} U{ps} # 0 then

10: for all p; = IntersectionPoint(¢,P) € {ps} do
11: q < dehom(P(t))

12: {qs} < TorusCircleIntersection(T,Cs(q,n))
13: end for

14: if LNTP +# () then

15: {q,} < CircleCylinderIntersection(C,.(Rej,e2),Y)
16: end if

17: {Li} —LNTONTINTP

18: for all L; = [t1,t2]) € {L;} do

19: a < dehom(*Br (upper(t1)))

20: b « dehom(P(lower(ts2)))

21: s < sign({a x b, es))

22: if s =0 then

23: q«— \/;?(egxa)xeg

24; else if s > 0 then

25: q — Cr(RationalBetween(atan(a),atan(b)))
26: else

27: q — Cr(RationalBetween(atan(b),atan(a)))
28: end if

29: ng — %(e3 x q)
30: {q,} < CircleCylinderIntersection(C,(q,nq),Y)
31: end for
32: return {q.}, {qs}
33:  end if

34: end if
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Figure 4.13: Torus-cylinder intersections (§ > )
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Figure 4.13: Torus-cylinder intersections (§ > r) - (cont.)
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Figure 4.14: Torus-cylinder intersections (§ < )
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Figure 4.14: Torus-cylinder intersections (§ < 1) - (cont.)
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Figure 4.14: Torus-cylinder intersections (6 < r) - (cont.)
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4.4.4 Torus-Cone Intersection

Given a torus T = T, g(0,e3) and a cone K = Ks(p,n). We consider the torus as envelope
surface of a moving ball with radius r along the trajectory Cr = Cgr(0,e3). Since we cannot
distinguish algebraically between the upper and lower part of a cone, we consider only full cones in
our algorithms, in contrast to Kim’s thesis. Nevertheless, we can use his results due to symmetry
reasons. The cone becomes an obstacle, bounded by three offset surfaces with distance r, see
Figure 4.15. We gain the two inner offset surfaces by separating and moving the two half cones
of K about +_7 in direction n (6 is the half angle of the cone with the relation § = tan ). The
outer offset surface results from moving the two half cones in opposite directions, such that they
overlap. We name the central overlapping part K€, which belongs to the obstacle as well. Treating
K¢ as an own surface, we denote the interior by K¢ and the exterior by Kf. Thus the interior
of the whole obstacle consists of (K¢ N K’)U (K2 N KL)u K¢ U KC. Furthermore we build an
offset surface around the singular point p of the cone K, resulting in a sphere K2 = S,.(p). By
the union of K? with the upper and lower part of K¢ we gain a special central region which we
denote by K similar to previous sections. The obstacle of the cone can be completely specified
by the three surfaces K© = Ks(p + S0, n), K = Ks(p — s—sn,n) and K?B. In Table 4.2 we
summarise all conditions to specify each region of the obstacle.

We have two possibilities to specify the angle of the cone: First by the half angle 6 respective
the rational substitution ¢4 such that

2t 2t
0 and sinf = 0

§ = tan = 2
S 142

(4.2)

which are rational as well. The second possibility is to specify §, but then we would gain
)
VIito®

Doing so, further computations would require algebraic extensions, whereas the first case provides
rational representations of the offset surfaces K© and K!. On the other hand this case cannot
handle a cone with a full angle of 7/2, which could be simply specified by setting 6 = 1. The
implementation is highly dependent on this choice. Due to running time aspects we decided to use
the first technique, so when we write sin @ we mean the rational substitution (4.2).

The trajectory Cr can have up to ten intersections with K€ U K' U KB i.e. four intersections
with each of the offset surfaces K© and K and two intersections with K. This fact and the
high number of different regions, the obstacle can be partitioned in, makes the classification of
the topological type of the whole intersection curve between a torus and a cone unapparent. Kim
considers already just subtypes of not necessarily independent intersection curve components. Since
we consider even a full cone instead of a half cone, the number of possible topological types in a
closer environment of the apex p of the cone exceeds the feasibility in this thesis. Nevertheless
we present all types of topologically different intersection curve components and discuss several
approaches of computing starting points on each of these component types. Furthermore we
consider the most special configurations.

We group all topologically different TKI curve components into seven types:

sinf =

Type A: Regular closed loops which surround the medial axis of the cone K. Starting points
on these loops can be found by intersecting the torus T" with any arbitrary profile line
of the cone K.

Type B: Regular closed loops which surround the hole of the torus T'. Starting points on these
loops can be found by intersecting the cone K with any arbitrary cross-sectional circle
of the torus 7.

Type C: Regular closed loops, where starting points can be found by intersecting the cone K
with a suitable cross-sectional circle of the torus T.

Type D: Regular closed loops, where starting points can be found by intersecting the torus T'
with a suitable profile line of the cone K.
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Figure 4.15: Regions of a cone obstacle (cross-section)

region condition
K© fro(x) =0A (x—p,n) ¢ [rsinf, 5]
K! frx1(x) =0A(x—p,n) & [~5, —rsinb]
KB fxe(x)=0
KC { fro(®) =0, (x—p.n) €0, 5]
fri(x) =0, (x—p,n)€[—55,0]
frko(x) =0, (x—p,n)c[rsinf, ;]
KP fxs(x)=0, (x—p,n) € [—rsinf,rsind)
Jkr(x) =0, (x—p,n) € [—5,—rsinb)]
+ fko(x) =0A(x—p,n) =
- fri(x) =0A(x=p,n) =5
KOnK! fro(x) <OA frr(x) <0
K¢nKL fro(x) > 0A fri(x) >0
o I
KoK } fico (%) frer () < 0
K¢ fro(x) <OA fgr(x) <0A(x—p,n) € [—=L5, =2]

fKB(X) < 07

fKO (X) <O0A fKI (X) < O,

fro(x) <OA fri(x) <0,

[
(x —p,n) € [rsind, ;5]
(x —p,n) € [—rsind,rsinb]
(x —p,n) € [~ 55, —7sind]

Table 4.2: Classification of regions of a cone obstacle
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Type E: Singular curves with k singular points on it. These curves can be traced from their
singular points.

Type F: Isolated singularities or touching points.

Type G: Singular curves, where each point of these curves is a touching point between 7" and
K.

In the following we will give the necessary conditions for the correlation between the relative
position of circle arcs in C-space and the types of TKI curve components.

Let C; = Cr N (K¢ NKL UK2NKL UKY) with endpoints on K¢ U K' be a circle arc of
Cr which lies inside the obstacle. We consider first the most special configurations. Then we can
exclude them while considering the more general ones.

Conic sections

Although we already treated conic sections, see Section 3.5, we consider a special configuration of
profile circles of T', which occurs when Cg is embedded in K€ U K!. In this case the TKI curve
consists of one circle of Type G. If Cg is embedded in K7, the torus T lies in the interior of the
cone K, see Figure 4.16(a). Otherwise T lies outside K, see Figure 4.16(Db).

C; passes through q* or q~
1. C; C K_?:

a. C; has no tangential intersection with K€ U KT U KZ: The corresponding TKI curve
component is of Type E with two singular points (Figure 4.17(a)).

b. C; has k tangential intersections with K© U K': The corresponding TKI curve compo-
nent is of Type E with k + 2 singular points.

2. ClﬂKP7é®

a. C; has no tangential intersection with K© U K! U KB: The corresponding TKI curve
component consists of two curves of Type A (Figure 4.17(b)).

b. C; has k tangential intersections with K© U K’: The corresponding TKI curve com-
ponent consists of one curve of Type E with &k singular points and one curve of Type
A.

3. C; intersects tangentially with K”: The corresponding TKI curve component is of Type E
with one singular point (Figures 4.17(c)+(d)).

If C; passes through both q* and q~, we consider each point separately. To distinguish the cases,
we consider the tangent nq of the circle Cr at the point q*, which computes to ng = %(63 x qt).
In case 1 the angle between ng and n is greater than 6, i.e. |(ng,n)| < cosd. In case 2 the angle
is smaller, and in case of equality we have a tangential intersection, see case 3.

Tangential intersections with K2

If C; intersects tangentially with K2, the corresponding TKI curve component is always singular
with one singular point which is the apex p of the cone K. There are three different types of
resulting curves depending on the location of the touching point q = C; N K Z:

4. q € KP ie. (q—p,n) € [-555,—rsinf] U [rsinf, Z£5]: The corresponding TKI curve
component is of Type F (Figure 4.18(a)).

5. q€ K¢/KP ie. (q—p,n) € [~rsinf, rsind]: The corresponding TKI curve component is
of Type E (Figure 4.18(b)).
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6. q € K¢ ie. (q—p,n) = £rsinf: The corresponding TKI curve component is of Type
E (Figures 4.18(c)+(d)). In this case the singular point p has two branches, whereas all
singular points, we have discussed until now, have four branches (except touching points).
We call such a singularity a cusp.

Tangential intersections with K© U K’

A tangential intersection point on Cr connects two circle arcs C; and Cj, which may become
two separate arcs or which may be merged to one circle arc, if C'r moved slightly in a suitable
direction. Thus singular points on intersection curves may connect some loops. Since we considered
the cases 1-3 and the cases 4-6 separately, it is possible in some configurations, that singular curve
components merge to one singular curve component, see Figures 4.19(a)-+(b), where the number
of singular points do not change. In the Algebraic Part we need not to know, how the singular
points are connected to each other or how many distinct singular intersection curve components
we have, since in the Numeric Part this will be resolved automatically by tracing the curve. Thus
we can at last concentrate on regular curves.

Regular circle arcs

The circle arc C; is a regular circle arc which has no tangential intersection with K€ U KT U KB,

7. C; = Cg, i.e. the whole trajectory lies in the interior of the obstacle: The intersection curve
consists of up to four intersection curve components of Type B (Figures 4.20(a)-(c)).

8. C; N (KP U KP) = : The corresponding TKI curve component is of Type D (Figures
4.20(d)+(e)).

9. C;NK?P # (): We may have up to four TKI curve components of Type A (Figures 4.20(f)+(g)).

10. Cp, =C;nN Kf has both endpoints on KP: The TKI curve component, corresponding to Cj,
is of Type C (Figure 4.20(h)).

The whole TKI curve evolves from the combination of some of the cases 1-10, where singular
points may connect regular closed curves as well as singular curve components to one singular
curve component. Therefore we can not determine the exact number of regular closed loops in
cases 7 and 9. On the other hand, if there are no such circle arcs, we can be sure, that there are
neither Type A nor Type B curves, since all cases provide necessary conditions for the presence of
the different curve types.

In the Algorithm 31 we first detect any conic sections in the TKI curve. In the case of
profile circles we can even stop the algorithm, since no other intersection curve components
occur. For a simpler reading of the algorithm we use the predicates DetectProfileCircles,
DetectCrossSectionalCircles and DetectVillarceauCircles, which check the necessary con-
ditions and return any occurring conic section in a set. Since the different types of singular curves
will be detected in the tracing step, we can completely concentrate on regular intersection curve
components (cases 7-10). Alone by the examination of the intersections of C'r with the offset
surfaces K€ and K! including KP we are able to detect each intersection curve component of the
Type A-D. We will mostly get more starting points than we actually need, since intersections of
two different profile lines of K with the torus 7" may lie on the same intersection curve component.
However, during the tracing step the redundant points will be detected and erased anyway.
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Algorithm 30 CircleConeIntersection(Cs(p1,n1), K5(p2,ns))

Requires: A circle C' = Cg(p1,n1) and a cone K = Ks(p2, nz)

Returns: A set of regular intersection points {q,} and a set of singular intersection points {qs}
1: E < ConePlaneIntersection(K, P(p1,n1))
2: return CircleConicIntersection(C, E)

(a)

(b)

Figure 4.16: Torus-cone intersections (singular circles)
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Algorithm 31 TorusConeIntersection(7, r(0,es3), Ks(p,n))

Requires: A torus T' =T, r(0,e3) and a cone K = Ks(p,n) with § = tané
Returns: A set of conic sections {C'}, a set of regular intersection points {q, } and a set of singular
intersection points {qs}
1: {C'} < DetectProfileCircles(T, K)
2: if {C'} =0 then

{C} <« DetectCrossSectionalCircles(T, K)
{C} «— DetectVillarceauCircles(T, K)
CR — C’R(O7 eg)
{p+},{ps} « CircleConeIntersection(Cg, K5(p + s-4n,n))
{p+},{pPs} « CircleConeIntersection(Cg, Ks(p — 540, n))
for all p; = IntersectionPoint(t,P) € {ps} do

a — dehon((1))
10: ng < +(e3 x q)
11: {qs} < CircleConelIntersection(C,(q,nq), K)
12:  end for
13:  {pp} <« CircleSpherelntersection(Cg, Ss5(p))
14: if |{pp}| =1 then
15: {as} — {p}
16:  end if
17 [pa] — {Pr} U{Ps} U {Ps}
18:  if [py] = 0 or Cy has exactly one tangential intersection with K¢ then
19: q <— Re;

© P N>R W

20: if fxo(q)fx1(q) <0 then

21: {q,} < CircleConelntersection(C,(q,esz), K)

22: end if

23:  else

24: {C;} — CrnN(K¢NKLUKON KL UKY)

25: C «— Cr(M;'(—p), M 1n)

26: for all C; = [tl,tg] S {Cz} do

27: if Ci n K? = @ then

28: if p, =n, =0 then

29: q < Cr(RationalBetween(t,?2))

30: d — sign((q —p,n x e3))tanf(n X e3) + sign({(q — p,n))n
31: else

32: q — C(RationalBetween(t1,t2))

33: d, < Cr(RationalBetweenProjectedCircle(C,t1,t2))
34: d— %ann + sign({(q — p,n))n

35: end if

36: {q,} < TorusLineIntersection(T, L(p,d))

37: else

38: Cr = [t3,t4] — ;N Kf

39: if t3,t4 are intersections with K then

40: q < Cr(RationalBetween(ts,t4))

41: ng — %(e3 x q)

42: {qa,} <« CircleConelIntersection(C,(q,ngq), K)
43: end if

44: end if

45: end for

46: if CRNKP # () then

47 {q,} < TorusLineIntersection(T, L(p, My(tanfe; + e3)))
48: end if

49:  end if

50: end if

51: return {C},{q.},{qs}
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Figure 4.17: Torus-cone intersections (involving qt)
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Figure 4.18: Torus-cone intersections (tangential to K?)
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Figure 4.19: Torus-cone intersections (connected singular curves)
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Figure 4.20: Torus-cone intersections (regular circle arcs)
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Figure 4.20: Torus-cone intersections (regular circle arcs) - (cont.)
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4.4.5 Torus-Torus Intersection

Given two tori Th = T, r(o,e3) and Tp = T5a(p,n). Without loss of generality we assume
r > 6, so we consider the main circle Cao = Ca(p,n) of Ty as trajectory and the offset surfaces
70 = r+6,r(0,€3) and T!T = T,_s5r(0,e3) of Ty as boundaries of the obstacle in C-space. If
r 4+ 0 > R the offset surface T becomes a horn respective spindle torus. We specify the different
regions as in Figure 4.6.

Similar to Section 4.4.4 we group all topologically different TTI curve components into seven

types:

Type A: Regular closed loops which surround the hole of the torus T;. Starting points on these
loops can be found by intersecting the torus T, with any arbitrary cross-sectional circle
of the torus T7.

Type B: Regular closed loops which surround the hole of the torus T,. Starting points on these
loops can be found by intersecting the torus 77 with any arbitrary cross-sectional circle
of the torus T5.

Type C: Regular closed loops, where starting points can be found by intersecting the torus T
with a suitable cross-sectional circle of the torus T5.

Type D: Regular closed loops, where starting points can be found by intersecting the torus 75
with a suitable cross-sectional circle of the torus Tj.

Type E: Singular curves with k singular points on it. These curves can be traced from their
singular points.

Type F: Isolated singularities or touching points.

Type G: Singular curves, where each point of these curves is a touching point between 77 and
Ts.

In the following we will give the necessary conditions for the correlation between the relative
position of circle arcs in C-space and the types of TTI curve components.

Let C; = CANTON Tf_ with endpoints on 7€ U T! be a circle arc of Ca which lies inside
the obstacle. We consider first the most special configurations. Then we can exclude them while
considering the more general ones.

Conic sections

We consider the cases, where C is a conic section of TO UT!, i.e. Ca is a profile, a cross-sectional
or a Villarceau circle of either 7€ or T'. In these cases the TTI curve has components of Type G.
We consider each case separately.

1. Ca is a profile circle: In this case T} intersects with T along a singular profile circle of T3
and Ty. If Cn is a profile circle of TY, T, lies in the interior of 7y. Otherwise T5 lies outside
T, (Figures 4.21(a)+(b)).

2. Ca is a cross-sectional circle: If Ca is a cross-sectional circle of T7, T lies in the interior
of T1 and intersects with 77 along a singular cross-sectional circle of 77, which is a profile
circle of Ty (Figure 4.21(c)). If Ca is a cross-sectional circle of T, we distinguish between
the cases, if T9 is a ring torus, a horn torus or a spindle torus.

In the former case, T5 lies outside T and intersects with 73 along the singular cross-sectional
circle Cr(p,n) of Ty, which is a profile circle of Ty (Figure 4.21(d)).

If 79 is a horn torus, T5 intersects with T} along the singular cross-sectional circle C,.(p,n)
of Ty and the singular cross-sectional circle Cs(o,e3) of To. Both circles are connected by
the singular point q = %p (Figure 4.21(e)).
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If T© is a spindle torus, T intersects with T} along the singular cross-sectional circle C,.(p, n)
of T and two closed loops, which are connected to the circle by the singular points q; and g2
(Figure 4.21(f)). These points can be computed by intersecting 77 with the cross-sectional
circles of Ty at the points qT and q~, i.e. the vertices of the self-intersecting part 77,

resulting in
1
qi2 = E(dp +rv A% — R2e3).

3. Cx is a Villarceau circle: The resulting TTT curve in this case is a singular quartic curve of
Type G (Figures 4.21(g)+(h)). Since each point q of this curve is a touching point between
T1 and T3, the normals n; and ny of the surfaces 77 and 75 at point q are collinear. Thus
we cannot use our approach for tracing a regular intersection curve component, see Section
5.1. Fortunately we can parametrise the curve as follows:

Since C is a Villarceau circle of either 7€ or T, the torus Ty fulfils the following conditions:

A =R,
(p,n) =0,
(p,e3) =0,

[pll =7+,

R’n? = R® — (r +6)*,

see Sections 3.1.3 and 3.2.3. We rotate the scene such that p lies on the positive z-axis. The
corresponding transformation matrix is

Pz Py 0
Veitp: o \/p24p2
A= — \/pgipf, \/pgipi 0f1. (4.3)
0 0 1

Whereas T} is invariant under this transformation, torus 75 transfers into

+
SRR

with € = sign((p, (n X e3))). Substituting the parameter form (2.6) of T} into the implicit
form (2.5) of Ty yields

TQI = T5,A((r + 6a 07 0)7 (Oa €

_ 16r(r+£9)[R(1 +52) + (1 - 32)][\/R+r:|:(5t+e\/R—T:F63]2.

fls,1) 1+ 2)2(1 1 &2)

We neglect the case r — § = 0, since this would expect identical tori. Thus it suffices to
consider the last bracket of the numerator of f, since all other terms are nonzero. We follow
that f vanishes if and only if

+
5= —q/gi—i:q:gt with ¢t € K U {0} (4.4)

Substituting this into the parameter form of 73 yields

[~R(R+8) +r(r+0)]t* + [£2R5)t? + [R(RF ) — r(r £ )]
2R(R£6)—2r(r £0)|t3 + 2R(RF ) —2r(r £0)Jt
[—2erRn,]t2 + [—2erRn,|t
[R+ 7 &8t + 2R]t2 + [R — r F 4]

Bt) =

which is the homogeneous parameter form of the intersection curve between T and Ty, see
Section 2.4.3. To gain the homogeneous parameter form of the TTI curve between 77 and
Ty, we simply apply the inverse transformation A~! to 3.
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C; passes through q* or q~
4. C; C T_E:
a. C; has no tangential intersection with 7¢UT': The corresponding TTI curve component
is of Type E with two singular points (Figure 4.22(a)).
b. C; has k tangential intersections with 7¢UT: The corresponding TTI curve component
is of Type E with k + 2 singular points (Figure 4.22(b)).
5. CZ N TP ?é @:
a. C; has no tangential intersection with 7¢UT': The corresponding TTI curve component
consists of two curves of Type A (Figure 4.22(c)).

b. C; has k tangential intersections with 7¢UT: The corresponding TTI curve component
consists of one curve of Type E with k singular points and one curve of Type A (Figure
4.22(d)).

6. C; intersects tangentially with 7”: The corresponding TTI curve component is of Type E
with one singular point (Figure 4.25(d)).

If C; passes through both q* and q~, we consider each point separately. To distinguish the cases,
we consider the tangent nq of the circle Ca at the point q*, which computes to ng = %(nx qt—p).
In case 4 the angle between ng and e is greater than the half opening angle of TP ie. l(ng, es)| <

T—fé. In case 5 the angle is smaller, and in case of equality we have a tangential intersection, see
case 6.

If § + r = R, the offset surface T becomes a horn torus. In this case gt and g~ coincide to
the origin o and the set TP is empty. Thus case 5 can not occur. If C; passes through o, we
distinguish between case 4 (|(no,es)| < 1) and case 6 (|{ne,e3)| = 1). In the former case nothing
changes, whereas in the latter case we get a TTI curve component of Type G which is a profile
circle of T7 and a cross-sectional circle of T5. Depending on the radius A we may have one of the
following cases:

7. A > R: The TTI curve consists of the singular circle Cs(o, e3) (Figure 4.23(a)).

8. A = R: The TTI curve consists of the two singular circles Cs(0,e3) and C.(p,n), which are
connected by the singular point q = %p (Figure 4.21(e)).

9. A < R: The TTI curve consists of the singular circle C5(o,e3) and two closed loops which
are connected to the circle by the singular points

)
Qi = E(p + vV R2 — A?n).

If additionally » = A, the closed loops are connected by a third singular point q3 = %p

(Figure 4.23(c)). Otherwise see Figure 4.23(b) (r < A) and Figure 4.23(d) (r > A).

Tangential intersections with 77 while r =6

If r = §, the offset surface 7! degenerates into the circle Cr = Cgr(o,e3). Thus there are at
most two intersections between Ca and C'r. Let q be one of those intersections. Since the surface
normal of 7T at q is undefined, singular points evolve from the intersection between the cross-
sectional circle of T, at q and T3, see Lemma 1 in Section 4.4.1. Due to symmetry these singular
points evolve also from the intersection between the cross-sectional circle of T7 at q and T5. Both
cross-sectional circles are great circles of the sphere S,.(q) and thus we either gain two singular
points or the circles coincide. The latter case occurs when the tangents of Cr and Ca at q are
collinear. This means for the TTI curve:
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10. (g x e3) x ((@q — p) x n) = 0: The TTI curve consists of the singular cross-sectional circle
C, = Cy(q, %(q x e3)) and two closed loops, which are connected to C, by the singular
points q; and gy (Figure 3.8(a)). To compute these points it does not suffice to intersect the
cross-sectional circle of Tb at q with 77, since the resulting set is precisely the circle C, and
thus not zero-dimensional. Instead we consider again the TTI curve in parameter space.

Therefor we rotate the scene such that q lies on the positive z-axis by applying matrix A
(4.3) from above. This does not change anything for torus 77. The point p transforms into

p' = Ap = (Vp} +1,,0,p.) = (R+ Acos(¢),0, Asin(¢))

with some suitable angle ¢ € [0, 27]. The normal n" = An becomes then

n’ = (—sin(¢), 0, cos(¢)).

We substitute the parameter form (2.6) of 77 into the implicit form (2.5) of T5 = T, o(p’, n’)
which yields
fs.t) = 16t [R(1 + s%) + r(1 — s?)]g(s, t)

’ (14 s2)2(1 +2)2

with a quartic polynomial g. The factor t? in the numerator represents the singular cross-
sectional circle. The other brackets are positive. Thus the remaining TTI curve components
must be represented by the polynomial g. Since we are only interested in the connecting
points of the remaining curve components with the singular circle, we set t = 0 and get

9(5,0) = rA[(A + Rcos(¢))s® — 2Rsin(¢)s — (A + Rcos(e))],

which has two solutions s; 2. We evaluate the parameter form of 77 with the parameters
s1,2 and t = 0, substitute the trigonometric functions backwards and apply the inverse
transformation of A, which yields altogether the singular connection points

qn— L e Alpll T
2T ARl el - B A7

r

(e 20, 0) = 5 (DI — B + A%)es].
To avoid different algebraic extensions, we made use of the fact, that p lies on a torus
Tr.a(0,e3), see (3.101) in Section 3.6.4. Thus the expression /p? —l—pi is rational.

11. Otherwise: The TTI curve component is of Type E with two singular points. These points can

be computed by intersecting T} with the cross-sectional circle of T at q (Figures 4.24(a)+(b)).

Tangential intersections with 77

There are three different types of resulting curves depending on the location of the circle arc Cj:

12. C; C Tf : The corresponding TTI curve component is of Type E with one singular point
(Figure 4.25(a)).

13. C; C TP: The corresponding TTI curve component is of Type F (Figure 4.25(b)).

14. C; intersects traversally with TP at the tangential intersection point q: The corresponding
TTI curve component is of Type E with one singular point (Figure 4.25(c)). In this case the
singular point is a cusp, see 6 in Section 4.4.4.

Regular circle arcs

Similar to Section 4.4.4 we neglect the consideration of those configurations which involve tangential
intersections of the trajectory with the obstacle. Instead we are more interested in regular curve
components and how to find their initial starting points. Therefore let C; be a regular circle arc
inside the obstacle which has no tangential intersection with 7€ U T".
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15. C; = Ca, i.e. the whole trajectory lies in the interior of the obstacle: The TTI curve consists
of two intersection curve components of Type B (Figure 4.26(a)).

16. C;N(TPUTP) = (): The corresponding TTI curve component is of Type D (Figure 4.26(b)).
17. C;NTP # (: We may have up to two TTI curve components of Type A (Figure 4.26(c)).

18. Ch, =C; N Tf has both endpoints on 7'P: The TTI curve component, corresponding to C,
is of Type C (Figure 4.26(d)).

The whole TTT curve, if it is not one of the special cases 1-3 and 7-9, evolves from the combination
of some of the cases 4-6 and 10-18, where singular points may connect regular closed curves as well
as singular curve components to one singular curve component, see Section 4.4.4.

In the Algorithm 32 we first detect any conic sections in the TTI curve. Analogue to Section
4.4.4 we assume that the predicates for detection and computation of those are available. Addi-
tionally any homogeneous parameter forms of parametric curves are detected and computed by
the predicate ComputeParameterForms. These forms are returned in a set {3}, see Section 2.4.3.

Algorithm 32: TorusTorusIntersection(T; g(0,e3),Ts A(p,n))

Requires: Two tori T} = T} g(0,e3) and Ty = T5 A(p,n) with r > §
Returns: A set of conic sections {C'}, a set of homogeneous parameter forms {{}, a set of regular
intersection points {q,} and a set of singular intersection points {qs}
1: {P} < ComputeParameterForms(77,7>)
2: if {P} =0 then

3:  {C} <« DetectProfileAndProfileCircles(T},Ts)
4. if {C} =0 then
5: if (es,n) =0 then
6: if (p,n) =0and (0 — R)? + p2 = r? and p2 + p; = A? then
& {C} — {06((0’ Ovpz)a 93)}
8: if p, =0 then
9: if A =R then
10 (C} — {C,(pm)}
L1: {as} — {xp}
12: else if A < R then
13 {a.} — {3(p = VR = A2n))
14: if » = A then
15 {a.} — {Z52p)
16: end if
17: end if
18: return {C},{qs}
19: end if
20: else
21: if p. =0and (r — A)? + (p,n)? = §? and ||p x n||?> = R? then
2, {C} — {C(p — (p,m)m, m)}
23: if (p,n) =0 then
24: if r4+6 > R then
25: {as} — {x(6p £ VA2 — R%e3)}
26: end if
27: return {C},{qs}
28: end if
29: end if
30: end if
31: end if
32: {C} < DetectProfileAndVillarceauCircles(T},7T?)

33: {C} < DetectProfileAndVillarceauCircles(T5,T})
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34:
35:
36:
37:
38:
39:
40:
41:
42:
43:
44:
45:
46:
47:
48:
49:
50:
51:
52:
53:
54:
55:
56:
57:
58:
59:
60:
61:
62:
63:

64:
65:
66:
67:
68:
69:
70:
71:
72:
73:
74:
75:
76:
7
78:
79:
80:
81:
82:
83:
84:

~

TORUS-SIMPLE SURFACE INTERSECTIONS

{C} < DetectCrossSectionalAndCrossSectionalCircles(7},T5)
{C} < DetectCrossSectionalAndVillarceauCircles(Ty,15)
{C} < DetectCrossSectionalAndVillarceauCircles(Ts,T})
{C} < DetectVillarceauAndVillarceauCircles(T},Ts)
Ca < Ca(p,n)
{p,},{p?} «— TorusCircleIntersection(T,45 r(0,e3),Ca)
{p+},{p!} < TorusCircleIntersection(T,_sr(0,e3),Ca)
for all p; = IntersectionPoint(t,P) € {p?} U {pl} do

q « dehom(%(t))

ng — x(nx (q-p))

if p; € {pl} and r = § and (e3 x q) x nq = o then

{a:} — {xfoy [2R2 5 BLE 22 (p, py, 0) £ 5 ([Ip]|2 — B2 + A2)es]}

else
{qs} < TorusCirclelIntersection(T},Cs(q,ng))
end if
end for

[Pa] — {p-} U{p} U {p!}

if [pa] = 0 or Ca has exactly one tangential intersection with 7° then

q—p+AMue;
ng < Myes
if fro(a)fr:(q) <0 then
{q,} < TorusCirclelIntersection(T},Cs(q, ng))
end if
else
for all C; = [tl,tg] € {Cz} do
if C;NTP =( then
if (p,n) =n, =0 then
a <« dehom(Bc, (upper(t1)))
q «— i (e3 X a) X e3

2 2
az+ay

else
q — Cr(RationalBetweenProjectedCircle(C, t1,12))
end if

ng «— 5 (e3 x q)

{q,} < TorusCircleIntersection(7s(o,e3),C,.(M ' (q—p), M, 'ng))

else
Ck = [t3,t4] — C‘z N Tf
if t3,t4 are intersections with 7P then
q — Cha(RationalBetween(ts,t4))
ng — x(nx (q-p))
{d,} < TorusCircleIntersection(T},Cs(q,ng))
end if
end if
end for
if CRNTP # () then

{q,} < TorusCircleIntersection(Ts a(0,e3), C.(M(Re; — p),

end if
end if
end if

end if
return {C}, {PB}, {a-},{as}

M-

n

'eg))
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Figure 4.21: Torus-torus intersections (conic sections)
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(e) O Q
(f) O Q
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Figure 4.21: Torus-torus intersections (conic sections) - (cont.)
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(a)

(c)

(d)

—~
o
=

Figure 4.22: Torus-torus intersections (involving q*)
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Figure 4.23: Torus-torus intersections (with horn torus 7¢)
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O
o

Figure 4.24: Torus-torus intersections (tangential to T while r = §)

(a) 9
(b) @
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(C) @ 9
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Figure 4.25: Torus-torus intersections (tangential to T'7)



124 CHAPTER 4. INTERSECTING TWO OBJECTS

Figure 4.26: Torus-torus intersections (regular circle arcs)
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Chapter 5

Curve Tracing

In this chapter we compute an approximation of the intersection curve between two objects. Like
in a typical marching method we therefor trace all intersection curve components from their initial
starting points we already computed in the Algebraic Part before. For curves with a parametri-
sation this can be easily done by the evaluation of suitable parameter values, resulting in a list of
points which are then connected by a linear spline, see Section 5.2. For curves without parametri-
sation we use a predictor-corrector step method. In general curve-tracing algorithms this method
works as follows:

Given a continuous space curve « with starting point qg and ending point q.. One step of the
predictor-corrector method consists of:

e The predictor step, which makes a short step from the current curve point q; into the
tangential direction n(q;) of the curve, i.e. p = q; + dén(q;), where § is a suitable step size.

e The corrector step, which goes from point p back to the curve, resulting in the next curve
point q;41.

This scheme continues until the ending point q. is reached. This method has to deal with the
following problems:

e Computing the tangential direction n at each iteration point g;: In the case of singularities,
this tangential direction vanishes, i.e. the method will loose the track.

e Determining the step size §: If § is too small, the progress of the tracing is slow and requires
too much computation time. If § is too big, we may miss some parts of the curve or the
approximation will become inaccurate.

e The corrector step: This step uses numerical methods to find the next curve point q;41.
However, sometimes these methods do not converge.

In the following we will show that we can handle these problems. We give proofs for the
correctness of our numerical methods, i.e. each curve component is traced correctly without missing
parts or jumping on other curve components. Furthermore we verify the results, i.e. our numerical
methods are able to handle any input and the resulting approximation lies arbitrarily close to the
real curve.

We split this chapter into three parts: The regular case, where we trace regular intersection curve
components which have no singularities. In this part we deal with the second and third problem.
The case of parametrised curves as already mentioned above. The singular case, where we examine
the local neighbourhood of singularities to solve the first problem. Here we use algebraical methods,
since singular points are given exactly. We then lead back the tracing of singular curves to the
regular case.

127
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5.1 Regular Curves

In this section we approximate the intersection curve of two algebraic surfaces by a piecewise
linear curve, using a predictor-corrector step method. In our implementation we use the data
types leda: :bigfloat respective CORE: :BigFloat, which represent variable sized floating point
numbers. Therefore the following computations take place in R.

Let f,g: R® — R be the defining implicit functions of two algebraic surfaces F' and G. Further-
more let q be a point on the intersection curve between F' and G. A tangent direction to the curve
at q is given by

w(q) = Vf(q) x Vg(q).

Note that the derivatives of f and ¢ are defined since algebraic functions are polynomials and
therewith elements of C*°. The case w(q) = 0 happens if and only if q is a singular point, i.e. the
tangent planes of F' and G at q are coplanar. In this section we consider regular curves and thus
we can define the normalised vector field

_ Vf(a) x Vg(q)
n(@) = IVf(q) x Vg(q)|’ (5-1)

In the following we consider a single step of the predictor-corrector method. Starting at a curve
point q;, the predictor step becomes pg = q; + 0n(q;), where ¢ denotes the step size. For the step
size § we have to take three directives into account:

1. ¢ should be as big as possible for saving computation time.
2. § depends somehow on the quality of the curve approximation.

3. 0 has to be small enough for not missing some parts of the curve or accidentally jumping on
other curve components.

Relating to directive 3 we use the interval test of [64],
where interval arithmetic is used to decide, whether a
given environment contains a single curve component.
This interval test proceeds as follows:

Let q; be the current approximation point on the
curve, pg the predicted point in tangential direction and
d the step size. Let further be S = Ss(q;) the sphere
around q; containing py and

B = [sz - 67 Gix +5] X [qu - 67 qu +5] X [QZZ - 5a Giz +5]

the bounding box of S. With interval arithmetic we com-
pute the interval

I = (n(q;),n(B)).
- Figure 5.1: Interval test
Denote X as the lower bound and X as the upper bound

of the interval X. Then it holds:
Lemma 3. IfI > %\@, the part of the intersection curve within S consists of a single component.

The proof is based on a plane sweep perpendicular to n(q;). For a detailed description we refer
to [64]. If the test fails we decrease the step size and try again. It is obvious that this procedure
stops due to the continuity of f and g. If we pass the test, the relation I > %\@ implies that the
vector field (5.1) inside S does not deviate from n(q;) for more than 7/4. Hence it follows directly

Corollary 1. The intersection curve lies within the cone K = K1(q;,n(q;)) with apex q;, direction
n(q;) and half angle 7 /4.
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However, we work with approximations, e.g. the curve points q; lie within an environment
around the exact curve, bounded by a given parameter v. Thus we consider rather the offset
surface of the cone K, created by expanding the surface about v in the outward direction.

For the corrector step back to the intersection curve we use a Newton method. Since we work
on two algebraic surfaces with implicit functions f,¢ : R® — R, the Jacobian, which is involved
by Newton methods, would become an 2 x 3 matrix. To proceed even though, we had to use a
pseudo inverse matrix for the Newton iterations. Instead we add a third equation which keeps the
Newton iteration on a plane perpendicular to the predictor step direction, see Figure 5.1. Thus we
have more control over the area, in which we are searching for the next curve point. Additionally
we save computation time, since our Jacobian becomes a square matrix whose inverse is easily to
be computed, see below.

Let n := n(q;) be the direction of the predictor step and pg = q; + dn the predicted point. Let
further F : R?> — R3 be a map defined by

f(p)
F(p) = 9(p) for peR?.
(P — pPo;n)
A Newton iteration consists of
Pir1 =Pi — Jp (P:)F(pi) (5.2)
with the Jacobian
\i
JF = ng
nT

and its inverse

Jpl = Vgxn nxVf VfxVg

1
(n,Vf xVg)
To be sure that the Newton iterations (5.2) converge, we make use of the Kantorowitsch lemma
[41] which states:

Lemma 4 (Kantorowitsch). Let F: U C R3 — R? be a map with
[Je(x) = Je(y)ll < Lullx -yl vx,y €U, (5.3)

where Ly > 0 denotes the Lipschitz constant of F in the environment U. Let further be pg € U
and py = po — hg with hg = Jg " (po)F(po) such that the ball B = By, (p1) C U. Set

ao = Lz J5" (po) | [ holl,

where Lp > 0 denotes the Lipschitz constant of F in B. If

(675} S (54)

1
27
then there exists an unique p € B with F(p) = 0. Furthermore the iteration (5.2) converge to p.

The proof is based on the Banach fixed point theorem. For a detailed description we refer to
[567]. In the following we make estimations on the Lipschitz constants Ly and Lp additionally the
Kantorowitsch condition (5.4). Since F consists of polynomials, the Lipschitz constant Ly exists
for each bounded environment U and we can apply the Kantorowitsch lemma to our problem.
However, instead of computing the probably smaller constant Lp at each step of our algorithm,
we estimate Ly once for each object.
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Let us denote the partial derivatives of a function f by 0;f,7 = 1..3. Then we estimate

0,560 = 0. )| = | [ (Vo + (1= t)y).x = y)i
3

=D (@ —w) /01 O f(tx + (1 — t)y)dt‘

Jj=1

_ 3 1
<[22 [ 0rtee (- oy - 1. (5.5)
j=1

Since quadrics are algebraic surfaces of degree two, i.e.
fo(x) = aox? + agy® + arz? + 2a¢zy + 2a5xz + 2a4yz + 2a3z + 2a2y + 2a1z + ao,
their Hessian matrices have the form

ag ag as
Ho(x)=2|ag ag ay4 with a; € R.

as a4 arg

Thus we have
103 fq(x)| < 2 max {lax|} =i cq ¥x € R,

For a torus 7). r(0, es) in canonical position with implicit function

fr(x) = (x> + R? = r%)* — 4R? («? + ¢°)

we get
x| — R? —r? 0 0
Hrp(x) =4 0 |x||? — R? —r2 0 +8xox’,
0 0 x||? + R? — 2

where the operator o denotes the dyadian product. Since we stay near the surface of the torus,
say in an e-environment, we can estimate

103 fr(x)] < 8(R+7+€)>+ R(r+e¢)) =cr Vx € Briric(0).

It is obvious that this upper bound ¢y does not change for a torus in arbitrary position. Thus the
integral of (5.5) is bounded and we can estimate further

178 (%) = Je (¥)ll2 < V3] Je(x) = Je(¥)lloo

3
= \/3]12% z_; |0;Fj(x) — 0; F(y)|

3 3
= Vamax { 31050 = i ()], 3 0ig(x) ~ Digy)] }
< 16max{cys,cq} [[x —yll2,

where the constants c; and ¢, are defined by either cqg or cr, depending on the object type of F
and G, respectively. With the definition

L :=16max{cy, ¢4} (5.6)

the Lipschitz condition (5.3) holds.
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We now consider condition (5.4). If the interval test (Lemma 3) holds, we have

. VIB)xVgB) | 1
R TCTER 7 A

This holds for all x € B, especially for pg. For the Jacobian inverse at py we make the estimation

_ 1 1
1Tz 2 < V7 x V) [[IVg x n|? + [[n x Vf[|* + [V f x Vg|]?]
V2 3
ST x vl [IVgl?+ IVAI? + IV f x Vg|?]

1
2

= [V/B) x VgB)] (V9@ + VB + VI B) x VaB) |

=: A. (5.7)
With the mean value theorem we get

lf(po)| = |f(a:) +(Vf(qi+tn),po—q;)| for asuitable ¢t € [0,d]
< max [ V() - 5

=[[ViB)] -4

For the first iteration of the Newton method (5.2) we estimate
1
|J | [17(Po) Vg x nl* +[g(po)[*[n x V f?]*

Vg@B)|[ - IVFBIII
[IV/(B) x Vg(B)]
—.C.§. (5.8)

175 " F (po) 2 <

<2

With (5.6)-(5.8) we have
ap = Lp|Jg |||l "F(po)|| < LAC -4

which can be made arbitrarily small by decreasing the step size 9.

If condition (5.4) holds as well, we perform some Newton iterations until the distance between
the latter two iterates p;—; and p; is less than the given upper bound v < §. Lemma 4 states then,
that the exact solution p lies inside the ball BHpj_pjle(pj). Corollary 1 states that p lies inside
the cone with apex q;, direction n and half angle 7/4. So if we consider the sphere S.,(q;) with

= /20 + v in the interval test, we can state that the exact curve is completely contained in the
union of all spheres around the approximation points q; of the curve, i.e. U = J; S, (q;). Thus
the quality of approximation of the whole curve is depending on the step size § and the Newton
termination condition v. If v is much less than ¢, more Newton iterations have to be performed.
For a bigger v, the predictor step direction n is less accurate. We made some good experiences
with a value of v = 1006 For a simpler computation we set v; = 20.

To follow the directive 1, concerning the step size, we increase § after each iteration, regarding
the given approximation bound e. Therewith we have an heuristic for an automatic and adaptive
step size control.

In Algorithm 33 we summarise the results of this section. Due to generality with Section 5.3.2
we hand over a list of possible ending points. Whereas in case of regular loops we know, that the
ending point q. is equal to the starting point qg, in case of singular curve components the curve
topology is first developed during the tracing. The parameter {q,} is a list of the remaining initial
starting points which are no ending points. This list results from the computation of redundant
starting points in the Algebraic Part. We decide, whether a starting point q, is redundant in order
that the encounter of q, inside an interval box B indicates that q, already belongs to the curve
component which is traced and thus can be deleted, see lines 29-33. Lines 9-17 determine the step
size 0, fulfilling the interval test (Lemma 3) and the Kantorowitsch condition (5.4). Lines 20-26
are the Newton method, which terminates when the iterates are close to the intersection curve. In
the last loop we check, if a possible ending point is reached.
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Algorithm 33 TraceRegularCurve(f,g,qo,{qc},{qar},€)

Requires: Two algebraic functions f and g, a starting point qg, a set of possible ending points
{q.}, a set of remaining initial starting points {q, } and the upper approximation bound e
Returns: A linear spline [v]

1: 0 «— %6

2: L — 16max{cy,cq}

3 q < do

4: loop

5. if § < %e then

6: 6 — 26

7. end ifV o

5o RS

9: repeat

10 B‘_[(Ix_anz"i_é]x[Qy_5aQy+5]x[qz—évQZ"‘é]

11: F — Vf(B)
12: G — Vyg(B)

13: H—FxG

14: I+ (n, ”Hii

15 o 2L FT + QT + THT)
16: §— 16

17: untill>% 2anda§%
18: Po — q+ én

19: P < Po
20: repeat

T
21: v (f(p),g(p), (P~ po,m))

22: w — Vf(p) x Vg(p)
23: A<—( g(p) xn nxVf(p) w)

24: d«— ﬁAV
25: p—p-—-d

26:  until [|d|| < 1356
27: q—p

28:  [v]«—q
29: for all q, € {q,} do

30: if q, € B then
31: {ar} —{a-}/ar
32: end if

33:  end for
34: for all q. € {q.} do

35: if . € Band (n,q. —q) > 0 then
36: {qe} — {Qe}/qe

37: [v] — Qe

38: return [v]

39: end if

40: end for
41: end loop
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5.2 Parametric Curves

In opposite to regular curves, tracing parametric curves has the advantage that the curve is explic-
itly given. Thus we can omit time consuming Newton schemes to move back to the intersection
curve. On the other hand we need a new heuristic to determine the next curve point, since the
parametric curves are not given by arc length parameters.

A parametric curve consists of a homogeneous parameter form

(t)
(t)
(t)
fu(t)

PB(t) = with  fu, fy, f2, fu € K]z],

PR

see Section 2.4.3. We assume that f,, has no roots and thus the dehomogenising step is well defined.
Furthermore the degree of f,, is greater or equal the degrees of the other polynomials, since the
curve is bounded. A point q on the curve at a given parameter ¢ computes to

fat)  fy(D) fz(t))
fo®)" fu(t) fu) )

Since the parameter domain includes infinity, see case 3 in Section 4.4.5, we could evaluate qq
symbolically by considering the respective leading coefficients of the polynomials. However, eval-
uations in the closer environment of q.., seen geometrically, become unstable. Hence we prefer to
split the curve into the parts (¢) and () with ¢ € [—1, 1] for each part. By the substitution of
t = % into the given polynomials we gain a second homogeneous parameter form, which we denote
by reciprocal form.

Let d = deg(fw) be the maximum degree of the polynomials of 8. A representative polynomial
f' of the reciprocal form 93’ is then given by

alt) = ashon((0) =

d
fl(t) = coeff(f,d— i)t
=0

where the predicate coeff may return zero, if the respective monomial of f does not exist. Anal-
ogously let q'(t) = dehom(J3’(¢)) be a point on the reciprocal curve part.

Since we have an exact parametrisation of the curve, we derive the normalised tangential direction
n of the curve from

d d d
N6 231 et (020 B
TS A (£ b 1)

Let I = [t1,t2] an interval and q; = q(¢;) for i = 1,2 the curve points at the interval bounds with
0 = |la1 — q2||- By the same argument we followed Corollary 1 from Lemma 3, we state

Corollary 2. If %(n([),ql —q9) > %\@, the curve lies within the sphere S = S%ﬂ(%(ql +q2)).

Let € be the approximation error bound. The restriction of § < 2¢ guarantees that the exact
curve lies inside the e-environment of the linear spline approximation. By an adaptive step size
control we try to maximise the step size to spare computation time.

We note that the only parametric curves, which occur in our approach, come from case 3 in
Section 4.4.5. In parameter space of the torus in canonical position, these curves are represented
by straight lines through the origin, see (4.4). Hence we omit the examination of self-intersections
and branches which lie very close.

Algorithm 34 summarises the results of this section.
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Algorithm 34 TraceParametricCurve(J3,¢)

Requires: A homogeneous parameter form 8 and the upper approximation bound e
Returns: A linear spline [v]
q < the real curve parametrisation
n <+ the normalised tangential direction
q’ < the reciprocal curve parametrisation
n’ «— the normalised tangential direction of the reciprocal form
t— —1
61
repeat
while ||q(t 4+ 0) — q(t)]| < 2¢ do
0 — 20
end while
while ||q(t + d) — q(t)|| > 2¢ do
6 — %5
end while
while (n([t,t +4]), q(t + ) — a(t)) < 3v2[a(t +6) —a(t)]| do
6 — %5
end while
[v] — a(t)
t—t+6
until ¢t > 1
V] — a(1)
ct—1
: repeat
23:  while ||q'(t) — d'(t — )| < 2¢ do
24: 0 — 26
25:  end while
26:  while ||q'(t) — q'(t — )| > 2¢ do
27: 6 — %(5
28: end while
29:  while (n'([t — 4,t]),d'(t) = q'(t —9)) < %ﬁ”q’(t) —q'(t—9)| do
30: §— 30
31:  end while
2 [v]—d(t)
33 t—t—9
34: until t < —1
35: [v] «— q'(-1)
36: return [v]

[ I N I N B e i e e e
MEQ®© XIS R o




5.3. HANDLING SINGULARITIES 135

5.3 Handling Singularities

In Section 5.1 we defined the normalised vector field n (5.1) by the cross product of the gradients
of the two surfaces F' and G. At a singular point g the vector n(q) vanishes, since F' and G share
the same tangent plane at q. Thus we cannot determine the direction of the intersection curve
at singular points in this way. Instead we consider higher order derivatives of F' and G at q by
algebraic methods. Since singular points are given exactly by two-root numbers at most, we can
perform the determination of curve directions exactly as well. This is important for the distinction
of different types of singularities. During the classification of the intersection curve topology, see
[46], six different types of singular points occur:

Type A: Singular points. connecting traversal regular curve components (Figures 3.3(c), 3.4(c),
3.5(c), 3.6(c), 3.7(c), 3.8(b), 3.9(a)-(f), 4.5(b), 4.9(c), 4.10(e)+(f), 4.13(c)-(e),
4.14(c)+(e)-(j), 4.17(a), 4.18(b), 4.19(a)+(b), 4.22(a)+(b), 4.23(c), 4.24, 4.25(a)).

Type B: Singular points. connecting tangential regular curve components (Figures 4.14(1),
4.17(c)+(d), 4.25(d)).

Type C: Singular points. connecting a regular curve component with a singular circle, where
each point of the circle is a touching point between the two involved surfaces (Figures
3.5(b), 3.8(a), 4.21(f), 4.23(b)-(d)).

Type D: Singular points connecting two singular circles (Figure 4.21(e)).
Type E: Isolated singular points or touching points (Figures 4.18(a), 4.25(b)).
Type F: Cusps (Figures 4.18(c)+(d), 4.19(b), 4.25(c)).

This section splits into two parts: First the examination of the local environment of the singular
point q by algebraic methods. In this part we already distinguish between simple singularities
like Types A and B, isolated singularities (Type E) and higher order singularities like Types C
and D. Furthermore we compute the directions of the intersection curve at the singular point q.
In the second part we make an estimation on the first step size in each computed intersection
curve direction to determine an initial starting point on each branch of the singular point q.
From the set of these initial starting points, we trace each curve component using the routine
TraceRegularCurve from Section 5.1.

5.3.1 Local environment examination

Let F and G be the two algebraic surfaces with defining implicit functions f and g, respectively.
Let further q be a singular point on the intersection curve of F' and G with

Vf(a) x Vg(q) = 0. (5.9)

Let ¢ : U C R — R3 be the parametrisation of the intersection curve in the local environment of
q such that

flo(r)=g(é(1)=0 VreU

and ¢(719) = q for an appropriate 79 € U. Then the second derivative of f computes to

i d [0f do
0= ﬁf(@ =7 {<8¢7dr>]
dof dé. Of d%p
= <E%7E> <37¢7ﬁ>
Of do do of d*¢

=wl H;w+ (VHT (jjf) . (5.10)
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The matrix Hy denotes the Hessian matrix of f and w := 3—? denotes the tangential direction of
the parametrisation ¢. Vector w, evaluated at 7y, becomes the direction of the intersection curve
at the singular point q. Analogue, we have for the function g

d? d?
0= Pg(¢) =wlHyw+ (Vg)" (de) ) (5.11)

Since there is always a torus involved in our intersections and a torus is a regular surface, i.e. the
gradient does not vanish, we may assume without loss of generality, that V f(p) # 0 for all points
p on the surface F'. From (5.9) we follow then Vg(q) = AV f(q) with either A = 0 in case of
Vg(q) = 0, what can only occur at the apex of the cone, or otherwise

\ - Vfa), Vf(a)
(Vf(a),Vg(a))

With (5.10), (5.11) and setting A := H,(q) — AHf(q) we get
wlAw = 0. (5.12)

Let u and v be two linear independent vectors, lying in the tangent plane at q, with u x v =
Vf(q) =: n. Then we can write
w = au+ Ov

with appropriate «, § € R, not both zero. From (5.12) we get
o?u’ Au+ 2apul Av + FvIAv =0 (5.13)

what can be solved for t = (a, 3) € P! as follows

(o, B) = (—ul Av £ \/(UTAV)2 — (uT Au)(vT Av),u” Au).
The expression under the square root can be simplified to
(v x u)T(Au x Av) = —nTadj(A)n =: D, (5.14)

where adj(A) denotes the adjugate matrix of A, see [71]. Equation (5.14) shows that the number
of solutions does not depend on the choice of u and v.
This leads to the cases:

1. uAu = vTAv =0, i.e. the vectors u and v are already solutions of (5.12):

a. ul' Av = 0: Equation (5.12) holds for all vectors in the tangent plane at q. This means
that the second derivatives of f and g are equivalent. Thus the singularity at q is of
order three at least (Types C and D).

b. ul'Av # 0: From (5.13) we get either & = 0 or 3 = 0, which coincides with the two
solutions w; = u and wy = v. Thus q is of Type A.

2. W.lo.g. let be u” Au # 0: We restrict (5.13) by setting 3 = 1 and solve for a which yields

S 711TAV ++D
127 ulAu

Depending on the sign of D we have

a. D < 0: There is no solution for o and the singular point q is isolated (Type E).

b. D = 0: There is only one solution a which means that all branches of the singular point
q share the same tangential direction w = au+ v (Types B and F).

c. D > 0: There are two solutions a; o and hence two different tangential directions
w1 =aju+v and wy = asu+ v (Type A).
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Since conic sections can be represented efficiently, it suffices to trace the remaining curve com-
ponents. In the case that the singular point q is embedded in a conic section, we neglect the
corresponding tangential direction w. Since singular points as well as conic sections are given
exactly by some algebraically extended number types, we are able to decide correctly whether a
singular point is embedded in a conic section.

Let gq be a singular point and C' = C,.(p,n) € {C} a conic section of the intersection curve. The
point q is embedded in C, if and only if

(@—p,n)=0 and |q—p|*=r" (5.15)

If q and C are defined by numbers of different algebraic extensions, say K (1/c)(v/d) and K (y/e),
respectively, we check conditions (5.15) in the extension field K (y/¢)(v/d)(y/€), where we resolve
appearing radicals by using repeated squaring. If the conditions hold, the tangential direction w
with (w,n) = 0 corresponds to C' and hence can be neglected.

Figure 4.21(e) shows the only case, where a singular point is embedded in two conic sections.
In this case nothing is to do since there is no part left to be traced. In such a way we distinguish
between points of Type C and Type D in case 1.a.

To compute the tangential directions of the remaining intersection curve branches at Type C
points, we notice, that all these intersection curves are symmetric to the plane, the conic section is
embedded in, see Figures 3.5(b), 3.8(a), 4.21(f), 4.23(b)-(d). Thus both tangential directions wy o
at the singular point q are orthogonal to each other and the direction, tangential to the remaining
curve branches, is w = n, where n is the normal of the conic section.

So far, we can classify a given singular point q into one of the Types A-F, where we cannot
distinguish between Types B and F at this point. Moreover we have a tangential direction of each
intersection curve branch at q, which needs to be traced. All necessary decisions and computations,
as are required therefor, perform exactly.

5.3.2 First step size estimation

To be able to trace intersection curve branches from a singular point q, we need to do a first step
away from q, such that the interval test, see Lemma 3 in Section 5.1, can be applied. Singular
points have either no branches in case of touching points or at least two branches. Thus the interval
test always fails at singular points. So we are looking for an environment U of q with the following
properties:

1. There is exactly one singular point q inside U.

2. There are as many intersection points p; between the intersection curve and the boundary
of U as branches outgoing from q.

3. The distance between the intersection curve and the linear approximation qp; inside U never
exceeds the given approximation error bound e.

4. There are no closed loops inside U.

Once we found such an environment U, we use the algorithm TraceRegularCurve to trace each
intersection curve branch between the points p;, where we distinguish between starting and ending
points. Since we trace curves in the direction of the normalised vector field (5.1), starting points
are those points p; with

(pi —a,n(p:)) > 0.

The remaining points are ending points.
Properties 1 and 3 can easily be maintained by defining

. ) 1
U= Bs(q) with §=min{e, §||q —q;l},

where q; denote the other singular points. Regarding the remaining properties we consider the
parameter space of the torus.
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W.lo.g. let be F the surface of the torus with rational parameter form 7'(s,t), see Section 3.7,
and g the algebraic function of the other surface, see Section 2.2. Then

h(s,t) :=g(T(s,t)) =0

is the implicit equation of the intersection curve in the parameter space of the torus. Similar to
Section 5.3.1 let
$:VCR—-R?

be the parametrisation of the intersection curve in the local environment U of q such that

9(e(V)) =0,
#(10) =q

for an appropriate 79 € V. Analogue, let
®:WCR—R?

be the parametrisation of the intersection curve in parameter space with

h(®(W)) =0, (5.16)
T(e(W)) = o(V), (5.17)
T(®(00)) = T(s0,t0) = a = ¢(70), (5.18)
where
00 Jiflall=R—r
%0 |M||23R(§%Z—r)2 , otherwise
0 if gy =0Aq >0
to 00 Jifgy =0A¢g, <0
lal? + B~ ~2Rg,
2Rq, B

are the parameters of the singular point q in parameter space. To avoid evaluations at infinity we
may substitute § := % and t := %, respectively. This results in some sign changes in the parameter
form T, see Section 2.2.3. Thus we can disregard these cases.
From (5.17) we get by differentiation

do d dd

— =—T(®)=Jp - —, 5.19
dr do (®) T do ( )
where Jr = (%)m,i = 1..3,j = 1..2 denotes the Jacobian matrix of T. Therewith we have a

J

direct correlation between tangents in parameter space and tangents in real affine space. Let wy o
be the tangential directions of the intersection curve from Section 5.3.1, we get the tangents of the
intersection curve at the singular point (s, ) in parameter space by

d®

v; = %\UO = J}"“‘(Soyto)wi vi=1.2, (5.20)
where J&W = (JLJr)71JL denotes a pseudo inverse of Jr. Due to this pseudo inverse the

equal sign in (5.20) means equal up to a constant factor. However, we are just interested in the
directions, not their lengths. In case we have only one single direction w, we set vq = J7**
and vo = (v1y, —v15) to ensure linear independence.

By the substitution
S - So
(1)-Coa () (0)

we get a representation of the intersection curve i~L(§, t) where the singular point lies at the origin
and the outgoing branches are tangential to the coordinate axes.

W
| (s0,t0)

SR IV
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_ Now let B be a box around the origin such that its image under
T is a subset of the environment U. Furthermore set B

i

h+(§) = (53 5)3
he(3) := h(3,0), —_ I
h™(8) := (3, —5). =

If d is the degree of the singularity q, we divide h™, h° and h™
by §%. If the remaining terms have no further root inside B, we
can conclude that no singular loop lies inside B, see Figure 5.2.

Otherwise we decrease the box B and try again. Fortunately we \
can further exclude regular loops inside B, since in each possi-

ble topological case involving singularities, all occurring regular Figure 5.2: Singular loop
curve components take course either around the hole of the torus

or around its tube, see [46], i.e. in parameter space of the torus these components are unbounded.
Roughly speaking they cross infinity.

It remains to consider property 2. With the algebraic examination of the singular point q alone
we cannot distinguish between singularities with tangential intersection curve branches and cusps,
since we just know the number of tangents of the intersection curve. However, by means of the
intersections between the intersection curve and the boundary of B we identify the following cases,
see Figure 5.3:

o

1. We have two tangents and there is exactly one intersection point at the left, right, upper and
lower boundary, respectively.

2. We have one tangent and there are exactly two intersection points on the left boundary and
two points on the right one.

3. We have one tangent and there are exactly two intersection points at either the left or the
right boundary, i.e. the singularity is a cusp.

If none of the above cases are present, we refine the box B and try again. Thus we cannot only
identify cusps which are heavy to handle algebraically, we even found the starting and ending
points p; in parameter representation. To gain the starting and ending points p; in real affine
space, we just evaluate T at the points p;.

\"\ _ n — N~ .
/: :\ ra

Type B Type F

Figure 5.3: Several singular point topologies
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Chapter 6

Conclusion and Outlook

In this thesis we provided algorithms to compute the intersection curve between a torus and a
simple surface like a plane, a sphere, a circular cylinder, a circular cone and another torus. We
presumed that the objects were given exactly by a geometrical representation over a field K.
We presented all necessary and sufficient conditions for the detection of conic sections in the
intersection curve, where the required computations could be performed exactly. We showed,
that just one algebraic field extension K (/) suffices to represent any conic section. In contrast
to other approaches, we could avoid the expensive analysis of sophisticated algebraic equation
systems, regarding singularities of the intersection curve, and there was no need to transform the
objects into a generic configuration. Instead, we were able to detect each singularity directly by just
solving quadratic equations. Moreover, we proofed, that any singularity can be represented exactly
by double nested field extensions K (v/5)(y/7) in the worst case. Regarding the intersection curve
itself, we provided algorithms for the correct tracing of any curve component like regular closed
loops, curve components, connected by singularities, and completely tangential curve components.
For the tangential curve components we even provided rational parametrisations. The numerical
methods, applied during the curve tracing, are robust and fast, resulting in a topologically correct
approximation of the real intersection curve with respect to any arbitrary given error bound.
However, there are still several open problems:

The representation of traced intersection curve components. Our curves are given by a
set of linear splines, which is the simplest approximation scheme. Some applications may
demand higher order continuity on the intersection curve, for instance, for a smooth rendering
which requires accurate normals. One could think of NURBS approximations like in [3].

The expansion of the set of objects. We considered a small group of objects, consisting of
natural quadrics and tori. This ensured that offset surfaces in configuration space belonged
to the same class of objects, what made it easier to handle these offset surfaces algebraically.
However, this is not a necessary condition for the configuration space approach itself as long
as the intersection of objects in configuration space is more practicable than intersecting the
corresponding objects in real affine space or the parameter space of one of the objects.

The extension to a boundary computation. Our goal is to develop a framework for the exact
boundary computation of curved objects. This framework could then serve as a kernel
for a CSG to B-rep conversion in CAD/CAM applications. Therefore data structures are
required, which store the result of a single Boolean operation. The remaining work is then
of combinatorial nature. Such a data structure for polyhedra was introduced by Nef [59] and
extended by various authors [11, 22, 33, 38]. An implementation in the context of CGAL
is provided by Granados et al. [36]. A main task is to extend this structure onto curved
objects.

The intersection of three objects, which is a major task for the computation of the arrange-
ment of more than two objects. In our context a 3D arrangement consists of lower dimensional
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cells like vertices, edges and faces. Considering the arrangement of two objects, vertices are
given by singularities and initial starting points, edges are given by intersection curve com-
ponents and faces are given by patches of the given objects. Possibly some artificial edges
might be constructed to guarantee the connectivity between the vertices. However, intersect-
ing three objects yields vertices which are not detected by the examination of the pairwise
intersections, namely the intersection points between two transversal intersection curve com-
ponents of different object pairs. Together with the common intersection points of three
objects, the set of necessary cells for an arrangement computation is complete.

The idea to gain these intersection points is to solve the equation system given by the algebraic
functions of three objects. In a generic case this results in a zero-dimensional set of points.
The two major approaches to solve algebraic equation systems are first the use of Grébner
bases [13, 21, 48] and second using resultants [15, 53, 54, 55]. For a resultant-based approach,
specialised on quadrics, see Chionh et al. [17].

A computer algebra system, using Grobner bases, is SINGULAR! from Greuel et al. [37].
Some experiments showed a good performance related to our problem, even though Grobner
based approaches suffer from exploding running times at even small polynomial systems.
However, we could not find a guarantee that SINGULAR detects all solutions up to any
arbitrary approximation level. Thus we made also some experiments with resultant-based
approaches, which mainly proceed as follows:

Given a system of algebraic functions of three objects, eliminate two variables by some
resultant scheme to gain an univariate polynomial in each coordinate direction. Roots of
these polynomials represent the corresponding coordinates of the common intersection points.
Since these roots are algebraic, the coordinates are given by axis parallel stripes, each stripe
containing the exact coordinate of an intersection point. Intersecting these stripes yields
boxes, some containing the exact intersection points. To identify the non-empty boxes,
compute two additional univariate polynomials in generic directions, e.g. assure that no two
intersection point coordinates coincide to one root with higher degree. By comparing the set
of boxes, the empty ones can be eliminated. Details can be found in Seidel and Wolpert [67].

The remaining problem is the detection and exclusion of common intersection curve compo-
nents of all three objects, since the approach above only works with zero-dimensional solution
sets.

ISINGULAR was developed at the Technical University of Kaiserslautern, see http://www.mathematik.uni-
kl.de/ftp/pub/Math/Singular/UNIX/



List of Figures

2.1
2.2
2.3
2.4

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9

4.1
4.2
4.3
44
4.5
4.6
4.7
4.8
4.9
4.10
4.11
4.12
4.13
4.14
4.15
4.17
4.18
4.20
4.21
4.22
4.23
4.24
4.25
4.26

5.1
5.2
5.3

Natural quadrics . . . . . . . .. L 10
Torus T r(p,n) with revolving circle . . . . . ... ... ... ... ... ... ... 13
Ring torus (left), horn torus (middle) and spindle torus (right) . . ... ... ... 13
Torus-cylinder intersection in real affine space (left) and in C-space (right) . . . . . 15
Circlesof a Torus . . . . . . . . . . . 27
Circles of Natural Quadrics . . . . . . . . . .. . L 29
Circles in torus-plane intersection . . . . . . . . . . . . . . . ... o 31
Circles in torus-sphere intersection . . . . . . . . . . . . . . ... ... .. ... .. 35
Circles in torus-cylinder intersection . . . . . . . .. . ... .. ... .. ... 38
Circles in torus-cone intersection . . . . . . . . . ... ... L L. 42
Profile circles in torus-torus intersection . . . . . .. ... ... 46
Cross-sectional circles in torus-torus intersection . . . . . .. .. ... .. ... .. 49
Villarceau circles in torus-torus intersection . . . . . . .. ... ... L0 55
Two intersecting planes viewed in the directiond . . . . . . .. .. ... ... ... 60
Intersecting a circle with aline . . . . .. .. ... . . o0 63
Intersecting two circles . . . . . . . .. L 63
Circle-conic intersection . . . . . . . . . ... L L 66
Torus-plane intersections . . . . . . . . . ... L 79
Regions of a spindle torus (cross-section) . . . . . . . .. .. ... L. 81
Tangential intersections between torus and sphere (cross-section) . . . . . ... .. 82
Tangential intersections between torus and sphere (cross-section) . . . . . ... .. 83
Torus-sphere intersections (6 <) . . . . . .. ... L L oo 86
Torus-sphere intersections (6 <) . . . . . . . ... L oo 87
Projection onto the main plane of the cylinder . . . . ... ... ... ... .... 90
Finding a rational point on a circlearc . . . . . . . . ... ... Lo L0 90
Torus-cylinder intersections (6 > ) . . . . . . ... L Lo L 96
Torus-cylinder intersections (6 <) . . . . . . ... L oo 98
Regions of a cone obstacle (cross-section) . . . . .. ... L. 102
Torus-cone intersections (involving q) . . . . . . . . . ... ... 107
Torus-cone intersections (tangential to KB) . . . ... ... .. ... .. ... ... 108
Torus-cone intersections (regular circle arcs) . . . . . . ... ... ... ... 110
Torus-torus intersections (conic sections) . . . . . . . .. ... .. L. 118
Torus-torus intersections (involving q™) . . . . . .. ... ... ... ... ... .. 120
Torus-torus intersections (with horn torus 7€) . . . ... ... ... ... ..... 121
Torus-torus intersections (tangential to 77 whiler =68) . . . ... ... ... ... 122
Torus-torus intersections (tangential to T7P) . . . . . . ... .. ... ... ... .. 123
Torus-torus intersections (regular circle arcs) . . . . ... ... .. ... ... ... 124
Interval test . . . . . . . . L e 128
Singular loop . . . . . . .. 139
Several singular point topologies . . . . . . . . ... L L o 139



ii

LIST OF FIGURES



List of Algorithms

0O Ui Wi =

OO Lo WO DD MDD R R R M) DD DD s s e e e e e
BRSO TJONEWNR, O OO U AW~ O

sign(ag+aivVd) . . .. 18
less(ao + alx/&, b() + bl\/é) ............................... 18
equal(ag + a1Vd, by + bive) 18
ComputeVillarceauCircles(T, r(0,e3),Tsa(P,n)) . . . . . . . ... ... ... 53
Detect Villarceau Circles in Parameter Space . . . . . . . . . ... ... ... ... 58
PlanePlaneIntersection(P(pi,ny), P(p2,n2)) . . . . . o oo oo 61
SpherePlaneIntersection(Ss(p1), P(P2,m)) - -« « o o o oo oo 62
CylinderPlaneIntersection(Ys(p1,mn1), P(p2,m2)) - . . . . o o o oo oL 62
ConePlaneIntersection(Ks(p1,n1), P(P2,N2)) « o v v v v v i o v i oot 62
CircleLineIntersection(Cs(p1,n),L(p2,d)) . . . . . . . . ... ... ... ... 67
CircleCircleIntersection(Cg(p1,n1),Cy(P2,n2)) . . . . . . o o oo L. 67
SolveQuadratic(f) . . . . . . . . . ... 67
SolveQuartic(f) . . . . . . . .. 68
CircleConicIntersection(Cs(p1,n1), E(p2, M2)) . . . . . . . .. ... ... 68
TorusPointIntersection(Z, r(0,€3),P) - - - - « « v v v v i i 71
TorusLineIntersection(7, r(o,e3), L(p,d)) . . . . . .. .. ... ... ... ... 71
TorusCircleIntersection(T} r(0,e3),Cs(p,n)) . . . . . . . ... ... ... ... 71
atan(X) . ... .. 73
atan(x) for algebraic extensions . . . . . . . ... L L o 76
RationalBetween(t1,fo) - - « v ¢ v v v vt 7
CirclePlaneIntersection(Cs(p1,n1), P(p2,N2)) . . . . o o oo oo v oo 7
TorusPlaneIntersection(7, r(0,e3),P(p,n)) . . . . ... .. ... ... ..... 78
CircleSpherelntersection(Cs(p1,n), Ss(P2)) - -« « v v v v v v v v oo 84
TorusSphereIntersectionI(7, r(0,€3),55(P)) - - - - - - o« o o oo 84
TorusSphereIntersectionII(T} g(0,€3),Ss(P)) - - - - - -« o o o oo L. 84
RationalBetweenProjectedCircle(Cs(p,n),t1,%2) . . . . . . . .. .. ... ... 93
CircleCylinderIntersection(Cg(p1,n1), Ys(pP2,n2)) - - .« o o o o oo oo 93
TorusCylinderIntersectionI(7, gr(0,e3),Ys(p,n)) . . . . . .. . ... ... ... 94
TorusCylinderIntersectionII(T; r(o,e3),Ys(p,mn)) . . . . . . . ... ... ... 95
CircleConeIntersection(Cs(p1,n1), Ks5(p2,n2)) . . . o o oo oo oo 105
TorusConeIntersection(7, r(o,e3), Ks(p,n)) . . . . . . . . ... .. ... ... 106
TorusTorusIntersection(T, r(0,e3), Tsa(P,n)) . . . . . . . oo oo 116
TraceRegularCurve(f,g,do,{qe}, {ar},€) - - - - . o o o o o 132
TraceParametricCurve(P,e) . . . . . . . . . ... L 134

iii



v

LIST OF ALGORITHMS



List of Tables

2.1
2.2

3.1

4.1
4.2

Notations for geometric primitives . . . . . . . . . . ... L 8
Real affine space intersections and C-space intersections . . . . . . .. .. ... .. 15
Cases of profile circlesin TKI . . . . . . . . . .. .. .. ... .. ... . ...... 40
Classification of regions of a spindle torus . . . . . . .. ... ... ... ... ... 81
Classification of regions of a cone obstacle . . . . . . .. .. ... ... ....... 102



vi

LIST OF TABLES



Bibliography

1]
2]

3]

[10]

[11]

John Abbott. Quadratic interval refinement for real roots, 2006.

C. Bajaj and M.-S. Kim. Generation of configuration space obstacles: The case of a moving
sphere. IEEFE J. of Robotics and Automation, 4(1):94-99, 1988.

C. Bajaj and G. Xu. NURBS approximation of surface/surface intersection curves. Advances
in Computational Mathematics, 2(1):1-21, 1994.

C. L. Bajaj, C. M. Hoffman, R. E. Lynch, and J. E. H. Hopcroft. Tracing surface intersections.
Comput. Aided Geom. Des., 5(4):285-307, 1988.

R. E. Barnhill and S. N. Kersey. A marching method for parametric surface/surface intersec-
tion. Comput. Aided Geom. Des., 7(1-4):257-280, 1990.

Eric Berberich. Ezxact Arrangements of Quadric Intersection Curves. PhD thesis, Universitét
des Saarlandes, 2004.

Eric Berberich, Arno Eigenwillig, Michael Hemmer, Susan Hert, Kurt Mehlhorn, and Elmar
Schomer. A computational basis for conic arcs and boolean operations on conic polygons. In
ESA ’02: Proceedings of the 10th Annual FEuropean Symposium on Algorithms, pages 174-186,
London, UK, 2002. Springer-Verlag.

Eric Berberich, Michael Hemmer, Lutz Kettner, Elmar Schomer, and Nicola Wolpert. An
exact, complete and efficient implementation for computing planar maps of quadric intersec-
tion curves. In SCG ’05: Proceedings of the twenty-first annual symposium on Computational
geometry, pages 99-106, New York, NY, USA, 2005. ACM.

Eric Berberich and Michael Kerber. Exact arrangements on tori and Dupin cyclides. In SPM
'08: Proceedings of the 2008 ACM symposium on Solid and physical modeling, pages 59-66,
New York, NY, USA, 2008. ACM.

Eric Berberich, Michael Kerber, and Michael Sagraloff. Exact geometric-topological analysis
of algebraic surfaces. In SCG ’08: Proceedings of the twenty-fourth annual symposium on
Computational geometry, pages 164-173, New York, NY, USA, 2008. ACM.

H. Bieri and W. Nef. Elementary set operations with d-dimensional polyhedra. In Proceedings
on International Workshop on Computational Geometry on Computational Geometry and its
Applications, pages 97-112, New York, NY, USA, 1988. Springer-Verlag New York, Inc.

I. C. Braid. The synthesis of solids bounded by many faces. Commun. ACM, 18(4):209-216,
1975.

B. Buchberger. Ein Algorithmus zum Auffinden der Basiselemente des Restklassenringes nach
einem nulldimensionalen Polynomideal. PhD thesis, University of Innsbruck, 1965.

C. Burnikel, J. Kénemann, K. Mehlhorn, S. Naher, S. Schirra, and C. Uhrig. Exact geomet-
ric computation in LEDA. In SCG ’95: Proceedings of the eleventh annual symposium on
Computational geometry, pages 418-419, New York, NY, USA, 1995. ACM.

vii



viii BIBLIOGRAPHY

[15] John F. Canny. The complezity of robot motion planning. MIT Press, Cambridge, MA, USA,
1988.

[16] Gerolamo Cardano. Artis magnae, sive de regulis algebraicis. Niirnberg, Germany, 1545.

[17] Eng-Wee Chionh, Ronald N. Goldman, and James R. Miller. Using multivariate resultants to
find the intersection of three quadric surfaces. ACM Trans. Graph., 10(4):378-400, 1991.

[18] George E. Collins. Quantifier elimination for real closed fields by cylindrical algebraic decom-
position. In Proceedings of the 2nd GI Conference on Automata Theory and Formal Languages,
pages 134-183, London, UK, 1975. Springer-Verlag.

[19] George E. Collins and Alkiviadis G. Akritas. Polynomial real root isolation using Descarte’s
rule of signs. In SYMSAC *76: Proceedings of the third ACM symposium on Symbolic and
algebraic computation, pages 272-275, New York, NY, USA, 1976. ACM.

[20] George E. Collins and Rudiger Loos. Real zeroes of polynomials. Computer algebra: symbolic
and algebraic computation (2nd ed.), pages 83-94, 1983.

[21] D. Cox, J. Little, and D. O’Shea. Ideals, Varieties and Algorithms: An Introduction to
Computational Algebraic Geometry and Commutative Algebra. Springer, 1997.

[22] Katrin Dobrindt, Kurt Mehlhorn, and Mariette Yvinec. A complete and efficient algorithm
for the intersection of a general and a convex polyhedron. In WADS ’93: Proceedings of
the Third Workshop on Algorithms and Data Structures, pages 314-324, London, UK, 1993.
Springer-Verlag.

[23] C. Dupin. Applications de Géométrie et de Méchanique. Bachelier, Paris, 1822.

. Dupont, D. Lazard, 5. Lazard, and 5. Petitjean. Towards the robust intersection of implicit
24] L. D D. L d,S. L d, and S. Petit;j T ds the robust i i f implici
quadrics. In Proc. of Workshop on Uncertainty in Geometric Computations, Sheeld, UK, 2001.

[25] Arno Eigenwillig. Ezact Arrangement Computation for Cubic Curves. PhD thesis, Universitit
des Saarlandes, 2003.

[26] Arno Eigenwillig and Michael Kerber. Exact and efficient 2d-arrangements of arbitrary alge-
braic curves. In SODA ’08: Proceedings of the nineteenth annual ACM-SIAM symposium on
Discrete algorithms, pages 122-131, Philadelphia, PA, USA, 2008. Society for Industrial and
Applied Mathematics.

[27] Arno Eigenwillig, Michael Kerber, and Nicola Wolpert. Fast and exact geometric analysis of
real algebraic plane curves. In ISSAC ’07: Proceedings of the 2007 international symposium
on Symbolic and algebraic computation, pages 151-158, New York, NY, USA, 2007. ACM.

[28] Arno Eigenwillig, Lutz Kettner, Elmar Schomer, and Nicola Wolpert. Complete, exact, and
efficient computations with cubic curves. In SCG ’04: Proceedings of the twentieth annual
symposium on Computational geometry, pages 409-418, New York, NY, USA, 2004. ACM.

[29] Arno Eigenwillig, Lutz Kettner, Elmar Schomer, and Nicola Wolpert. Exact, efficient, and
complete arrangement computation for cubic curves. Comput. Geom. Theory Appl., 35(1):36—
73, 2006.

[30] I. Emiris and E. Tsigaridas. Comparison of fourth-degree algebraic numbers and applications
to geometric predicates. Technical Report ECG-TR-302206-03, INRIA Sophia-Antipolis, 2003.

[31] Andreas Fabri, Geert-Jan Giezeman, Lutz Kettner, Stefan Schirra, and Sven Schonherr. The
CGAL kernel: A basis for geometric computation. In FCRC "96/WACG ’96: Selected papers
from the Workshop on Applied Computational Geormetry, Towards Geometric Engineering,

pages 191-202, London, UK, 1996. Springer-Verlag.



BIBLIOGRAPHY ix

32]

[33]

[34]

[35]

[39]

[40]

R. T. Farouki, C. Neff, and M. A. O’Conner. Automatic parsing of degenerate quadric-surface
intersections. ACM Trans. Graph., 8(3):174-203, 1989.

Steven Fortune. Polyhedral modelling with exact arithmetic. In SMA ’95: Proceedings of the
third ACM symposium on Solid modeling and applications, pages 225-234, New York, NY,
USA, 1995. ACM.

Nicola Geismann, Michael Hemmer, and Elmar Schéomer. Computing a 3-dimensional cell in
an arrangement of quadrics: exactly and actually! In SCG ’01: Proceedings of the seventeenth
annual symposium on Computational geometry, pages 264—273, New York, NY, USA, 2001.
ACM.

Ronald N. Goldman and James R. Miller. Combining algebraic rigor with geometric robustness
for the detection and calculation of conic sections in the intersection of two natural quadric
surfaces. In SMA ’91: Proceedings of the first ACM symposium on Solid modeling foundations
and CAD/CAM applications, pages 221-231, New York, NY, USA, 1991. ACM.

Miguel Granados, Peter Hachenberger, Susan Hert, Lutz Kettner, Kurt Mehlhorn, and
Michael Seel. Boolean operations on 3d selective nef complexes: Data structure, algorithms
and implementation. In Proc. 11th Annu. Euro. Sympos. Alg., volume 2832 of LNCS, pages
654-666. Springer, 2003.

Gert-Martin Greuel, Gerhard Pfister, and Hans Schonemann. SINGULAR — a computer
algebra system for polynomial computations. Symbolic computation and automated reasoning,
pages 227-233, 2001.

Peter Hachenberger, Lutz Kettner, and Kurt Mehlhorn. Boolean operations on 3d selective nef
complexes: Data structure, algorithms, optimized implementation and experiments. Comput.
Geom. Theory Appl., 38(1-2):64-99, 2007.

Michael Hemmer. Ezact Computation of the Adjacency Graph of an Arrangement of Quadrics.
PhD thesis, Johannes Gutenberg-Universitat, Mainz, 2007.

Jeremy R. Johnson, Werner Krandick, Kevin Lynch, David G. Richardson, and Anatole D.
Ruslanov. High-performance implementations of the Descartes method. In ISSAC ’06: Pro-
ceedings of the 2006 international symposium on Symbolic and algebraic computation, pages
154-161, New York, NY, USA, 2006. ACM.

L.V. Kantorowitsch. Funktionalanalysis und Angewandte Mathematik. Uspechi Mat. Nauk 3,
1948.

V. Karamcheti, C. Li, I. Pechtchanski, and C. Yap. A core library for robust numeric and
geometric computation. In SCG ’99: Proceedings of the fifteenth annual symposium on Com-
putational geometry, pages 351-359, New York, NY, USA, 1999. ACM.

B. Kearfott. Interval computations: Introduction, uses, and resources. Furomath Bulletin,
2(1):95-112, 1996.

Michael Kerber. Analysis of Real Algebraic Plane Curves. PhD thesis, Universitdt des Saar-
landes, 2006.

J. Keyser, T. Culver, M. Foskey, D. Manocha, and S. Krishnan. ESOLID - a system for exact
boundary evaluation. Computer Aided Design, 36(2):175-193, 2004.

Ku-Jin Kim. Torus and Simple Surface Intersection Based on a Configuration Space Approach.
PhD thesis, Department of Computer Science and Engineering, POSTECH, February 1998.

Shankar Krishnan and Dinesh Manocha. An efficient surface intersection algorithm based on
lower-dimensional formulation. ACM Trans. Graph., 16(1):74-106, 1997.



[48]

[49]

[65]

[66]

BIBLIOGRAPHY

D. Lazard. Solving zero-dimensional algebraic systems. J. Symb. Comput., 13(2):117-131,
1992.

S. Lazard, L. M. Penaranda, and S. Petitjean. Intersecting quadrics: An efficient and exact im-
plementation. In SCG ’04: Proceedings of the twentieth annual symposium on Computational
geometry, pages 419-428, New York, NY, USA, 2004. ACM Press.

Joshua Levin. A parametric algorithm for drawing pictures of solid objects composed of
quadric surfaces. Commun. ACM, 19(10):555-563, 1976.

T. Lozano-Perez. Spatial planning: A configuration space approach. IEEE Transactions on
Computers, 32(2):108-120, 1983.

Tomas Lozano-Pérez and Michael A. Wesley. An algorithm for planning collision-free paths
among polyhedral obstacles. Commun. ACM, 22(10):560-570, 1979.

F.S. Macaulay. On some formula in elimination. Proceedings of London Mathematical Society,
1(33):3-27, May 1902.

Dinesh Manocha. Computing selected solutions of polynomial equations. In ISSAC ’9/:
Proceedings of the international symposium on Symbolic and algebraic computation, pages
1-8, New York, NY, USA, 1994. ACM.

Dinesh Manocha and John F. Canny. Multipolynomial resultant algorithms. J. Symb. Com-
put., 15(2):99-122, 1993.

Kurt Mehlhorn and Stefan Néher. The LEDA Platform of Combinatorial and Geometric
Computing. Cambridge University Press, 1999.

Giinter Meinardus. Uber eine Verallgemeinerung einer Ungleichung von L. V. Kantorowitsch.
Numerische Mathematik, 5:14-23, 1963.

James R. Miller and Ronald N. Goldman. Geometric algorithms for detecting and calculating
all conic sections in the intersection of any 2 natural quadric surfaces. CVGIP: Graphical
Model and Image Processing, 57(1):55-66, 1995.

W. Nef. Beitrage zur Theorie der Polyeder. Herbert Lang, Bern, 1978.

M.A. O’Connor. Natural quadrics: Projections and intersections. IBM J. Res. Dev.,
33(4):417-446, 1989.

Koji Ouchi and John Keyser. Handling degeneracies in exact boundary evaluation. In SM 0/
Proceedings of the ninth ACM symposium on Solid modeling and applications, pages 321-326,
Aire-la-Ville, Switzerland, Switzerland, 2004. Eurographics Association.

Les Piegl. On NURBS: a survey. IEEE Comput. Graph. Appl., 11(1):55-71, 1991.

Les Piegl and Wayne Tiller. The NURBS book (2nd ed.). Springer-Verlag New York, Inc.,
New York, NY, USA, 1997.

Simon Plantinga and Gert Vegter. Contour generators of evolving implicit surfaces. In SM
'03: Proceedings of the eighth ACM symposium on Solid modeling and applications, pages
23-32, New York, NY, USA, 2003. ACM Press.

A. A. G. Requicha and H. B. Voelcker. Solid modeling: A historical summary and contempo-
rary assessment. IEEE Comput. Graph. Appl., 2(2):9-24, 1982.

Elmar Schomer and Nicola Wolpert. An exact and efficient approach for computing a cell in
an arrangement of quadrics. Comput. Geom. Theory Appl., 33(1-2):65-97, 2006.



BIBLIOGRAPHY xi

[67]

[68]

Raimund Seidel and Nicola Wolpert. On the exact computation of the topology of real alge-
braic curves. In SCG "05: Proceedings of the twenty-first annual symposium on Computational
geometry, pages 107-115, New York, NY, USA, 2005. ACM.

Ching-Kuang Shene and John K. Johnstone. On the planar intersection of natural quadrics.
In SMA °91: Proceedings of the first ACM symposium on Solid modeling foundations and
CAD/CAM applications, pages 233-242, New York, NY, USA, 1991. ACM.

Ching-Kuang Shene and John K. Johnstone. On the lower degree intersections of two natural
quadrics. ACM Trans. Graph., 13(4):400-424, 1994.

Volker Stahl. Interval Methods for Bounding the Range of Polynomials and Solving Systems
of Nonlinear Equations. PhD thesis, University of Linz, Austria, 1995.

Gilbert Strang. Linear Algebra and its Applications. Harcourt Brace Jovanovich, 3 edition,
1988.

Nicola Wolpert. An Exact and Efficient Approach for Computing a Cell in an Arrangement
of Quadrics. PhD thesis, Universitat des Saarlandes, 2002.

C. Yap and T. Dubé. The exact computation paradigm. In Computing in Fuclidian Geometry.
World Scientific Press, 1994.

David Y.Y. Yun. On square-free decomposition algorithms. In SYMSAC ’76: Proceedings of
the third ACM symposium on Symbolic and algebraic computation, pages 26-35, New York,
NY, USA, 1976. ACM Press.

Antoine Joseph Francois Yvon-Villarceau. Théoreme sur le tore. Nouvelles Annales de
Mathématiques, 7:345-347, 1848.



